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Zusammenfassung

Die Verlagerung eines Anteils des Personen- und Giiterverkehrs von der Strafe auf die Schiene hat
das Potential die vom Verkehrssektor ausgestoBBenen Treibhausgase signifikant zu reduzieren. Eine
Verlagerung auf die Schiene ist aber nur dann durchfiihrbar, wenn die Transportleistung des Schienen-
netzes entsprechend erhoht wird. Diese Erhohung kann mit zusétzlicher Schieneninfrastruktur oder
durch eine Kapazititssteigerung der existierenden Infrastruktur erreicht werden. Im direkten Ver-
gleich erscheint die Steigerung der Kapazitit existierender Strecken attraktiver, da das Bauen neuer
Schieneninfrastruktur mit hohen Kosten, einem hohen Platzbedarf und langwierigen Planungs- und
Bauphasen verbunden ist. Eine Steigerung der Kapazitit ist dabei durch eine engere Taktung der Ziige
und eine Reduzierung der teils kilometerlangen Sicherheitsabstinde realisierbar. Erreicht werden kann
dies durch eine Erhohung des Automatisierungsgrades des Schienenverkehres und die Entwicklung
der dafiir notwendigen Technologien.

Eine der Schliisseltechnologien fiir die Automatisierung ist die absolute Lokalisierung aller Fahrzeuge
im Schienennetz. Die absolute Position ist insbesondere fiir die Optimierung des Verkehrsflusses
und die Manoversteuerung einzelner Ziige essentiell. Im Vergleich zum Straenverkehr spielt die
Bestimmung der absoluten Position der Fahrzeuge im Schienenverkehr eine wichtigere Rolle, da durch
die langen Bremswege eine reine Umfelderfassung mit Kameras, Laserscannern oder vergleichbaren
Sensoren nicht fiir einen sicheren Betrieb ausreichend ist. Diese Arbeit befasst sich daher mit der
Entwicklung und Evaluation eines neuartigen Lokalisierungssystems fiir Schienenfahrzeuge.

Das entwickelte Lokalisierungssystem basiert auf ortsabhéngigen Verzerrungen des Magnetfeldes. Die
Verzerrungen entstehen aus der Wechselwirkung des Erdmagnetfeldes mit magnetischen Materialien
in der Eisenbahninfrastruktur oder in Gebduden nahe der Strecke. Fiir die Lokalisierung muss zunichst
eine Karte der Verzerrungen erstellt werden. Die Karte ordnet jeder Position im Schienennetz den
dort zu erwartenden magnetischen Vektor zu. Die Position eines Zuges der sich durch das kartierte
Schienennetz bewegt, kann dann anschlieBend durch einen Abgleich seiner Magnetometermessungen
mit der vorab aufgezeichneten Karte bestimmt werden.

In dieser Arbeit werden die generellen Eigenschaften des Magnetfelds in Eisenbahnumgebungen
untersucht und basierend darauf geeignete Lokalisierungsalgorithmen abgeleitet. Konkret werden
Bayes’sche Schitzfilter entwickelt und untersucht, die durch eine rekursive Verarbeitung eine echtzeit-
fahige Magnetfeld-basierte Lokalisierung ermoglichen. Die entwickelten Filter beriicksichtigen dabei
explizit das Auftreten von Storgroflen in den Messungen und adressieren das Problem der Mag-
netometerkalibrierung. Die Magnetometerkalibrierung spielt eine zentrale Rolle fiir die praktische
Anwendbarkeit der Magnetfeld-basierten Zuglokalisierung, da ohne Kalibrierung der Abgleich der
Messdaten mit der Magnetfeldkarte erschwert oder verhindert wird. Die Kalibrierung ist dabei nicht
nur von den Eigenschaften des Magnetometers abhingig, sondern auch vom Zug, in dem der Sen-
sor montiert ist. Die Zugabhingigkeit entsteht dabei durch die Wechselwirkung von magnetischem
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Material im Zug und dem externen Magnetfeld. Wird keine Kalibrierung durchgefiihrt, ist es unter
Umstidnden nétig, ein separate Magnetfeldkarte fiir jeden zu lokalisierenden Zug zu erstellen. Um dies
zu verhindern, wurde ein neuartiges Verfahren fiir die Kalibrierung entwickelt, das sich, im Gegen-
satz zu gingigen Verfahren, auch fiir Schienenfahrzeuge eignet. Géngige Verfahren bendtigen eine
Rotation des Magnetometers im Raum wihrend es auf der zu lokalisierenden Plattform verbaut ist.
Die Rotation muss dabei in einem homogenen Magnetfeld durchgefiihrt werden und hat das Ziel, die
Beobachtbarkeit der Parameter sicherzustellen. Im konkreten Fall wiirde das bedeuten, dass der Sensor
zusammen mit dem Zug im Raum rotiert werden muss. Aufgrund der groen Masse und Ausdehnung
des Zuges, ist dies nicht ohne erheblichen Aufwand umsetzbar. Im Rahmen der Arbeit wurde daher
ein Schitzfilter entwickelt, das die Kalibrierparameter simultan mit der Position bestimmt und keine
Rotation erfordert. Das Filter nutzt dabei, dass die Beobachtbarkeit der Parameter auch durch die

Bewegung des Zuges in einem inhomogenen Magnetfeld erwirkt werden kann.

Neben konkreten Schitzfiltern fiir die Magnetfeld-basierte Lokalisierung, wurde eine untere Schranke
fiir die erreichbare Lokalisierungsgenauigkeit hergeleitet. Die Schranke basiert auf der Bayes’schen
Version der Cramér-Rao Schranke und kann u. a. fiir die Bewertung von Filteralgorithmen genutzt
werden. Die Herausforderung bei der Berechnung der Schranke besteht in der fehlenden analytischen
Darstellung des Magnetfeldes. Das Magnetfeld ist nur aus Messungen bekannt und die analytische
Berechnung des wahren Feldes ist praktisch unmdoglich. Selbst bei einer perfekten Kenntnis der
Umgebung und deren Materialeigenschaften wire die Wechselwirkung zwischen Erdmagnetfeld und
Umgebung zu komplex fiir eine geschlossene Berechnung. Zur SchlieBung der Liicke zwischen
Theorie und Praxis wurde in dieser Arbeit ein GauB3prozess auf die Messdaten angewandt um ein
probabilistisches Model des Magnetfeldes zu erstellen, das sich auf einfache Weise in die Schranke

integrieren lasst.

Alle entwickelten Methoden werden mit Messdaten getestet und anschlieend bewertet. Die dafiir ver-
wendeten Messdaten wurden mit drei verschiedenen Ziigen und auf zwei unterschiedlichen Strecken-
netzen aufgezeichnet. Die Auswertung zeigt, dass die entwickelten Verfahren fiir die Magnetfeld-
basierte Zuglokalisierung eine metergenaue Positionsbestimmung ermoglichen und die Verfahren das
Potential haben, langfristig einen Beitrag zur Automatisierung des Schienenverkehrs zu leisten.

il
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Shifting transportation of persons and goods from the road to the rail has the potential to significantly
reduce the greenhouse gas emissions of the transportation sector. For the shift from road to rail it is
crucial that the capacity of the track networks is increased to serve the increased demand. In order
to increase the capacity either new infrastructure has to be built or the existing infrastructure has to
be used more efficiently. When comparing the two options it seems to be preferable to increase the
capacity of the existing infrastructure since new tracks require a large amount of space, money, and
time for the planning and building phase. In contrast, increasing the capacity of the existing tracks
can be achieved by reducing the safety distances between consecutive trains from the absolute braking
distance, that can be up to kilometers, to the relative braking distance. To enable the capacity increase,
the degree of automation in railway traffic has to be increased and the required technologies have to be
developed. One key technology for automation is absolute train localization that is essential to control
the traffic in the network and the maneuvers of individual trains. The key role of the absolute position
for automation of railway traffic is in contrast to its role in the automation of road transportation,
in which the absolute position is not essential to maintain a safe operation of the vehicles. The
importance of the absolute position for railways is a result of the long braking distances, which exceed
the measurement range of sensors such as radars, laser scanners, and cameras. In contrast to road
transportation, were the braking distances are much smaller, for railways it is thus not sufficient for
safe operations to just rely on a supervision of the surrounding environment with the before mentioned
sensors. In this thesis, the focus is therefore on the development and the evaluation of a novel train
localization system to enable automated train operations.

The developed localization system is based on position dependent distortions of the magnetic field
along a railway track. The distortions are a result of the interaction between the Earth magnetic
field and the magnetic material in the railway infrastructure or buildings close to the track. For
localization first, a map of the magnetic distortions is created that relates to each position on a track
the corresponding magnetic vector at that position. Second, a train moving within a mapped track can
estimate it absolute position by comparing multiple measurements of an on-board magnetometer to
the magnetic vectors in the map.

In this thesis, general properties of the magnetic field in the railway domain are investigated and
based on the findings suitable localization algorithm are derived. Concretely, recursive Bayesian filters
are developed and evaluated that enable magnetic field-based train localization in real-time. The
developed filters explicitly account for disturbances in the magnetometer measurements and address
the problem of magnetometer calibration. Magnetometer calibration plays a central role when it comes
to the applicability of magnetic field localization in a practical setting, because without calibration the
comparison of the magnetometer measurements to a prior created magnetic field map becomes more
difficult or even impossible. The calibration not only depends on properties of the sensor but also on
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the train in which the sensor is mounted. The dependency on the train is a result of the interaction
of the magnetic material in the train and the external magnetic field. Without calibration it might be
necessary to create an individual map for each train that we wish to localize. To avoid this, a novel
calibration method was developed that, in contrast to commonly used methods, is also applicable to
trains. Common methods require a rotation of the magnetometer in space while mounted on the target
platform. For calibration, the rotation has to be performed in a homogeneous field and has the goal
to ensure the observability of all parameters. In the concrete example of magnetic train localization,
this means the sensor has to be rotated while mounted on the train. Due to the large extend and the
high weight of trains this would require a considerable effort. In this thesis, therefore a Bayesian
filter was developed that estimates the calibration parameters and the train position simultaneously
without the need of rotating the train. The proposed filter uses that the observability of the parameters
can be ensured also by moving through a inhomogeneous magnetic field rather than a rotation in a
homogeneous field.

In addition to the development of concrete filter algorithms, a lower bound for the achievable local-
ization accuracy was derived during the course of the thesis. The bound is based on the Bayesian
version of the well-known Cramér-Rao lower bound and can be used, e.g., as a benchmark for the
filter algorithms. The challenge in the calculation of the bound for magnetic localization lies in the
missing analytical model of the magnetic field. The magnetic field is only known from measurements
and the derivation of an analytical model is practically impossible. Even with perfect knowledge of
the environment and its material properties, the interaction between the Earth magnetic field and the
environment is too complex to find a closed form model. To close the gap between theory and the
real-world, we propose in this thesis to fit a Gaussian process to the measurement data to obtain a
probabilistic model of the magnetic field that fits nicely into the Bayesian framework of the lower
bound.

All developed methods are tested and evaluated based on measurement data. The measurement data
for the evaluation was collected with three different trains driving in two different track networks.
The evaluation shows, that the methods developed for magnetic train localization enable meter-level
accuracy and that magnetic train localization can potentially contribute towards a higher degree of
automation in railway traffic.

v
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Introduction

In the European union (EU), the transportation sector is responsible for almost one quarter of the overall
greenhouse gas (GHG) emissions [1]. Therefore, modernizing transportation towards more energy
efficiency can considerably contribute to the reduction of the overall emissions. The comparison of
different modes of transport for freight and persons w.r.t. their GHG emissions clearly shows that
railways are superior compared to road transportation in both cases [2]. From an environmental point
of view, it is therefore desirable to increase the share of rail transportation. Although railways are
superior in terms of GHG emissions, if we look on the modal split for person and freight transport
in the EU only 6.3 % of the persons and 11.5 % of freight are transported with railways, trams or
metros [1]. In comparison, the share of road transport is 89.5 % for persons and 53.3 % for freight.
EU funded research initiatives and projects, like Shift2Rail and R2DATO, have the goal to increase
the share of railway on the overall transportation by increasing the capacity of the European rail
systems, improving the service quality, and by developing and introducing new technologies [3,4].
For achieving these goals, automation of rail traffic plays an essential role. One concrete example
where automation can considerably contribute to achieving the previously mentioned goals is virtual
coupling. Virtual coupling is a new operational approach, in which multiple trains can form a platoon
on-the-fly without the need of mechanical coupling between the individual trains. The coupling is done
only virtually with a communication link that is used to coordinate the behavior of the platoon. Virtual
coupling allows to reduce the distance between individual trains from the absolute braking distance
to the relative braking distance, which increases the capacity of the already existing tracks [3, 5].
Furthermore, with virtual coupling train lengths can be adapted to the current volume of passengers.

Introducing automation and new operational concepts for railway traffic, such as virtual coupling,
comes with several, yet unsolved, technical challenges. The braking distances of high-speed trains can
be in the range of multiple kilometers and therefore is beyond the measurement range of most distance
sensors, like cameras, radars and laser scanners. Thus, in contrast to cars, trains cannot solely rely
on sensors that capture the surroundings to operate safely, but require absolute position information
of trains even kilometers away. This makes a reliable train localization system and a system that
communicates the train position to other trains in the surrounding crucial for automated railway traffic.
Since the train position is safety critical it has to be reliable, accurate, and highly available. As
of today, existing train localization systems rely on dedicated track-side infrastructure, which makes
the systems expensive and slows down the deployment of new systems. Due to the aforementioned
disadvantages of infrastructure-based systems, it is desirable to move the hardware for localization
from the infrastructure into the train. Developing on-board localization systems that fulfill the needs
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of the railway sector w.r.t. safety, accuracy, and availability is an open challenge and is the subject
of several EU initiatives and projects, such as Shift2Rail [3], R2DATO [6], and CLUG [7]. In these
initiatives and projects, the focus is on the use of global navigation satellite systems (GNSS) such as
GPS and Galileo for localization. While this is an important first step towards infrastructure-less train
localization, satellite-based systems alone cannot provide an accurate position in the whole railway
domain. In tunnels for example, GNSS signals are completely blocked and hence cannot be used for
positioning, but even in environments in which GNSS signals are available the signal quality can be
severely degraded.

In this thesis, therefore an alternative infrastructure-less railway localization system is developed that
is independent from GNSS and that works also in tunnel environments. In particular, the thesis focuses
on the use of the Earth magnetic field for railway localization. Magnetic field localization is based
on distortions in the Earth magnetic field introduced by magnetic material in the environment. When
the magnetic material is stationary also the distortions they introduce are stationary and characteristic
for a certain part of the railway network. In the following the current state-of-the-art in railway and
magnetic localization is discussed and the contributions of this thesis are presented.

EEM state-of-the-Art

EEER Railway Localization

Train localization systems differ from other localization systems in that they do not determine the
position relative to a global coordinate system but a position relative to the track network. This does
not necessarily mean that a train localization system does not know where the train is in a global
coordinate system, but for automation of train traffic one is typically interested in where the train
is in the network. The location within the track network will be called topological position and
consists of two values, a discrete valued track identifier and a continuous valued along-track position
that describes the position of the train on the track. In order to obtain the topological position, the
localization systems need information of the track network. This information can be provided either
by a map of the network or by track-side equipment located at known positions.

The advantage of the topological position is that it automatically accounts for the track geometry, i.e.,
the difference between two topological positions is the length of the track between these positions.
Note, the difference between two topological positions is only unique when the sequence of tracks
between them is defined. In practice this is typically fulfilled because train operators schedule the

track sequences in advance.

In the following a short overview on different train localization systems is given. The overview is
divided into two parts. In the first part, systems are described that require track-side equipment and
in the second part, we describe systems that use only on-board equipment. Some more details and

references regarding train localization can be found, e.g., in [8] and [9].
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Localization with Track-side Equipment

Rail traffic management systems (RTMS) are divided into several layers [10]. The upper layers are
concerned with coordinating the traffic flow in the railway network that means here the decision is
made which train will run on which track. The decision is passed from the upper layer to the lower
layers. In the lower layers the signals are set and it is ensured that the trains travel safely through
the network without collisions. The layers related to signaling and safety are also called interlocking
system.

Interlocking systems are typically divided into fixed blocks and the systems ensure that each block
is only occupied by one train. In order to ensure this, the track vacancy is supervised continuously
by dedicated track-side equipment. A prominent example for equipment used for track vacancy
supervision are axle counters. Axle counters are placed on the start and at the end of each block.
When a train enters a block, the number of its axles is counted. The same is done when the train
leaves the block again. If the number of axles leaving the block is equal to the number that entered
the block, the block is considered vacant. Between the start and the end of the block the axle counters
provide no information about the train position. Thus, the traffic management system only has punctual
information about the position of a train once it enters or leaves a block and the density of position
information along the track is directly related to the length of the blocks.

Modern RTMS still rely on interlocking systems that use a block structure, but they supervise the
positions of trains continuously. For example, the European train control system (ETCS) combines
fixed reference points in the network and dead reckoning to continuously calculate the position of the
trains in the network [11]. In ETCS, the reference points are called Eurobalise and are in essence a
RFID tag that is placed between the rails. When a train passes over a balise, the balise is activated
by a signal transmitted from the on-board ETCS equipment of the train. The balise then transmits
a telegram to the on-board equipment making the balise the new reference point from which dead
reckoning is performed. Since the train can only move along the track, the dead reckoning is done by a
simple odometer such as a wheel encoder or Doppler radar. The accuracy of ETCS strongly depends
on the quality of the odometer and the density of the balises. According to the European agency
for railways the position accuracy should stay within £(5m + 5% - diraveled) With diraveled being the
traveled distance since the last balise [12]. From the accuracy requirement given by [12] it becomes
obvious that for accurate localization the track network has to be covered densely with Eurobalises. If
the error should stay below 10 m a balise has to be placed every 100 m of track. Furthermore, if from
the balise also the driving direction should be identified at least a group of two balises has to be placed
instead of a single balise. Equipping a large network with balises therefore quickly becomes expensive
and time consuming to maintain. To overcome these drawbacks, as mentioned already above, several
EU initiatives and projects are concerned with the development of on-board localization systems that
only need a minimum of track-side equipment.

Infrastructure-less Localization

Current research and development activities for on-board train localization are strongly focused on
GNSS and its peculiarities when used in the railway environment. The first and maybe most important
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peculiarity is that for trains we are not interested in their position in a global coordinate system but in
their position in the track network. We call this also track-selective localization because we want to
know the train position relative to the track the train is driving on. Therefore, the position obtained
from GNSS, which is given in a global coordinate system such as the Earth-centered, Earth-fixed
system, must be related to a position in the track network. This requires a map of the track network
that describes the tracks in coordinates of a global coordinate system.

In the literature, different approaches are proposed for how the topological position of the train
is derived from the GNSS position. The proposed approaches can be roughly divided into two
categories. The first category of approaches calculate the topological position directly by combining
GNSS observables, e.g., the pseudoranges, with the map [13] [C1]. Most of the proposed approaches
fall into the second category and follow a more indirect two-step scheme. In this approaches first, a
global position from the GNSS observables is calculated which is then combined in a second step with
the information of the track map [14-20]. The advantage of the direct combination of map information
and GNSS observables lies within the reduction of the required visible satellites to calculate the train
position [13]. A problem that is present for both categories of approaches is that the GNSS observables
and the position calculated from it is uncertain and it might not be obvious on which track the train
is currently driving. This problem is particularly difficult in a parallel track scenario where the tracks
are close together, e.g., in Germany the distance between tracks with a speed limit of 120kmh ™! can
be as close as 3.8 m [21]. If the uncertainty of the GNSS position spreads out over multiple tracks
ambiguity emerges. Some of the above mentioned papers therefore have a mechanism to cope with
the ambiguity by handling multiple track hypotheses. In [13,17] a particle filter is used, where the
particles can follow different tracks. In contrast, in [16] multiple Kalman filters are used to track the
individual hypothesis and to calculate their probability given the available measurements data.

GNSS is often combined with other sensor modalities such as inertial measurements units (IMUSs)
and odometers into a multi-sensor system. The combination of GNSS with other sensors improves
the overall localization and can help to identify the correct track hypothesis. For example IMUs
can help to detect the correct track after passing a switch based on the measured turn rates and
accelerations [22,23]. To bound the position errors in the absence of GNSS, the IMU can also be used
to obtain absolute position information by comparing the inertial measurements with the known track
curvature [24-26] or with a map of track irregularities [27]. The curvature-based localization only
works on curved parts of the track network, on straight tracks or high-speed tracks with large curve
radii the position accuracy most likely will be poor. The approach based on track irregularities relies
on a high-resolution and up-to-date map of the track.

EE®] Magnetic Localization

In contrast to the methods for infrastructure-less localization from the previous section, this thesis
proposes the use of the Earth magnetic field to bound the position error in GNSS-denied areas. The
idea behind the proposed magnetic field-based localization system is derived from the observation that
the Earth magnetic field along a railway track is distorted by magnetic material in its surrounding. In
the case of the railway environment, magnetic material can be found basically everywhere. Mostly the
found magnetic material is steel, e.g., in the rails and the masts holding up signals and the overhead
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Figure 1.1: Example for the magnetic field in the railway domain. The shown magnetic field was recorded with a magne-
tometer on-board a regional train on a track near Augsburg. More details about the measurements can be found
in Section 7.1.1.

power line. Furthermore, steel is also found in form of reinforcement in the concrete of buildings,
platforms, bridges, and noise barriers. To get a first impression of the magnetic vector field in the
railway environment, Figure 1.1 shows the magnetic field recorded on a 1km long track segment.
Details about the hardware setup used for this measurements can be found in Section 7.1.1. The shown
magnetic field values are the measured flux density normalized internally by the sensor to the Earth
magnetic field strength and hence are dimensionless. To emphasize this, we follow the notation of the
sensor manufacturer and label the axes with arbitrary units (a.u.). Unfortunately, the manufacturer does
not state the normalization value for the sensor used here but for newer sensor models a rough value
of 40 uT is mentioned. The reason uncalibrated values are shown here is that no practical calibration
procedure is available for magnetometers mounted on a train. The lack of appropriate calibration
procedures is a problem that will be addressed in this thesis, but for the following general introduction
to magnetic localization we can ignore this problem for now. From Figure 1.1 we can clearly see the
distortions of the magnetic field and that the distortions are different at different positions on the track.
When the distortions are caused by static, immobile, magnetic material also the resulting distortions
are static. Thus, these distortions can be seen as a magnetic fingerprint of the track that, when stored
in a map, can be used for localization. For position estimation the magnetic field measured with
a train-mounted magnetometer is compared to the map to find the part of the map that fits best to
the measurements. To find a unique position a single measurement is not sufficient and will cause
ambiguities, in practice therefore a sequence of measurements is compared to the map.

The authors of [28] and [29] also propose the use of magnetic field measurements for train localization
but in contrast to the work presented in this thesis, in which we passively sense the distorted Earth
magnetic field, their idea relies on a custom build active sensor mounted close to the rail. The
sensor induces an eddy current in the steel rail and then senses the resulting magnetic field. With the
measured magnetic field then the train speed can be estimated [30] and certain infrastructure elements
like switches can be detected and classified. The disadvantage of the active sensor is its mounting
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Figure 1.2: Flux density of the magnetic vector field measured in a laboratory of DLR. The four plots show the x-, y- and
z-components of the magnetic field and its magnitude. The x- and y-components are aligned to the coordinate
axes of the graph. The z-component is orthogonal to the other components such that they form a righted handed
coordinate system.

position close to the rails, which complicates the retrofitting of old trains and since it is an active sensor
it has to be shown that it does not interfere with the already existing train- and track-side equipment.

The idea of magnetic field-based localization, as it used in this thesis, is not new. It was and still
is investigated also in other environments. Most notably is the use of the magnetic field for indoor
localization. Intuitively it makes sense that especially in this environment the magnetic field attracted
the attention of the research community. In indoor environments there is no ubiquitous localization
system like GNSS. Therefore, the magnetic field offers a big benefit, it does not require dedicated
infrastructure and it contains absolute position information that can be used to bound the long-term
position error. In addition, from our experience the magnetic field in indoor environments shows
rather strong variations, which results in a high position accuracy. To get an impression how the field
looks in an indoor environment, Figure 1.2 shows the magnetic field recorded in an laboratory of the
German Aerospace Center (DLR). In total an area of 10 m by 3 m was measured and the sensor was
kept at an constant height. As we have seen already for the railway example, the indoor magnetic field
shows strong position dependent distortions. For the indoor measurements we can also quantify the
observed distortions because for the shown measurements the magnetometer was calibrated. If we
compare the maximal and minimal values of the field’s magnitude we see a difference of roughly 70 pT.
This is more than the flux density of the Earth magnetic field in Germany which is around 50 pT.
For comparison, the empirically determined noise standard deviation of the low-cost Kionix KMX62
magnetometer used in the measurements of Figure 1.2 was ~0.23 uT. The magnetic field therefore
not only varies considerably in indoor environments, but it also has a good signal-to-noise-ratio when
measured with a low-cost magnetometer.

The distortions in indoor environments are caused by magnetic material in walls, floors, pillars, and
in the ceiling. But also furniture can have an influence on the magnetic field. Examples for the use of
the magnetic field for indoor localization can be found in [31-35]. These papers are based on particle
filters that recursively estimate the position of a person or a robot. The particle filter has the advantage
that it can cope with the nonlinearity that stems from the nonlinear relation between the position and
the magnetic field. In addition, a recursive filter processes sequences of measurements which helps to
resolve ambiguities that might exist after initialization. To improve the localization performance, the
magnetometer can be combined with other sensor modalities, e.g., IMUs and wheel encoders. Besides



1.2 Contributions

Bayesian filters, also pattern recognition methods are proposed for magnetic localization. Examples
for such methods are convolutional neural networks [36] and dynamic time warping [37].

Since for indoor environments there is no ubiquitous localization system typically no ground truth
position is available for creating the magnetic map. This results in a simultaneous localization
and mapping (SLAM) problem that is well-known from the robotics domain (cf. [38]). In [39-45]
algorithms are proposed that address the magnetic SLAM problem. In [39-44] Bayesian filters are
used for the estimation while in [45] the authors propose a graph-based approach with a loop-closure
detection based on the magnetic field.

In addition to the railway and indoor environment, the feasibility of magnetic localization using a
particle filter has been demonstrated also for road environments [46]. Furthermore, even for airplanes
is was demonstrated that magnetic localization is feasible by combining a magnetometer with an
inertial navigation system (INS) [47,48]. A particle filter-based INS aided SLAM approach for
a magnetometer mounted in an airplane was proposed and evaluated in [49]. The magnetic field
distortions in the airspace have less spatial variations compared to the other domains and are caused,
according to [47,48], mainly by the crustal field of the earth. The crustal field is the magnetic field
caused by magnetic material in the Earth crust, and the observable spatial variability of it depends on
the altitude of the airplane. Therefore, for different altitudes individual magnetic maps are required.
Alternatively, methods to approximate the field at the current altitude can be used.

EF Contributions

The main goal of this thesis is to demonstrate the technical feasibility of magnetic field-based local-
ization in the railway domain. In order to achieve this goal, algorithms are developed that account
for the characteristics of the railway domain and that make the localization robust in the presence of
disturbances. Furthermore, the theoretically achievable accuracy of magnetic localization is investi-
gated. All the proposed algorithms are evaluated with measurement data collected with different train
types. In the following, the contributions of this thesis are presented in more detail and references to
the corresponding papers of the author are given.

I Robust particle filter for magnetic localization: To show the feasibility of magnetic localiza-
tion in the railway domain we presented in [C2] an approach based on an error state Kalman
filter that uses the magnetic field to bound the errors of an INS. Furthermore, in [C3] we showed
that with a particle filter localization is possible using solely the magnetometer measurements.
Besides these simple proofs of feasibility, in the scope of this thesis also filters that are robust
in the presence of magnetic disturbances are investigated. This is of particular importance
because magnetic localization is based on the comparison of the magnetic field measured by an
on-board magnetometer with a prior recorded magnetic map. Disturbances in the magnetometer
measurements therefore have a negative effect on the localization performance. Unfortunately,
in the railway environment the measurements are strongly affected by disturbances. Frequently
disturbances are caused by currents in the overhead power lines or moving magnetic material,
e.g., cargo trains on a neighboring track. While the alternating field of the overhead power
line can be filtered out relatively easy due to its known frequency, filtering out the disturbances
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caused by moving magnetic material is not that simple. In order to cope with disturbances that
cannot be filtered out, a multiple model particle filter was developed that detects disturbances
in the magnetometer measurements and excludes them from the filter update step. The filter
was proposed and evaluated in [C4]. Furthermore, in [C5] we adapted the filter algorithm
from [50] that uses multiple measurement models and softly switches between them to reduce
the influence of disturbed measurements.

Joint train localization and track identification: The task of a train localization system is
to estimate the topological position of the train, i.e., the system has to determine the current
track and the position of the train on that track. The track identifier is a discrete value and
can only change when the train is passing a switch. A localization system has to account for
this and has to track all possible track hypotheses until the correct track can be identified with
certainty. In [C5] we proposed and evaluated a particle filter-based localization system that
jointly estimates the position on the track and the track identifier. In the proposed particle filter,
the different track hypotheses are handled by creating a copy of the particle filter as soon as
the filter reaches a switch. Each of the filter copies continues tracking the train position for a
different track. Based on the residuals of the different filters, a decision is made for one of the
possible tracks. As an alternative for the copy filter, this thesis also investigates a straightforward
particle filter that randomly distributes its particles across the possible tracks when reaching a
switch.

Simultaneous localization and calibration: When a magnetometer is mounted on a platform
that contains magnetic material, the platform will interact with the external magnetic field and
alter the magnetometer measurements. Thus, if two trains measure the magnetic field of a
track with the same magnetometer the results may differ severely. This leads to difficulties in
the practical implementation of magnetic train localization, e.g., a magnetic field map might
be no longer universally valid for all trains but has to be created for each train individually.
An approach to remove the influence of the platform from the measurements is to calibrate
the magnetometer. Unfortunately, common calibration methods assume that the magnetometer
and the platform on which it is mounted can be rotated in a homogeneous magnetic field. The
rotation is required to render the calibration parameters observable. When the platform is a
train this is not practical due to its sheer mass and volume. Therefore, this thesis presents
a simultaneous localization and calibration (SLAC) approach that overcomes this problem
by exploiting magnetic field distortions. The approach was first presented in [J1] in which
it was evaluated based on measurements of a model train running in a laboratory of DLR.
In [C6] and [J2] the approach was then evaluated with data from a real train experiment. In
addition, in [C7] we showed the applicability of SLAC to a robotic platform driving in an indoor
environment.

Theoretical accuracy analysis: During the development of a position estimator it is beneficial
to have a benchmark for the estimator performance. For Bayesian estimators one possible
benchmark is given by the Bayesian version of the Cramér-Rao lower bound (CRLB). The
Bayesian Cramér-Rao lower bound (BCRLB) is a lower bound on the mean squared error
(MSE) of any estimator. If an estimator attains the BCRLB it is called efficient and no estimator
can achieve a lower MSE. The derivation of the CRLB and the closely related BCRLB requires
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a differentiable measurement model. For magnetic localization the measurement model is
given by the magnetic map that is known only from measurements and no analytical model
for it exists. Calculating the derivatives of the map therefore is not straightforward. In [J3]
and [C8] we addressed this issue by adapting the idea proposed in [51] to magnetic localization.
The key idea here is to approximate the magnetic map with a Gaussian process (GP). A
GP is differentiable and it accounts for the uncertainty in the magnetic map and fits nicely
into the Bayesian framework of the BCRLB. As a first step towards a BCRLB for magnetic
train localization, we investigated in [J3] the applicability of the BCRLB for magnetic indoor
localization on the basis of laboratory measurements. In [C8] we then transferred the BCRLB
to the railway domain.

KM structure of the Thesis

The thesis structure is shown in Figure 1.3 as a block diagram. The different blocks in the diagram are
linked to the contributions from the previous section by the corresponding roman number. Chapter 2
and Chapter 3 are the foundation to the latter chapters. Chapter?2 lays down the fundamentals used
in the development of the localization algorithms and the derivation of the BCRLB. Depending on
the familiarity of the reader with Bayesian estimation, this chapter can be skipped. In Chapter 3
the magnetic field in the railway domain is analyzed and sources of disturbance are identified. The
robust localization algorithms and the SLAC algorithm are presented in Chapter 4 and Chapter 5. The
more theoretical part of the thesis is completed with Chapter 6, in which the BCRLB for magnetic
localization is derived. An evaluation of all the developed methods and algorithms can be found in
Chapter 7. Finally in Chapter 8 conclusions of the presented work are drawn and a short outlook on
future work is given.



1 Introduction

Fundamentals

Theory and derivations

Figure 1.3: Block diagram of the thesis structure. The green blocks contain the main contributions of the thesis. The roman
numbers in the blocks create the link to the contributions described in Section 1.2
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CHAPTER 2

Bayesian Framework

The localization algorithms developed in Chapter4 and Chapter 5, and the BCRLB in Chapter 6 are
based on Bayesian methods to account for the inherent uncertainty of the used sensor data and to
incorporate motion models into the estimation. Therefore, in this chapter a Bayesian framework is
established that forms the foundation for the developed algorithms. The chapter starts with a general
introduction to Bayesian estimation and filtering. Then, the linear Kalman filter and the nonlinear
particle filter is discussed. This is followed by the theory of Gaussian processes. In the end of the

chapter, the CRLB and its Bayesian version is presented.

FXEM Bayesian Estimation

Bayesian estimation is based on the posterior probability density function (pdf) of the quantity that
we want to estimate. Let us assume for now that we want to estimate the value of parameter vector 0
given the observation z. Then the posterior pdf of @ is given by the conditional density

p(2|6) p(6)
p(0|z) = . 2.1
e p(2)
The above equation is called Bayes’” theorem and is easily obtained from the definition of conditional

probability

2.2)

p(ab) =

To avoid confusion, we would like to mention that in the following the terms pdf, density, and
distribution are used synonymously. The posterior in (2.1) consists of three pdfs. The likelihood
p(z|@) that accounts for the information contained in the observation, the prior p(8) of the parameter
vector that contains the information about 8 before any observations are available, and p(z) that
depends only on the given observation and hence can be seen as a normalization constant.

From (2.1) the difference between Bayesian and maximum likelihood (ML) estimation becomes
directly visible. An ML estimator treats 8 as a nonrandom constant for which no prior information is
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available. The ML estimator simply returns the estimate 6 of the parameter vector that maximizes the
likelihood for the given observation

6 = argmax p(z|0). (2.3)
0

In contrast, a Bayesian maximum a posteriori estimator returns the maximum of the posterior density
0 = argmax p(6|z) = argmax p(z/0) p(@) , (2.4)
0 0

which accounts also for the prior pdf. The prior information has the function of a regularization
during the maximization. The advantage of Bayesian over ML estimation is highly dependent on the
available prior information and may not offer any advantage. But there are also estimation problems
in which meaningful prior information is available. An example, that will be discussed in more detail
in the next section, is dynamic state estimation in which the evolution of the state over time can be
described by a mathematical model.

