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Abstract

We compute the rational homotopy groups in degrees up to approximately %d of
the group of diffeomorphisms of a closed d-dimensional disc fixing the boundary.
Based on this we determine the optimal rational concordance stable range for high-
dimensional discs, describe the rational homotopy type of BTop(d) in a range, and
calculate the second rational derivative of the functor BTop(—) in the sense of Weiss’
orthogonal calculus.
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M. Krannich, O. Randal-Williams

1 Introduction
1.1 Smoothing fibre bundles

The study of smooth and topological fibre bundles with a compact smooth d-manifold
M as fibre lies at the heart of geometric topology. Through the lens of homotopy the-
ory, it becomes the study of the homotopy types of the classifying spaces BDiff; (M)
and BHomeoy (M) of the topological groups of diffeomorphisms and homeomor-
phisms of M, fixing the boundary. In this work, we are mostly concerned with the
case M = D? of a closed disc, which plays a distinguished role in the theory as it,
informally speaking, measures the “difference” between smooth and topological fibre
bundles. Let us explain why.

Formally, this “difference” is the homotopy type of the fibre Homeoy(M)/
Diffy (M) = hofib(BDiffy (M) — BHomeoy(M)) since this homotopy type classi-
fies smooth fibre bundles together with a topological trivialisation. It is the source of
a scanning map

Homeoy (M) /Diffy (M) —> Ty (Fr(M) xoa) Top(d)/O(d) — M) 1

whose target is the space of sections, standard near the boundary, of the bun-
dle associated to the frame bundle Fr(M) using the left O(d)-action on the fibre
Top(d)/O(d) = hofib(BO(d) — BTop(d)) where Top(d) = Homeo(R?) is the topo-
logical group of homeomorphisms of R¢. Smoothing theory asserts that the scanning
map (1) is a weak equivalence onto the path-components it hits as long as d # 4 [25,
Essay V] so, by obstruction theory, the main limiting factor in understanding the dif-
ference between smooth and topological fibre bundles is sufficient knowledge of the
homotopy groups of Top(d)/O(d). In degrees up to d, these groups are classically
well understood, via surgery theory and work of Kirby—Siebenmann [25, p. 246].
Beyond this degree these groups are less understood, but admit the following alterna-
tive description: specialising (1) to M = D4, the Alexander trick BHomeoy (D?) ~ x
results in Morlet’s equivalence

BDiffy (DY) ~ QdTop(d) /0(d), )

so we have m 44 (Top(d)/0O(d)) = mx (BDiffy (D%y), leaving us wishing to under-
stand the latter.

1.2 Rational homotopy groups of BDiff;(D?)

As a first approximation, one might attempt to determine 7 (BDiffy (D4 )) after ra-
tionalisation (indicated by a (—)q-subscript). There are three known sources of non-
trivial classes in these rational homotopy groups:

(D Algebraic K-theory Based on Waldhausen’s work on concordance and algebraic
K -theory [44], Farrell-Hsiang [13] expressed . ( BDiff; (Dd))Q partially in terms of
K« (Z):

Ki1(Z)o dodd

d
0 J even for k < ¢p(D®). 3)

7 (BDiffy (D)) g =
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Here ¢(Dd) is the concordance stable range, so d/3 < ¢>(Dd) by work of Igusa
[23] (but see Sect. 1.3). From Borel’s work [5] it is known (and used by Farell-
Hsiang) that Kj1(Z) = Q for positive k =0 (mod 4), and Kj41(Z) = 0 otherwise.
Via different methods, the isomorphism (3) was later improved to k < d — 5 for even
d and to k < d — 6 for odd d, by Randal-Williams [37, Theorem 4.1] and Krannich
[26, Corollary B] respectively.

(@ Watanabe’s graph classes In [46, 48, 49], Watanabe constructed classes in the
homotopy groups 7y 4—3)(BDiffy (Dd))Q for k > 1 and d > 4, indexed by trivalent
graphs, and showed that many of them are nontrivial by evaluating them against char-
acteristic classes which had been described by Kontsevich, in terms of configuration
space integrals. The classes of lowest degree Watanabe finds show that one has

Ton—2(BDiffy (D> 1)) # 0 for “many” n  and
4
Tan—6(BDiffs (D?"))q # 0 for all n > 2;

“many” refers to an numerical condition on n > 2 that is often satisfied. The Kont-
sevich classes responsible for (4) are indexed by the “theta” graph and the complete
graph with four vertices.

(® Pontryagin-Weiss classes By work of Sullivan [40] and Kirby—Siebenmann [25],
the map BO — BTop, obtained by stabilising with (—) x R the maps BO(d) —
BTop(d) that classify the underlying topological R¢-bundle of a vector bundle, is
a rational equivalence, so we have H*(BTop; Q) = H*(BO; Q) = Q[p1, p2,...].
Pulling back p; along the map BTop(d) — BTop, one obtains Pontryagin classes
pi € H* (BTop(d); Q) for topological R?-bundles which extend the usual classes for
vector bundles, so one cannot help but wonder whether the relations

(P1) pi =0 inH¥(BOW); Q) fori> (4]

(P2) p, =e?in H"(BSO(2n); Q)

one is used to for vector bundles are also satisfied in H*(BSTop(d); Q); here e €
H2”(BST0p(2n); Q) denotes the Euler class. Remarkably the answer is no: Weiss
[52] showed that (P1) and (P2) do not hold in H*(BSTop(d); Q) for “many” values

of d (see loc.cit. for precise statements). Moreover, using (P1) and (P2), one sees that
there are unique classes

pf e H*~1(0(d)/Top(d); Q) fori > 4] and
(pn =€) e H"~1(0(2n)/Top(2n); Q)
which transgress to p; and p, — ¢ in the Serre spectral sequence of the fibration

O(d)/Top(d) — BSO(d) — BSTop(d). Looping these d times and using (2) thus
yields classes

(PW1) Q4 pf e H¥~4-1(BDiffy(D9); Q) fori > 4]
(PW2) Q¥ (p, — e € H'~1(BDiffy(D*"); Q).
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Weiss” work also shows that (PW1) and (PW2) “often” evaluate nontrivially against
classes in the image of the rational Hurewicz map, which in particular gives (see
Proposition 6.2.1. loc.cit.)

T4i—q—1(BDiffy(D?))q #0 ford >cjand [4] <i < 3d —c»,

for certain positive constants c¢1 and ¢>. We will refer to classes in 7, (BDiff; (D?))
which evaluate nontrivially against (PW1) or (PW2) as Pontryagin—Weiss classes.

1.2.1 First main result

The first result we state determines the groups i (BDiffy (Dd))Q completely for k <
%d , and it in particular shows that the three sources of classes (D-@ exhaust these
groups in this range. We also discover that Watanabe’s first graph class from Q) is in
fact a Pontryagin—Weiss class, in a sense to be explained (see Remark 1.3).

Theorem A There is an isomorphism

Q k=2n—-2(mod4),k>2n—

2
® Kit+1(Z)q
0 else

71 (BDiffy (D* 1)) = {

in degrees k < 3n — 7, and an isomorphism

Q k=2n—1(mod4),k>2n—-1

71 (BDiffy (D*)) = {0 se

in degrees k <3n — 6.

Remark 1.1 The new part of Theorem A is the result for odd-dimensional discs; the
even case partially recovers a result of Kupers and Randal-Williams [31, Theorem A].

Remark 1.2 Our result is stronger than stated here in that we (i) construct a specific
map from the left-hand to the right-hand side in Theorem A, (ii) show that the sur-
jectivity range of this map is one degree better, and (iii) determine the effect of the
involution on BDiff;(D?) induced by conjugation with a reflection of D? in one of
the coordinates (see Corollaries 8.3 and 8.4).

1.2.2 Theclass E

In the statement of Theorem A, the first summand of 74 (BDiffy (D***1))q and all
of 7, (BDiffy (DZ"))Q consists of Pontryagin—Weiss classes in the sense of Q). Note
however, that for d = 2n + 1 the first class in (PW1) has degree 2n + 2, but the first
summand in Theorem A contains a class of degree 2n — 2. This is due to an odd-
dimensional analogue of (P2), which seems to be less well known. Namely, writing
G(d) = hAut(S9~1) and SG(d) C G(d) for its orientation-preserving variant, there is
a unique class

E e H"(BSG(2n + 1); Q) Q)
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which pulls back to the square of the Euler class e2 e H*(BSG(2n); Q) along the sta-
bilisation map BSG(2n) — BSG(2n + 1) induced by suspension. Pulled back along
the composition BSO(2n + 1) — BSTop(2n+1) — BSG(2n + 1) involving the map
classifying the spherical fibration of an R?-bundle, the class E agrees with p,, so we
can add to (P1) and (P2) the relation

(P3) p,=E in H"(BSO(2n + 1); Q)
which, as with (PW1) and (PW2), gives rise to a characteristic class
(PW3) Q2+1(p, — E)T e H*"~2(BDiffy(D*"1); Q).

This invariant detects the class of degree 2n — 2 in the first summand in Theorem A.

Remark 1.3 In addition to its appearance in Theorem A, the class E features in two
further discoveries we made while contemplating (P3) and (PW3). These are not used
in the proof of Theorem A but are perhaps of independent interest (see Appendix B).

(i) Kontsevich’s class associated to the “theta” graph featuring in @ can be ex-
pressed purely in terms of the class E—without reference to configuration space
integrals (see Theorem B.4). This has as consequence that Watanabe’s first graph
class in (4) evaluates nontrivially against the class in (PW3), so is a Pontryagin—
Weiss class in this sense.

(ii) Inspired by (P3) and [46], we explain a remarkably simple proof (which could
have been discovered in the *70s) that 73,7 (BDiff} (D2"+1))Q is often nontriv-
ial.

We proceed this introduction by explaining two applications of Theorem A, one
to the concordance stable range as featuring in (D, and one to the rational homotopy
type of BTop(d).

1.3 The rational concordance stable range

Closely related to the diffeomorphism group Diff; (M) of a compact smooth manifold
M is its space of concordances

C(M)={p: M x[0,1] > M x [0, 11| prrxojuamx[o.1] = id},

which in turn relates to the concordance space of M x [0, 1] via the Hatcher stabili-
sation map

sy: CM) — C(M x[0,1]), (6)

given by taking products with [0, 1] and “bending” the resulting diffeomorphism ap-
propriately to make it satisfy the boundary condition (see e.g. [23, Chapter II §1]).
The concordance stable range of M is defined in terms of these stabilisation maps as
the quantity

¢ (M) :=min{k € Z | sprx[0,1} 1S k-connected for all m > 0},
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and the rational concordance stable range ¢ (M)q is defined analogously in terms
of the rational connectivity of the stabilisation maps. This range plays a crucial role
in the study of BDiff;(M) and BHomeoy (M) in that it is the main limitation when
trying to access these homotopy types via the classical route in terms of unstable ho-
motopy theory and K - and L-theory (see e.g. [54] for a survey). As briefly mentioned
in (D, the main result on ¢ (M) is due to Igusa [23] who established a lower bound
¢ (M) 2 dim(M)/3 (more precisely ¢ (M) > min(% (dim(M) —4), % (dim(M) —17))),
but the precise concordance stable range is the subject of speculation (see e.g. [23, p.
6], [21, p. 4], [8, p. 605]) and is still not known for a single manifold M. Based on a
strengthening of Theorem A, we determine the rational concordance stable range for
high-dimensional discs and compute the first rational obstruction to stability.

Corollary B There is a morphism

ifk=d —3
c(D? x [0, 1]), C(D? N
7Tk( (D% x [0,1]), C( ))Q - 0 otherwise

which is an isomorphism for k < L%dj — 8 and an epimorphism for k = L%dj — 8.

Remark 1.4 Corollary B in particular implies that ¢(Dd)Q =d —4 ford > 9. Previ-
ously, it was known from Watanabe’s work mentioned in Q) that ¢(Dd)Q <d, and
the above mentioned improvements of (3) contained in [37] and [26] suggested that

¢ (DN ~d.

Remark 1.5 In addition to Corollary B, we compute the individual groups
Ty (C(Dd))Q in a slightly larger range (see Theorem 8.1 and Corollary 8.5) and
determine the effect of two involutions on these groups (see Theorem 8.7).

1.4 The rational homotopy type of BSTop(d)

Combining (2) and the known rational homotopy type of BO(d) with a variant
of Theorem A, one can easily calculate 7,(BTop(d))q in a range. But unlike
BDiff; (D?), the space BTop(d) is not a loop space, so its rational homotopy type
need not be determined by its rational homotopy groups. Our second main result
describes this rational homotopy type in a (~ %d )-range, using a strong form of The-
orem A (see Remark 1.2). We state the answer in terms of the orientation-preserving
variant BSTop(d), and it involves (i) the Euler class e € HZ"(BSTop(2n); Q), (i)
the odd-dimensional analogue of its square E € H4”(BST0p(2n 4+ 1); Q) from
Sect. 1.2.2, (iii) the stabilisation map s: BSTop(d) — BSTop ~q [[;~; K(Q, 4i),
and (v) a certain map k: BSTop(2n + 1) — Q°°_2"_1(K(Z)/S)Q that factors a
canonical map k : Top(2n +2)/Top(2n + 1) — Q®~2"~1 K (Z) (more about this map
in Sect. 1.5.4) followed by quotienting out the unit S — K (Z) and rationalising.

Theorem C For n > 3, the following maps are rationally (5Sn — 5)-connected

(E,s,k) : BSTop(2n 4 1) —> K(Q, 4n) x BSTop x Q®°~2"~1(K(Z)/S)q
(e,s) : BSTop(2n) — K(Q,2n) x BSTop.
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Remark 1.6 As with Theorem A, the new part of this result is the odd-dimensional
case; the statement about even dimensions partially recovers [31, Corollary D].

Remark 1.7 In Sect. 9.3.3, we reinterpret Theorem C in terms of cohomological
obstructions to finding a vector bundle structure on a topological R¢-bundle. Via
smoothing theory (1), this has direct applications to the problem of smoothing topo-
logical manifold bundles.

1.5 Orthogonal calculus and the second derivative of BTop(—)

All of the above can be recast (and strengthened) in terms of Weiss’ orthogonal cal-
culus, which provides a unifying perspective that greatly conceptualises our results.
This part of the introduction serves to explain this viewpoint, and what we prove
about it.

1.5.1 The Taylor tower

The spaces BO(d), BTop(d), and Top(d)/O(d) may be viewed as the values at R?
of continuous functors Bo := BO(—), Bt := BTop(—), and t/o := Top(—)/O(—) from
the category of finite-dimensional inner product spaces and isometries to the category
of pointed spaces. Functors of this type are called orthogonal, and they are the input
for Weiss’ apparatus of orthogonal calculus [51]. To an orthogonal functor E this
calculus associates for each k > 1 a (naive) O(k)-spectrum OE® —the kth deriva-
tive—and a tower

!

TE(V) «— Q%((5*Y A OE@)002))

1

TIE(V) +— Q®((S"Y AOED)0(1)

d

E(V) T ToE(V) = E(R™)

of orthogonal functors—the Taylor tower. Some explanation is in order: the right-
hand horizontal maps—the layers—indicate the homotopy fibre inclusions of the
vertical maps between the stages TyE, the zeroth stage TyE (also called the zeroth
layer) admits a preferred equivalence to the constant functor on the value at infin-
ity E(R®®) := hocolimy E(RY), the space SKV s the one-point compactification of
k-V:=RF® V,and O(k) acts on S¥V A ®E® diagonally.

1.5.2 Derivatives
Forgetting the O(k)-actions for a moment, let us outline how the derivatives @E®
arise: setting EM (V) := hofib(E(V) — ER @ V)), rotating in a 2-plane induces

maps

EDwW) — QEDR@ V), (7)
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which define a sequential spectrum with dth space E(1 (R?); this is the first derivative
OEW as constructed in [51] (see also [33, Section A.1] for an explicit formula for
(7) involving the aforementioned rotation in a plane). Moreover, setting EQ W) =
hofib(E(V (V) — QEM (R @ V)), there are further natural maps

E?wW) — QEPRa V)

which give rise to a sequential spectrum with 2dth space E® (R?); this is OE®.
Continuing in this manner by taking iterated homotopy fibres gives rise to the higher
derivatives @E® as spectra, though this iterative description obscures the O(k)-
action (see [51] for details).

1.5.3 An example: the tower for BO(—)

In the example Bo = BO(—), the derivatives ©Bo® are well understood. Here the
map (7) giving rise to ®Bo'") agrees with the loop-suspension map

59 =0(d + 1)/0(d) — QO(d +2)/0(d + 1) = Q5! 8)

so ®Bo'! is the sphere spectrum S. Moreover, from the metastable EHP-description
of the fibre of (8) one sees ®Bo® ~ S~1. Moreover, the O(1)-action on S can be
seen to be trivial, and the O(2)-action on S—! to be rationally trivial. Based on this,
it is an instructive exercise to compute the layers of the tower of Bo evaluated at R?
after rationalisation (fibrewise over B (—), indicated by a (—)q-subscript) as:

1BOW)q +— [12am K(Q.4i — 1)

l K(Q, d) d even (9)
T1BO(d)q +— { J odd

/ ‘L

BO(d)g ———— BOq.

Vaguely speaking, the zeroth layer creates the Pontryagin classes, the first layer
creates the Euler class in even dimensions, the second layer imposes the relations
(P1) and (P2) (the relation (P3) need not be imposed as E is never created), and
the higher layers are rationally trivial. In particular, the map to the second stage
BO(d) — T» BO(d) is a rational equivalence.

Remark 1.8 Arone [1] gave a complete description of ®Bo® for all k, as O(k)-
spectra.

We now turn from the tower of Bo = BO(—) to that of its topological cousin
Bt = BTop(—).
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1.5.4 The first derivative of BTop(—)

As mentioned in ), the map between the zeroth stages BO — BTop of the towers
of Bo and Bt is a rational equivalence. Waldhausen’s work on concordance theory
[43, Thm 2 Add. (4)] shows that the spectrum OBt defined by the topological
incarnation of the loop-suspension map (8)

Top(d + 1) /Top(d) —> QTop(d + 2)/Top(d + 1) (10)

agrees with his A(x) = K (S). Combined with the linearisation K (S) — K (Z) this
yields the map k : Top(d + 1)/Top(d) — QOO(Sd A K(Z)) mentioned before the
statement of Theorem C. Moreover, the map S ~ ©Bo") — @Bt() ~ K (S) induced
by the inclusion O(—) C Top(—) is given by the unit, so Oto) ~ QK (S)/S =
QWhPiff (%) since taking derivatives preserves fibre sequences. Furthermore, us-
ing smoothing theory and a bit more of the theory of orthogonal calculus, one
sees that the first stage Top(d)/O(d) — Ti(Top(d)/O(d)) of the tower for t/o =
Top(—)/O(—) is (¢ (Dd) + d + 1)-connected where d)(Dd) is the stable range from
Sect. 1.3. Taking fibres over the zeroth stage Top/O, using Diffy (DY) /Diffy (D) ~
Q7hofib(Top(d)/O(d) — Top/O), and looping d times, this yields the (¢ (D?) + 1)-
connected map

BDiffy (DY) ~¢ Diffy (D) /Diffy (DY) — Q=+ ((STRYY A QWhP T (5))001)),

featuring in the work of Weiss—Williams [53]. Using that the O(1)-action on
n*(QWthff(*))Q is by multiplication with —1, this recovers Farrell-Hsiang’s result
from (D.

Remark 1.9 We reproduce Waldhausen’s identification ®Bt(") ~ A () rationally from
our point of view (and hence also Ot ~ QWP (), including the O(1)-action
(see Lemma 9.8)

Remark 1.10 From Theorem C one can deduce that in high dimensions the topo-
logical loop-suspension map (10) is rationally (2rn — 2)-connected and injective on
mn—2(—)qQ- Rationally this proves what Burghelea—Lashof considered “natural to
conjecture” [9, p.450].

1.5.5 The second derivative of BTop(—)

Unlike for orthogonal groups, the second derivative @Bt of Bt has proved to be
difficult to access (see e.g. [51, p. 3745, 3748], [55, p. 228], [2, p. 35]). Prior to
this work, the one piece of nontrivial information on ®Bt®) available resulted from
Weiss’ work explained in @ which in a sense is all about ®Bt?®. This slogan is
already indicated by the above discussion of the rational Taylor tower for Bo which
suggests that the (non)validity of (P1) and (P2) in the cohomology of BTop(d) ought
to be closely related to ©Bt? . Reis—Weiss made this precise in [38] by showing
that the map of O(2)-spectra S™! ~ ©Bo® — Bt induced by the inclusion has a
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rational left homotopy inverse if and only if (P2) holds in BSTop(2n) for all n, which
we know is not the case by Weiss’ theorem.

In the final part of this work, we completely determine the second derivative
©Bt? rationally.

Theorem D There is a rational equivalence of O(2)-spectra
©Bt? ~g Map(sL,871)

where O(2) acts on the right-hand side via its canonical action on S L In other words,
OBt? is rationally equivalent to the coinduction along O(1) C O(2) of S™! viewed
as trivial O(1)-spectrum.

Combining Theorem D with the equivalence OBt ~ A(x) ~q K (Z) explained
in Sect. 1.5.4, the first two layers of the rationalised tower for BTop(d) can be com-
puted as follows:

% d even

T, BTop(d)g +— :K(Q 2d —2) dodd
l K(Q,d) deven
T1BTop(d)g +— :Qoo—d(K(Z)/S)Q d odd o

/ l

BTop(d)g ——  BTopg.

Vaguely speaking—as for BO(d)—the zeroth layer creates the Pontryagin classes
and the first layer creates the Euler class but—unlike for BO(d)—the first layer also
creates K -theory classes and instead of imposing (P1) and (P2) the second layer cre-
ates the class E described in Sect. 1.2.2; this difference in behaviour of the second
layer explains Weiss’ theorem from 3.

From the point of view of the tower (11), Theorem C says equivalently that
the second Taylor approximation BTop(d) — T> BTop(d) is rationally (SL%J —5)-
connected for d > 6, and that the second stage splits rationally into its layers when
passing to the orientation preserving variant BSTop(d). To fit Theorem A into this
picture, one uses that with respect to the equivalence in Theorem D, the natural map
S~ ~ ®Bo® — OBt? ~ Map(SL,S™") is given by the inclusion of the constant
loops, which results in an equivalence of rational O(2)-spectra

Oto® ~q 873,

where the O(2)-action on S~ is via the determinant. Together with @Bt ~q
QK (S)/S this allows for a computation of the first two layers of the Taylor tower
for t/o = Top(—)/O(—) which reproduces Theorem A via Morlet’s equivalence (2):
the K-theory classes are created by the first layer, the Pontryagin—Weiss classes
by the second, and the rational connectivity of BDiffy(D4) ~ QgTop(d) /0d) —
QgT2Top(d)/O(d) follows from that of BO(d) — T»BO(d) and BTop(d) —
T» BTop(d) discussed above.
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1.6 Structure of the proof of Theorem A

To provide some guidance, we give an overview of our strategy to prove the first main
result, Theorem A, on which all other results rely.

Some steps may be of independent interest. We highlight them with Roman numerals.

Our approach is not to directly calculate the rational homotopy groups of
BDiffy(D?'*t!) and BDiffy(D?"), but rather calculate those of BC(D?") and
BDiffy(D*'*1) and then use the fibration relating these three spaces. To do this
we use certain “delooped Weiss fibre sequences”

BDifleZn(Vg)Ev - BEmbf;’ngzn(Vga Wg,])@y — B(BC(Dzn)) (12)
BDiffl (W 1)y, —  BEmbYS (W, 1)e,,  —> B(BDiff (D))

Without explaining these in full detail (see Sect. 2.3), we have
Vei=05(D" x §") and W, 1 =3V, \int(D*"),

the fibres in (12) are certain path-components of classifying spaces for framed smooth
manifold bundles subject to certain boundary conditions, BDiffgr(Dz”) p differs from
BDiffa(Dz") (up to issues with path-components) by Q%'0(2n) whose rational
homotopy groups are known, and the total spaces are classifying spaces of cer-
tain group-like monoids of framed self-embeddings of the manifolds W, 1 and Vg,
again subject to certain boundary conditions. Results of Botvinnik—Perlmutter and
Galatius—Randal-Williams on parametrised surgery show that for g >> 0 the fibres
are rationally acyclic (see Sect. 2.4), so the right-hand maps in (12) become ratio-
nal homology isomorphisms for g >> 0. As the base spaces are loop spaces, their
rational homotopy groups can be extracted from the rational homology, so the prob-
lem becomes to determine the rational homology of the total spaces for g > 0 in
degrees * < 3n. To do this, we first compute the rational homotopy groups of these
spaces, as modules over the fundamental groups. In principle one may attempt this
using embedding calculus, but this approach leads to various ambiguities that seem
hard to resolve. We rather employ a different strategy, taking advantage of the simple
handle-structures of the manifolds V, and Wy ;:

(I) instead of applying the machinery of embedding calculus to the total spaces
of (12), we take a more ‘“hands-on” approach to access such spaces of self-
embeddings (see Sect. 4).

