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ABSTRACT 

The structural design optimization aims for robust structures with minimal use of material resources, leading to slender and thin- 
w alled structures, which entail a higher risk of stability problems. This issue is further influenced by geometrical imperfections, 
which are subjected to uncertainties. In a common stochastic approach, imperfections can be simulated as random fields with 
the Karhunen-Loeve-Expansion (KLE) and applied to a finite element (FE) model as geometric deviations. Thus, the probability 
of a loss of stability can be determined via Monte Carlo Simulation (MCS). To quantify additional epistemic uncertainties within 
random field simulations, the concept of polymorphic uncertainty modeling is used. In that case, optimization-based interval or 
fuzzy analyses are required to compute, e.g., imprecise failure probabilities. Numerical calculations of low probabilities require a 
very large number of samples, resulting in high computation times. In order to reduce the computation time, a surrogate model 
based on Artificial Neural Networks (ANNs) is developed to replace the FE buckling analysis for the polymorphic uncertainty 
analysis. The basic idea is to use the random numbers of the KLE series as inputs for the ANN. In the training process, the training 
samples are computed by a geometrical nonlinear FE model. After successful training, the surrogate model is able to predict 
the buckling load with negligible computation time of the MCS, compared to the computationally demanding FE model. The 
main novelty of the presented method is an ANN surrogate model for random field-based FE buckling analysis used to perform 

optimization tasks considering polymorphic uncertainties. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 Introduction 

Design optimization leads to slender and thin-walled structures,
which entail a higher risk of stability problems and high sen-
sitivity to geometrical imperfections. Since imperfections are
of random nature, they should be considered probabilistically
[ 1–4 ]. In this paper, imperfections are modeled as random
fields with the Karhunen-Loeve-Expansion (KLE) method [ 5–7 ].
Imperfection modeling with random fields in buckling analysis
has been widely investigated in, e.g., [ 5, 8 ]. The consideration
of epistemic uncertainty of the correlation parameters of the
random field, leading to fuzzy probability-based random fields
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in numerical buckling analysis, is introduced in [ 9–14 ]. The
lack of an analytical solution and thus, running Monte-Carlo
simulations with complex FE models (FE-MCS), causes high 
computation times. This issue becomes increasingly problematic 
as more variables are added to the model, as in the case of design
optimization with polymorphic uncertainties, see e.g., [ 15–17 ]
for a reinforced concrete bridge. In this paper, the optimization
problem with polymorphic uncertainties is considered in two 
categories: constraint optimization, see e.g., [ 18 ] for a wooden
bridge, and multi-objective optimization, see e.g., [ 19 ] for a
glulam beam and [ 20, 21 ] for shell structures. Multi-objective
optimization is widely discussed in, e.g., [ 22–27 ]. 
its use, distribution and reproduction in any medium, provided the original work is properly 
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FIGURE 1 Triple-loop algorithm with ANN surrogate model 
replacing the FE buckling analysis. 
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In order to reduce the computational effort, surrogate models
replace the basic solution by approximating the relationship
between input and output variables. Some examples for the appli-
cation of surrogate models in structural engineering problems
considering uncertainties are: multilevel surrogate modeling
for optimization with polymorphic uncertain parameters [ 15 ],
bounding failure probabilities in imprecise stochastic FE models
[ 28 ], structural response prediction of buildings [ 29–31 ], uncer-
tain pedestrian load modeling in footbridge design [ 32 ] and the
Control-Variates method in shell buckling [ 33–35 ]. ANN-based
surrogate models for the prediction of buckling loads without
random fields but with material and structural parameters as
input variables have already been used, see e.g., [ 36, 37 ]. ANNs
with random field inputs are already been developed, e.g. in
geotechnical engineering [ 38, 39 ]. In [ 40 ], a convolutional neural
network is applied to process the geometrical imperfections as
image input to predict the buckling load of a cylindrical shell.
In a preliminary work [ 41 ], the random field variables are used
as input for an ANN to predict the buckling load of structures
with geometrical imperfections. However, a surrogate model to
take into account design, fuzzy, and random field variables in the
framework of structural design optimization with polymorphic
uncertainty has not been investigated yet. In this contribution,
the surrogate model introduced in [ 41 ] is extended to capture
additional fuzzy parameters and structural design variables, and
used in design optimization of a fiber composite plate struc-
ture considering polymorphic uncertainties. The computational
model consists of a triple-loop algorithm (design optimization,
fuzzy analysis, and MCS), see Figure 1 . 