¥ Recursive Bayesian Filtering

In practice, we often encounter the problem that the state of a dynamic system has to be estimated from
a sequence of noisy observations. This problem can be addressed with a Bayesian estimator based on
the posterior distribution of the complete state sequence

p(Z1:[X0:) P(X0:1)

P(X0:x|Z1:k) = (2.5)

p(Z1:1) ’
where xg.; = (Xo,...,Xy) is the sequence of states x € R™x from time step 0 to time step k
and z1., = (z1,...,2;) is a sequence of observations with z € RN, The posterior distribution

p(x0.x|2z1.x) is also called full filter posterior since it is the pdf of the complete state history. In
contrast to the full filter posterior, the filter posterior only accounts for the state at the time step k& of
the newest observation. The filter pdf is obtained from a marginalization of (2.5) w.r.t. the states up
to time step k — 1

I p(z1:1]%0:) P(X0:1) dX0:k 1
p(zlzk)

p(xk|2z1.) = , (2.6)
where the integral is taken over the complete domain of x.;,—1. Here and in the following we will not
explicitly state integral limits when the integral is taken over the whole domain of the corresponding
variable. Furthermore, only a single integral sign is used in this case even when the integral runs over
multiple dimensions. Note, the pdfs in (2.5) and (2.6) are called filter posterior only when observations
exactly up to time step k are available. If instead the observation sequence z;,; with [ > k is used the
result is called smoothing distribution and for [ < k predictive distribution [52,53].

In practical applications, the focus lies often on the calculation of the filter densities because they
account for all the information available at the current time step and do not rely on future measurements,
as it is the case for the smoothing distribution. For real-time applications it is also important that
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the calculation of the posterior is completed within a predefined time window after receiving a new
observation. This becomes challenging when the posterior is calculated naively from (2.5) or (2.6)
because the amount of data, and for (2.5) also the number of state vectors, that have to be processed
grows over time. This issue is avoided through a recursive calculation of the posterior. The recursive
calculation is based on the common assumption that the dynamic system under consideration is
Markovian [52,54]. For a Markovian system the transition density of the state at time step & depends
only on the previous state and not the complete history

P(Xk|X0:k—1) = P(Xk|xp—1) - (2.7)

This is still true when conditioned additionally on previous measurements

P(Xk|X0:k—1,2Z1:k—1) = P(Xp|Xp—1) - (2.8)

Furthermore, given the current state the likelihood of an observation in a Markovian system is inde-
pendent from past observations and states

P(zk X0k, Z1:k—1) = P(2k|XR). (2.9)

The equations (2.7) - (2.9) show that in a Markovian system the state at a certain time step contains
all the information of previous states and observations.

With the definition of conditional probability (2.2), and the above assumptions (2.8) - (2.9) the full
posterior in (2.5) can be reformulated to

P(zk[X0:k, Z1:k—1) P(X0:k|Z1:0—1) P(Z1:8—1)
P(zk|Z1:6—1) P(Z1:k-1)

P(zk[xk) P(X0:|Z1:6—1)

p(2zk|Z1.6—1)
_ p(zklxk) P(Xk|X0:k—1, Z1:6—1) P(X0:k—1|Z1:6—1)
B P(zk|Z1:8-1)
= PEBIPOAEL) o) (2.10)
P(zk|Z1:8—1)

p(Xo;k!ZLk) =

The filter posterior density is obtained once more by marginalization of the state history

plalana) = =L o) plosoni - ddxos . @D
p(zk|Z1:k—1)
The posterior p(X.x|z1.x) at time step k is now a function of the posterior p(X¢.x—1|21.5x—1) from the
previous time step. To obtain the updated posterior for time step k, the posterior from the previous time
step is multiplied with the transition density p(xx|x;_1) and the likelihood p(z|xy). The posterior
update is usually divided into two steps. The first step is the prediction step in which the posterior
from the previous time step is advanced in time

P(x0:%|21:6—1) = P(Xk|Xk—1) P(X0:6—1|Z1:6—1) - (2.12)
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For the filtering density (2.11) the prediction is given by the Chapman-Kolmogorov equation

p(xXk|Z1k-1) = /P(sz|xk—1)p(XO:k—1|Z1:k—1)dX0:k—1
= /p(xk|xk—1)P(Xk—1|zlzk—1)dxk—1' (2.13)

The second step updates the predictive densities in (2.12) and (2.13) with the information of the current

observation to obtain the new full posterior density

p(zk|xk) P(X0:k|Z1:k—1)
p(zk|Z1:6-1)

P(X0:x|Z1:1) = (2.14)

and the filter density

(zk|xk) P(Xk|Z1:6—1)

2.15
pP(zk|Z1:—1) 15

p
p(xk|z1.k) =

The practical implementation of (2.10) and (2.11) depends strongly on the estimation problem defined
by the dynamic system whose state is to be estimated. This means it depends on the likelihood
p(zg|xx), the transition pdf p(xx|xx_1) of the state, and the prior distribution.

XM Linear Filtering - The Kalman Filter

If the dynamic system under consideration is linear and all involved distributions are Gaussian the filter
posterior in (2.11) will be also Gaussian and can be calculated analytically, which yields the famous
Kalman filter. The system under consideration here is given by the stochastic state space model

Xp+1 = Fpxp + wi (2.16)

Zp+1 = Hpp1Xg41 + Dgy. (2.17)

The dynamics of the state space vector xj are defined by the system matrix Fj, and the process noise
vector w.. The observations available for state estimation are obtained from the linear model in (2.17),
where Hy, is the observation or measurement matrix and ng; is the measurement or observation
noise. The noise vectors are both considered Gaussian and white

wi ~ N (O, x1, Q) (2.18)
ng ~ N (0,1, Rg) - (2.19)

With the system model in (2.16) and the process noise density (2.18) we can calculate the transition
density p(xy|xj—_1) that is required for the prediction step (2.13)

p(xk|xp—1) = N (xk; Fr—1x5-1, Qr—1) , (2.20)
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where we used the properties of Gaussian distributions under linear transformations. If the posterior

from the previous time step is Gaussian
DXkt ]Z1k-1) = N (xpors 7y S50 2.21)

then the prediction equation becomes

P(Xk|Z1:0—1) = /N(Xk; Fr1Xp—1, Qe )N (xp—15 0, B )dxp—1 - (2.22)
For the linear Gaussian case the integral (2.22) has the closed form solution [52]

p(x|z1-1) = N(xps Froip L Froa S0 FL + Qo)
— NG B (2.23)

The result (2.23) uses that from (2.20) and (2.21) the joint Gaussian density p(Xy, Xx_1|Z1.x—1) can
be calculated that then only has to be marginalized w.r.t. x;_;. Regarding the notation, the superscript
minus ~ is used for the predicted mean and covariance and the superscript plus ™ for their updated

posterior values.

With the predictive density (2.23) we now formulate the observation update by noting that the numerator
in (2.15) is equal to the joint density of z; and x;, conditioned on the measurement history

p(zk|xk) P(Xk|Z1:5—1) = P(Zk, Xk |Z1:5—1)- (2.24)

As for the prediction step, the joint density is again Gaussian and can be calculated directly from
p(zk|xk) = N(zp; Hyxg, Ri) and p(xg|z1.4—1). Once we have p(zg,Xk|z1.5—1), we can easily
calculate the desired posterior density using the properties of the Gaussian distribution [52]

p(xk|z1k) = N (xi; ", 25T (2.25)
where the mean u2’+ and covariance EE’JF are given by

e = T+ Ki(ze — Hpp ™) (2.26)

0T =207 - K SiK) . 2.27)
In (2.27) the innovation covariance matrix Sy and the Kalman gain K, are given by

Sy = H; 9 H/ + Ry
Ky, =X H[S. . (2.28)

With (2.23) and (2.25)-(2.28) we have all the ingredients for the Kalman filter. One iteration of the
filter algorithm, consisting of a prediction and a update step, is shown in Algorithm 2.1.
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Algorithm 2.1 Generic Kalman filter

1: Input: Initial mean p;jl and covariance E:_Jrl and the current observation zy,
2: Output: Updated mean " and covariance X3

Prediction step
3oy = Frog
4 BT =Fp 30 F 4+ Qi

Update step

Sy =H, 0 H] + Ry,
K,=X"H]S, '

pet = T + Ki(ze — Hipl ")
T = 37 K SiK,

e A

9: return

PX Sample-based Nonlinear Filtering

The Kalman filter is the analytical solution for the filter posterior when the dynamic system is linear and
Gaussian. Unfortunately, for nonlinear systems, even when they are affected only by Gaussian noise,
there are no general closed form solutions to the posterior. For nonlinear systems therefore numerical
methods to approximate the posterior are widely used. One class of these numerical methods are
Monte Carlo methods that rely on representing the density with random samples.

Assume we want to calculate the expected value w.r.t. the full posterior given by the integral
E [£(xo)] = [ £x02) PO 210 s (2.29)

with some function f : RN<"(5+1) _ RM  The solution of such integrals can be obtained from Monte
Carlo integration. In the simplest form of Monte Carlo integration a set {x(% ﬁ\i’l of N, samples is
drawn directly from the posterior Xéz;, ~ p(x0.x|Z1.;) and the integral is approximated by the mean
over the values of f(-) evaluated at the different samples [55]

N,
1 — ;
E[f(xOZk)]%FPE £(x{)). (2.30)
=1

The approximation in (2.30) can be also obtained by approximating the posterior density with a Dirac
mixture density

N,
1 < i
P(xo|z1) ~ 7 D 6(x0m — X3 (2.31)
Pri=1

where §(-) is the Dirac distribution. Replacing the full posterior in (2.29) with (2.31) reduces the
integral to the sum (2.30) due to the sifting properties of the Dirac distribution.
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2.4 Sample-based Nonlinear Filtering

EXEN Importance Sampling

Approximation (2.31) showed that it is possible to get a numerical approximation for the posterior
based on samples. Unfortunately, in (2.31) these samples have to be drawn from the unknown posterior
that we want to calculate. This problem is addressed by importance sampling, where the samples are
no longer drawn directly from the posterior, but from another density 7(xg.x|z1.x) called importance
or proposal density in the literature [55]. In importance sampling the integrand in (2.29) is multiplied

with 71-(XO:k lzlzk)/ﬂ'(xﬂzk ‘Zl:k)

T\X0:k|21:k
B (o)) = [ £002) pOosln) {0 25 .32
This is equal to the following expected value over the proposal density
f (xo. % |Z1: f(xo. % |Z1.
g |f(xox) p(XO'k’ZLw] - / (xo:1) p(xo'k‘zl'k)Tr(xo:k|z1:k;)dxo:k ; (2.33)
W(XO:kyzlzk) W(XO:k‘lek)

which can be yet again approximated with a set of samples but this time the samples are drawn from
the proposal density. If the support of the proposal density contains the support of the posterior we

may write
1N .
E[f(xox)] ~ - D wy £(x{) (2.34)
Pri=1

. (4)
with the weights w!" = PXo:x/21:1)
(X051 21:)

yields an alternative approximation of the posterior based on weighted samples drawn from the

and X(f)

ok ~ T(Xo:k|Z1:1). A comparison of (2.29) and (2.34)

proposal density

N,
I & G i
P(xoiklzie) = 1= D w6 (0 — x01). (2.35)
P =1

The idea of importance sampling is therefore to approximate the integrals and the posterior with
samples drawn from a density different to the posterior and account for that difference by assigning
weights to the samples.

One critical point still to be addressed is the calculation of the weights. The weights require an
evaluation of the posterior at the sampling points. As shown in the following, this is avoidable when
the likelihood and the prior distribution in the numerator of the posterior in (2.5) can be evaluated at
the sample points. To achieve this the trick is to also approximate the normalization constant in (2.5)
with the samples from the proposal density

p(z1) = / p(21k/%0:k) P (Xo) o
N, i i
S Ly p(z1.4lx(3) Px))
Np =1 7T(X(()Z;39|Z1:I~::)

(2.36)
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If the posterior in (2.32) is replaced with (2.5) and the approximated normalization constant (2.36) is
inserted the expected value becomes

f(XO:k)P(Z1:k|X0:k)p(Xo:k)ﬂ,(x ‘

= = 0:k|Z1:8 ) dX0:1

E [f(xo.x)] = J ( O*J'V ) , _ : (2.37)
1 Zp p(z1k]x0) P(X5 )
NP

S rxSlze)

From the integral above we can once more find an approximation to the posterior

p(xolzin) ~ Y wi8(xon — X)) | (2.38)
i=1

where the weights are given by

p(z1:6 /%)) X)) i
w](ci) _ ”(X(()tic‘zlck) _ W (2.39)
% palxO) e ()

j=1

m(xglp 21:1) =1

and the samples are drawn from the proposal density. The weight are now normalized in the sense

) Ny

that w,(j) >0and ) w,(;) = 1. The new approximation (2.38) enables the calculation of the posterior
i=1

and its moments based solely on the evaluation of the likelihood and the prior at samples drawn from

the proposal density.

EX¥] Particle Filter

So far the importance sampling was done on the basis of the complete state history x.,. This is avoided
by applying sequential importance sampling [55] that only samples the current state and otherwise
leaves the history unchanged. For Markovian systems sequential sampling is achieved through some
simple assumptions about the proposal density. In particular, it is assumed that the state at time k£ — 1 is
independent from current observations at time step k. With this assumption the following factorization
of the proposal density becomes possible [55]

T(X0:k|21:6) = T(Xk|X0:k—1, Z1:k) T(X0:k—1|Z1:5—1)- (2.40)

Sequential importance sampling further requires that the system, whose posterior is estimated, is
Markovian for which the following identity holds

p(zlzk|x0:k) P(XO:k) = p(XO:k; zl:k)

= p(z|xk) p(Xk|Xk—1) P(X0:k—1, Z1:5—1) - (2.41)
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2.4 Sample-based Nonlinear Filtering

With the factorized proposal density (2.40) and identity (2.41) the weight calculation in (2.39) is
reformulated to

p(zrlx{) p(P % ) p(x{ | zk1)

(7,) o W(x](;)lx(()l;c,pzlk)ﬂ'(x(()lacfl‘zlkfl) (2 42)
k N, . . . . . .
2 pzx) pxPxD ) p(x§) | zrg1)
2 e k) e |7k 1)

Taking into account the identity p(xo.x—1,21.k—1) = P(Z1.5k—1|X0:k—1) P(X0:k—1), the quotient be-
tween p(x(()?c_l, Z1.5—1) and w(x(()?ﬁ_l |Z1.5,—1) in (2.42) is according to (2.39) the unnormalized
weight “31(21 for the ¢-th sample at time step kK — 1. Since the unnormalized weights show up in the
nominator and denominator of (2.42) and their normalization constant is the same for all weights we
can replace them also with the normalized weights, resulting in a recursive formulation for the weight

calculation

p(zs|x(") p(x,§“|x§jil>w(i)

LA ) G
() ”(xl(cl) ‘xgzacfpzl:k) k=1 ’w,(c )
Wk = = : (2.43)
Mo p(zr]x@) p(x@x) . Ny .
e )Pl ) () R )
e T i e B = el
Jj=1 k 1X0:k—1%1:k j=1

Furthermore, due to the factorization (2.40) creating a sample of the state history at time step & only
requires [N, samples of the current state x,(;) ~ w(xk]xél}gil, Z1.;). The new samples are then added

to their corresponding state history to form a sample of the complete history xq.; [56].

A direct implementation of sequential importance sampling to approximate the posterior will most
likely give poor results. This is caused by the weight calculation, which weights the samples relative
to each other. Over time when the samples start to explore the state space, the samples will only
sparsely cover the part of the state space in which the posterior is concentrated. When this happens,
the weights are not evenly distributed anymore and only a few samples will have nonzero weights.
This effect is commonly referred to as degeneracy [52,55,57,58]. Therefore, a high weight does not
necessarily mean that a sample is at a point in the state space where the posterior is high, it only means
the sample is at a point where the posterior is high compared to the other samples. If the number of
samples cannot be increased to compensate this effect, which is often not possible due to the increase
in computational complexity, a procedure is required that moves samples towards parts of the state
space that are worth exploring. Such a procedure is resampling, which takes the samples and their
corresponding weights and generates a new set of samples with equal weights. For resampling multiple
algorithms exist [58, 59], but they all follow the same principle idea to reproduce samples with a high
weight and remove samples with low weights from the set. Thus, resampling replaces the weighted set
of samples with an unweighted set, where the “probability” of a sample is expressed by the number of
its copies in the set rather than by its weight. One could say the new unweighted set has been drawn
from the posterior, assuming the weighted set was an appropriate approximation.

The combination of sequential importance sampling and resampling results in the particle filter, that
owes its name to the samples which may be considered as particles that move through the state space.
In the literature a variety of particle filters exist [55], where one of the first versions of the particle
filter was proposed in [60]. One iteration of a generic particle filter is shown in Algorithm 2.2. Like
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Algorithm 2.2 Generic particle filter

1: Input: Weighted particle set {x((f 1 w,(ﬁl NP and observations zj.x

2. Output: Updated set {x\}, wi)} ?,

3: forallie {1,...,N,} do

4 x,(;) ~ 7T(Xk|XéZ:3€_1 ,Z1. k:) //Sample new state (Prediction step)

. i (1)), (2 .
5: ﬁ;,(;) = (Zklx) )pei” b )w,(ﬁl //Update weight (Update step)
() xSy 21k)

6: end for
7. foralli € {1,...,N,} do

. LN .
8: w,(;) = u?,g’) /> 17),(3 ) //Normalize weights

9: end for
10: if Resampling necessary then
11 Draw N, particles from {xo o> w/,(C )}fv"l

12: Setall weights to w,(c) = Nip

13: end if
14: return

the Kalman filter, the particle filter consists of a prediction step and an update step. In the prediction
step, the particle state is predicted by drawing from the proposal density and in the weight update the
information from the current observation is considered. In line eleven and twelve of Algorithm 2.2
resampling is performed only when necessary. In order to decide when this is the case a common
measure is the effective number of particles [56]

1
Np=— . (2.44)

gl (wg)) 2

The effective number of particles Neg is equal to N, when all weights are the same and it becomes
Negr = 1 when one particle has weight w,(;) = 1 and the rest have weight zero. Resampling is triggered
when Ncg falls below a predefined threshold. The threshold can be considered as a tuning parameter

of the filter.

To conclude this section, we want to give some remarks regarding the approximated posterior. The
derived particle filter aims to approximate the full posterior by the Dirac mixture density in (2.38). If
instead the filer density is desired a practical approach is to just neglect the history [52,61,62] and
form a approximation of the filter density by

p(xk|Z1:%) Z w! —xy (2.45)

Formally this approximation of the filter posterior is not correct since it ignores that in the filter density
a marginalization over the state history has to be performed. A formally more correct approximation is
given by the marginal particle filter [63]. Unfortunately, the computational complexity of the marginal
particle filter is quadratic (’)(NPQ) in the number of particles when implemented naively, while the
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2.5 Gaussian Processes

complexity of the particle filter in Algorithm 2.2 grows linearly O(/N,). Thus, in practice the simple
approximation (2.45) is often preferred.

PX3 Gaussian Processes

A Gaussian process (GP) is a stochastic process described by a family of Gaussian distributed random
variables {f(y) € R|y € R™} [53]. The random variables f(y) in the GP are indexed by an input
vector y and the process is fully defined by its covariance function k(y, y’) between two input vectors
and the mean function m(y) [64]. In a GP, the set of random variables {f(y()|y(") € Y} associated
to the finite subset ) = {y(i)}f\il of inputs is jointly Gaussian [65] and the density is given by [66]

f(y®) m(y®M) | |[k@y®,yD) o ky®,y™)
: ~N : , : : . (2.46)
f(y™) m(y™) | |k(y®™,y®) .. k(y™), y™)

Since a stochastic process is characterized by the joint densities of all its finite sets of random
variables [53] it can be seen from (2.46) that it sufficient to know k(-,-) and m(-) to specify the
properties of the process.

In principal the subset ) can be arbitrarily large and the input vectors in it can be arbitrarily close, thus
a GP can be seen as the distribution of a random function f(-). As for normal random variables, we
can draw samples from the GP to obtain a realization of the scalar random function, which we denote
by

f(y) ~ GP(m(y), k(y,y")). (2.47)

This means a GP is a generalization of the multivariate Gaussian distribution to possibly infinite
dimensions since a function can be seen as an infinitely long vector. The fact that for each subset
of inputs the joint density of the function outputs is the Gaussian pdf in (2.46) enables closed form
regression based on training data as long as the likelihood of the data is also Gaussian.

For GP regression the posterior density p(f* |D, Y*) at some test inputs Y* = {y*®}¥ | conditioned
on a training data set D = {JP, ZP} is calculated, where the vector £* = [f(y* (1)) ... f(y* (V)] T
represents the values of the GP at the test inputs. The test data set is composed of a set of scalar
observations ZP = {zPM1M and a corresponding set of input vectors YP = {yP)}1M = With
the posterior we can then draw realizations of the random function or evaluate the posterior mean and
covariance at different inputs.

To obtain the posterior, for now the observations in the data set are assumed to be noiseless observations
ZP = {f(y),y € YP}. The joint density of the observations Z” and the GP values f* conditioned
on their associated inputs is then simply obtained from (2.46)

m” K% Y*) K+ IP)

p(f*, ZP| V", VP) = N :
m?| |K(QP,y*) K(QP,)VP)

, (2.48)
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with m* = [m(y*®) .. m(y*")]T and mP = [m(y? M) ... m(y?M)]T. The blocks of the
covariance matrix in (2.48) are obtained from the covariance function evaluated for the different pairs
of inputs. For example, the upper right block of the covariance matrix is given by

k(=0 yPD) ..y, y P00
K, )P = : : . (2.49)
k(=) y D) L (), y D)

The remaining blocks are obtained in a similar way by replacing )* and J'P by the desired input sets.
In the following, the shorthand notation Kpp for K(yD7 yD), Kp, for K()JD, V*), and K, for
K (Y*, Y*) will be used. Note, the matrices are the blocks of a block covariance matrix and therefore
Kg* = K.p holds. Since the joint distribution (2.48) is Gaussian the posterior can be directly
calculated in closed form

p(f* [D, V) =N (fym" + K.pKp} (21, — mP) K.~ K.pK,Kp.) | (2.50)
where z?: a7 18 a column vector containing all M observations from ZP stacked on top of each other.
When the observations are affected by additive white Gaussian noise (AWGN) matrix Kpp is replaced
with Kpp + (0%)2I a7« a1, Where (0%)? is the variance of the noise. This directly results from (2.48)
when (O‘Z)QI Mx M 1s added to the lower right block Kpp of the covariance matrix [64].

Before a GP can be used for regression, a covariance and mean function has to be selected that suits
the data set. After selecting the functions their hyperparameters must be set. While choosing the
covariance and mean function often is done manually, the hyperparameters are optimized numerically
based on the given data. For optimization the marginal likelihood p(ZP|)P) obtained from the
integral

p(ZPPYP) = / p(ZP, £(VD) YD) E (YD)

= / p(ZP1£(V7),Y7) p(E(YP)YP) dE(YT) | (2.51)

~N(EYP),(0%) Iarxar) ~N(mP Kpp)

is used as cost function to find the parameters that best explain the available observations, where
£(YP) are the GP values at the inputs in the training data set.

With (2.51) the joint Gaussian of Z and f()?) can be calculated from which we then can easily
obtain the desired marginal likelihood

p(ZP|YP) = N (2P;mP , Kpp + (0°)* Tnrxm ) - (2.52)

X Lower Bounds for Estimators

For linear systems with Gaussian noise the Kalman filter provides a closed form solution for the
posterior density and hence captures all the information of the state given the measurements. For
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nonlinear estimation problems the calculation of the posterior density in closed form is impossible for
most cases and hence approximations are used instead, e.g., a particle filter. Thus, in the nonlinear case
it is often not clear which estimator and approximation should be chosen to achieve optimal results.
It is therefore desired to have a lower limit on the achievable estimation accuracy to rate the quality
of an estimator. A common and well-known approach to find such a limit is the derivation of lower
bounds. Besides being a benchmark for estimators, a lower bound is also useful to gain insights into a
particular estimation problem. In the following section the concept of lower bounds will be introduced
on the example of the CRLB and its extension to Bayesian estimation.

EXEN Cramér-Rao Lower Bound

The classical, non-Bayesian, CRLB is a lower bound for the covariance matrix of unbiased estimators.
The CRLB fulfills the matrix inequality

Cov [x(z)] > F (%), (2.53)

where %(z) is an unbiased estimator of the true state vector x based on the observations z. The bound
is defined by the inverse Fisher information matrix (FIM) F~!(x). The inequality sign states that the
difference between the estimator covariance matrix and the bound is a semi positive definite matrix
Cov [%(z)] — F~! > 0. From this it follows that the diagonal elements fulfill the inequality

[Cov [%(2)]];; > [F'(x)],, - (2.54)

0

The elements [F (x)];; of the FIM are given by the expected value of the derivatives of the log-likelihood
82
F(x)|ij = —E,x | =——=—Inp(z|x)| , (2.55)

where the index of the expectation operator E, . [-] indicates that the expectation is taken w.r.t. the
likelihood p(z|x). The bound is only valid when for the likelihood p(z|x) the derivatives

ol 0?1
up(efx) o 9 lnplex) 056
Olxl: Olx]i[x];

exist and are absolutely integrable for all elements of x.

For many estimation problems Gaussian likelihoods are considered. It is therefore convenient to have
an expression of the FIM for Gaussian likelihoods with mean p(x) and covariance 3 (x)

T
F(x)];; = <88’E’)($)) > (x) 88’@) + %trace (z—l(x) a;;}gj)ﬁ_l(x) az@) (2.57)

A detailed derivation of the CRLB and the FIM for Gaussians, as well as the required regularity
conditions is given in [67,68].

23



2 Bayesian Framework

EX:F) Bayesian Cramér-Rao Lower Bound

The CRLB only considers the likelihood and treats the state as a nonrandom parameter. Thus, the
CRLB applies to ML estimators but not to Bayesian estimators. The extension of the CRLB to
Bayesian estimators was first introduced by Van Trees [68]. Unlike the classical CRLB, the BCRLB
is a bound on the MSE matrix and not the covariance. The BCRLB is defined by the matrix inequality

M = Ey, [(f{(z) — x)(k(z) — X)T] >3, (2.58)

where M is the MSE matrix of estimator X(z), and J is the Bayesian information matrix (BIM). As
for the classical case, the inequality sign means that M — J~! > 0 is a semi positive definite matrix.
The BIM is given by

J=—-Ex,[AYInp(x,2)]. (2.59)

Note, the expectation is now w.r.t. the joint density p(x,z). The operator A2 = V, V! is the outer

product of two nabla operators V, = [ 8[2]1 R B[a]f ™

a Hessian like matrix. According to [68], the BIM’s regularity conditions require that for the estimator

]T. The application of A3 to a function gives
bias

b(x) = / [x(z) — x| p(z|x)dz (2.60)
the following limits

i b(x)p(x) =0
lim b(x)p(x)=0 (2.61)

[x];——00

hold for each element [x]; of x. Furthermore, the BCRLB requires that the first- and second-order
partial derivatives of the joint density p(x, z) are absolutely integrable.

The BIM is closely related to the FIM. This is not directly visible from (2.59) but when we apply (2.2)
on the joint density and substitute p(x, z) = p(z|x) p(x) into (2.59) we get

J = Ex [E,p [ A3 np(2lx)]] + Ex [~ A% Inp(x)]
= Ex [F(X)] + Ex [_Ai lnp(X)] ’ (2.62)

where F(x) is the FIM of p(z|x) from (2.55). Equation (2.62) shows that the BIM consists of two
parts. The first part is the expected value of the FIM w.r.t. the prior density of x and thus represents
the information contained in the observations. The second part contains the information obtained
from the prior distribution. In practice, the relation between BIM and FIM comes in handy because
for many likelihood functions the FIM was already derived in the literature.
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2.7 Summary

Summary

In this chapter, different theoretical concepts were briefly introduced that will form the basis for
the algorithms developed later in this thesis. In particular, the concepts of Bayesian estimation and
recursive filtering were introduced. For linear and Gaussian systems, it was shown that the posterior
can be calculated exactly with the famous Kalman filter. For nonlinear systems a general exact solution
for the posterior is not available, hence the idea of importance sampling was explained, that allows to
approximate the posterior with a set of weighted samples. Then, a generic particle filter was derived on
the basis of recursive importance sampling. In addition, GPs, CRLBs, and the BCRLB were shortly
introduced. This will become important for the derivation of lower bounds for magnetic localization,
where GPs will be integrated into the BCRLB.
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CHAPTER [E}

Magnetic Field in the Railway Domain

The magnetic field in the railway domain shows strong distortions caused by magnetic material along
the tracks. If these distortions are fixed to a position and persistent over time, they can be used for
localization. In addition to the desired position dependent distortions, temporal disturbances in the
magnetic field are observed in practice that are caused, e.g., by electric currents or moving magnetic
material in the vicinity of the magnetometer. The measured magnetic field is also influenced by the
mounting position of the magnetometer inside the train. These disturbances and influences have to
be considered in the development of a magnetic localization system. The purpose of this chapter is to
give a brief overview on the spatial variability of the magnetic field and some sources of disturbance.

EXM Spatial Variability

The spatial variability of the magnetic distortions plays an important role when it comes to the
achievable localization accuracy. This seems intuitively plausible but will be also formalized in
Chapter 6, in which the BCRLB for magnetic field-based localization is derived. To get a first
impression of the spatial variability, here we will investigate how the signal power of the magnetic field
distortions is distributed across the spatial frequency domain. In order to do this, the power spectral

density (psd) for the magnitude of the magnetic field shown in Figure 1.1 is calculated.

For the calculation of the psd the recorded magnetometer time series data is transformed from the
time domain to the spatial domain based on GNSS data and is then interpolated on a equidistant grid
with a spacing of 0.1 m. The magnetic field in the spatial domain is now a function of the along-track

position and therefore the unit of the frequency in its psd is m~!.

The spacing of 0.1 m and the
sampling theorem limit the spatial frequencies in the psd to Sm~'. Since the used magnetic field data
is recorded with a real magnetometer, the data not only contains the magnetic distortions useful for
localization, but also sensor noise and other disturbances. One example for a possible disturbance,
that will be discussed also in the next section, is the magnetic field induced by currents in the overhead
power line. Fortunately, the fixed frequency of the currents allows to filter them out from the raw
magnetometer measurements. In contrast to the disturbances caused by the power line currents, the
sensor noise cannot be removed from the magnetometer time series data due to its broad and flat
frequency spectrum. As a consequence, the sensor noise is still part of the magnetometer time series
data during the spatial transformation and the calculation of the psd. When we want to differentiate
between the magnetic distortions useful for localization and the noise it is therefore necessary to relate
the psd to the noise power density in the spatial frequency domain. In order to get an estimate of this
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Figure 3.1: Signal-to-noise ratio of the magnetic field magnitude of the example shown in Figure 1.1. The signal-to-noise
ratio is calculated from the psd of the magnetic field magnitude in the spatial domain and the noise power
density of the magnetometer.

density we use a few seconds of magnetometer measurements during which the train is at standstill
and remove the mean and the magnetic field induced by the overhead power line currents. From the
resulting signal we then calculate the overall noise power and distribute this power equally in the whole
spatial frequency domain to obtain the desired density. The assumption of an equally distributed noise
power is a simplification and only a rough estimate, but gives a starting point to investigate the spatial
variability of the magnetic field.

With the noise power density the signal-to-noise ratio at the different spatial frequencies can be
calculated by dividing the psd of the data from Figure 1.1 by the estimated noise power density. The
resulting signal-to-noise ratio in decibel is shown Figure 3.1. In addition to the strongly fluctuating
signal-to-noise ratio also its moving average is shown to reveal the overall trend. From the moving
average it is clearly visible that starting from around 0.54 m~" the signal power is in the same order
as the noise power or less. Taking into account that the amount of information one can extract
from a signal strongly depends on the signal-to-noise ratio, frequencies > 0.54 m~! will only have
a minor contribution w.r.t. the overall localization accuracy. We expect that frequencies around
0.22m~! and lower with a signal-to-noise ratio of 20 dB and higher will be much more important
for localization. From a practical point of view this means that a train has to move in the order
of (0.22m !')~! ~4.55m to measure a significant change in the magnetic field and until accurate
localization becomes possible.

E¥J Disturbance from Overhead Power Lines

On an electrified track the electric current in the overhead power line produces a magnetic field that
alternates with the frequency of the current. The induced magnetic field is strong enough to have an
considerable influence on the measurements of a train mounted magnetometer. This is illustrated in
Figure 3.2 with a magnetometer measurement sequence, recorded once more with the setup described
in Section 7.1.1. During the measurements the magnetometer was mounted inside the driver cab and
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Figure 3.2: Measured magnetic flux density of the magnetic vector field and train speed during the measurements. The flux
density By is strongly affected by the magnetic field of the overhead power line.
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Figure 3.3: Short time Fourier transform of a roughly 600 s long magnetometer data set recorded with a diesel train driving
on an electrified track. The magnetometer was mounted inside the driver cab during the measurements.

thus was not near the power line. From the data it seems that the magnetic field varies between 160 s
and 180 s although the train is at standstill, as can be seen from the train speed in the lower part of
Figure 3.2, and the measurements should be constant with some additive noise. These disturbances
are especially present in the measured flux density By. However, also the other measurements are
impacted to some degree. To further investigate these variations, the amplitude spectrum of the short
time Fourier transform (STFT) of By is shown in Figure 3.3. The amplitude spectrum is given in
dB, where the reference value is the maximum value of the STFT. In Figure3.3 a strong line at
the frequency 16.7 Hz is visible. This is the frequency of railway electrification in Germany, which
confirms that the variations are caused by currents in the overhead power line. The STFT also shows
horizontal lines at 50 Hz, the frequency of the European low-voltage network, and some harmonics
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3 Magnetic Field in the Railway Domain

of 16.7Hz. The amplitude of the magnetic field at the different frequencies also varies with time,

depending on the load on the power line.

Besides the signal components at fixed frequencies caused by electric currents, most of the signal power
is allocated at frequencies below 16.7 Hz. These frequency components of the amplitude spectrum
are the position dependent distortions of the Earth magnetic field important for position estimation.
Since these distortions are persistent in time and at fixed positions, their frequencies in the STFT
depend on the train speed during the measurements. In Figure 3.2 the train was traveling at speeds
up to 25ms~!. Considering the spatial variability of the magnetic field described in Section3.1, a
rough estimate for the speed at which the frequency of the position dependent distortions with a high
signal-to-noise ratio start to overlap with the magnetic field of the overhead power line is obtained
from the simple relation 16.7 Hz/0.22m~! ~ 76 ms~!. If the speed reaches this value, removing
the power line induced disturbances becomes more difficult because a simple filter would also remove
parts of the desired spatial variations.