In a bit more detail: to compute the rational homotopy groups of the total spaces of
(12), we first replace framings by stable framings (which has a negligible effect) and
replace the space BEmbfg’;n (Vg We.1)e, by a variant BEmb?fg’f(Vg)gv involving
a different boundary condition; these are related (up to issues with path-components)

by a fibre sequence

BEmby)=(Ve)e, —> BEmb, 5 (Ve We,1)e, —> BEMDYLE(We 1)ey, -
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Then we calculate the rational homotopy groups of the homotopy fibres of certain
maps

~

BEmb}=(W, 1) —> BhAuty(W, 1) and

l/z

BEmbi/f;f(vg) —> BhAuty (V)

(13)

to the delooped spaces of homotopy automorphisms fixing the full boundary by an
induction over handles. This step in particular relies on Goodwillie’s work on mul-
tiple disjunction and calculations of Arone, Fresse, Turchin, and Willwacher on the
rational homotopy groups of spaces of long embeddings. It also involves

(II) a general method to compute rational homotopy groups of spaces of block
embeddings of a point into simply-connected high-dimensional manifolds (see
Sect. 5).

The handle-induction breaks the symmetry of the manifolds: it gives the rational
homotopy groups of the fibres in (13) only as vector spaces instead of as modules
over (a variant of) the mapping class groups. In the case of W, 1 this is irrelevant as
the answer turns out to be zero, but in the case of Vj it does matter. There is however
an obvious guess of what the equivariant answer ought to be, and we confirm this
guess based on

(IIT) a new perspective on Watanabe’s parametrised form of the Goussarov—Habiro
theory of claspers, offered as part of Sect. 6. In particular, we give an axiomatic
description of the family of genus 3 handlebodies central to Watanabe’s work
in odd dimensions, which he described explicitly in terms of a Borromean ring
construction.

Combining the resulting equivariant computation with calculations of the rational
homotopy groups of the targets of (13) due to Berglund—Madsen and Krannich even-
tually yields the required computation of the higher homotopy groups of the total
spaces of (12), as modules over their fundamental groups. To calculate the rational
homology groups, in Sect. 7, we first determine the Lie algebra structure on the ratio-
nal homotopy groups up to some ambiguities, then calculate the rational homology of
the universal covers, and finally analyse the Serre spectral sequences of the universal
covers and show that the ambiguities do not matter. This final step in particular in-
volves a number of computations of stable cohomology groups of certain arithmetic
groups with coefficients in various algebraic representations.

2 Automorphisms, self-embeddings, and mapping class groups

As outlined in Sect. 1.6, the overall strategy of proof of Theorem A is to compare the
homotopy type of Diff;(D?) to that of different types of automorphism and embed-
ding spaces of the auxiliary manifolds

Ve i=585(D" T x "), W, =0V, =18(S" x §"), and

(14)
Wy 1 i= W \int(D™),
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where D?" C Wy is a fixed embedded disc. The discs fit into this as the case g = 0:
we have

Vo=D"* Wy=5%, and Wy,= D"

This section serves to define the various automorphism spaces we shall we use, and
to discuss some of their properties. The most important result in this section is Corol-
lary 2.7 which enables us to access the rational homotopy type of diffeomorphisms
of discs by studying certain spaces of self-embeddings of W, 1 and V, for large g.

Convention 2.1 Unless said otherwise, all manifolds considered are assumed to be
smooth, as are all embeddings between them.

2.1 (Block) diffeomorphisms, the derivative map, and tangential structures

For a compact d-manifold M and subspaces K, L C M, we denote by Diffx (M, L) C
Diff(M) the subgroup of the group of diffeomorphisms Diff(M) of those diffeomor-
phisms that fix L setwise and a neighbourhood of K C M pointwise, equipped with
the smooth topology. We use the following abbreviations.

(i) If K or L is empty, we omit it from the notation.
(i) If K = 9dM, we use 0 as subscript.
(iii) If K = dM\int(D4~1) for an embedded disc DY~1 c M, we use 1/29 as sub-
script.

Similarly to Diffg (M, L), we write hAutg (M, L) C hAut(M) and ﬁfK(M, L) C
Diff(M) for the corresponding subspaces of the monoid of homotopy automorphisms
in the compact open topology and of the realisation of the semi-simplicial group of
block diffeomorphisms. Recall that these spaces are related by a preferred factorisa-
tion

Diffx (M, L) — Diffx (M, L) — hAutg (M, L) (15)

of the map that assigns a diffeomorphism its underlying homotopy equivalence. By
definition, the first map is surjective on path components. As explained in [4, Sect. 4]
(see [26, Sect. 1] for an alternative point-set model), the second map factors further
as

Diffx (M, L) — hAutk (t};, L) —> hAutg (M, L), (16)

where hAutk (13, L) is the topological monoid of bundle maps of the stable tangent
bundle 73, of M that are the identity on 73|k and preserve tj,|;, equipped with
the compact open topology. The first map in the composition is induced by taking
derivatives and the second map by forgetting bundle data (see the above references
for precise definitions). We denote by

hAuty (tj;, L) C hAutg (t3;, L) and hAuty (M, L) C hAutk (M, L)

the components in the image of the map from Diff k (M, L), or equivalently from
Diffx (M, L).
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2.1.1 Tangential structures

A tangential structure is a map 6 : B — BO(d) from some space B to the classifying
space BO(d) of d-dimensional vector bundles. Given a bundle map ¢k : ty|x —
0*ys where 1)y is the tangent bundle of M and y; — BO(d) the universal bun-
dle, a O-structure on M is a bundle map £: 7y — 0%y, extending £x. We call
Lk a boundary condition, since K agrees with the boundary of M in many of the
situations we have in mind. The set of O-structures extending {x forms a space
Bung (ty, 0*ya; £x) with the compact open topology and it is acted upon by the
diffeomorphism group Diffx (M, L) via precomposition with the derivative. We de-
note the resulting homotopy quotient by

BDIff% (M, L; £x) == Bung (tar, 0% ya; Lx) //Diffx (M, L).

Recall from [26, Sect. 1] that if 0 is stable, i.e. pulled back from amap 6’: B’ — BO
along the canonical map BO(d) — BO, then there is an action of ISTffK (M, L) and
hAut%(rj",I, L) on Bung (tys, 0*y4; £x) in the Axo-sense (i.e. an actual action on a
space which comes equipped with a preferred equivalence to Bung (tas, 0*va4; £x))
whose homotopy quotients

BDifty (M, L; £x) := Bung (ty, 0*ya; L)/ Diftx (M, L)
BhAut}= (z3,, L; £x) == Bung (ty, 0% ya; k) /hAut (t3;, L)
fit into a diagram of homotopy cartesian squares

BDff%, (M, L; Lx) — BDiffy(M, L; {x) —— BhAut}=(c3,, L; £x)

| l I o

BDiffg (M, L) —— BDiffg (M, L) —— BhAuty (3, L)

induced by the maps in (15) and (16). From the long exact sequence in homotopy
groups of the fibration associated to a homotopy quotient, we see that sets of path
components of the three spaces forming the upper row all agree with the orbits of
the 7o (Diffx (M, L))-action on ro(Bung (tas, 0% v4; £ )). We denote the component
corresponding to a fixed tangential structure £ € Bung (tar, 6*y4; £x) by a subscript
(—)e¢,e.g. BDiff’Z (M,L;tk)e C BDiff?< (M, L; £k) in the case of diffeomorphisms.
We also write

hAut, (M, L) C hAuty (M, L)
for the collection of components in the image of the map
w1 (BDifty (M, L; £x); £) —> 71 (BhAuti (M, L)) = mohAuty (M, L).
Example 2.2 The tangential structures relevant to this work are
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(i) 0 =1idpo(q) in which case Bung (ta, 0*ya; £k ) is contractible by the universal-

ity of yy4, so in this case the vertical maps in (17) are equivalences,

(ii) the canonical map fr: EO(d) — BO(d); this encodes framings,

(iii) the map 1-fr: O(d + 1)/0(d) — BO(d) from the homotopy fibre of the map
BO(d) — BO(d + 1); this encodes framings of the once stabilised bundle,

(iv) the canonical map +fr: BO(1) — BO(d); this encodes “unoriented framings”,
and

(v) the map sfr: O/O(d) — BO(d) from the homotopy fibre of the map BO(d) —
BO; this encodes stable framings.

Among these, (i) and (v) are stable tangential structures whereas (ii), (iii), and (iv)
are not.

2.1.2 Arational model for block diffeomorphisms

In [4, Corollary 4.21], a variant of the bottom right horizontal map in (17) was
shown to be rational equivalence on universal covers for K = dM = S4~1 with
d > 5 and simply-connected M. We shall need a version of this result, estab-
lished in [26], for triads satisfying a w-m-condition. To state it, recall that a man-
ifold triad (M; oM, 91 M) is a compact d-manifold M together with a decompo-
sition of its boundary dM = dgpM U 91 M into (possibly empty) submanifolds with
0(0gM) = dgM No1M = 3(d1 M). It satisfies the 7 - -condition if 9y M C M induces
an equivalence on fundamental groupoids. The following is part of Theorem 2.2 and
Corollary 2.4 of [26].

Theorem 2.3 (Krannich) For a manifold triad (M; oM, 91 M) of dimension d > 6
that satisfies the 1 -m -condition, the homotopy fibre of the map

BDiffy, (M) — BhAut; (t};, 31 M)

is nilpotent and has finite homotopy groups. Moreover, if £ is a stable framing of M
and £y, is its restriction to dgM , then the same conclusion holds for the map

BDIft), (M: £3,)¢ —> BhAut* (M, 81 M).
2.2 Diffeomorphisms and self-embeddings of handlebodies

We now turn to the specific manifolds (14). Restricting diffeomorphisms to the mov-
ing part of the boundary induces a fibre sequence of the form

Diffy (V) —> Diff jan (V) —> Diffy (Wg 1), (18)

which we shall compare to a certain fibre sequence of self-embedding spaces via a
diagram

Diffy (V) ————— Diff pou (V) ————— Diffy (W,.1)

l | L w

Embij5(Vy) —— Embl/zDZn(V), We 1) —— Embipy (W ).
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To define the bottom row, we decompose the disc D> = D3" U D*' C 3V, into two
half-discs intersecting in a (2n — 1)-disc and define the space Emb, ;02 (Vg, We 1) as
the space of self-embeddings of V, that restrict to a self-embedding of W, 1 C a4V
and agree with the identity on a neighbourhood of D%_” (but may send int(D<") C 9V,
to the interior). Restricting such embeddings to W, i gives a map to the space
Embi/,5(W, 1) of self-embeddings of W, 1 that agree with the identity on a neigh-
bourhood of W, 1 N D%_” = p*~! (but may send int(Wg 1 N D) = int(D* 1) ¢
0 Wy 1 to the interior). By isotopy extension, the homotopy fibre of this map agrees
with the space Embi/,3(V,) of self-embeddings of V, which agree with the identity
on a neighbourhood of W, 1 U D%r” =9V, \int(D?") (but may send int(D>") C v,
to the interior).
We denote the components in the image of the two right vertical maps in (19) by

Embi2 Do

Embﬁza(wg,l) C Embuyy (Wg 1),

(Vg. We.1) C Emby 0 (Vg, We.1)  and

denote by

~

Diff§" (W, 1) C Diffy(Wg 1) and  Emb, ;5" (We 1) CEmb,, (W 1) (20)
the union of those path components hit by the maps from Diff ;2. (V,), and denote by

Embﬁza(vg) C Embijy (V) (21)

~

those components that map to Emb; /2D (

Vg, We 1) C Embl/zDZn(Vg, W 1).

Remark 2.4 1t does not play a role for our arguments, but the collection of com-
ponents Embia(Vg) C Embi/55(Vy) can be shown to agree with that of image of
Diffy (Vy) — Embiyy(Vy), as suggested by the notation. This follows from a dia-
gram chase in the ladder of long exact sequences induced by (19) once one checks
that the surjection

DI (W 1) —> moEmby ;" (W 1)

is in fact an isomorphism. The latter follows from showing that the map
moDiff pon (V) — moEmbiyg (W 1) is injective which follows by comparing the ex-
tensions appearing in [28, Lemma 4.3] and [26, Theorem 3.3].

Given a tangential structure 8: B — BO(2n + 1) and a 6-structure ¢: Ty, =
0*yan41 for Vg, we fix an identification v, lw,, = tw,, @ ¢ induced by a choice
of an inwards pointing vector field where ¢ is the trivial line bundle. Using this, we
consider the maps

Buny (tv,, 0% vant1; Lov,) — Bunpa(ty,, 0% yont1; €p2n) — Buny(tw, , ® &, 0% yont15 Loyw, ;)

| | |

Bunisy (tv,, 0 Van+1; Lijpav,) = Buniypon (v, 0% yant15 €ipp2) > Bunipy (tw, , © &, 0% yan+15 €1paw, )
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of spaces of #-structures, where the horizontal maps are induced by restriction and
are fibre sequences, and the vertical maps are induced by relaxing the boundary con-
ditions, all of which obtained by restriction from £. Write (1-0): B’ — BO(2n) for
the tangential structure given by the pullback of 6 along BO(2n) — BO(2n + 1), so
that a (1-0)-structure on a 2n-dimensional vector bundle is simply a 6-structure on its
one-fold stabilisation. Then the bases of these fibrations are equivalent to the space
of (1-8)-structures on Wy ; relative to dW, 1 and to 1/20 W, 1 respectively. Both rows
of (19) act compatibly on this fibre sequence by precomposition with the derivative,
so after passing to the subsets of components specified in (20) and (21), we may form
homotopy quotients to obtain a diagram of horizontal fibre sequences

o (Vgi by) —————— BDiff; ™ (W 11 €129)

! | |

BEmb{; 5 (Vi £129) —— BEmb‘f/'fm,,(Vg, Wi 13 €yopan) ——> BEmb] 5= (Wy 13 £1729),

BDiff§ (V,; £5) ——— BDiff?

with fibres taken over the points induced by £.
2.3 Weiss fibre sequences

For a tangential structure 0: B — BO(2n) and a 0-structure £ on Wy 1, there is a
fibre sequence of the form

BDiff (D*"; £5,) —> BDiff)(Wy 1; €y) —> BEmb?/’fa(WgJ s 012, (22)

where the boundary conditions are obtained by restricting £. The first map is induced
by extension by the identity along the inclusion D** C W1 and the second by the
forgetful map Diffy (W, 1) — Embi28 (W 1). For 6 = id, this sequence appeared in
[52, Remark 2.1.3] and was shown in [27, Theorem 4.17] to deloop once to the right
with respect to the E»,-structure on the fibre induced by boundary connected sum.
The version with tangential structures 6 is noted in [28, Proposition 8.7] and deloops
in the same way. The same arguments establish fibre sequences

BDIff§ (D*"*1; £3)) —> BDIff} (Vy; £5) —> BEmbE (Vs £1729)  and

BDIffS,, (D*'; £ o) —> BDIffS,, (Vs £p2) —> BEmijz,, (Vg We 1 yjypan),
(23)
for tangential structures £: B’ — BO(2n + 1), which both deloop once to the right
with respect to the E»,41/E»,-structure on the fibre induced by boundary connected
sum. Similar to (22), the right-hand maps are induced by the comparison maps be-
tween diffeomorphisms and embeddings and the left-hand maps are induced by ex-
tension by the identity along a fixed embedding D*'*! V, that restricts to the cho-
sen embedding D> C W, .1 on a hemisphere. Note that forgetting tangential struc-
tures induces an equivalence
(D¥"*1; £ o) —> BDiff o (D¥'H), (24)

BDiff%,,
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since the homotopy fibre is equivalent to the space of maps D?"*! — B’ together
with a homotopy from its composition with E to a fixed classifier D***! — BO(2n +
1) of the tangent bundle with fixed behaviour on the hemisphere D** c D?"*1. As
the latter inclusion is an equivalence, this space is contractible.

In [27, Sect. 4.4.3], Kupers explains how to set up similar sequences for the cor-
responding groups of homeomorphisms (his discussion is phrased without tangential
structures), resulting in a commutative diagram of fibre sequences

BDiff;(D*") ——— BDiffy (W, 1) ———— BEmby,,(Wg 1)

| | |

BHomeOg(Dz”) —— BHomeoy (W, 1) —— BTopEmbia(Wg,l)

and similarly for the extensions of (23) with E = id. Here the bottom row is defined
in the same way as the top row, but using spaces of homeomorphisms and locally flat
topological embeddings instead. As the spaces

BHomeo,(D?"), BHomeoy(D**!), and BHomeo p (D*'+1)
are contractible by the Alexander trick, we obtain maps
BEmbﬁza (V,) —> BHomeoy (Vy) BEmb§2 pon

BEmb{,, (W, 1) —> BHomeoy(Wg 1)

(Vg, Wg 1) —> BHomeo p2n (Vy)

up to contractible choices, which we may postcompose with the comparison maps to
homotopy automorphisms to obtain maps of the form

BEmbﬁza(vg) —> BhAuty(V,) BEmb

yapm (Ve We,1) —> BhAutpo (Ve, W 1)

BEmb;,, (Wg 1) —> BhAuty (W, 1).
(25)

Remark 2.5 Even though phrased for the triad (V; DA, W 1), the discussion of this
and the previous subsection applies verbatim to any manifold triad (M; dgM, 91 M)
with dgM = D4, except for Remark 2.4.

2.4 Stable cohomology

For n > 3 and large values of g, the homology of BDiffg(Wg,l ; £5) admits a homo-
topy theoretical description by work of Galatius—Randal-Williams [16]. Botvinnik—
Perlmutter [7] proved a similar result for BDifflE)Zn(Vg; £p2n) as long as the domain
of 2 is n-connected and n > 4. We will only use the case of framings, in which case
these results read as follows. We denote the component of the constant map in a loop

space by Qo X C QX and the sphere spectrum by S.
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Theorem 2.6 (Botvinnik-Perlmutter, Galatius-Randal-Williams) For framings £y,
and Ly, , of Vg and W, | respectively, there are maps

BDIff™,, (Vy: Cpm)ey, — QS forn=4
BDIfff (W, 1 Cow, Dew,, — QXS™" forn >3

that are homology isomorphisms in a range of degrees increasing with g. In particu-
lar, the reduced rational homology of the domains of these maps vanishes in a stable
range.

Proof The statement about the first map follows from [7, Theorem A*] and [34, The-
orem 8.2]. The asserted property of the second map is a special case of [16, Corol-
lary 1.8]. g

By specialising the sequence (22) and the second sequence of (23) to the case of
framings, restricting to the components of given framings £y, and £y, , of W, | and
Vg, and delooping we obtain for n > 3 fibre sequences of the form

BDItfy (Wg.1: €a)ey, | — BEmb{;'j(Wg,l;zl/z;,)lw&l —> B(BDIfff(D*"; £5) B)

BDifflr

B o (Vi £paa)ey, —> BEMb[" (Vo Wy 13 £, p2n)ey, —> B(BDiff 2, (D" 1))

1/2D%1
(26)
where BDiffgr(DZ”; L) C BDiffgr(Dz”; £3,) is a collection of components which
is finite by [28, Corollary 8.16]. To arrive at the second sequence, we used the equiv-
alence (24).

Corollary 2.7 For framings Lw,, of Wg.1 and Ly, of V, the maps

BEmbf;’;)z,,(Vg, W15 £y0)ey, —> B(BDIffpan (D" 1)) forn > 4

BEmbf;’j(Wg,l; El/za)lwg.l — B(BDiffgf(DZn; £3)B) forn >3

are rational homology isomorphisms in a range of degrees increasing with g. Here
the subspace BDiffgr(Dz”; £a)B C BDiffgr(DZ"; Ly,) is a finite union of components.

2.5 Astandard model

We fix g > 0 and write

Hy = H,(W,.1;Q), Hy = H,(Vg;Q), and Kw =Xker(s,: Hy — Hy),
where ¢ is the inclusion W, 1 C V. Their integral cousins are denoted by

A% = H,(W,1;Z), HE:=H,(Vy;Z), and K% :=ker(,: Hs — HE).

The bar-superscript indicates that we consider these as plain vector spaces or abelian
groups, whereas later we shall mostly consider graded objects (see Sect. 3.1.1)
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At several points in this work, it will be convenient to have fixed a standard model
of V, as a submanifold of R>"*+! with fixed embedded cores ¢;, f;: §" < 9V, for
1 <i < g representing a basis of HVZV = 778, denoted by the same symbols, such
that

(i) (ei, fi)1<i<g is a hyperbolic basis for the intersection form
A HE @ HE — 7,

ie. A(el,e]) =Afi, f}) _Oandk(el, f]) _SZ, foralll <i,j<g,
(ii) the ¢;’s form a basis of the subspace K C Hyy, and
(iii) the f;’s map to a basis of HZ = Z# under the projection v, : HE — HZ.
(iv) the V,’s come with inclusions Vi C Vg for h < g which preserve the ¢;’s and

fi’s.

To this end, we use the standard embedding S” C R"*! and abbreviate by (gn : §" <
R2"*! the inclusion into the last (7 + 1)-coordinates. We consider the normal bundle
v(tgn) of tgn as a subspace of S” x R¥'*! using the standard metric and framing of
R?"*1, Writing ¢; for the ith standard unit vector, we view V; as the image of the
embedding

{(x,) €v(tgn) C S" x R ||y <1/2} — R x (0,2)

’ (x, y) > 550 (X) +¥) + €201,

equipped with the cores e1: S" < dV| and f1: S" — dV) given by precomposing
¢ with

S"s x> (21, (3x,0) € 8" xR and  §" 5 x> (x, (0, —1x)) € §" x R

respectively. The cores e; and f| intersect in the single point ¢ (e, —%Z,LH) =
%ErH_[ + éxn+1. Now consider the embedding v : LS V| — R x (0,2g) given by
translating the ith disjoint summand by 2(i — 1) - €, so that it lies in R*" x (2(i —
1), 2i). The translates of the cores e, f1 above give a pair of cores (e;, f;) for each
of the summands. We define V, C R*"*! as the union of the image of v with suit-
able tubular neighborhoods of the arcs [0,1] 2 s — (2s +i + %) - @41 € R
connecting the ith and (i + 1)th disjoint summand, disjoint from the cores and axi-
ally symmetric around the é5,,1-axis. This embedding V, C R>"*1 together with its
cores (e;, fi)1<i<g satisfies the desired properties (i)-(iv). See Fig. 1 for a schematic
figure.

In addition, we once and for all choose an embedded codimension 0 disc D?*+1
Ve R>" x (2g — 1, 2g) which is disjoint from the cores and axially symmetric around
the €5, 1-axis. Moreover, we choose the half-disc D2" D?" used in the definition
of Emby, pon (Vg, We,1) and Embiyyy(We,1) to have the same axial symmetry.

2.5.1 Standard (stable) framings

The standard framing of R*"*! induces by restriction a framing Ly, onV, C R +1,
which we call the stzandard framing of V,. Similarly, we fix a standard framing £y, ,
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Fig. 1 A figure of the standard embedding V, C R+ given as the union of two disjoint copies of
Vi =8"x prtl containing the cores ¢; and f; in the boundary (the thick circles) with an axially sym-
metric tubular neighbourhood of an arc connecting the two copies of Vj (the dashed line)

of Wy 1 which we require to (i) induce the Z=-structure on W, 1 of [31, Lemma 6.10]
and (ii) have trivial Arf invariant (see [30, Sect. 2.5] for an explanation of this condi-
tion). From now on, we shall always use the standard framings ng and ﬁwg,l and the
induced boundary conditions on submanifolds on the boundaries on £y, , and £y, , .
When we consider stable framings of V, and W, 1, we always use the ones induced
by the standard framings. If there is no source of confusion we abbreviate the stan-
dard framings £y, and £y, , as well as the induced (stable) framings on submanifolds
of Vg and Wy 4 by Z, and we omit the reference to the induces boundary conditions
from the notation. For instance we abbreviate

BDIff",, (V) = BDiff", (V¢ £2)  and

BEmDY), 1, (Ve, Wy 1) = BEmb, s, (Ve We 13 €1 o).

1/2D2"(

Also, we consider the different variants of (stably) framed automorphism and self-
embedding spaces of V, and W, | as based spaces via the points induced by the
standard framings. As in Sect. 2.1.1, a subscript (—), indicates that we restrict to this
basepoint component.

2.6 Framings and stable framings

At various points in later sections, we will need to transition between framings and
stable framings. The following lemma allows this.

Lemma 2.8 The forgetful maps

i 3
BDff, (V;) — BDIff}, (V,) BEmbI;ZDZ,,(Vg, We1) — BEmbT/;DZ,,(Vg, We1)
BEmbl/Z,(V) N BEmb?/f;d (V) BEmb}/zﬁ, (W) — BEmbjj;8 (We.1)

are n-connected and rationally (3n + 2)-connected.
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Proof Comparing the spaces in the statement to their analogous without (stable)
framings, this follows from the fact that the maps the maps between mapping spaces
of pairs

Map((Vy, D), (SO(2n 4 1), %)) —> Map((Vy, D*), (SO, %))
Map((V,, 1/20V,), (SO@2n + 1), %)) —> Map((Vg, 1/20Vy), (SO, %))
Map((Wg 1, 1/20W, 1), (SOQ2n + 1), %)) —> Map((Wy,1, 1/20 W, 1), (SO, %))
induced by the inclusion SO(2n + 1) C SO are n-connected and rationally (3n +
2)-connected by obstruction theory, since the pairs (Vyg, DZ”), (Vg,1/20Vy), and

(Wg, 1/20Wy) have only relative n-cells and the inclusion SO(2n + 1) C SO is 2n-
connected and rationally (4n + 2)-connected. [l

2.7 Mapping class groups

In view of Corollary 2.7, in order to prove Theorem A, we are faced with the task of
computing the rational cohomology of the spaces (see Sect. 2.5.1 for the shortened
notation in use)

BEmb‘:;zDz,, (Vg, We1)e and BEmbf;’zf(Wg,l)g. 27)
To achieve this we need some understanding of the fundamental groups

Av, =i (BEmb}) 1, (Vg, We,1)e) and Ay, , =71 (BEmby (W 1)) (28)

which come with comparison maps to GL(H VZV) (see Sect. 2.5 for the notation)
Ay, — GL(H}) and Aw,, — GL(H}) (29)

induced by the action on the homology of W, | C 9V,. These maps are almost injec-
tive:

Lemma 2.9 Forn > 3, the maps (29) have finite kernel.

