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Abstract

Parallel operation using a miniaturized detector array makes good use of the limited mag-
net bore volume and enhances nuclear magnetic resonance (NMR) measurement through-
put. This thesis investigates active decoupling for parallel detection via optimal control
pulses and introduces an accelerated optimal control framework based on the finite ele-

ment method (FEM).

A multiphysics simulation workflow was developed to characterize radio-frequency
(RF) coupling, quantify its impact on parallel excitation, and analyze the resulting mixture
of parallel free induction decays (FIDs). In a parallel solenoid coil geometry, the circuit-
level coupling was found to exceed direct field leakage by a factor of 103. Microwave
network modeling revealed that parallel excitation and acquisition share the same coupling
matrix, with a modeling error on the order of 1073. These findings establish the feasibility

of signal separation and active decoupling pulse design using the coupling matrix.

Building on the linear instantaneous mixture model of parallel FIDs, blind source sep-
aration was employed to extract coupling information and decompose composite signals.
High-field (500 and 650 MHz) parallel spectra decomposition confirms that this method
removes more than 90% of coupled components. The extracted coupling information was
subsequently used to design cooperative optimal control pulses. Experimental validation
demonstrated that these tailored pulses remain robust against RF coupling during parallel

excitation.

For a parallel NMR probe equipped with parallel gradient coils, coherence-locking RF
pulses designed by optimal control were implemented to mitigate gradient field spillover.
Application of these pulses in pulsed gradient spin-echo (PGSE) and parallel heteronuclear
single quantum coherence (HSQC) experiments verified their effectiveness in preserving

the desired coherences.



Finally, single-spin optimal control was accelerated by over an order of magnitude by
combining FEM with the method of moving asymptotes (MMA). By treating discretized
time as spatial coordinates, the Liouville—von Neumann equation was reformulated as a
linear system, efficiently yielding a joint solution of the spin trajectory and control gradi-
ent. The method of moving asymptotes, relying on the ensemble fidelities and gradients,

achieves rapid convergence for a target fidelity of 0.995.
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Zusammenfassung

Der parallele Betrieb mit einem Array miniaturisiert Detektoren nutzt das begrenzte Vol-
umen der Magnetbohrung effizient aus und erhoht den Durchsatz bei kernmagnetischen
Resonanzmessungen (NMR). Diese Arbeit untersucht die aktive Entkopplung fiir die Par-
alleldetektion mittels optimaler Kontrollpulse und stellt ein beschleunigtes Optimierungsver-

fahren auf Basis der Finite-Elemente-Methode (FEM) vor.

Ein Multiphysik-Simulationsworkflow wurde entwickelt, um die Hochfrequenz-(RF)-
Kopplung zu charakterisieren, deren Einfluss auf parallele Anregung zu quantifizieren und
die resultierende Mischung paralleler Free-Induction-Decays (FIDs) zu analysieren. In
einer Geometrie mit parallelen Solenoidspulen wurde festgestellt, dass die schaltungstech-
nische Kopplung die direkte Feldiiberlagerung um den Faktor 103 iibersteigt. Die Mod-
ellierung mittels Mikrowellennetzwerken zeigte, dass parallele Anregung und Detektion
dieselbe Kopplungsmatrix teilen, mit einem Modellierungsfehler in der Groenordnung
von 1073. Diese Ergebnisse belegen die Machbarkeit der Signalseparation und der aktiven

Entkopplungspuls-Entwicklung auf Basis der Kopplungsmatrix.

Aufbauend auf dem linearen Modell der momentanen Mischung paralleler FIDs wurde
Blind-Source-Separation eingesetzt, um Kopplungsinformationen zu extrahieren und zusam-
mengesetzte Signale zu zerlegen. Die Zerlegung paralleler Hochfeldspektren (500 und
650 MHz) bestitigt, dass diese Methode mehr als 90% der gekoppelten Komponenten
entfernt. Die extrahierten Kopplungsinformationen wurden anschlieBend zur Entwick-
lung kooperativer optimaler Kontrollpulse genutzt. Experimentelle Validierung zeigte,
dass diese mafigeschneiderten Pulse wihrend der parallelen Anregung robust gegeniiber

RF-Kopplung bleiben.

Fiir eine parallele NMR-Sonde mit parallelen Gradientenfeldern wurden Kohérenz-

sichernde RF-Pulse, entworfen durch optimale Kontrolle, implementiert, um Gradienten-
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feld Ubersprechen zu kompensieren. Die Anwendung dieser Pulse in Pulsgradienten Spin
Echo (PGSE) und parallelen Heteronuklear Single Quantum Coherence (HSQC) Experi-

menten bestatigte ihre Wirksamkeit beim Schutz der gewiinschten Kohérenzen.

SchlieBlich wurde die Einzelspin-Optimalkontrolle durch die Kombination von FEM
mit der Methode der beweglichen Asymptoten (MMA) um mehr als eine Groenord-
nung beschleunigt. Durch die Behandlung der diskretisierten Zeit als raumliche Koor-
dinaten wurde die Liouville-von-Neumann-Gleichung zu einem linearen Gleichungssys-
tem umformuliert, das effizient eine gemeinsame Losung fiir die Spintrajektorie und den
Steuergradienten liefert. Die Methode der beweglichen Asymptoten, die auf den Ensem-
blestreufidelitidten und deren Gradienten basiert, erreicht eine schnelle Konvergenz bis zu

einer Zielfidelitiat von 0,995.
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Nomenclature

Abbreviations
1D/2D/3D
AC/DC
BSS

CL
DOF(s)
EM

FD
FEM
FID
GRAPE
HMQC
HSQC
LBFGS
LvN
MMA
MRI
NMR
oC
PGSE
ppm
QOC

One/two/three dimension

Alternating/Direct current

Blind source separation

Coherence locking

Degree(s) of freedom

Electromagnetic

Finite difference

Finite element method

Free induction decay

Gradient ascent pulse engineering

Heteronuclear multiple quantum coherence spectroscopy
Heteronuclear single quantum coherence spectroscopy
Limited-memory Broyden-Fletcher—Goldfarb—Shanno algorithm
Liouville-von Neumann

Method of moving asymptotes

Magnetic resonance imaging

Nuclear magnetic resonance

Optimal control

Pulsed gradient spin echo

Parts per million

Quantum optimal control
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SL

SNR

UR
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Ca

Radio frequency
Spin locking
Signal to noise ratio

Universal rotation

Current on the coil

Spectral difference

Compensation pulse term

Transfer fidelity of the pulse

Coupling matrix estimated from BSS method
Noise covariance

Signal covariance

Incident wave in the microwave network
Reflected wave in the microwave network
Identity matrix

Matrix transforming excitation wave to coil current
Signal gain matrix in the reception stage
Optimal control pulses

Cooperative pulses

S matrix of coil array

S matrix of matching network

S matrix of combined coil and matching network
Scattering matrix

Resonance offset

Nutation frequency or RF amplitude in Hz
Static magnetic field

Radio frequency magnetic field

Figure of merit of signal decomposition
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Chapter 1

Introduction

1.1 Motivation

It is meaningful for a PhD thesis to trace the origins of the theories and technologies on
which it is built. To begin with, several foundational discoveries played crucial roles in
the understanding of spin. In 1897, Thomas Preston reported the splitting patterns of vari-
ous atomic spectral lines in a magnetic field, an observation now known as the anomalous
Zeeman effect, which could not be explained by the electron orbital theory at that time [1].
In 1922, Stern and Gerlach observed the double splitting of evaporated silver atom beams
passing through an inhomogeneous magnetic field [2], a phenomenon that Bohr’s atom
model could not describe. In 1925, Pauli proposed his explanation of the doublet struc-
ture of the alkali spectra [3] and subsequently introduced an additional two-valued quan-
tum property in his formulation of the exclusion principle [4]. This additional degree of
freedom corresponds to the quantized behavior of electron spin. A rigorous description
of a spin-1/2 particle was later provided by Dirac in 1928 through his relativistic wave

equation [5].

The discovery of magnetic resonance dates back to 1938, when Isidor I. Rabi and his
colleagues first demonstrated the reorientation of nuclear spin magnetic moments by pho-
ton absorption in a molecular beam of LiCl [6]. In 1946, Felix Bloch and Edward Pur-
cell independently extended this phenomenon to bulk matter and observed the nuclear in-
duction signals [7, 8], thereby establishing the foundation of nuclear magnetic resonance

(NMR). Since then, magnetic resonance has evolved into two major technologies: NMR
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spectroscopy and magnetic resonance imaging (MRI). Both have revolutionized their re-
spective fields: MRI in medical diagnostics and NMR in molecular analysis, and related
contributions have been recognized by multiple Nobel Prizes in Chemistry [9, 10] and

Medicine [11, 12].

Magnetic resonance imaging (MRI) has become a standard clinical technique, offering
non-invasive, high-resolution visualization of anatomical structures and physiological pro-
cesses. In contrast, nuclear magnetic resonance (NMR) spectroscopy provides molecular-
level insights into structure and dynamics through Fourier-transformed spectra, playing a

crucial role in chemical reaction monitoring, drug discovery, and food analysis.

Despite their wide range of applications, NMR techniques face inherent limitations.
The energy separation between the two Zeeman levels induced by an external magnetic
field is given by AE = yhBy/2n. The corresponding population difference between the
two levels, governed by the Boltzmann distribution, is exceedingly small. Under the high-

temperature approximation, it can be expressed as

AE

_ 1.1
TR (L.

Pa —Pp =

which corresponds to only about 4 x 10~ for 'H nuclei at 25°C and 11.74 T. These tiny
population differences give rise to the net spin alignment that produces the detectable sig-
nal, resulting in intrinsically low measurement sensitivity. Hyperpolarization techniques
such as dynamic nuclear polarization [13, 14, 15], parahydrogen-induced polarization [16],
and signal amplification by reversible exchange [17] overcome the thermal equilibrium
limitations, dramatically enhancing signal strength and becoming a major focus in the

magnetic resonance community.

When a large number of samples need to be analyzed, as in process monitoring or drug
screening, high-throughput detection becomes essential. Enabled by microcoil and micro-
volume probe technologies, flow-through NMR systems were developed to support auto-
matic sample exchange and sequential data acquisition [18, 19, 20]. Alternatively, com-
posite detection schemes employing bundles of capillaries have achieved high throughput

with simplified hardware [21, 22].

Meanwhile, paralle]l NMR spectroscopy has emerged as an alternative approach [23],

enabling the simultaneous measurement of multiple samples. Early implementations demon-
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strated four-channel acquisition at 300 MHz [24] and 600 MHz [25] using custom probes
equipped with multiple solenoid coils. Signal separation was achieved through the ap-
plication of pulsed gradient fields [26] or alternative detection schemes [27]. The paral-
lel NMR technique has found valuable applications in combination with classical pulse
sequences [25], kinetic studies [28], and dissolution dynamic nuclear polarization [29].
More recently, chip-scale implementations have demonstrated portable NMR with inte-

grated coils and time-interleaved pulses for radiofrequency (RF) decoupling [30].

To achieve truly independent parallel operation, each detector ideally includes its own
RF coil, gradient coil, and shimming unit [31, 32, 33, 34]. However, when such multi-
detector probes are installed within the confined bore of a superconducting magnet, resid-
ual electromagnetic (EM) coupling, which remains unavoidable despite hardware shield-
ing, leads to inter-channel crosstalk. This issue has received relatively limited attention in

the literature.

Accordingly, this thesis focuses on modeling inter-detector coupling in parallel NMR
spectroscopy and developing active decoupling schemes using optimal control methods,

intending to enable scalable, high-throughput measurements.

1.2 Thesis outline

This thesis focuses on decoupling parallel detectors and optimizing pulse sequences for

parallel NMR spectroscopy. The work is organized into five main chapters (Chapters 2—6).

Chapter 2 introduces the theoretical foundations. The microwave network method is
presented as a tool for analyzing RF coupling in parallel transmit/receive channels. A brief
introduction is given to the spin Hamiltonian and the Liouville-von Neumann equation.
Average Hamiltonian theory is outlined for analyzing pulse sequences. Gradient ascent
pulse engineering (GRAPE), a widely used optimal control method, is briefly reviewed.
The finite element method (FEM), employed both in magnetic field simulations and in

optimal control, is also introduced.

Chapter 3 describes the development of a digital twin for parallel NMR spectroscopy.
By combining electromagnetic simulations with spin dynamics simulations, the RF cou-

pling effects in both the excitation and reception stages of parallel detection are revealed.
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Chapter 4 demonstrates that blind source separation can be used to split composite free
induction decays (FIDs) and provide coupling matrices that characterize RF coupling. De-
coupling schemes for parallel excitation are developed and verified in parallel NMR spec-
troscopy. An end-to-end simulation further illustrates the applicability of this approach to

broader experimental scenarios.

Chapter 5 proposes a gradient compensation strategy to counteract field spillover in
probes with parallel gradient coils. Its effectiveness is validated through PGSE and parallel
HSQC experiments.

Chapter 6 shows that combining FEM with the method of moving asymptotes (MMA)
accelerates pulse optimization for ensemble single-spin systems by more than an order of
magnitude compared with the commonly used L-BFGS—-GRAPE method. This improve-
ment highlights the potential of FEM—MMA for efficient pulse optimization in both NMR
and MRI.

1.3 Main contributions

The main contributions of this thesis to the field of magnetic resonance, documented in

three journal publications, are summarized below:

Digital twin for parallel NMR spectroscopy [35]. A digital twin was developed to
simulate liquid-state parallel NMR spectroscopy. This digital twin quantifies inter-channel
coupling during both excitation and acquisition, enables precise characterization of par-
allel NMR probes, identifies coupling-induced artifacts in experiments, and supports the
design of decoupling pulse sequences. These capabilities are critical for advancing high-

throughput NMR.

Gradient decoupling for pulsed gradient experiments [36]. A gradient field com-
pensation scheme was proposed to mitigate spillover effects in pulsed gradient NMR ex-
periments. This method provides an effective solution for parallel probes with indepen-
dently switchable gradient coils. Combined with the digital twin, it supports scalable and

high-throughput experimental designs.

Quantum optimal control using finite elements and moving asymptotes [37]. An

optimization framework that combines FEM and MMA was developed for efficient optimal
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control of ensemble single-spin systems. Compared to the widely used GRAPE method,

this method achieved more than a tenfold speedup while maintaining high accuracy.

All experimental data and code developed in this thesis are available on GitHub: https:

//github.com/kikioh.


https://github.com/kikioh
https://github.com/kikioh




Chapter 2

Fundamental theory

2.1 RF chain modeling

High-field NMR spectroscopy typically operates at RF bands in the hundreds of MHz.
In this frequency regime, the behavior of the RF chain is conveniently described using
microwave network theory [38], in which scattering parameters characterize the incident
and reflected traveling waves at specified terminals. Figure 2.1 illustrates an N-port mi-
crowave network, where a; and b; denote the incident and reflected voltage waves at port

i, respectively. These quantities are related through the scattering matrix:
b = Sa. 2.1

An element of the scattering matrix is defined as

b;
Sl'j = - ’ (22)

Ajlag=0, k#j

that is, S;; is measured by applying an excitation to port j while terminating all other ports

with matched loads and recording the response at port i.

If each port has characteristic impedance Zj, the terminal voltages and currents are
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< az

N-port
network

— b,

— ay

—’bN

Figure 2.1: An arbitrary N-port microwave network, the a; and b; denote the incident and reflected
voltage waves at port i, respectively.

related to the wave amplitudes by

Vi = Vo (@i + by),

R P 2.3)
i = —\a;i = b;).
VZy

The impedance matrix Z is defined by
V=1I. (2.4)
Combining Eqgs. 2.3 and 2.4 yields the scattering matrix in terms of the impedance matrix:
S = (Z + ZyE)"\(Z - ZyE), (2.5)
where E is an identity matrix, and conversely, the impedance matrix in terms of S is

Z=270E+S)(E-9) (2.6)

Now consider an N-port coil array combined with a tuning and matching (T&M) net-
work (Fig. 2.2). Once the capacitance values are determined, by using the port permuta-

tion, the scattering matrix of a 2N-port T&M network can be written as a block matrix [39]:

S S
Sy = 11 Si2 ’ 2.7
Sa1 Sa2
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a
I Fos | A r I %2 pulse |
I ——— 1 -
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Colil array (S¢) T &M (Sm) Matched Load
b
Ly Ry Ly R, Sc Ly Ry
LN
C1 Ce2 Sm Cen
LN
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Figure 2.2: Combination of a coil array with a tuning and matching (T&M) network, described
using S-parameters. (a) Block diagram of a parallel probe consisting of a mutually coupled coil
array, a matching network, and matched loads. The FID denotes the free induction decay; Sc, S,
and Scm are the S-matrices of the coil array, the T&M network, and their combination, respec-
tively. Forward waves are a1, a2 and reverse waves are by, b2. (b) Schematic diagram of a coil
array connected to the T&M network. Each coil is modeled by a series L and R, with C; and C,,
representing tuning and matching capacitances.

So the T&M network can be treated as a 2-port network whose scattering relations are

b S S a
1 _[Su Sifjar) 2.8)
by So1 Sao| |a2

where subscripts 1 and 2 denote the connecting ports and the free ports, respectively.
Meanwhile, a; and b denote the backward and forward waves, respectively, with respect

to the coil array. Accordingly, a; and b, satisfy
ay = Scbl. (29)
Combining Egs. 2.8 and 2.9 yields the overall scattering matrix

Scm = S22 + Sa1 (E — ScS11) ™ ScSia. (2.10)

Ne)
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Moreover, a; and by can be expressed in terms of as as

ai = (E - ScS11) " 'ScS12 a2,

(2.11)
by = S¢' (E - ScS11) 'S¢ Sz as.
Considering that the coil currents and voltages are
Ie= ——(b: - a)
C = —(—— 1—4ai),
VZy 2.12)

Ve = VZo(b1 + ay).

Taking the RF pulse p as the excitation a2, the transfer matrix from as to coil current I¢

18

1

F=
VZo

(S¢' — E)(E - ScS11)'ScS12. (2.13)

At the reception stage, the reverse wave at coil terminal a; consists of scattering energy

induced by b; and an additional contribution bgp generated by the FIDs, i.e.,
a = bFID + Scbl, (2.14)

The FID calculated by the reciprocity principle corresponds to an open-circuit voltage Vion

at the coil terminal, and V7, satisfies

Vien = VZo (a1 + b1) . (2.15)

where a1 = by under open-circuit condition. Hence, bgp can be given by Vi, as

1
2VZy

Considering the matched loads at the T&M output, as = 0. The voltage gain matrix G,
defined by the relation Vo = VZybs = GViop, is

brp = (E-Sc)Vion. (2.16)

1 _
G = 581 (E - ScSu) Y(E-S0). (2.17)

Thus, the excitation coupling is quantified by F, and the reception coupling by G.

10



2.2 Nuclear spin Hamiltonian

Noise coupling follows the same path as FID coupling until the signals reach the LNA.

Assuming the noise originates from the coil array, the noise voltage covariance is

A

R, = 4kpTB - Re|Zc], (2.18)

where kp is Boltzmann’s constant, T the coil temperature, Z¢ the coil array impedance

matrix, and B the receiver bandwidth. The noise covariance at the load is
V. = G'R,G". (2.19)

The signal-to-noise ratio (SNR) in channel m is

A

V.
SNR,, = —"=, (2.20)

Vn,mm

where the signal covariance is

VS = G*(Vikonvil;)n

)GT. (2.21)

2.2 Nuclear spin Hamiltonian

The Schrodinger equation, formulated by Erwin Schrodinger in 1926 [40], describes the

quantum dynamics of nuclei and electrons. In the context of NMR, it takes the form

0 .
Ew(t) = —iHy (1), (2.22)

where ¢ (¢) is the nuclear spin state and H is the nuclear spin Hamiltonian. The Hamilto-

nian depends on nuclear spin interactions, which are detailed below.

2.2.1 Zeeman interactions

The magnetic moment operator is related to angular momentum by

p=vL (2.23)

11



Chapter 2. Fundamental theory

where 7y is the gyromagnetic ratio and I is the nuclear spin operator. The spin Hamiltonian

is the negative dot product of the magnetic moment with the magnetic field:
H,=-u-B=—-y(BIi+B,I; + B.1,). (2.24)
For a strong longitudinal field B = BZ, this reduces to
H, = —yBol,, (2.25)

the nuclear Zeeman interaction.

In reality, electronic shielding modifies the local field experienced by the nucleus. The
applied field By induces electronic currents that generate a perturbation described by the

shielding tensor §:

1+6x Oy 6z |0
Bioc=(1+68)-Boz=| 6,y 1+6,, & ||0]- (2.26)
Ozx 6y 1+65]||Bo

So the Zeeman Hamiltonian becomes
H, = —yBo(6:.Ix + 6y, Iy + (1 + 60)L,). (2.27)

In isotropic liquids, rapid molecular tumbling averages out the anisotropic components,

leaving
H, = —yBy(1 +9)1,, (2.28)

where 0 is the isotropic chemical shift. In solids, only the last term of Eq. 2.27 remains [41]

after secular approximation.

2.2.2 Dipole-dipole coupling

The direct spin—spin interaction can be treated using the point-dipole approximation, as
the nuclei are sufficiently far apart. This interaction, known as the dipole—dipole coupling,

depends on the internuclear distance and the angle between the internuclear vector and the

12



2.2 Nuclear spin Hamiltonian

external magnetic field, and hence exhibits axial symmetry. The corresponding dipole—

dipole spin Hamiltonian is expressed as

Hop = 42 Y20 (31 1) (7 8) - (1-9)], 2.29)
nor

where p is the vacuum magnetic permeability, 7 is the reduced Planck constant, y; and
vs are the gyromagnetic ratios of the two spins, 7 is the unit vector connecting the nuclei,
and r is the internuclear distance. It can be shown that Hpp is traceless [42] and therefore

averages to zero in liquids, where rapid molecular tumbling occurs.

2.2.3 J-coupling

Indirect spin—spin coupling mediated by bonding electrons is known as J-coupling. The
J-coupling is typically treated as isotropic, although small anisotropic components may
arise in anisotropic liquids and solids. However, these anisotropic components are indis-
tinguishable from dipole—dipole couplings in measurement and are therefore usually ne-
glected [41]. The isotropic J-coupling Hamiltonian, which is independent of the applied

magnetic field, can be written as a bilinear interaction between spins / and S as follows:
H; = 27J (ItSx + ISy + IS,). (2.30)
For heteronuclear spin pairs, the secular approximation reduces this to

H, = 27JL,S,. 2.31)

2.2.4 REF irradiation

The REF field is applied to manipulate nuclear spin states. The field generated by an RF

coil can be expressed as
B¢ = B cos(wift + @) X, (2.32)

where X defines the transverse reference axis, ¢ is the phase, and wy is the oscillation

frequency, typically close to the Larmor frequency (w.f & —yBg). The corresponding RF
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Chapter 2. Fundamental theory

Hamiltonian is given by
H;t = —yBj cos(wyt + @)1y, (2.33)

Modern NMR spectrometers can modulate B and ¢ with microsecond precision, enabling

high-fidelity spin manipulation via shaped pulses.

2.2.5 Ensemble spin Hamiltonian

For an ensemble of spins, such as the Avogadro number of proton spins in a water sample,
it becomes impossible to treat each spin individually. An alternative approach, known
as the density operator formalism, describes the quantum state of the entire ensemble.

Considering the expectation value of an observable Q with operator Q is

0 = WIQly) = Te(l¥) (Y1 Q). (2.34)

This motivates the density operator p = | )(¢¥|, which carries the ensemble average in-

formation and is invariant under global phase shifts [42].

Differentiating p using Eq. 2.22 yields

0
= = —iHly) (| +ily) (y[H = ~i[H,p]. (2.35)

the Liouville—von Neumann (LvN) equation.

For numerical computations, it is often recast in Liouville space as

ap
=L = —iHp, 2.36
i iHp (2.36)

where p is column-wisely vectorized from the density matrix, and the commutation su-

peroperator is
H=EQH-HQE, (2.37)

where E is an identity matrix with the same dimension as H, the n X n Hamiltonian is then
extended to a n? xn? superoperator . Transforming to Liouville space facilitates the con-

struction of a composite system comprising multiple non-interacting subsystems, which

14
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account for the multiple samples in parallel NMR. Specifically, the sub-superoperators
are arranged as a block-diagonal matrix, and the corresponding spin vectors are stacked

column-wise.