It is important to mention that the disturbance from the overhead power line is not only encountered
in electrical trains. In fact, the train with which the magnetometer data for Figure 3.2 and Figure 3.3
was recorded has a diesel engine. The currents that produce the magnetic field are caused by electrical
trains in the vicinity that consume the power from the overhead power line. Thus, independent from
the engine of the train, for magnetic localization we have to take care of the disturbances from the
overhead power line. Further details of how the disturbances can be removed from the measurements
are discussed in Chapter 7.

EXM Influence of Mounting Position

The magnetic vector field does not only vary along the track, but it also varies in cross-track direction
and with height. The magnetic field measured with a magnetometer therefore depends on its mounting
position in the train. Another factor that influences the measurements are objects containing magnetic
material in the vicinity of the magnetometer. In this section, some examples for the influence of the

mounting position on the measurements are presented.

EXEN Nearby Magnetic Material

Magnetic material in the vicinity of a magnetometer influences its measurements. Since trains are
partially made out of magnetic material this influence is present for every train mounted magnetometer.
In the simplest case the magnetic material is not moving relative to the magnetometer. If this is the
case, a calibration of the magnetometer would remove the influence of the material. Unfortunately,
common calibration methods are not applicable for trains. Therefore, in the scope of this thesis a
new calibration approach was developed. Magnetometer calibration and the proposed approach for
trains is discussed in detail in Chapter 5, hence here the focus is on the influence of moving magnetic
material that cannot be calibrated out.

One example for the influence of moving magnetic material on magnetometer measurements was
investigated in [CA1]. In [CA1], we showed that when the magnetometer is mounted on the bogie of
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Figure 3.4: Short time Fourier transform of a data set recorded with a magnetometer mounted in the vicinity of a steel
wheel. The data set was recorded simultaneously to the data set of Figure 3.2, in which the sensor was mounted
inside the driver cab.

a train in the vicinity of a wheel, the wheel introduces speed dependent frequency components into
the amplitude spectrum of the magnetometer measurements. This is also shown in Figure 3.4 based
on a data set that was measured with the same setup as the data in [CA1]. Furthermore, the data of
Figure 3.4 was measured simultaneously to the data set of Figure 3.2, so the train speed was the same
for both data sets. The shape of the train’s speed profile from Figure 3.2 is clearly visible in Figure 3.4.
The speed dependent frequencies in the spectrum are directly related to the rotational frequency of the
wheel and its harmonics. While mounting the sensor near the wheel has some benefits, e.g., in the
supervised master thesis [ST1] these frequencies are used to estimate the train speed, this mounting
position is not recommended for localization because everything in the measurements that is not

related to the position has to be considered as a disturbance.

Another example for moving material are trains passing in the vicinity. These trains will interact with
the Earth magnetic field and influence the magnetometer measurements. The influence of a passing
trains depends on a couple of parameters, such as the distance in which it is passing and the type
of train, e.g., in [CA2] we showed that a passing cargo train has a significantly stronger effect on the

measurements when compared to a passenger train.

As was previously mentioned, disturbances due to moving material cannot be calibrated out. It is also
rather difficult to model these disturbances in order to remove them from the data. In this thesis, we
therefore propose in Chapter 4 particle filters that can detect disturbances and that avoid to incorporate

measurements into the position estimate when disturbances are present.

EXF] Height and Lateral Position

The magnetic field not only changes when the train moves along the track it also changes when the
magnetometer is mounted in a different height or lateral position. This implies that a magnetic map
of the track network can be used for train localization only when the magnetometer of the train is
mounted at the same height and lateral position as the magnetometer used to create the map. To
illustrate the dependency of the magnetic field on the height and the lateral position, measurements

were carried out with an eleven element magnetometer array mounted inside the advanced TrainLab of
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3 Magnetic Field in the Railway Domain

Figure 3.5: Advanced TrainLab of the Deutsche Bahn and magnetometer array with eleven elements in vertical (right image)
and lateral (lower left image) mounting position.

By / nT By / nT

B,/ uT

Figure 3.6: Measurements of four elements of the magnetometer array in vertical mounting position. The height is measured

By / uT By / nT

B,/ nT

10

‘ —— Height 0m —— Height 0.4m

Height 1m —— Height 2m ‘ i

relative to the floor of the train.

10

OC)T

—10
20

10

—10
—20
20

10 |-

(=)

—10
—20

Time / s

ww,va wnyvm

A’\\W"‘y W'\/ "“'ﬁ

“M

W‘ |

‘ —— Lateral shift -1m —— Lateral shift Om

Lateral shift 1m ‘ 7

'/ WMJY\;-. M ‘/” fvyw v Vr ‘W\Vr“\. “\\ v/f\ ‘J'\» At w:\

¥ ‘Nr‘ﬂm\,/

d’*" NN MUAAWV\”’ YW .@JM'}QA&VN WA I T A

i

W AN /m/ "

Nm"’ by W\W/MWUJ v \’"\ \A//.\ /""*w v

10

20

30

40 50

Time /s

60 70 80 90 100
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the Deutsche Bahn. The advanced TrainLab and the array in vertical and lateral orientation is shown in
Figure 3.5. In contrast to the previous sections, KMX62 magnetometers from Kionix were used in the
advanced TrainLab measurements that provide the magnetic field in uT. It should be mentioned that
also this magnetometers were not calibrated due to the difficulties in the calibration of train mounted
magnetometers described in Chapter 5. However, a comparison of the values measured by the different
sensors should give a qualitative impression about the influence of the mounting position.

An example of how the height affects the magnetometer measurements is shown in Figure 3.6. The
figure shows the measurements of four magnetometers from the vertically mounted array. One
magnetometer was close to the floor of the train, and the other three are mounted at a height of
~0.4m, 1 m and 2m above the floor. The mean was removed from each sensor axis to make the
measurements better comparable and to not clutter the figure with the sensor biases and the mean
magnetic field. In Figure 3.6 the general shape of the magnetic field is similar in all four data sets,
but it is also noticeable that the measurements of the magnetometers get damped with an increasing
mounting height. We believe this damping of the magnetic field is related to the distance of the
magnetometer to the track bed and the rails. It is also interesting to note that a similar effect was
observed in [J3] for an indoor environment, where the magnetic distortions became stronger the closer
the sensor was to the floor or the ceiling. Based on the data in Figure 3.6, we would argue that the
height dependency is something that should be accounted for by keeping the difference in the mounting
height of the magnetometers during mapping and localization within a couple of centimeters.

Figure 3.7 shows data of three magnetometers from the array in lateral mounting position, shown in
the lower left image of Figure 3.5. One sensor is mounted in the middle of the train and the other two
are shifted ~ 1 m to the left and to the right. As before, the mean of the data is removed to make the
result better comparable. The comparison of the measured magnetic field values reveals that there are
some parts with a similarity between the magnetometers but there are also parts, e.g., between 50 s and
70, during which strong differences are visible. In general, we would expect issues and a degraded
accuracy when the lateral shift between the magnetometer during mapping and localization exceeds a
couple of centimeters. Therefore, it is recommended to mount the magnetometer in the middle of the
train. An alternative would be to have multiple maps that are recorded for different lateral positions.

EXM Uniqueness

For localization it is important that the magnetic field can be uniquely distinguished for different
positions in the track network. If this is not the case, ambiguities emerge in the position estimation
that should be avoided. In the following we briefly analyze the magnetic field w.r.t. its capabilities to
differentiate between tracks and positions on the same track.

EXEN Along-Track Position

A simple way to analyze the suitability of the magnetic field for along-track position estimation and
its uniqueness is to look at the likelihood of the magnetometer measurements. If the magnetometer
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Figure 3.8: Likelihood as a function of the position for three noisy measurements simulated at along-track position 200 m.
The circles mark the maxima of the likelihood with the same color.

measures the true magnetic vector field with some additive white Gaussian noise the likelihood of a
measurement z is given by

p(z|s) = N(z;m(s), (0™*)I3x3) , 3.1)

where s is the along-track position, 0™ is the standard deviation of the magnetometer noise, and m(-)
is the magnetic map. The map is a function of the along-track position and returns for each position
the magnetic field vector at that position. For a given magnetometer measurement z, the likelihood
(3.1) can be interpreted as a function of the position. For illustration, let the magnetic map be given
by the magnetic vector field shown in Figure 1.1. If we now simulate three noisy measurements at
the along-track position 200 m, the likelihood for each of these measurements can be calculated. The
resulting likelihoods are shown in Figure 3.8 for a noise standard deviation of ¢™*€ = (0.005, which
is relatively small when compared to the amplitude of the distortions in Figure 1.1. Figure 3.8 shows
the likelihood only between 160 m-220 m since this interval contains the maximum value for all three
measurements.

All likelihoods have multiple local maxima that depend on the realization of the measurement noise.
In Figure 3.8 the likelihood of the first and third measurement has its global maximum, indicated by
the blue and yellow circles, close to the true position. The global maxima of the second measurement
is more than 30 m away from the true position. Therefore, if the likelihood of a single measurement is
used for ML estimation, the estimated position can jump considerably for different realizations of the
measurement noise, resulting in a potentially low accuracy.

This simple example shows that in the presence of noise the magnetic field has ambiguities. Theoret-
ically, a better sensor with a lower noise standard deviation could reduce the ambiguity. In practice,
the improvement by reducing the magnetometer noise is limited because in addition to the sensor
noise other disturbances are present in the measurements that at a certain point will dominate the
estimation accuracy. There are also other approaches to tackle the ambiguities. For example, instead
of processing a single measurement, sequences of measurements recorded while the train drives along
the track can be processed. This effectively reduces the ambiguities in the likelihood, but has the
disadvantage that the relative position, or distance, between the measurements has to be known or
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Figure 3.9: Magnetic field recorded on two parallel tracks. At the first 500 m both measurements are recorded on the same
track and then the train passes a switch and the measurements are recorded on two parallel tracks.

multiple magnetometers at known distances are required. Another approach is to use Bayesian estima-
tors that incorporate prior knowledge. A Bayesian estimator is based on the posterior density (2.1) that
is proportional to the product of the likelihood and the prior. Hence, a prior that is localized around
the true position effectively masks some of the local maxima in the likelihood. In this thesis, both
approaches are combined in a recursive Bayesian filter that sequentially processes the magnetometer
measurements and implicitly estimates the distance between consecutive measurements.

EX¥] Track Identifier

In addition to an accurate estimation of the along-track position, it also important to be able to
differentiate tracks in the track network based on their magnetic field. In this context an especially
interesting case is the parallel track scenario, in which two tracks are only separated by a few meters.
In Section3.3.2 we saw the dependency of the magnetic field on the lateral mounting position of
the magnetometer, this already gives an indication that the magnetic field might change significantly
between parallel tracks. To confirm this presumption, Figure 3.9 depicts the magnetic field recorded
during two 1 km long train runs over the relative position to a switch that splits a single track into two
parallel tracks. The measurements are obtained once more from the measurement campaign described
in Section 7.1.1. From —500 m to O m the train was driving on the same track for both measurement
runs, then it passed a switch and the measurements were recorded on two parallel tracks. As expected,
on the first 500 m the magnetic field of both runs shows a high similarity and repeatability. As soon
the train passes the switch this is no longer the case and the magnetic field of the parallel tracks looks
significantly different. In [CA2] we showed that the cross correlation between the magnetic field of
parallel tracks is low and it is likely that the magnetic field can be used to differentiate between parallel
tracks. The actual feasibility of track differentiation with the magnetic field was then demonstrated
in [C5] on the basis of a likelihood ratio test that was used to detect the correct track after the train has
passed a switch. Methods for track differentiation will be discussed in detail in Chapter 4 and concrete
algorithms for it will be proposed.
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Figure 3.10: Magnitude of magnetic vector field over ten years measured in Fiirstenfeldbruck, Germany.'

EX stability of the Earth Magnetic Field

For the practical use of the magnetic field for localization its long-term stability is important. If the
field would change rapidly, say at a day to day basis, also the maps have to be updated daily, which
would require a lot of effort. The long-term stability depends on the stability of the Earth magnetic
field and the magnetic material in the vicinity of the tracks. In Figure 3.10 the magnitude of the
Earth magnetic field over a duration of ten years measured at the Erdmagnetisches Observatorium
Fiirstenfeldbruck in Bavaria Germany is shown. Over the ten years the overall change was in the range
of 0.5 nT. If this is compared to the variability of the magnetic field, e.g., in Figure 3.6, this change is
relatively small. Therefore, it is not expected that the change in the Earth magnetic field has a major
impact on the long-term stability of magnetic maps in the railway domain. This is especially true
when we compare the long-term stability of the Earth magnetic field with the impact changes in the
railway environment have on the magnetic maps. An example for this was presented in [CA2], where
the magnetic field along the same track was measured over multiple days. During nine measurement
runs on the track the magnetic field was stable and showed a high similarity, but then a couple of
days later the magnetic field changed noticeably. Further measurements then showed that after the
change the magnetic field was stable again. In video recordings no visible changes were found hence
we can only speculate what caused these changes. Possible reasons could be track maintenance or the
activation of a magnetic track break [CA3].

Unfortunately, we are not yet able to make a final statement about the long-term stability, but if we
neglect the rare occasions in which we encountered sudden changes, our observations indicate that the
magnetic field is stable over multiple weeks. For example, we conducted two measurement campaigns
on a small track network in northern Germany, as described in Section 7.1.2. The time between the
two campaigns was roughly one month and within this time period the magnetic field stayed stable
enough that the one month old map could be used for localization in combination with the algorithms
proposed in Chapter 5. However, in the long run it should be considered to update the map regularly

!"The results presented in this figure rely on the data collected at Erdmagnetisches Observatorium Fiirstenfeldbruck (FUR).
We thank FUR, for supporting its operation and INTERMAGNET for promoting high standards of magnetic observatory
practice (www.intermagnet.org).
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to account for sudden changes. One approach to do this without considerable manual labor could be
the combination of magnetic localization with SLAM methods. A first idea how this could be done in
the railway domain can be found in our paper [C9].

EXM Summary

In this chapter an overview on the behavior of the magnetic field in the railway domain was given. The
spatial variability of the magnetic field was discussed, which is an important factor for the achievable
localization accuracy. Then it was shown that the magnetometer measurements are disturbed by the
electric current in the overhead power lines. Fortunately, these disturbances are at known frequencies
and hence can be filtered out. We also analyzed how the mounting position of the magnetometer affects
the measurements. Here the conclusion was that the sensor should be mounted ideally in the middle of
the train and away from moving magnetic material such as steel wheels. For magnetic localization it is
also recommended to mount the magnetometer used for mapping roughly at the same position inside
the train than the magnetometer used for localization. In addition, the uniqueness of the magnetic
field was investigated on the basis of the likelihood function of the magnetometer measurements. The
likelihood revealed ambiguities in the magnetic field, which can lead to poor performance when a ML
estimator based on a single measurement is used for localization. Possible approaches to reduce the
ambiguities is the use of Bayesian estimators and the processing of measurement sequences instead
of a single measurement. To investigate the suitability of the magnetic field to differentiate between
tracks, an example was shown based on measurements recorded during two runs. For both runs
the train was first driving on the same track and after passing a switch continued on parallel tracks.
The measurements revealed that even for close by parallel tracks the magnetic field shows strong
differences.

The last section of this chapter was dedicated to the long-term stability of the magnetic field. The
Earth magnetic field is rather stable over several years, so it is reasonable to assume that changes in
the magnetic material in the railway environment are the dominant factor w.r.t. the long-term stability.
In our measurements we experienced some abrupt changes in the magnetic field, but also that the
magnetic field mostly stayed constant over multiple weeks. Nevertheless, in the long run it should be
considered to update the magnetic maps regularly to account for changes.
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CHAPTER I}

Magnetic Field-based Train Localization Methodology

In this chapter, filter algorithms for magnetic field-based train localization are developed. In this
thesis, the focus is on particle filter-based approaches. The correlation-based approaches developed
and presented in [C2] and [ST1] are not further discussed here because they dependent on reliable
measurements of the train speed to convert the magnetometer measurements from the time domain
into the spatial domain, which requires a train to have some sort of odometer. For older trains this is
often not the case or it is not possible to get access to the data, which complicates the retrofitting of a
train with a magnetic localization system. Thus, the focus is on particle filter-based approaches that
only require sensors that can be mounted inside the vehicle body, such as magnetometers and inertial
sensors. The developed particle filters are flexible when it comes to including additional sensors and
hence, if available, an odometer can be integrated in a straightforward manner.

XM Preliminaries

EXREN Topological Position

The position of a train in a railway network is uniquely defined by the identifier I of the track on which
the train is driving and the along-track position s within this track. Together the track identifier and
along-track position define the topological position

PP = {s,I} . 4.1)

The along-track position is defined as a positive scalar in the interval s € [0, [;], where [ is the length
of the track with identifier /. The identifier I € 7 can take only the values from the set 7 C N that

contains one identifier for each track in the track network.

Thus, the along-track position describes the length of the track segment between the current train
position and the start of the track. The start of the track is somewhat arbitrary and has to be fixed once
relative to the network topology. Due to its definition, the along-track position jumps when the train
passes a switch and the track identifier is changed. In the filter development, it is important to handle
these jumps appropriately to avoid erroneous results. In the following, we always assume a known
network topology, where the topology describes the connections between tracks and defines their start

and end points.
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A B

Figure 4.1: Definition of coordinate frames. (left) Definition of track frame seen from above. (right) Definition of vehicle
frame in relation to the track frame when their x-axes are aligned.

EXF¥] Coordinate Frames

In this thesis different coordinate frames and their relations to each other are considered. In particular,
the following frames will be used:

* Local navigation frame: The x- and y-axes of the local navigation frame lie in a plane tangent
to the Earth surface. The x-axis points north and the y-axis east. The z-axis points downwards
and is parallel to the gravity vector. The navigation frame depends on the current position since
its x- and y-axes are always tangent to the Earth’s surface [69].

* Track frame: The track frame depends on the track at the current train position. The plane
spanned by its x- and y-axes is parallel to the track bed. The x-axis is parallel to the track heading
and always points into the direction of an increasing along-track position. When looking into
the direction of the x-axis the y-axis points to the right. To obtain a right-handed coordinate
system, the z-axis points downwards into the track bed. The track frame is usually not aligned
to the navigation frame. The attitude of the track relative to the navigation frame is defined by
its slope, heading, and bank angles [70].

* Vehicle frame: The vehicle frame is fixed w.r.t. the train vehicle body. The x- and y-axes
are parallel to the floor plane. The x-axis is parallel to the longitudinal axis of the train, the
y-axis is parallel to the cross axis, and the z-axis is pointing downwards through the floor. For
zero roll and pitch angles between the track and vehicle frame the x-axis of the vehicle frame
points either in the direction of the x-axis of the track frame or in the opposite direction. The
relation between the frames depends on how the train is placed on the track and at switches the
relation can jump because the track frame x-axis always points into the direction of an increasing
along-track position.

* Body frame: The body frame is attached to a sensor. For on-board sensors the body frame has
an arbitrary but fixed rotation w.r.t. the vehicle frame. In the following, the body and vehicle
frame are assumed to be aligned if not stated otherwise.

Some of the frames and their relation to each other are shown in Figure 4.1.
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¥} Bayesian Estimation of Topological Train Position

The goal of a train localization system is to estimate the topological position P'°P° of a train based
on some observations z. In this thesis the localization follows a Bayesian approach, i.e., we want to
determine the posterior density of the topological position

p(P(t)?120|lek) = p(so:k, Lo:k|Z1:8) - 4.2)

Here the full posterior is estimated with particle filters. The filter density is then approximated by
dropping the particle’s history, for more details about this see Section 2.4. The topology of the track
network and a map of the magnetic field along the tracks are assumed to be known at all times, even
if they are not explicitly mentioned in the posterior.

In this chapter the observations z;.; in (4.2) are the measurements of a vector magnetometer and the
scalar measurements of an accelerometer. To indicate that the observations are obtained from multiple
sensors z1.j is replaced by the set

2 = {zrfl:zg, 25} 4.3)

The vector magnetometer body frame is considered to be aligned with the vehicle frame. For a
calibrated sensor, this can mean that either its physical axes are aligned with the vehicle frame or
that its measurements are rotated based on the known relation between vehicle and body frame before
they are handed to the filter. Similarly, the axis of the accelerometer is considered to be aligned with
the x-axis of the vehicle frame. Since the along-track position and the magnetic map are defined
in the track frame, the map has to be rotated into the vehicle frame to make it comparable to the
measurements. Thus, the filter has to also estimate the vehicle orientation relative to the track. For
orientation estimation it is assumed that the roll and pitch angles of the vehicle frame w.r.t. the track
frame are zero. This is only an approximation but is roughly fulfilled in the railway domain. For the
data used in [J2] the roll angle was for example below = 2.5°. As mentioned in the definition of the
coordinate frames, with zero roll and pitch angles the x-axis of the vehicle frame is either aligned with
the x-axis of the track frame or it points in the opposite direction. The orientation O therefore can
only take two values

Oe{-1,+1}, (4.4)

where 41 means the track and vehicle frames are aligned and —1 that their x-axes point in opposite
directions. With this definition of the orientation, the rotation from the vehicle into the track frame is

given by the rotation matrix

O 0 0
R,(O)=10 O of . (4.5)
0 0 1
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4 Magnetic Field-based Train Localization Methodology

For this particular rotation matrix the inverse rotation RY = (R!)", from the track into the vehicle
frame, is described with the same matrix. In the definition of the frames in Section4.1.2, the body
and vehicle frames are assumed to be aligned, therefore the rotation from the track frame to the body
frame is given also by R? = RY.

For automation of railway traffic not only the train position is of interest, but also its speed s and
acceleration S. Estimating the speed and acceleration has also the benefit that higher order motion
models can be used that describe the dynamics of the train more accurately. Thus, the developed filters

will estimate the following quantities
Xy = {8k, 5k, 5k, Ok, 11} (4.6)

Regarding the notation, the Bayesian filters in Chapter 2 are described w.r.t. a sequence of state space
vectors x. Since X’ contains a mixture of continuous-valued and discrete-valued random variables we
combined them in a set rather than a vector, but the filter equations from Chapter 2 apply also to X
when substituted for x. For simplicity, we will call X" also state. To keep the notation compact, the
dynamic train state is introduced that comprises the continuous-valued elements of X" related to the
train motion

di = [sk Sk [s'k}T . “4.7)

In the following derivations of the filter algorithms for magnetic localization, two cases are differenti-
ated. In the first case, it is assumed that the route of the train through the network is known in advance.
The route is the sequence of track identifiers the train will pass over during its journey and will be
denoted by

Rl:Nroute = (Rl? e 7RNmute) ’ (48)

with R; € 7. This does not mean I;, is known because the route does not contain the time when the
train is on which track. In the second more complicated case, the route is considered unknown and
has to be retrieved from the magnetometer data jointly with the train position.

Furthermore, in both cases we assume for now that the used magnetometer is calibrated. The calibration
of a train mounted magnetometer is not trivial in practice and will be discussed in detail in Chapter 5.

%M Along-Track Localization Filter for Known Routes

This section develops a particle filter for the easier case, where the route R;.y, . 1s considered to be
known. The known route is accounted for in the posterior by conditioning the posterior on 1.,

P(Xo:k| 2185 Ri:Nowe) = P(do:k, O0:ks L0:k | 21215 R1:Nyoee) - 4.9)

The conditioning of the posterior on the route information simplifies the problem considerably. From
the route information one long virtual track and magnetic map can be constructed and the filter does not
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4.3 Along-Track Localization Filter for Known Routes

have to cope with the nonlinearity when passing a switch. The track identifiers Ij.;, of the topological
position are then obtained by mapping the estimated along-track position on the virtual track to the
different tracks of the route. With the route information we thus can ignore the track identifier in the
filter and handle it in a separate routine. Theoretically the route can contain loops, which would lead
to discontinuities. For this case, an additional procedure is required to break the route into loop-free
sections.

With the route information and the virtual track constructed from it, the estimation problem reduces
to the estimation of the dynamic train state and the orientation, which, when combined, will be called
topological pose

X = {dk, Op} - (4.10)
With the freshly introduced topological pose X’ ,‘30 the posterior that has to be estimated is given by

p(zk‘XISO’ Rl:Nroule) p(XISO‘X]S317 Rl:Ntoule) p(‘XgOk:—l ‘213]@*17 Rl:Nroule)

Xd~0 Z :k)R ‘Nroute ) —
p( 0k| 1 1 ) p(Zk;‘lek‘—:le:Nmule)

@.11)

To estimate (4.11) with a particle filter, the transition density p(X°|X,, Ry.n,,.). the likelihood
p(Zk| X, Ry.n,,.). and a proposal density is required. The first two are given by the system model
of the topological pose and the sensor measurement models. Formally, there is an optimal proposal
density that minimizes the variance of the weights [71], but depending on the estimation problem the
optimal density might not be tractable. However, approximations for the optimal proposal density
exist, e.g., the Kalman filter-based approximations proposed in [71-73].

EXEN Measurement Models

The accelerometer and the magnetometer measurements are independent from each other, thus the
overall measurement likelihood is given by the product of both likelihoods

p(Zk‘X]gO7 Rl:Nroute) = p(z;gnag|X’SO7 Rl:Nmute) p(zzcc|XlSO) . (412)

In the above equation we exploit that the accelerometer likelihood does not directly depend on the
route when the orientation of the train is known. In order to fully define the overall likelihood from
(4.12), the two individual measurement likelihoods will be described in the next paragraphs.

Magnetometer Model

The magnetometer measurements depend on the along-track position and the orientation of the train
on the virtual track defined by the route information. To describe these dependencies, a magnetic
map is required that relates the along-track position to the magnetic vector field at that position. For
a known route, the magnetic map is constructed such that it contains the magnetic field in a single
consistent track coordinate system. For the construction of the map therefore a coordinate system has
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4 Magnetic Field-based Train Localization Methodology

to be defined for the virtual track and then all magnetic vectors have to be rotated accordingly. The
coordinate system of the virtual track is arbitrary, a simple choice would be to use the track frame
from the first track in the route and extend this until the end of the route. For a given route the map
therefore can be seen as a vector valued function

mt(sv Rl:Nmule) : [07 lroute] = R3 9 (413)

where the route is considered to be a constant parameter and [,y iS the length of the virtual track
constructed from it. The superscript ' in (4.13) indicates that the magnetic vector returned from the
map is measured in the track frame. With the map the magnetometer measurement model becomes

zp ¢ = RY(Or) m'(sg, RiNpe) + 100 (4.14)

with a white Gaussian measurement noise n, © ~ N (031, (0™*¢)?I5,3). It is important to keep in
mind that this simple model is only correct when the magnetometer is calibrated. For an uncalibrated
magnetometer we cannot just rotate the data without introducing errors caused by the calibration
parameters. Note, the measurements used in this thesis are considered to be given always in the body
frame, hence for brevity the superscript ® will be omitted for measurement vectors.

The likelihood of a magnetometer measurement required for the particle filter is obtained now simply
from (4.14) and the sensor noise density

Pz S| X, Ri:Ne) = N (z) 8 RY (Og) m' (85, Riingye ) (0™8)*Tgxs) - (4.15)

Accelerometer Model

In addition to the magnetometer measurements, the filter also processes the measurements of a scalar
accelerometer. The accelerometer is considered to be aligned with the vehicle frame x-axis and thus
is either parallel or antiparallel to the track frame x-axis. If the track frame is not tangent to the Earth
surface and thus not aligned to the navigation frame, the accelerometer measures in addition to the train
acceleration parts of the gravitational acceleration. The influence of the gravitational acceleration is
ignored in the following model because for railway tracks in Germany the gradient is limited to 4 % for
tracks used only for passenger trains and even less for freight trains [21]. Furthermore, the estimation
of the track gradient with an accuracy noticeably higher than the actual value of the gradient is not an
easy task that requires high quality gyroscopes, an accurate initial alignment, and regular information
from additional aiding sensors to bound the error. Since we want to keep the hardware required for
the magnetic localization system simple, the accelerometer model is reduced to

2 = Oy, + b*° + ni (4.16)

where b is the sensor bias and ni is white Gaussian noise with density N (0, (02¢)?). The

accelerometer bias is considered to be a constant value that is set once during the standstill phase
on the beginning of each train run. During the standstill phase the bias is obtained by averaging
the accelerometer measurements. The severe simplifications in the model limit the usefulness of the

acceleration measurements, but the model is good enough to provide some information on whether
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4.3 Along-Track Localization Filter for Known Routes

the train is accelerating or decelerating. This is particularly helpful when the magnetic field does not
provide much information at certain parts of the track.

As for the magnetometer likelihood, the accelerometer likelihood is easily found from the measurement
model (4.16) and the corresponding noise density

p(22|80) = N (25 Oy, + b, (6°°)2) . (4.17)

F%¥] System Models

The prediction step of the particle filter requires the transition densities for the different parts of the
state. The transition densities describe how the state evolves from one time step to the next. For the
topological pose in the posterior (4.11) the transition is described separately for the dynamic train
state and the orientation.

Dynamic Train State

The along-track position is limited to the interval s € [0, lroute] Where liouee is again the length of the
virtual track constructed from the route information. When the nonlinearity at the interval, or route,
endpoints is ignored, the dynamic train state d; can be interpreted as the state vector of a linear state
space model of the form

2

17
di=10 1 T|dp1+wi, (4.18)
00 1
—_—

Fd

where 7' is the sample period and the process noise wg_l is Gaussian with pdf N (0351, Q%) and
covariance matrix

Tt T 1
4 2 2

d T3 2 dy\2

Q=L 12 T (09", (4.19)
T 1

2

The standard deviation o is a tuning parameter that is roughly orientated on the acceleration capability
of the train. In the literature this model is also referred to as discrete Wiener process acceleration
model [74]. It should be noted that different approaches exist to model the covariance (4.19) depending
on assumptions made about how the acceleration changes between two time steps. From a practical
point view, we do not expect that these assumptions have a large impact on the overall performance
particularly because we treat ¢ as a mere tuning parameter.
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1—m0o
TO TO

1—m o)
Figure 4.2: Markov chain that describes the transition between the two different values of the orientation.

If the nonlinearity at the interval endpoints is ignored, the transition density is now directly obtained
from (4.18) and the noise density

p(d|di_1, Ri.Nuy) = N(Fidy_1, Q%) . (4.20)

If the nonlinearity at endpoints is not ignored, there is no closed form solution for the transition
density of the dynamic train state. In the filter we cope with this issue by setting the proposal density
to the transition density, which essentially removes the need to evaluate the transition density. This
means only samples from the transition density are required which can be realized by performing a
two-step prediction. First a sample is generated from the Gaussian (4.20) and second, if the sample
is outside the interval it has to be restricted to the interval. There is no intuitive or correct way to do
this restriction. Here we decided to just set a sample that is outside the interval to the closest interval
endpoint. It should be mentioned, that the nonlinearity is only a problem when the train is close the
interval borders because the Gaussian (4.20) is rather localized and drawing a sample far away from
the predicted dynamic train state F4d;,_; is unlikely.

Orientation

The orientation is a discrete valued random variable, thus the dynamic behavior can be described by
a Markov chain [75]. Since the orientation has only two possible states {—1, +1}, the Markov chain
is rather simple as shown in Figure 4.2. From Figure 4.2 the four different values of the probability
mass function (pmf) pr(Og|Ox_1) can be read directly. As mentioned before, only routes without
loops are considered in the filter. Without loops the orientation is constant and can never switch from
one value to another. Nevertheless, it might be beneficial in practice to allow with a small probability
a change between the values because otherwise it can happen that shortly after initialization only
particles with the wrong orientation are left. The exact value for 7 is a tuning parameter that will be
further described in the evaluation in Chapter 7.

%K) Filter Algorithm

With Algorithm 2.2, the definition of the transition density and likelihoods, and by setting the proposal
to the transition density

(1A 1 Z1k) = P | 1, RiiNe) (4.21)
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4.3 Along-Track Localization Filter for Known Routes

the particle filter algorithm for magnetic field-based along-track localization for known routes can be
formalized. With Algorithm 2.2 and (4.21) the weight update equation is given by

do,(i) d0,(i) | d0,(3)
”LD(’L) — p(Zk|Xk ) RI:NTOUIE) p(Xk |Xk‘fl ’ Rl?Nmute) w(z) _ p(Zk|Xd0,(i) Rl-N )w(z)
k W(XISO,(Z) ’XOCI(;:(_Z%’ Zlk) k—1 k *{Vroute k—1

4.22)

Setting the proposal density to the transition density is a frequent choice although it is not optimal
because the proposal does not account for the information of the newest measurements. But it also has
the advantage that no evaluation of the transition density is required. This is particular helpful when
the transition density has no closed form expression as it the case here when a particle is close to the
start or end of the virtual track.

For the proposed filter the new unnormalized weights are obtained from the multiplication of the old
normalized weights with the product of the magnetometer and the accelerometer likelihoods

@\ = p(a 00 Ry D X0y (4.23)
In the prediction step of the filter, the predicted dynamic train state of each particle is sampled from
(4.20) and then constrained to the interval [0, l;oue|. The orientation of each particle is predicted by
simulating the Markov chain from Figure 4.2, which means the orientation state is changed to the other
value with probability 1 — . The different computing steps of one iteration of the along-track particle
filter for known routes is summarized in Algorithm4.1. The filter presented in this section is mostly
based on our paper [C3]. In contrast to Algorithm 4.1, the filter in [C3] did not use the accelerometer
in the weight update and the orientation was not modeled with a Markov chain. Furthermore, the
filter in [C3] used a simpler motion model that does not have an acceleration state. The mentioned
modifications were done here to harmonize the system and measurement models across all filters
presented in this thesis.