Proof For the second map, this is [31, Lemma 3.8]. To deal with the first map, we
consider the zig-zag

N . . ey i
Av, <— 71 (BDIff,, (Vo)e) —> w1 (BDIffS, (V)e) —> m1(BDiff pon (Vg)e)
(30)
where the rightmost arrow is the block-comparison map appearing in (17), the middle
arrow is induced by passing from framings to stable framings, and the leftmost arrow
forgets from framed diffeomorphisms to framed self-embeddings. All maps in this
zig-zag are isomorphisms. For the leftmost arrow this holds as a consequence of

the second fibre sequence in (23) for E = fr and the fact that BDiff%z,l(DZ”“) i~

BDiff o, (D?"+1) is simply connected since its loop space is equivalent to the space
C(D?") of concordances of D>" by smoothing corners, and the latter is connected for
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n > 3 by Cerf’s work on pseudoisotopy [11, Theoreme 0]. For the middle arrow, this
holds by Lemma 2.8. For the rightmost arrow it holds because the comparison map
Diff 20 (V) — Diff pon (V) is 1-connected as another consequence of Cerf’s work
just mentioned. It thus suffices to show that the composition

~

71 (BDAE yon (Vi)e) —> 71 (BhAut;,

2 (Ve We.1)) —> GL(HE)

has finite kernel. In fact, the two maps each have finite kernel, the first by the second
part of Theorem 2.3 and the second map as a result of [26, Lemma 3.10]. g

Up to these finite kernels, the groups (28) thus agree with the subgroups
Gy, =im(Ay, > GL(AE)) and Gw,, =im(Aw,, > GLA)) (D)

of GL(I:I%,). If g is clear from the context, we abbreviate these and the groups in (28)
as

]\\/II ]\\/g, ]\W:I [v\wgyl, Gvi: Gvg, and GW:Z GWg,l'

Remark 2.10 Our choice of notation differs slightly from that of other work in which
these groups have appeared:

(i) Gw =G, is denoted Gy in 28],
(i) Aw = Aw,, is denoted Ay"* in [28], and
(iii) Gy = Gy, agrees with the subgroup denoted by GZ’f}Z in [26].

The group Gy is closely related to GL(H%). Indeed, any self-embedding of the
pair (Vg, W, 1) preserves the subspace K vZV C HZ, so we have an inclusion

Gy C{® eGL(HL) | ©(K%) c KZ)
and thus—using the canonical isomorphism HZ /K% = H%—a canonical map
Gy — GL(HY). (32)
Precomposed with Ay = Gy, this agrees with the usual action on homology.

Lemma 2.11 For n > 3, the map (32) gives rise to an extension

0—>M‘%::

AN
{A (Hy)"  forneven .Gy —>GL(I-_1%) o

1"2(1‘-_1‘%)v for n odd

whose kernel is the integral dual of the exterior or divided power square of HZ, acted

upon by GL(I:I%) through I-_I%. Moreover, this extension admits a preferred splitting,
50

Gv =ML x GL(H?).
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Proof In view of the zig-zag of isomorphisms (30) in the proof of Lemma 2.9, the ex-
tension has already been established as part of [26, Proposition 3.7 (ii)], so it remains
to construct the splitting. For this, we consider the subgroup 7o (Diff p2n (V) gen+1 C
7o (Diff p2u (Vi) of diffeomorphisms of V, which admit an extension up to isotopy to
a diffeomorphism of R?**! along the standard embedding Ve C R?"*+1 of Sect. 2.5.
Wall [45, Lemma 17] has shown that the map no(leszn(V ))R2n+1 —> GL(H Zy is
an isomorphism, so it suffices to show that the subgroup 7o (Diff 2. ( Vg))Ran is con-
tained in the image of the map induced by forgetting framings 7 (BDiff!r pn(Ve)e) —>

o (Diff y2n (V) since the image of the latter in GL(H W) is the subgroup Gy . Equiv-
alently, the task is to show that the stabiliser of the standard framing
[€] € mo(Bunpn(ty,, g2ntl. g px)) under the mo(Diffp2n(Vy))-action contains
o (Diff pon (Vg ))R2n+] This follows by observing that £ is by construction restricted
from a framing of R?**! and that 77o (Bun p2u (tgan+1, €2+ £20)) is asingleton. O

More explicitly, the subgroups Gy and Gw can be described in terms of
the hyperbolic basis {e;, fi}1<i<g of H%, =~ 728 fixed in Sect. 2.5, ordered by
(e1,--- eg fi,..., fg). Namely, with respect to the induced identification
GL(H ) = GL2g(Z), we have

Z) fi
Wg{ Og4,¢(Z) forn even OSpg(Z) and

S gg(Z) forn odd, — (33)

_1yn+l
Gy g{(é (Af;?q) €GLyy(Z),| AcGLg(Z), B EMA(, 1+ 1

see [30, Proposition 3.5] for the first identification (this uses our condition on the
standard framing in Sect. 2.5.1) and [26, Remarks 3.2, 3.5, 3.8] for the second.!
Here

@) OSpg (Z) is defined as the automorphism group Oy ¢(Z) of the symmetric form

10

0
form ( 10

clear from the context.
(ii) Spg ¢ (Z) < Spy,(Z) is the finite index subgroup of those symplectic matrices
which preserve the Z/2-valued quadratic refinement

(O ! ) for n even and the automorphism group Sp,,(Z) of the antisymmetric

) for n odd. We omit the parameter n from the notation; it will be

7% —> 7.2
q:
S [(Aiei + Bi fi) —> Y5 A;B; (mod 2).

(iii) Mgi C 758 is the additive subgroup of integral (g x g)-matrices which are
(£1)-symmetric and whose diagonal entries are even.

2.8 Thereflection involution

It will be convenient for us to keep track of the following piece of additional structure.
The manifold V, admits an orientation-reversing smooth involution p—the reflection

I There is a typo in [26, Remark 3.5]: The matrix should have AM instead of M as the upper right entry.
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involution—which preserves setwise the subspaces W, 1 C W, C V, and the discs
D> C V, and D" C W,, and agrees with a reflection on these discs. Using the
standard model of V, C R>"*! from Sect. 2.5, we choose p given by acting by —1
on the first coordinate (we could use any of the first n coordinates). This fixes the
cores f;: §" < V, pointwise, and on the cores e; : S" < V, restricts to a reflection
of S". It also restricts to a reflection on the discs D" C 9 Ve = Wy, Dl - Vg, and
D" C D™ as chosen in Sect. 2.5.

2.8.1 Action on automorphism spaces

Conjugation by the reflection involution p induces compatible pointed involutions p
on each of the spaces in the diagram

BDiffy(V,) ———— BDiffpou (V) ———— BDiffy(Wy 1)

| ! |

BEmbia(Vg) — BEmbiDzn(Vg, W) — BEmbﬁza(Wg,l) (34)

| | l

BhAuty(Vy,) ——— BhAutpu (Vg, Wy 1) ——— BhAuty (W, 1).
In [31, Sect. 6.5], it is explained that these involutions lift along the forgetful maps

BDIffff (W, 1)¢ — BDiffy (W, 1) and BEmby 35 (W, 1)¢ — BEmb; (W, 1)

to involutions in the pointed A.-sense on BDiffgr(Wg,l)g and BEmbig(Wg,l)g, SO
in particular there are involutions on these spaces in the pointed homotopy category. It
will be convenient for us to know that the same is true for the framed analogues of the
spaces forming the upper left square of (34). We will explain this for BDiff p2x (Vy);
the other cases are analogous. To this effect, we consider the map of fibre sequences

BDff, (V) —— BDiff"(V,, D**) —— BDiff'"(D?")

| | |

BDiff you (Vy) — BDiff(V,, D*') —— BDiff(D*"),

induced by restriction, and view the spaces forming the upper row as based via the
basepoints induced by the standard framing. As the loop space of the total space of
any fibration of pointed spaces naturally acts (in the pointed Aso-sense) on the fibre,
it suffices to prove:

Lemma 2.12 Writing C, = {£1}, the pointed map BC, — BDiff(V,, D?") induced
by the reflection involution lifts along the map BDifffr(Vg, D¥y, — BDift(V,, D).

Proof By obstruction theory, the forgetful map BDifffr(Vg, D), —
BDiffifr(Vg, D?"), is an equivalence (see Example 2.2 for the +fr-notation), so
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it suffices to solve the lifting problem for fr replaced by +fr. This new lifting prob-
lem is equivalent to lifting along BO(1) — BO(2n + 1) the map T, : EC; x, V; —
BO(2n + 1) classifying the vertical tangent bundle of the V;-bundle EC; x, V, —
BC; corresponding to the involution p, ensuring that on a fibre V, the lift agrees with
that induced by the standard framing of V,. Using that the involution p: V, — V,
is restricted from the reflection of R***! in the first coordinate, we see that this
vertical tangent bundle is given by the pullback of the vertical tangent bundle of
EC, x, R**! — BC,, which in turn agrees with the pullback of the bundle over
B(C; classified by the composition BCy = BO(1) - BO(2n + 1). The latter tauto-
logically has the required lifting property. g

2.8.2 Action on mapping class groups

In particular, the reflection involution p acts on the groups Aw, Ay by conjugation,
and also on the groups Gw, Gy, and GL(H%) (see Sect. 2.7). As we chose the cores

fi to form a basis of H% and the cores ¢; to form a basis of IE%, (see Sect. 2.5 for
the notation), the involution p acts trivially on I-_I% and by multiplication by —1 on
K %, From this we see that when considering Gw and Gy as subgroups of GL, (Z)

via the fixed basis the involution is given by conjugation by ( B’ (1)) . In particular, the

involution preserves the semi-direct product decomposition Gy = M % X GL(I:I%): it
is given by the identity on GL(H %) and by multiplication by —1 on M %

2.8.3 Interaction with the intersection form

As p reverses the orientation, care is needed when it comes to its interaction with the
intersection form A of W,. Writing Z7* for Z acted upon by p as +1, and similarly
Q%, the intersection form is p-equivariant when considered as a morphism A : I-_I%, ®
H% — Z~, and similarly after rationalising, and it induces isomorphisms Hy, =
Hy ® Q as Gy % (p)-modules and H‘\,/ = If'%, ® Q as Gy x (p)-modules. By
dualising, the intersection form induces a map w: Q~ — Hy ® Hy . Thinking of »
as an element of Hy ® Hy, the involution p acts on it by —1. Moreover, as the f;’s
are fixed by p, they induce a splitting of the Gy X (p)-equivariant extension

0— Hy®Q —> Hy — Hy — 0 (35)

when restricted to the subgroup GL(I:I%) X {(p) < Gy % (p), so we have an isomor-
phism Hy = Hy & (H) ® Q™) as GL(HZ) x (p)-modules.

3 Homotopy automorphisms and mapping spaces

Our strategy for computing the rational homology of the spaces of self-embeddings
appearing in Corollary 2.7 is to compare them to the relevant spaces of homotopy
automorphisms forming the bottom row in (34). The rational homotopy Lie algebras

of the universal covers of these spaces of homotopy automorphisms are known by
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work of Berglund—Madsen [4] and Krannich [26]. We explain their answers in this
section, alongside with some preliminaries and further information on the rational
homotopy type of related spaces needed in later sections.

3.1 Gradings and Schur functors

We begin by fixing some conventions on gradings and Schur functors used in the
remainder of this work.

3.1.1 Grading conventions

Unless said otherwise, throughout this and the following sections, we work in the
symmetric monoidal category of Z-graded vector spaces over Q, where the symme-
try includes the Koszul sign rule, i.e. is induced by v ® w > (—1)deg®)degw)y, @ 4
For a graded vector space A, we write Ay for the subspace of elements of degree k and
|x| for the degree of an homogenous element x € A. For an ungraded vector space B,
we write B[k] for the graded vector space concentrated in degree k with B[k]; = B.
The graded dual of a graded vector space A is denoted AY := Hom(A, Q[0]), and
the k-fold suspension by s¥A. Total dimension is denoted dim(A). A superscript
(—)7 indicates that we pass to the subspace of elements of positive degree. We write
(=)@ = (=) ®z Q for rationalisation. Given a space X, we abbreviate its desus-
pended reduced homology by

Hy =s""H.(X; Q).

For X =V, and X = W, 1, we often neglect the genus g from the notation and simply
write

Hy = Hy, =5 'H.(Ve; Q) and  Hy = Hy,, =s 'H.(W,,1; Q).
This relates to the ungraded vector spaces Hy and Hy introduced in Sect. 2.5 by
Hy =Hy[n—1] and Hy = Hy[n—1].
Similarly, we write Kw = ker (l*i Hy — HV), so that Ky = Kw[n —1].
3.1.2 Schur functors

Given a partition u F k of an integer k > 0 the graded Schur functor associated to
is the endofunctor on graded vector spaces given by

Su(A) = [(1) ® ABK] ¥

where (1) is the irreducible Q[ Zx]-module associated to u and [—]>* are the invari-
ants with respect to the symmetric group action. The relation to usual Schur functors
on ungraded vector spaces is as follows: because of the Koszul sign rule, given an
ungraded vector space B, we have

wn 1S, (B[0])  for m even

_ k\®m ®k 1%k _
Su(Blm]) = [() ® (15" @ B 1% [km] = s S, (B[O])  for m odd

where 1’ - k denotes the conjugate partition, so (1) ® (1¥) = (u/).
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Example 3.1 For u = (k), a vector space B, and m > 0, we have

Sy (B[0]) for m even _ Symk(B) for m even

S (B[0]) for m odd A% (B) for m odd

Sk(B[m]) = s {

where Symk (—) and A¥(—) are the usual (ungraded) symmetric and exterior powers.
3.1.3 Symplectic Schur functors

Now suppose the graded vector space A comes with an antisymmetric nondegenerate
pairing of degree k, i.e. a map of graded Q[X>]-modules

rA®A— (1%) ® Qlk]
such that the adjoint A — Hom(A, Q[k]) = skAY is an isomorphism.

Example 3.2 For a compact oriented d-manifold M with boundary a sphere, the inter-
section form induces a symmetric nondegenerate pairing of degree d on the reduced
homology, i.e. a map of graded Q[ %, ]-modules IN{*(M; Q) ®I~{* (M; Q) — QI[d]. Via
the Q[XZ;]-module isomorph~ism Q-11®Q[-1]1= (12) ® Q[—2], this induces on
the desuspension Hy; = s~'H,(M; Q) an antisymmetric nondegenerate pairing A of
degree d — 2 in the sense above.

In this case, for r > 0, we write

Aij
AT i=ker (A% =5 @, -, A% 72 @ QIK]),

where A; ; applies A to the ith and jth coordinate, and define the graded symplectic
Schur functor

Vi(A) = [(1) ® AlKI >

for partitions w - k. Similarly to the non-symplectic case discussed above, if A =
B[m] for an ungraded vector space B and m > 0, we have

V. (B[0]) form even

~ km
Vu(Bm]) = s {VM/(B[O]) for m odd.

3.2 Lie algebras and their derivations

For a graded Q-vector space A, we write L(A) for the free graded Lie algebra on
A and L¥(A) c L(A) for the subspace spanned by k-fold brackets. For subspaces
C, D C L of a graded Lie algebra L, we write [C, D] C L for the subspace spanned
by elements [c, d] with ¢ € C and d € D. For a morphism f: L — L’ of graded Lie
algebras, we write Der/ (L, L') for the graded vector space of f-derivations whose
degree k component consists of linear maps #: L — L’ that increase the degree by
k and satisfy the condition 0 ([x, y]) = [8(x), f(x)] + (=D ¥I[ £ (x),6(y)]. Having
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fixed an element w € L, we write Derch(L, L) C Der/ (L, L") for the subspace of
derivations that vanish on w. If f = id, we abbreviate Der(L) = Der'd(L, L) and
consider this graded vector space as a graded Lie algebra via the bracket [0, V] :=
6 oy — (—1)I¥Iyr 0 0 for homogeneous elements 6, 1 € Der(L). Note that for w € L
the subspace Der,, (L) C Der(L) is a graded sub Lie algebra.

3.2.1 A dimension formula

In calculations within Sect. 5, we will use the following decomposition of the sub-
space of bracket lengths < 4 of the free graded Lie algebra L(A @ x) on a graded
vector space A concentrated either in even or in odd degrees and an additional gen-
erator x. We write A®°" and A for the subspaces of elements of even respectively
odd degree.

Lemma 3.3 For a graded vector space A with A = A" or A = A°Y and an addi-
tional generator x, we have direct sum decompositions

L'A®x) =4 (x)

L*(A®x)=[A, Al @ [x, A] ® [x. x]

L*(A®x) =[A,[A, Al ® [A, [x, Al ® [x, [x, A]]

L' (A@x)=L*(A) ®[A,[A, [x, All & ([x. [A, [x, AllL, [A, [x, [x, A]]])
& [x, [x, [x, Alll.

Moreover, abbreviating d = dim(A) and setting m =0 if A= A" and m =1 if
A = A°Y the dimensions of the summands of bracket length 2 and 3 are given as
[A, A] | [x,A] | [x, x] | [A,[A, Al | [A, [x, A]] | [x,[x, Al |
l@-cymay | a [La-cohy [ Yd-ay | @ | 4

and those of the summands of bracket length 4 are

LA | A4, [ AT | (e 1A, D, AN A, T, e, ATD) | D, T, Dx, AT
Lat—a?) | & | l@ar——omWay | d

Proof We will use two facts throughout the proof.

(1) The free graded Lie algebra L(B) on a graded vector space B is generated by
right-normed words, i.e. elements of the form [b1, [b2, [..., [bi, bi+1]...]1] for
b; € B. This follows by induction on the word-length using the Jacobi identity.

(i) Witt’s classical dimension formula for free ungraded Lie algebras in terms of
the Mobius function u(—) generalises to the graded setting in that we have

dim(L*(B)) = } > i 1(m) - (dim(BEYe™) — (—1)™ dim(B"dd))k/ "

for a graded vector space B (see [35, Corollary 2]).
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We first establish the sum-decomposition. By counting occurrences of x’s, it is clear
that the summands of the claimed composition have pairwise trivial intersection, so
it suffices to show that their union span the subspaces of fixed bracket lengths. This
is clear for L' (A @ x) and L2(A @ x). For L?(4 @ x), it follows from

[A, [x,x]] C[x,[x, All, [x,[A,A]lCI[A,[x,A]], and [x,[x,x]]=0

which holds as a result of the (graded) Jacobi identity and (graded) anti-commutativ-
ity. In the case of L*(A @ x), an application of the Jacobi identity to [A, [x, [4, Al]l,
[x,[A,[A, A]]l]l, and to [[A, A], [x, A]] shows that any Lie-word that contains
one x is contained in [A,[A, [x, A]], two applications to [A,[A, [x,x]]] and
[x, [x, A], A]] show that any Lie-word with two occurrences of x is contained in
([x,[A, [x, AIl], [A, [x, [x, A]]]), and finally three applications to [x,[A, [x, x]]],
[A, [x, [x, x]]], and [[x, x][A, x]] show that any Lie-word with three x’s is contained
in [x, [x, [x, A]]]l. As [x, [x, [x, x]]] is trivial since already [x, [x, x]] is trivial by
anti-commutativity and the Jacobi identity, this proves the claimed decomposition of
L*(A®x).

To calculate the entries in the two tables, we argue as follows: by the graded Witt
formula and @« (1) =1 as well as u(2) = —1 we have

dim([4, A]) = dim(L*(A)) = 1(d* — (-D)"d),
dim([x, x]) = dim(L*(x)) = $(1 — (D),

and [x, A] = A so dim([x, A]) = d. This gives the first half of the first table. Another
application of the graded Witt formula using p(3) = —1 shows

dim([A, [A, A]]) =dim(L*(A)) = $(d® —d) and
dim(L*(A @ x)) = 3(d* + 3d* +2d),
so we can combine this with the decomposition of L3(A @ x) to conclude
dim([A, [x, A]]) + dim([x, [x, A]]) = dim(L>(A & x)) — dim(L*(A)) = d® + d.

This implies that the evident estimates dim([A, [x, A]]) < d? and dim([x, [x, A]]) <
d are equalities and thus confirms the second half of the first table. To deal with the
second table, we use w(4) = 0 and the graded Witt formula to compute

dim(L*(4)) = $(@* —d*) and
dim(L*(A @ x)) = L(d* + 4d° + 5a% + 4d — 2(-=1)""a).
Together with the above decomposition of L*(A & x) and the obvious estimates
dim(L*([A, [A, [x, Al]) <d® and dim(L*([A, [x, [x, A]]]) <d, (36)
this yields

dim([x, [A, [x, ANl [A, [x, [x, Al]]) = $3d* — (=)~ "d). 37)
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We claim that (37) is in fact an equality, which would imply that the inequalities in
(36) have to be equalities as well and thus finish the proof. To prove this claim, we
may equivalently show that the kernel of the epimorphism

((EN NN NN EN e 1))
(ARA)D(A®A) ([x. [A, [x, ALIL [A, [x, [x, AT]I))

is at least %(d2 + (—1)""IIg)-dimensional. A labourious but straight-forward se-
quence of applications of the Jacobi identity and anti-commutativity shows that this
kernel contains

WRUW—-—wRUV,w®v—vR W) if |x| £ m (mod 2)
wWRuw4+wv,—(wv+vw)) if|x|=m =0 (mod 2)
WROW—-—wRV,wRV+vRW) if [x]=m =1 (mod 2)

for v, w € A. Applying this to a basis of A implies the claimed dimension bound on
the kernel and thus finishes the proof. O

3.3 Homotopy groups of mapping spaces

We will need some information on the rational homotopy groups of BhAuty (M) for
various compact d-manifolds M and on Map, (M, X) for spaces X. Most of what
we need can be extracted from work of Berglund—Madsen [4]. Their results apply in
larger generality, but to simplify the exposition, we restrict to

e a l-connected compact oriented d-manifold M equivalent to a wedge of spheres,
together with an orientation-preserving equivalence dM ~ S¢~! and based at a
point in M,

e a l-connected based space X equivalent to a wedge of spheres.

Using the notation of Sect. 3.1.1, the Hurewicz homomorphism induces maps of
graded vector spaces . (20M) — Hys and m,.(20X) — Hy that are epimorphisms
as M and X are equivalent to wedges of spheres. A choice of splittings

sy: Hy — mo(QoM) and sx: Hx — m.(QpX)

~

induces isomorphisms of graded Lie algebras L(Hjy) = m.(QoM) and L(Hy)
.. (20X), the first being equivariant with respect to the subgroup

mohAutP (M, 9M) C mohAut, (M, dM) (38)
of homotopy automorphisms of (M, dM) that preserve the splitting sj;. Note that

(38) is an equality whenever sy, is unique, e.g. if M is equivalent to a wedge of
equidimensional spheres.

Lemma 3.4 For (M, sy ) and (X, sx) as above, and a basepoint f € Map,(M, X),
there is a diagram of graded vector spaces with vertical isomorphisms in positive
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degrees

7 (Map, (M. X), f)o —— 2% 5 7, (Map, (M, X), f o15)q

1= IE

Der/(L(Hu), L(Hx)) o y s~ @-DL(Hy)
—d-2) - i) B )
s L(Hx) @ Hy ® Q S 8 L(Hy)

where Q7 :=Hy(M, dM; Q) and w € L(Hyy) is the element of degree d — 2 induced
by the inclusion 1y: M — M. This diagram enjoys the following properties:

(1) Equivariance with respect to the evident action of nohAutipht(M ,0M).
(i) Naturality in pairs (X, sx).
(iii)) Commutativity of the upper square and commutativity of the lower square up to
a sign.

Proof This is essentially contained in [4]: The upper square (with the claimed natural-
ity) follows from Theorem 3.6 loc.cit. together with the isomorphism
Der'/*) (L(Hj), L(Hx)) = s 2L(Hx) given by evaluation at the fundamental
class of M ~ S4~!. The lower left vertical isomorphism is given by the composi-
tion
Der/ (L(Hy), L(Hy)) = Hom(Hy, L(Hy)) = L(Hx) ® Hy;
=5 UILHY) @ Hu ® Q™

which is equivariant with respect to nohAutipm(M , dM). Here the first isomorphism
restricts to generators and the second isomorphism is induced by the identifica-
tion Hy = sd_zHAY[ via the intersection form (c.f. Section 3.1.3), which is equiv-
ariant with respect to the subgroup mohAut™" (M, dIM)* C mohAut™" (M, aM) of
orientation-preserving homotopy equivalences and needs to be twisted by Q™ to be
equivariant for the action of all of mohAuty llt(M ,dM). This composition satisfies
the claimed naturality, so it only remains to establish commutativity of the lower
square up to a sign (see Theorem 3.11 loc.cit.). For M = X and f = id, this follows
from Proposition 3.9 loc.cit. since the element w in that proposition agrees with w as
above up to a sign (see Theorem 3.11 (2) loc.cit.). The general case follows from [26,
App. B Lem. 1]. g

In the case X = M and f = id, the bottom map in the diagram of the previous
lemma is surjective since s~ =2 L(Hy,) has no indecomposable elements in posi-
tive degrees, so combining Lemma 3.4 with the long exact sequence induced by the
fibration

hAuty (M) —> hAut, (M) 23" Map, (9M, M),
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one arrives at a chain of mohAut®'(M, d M)-equivariant isomorphisms in positive
degrees

7+ (QoBhAuty (M))q = Der,,(L(Hy))

]

= Ker (s "D L(Hy) ® Hy ® Q™ —5' s~ ).