The design optimization of a structure under consideration of
polymorphic uncertainty is not trivial, because adequate sur-
rogate measures for the uncertain objective function and the
uncertain constraints are required. In this contribution, two
optimization tasks are presented: multi-objective and constraint
optimization. The computational benefit of the surrogate model
is demonstrated with a numerical example of a fiber composite
panel by optimizing the thickness and the fiber angle. 

2 Fuzzy Probability-Based Random Fields 

In this paper, geometrical imperfections are modeled as fuzzy
probability-based correlated random fields applied to an FE
model of the structure as stress-free displacements. The basics
of the random field theory and the KLE method are briefly
summarized based on [ 42, 43 ]. Given the surface of a structure
as domain Ω and the location vector 𝒙 , the geometric deviations
𝑤( 𝒙 ) are assumed to be random and, therefore, modeled as
correlated random field. A random field 𝑤 ( 𝒙 , 𝜃) is a scalar field
that assigns a random value at each point 𝒙 ∈ Ω and for each
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event 𝜃 ∈ Θ, where Θ is the set of possible events. Thus, a random
field is a set of random variables 

{ 𝑤 ( 𝒙 , 𝜃) ∣ 𝒙 ∈ Ω, 𝜃 ∈ Θ} . (1) 

For the numerical implementation into an FE model, the random
field is discretized according to the FE nodes. The random field
is modeled with the Karhunen-Loeve-Expansion (KLE) method, 
introduced in [ 44 ], which is a series expansion method based on
the spectral decomposition of its covariance function 

𝐶( 𝒙𝑖 , 𝒙𝑗 ) = 𝜎2 𝜌( 𝒙𝑖 , 𝒙𝑗 ) (2) 

with standard deviation 𝜎 and autocorrelation function 𝜌( 𝒙𝑖 , 𝒙𝑗 ) .
Evaluating 𝜌 for each pair of points ( 𝒙𝑖 , 𝒙𝑗 ) ∈ Ω, the autocorrela-
tion matrix 

𝑹 =
⎡ ⎢ ⎢ ⎢ ⎣ 
𝜌( 𝒙1 , 𝒙1 ) . . . 𝜌( 𝒙1 , 𝒙𝑁 ) 

⋮ ⋱ ⋮ 

𝜌( 𝒙𝑁 , 𝒙1 ) . . . 𝜌( 𝒙𝑁 , 𝒙𝑁 ) 

⎤ ⎥ ⎥ ⎥ ⎦ (3) 

is obtained, where 𝑁 is the total number of FE nodes. The
deterministic functions used to expand any realization of the field
𝑤( 𝒙 , 𝜃0 ) , are determined by solving the eigenvalue problem of the
autocorrelation matrix 

𝑹𝝋𝑖 = 𝜆𝑖 𝝋𝑖 , (4) 

which is symmetric and positive definite. Thus, the discrete
random field is written as 

𝑤 ( 𝒙 , 𝜃) = 𝜇 + 𝜎

𝑁 ∑
𝑖= 1 

𝜉𝑖 ( 𝜃)
√
𝜆𝑖 𝜑𝑖 ( 𝒙 ) , (5) 

where 𝜉𝑖 ( 𝜃) is a standard normal distributed random variable
𝜉𝑖 ( 𝜃) ∼  (0 , 1) . As the random field is used to describe the
deviations with respect to an ideal structure without imper-
fections 𝑤 ( 𝒙 ) = 0 , the mean value is set to zero 𝜇 = 0 . For
the autocorrelation function 𝜌( 𝒙𝑖 , 𝒙𝑗 ) , a quadratic exponential
function is used 

𝜌( 𝒙𝑖 , 𝒙𝑗 ) = exp 

( 

−
𝑑2 ( 𝒙𝑖 , 𝒙𝑗 ) 