%X Calculation of Point Estimates

For practical applications often point estimates have to be calculated from the posterior. The calculation
of point estimates for the along-track filter with a known route is rather straightforward since the along-
track position is a continuous value in the interval [0, lyoyte]-

A typical point estimate is the minimum mean squared error estimate (MMSEE), which minimizes
the quadratic loss [52]. The MMSEE is the expected value of the desired quantity w.r.t. the posterior
density. Hence, for the along-track position MMSEE we can write

Np . . Np . .
3, = /Sk p(8k|21;k, Rl:Nmm)dSk ~ /Sk ng)(;(sk — 51(;))(18’“ = Zwl(;)sl(;) ’ 4.24)
i=1 =1

where “indicates the MMSEE of a quantity. The Dirac mixture approximation of the posterior reduces
the MMSEE to the weighted mean over the along-track positions of the particles. To output the
topological position, we can now check on which section of the virtual track 5 is located and then
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4 Magnetic Field-based Train Localization Methodology

Algorithm 4.1 Particle filter for magnetic field-based along-track position estimation

1: Input: Particle set { X do,( Z), 1}2 1> observations Z;, and route information 1. n,,.
N,
: Output: Updated set {Xk , ,(C)}Z 2

2
3: foralli € {1,...,Np} do
2 dY ~ N(F4aY | QY
5: if sk) ¢ [0, lroute| then
6 Set s;) to closest endpoint of interval [0, lroute]
7 end if ‘
. op=of,
9 if ul) > 1o with u® ~ 2/(0,1) then
10 Set O( D to opposite value of O,(cll
11: end if ‘ A
0 a0 —al? oy
. ~ (1) ag| 4,do, (i) acc| y-do,(7) (i)
13: W, P(Zk |, RNy ) P25 )wy”

14: end for
15: foralli € {1,...,N,} do
) N .
6wl — a3 g
j=1
17: end for

18: if Resampling necessary then

19: Draw N, particles from {X),

20: Set all weights to w,g ) = ]\1713

21: end if
22: return

do, (i) w;(:) }g\El

derive the corresponding identifier I ;. and along-track position on that track from it. The MMSEE of
the speed and the acceleration is obtained by replacing the along-track position s in (4.24) with $ or s.
After calculating the speed and acceleration estimates, their sign has to be adopted depending on the
track-frame of the track / i

In addition to the MMSEE, often a measure of uncertainty is desired. For that we can use the
standard deviation of the posterior. The standard deviation is obtained by taking the square root of the

along-track position variance obtained from the integral

~ /(sk — 52> w6y, — s\ Vs = > w (s — 51)2 . (4.25)
=1 i=1

For the train speed and acceleration, the standard deviation is obtained by replacing s; and $; with
the corresponding values. When replacing s with the speed or acceleration MMSEE, it is important
to first calculate the standard deviation before the sign is adapted to the track-frame of track I
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4.4 Robust Along-Track Localization Filter

Table 4.1: Overview on the different model assumptions. For each model the undisturbed sensor axes are indicated by a
“-”and disturbed axes by a “+”.

Model
Sensor axis MM M@ MO AME MG MO (D Aq(8)

X - - - + + - +

I Robust Along-Track Localization Filter

In Chapter 3 different types of disturbances are shown that can affect the magnetometer measurements.
These disturbances are not accounted for in the along-track particle filter Algorithm4.1 since the
likelihood (4.15) only assumes AWGN. One can imagine that disturbances that introduce correlated
errors into the magnetometer measurements will severely impair the weight update and the filter
performance, and might even lead to a divergence of the particle set. An example of such disturbances
is passing trains that can have a severe effect on the magnetometer measurements depending on the
train type as shown in [CA2]. Therefore, in this thesis variants of the particle filter are investigated
that are robust against such disturbances. In particular, two different filter algorithms are implemented
and compared. The first filter was developed during this thesis and was published in [C4]. The second
filter is based on [50] and was adapted for magnetic train localization in [C5].

EWX] Particle Filter with Fault Detection and Exclusion

The principle idea of the first robust filter is to tightly integrate a fault detection and exclusion (FDE)
scheme into the filter algorithm. A fault here can mean that the magnetometer measurements are
affected by magnetic disturbances or that there is an actual hardware fault in the sensor. The proposed
fault detection scheme checks if the magnetometer measurements fit to the expected magnetic field
stored in the map. If they deviate from the map, the measurements are excluded from the weight
update.

The FDE scheme uses multiple magnetometer measurement models and calculates for each model the
probability that it is correct given the magnetic map and the magnetometer measurements. Each of
the models assumes that either none, one, two, or all three axes of a vector magnetometer are affected
by a disturbance or a hardware fault. Based on the model probabilities, it is then decided which
sensor axes contribute to the weight update. In total, the probabilities of eight different models are
calculated. The models are collected in the set M and the individual models are addressed by M (*)
withi € {1,...,8}. The different models and their assumptions about the magnetometer sensor axes
are defined in Table 4.1, where the sensor axes that are assumed to be disturbed are marked with a “+”

sign.
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4 Magnetic Field-based Train Localization Methodology

Calculation of Model Probabilities

For FDE the probability that a model is correct at a given time step must be calculated. For the j-th
model and time step k this probability is given by

p(Zk|M(j), Zl:k—17 Rl:Nmutc) pI‘(MI({j)|Zl:k—1a Rl:Nmulc)
p(Zk|lek—17 RliNroute)
X p(Zk|M(J)7 Zl:k717 Rl:Nroule) pr(ng) ’Zl;kil? Rl:Nroule) ’ (426)

pr(./\/l,(g) |lek7 RlZNroule) =

:)\](Cj ) Jikelihood of model J

As shown in Appendix A.1.1, equation (4.26) can easily be obtained from the rules for conditional
probability distributions. The denominator p(Zj|Z1.5—1, R1:N,,,.) 1S just a normalization constant.
However, the normalization constant does not have to be explicitly calculated because normalization
is also achieved by making sure the sum over all model probabilities is one. In (4.26) the factor
pr(./\/l,(j ) | Z1.k—1, R1:N,,) 1S the predicted probability that the j-th model is correct at time step k.
The predicted probability is obtained from the law of total probability with which the update of the
model probabilities can be formulated in recursive form

8
P (M| 211, RiNge) = 3 ot (MP M ) oMY 201, Rivwe) - (427)
i=1

In (4.27) we assumed that the transition probabilities are conditionally independent from the observa-
tions and the route

pr(MDIMD ) = pr(MDIMD 210y R (4.28)

The transition between different models is further assumed to be governed by a homogeneous Markov
chain with the time independent transition probabilities p{/%) = pr(M,(f ) \M,(Ql) With (4.26) and
(4.27) the normalized model probabilities become

N ;
A )\](gj) Z p(“) pr(M](CEHZl:k—la RllNroutc)
pI'(M]E;]) ‘Zlik7 Rl:Nroule) - 8 71_18 . ’ (429)
21 )\,(j) le(j’i) pr(/\/lffll | 21615 R1:Nyowe)
j= i=

)

The crucial part of the fault detection is how the likelihoods )\,(gj are chosen for each model. However,

before we can choose the likelihoods we have to make sure they can be evaluated. In order to evaluate

)\,(cj ), the topological pose & ,SO has to be introduced into the likelihood by marginalization which yields

)\;(cj) = p(Zk|M](<;j)7Zl:k—laRliNmute) = /P(anX130|M;(cj)aZl:k—l,RLNme)d?\—’go
- / D(ZH| X, M, RiNpe) DX IMY, 211, R )AX (4.30)

In the last line of (4.30) we assumed that the underlying process for the different models is Marko-
vian and the likelihood p(Zj,| X, MY Ry, Noouwe) 18 independent from previous measurements when
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4.4 Robust Along-Track Localization Filter

conditioned on the state and the model. The second factor of the integrand in (4.30) is the pre-
dicted posterior conditioned on model j. Unfortunately, the calculation of the predicted posterior
p(X,S°|M§€j ), Z1.k—1, R1: N, ) POses a problem in practice. The predicted posterior requires the cal-
culation of the posterior for each possible sequence of models that ends up in the j-th model at time
step k. The desired posterior is then obtained by combining the posterior densities for the different
model sequences by weighting them with the probability that the corresponding sequence is correct,
a more detailed discussion regarding this topic can be found in the appendix Section A.1.2. As a
consequence, a bank of particle filters with one filter per sequence is required. Over time the number
of filters in the bank grows exponentially, which renders the calculation unfeasible from a practical
point of view due to memory and complexity limitations. In addition, it is likely that filters conditioned
on the wrong model sequence perform rather poorly because they include disturbed measurements or
exclude undisturbed measurements. In [C4] we thus proposed to only run one particle filter, which
updates its weights based on the most probable model. For the filter update step this means that
depending on the current model probabilities some of the measurements might not be considered in
the new weights. For example, when from Table 4.1 model M®) has the highest probability the z-axis
measurement is excluded and for model M (®) no magnetometer update is performed. Since only one
filter is used, we drop the model dependency in the predicted posterior and insert the Dirac mixture
density of the filter into likelihood (4.30) to obtain the approximation

)\]({;]) ~ /p(Zk’XdO)M(j)vRl:Nroute)p(Xk(:iO|Zlik—17Rl:Nroute)dX]go

Np . . .
~ Zw](;zl p(Zk|X]SO7(Z)7M](3)?Rl:Nroute) Y (4‘31)
i=1

where w,gizl are the weights from the previous time step and X’ ,S @
step k. Thus, with the particle approximation the likelihood )\g ) becomes the weighted mean of the

@ are the predicted particles at time

likelihoods p(Z| X, ,S O’(i), MY ), Ri.N,...) evaluated at the predicted particles. Note, since we sample
the predicted particles from the transition density the weights of the predicted posterior are simply the

weights from the previous time step.

The likelihood p(Z|X ,S 0’(i), Mg ), RN, ) for the i-th particle and model j is given by the product
p(Zk‘Xlzlo,(i)’ M(j), Rlszu[e) _ p(Zglag’XlSm(i)’Ml(Cj)’ Rlszme) p(zzcc‘X]:lo,(i)) ) (4.32)

In the likelihood the magnetometer part depends on the model and therefore differs from model to
model. For the accelerometer likelihood this is not the case and the same pdf given by (4.17) is used

for all models.

Model Likelihoods

The likelihood function p(z, ¢ X, M,(j ) Ry.n.,.) for the different models plays an essential role in

the FDE. For the nominal model M (1), in which all three sensor axes are not affected by disturbances,
the likelihood is given by (4.15) from the along-track localization filter Algorithm4.1. In (4.15) the
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4 Magnetic Field-based Train Localization Methodology

three magnetometer axes are independent and the likelihood of the vector measurement is the product
of the likelihoods of the individual axes

3

(| ML, Riv) = [TV () RE(O0) m (st i (7))
=1
3

— H P [z €)1 X0 1) (4.33)
=1

where [-]; stands for the [-th element of the enclosed vector and the semicolon in p"®™(-) means that
[ is considered a parameter of p"°™(-). In (4.33) it is assumed that for each magnetometer axis the
measurement is a sample of a Gaussian density with the mean given by the rotated magnetic map. A
measurement that is close to the rotated map thus has a high likelihood and a measurement that is far
away from the map has a low likelihood. But how do we describe the likelihood of a measurement
from a disturbed sensor axis? As discussed in Chapter 3, there are several sources of disturbance in the
railway domain and it is neither clear nor trivial how to model these disturbances. It is therefore difficult
to find an accurate likelihood for the disturbed magnetometer axes. However, in [C4] we proposed a
simple likelihood suitable for fault detection. The proposed likelihood is the result of a simple thought:
when the magnetometer axis is disturbed, the measured value is no longer localized around the mean
given by the magnetic map. Based on this thought, the likelihood of a disturbed axis is designed to
have an opposite behavior than the nominal likelihood, i.e., the likelihood of a disturbed axis increases
the further away the measurement is from the map. In this thesis, the likelihood from [C4] that fulfills
this property is used once more

pdist([ mag] ’Xdo ) = (dist [1 — exp (_Wlist)g([z;?dg] — [R?(Ok) mt(Sk, Rl:Nroule)]l)2>:| :
(4.34)

The function in (4.34) is not a proper pdf because it does not integrate to one. For the calculation
of the model probabilities this does not pose a problem because the normalization in (4.29) ensures
that the model probabilities always sum to one. When the support of pd(-) would be limited, a
normalization constant could be calculated such that the function becomes a proper pdf, but we do
not see an advantage in imposing this kind of restriction. In the end the goal is to have freedom in
choosing the parameters of p%!(-) to improve the performance of the fault detection. In Section 7.2.4
we will give some insight how the parameters can be selected and a concrete example for pdist(-) is
shown in Figure 7.5.

With (4.33) and (4.34) it is now straightforward to construct the likelihood of the magnetometer
measurements for the different models

p(zp 8| X MY, Ring) = [ 0™ (a0 ] p™ (2 ®a®;n . @35)
1eT() 1€{1,2,3N\Z&)

where Z(7) is a set that contains the indices of the magnetometer axes that according to model j are
not affected by disturbances. With (4.29), (4.31)—(4.32), and (4.35) we now have all ingredients to
formulate the FDE particle filter algorithm.
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4.4 Robust Along-Track Localization Filter

Algorithm 4.2 Fault detection and exclusion particle filter for along-track localization

I: Inpl’It:{X]ggy](_z)’ w](;z]_}z:pl’ Zk/" Rl:Nroule and {pr(M]({;J—)]_|Zlk_17 Rl:Nmute)}?:l

Output: Updated sets {X;O’(i), w,(;)}ﬁ\il and {pr(M,(Cj) | Z1.k, Rl:Nmute)}?:l
Predict & go’(i) for all particles as in Algorithm4.1 line 412
Calculate model likelihoods A with (4.31)

Updated model probabilities pr(MY)| 2.4, Ry.n.) with (4.29)
Update weights based on the most probable model according to (4.36). If all axes are disturbed
update only with the accelerometer likelihood.

AN AN o >

7: if Resampling necessary then

8: Draw N, particles from {X,S 0’(i), wlgi)}ﬁ’l
9: Set all weights to w,(:) = Nip

10: end if

11: return

Filter Algorithm

In Algorithm 4.2 the FDE particle filter is described. The filter is in essence a normal particle filter
with a measurement model that is adapted depending on the model probabilities. A filter iteration
starts with the prediction of the topological pose X4 of all particles with the system model. With the
predicted particles then the likelihoods )\,(j ) for all models are calculated and the model probabilities
are updated according to (4.29). In the update step of the filter, the model probabilities are used to
decide which magnetometer axes are included and excluded from the weight update. Thus, the weight

update becomes

UNJI(;) _ p(ZzCC|X’So,(i)) H pnom([zrl:agMXISm(i); l) wl(eill (436)
ZEI(jmax)
with
jm = arg max pr(Mz(gj)\lek, Ri:Nwe) - @.37)

J

When j = 8 is the most probable model, all axes are considered disturbed. In this case, the weights are
updated only with the accelerometer likelihood. Similar to the generic particle filter in Algorithm 2.2,
after the weight update resampling is performed based on the effective number of samples and a
predefined threshold.

EW¥] Particle Filter with Multiple Measurement Noise Models

In this section a second variant of a robust particle filter algorithm adopted from [50] is presented.
Similar to the FDE filter from the previous section, the filter from [50] uses multiple measurement
models to cope with outliers and disturbed measurements, but instead of excluding measurements
from the filter update, the filter softly reduces the influence of outliers on the updated weights. The
filter achieves this by averaging over multiple measurement models, where each model represents a
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Algorithm 4.3 Noise model averaging particle filter for along-track localization

Inpl’It:{X]giy](_l)’ w](clz]_}z:pl’ Z]C’ Rl:Nroule and {pr(M]({;J—)]_ |Zl5]§_1’ Rl:Nroute)}_gy:j\il

Output: Updated sets {X,go’(i), w,(f) ivz"l and {pr(M,(fj) | 21k Rlszm)};yzj‘f
Predict X ]g @ for all particles as in Algorithm 4.1 line 4-12
Calculate model likelihoods A with (4.31)
Updated model probabilities pr(/\/lg ) | 21k, R1:Npoye) With (4.29)
Update and normalize weights w,(:’j ) for each model with (4.40)
Calculate the weights w,(:) of the averaged posterior (4.42)
if Resampling necessary then
Draw N, particles from {X, ISO’(i), w,(:)}f\i’l

Set all weights to w,g,i) =1

NP
. end if
. return

—_

R AR A i

_ = =
N 22

different distribution of the measurement noise. Hence, in the following we will call the filter the
noise model averaging (NMA) filter. In [C5] the NMA filter was adapted for magnetic field-based
along-track localization. For magnetic along-track localization the posterior estimated by the NMA
filter is given by

NM . .
p(X[‘_()j;(])g‘leka Rl:Nmme) = Z p(X(()i(;c|M§gj)7 Zl:k7 Rl:Nmute) PT(M,E;]) |leka Rl:Nmute)
j=1
~ > ws(xgs — x5 . (4.38)
i=1

The posterior is the weighted average of N posteriors conditioned on the different models. The
calculation of the model probabilities is identical to (4.29) and requires the likelihoods A;j ) for the
different models.

The model specific likelihoods are calculated once more based on (4.31), which theoretically requires
a predicted posterior for each model. The NMA filter therefore suffers from the same problem as the
FDE filter and the correct calculation of the likelihoods requires an exponentially growing bank of
filters that reflects all possible model sequences up to the current time step. As for the FDE filter, we
make a simplification and use just one posterior. In the FDE filter, the predicted posterior was obtained
from the posterior that is updated only with measurements that are considered undisturbed by the most
probable model. For the NMA filter this is different and the predicted posterior p(X | Z1.5—1, R1:Nyoue)
is obtained from the averaged posterior (4.38) of the previous time step. Assuming the same predicted
posterior for all models, we can now find a simple way to calculate the weights of the NMA filter by
approximating the posterior for the different models also with a Dirac mixture density

. Np .. .
DX M 21k, Rine) = > wi P 8(x85 — x50y . (4.39)
=1
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4.5 Track Identification

In the above equation the particles set {X&(Z(i) ﬁ’l is the same for all models and is obtained from

predicting the particles from the Dirac mixture representation of (4.38) from the previous time step,

and wg’j ) are the model specific weights for model j. The unnormalized model specific weights are

obtained by updating the weights w,@l of the averaged posterior Dirac mixture approximation from

the previous time step
w}(j,j) — p(zzcc‘xsov(i)) p(ZI’:ag|X’SO7(i), Ml(cj)’ Rlszme)wl(le . (4.40)

Inserting the particle approximations (4.39) into the averaged posterior of (4.38) yields

DA 21 Rine) = > PEMP | 214 Riivne) S w5285 — 205

= i=1
Np o NM . . .

= o(xg — XD Y i) pr (MY |2, Rin) . (44D
i=1 j=1

where the weights of the mixed posterior can be identified by comparing (4.38) to (4.41)

wy) = 3" Wi pr(MP | 21k, Rivg) - (4.42)
j=1

A summary of the algorithm is shown in Algorithm 4.3. Up to line five Algorithm 4.2 and Algorithm 4.3
are the same. In line six then some differences appear, instead of just updating one set of weights, the
NMA filter first updates a set of weights for each noise model. The model specific weights are then
combined in a second step into the weights of the NMA filter.

¥ Track Identification

Until now the focus of the chapter was on the along-track localization on a known route. In this section
the assumption of a known route is dropped and we focus on the case of an unknown route. More
specifically, two different approaches to this problem will be proposed. In the first approach, the track
identifier is estimated jointly with the along-track position. In the second approach, the complete route
is estimated by running one filter for each possible route.

XX Filter for Joint Estimation of Identifier and Along-Track Position

We start with the approach in which the track identifier is part of the particle state. This requires the
estimation of the joint posterior

p(Xo:k|Z1:1) = p(do:k, Lo:ks Oo:k| Z1:) - (4.43)

To estimate the joint posterior, the along-track localization filter for known routes has to be modified.
The key step in the new modified filter is the prediction of the particles. Unlike the along-track filter
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4 Magnetic Field-based Train Localization Methodology

with a known route, we have to cope for the joint estimation with the case when a particle passes a
switch during the prediction. While the prediction step is considerably modified for the joint estimation
of the position and the track identifier, the update step only requires minor changes.

Prediction Step

The passing of a switch introduces a strong nonlinearity into the prediction of the filter state. For
example, when the train is driving towards the end of a track and then passes a switch the along-track
position jumps either to zero or the length of the track after the switch. In addition, at a switch the
sign of the speed and acceleration can jump depending on the orientation of the new track frame. The
same applies for the orientation state, when the new track frame is not aligned with the previous track
frame.

In the filter algorithm for joint estimation of position and track identifier, the prediction step is divided
into two parts. In the first part, the state is predicted almost exactly as in the along-track filter for
known routes by applying the following steps to the particles

1. Predict the dynamic train state dgj) of each particle with the linear model in (4.20) and do not
limit the result to the length of the current track indicated by the track identifier I 1(21 of the
particle.

2. Set the predicted track identifier to the value of the identifier from the previous time step
i =1,

3. Predict the orientation state Ol(f) based on the Markov chain model in Figure 4.2.
After the first part of the prediction, it is checked if the predicted along-track position of a particle is
outside the track boundaries. If this is the case, the following second part of the prediction is applied

to the corresponding particles

1. Predict the new track identifier I ,gi) of the particle. This is done by checking which tracks are
connected to the track the particle just left. If more than one track is connected to the track,
the new track is chosen randomly such that the probability for each possible track is the same.
Note, the connections between the tracks defined in the network topology are always supposed
to be known, although it is not explicitly mentioned in the equations.

2. Now that the new track identifier is defined, the dynamic train state can be adapted accordingly.
The along-track position is derived from the distance the particle has traveled since the switch.
If the particle enters the new track over its starting point the new along-track position is equal to
the traveled distance after passing the switch. If the train enters the track over its end point the
new along-track position is equal to the length of the new track minus the distance traveled after
passing the switch. It can happen, that the traveled distance after the switch exceeds the length
of the new track. In this case one has to again predict randomly the new track identifier until the
traveled distance is shorter than the new track. For the speed and the acceleration only the sign
has to be changed depending on how the previous and new track are connected to each other.
The sign has to be changed when a particle leaves its previous track over the track endpoint and
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4.5 Track Identification

Algorithm 4.4 Particle filter for joint estimation of track identifier and along-track position

1: Input: Particle set {X, 1521, w,gll}iv:pl and observations Z,
2: Output: Updated set {X,gi), w,(f)}ﬁ’l
3: foralli e {1,...,N,} do
4 dY ~NEFa,, QY
@ _ 7®

T

7 7
7. if u® > 7o with u® ~4(0,1) then
8 Set O,Ef) to opposite value of O;@l
9: end if
10 if S](;) ¢ |0, lllgi)] then

11: Predict new track identifier ,gi) by randomly selecting one of the possible tracks.
12: Calculate s,(:) on the new track and adapt sign of ,él(f) and s,(;)

13: Check if track frame has changed and adapt sign of O,(;).

14: end if

5 a0 = (a0, 1)
16 117,(;) = p(zzlag\X,gl)) p(z}f}°°|é\,’k(l))w,(21
17: end for

18: foralli € {1,...,N,} do

A .
o = a3 a0

j=1
20: end for
21: if Resampling necessary then
22: Draw N, particles from {X,El), w,(:)}f\]:pl
23: Set all weights to w,(:) = Nip
24: end if
25: return

enters the new track over the endpoint. The same is true, when a particle leaves its previous
track over the track starting point and enters its new track over the starting point.

3. Finally, the trains orientation is adapted. The orientation only changes when the new track
frame does not correspond to the previous one. The two cases in which the orientation has to
be changed are identical to the cases in which the sign for the speed and the acceleration has to
be changed.

Update Step
The update step only needs a minor modification compared to the along-track localization filter for

a known route. The main modification concerns the map function. For the along-track filter with a
known route the map (4.13) was a function of the complete route. From the route a virtual track was
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4 Magnetic Field-based Train Localization Methodology

constructed and the localization was done w.r.t. the virtual track. Here the map is now a function of
the along-track position and the track identifier

m' (s, I) : [0,1,] x T+~ R3. (4.44)

Consequentially, the likelihood of the magnetometer measurement conditioned on A, given by the
Gaussian

p(zy 8| X)) = N (2 "¢ Ry (Or) m'(sy, I1,), (0™)*I3x3) (4.45)

is now, in contrast to (4.15), also a function of the track identifier. With (4.45) the weight update for
particle ¢« becomes

) = p(zy ) p( Xl (4:46)

The weight update of the joint particle filter is in accordance with the weight update equation (4.23) of
the along-track filter with a known route, we just exchanged the magnetometer likelihood (4.15) with
(4.45).

Filter Algorithm

The prediction and update step for the joint track identifier and along-track position filter is summarized
in Algorithm4.4. In Algorithm4.4 it is assumed that no disturbances occur in the magnetometer
measurements and hence we used a prediction and update step that is similar to the one of the simple
along-track filter from Section 4.3.

When the track identifier is estimated by the filter the calculation of point estimates differs from
the calculation for the filter with a known route. For a known route the MMSEE was calculated
by the weighted sum over all particles (4.24). Now all particles have their own track identifier and
their along-track position is no longer defined on a common virtual track. Averaging the along-track
position of all particles therefore does not yield a meaningful result. To avoid this issue, we propose
here to provide a point estimate only when most of the posterior probability is allocated on a single
track. We therefore first calculate the probability for the different track identifiers I, that are currently
part of the particle set

pr(lelZu) = Y. w). (4.47)
jeqin =1}

A proof of the above equation is given in the Appendix Section A.2. If the probability of one track
exceeds a predefined threshold, the MMSEE of position, speed, and acceleration is calculated over all
particles with that track identifier according to (4.24). The weights used in (4.24) do not sum up to
one anymore when the particle cloud spreads over more than one track. For the MMSEE we therefore
apply a simple heuristic and normalize the weights to one before the weighted sum for the MMSEE is
calculated. The MMSEE of the topological position then comprises the most probable track and the
MMSEE of the corresponding along-track position. If none of the track identifiers in the particle set
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4.5 Track Identification

reaches the probability threshold the position is considered to be not defined. This can be problematic
for some applications, but without further information from track-side devices or forward-looking
sensors, such as cameras and laser scanners, there will be always a period of uncertainty between the
time the switch is passed and the time it is resolved.

EXF) Filter for Joint Estimation of Route and Along-Track Position

The second approach for localization on an unknown route estimates the complete route instead of
the current track identifier. To estimate the route, we apply an idea similar to the one used already in
the robust particle filters and calculate the probabilities of different hypotheses for the measurement
model. That means we want to calculate for each possible route R(Y) € R through the network the
probability pr(R(?)|Z,.;) that the route is correct based on the available measurements, where R is
the set of all N routes. Similar to the model probabilities in the robust filters, we can calculate the
route probability by the equation

p(Zk|RD, Z14 1) pr(RW|Z1.4_1)

T R(i) Zi..) =
pr(R™| Z14) SEAETE)

. (4.48)

Thus, the probability pr(R(?)|Z,.;) of a route conditioned on all observations until time step k is
a function of the route probability from the previous time step and the likelihood of the current
observation. In contrast to the model probabilities in Section 4.4, the route probability must not be
predicted in time because the route is fixed from the beginning and cannot change over time, hence
also the time index was omitted. In essence this means, the transition probability between different
routes is zero. To update the route probability we therefore only need to find a feasible way to obtain
the likelihood in (4.48). Similar to (4.30), the likelihood will be calculated by a marginalization over
the topological train pose

p(ZLRY, 214 1) = / p(Zk, XP|RD, 214 1)dX®
- / P(ZlX% RO, 214 1) p(ARIRD, 211 )d AL
= / p(Z| X%, RO p(XPIRD, 2101 )X . (4.49)

In the last line of the above integral we identify the integrand as the product of the likelihood of the
current observation and the predicted posterior of the along-track particle filter for a known route.
Thus, for the calculation of the different route probabilities we have to calculate a separate along-track
particle filter for each route through the network. In a naive implementation, this would result in an
unfeasible number of filters running in parallel. To keep the number of filters manageable, the set
of considered routes is adapted dynamically as will be described in the next paragraph. Note, the
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4 Magnetic Field-based Train Localization Methodology

Algorithm 4.5 Particle filter for joint estimation of route and along-track position

1: Input: Set of particle filters Fj_; and observations Zj,

2: Output: Updated particle filter set Fy,

3: forallj € {l,...,Nr} do

4 Predict particle set of filter F, ,5]_) 1

5: if Particle crosses a switch then

6 Create copy of F. ;5],) , and add to set Fp_1

7 Add track identifiers of the new tracks to the route of the corresponding filters

8 end if

9: end for

10: Update the route probability for all filters with (4.49) and (4.50)

11: When the probability of a route is above a defined threshold, delete all other routes and their
corresponding filters from the set of filters

12: forallj € {1,...,Nr} do

13: Update the weights w,(jfl) of the j-th filter

14: Resample if necessary

15: end for

16: Add updated filters to Fy,

17: return

normalization constant p(Z|Z.,_1) in (4.48) can be replaced with the sum over the unnormalized
probabilities of all routes which yields the update equation for the route probabilities

p(Zk|RW, Z15—1) pr(RW| Z1.4-1)

pr(RW|Z1,) = (4.50)

Ng . , '
> p(ZK|RY, Z1—1) pr(RU|Z14-1)
j=1

Management of Routes

To limit the computational complexity and memory requirements, we have to keep the number of
considered routes small. Let us assume the train starts on a known track, then all routes that start with
that track have the same probability and the along-track filter will be the same. All routes that do not
start on the correct track will have zero probability. As soon as the first particle of the along-track filter
reaches a switch the situation becomes a bit more complicated. Now we have two possible routes,
one includes the left track and one the right track. In this situation a copy of the along-track filter is
created, which results in one copy for each possibly route. For each of the routes now the probability
is calculated and updated with each new measurement. When a route probability is above a defined
threshold, the switch is considered to be resolved and all other routes are no longer feasible and the
corresponding filters will be deleted. Thus, at one point a hard decision is made for one of the routes.
If one filter reaches a switch before a decision for a single route was made, it can happen that a third
filter has to be created. As will be discussed in the evaluation in Chapter 7, the magnetic field enables
a rather quick identification of the route, which means also the number of tracked routes should stay
bounded.
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4.6 Summary

Filter Algorithm

In Algorithm 4.5 one recursion of the filter algorithm is shown. The input to the algorithm is no longer
a single set of weighted particles but rather a set of particle filters Fj, = {F, ,gj ) }jvzfl that contains one

filter for each tracked route. A filter F, ,E,j ) is itself a set that contains the route information, the weighted
particle set, and the route probability. The prediction step for the individual filters is performed once
more based on the motion model and the Markov chain from Section4.3.2. If during the prediction
a particle has left the known route over a branching switch, a copy of the filter is created such that
one filter for each possible route exists. After the prediction step is completed, the route probabilities
are calculated. In the case that a route probability exceeds a certain threshold all filters but one are
deleted. For the weight update in Algorithm4.5, we can either choose to use the update step from
Algorithm 4.1 or from the two robust filters. If a robust filter is used, the individual filters F, ,gj ) have
to be adapted accordingly such that also the model probabilities are calculated. Point estimates are
obtained only when the route is identified. When the route is identified, only one filter remains and
the point estimates can be calculated as described for the particle filter on a known route.

Finally, we want to note that this section is based on the algorithm that we presented in [C5]. The
main difference to [C5] lies in the motion model of the along-track filter that uses the acceleration
as an input and in the way the decision for a route is made. In [C5] routes are removed based on a
likelihood ratio test of the filter residuals. In this thesis we switch to route probabilities because this
is a more intuitive and accessible way to judge the “correctness” of a certain route.

EX M Summary

In this chapter different filter algorithms for magnetic field-based train localization were introduced.
The first filter introduced is the simplest and estimates the along-track position and orientation of a
train on a known route with magnetometer and accelerometer data. Based on this filter, two robust
filter algorithms were presented that cope with unmodeled disturbances in the magnetometer data.
The robust filters use multiple measurement models and calculate the probability of these models to
either exclude disturbed measurements from the filter update step or to reduce their impact on the filter
output. After the introduction of the robust filter algorithms, two possible approaches were proposed
to cope with the case of an unknown route. In the first approach, a particle filter was designed that
estimates the track identifier and the along-track position jointly by randomly assigning each particle
a track after it passes a switch. In the second approach, the track identifier is not part of the filter
state, but instead one filter per possible route is calculated. For each of those filters the probabilities
that their corresponding route is correct are calculated and unlikely routes are removed in order to
minimize the computing effort and memory requirements. The filters presented in this chapter will be
evaluated and compared in Chapter 7.
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CHAPTER &}

Simultaneous Localization and Calibration

In Chapter 4 different algorithms for the estimation of the topological train position were proposed. In
all these algorithms it was assumed that, in the absence of disturbances, the magnetometer measure-
ments are noisy samples of a known magnetic map. This assumption implies that the magnetometer
used to create the map and the magnetometer used for localization are both calibrated. Unfortunately,
the calibration of a train-mounted magnetometer is not a trivial task because common methods for
magnetometer calibration cannot be used. In this chapter, we will discuss the underlying problem
encountered in the railway domain and we will propose a filter that estimates the train position and the
calibration parameters simultaneously.

EXB Magnetometer Calibration

XK} sensor Model

For the calibration of a magnetometer we need to define its sensor model that creates a relation between
the calibration parameters, the measured magnetic field, and the true magnetic field an ideal sensor
would measure. In the literature, cf. [76-80], a common magnetometer model is given by

z, "¢ = CR),m" + b+ n; ¢ . (5.1)
In the above model m" is the true physical magnetic field given in the navigation frame that a perfect
sensor should measure when the sensor axes are aligned with the navigation frame and n}?ag is once
more Gaussian sensor noise. To account for the rotation between body and navigation frame, the true
magnetic field is rotated into the body frame by multiplying it with the time variant rotation matrix
RR ;.- For an uncalibrated sensor, the rotated true magnetic field has to be multiplied additionally with
the real matrix C € R3*3 and a bias vector b € R? has to be added. Matrix C accounts for soft
iron effects and the bias b for hard iron effects. Both, the hard iron and soft iron effects, are caused
by magnetic material in the platform on which the magnetometer is mounted. Hard iron effects are a
consequence of permanently magnetized material in the vicinity of the sensor. Soft iron effects are a
result of the interaction between magnetic material on the platform and the external magnetic field.

Model (5.1) is rather generic and cannot only account for hard and soft iron effects but also for
imperfections of the sensor itself. Examples for such imperfections are non-orthogonality of the
sensor axes, hardware induced biases, and scaling errors [76,78]. When no particular structure is
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5 Simultaneous Localization and Calibration

imposed on matrix C and vector b the model can also compensate for other linear magnetic effects and
sensor imperfections [78]. Given the sensor model (5.1), the calibration of the sensor can be reduced
to the task of estimating the elements of C and b. In the following, we will take a closer look at how
the calibration parameters can be estimated and under which conditions they are observable.

X Observability of Calibration Parameters

For the observability analysis we start by defining the estimation problem. The estimation problem
can be expressed in terms of a parameter vector @ € R'? that contains all elements of C and b

0=[(Ch Bl [Ch Bh [ Bl 52

where [C];. is the i-th row of the calibration matrix C and [b]; is the i-th element of the bias vector b.
With the parameter vector, the sensor model (5.1) can be reformulated to

z?%::I{ﬂRRknﬂ)Hﬁ—n?%, (5.3)

where H(RE ,m") is a matrix-valued function of the true magnetic field rotated into the body frame
of the magnetometer

(Rp,m") T 1} 01x4 014
H(Rﬁykm“) = 014 [(ngm“)T 1} (! . (5.4)
01x4 01x4 [(ngmn)T 1

In order to estimate the calibration parameters, a sequence of measurements zrﬂzg is required. Stacking
these measurements into a long column vector and by using (5.3) we get a linear system of equations

z H(R{ m") ny
= : 0+ : . (5.5)
T T
Z D nm

If the true magnetic field m" and the rotation between navigation and body frame RE i are known, a
linear least squares (L.S) estimator can be applied to obtain an ML estimate of the parameter vector

6=MD'D)'D'z. (5.6)

The LS estimate in (5.6) is only unique when matrix D has full column rank rank(D) = 12 [81]. The
definition of D in (5.5) makes it clear that at least four measurements are required for this, as the number
of rows and therefore the maximal rank is otherwise less than 12. In addition, the four measurements
have to differ from each other because otherwise some of the rows are linearly dependent. Thus, to
ensure a unique solution of the LS estimate and to render the parameter vector observable, the matrix
H(Rg’ »m") has to be altered between measurements by changing the magnetic field m" or the sensor
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5.1 Magnetometer Calibration

Figure 5.1: Unit sphere (blue) and ellipsoid (red) obtained by applying the linear transformation given by (5.1) to the sphere.

orientation RR - As the measurements contain noise, more than four measurements should be used
in the estimation to obtain good results. In this section only the LS estimator is considered, but the
above considerations also apply in principle to Bayesian estimators: without a sufficient amount of
different measurements the estimation performance will be poor.