Berglund—Madsen [4] moreover show that the first isomorphism is compatible with
the Lie bracket on both sides (see Proposition 3.7 loc.cit.), and a minor extension of
their Proposition 6.6 incorporating Q™ identifies the right-hand kernel canonically
with Lie(Hy, d)) ® Q~ where we write more generally for a graded vector space A

Lie(A,d) =592 P, Lie(k) @z, A® (39)
with Lie((k)) the arity k part of the cyclic Lie operad. We summarise:

Theorem 3.5 (Berglund—l\/lads_en) For M as above, there are canonical isomor-
phisms of graded Q[mohAut® (M, d M)]-modules in positive degrees

(S0 BhAuty (M) = Der,(L(Huy)) = Lie(Hy,d) ® Q™

with Q— =Hg (M, dM; Q). The first isomorphism respects the Lie algebra structure
on both sides.

3.3.1 Relative homotopy automorphisms of V,

Setting M = Wy 1, Theorem 3.5 describes the rational homotopy groups of the base
space of the fibration

hAuty (V) —> hAut 2 (Ve, W 1) —> hAuty (W, 1), (40)

induced by restriction. The homotopy groups of base and fibre were determined as
part of [26]. The following is a minor extension of Theorem 4.6 loc.cit. to include the
effect of the reflection involution p: Vg — V, from Sect. 2.8.

Theorem 3.6 (Krannich) For n > 2, there is commutative diagram

7+ (R0 BhAutpon (Vg, We 1)) — m(Q0BhAuty (W 1))@ + m—1(Q0BhAuty(Vy))qQ

IE £ l=

ker (Lie(Hw,2n) — Lie(Hy,2n) ® Q™ % Lie(Hw,2n) ® Q™ — Lie(Hy,2n) ® Q~

of graded Q[mohAutp2 (Vg, Wy 1) X (p)]-modules whose vertical maps are isomor-
phisms in positive degrees. The upper row is induced by (40) and the bottom by
the projection Hy — Hy. The action on the lower row is through Hy, Hy, and
Q = H2n(Wg,1’ an,l)'
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Proof Considered as a diagram of Q[mohAutp2.(V,, Wy 1)]-modules, this follows
from [26, Theorem 4.6] together with the discussion above Theorem 3.5, so we are
left to argue that the diagram is (p)-equivariant. This is clear for the top and bottom
row, and part of Theorem 3.5 for the middle column (as p € mohAut, (W 1, dW; 1),
and this group agrees with its (—)*Pli-subgroup as Ws,.1 is equivalent to a wedge of
n-spheres), so it also follows for the right and left column since the bottom row is a
short exact sequence (and thus the top row as well). g

Remark 3.7 For later calculations we recall (for instance from [41, p. 387-388]) the
decomposition of first few Lie representations into irreducible Q[ 3¢ ]-modules:

Lie(1)=(1) Lie2=(1?) Lie3)=(2,1) Lie(®)=@3,1)& (2, 1%.

Using Resg’il Lie((n)) = Lie(n — 1) (and by direct calculation in the first case) one
concludes

Lie(2)=(2) Lie@@)=(1’) Lie(@)=@2% Lie(5)=3,1%.
In particular, using the norm to identify coinvariant with invariants, we have
Lie((Hy . 2n) = s~ "2 (S (Hw) ® Sy2(Hw) @ S5 12(Hw))
in degrees * < 4n — 4, and similarly for Lie(Hy, 2n)) with Hy replaced by Hy .

3.4 Some characteristic classes

Specialising Theorems 3.5 and 3.6 to degree n — 1 and using Remark 3.7 gives iso-
morphisms for n > 2 of the form

wn (BhAuty (W 1))@ = Si3(Hw)3(—1) ® Q7 and
Tu—1(BhAuty (Vy))q = Si3(Hy )3(—1) ® Q™

but for some purposes we will need a more geometric description of these identifica-
tions. To this effect, we will interpret them as certain characteristic classes of Wy 1-
or V,-fibrations.

3.4.1 The case of Wy 1

This case has already been discussed in detail in [31], see Sect. 5.3.3. We briefly
recall the essentials. A class & € m, (BhAuty (W, 1)) classifies a relative fibration

7: (E,§" x W, 1) — 8",
with an identification of the fibre over the basepoint * € S" with (Wy 1, W, 1).

Identifying 9Wg 1 = $**~! and gluing in $" x D*' results in an oriented fibration
7: E — §" with closed fibre Wy, with E a Poincaré duality space, which comes
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with a section s: §” — E given by the centres of the discs we glued in. The Serre
spectral sequence for 7 gives an exact sequence

0 —> H'(8"; Q) > H"(E; Q) —> H"(W,: Q) —> 0

and the section s provides a preferred splitting, inducing a map ¢: ﬁv\(, =
H"(W,; Q) — H"(E; Q). This can be used to define a map

o Tn(BhAUt (W 1) — Hom((H)®3, Q) = HY?
v £ (@@ v [71(v)-1(v) - L(v3))

As the ¢(v;)’s have degree n, on permuting the v; the number ky (§)(v1 ® v2 ® v3)
transforms as the nth tensor power of the sign representation of X3, and hence tak-
ing the grading of Hy into account the image of kyw lies in [(1°) ® H$3]32(3,,,1) =
S13(Hw)3(u—1). Furthermore, the mohAuty (W 1)-action on m, (BhAuty(W, 1)) is
given by changing the identification of the fibre over the basepoint, so «kyw is equivari-
ant. Finally, the reflection p has the effect of changing the identification of the fibre
over the basepoint and the orientation of E, so kyw is p-equivariant when twisting
the target by Q™. Together with Proposition 5.13 (and the subsequent discussion) of
[31], this gives the following.

Lemma 3.8 (Kupers—Randal-Williams) The map of Q[mohAuty (W 1) x (p)]-modules
kw : 7wy (BhAuty(We 1)) — Si3(Hw)3n-1) ® Q™
is an isomorphism.

Remark 3.9 1t will not be necessary for our purposes, but it follows from the cited
proposition and the subsequent discussion that this isomorphism agrees up to a scalar
with the isomorphism resulting from Theorem 3.5 and Remark 3.7.

3.4.2 The case of V,
An element ¢ € 7,1 (BhAuty(Vy)) classifies a relative fibration

(E', 8" ' x wy) =5 5771
with an identification of the fibre over the basepoint * € §" with (V,, W,). Gluing to
this the trivial Vg-bundle s x \7g — 8"~ ! using the 0V, = W, yields an oriented
fibration 7': E' — $"~! with closed fibre Uy := Vg Ugy, V, = 85" x §"*1, and

with section s: §"~! — E’ given by the centre x € D** C W, . Here (—) indicates
reversal of orientation. The Serre spectral sequence for 7/ gives an isomorphism

H'(E'; Q) —> H"(U,: Q) ZH"(V,: Q) = A
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with inverse //: H,/ — H"(E’; Q). This can be used to define a map

~ mu—1(BhAuty (Vy)) — Hom((H))®3,Q) = HY®

v (— (®uuvsr [5 /() U (v2) - (13)),

and the same degree considerations as in the Wy -case show that the image of «y lands

in the subspace [(13) ® H§3]§(3n_1) = S13(Hv)3(m—1)-

Lemma 3.10 The square of Q-vector spaces

7n (BhAuty (W 1))Q — Sp3(Hw)3m-1) ® Q™

| |

Tn—1(BhAuty (Vo)) ——s Sp3(Hv)30-1) @ Q~

commutes. Here the left map is induced by (40) and the right map by the projection
Hw — Hy.

Proof 1f ¢ = d(&) and & corresponds to a clutching map g: 51 hAuty (W 1) —
hAut(W,) thought of as a homotopy equivalence & : sl x W, — sl x W, by
taking adjoints, then the spaces E and E’ in the description of ky and kp are given
by the twisted doubles

E=(D"x Wg) Uz (D" x Wy) and E'=(5""" x V) U ("' x V).

In general, for an oriented Poincaré complex M and an orientation-preserving homo-
topy equivalence ¢: 0M — dM, the twisted double M Uy M is oriented Poincaré-
cobordant to the mapping torus 7 (¢) = ([—2, 2] x dM)/ ~, via the bordism K given
by the (equivalent) pushouts

(1} x ([=1,1] x dM) —— {1} x ([=1, 1] x M) (I} x (MUM) —— {1} x (M x I)

R [ e

0, 1IxT@¢) — [0,11 x (M Uy M) ———— K

Applied to £ this gives cobordisms of Poincaré complexes Kj: E ~ T(§) and
Ky: T (&) ~ E’ (it will be helpful to think of K| and K, as instances of (J; and
[y, respectively). The maps

Hy — H'(E';Q) S H'(S"' x Vg Q)

given by restriction to the two copies §" ! x V, and sl \7g inside E’ are equal (as
the map £ is the identity on cohomology, and the inclusion §"~! x W, C s x |
induces an injection on cohomology), so by Mayer—Vietoris for [1, we may choose a
lift I:I‘Y — H"(K>; Q) which by restriction gives a map I-_I‘Y — H'(T'(£); Q). By
Mayer—Vietoris for j, the group H* (K1, T(€); Q) = H'T(D" x W, S"~! x
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We; Q) vanishes, so the lift lifts further to a map H; — H"(K{; Q), which may
be restricted to a map I-_I‘} — H"(E; Q). The latter agrees with the composition
HY — Hy, — H"(E; Q) of the dual of the projection with ¢ (this may be checked
by restriction to §"~! x W,). Writing K = K> 0 Ky : E ~ E/, by Mayer—Vietoris
we therefore have a map Hy) — H"(K; Q) whose restriction to E is the compo-
sition ﬁ‘\,/ — ﬁ%, — H"(E; Q) of the dual of the projection with ¢, and whose re-
striction to E’ is ¢'. For vy, vy, v3 € FI‘} it then follows from Stokes’ theorem that
St - t(u2) - t(va) = [z ' (vr) - ' (v2) - ' (v3) as required. O

Corollary 3.11 The map of Q-vector spaces
Ky : w1 (BhAuty (Vy))Q —> Spi3(Hy)3(i-1) ® Q™
is an isomorphism of Q[mohAutp2. (Vg, Wy 1) X {p)]-modules

Proof As aresult of Theorem 3.6, the left vertical map in the diagram of Lemma 3.10
is surjective and equivariant with respect to the canonical mphAutpz. (V,,
Wq.1) X {p)-action, and the same holds evidently for the right map. As «kw is
(mohAuty (W, 1) % (p))-equivariant and an isomorphism by Lemma 3.8, it follows
that xy is (;wohAutp2 (Vg, Wy 1) X (p))-equivariant and surjective, so it suffices
to argue that source and the target of xy are abstractly isomorphic as Q-vector
spaces. By Theorem 3.6 and Remark 3.7, the source is given by the degree n — 1
part of s~ (S5 (Hy) ® Sy (Hy) & S3.12(Hy)). As Hy is concentrated in degree
(n — 1), this is precisely Sy3(Hy )3(,—1), which is also the target of kv, so the claim
follows. O

Remark 3.12 As the target of «y is zero or irreducible as a GL(H%)-representation

(see Sect. 7.1.1 below) and mohAutp2 (Vg, W 1) surjects onto GL(H%) as a re-
sult of Lemma 2.11, the target is irreducible or trivial as a mohAutp2. (Vg, Wy 1)-
representation, so it follows that xy must be the same, up to a scalar, as the isomor-
phism resulting from Theorem 3.6.

Corollary 3.11 allows us to understand the functoriality of the left-hand side with
respect to codimension 0 embeddings:

Lemma 3.13 For g,h > 0 and an orientation-preserving embedding ¢: Vy, —
int(Vy) the square

a1 (BhAuty (Vg)) —= S13(Hy)3(a-1) ® Q~

ml lqs*

a1 (BhAuty (Vi) —= S13(Hy,)3(-1) ® Q~
commutes. Here the left-hand map is induced by extension of homotopy automor-
phisms by the identity, and the right-hand map is induced by ¢.: H,(Vy; Q) —
H, (Vi; Q).
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Proof Let C: W, ~~ W), be the cobordism given by complement of the interior of
¢(Vg) C Vy, sothat Vi, =V, Uw, C.For ¢ € my_1(BhAuty(Vy)) corresponding to a
relative fibration

(Vg, W) —> (E', 8" 1 x Wy) 5§71,

the element ¢, (¢) corresponds to the relative fibration
(Vii, Wi) —> (E" = E' Ugimi .y, $"7 ' x C, 8" x W) = 5771,

Thus E” = (E' Ugn-1y, S~ X ©) Uiy, (8"' x (Vg Uw, ). There is a
cobordism from C Uy, Cto W, x [0, 1] relative the its boundary, which applied
fibrewise gives a Poincaré cobordism K : E” ~» E’. It is not hard to see that there
is a lift H‘Yh — H"(K; Q) of /": H‘Yh — H™"(E”; Q), and the composition H‘Xh —
H"(K; Q) — H"(E’; Q) is easily checked to be equal to (i’ 0¢™): Hy — H'(E'; Q),
by restriction to a fibre. The conclusion then follows by Stokes’ theorem, as in the
proof of Lemma 3.10. 0

3.4.3 Avanishing result

At a certain point in Sect. 7.2 we will need to know that the map
n”(BEmb;égr(Wg,l)g)Q — 1, (BhAuty (W 1))@ induced by the bottom map in (25)
is not surjective. To analyse this problem, we consider the composition

- s S A s
X Ta(BhAUty (W 1)g > AE3 L2)2inon, g

which is nontrivial for g > 2, as Lemma 3.8 shows that the image of «w are the
(—1)"-symmetric tensors, and the second map sends the (—1)"-symmetric tensor

1R fi®e+ea®e® fi+f1iRer®e
+(D"(five®ar+a® fi®e+e1®er® fi)

to 2e2 # 0. This implies the second part of the following lemma, whose statement
uses (25) and the framing conventions from Sect. 2.5.1.

Lemma 3.14 For n > 3, the composition
= f X 7
nrl(BEmbl/igr(Wg,l)Z)Q - nn(BhAUta(Wg,l))Q —> Hy
is zero, so the first map is not surjective for g > 2.

Proof As explained in Sect. 2.3, the map BEmbia(Wg,l) — BhAuty (W, 1) factors
over BHomeoy (W, 1). Thus the map from the framed self-embedding space may

be factored up to homotopy over Microbuni,; (r‘t;fl 82 0, 128) //Homeoy (W, 1), the
homotopy orbits of the space of topological framings, i.e. microbundle maps from
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the tangent microbundle of Wy ; to the trivial 2n-dimensional microbundle (all con-
structed as simplicial sets and with appropriate boundary conditions). This space
classifies topological W, 1-bundles with trivialised boundary and a framing of the
vertical tangent microbundle, standard on half the boundary. Now suppose that
m: (E,S" x 9W,1) — S" is such a topological bundle, with framing ¢: 7,F —
£2" of the vertical tangent microbundle. Neglecting for now the framing, we form

7 E=EUgsnsyw,, (8" X Dy — §". Alternatively to the description in Sect. 3.4.1,
the map kw can be described in terms of a twisted Miller—Morita—Mumford classes
in the sense of [29, Sect. 3]: it corresponds to evaluating homotopy classes against
the twisted cohomology class k3 (7) :=m (63) = f P €3 from that paper. This is be-
cause over the simply-connected space S” any local coefficient system is trivial and
the cohomology class € € H" (E; 7T*Hn(Wg; Q)) from that paper corresponds to the
map ¢ : H,(Wg; Q)Y = H"(W,; Q) — H"(E; Q) we have used to define k. Our
construction of x is what would be denoted A1 2(k.3) in that paper, and using the
Contraction Formula of [29, Proposition 3.10] (which is stated for smooth bundles
but its proof goes through without change for topological bundles) we see that we
have

X (=) = fou k12 (fz €) by definition
= o [ (@) € by the Contraction Formula
= [z e(rjt;p) (=) by definition of € and Fubini.

Because of the framing of the vertical tangent microbundle the restriction of e(t}fp)

to E C E is trivial, so this class is in the image of the composition
HO(S"; Q) =H(S" x D™, §" x 9D*; Q) =H™(E, E: Q) — H™(E; Q).

That is, the class e(r;)p) is a multiple of the Poincaré dual u € H**(E; Q) of
the section s: S* — E, and by evaluating on a fibre we see that the multiple is
the Euler characteristic (2 + (—1)"2g) of W,. It follows that x(7w)(—) = (2 +
(=1)"2g) fS" §*(t(=)), but this vanishes as s* o ¢ is trivial by the definition of the
map ¢ in Sect. 3.4.1. 0

4 The fibre to homotopy automorphisms

To compute the rational cohomology of the framed self-embedding spaces featuring
in Corollary 2.7, we first consider the stably framed self-embedding spaces

BEmb?j;f(vg) ¢, and BEmbfo(WgJ)g.

By forgetting stable framings and using (25), they admit maps (see Sect. 2.1.1 for the
notation)

BEmbf;;’f(Wg,l)geBhAutaE’e(Wg,l) and BEmbfﬁ’f(Vg)geBhAut?’Z(Vg)
(41)
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whose homotopy fibres we denote by
hAut; " (V) /Embif;f(vg)g and  hAut;"“ (W 1) /Embe;f(Wg, De. (42)

These fibres are connected, since the maps (41) are surjective on fundamental groups
by construction. In this section, we compute their rational homotopy groups in a
range.

Theorem 4.1 For n > 3, the fundamental groups of the homotopy fibres of the maps
(41) are finite and their higher rational homotopy groups are in the range 1 < * <
3n — 5 given by

(g D
~ Q = L= [2n —2] neven
7o (hAut, " (V) /JEmb= (V, ),
+(nAuty (Vo) Embizy (Ve)i)o = Q" (21 -2] nodd

7. (RAUG (W 1)/Emb 3= (We 1)) o =
Convention 4.2 We assume »n > 3 throughout this section.
4.1 Reduction to a disjunction problem and separating the handles

As a first step towards Theorem 4.1, we will express the homotopy fibres in consid-
eration rationally in terms of the total homotopy fibres of the commutative squares

BDiffy (D*'t1) —— BDiffy(V,) BDiffy(D*") —— BDiffy(W,,1)
R I
BDiffy(D?t1)y —— BDiffy(V,) BDiffy(D?") —— BDiffy(W,.1)

(43)

induced by extending (block)-diffeomorphisms of an embedded disc by the identity.

Proposition 4.3 For n > 3, the total homotopy fibres of Uy, and Uy, are nilpotent,
the homotopy fibres (42) have finite fundamental groups, and there are rational equiv-
alences

tohofib(y, ) — (hAut?"(vg) /Emng’B;(Vg)g) and
tohofib((yw, ) —> (hAut?f(Wg,l) /Embfgf(wg,l)g) .

Proof The proofs for V, and W, | are essentially identical; we shall explain the
argument for V. It follows from work of Cerf [11, Theoreme O] that the map
BDiffy (Vy) — Blefa(Vg) is 2-connected for all g > 0, so the vertical homotopy
fibres of the square [y, are 1-connected. The total homotopy fibre of this square
thus arises as the homotopy fibre of a map between 1-connected spaces and is
therefore nilpotent (in particular connected). To prove the second claim, we con-
sider the fibre sequence lefa (Vg) — Diff, 128 (Vg) = D1ffa (D?") induced by restrict-
ing block diffeomorphisms to the moving part of the boundary. The induced map
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QDiffy (D) — Diffy (V) factors as QDiffy (D) — Diffy (D¥**1) — Diff,(V,)
where the first map results from identifying D>* x [0, 1] with D?**! and the sec-
ond one is given by extending diffeomorphisms of a disc D***! ¢ int(Vy) by the
identity. As the first map in this composition is an equivalence, the sequence

Difty (D" 1) — Diffy (V) —> Diffi/5(V,)

is a fibre sequence. Restricting the rightmost space to the components ﬁfff;ﬂ,(vg)
in the image of the right map and taking homotopy orbits of the action on the space
of stable framings (see Sect. 2.1.1) yields the rightmost column in the commutative
diagram

Diff; (D21 /Diffy (D*1+1) —s BDIfEf(D2"+1) —s BDifty (D¥"+1)

| | |

Diff; (V) /Diffy (V) —— BDIffSf(V,) — BDiffy (V,) (44

| |

BEmb}5:= (V) BDiff}; (V)

whose rows and columns are fibration sequences; the identification of the homo-
topy fibres of the rows follows from (17), the middle column is the case E = sfr
of the first sequence in (23). Extending the diagram to the right by the fibre se-
quence BhAuty(D¥'*+1) — BhAuty (V,) — BhAutip(V,, D?"), taking vertical ho-
motopy fibres in (44) at the base points induced by ¢ and using contractibility of
hAuty (D?'*1), we obtain up to canonical equivalences a diagram of horizontal fibre
sequence

tohofib(Cy,) ——— QBEmb}5=(Ve)e ———— QBDIft 5, (V)

l | |

* ———— QBhAut 3 (V,, D¥') == QBhAut; (V. D).
Taking vertical homotopy fibres, the claim would follow by showing that the ho-
motopy fibre of the rightmost vertical map has finitely many components and that
these are rationally trivial. As the triad (V,; an\int(Dz”), D?"y satisfies the 7-7-
condition, this holds by Theorem 2.3. O

Motivated by Proposition 4.3, we now focus on analysing the total homotopy fibres
of the squares Dvg and Dwg. It will be convenient to factor Dvg as

BDiffy(D2"+') —— BDiffy(V,_1) — BDiffy(V,)

l Ov,_, l Oy, ., l (45)

BDiffy(D?t1)y —— BDiffy(V,_1) — BDiff,(Vy)
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by using the inclusion V,_; C V, and extending diffeomorphisms by the identity.
Moreover, viewing Wy 1 as Wg_110(D" X §" Upnypr §" x D"), we factor Uy, as

BDiffa(Dzn) — BDiffa(Wg_l‘l) — BDiffa(Wg_l,lﬂDn x S") — BDiffa(Wgﬁl)

l Dw,- l Ow,1g-172 l Ow, 1/, l

BDiffy (D) — BDiffy(W,_1.1) — BDiffy(W, 10D" x §") — BDiffs(Wg 1).

(46)
This is advantageous since the manifolds featuring in the right columns of Uy, , ,
Uw, 1., 12> and Ow,_, , , are obtained from those in the respective left columns by
attaching a single handle. As we shall see in the next subsections, the total homotopy
fibres of squares of this form can be expressed in terms of (block) embedding spaces
of discs.

4.2 Splitting the handles

This part of the argument is not particular to the manifolds V, and Wy 1, so we shall
phrase it more generally.

Notation Given a manifold M and a system submanifolds K C L C M, we denote by
Embg (L, M) and Embg (L, M) the space of (block) embeddings of L in M which
agree with the inclusion on K and on an open neighbourhood of K N oM (see [10,
p. 122] for a definition of spaces of block embeddings). If K = 9L, we abbreviate
0 = dL. We also write

Emb'” (L, M) := hofiby c y (Embg (L, M) —> Embg (L, M))
for the homotopy fibre at the inclusion of the canonical comparison map.

Let N be a compact d-manifold, possibly with boundary, and M = N U {(d —
k)-handle} a handle attachment of index d — k > 3. Smoothing corners, N is dif-
feomorphic to the complement in M of a tubular neighborhood D¥ x D"* c M
of the cocore DX C M, so the isotopy extension theorem (see [10, p. 129] for the
block-case) provides a map of fibre sequences

Emby pi pa—k (DX x DK M)y —— BDiffy(N) —— BDiffy(M)

| | |

Emb, i, pa—« (D¥ x D% M)y —— BDiffy(N) —— BDiffy(M),

where (—)y indicates that we pass to the appropriate collection of components, so
the total homotopy fibre of right-hand square is equivalent to

hofib(Emby e pa—+ (DX x DI, M)y — Emby iy pa—x (DX x D75, M)y).

Inclusion induces a map of this homotopy fibre to Embg;))kX Dk (DF x D=k M)
which is an equivalence since the latter is connected (this uses the assumption d —
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k > 3, c.f. [18, Remark 2.7]). Restricting embeddings to the cocore D¥ induces an
equivalence

Emb{ . (D* x D7k M) =5 Emb{™ (DF, M), (47)
since the homotopy fibres of the individual maps between the spaces of embeddings
and between the spaces of block embeddings are, by taking differentials, both equiv-
alent to the space of automorphisms of the normal bundle of the cocore D* ¢ M
which cover the identity and are standard near the boundary.