2.3 Average Hamiltonian theory

2.3.1 Magnus expansion

The evolution of a spin system under a time-dependent Hamiltonian H(#) can be described

by an effective average Hamiltonian over the time interval [0, T], defined by

T
exp [—iﬁT] = exp,, l—i / H(1) dt], (2.38)
0

where exp, denotes the time-ordered exponential.

The average Hamiltonian H can be expressed as a Magnus expansion [43]:

H=0"+H>+8Y +..., (2.39)

with the first three terms given by

T
_l/ H(1) dt,
—(2) / dl‘1/ dty [H(11), H(2)],

B = o [ [ [ (1800, 1), B9 1) + (180, G B9

(2.40)

—(1
The series converges rapidly if |H(7)||T < 1, in which case the first-order term H( )

already provides a good approximation.
When the condition ||H(¢)||7 < 1 does not hold, it is often useful to split the Hamil-
tonian into two parts [44]:
H(7) = Ha(?) + Hp(2), (2.41)
where H4 (7) contains the dominant interaction and Hp(7) the perturbation. The propaga-
tor for H4 () is U, (t), which defines the toggling frame.
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In this frame, the Hamiltonian is transformed to
HOS(1) = U () Hp(1)Ux (1), (2.42)

and the propagator over [0, T] is
T —
U"¢(T) = exp, [—i/ H"2(17) dtl] = exp[-iHpT], (2.43)
0

with Hp expanded again via the Magnus series:

Hy=H, +Hy +Hy +--- . (2.44)

Each term can be computed using Eq. 2.40, in which H(¢) is replaced by H"2(¢). The full

propagator is then

U(T) = UA(T)UC(T) = UA(T) exp [—iﬁBT] (2.45)

2.3.2 Zeeman rotating frame

In high-field NMR spectroscopy, the dominant term in the spin Hamiltonian is the Zeeman
interaction between the nuclear spin and the strong static magnetic field. The reference
frame that rotates at the Zeeman frequency is therefore referred to as the Zeeman rotating

frame.

For a single spin subject to RF irradiation, the Hamiltonian consists of the Zeeman term

and the RF term,
H = wol; + A cos(wyst + ¢)Ix, (2.46)

where wg = —y(1 + §)By is the Zeeman frequency of the spin, w, is the RF carrier
frequency (close to wg), and A = —y B is the RF amplitude. The Hamiltonian is split into

a dominant part and a perturbation,

HA = wrfIz’
(2.47)
Hp = (wo — wip)I, + A cos(wit + ¢)Ix
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2.3 Average Hamiltonian theory

According to Eq. 2.42, the toggling-frame Hamiltonian is given by

H©8(r) = &' Hp (1)
= (wo — wi)I, + A cos(wyst + ¢)ei“’fflztlxe_i“’fflzt,
= (wo — wif)I, + A cos(wst + ¢) (I cos(wyst) — Iy sin(wyrt))
= (wg — wyp)1; + g(IX cos ¢ + Iy sin¢) + %(IX cos(2wist + ¢) — Iy sin(2wit + ¢))
(2.48)

Applying the first-order approximation, the effective Hamiltonian in the Zeeman rotat-

ing frame becomes

_ 1 7 A
Hy =~ /0 H(11) diy = (00 ~ wi)L, + 5 (T cos ¢ + Iy sin 9) 2.49)

where T can take several periods of the RF frequency wys. Equation 2.49 shows that the
effective RF amplitude is A/2 = —yB; /2, which quantifies the strength of the resonant RF
field experienced by a given spin. By choosing an appropriate initial phase for the rotating

frame,
U4 (1) = exp [-1L(wrst + ¢rer)]

Gref =1, y>0 (2.50)
bref =0, ¥y <0
the effective amplitude can be written as |yB1|/2. In experiments, this quantity is referred

to as the nutation frequency and is typically expressed in (angular) frequency units.

For a heteronuclear two-spin system, denoted as /S, the double-rotating frame is ap-

plied. The total Hamiltonian can be decomposed into two parts as follows:

Hy = olI, + 0SS,
Hp = (0} — 0D, + (0] — 03)S, + 27 (L,Sx + IS, + I,S,) (2.51)

+ Al cos(wht + ¢')I + A® cos(a)fft + ¢°)Sx.
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Chapter 2. Fundamental theory

Applying the first-order approximation, the effective Hamiltonian is given by
= =
H = Hy
1

T
= / ei(erfIZt+wffSZt)HB(t1) ol (@ L t+wiS,r) dn,
0

= (0} - WL, + (W5 - WS, + 21JL,S,
Al I gy A s R
+ T(IXCOSQS +1Iysing’) + T(chosqﬁ + Sy sin ¢°)

(2.52)

where 7 may span several periods of both wﬁ ¢ and wrsf. The above computation considers
the commutation of spin operators, i.e., [Ixyz, Sxy.] = 0. The bilinear interactions in the
J-coupling terms IS and IS, that oscillate rapidly in the Zeeman rotating frame are av-
eraged out. This approximation is commonly referred to as the secular approximation [45]

and has its conceptual origins in classical mechanics [46].

2.3.3 Toggling frame by RF irradiation

Under RF irradiation, when ||Hy¢|| > ||H,|| and ||Hy|| > ||Hy||, the Zeeman rotating
frame can be further transformed into the toggling frame of the RF field. For a spin system

involving J-coupling, the Hamiltonian is decomposed as:

HA = Hrf(t)a
(2.53)
Hz;=H, + Hj,

where H, is the chemical-shift (offset) Hamiltonian and Hj is the J-coupling Hamiltonian.

For broadband applications, where frequency offsets are comparable to RF amplitudes,
the motion of the toggling frame can be defined by combining the RF term and the offset

term. The Hamiltonian is decomposed as [47]:

H,y =H, + Hi(2),

(2.54)
Hz = H;.
Here, H,4 (7) can be decomposed into single-spin Hamiltonians:
Ha(1) = ) Hai(t) = ) (@il + 0islis + wiyTiy), (2.55)

1
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2.4 Gradient ascent pulse engineering

where the subscript i refers to the i-th spin. Since the single-spin Hamiltonians mutually

commute, the propagator factorizes as

Ua(r) = ﬂ Ui(t) = ]—[ expq [—i /0 H,i(1h) dtl] . (2.56)

1

Average Hamiltonian theory provides a framework to approximate complex time-dependent
spin dynamics [48]. It is especially powerful in analyzing RF-driven spin manipulations,

composite pulses, and decoupling sequences.

2.4 Gradient ascent pulse engineering

Quantum optimal control (QOC) techniques have found widespread applications in quan-
tum computing [49], quantum sensing [50], NMR [51], and MRI [52, 53]. The growing
importance of QOC is reflected in the increasing number of publications in this field [54].
In general, the optimal control problem can be formulated as finding control parameters
that steer a physical system from an initial state |pg) to a target state |0") under hardware

and time constraints.

Among many approaches, Gradient ascent pulse engineering (GRAPE) [55], has proven
to be a highly efficient algorithm over the last 20 years.

Consider an NMR quantum system described by a time-dependent Hamiltonian within

the Liouville space:
H(1) = Ho+ ) wi()Ci (2.57)
k

where H, is the internal Hamiltonian, Cj are control operators, and wy (¢) are their time-

dependent amplitudes.

The solution of LvN equation gives the final state as

T
p(T) = exp, [—i[)' (7‘(0 + Z wk(t)Ck) dt| po, (2.58)
k

where T is the pulse duration and exp, denotes a time-ordered exponential.
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In practice, the control fields are discretized into N piecewise-constant segments of

duration At,,. The propagation then becomes
p(T) =Uy - - UsU, po, (2.59)

where the n-th propagator is

U, = exp [—i (7{0 + Z a)k(n)Ck) At,] . (2.60)
k

The quality of the control is measured by the overlap between the target state and the

final state:

n=A{clp(M) ={g|Uy--- U po). (2.61)

The fidelity gradient with respect to control amplitude wy , is

on 3
awk,n B awk,n

(o|Uy - Upan U, U1 - - - Ui po)- (2.62)

Since only U, depends on wy ,, the derivative reduces to

bs) oUu,
T —(oUy - Uy —" Uy - - - Ui | po) (2.63)
6wk,n aCUk,n

backword propagation forward propagation

Thus, evaluation requires one forward propagation from py and one backward propaga-
tion from 0. The computational cost is 2N exponential-times-vector operations plus NK
calculations of inner product, where N is the number of time steps and K the number of

controls [42].

In the original GRAPE, 0U,, /0w, is approximated to first order for sufficiently small
Aty (|| Hull|At, < 1):

aq/ln
ﬁa)k,n

~ (—iCrAty) - U,. (2.64)

Gradient-based optimization methods often require highly accurate derivatives. Higher-

order finite difference (FD) could be applied to improve accuracy [56]. For example, the
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2.4 Gradient ascent pulse engineering

second-order FD method is written as

aq/ln - 7/{n(wk,n + h) - 7/{n(wk,n - h)
0wk - 2h

(2.65)

which requires one additional forward propagator and one additional backward propagator
per time step, yielding a computational cost similar to that of the spin-trajectory compu-

tation.

The auxiliary matrix formalism [57] evaluates exact derivatives by propagating an ex-

tended generator. The computation of first-order derivatives can be expressed as follows:

Uu, St H, C
"o | —exp =i |0 T A, (2.66)

where the propagator can be obtained via a Taylor expansion, and the derivatives are ex-
tracted from the resulting block matrix. For both the finite-difference and the auxiliary-
matrix formalisms, the propagator derivatives U,/ dwy , are never formed explicitly; in-
stead, they are applied directly to the corresponding spin vector, which improves compu-

tational efficiency [58].

The GRAPE has been enhanced by combining with several optimization schemes. The

quasi-Newton method updates the controls as
Wt = ' — o, 1V, (2.67)

where V7 is the fidelity gradient, H;! is the approximate inverse Hessian matrix, calculated
from a stack of history controls and gradients, the so-called L-BFGS algorithm [59]. The
o, can be calculated from a line search which finds an optimization step in the specified

direction [60].

The Newton method updates according to
ws+1 — (,l)s _ [V2n] _1VT], (268)

which achieves faster convergence but requires explicit Hessian evaluation, computation-
ally prohibitive for systems with hundreds of controls. In practice, L-BFGS offers an

effective balance between convergence rate and computational cost.
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Chapter 2. Fundamental theory

The convergence rates of L-BFGS and Newton—Raphson have been compared with
steepest descent [61]. The computational cost of optimal control depends on the number
of control channels, the system size, and the ensemble size, which can account for reso-
nance offsets, field inhomogeneities, orientation distributions in solid-state NMR, etc. Fig-
ure 2.3 illustrates the wall-clock time of the LBFGS-GRAPE algorithm, as implemented

in SpiNnacH [58]', for optimizing a single-spin excitation pulse.

a b
2000 . . . . . 30 800 . . . 20
1500 | 600 15
20 @ %)
[} E w 5
T 1000} © 5 5
° 8 < 400 10 g
— = ha u
g - 8
10 —
500 200 15
0 ' ' ' ' ' 0 0 : : . 0
0 1000 2000 3000 4000 5000 6000 0 500 1000 1500 2000
ensembles time steps

Figure 2.3: Wall-clock time of the LBFGS-GRAPE algorithm in SeinacH. (a) Dependence on
ensemble size with 400 time steps. (b) Dependence on the number of time steps with 1000 ensemble
members. The pulse duration was 1 ms, covering a 20 kHz bandwidth with a nominal RF amplitude
of 50 kHz and +20% inhomogeneity. Iterations were terminated once the fidelity reached 0.995.
The optimizations were performed on a workstation equipped with an AMD Ryzen 5950X 16-core
processor (3.40 GHz base frequency) and 64 GB of RAM.

2.5 Finite element method
Considering the solution of a differential equation,
Lo=Ff, (2.69)

where £ is a differential operator, f is a source term, and ¢ is the unknown variable. The

Ritz method [62] formulates a functional that is minimized with respect to the coeflicients

ISpinach is an open-source spin dynamics simulation library, available at https://spindynamics.
org.
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2.5 Finite element method

defining the trial solution. The functional for a trial function ¢ is

F() = 5(Lb.6) - (.6 2.70

where the trial function is expanded in terms of basis functions,

6=> c. 2.71)
i
Minimization requires that the derivatives of 7 (¢) with respect to the coefficients c; van-

ish, yielding a set of equations for c;.

The Galerkin method [63] instead enforces that the residual of the governing equation

vanishes in a weighted integral sense:
R = / wi(Lé— f)dQ =0, (2.72)
Q

where ¢ is the trial function and the weighting functions are chosen as the basis functions

themselves, i.e., w; = v;.

The central challenge in both methods is constructing suitable trial functions over the
full domain, which becomes difficult in higher dimensions. The finite element method
(FEM) addresses this by dividing the domain into subdomains (elements) and defining

trial functions locally. The main steps of FEM are summarized below.

2.5.1 Finite elements

The first step in FEM is discretization of the domain, as illustrated in Fig. 2.4. In one
dimension (1D), the domain is divided into line elements. In two dimensions (2D), trian-
gular and rectangular elements are commonly used. In three dimensions (3D), tetrahedral
and hexahedral elements are most frequently applied, with pyramidal and prismatic ele-
ments also possible. For complex geometries, triangular elements for 2D and tetrahedral

elements for 3D are often preferred due to their flexibility.
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a
triangular rectangular
line element
>r——9
C
tetrahedral hexahedral

Figure 2.4: Basic discretization elements, the black dots indicate the nodes of each element and
their associated degrees of freedom to be solved. (a) Line element in one dimension. (b) Triangular
and rectangular elements in two dimensions; the example shows a spirally curved resonator dis-
cretized using triangles. (c) Tetrahedral and hexahedral elements in three dimensions; the example
shows a solenoid coil discretized using tetrahedra.

2.5.2 Basis functions

Within each finite element, basis (or shape) functions approximate the solution. The most
common basis functions are Lagrange polynomials. For a 1D line element, the linear basis

functions (Fig. 2.5a) are

1—x 1+x
N1(x)=T, No(x) = 5

x € [-1,1]. (2.73)
For a quadratic line element (Fig. 2.5b), the basis functions are

Ni(x) = %x(x —1), No(x)=1-x2, Nz(x)= %x(x +1), xe[-1,1]. (.74

For a 2D triangular element (Fig. 2.5d), the linear basis functions are

Nl(x,)’)zl—x—)’, NQ(X,)’):X, N3(x,)’):y’
(2.75)

(x,y)e{x>0,y>0,x+y<1}.

Interpolation with the Lagrange shape functions ensures continuity of function values

across element boundaries, known as C° continuity. However, in problems such as beam
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a b
Ny (x) N3(x)
Ny (x) N3(x)
Ny (x) Ny (x)
Ny (x)

Ny(x)

Nl(x»y) NZ(xly)

- <

Figure 2.5: Basis functions for FEM elements. (a) Linear Lagrange, (b) quadratic Lagrange, and
(c) cubic Hermite basis functions for a 1D element. (d) Linear Lagrange basis functions for a 2D
triangular element.

bending, which are governed by higher-order differential equations, the first derivative
must also be continuous, a requirement referred to as C' continuity. For such problems,

Hermitian shape functions are employed to guarantee C' continuity.

The cubic Hermitian element uses four basis functions to perform cubic Hermite inter-
polation of the solution. As shown in Fig. 2.5¢c, the four shape functions for the 1D case

are given by

Ni() = 71=22@ 40, Na(@) = (1 =01+,

N3(x) = iu +x)%(2-x), Na(x) = 2(1 +x)%(x-1), xel[-1,1]. (2.76)

Compared to Lagrange interpolation, the degrees of freedom (DOFs) at each node for

Hermite elements are doubled, representing both the function value and its first derivative.

Considering the Lagrange interpolation, the solution within an element e is approxi-

mated by
¢¢ =) Nfaf, 2.77)
i=1

where n is the number of element nodes, N/ is the element basis function associated with
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node i, and a/f is the nodal coeflicient. Each N f is unity at its own node and zero at all

other nodes, and vanishes outside its element.

2.5.3 Formulation of linear equations

Using the Galerkin method, the weighted residual for element e is
Rf:/ NE(L§ - f)dQ =0, i=1,...,n. (2.78)
Substituting the expansion of ¢¢ yields

NELNCdQaf = | NEFdQS, i=1,....n, (2.79)
Qe Qe

which can be written in matrix form:
K¢a® = b°, (2.80)
where K¢ is an n X n element stiffness matrix and b® an n X 1 load vector, given by

KS= | NELNCdQ:,
Qe
2.81)
b= [ NffdQe.
Qé

The element matrices are assembled into global equations by summing contributions
from all elements. Entries corresponding to the same global node are added together,

yielding
Ka = b, (2.82)

where K is the global stiffness matrix and b the global load vector.

Equivalently, the system can be formulated using global basis functions:

N
6= N, (2.83)

Jj=1
where N;‘i’ is the global basis function associated with node j, nonzero only in elements
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connected to that node. Substitution into Eq. 2.72 gives

N
Zaj/NfLN;%dQ:/fodg, i=1,...,N, (2.84)
a Q Q

which has the same matrix form as Eq. 2.82, and the elements of the matrix and the load

vector are given by

Kij = /Q N; LN dQ,

(2.85)
b,-:/Nl.gfdQ.
Q
a b
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2¢ o o
2¢ ° ° e 0o 0 o
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Figure 2.6: Banded structure of stiffness matrices in a 1D FEM model using (a) linear and (b)
quadratic shape functions. The mesh has 10 elements, and each node has one degree of freedom.

The global stiffness matrix K is sparse and banded, with bandwidth depending on the
order of the shape functions and DOFs per node. Figure 2.6 illustrates banded structures

for 1D linear and quadratic FEM discretizations.

2.5.4 Adjoint analysis

In optimization problems, the stiffness matrix K may depend on control variables. Gradient-
based optimization requires derivatives of an objective with respect to these controls. In

FEM, the control derivatives are efficiently computed using the adjoint method.
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Let the objective be

J =9 (a,c), (2.86)

where « is the FEM solution from Ko = b and c are the control variables. Then

dJ _9J 97 da

. 2.87
dc dc  Oa dc 2.87)
While computing the first term is straightforward, the second term involves
0Jda 09 _ 4 (db dK
da dec  da K de dc |’ (2.88)
Defining the adjoint vector A via
a T
K'1= (—j) : (2.89)
oa
the derivative becomes
d9 09 t(db dK
— =—4+1 |—-—C]. 2.90
dc dc * de ~ de” 2.90)

This is known as the adjoint method, which reduces the computational cost of derivative
evaluation to the same order as that of solving the original linear system. In numerical im-
plementation, Egs. 2.82 and 2.89 can be solved jointly using a pre-decomposition [64]. For
a sparse banded square matrix encountered in quantum optimal control, the UMFPACK

package within the SuiteSparse library [65] performs the LU factorization efficiently.

The FEM is a powerful and versatile tool in solving partial differential equations in
engineering and theoretical modeling. Only a brief overview is presented here, as FEM
1s employed in two specific contexts in this thesis. First, it is employed in chapter 3 using
COMSOL Multiphysics to simulate the magnetic fields of coil arrays, from which circuit
parameters and field patterns are extracted. Second, FEM is used to solve quantum op-
timal control problems where spin evolution is governed by the Liouville—von Neumann
equation. The derivation of stiffness matrices and adjoint-based gradient calculations for

such problems is detailed in chapter 6.
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Chapter 3

Multiphysics modeling for parallel
NMR spectroscopy

Based on M. He, D. Faderl, N. MacKinnon, Y.T. Cheng, D. Buyens, M. Jouda, B. Luy, and
J. G. Korvink, Communications Engineering, 3(1): 90, 2024.

3.1 Introduction

A straightforward way to increase the throughput of NMR spectroscopy is to detect mul-
tiple samples simultaneously via multiple channels, broadly termed parallel NMR [24].
Several previous studies utilize multiple RF coils for parallel excitation and reception [24,
25, 27]. Two broad approaches have been explored with regard to hardware design: The
first method combines all coils into a single circuit with a shared tuning and matching
(T&M) circuit. It separates signals using a pulsed gradient field, which reduces electronic
components but collects noise from the entire coil array. This configuration is limited to
cases [24, 30] which have a relatively high SNR. The second design deploys each coil with
its own T&M circuit and receiver chain [25, 28], where each sample can be excited and

detected without the use of gradient fields as a means to achieve effective parallelization.

A key challenge in NMR parallelism is ensuring exceptional electrical isolation among

parallel channels [23], meaning that inter-coil coupling must remain sufficiently weak.
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Chapter 3. Multiphysics modeling for parallel NMR spectroscopy

The method of suppressing coupling was recently discussed in a sample-centered shim-
ming experiment [31], where the coil geometry was optimized to minimize the coupling
effect. However, the RF shielding design is practically limited by space and probe com-
plexity, so the coupling cannot be completely eliminated. This issue can lead to unwanted
coupling of inductive coils, resulting in excitation pulse interference and signal transfer

among multiple detection sites.

To investigate the impact of inter-channel coupling on the magnetic field distribution,
spin dynamics, and the resulting NMR signals, a multiphysics simulation framework is re-
quired. This chapter introduces a digital twin of parallel NMR spectroscopy that combines
full-wave electromagnetic and spin-dynamics simulations to analyze RF coupling effects

and guide decoupling scheme design.

3.2 Multiphysics simulation workflow

Inspired by a simulation methodology for predicting MR noise [66], we developed a work-
flow for simulating parallel NMR, shown in Fig. 3.1. The workflow comprises three stages:
magnetic field prediction, spin dynamics simulation, and pulse sequence optimization. In
the first stage, the static magnetic field (By) and the RF field (B1) within the samples are
simulated based on well-defined coil geometries and electrical properties (e.g., permittiv-
ity and permeability). The resulting field maps are imported into a spin-dynamics module
for predicting the spin evolution of multiple samples in the presence of inhomogeneous
magnetic fields and inter-detector coupling. The third stage focuses on pulse optimization,

where the strategies are adapted to account for inter-channel coupling.

To model the parallel excitation scenario (Fig. 3.2), synchronous pulses are applied
across all channels. These RF pulses are amplified to a predetermined power level and
delivered to the terminals of the T&M network. The resulting B; field within the samples
is obtained by considering the simultaneous excitation of the RF coils. A composite spin
system is then constructed to simulate spin evolution in multiple samples. This is achieved
by combining the Hamiltonians of individual subsystems into a block-diagonal matrix,

assuming negligible inter-sample coupling.

For parallel reception (Fig. 3.3), it is assumed that each channel acquires the FID syn-

chronously, i.e., all detectors share the same sweep frequency and acquisition period.
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Figure 3.1: A multiphysics simulation workflow consisting of three stages: magnetic field ac-
quisition, spin dynamics calculation, and pulse sequence optimization. Each stage includes several
sub-steps that are summarized in a box below and highlighted in an image above. DC denotes direct
current, RF denotes radio frequency, By is the static magnetic field, and B; is the radio-frequency
magnetic field.

B, irradiation /’\
W x

— | o———o {
RF pulse Composite
I spin system
W | —r1— A
—>

Figure 3.2: Modeling of the parallel excitation stage. Parallel pulses are processed to compute
the coupled B; field, and a composite spin system is built to enable spin-dynamics simulations of
multiple samples. All channels are excited with synchronous pulse sequences.

During acquisition, spin evolution is simulated to obtain the trajectory of the spin state,
which is projected onto the coil sensitivity vector to compute the normalized FID, i.e.,

m - b~ = (coil|p) [67]. The actual FID is calculated via the reciprocity principle [68]:

f:/iw0|M||B;|ei¢m-b—dv. (3.1)

Relaxation effects are neglected, and the magnetization magnitude |M| is fixed at unity.

The receive field is given by | BT | e = B —i B, computed in the same manner as the trans-
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Chapter 3. Multiphysics modeling for parallel NMR spectroscopy

mit field BI, assuming a unit current in the relevant coil. In the receiver chain, the parallel
FIDs contribute to the open-circuit voltages at the coil terminals, and an overall gain fac-
tor is applied to map these voltages to the T&M network terminals. The mixed signals at
the output of the T&M network are subsequently separated using a signal decomposition

module.
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Figure 3.3: Modeling of the parallel reception stage. The magnetization is recorded by the RF
coils, affected by coupling, and delivered to a post-processing module for signal decomposition.
FID denotes free induction decay, u is the magnetic moment, and By is the static magnetic field.