𝓁2 
𝑐 

) 

with 𝑑( 𝒙𝑖 , 𝒙𝑗 ) = |𝒙𝑖 − 𝒙𝑗 |
(6) 

where 𝓁𝑐 is the correlation length and 𝑑 is the distance between
two FE nodes. In this paper, the mean value 𝜇 = 0 and the
standard deviation 𝜎 are constant within the domain Ω. The
autocorrelation function 𝜌 is only dependent on the distance 
𝑑( 𝒙𝑖 , 𝒙𝑗 ) and the correlation length 𝓁𝑐 . Therefore, the random
field is homogeneous. Further, the random field is completely
defined by its mean value 𝜇, standard deviation 𝜎 and autocor-
relation function 𝜌. Thus, it is referred to as Gaussian random
field. The eigenvalues 𝜆𝑖 of the autocorrelation matrix according 
to Equation ( 4 ) can be sorted in a descending order converging
to zero. Truncating the series in Equation ( 5 ) after the 𝑛-th term
yields the approximated random field. The required number 𝑛 of
eigenvalues to be considered in the KLE can be determined with
PAMM, 2025
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FIGURE 2 Fuzzy standard deviation 𝜎̃ with an example of a random field realization with a correlation length of 𝓁𝑐 = 300 and three different 
standard deviations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 16177061, 2025, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.70038, W

iley O
nline L

ibrary on [15/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
the quality index, given in [ 45 ] 

𝑄 = 1 

tr ( 𝑪) 

𝑛 ∑
𝑘= 1 

𝜆𝑘 . (7)

In most cases a quality index of 𝑄 = 0 . 99 is used [ 8 ]. The decrease
of sorted eigenvalues 𝜆𝑖 of the autocorrelation matrix depends on
the correlation length 𝓁𝑐 . The higher the correlation length 𝓁𝑐 ,
the higher is the decrease rate of the eigenvalues 𝜆𝑖 and thus, the
number of KLE-terms decreases. 

In Figure 2 , three examples of two-dimensional random field
realizations are presented. A fuzzy probability-based random
field (fp-r field) is obtained by modeling at least one of the random
field parameters as fuzzy variable [ 9, 46 ]. The definition of a fuzzy
variable is briefly summarized based on [ 47, 48 ]. In the fuzzy-
set-theory, the membership of an element 𝑥 to a set A is rated
gradually with a membership function 𝜇𝐴 ( 𝑥) . The normalized
fuzzy variable 𝐴̃ is defined as 

𝐴̃ = { ( 𝑥 , 𝜇𝐴 ( 𝑥 )) |𝑥 ∈ ℝ} , 𝜇𝐴 ( 𝑥) ∶ ℝ → [0 , 1] . (8)

In this paper, the standard deviation of the random field is
modeled as a fuzzy triangular number, which is convex and has
a membership function with two linear parts, described by the
following notation: 𝜎̃ = ⟨𝜎1 𝜎2 𝜎3 ⟩. The fuzzy standard deviation
𝜎̃ is inserted in Equation ( 5 ) to obtain the fp-r field. 

3 Buckling Analysis of Geometrically Imperfect 
Structures with Polymorphic Uncertainty 

The buckling analysis introduced in this section is based on [ 34,
49 ]. At the critical buckling load level, the structure is in an indif-
ferent equilibrium state, and the tangential stiffness matrix 𝑲𝑇 is
PAMM, 2025
singular. In order to find a stability point, it can be distinguished
between linear and nonlinear buckling analysis. For structures
with linear pre-buckling behavior, the linear buckling analysis is
sufficient, which is based on the decomposition of the tangent
stiffness matrix 

𝑲𝑇 = 𝑲lin + 𝑲nlin , (9) 

where the stiffness matrix is divided into linear 𝑲lin and nonlinear
𝑲nlin parts. With an external load 𝑷0 , the displacements 𝒖0 can be
calculated with the linear solution 

𝑲𝑇 ( 𝟎 ) 𝒖0 = 𝑷0 ⟺ 𝒖0 = 𝑲𝑇 ( 𝟎 )
− 1 𝑷0 , (10) 

with 𝑲𝑇 ( 𝟎 ) = 𝑲lin . The linear buckling analysis consists of the
solution of the eigenvalue problem 

[ 𝑲lin + Λ𝑲nlin ( 𝒖0 )] 𝝋 = 𝟎 , (11) 

which leads to a critical buckling load factor Λcr and the
initial postbuckling mode 𝝋 . The critical buckling load with the
corresponding critical displacement can be calculated by 

𝑷cr = Λcr 𝑷0 , 𝒖cr = Λcr 𝒖0 . (12) 