Returning to the factorisation (45), we specialise to N =V,_jand M =V, U
{n-handle} = V, to derive an equivalence

tohofib(Cly, , ) ~Emb~ (D"*!, vy), 48)

where D"T! x {x} C Vg_lu(D”+l x §") =V, is the cocore of the “last” handle.
Similarly, we obtain

tohofib(Cw, , ,_, ,) = Emb (D", We_1,15(D" x S")) )

tohofib(Cw,_, ,,_,) = Emb ™~ (D", W)

of the total homotopy fibre of the middle and right square of (46), using the cocores
D" x {x} C Wy_118(D" x §") and {*}x D" C Wy_1,18(D" x §"Upnxpn §" x D").
4.3 The delooping trick and disjunction

To analyse the right-hand sides of (48) and (49), we use a convenient trick to relate
embedding spaces of discs of different dimension, sometimes called the delooping
trick. It applies to several variants of embedding spaces and has various incarnations
(seee.g. [17, p. 7-8] or [10, p. 23-25]). Here is a version suitable for our needs, which
we later apply to (48) and (49):

Let M be a compact d-manifold with an embedded neat disc D* ¢ M, i.e. D* is
transverse to M and D¥ N 9M = dD*. We assume d — k > 3. Let D*~! ¢ D* be
an equatorial disc separating DX into half-discs D¥ = Dﬁ U D . We write Sft_l =
D]i N 8 DX for the boundary hemispheres. We have a map of fibre sequences

Embsk—luDk_l(Dk,M) — EmbS;H(Dﬁ_,M) —— Emby(D*1, M)
* +

! | |

E’ﬁIbelUDk,l(D’;, M) — Eﬁl’bsfl(D’;,M) — Emby(DF1, M)

by restricting embeddings of D’jr to the equatorial disc. Shrinking Di to a small

neighborhood of Si_l shows that the spaces forming the middle column are con-
tractible, so taking vertical homotopy fibres yields a preferred (up to contractible
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choices) equivalence

Embéj} L pkt (DX, M) ~ QEmb{™ (D*~!, M).
+

Now let T C M be a closed tubular neighborhood of D¥~!. Restricting embeddings
induces a map of fibre sequences

Emby (DX \(int(T) N DY), M\in(T)) - Embg1,, o1 (DX M) - Emb i1 (T N DX, M)

| ! |

Emby (D4 \(nt(T) N DY), M\Int(T)) > Embge1,1 (D5 M) = Bmbpt (T N DY, M)

whose right column is an equivalence, since by taking derivatives both spaces are
equivalent to the space of normal vector fields of D¥~!. Up to smoothing corners,
Dﬁ\(int(T) N Di) is a k-disc and M\int(T) is up to diffeomorphism obtained from
M by attaching an (d — k)-handle H (see [17, p. 8] for an enlightening picture in the
situation of concordance embeddings), so we arrive at equivalences

Emb{” (DX, MU H) ~ Emb(SZLUDk_, (DX, M) ~ QEmb{(D*~!', M), (50)
+

Viewing M = (M U H)\v(D¥) as being obtained from M U H by removing
an open tubular neighborhood v(D¥) c H of the cocore, we have an inclusion
Embgw)(Dk ,M) C Embgw)(Dk ,M U H), which gives, via the equivalence above,
a map of the form

Emb{” (DX, M) — QEmb{” (D!, Mm). (51)

By a form of Morlet’s lemma of disjunction [10, p. 22] (and an improvement by one
degree in some cases due to Goodwillie [17, p. 6]), the inclusion

Emb| "~ (D¥, (M U H)\v(D¥)) C Emb™ (D*, M U H)

is (2d — 2k — 4)-connected, so in this case the map (51) is (2d — 2k — 4)-connected
as well. Iterating this argument, we arrive at the following (c.f. [10, Lemma 2.3]).

Theorem 4.4 (Morlet) Let M be a compact d-manifold with boundary and D* ¢ M
a neat k-disc. Up to contractible choices, there is a map

Emb{”(DF, M) — Q¥Emb™) (%, M)
which is (2d — 2k — 4)-connected if d — k > 3.
From work of Haefliger, one can deduce the following (see [10, Proposition 2.4]).
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Theorem 4.5 (Haefliger) For a compact d-manifold M that is c-connected for 0 <
c <d —72, the space Emb(w)(*, M) is (d 4+ ¢ — 3)-connected.

In view of Theorem 4.4, this has the following corollary (see [10, Proposi-
tion 2.5]).

Corollary 4.6 Let M be a compact d-manifold with boundary and D* C M a neat
k-disc. If M is c-connected and d — k > 3, then Emb(gw)(Dk, M) is min(2d — 2k —
5,d — k 4+ ¢ — 3)-connected.

Applied to the cases (48) and (49) of our interest, we conclude that the total
homotopy fibres of the squares Uy, , ., Uw, , , . and Ow, ,,, , are (2n —5)-
connected, so an induction on g using the factorisations (45) and (46) shows that the
same holds for the squares [y, and Uy, . Together with Proposition 4.3, this proves
Theorem 4.1 in the weaker range * < 2n — 5.

4.4 Secondary disjunction

To go beyond this range, we use a relative version of Theorem 4.4 which can be seen
as a special case of a multi-relative disjunction lemma for Embgw)(—, —). The latter
can be derived from Goodwillie’s multi-relative disjunction lemma for concordance
embeddings [17] by a relatively straight-forward induction (see [18, Lemma 7.2]).

In the situation of Sect. 4.3, suppose we are given an additional neat submanifold
N™ c M? disjoint from the previously fixed disc D¥. Applying the above procedure
to the pair (M, M\v(N)) where v(N) is an open tubular neighbourhood of N C M
yields a square

Emb} ™~ (D, M\v(N)) —— QEmb},"~(D*~!, M\v(N))

| |

Emb} (D}, M) ———— QEmb}”(D*~', M)

which commutes up to preferred homotopy and agrees up to equivalence with the
square induced by inclusion

Emb{” (DX, (M U H)\(v(D*) Uv(N))) — Emb}~ (DX, (M U H)\v(N))

! |

Emb},” (D, (M U H)\v(D¥)) ————— Emb}” (D*, M U H)
which is (3d — 2k — m — 6)-cartesian if d — k > 3 and d — m > 3 by an application
of [18, Lemma 7.2]. Iterating this argument yields the following relative from of

Theorem 4.4.
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Theorem 4.7 (Goodwillie) Let M? be a compact manifold with boundary, D¥ C M a
neat k-disc, and N™ C M a neat submanifold disjoint from D*. There is a square

Embj ™ (D, M\v(N)) —— Q“Emb™) G, M\v(N))

[ [

Emb} (D, M) ——— QFEmb™ (x, M)

which commutes up to a preferred homotopy and is (3d — 2k — m — 6)-cartesian if
d—k=>3andd —m > 3. Here v(N) C M is an open tubular neighborhood of N
disjoint from D.

In Sect. 4.6, we will use Theorem 4.7 to compare the embedding spaces (48) and
(49) to spaces of embeddings of discs. In the next section, we explain how to compute
the homotopy groups of the relevant embedding spaces of discs.

4.5 The case of discs

As a next step, we compute the rational homotopy groups of the spaces
Emng)(Dk , D?) based at the standard inclusion in a range by combining Theo-
rem 4.4 with computations for the spaces Emby (D*, D) of long embeddings due to

Arone-Turchin and Fresse—Turchin—Willwacher [3, 14]. Note that Embgw)(Dk, DY)
carries an H -space structure induced by stacking, so its fundamental group is abelian
and may be rationalised.

Proposition 4.8 For k > 2 and d — k > 3, we have

@m>0’ m=0.2(mod4) Qm(d—k—2)] kodd,dodd
@m>1, m=1(moda) QIM(d —k —2)]  k odd,d even
D=0, m=3moda) QUm(d —k —2)1  k even,d odd
@m>1, m=13(mod4) QUn(d —k —2)] k even, d even.

7 (EmbS ™ (DX, DY); 1) =

in the range 0 < % < 2d — k — 5 where 1: D* < D% is the standard inclusion.
During the proof of this proposition, we write
G(m) :=hAut(S""") and G :=hocolim,,G(m)

where the colimit is taking over the maps induced by unreduced suspension. The
standard action of O(m) on S~ defines a map O(m) — G(m) which is compatible
with the stabilisation maps given by inclusion and unreduced suspension. Moreover,
this map fits into a commutative diagram of horizontal fibre sequences

Om—1) ——S—— O(m) —— §™!

! I

Q' sm! =hAut, (S""1) —5 G(m) —3' 5™~
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Using the induced map of long exact sequences of homotopy groups, one computes
that

Q[m — m even

for x > 0, 52)
QI2m — m odd

7:(G(m))Q {

a fact we shall make use of in the proof of the proposition.

Proof of Proposition 4.8 We begin the proof by developing a commutative (up to pre-
ferred homotopy) diagram of horizontal homotopy fibre sequences

Emby(D*, DY) — Emby(D*, DY) — Q*O(d)/0(d — k)

| l

Emby (DX, DY) — Q*0/0(d — k) — Q*G/G(d — k).

(53)
Taking derivatives gives a map Emby(D*, DY) — Buny (tp«, Tpa) to the space of
bundle maps 7« — Tpe Which agree with the differential of D¥ ¢ D¢ at the bound-
ary, equipped with the compact-open topology. The standard framing of the disc pro-
vides an equivalence between this space and Q*0(d)/O(d — k), which explains the
upper row; Emby (D¥, D9) is defined as the homotopy fibre of this map over the base
point. This derivative map does not factor over Emb; (D, Dd) but up to preferred
equivalence, there is a compatlble block-derivative map from Emba (D*, D?) to the
stabilisation colim; Buny(tpr @ €', tpe B € 1y ~ QKO/O(d — k) with the trivial line
bundle € (see [26, Sect. 1.9] for a point-set model of this map in the case of diffeo-
morphisms; this directly generalises to embeddings). This defines the bottom middle
map, so we are left with justifying that this map is equivalent to the fibre inclusion of
the homotopy fibre of the standard map QKO/ 0d —k) — QKG/G(d — k). Making
use of the canonical map QkEmb(* D"~ k) — Emba (Dk Dd) which one checks on
homotopy groups to be an equivalence, it suffices to prove the claimed identification
for k = 1, which is explained for instance in [19, p. 241-242].

In [14], Fresse, Turchin, and Willwacher identified the rational homotopy groups
of ma(Dk, Dd) under the assumption that d — k > 3 with a shift of the ho-
mology of a certain chain complex denoted HGCy, d of “hairy graphs”: one has
7. (Emby (DX, DY) = Hy+x (HGCy, d) (combine in loc.cit. Equation (7) and (9)
with Corollary 3). The homology of this chain complex has a direct sum decompo-
sition by “loop order” and the part of loop order < 2 is known to be concentrated
in degree x + k > 2(d — 3) + 1 (see the paragraph after Corollary 3 loc.cit.), so in
degrees * < 2d — k — 5 it is spanned by the part of loop order 0 and 1. From the
known computation of the latter (see Equation (1) and (2) in loc.cit.) we thus obtain
that for * < 2d — k — 5, the groups 7. (Emb, (D¥, D?))q are given by

Qld — 2%k = 11® B0, meo.2moas) Qm(d —k —2)]  k odd, d odd
QI2d — 3k = 31® D=0, mei(moaay Am(d —k —2)]  k odd, d even
QI2d — 3k = 31® D=0, mesmodsy QAm(d —k —2)]  k even, d odd
Qld =2k = 11® D,1~0, m=1.3(modsy QUm(d —k —2)] k even, d even.

(54)
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Looping the bottom fibre sequence in (53) then taking vertical homotopy fibres,
we obtain a homotopy fibre sequence

hofib (Emba(Dk , DY) — Q*1G/G(d - k)) — Emb{”(D¥, D?) - @¥10/0(d)
(55)
and as a next step we show that the induced map

N [d—2k—1] d—keven
7 (Bmby (DX, DY)g —> (2 G/Gd =k = | &
<(Bmby (D', D)o — 7 (@1G/GW@ kN = {00 L
is surjective in positive degrees.
If this were to fail for d — k even, then using (54) the homotopy fibre in (55) would
be rationally nontrivial in degree d — 2k — 1 and d — 2k — 2, so using

Q[d —k—1] deven

Q*10/0(d))o =
74 ( /0(d))q 0 Jodd

forx <2d —k —2 (56)

and the fibre sequence (55), this would mean that Embgw) (D¥, D% is rationally non-
trivial in at least one of the degrees d — 2k — 1 or d — 2k — 2. But this space is
(2d — 2k — 5)-connected by Corollary 4.6 andd —2k — 1 <2d —2k—5asd —k >3
and k > 1, so this cannot be true.

For d — k odd, the claimed surjectivity must hold as well, by a similar argument: if
it does not, then the homotopy fibre in (55) would be nontrivial in degrees 2d — 3k — 4
and 2d — 3k — 3, so Emb},” (D¥, D?) would in view of (56) be rationally nontrivial
in at least one of these degrees, which cannot be the case since by Corollary 4.6 this
space is (2d — 2k — 5)-connected and 2d — 3k — 3 <2d — 2k — 5 since we assumed
k>2.

As aresult, in degrees * < 2d — k — 4, the rational homotopy of the homotopy fibre
in (55) is given by (54) minus the first summand. Using again that Embéw) (D*, DA )is
(2d — 2k — 5)-connected, we see that in the long exact sequence of (55), the classes
in (56) must cancel against classes in the homotopy fibre. This kills the classes in
degree d — k — 2 in the case where d is even, so the claim follows. O

We now turn towards the proof of the main result of the section, Theorem 4.1.
4.6 Proof of Theorem 4.1

The claim regarding the finiteness of the fundamental groups has been dealt with as
part of Proposition 4.3, so we are left with showing that the higher rational homotopy
groups are as claimed, which we do for V, first. By Proposition 4.3, these homo-
topy groups agree up to a shift by 1 with the rational homotopy groups of the total
homotopy fibre of the square Ly, in (43), so our task is to compute

gD
Z [2n -3
7. (tohofib(Dy, ) = Q = [n=31 meven bk <3n—6.
Q 7 [2n—3] nodd
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Using the factorisation in (45) and the equivalence (48), these homotopy groups fits
into a long exact sequence of the form

... = m,(tohofib(Dy,_,)) — 7 (tohofib((y,)) — m,(EmbS~ (D", V) — ...,

where D"t ¢ V, is the cocore of the last handle. Given that tohofib(Ly,) is evi-
dently contractible, the claim for V, will follow by induction on g once we show

Q% '[2n —3] neven
Q2[2n — 3] n odd

n*Emng)(D"H, Vo) = for 0 < % < 3n — 6.

To this end, we apply Theorem 4.7 with M =V, and N = ]_[‘ig:1 D"*! a choice
of cocores of the g handles, disjoint from the previously fixed cocore D"*! ¢ Ve
of the last handle. In this case, M\v(N) = D?**! and this diffeomorphism can be
chosen such that D"*t! ¢ M\v(N) = D*'*+! is the standard inclusion. We thus have
a (3n — 6)-cartesian square

Emb}, (D!, D¥+1) —— Q" Emb™ (x, D¥*t1)

[ [ (57)

Emb} ™~ (D", V) ——— Q" Emb™) (x, V).

By Theorem 4.5, Q"HEmb™ (x, D*'*t1) is (3n — 4)-connected. From Proposi-
tion 4.8, we obtain

Q[2n —4] neven
0 n odd

1 (Emb™) (D", p2rly)y o = { forO0<x<3n—6

and in the next section we will compute 7 (Emb"™ (x, Vo) = Q8[3n — 2] for 0 <
* < 4n — 5 as part of Theorem 5.1. Putting these computations together, we see that
in the range 0 < % < 3n — 6, the square (57) induces an exact sequence of the form

s |Q[2n —4] neven
—

) 1
0 - odd — m(Emby (D", Vo)) — Q¥[2n—3] — ...,

which leaves us with showing that the boundary map 9 is surjective in degree 2n —4 if
n is even. As the square (57) is natural (up to homotopy) with respect to the inclusion
Vg C Vgq1, it suffices to check surjectivity for g = 1, where we have

Emb{ (D", Vi) ~ QEmb{” (D", D¥'+1)
by applying the delooping trick (50) for M = D>**!. From Proposition 4.8, we see
that this space has no rational homotopy in degree in 2n — 4, so d must be surjective

and the proof in the case of V, is finished.
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The argument for W, 1 proceeds analogously: using Proposition 4.3, the factori-
sation (46) and the equivalences (49), it suffices to show that the spaces

Emb{ (D", We_1,18(D" x S")) and Emb§~ (D", W 1)

are rationally (3n — 7)-connected. We then apply Theorem 4.7 in both cases to the
cocores of the manifolds to reduce the claim to showing that the spaces

Emb{ (D", D*"), Q"Emb{” (x, We_1 15(D" x §")), and Q"Emb|” (x, W, 1)

are rationally (3n — 7)-connected, which follows from Proposition 4.8 and Theo-
rem 5.1 below.

5 Block embeddings of a point

This section serves to explain a method to compute rational homotopy groups of the
spaces Emb™ (x, M) (see Sect. 4.2 for the notation) for 1-connected compact man-
ifolds M and to use it to provide the following missing ingredient in the proof of
Theorem 4.1. Note that spaces involved are 1-connected by Theorem 4.5, so rational-
ising their homotopy groups is no issue.

Theorem 5.1 For n > 3 and in the range x < 4n — 5, we have

7 (Emb™ (%, Vo)) = Q¥[3n —2]
7 (Emb™) (x, Wy 1)) = 0
7 (Bmb™) (s, We 18Th))@ = 0O

for g, h >0, where T, =" D" x §".

Remark 5.2 This in particular shows that the range in Theorem 4.5 is sharp, even
rationally.

We first translate the problem into unstable homotopy theory. To this end, we
fix more generally a compact d-manifold M together with a fixed embedded disc
D4 C int(M) and denote by hAuty . (M) /hAuty (M°) the homotopy fibre of the map
BhAutg e (M°) — BhAuty (M) induced by extending homotopy equivalences
by the identity, where * € int(M) is the centre of the disc and M° = M \int(Dd).
Note that dM° =M L d D9,

Proposition 5.3 If d > 6 and M is 1-connected and with nonempty boundary, then
the space Emb™ (%, M) is 1-connected and fits into a rational fibre sequence of the
form

Qo(hAuty (M) /hAuty (M°)) —> Emb™ (x, M) — Q(0/0(d)).

@ Springer



Diffeomorphisms of discs and the second Weiss derivative of BTop(-)

Proof 1t follows from Theorem 4.5 that Emb™ (x, M) is 4-connected, so it is in
particular simply connected. Specialising the equivalence (47) to k = 0, we see that
restriction to the centre induces an equivalence Emb(N)(Dd, M) ~ Emb(w)(*, M).
Similarly to the beginning of the proof of Proposition 4.8, taking derivatives induces
the first of the two squares of based spaces

Emb(D¢, M) —— Bun(tpa, Ty) O(d) — Bun(tpa, ) —— M
! | | | H
Emb(D4, M) —— Bun(z$,. 75 0 — Bun(},. 1) — M.

where Bun(rz)d, Ty,) = colim; Bun(tps @ €', Ty @ €') is the space of stable bun-
dle maps and the right-hand diagram of horizontal fibre sequences is induced by
evaluating bundle maps at the centre of the disc and stabilising with trivial bundles.
Combining these diagrams with the above equivalence, we obtain a fibre sequence

Qhofib(Emb(D9, M) — Bun(t},, 1};,)) — Emb™ (x, M) — Q(0/0()).
(58)
To simplify the left-hand term, we choose an embedded disc D¢~ c M and con-
sider the square based at the identities (see Sect. 2.1 for the notation)

]5\i-1’:f1/23 M°) — ﬁfl/za (M)

! |

hAuti»s (1350, D471 —— hAutiy(t3,, D

whose horizontal arrows are induced by extension by the identity and whose vertical
arrows are explained in Sect. 2.1. As M is simply connected, so is M° and hence
Theorem 2.3 (using the assumption d > 6) implies that the total homotopy fibre of
this square (which is a loop space) has finitely many components, each of them ra-
tionally trivial. As the homotopy fibre of the upper horizontal arrow is equivalent to
QEmb(Dd, M), we have a loop map

QEmb(D?, M) —> Q(hAutijy (ty, D™ /hAuting (the, D) (59)

whose homotopy fibre is the total homotopy fibre of the previous square, so it has
finitely many components which are rationally trivial. Now consider the based square

hAutiy (130, DY™1) —— hAutiy (3, D7

l l

hAuti»y (M°, D=1 —— hAutiny (M, D7)

induced by forgetting bundle maps. The map on vertical homotopy fibres agrees with
a map of the form QMap, ,5(M°, BO) — QMap, ,5(M, BO) where the loop spaces
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are taking at a classifier TM®: M — BO of the stable tangent bundle and its re-
striction to M° respectively. The map is induced by extending maps along M° C M
using 7 M*| pa. This map agrees with the inclusion of the homotopy fibre at 7 M*| pa
of the map 2Map,,5(M, BO) — QMap(D4, BO) ~ O induced by restriction along
D? ¢ M, so it follows that the total homotopy fibre of the square (60) is equivalent
to Q0. This implies that the based square

Q(hAutiy (t5,, D=1 /hAutipy (t5,., DY) = Q(hAutipg (M, D=1 /hAutig (M°, D471))

| |

QBun(r‘L‘)d, ™) > QM

induced by restriction to the disc (or its center) is homotopy cartesian since the hor-
izontal homotopy fibres are compatibly equivalent to €20. Since hAuty(D4~1) is
contractible, the inclusion hAuts (M) C hAuti)y (M, D41y is an equivalence (and
similarly for M°), so the homotopy fibre of the right vertical map in the diagram is
equivalent to 2 (hAuty . (M)/hAuty(M°)) and hence so is that of the left vertical
map. Finally, we consider the square of based spaces

QEmb(D?, M) —— Q(hAutijy (,, D) /hAutisg (230, D)

| !

QBun(tZ)d, Ty) QBun(r‘lY)d, Ty)

whose top horizontal arrow is (59), so the total homotopy fibre of this square has
finitely many components which are rationally trivial. By the discussion above, the
homotopy fibre of the right-hand map agrees with Q (hAuty,.(M)/hAuty(M°)), so
by taking vertical homotopy fibres, we arrive at a map

QhOﬁb(E/l’?l/b(Dd, M) — Bun(rgd, 73)) — Q(hAuty . (M)/hAuty(M°)) (61)

whose homotopy fibre has finitely many components that are rationally trivial. Com-
bining this with the fibre sequence (58), this would show the claim if we knew that
the source in (61) is connected and the map thus only hits the basepoint component of
Q (hAuty, (M) /hAuty (M°)). But this holds by (58) and the fact that Emb™ (x, M)
is 1-connected, so the proof is finished. O

5.1 Pointed Poincaré embeddings of discs

In view of Proposition 5.3, we are interested in the rational homotopy groups of the
space

QhAuty, (M) /hAuty (M°) = hofibig(Map, (M°, M®) —> Map,, (M, M)),

for a 1-connected d-manifold M with nonempty boundary and d > 6. We assume the
boundary to be connected for simplicity. To explain our method, we fix a disc D¢ C
int(M) with centre % € D? and recall that M° = M\int(D?), so d(M°) = dM L S~
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We denote by (°: §9~! < M?° the inclusion of the additional boundary sphere, and
by ty: 0M < M° the inclusion of the original boundary. Extension by the identity
induces a map of horizontal fibre sequences

Map, (M°, M®) —— Mapga—1 (M°, M) — "5 Map(dM, M°)

l l D linco(—) (62)

(—)oty

Map,, (M, M) —— Map, (M, M) ———= 3 Map(dM, M),

which we consider as a diagram of based spaces using the standard inclusions. Our
goal is to compute the rational homotopy groups of the homotopy fibre of the left
vertical map, i.e. those of the total homotopy fibre

tohofib((D) ~ QhAuty, (M) /hAuty (M°). (63)

Fixing inverse homotopy equivalences

Mvsd—l J s M° M?° P > M\/Sd_1
Sd*l Sd*l
over S¢~! supported in a disc in M, there is a diagram
Mapga—1 (M°, M°) Doty s Map(dM, M°)
:lpo(—)o(joincl) :lpo(—}
Map, (M, M v §4=1) 220 pran (0M, M v %) — Sy Map(dM, M v 591

which commutes up to preferred homotopy. Here “+” denotes the Map, (S¢~!, M v
§9=1Y-module structure on Map, (0M, M Vv §9=1y induced by a pinch map dM —
dM v S~ and all spaces inherit base points by the image of idy-; for instance the
lower left corner is based at the inclusion M C M v §¢~!. Consequently, the square
(D factors up to equivalence as the composition of two squares commuting up to
preferred homotopy

(—)oty+incy

Map, (M, M v §4-1) “Z20828 Map (9M, M v §4~1) ——S—— Map(dM, M v $¢~1)

l prio(-) @ l pryo(—) ©) l pryo(—)

(=)oty

Map, (M, M) —————= % Map,(dM, M) ——————— Map(dM, M),
so we obtain a fibre sequence
tohofib(®) — tohofib((D) — tohofib(Q)). (64)

It will be sometimes convenient to replace tohofib(®) by the total homotopy fibre of
the square @’ obtained from @) by replacing the upper horizontal map (—) oty +incy
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by (—) o ¢y. These total homotopy fibres are equivalent via the map

tohofib(Q)) —> tohofib(Q)) (65)

induced by acting with —inc,.
The homotopy groups of tohofib(®) can easily be computed: the responsible
square is obtained by taking horizontal fibres from the square

Map(dM, M v §¢471) & pv 51

pno(—)l lpfl

Map(dM, M) —=~—— M,
so we have an equivalence tohofib((®) >~ Qhofib(M v sd=1 Py ). Since the pro-
jection M v §9~1 — M has an evident section, we conclude

(Pfl )*
e

7, (tohofib(®)) = ker (w441 (M V s-1 T 1(M)). (66)

In all our examples, M comes with an equivalence to a wedge of spheres, so employ-
ing the notation of Sects. 3.1.1 and 3.3 we choose a splitting sp : Hy — w4y 1(M)q
of the Hurewicz map which induces an analogous splitting for M v S¢~! and thus
provides isomorphisms

L(Hy) = 1(M)q and L(Hy @ x) = w1 (M Vv ST,

where L(—) is the free graded Lie algebra and x is a class in degree d — 2. Then (66)
becomes

74 (tohofib(®)) g = L(Hy @ x) :=ker (L(Hy & x) prﬂ> L(Hu)). (67)
We now apply this setup to the three manifolds featuring in Theorem 5.1.
Notation In addition to the notation Hy, Hw, Kw, etc. of Sect. 3.1.1, we write
Tp=1"D" x §", Up:=0T, Z#"s" ' x 8", Up1=1"s""" x $"\int(D*" ")

and abbreviate Hyr = s_lﬁ*(Wg’mTh; Q). The latter decomposes canonically
Hyr = Hy & HNT into the subspaces corresponding to W, 1 and 7j. Further we
write Hy = s_lH*(Ug,l; Q). The map Hy — Hwr induced by inclusion lands in
the subspace Hr and we denote the kernel by Ky := ker(Hy — Hr). Note that there
are canonical isomorphisms

Hw/KW ;HV and HU/KU = HT.