In heteronuclear simulations, the relevant B; fields are computed for each resonance
frequency. RF coupling between heteronuclear channels is neglected, as each channel is
tuned to a distinct and isolated frequency. Signal acquisition for each nucleus is handled

by an independent RF chain, each with its own coupling characteristics.

3.3 EM simulation

To detail the EM simulation without loss of generality, the water samples and solenoid RF
coil arrays were selected for the EM simulations, and the background static magnetic field

was chosen to be 11.74T.

3.3.1 B, field simulation

The static By field was simulated using the COMSOL mfnc module. As shown in Fig. 3.4a,
the coil array was modeled as solenoidal copper windings, and the samples as cylindrical

water phantoms, with a susceptibility of —9.035 x 107%. The background magnetic field
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was applied through a magnetic flux boundary condition on the surrounding air domain,

and the static field was computed using Gauss’ law, V - B = 0.

As shown in Fig. 3.4b, both the coil and the sample were discretized using tetrahedral
elements, a standard choice for complex geometries. The resulting By field was imported
into MATLAB for post-processing via COMSOL Multiphysics with MATLAB LiveLink.
For example, one cylindrical sample was divided into voxels along the axial (z, 8 values),
radial (r, 3 values), and azimuthal (6, 3 values) directions. Field values at voxel centers
were obtained via linear interpolation from the FEM nodes. Finally, a zero-order shim was

applied manually to remove mean field drift.

a b

2 %107 m

Figure 3.4: B field simulation in the COMSOL mfnc module. (a) Geometry of a four-solenoid
coil array modeled with copper, with the samples simplified as cylindrical water phantoms. The
background magnetic field was applied via a magnetic flux boundary condition on the surround-
ing air domain. (b) Enlarged view of one coil and one sample, both discretized with tetrahedral
elements. The water sample was modeled as a cylinder with a radius of 7 = 0.1 mm and a length
of Iy = 2.5 mm. The solenoid coil had a radius of r. = 0.5 mm and a length of [, = 2.2 mm,
consisting of 20 turns of wire with a radius of 0.03 mm. The four coils were arranged on a circle
of radius R = 3.1 mm in the yz-plane.

3.3.2 Tuning and matching

The schematic of a single-channel RF probe is shown in Fig. 3.5(a). A parallel NMR probe
consists of multiple repetitions of this basic unit. Each coil is connected to a T&M circuit,
which interfaces with the spectrometer. In transmit mode, the RF pulse generated by the

synthesizer is phase-modulated by a timing device (pulse programmer) [41], amplified by
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Chapter 3. Multiphysics modeling for parallel NMR spectroscopy

a power amplifier, and delivered to the coil via the T&M circuit. In receive mode, the
FID signal detected by the coil is routed through the same T&M circuit to a low-noise
amplifier. The amplified signal is subsequently mixed with a local oscillator for frequency

conversion.

Figure 3.5(b) illustrates the circuit model of the coil array and the T&M network. The
amplifiers are replaced by matched loads, under the assumption that they are all tuned and
matched to the cable’s characteristic impedance. As introduced in Section 2.1, we employ
S-parameters to describe the interaction between the coil array and the T&M network.
The forward and reverse traveling waves are denoted by a and b, respectively, and can

incorporate both externally applied RF pulses and detected FID signals.

a
________________ e
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L e A ] !
b
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| | | I | I
09000 — o L —— |
| | I [
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| : | | = ' Lo !
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L7 _ 1 _ | Scm _ |
Coil array (S¢) T&M (Sy) Matched Load

Figure 3.5: Schematic of the parallel detector. (a) One channel of the detector: the sample is placed
inside a solenoid coil, which is tuned and matched, and connected to either the transmitter (TX) or
receiver (Rx) via a switch. PA denotes the power amplifier in the Tx path, and LNA denotes the
low-noise amplifier in the Rx path. (b) Circuit model of the parallel detector using S-parameters.
Amplifiers are substituted with matched loads, assuming all amplifiers are tuned and matched to the
cable’s characteristic impedance (50 €2). The symbols a and b indicate forward and reverse waves,
respectively. The Sc, Sm, and Scy denote the S-matrices of the coil array, the T&M network, and
their combination.

The S-parameters of the four-solenoid coil array (S¢) were simulated using the COM-
SOL emw module (Fig. 3.6). The RF simulation was performed with the frequency-domain

solver, which computes the electric field by solving the wave equation with the finite ele-
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3.3 EM simulation

copper

Figure 3.6: B;-field simulation of a four-solenoid coil array in the COMSOL emw module. (a) Coil
array geometry as in Fig. 3.4, with the air sphere surrounded by a perfectly matched layer (PML).
(b) Enlarged view of one coil and one sample, both discretized with tetrahedral elements. Each
solenoid coil was terminated and excited via a 50 Q characteristic-impedance lumped port. PEC
denotes a perfect electric conductor.

ment method. The operating frequency was set to 500 MHz, corresponding to the 'H Lar-
mor frequency at 11.74T. The feed ports connected to the T&M network were modeled
as 50  lumped ports. To compute the full S-matrix, each port was sequentially excited
while all others were terminated. For example, if port 1 was excited with the fundamental

eigenmode E1, the reflection coeflicient S is given by [69]:

Joor (E§ = E1) - E; dSy

S11 = - (3.2)
./I;ortl Ey- El dsi
and the transmission coefficients S;; (j # 1) are given by
bort | E]C . E;‘ ds;
Sjr = —, (33)
hort E;- Ej ds;

where E; is the fundamental eigenmode on port j, and E JC is the computed field on port j.

Each coil can be independently tuned and matched using the diagonal elements of S¢,
assuming sufficiently weak coupling. The S¢ 21 in a typical solenoid array, as shown in
Fig. 3.6, is on the order of —60 dB; it decreases to below —70 dB for saddle-coil arrays at

45 MHz [31], and is expected to be even lower for stripline arrays of comparable geometric
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Chapter 3. Multiphysics modeling for parallel NMR spectroscopy

size, as the latter confine the EM field more effectively within individual coils. However,
if strong coupling degrades the match (e.g., Scar.11 > —20 dB), the capacitor values in the
T&M network are optimized using the Nelder—Mead simplex algorithm [70], a derivative-

free method for unconstrained optimization implemented in MATLAB as fminsearch.

After the T&M procedure, the coupling matrices introduced in Section 2.1 can be eval-

uated. The excitation coupling matrix F is defined as

1
VZy

where Zj is the characteristic impedance and E is the identity matrix. For a two-coil array,

F= (Sg' —E) (E — ScS11) ! ScSiz, (3.4)

the coupling strength can be quantified as

(3.5)

11
The reception coupling matrix G is given by

1 _
G = - S (E-ScSn) L(E - Sc). (3.6)

coupling strength, a.u.
© o o o o
N w S (6)] ()]

o
o
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Figure 3.7: The coupling strength (cs) as a function of the coil distance in a two-solenoid array.
R is the distance between the centers of two solenoid coils positioned parallel to each other, and
ro = 0.5 mm is the coil radius, the same as in Fig. 3.4.

A two-solenoid coil array with the same dimensions as that shown in Fig. 3.4 was used

to analyze inter-coil coupling. Figure 3.7 presents the coupling strength (cs) as a function
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3.3 EM simulation

of the coil separation, showing a pronounced increase in coupling as the two coils approach

each other, which requires optimization of tuning and matching.

Figure 3.8(a) shows the reflection at the two free ports as a function of coupling strength.
In the case of individual T&M, both Scas,11 and Scar 22 increase with stronger coupling.

Once the reflection exceeds —20 dB, optimization is applied to keep it below this threshold.

Figure 3.8(b) plots the Frobenius norm of the difference between the normalized ma-
trices Fporm and Gporm as coupling increases. In both the individual and optimized T&M
cases, ||Frorm — Gnorm|| remains on the order of 1072. Small fluctuations arise from the
stochastic nature of the optimization. Under the assumption of identical coil geometries
and identical tuning and matching (T&M) capacitance networks across all channels, it is
verified that G = vZy/2 - F. This implies that both matrices yield identical results once

normalized [35].
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Figure 3.8: Coupling analysis of a two-solenoid coil array. (a) Reflection coefficients at the two
free ports, Scas,11 (circles) and Scar,22 (crosses), plotted as a function of coupling strength (cs).
(b) Frobenius norm of the difference between F .y, and Guorm as a function of coupling strength.
The dashed lines separate two T&M strategies: individual T&M (left) and optimization (right).

When the number of optimization variables becomes large, the Nelder—Mead simplex
method may face convergence issues. To reduce dimensionality, the symmetric geometry
of the coil array can be exploited by using identical capacitance sets for all channels. This
significantly reduces the number of optimization parameters. Figure 3.9(a,b) shows results
for a 16-solenoid array using identical capacitance sets: reflections at each port are sup-
pressed below —30 dB. However, this comes at the cost of increased inter-coil coupling,
which must be mitigated by active decoupling, as discussed in chapter 4. In contrast, using

individual capacitance sets expands the parameter space and increases the risk of conver-
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gence to local minima, as demonstrated in Fig. 3.9(c,d).
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Figure 3.9: Optimization of the T&M network for a 16-solenoid coil array. (a,c) Convergence of
the objective function obj = ¥, |Scas.nn|? using MATLAB’s fminsearch, for identical (a) and
individual (c) capacitance sets. (b,d) Reflection and total coupling at each port before (dashed) and
after (solid) optimization, for identical (b) and individual (d) capacitance sets. The total coupling
at port n is defined as )., IS nm!?.

3.3.3 Bj field calculation

The B; field was calculated using a full-wave electromagnetic simulation, following the
workflow in Fig. 3.10. The COMSOL simulation provides the port parameters, which are
used to design the T&M network. Pulse parameters are then applied to compute the re-
sulting coil currents. These currents are mapped onto the prototype B field exported from
the simulation to reconstruct the final field distribution. For a given frequency, full-wave
simulation needs to be executed only once; subsequent evaluations for different pulses can

be performed efficiently in MATLAB.

The B; field at a given position under parallel excitation can be expressed as the linear
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Figure 3.10: Workflow for B; field simulation. S, I, and V denote S-parameters, currents, and
voltages, respectively.

superposition of contributions from individual coils [71]:

Bi=) Bin=) cula (3.7)
n n

where By, = ¢,I, and I, is the current in the n-th coil. Thus, the By field under excitation

p can be written as

L P1
1)) P2

B, =T |=T-F-|""|, (3.8)
Iy PN

where F maps excitation p to coil currents, and T maps coil currents to B; field values.

The number of rows of T depends on the number of voxels considered.

For M voxels across N samples, F is an N X N matrix (computed via Eq. 3.4), and T

is an M X N matrix constructed from a complete port sweep. Considering one column of
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T corresponding to voxel m, we have

L1 Ly ... Ly B
Ty = "1, (3.9)

sothat TT =171 . B.

For a four-solenoid array (Fig. 3.6), the F matrix amplitude was computed as

0.4266 0.1084 0.0743 0.1089
0.1084 0.4265 0.1087 0.0743

IF| = : (3.10)
0.0743 0.1088 0.4265 0.1088

0.1090 0.0744 0.1089 0.4266

Selecting 72 voxels from each of the four samples yields M = 288. Solving Eq. 3.9 for
each voxel produces the full T matrix. To obtain a representative 4 X 4 matrix, voxel rows

belonging to the same sample are averaged, giving:

1033 5.9902 2.0330 5.4047
_5 [9-9893 1033  5.4036 2.0342

|T| =107 - . (3.11)
2.0520 5.3936 1034 5.9281

2.3969 2.0536 5.9265 1033

The ratio of off-diagonal to diagonal elements quantifies coupling. The circuit-level
coupling matrix F exhibits coupling on the order of 10!, whereas the field spillover matrix
T shows weaker coupling, on the order of 1073, This indicates that inductive coupling

dominates over direct B; field spillover.

Figure 3.11 shows the B; field distribution when only the first channel is excited, cor-
responding to an input vector p = (1,0,0,0)T. Both amplitude and phase information
are preserved from the full-wave simulation. The incident voltage vector p is applied at
the T&M network terminal, assuming that the amplifier delivers the required power pre-
cisely to the RF probe. Hence, the amplifier must operate within its linear regime, and

care should be taken when considering high-power pulses [72].
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Figure 3.11: B, field of a four-solenoid coil array. (a) Amplitude and (b) phase of the transmit B
field (B] = B, + iBy) in the xoz cross-plane inside the sample. Only the first channel is excited
from the T&M network terminal, i.e., p = (1,0,0,0)7.

It should also be noted that the RF simulation, carried out in the frequency domain,
provides steady-state results and does not account for transient responses of finite-Q cir-
cuits. This limitation has been addressed in previous studies by simulating the transient
response [73] or by experimentally measuring the impulse response function [74]. To ex-
plicitly model coil currents and B fields in the time domain, one can compute the transient
effects using the impulse response function under the linear time-invariant (LTI) system
approximation [74]. In practice, the transmission channel bandwidth of typical NMR hard-
ware substantially exceeds the spectral width of the applied pulses. As a result, transient

effects are generally negligible during pulse design, and it is customary to omit them.

3.4 Spin dynamics simulation

If inter-sample coupling is negligible, the evolution of multiple samples can be conve-
niently treated using isolated sub-spin systems accommodated by a block-diagonal Hamil-
tonian. The only mechanism by which samples can interact is through radiation damping,

which we show to be sufficiently weak to neglect.

Radiation damping is typically interpreted as the process by which the FID signal in
the coil induces an additional RF field By,q, which drives the magnetization back toward

equilibrium [75]. Because RF signals can transfer between channels, the FID generated
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by one sample may induce a Bi,q field in other samples through inter-coil coupling. If the
radiation-damping field strength is directly proportional to the FID current in the coil, then

the sample—sample coupling ratio is quantified by the ratio of induced currents.

Let I; and I denote the FID currents in the primary coil and the coupled coil, re-
spectively. The ratio I5/1; can be calculated using the RF chain model introduced in
Section 3.3.2, by applying an initial open-circuit voltage Vio, = [1,0]T and computing
the coil current /¢, assuming matched loads in the T&M network. The strength of Biag
depends on the coil filling factor n and quality factor Q, as well as on the sample con-
centration [75, 76]. It has been shown that a water sample produces a maximum By,q of
16 Hz in a coil with nQ = 10 at 11.74 T [75]. Optimized microcoils, such as striplines,
can achieve nQ values on the order of several tens [77], thereby generating a higher Byyq.
Assume the primary radiation-damping field is 50 Hz, the coupled radiation-damping field

is given by
Brad = 50 HZ C T, (3.12)

as illustrated in Fig. 3.12. For a strong coupling strength of 10%, the coupled radiation-
damping field is approximately 5 Hz, which can safely be neglected.
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Figure 3.12: Quantification of sample—sample coupling via the radiation-damping effect.

Since each sample possesses its own spin state and Hamiltonian, and inter-sample cou-
pling is neglected, a composite spin system is defined by stacking the individual Hamilto-

nians and spin state vectors. The total Hamiltonian is therefore a block-diagonal matrix,
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3.4 Spin dynamics simulation

where each block corresponds to a single sample. The spin state vectors are arranged
consistently, as illustrated in Eq. 3.13. This representation allows each sample to evolve

independently within a unified composite system.

p1 H, P1
d H
aP_ ? Pz (3.13)

dt | ps H; P3

Spin dynamics calculations were performed using SpiNacH, a MATLAB-based library
providing extensive functionality for NMR, optimal control, and related applications [58].
In the MATLAB implementation, variable arrays were defined for the following physical

quantities:
* Spin states and operators

Unique indices were assigned to isotopes from different samples. Spin states and

operators were generated using built-in SPINAcH functions, for example:
rho = state(spinSystem, 'Lz', isoInd{m});

defines the spin state p as the I, operator acting on the spins specified by isoInd{m}.

Similarly,

Lx = state(spinSystem, 'Lx', isoInd{m});

defines the spin operator I for the same set of nuclei.
* Hamiltonian

The composite spin system was constructed, and the Zeeman Hamiltonian Hz was

generated using
Hz = hamiltonian(assume(spinSystem, 'labframe', 'zeeman'));

where the static field was 1T in spinSystem definition. The spin—spin coupling

Hamiltonian Hc was generated using
Hc = hamiltonian(assume(spinSystem, 'labframe', 'coupling'));

In this syntax, SpiNnacH includes all spin—spin coupling terms. For liquid-state NMR

simulations, however, only J-couplings contribute.
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The voxel-wise internal Hamiltonian was then calculated as
HOk = Hc + Hz : BOk,

where By is the local static field at voxel k. All voxel-specific Hamiltonians were

stored in a cell array.
* Pulses

For a given excitation vector p applied at the T&M network terminal, the local
B, field was computed for each voxel and stored in a cell array. This local field
determined the amplitude and phase of the voxel-wise RF pulse. The corresponding
control Hamiltonian was added to the internal Hamiltonian. For voxel k of sample

n, the total Hamiltonian was defined as:
H{n,k} = HO{n,k} + Cx{k}*Lx{n} + Cy{k}*Ly{n};

where Lx{n} and Ly{n} are spin operators for sample n, and Cx{k}, Cy{k} are real
pulse amplitudes determined by the local B; field.

3.5 Wall clock time

The wall-clock time for the multiphysics simulations is summarized in Table 3.1. Simu-
lations were performed on a workstation equipped with an AMD Ryzen 5950X 16-core
processor (3.40 GHz base frequency) and 64 GB of RAM. Each sample was discretized
into 72 voxels. For spin dynamics, each channel was modeled as a single ' H spin subjected

to a hard-pulse excitation and acquisition at 500 MHz.

As the number of channels increases, the RF simulation becomes the dominant com-
putational cost, since each lumped port must be swept to compute the full n X n scattering
matrix. For wall-clock times associated with large-scale spin system simulations, see the

SpiNAcH literature [78].

3.6 RF coupling in parallel excitation

In parallel NMR experiments, multiple channels apply RF pulses simultaneously. Poor

electrical isolation causes coupling, whereby the B; field generated by one channel excites
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3.6 RF coupling in parallel excitation

Channel DC simulation RF simulation ~ Process Spin

number DOF Time  DOF Time B field dynamics Total time
1 213497 6 969449 38 3.5 1.3 48.8
2 304195 13 2172051 158 21.5 1.6 194.1
4 587519 19 2830773 433 52.0 1.8 505.7
8 927966 24 5501691 2202  377.8 33 2607.1
16 2149472 62 7771127 10523 2151 10.4 12746 (3.5 h)

Table 3.1: Wall-clock time (seconds) for parallel NMR simulations. DOF denotes the number of
degrees of freedom in the finite element simulation. DC denotes direct current, RF denotes radio
frequency.

neighboring samples, leading to undesired manipulations. Consequently, conventional
pulse calibration fails in parallel setups, since distortions arise not only from individual

coil imperfections but also from leakage between channels.

The impact of inter-coil coupling on excitation efficiency was analyzed, in particular,
the loss of fidelity as the coupling strength increases. In Fig. 3.13(a), by subjecting one 'H
spin to a single 90° pulse in both channels, a remarkable decrease in fidelity was observed
as the coupling strength increased, indicated by the proximity of the two solenoid coils.
The small discrepancy between the two lines arises from the distinct effects of the coupled
pulse on each channel, as the proton chemical shifts in channel 1 and channel 2 were set

to —2 ppm and 5 ppm, respectively.
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Figure 3.13: Excitation fidelity {p|lx) in parallel excitation. (a) Fidelity of parallel hard pulses
as a function of coupling strength (cs = |Fi2/Fi1]). Each pulse has a 90° flip angle and a dura-
tion of 20 us. (b) Fidelity of optimized control pulses applied in parallel under selected coupling
strengths. vg and v; denote resonance offsets and RF amplitudes, respectively. RF amplitudes
were determined from the local B; field under fixed excitation power, resulting in slight variations
with coupling strength. Channels are labeled chn. 1 and chn. 2.
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Optimal control pulses have long been employed to compensate for inhomogeneities
and offsets in single-coil experiments, yielding composite pulses with high transfer effi-
ciency [55, 79, 80, 81] and even approaching physical excitation limits [82, 83, 84]. To in-
vestigate the effect of coupling on optimal control pulses, two broadband excitation pulses
were generated using the GRAPE algorithm implemented in Spinach (Section 2.4). The
OC model considered an ensemble single-spin system incorporating distributed By and
B field values as well as resonance offsets. Each cylindrical sample was divided into 72
voxels, and voxel-wise By and B; fields extracted from the EM simulation were aligned to
build Hamiltonians for the ensemble. The resonance offset was sampled over 5 kHz in 20

segments and combined with the field values.

For the shaped pulse, the duration was set to 2 ms and discretized into 100 equal time
slices. Following a common experimental practice, the amplitude was fixed at unity, and
only the phases were optimized, resulting in 100 control variables. The target operation
was to transfer magnetization from I, to Iy. The ensemble-averaged fidelity was defined

as

7= nr;m PIPRCIOS (3.14)

Nif  Noff

and the LBFGS-GRAPE algorithm was employed, with optimization terminated once 77 >
0.995.

Fig. 3.13(b) presents the excitation fidelity of optimal control pulses applied in par-
allel. In the absence of coupling, the optimized OC pulse achieved near-perfect fidelity.
However, fidelity decreased significantly with increasing coupling strength, in a manner
similar to the hard-pulse case. Furthermore, the two channels exhibited different sensitiv-

ity to coupling, which is attributed to the distinct pulse shapes of the two channels.

Although OC pulses offer precise spin manipulation, RF coupling distorts their wave-
forms by inducing additional currents in the coils. This reduces robustness to resonance
offsets and field inhomogeneities, resulting in decreased transfer efficiency. The detrimen-
tal effect of coupling is heightened at higher pulse power, for instance, the functionality
of the 10 kHz pulse is completely compromised at a coupling strength of 0.24, as shown

in Fig. 3.14.

46



3.7 RF coupling in parallel acquisition

amp. = 2 kHz amp. =5 kHz amp. = 10 kHz
1 5.4 1 1
s 2.1 0.8 5.2 0.8 10.5 0.8
5 .
= g 2 0.6 E:l 5 0.6 % 0.6
g = " -
S T 0.4 S48 0.4 & 0.4
0.2 46 0.2 0.2
1.8 0 0 0
2 0 2 2 0 2
Vo kHz Vo kHz
1 5.4 1 1
N 2.1 0.8 52 0.8 0.8
[3) N N : N
E T 0.6 T s 0.6 T 0.6
g = -
5 S 0.4 a8 0.4 K 0.4
0.2 46 0.2 0.2
1.8 L. 0 0 0
2 0 2 2 0 2
Vo kHz Vo kHz

Figure 3.14: Transfer fidelity of optimized control pulses applied in parallel at different nominal
pulse amplitudes, for a fixed coupling strength of c¢s = 0.24. Pulse duration was 2 ms, discretized
into 100 time steps. Each pulse transfers a single spin from I, to Ix, accounting for resonance
offsets and B inhomogeneity. Channels are labeled chn. 1 and chn. 2. vy and v; denote resonance
offset and RF amplitude, respectively.

3.7 RF coupling in parallel acquisition

3.7.1 Modeling of FID mixing

Coupling also affects the reception stage, causing FID cross-talk [27]. A coupling model
is therefore required to describe how multiple FIDs combine during parallel acquisition.
Consider N homonuclear channels operating in synchronous acquisition. Each coil records

not only its own FID but also contributions from other samples, such that

si= fii+ ) fij (3.15)

J#i
where f;; is the FID in channel i arising from sample ;.

An overview of signal composition is shown in Fig. 3.15. The gain of the combined coil

and T&M network, given in Eq. 3.6, relates the output signal to the open-circuit voltages
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Figure 3.15: Signal transmission in the reception stage. The f;; is the FID in channel i from sample
J» s; is the total FID in channel i, n; is the input noise in channel i, G is the reception gain matrix,
x are the detected signals, and n’ are the modified noises.

induced by the FIDs. Neglecting noise for clarity, the detected signals can be written as

2 fij
X1 Ji A
2 f2
x j
Yo | ve | 27 (3.16)
XN Jan > fwj
jEN

Expanding the first row,
X1 = G11(f11 + Zflj) + G12(f22 + Zij) +oeet GlN(fNN + Z fNj)- (3.17)
Jj#1 J#2 j#N

In the weak-coupling regime, G;; < G;; and the cross-coupling terms satisfy f;; < fi;
for example, f;; ~ 1073 f;; as given in Eq. 3.11 for the solenoid coil array. Hence, the
contributions arising from their combinations, i.e., G;;fi; (i # j), can be disregarded.