The load-displacement curves are computed with the displace- 
ment controlled Newton-Raphson method in the Finite Ele- 
ment Analysis Program FEAP [ 50 ]. Considering polymorphic
uncertainty in the input parameters, the outputs become fuzzy
probability distributions. Given an external load (E) and the load
resistance (R), the load bearing capacity limit state is defined
as 𝑔 = 𝑅 − 𝐸 = 0 , where the resistance is the critical load of
the imperfect structure 𝑅 = 𝑃cr , imp . Thus, the fuzzy probability
distribution of the limit state can be calculated. The fuzzy
stochastic quantities of interest considered in this contribution
3 of 11
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FIGURE 3 Fuzzy CDFs and centroids of the fuzzy stochastic outputs. Critical load and mean value (left), limit state and failure probability (right). 
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are: failure probability, mean value, and coefficient of variation of
the critical load. For the optimization process, the fuzzy stochastic
quantities have to be reduced to deterministic values [ 27 ], by
information reduction measures (IRM), see e.g., [ 51 ]. Here, the
centroids of the fuzzy stochastic quantities of interest are used
as IRM and are marked with index ”c”. In Figure 3 , the fuzzy
cumulative distribution functions (CDFs) and the centroids of the
fuzzy stochastic outputs are visualized. 

4 Structural Design Optimization with 

Polymorphic Uncertainty 

The standard form of an optimization problem is defined as
minimization problem with constraints by convention [ 52 ]. In
this paper, the minimization problem with inequality constraint
is given by 

minimize 𝑓( 𝒙𝒅 ) , 𝒙𝑑 ∈  , subject to: ℎ( 𝒙𝒅 ) ≤ 𝑏 . (13)

where 𝑓 ∶ ℝ𝑛 ↦ ℝ is the objective function to be minimized,
𝒙𝒅 is the vector of design variables in the domain  , ℎ is the
constraint function, and 𝑏 is a threshold value. A maximization
problem can simply be converted into a minimization problem
by negating the objective function. In general, the structural
design optimization aims for a high load bearing capacity with
the lowest possible material consumption. In a deterministic
approach, this would be the maximization of the buckling load
while minimizing the mass. Taking polymorphic uncertainty into
account, the buckling load is a fuzzy probability distribution and
thus, the formulation of the optimization problem is not evident,
but offers many possibilities. Depending on the fuzzy stochastic
quantity of interest, the problem is divided into two categories:
multi-objective optimization and constraint optimization. 

Multi-objective optimization arises from the consideration of
more than one objective, such as performance and robustness.
Robustness is the ability of a structure to consistently main-
tain optimal performance under fluctuating conditions [ 53 ].
Robustness versus performance optimization with polymorphic
uncertainty is investigated, e.g., in [ 21, 27 ]. In this paper, the
centroid of the fuzzy coefficient of variation 𝐶𝑉𝑐 ( 𝑃cr , imp ) is a
robustness measure, and the centroid of the fuzzy mean value of
the critical load 𝐄𝑐 ( 𝑃cr , imp ) is a performance measure. Utilizing
the IRMs, the multi-objective optimization is formulated as: 

minimize [ 𝐶𝑉𝑐 ( 𝑃cr , imp ) , − 𝐄𝑐 ( 𝑃cr , imp )] , 𝒙𝑑 ∈  . (14)
4 of 11
These two objectives are often conflicting, as they are not satisfied
at the same design point. In that case, a Pareto front can be
helpful to find a compromise between the two objectives [ 21, 23–
25 ]. In multi-objective optimization, a solution is said to be Pareto
optimal if no objective can be improved without degrading at least
one other objective [ 26 ]. The set of all Pareto optimal solutions
forms the Pareto front. 

The constrained optimization arises from the need to ensure
both reliability and economy. In reliability analysis, according 
to Eurocode [ 54 ], the failure probability has to be lower than a
specific threshold value based on the consequence class. As an
example in this paper, the threshold value is set to 10− 4 . This
information is used as a constraint while minimizing the material
consumption of the structure. The constraint optimization is 
formulated as: 

minimize volume ( 𝒙𝑑 ) , 𝒙𝑑 ∈  , subject to: 𝑃𝑓,𝑐 ≤ 10− 4 . (15) 

In this paper, a composite plate structure with constant material
density is investigated, and thus, minimizing the volume of
the structure is equivalent to minimizing the mass. In this
way, an economic design is achieved while ensuring a low
failure probability. 