In (5.6), the orientation and the magnetic field is considered to be known. As this assumption is rather
unrealistic when the magnetometer and the platform on which it is mounted is not in a laboratory,
the simple LS estimator cannot be employed in most applications. Therefore, more involved methods
for calibration are required in practice. A popular method that does not require the sensor orientation
is ellipsoid fitting [77, 80]. For ellipsoid fitting the platform with the magnetometer is placed in
an area with a homogeneous magnetic field, e.g., an outside area without magnetic material in the
immediate vicinity, and then the sensor is rotated around all axes. The magnetic field vectors a perfect
magnetometer would measure during the rotation of the sensor is given by RE’ m". Since a rotation
of a vector does not change its length, the measurements lie on the surface of a centered sphere with
a radius equal to the magnitude |m"| of the true magnetic field. For an uncalibrated magnetometer,
the calibration matrix C transforms the sphere into an ellipsoid and the bias vector b translates the
origin of the ellipsoid. Figure 5.1 shows an example for C = diag([2 1 1.5])andb=1[2 2 0]'.
Taking this into consideration, calibration is the task of finding values for C and b that map points
from a sphere to points on an ellipsoid. In ellipsoid fitting this is achieved by finding parameters such

that the magnitude of the calibrated magnetic field measurements is as close as possible to |m"|.

For the calibration of train mounted magnetometers common calibration methods, such as ellipsoid
fitting, are not applicable. This is due to the high train mass and size, which makes it almost impossible
to rotate the magnetometer while it is rigidly mounted on the train. If the rotation of the magnetometer
is not an option, the only possibility left to render the calibration parameters observable is to change
the true external magnetic field m" instead. Fortunately, the magnetic field along a railway track shows
strong distortions, which means instead of rotating the sensor to change the measured magnetic field

we can simply move it along the railway track.
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I3 Calibration of a Train-Mounted Magnetometer

For a train-mounted uncalibrated magnetometer the sensor model is obtained by replacing the
true external magnetic field in the body frame Rg Rm" from (5.1) with the rotated magnetic map
R (Or) m'(sg, Ri:N,,,) from (4.14)

Zrkrtlag = CR?(O’C) mt(8k7 Rl:Nroute) + b + nglag * (57)
Alternatively, the equation can be expressed in terms of the calibration vector
2y ¢ = H(RY(Or) m' (s, Ri:N )6 + 1% (5.8)

If in (5.8) the orientation Oy, the map m'(-), the route Rj.x;,,.. and the along-track position sy, are
known, the calibration parameters can be obtained once more with a linear estimator such as the one
described by (5.6). To render the parameters observable, the train has to move to ensure that the
external magnetic field changes. The travel distance necessary to get a good estimate depends on the
strength and spatial variability of the magnetic field of the track the train is driving on.

In a practical setting, the main difficulty for performing the calibration is to obtain the true magnetic
field RY(Oy) m'(sy, R1.N,.,.) a calibrated magnetometer would measure. This requires the estimator
to know the train orientation and position at all times and to have a map of the true magnetic field.
Especially obtaining the map is a difficult endeavor, because the map should contain the true magnetic
field and hence has to be recorded already with a calibrated sensor. To address this issue, in the
remainder of this section we will show that under certain assumptions we can perform calibration also
relative to a map that was recorded only with an uncalibrated magnetometer.

A map created from the measurements of an uncalibrated magnetometer is related to the true magnetic
map by

ﬂlB(Sk, Rl:Nmute) = CR}E(Slﬁ Rl:Nroute) mt(Sk, Rl:Nroute) + b . (59)

In (5.9) C and b are the calibration parameters of the magnetometer used to create the map. The
rotation matrix RE’ (Sk, R1:N,u ) describes the orientation of the magnetometer body frame, indicated
by the superscript B, relative to the track frame during the mapping measurements and is a function of
the train position. To get a relation between the uncalibrated map (5.9) and the measurements (5.7),

first (5.9) is solved for the true map

mt(sk” Rl:Nroule) = R%(Sk" Rl:Nmute)é_l (ﬁlB(Sk7 Rl:Nroute) - B) I (510)
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where R (sk, R1:N,,.) describes the inverse rotation of R'é(sk, Ri:N..)- Second, (5.10) is inserted
into (5.7) which yields

2" = CRY(Op)R (55, Ri:Nwe) C (Iﬁg(sk, Ry Ngwe) — 5) +b +n;

Ri L
= CR, G (1 (sp, Ri-n) —B) + b+ nl™
= CRY, C ' (54, Ri:npye) — CRY,C7'b + b + ). (5.11)

This is again a linear model similar to (5.1) and can be written in short form as

20" = Cypi® (54, RiiNp,) + by + 0 (5.12)
where the calibration matrix and the bias vector are given by
Cy=CRy,C™!
by = —CRE’kC‘IB +b. (5.13)
Comparable to (5.8), (5.12) may also be formulated in terms of a parameter vector

2" = H( (s, Ri:Ny,)) Ok + 08 (5.14)

where ), contains the elements of C, and by. The parameters are now a mixture of the calibration
parameters of both magnetometers, the magnetometer used in the map creation and the magnetometer
b

b,k
tometer body frames and hence are time variant as indicated by the time index k. The dependency

that we want to calibrate. The parameters depend on the relative orientation R? = of the two magne-
on the time is not ideal and complicates the calibration considerably. Fortunately, in the railway envi-
ronment the relative orientation R behaves rather nicely. To show this, we decompose the rotation

bk
from the track frame to the body frame into two consecutive rotations

R?(Skh Rl:Nroute) = RgRS(Sk’ Rl:Nmute) ? (515)

where the rotation between the body and vehicle frame is constant as long as the magnetometer is
rigidly mounted to the vehicle. When this decomposition is applied also to R?(Oy) the relative
orientation between the body frames becomes

RY =Ry R R (s, Rinoue) RY - (5.16)

A\
R7

In (5.16) the outer left and right matrices are constant rotations, the only time varying part is the
relative rotation between the different vehicles frames R{ ;- From our measurements, we have found
that the differences in the roll and pitch angles of different vehicle frames at the same track position
are rather small. Figure 7.10 in Chapter 7 shows an example, in which the difference in the two angles
is in the range of 0.5°. Therefore, the difference between vehicles frames will be mainly due to the
train orientation relative to the track. As a result, two cases must be distinguished. In the first case,
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5 Simultaneous Localization and Calibration

both vehicles frames coincide which result in RY ~ I3x3. In the second case, they are opposite and
the rotation becomes

-1 0 0
R~ |0 -1 0. (5.17)
0 0 1

The rotation matrix (5.17) is obtained from multiplying the matrix (4.5) for two different orientations.
In both cases, matrix (5.16) becomes nearly a constant and it can change its value only when the train
enters a new track since we assume a train does not change its orientation in the middle of a track.
This assumption implies that for the mapping of a track measurements from a continuous train run
are used or that the train orientation stayed constant throughout the measurements. From the above
remarks one can conclude that the calibration parameters of (5.12) are approximately constant and can
have only two different values. Furthermore, the values can only change when the train is switching
the track. This means that two sets of parameters are required to cover both cases and the parameters
have to be adapted accordingly when the track is changed. The actual estimation of the parameters is
the same for both values of R and can be done with (5.14) and a LS estimator of the form (5.6) under
the condition that the train position is known and the relative orientation of the vehicle frames does
not change during calibration.

&M Joint Estimation of Calibration Parameters and Position

In the previous section we assumed that we know the train position and therefore also i’ (Sky R1:Nypue)-
With this assumption and (5.14) the calibration reduces to a linear estimation problem. Since the
primary goal of this thesis is train localization with the magnetic field, this leads to a chicken-or-egg
problem. To estimate the train position, we need the calibration parameters and to calibrate the
magnetometer we need the position. This kind of problem is also encountered in other contexts. A
prominent example of this is the SLAM problem, in which a map of the environment has to be created
while simultaneously the position within the unknown map has to be estimated. The SLAM problem
is discussed extensively for different environments and sensor modalities. SLAM is used, e.g., for
magnetic field mapping [39,40,42,45] and the mapping of wireless transmitters for localization with
signals of opportunity [82, 83]. Furthermore, SLAM methods are used in combination with laser
scanners [84,85], cameras [86], or radars [87, 88] for localization in unknown environments. Even if
at first glance the calibration problem and the SLAM problem do not appear to be comparable, they are
mathematically similar. To acknowledge this similarity, we call the proposed procedure simultaneous
localization and calibration (SLAC).
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5.3 Joint Estimation of Calibration Parameters and Position

EXEXEN Rao-Blackwellized Particle Filter for SLAC

When the position and the calibration parameters are both unknown they have to be estimated jointly
and we have to find the joint density

p(X(?;%vék’ZI:kleszme) Y (5'18)

or at least some moments of it. In the above density, and for the rest of the chapter, the route of the
train is considered to be known although in the following equations the conditioning on the route is
dropped for brevity. The case for an unknown route is out of the scope of this thesis and will be
considered in future work.

In contrast to SLAM, where the position and the map are estimated, here the position and the calibration
parameters are estimated. Besides this difference, the underlying problem is the same. Hence, the
idea of FastSLAM [89] is also applicable to the calibration problem. In FastSLAM, the joint density
is decomposed into a map and a position part and then a Rao-Blackwellized particle filter is applied
to find an approximation of the posterior. In this section we derive the concrete filter algorithm for
SLAC. A more general introduction to Rao-Blackwellized particle filters can be found in [90]. The
decomposition idea from FastSLAM applied to the SLAC problem factorizes the density (5.18) into
a position part and a parameter part

D(X, 0k Z1.1) = POk X, Z1)D(XES | Z18) - (5.19)

The parameter-related part p(@ k ]X&%, Z1.1) is conditioned on the measurements and the position and
thus the relation between the magnetometer measurements and the parameter vector is linear due to the
magnetometer model (5.14). If we further assume a linear Gaussian model for the temporal behavior
of the parameters, the parameter part of the posterior is analytically tractable and obtained with a
linear Kalman filter. In the previous section the parameters were shown to be approximately constant,
which will be expressed by the linear model

0p =0,y +w0 |, (5.20)

with the Gaussian process noise wg_l ~ N (012x1, (09)2112X12). For truly constant parameters the

standard deviation o of the process noise would be zero. Since the parameters are only approximately
constant, the standard deviation o® is treated here as a tuning parameter that defines how fast the
parameters can change over time. With zero process noise the estimated uncertainty of the parameters
would tend towards zero. When this happens, the parameters will no longer be adapted to the
measurements. This is not desired in most applications, especially when the state space model of the

filter is only an approximation of the true state behavior.

While the parameter part of (5.19) can be easily estimated with a Kalman filter, the calculation of the
position part is more complicated. For the position part p(X(i‘;{\lek) the along-track particle filter
from Section 4.3 is modified to account for the calibration parameters. The main modification to the
filter is how the weight update for the particles is performed. The magnetometer update requires us to
evaluate the likelihood p(z),“¢| X°) at the different particle positions. Due to the magnetometer model
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5 Simultaneous Localization and Calibration

(5.14) the likelihood cannot be evaluated directly because the calibration parameters are unknown. To
resolve this problem, we will marginalize the magnetometer likelihood w.r.t. the parameter vector .
Before performing the marginalization, it is important to recall (2.10). In (2.10) the Markov property
of the system allowed us to replace the likelihood p(zy|X.x, Z1.x—1) With p(zx|xx). If we do not make
this simplification, the new weight is obtained by multiplying the old weight with p(zg|Xo.x, Z1:k—1)
instead of p(zx|xy). This modification only affects the particle filter weight update, the rest of the filter
algorithm remains unchanged. This can be seen easily from (2.41) and (2.42) when p(zx |Xo.k, Z1:5—1)
is substituted for p(zg|xx). Thus, the magnetometer likelihood for the weight update of the i-th
particle can be obtained from the integral

(a1 ) = [ ol 60l 2 )6
- / p(2 By, (). 2% ) p(By/d (). a8 A6, (5.21)

Note, in the above equation we only account for the dynamic train state d and not the orientation
because the orientation is absorbed in the calibration parameters. The orientation is only required for
the likelihood of the accelerometer. If no accelerometer is used, the orientation can be completely
dropped from the estimated state. The first factor of the integrand in (5.21) is the likelihood of
the current measurement zr,:ag and is defined by the measurement model (5.14) and the respective
measurement noise density

p(7 410k, {715 1) = N (28 H(m® (5)) 0, (0™ Tg.c3) . (522)

The second factor of the integrand is the predicted posterior of the calibration parameters. Because we
use in the weight update the likelihood p(z), g|d0 o Zy g ) instead of p(z, ¥|d z)) the posterior of the
parameters is here conditioned on all past measurements and the complete history of the dynamic train
state. For this case, the relationship between the magnetometer data and the calibration parameters is

linear and can be determined with a Kalman filter and is given by the Gaussian
p(8,]d) 2™ ) = N(By; 2O, £ (5.23)
k190> Z1:k—1 HN D O , :

B.(6)—

0,(i),— is the predicted mean and EZ G

where p;. the predicted covariance matrix of the Kalman
filter at time step k for particle . The mean and covariance have to be calculated for each particle
history. Therefore, IV, Kalman filters have to be predicted and updated in each time step of the
Rao-Blackwellized particle filter. Due to the system model (5.20) of the parameters, the predicted

év(i)vf — 9 (Z)

mean is the updated mean from the previous time step ;. and the predicted covariance

is the updated covariance from the previous time step plus the process noise 29 @.= ng?’Jr +
(o )2112X12. For the Gaussian likelihood (5.22) and Gaussian predicted posterior (5.23) the integral

in (5.21) has the closed form solution
Pzl 21 ) = N B w07 B SO TED)T 4 (07 L) . (524)

where Hg) = H(rhb(s](;))). The covariance matrix of the likelihood is the sum of the covariance
of the parameter vector projected into the measurement space and the measurement noise covariance.
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5.3 Joint Estimation of Calibration Parameters and Position

Algorithm 5.1 Rao-Blackwellized particle filter for SLAC

1: Input: Particle set {X,Si’ii),w,(:ll}ﬁvz"l, Kalman filter estimates {quil)’+, EZfil)’Jr}, observations

Zj, and route information Ry.n . i
2: Output: Updated particle set {X,S (@), w,(j) ZNz”l and Kalman filter estimates { HZ’(i)’+7 EZ’U)#}
3: foralli e {1,...,Ny} do

4 dY ~NEFAY QY

50 if s ¢ [0, lroue] then
6: Set s,(j) to closest endpoint of interval [0, lroute)
7: end if
s of =0,
9 if ul® > 7o with u) ~4(0,1) then
10 Set O,(;) to opposite value of 01(21
11 end if ‘
12 x80() {dg), O,(j)}
0,(i), 0,(i),

13 H;?( )= _ I‘Lki—l) +
14: EZ’(Z)’f = EZ_’_(ZI)’Jr + (09)?T19x12
5: S](;) _ H](;) E‘Z,(l),*(HI(;))T + (o™2)215,, 5

(i i ace| 140,(8)y (i
e ay) = ple™dy, 2 ) p(Ee A e,

no KO -S0O0CEOTE)
5 PO = B0 g ) 00
;20O _ 500 g Ogl) g T

20: end for

21: foralli € {1,...,N,} do

) LN )
2wl = a3 e
]:

23: end for

24: if Resampling necessary then

25: Draw N, particles and their associated Kalman filters
26: Set all weights to w,(;) = N%,

27: end if

28: return

The covariance of the likelihood is thus equal to the covariance of the Kalman filter innovation and
will be denoted by the matrix Sj in the following. Intuitively this seems to be correct, when the
parameters are uncertain the likelihood becomes “wider” and when the calibration parameters are
known the width of the likelihood is only defined by the measurement noise, as it would be the case

for a perfectly calibrated magnetometer.

With likelihood (5.24) we have all ingredients for the Rao-Blackwellized particle filter that calculates
an approximation of the posterior (5.19) of the SLAC problem. The filter is described in detail in
Algorithm 5.1. In the Rao-Blackwellized filter the prediction and update steps of the Kalman filters
and particle filter are interleaved with each other. After the prediction of the particle and Kalman
filter state, first, the particle weight is updated using the predicted density of the parameter vector
and second, the Kalman filter is updated to obtain the posterior of the parameter vector. It should be
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5 Simultaneous Localization and Calibration

pointed out that instead of estimating the parameter vector naively by a twelve-dimensional Kalman
filter per particle, the parameter vector can be also decomposed into three four-dimensional parameter
vectors that are estimated in separate Kalman filters. Each of the four-dimensional parameter vectors
contains one row of matrix C and the corresponding element of the bias vector b and thus contains the
calibration parameters for one of the three magnetometer axes. The decomposition is possible because
H (th (Sky R1:Nyue)) in (5.14) is a block diagonal matrix, the measurement noise for the magnetometer
axes is assumed to be uncorrelated, and the prediction of the different parts of the parameter vector in
(5.20) can be performed independently. The main benefit of decomposing the parameter vector into
three smaller vectors is a reduction of the computational complexity due to the cubic complexity of
the Kalman filter w.r.t. the number of estimated states [91].

¥ Practical Considerations

Previously we discussed that the calibration parameters in the vector @ have different values for the
two possible relative orientations between the vehicles frames during mapping and localization. In
practice this has to be accounted for when SLAC is used. One possible approach to handle this is
to store the estimated calibrations parameters and their covariance when the relative orientation is
changed. The change of the relative orientation can be detected and handled by simply storing the
train orientation during the mapping in the magnetic map. If the orientation changes for the first time,
the Kalman filter state and covariance should be reset to their initial values to allow the parameters
to be adapted quickly to the measurements. If the same orientation was already encountered before,
the Kalman filter can use the stored estimates of the calibration parameters to continue the estimation.
Depending on how well the assumption of constant parameters is fulfilled, one might have to inflate
the covariance of the Kalman filters at that point.

The change in the parameters with the relative orientation of the vehicle frames is only encountered
when the map is recorded with an uncalibrated magnetometer. If the true magnetic map is used, it is
sufficient to estimate the train orientation relative to the track frame. Then, when the train orientation
changes, it is sufficient to rotate the map accordingly while the calibration parameters stay the same.
However, creating the true magnetic map is not easy, although it is not impossible. One approach
would be to mount a calibrated magnetometer on a boom in front or in the back of a train and create
the map with these measurements.

K] Calculation of Point Estimates

For the evaluation of the SLAC approach point estimates of the dynamic train state and the calibration
parameters are required. For the dynamic train state the calculation of the MMSEE and the standard
deviation is equal to Section4.3.4. Here therefore only the calculation of the point estimates and
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standard deviation of the calibration parameters is discussed. For the parameter vector the MMSEE is
defined by the integral

0 = /ékp(ék|21:k)dék
= /ek </ p(X(%‘,’C,Bk]ZM)dX&%> doy , (5.25)

where the inner integral is easily calculated by using the decomposition (5.19) and inserting the particle

approximation for the position part

p(BulZ1s) = / D(BL X8, Z1.4) (XS Z1.0) A

Ny
- / P(OKIXE, Z0)S w6 — X%y dads

=1
= Zwk IR AR (5.26)

Substituting (5.26) into (5.25) gives the MMSEE of the parameter vector
~ Np . .
0, = /9k ng)p(ek]é’(&(;(l), Z1.1)d0y,
i=1

Np . . _ Np . e
=S / Okp(O Xy, Z14)dy = S wi Ot (5.27)

The integral can be identified as the posterior mean of the Kalman filter of particle + and the MMSEE
estimate is the weighted sum over all Kalman filter means.

The covariance matrix of the parameter vector is calculated by replacing 6, in (5.27) with the outer
product of the vector difference 0, — 0,

— Np . _ ~ _ >
2= w /(ak — 6,)(0k — 01) Tp(B| XD 2,,4)d6) = Zw %00 (5.28)

7()

For the covariance the result of the integral 33, """ is not just the covariance of the i-th Kalman filter,

recognizable by the lack of a ¥ or ~ superscript, because ék is the same for all ¢ and depends on the
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mean of all /V, Kalman filters. However, with a simple trick the integral in (5.28) can be calculated in
a straightforward manner

D :/ Ok — 0+ iy T =)0y — B+ iy T =) (041205, 214) 6,

_ /(ek _ 00y g — OO T %0 2,48,
[0 =00l O — 00T pOAR . 210
4 [O= WO - ékfp(ékwg{‘;;(“, 2140,
+ / (8D~ 8,)(0), — p& ) Tp(B, 8D, 2,.,)d8,
= 30O (W OF g (ud D —y)T (5.29)

The integral in the second line is just the Kalman filter covariance. The argument of the expectation in
the third line is a constant matrix and therefore the result is just the argument. The last two integrals

0,(i), 97()
Ky

are both zero because p, T_9 & is a constant and the expectation of 8, — is the zero vector.

With (5.29) the overall covariance E(Z of the calibration parameters from (5.28) becomes

Np
Z OxoOF 4 Zwk 0O+ _ ) (ul D — 8,7 . (5.30)

=1 1=1

The covariance in (5.30) is not only the weighted sum over the Kalman filter posterior covariance
matrices but instead also accounts for the sample covariance of the parameter vector w.r.t. the MMSEE
ék in its second term. This appears to be plausible, because without the sample covariance part the
matrix 22 only depends on how certain the Kalman filters are about their estimates, but it would not
take into account that the Kalman filter estimates depend on the particle trajectories that have also an
inherent uncertainty.

¥4 Reduced SLAC

In the previous section the SLAC algorithm estimated the complete set of calibration parameters. This
is not necessary when the soft iron effects are dominated by scale factors in the main diagonal of
matrix C. In such a case the estimation of the scale factors and biases are sufficient. When only the
scale factors and the biases are considered, calibration matrix C is diagonal and the parameter vector
becomes

;
6= [[Clu (b [Cl» [blo [Clss [bls] - (531)
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5.4 Summary

With the reduced parameter vector, matrix (5.4) that relates the parameters to the measurements is

reduced to
[ngmn]l 1] 01x2 01x2
H™ (R} ,m") = 012 (R m); 1] 012 , (5.32)
012 01x2 {[Rakm“]g 1

where [Rg ,,m"]; is the i-th element of the true magnetic field vector in the body frame.

When SLAC is performed relative to an uncalibrated map, the structure of the calibration matrix C
depends on multiple factors that can make it a non-diagonal matrix. This can be seen from (5.13), where
C depends on the calibration parameters of the magnetometer used during mapping, the calibration
parameters of the magnetometer that is to be localized, and the relative orientation of the body frames
between the two magnetometers. A simple example in which C is a diagonal matrix is when C and
C are diagonal and both magnetometer body frames are aligned, this guarantees that R% ) in (5.16) is
also diagonal.

Given C is a diagonal matrix, the SLAC algorithm only has to be altered slightly. Mainly the
measurement matrix H(ﬁlB(sk, Ri:N,..)) in (5.14) has to be replaced with a matrix of the form
(5.32). Furthermore, the dimension of the Kalman filters for parameter estimation is reduced. Now
three two-dimensional Kalman filters per particle can be used and each filter estimates the scale factor
and bias of one magnetometer axis. The reduction in the Kalman filter state dimension reduces the
computational complexity compared to the full SLAC filter. In the evaluation in Chapter 7 the full and
the reduced SLAC algorithm are compared against each other to see if the reduced set of calibration
parameters has a negative effect on the position accuracy.

Xl Summary

In the beginning of this chapter, the magnetometer sensor model for calibration was presented and
it was discussed under which conditions the calibration parameters are observable and how they
can be estimated. Based on the sensor model, it was shown that in the railway domain, under
certain assumptions, the magnetometer can be calibrated relative to a magnetic map that itself was
recorded with an uncalibrated magnetometer. Performing this relative calibration requires knowledge
about the position of the magnetometer. Since the primary goal of this thesis is train localization
with the magnetic field, this led to a chicken-or-egg problem. To estimate the train position, we
need the calibration parameters and to calibrate the magnetometer we need the position of the train
on which it is mounted. To solve this problem, the SLAC algorithm was proposed that estimates
the calibration parameters simultaneously with the position. The SLAC algorithm uses a Rao-
Blackwellized particle filter that exploits the linear relationship of the calibration parameters and
the magnetometer measurements when the estimation is conditioned on the trajectory of a particle.
Finally, a reduced version of the SLAC algorithm was discussed that estimates only a scale factor and
a bias for each magnetometer axis to further reduce the computational complexity. The proposed
algorithms will be evaluated in Chapter 7 based on measurement data of two different trains.
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CHAPTER [

Bayesian Cramér-Rao Lower Bound for Magnetic Localization

In the previous chapters the focus was on the development of concrete filter algorithms for magnetic
field-based localization. In this chapter, we now look at magnetic localization from a more theoretical
point of view and analyze its fundamental properties by deriving a theoretical lower bound on the
achievable position accuracy. In particular, the Bayesian version of the well-known Cramér-Rao lower
bound will be derived. A lower bound has the benefit that it is universally valid and does not depend
on a certain filter implementation. Such a bound therefore is a benchmark for any filter algorithm and
gives insights about the achievable accuracy for a certain magnetic field. This chapter is largely based
on our two papers [J3] and [C8], in which the BCRLB was derived for magnetic indoor localization
of a robot and for magnetic train localization, respectively. As in the rest of this thesis, the focus of
this chapter lies on train localization.

The derivation of a BCRLB requires an analytical description of the measurement model, the cor-
responding likelihood, and its derivatives. For magnetic train localization the measurement model
contains the magnetic field map of the track network. In general, there exists no analytical expression
for the map because the magnetic field along a railway track is the result of the interaction of the Earth
magnetic field with the magnetic material in the environment. Therefore, to calculate the resulting
magnetic field the environment and the properties of the material in it has to be known. However, even
with perfect knowledge of the environment, it most likely will not be possible to get a closed form
expression of the magnetic field due to the complex interaction of the Earth magnetic field with the
surrounding material. This chapter therefore follows a different approach based on the idea presented
in [51], where the measurement model is described with a GP that is trained on a given data set. For
the case of magnetic train localization, the data set consists of magnetometer measurements and the
along-track positions at which the measurements were performed. The advantage of the GP approach
is that the trained GP is differentiable, it accounts for uncertainties, and nicely fits into the theoretical
framework of the BCRLB due to the Bayesian treatment of the data. Furthermore, it has been shown

in multiple papers [33,40,43,92,93] that GPs are a suitable model to represent magnetic field maps.

X BCRLB for Measurement-based Likelihoods

Before the GP is integrated into the BCRLB, we will first introduce the equations of the BCRLB for
likelihoods that depend on a measured data set. This requires only minor modifications to the bound
but is necessary to properly account for the dependency of the bound on the data set. Furthermore,
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6 Bayesian Cramér-Rao Lower Bound for Magnetic Localization

the equations derived in the following also account for motion models that depend on deterministic
inputs.

Using the notation from Section?2.5, D is a data set that contains pairs of input locations and the
corresponding measurements. For the example at hand, the input locations are along-track positions
and the observations are measured magnetic field vectors. As mentioned in the previous paragraph,
a sequence of deterministic inputs uy.j, is considered as well in the bound. The reason for including
inputs will be motivated in Section 6.4.1. The input sequence is combined with the training data D in
the set D,, = {D, u.;.}. The BCRLB conditioned on D,, is given by

M = By yip, |(%(2) — x)(%(2) = %) | 237", 6.)
where the BIM is defined as
J = —Ex,p, [AXInp(x,2|Dy)] . (6.2)

The derivation of the BCRLB in (6.1) and (6.2) is not shown here because it is identical to the derivation
of the standard BCRLB, that can be found in [68], but with the joint density p(x, z) replaced with
p(x,z|D,). With this substitution for the joint density, the estimator bias from Section 2.6.2 becomes

o0

b(x) = / [x(z) — x| p(z|x,Dy)dz . (6.3)

—00

As regularity conditions now the following limits must hold for each element [x];

lim b(x)p(x|D,) =0

[x];—00
lim b(x)p(x|Dy,) =0. (6.4)
[x];——00
As for the standard BCRLB, the BIM (6.2) can be separated into two parts
J= Ex|Du [Ez\x,Du [_Ai 1Ilp(Z|X, DU)H + Ex|'Du [_Ai h’lp(X’Du)]
= Exp, [F(x)] + Exp, [-AXInp(x|Dy)] , (6.5)

where the first part accounts for the information in the observations and the second part accounts for
prior knowledge. A comparison of the first and second line in (6.5) reveals that the FIM is now also a
function of the combined data and input set D,

F(x) = E,\x.p, [—AXInp(z|x,Dy,)] . (6.6)

The FIM requires the density p(z|x, D,,), which has the same form as the density (2.50) used for GP
regression in Section 2.5. Therefore, GPs integrate seamlessly into the BCRLB.
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%3 BCRLB for Filtering

To find the BCRLB for magnetic train localization, it is helpful to first derive the generic bound for
filtering problems. In a filtering problem the estimated state x is typically time variant. To obtain a
bound for the state at time step k£ + 1 we can naively implement the BCRLB from the previous section
for the whole state sequence up to time step k£ + 1 and then look at the corresponding part of the
inverse BIM. With (6.2) the BIM for the state sequence X.x1 is given by

Jokt1 = —Exgprrmpna D0 [Dxoiets Mokt 15 Z1ks1/Du)] (6.7)
where the state sequence is interpreted as a long vector xg.511 = [XE)r - -x; +1]T, in which the state
vectors over all time steps are stacked on top of each other. In this naive formulation of the BCRLB
for filtering problems, the dimension of the BIM is Nx(k + 2) x Nx(k + 2) and increases with the
amount of considered time steps resulting in a high computational complexity for long state sequences.
For the following derivations it is useful to introduce a compact notation, in which the joint density is
denoted by

Prr1 = P(X0:k+1, Z1:kr1|Du) (6.8)

and the expected value w.r.t. p; is represented by the operator Ep, | [].

The authors in [94] address the complexity issue by deriving a recursive version of the bound, in which
for each time step only the BIM of a single state vector with dimension Ny X Ny is calculated. The
following derivation of the recursive bound follows the derivation given in [94]. The derivation starts
by dividing the state vector into two parts Xg.x 11 = [x& & X;_H]T. With the divided state vector, the
differential operator in (6.7) can be formulated as a block matrix

X0- Xk
on:k A 0:k A +1

. X0:k X0:k
AR — I I = . 6.9
X0:k+1 vxO:Ic vxk-!—l (Axk+1 )T Axk+1 ( )
Xk+1 X0:k Xk+1

With (6.9) and (6.7) the BIM for xq.;41 becomes a block matrix of the form

Agt AR A By
Joa1 = =By || oot - I p | = [O2 T L 610)
(AXO:k: ) AXk+1 Bk+1 Ck+1

The BCRLB for the state at time step k + 1 corresponds to the matrix with dimension Nx X Ny in the
lower right corner of the inverse BIM J a,lc 41~ This matrix is given by the inverse Schur complement

of the upper left block A of matrix (6.10)

~1 T A-1 -1
Jk+1 = (Ck+1 - Bk+1Ak+1Bk+1) ) (6.11)

where Jy1 is the BIM for x;11. So far (6.11) did not result in a considerable reduction of the
computational complexity because in the Schur complement still the matrix Aj,; with dimension
(k+1)Nx x (k+1) Ny is inverted. To understand how the dimension of matrices involved in the Schur
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complement can be reduced, we have to further break down the structure of the different matrices in
(6.10).

Let us start with matrix A1, this matrix can be structured into four blocks by dividing the differential
operator AX%* analogously to (6.9)

X0:k—1 Axk

X0:k — X0:k—1 X0:k—1
Ao = A 9T A | 6.12)
X0:k—1 Xk

With the differential operator in block form (6.12) matrix A, can be written as 2 x 2 block matrix

AXO:k_l Axk A(ll) A(12)

_ X0:k—1 X0:k—1 _ k+1 k+1
Apy1 = Epk-H (Axk )T AXk Inpgiq (A](:QbT A;QQ} : (6.13)
X0:k—1 Xk + +

Matrix By, is divided into two separate blocks by splitting the differential operator according to
AR = (A )T (AXE)T]T which results in

X0:k X0:k—1
AR BWY
Bji1 = — Epk+1 xO:k_1 In Prt+1| = pAsl I (6.14)
(2)
AT B,

With the block matrices (6.13), (6.14), and the BCRLB in (6.11) the BIM for xj1 is given by

A A02] 7 g

Jps1=Cr— |(BY))T BT TS, L (6.15)
AT AR (B

(1)

To obtain the recursive structure from [94], the upper block B, 1 of matrix By has to be a zero
matrix with appropriate dimensions. This is always true when the dynamic system that describes the
behavior of x is Markovian. This can be easily seen by noting that for a Markovian system the joint

density p(Xo.x+1, Z1:x+1|Dw) can be be decomposed according to

Pri1 = P(X0:k+15Z1:k+41|Du)

P(Zk41|X0:k+1, Z1:k, Pu) P(Xk+1|X0:k5 Z1:k, Do) P(X0:k5 Z1:% | D)
p

(
(Zk+1|Xk+1, Du) P(Xi+1|Xk, Do) P(X0:k5 2125 | D)
(

= p(Zk+1|Xk+1, Du) P(Xkt11%k, Do) P - (6.16)

With (6.16) and (6.14) the matrix Bgl can be written as

1
Bl(cJZl =—Ep [Ailgll_l In Pk+1]
= Epk+1 [Ailg:il (ln [p(zk+1‘xk+17 Du)] +In [p(xk+1‘xk7 Du)] +In pk)] : (6.17)

In (6.17) the three terms, on which the differential operator is applied, depend either on xg.;_1 or

X1 but not both and therefore the result is always zero.
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6.2 BCRLB for Filtering

According to (6.15), when B(l) is a zero matrix the equation for the BIM of x;; becomes

k+1
2 - 2

Jii1 = Cr — BE)T(ALL)®BY) (6.18)
where (A,;il)@z) is the lower right block with dimension Nx x Ny from the inverse of A1, which

can be calculated once more with a Schur complement

-1
_ 22 12 11)\—1 5 (12

(A)® = (A2 - Al Al Al (6.19)

Let us take a closer look at the matrix A, and how the Schur complement (6.19) can be calculated

efficiently, i.e., without explicitly inverting the kN x kNx matrix A,(Clﬂ Due to the Markov property

that gives rise to (6.16), matrix A is equal to the block matrix

A B,

(6.20)
B, D" +cC

Apir =

where Ay, B, and Cy, are the blocks from J.;, of the state sequence x(.; that are defined analogously
t0 (6.10) and DM is

D"V = —E,,, [A% Inp(x1/xr, D)) - 6.21)

A detailed derivation of (6.20) and (6.21) is presented in Section B.1 of Appendix B. With (6.20) an
alternative expression for the Schur complement in (6.19) is given by

-1
(A1) = <D1§m 4 Cp— B,jA,;lBk) . (6.22)

A comparison of (6.22) to (6.11) shows that Cy, — B;—Alng & 1s just the BIM for the state at time step
k and thus (6.22) becomes

—1
(A1) = (DY +3,) (6.23)
By inserting (6.23) into (6.18) we obtain

-1
Ty = Con — BT (DY +3,) B, (6.24)

and we achieved our goal to find a recursive formulation for the calculation of the BIM and the associated
BCRLB for filtering problems. In (6.24), all involved matrices have the dimension Ny x Ny and
the computational complexity of the bound grows only linearly with the number of considered time
steps. For better comparability to other publications about BCRLBs, in the remainder of the thesis

the following, more common, notation from [94] will be used
—1
Iy =DEY = )T (DY +3,) D, (6.25)

with the matrices D,(fQ) = Cj41 and D](§12) = B,(f_gl.
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6 Bayesian Cramér-Rao Lower Bound for Magnetic Localization

The recursion in (6.25) must be initialized with the BIM J at time step zero. Since at time step zero
no measurements are available, the BIM is retrieved from the prior distribution of the state vector.
Once the initial BIM is set, the BIM for all time steps is obtained by applying the recursion (6.25),
where the required matrices are the following expected values

11 X X, D
D;c ) = — Exk:k 1|Du [Ax: In p(Xk+1| k> U)]

12 Xkt X, D
Dgc ) - - Exk:k+1|Du [AXZ ' lnp(Xk 1’ ks u)]

22 E X+ np(z Xk+ D
Dl(c = - Xk41,Zk+1|Du [AX:J&] p( k 1| k+1s “)}

— Exppa D0 [A%0 I p (ka1 3k, D)) - (6.26)

The matrices D’(€12) and D,(fQ) are derived in a straightforward way by using the decomposition (6.16)

and the definitions of B\, in (6.14) and Cj1 in (6.10). The matrix D" is derived in Section B. 1
of the appendix and the result is given by (B.4) and (6.21). In (6.26) the expected values are taken w.r.t.
the joint density py, 1, but because the arguments only dependent on states and observations at some
time steps the expected value is calculated only over the relevant random variables. The remaining

variables are simply marginalized from the joint pdf during the integration in the expected values.