This leads to

x1 = Giifit + (Gi2 + R12G11) fo2 + (G13 + R13G11) fas + - - - + (G1n + RinG11) fuw,
(3.18)
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where

_ & _ ./samplej Bij de

Rl“ - - ’
/ fjj /s Bjjde

fij = / iwoMj B,‘j de. (319)
sample j

ample j

The Eq. 3.19 assumes uniform magnetization, e.g., M; = My for a given sample during
acquisition. Here, R;; denotes the ratio of the receiving By fields between coils i and
J when detecting the j-th sample, with the reception phase from the sample to the coil

included in the receive B; field. Extending this derivation to all channels leads to

Giifi1 + (Gi2 + R12G11) fa2 + (G13 + R13G11) faz + ... + (Giny + RinG11) fun = X1,
(Ga21 + R21G22) fi1 + Gaafoa + (Gaz + R23G22) f33 + ... + (Gany + RanG22) fun = X2,

(Gn1 + RnviGyN) fit + (G2 + RyaGan) fa2 + ... + Gun fun = XN .

(3.20)

Marking G;.l. = Gy, G:.j = G;; + G;;R;; and picking up the noise gives
x=G -f+n, (3.21)
where f = (fi1, fo2, ..., fNN)T. Equation 3.21 indicates that the measured signals are

the linear combination of the primary FIDs and the weak mutual correlations between
the recorded signals in x can be disregarded. In the digital twin, the gain matrix can be
computed, allowing f to be estimated as f = G’~lx under the assumption of a reasonable

SNR.

3.7.2 Four-detector NMR simulation

Considering a four-detector NMR setup at 11.74'T magnet, each detector was double-
resonant on 'H and '3C, with the "H/!3C channel pairs simultaneously excited and received
under the assumption of perfect isolation between heteronuclear channels. The parallel
spectra were simulated using the developed Multiphysics workflow. First, a direct-current
FEM simulation of the four-solenoid array was performed to obtain the By field, and an
RF simulation of the same geometry was carried out to extract the S-parameters and proto-

type B; field. Subsequently, RF chain modeling was performed to construct the coupling
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Figure 3.16: Signal decomposition of eight-channel NMR spectra using the gain matrix. (a) and
(c) show the simulated coupled spectra, while (b) and (d) present the corresponding decomposed
spectra. The “signal” denotes the primary component, and “interf.” indicates the interfering cou-
pled component. An uncoupled "H-'3C two-spin system was assigned for the sample in each
detector. Synchronous 90° pulses of uniform duration (20 us) were applied to all channels, with
the average RF amplitude set to 12.5 kHz.

matrices F and G, and the resulting circuit parameters were combined with the prototype
B field to obtain the BT and B field patterns. The RF simulations and network modeling

were performed independently for 'H and 13C.

The composite spin system was implemented in SpiNacH, using the spherical tensor
formalism as the basis operators and Liouville space for the algebra formalism. An un-

coupled 'H-'3C two-spin system was assigned for the sample in each detector, and only
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Zeeman interactions were considered. To account for spatial inhomogeneity, voxel-wise
Hamiltonians were assembled in a cell array using the corresponding By and B; field val-

ues.

During excitation, synchronous 90° pulses of uniform duration (20 us) were applied to
all channels, and spin evolution was performed voxel by voxel where the local B was used
for the single-pulse propagation. During reception, acquisition parameters were chosen
according to the spectral bandwidth of each nucleus, i.e., 10 ppm for "H and 100 ppm for
13C. AFID f, ; was obtained by summing voxel contributions for sample j according to
the reciprocity principle (Eq. 3.1), and the detected signals x were computed by Eq. 3.16.
Finally, the modified gain matrix G was computed and applied to separate the primary

and interfering components.

Fig. 3.16(a,c) shows the coupled signals containing interference. The interfering com-
ponents are weaker in the '3C channel, owing to the reduced coupling strength at lower
frequency. Fig. 3.16(b,d) presents the decomposed signals, demonstrating a complete sep-

aration of the desired signals from cross-talk.

3.7.3 Gain-matrix decomposition error

Since the modified coupling matrix G’ is derived from the reception gain G and the sen-
sitivity ratio, the 2-channel decomposition error arising from random variations in By and

G was subsequently simulated.

B field shift.

Since the B; field contributes to signal decomposition but cannot be predicted exactly,
we evaluated the decomposition behavior under B; field perturbations. Specifically, FIDs
were calculated using the correctly predicted B, field, and the By values were then delib-

erately shifted during signal decomposition. The perturbed field was defined as
By =B;-(1+ay), (3.22)

where y is a random variable drawn from a standard Gaussian distribution, y ~ N(0, 1),
and a represents the shift amplitude. Figure 3.17 shows the decomposition results for two

channels under different By perturbations. Noticeable residual interference appears only
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Figure 3.17: Two-channel signal decomposition results under different B; field shift amplitudes
(@). The primary component (‘“‘signal”) and the interfering component (“interf.”) are shown to-
gether.

when a > 100, corresponding to a completely erroneous prediction. This result indicates

that the contribution of the B; field to signal decomposition is minimal.

Gain matrix perturbation

We next examined the decomposition efficiency under perturbations of the network gain
matrix G. The detected signals x were first calculated using the correctly predicted gain,
and G was then deliberately perturbed during signal decomposition. Each element was

modified according to
ng- =G (1+ay), (3.23)

where y is a random variable following a standard Gaussian distribution, y ~ N(0, 1),

and «a denotes the perturbation amplitude.

Figure 3.18 shows the decomposition results for two channels under different pertur-

bation levels. At @ = 0.05, no distinct interference peaks are visible in the decomposed
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Figure 3.18: Two-channel signal decomposition results under different perturbation amplitudes («)
of the gain matrix G. The primary component (“signal”) and the interfering component (“interf.”)
are shown together.

signals. When « increases to 0.1, interference peaks become pronounced. These results
indicate that decomposition is sensitive to the accuracy of G, as the circuit-level combi-

nation contributes dominantly to signal mixing.

3.8 Conclusion

In this chapter, a multiphysics simulation workflow was developed to investigate inter-
channel coupling in paralle]l NMR detectors. The simulations show that the robustness of
optimal-control pulses degrades once the coupling strength reaches several tens of percent
and the RF amplitude approaches 5 kHz. In addition, FID coupling can be modeled as a
linear linear combination determined by a coupling matrix. The wall-clock time of the
multiphysics simulations increases with the number of channels and is dominated by the

B field computation, reaching several hours for systems with 16 or more channels.

By integrating electromagnetic simulations of both static and RF fields with spin-dynamics

calculations, the workflow enables a systematic characterization of RF coupling effects in
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both the parallel excitation and reception. This capability is useful for assessing parallel

probes and optimizing multi-detector geometries prior to physical construction.

The present model does not include the influence of cable connections between the
probe and the spectrometer, which may affect the effective coupling strength. However,
because parallel excitation and reception share the same RF chain, their coupling behavior
can be approximately described by a common matrix, i.e., Gporm ~ Fnorm- In practice, the
exact coupling matrix can be determined by analyzing coupled signals in calibration ex-
periments. The RF decoupling strategies in parallel NMR detection based on the coupling

matrix are discussed in Chapter 4.
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Chapter 4

Radio frequency decoupling for parallel

NMR spectroscopy

Based on M. He, D. Faderl, N. MacKinnon, Y.T. Cheng, D. Buyens, M. Jouda, B. Luy, and
J. G. Korvink, Communications Engineering, 3(1): 90, 2024.

The last chapter introduced a multiphysics simulation capable of modeling excitation
distortions and signal compositions arising from inter-channel coupling. Building on this
workflow, this chapter presents two decoupling strategies: one for the excitation stage and
another for the reception stage. Section 4.2 describes a parallel pulse design method to
mitigate inter-channel coupling during excitation. Section 4.3 proposes the use of blind
source separation to extract individual FIDs from composite signals acquired with multiple
detectors, thereby serving as a decoupling strategy at the reception stage. Finally, the
excitation-stage decoupling approach is experimentally validated in Section 4.4 using a

two-channel parallel spectroscopy experiment.

4.1 Introduction

In the realm of parallel detection, the integration of multiple receive coils represents a
milestone within the MRI community [85, 86]. This approach, known as parallel imaging,

has been widely adopted for its ability to enhance SNR [87] and reduce acquisition time
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[88]. Its development also fostered the use of multiple transmit coils in so-called parallel
transmission (pTx) [89], aimed at improving RF excitation performance. Applications
include improving B; homogeneity [90], minimizing specific absorption rate [91], and
RF shimming [92]. Spatially selective multidimensional excitation was further advanced
by optimizing RF pulses to reduce duration while addressing the spatial sensitivity of

transmit elements [93].

Because the transmit B; field strongly depends on the experimental platform, subject-
specific optimization typically employs By and B; maps as prior knowledge [94, 95, 96].
To avoid extensive field mapping, universal pulses have been developed, demonstrating ro-
bustness to subject-dependent inhomogeneities [97, 98]. These universal pulses, designed
based on a database of B-field maps from representative subjects, have been further re-
fined using the GRAPE algorithm. For instance, the simultaneous optimization of RF and

gradient waveforms can address B heterogeneity [99] and oft-resonance effects [52].

In contrast, the parallel NMR concept is designed to increase throughput, with each
coil exciting a distinct sample via its localized B; field. The central goal is independent
operation of each channel, making coupling-induced parallel transmission a hardware im-
perfection that must be corrected. This is distinct from strongly coupled pTx in MRI,

where pTx is intentionally employed to enhance excitation.

Mutual coupling within MRI transmit arrays has been extensively studied, yielding
diverse decoupling strategies. These approaches including employing decoupling capaci-
tances [100], passive networks [101, 102], or preamplifier decoupling via impedance mis-
match [103]. A recent review summarized these methods [104]. While preamplifier de-
coupling requires substantial effort on system integration, active decoupling has attracted
greater interest. One example entails controlling the currents in eight-channel transverse
electromagnetic transmit coils to attain independent transmit sensitivities, with control

coeflicients designed based on the impedance matrix of the coil array [105, 106].

The active decoupling concept might be combined with the shaped RF pulses, which
have become the principal approach for spin manipulation. Here, we explore parallel exci-
tation by designing cooperative pulses that mitigate inter-channel coupling without requir-
ing B-field mapping. The cooperative pulses produce the excitation, equivalent to that gen-
erated by each channel in the absence of coupling. This approach extends earlier concepts

of non-identical, but cooperatively acting pulses introduced for heteronuclear Hartmann—
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Hahn sequences [107], added-scan cooperativity [108], and consecutive scans [109].

4.2 Decoupling for parallel excitation

In parallel detector modeling, the B, field was correlated with the pulse sequence through

two matrices,
B,=T-F:p, 4.1

where p is the excitation at the T&M network terminal, and F and T matrices indicate a
two-step linear supercombination. Specifically, the F transforms the excitation pulse to
coil currents, so it represents a circuit-level combination. This combination is position-
independent and convenient to be canceled out by pulse compensation. The T matrix
transforms the coil currents to the B field, so it represents a field-level combination, which
contributes to the direct field spill-over effect from one channel to another. In this way, the
mutual coupling is separated into circuit-level combination and field-level combination.
Generally, RF coils such as striplines and solenoids confine the B; field near their center, so
the outgoing radiation is very weak and contributes only minimally. Consequently, under
weak coupling conditions, the RF decoupling for parallel excitation is aimed at canceling
out the circuit-level combination, while coupling induced by the field-level combination

is ignored.

Figure 4.1a illustrates the principle of pulse compensation, where cooperative pulses
are formed by augmenting parallel pulses with additional compensation terms. The co-
operative pulses are designed to produce the same net effect as the parallel pulses would

under individual execution. The procedure can be outlined in three steps:
1. Sequentially focus on each channel to generate the parallel pulses py.

2. Introduce a compensation term ¢; for each channel, chosen to satisfy the elimination
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condition, which leads to the following relation:

po1 + 61 Fi1 po1
+0 F:
F. Po2 2 _ 22 | Pf)z . 4.2)
Pon t 6n an Pon

3. Obtain the cooperative pulses p = pg + 0 by solving Eq. (4.2).
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Figure 4.1: Parallel pulse compensation. (a) Schematic view of pulse compensation, where coop-
erative pulses are obtained by augmenting parallel pulses with additional compensation terms. (b)
Waveforms at the input of the T&M network: cooperative pulses p, parallel pulses pg, and com-
pensation terms ¢. The dark-colored traces (left axis) show amplitudes, with constant-amplitude
po at a nominal RF amplitude of 2 kHz. The light-colored traces (right axis) show the correspond-
ing phases. (c) Transfer fidelity obtained with p under coupling, compared with pg in the absence
and presence of coupling. The coil geometry, spin system, and transfer task are identical to those
in Fig. 3.13, with coupling strength cs = 0.24. vy and v; denote the resonance offset and RF
amplitude, respectively.

The first step considered multiple individual optimal control pulses as the parallel
pulses, and each optimal control pulse behaves as a broadband excitation pulse, accounting
for resonance offset (5 kHz bandwidth) and RF inhomogeneity determined by the imported
B, field. The B; field, calculated at a reasonable excitation power, generated an average

RF amplitude of 2 kHz.
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In the second step, the compensation term ¢ was added to pg to cancel the coupling
effect, enabling the generation of coil currents consistent with individual excitation of the
optimal control pulses. Figure 4.1b illustrates the normalized excitation waveform for two-
channel pulse compensation, displaying pulse sequences in terms of amplitudes and phase
with 100 time slices and a duration of 2 ms. Each element of pg had a fixed amplitude of

1, whereas the amplitude and phase of p changed over time.
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Figure 4.2: Waveforms of the optimal control pulse and the compensation term, and transfer fi-
delity of the cooperative pulse at varied RF coupling strength (cs = |Fi2/F11]). In the waveform
plots, blue traces denote amplitude and orange traces denote phase (in units of x). The coil geom-
etry, spin system, and optimization target are identical to those in Fig. 3.13. vy and v; denote the
resonance offset and RF amplitude, respectively.

Figure 4.1c presents the simulated transfer fidelity under three excitation conditions:
applying the optimal control pulses individually without coupling (pg - no couple), the

optimal control pulses in parallel with coupling (pg - coupled), and the cooperative pulses
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with coupling (p - coupled). When applying pg in parallel, the coupling introduced B,
field distortion and led to a drop in transfer fidelity. This drop varied depending on the
resonance offset and local B; field. Due to the random initial guesses in the optimization of
Po, the efficiency drop could differ between the two channels. The subsequent cooperative

pulses p accounted for coupling and achieved the same efficiency as individual excitation

of po.

Under a wide range of coupling strengths, as long as Eq. 4.2 remains solvable, the
cooperative pulses can achieve comparable transfer efficiency relative to that of the un-
coupled case with pg applied to isolated channels. Figure 4.2 shows that the cooperative
pulses maintain over 96% mean fidelity with coupling strengths equivalent to 0.09, 0.24,

and 0.36 of a 2-solenoid coil array.

When coupling information is characterized, simultaneous optimization is reformulated
into channel-specific compensation, giving each channel greater freedom to address local
inhomogeneity and interactions [110, 111, 112]. The drawback is that, as a portion of the
cooperative pulse energy is devoted to counteracting coupling, its applicability may be

limited by the available power, particularly under strong coupling conditions.

4.3 Signal decomposition with blind source separation

4.3.1 Blind source separation

The modeling of parallel acquisition concludes that the detected signals are the linear

combination of the parallel FIDs, rewritten below:
x=G - f+n. (4.3)

In an experimental scenario, we noticed that splitting multiple FIDs falls within the realm
of handling composite signals from multiple detectors. In this domain, blind source sep-
aration (BSS) [113, 114] stands out as an exceptional model. This method has numer-
ous diverse applications, including speech recognition [115], image processing [116], and
biomedical signal processing [117]. The BSS model can be described as in Fig. 4.3. The
parallel signals s(7) were imported into a mixing box, in which they are combined. A

linear sensor system can modulate the incident signals in an instantaneous fashion [118]
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or a convolutive fashion [119], and correspondingly, the solution for splitting varies on
instantaneous or convolutive mixing assumption. The instantaneous linear mixtures can

be modeled as

x(t) = As(t) + n(1), 4.4)

where s () vector contains the signals emitted by N sources, x (¢) vector is the noisy instan-
taneous linear mixture of source signals, and A is an M X N mixing matrix. A separation

solution estimates the mixing matrix and the source signals as

y(1) = Wx(z), (4.5)

where W is a N X M splitting matrix, and y(¢) is the estimated signal vector.

S1 X1 Y1
Em— e —

S2 X2 Y2
—> - - —’ - - —’

Mixing Splitting

SN Xm YN

Emm— —_ —_—
unknown observed estimated

Figure 4.3: Blind source separation model. The vectors s(¢), x(z), and y(¢) denote the unknown
signals, observed signals, and split (estimated) signals, respectively. N denotes the number of
sources and M the number of sensors, with M = N in the parallel NMR scenario.

Eq. 4.3 states that the received signals are instantaneous linear mixtures [114] of the
FIDs, under the assumption that the reception gain is fixed, as the spectrometer’s multi-
receiver system is time-invariant. The source signals from different samples are considered
statistically independent and are assumed to possess distinct spectral content. Here we
employ the second-order blind identification (SOBI) algorithm [120], which recovers the
sources by jointly diagonalizing a set of time-lagged correlation matrices. The SOBI relies
solely on second-order statistics and requires only that the sources have distinct spectral

content, a condition naturally satisfied by FIDs originating from different samples.
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Figure 4.4: Flowchart of the SOBI algorithm. The superscript + denotes the Moore—Penrose
pseudoinverse, and 1 denotes the Hermitian transpose. The final step resolves the permutation and
scaling ambiguities inherent to blind source separation.

As shown in Fig. 4.4, the algorithm first constructs a whitening matrix Q from the
singular value decomposition of the data matrix X, such that the whitened data Z = QX
satisfy E{ZZ"} = I. This reduces the remaining ambiguity of the mixing matrix to a
unitary rotation. The rotation U is then fixed by approximate joint diagonalization of a set
of time-lagged correlation matrices. The estimated mixing matrix and splitting matrix are
given by

A=qQ'U,

(4.6)
w=U'q,

This algorithm has been proven to be suitable to difficult contexts such as adverse SNR
and sources with little spectral difference [120], although the scaling and permutation in-
determinacies are present. The Kuhn—Munkres algorithm [121, 122] can be applied to

align the estimated signals with the corresponding source signals, removing the permuta-

tion indeterminacy. And the scaling indeterminacy can be resolved by using the minimal
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distortion principle [123], as given by
W, = diag (W, ™) - Wy, 4.7)

where W, is the splitting matrix after permutation correction, and Wy is the splitting

matrix we are looking for.

4.3.2 Parallel acquisition experiment

The parallel ' H pulse-acquisition experiment was conducted to obtain data to test the SOBI
method. The experiment was carried out using a 15.2 T Bruker NMR system and a custom-
built two-stripline probe [124]. Each stripline coil was deployed with local shim coils
powered by an external DC source to improve By homogeneity. A global shim provided
by the magnet was set to 1000 Hz/cm along the x-axis to increase the spectral separation
between the two samples, as shown in Fig. 4.5. The ParaVision 360 was used to control

the synchronous pulse and acquisition.

By - 4By, (H2) By + ABy, (H2)

X shim

7 stripline
L'X PTFE tube

Figure 4.5: Global shimming setup for parallel acquisition experiment. Two striplines were in-
serted into the a 15.2 T magnet, and a global shim of 1000 Hz/cm was applied along the x-axis to
increase the spectral separation between the two samples. Consequently, the static magnetic fields
in the two samples were By + ABgy. The samples were loaded into the detection zone through the
PTFE tubes.

Fig. 4.6a gives the decomposition results for experimental data obtained with 2 water
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samples. The average SNR of the two primary peaks improved to 45 dB by signal averag-
ing. The primary peaks at 4 ppm and -1.8 ppm, were separated by applying a shimming
gradient. The coupling strength extracted from signal decomposition is 13%. Phase cor-
rection and baseline correction were performed after signal decomposition. Compared to
the original spectrum (grey lines), the split one (colored lines) removed over 90% of the
coupled components, while maintaining the individual signals. Similarly, Fig. 4.6b shows
that the composite signals from the acetone and the isopropanol were effectively split in
the two channels. In the BSS for instantaneous mixtures, an estimated splitting matrix is
obtained, and the recovered signals are generated by multiplying this matrix with the cou-
pled signals, thereby preserving the spectral lineshape. The residual coupled components

in the spectra indicate an estimation error of the splitting matrix, which is discussed below.
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Figure 4.6: Two-channel 'H signal decomposition using the SOBI method. (a) Synchronous exci-
tation and acquisition using two water samples, NS=64. (b) Synchronous excitation and acquisition
using acetone in channel 1 and isopropanol in channel 2, NS=256. Shared acquisition parameters
in ParaVision included SW = 20 ppm, TD = 13157, TR = 1.5, FA = 20°, DR = 31.

4.3.3 Spectral resolution

Decomposition becomes more challenging for signals with low SNR and small spectral

separations (A f). To evaluate the resolution limit, each source was modeled with a single
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4.3 Signal decomposition with blind source separation

frequency component. Figure 4.7 shows decomposition results for an eight-channel system
using simulated FIDs under a homogeneous By field, with a minimum A f = 3 Hz and local
SNR of 30 dB. By systematically varying the chemical shifts and SNR, the resolution
limit as a function of SNR was determined, as summarized in Table 4.1. The results
demonstrate that two signals separated by 3 Hz can be distinguished at SNR = 30 dB,
while a resolution of 1.5 Hz is achievable at SNR =40 dB. Higher SNR consistently leads

to improved resolution.

10 8 6 4 2 0
frequency, ppm

Figure 4.7: Signal decomposition of an eight-channel system using simulated data, with each
channel assigned a single spin (one chemical shift). The original signal is shown in grey, and the
decomposed signal in blue. The zoomed-in view highlights two signals with a minimal spectral
separation of Af = 0.006 ppm (3 Hz) at a local SNR of 30 dB, which are successfully resolved.

SNR, dB 20 23 25 30 35 40 45
resolution, Hz 25 17.5 35 3.0 25 15 1.0

Table 4.1: Spectral resolution as a function of SNR under a homogeneous By field. Higher SNR
yields improved resolution.

To evaluate whether multiple spectral components can enhance the identification of
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Figure 4.8: Signal decomposition of an 8-channel system using simulated FIDs under a homoge-
neous By field. Each channel contains a random number of spins with chemical shifts randomly
distributed in the range [0, 10] ppm. The original signal is shown in grey, and the decomposed
signal in blue. As highlighted in the zoomed-in view, two peaks in channel 2 and channel 4 are
separated by only Af = 0.001 ppm.

coupling and potentially exceed the resolution limit, signal decomposition is applied to
complex spin systems. Table 4.2 lists the chemical shifts assigned to the 8 channels, and
Figure 4.8 presents the decomposition results with an average SNR of 30 dB. Notably,
the signals in channel 2 and channel 4 are extremely close in frequency (8.820 and 8.821
ppm). Since the SOBI method estimates the mixing matrix based on the overall spectral
characteristics, the presence of a few closely spaced components does not significantly

affect its performance.
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4.3 Signal decomposition with blind source separation

channel chemical shift, ppm

7.01,2.97

0.87,5.99, 2.54, 6.84, 2.22, 0.92, 8.821

8.98, 1.88, 6.56, 5.96, 8.87

5.04,3.21,5.47,7.25,5.74, 6.65, 8.820, 8.74
0.67, 8.56, 5.26, 2.53, 5.80, 2.30, 8.41
9.45,5.54,9.28, 6.20, 1.74, 5.10
0.86, 8.08, 1.36
5.70, 8.34, 3.28, 7.82, 2.62

0NN Nk~ W

Table 4.2: Randomly generated chemical shifts for 8 channels in Figure 4.8.