5 Computational Model 

The overall computational model consists of a triple-loop algo-
rithm, represented in Figure 4 for two design variables 𝑥1 and
𝑥2 . The design input space is discretized in equidistant design
sample points, which are used to search for the optimal solutions,
i.e., a discrete optimization problem. At each design sample
point, the fuzzy stochastic analysis (FSA) is applied to calculate
the fuzzy stochastic output. Therefore, the fuzzy input variable
𝑥 is discretized in alpha-levels [ 55 ]. At the bottom alpha-level
(“support”), the fuzzy input space is discretized in equidistant
fuzzy sample points. At each fuzzy sample point, an MCS with
𝑁mcs 

samp samples is performed, using the ANN surrogate model, 
to obtain the solution for the stochastic output 𝑧. Thus, a least
squares (LSQ) polynomial surrogate model is built, denoted by
̂ ( 𝑥) . At each alpha level, the minimum and the maximum
value of the output are computed via particle swarm optimization
(PSO) by using the LSQ-polynomial surrogate model, yielding the
left bounds 𝑧𝛼𝑘,𝑙 and the right bounds 𝑧𝛼𝑘,𝑟 for the membership
function of the fuzzy stochastic output variable. By this proce-
dure, the discrete membership function of the output variable
𝜇( 𝑧 ) is obtained. Afterwards, the centroid of the area under the
PAMM, 2025
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FIGURE 4 Computational model for design optimization and fuzzy stochastic analysis. 

FIGURE 5 FE model of the fiber composite plate, ply layup, material parameters and load-displacement curves. 
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membership function is calculated with the trapezoidal rule. In
total, two surrogate models (ANN and LSQ) are used in the
FSA to calculate the centroids of the fuzzy stochastic outputs
of interest, i.e., mean value, coefficient of variation and failure 
probability. 

6 Example 

In this example, the design parameters of a fiber composite plate
are optimized, Figure 5 (left). The classical composite panel of
thickness 𝑡 consists of transversally isotropic material with 12 lay-
ers and straight fibers, see Figure 5 (middle). The fiber orientation
𝜑 is alternating and symmetrical, which is designated with the
notation [ ± 𝜑]3 𝑠 according to [ 21, 56 ]. The top edge of the structure
is loaded with a line load 𝑝. For the load-displacement curves and
for the critical loads, the load is calculated as resultant: 𝑃 = 𝑝 ⋅

1000mm . The external load is assumed to be normally distributed
𝑃 ∼  (100 , 10)[N] . The structure with and without random
imperfections is referred to as “imperfect” and “perfect” struc-
ture, respectively. The corresponding load-displacement curves
are depicted in Figure 5 (right). The perfect structure follows the
primary (unstable) path, represented with a dashed line. For the
visualization of the load-displacement curve, the first eigenmode
with an amplitude of 1 mm is applied to the structure as an
imperfection at the stability point to deflect the structure into the
PAMM, 2025
secondary (stable) path. The load and displacement values at the
stability point are 𝑃cr , perf and 𝑢cr . For the imperfect structure, a
Gaussian random field with correlation length of 𝓁𝑐 = 500mm ,
mean value 𝜇 = 0 and standard deviation of 𝜎 = 1mm is used
for the shape of the structural surface. The imperfect structure
follows a non-linear load-displacement curve and has no stability
point, see Figure 5 . Therefore, the evaluation point for the critical
buckling load of the imperfect structure 𝑃cr , imp is defined as
𝑃cr , imp ( 𝑢cr ) , i.e., the load level at the critical displacement 𝑢cr of the
perfect structure, according to [ 8, 9, 57 ]. The critical displacement
𝑢cr has to be updated at each design sample point during the 
optimization process. In this paper, a parameter study for the
correlation length in the range 𝓁𝑐 = [300 , 500]mm is conducted.
The standard deviation is modeled as a fuzzy triangle number
𝜎 = ⟨0 . 5 1 . 0 1 . 5 ⟩[mm] . Exemplary realizations of random fields
are presented in Figure 6 . In [ 21 ], the same structure but with
tow-steered fiber path has been optimized with multi-objective 
optimization, considering aleatory and epistemic uncertainties 
separately. In this contribution, polymorphic uncertainty and the 
failure probability as a constraint are taken into account. 