For the implementation of the BCRLB it is useful to note that DL22) is connected to the FIM. The

)

connection is revealed by rewriting D;ﬂ to

22
D,I(c ) = EXk+1|Du [_ EZk+1|Xk+17Du [A?l:: lnp(zk+1|Xk+1,Du)”

- Exk:k+1\Du [Ai:ﬁ lnp(xk+1|xk, Duﬂ
= Ey, . p. [FXrs1)] — Exp o, [A%5 Inp(Xps1[X5, Du)] (6.27)
where
F(xp1) = =By xp D0 (A% I D(Zkt1 [Xpp1, Do) (6.28)

is the FIM conditioned on the data set. Comparable to the non-recursive version of the BCRLB, the
recursive version requires the calculation of the expected value of the FIM over all possible state values
for the time step under consideration. Calculating the integral in the expected value is intractable for
most problems. In practice, the expected value is therefore determined numerically by a Monte Carlo
integration based on simulating the dynamic system that governs the temporal evolution of the state
vector.

[} FIM for Gaussian Process Measurement Models

Until now, the recursive BCRLB has only assumed the Markov property and that the required gradients
and expectations of the different pdfs exist. In this section, we will now introduce more restrictions
on the measurement model. In the following, we will focus on measurement models of the form

2k = f(Xk) +ng , (6.29)
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6.3 FIM for Gaussian Process Measurement Models

where the measurement function f(xj) is a GP and ny is white Gaussian noise with the density
ni, ~ N(0, (6%)?) . Note, here only scalar measurement functions are considered that map the state
vector x € R™x to a scalar measurement z € R. To represent vector valued observations, a different
GP for each component will be used and it is assumed that the components are independent from each
other. The GP in (6.29) is trained, as described in Section 2.5, based on a data set D. The data set
D = {&P, 2P} contains M noisy observations Z7 of the true but unknown measurement function
and the input locations XP at which the observations were made. Here, the elements x2:(*) with
i € {1,..., M} in the input training data set X'P are state vectors x from the same state space for
which the BCRLB is derived.

The task of the GP is to bridge the gap between the real-world and theory by giving a smooth rep-
resentation of the unknown measurement function. There are many possible approximation schemes
that could fulfill this task, but we follow the approach proposed in [51] and use a GP that not only ap-
proximates the function value but also assigns an uncertainty to each value. The uncertainty accounts
for the fact that we will never have perfect knowledge about the magnetic field and thus this should
be reflected also in the bound. In the following, we will further show that the GP posterior mean and
variance are smooth and differentiable and therefore fit particularly well into the BCRLB framework.

For the recursive BCRLB given by (6.25) and (6.26) the measurement model is only relevant for the
FIM (6.28). The calculation of the FIM for models of the form (6.29) is a straightforward process.
Since f(x}) is a GP, noiseless observations of the function follow the Gaussian posterior density

p(f(Xk) |X/€7 D) =N (f(xk); H(Xka D)’ r(ka D)) ) (6.30)

where the posterior mean j(Xy, D) and the variance r(xy, D) are scalar valued functions of the state
vector and the training data set. Note, here we use D instead of D,, because the GP is not a function
of the control input u. As elaborated in Section 2.5, the posterior mean and variance of the GP are

2 —1
p(xx, D) = m(xy) + Kxyp (Kpp + (07)*Inrscnr) (207 — m”)
r(x, D) = k(xp, x) —Kx,p (Kpp + (U'Z)QIMxMY1 Koy, , (6.31)

where zf A 1s interpreted as a long vector of the staked observations in ZP and mP? is a vector that

contains the values of the mean function m(-) evaluated at the corresponding state vectors in X7. The
covariance matrices Kpp and Ky, p = Kng use the short hand notation K, = K(a, b) and are
calculated according to (2.49).

The measurement noise in (6.29) is considered to be white and independent from the GP, thus the
noisy measurements are the sum of two independent Gaussian random variables and we can write for
their likelihood

p(zk|xk, D) = N (23 (s, D), 1(x5, D) + (0%)?)
=N (zp; p(xp, D), 1r°(xx, D)) . (6.32)

Adding the noise on the GP effectively increases the uncertainty and the overall variance is the sum of

the GP posterior variance at x; and the measurement noise variance.
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6 Bayesian Cramér-Rao Lower Bound for Magnetic Localization

Because the likelihood (6.32) is Gaussian, the FIM can be obtained by inserting (6.32) into the FIM

for general Gaussian densities (2.57), which yields

_ Ou(xx, D), . —19u(x, D)
[F(Xk)]ij —W(r (xx, D)) IW
+ %(rC(Xk,D))_z 01”@([}::]3)) arﬁ([z];j]p) 3%

Finding the FIM thus only requires the calculation of the partial derivatives of the posterior mean and
covariance from (6.31) w.r.t. the components of the state vector. The partial derivatives can be written

in a compact form

Oulxy, D) _ Omlxy) % [$~! (2D, — mP)], k(e x1)

8[Xk]z a B[XR]Z = 8[Xk]z
Or(xg, D) _ Ok(x, X) (8ka7_)> 1
_ _9 S Koy, | 6.34
AP A} Ol > (-39

where S = Kpp+ (UZ)2I Mx M- Adetailed derivation of (6.34) is given in Section B.2 of Appendix B.
The equations for a concrete choice of the mean and covariance function is easily obtained by

substitution of the corresponding derivatives into (6.34).

From (6.33) we can see that the FIM increases with the derivative of the GP mean. For magnetic
localization this means that the achievable position accuracy depends on the spatial variability of the
magnetic field. A higher spatial variability will lead to a high accuracy while a flat magnetic field will
not provide any information.

Before we proceed and apply the BCRLB on magnetic train localization, we want to give a final note
about the integration of the GP into the BCRLB. In the recursive BCRLB (6.25) we assumed that the
measurement model has the Markov property. For measurement models with a GP that implies the GP
is trained offline and the observations used for localization are not used to also update the GP. It seems
possible to derive the BCRLB for an online updated GP, but then the recursive form of the bound most
likely can no longer be used. Here we are mainly interested in the localization performance for a given
map, thus we limited our investigation on the bound with an offline trained GP.

[ Concrete Equations for Magnetic Train Localization

With the BCRLB equations in their generic form we can begin to derive the concrete equations of
the bound for a specific motion model and specific mean and covariance functions of the GP. In the
bound, we will consider only calibrated magnetometers and the case when the train drives on a known
route. Furthermore, nonlinear effects on the border of the virtual track constructed from the route are
avoided by using a route that is longer than the distance traveled by the train, i.e., for the bound it looks

like the train is running on an infinitely long track.
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6.4 Concrete Equations for Magnetic Train Localization

XN Motion Model

In the BCRLB the motion of the train is accounted for by a simple linear motion model. Similar to
the description of the localization filters in Chapter 4, the state for which the bound is derived is called
dynamic train state and will be denoted here by dg. In contrast to (4.7), the dynamic state in the bound
only contains the train position and speed but not the acceleration

B T
= [s &) - (6.35)
In the bound the acceleration is instead considered as a deterministic input. This yields the motion
model
1T 177
db = A2+ |2 | an Fwh, (6.36)
0 1 T
FB BB

with the Gaussian process noise W£71 ~ N(02x1, QB ). The covariance matrix of the noise is set
according to the continuous white noise acceleration model from [74]

13 172
317 5T

QP =7 7 | (6.37)
ir? T

where ¢® is a tuning parameter representing the power spectral density of a continuous time noise that
is used to model the uncertainty in the evolution of the train speed. Removing the acceleration from
the state and using it as an input gives us more control over the train trajectory and therefore over the
bound based upon it. With the input and a small enough process noise the train can be kept within the
boundaries of the virtual track. This avoids that the train reaches parts of the track where the GP has
no training data and where it performs only an extrapolation with a high variance.

With the motion model from (6.36) the matrices (6.26) of the BCRLB become
iV = (F*)T(Q%)~'F"
12 _ 21
D](g ) — _(FB)T(QB) 1_ (D](g ))T

D —E ar o, [F(di)] +(Q%)~". (6.38)

The different matrices depend only on the system matrix F® of the motion model, the process noise
covariance QB, and the expected FIM. A detailed derivation of these matrices is given in Appendix B.3.

[X¥) Measurement Model

The last missing piece for the calculation of the BCRLB for magnetic-field based train localization
is the FIM. For the FIM we use a simplified version of the measurements model (4.14) and only
consider the case of a known route. In addition, the orientation of the train is assumed to be known.
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6 Bayesian Cramér-Rao Lower Bound for Magnetic Localization

The influence of an unknown orientation on the localization accuracy is limited to a short duration
at the beginning of the train run because the orientation is typically estimated quickly and then stays
constant. Furthermore, the orientation is a binary variable that does not fit particularly well into the
concept of the BCRLB, which requires derivatives of the likelihood and motion model. Thus, we
simplified (4.14) to

z, ¢ =m'(sy) +n,°, (6.39)
where the orientation is set to RP(Oy) = I3x3 and the measurement noise is AWGN with the pdf
n, ¢ ~ N(03x1, (6™%€)?I33). Since the bound is only calculated for known routes, the dependency
on the route is dropped for brevity.

The magnetic map m'(sy) relates the along-track position sy to the magnetic vector field at that
position. For the FIM calculation each component of the magnetic vector field is represented by a
separate independent function

-
m'(s;) = |m"*(sp) m"(sp) mb%(s;)| - (6.40)

Here, the functions m“(sy ), € {x,y,z}, are GPs that are trained offline on a data set D recorded on

the considered route. From (6.39) and (6.40) it follows that the likelihood of a measurement zr,:ag is

the multivariate Gaussian density
p(z¥]df, D) = N (2 1™ (51, D), 5™ (51, D) + (™) Tycs) ) (6.41)

where the mean vector contains the posterior means of the GPs

t T
(51, D) = [1(s1, D) (s, D) (s, D) (6.42)

The covariance matrix of the likelihood is the sum of the measurement noise covariance and the

diagonal matrix
Zml(sk,D) = diag <[rx(sk,D) rY(sk, D) rZ(sk,D)D ) (6.43)

where 1% (s, D),i € {x,y,z}, are the posterior variances of the GPs for the different components of
the magnetic map. The measurement noise covariance and the covariance matrix of the map are both

 are assumed to be

diagonal, hence the three components of the measured magnetic field vector zgl
independent of each other. Independence allows us to write the likelihood of the vector measurement

as the product of the likelihoods of the three vector components

(R, D)= [ N0z ' (50, D)1 (s, D) + (™)) . (6.44)
€{x,y,z} )

Writing the likelihood in product form simplifies the calculation of the FIM. By inserting the product
(6.44) into the FIM (B.18), we can see that because of the logarithm the FIM for each factor of
the product can be calculated separately and then the results can be summed up instead of directly
calculating the FIM for the vector measurement. For each factor the FIM is straightforwardly found
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6.5 Summary

from (6.33) and (6.34) in Section 6.3 by substituting the derivative of the covariance and mean function
with the derivative of the chosen functions. In this thesis, the mean function is simply a constant

function
m(a) = m, (6.45)

and the covariance function is the well-known squared exponential kernel

1

ﬁ(a —u) (a—u)| , (6.46)

k(a,u) = (¢")%exp |-
where a € R™= and u € R"= are two input vectors. For the particular example of train localization,
the input of the GP, and therefore also of the mean and covariance functions, is not a vector but the

scalar along-track position of the train.

The derivative of the constant mean function is always zero. For the squared exponential kernel, the
derivative w.r.t. the along-track position sy, is

Ok (sp, s1) 1 D, D,
T = —ﬁk(Sk,S ’())(Sk—S ’()) 5 (647)
where sP>() is the along-track position of the {-th measurement in the data set D on which the GP

is based. In (6.34) also the derivative of k(sy, sj) is required. This is always zero for the squared
exponential kernel because when both its arguments have the same value it is a constant function.
Note, since the likelihood only depends on the position sy, its derivative and thus the FIM for the train
speed s, is always zero.

[ Summary

In this chapter the BCRLB for likelihoods that depend on a measured data set was introduced. This
only required minor modifications of the BCRLB from Section2.6.2, but was needed to properly
account for the dependency of the bound on the data set. In addition, the modified bound considers a
deterministic control input for the motion model. The control input allows to influence the trajectory
of the train for which the bound is evaluated. For the modified bound then a recursive version was
introduced that enables a computational efficient implementation of the bound for filtering problems.
Furthermore, it was shown how measurement models that include a GP can be incorporated into the
bound. Finally, the concrete recursive BCRLB equations for magnetic field-based train localization
were derived.
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CHAPTER

Experimental Evaluation

In this chapter, the algorithms introduced in the previous chapters are evaluated based on measurement
data. The chapter starts in Section 7.1 with a description of the measurement campaigns that were
carried out to collect the data for the evaluation. This is followed by an evaluation of the different
localization filters from Chapter4 in Section 7.2. In Section 7.3, it is shown that by using the SLAC
algorithm from Chapter 5 localization is possible also with uncalibrated magnetometers. Section 7.4
concludes the chapter with the application of the BCRLB to measurement data to gain an impression
of the theoretically achievable accuracy of magnetic field-based train localization.

Measurement Campaigns

For the evaluation the data sets of two separate measurement campaigns are used. In the first campaign,
the measurement hardware was mounted on a single train during regular service. This allowed us
to collect data during multiple runs in the same track network. During these runs the train passed
the same switches multiple times, which will be used to evaluate the performance of the switch way
identification of the localization filters. In the second campaign, the magnetic field was measured with
two types of trains traveling on a different track network than during the first campaign. The data from

the second campaign allows us to evaluate the SLAC approach based on real-world data.

Bayerische Regiobahn

The first measurement campaign was conducted by DLR with the support of the Bayerische Regiobahn
(BRB). The BRB is a train operator that operates local trains in Bavaria, Germany. In this campaign
the measurement hardware was mounted on an Alstom Coradia Lint41 train driving between the cities
Augsburg and Ingolstadt. The Coradia Lint41 is a diesel powered train that drove up to ~ 120kmh !
during the measurements. The train and the sensor setup is shown in Figure 7.1. For the recording a
sensor box was mounted inside a cabinet in the driver cab. The magnetic field and the train acceleration
was measured with a Xsens MTi nine degree of freedom IMU at an rate of 200 Hz. The magnetometer
data is internally normalized by the sensor and hence is dimensionless as described already in the
introduction. To emphasize this, each plot showing the measured magnetometer data has the unit a.u.
for arbitrary units. To relate this to a physical value, one a.u. can be interpreted as roughly 40 uT. The
body frame of the Xsens is not aligned with the vehicle frame. Thus, we rotated the sensor data into
the vehicle frame to fulfill the assumption from Chapter 4 that considers these frames to be aligned.
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Figure 7.1: (left) Front view of regional train. (middle) Sensor box with u-blox LEA-6T GNSS receiver and Xsens MTi
IMU. The IMU records the acceleration and the magnetic field. (right) Cabinet in the driver’s cab with mounted
sensor box.
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Figure 7.2: Topology of relevant track network between Augsburg main station and Friedberg station. In the topology only
the six switches are considered that were traversed over both possible routes during the measurements.

Furthermore, the sensor box contains a low-cost single frequency u-blox LEA-6T GNSS receiver to
record the ground truth position and speed. The GNSS observables measurement rate was set to 1 Hz.

For the evaluation of the filters from Chapter4 we focus on measurements recorded on the tracks
between Augsburg main station and Friedberg station. On its way between these two stations the
train passes a multitude of switches, but many of them are traversed only over one of the two possible
routes. As a result, the magnetic field on the second route was never measured and therefore cannot be
considered in the evaluation. By ignoring switches that are traversed always over the same route, the
track network used in the evaluation can be reduced to six switches between Augsburg and Friedberg.
The topology of this simplified network is shown in Figure 7.2. For the evaluation six train runs
through the network are used. The train is moving for 7.9 min to 10.3 min in these runs during which
it travels the ~ 7.5 km of tracks between Augsburg and Friedberg. In addition to the six runs used
to evaluate the filters, the measurements of another four runs are used to create the magnetic map.
In Table 7.1 the sequences of tracks and the switches passed in facing direction for the six evaluation
runs are shown. Facing direction here means that the train has two possible routes to take. By looking
at the table one can see that almost all switches are traversed from the facing direction at least once.
The only exception is switch S4. S4 is traversed only over the trailing direction, which means the train
always ends up on the same track and therefore the track does not have to be estimated by the filters.
Table 7.1 additionally shows the driving direction of the train for each run. The direction is defined
as shown in Figure 7.2. Throughout all runs, also the ones used for mapping, the train had the same
orientation. The constant orientation plays an important role in the map creation because it allows us
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7.1 Measurement Campaigns

Table 7.1: Routes of the different runs, the driving direction, and the switches passed in facing direction.

Run Route Direction  Switches passed facing
1 TO02,T23, T34, T45,T56, T60  Forward S3, S6
2 TO02,T23,T34, T45,T56, T60  Forward S3, S6
3 T60, T56, T35, T23, T12, TO1 Backward S5, S2
4 TO1, T14, T45, T56, T61 Forward S1, S6
5 T60, T56, T35, T23, T02 Backward S5, S2
6  To60, T56, T35, T23, T12, TOl Backward S5, 52

-

Figure 7.3: (top) Steam engine used during the measurements and steal cabinet on its back with the mounted sensor box.
(bottom) HSB diesel railcar. In the railcar the sensor box was mounted directly on the floor inside the cabin.

to consider the magnetometer to be calibrated as will be explained in further details in Section 7.2.
More details about the measurements can be found also in the dissertation [70] that is also based
upon these measurements.

Harzer Schmalspurbahnen

The second measurement campaign was performed 2015 with two different trains provided by the
Harzer Schmalspurbahnen (HSB). During these measurements the trains were driving on a small
regional track network in the north of Germany located in the Harz mountain range. For the evaluation
of SLAC, the same track was recorded with two different train types, a steam locomotive and a
diesel railcar. Concretely, the evaluation is based on a part of our data recorded on a track between
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Quedlinburg and Gernrode. The data collection for the different trains was separated by roughly one
month and was conducted with the same sensor setup.

The railcar and the steam locomotive are shown in Figure 7.3. In the campaign again the sensor box
shown in Figure 7.1 is used but with updated sensors. The GNSS u-blox LEA-6T receiver was replaced
by the newer u-blox LEA-MS8T and the IMU was replaced by a Xsens MTi-G700. As before, the new
magnetometer only outputs normalized values and we will use the unit a.u. in plots to highlight this
fact, where one a.u. corresponds to ~40nT. The measurement rate of the GNSS receiver is set to 1 Hz
and the rate of the IMU to 200 Hz. It should be mentioned that the Xsens MTi-G700 outputs only the
inertial data at the full rate, the magnetometer data is measured at a rate of 100 Hz. Compared to the
older Xsens MTi this is a step back, but since the top speed of the used trains was only ~50kmh~!
and the SLAC filters run well below 100 Hz this causes no issues. As shown in the top right part of
Figure 7.3, on the steam engine the sensor box is mounted on the back in a steel cabinet. In the diesel
railcar the box was mounted on the floor inside the cabin. The HSB measurement campaign was
not planned for evaluating SLAC, i.e., neither the sensor hardware nor the placement of the sensors
was optimized for SLAC. As will be shown in the result part for SLAC, this leads to some undesired
effects. For example, the magnetometers in the two HSB trains are mounted approximately in the
center of the track but not at the same height. In the steam locomotive the sensor was roughly at an
height of ~ 1.5 m above the rails and in the railcar the height above the rails was ~ 1 m. Thus, even
when the magnetometers are at exactly the same along-track position the linear calibration model is
not necessarily fulfilled because of the height dependency of the magnetic distortions discussed in
Section 3.3.2.

Evaluation of Localization with Calibrated Magnetometers

In this section, the different filter algorithms from Chapter 4 are evaluated with the measurement data
from the BRB campaign. These filters assume a calibrated magnetometer during map creation and
localization. As discussed in detail in Chapter 5, this constraint is almost impossible to achieve when
the magnetometer is mounted inside a train. Fortunately, for the BRB campaign we can consider the
magnetometer to be calibrated because the magnetic map of the track network is generated with data
from the same measurement setup that was used to also record the data for the evaluation. Same setup
here means that we use the same train and magnetometer mounted at the same position. Furthermore,
it is necessary that the train does not change its orientation during the whole data recording because
the biases of the magnetometer are fixed in the sensor frame and a rotation of the recorded data rotates
also the bias vector, which would not be the case when the physical sensor is rotated. During the BRB
campaign the train was always driving in the same orientation, therefore the assumption of calibrated
magnetometers is fulfilled here. Note, in practice the use of an uncalibrated magnetometer requires
a separate magnetic map for each train and for both possible orientations of the train on the track.
It is obvious that this would strongly affect the practicality of magnetic train localization. This was
also the reason why in this thesis the SLAC approach from Chapter 5 was developed that effectively
allows to use one map for multiple trains. Nevertheless, testing and evaluating different filters on a
pseudo-calibrated magnetic data set gives valuable insights about the performance and the limitations
of magnetic localization.
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7.2 Evaluation of Localization with Calibrated Magnetometers

In the following some details of the implementation are given and the different filter algorithms from
Chapter 4 are evaluated.

Filtering the Overhead Power Line Magnetic Field

During the BRB measurement campaign the train was driving on a partially electrified track, which
can be clearly seen in the magnetic field data in Figure 3.2 from Chapter 3. The current in the overhead
AC power line has a known frequency of fi,; = 16.7 Hz. To remove the magnetic field induced by the
current from the magnetometer data, the phase and amplitude of the alternating field can be estimated.
The estimation is based on the the observation model (4.14) extended with the magnetic field generated
by the power line currents

25 €]; = [RY(Op) m"(8g, Ri:Nye)i + [Bovtls SN2 fourkT + [Poyrli) + ) €] (7.1

where [z, “¢]; is the observation of the i-th magnetometer axis with i € {1,2, 3}. The amplitudes and
phases of the current induced magnetic field measured by the three sensor axes are collected in the

Vectors agyr and @ ;.

On the first glance estimating the amplitude vector aoy, and the phase vector ¢, appears to be a
nonlinear problem, but applying the addition theorem [95] onto the second term in (7.1) considerably
simplifies the estimation

[aovr]i Sin(277f0vrkT + [Qoovr}i) = [aovr]i COS([‘Povr]i) Sin(Qﬂ'fovrkT)
+ [aOVl']’i Sin([goovr]i) COS(QT‘—fovrkT)
= [Cowtli,1 SIN(27 fourkT) + [Courli,2 cos(27 fouekT) (7.2)

where the 3 x 2 matrix C,y; contains the amplitude and phase dependent parameters of the current
induced magnetic field. With (7.1), (7.2), and the assumption of a known train position s; and
orientation O, the coefficients of the disturbance can be estimated with a linear LS estimator from
the magnetometer measurements. To perform the LS estimation at least two vector observations are
required to estimate the coefficient matrix. Depending on the signal-to-noise ratio of the measure-
ments more measurements might be required for an accurate estimate. The estimated coefficients
are considered constant for the duration in which the observations for the estimation are collected.
Therefore, selecting the number of observations used in the estimation is a tradeoft between reducing
the effect of noise and violating the constant parameter assumption.

However, the train position is unknown in practice. Thus, also the magnetic field that should be
measured by the magnetometer in absence of any disturbance is unknown. This problem can be
addressed by considering the magnetic field at the train position also as a unknown that has to be
estimated jointly with the coefficient matrix Cgy, of the field induced by the power line current. To
keep the complexity low, the unknown magnetic field is approximated by a simple linear function of
time

[R?(Ok) mt(Slm R1:Negwe )i = [Pmagli + [@maglikT - (7.3)
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Figure 7.4: Raw 200 Hz magnetometer data (blue line) in comparison to the filtered data. The red line shows the magnetic
field reconstructed from the LS estimate and the yellow line shows the result of a forward-backward Butterworth
filter.

Inserting (7.2) and (7.3) into (7.1) yields the observation model

[Zr]:ag]i = [bmag]i + [amag]ikT + [Covr]i,l Sin(27rfovrkT) + [Covr}i,Q COS(27Tfovrk'T) + [an:ag]i

[bmag]z
[amag]z mag
(1 KT sin@nfoukT)  cos(2m fouckT)] + e,
[Covr]i,l
[Covr]i,Q
= [1 kT sin(27 fouckT) cos(27rfovrk:T)} 67 4 [n ¢, . (7.4)

This is obviously a strong simplification and only makes sense when during the time the observations
are collected for the estimation the train does not move too far. Theoretically, also higher order
approximations could be used for the position dependent part, but in our evaluation the linear model
seems to be appropriate as will be shown shortly.

With (7.4) the parameters of the position dependent magnetic field and the current induced field can be
estimated with a simple LS estimator. Once the parameters are estimated, we reconstruct the position
dependent magnetic field from (7.3) at the time of the current measurement and use this for the update
of the localization filters. Therefore, the removal of the induced field must be performed in each
update step of the filters based on a batch of the 200 Hz magnetometer data available at the time of the
update.

Figure 7.4 shows the raw measurement data and the proposed LS-based reconstruction of the magnetic
field alongside the raw data filtered with a forward-backward Butterworth band-stop filter. The
forward-backward filter has zero-phase [96] and an order of 24. The edge frequencies are set to
16.7 4+ 0.5 Hz. For the LS-based reconstruction ten samples of the 200 Hz data are used. The figure
shows that in most parts of the example the two filtering methods remove the 16.7 Hz magnetic field
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equally well, but there are some parts, e.g., around 3 s when the amplitudes of the disturbances change,
in which the proposed reconstruction method performs better. Thus, the performance of the LS
method seems to be superior here, which made it the preferred choice to filter the magnetometer data
before it is fed to the localization filters.

Map Generation

The magnetic map plays a crucial role in the filter algorithms since it is an integral part of the
measurement model, in which it maps the topological position to the magnetic vector. The magnetic
map has to be evaluated for each particle in the update step of the filters. The complexity of the map
evaluation thus considerably contributes to the overall filter complexity. In the filter implementation
the complexity is kept low by using a rather simplistic approach for the magnetic field map. In essence
the map is a collection of arrays, in which each array describes the magnetic field of one track. The
entries of each array are the magnetic vectors of the corresponding track at equally spaced along-track
positions. When for a given along-track position the magnetic field is to be retrieved from the map,
the equidistant grid enables the calculation of the index that corresponds to the closest grid point.
Evaluating the map at the topological position of a particle therefore reduces to selecting the array
assigned to its track identifier and performing a lookup of the magnetic vector at the index closest to
the given along-track position.

The arrays that define the magnetic map are generated from magnetometer data recorded during four
runs that are not used in the filter evaluation and that have been rotated into the track frame. During
these four runs the train passes all tracks shown in Figure 7.2. To associate the magnetometer data
to a position on the track network, the GNSS position of the u-blox receiver is interpolated onto
the time grid of the 200 Hz magnetometer data and then the interpolated positions are matched to a
geometric map of the track network. The map matching uses prior knowledge about the train route
such that the GNSS position is always matched to the correct track. After matching the positions of
the magnetometer data to the map, a simple linear interpolation is applied to get a magnetic vector for
each along-track position in the desired equidistant grid. At a magnetometer sampling rate of 200 Hz
and a top speed around 120kmh~! the spacing between two measurements is below 0.2 m. Within
this distance the magnetic field does not change considerably, as discussed in Section 3.1, and a linear
interpolation is sufficient. If the spacing between measurements is increased, it might be necessary to
use higher order interpolation schemes. The chosen map spacing is somewhat arbitrary and was set to
As =0.1 m. Considering the spatial variability of the magnetic field, this value seems high enough to
capture all features of the magnetic field while the memory requirements of the magnetic map is kept
low. As will be shown in the evaluation, the accuracy of the position estimate is roughly one order
of magnitude above the map resolution from which we conclude that the map resolution is not the
limiting factor.

Before the map is created we also remove the magnetic field from the overhead power line with
the approach from Section 7.2.1 to avoid having undesired, position independent, disturbances in the
magnetic map. Note, the overhead power line magnetic field must be removed in a preprocessing
step before the actual mapping, since the proposed approach has to be applied on the time series data
provided by the magnetometer.
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Implementation of Filter Algorithms

The BRB data will be used to evaluate four different filter algorithms. Concretely, we compare a filter
that estimate the current track identifier as part of the filter state and filters that estimate the complete
route of the train. The first filter is based on Algorithm 4.4, which essentially is an extension of the
non-robust along-track localization filter Algorithm4.1. For the other three filters Algorithm4.1 and
the two robust along-track filters, Algorithm 4.2 and Algorithm 4.3, are combined with Algorithm4.5.
The robust filters are not combined with the approach in which the track identifier is estimated as part
of the state because this can lead to some problems when the particles are distributed on competing
tracks. In this scenario, when enough particles are located on the wrong track, the robust filters
potentially switch to the model that considers the measurements to be disturbed. If this happens, the
particle weights are no longer updated with the magnetic data or the influence of the measurements
on the weights is reduced to an extent that the filter starts to diverge or its accuracy is reduced.

The filter algorithm that estimates the current track identifier as part of the particle state and that
distributes the particles randomly among the possible tracks when they pass a switch is a rather
straightforward implementation of the pseudocode given in Algorithm4.4. The same holds true for
the filter that estimates the whole route based on the non-robust along-track filter, which combines the
pseudocode from Algorithm4.1 and Algorithm4.5. The implementation of the filters that estimate
the complete route based on robust filters is a bit more involved when it comes to the calculation of
the route probabilities. In Appendix C therefore a detailed description of the calculation of the route
probabilities for the two robust filters can be found.

The BRB data set contains periods of multiple seconds during which the train is at standstill. During
these standstill phases it can happen that the filters lose track of the true train position when the filters
are kept being updated with magnetometer data. This problem is caused by the magnetic field that can
lead to multiple modes in the posterior. When the train is at standstill and the posterior has multiple
modes, updating the filters with magnetic measurements from the same train position can lead to a
loss of the correct mode. The loss of a mode in a multi-modal setting is not limited to magnetic
localization, but is a general problem of particle filters [97,98]. While driving this is not a big issue
since the filters continuously “see” new magnetic field data and over time the magnetic field becomes
unique. To make the filters more stable during standstill phases, we decided for a simple approach and
implemented a standstill detector that uses only the magnetometer and accelerometer data available
at the current time step. To detect a standstill phase, the variance of the magnetometer data and the
amplitude of the acceleration is compared to a threshold and a flag is set when the magnetic field
variance and the acceleration correspond to what we would expect during standstill. When a standstill
is entered, the speed and the acceleration states of the particles are randomly reinitialized in an interval
around zero. Once in standstill, the filters simply freeze their internal state and keep outputting the
last estimated position. When the standstill detector indicates the train is moving again, the filters
continue predicting and updating.
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Filter Parametrization

The four different filters share a large part of their parameters to make their results comparable. In
addition to the shared parameters, the robust filters require individual parameters related to their
measurement models and model transition probabilities. In the following, the shared parameters are
listed, and then the parameters specific for a single filter are introduced.

Shared Parameters

Each filter runs at a rate of 10 Hz with N, = 4000 particles and uses the motion model given by
(4.18) and (4.19). The duration 7" between two time steps is the inverse of the filter update rate
T = 0.1s and the standard deviation of the process noise if set to ¢ = 0.11 ms~2. The probability
that in the Markov chain of the train orientation the orientation is flipped to the opposite value is
setto 1 — mo = 0.1. It is therefore rather unlikely for the orientation to change. Theoretically the
orientation cannot change at all since we assume the route of the train does not contain loops, but
for the stability of the filters it is beneficial to leave a small possibility to change the orientation.
The last two shared parameters are related to the accelerometer and magnetometer likelihoods. The

standard deviation of the accelerometer likelihood is set to 62¢ = 0.4ms 2.

This value is rather
high due to the simplifications made in (4.16) that require a downweighting of the measurements.
For the magnetometer data all filters use a standard deviation 0™ = (.07 as base value. For the
non-robust filters this means they always use this standard deviation and likelihood (4.15) in the weight
update. For the robust filters the base value and (4.15) is used only for undisturbed data. Note, o™

is dimensionless here because of the internal normalization of the Xsens magnetometer.

When the different filters pass a switch, they do not output a valid position estimate until one of the
possible tracks or routes reach a probability of 0.9. When the probability of a track or route reaches
this threshold a position estimate is outputted again. For the filters based on Algorithm 4.5 additionally
all filters are deleted that are not on the route that reached the threshold.