4.3.4 KEstimation error

In highly parallel probes, the spectral differences between signals from different channels
may be small. Combined with the complexity of spin systems, both SNR and linewidth can
be compromised due to limited shimming quality. To assess these effects, we evaluate the
performance of the SOBI method using a figure of merit in the context of a large number
of mutually uncorrelated sources. As noted in the literature [125], when source signals are
partially correlated, the separation capability degrades rapidly as the number of sources

increases.

Each channel was modeled with a single harmonic signal

sn(1) = exp ((i27 f — @)1), (4.8)

where f, = n and « is the decay rate, yielding a spectral linewidth of a/7 in Hz. Each
source signal contained 5000 sampling points over a 10-second duration with a fixed SNR
of 30 dB. The coupling matrix was randomly generated as an N X N complex matrix for

N channels.

The estimation error was quantified using the mixing matrix criterion [125]:
1 A-1
Ca = IE-ATAlL (4.9)

where E is the identity matrix, A is the estimated coupling matrix in which the permutation
and scale indeterminacies are removed, and A is the true coupling matrix. The calculated

C4 values are presented in Fig. 4.9.
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Figure 4.9: Mixing matrix criterion (C4) as a function of channel number. For each channel
number, 30 repetitions were performed and the mean C4 value is reported. The linewidth of each
peak was a/x.

The results indicate that performance improves with an increasing number of sources,
yielding smaller estimation errors and robust separation of uncorrelated signals. However,
since the SOBI algorithm relies on distinct spectral features for each source, its separation
efficiency deteriorates significantly when coupled components appear on the shoulders of
primary peaks. Narrower linewidths « lead to reduced Cy4 values; for example, decreas-
ing the linewidth from 0.4/7 to 0.2/7 improves the estimation efficiency by a factor of
two (3dB). As shimming quality remains the primary obstacle to implementing parallel
detection, it may be worthwhile to test whether time-domain processing, such as apodiza-
tion prior to decomposition, could improve performance, as this has not yet been investi-
gated. And more robust decomposition techniques are required to handle densely packed
peaks, broad spectral shoulders, and intrinsically correlated source signals. In this con-
text, concepts developed for diffusion-ordered spectroscopy (DOSY) may provide useful

strategies [126, 127, 128].
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4.4 Parallel excitation experiment

4.4.1 Experimental setup

The parallel excitation experiments were conducted on a Bruker AVANCE NEO 11.7T
spectrometer equipped with a four-detector probe (Voxalytic GmbH), as shown in Fig. 4.10.
The probe comprises four independent detectors, each containing a stripline, 6 local shim-
ming coils (not shown), and a single-axis gradient coil. The striplines were individually
tuned and matched using a T&M box supplied with the probe: two were double-resonant
at 'H/'3C, and the other two were double-resonant at '“F/!3C. In addition to the global
shimming provided by the magnet, the on-chip shimming coils were powered by a 24-
channel direct-current source [124], with each channel having a maximum output current

of £300 mA. Both shim currents and T&M adjustments were controlled via a laptop.

sample
/_ in/out

N—
TopSpin 1174 T || | - stripline
magnet | - gradient coll
v | - PTFE tube
Bruker NMR console
(. |
| ® o voltage
e @ control
RF__ < [ BN J
amplifier ° 0 -
r— o O« shim source <+——
[ ) <
gradient [Jimagingxyz ® | Jo ®
amplifier Lancrear o | LI
[ —] —— T&Mbox <+—
 — —

Figure 4.10: Experimental setup for the parallel NMR experiment. The parallel probe allows
simultaneous operation of four detectors, each equipped with its own stripline, gradient coil, and
local shim coils (not shown). Liquid samples were loaded and removed through the top of the
probe. Each “U”-shaped PTFE tube, with one inlet and one outlet, was inserted into a stripline coil,
which defines a detection volume of 3.9 uL.. The local shim coils were powered by an external 24-
channel current source, where each channel received a control voltage from a laptop and delivered a
direct current of up to £300 mA. The T&M box provided voltage-controlled variable capacitances,
enabling independent T&M of each detector.

For sample loading, each detector is equipped with an internal round tube, accessible
through inlet and outlet connectors at the top of the probe. Samples were filled into sy-

ringes and manually pumped through these tubes into the individual detection zones of the
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corresponding striplines.

The four gradient coils, each rated for a maximum current of 3 A, were powered by
Bruker GREAT amplifiers: the micro-imaging amplifiers provided three split outputs via
a custom cable, each driving one of three coils, while the fourth coil was powered by a
separate amplifier. The gradient decoupling using these gradients is discussed in chap-
ter 5. The parallel RF pulses were amplified by an eight-channel Bruker preamplifier and
delivered to the probe through parallel RF cables. Synchronous excitation and acquisition

were enabled by the spectrometer’s multi-receiver functionality and controlled in TopSpin.

4.4.2 Calibration test

The workflow for generating cooperative pulses is illustrated in Fig. 4.11. First, the sim-
ulated B; fields were imported into the optimal control module implemented in SPINACH
to design the optimal control pulses. Next, a calibration experiment was carried out to ac-
quire coupled time-domain signals, which were analyzed with the BSS method to estimate

the coupling matrix F. Finally, the cooperative pulses were computed according to

p = F 'Fyi.epo, (4.10)

where F i, 1s the diagonal of F, and py denotes the vector of individually optimized

control pulses.

The optimal control pulses pg had a bandwidth of 30 kHz and nominal RF amplitude of
30 kHz, with £20% power scaling to account for B; inhomogeneities of a stripline. Both
parameters were discretized into 100 ensemble segments. The pulse amplitude was fixed

at unity, phases were optimized, and the 8 ms pulse was divided into 4000 bins.

. .
i OC pulse
B, field Spinach pulse (Po)
simulation
cooperative pulse (p)

— M e ; 4

Calibration e BSS F — F-1F.. i J gL

experiment i method P diagPo | \:‘AM

Figure 4.11: Workflow for generating the cooperative pulses. The OC denotes optimal control,
BSS denotes blind source separation, and F g, is the diagonal of the coupling matrix F.
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Distilled water was used in the calibration experiment owing to its high signal ampli-
tude. To facilitate separation of the two water peaks, the global y-shim value was set to
a large value of 1.5 x 10° in TopSpin, producing a spectral difference of 5.3 ppm. The
measured water peaks, referenced internally, were located at —0.7 ppm and 4.6 ppm for

detectors 1 and 2, respectively.
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Figure 4.12: Two-detector calibration with water samples. Grey traces show the original spectra,
and colored traces show the split spectra. A large shimming gradient was applied along the y-axis
to separate the two primary peaks. The TopSpin acquisition parameters included SW = 20 ppm,
TD =3072, TR =55, RG = 10, NS = 64.

The detected FIDs were analyzed using the SOBI method for signal decomposition.

The estimated coupling matrix was

A 0.9998 + 0.0004i 0.0103 + 0.0201i
Frorm = . (411)
0.0085 = 0.00811 0.9998 + 0.0004i

This matrix was then used for decomposition. In Fig. 4.12, the coupled component in
detector 1 (D1) was successfully removed, whereas the one in detector 2 (D2) at —0.7 ppm
persisted, indicating an error in coupling estimation. Two main factors contributed to this
error: (i) the limited shimming quality in D1, where the peak showed a linewidth of 28 Hz
together with a pronounced upfield shoulder; and (ii) strong impedance mismatches, with

relative reflections of about 26% in D1 and 35% in D2, which led to estimation difference
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between the amplitudes of F5 and Fo;.

4.4.3 Parallel excitation

The cooperative pulses computed from Eq. 4.10 were tested in parallel excitation to vali-
date the pulse compensation scheme. The power levels for the shaped pulses were deter-
mined by single-detector nutation experiments. Specifically, nutation experiments were
performed on D1 and D2 separately to measure the RF amplitude at the maximum recom-
mended power level, Ppax = 20 W. The power was scaled down to yield an RF amplitude
of 30 kHz, corresponding to a 8.3 us 90° pulse, assuming that the B, field scales with VP

in the linear regime of the amplifier.

Po - uncoupled po - coupled p - coupled

D1

D2

10 8 6 4 2 0
frequency, ppm
Figure 4.13: 'H spectra of the two water samples under three excitation conditions. Grey and
colored dashed lines correspond to spectra obtained with the optimal control pulses applied in
a single channel (pg, uncoupled) and in parallel excitation (pg, coupled), respectively. Colored
solid lines depict spectra acquired with cooperative pulses during parallel excitation (p, coupled).

Identical phase-correction parameters were applied to all three spectra in each subfigure. The
TopSpin acquisition parameters included SW = 20 ppm, TD = 3072, TR = 55, RG = 10, NS = 64.

Fig. 4.13 shows the 'H spectra of the two water samples, with the top and bottom plots
corresponding to D1 and D2, respectively. Grey lines represent spectra obtained with
the optimal control pulse in single-channel excitation (pg, uncoupled) as a reference. To

enable comparison of excitation distortions, the three spectra in each plot share identical
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4.4 Parallel excitation experiment

phase-correction parameters, optimized according to the lineshape of the reference. Shim-
ming with both global and local shim sets introduced a 0.9 ppm shift between the water
peaks. In D1, spectra acquired with pg (coupled) exhibit amplitude and phase distortions
due to coupling, whereas spectra with p (coupled) closely resemble the reference, indicat-
ing successful restoration by the cooperative pulse. In contrast, in D2 the spectra nearly
overlap, consistent with weaker coupling of about 1%. In this case, the error in coupling

estimation resulted in ineffective compensation by the cooperative pulse.
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Figure 4.14: Two-detector pulse compensation with L-alanine and L-valine. Each subplot shows
three 'H spectra corresponding to different excitation conditions: pg (uncoupled), pp (coupled),
and p (coupled). The left-side peaks arise from residual water, and the right-side peaks from TSP.
Due to limited shimming quality, closely spaced peaks are not resolved. Identical phase-correction

parameters were applied to all three spectra in each subplot. The TopSpin acquisition parameters
included SW = 20 ppm, TD = 3072, TR = 10s, RG = 18, NS = 64.

The same pulses were further tested with different samples, L-valine and L-alanine, to
verify the efficiency of the cooperative pulses. Solutions of 250 mM L-valine and 250 mM
L-alanine (Sigma-Aldrich) were prepared in D2O (99.9%, Sigma-Aldrich) with 10 mM 3-
(trimethylsilyl)propionic-2,2,3,3-d4 acid sodium salt (TSP) as an internal reference. Fig-

ure 4.14 shows spectra of the L-alanine and L-valine samples excited with the same optimal
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control pulses and cooperative pulses, exhibiting distortions similar to those in Fig. 4.13.
Due to limited shimming quality, the closely spaced peaks from L-alanine and L-valine
are not resolved; the downfield peaks arise from residual water in the D2O solvent, while
the peaks at O ppm correspond to TSP. Since the separation relies on the sources having
distinct power spectra, coupling identification degrades when the parallel channels con-
tain similar frequency components. The coupling is therefore calibrated beforehand with
reference samples giving strong, well-separated spectra, and the result is then applied to

the target measurement.

4.5 End-to-end test

Parallel excitation experiments demonstrated that cooperative pulses under coupling pro-
duced spectra comparable to those obtained with optimal control pulses in the absence of
coupling. A more rigorous validation is comparing the excitation profiles under these two
conditions. Such measurements typically require uniform power delivery and high shim-
ming quality, which can be achieved using a Shigemi tube [129]. However, the present

parallel probe does not permit tube replacement or excitation at a uniform power level.

As an alternative, the efficiency of pulse compensation at different SNR levels was
simulated. The workflow is shown in Fig. 4.15, which follows the same procedure as
Fig. 4.11, except that the parallel FIDs were generated by the multiphysics simulation, and

noise of specified levels was added according to the desired SNR.

EM
simulation

post
processing

Po
> optimal control

parallel spin
dynamics

A
Gain matrix J| add noise & V BSS
coupling T method

Figure 4.15: Workflow for generating cooperative pulses using multiphysics simulation. EM de-
notes electromagnetic, BSS blind source separation, pg the optimal control pulses, p the coopera-
tive pulses, and Fg;,¢ the diagonal of the coupling matrix F.

e

Figure 4.16a illustrates a representative case with an average SNR of 10 dB, where the
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Figure 4.16: Robustness of the RF decoupling to low SNR. (a) Example results for a two-channel
simulation at SNR = 10 dB with a minimal separation of Af = 0.02 ppm (10 Hz). The left, middle,
and right panels show the original 'H spectrum, the decomposed 'H spectrum, and the fidelity (17)
of the cooperative pulses, respectively. v is the resonance offset, v; the RF amplitude, and 77 the
averaged fidelity. (b) Mixing matrix criterion (C4) as a function of SNR. (c) Mean fidelity of the
cooperative pulses as a function of SNR. The mean fidelities of the optimal control pulses were
71 = 0.9952 for channel 1 and 772 = 0.9951 for channel 2.

spin system for each channel was randomly generated, including varying spin numbers
and chemical shifts. At Af = 0.02 ppm, the cooperative pulses achieved mean fidelities
of 0.988 for channel 1 and 0.987 for channel 2, corresponding to 99.3% recovery rela-
tive to the optimal control pulse. Figure 4.16b demonstrates the robustness of C4 against
SNR, with C4 converging to —17 dB (2%) as SNR increases to 50 dB. This error may be
attributed to the weak correlations among the source signals, arising from cross-coupling
between the coils and samples during reception. Nevertheless, a 2% decomposition error
corresponds to the removal of over 95% of the coupled components, yielding cooperative-

pulse fidelities comparable to those of the optimal control pulses, as shown in Fig. 4.16c¢.
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4.6 Conclusion

This chapter proposed RF decoupling schemes for both the excitation and reception stages
of parallel high-field NMR spectroscopy. In particular, in a linear time-invariant system,
coupling information represented by a matrix can be extracted by separating the detected
time-domain signals using the SOBI method. The estimated matrix was then employed to
design cooperative pulses that cancel RF coupling under parallel excitation, a compensa-

tion scheme validated in a two-channel NMR spectroscopy experiment.

Excitation-side decoupling removes the need for time-interleaved pulse sequences and
enables the direct application of powerful optimal control pulses in parallel NMR exper-
iments. The reception decoupling based on blind source separation avoids the need to
separate multiple signals by frequency division using additional field gradients. These
two strategies increase the flexibility of parallel detection and facilitate the design of more

sophisticated parallel pulse sequences.

The cooperative pulse design preserves single-channel independence. This allows each
channel to allocate its degrees of freedom to address specific samples, making the scheme
efficient for deployment in highly parallel detectors where the B; field is confined to in-
dividual coils. Looking ahead, one may envision NMR coil arrays in which field-level
combinations become significant. In such cases, pulse compensation based solely on the
coupling matrix may no longer suffice. Incorporating parallel transmit design strategies,

as extensively developed in MRI [97, 99, 130], could then prove advantageous.
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Chapter 5

Gradient decoupling for parallel NMR

spectroscopy

Based on M. He, N. MacKinnon, D. Buyens, B. Luy, and J. G. Korvink, Magnetic Reso-
nance, 6(2): 173—-181, 2025.

5.1 Introduction

Linear magnetic field gradients are fundamental to magnetic resonance. In MRI, they
encode spatial information into the signal, which is later recovered during image recon-
struction. In NMR, pulsed field gradients are applied during evolution periods to select
specific coherence transfer pathways, effectively replacing complex phase cycling. This
reduces 77 artifacts and shortens measurement time. In parallel NMR setups, multiple gra-
dient coils can be integrated into individual detection channels. However, when parallel
gradient pulses are applied, magnetic field leakage between the closely packed coils may
occur. This effect, known as gradient field spillover, introduces By inhomogeneity and

causes spin dephasing.

A straightforward approach to mitigate spin dephasing to By inhomogeneity is by trans-
ferring the spin state to longitudinal magnetization, e.g., I, for single spins or I,S, for

coupled spins. However, this proves challenging when the initial state is unknown or time
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constraints exist. Spin locking via RF pulses is an effective strategy for preserving spin
magnetization, i.e., a long hard pulse with a defined phase is applied to protect a specific
coherence, such as I, or Iy. In heteronuclear experiments, continuous wave spin-locking
fields have been utilized to render proton multiple quantum coherence immune to "H-'H J-
coupling [131]. Spin locking induced crossing has a wide range of applications, including
preparation of singlet states [132, 133, 134], excitation of long-lived states [135, 136, 137],
and low field spectroscopy [138, 139]. Moreover, traditional spin-locking pulses have been
adapted to address By and B; inhomogeneity in quantifying the rotating frame relaxation

time [140, 141].

Due to electromagnetic and temperature fluctuations and spin-spin interactions, devel-
oping coherence protection methods for manipulating quantum qubits is essential [142].
Examples include spin-locking of an electron spin for radiofrequency magnetometry [143],
suppression of intrabath interactions and inhomogeneity using sequenced pulses [144],
extension of coherence time via continuous microwave driving [145], and locking the dy-

namics of a single nitrogen vacancy (NV) spin qubit by microwave dressing [146].

Since gradient pulses are used to select coherence transfer pathways, only specific co-
herences are of interest. Similar to how spin locking or coherence protection in spin qubits
is achieved using microwave irradiation, selected coherences such as I_ for a single spin
or I_S, for coupled spins may be preserved with specially designed RF pulses. In this
chapter, we introduce coherence-locking pulses to protect the desired coherences against

gradient field spillover and demonstrate their effectiveness in parallel NMR experiments.

5.2 Quantify the gradient spillover

5.2.1 Gradient field simulation

Consider a multi-detector geometry, as shown in Fig. 5.1a, each detector is equipped with
a Helmholtz gradient coil and a stripline RF coil. The gradient current in detector 1 was
represented by 71 (7) = 3sin(10007xt), as shown in Fig. 5.1b. This current generates a field
gradient of 75 Gauss/cm in sample 1, although not explicitly shown. Two situations now
arise at detector 2: first, the applied gradient at detector 1 can induce a current in the coil
at detector 2, thereby creating an opposing field. Second, the gradient field generated at

detector 1 is not fully shielded, so that this field spillover penetrates the sample at detector
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2. The induced current i3 in detector 2 due to the magnetic flux change was computed in
Fig. 5.1d. Meanwhile, Fig. 5.1c portrays the magnetic field in sample 2 generated by i1
and i2. Notably, the gradient amplitude at detector 2 from i; amounted to 0.5 Gauss/cm,
resulting in a spillover ratio of 0.67%. This value is approximately 68 times higher than the
maximum gradient generated from the induced current is, echoing similarities with Lenz’s
law, where the induced current’s magnetic flux opposes the change in flux but cannot fully
counteract it. Consequently, the field generated by the induced current was disregarded in

subsequent analyses.

The field spillover induces an additional gradient contribution alongside the primary
gradient. When multiple gradient pulses are applied to select a coherence transfer pathway,

the designed gradient ratio may undergo distortion due to field spillover.
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Figure 5.1: Gradient simulation for a two detector array. (a) Geometry of the detector array. (b)
The gradient coil in detector 1 was excited with a sin-shaped pulse. (c) The gradient field on sample
2 calculated with the excited current i1 (¢) and induced current i2(¢), the ratio of maximum B(iy)
and B(iy) is 68. (d) Induced current i>(¢) in detector 2.
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5.2.2 Measuring the spillover ratio

The gradient spillover ratio was measured using the four-detector probe introduced in
chapter 4. As a first step, the maximum gradient strength of the parallel probe was deter-
mined with the pulsed gradient spin echo (PGSE) method [147], as shown in Fig. 5.2a. A
10% H0/90% D50 solution with a known diffusion constant of D = 1.9x 107 m? - s7!
[148] was used. The ratio of the signal to the maximum value is a function of the applied

gradient amplitude [147],
In(ly/1o) = ~[¥*6°G*(A - 6)1D, (5.1)

where 6 = 1 ms is the gradient pulse length, A = 7 ms is the interval between two gradient
pulses, and y = 2.675 x 10% rad - s7! - T~! is the proton gyromagnetic ratio. A series of
spectra were acquired by sweeping the gradient amplitude from 5% to 95%. Fitting the
resulting signal amplitudes as a function of gradient amplitude using Eq. 5.1 yielded a
maximum gradient of G,ax = 103.06 G/cm, see Fig. 5.2b. This measurement provided

a calibrated reference for the subsequent quantification of gradient field spillover.
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Figure 5.2: Measurement of the maximum gradient amplitude using a 10% H20/90% D20 solu-
tion. (a) PGSE pulse sequence with a gradient pulse duration of 6 = 1 ms and a pulse separation
of A = 7 ms. Black and white blocks denote 90° and 180° pulses, respectively. A ”’y” label below
a pulse indicates a 90° phase; unlabelled pulses carry zero phase by default. These conventions
hold throughout. Gradient pulses are drawn with their actual envelope; sine-shaped blocks repre-
sent sine-modulated gradient pulses. (b) Signal intensity as a function of gradient amplitude in the
PGSE experiment. The maximum gradient amplitude was determined to be G« = 103.06 G/cm
at 100% gradient strength. Circles denote experimental data, and the solid line shows the fitted
curve.
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The gradient spillover ratio was then measured in a pulse-acquisition experiment, while
a gradient pulse was applied to the second detector, as shown in Fig. 5.3a. The ratio of the

signal to the maximum value is a function of the applied gradient amplitude,

I sin(kg)
L , 5.2
I ke (5.2)

where k = 1/2 -y - Rg - Gnax - / g(t)dt, ] = 6.5 mm is the detection zone length, and
/ g(t)dt = 0.9 ms is the time integral of the trapezoidal gradient pulse. The gradient
spillover ratio Rg is defined as Rg = G./Gp, where G is the maximum coupled gradient
strength, and G is the maximum primary gradient strength. A series of spectra were
acquired by sweeping the gradient amplitude from 5% to 95%. Fitting the resulting signal
amplitudes as a function of gradient amplitude using Eq. 5.2 yielded the gradient spillover

ratio of Rg = 1.9 x 1073.
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Figure 5.3: Measuring the gradient spillover ratio using a 10% H20/90% DO solution. (a) A
gradient pulse was applied to detector 2 during the pulse-acquisition in detector 1; the trapezoidal-
shaped block represents a trapezoidal-shaped gradient pulse. (b) Signal intensity as a function
of coupling gradient amplitude in a pulse-acquisition experiment, the gradient spillover ratio was
calculated to be Rg = 1.9 x 1073. Circles denote experimental data, and the solid line shows the
fitted curve.

5.2.3 Field gradient dephasing

For the evolution of p-quantum coherence under the influence of a field gradient pulse

G, (¢) of duration 7, the spin coherence after the gradient pulse is given by [41]
p(7) = p(0) exp [—ip / yG(1)z dt] : (5.3)
0

81



Chapter 5. Gradient decoupling for parallel NMR spectroscopy

where z is the spatial coordinate and y the gyromagnetic ratio. The corresponding phase

of the coherence is

¢p(z) = —p /O yG ()zdt, (5.4)

which varies linearly with position, forming a helical modulation along the spatial coordi-

nate. The wavelength of this phase helix is

-2
A= (5.5)
pJy vG.(1)dt
so that the coherence phase can also be written as ¢, (z) = 27z/A.
For a coherence transfer pathway involving N successive coherences [p1, p2,...,Pn],
Eq. 5.4 generalizes to
N
propn(2) == D pi / YiG:(1)z dt, (5.6)
i=1 Ti
with the corresponding helix wavelength
-2
Api—py = (5.7)

Sk pi /Ti yiG (1) dt

To quantify the signal decay induced by gradient spillover, we consider a sample of
length /. The observed signal is proportional to the spatial integration of the phase term

over the sample volume:

2 2 1 l
s = / @z = / 27 g, = Zgin (ﬂ—) , (5.8)
-1/2 -1/2 n A

where A is the phase helix wavelength of the pathway, cf. Eq. 5.7. In the limit 4 — oo, the
signal reaches its maximum value sy.x = [, indicating perfect refocusing of the selected
pathway. For finite A comparable to the sample dimension, the normalized signal intensity

becomes

S o2 (”_l) (59
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5.2 Quantify the gradient spillover

which follows the well-known sinc dependence, as illustrated in Fig. 5.4.
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Figure 5.4: Relative signal intensity as a function of helix wavelength, shown on a logarithmic

scale.
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Figure 5.5: Gradient-coupled HSQC pulse sequence. The black elements represent the standard
HSQC sequence, where gradients with ratio 2 : 2 : 1 selectthe S- — S_ — I, — I_ pathway.
The orange blocks (G.) indicate additional coupled gradient pulses from a second detector with
ratio2 : 2 : —1.