The design input space is discretized in 𝑁dsg 
samp = 19 × 19 = 361

equidistant design sample points. The FSA is done at each design
sample point using an LSQ-polynomial of the sixth degree with
𝑁

fuzzy 
samp = 11 fuzzy sample points at the support of the fuzzy input

variable. At each fuzzy sample point an MCS with 𝑁mcs 
samp = 106 
5 of 11
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FIGURE 6 Exemplary realizations of random fields with a standard deviation of 𝜎 = 1 and correlation lengths of 𝓁𝑐 = 300mm (left) and 𝓁𝑐 = 

500mm (right). 
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samples is performed. The FSA yields the centroids of the fuzzy
stochastic outputs of interest, i.e., mean value, coefficient of
variation, and failure probability. The high numbers of fuzzy
sample points and MC samples are required to compute failure
probabilities of approximately 10− 4 . In this example, the total
number of realizations is given by 

𝑁samp = 𝑁
dsg 
samp ⋅ 𝑁

fuzzy 
samp ⋅ 𝑁

mcs 
samp = 361 ⋅ 11 ⋅ 106 = 3 . 971 ⋅ 109 . 

(16)

This corresponds to the number of required FE realizations,
if just the LSQ surrogate model within the fuzzy analysis and
no surrogate model within the MCS were applied. Thus, the
requirement of a further surrogate model for the MCS is evident.

6.1 ANN Training 

With a correlation length of 𝓁𝑐 = 500mm and a quality index of
𝑄 = 0 . 99 , the KLE requires 12 random input variables. Including
the fuzzy standard deviation 𝜎 = ⟨0 . 5 1 . 0 1 . 5 ⟩[mm] and the two
design variables 𝑡 (thickness) and 𝜑 (fiber orientation angle), the
surrogate model has 15 input variables in total. The surrogate
model is a feed-forward neural network (FNN), and the network
architecture is calibrated with the lowest investigated correlation
length 𝓁𝑐 because this corresponds to the maximal number of
input variables. It has been found that five hidden layers with 20
neurons in each one are sufficient. For the training procedure, the
input data is generated with two different sampling distributions:
the uniform distribution for design and fuzzy variables, and the
standard normal distribution for the random variables 𝜉𝑖 , because
they are standard normal distributed in the KLE. The target
samples are generated via FE-MCS with 𝑁target = 105 samples.
The ANN training procedure is represented in Figure 7 . The
training is conducted five times with the same training data
in order to investigate the surrogate model uncertainty. After
training, the response functions are plotted and compared with
the FE solution for plausibility control, see Figure 8 . The response
surface for the design variables is calculated with 10 × 10 = 100

grid sample points and plotted in Figure 8 (left). The five ANN
solutions are visualized as continuous lines for the fuzzy standard
deviation, see Figure 8 (middle), and the random variable 𝜉1 , see
Figure 8 (right). For those two response function plots, the FE
solution is calculated with 7 sample points for each one. The
response functions for the random variables 𝜉𝑖 obtained by the
KLE are widely discussed in [ 41 ]. This provides valuable insights
about the influence of certain variables on the output function.
6 of 11
In this case, it is clearly visible that 𝑃cr , imp is monotonically
increasing with respect to 𝑡, which is intuitive. On the other
hand, the influence of the fiber angle 𝜑 is not monotonic and
shows local maxima at 𝜑 = 25◦ and 𝜑 = 80◦. This information
can be used as an indication for optimal design points. A further
plausibility control is the computation of the fuzzy CDF of the
limit state function 𝑔 at the midpoint of the design space, see
Figure 9 , which is calculated with 104 samples and shows a good
approximation. The total number of FE simulations required to
train and validate the surrogate model is given by the target
samples and the testing samples. The utilized number of target
samples 𝑁target = 105 might seem to be expensive, but considering
the number of realizations 𝑁samp in Equation ( 16 ), the numerical
benefit is mainly defined by the FE simulation reduction factor 

𝑓red =
𝑁samp 

𝑁target + 𝑁test 

= 3 . 971 ⋅ 109 

105 + 104 + 114 
≈ 3 . 6 ⋅ 104 . (17) 