Poincaré duality moreover induces canonical isomorphisms of graded Q-vector
spaces

(Hy)" =5 2Ky (Hy)Y =s @2 Hy and (Hr)” =s @Ky,
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In this section, we work in plain graded Q-vector spaces instead of Q[{p)]-modules.
In particular, we use that for graded Q[({p)]-modules V we have V=V ® Q™ as
graded Q-vector spaces.

5.2 Casel: M =W, 1

Applying Lemma 3.4 we see that the square @’ has on rational homotopy groups
in positive degrees the form (this uses that the projection W, 1 Vv sn=1 5 W1 is
compatible with the chosen splittings of the rational Hurewicz map)

s~ DL(Hy @ x) @ Hy ~—— s~ C2L(Hy & x)

lid@erW lerW

sTCIL(HW) ® Hy — = s~ " DL(Hy).

Using the notation introduced in (67), the long exact sequence obtained by taking
vertical homotopy fibres in @)’ is thus in positive degrees of the form

... = m,tohofib(@') g — s DL(Hy & x) ® Hy =l s DL(Hy & x) — ...
Suppressing degree shifts from the notation, we see from Lemma 3.3 that in degrees
0 < % < 4n — 4, the bracket has the form

(x® Hw) @ ([x, Hw]1® Hw) & ([Hw. [x, Hw]] ® Hw)

@
llfﬁl
@

[[Hw,[x, Hw]], Hw] @ [x,[x, Hw]].

(68)
As the first three direct summands of the target are evidently surjected upon by the
corresponding summands of the source and also have the same dimension as a result
of the dimension formulas in Lemma 3.3, we conclude

[x, Hw] & I[lx,Hw], Hw]

74 (tohofib(@)q = s~ Ix, [x, Hy]l for* <4n —5.

Moreover, we have i(HW @ x) =x @ [x, Hy] in degrees x < 4n — 4, so using (65)
and (67), the long exact sequence induced by (64) has in degrees * < 4n — 5 the form

. —s(x®[x, Hw]) LN s~ x, [x, Hy]] — 74 (tohofib(D))g —> ...
(69)
The class d(x) vanishes for the degree reasons, and moreover we claim that 9 maps
[x, Hw] surjectively onto [x, [x, Hw]] (and hence isomorphically, as they are equidi-
mensional by Lemma 3.3). Chasing through the computation, we see that this map is
given by the composition

skx, Hw] C sL(Hy @ x) — s~ IL(Hy ® x) — s~ Ix, [x, Hy]],
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where the first arrow is the restriction of the boundary map of the evaluation fibration

SL(Hw @ x) Z7.(Wy.1 V $ 1) = 1 Map, (0Wg 1, W1 v § 7)1y + inca)g
=5~ IL(Hy @),

and the secgnd is the projection onto [x, [x, Hw]] with respect to the above decom-
position of L(Hw @ x) in a range. The boundary map of the evaluation fibration is up
to signs given by taking bracket with the class (15 +incp) € w4y 1 (W1 V §2n—1 )Q =
L(Hw ®x) (see [56, Theorem 3.2]). The inclusion inc; corresponds to the class x and
L5 corresponds to an element w € [Hw, Hw], so the image of 9 in (69) is given by the
prolection of [x + w, [x, Hw]] onto [x, [x, Hy]] with respect to the decomposition
of L(Hw @ x) in (68). As the projection of [w, [x, Hw]] C [[Hw, Hw], [x, Hw]] C
[[Hw, [x, Hw]]l, Hw] is trivial (see Lemma 3.3), this is indeed surjective. Going
back to the exact sequence (69), we conclude m, (tohofib((D))q = Q[2n — 2] for
0 < % < 4n — 5, so using the equivalence (63), the long exact sequence resulting
from Proposition 5.3 has in degrees * < 4n — 5 the form

.. —> T412(S0/SOQ2n))g — Q21 — 2] —> m (Emb™ (%, Wg.1)g —> ...

In this range, we have m,12(SO/SO(2n))g = Q[2n — 2], as already noted in (56),
so given that Emb™ (x, Wq.1) is (3n — 4)-connected by Theorem 4.5, the boundary
map 9 has to be an isomorphism and we conclude that Emb™ (x, Wy 1) is rationally
(4n — 6)-connected, which finishes the proof of Theorem 5.1 for Wy ;.

53 Caselb: M =V,

To study the right vertical arrow of @ (tentatively denoted as ) for M =V, and
0M =9V, = W, we use the map of fibre sequences

Map, (W,, Vo v §21) —— Map, (W, 1, V, V §2") —— Map, (52", V, v §27)

l(prw(—)):ﬂ/f l(Prlo(—)) l(PﬁO(—))

Map, (W,, Vo) ———— Map, (W, 1, Vy) ——— Map, (571, V).

induced by the cofibre sequence S*~! — W, | — W,. Using Lemma 3.4 for M =
W, .1 and the splittings of the vertical arrows induced by the inclusion V, C V, v
§%"=1 we see that the short exact sequence of the fibration obtained by taking vertical
homotopy fibres at the inclusion ¢3: W, < V, is of the form

.. — 7 (hofib(¥); tn)g — s~ IT(Hy @ x) @ Hy =5 s DL (Hy @ x) —> ...,

where (: Hy — Hy is the canonical projection and x is of degree 2n — 1. As V, >~
VvE&S", the homotopy groups of the homotopy fibre of the left vertical arrow of @' are
given by

L(Hy ®x)® HY =5~ > 2L(Hy & x) ® K.
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Mapping in these groups into the previous long exact sequence and using Hy /Ky =
Hy, we arrive at a long exact sequence

.. —> Ty_1 (tohofib(Q')) g — s~ " IL(Hy ®x) ® Hy =5 s~ IL(Hy ®x) —> ...

Omitting degree shifts, we see from Lemma 3.3 that the bracket is of the form

(x® Hy) @ ([x, Hy]® Hy) & ([Hv.[x, Hy]l® Hy) @& ([x,x]® Hy)

l[—,—]

[x,Hy]l & [lx,Hv],Hyv] & [[Hv,[x, Hvll,Hy] & [lx,x], Hv] & [x,x]

in degrees 1 < % < 4n — 3. In addition to Lemma 3.3, this uses [Hy, [x,x]] =
[x, [x, Hy]] which follows from an application of the Jacobi identity. As for
W1 we combine this with the dimension formulas in Lemma 3.3 to conclude
7 (tohofib(@')q = s™2'[x,x] for 0 < * < 4n — 5. From (67), we see
4 (tohofib(®))q = i(HV @ x) =x @ [x, Hy] for x < 4n — 4, so using (65) the
long exact sequence of (64) has in the range 0 < % < 4n — 5 the form

. — s Y x@x, Hy]) — s~ [x, x] — 74 (tohofib(D))g —> ...

By a similar argument as for Wy 1, one shows that the first map in this sequence
maps s~ 1x isomorphically to s721[x, x], so we deduce 7, (tohofib(D))q = [x, Hy]
for 0 < % <4n — 5. As SO/SO(2n + 1) is rationally (4n + 2)-connected, we
can combine this computation with (63) and Proposition 5.3 to conclude that
7 (Emb™) (%, Vo)) = [x, Hy] = Q¥[3n — 2] for % < 4n — 5, which proves The-
orem 5.1 for V.

5.4 Caselll: M = W, 14T},
To ease the notation, we abbreviate M := W, 117}, and write

Map 4 (X, M v S%"~ 1) := hofib(Map,, (X, M v $2"~1) 225 Map , (X, M)

for a space X together with a subspace A C X ; the fixed map A — M v §?"~! and the
basepoints will be clear from the context. Restriction along the system of inclusions

(/ Uh,l ‘\
—

522 We tTh =M >

D2n—l

where the left arrows are boundary inclusions, D1 = OWg 1 N (W 10Ty), and
Up,1 =0T, N d(W, 14T}) induces a commutative diagram of horizontal and vertical
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fibre sequences

tohofib(@®’) —————— Map o1 (M, M v §?"~1) —— Map, (U, M v §2'~1)

Mapy, (M, M v §*'~1) ——— Map, (M, M v §"~1) —— Map, (Up,1, M v 5~

! ! !

Mapsz,,fz(Dz”*] MV 52"7]) N Map*(Danly MV Sanl) N Map*(S2n72’ Mv S2n71).
The long exact sequence of the middle row has the form
.. = m(Mapy, (M, M v $""1))q > L(Hwr @ x) ® Hy;y — L(Hwr ®x) ® H —

where the right map is induced by the map Hy — Hw7 induced by inclusion. The
image of the latter is Hr C Hwr, its kernel is Ky, and its cokernel is Hy, so the
long exact sequence yields a short exact sequence of the form

0— s~ 'L(Hwr ® x) ® K)j — m(Mapy, | (M, M v $"1))q > L(Hwr ®x) ® Hy, — 0.
(70)
Extension by the identity along the inclusion W, | C Wy 147, = M induces a map

Map p2i-1 (We,1, M v §*"~ 1) — Mapy, (M, M v $**1)

(here D¥'~ ! ¢ 0 Wy 1 is the disc at which the boundary connected sum W, 107} is
taken) which on homotopy groups induces a splitting of (70) which combined with
the isomorphisms K = s~ "= Hy and Hy, = s~ "2 Hy provides an isomor-
phism

75 (Mapy, | (M, M v S~ 1)q =5~ " PL(Hwr @ x) ® Hyr.
The long exact sequence of the leftmost column therefore has the form

.. — m.(tohofib(@)q — s~ ** P L(Hwr ®x) ® Hwr — s " PL(Hyr ®x) — ...,

(71)

and we claim that the right map is given by bracketing. On the subspace

s~=2DL(Hwr @ x) ® Hr, this map is a quotient of the induced map on

T4+1(—)Q of the lower right vertical arrow in the above diagram, which is given

by [—,«(—)]: s~ @ IL(Hyr & x) ® Hy — L(Hwyr & x) by Lemma 3.4. Sec-

ondly, on the subspace s~ @n— 2)L(HWT ® x) ® Hy, this map is the induced map on
homotopy groups by the composition

MapDZH—l (ng] MV Szn_l) — MapUh.l(Mv MV SZn—l)

— Map pon—1 (271, M v §2171),

which is induced by restricting along the boundary inclusion §7-1 ¢ We 1, so is
given by [—, t(—)]: s —(@2n— 2)L(HWT ®x)Q Hy — L(HWT @ x) by another appli-
cation of Lemma 3.4.
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Using the exact sequence (71), the rest of the argument proceeds as for Wy ;
in Sect. 5.2 and eventually shows that Emb(N)(*, We 10Ty) is rationally (4n — 6)-
connected.

6 Claspers

By Theorem 4.1, the dimensions of the vector spaces (see Sect. 3.1.1 for the notation)

~ Sy A%(Hy,) n even
Ton—z (hAut;, (V) /EmbS= (v, and S»(H n= 5
2m—2( 5 (Vo)/ 129 (Ve)oQ 2(Hy,)2(n-1) Symz(HVg) 1 odd

agree for n > 3. Both sides are acted upon by the semi-direct product of the group

Ay =7 (BEmb"=

o (Ves We,)e) = 1 (BEmbY 5 (Ve, We1)e)

acted upon by the reflection involution {(p) = Z/2 (see Sects. 2.7 and 2.8); the action
on Sz(va) is trivial since p fixes Hy,. This section serves to improve this identifi-
cation of the underlying vector spaces to an equivariant statement.

Theorem 6.1 For n > 3, there is an isomorphism on[zv\V X (p)]-modules
7202 (WAUE (Vi) /EmbYEE (Vo)) o = Sa(Hv, a1

The arguments in Sect. 4 break the symmetry of the manifold V, in an essential
way, so we will not try to trace the equivariance through that section. Rather, we
shall use a variant of Watanabe’s parametrised form [47] of the Goussarov—Habiro
theory of claspers to produce an equivariant map from the right to the left term in
Theorem 6.1, use Watanabe’s results to deduce that this map is non-zero, and then
argue that it has to be an isomorphism.

Convention 6.2 To simplify the notation, we adopt the following conventions:

(i) We fix an integer n > 3; the assumption n > 3 will only play a role at the end.
(ii) We consider V, as a submanifold of D?'*! by intersecting the standard model
Ve C R¥"*1 of Sect. 2.5 with an oriented disc D?"*! ¢ R?"*! with V, in its
interior.
(iii) As usual, we consider V, and all its submanifolds as framed via the standard
framing from Sect. 2.5.1 which we omit from the notation.
(iv) We use the basis f1,..., f; € H\Z induced by the cores of the handles from

Sect. 2.5.
We begin with a brief recollection on framed embedding spaces.
6.1 Framed embeddings

Given d-manifolds M and N with fixed framings £, and £y, the space of framed
embeddings Embfr((M ,2u), (N, £y)) is the homotopy fibre

Emb'™ (M, £31), (N, €x)) := hofiby,, (Emb(M, N) 2% Bun(zy, %)),
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of the map given by taking the derivative followed by postcomposition with the fram-
ing £ . The usual composition of embeddings extends to a composition map

Emb™((M, €y), (N, £x)) x EmbT (N, £y), (K, £x)) —> Emb" (M, €y), (K, £x))

which is unital and associative if one uses Moore-paths in the definition of the homo-
topy fibres, so it gives rise to a topologically enriched category of framed d-manifolds
and framed embeddings. In particular Embfr(M, Ly) = Embfr((M, L), (M, Lyp)) is
a topological monoid. Replacing embeddings by diffeomorphisms in this definition
yields a group-like monoid Diff" (M, €,;) which is related to BDiff™ (M) as defined
in Sect. 2.1.1 by an equivalence Diff" (M, €)7) ~ QBDiff" (M) where the loop space
is based at the fixed framing £,;.

Basing BDiffif (M) and BDiffll (N) at £y and €y, extension by the identity in-
duces a map

mo(Emb™ (M, N)) — [BDiftlr (M), BDiffl (V)]

where [—, —]« denotes based homotopy classes.? This is functorial, so in particular
no(Embfr(M , M)) acts on BDiffgr(M ) in the based homotopy category. Restricting
this action along the map

71 (BDIff (M), £3) = 7o (Diff™ (M, £41)) —> 7o(Emb™ (M, £,))
agrees with the action of (BDIfff (M), £3) on BDiffgr (M) induced by conjugation.
6.1.1 Framed embeddings between V,

We will occasionally need to produce framed embeddings of the type V, UV}, < V,,
and it will be convenient to do so by indicating where (thickenings of) the cores of
the handles go and ignoring the rest. Let U, = LI8Vy, so that V, is obtained from U,
by attaching (g — 1) 1-handles: more precisely, using the notation of Sect. 2.5 we
write Uy := ¥ (U8 V1) C Vg, and denote inc; : Vi < V3 for the inclusion of the ith
thickened core.

Lemma 6.3 Forn > 3 the map
moBmbT (V, U Vi, V) —> moEmb(U, U Up, Vy),

induced by precomposition with | |7_, inc; LI |_|Ij7»=1 inc;: U, UUp,— VUV, isa
bijection.

Proof By the parametrised isotopy extension theorem the fibre of the restriction map
over an embedding e : U, U Up — int(Vy) is equivalent to Embgr(l_la_l“‘b_l[o, 1] x
R%", V, \ int(im(e))). This is (n — 2)-connected by general position, so 1-connected
ifn>3. O

2This map is not strictly base point preserving, but the image of the basepoint of the source is connected
to the basepoint by a preferred path, and this is good enough.
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6.2 Splitting the Weiss fibre sequence

The proof of Theorem 6.1 makes use of the framed Weiss fibre sequence
BDIffff (D*"+1) — BDIffff(V,) — BEmby);(V,) from Sect. 2.3, which has the fol-
lowing convenient property that distinguishes it from the Weiss fibre sequence for
Wy 1: the framed standard embedding V, C D> +1 splits the inclusion of the fibre up
to equivalence, so it induces an equivalence

BDIfff (V) —> BDIfff (D*"1) x BEmbyj,5 (V). (72)

This is natural up to homotopy with respect to framed embeddings V, < Vj, that
commute with the standard framed embedding into D*'*! up to isotopy of framed
embeddings.

We shall be particularly interested in the induced splitting on 7,1 (—)q,

71 (BDIff} (V) q = 7,1 (BDIff (D*" 1)) g & 7,1 (BEmbY/5 (V). (73)
which one can further simplify by using the isomorphisms

71 (BEMb 2 (V) —> 1 (BEmbYL= (V) —> mu—1 (BhAuty (V)

resulting from Lemma 2.8 and Theorem 4.1. Furthermore, Corollary 3.11 gives an
isomorphism

1R

A3(Hy,) n odd

k 74
Sym®(Hy,) neven 79

ky : Tp—1(BhAuty (V) —> Si3(Hy,)3(—1) = {

which is mohAutp2: (Vg, W, 1)-equivariant and natural with respect to orientation-
preserving embeddings V, < V, by Lemma 3.13. The splitting (73) thus becomes

71 (BDIffy (V) = 7,1 (BDIffy (D*"1)q & S5 (Hy)3-1) (75

and is natural with respect to framed embeddings V, < V), that commute with the
standard framed embedding into D*'*! up to isotopy of framed embeddings.

6.3 Watanabe’s Borromean construction

In [47] Watanabe has constructed classes in the homotopy groups
nk(n_l)(BDiffgr(Dz”H)) for k > 2 and n > 3 indexed by trivalent graphs with k
vertices (and some extra data). The basic building block of his construction is a class

wat € Tu—1(BDIffl (V3)) (76)

which he produces (see Sect. 4.1 loc.cit.) by first constructing an explicit V3-bundle
over §"~! using a high-dimensional version of the Borromean rings, giving rise
to agor € 7y—1(BDiffy(V3)) (denoted 8(a’) on p. 638 loc.cit.), and then show-
ing by obstruction theory that, as long as n is odd, this class may be lifted along
BDiffgr(Vg,) — BDiffy(V3) after perhaps scaling by some non-zero integer (see
Proposition 4.2 loc.cit.).
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6.3.1 The Borromean property

The crucial feature of the class agor, Which can be seen directly from Watanabe’s
construction (see in particular the proof of Lemma 4.3 loc. cit.), is the following
“Borromean property”: attaching a handle to any of the three summands of V3 =
138" x D" along §" x D" C S" x S" where D" C D" is a hemisphere gives
“handle-filling” embeddings

ni:V3—V, fori=1,2,3, amn

and under any of the induced maps (n;)4: m,—1(BDiffy(V3)) — m,_1(BDiffy(V2))
the class apo; is sent to zero. In the corrigendum [50] Watanabe shows that there is
a choice of lift (76) to the classifying space for framed smooth bundles which still
satisfies this Borromean property, and he also removes the assumption that n be odd
(see Lemma A and Remark 6 loc.cit.).

For our purposes, it is convenient to work with the following axiomatic description
of Watanabe’s building block (76). This alternative description is slightly surprising,
as it is by definition symmetric in the three handles of V3, whereas Watanabe’s con-
struction favours one.

Proposition 6.4 There exists a unique class « € m,— (BDiffgr(Vg))Q such that

(1) under each of the handle-filling maps
(i)« : Tu—1 (BDIfF] (V3))Q —> 7,1 (BDIff (V2))q fori=1,2,3

the class o is sent to zero, and
(ii) under the composition

71 (BDIff] (V3)Q = mu—1(BhAut; (V3))q

A3 (Hy,) n odd

Ky
X, Sa(H -y = 5 ’
13(Hy3)30-1) !Sym3(1‘lvg) n even

the class o maps to [ f1 ® 2 ® f3].

Moreover, a agrees up to a nonzero scalar with oy € 7,1 (BDiffgr(Vg))erom [50,
Lem A].

Proof Our candidate for « is the class corresponding to (0, [f] ® f> ® f3]) under
the splitting (75). This satisfies (ii) by construction. Property (i) follows from the
naturality of the splitting (75) with respect to the n;’s together with the observation
that the induced maps

(i)« Sp3(Hv3)3m—1) —> S13(Hvy)3(—-1) (73)
all annihilate [ /1 ® f> ® f3] € S13(Hy,)3(n—1). To prove uniqueness, let & be another

class satisfying (i) and (ii), and @ = (1, &) its splitting with respect to (75). By (ii),
we must have @y = [f1 ® f> ® f3], so we only need to show that &; vanishes. This
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follows from (i) and the fact that the inclusion V, C D?"*1 factors up to isotopy over
the handle-filling embeddings n;.

To show the final part of the claim, we decompose awar With respect to the splitting
(75) as awa = (v, B) for some v € 7,1 (BDifff (D?"*+1))q and B € Sy3(Hyy)3(n—1)-
By construction of the splitting, v is the image of aw;; under the map BDiffgr(V3) —
BDifflf (D?"+1) induced by the framed standard embedding V3 C D***!. Since the
latter factors over any of the handle-filling embeddings (77) and owa satisfies the
Borromean property [50, Lemma Al], it follows that v is trivial, so awa = (0, B). As
awar is non-trivial [47, Corollary 5.4], B € Sy3(Hy,)3(,—1) must be nontrivial, and by
the Borromean property of awae, the nontrivial class 8 € S13(Hy,)3(,—1) is contained
in the common kernel of the maps (78). But this common kernel is one-dimensional
and generated by [ f1 ® f> ® f3], so 8 must indeed be a multiple of this class. U

Remark 6.5 The final part of the proof of Proposition 6.4 shows that Property (i)
already characterises « up to a non-zero scalar, so Property (ii) is merely a normali-
sation.

6.4 The construction

We begin the construction of the isomorphism in Theorem 6.1 by choosing once and
for all a framed embedding

b:VsuVz— VWV,

as depicted in Fig. 2. More precisely, this is constructed as follows: inside the standard
model

Vo = (8" x D"t U ([0, 11 x D) U (8" x D"T1)

of Sect. 2.5 there are disjoint framed embeddings V| < V> given by the two copies
of §" x %D"“, and inside two disjoint discs away from these we can form Hopf
linked framed embeddings Vi U V| < D?'*! where each individual embedding
Vi < D¥'*! is framed isotopic to the tautological framed embedding. Appealing
to Lemma 6.3, these are then joined together as shown in Fig. 2.

As further piece of terminology, we say that a framed embedding ¢: V3 < V,
has a null handle if it factors through V; via one of the handle-filling embeddings
n; in (77), up to isotopy of framed embeddings. Note that the restrictions of b to
both copies of V3 are of this form. By the Borromean property of Proposition 6.4
(1), it follows that the class ¢, (&) € 7,1 (BDiffgr (Vg)) obtained from « by extension
along a framed embedding ¢ with a null-handle vanishes.

The embedding b induces by extension with the identity a map

b: BDIfff(V3) x BDffl (V3) — BDiffll (V2)
which we combine with the class from Proposition 6.4 to define a class

a® = b, (a ® @) € Hyu—1)(BDff (V2)¢; Q).
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Fig.2 The basic pattern
Lemma 6.6 «® ¢ Hz(n_l)(BDiffgr(Vz)g;Q) lies in the image of the rational
Hurewicz map.

Proof As the restrictions of b to the two copies of V3 have null handles, the restriction
of

bo(axa):S" ! xs"! - BDIfflf(V,)q

along S"~1 v §"~1  §"~! x §"~! is nullhomotopic. Choosing a nullhomotopy in-
duces a class in nz(n_l)(BDiffg(Vz))Q whose Hurewicz image in
Ha(u—1)(BDiff (V1) ¢; Q) is the class a®. O

In the following, we abbreviate the image of the rational Hurewicz map by
hi(=)q =im(mi (=) > Hi(—; Q)) fori > 1.

Given a framed embedding ¢: V, < V, we say that (p o b): V3U V3 < V, is the
pattern associated to e. Using the previous lemma, this induces a class

@x(@?) € hagu—1)(BDIffl (V) g,
and this gives rise to a function
epite: o(EmbT (Va, Vg)) —> ha—1y (BDIff (Vo))

which is equivariant with respect to the action of 77 (BDifffr(Vg)) = noDifffr(Vg, ty,)
by postcomposition in the source and conjugation in the target (see Sect. 6.1). From
the discussion at the beginning of this section, it follows that cpjg vanishes on framed
embeddings with null handles. Restricting the action along the morphism induced by
relaxing the boundary condition

Ay x (p) = 71 (BDIiff],, (Vg)) % (p) —> w1 (BDIff" (Vy))

(see the proof of Lemma 2.9 for the first isomorphism) and forgetting from diffeomor-
phisms to embeddings, the function cpjs yields a (Ay X (p))-equivariant function

c: m(Emb™(Va, V) —> hau—1)(BEmbj,5 (Ve)e)g- (79)
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This function is the subject of the following proposition central to the proof of Theo-
rem 6.1.