As an example, gradient coupling in a 'H-'3C heteronuclear single quantum coherence

spectroscopy (HSQC) [149] experiment is illustrated in Fig. 5.5. The primary gradients,
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Chapter 5. Gradient decoupling for parallel NMR spectroscopy

with aratioof 2 : 2 : 1, selectthe S — S_ — I, — I_ coherence transfer pathway.
An additional set of coupled gradient pulses (orange) was applied from a parallel channel,
temporally shifted relative to the primary gradients, thereby inducing spillover. Using
Eq. 5.9, the HSQC signal intensity under such coupling was calculated and is plotted in
Fig. 5.6. Each detector was subjected to sinusoidal gradient pulses of 1 ms duration, with
spillover ratios varied between 0.1% and 1%. The primary gradient ratio was fixed at
2 : 2 : 1, while the coupled gradients were setto 2 : 2 : —1 (blue curve) and 2 : 2 : 1
(orange curve). Note that when the coupled gradient ratio matches the primary one, the

net ratio remains unchanged, and no signal degradation occurs.

ratio: 2:2:1
ratio: 2:2:-1

0.2

0
107 1072
spillover ratio, %

Figure 5.6: Relative intensity of the 'H-'3C HSQC signal as a function of gradient spillover ratio.
The maximum gradient amplitude was 75 G/cm; all gradient pulses had a duration of 1 ms and
a sinusoidal shape. The primary gradient ratio was G, = 1 : 1 : 0.5. Coupled gradients were
G.=1:1:-0.5(blue) and G, =1 :1:0.5 (orange). Sample length was 8 mm.

In HSQC, a coherence pathway is fully refocused only when the combined effect of all
gradient pulses cancels out. Any imbalance introduced by additional gradients leads to
dephasing and signal attenuation. This situation arises when parallel gradient-enhanced
experiments are performed with differing gradient ratios. Even small coupling ratios can
have a substantial impact; for instance, a 0.2% spillover ratio resulted in a 20% HSQC sig-
nal loss (Fig. 5.6). Since strong gradients are critical in diffusion measurements, gradient

spillover effects can become more pronounced in such experiments.

One possible solution is to preserve the target coherences during the coupled gradient
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5.3 Coherence locking pulse

period using specially designed RF pulses, termed coherence locking. Fig. 5.7 illustrates
the integration of coherence-locking pulses into an HSQC sequence. Three locking blocks
were introduced alongside the coupled gradient pulses G.. Two blocks (CL;, CLy) were
applied on 3C to protect S_ coherence, while one block (CL3) was applied on 'H to protect
I_ coherence. The design and optimization of these coherence-locking pulses, as well as

their extension to parallel pulse sequences, will be addressed in the following section.
H A A b b A A cL
l | [ ¢ 1 Bl
13¢ CL, CL,
[ , oEC

G
A A a

Ge Ge Ge

Figure 5.7: 'H-'3C HSQC pulse sequence with gradient coupling and coherence locking. Black
blocks represent the primary gradient pulses (G, = 2 : 2 : 1), orange blocks the coupled gradients
(Ge = 2 : 2 : —1), and blue blocks the coherence-locking pulses (CL1, CLy on '3C and CL3 on
).

5.3 Coherence locking pulse

5.3.1 Optimal control formulation

In this section, we design coherence-locking pulses (CLOC pulses) using optimal control
theory. When a gradient pulse is applied, its shape and duration are fixed, while its am-
plitude may vary; the optimization of CLOC pulses follows this constraint. The gradient

pulse contributes a time-dependent drift Hamiltonian,
t
H,(1) = Asin (’T—) H,o, (5.10)
T

where H,( is the Zeeman Hamiltonian assuming a 1T magnetic field, and 7 = 1ms is
the gradient pulse duration. To accommodate the maximum By drift of +0.06 G mea-
sured with the parallel probe, a wider range of +0.25 G was specified for the CLOC pulse

optimization.
We begin with a spin dynamics description of the optimal control problem for coher-
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Chapter 5. Gradient decoupling for parallel NMR spectroscopy

ence locking. For an IS spin system, the rotating-frame Hamiltonian is written as
H(t) :Hint+Hg(t) +Hrf(t)» (5.11)

where the internal Hamiltonian, the gradient contribution, and the RF Hamiltonian are,

respectively,

Hint = (U]IZ + stZ + 27TJIZSZ,
Hg(t) = Bg(t) “Hyp = Bg(t) (I, + QsS,), (5.12)

H.¢ (1) = (Ul,x(t)Ix + (‘-)I,y(t)Iy + wS,x(Z)Sx + U)S,y(t)sy-

Here, w; and wg denote resonance offsets, 2; and Qg are Larmor frequencies at 1 T, and

Wiy, Wry, WS, and ws,, represent the four RF control amplitudes.

The Bg(t) represents the time-dependent drift field introduced by the gradient, and
Hin +H, (1) describes the drift Hamiltonian. To capture gradient spillover, an ensemble of
drift Hamiltonians was considered. Since spillover introduces time- and space-dependent
By drifts, the sample was divided into n, voxels along the z-axis, each voxel assigned its
own drift Hamiltonian. The full Hamiltonian was then represented as a block-diagonal

matrix comprising all voxel contributions.

Following the GRAPE method introduced in chapter 2, the fidelity function is defined

as

n = {olp(r)) = trace [O'Tp(‘[')] . (5.13)

For CLOC pulses, the target state o coincides with the initial state. For non-Hermitian
states, only the real part of Eq. 5.13 is considered. In this context, the target propagator
U must commute with the initial state. For example, [U,I_] = 0 ensures locking of
the single-spin coherence I_, and [U,I_S_] = 0 ensures locking of the double quantum

coherence I_S_.

In practice, it is often desirable to protect several coherences within a single CLOC
pulse, as multiple pathways may be relevant in a single experiment. For example, in
gradient-enhanced HSQC, the gradient sign is alternated between scans to select either

S or S_. Therefore, for a single-spin system, three coherences (I,, I_, I) can be included
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5.3 Coherence locking pulse

simultaneously, yielding an ensemble of source—target pairs and a cyclic optimal pulse.

The fidelity in Eq. 5.13 generalizes to
1

n=- , 5.14

ZEEDIPIPIPIL G.14)

g Ng Noff Np

where nf, ng, nog, and n,, denote the numbers of RF amplitudes, gradient strengths, reso-

nance offsets, and source—target pairs, respectively.
The following parameters were used for single-spin optimization:
* Pulse duration: 1ms, discretized into 1000 equivalent steps.

e Gradient pulse: sinusoidal shape, 1 ms duration, calculated over n, = 12 voxels with

By max = £0.25G.
 1H resonance offset: 7 kHz bandwidth, nog = 51.
o 'HRF amplitude: v; y=6 kHz with +£20% inhomogeneity, n;s = 15.
e 13C resonance offset: 6 kHz bandwidth, nyg = 51.
« 13C RF amplitude: v, ¢ = 4kHz with +15% inhomogeneity, n.¢ = 10.

The optimization was performed using SpiNacH v2.8 [58] with the LBFGS—GRAPE
algorithm. For the single-spin case, calculations used 40 CPU cores at 2.1 GHz and com-
pleted in approximately one hour. The resulting CLOC pulse shapes for 'H and '3C are
shown in Fig. 5.8.

For multi-spin cases, a more practical strategy is to establish robust coherence lock-
ing for individual spins and evaluate their decoupling performance within the designed

bandwidth, thereby avoiding unnecessary model complexity.

The concurrent optimization becomes essential when J-coupling cannot be neglected
or averaged out by single-spin pulses. The concurrent optimization for locking a double-
quantum coherence in a 'H-!3C system was tested. The '3C offsets (nog.c = 25) and 'H
offsets (nogm = 15) were combined, and the RF inhomogeneity (n,s = 10) across both
channels were aligned. The average J-coupling was set to Jyc = 145 Hz. Optimization

was carried out in two steps:

* Step 1: Bandwidths of I'H and 13C were each divided into 10 intervals, and RF
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Figure 5.8: CLOC pulse shapes for 'H (a) and '3C (b). Both pulses are cyclic and universally
preserve I_, I, and I,.

inhomogeneity into 3 intervals. The optimization stopped after 500 iterations or
once the fidelity n > 0.9985. The resulting pulse was used as the initial guess for

Step 2.

* Step 2: All parameters were included. The optimization stopped after 50 iterations

or once the fidelity n > 0.995.

The two-spin optimization used 64 CPU cores at 2.6 GHz and took about two days. If all
relevant coherences are preserved, the optimization effectively targets a unitary propagator,
1.e., U = I, uniquely defined within the Hilbert space [84]. The optimization for this target
is more computationally expensive than the state-to-state transfer, especially in the two-

spin case. The results from single-spin optimization provide a good initial guess.
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5.3 Coherence locking pulse

5.3.2 Coherence-locking efficiency

The performance of coherence locking can be visualized through spin trajectory simula-
tions, as illustrated in Fig. 5.9. The sample was divided into 12 voxels along the z-axis, and
the spin trajectory for each voxel was computed while simultaneously applying a CLOC
pulse and a coupled gradient pulse that induced a maximum By drift of £0.25 G. Fig. 5.9a
illustrates that the ensemble spin states start from I_ and oscillate between —1 and 1 while
remaining confined within a narrow range, and go back to I_ at the end. Figs. 5.9b and
5.9¢ show similar results for spin states initially prepared in S and I_S,, respectively. For
comparison, Figs. 5.9d—f display the corresponding trajectories without coherence lock-

ing, which clearly demonstrate the dephasing caused by the coupled gradient.
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Figure 5.9: Ensemble spin trajectories under gradient spillover. (a—c) Trajectories starting from
I_,S,,and I_S, with CLOC pulses applied to 'H, '3C, and both 'H and '3C, respectively. (d—f)
Corresponding trajectories without CLOC pulses. Real parts of the inner product are plotted. Both
'H and '3C were on resonance, the J-coupling constant was 145 Hz, and the RF amplitudes were
6 kHz for 'H and 4 kHz for '3C.

For a single-spin system, the coherence-locking efficiency was further analyzed as a
function of resonance offset, RF inhomogeneity, and gradient field strength (Figs. 5.10

and 5.11). The efficiency was quantified using the fidelity function
n = trace(ETU), (5.15)

where E is the identity operator (target propagator) and U is the actual propagator realized

under the CLOC pulse.
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Figure 5.10: Efficiency of the 'H CLOC pulse. (a) Dependence on vy and B drift at v; = 6 kHz.
(b) Dependence on vy and vy at By drift equals to 0.25 G. (c) Dependence on vy and By drift at
Yo = 0.
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Figure 5.11: Efficiency of the '3C CLOC pulse. (a) Dependence on v and By drift at v; = 4 kHz.
(b) Dependence on v and v; at By drift equals to 0.25 G. (c) Dependence on vy and By drift at
Yo = 0.

5.3.3 Gradient imperfections

The gradient coil can be modeled as a resistor—inductor circuit, which behaves as a low-
pass filter. Consequently, the applied gradient pulse undergoes smoothing and phase delay.
As an example, the distorted gradient pulse shapes are shown in Fig. 5.12, where a clear
phase delay is observed between the input and the output for both the trapezoidal and sine

pulses.

These transient effects alter the temporal alignment between gradient and RF pulses,
thereby degrading the efficiency of coherence locking. To evaluate this, we simulated

coherence-locking performance under gradient imperfections.
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Figure 5.12: Measured gradient pulse shapes without proper pre-emphasis. The black traces rep-
resent the input pulse detected from the DAC port of the gradient amplifier, and the red traces
represent the output pulse detected from the I monitor of the gradient amplifier. (a) Trapezoidal
pulse with a duration of 1 ms. (b) Sine pulse with a duration of 0.5 ms.

The quality factor of the gradient coil is given by

Q=— (5.16)

where w = 7/t with 7 the duration of a sinusoidal pulse. The corresponding phase delay

of the circuit is

¢ =tan"(Q). (5.17)

The resulting coherence-locking efficiency as a function of delay phase and By drift is

shown in Fig. 5.13.

5.3.4 Heteronuclear decoupling

In multi-spin systems, J-coupling can interfere with coherence locking because the addi-
tional interaction terms cannot be averaged out during the locking period. Interestingly,
CLOC pulses can also provide partial decoupling of heteronuclear interactions due to their
rapid phase modulations, similar to noise decoupling techniques. To analyze this effect, we
evaluated the effective coupling scale factor using average Hamiltonian theory, as outlined

in chapter 2.

In the toggling frame defined by H,s + H,, the heteronuclear J-coupling Hamiltonian
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Figure 5.13: Coherence-locking efficiency in the presence of gradient coil imperfections. (a)
Transient response of the gradient coil at different delay phases. (b) Efficiency of locking the I_
coherence as a function of delay phase and B drift, calculated with the 'H CLOC pulse.

takes the form [47]

HIo% = 2“2 aly(as, ()1sSy = 271 3(1) - S, (5.18)
By

where J(7) is a 3 X 3 time-dependent coupling tensor with elements

Cﬁﬁ’(t) = aéﬁ(t)afy(t)’ (519)

and B,y € {x,y, z}. The rotation coeflicients for / spin are

alp(t) = (UL, | 1), (5.20)
where the single-spin propagator is

U[(l) = exP,

t
—i / H;(t) dt'] , (5.21)
0
with exp, denotes the Dyson time-ordering exponential and
H](t) =wil, + a)[,x(l‘)lx + a)[,y(l‘)ly. (522)

The rotation coefficients afy(t) for § spin are obtained following a similar procedure.
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5.3 Coherence locking pulse

The time-dependent tensor c(¢) was averaged over the pulse duration 7:

S N
Cpy = ;A Cﬂ,y(l‘) dt. (5.23)

The coupling scale factor is then defined as the Frobenius norm of the averaged tensor,
X = norm(c), (5.24)

which is bounded between 0 and 1.

Fig. 5.14 shows the coupling scale factor y for CLOC pulses designed to universally
preserve I, I_, and I, of a single spin. A single CLOC pulse reduces the effective het-
eronuclear J-coupling by less than 10% across the designed resonance offset and B; in-
homogeneity ranges (Figs. 5.14a,b). For pulse durations of 1 ms, heteronuclear couplings
on the order of a few hundred Hz can be neglected since yJr < 1. This treatment also
extends to couplings with a third spin in "H-'3C systems, such as Jox and Jyy in pro-
teins [150, 151]. Fig. 5.14c illustrates that residual coupling remains when CLOC pulses
are applied simultaneously to 'H and '3C. However, this does not imply a failure of de-
coupling, as y represents a sum over all tensor components. The decoupling effect can
also be assessed by directly simulating coherence locking of double-quantum coherences,

as demonstrated for HMQC in Section 5.6.
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6.6 N 43 _ 4
I T g 0.6
T 0.06 = 0.06 3 :
~ s =, E 4
NS N 3
T 0.04 Q 0.04 - 04
5.4 T 37 2
0.02 0.02 0.2
48 3.4 1
0 0 N X % 6 A Q 0
35 -15 0 15 35 3 15 0 15 3 Vo RN
1H Vo kHz 13C Vo kHz Yy number

Figure 5.14: Scale factor y of the Jic coupling as a function of resonance offset and By amplitude.
(a) CLOC pulse applied to 'H with 3C on resonance. (b) CLOC pulse applied to '3C with 'H on
resonance. (c) CLOC pulses applied simultaneously to 'H and '3C, with matched v and v; values.
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5.3.5 Homonuclear decoupling

In principle, homonuclear J-coupling can also be incorporated into the optimal control
model. For example, when optimizing a universal locking pulse for a single '3C spin, the
model may include two coupled '3C spins, with a resonance offset applied to one spin
while the other remains at zero offset. Denoting the two spins as I; and /2, the J-coupling

Hamiltonian
H] =2nJ (lelzx + Ilylzy + IIZIZZ) s (5.25)

is then added to the drift Hamiltonian, with J set to a representative value such as 40 Hz

for Jcc. Including such terms increases the RF power required for the optimized pulse.

a b c
without J-coupling J-coupling J-coupling & compensation
1 1 1
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098 N i 098 N 0.98
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097 N 097 N 0.97
0.96 0.96 0.96
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0.95 0.95 0.95
-3 0 3 -3 0 3
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Figure 5.15: Simulated coherence-locking efficiency of a '*C CLOC pulse in a two-'3C spin
system. Efficiency is defined as n = {(pg|or), With pg the initial state and p7 the final state.
0vg = w1 — w2, with w1 = 0 and w4 swept from —3 to 3 kHz. J = 50 Hz, v; is the RF amplitude.
(a) po = ILix + Ik, which commutes with H;. (b—c) pg = Iix, using a CLOC pulse without J-
coupling compensation (b), and with compensation requiring increased RF amplitude of 6 kHz

(c).

However, complete averaging of homonuclear J-coupling is generally not feasible when
the chemical shift difference between the two spins is comparable to the coupling constant.

This can be understood using the average Hamiltonian theory. The full Hamiltonian is
H=H,+H; +H;, (5.26)

where

Hz = CUlIlz + («UQIZZ’ (5 27)

Hit = w(Iix + Inx) + wy(Ily + IZy)-
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5.4 Coherence locking in PGSE

Since [H;¢, Hy] = 0, the RF field alone cannot average out homonuclear couplings. When
|w1 —wa| = J, the commutator [H,, H;] is nearly zero, so the H, term also fails to average
out the coupling. Consequently, second-order spectra cannot be fully recovered by CLOC
pulses in this regime. When |w; — ws| > J, partial averaging of H; by H,¢ + H, becomes
possible. Fig. 5.15 illustrates the effect of homonuclear coupling on the efficiency of a 13C

CLOC pulse.

5.4 Coherence locking in PGSE

The PGSE sequence introduces gradient pulses before and after the 180° pulse to measure
the diffusion constant of liquids [147]. Here, coherence locking was evaluated with the
PGSE. As shown in Fig. 5.16a, an additional gradient, G¢, was incorporated as the cou-
pling component into a standard PGSE sequence, temporally shifted relative to the primary
gradient G. When G disrupted the balance of gradient strengths around the inversion
pulse, two CLOC pulses were applied, each aligned with one block of G, to counteract
gradient spillover. These pulses should protect I, during the first G¢ period and I during
the second. Alternatively, the same pulses can enforce effective cyclic propagation, which

is a stricter condition and was chosen as the design target.
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Figure 5.16: Coherence-locking test in PGSE using 0.6 M glycine-2-'2C in D,O. (a) Pulse se-
quence: the 'H pulse and G were applied to detector 1, while G¢ was applied to detector 2. (b)
Normalized water peak intensity as a function of G¢ amplitude, with G fixed at 10%. Acquisition
parameters: TD = 1024, SW = 20 ppm, RG =10, TR =155, NS = 1.

In the PGSE experiment, the gradients G and G¢ were driven by separate Bruker
GREAT amplifiers, as described in chapter 4. A 0.6 M glycine-2-'3C solution in DO
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was used, loaded into detector 1 via a syringe. Only the global shim was applied using
the Bruker shim system, since data were acquired solely from detector 1. Gradient ampli-
tude sweeping was performed in a pseudo-2D manner: G was fixed at 10%, while the G¢
amplitude was varied from 0 to 95% in 5% increments. The acquired data were Fourier
transformed along the direct dimension and converted into 1D spectra corresponding to

each G¢ value.

Figure 5.16b presents the normalized water peak intensity as a function of G¢ ampli-
tude. Compared to the substantial signal loss in the uncoupled case, the inclusion of CLOC

pulses effectively restored the signal intensity.

5.5 Coherence locking in parallel HSQC

5.5.1 Simulation

The pulse sequence for parallel HSQC is shown in Fig. 5.17, where standard HSQC schemes
were implemented in detectors 1 and 2. In detector 1, the gradient ratio was setto 4 : 1 to

select the S, — I_ pathway (Fig. 5.17a), while in detector 2 it was set to 4 : —1 to select

the S_ — I_ pathway (Fig. 5.17b). Compensation CLOC pulses (blue) were inserted in

detector 1 when gradient pulses were applied in detector 2, and vice versa. A slight tem-

poral offset between gradients in the two detectors allowed insertion of the CLOC blocks.

Each CLOC pulse was designed to lock the relevant coherence. For example, the first

CLOC block in detector 1 was applied on '*C to protect S, and its J-coupling product

I,S.. The protected coherences are indicated below the CLOC blocks in Fig. 5.17.

If multiple coherences are required, e.g., in echo—antiecho acquisition, the CLOC pulse
must preserve all relevant pathways. During the CLOC blocks, coherence evolution can
be neglected and should be excluded from J-coupling delay calculations due to the het-

eronuclear decoupling effect.

Simulations were performed in SPINACH, assuming a homogeneous By field (11.74 T)
and homogeneous B fields for the CLOC pulses. CLOC pulse shapes shown in Fig. 5.8
were used. Ideal 90°/180° propagators were assumed for excitation and inversion. Each
sample was divided into 40 voxels along z, with maximum B drifts of +25 G from the

primary gradient and +0.2 G from the coupled gradient. Glycine and D-glucose were
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Figure 5.17: Gradient-compensated parallel HSQC sequence. Blue blocks indicate CLOC pulses.
In detector 1 (a), the gradient ratio was set to 4 : 1 to select the S; — I_ pathway; in detector 2
(b), it was set to 4 : —1 to select the S_ — I_ pathway. Black blocks represent /2 pulses, white
blocks m pulses, with phases set to 0 unless noted. A = 1/4J. Protected coherences are labeled
below the CLOC blocks.

assigned to detectors 1 and 2, respectively. The glucose spin system followed literature data
for @-D-glucopyranose in D2O (25 °C, pH 7.0) [152, 153]. To accelerate the simulation,
product states up to the third-order spin correlations were included, and the spin system of
glucose was split into (g) = 15 subsystems, with each subsystem containing two instances
of 13C spins, so that the homonuclear couplings, i.e., Jcc and Jyg, could be included.
For each t; point, both S; and S_ were recorded by flipping the second gradient pulse,
yielding quadrature detection. Data were apodized with a cos? (x) half-bell function in both
dimensions, Fourier transformed, and the real part was retained. Acquisition parameters

are summarized in Table 5.1.

The simulated coherence-locking HSQC spectra are shown in Fig. 5.18. Noise was
neglected, and no phase or baseline correction was required. Grey traces represent the ref-
erence without gradient coupling, orange traces the uncompensated case, and blue traces

the CLOC-compensated case (offset for clarity). For glycine, the S, coherence contributes,
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Parameters Glycine (detector 1) D-glucose (detector 2)
g 1BC g 1Bo

Gradient ratio 4:1 4:-1

Sweep width, Hz 2000 5000 2000 6250

Transmit offset, Hz 2000 5000 2000 10625

Sampling points 512 1024 512 1024

Zero-fill points 1024 1024 1024 1024

Table 5.1: Acquisition parameters for simulating parallel HSQC spectra. Sweep widths were cho-
sen to match the spectral ranges of glycine and D-glucose. A J value of 145 Hz was used for the

evolution delay.

giving 13C signals at —wc¢ (negative chemical shifts). Compared with the reference, gra-
dient coupling caused ~ 50% signal loss, whereas coherence locking preserved full signal

amplitude without phase distortion.
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Figure 5.18: Simulated parallel HSQC spectra of glycine (a) and glucose (b). Panels (c) and (d)
show the corresponding 1D projections. Grey: reference (no coupling). Orange: with gradient
spillover (no compensation). Blue: with CLOC compensation.
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5.5 Coherence locking in parallel HSQC

5.5.2 Experiment

The parallel HSQC experiment was conducted using the setup described in chapter 4. Two
samples in D20 (99.9%) were prepared: 0.6 M glycine-2-'3C and 0.3 M D-glucose-'3Cg
(Sigma-Aldrich). The solutions were loaded into syringes and manually pumped into the

fluidic chambers of the respective detectors.