6.2 Multi-Objective Optimization 

As introduced in Section 4 , the two considered objective functions
are the centroid of the fuzzy mean value and the centroid of
the fuzzy coefficient of variation of the critical buckling load
𝑃cr , imp and are plotted in Figure 10 (left). The mean value shows
a similar behavior as the response function in Figure 8 . It is
particularly noticeable that both the mean value and the standard
deviation have monotonous dependency to the thickness 𝑡, where
𝐄𝑐 ( 𝑃cr , imp ) is increasing, and 𝐶𝑉𝑐 ( 𝑃cr , imp ) is decreasing with 𝑡. As 
the objectives are maximization of 𝐄𝑐 ( 𝑃cr , imp )) and minimization
of 𝐶𝑉𝑐 ( 𝑃cr , imp ) , all optimal points are located at the upper bound
of 𝑡, which is 𝑡 = 2mm in this case and the dimension of the
optimization problem could be reduced to just one design variable
𝜑. Therefore, it is practical to view the one-dimensional objective
functions at 𝑡 = 2mm with respect to 𝜑, see Figure 10 (center). The
objectives are not conflicting with respect to 𝑡, but are conflicting
with respect to 𝜑. The optimal points max ( 𝐄𝑐 ( 𝑃cr , imp )) and
min ( 𝐶𝑉𝑐 ( 𝑃cr , imp )) are located at 𝜑 = 30◦ and 𝜑 = 75◦, respectively.
For those two design points, the fuzzy CDFs of the limit state
function are presented in Figure 10 (bottom-right). The two
probability distributions are very different from each other but
both solutions have a similarly low probability of failure 𝐹( 𝑔 =
0) with 𝑃𝑓,𝑐 < 10− 7 . All 361 feasible solutions are represented
as blue dots in Fig. 10 (top-right). Through discrete searching
of the Pareto-optimal solutions, the Pareto-front is determined 
and visualized as a red line. It represents the optimal trade-
offs between the two objectives. This optimization is repeated
PAMM, 2025
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FIGURE 7 ANN training procedure. 

FIGURE 8 Plasibility control: comparison of response functions of varying input variables. 

FIGURE 9 Plausibility control: CDF of the limit state function for a 
selected design. 
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for three different correlation lengths 𝓁𝑐 = {300 , 400 , 500} , see
Figure 11 . The Pareto-optimal solutions remain at the same
fiber angle for different correlation lengths. In order to make
a final decision, priorities must be set regarding performance
versus robustness, or a compromise solution can be achieved by
weighting both objectives accordingly. 

6.3 Constraint Optimization 

The objective is to minimize the volume, subject to the constraint
of 𝑃𝑓,𝑐 < 10− 4 . In this case, the objective function is trivial, as
the volume is linearly increasing with respect to the thickness
𝑡 and constant with respect to the fiber angle 𝜑. The centroid
of the fuzzy failure probability 𝑃𝑓,𝑐 is depicted in Figure 12 . The
intersection with the threshold plane at 𝑃𝑓,𝑐 = 10− 4 implicitly
defines an isoline as boundary of the feasible design space.
As the objective and the constraint function are monotonically
increasing and decreasing with respect to 𝑡, the optimal solution
is located on the lower bound of the objective function, i.e., the
PAMM, 2025
constraint isoline. Thus, the isoline is plotted on the objective
function in Figure 12 (middle). The minimization of the volume
subject to the constraint, results in the optimal solution of
𝜑 = 80◦ and 𝑡 = 1 . 32mm . The same optimization procedure is
repeated for different correlation lengths. The constraint isolines
are plotted in Figure 12 (right), resulting in the optimal solutions
in the range of 𝜑 = [75 80] . At the optimal design point with
a correlation length of 𝓁𝑐 = 500mm , a convergence plot of the
failure probability is depicted in Figure 13 (left). It clarifies the
requirement of high sample numbers 𝑁mcs for the calculation of
a low probability. In Figure 13 (right), the converged fuzzy failure
probability with 𝑁mcs 

samp = 106 shows that the centroid is slightly
lower than the threshold and therefore, fulfills the constraint.
However, the membership function of the fuzzy failure probabil-
ity 𝜇( 𝑃𝑓 ) also has values in the failure domain. If the complete
fuzzy membership function should be below the threshold, the
upper bound of the support must be used as an information
reduction measure instead of the centroid. However, this would
lead to a higher thickness and a higher material consumption.
On the other hand, the fuzziness of the standard deviation of the
fuzzy random field could be reduced by further investigations, i.e.,
measurements. The presented concept is a compromise between a
reliable and economic design. For a comparison of the results, the
centroids of the fuzzy mean value 𝐄𝑐 ( 𝑃cr , imp ) and the centroids of
the fuzzy coefficient of variation 𝐶𝑉𝑐 ( 𝑃cr , imp ) are given in Table 1
for the optimal designs. The correlation length has no significant
influence on the optimal fiber orientation design. More important
is the consideration of the quantity of interest. Robustness and
reliability are matched at 𝜑 ≈ 75◦, while the optimal performance
is found at 𝜑 = 30◦. This demonstrates how the consideration
of different quantities of interest can significantly affect the
optimal design of the fiber orientation in fiber composite 
7 of 11
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FIGURE 10 Centroid of the fuzzy mean value: 2D (top left) and 1D (top middle), centroid of the fuzzy coefficient of variation: 2D (bottom left) and 
1D (bottom middle). Pareto front (top right) and fuzzy CDFs for two Pareto optimal solutions (bottom right). 