Proposition 6.7

(i) The (]\V X (p))-equivariant function
h: mo(Bmb" (Va, V) — HY x H{

that sends ¢ to (¢«(f1), «([f2)) is surjective.
(ii) The function c from (719) factors as a composition

fr h =z 52 € fr
mo(Emb™ (V2, Vy)) —» HVg X va — hg(nfl)(BEmbl/za(Vg)g)Q.

(iii) The map ¢ is bilinear and (—1)"*'-symmetric, so induces a Q[[v\v x (p)]-
module map

$2(Hv,)2(n—1) —> hagu—1)(BEmbY 5 (Vo) )q-

Before proving Proposition 6.7, we explain how it can be used to accomplish the
goal of this section, proving Theorem 6.1. In addition to Proposition 6.7 and Theo-
rem 4.1, this relies on Watanabe’s main result of [47].

6.5 Proof of Theorem 6.1
Assume n > 3. Proposition 6.7 gives Q[[v\v x (p)]-module maps
@ 2 Sy(Hy,)atm—1) — han—2(BEMbIZ (Vo)) —> han—2(BEmbYLE (Ve)e)g-

By Theorem 4.1 the homotopy fibre of the universal cover of F := hAutag’[(Vg) /
Emb?fg’f(Vg) ¢ has trivial rational homology in degrees * < 2n —2,s0 Hy,_2(F; Q) =
[2n—2(F)Qlx (r) and the Serre spectral sequence provides an exact sequence of
Q[zv\v X {p)]-modules

g1 ~ ~
— > [m2n2(F)Qlry(r) — H2n—2(BEmb?;;})_(Vg)Z; Q — Hzn—z(BhAllt;’l(Vg); Q).

The reflection p acts trivially on Hy, and so also on the source of the composition

@ o ~
$2(Hy,)2n-1) —> ha2a—2(BEmbYSE (V) —> han-2(BhAUG™ (V).

but it follows from Theorem 3.6 that p acts by —1 on the target, so this composition
must be trivial and we obtain a factorisation

® 2 y(Hy,)2n-1) — [T2n—2(F)Qlmy () /im(d?"~") = hay 2(BEmb}EE (Vi))g.

By Theorem 4.1, m2,_2(F)q has the same dimension as Sg(va)z(,,_l), so the di-
mension of the middle group in this composition is at most that of Sy (H vg)z(,,_l). As

the latter is zero or irreducible as a /V\V—module (see Sect. 7.1.1 below) we conclude
that either
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(i) the composition & is zero, or 5
(ii) the maps in the zig-zag of Q[Ay X {p)]-modules

S2(Hy,)2(n-1) — [Ton—2(F)Qlry (k) /im(d*" ™) «— 124 _2(F)q

are isomorphisms and Theorem 6.1 follows.

We wish to show that the latter case holds. Suppose for a contradiction that the former
case holds and consider the framed inclusion ¢: V, < V, as the first two handles,
giving a class

£ := cpifr(¢) € han—2(BDIff (V) )q-
Under the splitting

hau—1)(BDIff (Vi) 1)@ = ha(u—1)(BDft] (D*" 1))@ @ hau—1)(BEmbYj,5 (Ve)e)g

induced by (72), the class & maps to (cpjg(std), c(¢)) where std: V, — D+ g
the standard embedding. As both of the components vanish—cpjsr(std) because std
has a null-handle and c(¢) by our assumption that (i) holds—the class £ is trivial.
On the other hand, we will now argue that Watanabe’s work [47] implies that & is
nontrivial, which yields a contradiction and thus finishes the proof. To this end, we
choose a nonstandard framed embedding vy : V, — D21 for which the cores of the
first two handles link. Sending forwards the class & using this embedding gives a class
in th_z(BDiffgr(D2"+l)) which agrees by definition with 0, (¢ ® ) where 9 is the
composition of embeddings (¥ o @ 0 b): V3 V3 < D! visualised in Fig. 3. As a
result of the final part of Proposition 6.4, the class 6, (¢ ® ) agrees up to a nontrivial
constant with the class 6, (wat @ awat) Where awat € T,—1 (BDiffgr(V3))Q is the class
from [50, Lemma A]. Using the notation from [47], the class 6, (ctwat ® otwat) 1s thus
by definition exactly the image of the theta-graph ® € G5 3 under the map > from
Definition 1 on p. 641 loc.cit.. But this image is nontrivial by Theorem 3.1 (i) loc.cit.,
since the image of ® € G, 3 in A3 = Q is a generator (see Remark 2 on p. 632
loc.cit. and Fig. 2 on p. 633). Note that the statement of Theorem 3.1 assumes that
n > 3 is odd, but it also holds for even n > 3 by [50, Remark 6].

Fig.3 The embedding 6
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6.6 Some clasper calculus

Before giving the proof of Proposition 6.7, we describe a linearity property of the
class o from Proposition 6.4. To this end, we consider framed embeddings

03,04, 341 V33— V4 (80)

as depicted in Fig. 4, which are such that each embedding V3 & Vy € D> s
framed isotopic to the tautological embedding, and whose induced maps on homol-
ogy fix the classes f] and f> and satisfy

(@3)«(f3)=f3, (0a)«(f3) = f4, and (@34)(f3) = f3+ fa.

These embeddings induce classes

a3 = (@3)«(a), o4 :=(ps)s(a), andozq = (¢34)+()

in the group m,_1 (BDiff‘;r(V4))Q which are related as follows.
Lemma 6.8 We have a3y = a3 + as € 7,1 (BDIffll (V4))q.

Proof The claim is equivalent to showing that both summands of § := «34 — a3 — as
with respect to the decomposition (75) are trivial. In the first summand all of a3, a4,
a34 are zero, as the embeddings (80) have null handles when postcomposed with the
inclusion V4 ¢ D?'*!. In the second summand, by naturality of the isomorphisms
(74) with respect to framed embeddings we have kv (a3) =[f1 Q@ > ® f3], kv (aa) =
[f1® f2® fal, and kv (@34) = [ /1 ® f2 ® (f3 + fa)] and so ky (8) is trivial too. [

Proof of Proposition 6.7 To show (i), we first use that mo(Emb™(V5, Vo)) —
mo(Imm™(V5, V,)) is surjective by general position. By Smale-Hirsch theory the

"
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forgetful map
Imm™(V3, V) —> Map(Va, V)

is an equivalence, so we have 7o(Imm(V3, V,)) = I-_Ié x I-_I‘%g by evaluating on
fi, L eH, (Vo Z).

To show (ii), we thus need to prove that the class c¢(¢) only depends on the image
of ¢ in mg (Imm" (3, Vo)) = H‘Z X H%g . To do so consider the commutative diagram

Emb™(V2, V,) —— EmbT(Us, V,) —— Emb(S" U S, V)

| ! |

Imm™(V3, Vy) —— ImmfT(Us, V) —— Imm(S" U S", V,),

where the horizontal maps are all given by restriction. The right-hand square is homo-
topy cartesian. By Smale—Hirsch theory, the lower left-hand map has homotopy fibre
equivalent to V,, which is (n — 2)-connected. The homotopy fibre at e : U, — Vj,
of the upper left-hand map is discussed in the proof of Lemma 6.3 and is (n — 2)-
connected. Thus the left-hand square is (n — 2)-cartesian, so the outer square is too.
The path-components of the homotopy fibre of the right-hand vertical map (and thus
those of the left-hand vertical map) in that square can be studied by elementary singu-
larity theory: given two embeddings ¢, ¢’ : ST U S5 = §" U S" < V, which are reg-
ularly homotopic, putting such a regular homotopy in general position shows that ¢
and ¢’ differ by a sequence of isotopies, self-linking changes of each S/, and linking
changes between S} and S5. Here by a (self-)linking change, we mean finding a chart
in which ¢ (S7 U S7) has the form R” x {0} x {0} LI{0} x {2} x R" CR" x Rx R" and
replacing R" x {0} x {0} with I" x {0} where I' C R" x R is the graph of a compactly-
supported function R” — R sending 0 to 3. More conceptually, we form the ambient
connect-sum of R” x {0} x {0} with the unit meridian sphere of {0} x {2} x R",
along the path {0} x [0, 1] x {0} with its natural normal framing. To prove (ii) we
must therefore show that modifying a framed embedding ¢ € nO(Embfr(Vz, Vo)) =
0 (Embfr(Ug, V,)) by the analogous (self-)linking changes does not change the class
c(¢). We will use the framed embeddings indicated in Fig. 4.

Case 1. If ¢ is modified to ¢’ by a self-linking change of S} (or analogously of S7),
then there is an embedding

$1:VaU Vs Vo <> V,

whose restriction along (@3 U V3): V3 U V3 < V4 LI V3 is the pattern associated to ¢,
whose restriction along ¢34 LI V3 is the pattern associated to ¢’, and whose restriction
along ¢4 LI V3 has a null handle. Such an embedding is depicted in Fig. 5. Now

(@) = (¢1 0 (P34 U V3))u(a ® @)
= (91«34 @ @)
= (¢1)«((3 +4) ®@) by Lemma 6.8
=c(p) + (P10 (pa U V3))s(a ® ).
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Fig.5 The embedding ¢

As ¢1 o (p4 U V3) has a null handle, the last term vanishes, as required.

Case 2. If ¢ is modified to ¢’ by a linking change of ST and S7, say, then there is an
embedding

¢2:V4I_IV4L>V2<i>Vg

whose restriction along ¢3 U ¢3: V3 U V3 C V4 U Vy is the pattern associated to ¢,
whose restriction along @34 U @34 is the pattern associated to ¢’, whose restriction
along @3 Ll ¢4 or ¢4 Ll @3 has a null handle (the “4”), and whose restriction along
@4 U @4 factors up to isotopy through D"+ c V,; see Fig. 6 for such an embedding.
By the same reasoning as above this gives

(') = c(p) + (920 (04 LU pa))s (e ® ).

The last term need no longer be zero, but it is in the image of
a1y (BDIffl (D*"+1))q, and hence vanishes in h(,— 1)(BEmbf;23(Vg)g)Q. This
finishes the proof of (ii).

The first part of (iii) follows from the linearity property described in Lemma 6.8.
More precisely, given Ay, h’l,hz € I-_Ivg we can represent these classes by disjoint
framed embeddings Vi < Vj, and hence find a framed embedding ¢ : V4L V3 — V,
where the first and second handles of the V4 and V3 are linked to each other, the third
and fourth handles of the Vj4 are sent to 41 and h/1 respectively, and the third handle
of the V3 is sent to ;. Now the embedding ¢ o (¢34 LU V3): V3 U V3 < V, may be
factored as ¢ o b for an embedding ¢: V2 — V, with ¢, (f1) = h1 +h} and @, (f2) =
hj, and similarly ¢ o (¢3 LI V3) may be factored as an embedding corresponding to
(hy, h2) and ¢ o (¢4 L1 V3) may be factored as an embedding corresponding to (4, 7).
We therefore have

c(hi+hy, hy) = (@ o (93U V3)u(a @ ) = du (034 ® )
=¢s((@3 +0as) ®a) by Lemma 6.8

=(pop3)(@®a)+ (¢ ops)s(a @)
=c(hy, hy) + c(h, h2)
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Fig.6 The embedding ¢,

as required. For the second part of (iii), by naturality it is enough to consider the case
Ve, = V5. To calculate ¢(f2, f1) we choose a framed embedding ¢: V, < V, such
that ¢, (f1) = f> and @ (f2) = f1. This may be chosen so that ¢ o b is given by

b
b:VsUVER VUV e Vs,
so that we have
b': BDIfff(V3) x BDifff (v3) % BDiff(v3) x BDIff(V3) 2> BDitf (V).

As swap, (o @ o) = (—1)("_1)201 Qa=(—1)"la@«, and b,(a¢ ® @) = (g1, v2),
it follows that ¢( f>, f1) = (—1)”_15(f1, f>) as claimed. Il

7 Homology of self-embedding spaces

Based on Theorems 3.6, 4.1, and 6.1, we determine in a range the rational homology
of the self-embedding spaces appearing in Corollary 2.7. To state the result, note that
these spaces are related to certain stabilised arithmetic groups by compositions

BEmbf;’j(Wg,l)g — BGw — BOSp,(Z) and

BEmbf;j)z”(vg, Wq.1)¢ — BGL(H%) — BGLw(Z)

where the first maps are given by the action on homology (see Sect. 2.7) and the
second maps use the standard bases from Sect. 2.5 and the stabilisation maps induced
by block-inclusion.

Theorem 7.1 For each n > 3 and for all large enough g the maps

BEmb!}5 (W 1)e —> BOSpo,(Z) and BEmb]), ), (Vy, We.1)¢ —> BGLoo(Z)

induce isomorphisms on rational homology in degrees x < 3n — 5 and epimorphisms
for x=3n—5.
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The plan to prove Theorem 7.1 is:

@ Compute (in a range) the homotopy Lie algebras
ﬂ*(QoBEmbl/Za (We1)e)g and 7, (S20BEmb /2D2n(Vg7 We1)e0)Q-

@ Use (D to compute (in a range and up to some ambiguity) the rational homology
of the universal covers

BEmbl/zg(Wg 1)6 — BEmbl ) (Wg e

BEmbf;ZDZn(vg, We ), — BEmbf o (Ve We e

® Run the universal cover spectral sequence to prove Theorem 7.1, based on Q). In
doing so, we show that the ambiguity in @ does not affect the end result.

Convention 7.2 Throughout this section, we fix n > 3 and assume g > 2.
7.1 Representations of Gy and Gy and their cohomology

We begin this section with some representation-theoretic and group-cohomological
preliminaries on the groups Ay and Ay mapping to Gy = My; Z % GL(H Zy and Gy
respectively. For this, it is worth recalling the explicit descrlptlons of Gy and Gy
as matrix groups from Sect. 2.7 in terms of Spg ¢ (Z), Og ¢(Z), and GL,4(Z). Fur-
thermore, recall from Sect. 2.8.2 that these groups are acted upon by the reflection
involution p (though p acts trivially on the subgroup GL(I:I%) < Gy) and that the
intersection form induces isomorphisms (see Sect. 2.8.3) Hy = s2”*2HVVV ®Q asa
(Gw % {p))-module and an isomorphism Hy = Hy & sz"_zH‘f ® Q™ as a module
over the subgroup GL(I?%) X (p) <Gy X (p).

7.1.1 Some representation theory

Recall from classical representation theory (see e.g. [15, Sects. 6, 17, 19]) that the
C[GL, (C)]-module S, (C8) = §,,(C8[0]) for a partition 1 (see Sect. 3.1) is nonzero
if and only if x has at most g rows (when thought of as a Young diagram), and in
this case it is irreducible. Moreover, for partitions u # A, the C[GL,(C)]-modules
S, (C#) and S; (C#) are distinct if they are nonzero. By dualising, the same discus-
sion applies when replacing the S, (C#)’s with their duals S, (C8)¥ = §,,((C$)Y).
Similarly, the C[OSp,, (C)]-module V), (C8) is nonzero for n odd if and only if u has
at most g rows, and for n even if and only if the first two columns of © have in sum
at most g boxes, and in these cases V, (ng ) is an irreducible C[Oszg (C)]-module.
As in the GL, (C)-case, for u # A the C[Oszg (C)]-modules V,, (C28) and V; (C?¢)
are distinct if they are nonzero.

Using that the representations discussed above are algebraic (i.e. extend to repre-
sentations of the ambient algebraic groups GLg(—) or OSp,(—)) and the subgroups
Og.¢(Z) C Oy ¢(C) and Spgg (Z) C Spyy(Z) C Spy, (C) are Zariski dense, the analo-

gous properties hold for the Q[G w]-modules V,, (Hw) and thus also for their graded
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versions V, (Hy); this remains true after pulling back along any epimorphism onto
Gw, such as ZV\W — Gwy.

Unfortunately GLg(Z) C GL¢(C) is not Zariski dense (its Zariski closure con-
sists of the complex matrices of determinant 1) so more care is needed in this
setting. It is still true that the Q[GL,(Z)]-modules S, (Q?) and S, (Q$)" are irre-
ducible when they are non-zero, because S, (C#) remains irreducible as a SL, (C)-
module (as every element of GL,(C) is a scalar multiple of an element of SL,(C))
and SL,(Z) C SL,(C) is Zariski dense. Thus the Q[GL(I-_I%)]-modules SM(I-_IV) and
S, (Hy)" are still zero or irreducible, as are their graded versions S, (Hy) and
S, (Hy)"; this remains true after pulling back these modules along any epimor-
phism onto GL(H%), such as Ay — GL(I-_I%), orGy —» GL(I-_I%). What is no longer
true is that these are distinct irreducible modules for distinct partitions: the square
of the determinant representation of GL,(C) is trivial when restricted to GL,(Z),
so e.g. S2¢)(Q%) = Sp(Q?) as Q[GL,(Z)]-modules. But we may still decompose
algebraic GL; (Z)-representations into irreducibles by decomposing some GL, (C)-
representation which induces it into irreducibles.

7.1.2 Manipulating Schur functors

At various points in this section, we have to calculate tensor products, plethysm, or
restrictions of (symplectic or orthogonal) Schur functors, such as s—@n=2g B (Hw) =
s~ =2V 3(Hw) @ Hy as Gy-modules or Sp(Hy) ® Hy = S>.1(Hy) ® S3(Hy) as
GL(H%)-modules (and thus also as Gy or ]\v-modules). In all cases we performed
these calculations using the SymmetricFunctions package provided by Sage -
Math [39].

7.1.3 Stable cohomology of Gy and GL(HZ)

Recall from [5] that H*(BGLo(Z); Q) is an exterior algebra with generators in de-
grees 4i + 1 for i > 1, and that H*(BOSp,,(Z); Q) is a polynomial algebra with
generators in degrees 4i for i > 1 if n is even and in degrees 4i — 2 fori > 1 if n is
odd. For H*(BOSp,,(Z); Q), it will be convenient for us to use explicit generators

Qlo4,03,...] neven

* . ~
H(BOSpoo(2): Q) = {Q[oz, 06,...] nodd
defined in the terms of the signature as explained e.g. in [31, Lemma 4.1]. The defini-
tion in terms of the signature makes apparent that the reflection p of Sect. 2.8.2 acts
on the o;’s as —1 whereas it acts trivially on H* (GL(H‘Z); Q) for all g and thus also
on H*(BGL«(Z); Q).

Combined with further work of Borel [6], the calculation of H*(BGLx(Z); Q)
and H*(BOSp,.(Z); Q) allows for a computation of the Gw- and GL(I:I%)—
homology with coefficients in large class of Q[Gw]-modules My and Q[GL(I:I%)]-
modules My in a range of degrees increasing with g in terms of the invariants.
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Concretely, the maps

Gw res®1d cuy

H*(OSp (Z); Q) ® MG H*(Gw; Q) ® MS" =5 H*(Gw; Mw) and

H(GLoo(Z); @ © MY =50 1 GL(Fy ) @ @ M-

=B H*(GL(Hy): My).
(81)
are often isomorphisms in a range of degrees. The following instance will be suffi-
cient for us:

Theorem 7.3 Fix p,q > 0. There is a range of degrees tending to oo with g in which
the maps (81) are isomorphisms for all summands My and My of H‘%" and H{?p ®
(H,))®1 respectively.

Proof As the maps in question are functorial in My, it suffices to show the state-
ment for My = I:I‘%p and My = I-_I‘Q?P ® (I-_I‘Y)@q. Using that Gy = Sp;’g(Z) for
n odd and Gw = Oy 4(Z) for n even, the claim about the maps forming the first
row in (81) follows from the consequence of Borel’s work explained in [29, The-
orem 2.3], so we may focus on the second row. To make the statement fit closer
to Borel’s work, we may extend coefficient from Q to C and replace GLo(Z) by
SLoo(Z) and GL(Hy) by SL(Hy); the GL-case follows from this by taking invariants
with respect to the action of Z* = GL(Hy)/SL(Hy) = GLx(Z)/SLso(Z). Denot-
ing the semi-simple algebraic SL, (C)-representation (C8 )®P ® ((C8)V)®9 by Tp.g»
decomposing this module into irreducibles and using that (i) the statement is vacu-
ously true for sums of trivial representations, (ii) VSt¢(© = VSL(2) for an algebraic
SL, (C)-representation V by Zariski density, and (iii) SLg is (for g > 2) simple and
connected as an algebraic group over Q, we see from [6, Theorem 4.4] that the state-
ment for 7, 4 holds in degrees * < min(M (SL¢(R), 75 4), C(SLg, T, 4)) for certain
non-negative constants M (SL,(R), 7, 4) and C(SLg, 7, 4) defined in Sect. 4.1 loc.
cit. (see also the introduction of [42] for an efficient description of these constants).
According to [6, Sect. 4.1], we have M (SLy(R), 7 4) > tkp(SL;(R)) — 1 =g — 2,
so we are left to show that the constant C(SLg, 7, 4) tends to co with g. To this end,
we first spell out the definition of C(SLg, 7, 4) for which we use the Cartan subalge-
bra a C sl, of trace-free diagonal matrices whose dual a" is spanned by the standard
coordinate functions «;, subject to the relation Z _;o; = 0. The standard positive
roots are o; — o; for i < j and the g — 1 positive simple roots (which form a basis
of a¥) are a; — aj 1| for i < g — 1. We abbreviate half the sum of the positive roots
(sometimes called the Weyl vector) by

P = %ij(ai _Olj),
write ¢ > 0 for ¢ € a¥ if ¢ = Zl 1 ¢i - (a; — ajy1) with ¢; > 0 for all i, and call
¢; the ith coefficient of ¢, so ¢ > 0 if all coefficients of ¢ are positive. In these

terms, the constant C(SLg, 7, 4) is given as the largest k > 0 such that p + u > 0
for every weight u of Afu¥ ® Tp,q» Where u C sl; is the sum of the positive root

@ Springer



M. Krannich, O. Randal-Williams

spaces. The weights of u" are the negatives of the positive roots, so the weights of
A*uY are of the form — > {k distinct positive roots}. Moreover, since the weights
of C8 are the ;s and those of (C#)" the —a;’s, the weights of 7, , are of the
form 3 {p a;’s} — Y {q &;’s}, so the weights u of AFuY ® Tp,q have the form
— > {k distinct positive roots} + > {p «;’s} — > {g «;’s}, and the task becomes to
estimate the coefficients of weights of the form

P+ pn=p—Y {k distinct positive roots} + > {p o;’s} — > {q «;’s}. (82)

The «;’s can be expressed in terms of simple roots as
i—-1 j g—1 g—I
o == By —aj) + 205 S (e —aug).

In particular, the absolute value of their coefficients is < 1, so the absolute value of
the coefficients of weights of the form Y {p o;’s} — > {q @;’s} is < p + ¢q. More-
over, writing o; — oj = (o; — @j11) + - + (aj_1 — «), we see that the coeffi-
cients of any positive root are 0 or 1, so the coefficients of weights of the form
— > {k distinct posmve roots} is > —k. Moreover, it is easy to see that the ith co-
efficient f;(g) of p = 5 Zlq(“z aj) is 2l(g i), and hence i 1s > 2(g — 1) using

that 1 <i < g — 1. Thus each coefficient of (82) is > 2(g —1)—k—(p+q).Bydef-
inition of C(SLy, 7p,4), this gives C(SLg, 7p4) > 3(g —3) — (p + ¢) which indeed
tends to oo with g. O

Example 7.4 1t follows from Theorem 7.3 that for partitions u -+ k > O there is
a range of degrees tending to oo with g in which the groups H*(Gw; V. (Hw)),
H*(GL(H%); S, (Hy)), and H*(GL(HZ%); S, (Hy)Y) vanish, since V,(Hw),
S, (Hy), and S, (Hy)" have no invariants and are (via the norm and up to regrading)
summands of ﬁ‘?}k, H{?k, and (I-Iﬂ?k)v respectively.

7.1.4 Stable homology of Gy

In Corollary A.4, as a replacement for Theorem 7.3 for the group Gy, we establish
an isomorphism of bigraded groups (the first grading is the homological degree and
the second the degree of the coefficients)

H.(Gv; Si(Hy) ® Su(Hy)) = Ha(GLoo(Z); QIO]) ® x (%, 1) (83)

in a range of homological degrees increasing with g for partitions A and w. Here
x (A, w) vanishes if |A| — || is odd or negative, and if |A| — || =2¢ > O then

, i
X i=[ndg? o (B Indgs (a9:@) @G| 1e (31 = kb = D

We use this to prove the following lemma, which collects all computations of Gy -
homology groups necessary for this section. In the statement (and the subsequent
sections), in addition to Schur functors applied to Hy and H,/ we will make use of
the graded Q[Gy X (p)]-modules

K, = ker (S, (Hw) — Su(Hy))

associated to the canonical projection Hy — Hy.
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Lemma 7.5 In a range of homological degrees increasing with g, there are isomor-
phisms of bigraded Hy(GLso (Z); Q)-comodules

(i) H«(Gv; QI0]) = H.(GLoo(Z); QIO]),

(i) He(Gy; HYP @ (HY)®) =0if p—q <0,

(iii) He(Gv; S2(HY)) =0,

(iv) Hi(Gy: K3) =0,

(v) Hi(Gy; K13 ® S2(Hy)Y) =0,

(vi) Hi(Gv; Sp2(Hy) ® Hy ® Si2(Hy) ® HyY) = Ha(GLoo(Z); Q[O])®2,
(vii) Ho(Gy; S2(Hy) ® S2(HY)) = H,(GLoo (Z); QIO]),
(viii) H(Gy; S;2(Hy) ® S2(Hy)) = Hi(GLoo (Z); QIO]),

(ix) Ha(Gv; Sp2(S2(Hy) ® Hy)) =0,

(x) Hi(Gv; $2(Hy)) = H,(GLoo (Z); QI0]) ® Q[1, 2(n — D],

(xi) Hi(Gv; S2,1(Hy) ® HY) = H,(GLxo(Z); Q0]) ® Q[1,2(n — 1)].