Detectors 1 (D1) and detector 2 (D2) were individually tuned and matched for Ig/13¢
double resonance. The split X and Y micro-imaging gradients were connected to D1 and
D2, respectively. Pulse calibration was performed separately: in D1, hard 90° pulses were
7.4ps (‘"H, 20 W) and 25 ps (13C, 25 W); in D2, 6.1 us (*H, 20 W) and 19.0 ps (13C, 25 W).
Power levels were scaled down for the low-amplitude CLOC pulses. The parallel experi-
ments under the three conditions were each repeated twice. Data from D1 were acquired
with global shimming optimized for D1, and data from D2 were acquired with shimming

optimized for D2.

The resulting spectra are shown in Fig. 5.19. Relative to the reference spectra (left
column), gradient-coupled spectra (middle column) display severe artifacts from spin de-

phasing, whereas coherence-locking (right column) restores peak shape and SNR.

The 1D projections of glycine and glucose (Fig. 5.20) further highlight the effect. Ref-
erence spectra (grey) show intact peak intensities, whereas gradient coupling (orange)
leads to signal suppression. With coherence-locking (blue), intensities are largely recov-
ered. Ideally, broadband CLOC pulses should preserve 'H and '3C coherences equally,
yielding peak intensities identical to the reference. However, in Fig. 5.20b, the peaks at
3.8 ppm/72.8 ppm and 3.9 ppm/79.1 ppm display reduced intensity, reflecting degraded
performance when homonuclear couplings are not compensated. Simulation results in

Fig. 5.21 confirm this effect.

Residual discrepancies also stem from chemical shift dependence. Each CLOC pulse
introduces minor phase errors: for example, 95% single-pulse fidelity compounds to 90%
after two pulses. Furthermore, RF leakage between detectors contributes: when a CLOC
pulse is applied to D1, weak RF signals (~ 1% at 500 MHz [35]) can reach D2, disturbing
spin states. To avoid this, CLOC amplitudes were reduced to 6 kHz (\H) and 4 kHz (*3C),
corresponding to 0.43 W and 2.3 W on detector 2. The higher RF power in the '>C channel

illustrates the particular challenge of coherence locking for low-sensitivity nuclei when
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Figure 5.19: Parallel HSQC spectra. Left: reference without gradient coupling. Middle: spectra
under gradient spillover. Right: spectra with coherence-locking compensation. Spectra were ex-
ported from TopSpin and plotted in MATLAB. Acquisition parameters: TD1 = 256, TD2 = 1024,
SW1 =150 ppm, SW2 =10 ppm, TR =15, RG= 10, NS = 1, DS = 32.
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Figure 5.20: 1D projections of parallel HSQC spectra for glycine-2-!3C (a) and D-glucose-13Cg
(b), using the sequence in Fig. 5.17. Grey: reference without gradient coupling. Orange: gradient
spillover (no compensation). Blue: coherence-locking compensation.

wide bandwidths are required.
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Figure 5.21: Simulated strong-coupling effects on D-glucose HSQC spectra. The relative inten-
sity is the ratio of coherence-locking to reference peak heights. Simulations excluded (blue) and
included (orange) homonuclear J couplings. Missing peaks reflect insufficient spectral resolution.
Spin systems from [153, 154, 155].

5.6 Simulation of coherence locking in parallel HMQC

A compensation strategy similar to that used in the parallel HSQC was applied to the
parallel HMQC pulse sequence [156], as illustrated in Fig. 5.22. In detector 1, the gradient
pulse ratio was set to 2:2:1 to select the I,S;, — I_S, — I_ coherence pathway. In
contrast, in detector 2, the gradient pulse ratio was adjusted to 2:2:-1 to select the I,S_ —
I_S_ — I_ pathway. The CLOC pulses were applied to both the 'H and '3C channels,

depending on the double-quantum coherence to be protected.

The parallel HMQC sequence was simulated under homogeneous By field conditions
(Bgp = 11.74 T) and assuming ideal hard pulses, analogous to the HSQC simulation. The
sample was segmented into 40 voxels along the z-direction. A maximum By drift of £25 G

was introduced by the primary gradient, and an additional drift of +0.2 G by the coupled
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Figure 5.22: Gradient-compensated parallel HMQC pulse sequence with coherence locking indi-
cated by the blue blocks. (a) Detector 1: gradient pulse ratio of 2:2:1 to select the .S, — I_S, —
I_ pathway. (b) Detector 2: gradient pulse ratio of 2:2:-1 to select the I,S_ — I_S_ — I_ path-
way. Black blocks denote /2 pulses and white blocks 7 pulses; all phases were set to zero unless
specified. A = 1/4J.

Parameter Glycine (detector 1) D-glucose (detector 2)
1 H 13C 1 H 13C

Gradient ratio 2:2:1 2:2:-1

Spectral width (Hz) 2000 5000 2000 6250

Transmit offset (Hz) 2000 5000 2000 10625

Sampling points 512 1024 512 1024

Zero-filling points 1024 1024 1024 1024

Table 5.2: Acquisition parameters for simulating parallel HMQC spectra. The spectral widths
were chosen to match those of the glycine and D-glucose samples. The evolution delay was set
using J = 145 Hz.

gradient. The B; field of the CLOC pulse was linearly scaled with voxel position, be-

ing largest at the center and smallest at the edges, accounting for the B pattern inside a

stripline.

Glycine and D-glucose were used as representative samples in detectors 1 and 2, respec-

tively. The spin systems were the same as in the HSQC simulation. For each detector, only

102



5.6 Simulation of coherence locking in parallel HMQC

S or S_ coherence was recorded in amplitude-mode acquisition. Data were apodized with
a cos(x) half-bell function in both dimensions, Fourier transformed, and the absolute value

was retained. Acquisition parameters are summarized in Table 5.2.
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Figure 5.23: Simulated parallel HMQC spectra. Panels (a) and (b) show the 2D contours for
glycine and glucose without gradient coupling. Panels (c) and (d) show the corresponding 1D
projections. Grey: no gradient coupling; orange: with gradient spillover, no compensation; blue:
with coherence-locking compensation (shifted for clarity).

Figure 5.23 shows the magnitude spectra. Grey lines represent the ideal case without
gradient coupling. Orange 1D projections correspond to spectra with gradient spillover
but without compensation; the resulting signal loss is much larger than in the HSQC case,
because higher-order spin coherences are more sensitive to By inhomogeneity. Blue pro-
jections correspond to spectra with coherence-locking compensation, indicating signal re-

covery in both dimensions.

As shown in Fig. 5.23(a,c), glycine has two magnetically equivalent 'H spins, i.e., with
the same chemical shift, giving rise to a singlet in the '"H dimension. The '3C-'3C cou-

pling, combined with the two equivalent 'H-'3C couplings, results in a triplet in the '3C
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Chapter 5. Gradient decoupling for parallel NMR spectroscopy

dimension. In addition, the >C projection with coherence locking (blue trace) exhibits
two symmetric spikes flanking the central peak, located just inside the two outer lines of
the triplet, indicating residual '3C-'3C coupling that is only partially averaged out during
the coherence-locking period. The same feature applies to the coherence-locked glucose

spectra, although the tiny spikes are obscured in the more crowded spectra.

5.7 Conclusion

The coherence-locking (CLOC) pulses demonstrated robustness against a wide range of
By drifts, thereby mitigating gradient spillover in parallel gradient coils. This gradient-
decoupling concept was validated experimentally in a PGSE experiment and in a parallel

HSQC sequence.

These results establish CLOC pulses as an effective strategy for coherence protection
in the presence of electromagnetic fluctuations and spin—spin interactions [142]. Such
protection has enabled a wide range of applications in quantum physics, including electron
spin locking for radiofrequency magnetometry [143], suppression of intrabath interactions
and field inhomogeneity using sequenced pulses [144], and extension of coherence times

via continuous microwave driving [145].

The limitations of this approach arise primarily from RF coupling between detectors
and from homonuclear interactions in complex spin systems. As shown by the paral-
lel HSQC experiments and HMQC simulations, single-spin coherences can be robustly
locked, and double-quantum coherences (/S) can be preserved using two simultaneous
locking pulses. However, extending this strategy to higher-order heteronuclear coher-
ences is considerably more difficult, as multiple locking pulses introduce strong RF cou-
pling. While optimal control can compensate for homonuclear coupling by increasing RF
power, this strategy fails in the strong-coupling regime where second-order spectra arise.
In such cases, the RF Hamiltonian commutes with the J-coupling term, while the Zeeman
and J-coupling terms nearly commute with each other, preventing efficient decoupling.
More advanced schemes, which jointly address RF coupling and gradient spillover, may

be required for universal high-order coherence locking.

Extending this scheme to general parallel pulse sequences requires careful design. For

instance, when executing HMQC on one detector and HSQC on another, the acquisitions
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5.7 Conclusion

are no longer strictly synchronous, even though the relaxation delays on each detector can
be adjusted to align the parallel sequences. Consequently, interactions between RF pulses

and FID acquisition must be avoided, an issue that lies beyond the scope of this chapter.
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Chapter 6

Accelerated quantum optimal control

for magnetic resonance pulse design

Based on M. He, Y. Deng, B. Luy, J. G. Korvink, The Journal of Chemical Physics, 164
(6): 064114, 2026.

In designing RF and gradient decoupling schemes for parallel NMR spectroscopy, the
optimal control method functions as the primary approach. The LBFGS-GRAPE method
we currently use in the optimal control can require several hours on an HPC system to
optimize a coherence-locking pulse. In this chapter, we present a strategy that improves
computational efficiency by more than an order of magnitude. We investigate applying the
finite element method, previously used in our electromagnetic simulations, to accelerate
the solution of the Liouville-von Neumann equation, and employing the method of moving
asymptotes (MMA) [157], a technique widely used in topology optimization, to speed up

convergence.

6.1 Introduction

In magnetic resonance spectroscopy (MRS) and imaging (MRI), shaped radio frequency
(RF) pulses are widely employed to drive the state of a spin system toward a desired target.

The design of such pulses is typically framed as an optimal control problem [158].
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Chapter 6. Accelerated quantum optimal control for magnetic resonance pulse design

Among gradient-based optimization techniques, the gradient ascent pulse engineering
(GRAPE) method [55] has become one of the most widely used and efficient methods. The
original GRAPE method discretizes the control time into piecewise-constant intervals and
computes the spin trajectory via a bi-directional propagation, where gradients are obtained

using a first-order finite-difference approximation under sufficiently fine time slicing.

A variety of extensions to GRAPE have since been developed, targeting more accu-
rate derivative computation, advanced optimization strategies, and broader applicability
to general quantum systems. The derivatives of the sub-propagator to control variables
have been derived by differentiating the Taylor series [159]. A higher-order finite dif-
ference method was introduced to improve gradient accuracy [56]. The auxiliary matrix
formalism (AUXMAT) was introduced to compute exact gradients and Hessians, lead-
ing to improved convergence [160]. Automatic differentiation, implemented on graph-
ics processing units, was introduced to accelerate gradient computation [161, 162]. Be-
yond the gradient-descent update of the original formulation, several optimization algo-
rithms have been incorporated into GRAPE frameworks, including Quasi-Newton ap-
proaches [56, 163, 164], such as the Broyden—Fletcher—Goldfarb—Shanno (BFGS) algo-
rithm and its limited-memory version (L-BFGS), and Newton—Raphson methods [61] that
provide quadratic convergence. The accelerated Newton—Raphson variant was developed
to reduce the Hessian evaluation to O(N) complexity, as demonstrated for a single-spin
system [165]. Extension algorithms for open quantum systems demonstrated high-fidelity

control when handling decoherence effects [162, 166].

As modern magnetic resonance systems operate at increasingly higher frequencies,
various instrumental limitations have become more prominent, including RF power con-
straints [82, 83, 167] and hardware-induced distortions [74, 73, 168, 169]. Optimization
problems also grow more complex when modeling multi-qubit systems exhibiting entan-
glement [170], heteronuclear spin systems with J-coupling [171], or crystalline orienta-
tion distributions in solid-state MRS [172]. In parallel transmit MRI, pulse design under
safety constraints can involve thousands of control variables and hundreds of spatial voxels
[91, 173, 174]. To address crosstalk in parallel MRS, compensation strategies incorporate
an ensemble of By distortions caused by gradient coils [36], along with multiple coopera-

tive pulses tailored for parallel excitation [35].

These scenarios often require ensemble-based optimization, where system parameters
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vary across ensemble members. In such cases, the gradient or Hessian must be com-
puted for each ensemble element, and control updates are determined from the ensemble-
averaged derivatives, as in the L-BFGS and Newton methods. This significantly increases
the computational cost, potentially requiring several hours or even days of high-performance

computing time.

In this work, we address the optimization of single-spin magnetic resonance pulses by
combining the finite element method (FEM) [175, 176] with the method of moving asymp-
totes. Finite elements with linear, quadratic, and cubic Hermite basis functions provide
an efficient and scalable solution for computing single-spin optimal-control gradients. By
formulating the ensemble-averaged fidelity maximization as a constrained optimization,
MMA converges more rapidly than L-BFGS and yields the lowest overall runtime among

L-BFGS and Newton—Raphson methods.

6.2 Methodology

The Liouville-von Neumann (LvN) equation masters the evolution of a general spin sys-

tem. The equation in Liouville space is given by

d
—p(t) +iLp(t) =0,
dtp() iLp(t) 6.1)

p(0) = po,

where py is the initial state. While ignoring the relaxation effect, the Liouvillian L can be

decomposed into the internal part and the control part,
L(1) = Lint (1) + ) 2 ()Lg, (6.2)
k

where Lj, could contain Zeeman interaction with the magnetic field and spin-spin cou-
plings. The L represents a control operator and xi(#) is a time-dependent coeflicient.
A control sequence x(t) is applied to steer the spin system from an initial state pg to a
target state o in a specified time duration 7. A measurement of the control efficiency is

the overlap between the target state and the actual final state pr, i.e.,

n=«olpr), (6.3)
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which stisifies —1 < n < 1. We consider an ensemble spin system with N, members,
for which the control amplitudes are limited, so that the optimal control problem can be

defined as:
Find x(r), t € [0,T],
Nens
{ to maximize f = Z Mns (6.4)
n=1

: max
constrained by |x ()] < x"™".

6.2.1 FEM solution of the Liouville-von Neumann equation
Linear elements

In the context of magnetic resonance, the FEM has previously been applied to solve the
stochastic Liouville equation for chemically induced spin polarization problems [177, 178]
and for electron spin resonance spectral simulations [179]. In Eq. 6.1, the spatial variables
are absent relative to the stochastic Liouville equation. Within the Hamilton principle, the
integration domain, time interval [0, 7], is discretized into N elements with N + 1 nodes.
The control variables are represented as a piecewise-constant waveform x, rendering the
Liouvillian L constant within each element. The solution of Eq. 6.1 is approximated as a

linear combination of shape functions,
N+1
p(t) = Z a;¢;(1), (6.5)
i=1

J

where «@; has the same dimension as the spin state vector p(t), and ¢;(¢) represents the
Jj-th shape function. As shown in Fig. 6.1, by using the linear elements, the nodal shape

functions globally defined at node j are expressed as

(t—tj_1)/At, tj 1 <t<ty,
$H() = (tj — /AL 1 <1<t (6.6)

0, otherwise.

Note that it’s also possible to define the two linear shape functions locally at element j as

¢St (1) = (t—1)) /A1, ¢ (1) = (1;+ At =) /A1, 1, <t <t;+AL (6.7)
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Figure 6.1: View of the one-dimensional linear Lagrange global shape functions. The time interval
between two nodes is uniformly set to A¢. The labels L, Lo, ..., Ly represent the discretized
Liouvillian for a piecewise-constant waveform.

In the following derivation, globally defined shape functions in Eq. 6.6 are used, and the

superscript n is omitted.

The Galerkin’s method [63] demonstrated that the integral of the weighted residual

equals zero, i.e.,

T(ad
/ (—p + in) &dt = 0. (6.8)
0 dt

where p is the approximated solution expressed by Eq. 6.5, @ is the chosen weighting
function. Selecting each shape function as the weighting function, ie., ©® = ¢; (i =

1,2,..., N +1), and substituting Eq. 6.5 into Eq. 6.8 gives the following linear equations,

N+1

T d¢j . .
Zaj/ —L 4iLg;|gidr =0, i=1,2,....N+1. (6.9)
a 0 dt
In matrix form, this can be written compactly as:
K-a=f, (6.10)

where « is the vectorized @; (j = 1, 2,..., N + 1), f = 0 is a forcing function, often
called the load vector, and K is an impedance function, often called the stiffness matrix.

The terms load and stiffness appeared first in the finite element literature because of the
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application to computational mechanics. An element of K is given by:

In+l
Kl.j:/O ( i +1L¢J)¢ldt Z/ (d¢’ +1L¢])¢,dt (6.11)
n=1

Considering that ¢; is nonzero only within the elements connected to node j, the global

stiffness matrix K can be assembled from the element stiffness matrices:

[ el 1
Ky Kp
1 1 2 2
Ky K3y +Kiy Ky
Ke,2 Ke,Z +Ke,3 K(’,3
K = 21 22 11 ‘12 . (6.12)

e,3

Ky
e,N-1 e,N e,N
Ky + Ky Ky

e,N e,N
K21 K22

which reveals its banded structure, while the stiffness matrix of the j-th element is given

by

+ d j+ d +
ﬁtj 1 ( @ +1Lj¢j) ¢J dt /tjt] 1 ( $jr1 +1LJ¢J+1) ¢J dt

Kl =| . (6.13)
tiv1 [d tis1 (dois
.[tj] 1 (% +1Lj¢j) ¢ 1 dt ‘/l:jj 1 ( Pj+1 +1L]¢]+1) $ a1 dt
Substituting the expressions for the linear shape functions yields:
E , iLj E , iL;
- |3+ FAr 5+ A
K= 2 0 ; N (6.14)
J ]
-3 + —At § At

Equation 6.14 defines the element stiffness matrix derived from a general Liouvillian. Fora
single-spin system, the local element spin vector is p € C*¥!, the local element Liouvillian
isL; € C*4 and E denotes the identity matrix. Each element stiffness matrix K ej g C8*8
couples two nodes, while the corresponding global stiffness matrix is K € CAN+x(AN+4)

The spin trajectory is obtained through four steps, presented in Algorithm 1.

Quadratic elements

To improve accuracy, quadratic shape functions were employed. The element shape func-

tions are given by

1 1
$1(8) = F¢(6 =), $a(€) =1- &2, 93(6) = 5¢(E+1), £€[-L1]. (615
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Algorithm 1: Solve the linear system.

Input: Initial state pg, stiffness matrix K and load vector f
Output: Solution vector

Initialize @1.4 < po;
Update load vector: f < f — K. 1.4100;
Ey4

Modify stiffness matrix: K « ;
K[5.4n+4, 5:4N+4]

Solve linear system: Ka = f;

Assuming the Liouvillian is constant within an element of size 2At, the element stiffness

matrix can be written as a 3 X 3 block matrix:

; YTde, 1
ej _ n T .
K = /_1 [ dé A +1LJ¢,,] Om - Atdé, (6.16)

where L; denotes the Liouvillian on the jth element and m,n € {1,2,3}. The element

stiffness matrix is therefore

12 1 4 2 _1
2 3 6 15 15 15

e = |_2 2 2 16 2 |giL.

K“=|-2 0 2|®E+|2 1 2 @il (6.17)
12 1 1 2 4
6 3 2 15 15 15

where E denotes the identity matrix. The global stiffness matrix is given by

[ el e,1 el
Kll K12 K13

Ky K Ky
K5 OKS) Ky + KK
K= KgE . (6.18)
K kYK K
K Ky K
Ki' Ky K

For a single-spin system, the Liouvillian L € C** element stiffness matrix K¢/ € C!2*12

connects three nodes, and the global stiffness matrix K € CEN+x(8N+4),

Hermite elements

When a piecewise-linear waveform is adopted to mitigate instrumental distortions, the
Hamiltonian should remain continuous across time intervals. Hermite shape functions

enforce C! continuity between elements and are therefore well-suited. If one needs to
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L Ln+1

Figure 6.2: View of the piecewise-linear waveform, the Liouvillians are defined on the nodes.

optimize a piecewise-linear waveform in which the Liouvillian is continuous across time
intervals [73], which is shown in Fig. 6.2. The cubic Hermite shape functions enforce

C! continuity between elements and are therefore appropriate for this case. The element

shape functions are given by

516)= {1-P2+8, () = {1921 +9)

63) = 1+ P2 -8, pu(®) = {1+ E-1), £el-L1L  (619)

The element stiffness matrix can be expressed as a 4 X 4 block matrix, i.e.,

[ 2 (L £ At
in = n_ j - / — ; PR
Kmn - ,[1 [ df Ar +1 (L] + 9 (L]+1 L])) ¢n] ¢m 9 dé:, (620)

where L; and L;,; denote the Liouvillians at the left and right nodes of the jth element,

respectively, and m, n € {1, 2, 3,4}. The element stiffness matrix is computed as

11 1 1 2 1 9 _1 3 1 9 _1

2 5 2 5 7 14 140 30 35 30 140 35

. 1 0 1 1 1 1 1 1 1 1 1 1

K¢ = |75 5B @E+ T 7 0% 0| QiAfL:+ % T % T giAfL:

L -1 1 1 ® 9 1 3 _1 ® J 9 1 2 _1 ® j+l-

2 5 2 5 140 35 35 30 140 30 7 14

1 1 1 1 1 1 1 1 1 1 1

5 1 5 0 % "W "% W 3% "W 1 B
(6.21)
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And the global stiffness matrix is given by

LS S kg

K5 Ky o Ky K5y

K5 Ksy K§+KiY K§ +KY KT K

K5 Ky Kiy+Ks? KG+ K5y Ksy Kot
K5y K5y

e,2 e,2
K4l K42

(6.22)

e,N-1 e,N e,N-1 e,N e,N e,N
Key + Ky Ky + Ky Ky K
e,N-1 e,N e,N-1 e,N e,N e,N
Ky + Ky Ky +Ky Ky Ky
e,N e,N e,N e,N
Ky Ky Ksy K3

e,N e,N e,N e,N
K41 K42 K43 K44 |

For a single-spin system, the Liouvillian L € C*4, the element stiffness matrix K¢/ €

C10x16 and the global stiffness matrix K € C(8N+8)x(8N+8)

6.2.2 Adjoint analysis

For compatibility with the FEM solution, the fidelity function in Eq. 6.3 is rewritten as
n=cr*-pT:[0 a’f]-a, (6.23)

where pr = @4n+1.4n+4 denotes the final state. The gradient of the objective with respect

to the control variables x is

f dK
dn _ dyde_ dn g (d—— d ) (6.24)

dx dadx da dx Ea
On the right-hand side, evaluating the third term df /dx — (dK/dx)a requires N matrix—
vector multiplications. Since the finite elements are aligned with the discrete waveform,
over which the Hamiltonian is constant, this term can be computed locally on each element,

using the trajectory associated with the corresponding nodes. For instance, when j = 1,

of 0K —-2 Kfi] 0 a1:8

0x1 el el :
= 1 ke : 6.25
0x1 c?x1a Ko Ky 0 ( )

115



Chapter 6. Accelerated quantum optimal control for magnetic resonance pulse design

when j > 2,
0 0
of 0K oK
E - aTja' T Tox; @4j-3:4j+4] - (6.26)
0 0

The dK*//dx; can be obtained by differentiating K¢/ with respect to x; in Eq. 6.14.
Subsequently, multiplying K~! by N vectors can be efficiently performed using the adjoint

method [180], where an adjoint equation is defined as

d T
K" = (—'7) : (6.27)
da
where A € CUN*X1 ig the adjoint vector. After obtaining A, the gradient is computed as

dx dx

dy _ 7 (df_dK
dx '

(6.28)

With the adjoint method, the cost of gradient computation becomes comparable to that of

solving the spin trajectory.