FIGURE 11 Objective functions (left: performance, middle: robustness, right: Pareto front) for selected correlation length 𝓁𝑐 of the fuzzy random 

field. 

FIGURE 12 Constraint function (left), objective function with constraint isoline (middle) and constraint isolines for selected correlation lengths 
(right). 
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7 Conclusion 

Efficient surrogate modeling is essential for the design opti-
mization of structures with polymorphic uncertainty to reduce
computation time. The FNN surrogate model for random fields
presented in a previous work has been extended in order to
include design and fuzzy input variables. In this way, significant
time savings have been achieved. Two different optimization
8 of 11
approaches have been investigated in this paper: constraint
optimization and multi-objective optimization. It has been shown 
that the optimal structural design is not trivial, but depends
on the preferences between performance, robustness, or reli- 
ability. In this example, the optimal design point considering
a reliability constraint also achieves robustness but has low
performance. In general, the decision-making process can be 
enhanced, e.g., by utilizing weighted sums of multiple objectives,
PAMM, 2025
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FIGURE 13 Failure probability for the optimal design point. Convergence plot (left) and fuzzy failure probability (right). 

TABLE 1 Summary of the results for the centroids for the fuzzy mean value and coefficient of variation according to the optimal designs for 
reliability, performance, and robustness. 

𝓵𝒄 [mm] 𝒕 [mm] 𝝋 [◦] 𝐄𝒄 ( 𝑷𝐜𝐫, 𝐢𝐦𝐩 ) [N] 𝑪𝑽𝒄 ( 𝑷𝐜𝐫, 𝐢𝐦𝐩 ) [%] 𝑷𝒇,𝒄 [-] 

Reliability 
according to 
Section 6.3 

500 1.319 78 203.9077 8.67 10− 4 

400 1.376 75 206.1192 8.73 10− 4 

300 1.352 80 107.2537 20.58 10− 4 

Performance 
according to 
Section 6.2 

500 2 30 1180.11 18.6324 < 10− 7 

400 2 30 1121.78 17.948 < 10− 7 

300 2 30 967.725 17.3898 < 10− 7 

Robustness 
according to 
Section 6.2 

500 2 75 733.365 6.28692 < 10− 7 

400 2 75 713.127 7.11975 < 10− 7 

300 2 75 590.634 8.70597 < 10− 7 
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based on their priority, reducing the problem to a single objective 
optimization. 

In this paper, the failure probability is used as a constraint
according to design guidelines from civil engineering. Com-
posite materials are widely used in aerospace engineering, and
therefore, corresponding design guidelines can have different
implications for the optimization problem. The number of design
variables is kept low for the sake of simplicity. More design
variables can be considered, e.g., independent fiber angles for
each layer and multiple thicknesses in stringer stiffened panels.
In such a high dimensional design input space, the equidistant
sampling method is not efficient and therefore, appropriate
optimization algorithms are required. Moreover, some design
variables may also be continuous, which would require to
combine discrete and continuous optimization approaches. Here,
epistemic uncertainty has been taken into account by modeling
the standard deviation of the random field describing the geomet-
rical imperfection as a fuzzy variable. Another important random
field parameter is the correlation length, which also entails
epistemic uncertainty. In this paper, the FNN is trained separately
for discrete correlation lengths. The continuous variation of the
correlation length involves the solution of the eigenvalue problem
of the autocorrelation matrix and, therefore, the variation of
eigenvalues and eigenvectors. This would increase the number of
input variables, in addition to the random numbers, in an extreme
manner. Thus, the development of an efficient surrogate model,
PAMM, 2025
able to take the correlation length into account, would be an
important extension. 
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