The particle set of all filters is initialized in the same way. In the beginning all particles are on the
correct track and are uniformly distributed in an 20 m wide interval around the true position obtained
from the GNSS ground truth. Since the train is at standstill in the beginning of the runs, the speed and
acceleration of the particles are uniformly distributed around zero. The speed interval is set to 1 ms~!
and the one for acceleration to 0.2ms 2. The weights of all particles are set to Nip Resampling is

only performed when the number of effective particles falls below 0.4 - N,,.

Parameters of the FDE Filter

The FDE filter requires in addition to the shared parameters the transition probabilities pU-?) used in
the calculation of model probabilities in (4.29). In the evaluation, the transition probabilities are set
such that the probability to stay in the same model is plid) = 0.3 with i € {1,...,8}. The remaining
probability is equally distributed between the transition probabilities pUi) = 0.1 withi # j. Asa
result, the probability to stay in the same model is considerably higher than the probability to switch
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Figure 7.5: Likelihoods used in the FDE filter to calculate the model probabilities.

to another specific model. In the initialization the filter assumes that model one is correct and its
probability is set to one.

Furthermore, the likelihood p®*!(-) from (4.34) for a disturbed magnetometer axis has to be param-

dist and o9 from (4.34) are tuning parameters and allow us to influence

eterized. The parameters ¢
how quickly a measurement is rejected in the update step. For the evaluation the parameters are set
to ot = 0.8 - ™M and st = (27r(adi5t)2)_%. The resulting likelihood is shown in Figure 7.5 in
comparison to the Gaussian pdf for the undisturbed case that uses the base value of ¢™*€ as standard

dist exceeds the value of the nominal

deviation. From Figure 7.5 it can be seen that for larger errors p
likelihood. That means that models that assume a disturbance in the measurements will get a higher
probability in presence of disturbed measurements than models that use the nominal likelihood. As
already mentioned in Section 4.4.1, the area enclosed by the function p¥i!(-) is not normalized to one
and therefore p%*!(-) is not a proper pdf. In the evaluation this does not cause any problems and enables
us to choose a wide variety of parameters and functions. When the support of p%*!(-) would be limited
to a fixed interval, one could also normalize it such that it becomes a proper pdf, but this might not
yield the desired result. For example, in Figure 7.5 p¥*!(-) was chosen such that its maximum value
exceeds the maximum value of p"™(-) to enable a fast switching between models when disturbed
measurements are passed to the filter. If we would normalize p¥*(-), its maximum value would be

limited by the width of the support and switching between models might be considerably slower.

Parameters of the NMA Filter

The NMA filter in the evaluation uses only two models for the magnetometer measurements. The first
model assumes that all magnetometer measurements only have the nominal additive sensor noise. The
first model thus uses likelihood (4.15) and the base value of the noise standard deviation as described
in the shared parameter section. The second model assumes the measurements contain disturbances
that are larger than the nominal sensor noise. The second model captures this with another Gaussian
pdf that has a higher standard deviation of 1.5 - 0™ that reduces the impact of a single measurement
on the particle weights. The two different likelihoods are shown in Figure 7.6. As the FDE filter,
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Figure 7.6: Likelihoods used in the NMA filter to calculate the model probabilities and to update the particle weights.

Table 7.2: Position error statistics for the different filters across all six runs. The shown statistics are based on the Monte
Carlo Run with the highest RMSE.

joint filter copy filter FDE filter NMA filter
Run RMSE/m rrmse/% max/m RMSE/m rrmse/% max/m RMSE/m rrvse/% max/m RMSE/m rrmse/% max/m

1 1.87 39 1122 312 128 13.35 1.69 27 8.37 1.81 32 9.80
2 1.86 48 10.69  2.40 91 1251 1.82 51 8.29 1.81 44 9.89
3 2.12 8 821 2.09 8 7.88  2.08 6 793 214 9 8.89
4 3.67 136 21.49  4.13 167 21.03 1.72 12 759 224 40 11.96
5 2.16 6 872 221 8 935 223 9 883 218 7 9.12
6 1.94 13 9.56 1.83 8 6.95 1.89 13 8.45 1.86 10 6.68

the NMA filter requires model transition probabilities. Here these values are set to p/) = 0.5 with
i,7 € {1,2}. At the first time step both models are considered to be equally probable.

Results

The evaluation result for the six runs from Table 7.1 will be presented in two parts. The first part
is related to the position accuracy of the different filters. In the second part, the result of the track
identification is presented and discussed. To make it easier to differentiate between the different
filters from Chapter 4, in the following the filter for joint estimation of track identifier and along-track
position, Algorithm 4.4, will be referred to as joint filter. The combination of the filter for the joint
estimation of the route and the along-track position, Algorithm 4.5, with the non-robust Algorithm 4.1
will be called copy filter. The combinations of Algorithm 4.5 with the FDE filter, Algorithm 4.2, and
the NMA filter, Algorithm 4.3, will be simply called FDE and NMA filter.
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Position Accuracy

To evaluate the performance of the four different filters, each filter was evaluated 100 times in a Monte
Carlo simulation. The Monte Carlo simulation has the goal to show the impact of the process noise
realization on the filter result and to get an overall idea of the filter stability and the repeatability of the
results. The results for the position accuracy are summarized in Table 7.2 divided into the six runs.
The position error used in the statistics of Table 7.2 is calculated from the position estimate of the
filters and the ground truth GNSS receiver position. The root mean squared error (RMSE) in the table
is the highest RMSE among all Monte Carlo runs. To get an impression about how the RMSE differs
between Monte Carlo runs, the table shows for each filter the increase from its lowest to its highest
RMSE. The increase in percent is calculated according to

TRMSE = <m - 1) -100% . (7.5)
The shown values for rryisg are rounded to the next integer. In addition to the RMSE and rrvsg, the
table shows the maximum absolute position error for the Monte Carlo run that resulted in the highest
position RMSE. It should be noted, that the statistics in Table 7.2 account only for phases in which
the train was moving, but not the standstill phases. Cutting out the standstill phases avoids skewing
the statistics in favor of filters that enter the standstill phases with a small error, because the filters
do not update their estimate during standstill. If the statistics would account for the standstill phases,
there might be a situation in which a filter seems to have a smaller RMSE than other filters although
its error during driving is consistently higher.

From the error statistics it becomes apparent that all filters perform quite well and achieve a position
RMSE below 5m. Considering all six runs, the FDE and NMA filters have the lowest RMSE in
most cases or are close to the filter with the lowest RMSE. The FDE filter also manages to keep the
maximum error below 9 m across all runs. In contrast, the joint, copy, and NMA filter all have runs
with a errors larger than 11 m. The increase rrymsg from the lowest to the highest RMSE shows that
the robust filters are more consistent over the different Monte Carlo runs. To get a better understanding
where the differences between the filters are originating from, in the following we will have a closer
look on the estimation error of run 4, for which larger differences in the filter performance were
observed.

In Figure 7.7 the estimation error for run 4 in Table 7.1 is shown alongside the standstill phases, gray
areas, and phases in which no position estimate is generated by the filters, green areas. The green
areas correspond to the part of the data set in which the train is driving across a switch and the new
track is not resolved yet. The gray areas are derived from the GNSS ground truth speed and thus do
not perfectly align with the filter standstill phases that are derived purely from the standstill detector
based on the magnetometer and accelerometer data, as discussed in Section 7.2.3. The green areas
might look slightly different for the different filters, but for the sake of clearness only the green area of
the copy filter is plotted. When looking at the position error, top plot in Figure 7.7, there is a sudden
strong increase of the error around 110s for all filters but the FDE filter. As can be seen from the
plot and the maximum error in Table 7.2, the FDE filter here manages to keep the maximum error
considerably smaller than the others filters. Compared to the non-robust filters, the NMA filter can

100



7.2 Evaluation of Localization with Calibrated Magnetometers

T T T T T T T T
20l —— joint filter — copy filter FDE filter — NMA filter | |
E |
~
-
s
=
@ 0 R
g
=
& —10 |
<%
—20 B
8
T |
6 |
i s |
=
~ 4+ |
3 i
2 i
1 |
1 : : T
—j=1—j=2
0.8 L " " =
W ey B st AN Rake iR BLh fealtte. Al o » Aty AR ¢
-
Dg 0.6 |- N
~ 04} B
—
A i o Ja A o JIn'y PROCPIIPPVITY Lok
02 + sl s
O | | | | | | | | | | |
0 50 100 150 250 300 350 400 450 500 550 600
Time / s

Figure 7.7: Position error of the four filters for run 4. The shown estimation error is from the Monte Carlo run with the
highest RMSE. (top) Position error of the four filters. The gray areas highlight standstill phases. The green areas
indicate the time when the copy filter reaches a switch and until the new track is resolved by the filter. (middle)
Index of the model in the FDE filter with the highest probability. (bottom) Probability of the two models used
in the NMA filter.
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Figure 7.8: Cutout of the measured magnetic field and corresponding magnetic field in the map for run 4. The map magnetic
field is obtained at the GNSS ground truth position and is rotated into the frame of the measurements with the

true orientation.
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also reduce the maximum error, although not as good as the FDE filter. To understand why the robust
filters perform better here, we have to have a closer look on the model probabilities calculated by the
filters. The plot in the middle of Figure 7.7 shows the index of the model selected in the update step
of the FDE filter. During the time the estimation errors start to increase also the model index jumps
from j™** = 1, which corresponds to the model that uses all magnetometer measurements in the filter
update, to another model index that rejects at least one of the sensor axes. A similar behavior is seen in
the model probabilities of the NMA filter. Around the time the position error increases the probability
of the first model is decreased and the probability of the second model is increased.

To check why the model probabilities start to change around 110 s and if this change is actually desired
we have to have a look into the measurement data used as input for the filters. Therefore, Figure 7.8
shows the measured magnetometer data used in the filters together with the corresponding values in
the magnetic map at the GNSS ground truth position rotated into the frame of the measurements. The
measured values, dashed lines, show a good agreement with the magnetic field in the map until 100s,
then larger differences appear for a couple seconds. The changes in the model probabilities of the FDE
and NMA filter are therefore a desired effect and lead to an exclusion of disturbed measurements, in
the case of the FDE filter, and a downweighting in the case of the NMA filter. It should be mentioned
that there is a shift in the along-track direction between the map and the measured data in Figure 7.8.
This shift is caused by a position shift in the GNSS ground truth, which can have meter-level errors.
These errors in the ground truth are also clearly visible in Figure 7.7 in the standstill phases. During
these phases all filters output a constant position, but the error keeps changing due to the drift in the
ground truth. Regarding the disturbances in the measurements, we found out that the same errors are
present not only in run 4 but also in run 1 and run 2. A comparison of the train routes during these
runs in Table 7.1, lead to the suspicion that the disturbance might be related to track T45. Further
investigations of the data sets lead to the conclusion that the map of track T45 has parts where the map
does not fit to the measurements. The cause for this must be some disturbance in the measurements

used in the map creation, which could not be identified.

The example in Figure 7.7 and the statistics in Table 7.2 show that the evaluated filters can provide
the train position also in the presence of disturbed measurements and erroneous maps. Especially the
robust FDE and NMA filters can cope with these situations in the evaluation quite well and can keep
the maximum error small compared to the other two filters. Furthermore, the robust filters achieve
more consistent results w.r.t. the RMSE across the different Monte Carlo runs, as shown by the
increase rryisg between the highest and the lowest RMSE.

Finally, we want to have a look on the cumulative distribution function (cdf) of the absolute position
error across all six runs because the cdf gives a more complete impression about the overall error
distribution than just the values in Table 7.2. The cdf in Figure 7.9 is again calculated without the
standstill phases and uses for each of the six runs the Monte Carlo run with the highest RMSE value.
The cdf once more confirms the superiority of the robust filters. Especially for the cdf values above
0.9 shown in Figure 7.9 the robust filters outperform the other filters. For lower values of the cdf the
filter performance is close. This was somewhat expected, since in the absence of larger disturbances in
the magnetometer data or in the map the overall filter performance is quite similar as can be seen also
from Figure 7.7 after the first standstill phase. For higher values the cdf also shows a larger difference
between the joint filter and the copy filter, although these filters are using always the same measurement

102



7.2 Evaluation of Localization with Calibrated Magnetometers

0.99 - s
—— joint filter
0.98 —— Copy ﬁlter
FDE filter
< 097 —— NMA filter | |
vV
5 0.96 .
b
[¢b)
= 0.95 |
o
2
Z 094 3
A
2 093 .
0.92 s
0.91 |/ .
| | | | | |
0-9 4 6 8 10 12 14 16 18 20

e/ m
Figure 7.9: Cumulative distribution function of the absolute position error over all six runs.

model. We think this is mainly a random effect caused by the Monte Carlo simulation and the large
differences between different realization of the process noise during run 1, 2, and 4. When there is
a systematic difference between the accuracy of the joint and the copy filter we would expect a small
benefit for the copy filter because the joint filter has to distribute its particles over multiple tracks,
whereas the copy filter runs a separate filter for each possible route. This causes differences in how the
point estimates are calculated in the two filters. The joint filter calculates the estimate only based on
the particles that are on the most likely track, which means not always all particles are considered. In
contrast, the copy filter always uses all particles. Nevertheless, the difference between the joint filter

and the copy filter is to be expected small when there are no disturbances in the magnetometer data.

At this point we would like to point out that the presented results are based only on a small data set
and therefore the comparison between the filters should be taken with a grain of salt. For a definite
decision for one of the filters a more exhaustive evaluation should be performed in the future.

Track Identification

In addition to the position error of the filters, it is also important how accurate and fast the filters can
determine on which track the train is driving after a switch was passed. In the evaluation, all filters
were able to identify the correct track after passing a switch. The differences in the time and traveled
distance required to identify the correct track were not dramatically different across all filters. Hence,
only the track identification results for the copy filter are shown in Table 7.3. The times and distances
are obtained once more from the Monte Carlo run with the highest RMSE.

Table 7.3 shows that the distance required to identify the correct track is between 15.5 m and 100.7 m.
The distances therefore differ quite significantly. Even on the same switch one can observe larger
differences, e.g., the required distance for track identification on switch S6 is more than doubled for
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Table 7.3: Time and traveled distance until correct track is identified by the copy filter.

Switch Run 1 Run 2 Run 3 Run 4 Run 5 Run 6
S1 Time / s - - - 3.2 - -
Dist. / m - - - 47.7 - -
Time / s - - 6.1 - 6.1 2.8
S2
Dist. /m - - 34.7 - 332 155
$3 Time / s 2.1 2.0 - - - -
Dist. /m 28.9 29.1 - - - -
S4 Time / s - - - - - -
Dist. /m - - - - - -
S5 Time / s - - 2.9 - 3.0 2.6
Dist. /m - - 4240 - 44.6 38.2
S6 Time / s 5.6 24 - 1.9 - -
pist. /m 100.7 39.6 - 27.7 - -

run 1 in comparison to run 2 and 4. Especially the difference between run 1 and 2 is surprising,
considering the train takes the exact same route during those runs, while during run 4 the train was
taking the other track after passing switch S6. It is not entirely clear why this is the case and thus
needs further investigation on a larger data set.

Summary

The evaluation showed the feasibility of magnetic localization with calibrated magnetometers in the
railway domain based upon six different runs on a local track network in Germany. During the
evaluation four different filters are compared to each other w.r.t. their position accuracy and the
capability to identify the correct track after passing a switch. From the results it can be concluded
that all filters were able to localize the train with a RMSE below 5m and that all tracks have
been be correctly identified. In absence of larger errors in the magnetic measurements, all filters
performed on a similar level. However, in the presence of disturbed measurements the two proposed
robust particle filter variants showed an improved accuracy and stability. The filters achieved this
improvement by accounting for different measurement models that allowed them to either exclude
disturbed measurements or to downweight them in the filter update step.

Finally, we would like to mention that for the given data set and the chosen number of particles all
filters achieved real-time capability when running on a laptop CPU. Real-time capability here means
that an average update rate beyond 10 Hz was achieved. Therefore, in average the processing of a single
filter iteration was completed before a new measurement would be provided to the filter in an online
processing scenario. The evaluation results are rather promising and motivate further investigations
of the proposed filters with an extended data set.
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Evaluation of Simultaneous Localization and Calibration

Different algorithms for magnetic field-based train localization were evaluated in the previous section,
in which the magnetic map data and the data used for localization was recorded with the same hardware
setup and the same orientation. Thus, there was no need to account for possible calibration effects
and hence we just implemented the filters under the assumption of a calibrated data set. However, in
order to use magnetic field-based train localization in a more practical setting, it cannot be assumed
that a map created with the same hardware setup is available and neither is it possible to calibrate
the magnetometer inside a train without considerable effort using common methods. These practical
considerations lead to the development of the SLAC algorithms presented in Chapter5. To show
the feasibility of SLAC, the proposed algorithms are evaluated based upon data collected during the
HSB measurement campaign with two different trains as described in Section7.1.2. Concretely, the
algorithms will be tested by creating a magnetic map with the steam engine data, which then will be
used in the localization of the diesel railcar.

For the evaluation of SLAC we use one run during which the train travels ~7 km. During the run
the train started from standstill, accelerated, and then kept driving with an approximately constant
speed. In average the speed during movement was around ~39kmh . The evaluation presented
in the following is based on our paper [J2]. As in [J2], track identification is not considered here.
Nevertheless, the combination of SLAC and track identification is an interesting topic that should be
considered in future work.

Map Generation

The map used in the evaluation is generated from the GNSS and magnetometer data of the steam
engine. The map representation here follows an approach similar to Section7.2.2. The map is
therefore represented by an array of magnetic field vectors with associated along-track positions. In
contrast to the map from the previous section, the magnetic vectors are here not rotated into the track
frame because the SLAC algorithm already takes care of the rotation between the map and the body
frame of the magnetometer used for localization.

The steam engine reaches only speeds around S0kmh~!. The low speeds combined with the mag-
netometer sampling rate of 100 Hz allows us to use once more a simple linear interpolation scheme
without introducing larger deviations into the map. The resolution of the map is kept at As =0.1m.
The track used in the evaluation is not electrified and the removal of the overhead power line induced
magnetic field is not necessary.

Implementation of Evaluated Filter Algorithms

The filter used for SLAC is based on the implementation from our paper [J2] and follows Algorithm 5.1.
Similarly to the filters evaluated in the previous section, the prediction step of the Rao-Blackwellized
particle filter uses motion model (4.18) and (4.19). In contrast to the prediction step, the SLAC
weight update step has two major differences when compared to the filters for calibrated data. The first
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change is that we forgo the accelerometer update. This was done to demonstrate the feasibility of SLAC
using solely measurements from an uncalibrated magnetometer. The second difference is related to the
magnetometer measurement model. The magnetometer likelihood (4.15) for calibrated magnetometers
is replaced with (5.24). In (5.24), the train orientation is not explicitly needed since it is absorbed in
the calibration parameters. The two mentioned changes in the update step render the train orientation
redundant and it can be removed from the state of the Rao-Blackwellized particle filter used for SLAC.
Another implementation detail that should be mentioned is that the Rao-Blackwellized particle filter
uses three four-dimensional Kalman filters to estimate the calibration parameter vector instead of one
filter that estimates all twelve parameters. As described in Section 5.3.1, the decomposition of the
parameter vector is made possible by the particular structure of the estimation problem and reduces
the complexity of the filter.

In addition to the SLAC algorithm that estimates the full twelve-dimensional parameter vector, also the
reduced SLAC algorithm, from Section 5.3.4, is implemented and evaluated. For the reduced SLAC
algorithm it was assumed that the calibration matrix C in (5.13) is close to a diagonal matrix. This is
the case when C and C are dominated by scaling effects in their main diagonal and when the relative

orientation RE is close to a diagonal matrix. For the HSB hardware this is not the case because the

k
relative orientation is given by

0 01

b _

R, =|0 1 0, (7.6)
-1 0 0

which leads, even when the matrices C and C are diagonal, to a matrix with the same structure as
(7.6) with non-zero entries in the off-diagonal elements. Fortunately, for the rotation matrix (7.6)
we can simply rotate the measured magnetic vector into the body frame of the map by a simple left
multiplication of (5.12) with the inverse of (7.6)

ngzr]:ag — Rg,kckl’i’lb(Sk;, RlZNmme) + Rg,k(Bk + Il;:ag) , (77)

where Rg kC & 1s now a diagonal matrix as desired. For the reduced SLAC implementation this means,
we simply take the measurements of the railcar and rotate them into the map body frame before we pass
the data to the update step of the particle and Kalman filter. The rest of the algorithm is basically the
same as the full SLAC algorithm, just with a reduced set of parameters as described in Section 5.3.4.
Alternatively to rotating the data, we could here also modify H™ from (5.32) such that it maps the
reduced parameter vector 8"¢ correctly to the measurements, the result is expected to be comparable.

Filter Parametrization

As in the evaluation of the filters with calibrated magnetometers, the SLAC filters are run at an update
rate of 10Hz and use the same number of particles N, = 4000. Compared to [J2], the number
of particles was increased from N, = 3000 to have the same amount as in the previous section to
make the results more comparable. With 4000 particles and an implementation in Matlab the overall

106



7.3 Evaluation of Simultaneous Localization and Calibration

processing time of the SLAC algorithms was well below the duration of the processed data set when
the filters were executed on a laptop CPU.

The process and measurement noise parameters were tuned to the data set from the HSB campaign. The
magnetometer noise standard deviation was set 0™ = (0.025 and the process noise standard deviation
of the motion model to ¢ = 0.1 ms~2. As before, the standard deviation of the magnetometer noise
has no unit because the sensor only provides normalized data. The process noise standard deviation
of the state space model of the calibration parameters from (5.20) was experimentally selected and
has an value of ¢ = 0.005. For constant parameters o9 should ideally be zero but allowing for some
noise gives the filter more flexibility to change the parameters over time and therefore the possibility
to account for deviations from the linear calibration model in (5.12).

The initial states of the particles are sampled from uniform distributions centered around the ground
truth values of the train position, speed, and acceleration. The position ground truth is obtained from
GNSS. The speed and acceleration are both set to zero in the initialization since the train is at standstill
at the beginning of the data set. The uniform distribution of the particle positions has a width of

1

20m. For the particle speed and acceleration states the width of the distributions is set to I ms™ " and

0.5ms 2. The initial weights are all set to the value Nip

The initial parameter vector of the Kalman filters is set such that it corresponds to C = I3y3 and
b = 034;. The initial variance for all parameters is set to one. These values are the same for all
particles and correspond to the assumption that the railcar magnetometer measures the same magnetic
field that is also stored in the steam engine map.

Results

The results presented in the following include the results of the full and the reduced SLAC algo-
rithms and the results of two particle filter variants without online calibration that are considered as
benchmarks.

The first particle filter variant without online calibration uses a set of fixed calibration parameters. The
fixed parameters are estimated from the railcar data recorded on the first couple of hundred meters
of the track used in the evaluation. For the estimation the corresponding magnetic vector from the
map is retrieved with the GNSS ground truth. The calibration parameters are then estimated with a
LS estimator. The estimated parameters are passed to the filter that treats them as known and applies
them to the magnetic map data before the weight update is performed.

The second filter variant uses uncalibrated data that has been only rotated into the body frame of
the map according to (7.7). This variant therefore uses the same data as the reduced SLAC filter.
Both particle filter variants are essentially a simplified version of Algorithm4.1, in which the train
orientation is considered known and thus is not estimated. Furthermore, the filters do not use the
accelerometer information to make them comparable to the two SLAC filters.
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Figure 7.10: Roll and pitch angle difference between the steam engine and diesel railcar along the ~ 7 km test track.

Attitude Difference between Railcar and Steam Engine

During the derivation of the SLAC algorithm in Chapter 5, some simplifications and assumptions were
made that enabled us to perform a relative calibration to a magnetic map that was recorded with an
uncalibrated magnetometer. The crucial assumption in the derivation was that the rotation matrix R§7 i
between two vehicle frames is nearly constant for two trains that drive on the same track.

To substantiate this assumption, the attitude of the railcar and the steam engine was calculated with a
inertial navigation system that was aided by the data of the GNSS receiver. The sensor fusion is done
by an error state Kalman filter, which loosely couples the two systems. The inertial navigation system
uses the data of a KVH 1750 IMU that provides a high-quality fiber-optical gyroscope. The KVH
IMU was placed in the same sensor box as the Xsens IMU, used to measure the magnetic field data,
and can be recognized in Figure 7.1 as a silver metal cylinder.

Based on the estimated attitude of the two different trains, the difference in the roll and pitch angle
was calculated based on the rotation matrix R;k. The resulting angle differences are shown in
Figure 7.10 for the ~ 7 km long track used for evaluating the SLAC algorithms. The figure shows,
that the differences are small and below 0.5° for most of the time. Thus, the assumption of a constant
R; . = Ry is fairly well fulfilled for the two considered trains. However, one should keep in mind the
low speeds during the measurements. For higher speeds, or for trains with an active tilting system the
difference might be larger. For larger deviations from the assumption of a constant relative rotation
matrix, SLAC still could work since one of its advantages is the possibility to adapt the calibration

parameters over time.

Position Error

For the evaluation of the position error a Monte Carlo simulation with 100 runs was performed. Each
run uses a different realization of the process noise and initial particle distribution. The Monte Carlo
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Figure 7.11: Position error over time. The error is calculated between the MMSEE of the filters and the GNSS ground truth.
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Figure 7.12: Data of the Diesel railcar rotated into the body frame of the steam engine and the corresponding values in the
magnetic map from the steam engine.
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simulation gives an insight in the repeatability of the results and the sensitivity of the filter to the
process noise and the initial particle states.

The position errors over the whole train run are shown in Figure 7.11. The position errors are calculated
between the GNSS ground truth and the along-track position MMSEE of the different filters. For the
two SLAC filters the figure shows the Monte Carlo run with the highest RMSE. For the remaining two
filters the runs with the lowest RMSE are shown. The errors of the pre-calibrated and pre-rotated filter
grow up to hundreds of meters or the filters diverge and stop giving a valid output. Figure7.11 thus
only shows their errors until the point when they first surpass 30 m. From Figure 7.11 it can be seen
that only the two SLAC filters are capable of accurately tracking the train position over the whole train
run. The filter that uses only the rotated data, purple line, is unable to estimate the train position from
the beginning on. This is not surprising when we look at Figure 7.12 that shows the rotated railcar
data and the corresponding map data from the steam engine obtained with the GNSS ground truth.
The rotated data has large offsets and is scaled relative to the map. What was somewhat surprising
is the poor performance of the pre-calibrated filter. Until ~270s the error of the pre-calibrated filter
is close to the errors of the SLAC filters. The good performance in the very beginning was expected
since the pre-calibrated filter already starts with known calibrations parameters, whereas the SLAC
filters first have to estimate them. We are not entirely sure why the error of the pre-calibrated filter
suddenly starts to increases rapidly and the filter fails to estimate an accurate position. We suspect that
this behavior has to do with some deviations from the assumption of a linear calibration model. More
details on this topic are discussed further below when we have a look on the calibration parameters
estimated by the SLAC algorithms.

The results in Figure 7.11 show that both SLAC algorithms achieve a similar position error with a
small advantage for the reduced SLAC algorithm, e.g., in the beginning the reduced SLAC algorithm
is able to achieve a smaller error and a faster convergence than the full SLAC algorithm. The slower
convergence of the full SLAC algorithm could be explained by the additional degrees of freedom in
the calibration parameters. The filter simply has to process more magnetometer data to get an accurate
estimate of all twelve parameters. The advantage of the reduced SLAC filter is also reflected in the
overall position RMSE. The full SLAC filter has an average RMSE, over all Monte Carlo runs, of
2.35 m and the reduced SLAC filter of 1.76 m. The highest observed RMSE is 2.70 m for full SLAC
and 2.07 m for reduced SLAC. For both SLAC filters the RMSE over the different Monte Carlo runs
is rather consistent and shows a spread, according to (7.5), of 31.49 % and 33.37 % for the full and
reduced SLAC filter. In Figure 7.11 both SLAC variants show a larger error around 330 s-350s. The
larger error is caused by the absence of strong variations in the magnetic field data, as can be seen
from Figure 7.12. This is a general phenomenon in magnetic localization and intuitively plausible,
when there are no variations in the magnetic field or the variations are in the range of the sensor noise,
the position cannot be estimated accurately. In a practical application this increase of the error can be
mitigated by incorporating additional sensors in the estimation, e.g., in the railway domain a simple
odometer sensor can help a magnetic localization system to bridge parts of the track with a “flat” and
featureless magnetic field. Due to the generic nature of the particle filters used in this thesis, additional
sensors can be easily integrated into the prediction or update step.
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20 N -

S W — [?]11
i 1 A~ [bh
1D

—  0p.. — - o]

<t 20 | C
& W\—\—\MM — [Clz
"§ 1 i | — [b]z
1D
= 0 g

2 [ T L R T ]

21 ([W— | Clas
g 0 | —[bls
D, i

_2 l l l l l l
0 100 200 300 400 500 600

Time / s

Figure 7.14: Scale factors and biases estimated by the reduced SLAC algorithm.
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Figure 7.15: Diesel railcar data and the map data calibrated with the parameters estimated by the full SLAC algorithm.
The shown calibrated map data is obtained with the MMSEESs of the along-track position and calibration
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Figure 7.16: Diesel railcar data rotated into the body frame of the steam engine and the map data calibrated with the

parameters estimated by the reduced SLAC algorithm. The shown calibrated map data is obtained with the
MMSEEs of the along-track position and calibration parameters.
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Calibration Parameters

The MMSEE of the calibration parameters obtained from the full and the reduced SLAC algorithm is
shown in Figure 7.13 and Figure 7.14, respectively. In addition, Figure 7.15 and Figure 7.16 show the
data handed to the filters and the map data calibrated with the estimated parameters and positions.

For both filters the estimated calibration parameters are not converging towards constant values but
keep changing during the train run. This is in contrast to the results in our paper [J1], in which the full
SLAC approach was evaluated with the data of a model train running in a laboratory environment and
in which the estimated parameters did not show such strong variations. Since the same sensor type
was used in [J1] and during the HSB measurement campaign, we believe that the observed changes in
the estimated parameters are not caused by the sensor itself but by external effects and a mismatch of
the model used for calibration, not present in the controlled laboratory environment of [J1].

The magnetometer model (5.14) assumes a perfect linear relation between the data in the map and
the measured data. This is assumption is not exactly fulfilled during the HSB measurements, e.g., the
magnetometers in the steam engine and in the railcar are not perfectly aligned in height, as explained in
Section 7.1.2. The height difference alone introduces differences in the measured magnetic field that
might not be easily compensated by a linear model. The same holds true for differences in the mounting
position in the cross-track direction. Examples for the influence of the mounting position were also
discussed Section 3.3.2. In addition, for the linear model to be correct, the environment in which
the magnetometers are mounted has to be completely static and there should be no moving magnetic
material in the vicinity. For sensors mounted in a train with rotating wheels, gearboxes, and engines
this requirement cannot be fulfilled perfectly. Another possible complication for the estimation of the
calibration parameters are imperfections in the map. These imperfections can be caused by erroneous
GNSS positions and disturbed magnetometer measurements. An inaccurate GNSS measurement
introduces shifts in the magnetic map, which can lead to the situation in which the filter expects a
certain magnetic value at its current position, but gets a slightly different value. In order to match
its measurements to the map, the filter then adapts its calibration parameters to compensate for the
erroneous map. A comparison of the estimated parameters in Figure 7.13 and Figure 7.14 with the
measurement data in Figure 7.12 reveals that the larger changes in the parameters occur mainly when
there are larger distortions in the magnetic data. In the absence of strong distortions, the parameters
are approximately constant or drift slowly. As soon as the SLAC filters get measurements with strong
distortions, errors in the parameters and the position cause larger residuals in the Kalman and particle
filter update step, which leads to a stronger adaption of the parameters in order to reduce the residuals.

Nevertheless, the SLAC filters are able to track the train position through the whole run, while the
pre-calibrated filter could not cope with the above mentioned imperfections. This shows that the
continuous estimation of the parameters in the SLAC algorithms not only enables the use of the same
magnetic map for the localization of different trains, but it also enables magnetic localization in the
presence of changing calibration parameters and imperfect conditions.

To check how well the calibrations parameters fit to the measurements and the map, Figure 7.15 and
Figure 7.16 show the first 200 s of the railcar data handed to the filters and the corresponding calibrated
data from the steam engine magnetic map. The shown map data was retrieved at the MMSEE of the
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along-track position and the calibration uses the MMSEE of the parameters. Note, the data for the full
SLAC filter is the raw railcar magnetometer data, whereas the data shown for the reduced SLAC filter
is the raw data rotated into the body frame of the map. In the first few seconds both figures show larger
differences between the calibrated map data and the data handed to the filters. This is caused by the
not yet fully estimated calibration parameters. After the initial larger differences, the calibrated map
data nicely fits to the magnetometer data of the railcar, showing the feasibility of the SLAC algorithms
to perform proper calibration.

Summary

In this section the full and the reduced SLAC algorithm was evaluated based on the data collected
during the HSB measurement campaign. Both filters were able to estimate the train position over
the complete train run with meter-level accuracy. In addition, it could be shown that the estimated
parameters enable the calibration of the magnetic map of the steam engine such that it closely matches

the magnetometer data recorded with the diesel railcar.

Due to imperfections in the measurements, the hardware setup, and the resulting violations of the
linear model assumption, the estimated calibration parameters changed over the course of the train
run. The changes in the estimated parameters are in contrast to the result in [J1], in which SLAC was
evaluated under controlled conditions with measurements from a model train driving in a laboratory.
However, the presented results for the HSB measurements show that the proposed SLAC algorithms
are flexible enough to enable accurate localization under sub-optimal conditions.

Evaluation of BCRLB for Magnetic Train Localization

In this section, the GP-based BCRLB from Chapter 6 is applied to data from the BRB measurement
campaign to investigate the theoretically achievable position accuracy. The calculated bound is
compared to the MSE of a particle filter that uses the same GP as the bound in its measurement
model as map. The comparison between the bound and the particle filter allows us to check if the
filter is optimal in the MSE sense and can be also seen as sanity check if the bound gives reasonable
values. The results in this chapter are mainly based on our paper [C8] with some minor changes and
corrections that will be introduced in the remainder of this section.

GP Training

Before the bound can be calculated, the GP has to be trained on a given data set and the map for the
particle filter has to be generated. For the following evaluation a 1 km long track segment from the
BRB measurements campaign, described in 7.1.1, has been selected. This 1 km long segment is a
part of track T45 from the track network shown in Figure 7.2. The chosen data set length is a tradeoff
between the computational complexity to train and evaluate the GP and the informative value of the
bound derived from it.
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Table 7.4: GP hyperparameters obtained from optimization.