6.2.3 Regularization

To ensure smooth pulse shapes, we apply the Helmholtz filter [181], defined as

d*x* (1)

St :R2
x° (1) e

+x(1), (6.29)

where R denotes the filter radius, set here to R = T7/130. The term x¢(¢) corresponds
to the original control variables, while x*(¢) denotes the filtered (smoothed) variables.
By approximating the solution with linear shape functions, Eq. 6.29 is solved through a

separate linear system:
Kth = fh, (630)

where the stiffness matrix elements are

T do .
Kij:/ g1 4o
0

di di + ¢j¢idt, (6.31)
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and the load vector elements are

T
fi = / x(t)p;(1)dt. (6.32)
0
The element stiffness matrix over interval [¢;,7;41] is

Lj+ do; do; Lj+ doj1 dd;
ﬁj 'R dt] dt’ +¢;¢;dt /j 'R allz1 ]+¢J+1¢Jdt

K = (6.33)
t de; do . t dg i doj.
'/l'j]Jrl R2 ¢] ¢] 1 +¢J¢J+1 dt /’]+1 R2 ¢] 1 ¢] 1 +¢J+1¢J+1 dt
By substituting linear shape functions, the equation simplifies to
At R2O AR
Ke,j — 3 At 6 At (6 34)

Sxs, i=1,
Ji= %(xf_l +x{), 2<i<N, (6.35)
8x5,, i=N+1.

The Jacobian matrix that relates the smoothed variables to the control variables is

dXS -1 0fh 8fh éfh

=K' [—, —.....—|, 6.36
dax¢ h Ox{ 0x§ oxy, ( )
which yields
1
11
dx* At _ 1
-3 — K, v aons] o (6.37)
11
1] (N+1)xN

For pulses expressed in Cartesian coordinates, an additional hyperbolic tangent scaling

function is applied to constrain the waveform amplitude within [—1, 1]:

1— e—KxS(t)
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Here, « controls the steepness of the transition period; a typical choice is k = 10, which
allows the pulse to reach its maximum amplitude. The gradient of the scaled waveform x

with respect to the smoothed variables x* is a diagonal matrix:

i=1,2,...,N. (6.39)

dx ) ke KN
dxs ’

v e

By the chain rule, the gradient of the fidelity  with respect to the control variables x¢ is

given by

=122 .22 (6.40)

6.3 Numerical implementation

6.3.1 Matrix assembly and solving

Depending on the interpolation element type, Eq. 6.14, 6.17, or 6.21 was used to gen-
erate the element stiffness matrices from the piecewise Liouvillians. As illustrated in
Fig. 6.3, these element matrices were computed in a vectorized manner and stored in a
three-dimensional array, where each slice corresponds to one time segment. This 3D ar-
ray is then vectorized and assembled into a 2D sparse matrix using MATLAB’s sparse

function, with the index vectors generated separately.

K
Ky
A Ke2 susasesl Ll reaeee

Ke’N ez2
K,

column-wise K:. Assembly by -

n

vectorization ; | value-index key e
K
K3 =
Ko

Figure 6.3: Assembly of the stiffness matrix in MATLAB. The element stiffness matrices were
stored as a 3D array, vectorized, and then transformed into a 2D sparse matrix using the sparse
function.

The spin trajectory and the adjoint vector are jointly solved using an LU decomposition,
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6.3 Numerical implementation

taking advantage of the banded sparse matrix structure:
dK = decomposition(K, 'banded');
alpha = dK \ f;
lambda = eta / dK;

Here, eta denotes the extended objective defined in Eq. 6.23.

The gradient of the stiffness matrix in Eq. 6.28 is evaluated by multiplying a block-
diagonal matrix with a vector containing the element-wise solutions, as illustrated in Fig. 6.4.
Each block in the matrix represents the analytical gradient of a piecewise Liouvillian with
respect to the local control parameters. The right-hand vector contains the state solutions
obtained from Algorithm 1, and the corresponding degrees of freedom are arranged to
align with the left-hand matrix according to Eqgs. 6.25 and 6.26.

element-wise
gradient of K solutions

H""'M""'H""'H"""

Figure 6.4: Computation of the gradient of the stiffness matrix with respect to the control vari-
ables. The left-hand gradient of K is constructed by stacking the analytic gradient matrices of K*
into a block-diagonal form, while the right-hand vector represents the element-wise spin states cor-
responding to each K¢ on the left.

Two commonly used operator bases are available for constructing the Liouvillian: the
Zeeman basis, which is built from Pauli matrices, and the irreducible spherical tensor (IST)
basis [58]. These two bases yield stiffness matrices with different banded structures. To
visualize the difference, we consider a single-spin system driven by two control channels (x
and y) over 10 time steps. The resulting stiffness matrices are shown in Fig. 6.5. The matrix
constructed with the IST basis is visibly sparser, containing fewer nonzero elements, which

leads to improved computational efficiency.

The wall-clock time for gradient computation under the two bases was benchmarked for
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both single-spin and two-spin systems, as shown in Fig. 6.6. Figures 6.6(a,b) correspond to
linear elements, while Figs. 6.6(c,d) correspond to Hermite elements. In all cases, the IST
basis outperforms the Zeeman basis, achieving approximately 20% higher computational

efficiency. Therefore, the IST basis was adopted in the subsequent implementations.

a b

i ~ Zeeman :35:'35:.‘ | ST

10 + ®e0 o0 ‘o0

10
[ 34 [ 1] oo
5] 5] % % o
20 20 |
25 25
30 [ 30
351 351

40 40

45 : . . ' 45

Figure 6.5: Banded structure of the global stiffness matrix for a single-spin system with 10 time
steps, using (a) the Zeeman basis and (b) the irreducible spherical tensor (IST) basis.

6.3.2 Optimization algorithm

After obtaining the spin trajectory and the gradients, the control variables are updated
using MMA, a widely used approach for large-scale, constrained nonlinear optimization
problems, such as topology optimization [182, 183]. MMA is a gradient-based algorithm
that leverages the values and gradients of the objective and constraint functions to iter-
atively construct and solve a sequence of convex subproblems. Each subproblem has a
unique optimal solution that can be efficiently obtained via a dual approach [184]. To em-
ploy the MMA algorithm, the maximization of the ensemble fidelity is reformulated as a

least-squares problem, i.e., by minimizing the following expression:

Nens

F&) = > (1=m)% (6.41)
n=1
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Figure 6.6: Comparison of wall-clock time for gradient computation using the Zeeman and IST
bases in single-spin and two-spin systems. Linear elements are shown in (a,b), and Hermite ele-

ments in (c,d).

In the implementation, the least-squares objective was reformulated by converting the in-

fidelities into 2Ny linear constraints while setting the objective function to zero [185]:

fo(x) =0,
f(x) =1-n,,

fNens+n(Xc) =1, -1,

n=12,..

n=1,2,..., Nens,

(6.42)

. aNel'lS'

Algorithm 2 outlines the pseudocode for solving the optimal control problem in Eq. 6.4.

The control variables x consist of M channels, each with N discrete values. Iteration pro-

ceeds until the average fidelity 77 reaches the target (e.g., 0.995) or the maximum number of

iterations is reached. For an ensemble of spin systems, the mesh is kept identical across all

members, so the index matrix of the stiffness matrix remains unchanged. Each ensemble

member has an individual Liouvillian, and the corresponding stiffness matrix is assem-
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Algorithm 2: Find an optimal control pulse shape.
Input: Parameters of the spin system; Pulse parameters
Output: Optimized control pulse x
Initialize x¢ « rand(M, N); // Random initialization
Solve n,, from Eq. 6.23 and dn,,/dx from Eq. 6.28;
for iter « 2 to iter,,, do
if 7 > target then
L break;

else

Compute f,, from Eq. 6.42 and df,,/dx°¢ from Eq. 6.40;
Update x° using MMA; // Update control variables
Solve x® from Eq. 6.30 and dx®/dx® from Eq. 6.37; // Smooth
variables
if x¢ are Cartesian components then
Solve x from Eq. 6.38 and dx/dx® from Eq. 6.39 ; // Scale
variables
else
L X « x5;

Solve @ from Algorithm 1; // Solve LvN equation
Solve n,, from Eq. 6.23 and dn, /dx from Eq. 6.28; // Adjoint
analysis

return x;

bled to evaluate the spin trajectory and its gradient. Handling an ensemble system can
be efficiently accelerated using MATLAB’s parallel computing capabilities. In contrast,
processing the variables involves solving a separate linear system, executed only once per
iteration. For phase optimization, the smoothed variables x* define the pulse shape; for

Cartesian components (x and y) optimization, x* is further scaled to the range [—1, 1].

6.4 Results and discussion

6.4.1 Accuracy with small step

The accuracy and computational efficiency of the FEM approach for solving the single-
spin system were evaluated. The step-by-step propagation method [55] is adopted as a
standard reference, where the control gradient is computed using the AUXMAT. This
referred method was executed using Spinach v2.8 [58], where step propagators are com-

puted via the reordered Taylor expansion, summing low-order terms to machine precision
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(2.22x 10716 on a 64-bit machine). All computations were performed in MATLAB 2025b
on a PC equipped with an AMD Ryzen Threadripper PRO 3955WX 16-Cores processor
(base frequency: 3.90 GHz) and 256 GB of RAM. For benchmarking the speed of the
FEM method, MATLAB’s parallel pool was disabled to remove the influence of parallel

computing.

The relative error of the spin trajectory is defined as

N+1 | F p
1 lo; = p; |
= ) 6.43
YT N+1 Z o7 643)
i=1 i

where N denotes the number of time steps, and pll.) and pf are the i-th spin vectors obtained
from step-by-step propagation and FEM, respectively. Since the spin state vectors are

normalized, | plP| = 1. And the relative error of the gradient is computed as

N

€grad — %Z

i=1

F _ yyauxmat
vh- v

auxmat
Vz’

, (6.44)

where V3™ and Vll.: are the partial derivatives of the objective with respect to the i-
th control variable, computed via AUXMAT and FEM, respectively. The approximation
error is mainly determined by the discrete step size ||L||Az. In typical liquid-state NMR
experiments, an RF amplitude of 10kHz and a time step of 1 s yield ||L||Ar = 0.063.
In this analysis, ||L||At was varied from 0.01 to 0.1, and for each value, 30 random pulse

shapes were generated to compute the mean values of €, and €gag.

The performance of the linear and quadratic elements was compared with the AUX-
MAT and second-order finite difference (FD) methods, where the propagators were ap-
proximated by truncating the Taylor series. Figure 6.7 shows the benchmark results for lin-
ear and quadratic elements. Using the linear elements, the spin-trajectory error increases
from 1076 to 1072, while the gradient error rises from 10~* to 10!, These accuracies
are comparable to the AUXMAT/FD results obtained using second-order truncation. Em-
ploying quadratic shape functions significantly reduces these ranges to 10~7—10* for the
trajectory and 10761073 for the gradient. Hence, quadratic elements show comparable

accuracy to AUXMAT/FD using third-order truncation.

The difference between €, and €g,q arises because in Eq. 6.43, | pll.)| is fixed at 1, whereas

in Eq. 6.44, V&M can become very small for some control variables and reaches the
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approximation error of the linear or quadratic elements, resulting in an amplified relative
error. An average ensemble fidelity of 0.995 can be achieved with a trajectory error below

1073, which for linear element approximations requires ||L||At < 0.06.
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Figure 6.7: The relative spin trajectory (a) and gradient (b) errors for the three compared meth-
ods. These errors are calculated relative to a reference solution obtained using machine-precision
step-by-step propagation combined with the auxiliary matrix formalism (AUXMAT) for gradient
computation. The computation considered a single-spin system driven by a piecewise-constant
waveform. In approximated AUXMAT and the second-order central finite difference (FD) method,
the propagators were evaluated via Taylor-series expansions truncated at second and third order,
as indicated in the legends. Note that with second or third order Taylor truncation, the errors of
AUXMAT and FD nearly coincide because they are dominated by the truncation error in propaga-
tor computation. The finite difference used a differentiation step of 7 = 0.1. The pulse duration
was set to 7 = 0.5 ms, the Liouvillian norm was ||L|| = 2 x 10* rad - s~!, and the number of time
slices N was swept from 100 to 1000.

The same procedure was applied to Hermite elements using a piecewise-linear wave-
form, and the relative error of the Hermite approximation is shown in Fig. 6.8. Unlike
the case of piecewise-constant waveforms, the accuracy of the Hermite discretization de-
pends on the smoothness of the linear waveform. Increasing the Helmholtz filter radius R
enforces smoother pulse shapes, reducing the error and exceeding the quadratic-element
accuracy when R = T'/42. And cubic Hermite elements offer an accuracy intermediate to

AUXMAT/FD methods using second- and third-order Taylor truncation.

6.4.2 Speed for 1 and 2 spin systems

The wall-clock time as a function of the number of time steps was evaluated for both

a single-spin system and a 2-spin system. Figure 6.9 compares the runtimes of FEM,
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Figure 6.8: The relative errors of the spin trajectory (a) and gradient (b) for three methods are
shown, using a piecewise-linear waveform while keeping all other parameters identical to Fig. 6.7.
Results from auxmat-2nd and auxmat-3rd are not shown because their errors are nearly identical
to FD-2nd and FD-3rd, respectively. Note that the errors of the cubic Hermite elements depend on
the pulse smoothness, where T is the pulse duration and R is the Helmholtz-filter radius controlling
the smoothing.

AUXMAT, and second-order finite differences for the single-spin case. For a piecewise-
constant waveform, when N ranges from 100 to 2000, the linear elements provide roughly
a 7x speedup over FD-2nd, while the quadratic elements yield about a 3.5X speedup over
FD-3rd. The wall-clock times for a piecewise-linear waveform are shown in Fig. 6.9b,
where the Hermite elements achieve approximately a 10x speedup over FD-2nd within

the same range of N.

Corresponding results for the 2-spin system are presented in Fig. 6.10. In this case,
both linear and quadratic elements require runtimes comparable to those of AUXMAT
and finite-difference methods for similar accuracy. The Hermite elements achieve about a

5% speedup over FD-2nd when N ranges from 100 to 2000.

It is worth noting that the FEM wall-clock time is piecewise linear; this behavior arises
because stiffness matrix assembly and linear system solving are performed on large, sparse
matrices. As the number of time steps increases, the working set eventually exceeds the
CPU cache capacity. The computation thus transitions from a compute-bound regime,
which is dominated by small dense matrix operations, to a memory-bound regime limited
by RAM bandwidth. Consequently, a few jumps appear in the runtime curve, and its slope

increases slightly in the large-N region.
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Figure 6.9: Wall-clock time for computing spin trajectories and derivatives in a single-spin system.
(a) Running time for the piecewise-constant waveform. (b) Running time for the piecewise-linear
waveform. In both panels, ||L||Ar = 0.063 is held fixed, and the number of time steps N is swept
from 10 to 2000. MATLAB’s parallel pool was disabled to eliminate the influence of parallel exe-
cution. Each benchmark was repeated 30 times for each method, and the average running time was
recorded. Across the practically relevant regime of N = 100 to N = 2000, linear elements achieve
an approximate 7x acceleration relative to FD-2nd; quadratic elements achieve 3.5x acceleration
relative to FD-3rd; and cubic Hermite elements achieve about 10x acceleration relative to FD-3rd.
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Figure 6.10: Wall-clock time benchmarks for computing spin trajectories and gradients in a 2-spin
system. (a) Running times for a piecewise-constant waveform. (b) Running times for a piecewise-
linear waveform. Within the range of 100 < N < 2000, linear elements show a 1.6X reduction in
running time relative to the FD-2nd, quadratic elements give comparable running times to FD-3rd,
and cubic Hermite elements give an approximate 5x speedup relative to FD-3rd.

6.4.3 State-to-state optimal control

The FEM combined with MMA was tested by optimizing a single-spin broadband exci-

tation pulse, which transfers I, to Iy over a 20 kHz offset range. The shaped pulse has
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a duration of 500 ps, discretized into 500 time bins, and a nominal amplitude of 10 kHz
with +£20% variations. Gradients were computed using three methods: FEM with linear
elements, auxmat-2nd, and FD-2nd, which yield comparable numerical accuracy. Each
method was repeated 20 times from different random initial guesses, and their convergence
rates are shown in Fig. 6.11a. The similar convergence rates are primarily constrained by
the MMA optimizer; its oscillatory convergence is analysed in the next section. In terms
of runtime, the linear elements achieved an order-of-magnitude speedup over auxmat-2nd,

while FD-2nd exhibits intermediate wall-clock time, as shown in Fig. 6.11b.
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Figure 6.11: Performance of the excitation pulse optimization for an ensemble single-spin system.
(a) Convergence rate comparison for gradients computed using FEM with linear elements, AUX-
MAT, and 2nd-order finite differences (FD). AUXMAT and FD used 2nd-order Taylor-truncated
propagators. Each method was repeated 20 times from different random initial guesses, and the
MMA algorithm was used for optimization. (b) Histogram showing the time consumption of the
three methods. The shaped pulse steers I, to Iy with RF amplitude 10 kHz and +20% scaling
(neg = 5). A 20kHz bandwidth was discretized into nog = 51 offsets, giving Neps = 255. The
500 us pulse was piecewise constant with 500 segments, its amplitudes were fixed at 1, and its
phases were optimized. The target ensemble fidelity was 0.995. To eliminate the influence of par-
allel computation, the parallel pool was disabled in MATLAB 2025b.

In the above test, a single-spin system was constructed for each ensemble member,
and all fidelities and gradients obtained from either the FEM, AUXMAT, or FD methods
were provided to the MMA algorithm, in which the ensemble constraints were built by
Eq 6.42. When AUXMAT is combined with L-BFGS or Newton optimization, as imple-
mented in Spinach, the Hamiltonians of the non-interacting subsystems can be assembled
into a block-diagonal matrix, which allows the ensemble-averaged fidelity and gradient to
be computed more efficiently. This block-diagonal acceleration was excluded from the

comparisons.
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6.4.4 Propagator optimization

The performance of MMA was tested against the L-BFGS and Newton-Raphson methods,
with the latter two executed using Spinach v2.8. The test case involved optimizing a broad-
band universal rotation pulse, designed to realize the target propagator U = exp (—inlx/2)
across a 20 kHz offset range. The shaped pulse has a duration of 500 us, discretized into
500 time bins, with a nominal amplitude of 10 kHz and +10% scaling variations. The lin-
ear algebra was implemented in Hilbert space, where a unique target propagator favored
by the optimization algorithm can be defined [186]. Unlike the step-by-step propagation
in the GRAPE method, the FEM model approximates spin evolution directly using a lin-
ear combination of basis functions. As a result, the effective propagator is not explic-
itly constructed, rendering propagator optimization currently infeasible within the FEM
framework. AUXMAT was used to compute the gradient for both MMA and L-BFGS,
and the Hessian matrix for the Newton-Raphson method; propagators were calculated us-
ing a Taylor series expansion truncated to machine precision. The convergence behavior
shown in Fig. 6.12a indicates that L-BFGS achieves stable but slower convergence as the
fidelity approaches the target. The Newton method converges more rapidly and stably,
while MMA achieves a comparable convergence rate to the Newton-Raphson method, al-
beit with a non-monotonic curve. The wall-clock times, shown in Fig. 6.12b, indicate
that MMA completes the optimization faster than both L-BFGS and the Newton-Raphson

methods.

The oscillatory behavior of the MMA algorithm arises from the implicit Hessian (cur-
vature) introduced by its moving-asymptote approximation. The empirical choices of the
moving asymptotes implicitly generate an approximated, positive-definite diagonal Hes-
sian, which may be inaccurate. For example, loose asymptotes yield smaller curvature and
consequently an aggressive step that overshoots the local minimum. The algorithm then
corrects this overshoot by moving back in the next iteration, leading to an oscillatory pat-
tern. The modified variant, globally convergent MMA (GCMMA) [187], addresses this by
introducing an additional inner iteration that plays a role analogous to a line search. This
process forces more conservative approximations of both the objective and constraints,
yielding slower but more stable convergence. However, each inner iteration requires re-
computing the ensemble fidelities, whose cost is comparable to computing both fidelities

and gradients together.
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Figure 6.12: Performance of implementing a universal 903 rotation for an ensemble single-spin
system. (a) Comparison of convergence rates for the MMA, L-BFGS, and Newton-Raphson meth-
ods, each method was repeated 40 times using different random initial guesses, AUXMAT was
used to compute the gradient and Hessian. (b) Histogram of wall-clock time for three methods.
The RF amplitude was 10 kHz with +10% scaling (ns = 5). A 20 kHz bandwidth was sampled
at nor = 51 offsets, giving an ensemble size Nepg = 255. The 500 ps pulse used 500 piecewise-
constant slices with unit-fixed amplitude, and the phases were optimized. Optimization targeted
an ensemble fidelity of 0.995 and terminated at 100 maximum iterations. Ensemble gradient and
Hessian evaluations were accelerated using 16 workers in MATLAB R2025b.

6.5 Conclusion

In this work, we employed the FEM method to solve the Liouville—von Neumann equation
for a single-spin system. Achieving gradient accuracy comparable to step-by-step propaga-
tion approach using second-order Taylor-truncated propagators, the use of linear elements
provides an approximate order-of-magnitude speedup in gradient evaluation. Addition-
ally, the propagator optimization benchmark confirms that the MMA optimizer converges
faster than L-BFGS, highlighting the potential of this approach for time-constrained opti-

mal control problems.

MRI pulse optimization inherently involves hardware constraints, including limits on
RF amplitude and total energy, as well as optimization time as an additional constraint.
Within this context, the FEM offers high computational efficiency for single-spin systems,
while the MMA is particularly well suited for handling nonlinear constraints and achiev-
ing rapid early-stage convergence. Hence, their combination is a promising solution for

accelerated MRI pulse optimization.

With the adjoint method, gradient computation is as efficient as trajectory evaluation,

which is similar to the case in step-by-step propagation. Hence, the computational cost
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is dominated by stiffness-matrix assembly and linear-system solving. While the 1-spin
system attains the largest acceleration, this speedup drops by roughly a factor of 4 for 2
spins and is expected to diminish further as the spin system size increases, since memory
usage then exceeds the CPU cache capacity and spills into slower RAM. When the paral-
lelization is used to accelerate both the FEM [188, 189] and the step-by-step propagation
method [78, 190, 191], it is also worth studying their relative efficiency as a function of

the number of degrees of freedom.
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Conclusions

This thesis makes three main contributions to parallel high-field liquid-state NMR spec-
troscopy: RF decoupling and gradient decoupling, demonstrated in two-channel experi-
ments at 500 MHz, and accelerated pulse optimization, demonstrated in a single-spin sys-

tem.

By combining EM simulation with spin dynamics calculations, it was shown that RF
coupling causes excitation distortions by the parallel pulses and mixing of the parallel
FIDs. A linear-combination strategy was applied to design cooperative pulses that sup-
press RF coupling during parallel excitation, and the individual FIDs were recovered using
blind source separation. The RF decoupling method assumes that coupling occurs as a lin-
ear mixture through a coupling matrix, since an RF pulse can be delivered precisely to the
coil at a single RF frequency, for example 500 MHz. At GHz-range frequencies, however,
time-domain distortions become significant and RF signals may couple in a convolutive
manner. In such cases, BSS for convolutive mixture can be employed to identify the im-

pulse response function [119], which could in turn guide the design of cooperative pulses.

In gradient decoupling, the coherence-locking pulse designed via optimal control was
shown to be robust against gradient spillover—induced By drift and variations in ensemble
spin-system parameters. However, concurrent RF coupling, which is not addressed in the
gradient decoupling scheme, necessitates lower pulse amplitudes and therefore restricts
bandwidth. A more general strategy would address RF and gradient effects jointly. This
approach, together with the execution of distinct pulse sequences in parallel channels, re-

quires more advanced sequence design and greater hardware flexibility. For example, the
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Chapter 7. Conclusions

observe channel may be disabled while a homonuclear pulse is applied on another channel

to prevent signal leakage between reception and excitation.

Pulse optimization using FEM with linear elements was more than an order of magni-
tude faster than step-by-step time propagation. The MMA algorithm with a least-squares
objective converged faster than L-BFGS, although both methods rely on first-order gra-
dient information; however, oscillatory convergence behavior limits their applicability in
high-fidelity regimes, such as quantum gate optimization. A hybrid approach could use
MMA to quickly reach an initial target and then switch to a more stable method for fine-
tuning. Computation accuracy could be further improved by several FEM features, such
as higher-order shape functions or adaptive moving meshes. Another direction is includ-
ing spatial variables in the FEM model, either when diffusion becomes a degree of free-
dom [177, 192] or when optimal control of fluid samples [193] is concerned. Periodic
sequences are used to drive a spin system to a steady state [194], with applications such
as balanced steady-state free precession (bSSFP) [195] imaging and microwave-induced
dynamic nuclear polarization [196]. Pulse optimization in this setting may be addressed
by FEM, where a periodic boundary condition is imposed to enforce equality between the

initial and final states.
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