Axis Sensor noise Length Scale Kernel Variance  Mean

o™ [ a.u. [/m ok /au. m/a.u.
X 2.64-1073 3.00 1.06-1072  1.75-107*
y 4.56-1073 4.93 1.69-10"2  3.75-1073
z 350-1073 3.43 2.00-1072 1.62-1073

The data set used in the GP contains the three components of the magnetic vector field and the
associated along-track position. For simplicity, the data set contains the magnetometer data in the
vehicle frame, which is used also in Section 7.2, as the train orientation is assumed to be known and
rotating the data into the track frame does not affect the bound. Similar to the evaluation of the
different filter algorithms for magnetic localization in 7.2, the 16.7 Hz magnetic field induced by the
overhead power line current is filtered out with the algorithm introduced in Section 7.2.1. The data
set combines measurements of four runs over track T45. In particular, we use the data of run 1, 2,
and 4 from Table7.1. The fourth run was used before only for generating a part of the magnetic
map. We combined here the data of four runs to introduce more uncertainty in the GP data and to
avoid too optimistic covariance and sensor noise values in the training and regression phase. With the
measurements from only one run on T45 the GP might be fitted to temporary disturbances that are not

position dependent and that do not contain position information.

The position associated to each magnetometer measurement is obtained from GNSS measurements,
which means the data across the different runs is not perfectly aligned. A miss alignment between the
data sets leads to differences between magnetometer measurements associated to the same position
that do not represent the true magnetic field or measurement noise. To get rid of these additional
differences, we perform a fine alignment across the four runs. For the alignment we interpolate the
magnetic data on an equidistant spatial grid with spacing 0.1 m and shift the interpolated data such
that the cross correlation between the different runs is maximized.

A comparison of the magnetic field recorded during the four runs also revealed offsets between the
different runs. Since these offsets can be compensated by proper calibration, e.g., with the proposed
SLAC algorithms, and a constant offset does not contribute information to the bound, the mean of the
magnetic vector field of each run was removed before its data was handed to the GP training.

Although the bound calculation is limited to a 1km track segment, the computational complexity
would be high and impractical if all available magnetometer data would be used in the GP due the
high magnetometer sampling rate. Therefore, the amount of data considered in the GP is reduced in
two steps. In the first step, spatial down-sampling is performed. In the spatial down-sampling step
an equidistant grid with spacing 0.5 m is placed along the track and for each run only the data points
closest to a grid point are stored and the rest is discarded. Given the spatial variability of the magnetic
field, discussed in Section 3.1, and its overall smoothness a data point every 0.5 m is sufficient to
accurately represent the magnetic field during GP training. In the second step, the number of data
points is reduced once more by selecting for every grid point the data point of only one of the four
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Figure 7.17: GPs representing the three components of the magnetic vector field of the 1 km long track segment. The solid
line represents the posterior mean and the shaded area three time the standard deviation including sensor noise.
The training data used by the GP regression is shown as red asterisks. The figure only shows every fourth data
point to not clutter the plot. As before, the shown magnetic values are dimensionless since the used Xsens
sensor performs internal normalization.

runs at random. With the second step three quarters of the remaining data is removed while all runs
still contribute to the GP training and the differences between them are kept.

Based on the down-sampled data set, the GP training is performed. During the training the hyperpa-
rameters of the squared exponential kernel, the constant mean function, and the Gaussian sensor noise
are optimized. For optimization we used the Matlab implementation of the GPML toolbox [99]. The
optimization was performed individually for each component of the magnetic vector field and used
only the data of the first 500 m to speed up the optimization. The hyperparameters obtained from the
optimization are listed in Table 7.4 and the resulting GP is shown in Figure 7.17. The hyperparameters
slightly changed w.r.t. the values presented in [C8] because here we changed the filter method that
removes the 16.7 Hz magnetic field to the method presented in Section 7.2.1. Furthermore, the fine
alignment is now done based on a finer grid spacing of 0.1 m. In [C8] the alignment was done after
the spatial down-sampling with a coarser resolution.

Particle Filter Inplementation

The particle filter that will be compared to the bound uses the same motion (6.36) and measurement
(6.39) model as the bound. To compare the filter performance to the bound, we have to determine
the MSE of the filter. The MSE matrix is given by the left hand side of (6.1) and is defined as
the expectation of the estimation error w.r.t. the joint density of the state and the observations used
in the estimation. Calculating the MSE therefore requires the evaluation of the filter over multiple
realizations of the process and measurement noise. Here the MSE is calculated based on a Monte Carlo
simulation. In the simulation different trajectories for the train position and speed are generated with
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Figure 7.18: Distribution of state trajectories used in the calculation of the BCRLB and the filter MSE. The blue solid line
is the mean and the shaded area three times the standard deviation.

(6.36). For each of these trajectories then multiple realization for the corresponding measurements

are generated with (6.39).

In the particle filter implementation, we decided to not directly include the GP in the update step
because this would mean that in each time step a GP regression has to be performed for all particle
positions. In combination with the Monte Carlo simulation required for MSE calculation, this would
lead to a high computational demand. To speed up the MSE calculation, the GP mean and covariance
are evaluated once offline along an equidistant grid spanning the whole track segment. For each grid
point the resulting mean and variance are stored in an array, similar to the maps used to evaluate the
localization algorithms in the previous sections of this chapter. Thus, in the particle filter update step
the GP regression for each particle is replaced with a simple look-up of the closest value in the array.
The spacing between the grid points is set to 5 mm to minimize the impact of quantification effects on
the particle filter estimation accuracy. Since here we are not interested in the real-time capability of
the filter, but solely in its achievable accuracy, the number of used particles was increased, compared
to the filters in the previous sections, to N, = 10000. Finally, we would like to mention that in the
implementation of [C8] the variance in the weight update step was set to a too high value. This mistake
led to a larger gap between the bound and the filter. This mistake has been corrected in the following

results and the filter is now close to optimal.

Simulation Parameters

The results discussed in the next section are obtained from a Monte Carlo simulation based on the
motion and measurement models in (6.36) and (6.39). Overall 2000 state trajectories are generated

and for each of the trajectories 50 realizations of the corresponding measurements are generated.
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Figure 7.19: Square root of the position and speed BCRLB, and the RMSE of the particle filter. For the position RMSE the
y-axis is zoomed into the area 0-2 m. The bound starts at 5 m as defined by the covariance matrix of the prior.

Therefore, the filter is evaluated one hundred thousand times and from the results then the MSE is
calculated. The bound only requires a Monte Carlo simulation of the state to calculate the expected
FIM in D,(€22), as can be seen from (6.38). Taking the expectation over the measurements is not
necessary since this is already taken care of by the FIM. The reduction of the Monte Carlo simulation
to the simulation of the state trajectories is one of the advantages of the bound that makes its calculation

faster than the brute force MSE calculation of the filter.

In the Monte Carlo simulation 300 time steps with a period of 7" = 0.1 s are simulated, which results
in a 30s — 7" long train run. During the run the train is accelerating in the first 100 time steps
with a;, =2ms 2. In the next 100 time steps the train drives with a nearly constant speed and the
acceleration input is set to a;, =0 ms 2. For the remainder of the run the train brakes and the input is
set to a, = —2ms 2. For the bound, as well as for the particle filter, the prior distribution of the state
is given by a Gaussian with mean udTB = [100m 5ms~!]. For the bound the initial covariance is set
to ng = diag([25m? 1m?s2]). For the filter the initial covariance is doubled in value to ensure
that the particle cloud covers the true initial position and speed. The measurement noise variance
depends on the sensor axis and corresponds to the value found by the GP hyperparameter optimization
shown in Table 7.4. For the process noise standard deviation the value is set to ¢® =0.0625m?s 3.
From our point of view there is no exact rule how to choose the process noise. Here we selected a value
small enough to avoid erratic trajectories while still having enough uncertainty in the movement model
to show the gain in accuracy when the magnetic field information is incorporated into the estimation.
To give an impression of the simulated scenario, Figure 7.18 shows the distribution of the generated
state trajectories.
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7.4 Evaluation of BCRLB for Magnetic Train Localization

Results

Figure 7.19 shows the results of the bound and the particle filter for the Monte Carlo simulation
described above. The shown values are the filter RMSE and the square root of the BCRLB for the
train position and speed. The RMSE of the filter is calculated based on the error between its MMSEE
and the true state of the simulated trajectories. The initial value of the bound is given by the covariance
of the prior and hence the square root of the bound starts at 5 m for the position and at I ms~! for the
speed.

From Figure 7.19 we can see that the initial value of the bound is quickly reduced as soon as the
information of the magnetic field is incorporated into the bound. Without the magnetic field the
uncertainty in the motion model would lead to a monotonic increase of the bound as can be seen from
the increasing variance of the simulated trajectories in Figure 7.18. A similar behavior can be observed
for the filter, after the filter updates its particle weights with the magnetic data the uncertainty in the
estimated position and speed is quickly reduced. We should note here that the speed is not directly
observable from the magnetic field since the FIM w.r.t. the speed is zero. The observability is here
only indirect and caused by the motion model that links the position over multiple time steps to the
speed.

After the initial higher uncertainty is reduced, the bound is in the range of ~0.13-0.37 m for the
position and /2 0.23-0.32ms ! for the speed. The particle filter follows the bound closely and has in
general a similar shape. For a few time steps the filter RMSE is below the bound, which theoretically
is impossible. This behavior can be explained by the numerical and finite nature of the Monte Carlo
simulation. The bound only holds when the MSE considers all possible realizations of the process and
measurement noise. If only one realization is considered, the filter error can be considerably smaller
than the bound. Since we are limited here to a finite amount of noise realizations, the bound is no
longer strict, but we still can expect that an optimal filter has a MSE close to the bound as it is the case
here.

The RMSE of the filter is in the range of ~0.14-0.39 m for the position and 2~ 0.24-0.33 ms ! for the
speed. Formally the filter therefore is not optimal in terms of its MSE, although we simulated here an
ideal scenario. However, considering the numerical uncertainty introduced by the finite Monte Carlo
simulation the particle filter still performs close to optimal and it is questionable if better estimators
exist. This argument is also supported by theory that does not guarantee that an estimator can attain
the BCRLB due to some optimistic assumptions in the bound, e.g., the FIM does not account for
ambiguities in the likelihood. The bound only looks at the derivatives of the likelihood, but does not
consider that a certain magnetic value might not be unique. Thus, ambiguities in the magnetic field
can lead to a disadvantage for concrete estimators compared to the bound because the estimators have
to cope with the ambiguities.

Summary

In this section the BCRLB for magnetic field-based train localization from Chapter 6 was evaluated
based on the BRB data set described in 7.1.1. With the BRB data set an individual GP for each
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component of the magnetic vector field was trained. The resulting GPs were then used to calculate
the bound for a ~30s long train run. In addition to the bound, the RMSE of a particle filter was
calculated based on data simulated from the GPs. The comparison of the filter and the bound revealed
that the filter does not attain the bound in most cases and therefore is not optimal in the MSE sense.
However, the filter followed the bound closely and by considering the optimistic assumptions made
by the bound, and the numerical uncertainties introduced by the finite Monte Carlos simulation, the
particle filter can be seen as an almost optimal choice for magnetic train localization.
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CHAPTER K}

Conclusion and Outlook

EXM Conclusion

Magnetic field-based train localization uses distortions of the Earth magnetic field introduced by
magnetic material in the railway environment. The benefit of magnetic localization is its availability
in GNSS-denied areas such as tunnels and train stations with closed roofs. But even in environments
in which GNSS signals are available, magnetic localization can be beneficial since it provides an
independent source of absolute position information. Thus, magnetic localization can help to increase
the accuracy, availability, and integrity in the context of a multi-sensor localization system. This thesis
had the goal to show the overall feasibility of magnetic field-based train localization and to identify
and address problems encountered in its practical use. In order to achieve this goal, we introduced in
Chapter 2 the theoretical foundation for the thesis. The general existence of magnetic distortions was
shown in Chapter 3, in which we also discussed different properties of the distortions and investigated
potential sources for disturbance.

Chapter 4 focused on the development of concrete Bayesian filter algorithms that can accurately estimate
the train position and the correct track using only measurements of a train mounted magnetometer and
a single axis accelerometer. The chapter started with a particle filter that assumes a known route for
the train it wants to localize and that uses a straightforward weight update step based on a Gaussian
likelihood. We then proposed two robust particle filter variants that explicitly account for disturbances
in the magnetic map and the magnetometer measurements. The first filter variant tightly integrates an
FDE scheme into its algorithm. The FDE scheme utilizes eight measurement models and calculates
for each model its probability based on the magnetic map, the current particle set, and the newest
magnetometer measurement. Based on the most probable model it is then decided which axes of the
vector magnetometer are used to update the particle weights. This could mean that none, one, two,
or all three of the available measurements are used to update the filter. In the case that all three axes
of the magnetometer are disturbed, the filter does not update the weights with magnetic information
and only updates them with the accelerometer measurement. The second robust filter variant does
not make a hard decision and does not exclude measurements from the update step but rather makes
a soft decision and reduces the influence of a measurement on the particle weights. To this end, the
filter uses two different models for the sensor noise, one for the nominal case without disturbances,
and one with a broader likelihood for the case of disturbed magnetometer measurements. For both
models a set of intermediate particle weights are calculated that are then combined dependent on the
model probabilities into the final weights of the particle filter.
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8 Conclusion and Outlook

The different particle filter variants were then extended to account for the case of unknown train routes.
This means the filter has to also estimate and identify the track the train is currently driving on. For
track identification two approaches were proposed. In the first approach, a particle reaching a switch
is randomly allocated to the left or the right track. In the second approach, a copy of the particle
filter is created as soon as one of its particles reaches a switch. Therefore, one filter per possible track
and associated route is computed until the correct track is identified. To investigate the performance
of the different filters and approaches for track identification, an evaluation was performed based
on six runs on a local track network in Germany between Augsburg and Friedberg. During the six
runs all filters achieved a position RMSE below 5m and were able to identify all tracks correctly.
However, the evaluation also showed an advantage of the robust filters that achieved a better accuracy
and consistency when disturbances in the measurements were present.

In Chapter 4 the data for the magnetic map and the data used for localization was recorded with the same
train and sensor hardware. This allowed us to pretend in the filter update step that the magnetometer was
calibrated. In practice it is unrealistic to assume to have a magnetic map recorded with the setup used
also for localization since this would require a dedicated map for each train. Therefore, magnetometer
calibration is a key component for making magnetic field-based train localization feasible in a practical
setting. Considering that for magnetometers a variety of calibration methods have been proposed over
the years this seems to be not a problem. However, common calibration methods require a rotation of
the magnetometer in a homogeneous field while mounted on the platform on which it will be used. For
a train-mounted magnetometer this is not possible without larger efforts due to obvious reasons. To
address this problem, in Chapter 5 we proposed an algorithm that estimates the calibration parameters
and the train position simultaneously. This is possible because when the train moves along a track
all axes of the magnetometer are sufficiently excited by the distortions in the Earth magnetic field
to render the parameters observable. The rotation of the sensor in a homogeneous field is therefore
replaced by a movement in a inhomogeneous field. In order to run SLAC in real-time, we proposed
a Rao-Blackwellized particle filter that exploits the linear relation between the calibration parameters
and the magnetometer measurements when conditioned on the train position. The filter therefore only
has to represent the train state by particles while the parameters can be estimated with a Kalman filter.
To show the feasibility of the proposed SLAC filter, an evaluation was conducted on the basis of train
measurements with a diesel railcar and a steam engine driving on a rural track network in Germany.
For the evaluation a magnetic map was created from the steam engine measurements that was then
used to localize the diesel railcar. In the evaluation two SLAC filter versions were implemented.
The first version estimated all calibration parameters, while the second version only estimated a scale
factor and bias for each magnetometer axis. For both filters the results showed that they are capable
of estimating the calibration parameters while maintaining a meter-level accuracy for the position.

Finally, in Chapter 6 a BCRLB for magnetic field-based train localization was derived. The BCRLB
is a lower bound on the MSE and can be used as a benchmark for filter algorithms or to get an
idea of the achievable position accuracy for a given magnetic field. The main problem encountered
in the derivation of the BCRLB was the lack of a differentiable analytical model for the magnetic
field map. Getting such a analytical model in practice is nearly impossible since this would require
the knowledge of the properties of all magnetic material in the environment of the track network.
However, even with perfect knowledge about the material properties the equations for the magnetic
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field might not be tractable in closed form. In this thesis, we therefore used an approximation of the
magnetic field derived from a magnetic data set recorded along a railway track. Concretely, a GP
was used to approximate the magnetic field since its Bayesian formulation fits well into the BCRLB
framework and accounts for the noise in the magnetic data set. The bound was evaluated based on a
GP that represents a 1 km long track segment. Alongside the bound also the MSE of a particle filter
was obtained from a simulation based on the same GP. This served two purposes. First, the filter MSE
is a sanity check if the bound is calculated correctly and second, it can be checked how well the filter
performs. The results of the bound and the filter showed that from a theoretic point of view, magnetic
localization enables an accuracy in the decimeter range. For the evaluated scenario the filter was not
optimal in the MSE sense and it could not attain the bound. Nevertheless, the filter came close to the
bound and was able to follow it closely during the whole simulation.

Overall, we showed in this thesis that the magnetic field along a railway track enables track-selective
train localization with meter-level accuracy. For this purpose, different localization algorithms were
developed and evaluated based on data recorded in two different track networks. In the algorithm
development important issues, such as magnetometer calibration and robustness against disturbed
measurements, were explicitly considered. Furthermore, a lower bound on the MSE was derived to
provide a theoretical tool for filter evaluation and the investigation of the achievable position accuracy.

EF3 Outlook

This thesis showed the overall feasibility of magnetic field-based train localization and proposed
algorithms to address some challenges encountered in its practical use. However, there are still open
questions and issues that encourage further research.

One of the major topics of interest that should be explored in the future is the creation and maintenance
of magnetic maps. In particular, the creation of maps in the absence of a reliable position reference
system, such as GNSS, has to be addressed. Otherwise, the effort required to use magnetic localization
in tunnels and train stations is severely increased. To address the mapping issue, SLAM methods seem
to be an appropriate choice and should be applied and tested in the railway domain. In [C9] we made
a first proposal for a graph-based SLAM method suitable for railways that could serve as a basis for
further investigations in this direction.

Another important topic is magnetometer calibration since it is the key to use the same magnetic map
across multiple trains. Here the proposed SLAC algorithms should be further evaluated and their
limitations should be explored. Additionally, SLAC should be integrated into the algorithms that also
estimate the track identifier when the train is passing a switch. Until now, SLAC was evaluated only for
known routes. Looking beyond the railway use case, SLAC might be also useful in other domains since
it can potentially enable magnetic localization for all platforms for which magnetometer calibration
is not possible with common calibration methods. In [C7], we demonstrated the feasibility of SLAC
for a small robot driving in a laboratory. Therefore, we could imagine that SLAC is also applicable to
cars or even airplanes.
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8 Conclusion and Outlook

Finally, we see a large potential to further improve the proposed algorithms with respect to their
accuracy and robustness by including additional sensor modalities into the estimation. These additional
sensors can be something like laser scanners, radars, and odometers or just additional magnetometers.
A magnetometer array for example opens new possibilities for position and speed estimation since it
can measure the magnetic field on a short track segment instead of just a single point.
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APPENDIX IY

Proofs for Magnetic Field-based Train Localization

F'¥H Model Probabilities of the Robust Particle Filter

K] Decomposition of Model Probability

pMD Z1 Rine)
P(Z1:ks R1:Noue)
 P(EIMY Zii1 RiN) POMY, Z1m1, R N)
B P(Zk|Z1:6-1, B1:Nwe) P(Z1:5-15 B Neguie)
p(Zk|M(j), Z1g-1, R1:Nye) pr(./\/l,(cj) 12161, R1:Noowe)
P(Zk| 2101, R1:Nguee)

pr(./\/lg) |thk7 RliNroule) =

(A.1)

%P Practical Consideration on the Predicted Posterior

The predicted posterior is required to evaluate likelihood (4.30) in the model probability update (4.29).
As discussed in Section 4.4.1, the calculation of the posterior

p(XPIMY 2141, Rine) (A.2)

requires a bank of filters with an exponentially growing number of filters as time passes. Here we now
elaborate on this topic and discuss how the predicted posterior can be obtained.

The posterior (A.2) is only conditioned on the current model at time step k£ but not the sequence of
models that lead to it. The missing information about the model history implies that in the weight
updates of the previous time steps the measurement model and thus the likelihood is not defined. It is
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therefore necessary to account for the model history when calculating (A.2). Once more we rely on
marginalization for this which yields

L
p(XISO|MI(cJ)7 Zl:k-].? RllNroute) = Z p(X]gO7 Mél)kfl |M§€j)’ Zlik’—l) Rl:Nroute)
=1

L
=S p(AEIME, MY, Ziir, Ring,) rMG_IMY, 2, Rin,) . (AD)
=1

where the index [ of the sum runs over all L possible model sequences M(()l:)k_l. The second line

shows that the posterior is in essence a weighted sum of L posteriors conditioned on model sequences
that all end in M,(cj ). The weights of the sum are defined by the probability of the different sequences
conditioned on the available measurements and the assumption that the j-th model is correct at time
step k. Since the number of sequences L grows exponentially over time, also the number of required
posteriors grows exponentially. Considering that each posterior has to be tracked by a separate filter,
the need for a bank of filters becomes obvious.

VWA Track Probability of the Joint Filter

The probabilities of the different tracks are directly obtained from the Dirac mixture approximation of
the filter density by marginalization

pr(Ix| Z1.) Z/p(dk,fk,0k|31:k)ddkd0k

Np . . . .
- / S ws(dy — d)6(0k — 06 (I, — 1) ddydOy,
=1

Np ‘ ‘
=S ws(n, — 1) (Ad)
=1

The last line in (A.4) is a pmf, in which the probability mass allocated to [}, is the sum of the weights
of all particle for which I ,S) = I;. Hence, we can alternatively write

pr(lelZu) = > wl). (A.5)
Jetin =1}
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AppPENDIX I3
Proofs for the Bayesian Cramér-Rao Lower Bound

This appendix contains some more detailed derivations related to the BCRLB for magnetic field-based
localization that are not essential for the understanding of the idea presented in Chapter 6.

I:ZEM Recursive BCRLB

Due to the Markov property that gives rise to (6.16) the matrix Ay can be described as the block
matrix (6.20) that creates a link between the BIM of different time steps. In the following, we will
show the identity between the blocks in (6.13) and the blocks in (6.20). For the proof we first note
that the BIM for the sequence x.j, is, analogously to (6.10), given by the block matrix

J - _E Aig;::i Aig:k& In _ Ap By (B.1)
0:k Pk (A;k )T Ai’“ Pr B;— Ck . .
0:k—1 k

With the decomposition (6.16) of the joint pdf p,_ ,, which is a result of the Markov property, it is
straightforward to show that the upper left block A,(Clﬂ in (6.13) is identical to Ay

11 .
Al(c—&-i =—Ep ., [Aig;; lnpk-H]
- - Epk+1 [Aigﬁ:i [lnp(zk-i-l |Xk+1a Du) + In p(Xk+1 |Xk, Du) + In pk]]
= =By, [AxniInp] = —Ep [AKG T Inp,] = Ay, (B.2)

where we have used in the last line that only p,, depends on the state sequence X.;—1 and thus all
other gradients are zero. Furthermore, the expected value in (B.2) can be calculated w.r.t. p;, rather
than pj, ; because the argument does not depend on Xy 1 and therefore x;. 1 is marginalized out.

In a similar way it can be shown that the upper right block A,(Clﬂ in (6.13) is equal to By,

(12) _ x
Ak+1 - Epk+1 |:Ax§;k_1 In pk—l—l]
=-Ep, [Ai’g:,ﬁl In p(zk41[Xk+1, Du) + Inp(Xpt1[xk, Du) + Inpy,

—~E,,,, A%, lpy| = By, A%, Inpy] =By, (B.3)
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where in the last line again only the gradient of the term dependent on p,, is not vanishing. Finally,

we use the Markov property once more to derive A,(ffi
(22) _
Ak+1 - Epk+1 [A§: In pk+1]

= —Ep,,, [A¥ Inp(2zgq1[Xpt1, Du) + In p(Xpy1 Xk, Do) + Inpy

= —Ep,., [A% I p(xpsalxr, Du)] = Ep, [A% Inp,] = DYV +C .

k

I=¥3 Derivatives of the GP Posterior Mean and Variance

(B.4)

In the following we present a proof for the derivatives of the GP posterior mean and covariance in

(6.34). For the posterior mean the derivative w.r.t. the components of state vector x is directly obtained

by substituting the definition of K, p into (6.31)

a[i]iﬂ(xkﬂ)) - (9[8)(]@ :m(Xk) + Koo (Ko + (09 Tarxar) (28 — mDﬂ
0 -1, D D
= 35, m(x) + Kyp S (212 — m”)
= 8[(3(]Zm(Xk) + [8]1 [k(xk,xD,(l)) k(Xk,xD,(M))} 7

.0
= 95 m(xy) + Z[Zha[x]. k(xp, x20)

=1 v

(B.5)

In the proof for the posterior variance derivative, we use the symmetry of the covariance function

k(-,-). Symmetry here means that the arguments of the function can be interchanged without altering

the value of the function, thus k(x,x*) = k(x*,x) holds for all covariance functions due to the

required symmetry of the resulting covariance matrix. In the derivation of (6.34), we only have to

consider the posterior variance of the GP from (6.31) because the noise variance (¢*)? is independent

from x
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B.2 Derivatives of the GP Posterior Mean and Variance

For the derivative of the GP posterior variance nls 9 T r(xx, D) we insert the definitions of the involved
matrices into (6.31) and write the vector matrix products with sums, which yields

0 o )
Oxx]i i, D) = I[x]s [k(xk’xk)_KXkD (Kpp + (0%) Tanr) KDXJ
__ 9 k(x x)fi[K S Koy, |
Ol TR T O]y P Dxy,
Ok(xp,xk) D k(xP M, x,)
Xp, X ) |
8[;1;] k) _ 3] [k(xk,xD,(l)) k<xk7XD,(M))] g1 :
k(XD7(M) ; Xk)
8k(Xk,Xk) 0 M 5 M _1
Tkl b DK x0) 3 (g, x i)
LJ=1 =1
Ok(xp,x MM 5 ' )
- M ~ 22 g, [ xP0) e, xPO)[8 71y (B.7)
‘ j=11=1 i

s(xx)

where in the last line the symmetry of the covariance function is used. In order to obtain the derivative

in (6.34), we have to show that the double sum is equal 2 (8;[(;:}?) S 1K py .- With the product rule

we get

M M
() Ok ,xDMy
Zka’ mw[s U

Jj=11=1 a[th
M M
Ok (xp,xP0)y
+ k(xp,x L0} Pt L | i B.8
j; ZZ; k ) I[Xx)s [ ]l] (B.8)

Due to the symmetry of the covariance matrix S the elements of the matrix and of its inverse fulfill
the equation [S];; = [S];;. With the symmetry of S it can be seen that both double sums in (B.8) are
equal by interchanging the indices [ and j of one of the double sums. Thus, s(xj) becomes

M
ak(xk,x Dy A
; Xk, X W[S ]l]

Il
O

gl ”Mi

. Ok(x ,XD’(l) _
R [Zﬂ;gx],)[s d
=1 kli
k(xk,xD’(l))

— Ok (x, x> (1)) Ak (x5, x D> (M))) _1 :
_Q[W W}S : ; (B.9)

k(xg, xD’(M))
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which is equivalent to the desired quadratic form in (6.34)

Ky _
qxw::2<8 k?)s "Kopy, - (B.10)

=X} BCRLB for the Train Motion Model with Deterministic Inputs

In this section the matrices (6.26) for the motion model given in (6.36) are derived. To keep the proofs
short, the section starts with the introduction of some useful derivatives.

IZEXE] Useful Derivatives

In the following, we will calculate the gradients of log-likelihoods. When the likelihood is a multivariate
Gaussian this will involve the gradient of quadratic forms. Therefore, it is useful to have an expression
for gradients of the form V! u” Au, where u € RM and A € RNu*MNu

ViuTAu= -a[‘?lh . ﬁ} u' Au
: TN N
- _6[3]1 ﬁ} Z [u];[uli[A]:
7j=1 =1
- . N .
= | 2 [llAhy + 2 kAl e 3 [ul(AlNg + 3 [l Al
e .. N N
= .:1[11]]'[14—'—]]'1 + ;[U]i[A]n ;[u]j[AT]jNu + ;[U]i[A]iNu
—w (AT A). (B.11)

Nu
Vaulv=viviu= gl o i) > falivi = v (B.12)

Finally, the derivative of the linear map u' A with A € RM*Na wrt. u is required for the next

section
.
T _ o o T
Vau A = [8[11]1 ia{umu} u A
8 8 T [Nu Ny
= | onan B[u]Nu} [EMWZI © gl
—A. (B.13)
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B.3 BCRLB for the Train Motion Model with Deterministic Inputs

IZE¥] Proof of the BCRLB for Linear Motion Models with AWGN

For the matrices D,(CH), D(lz) and D(22) in (6.26) derivatives of In p(d}, | |d}, D,) are required. The
density in the logarithm is found directly from the motion model (6.36) and the process noise pdf

p(dp,|dy, Dy) = N(dp, s FPdp + BPa;, Q) . (B.14)

The logarithm of (B.14) is the sum of a constant ¢ and a quadratic form

np(df,,|df,D,) = c— - [(clk+1 F?af - BPa,)"(Q%)7!(df,, - FPd} - BPay) .
(B.15)
Depending on the matrix from (6.26), we first have to differentiate the quadratic form w.r.t. dg or

dE 1~ These derivatives are obtained by applying the identities (B.11) and (B.12) to the expanded
quadratic form in (B.15) and using the symmetry of the noise covariance matrix Q®

Ve Inp(d},1[dR, D) = —(d}) T (F®)(Q%) 'F® — (BYar — di,,)T(Q°) 'F”
1

Vs p(diy|dE, D) = —(d) Q%) + (FPd} + BPar) '(Q%)~ (B.16)

These derivatives now have to be differentiated a second time w.r.t. the state vector at time step k or
k41
Vap Vg Inp(df [dF, D) = —(F®)(Q%) ~'F®
VdgvggH Inp(dy,,|dy, Dy) = (F®)T(Q®)!
Var, Vg, Wmp(di|d}, Do) = —(Q%)7", (B.17)
where we used (B.13) and (B.16). The matrices (B.17) are all deterministic quantities and their

expected values are therefore simply the matrices themselves. Thus, the matrices Dgl), D,(:z), and
D,(fQ) are found by comparing their definition in (6.26) with (B.17)

11 dB —
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12 -

Dé ) _ “Egp oD [A k+1 lnp(dk-;-l‘dkv } = —(FB)T(QB) 1
22 dicy

D§€ ) = _Ed2+1,2k+1|Du |:AdB lnp(zk+1|dk+1’p ):|

— E s
dk:k+1|D“

B (4B
G bl jaz.,)|
= —Edgﬂ,zkﬂmu {A 5 lnp(zk+1‘dk+17 )} (QB)
B _
= EdBH\Du |:Ezk+1|d2+1,Du [—Adgi lnp(zkﬂ\dEH,Du)” +(Q%, (B.18)

where the first term in the last line is the expected value of the FIM as shown in (6.27). The matrices
in (B.18) are in correspondence with the equations shown in [94, 100].
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APPENDIX

Calculation of Route Probabilities

This section describes how the route probabilities are calculated for the FDE and the NMA filter. The
route probabilities are updated based on (4.50). The update requires the evaluation of the likelihood
given by (4.49). For the non-robust along-track localization filter for known routes from Algorithm 4.1
this does not impose any problem since we only have one, supposedly correct, likelihood for the
magnetometer. This is not the case for the FDE and the NMA filter, where we have to cope with
different measurement models for the magnetometer and therefore different likelihoods.

FDE Particle Filter

The FDE particle filter updates the particle weights always based on the most likely model. When
the most likely model corresponds to the case where all three magnetometer axes are disturbed, the
weights are not updated with any magnetic information. Unfortunately, the case where the complete
magnetic measurement vector is discarded does not integrate very well into the calculation of the route
probabilities in (4.50). The issue that emerges here is that on a switch one of the FDE filters is always
on the wrong track and it is very likely that this filter discards all magnetometer measurements and as
aresult its likelihood (4.49) only considers the accelerometer, which does not provide any information
about the route. This is not a problem if we run a single filter on a known route, but for multiple
filters on different routes we have to update the route probability based on (4.50), which requires that
all likelihoods are well defined and can be weighted relative to each other in a meaningful way. To
address this issue, we decided for the simplest approach that worked well in the evaluation. As for a
single filter, the weights of the individual filters are updated based on the most likely model and if the
complete magnetometer measurement vector is discarded only the acceleration is used. In contrast to
the likelihood in the weight update, the likelihood (4.49) for the route probability update is constantly
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C Calculation of Route Probabilities

set to the likelihood of the first model in Table4.1. Therefore, the route probability always accounts
for all magnetometer measurements and the likelihood (4.49) becomes

p(ZkRY, Z14_1) = / p(Zk| X%, RD) p(A2|RD, 2141 )d X

~ Z wk] 11) p Z ‘Xgov(jvi)’ R(z))
—Zwk“ip (27| 320D R p(zace| 2oy C.1)

where the predicted posterior was replaced by its Dirac mixture approximation and the superscript
(7, 1) stands for the j-th particle in the particle filter for route R In terms of route identification,
the FDE filter and the non-robust filter use the same marginal likelihood and thus have here the same
disadvantage that leaves them vulnerable to disturbances during route identification, which is not ideal.
For the FDE filter thus better approaches have to be investigated in future work.

NMA Particle Filter

In the noise model averaging filter, the likelihood for the route probability is always well defined
because measurements are never discarded in the weight update but only downweighted depending on
the current model probabilities. The likelihood required for the route probability calculation can be
obtained once more by marginalization

M
p(ZRO.Z100) =3, [ b2 MY, 0 RD, 21
N ‘
=3 / p(ZelM, 22 RD) p(MY ¥R, 2 _dxe,  (C2)
where p(M,il), A%|RE), 24 1) can be written as the product of the predicted posterior and the

predicted model probability

M AEIRY, Z151) = p(A MY R, Z10) pr(M IR, Z11)
= p(XP|RW >31:k—1>P1”(Mk |R(i),2’1:k—1) . (C.3)
In the last line of (C.3) we replaced the model specific predicted posterior again with a model
independent one, as it is done in the NMA filter. Otherwise, a growing number of filters has to be run

to obtain the required posteriors. If we insert (C.3) into (C.2) and replace p(X,S°|R(i), Z1.—1) with
its Dirac mixture, we obtain an approximation of the desired likelihood

p(ZeRD, Zigm1) = Y prMPRD, 21521) Y (2 MY, 20U ROV (.4
=1 j=1
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C.2 NMA Particle Filter

where the superscript (j,7) stands again for the j-th particle in the particle filter associated to route
R, The inner sum of (C.4) can be seen as expected likelihood of model [ w.r.t. the predicted
posterior density. The outer sum then calculates a weighted mean of the expected likelihoods, where
the weights are given by the current model probabilities.
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