Remark 7.6 We could state this lemma for ]\V instead of Gy, because the surjection
Aw — Gy has finite kernel by Lemma 2.9, so the Gy - and Aw-homology of any
Q[Gy]-module agree.

Proof of Lemma 7.5 Ttems (iv) and (v) follow from the “centre kills” trick, as Gy C
GL(Hy) contains the central element —id € GL(Hyy) (this is clear from the descrip-
tion in (33)) which acts as (—1) on both K3 and K3 ® S2(Hy)" . For the remainder
we will apply (83). The dimensions of the bigraded vector space x (1, i) can be cal-
culated in terms of products and plethysm of Schur functions. In the following we did
all such calculations using SageMath (in fact only cases ¢ < 1 arise and no plethysm
is necessary).

(i) Taking (1) = (1) = (0), we have x ((0), (0)) = Q[0, 0].

(i) Ha(Gvi Hy? ® (H))®) = @, By He(Gyi Siu(Hy) ® Su(Hy)) =0
for p —q <O.

(iii) This follows from (ii).

(vi) We have S;2(Hy) ® Hy = S;3(Hy) @ S2,1(Hy), so we must calculate
H.(Gv; Si(Hy) ® Su(Hy) for (), (W) being ((1%), (1)), ((1%), (2, 1),
((2,1),(1%)), and ((2,1),(2,1)). We find that x((1%),(1%)) = x((2, D,
(2, 1) =Q[0,0] and x ((1?), (2, 1)) = x (2. 1), (1?)) =0.

(vii) We compute x ((2), (2)) = Q[0, 0].

(viii) We compute x ((1%), (12)) = Q[0, 0].

(ix) We must first expand out S2(S;2(Hy) ® Hy/). In general we have S)2(A ®

B) = S12(A) ® S2(B) ® S2(A) ® Sp2(B), s0

S2(Si2(Hy) ® HY) = S12(S12(Hy)) ® S2(Hy) @ S2(S12(Hy)) @ Sp2(Hy)
= $11(Hy) ® S2(Hy) @ Sja(Hy) ® Sj2(Hy)
@D S (Hy)® Slz(H‘\//).

Then x ((2,1,1), (2)) =0, x((1*), (1*)) =0, and x ((2*), (1*)) =0.
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(x) We compute x ((2), (0)) =QI[1,2(n — 1)].
(xi) We compute x ((2, 1), (1)) =Q[1,2(rn — 1)]. O

We now begin executing the outlined plan to prove Theorem 7.1.
7.2 Step(D

We first settle the W, j-case.

Proposition 7.7 There is an isomorphism of graded Q[Aw x (p)]-modules
7. (Q0BEmbY5 (W 1)0)Q = s~ (Vi3 (Hw) @ S (Hw)) ®Q™  for + < 3n—6.

Furthermore if 2n — 2 lies in this range (i.e. for n > 4), then the image of the Lie
bracket

[—. =1 7. (R0 BEmb] (Wy 1)0)§” —> 7(Q20BEmb]s (We 1)e)g
contains a trivial Q[2n — 2]-summand as a Q[]\ w 1-module.

Proof By Theorem 4.1 the homotopy fibre of the map BEmb?ga(Wg, De —
BhAut?’((Wg, 1) from (41) has trivial rational homotopy groups in degrees 1 <

#% < 3n — 5. Theorem 3.5 provides an isomorphism n*(QoBhAutag’Z(Wg‘l))Q =
Lie(Hw,2n)) ® Q™ in positive degrees which combined with Remark 3.7 gives

n*(QoBEmbfg’f(WgJ )es)Q =5~ @D (813 (Hw) ® Sy (Hw)) ® Q™ for * < 3n—6.
Now consider the homotopy fibre sequence
Mapi 53 (We 1, 250/SO(2n)) —> BEmbY}Z(Wy.1)¢ —> BEmMb}L= (We s (84)

induced by passing from framings to stable framings. The restriction e of the
Euler class e € HZ”(BSO(2n);Q) represents a rationally (4n — 1)-connected
map e: SO/SO(2n) — K(Q,2n), so using the equivalence (W, 1,1/20Wy 1) ~
(V288" %) we get

e (Map, 5 (Wy, 1, 250/SO(2n)))q = 5™ *Hy, = Hy ® Q~  for <3n —2.

In degrees * < 3n — 5, the (Aw (p))-equivariant long exact sequence of rational
homotopy groups induced by (84) thus has only one potentially nontrivial map: the
connecting map

d: ﬂn(BEmb?gbz(Wg,l)e)Q —> Tp—1(Map 5 (We,1, 250/80(2n)))Q = (Hw)n-1 ® Q™.

But by Lemma 3.14 the composition

1R

70 (BEmby [, (W, 1)0)Q — 7n (BEmbY L= (Wy, 1)) = T (BhAUG ™ (W 1)g
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is not surjective, so d must be non-zero and, as (Hw),— is irreducible, it must in
fact be surjective. Thus, the long exact sequence induced by (84) yields in degrees
* < 3n — 6 a short exact sequence of graded Q[Aw % (p)]-modules of the form

0 — m.(Q0BEmbZ (W 1)0)g — s~ 2 (813 (Hw) @ S (Hw)) ® Q™ — Hy ® Q™ —> 0.

Using the decomposition s_(z"_z)Sls(HW) = s~ @-2 Vi3 (Hw) @ Hw into irre-
ducibles (see Sect. 7.1.2), this gives the claimed description of the rational homotopy
groups in the statement. Moreover, it shows that if 2n — 2 < 3n — 6, then the target
of the bracket map in the statement

[—, =1 7. (R0 BEmb (We 1)) — 7 (20 BEmb]5 (We 1)e)o

is Sy (Hw)am—1) ® Q~, which is semi-simple. To prove the second part of the
claim, it thus suffices to exhibit a nontrivial Ay -invariant vector of degree 2n — 2
in the image. This follows from Corollary 5.15 of [31], since the map Q20X 1(g) —
QoBhAuty(Wy 1) in that corollary factors through QoBDiffgr(Wgyl)g by construc-

tion, and thus also through QOBEmbf;’j(Wg,l)g. O
The Vg-case of Step (D is harder. We first establish two preparatory results.

Proposition 7.8 There is an isomorphism of graded Q[Ay x (p)]-modules

n*(QoBhAutiﬁ(Vg, We)Q=s 2 (K;s ®Kp)®Q™  forx <3n—3.

In particular, the action factors in this range over the surjection Ay x (p) > Gy X
(p). Moreover, as a module over the subgroup GL(H%) < Gy X (p), the image of the
Lie bracket map

[, —]: m(QoBhAut,

e (Ve W 1))8? —> 7. (Q0BhAut )y (Ve We 1))Q
contains a Q[2n — 2]9%-summand.

Proof Theorem 3.6 provides an isomorphism
n*(QOBhAutiﬁ (Vg, Wg. 1))@ Zker(Lie(Hw,2n)) - Lie(Hy,2n)) ® Q~ C Der, (L(Hw))

of graded Q[G vy x {p)]-modules, so the first claim follows from Remark 3.7. To prove
the claim about the Lie bracket, note that Theorem 3.6 in particular implies that the
restriction map 20 BhAut 2. (Vg, W 1) — QoBhAuty (W, 1) is injective on rational
homotopy groups, so it follows from Theorem 3.5 that the Lie algebra structure on
Ty (QoBhAuti’zf (Vg, Wg 1))q is induced by the restriction of the commutator bracket
on the derivation space Der,, (L(Hw)).

The isomorphism

s (13 @5, HY® = Lie((Hw, 2n)n—1 ® Q = Dety,(L(Hw))n—1
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of Theorem 3.5 is given explicitly, in [4, Proposition 6.6], by

y 5212 (13) @y, H;%S — Der,(L(Hw))n—1
[1®v1 ®@v2 ®v3] > A(v3, =)[v1, v2] + A(v2, —)[v3, vi] + A(v1, —)[v2, v3].

Moreover, for [1 ® v ® v ® v3] € (13) Q34 H$3 to represent an element of the
subspace K3 C Si3(Hw) = (13 3, H$3 it suffices for some v; to lie in Ky =
ker(Hw — Hy). Recall from Sect. 2.5 the basis (e;, fi)1<i<g such that the ¢;’s form
a basis of Ky and the f;’s map injectively to a basis of Hy. Using this basis, we
consider the commutator of derivations

Avi=35 lte, fioen, 1(fi, fio e)] € Dero,(L(Hw))2(u—1)-

This is a GL(H %)-invariant vector, as it is obtained from the invariant vector v®3 €
(H‘%z)‘g’3 with v := Z‘f:l e ® fi € H%z by permuting factors, applying ¢t ® ¢ to get
an element of Der,, (L(H W))S?El , then taking the commutator. Furthermore, both ¢; ®
fi®e;and f; ®e; ® fi liein K3, as they contain e’s. Thus A isa GL(I:I%)-invariant
vector in the image of the Lie bracket map in question. Similarly, we consider the
commutator

A2 = Z}gy‘/’kzl[t(eis fi» €j), t(fjv €k, fk)] € Derw(L(HW))Z(n—l)v

which is also GL(I-_I%)—invariant and in the image of the Lie bracket map in ques-
tion, by a similar argument. Since K52 is semi-simple as a GL(I-_I%)—module, to show
that the image of this Lie bracket contains two copies of the trivial representation it
suffices to show that A; and A, are linearly-independent. By explicitly writing out
the definition of these derivations A and A using the above map ¢, expanding ev-
erything out, and using the Jacobi identity and the Leibniz rule repeatedly, one may
painstakingly evaluate these derivations on f; € Hy to be

AL(f1) = (g +4(=D")- 25 L e, fill + (=(=1)"2g = 4) - 385 | [1f1, fil, eil,
Mo (f1) = (=(=1)"2¢ =2)- 3% [ f1. lei, fill,

which are indeed linearly independent in the free Lie algebra L(Hy ) since we as-
sumed g > 2. O

Remark 7.9 We produced A and A, by contemplating the trivalent graphs «=s» and
Co—=O.

The second ingredient in the proof of the V,-case of Step (D is the following:

Lemma7.10 Fixk > 1 andn > 4. The twisted homology H, (BEmbfj’sz” (Vg, We Do

Sk(Hy))) vanishes in a range of homological degrees increasing with g.
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Proof From the Serre spectral sequence of the second delooped Weiss fibre sequence
in (26) with coefficients in Sk(H‘X ), we see that it suffices to show vanishing of
H*(BDifffLr)zn(Vg)g; Sk(Hy))) in a range of homological degrees increasing with g.
Fixing an auxiliary 1-dimensional Q-vector space U, an odd number m > n, and a
functorial model of Eilenberg-MacLane spaces K (—, m), we consider the tangen-
tial structure 6,,: K(U,m) x EO(2n + 1) - BO(2n + 1) given by the projection
to EO(2n + 1) followed by the canonical map EO(2n + 1) — BOQ2n + 1). A 6,-
structure on V, has an underlying framing, and this induces a fibration sequence

Map o (Ve, K (U, m)) —> BDiff (V,), —> BDiff(V,),. (85)

By [7, Theorem A*, Corollary B*], there is a map BDiff?n (Vo)e = QEEPK (U, m)
which induces an isomorphism in homology in a range of degrees increasing with g.
This map is functorial in U up to homotopy, so denoting the free graded commutative
algebra by §*(—) we obtain an isomorphism of graded Q[GL(U)]-modules

H,(BDIft™ (Vy)e: Q) = Ho(QPZCK (U, m); Q) = $*(H,(K (U, m): Q))
= S*(Ulm))
in a range of degrees increasing with g. Combining this with the isomorphism
Hi.(Mapp2n (Vg, K(U, m)); Q) = S*(H\\,/ ® Ulm —n))

of graded Q[GL(U)]-modules, we see that the Serre spectral sequence of (85) has in
range of total degrees increasing with g the form

E%  =H,(BDiff"(Vy)e: S*(HY @ Ulm — nl)g) => S*(UlmDpsq.  (86)

This is a spectral sequence of Q[GL(U)]-modules, and GL(U) = Q* acts on the row
q = (m — n) - k with weight k, i.e. as (—)*. From (86), we see that different rows of
the spectral sequence have different weights, so the spectral sequence collapses at the
E>-page and there are no extension issues. Similarly, the weight k part of S*(U[m])
is S¥(U[m]), so there in an isomorphism

H,, (BDIff" (Vy)e: S*(HY @ Ulm — n])) = S*Um) pk(m—n).-

and this vanishes for k > 2, as U[m] is l-d_imensional and in odd degree. Fi-
nally, as U = Q and m is odd we have Sk(H‘\,/ ® Ulm —n]) = Sk(sm_lH‘Y) =
sk(’”_l)Sk(H‘\,/), so the result follows. a

Equipped with Proposition 7.8 and Lemma 7.10, we establish the V,-part of
Step @D.

Proposition 7.11

(1) Forn > 4 and all large enough g, there is an epimorphism of graded Q[]\V X
(p)]-modules dy : s~ @n=2) K»®Q™ — S2(Hy) and an isomorphism of graded
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v

Q[Avy x {p)]-modules

7 (QBEmby o, (Ve, We D))o

= (VK5 Q7) @ker(dy) forx <3n —6.

In particular, the action factors over IV\V X (p) = Gy X {(p) in this range. More-
over, when considered as a module over the subgroup GL(H%) <Gy x(p), the
image of the bracket

=, =1 ma(QoBEmbY ., (Ve, We 1§ —> (R0 BEmb] ., (Ve, Wy 1)o

contains a Q[2n — 21%92-summand.
(i) Forn =3, 4 and all large enough g, there is an isomorphism of graded Q[ Ay %
(p)]-modules

n*(QoBEmbf;szn(Vg, We)o= (s~ DKy ®Q7) fors <3n—6.

Proof By Lemma 2.8, in the range of degrees in question we may exchange fram-
ings with stable framings. We consider the map of horizontal fibre sequences (see
Sects. 2.2 and 2.3)

BEmbif;f(vg)C RN BEmbjf;DZn(vg, We)e — BEmbif;f’e’“(Wg,l)g

|- I I

BhAuty (V) ——— BhAut 3, (Ve, W 1) —— BhAut; "™ (W, 1)

D

where (—)¢ stands for a certain collection of path-components and m for a certain
covering space. The homotopy fibre hofib(¢,) is a covering space of the homotopy
fibre of the analogous map without the ext-superscripts and as the latter has finite fun-
damental group and trivial rational homotopy groups in the range 1 < % < 3n — 5, by
Theorem 4.1, the same holds for hofib(¢;). By a similar argument, using Theorems
4.1 and 6.1 the homotopy fibre hofib(¢p) has finite fundamental group and its higher
rational homotopy groups agree with Sp(Hy) in degrees 1 < * < 3n — 5, which is
concentrated in degree 2n — 2. Thus m, (hofib(¢1))q vanishes in degrees * < 3n —5
for x # 2n — 2, and in degree * = 2n — 2 it agrees with S>(Hy)2(,—1)/L where
L :=im(m,—1 (hofib(¢2))q — m2,—2(hofib(wo)q = S2(Hv)2(:—1))), Which is trivial
if 2n—1 <3n—35,1i.e. n > 4. The long exact sequence for the fibration induced by ¢y,
combined with Corollary 7.8, thus gives an isomorphism of Q[]\V X (p)]-modules

(1)t T (QoBEmbY, 1o, (Ve W De)g —> s~ (K s @ K»)©Q™  (87)
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in degrees * < 3n — 6, % # 2n — 2,2n — 3. Under the assumption n > 4 of the first
claim, we thus have an exact sequence of Q[Ay x (p)]-modules

3
00— ﬂ211—2(QOBEmbf;2D2n(Vgs We)e)Q — (K2 ® Q7 )apu—1) —> S2(Hy)a—1) j

G T2n-3(QoBEmbY, 1, (Ve, Wy 1)0)g ——— 0,
so to finish the proof of the first part it suffices to show that dy is an epimorphism, or
equivalently (as S2(Hy) is an irreducible Q[zv\v]-module) that dy is nontrivial.

Suppose for a contradiction that dy is trivial. Using (87), we see that the ratio-
nal Hurewicz homomorphism of the universal cover BEmbf;2 pn Ve, We 1)y is an
isomorphism in degrees < 2n — 2, so we conclude that

HL (BEmb, o, (Ve, We, )73 Q) =5~ P K13 @ Q™ @ Sa(Hy)  for* <2n—2.
Using that Hy(Ay; S2(Hy))) and Ha(Av; (K 3) ® S2(Hy)) vanish in a range of ho-
mological degrees increasing with g by Lemma 7.5 (iii) and (iv), we see from the
universal cover spectral sequence with Sy (H\/)-coefficients that

Hoy—2(BEMbY) 10, (Vg, We,1)es S2(HY)) = [S2(HY) © S2(HY) |5, (88)
for large enough g. But evaluation induces a nontrivial Av-equivariant map
S>(Hy) ® SQ(H‘\//) — Q[O0], so (88) is nontrivial and this contradicts Lemma 7.10.
Thus dy must be nontrivial and hence an epimorphism, which finishes the proof of
the isomorphism statement of the first claim. To show the claim about the bracket,
note that since 2n — 2 lies in the isomorphism range the target of the bracket map
in degree 2n — 2 is semi-simple as a GL(I-_I%)—module. Using this, the claim follows
from the addendum of Corollary 7.8 and naturality of the bracket under 74 (¢1)q-
For n = 3 the claim follows directly from (87), since 2n — 3 > 3n — 6 for n =
3. For n =4, we have 2n — 2 > 3n — 6, so given (87) we only need to show that
ngn_3(QoBEmbgzD2ﬂ (Vg, Wg 1)e)q vanishes. If L =0, then the same argument as
in the case n > 4 applies. If L # 0, then S2(Hy)2,—2/L = 0 since Sa(Hy)ap—2 1S
irreducible, so the required vanishing follows from the analogue of the above long
exact sequence for n = 4. g

7.3 Step @
Propositions 7.7 and 7.11 allow us to carry out Step Q.

Corollary 7.12 There is an isomorphism of graded Q[Aw x (p)]-modules

H. (BEmbj5 (W, 1)7'; Q)

= (s—(2n—3) Vis(Hw) ® Q_) ® s(coker\vx‘fh) ® sz(kervvt,/h) forx <3n—35
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where (co) kerg‘fh is defined to be trivial for n < 4 and otherwise as the (co)kernel of
the bracket

[— —1: Sp2(s~ @DV (Hy)) — s @ DS (Hy) @ Q™

resulting from Proposition 7.7. In particular, the (]\W X (p))- action factors in this
range over the surjection Ay X (p) = Gw X (p).

Proof For n < 4, the claim follows from Proposition 7.7 and the rational Hurewicz
theorem. For n > 5, it follows from Proposition 7.7 and an application of the Serre
spectral sequence to the map BEmbf;’j(Wg, D, > K (V13 (Hw)3(-1)» n) induced by
rationalising and truncating. g

Corollary 7.13 For all large enough g, there is an isomorphism of graded Q[Ay %
(p)]-modules

H, (BEmby . (Ve, W) 7 Q)

= (s7@ VK ;®Q7) ®s(cokery™ ® s (kery ") for* <3n—5

where (co) ker}’}/h is defined to be trivial for n < 4 and otherwise as the (co)kernel of
the bracket

[— —1: Sp2(s 72" VK3 ® Q7) —> ker(dy)

resulting from Proposition 1.11. In particular, the (Ay x (p))- action factors in this
range over the surjection Ay X (p) - Gy X (p).

Proof Using the data from Proposition 7.11, this is proved in the same way as Corol-
lary 7.12. O

7.4 Step®

For Step 3, we first compute the homology of Gy and Gy with coefficients in the
modules featuring in Corollaries 7.12 and 7.13. As before, W, i is easier and comes
first.

Proposition 7.14 In a range of homological degrees increasing with g, the bigraded
groups Hy (Gw; s~ (@n=3) Vi3(Hw)), Hi(Gw; coker%h), and Hy(Gw; ker&v,h) vanish.

Proof From (33), we see that the central element —id € GL(Hy) is contained in Gy .
As it acts as —1 on V3 (Hw), the “centre kills” trick implies that the G w-homology
vanishes. To deal with the second and third groups, we may assume n > 4; otherwise
ker%h and coker%h are zero by definition. For n > 4, these modules are defined as
the (co)kernel of the bracket

[— =1: S (s~ 2Vis(Hw)) — s~ 2 Sn (Hyw)
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resulting from Proposition 7.7. We may decompose the source and target of this map
as Q[Gw]-modules (see Sect. 7.1.2)

s~ DS (Hy) =5~ DV (Hy) @ V2 (Hw) @ Q[2n — 2]
S (s~ Vs (Hw)) = s~ Vis(Hw) @ s~ 2 Vis (Hw) & Vy2 (Hw)
®s @DV (Hy) @ s~ " DVy 12 (Hw) @ Q[2n — 2]

In both equations, the summands forming the right hand side are all either zero or
irreducible, and any two nonzero summands are mutually distinct. Consequently, in
view of the final part of Proposition 7.7, the copies of Q[2n — 2] have to be sent iso-
morphically to each other by the bracketing map. It follows that ker\v?v"h and coker\‘fv"h
are up to regrading both sums of Vi (Hw)’s for A # ), so the claim follows from
Theorem 7.3, more specifically from Example 7.4. O

Proposition 7.15 In a range of homological degrees increasing with g, the bigraded
groups Hy(Gvy; coker}yh) and Hy (G, ker}’,Vh) vanish.

Proof Before starting on the proof let us introduce a general concept. We say that
a finite-dimensional (rational) Gy -representation U is algebraic if it admits a fil-
tration F,U by Gy -subrepresentations such that each representation FyU/F;_1U is
obtained up to isomorphism by restriction along Gy — GL(H%) of a representation
which is a sum of summands of {P_I?p ® (FI‘X)‘X’q}p_q:k (i.e. is an algebraic repre-
sentation of weight k). If U has such a filtration then it has a unique one: restricted
to GL(I:I%) < Gy the representation U is algebraic, and F;U is the sum of all al-
gebraic GL(H%)-subrepresentations of weight < k. We call it the weight filtration
of U, and write gr,(U) for its associated graded. Using the latter description, it is
clear that maps of algebraic Gy -representations preserve the weight filtration, that
the property of being algebraic is closed under forming sub- and quotient represen-
tations, and under tensoring (so also under applying Schur functors), and that gr, (—)
is exact and symmetric monoidal. As for any filtered Gy -representation, there is a
spectral sequence

E!, =H,(Gy; g, (U)) = H,(Gy; U). (89)

To start the proof proper, recall that ker}’,Vh and cokerY,Vh are trivial for n <4 so
there is nothing to show, and for n > 4 they are defined the (co)kernel of the Lie
bracket map

[— —1: Sp(s 2"V K 3) — ker(dy) =ker(@y : s~ ?" 2K @ Q” — S2(Hy))

from Corollary 7.13. Denote the image of this map by imY}/h. We first claim that the
source and target of this bracket map are algebraic Gy -representations, and so by the

inheritance properties of algebraic representations described above kerY,Vh, cokeryh,

and im}’,vh are again algebraic. Using these inheritance properties it suffices to see

that Hy is an algebraic Gy -representation, but the extension 0 — I-_I‘X — Hy —
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Hy — 0 shows that indeed it is, with Fi Hy = Hy, FoHw = F_1Hy = H)/, and
F_,Hw =0, and so gr,(Hw) = Hy[1] & H‘\,/[—l]. In the graded setting, we have
gr,(Hw) = Hy[1] @ s>V HY[—1].

Our strategy will now be as follows. To show that H.(Gvy; coker}’,Vh) and
H.(Gy; ker}’,Vh) vanish in a range of homological degrees increasing with g, using
(89) it suffices to show that H,.(Gv; gr (coker?}’h)) and H.(Gv; gr, (ker?}’h)) vanish
in such a range for each s € Z. Using the short exact sequences

0— gr, (ker}yh) — grs(S]z(s*Z("fl)Kla)) — gr, (im}yh) —0

00— gr, (im“?,"h) —> gr, (ker(dy)) — gr, (cokeryh) —>0
this is equivalent to showing that both of the maps
gt (Sp2(s 2" VK 3)) — gry (imy™) —> gr (ker(3y) (90)

induce isomorphisms on Gy-homology in such a range for each s € Z. This is what
we shall do.

We first calculate the left- and right-hand terms in (90). The decomposition of
S3»(A @ B) as a sum of S, (A) ® S,(B)’s is given by the coproduct of the Schur
function s, in the ring of symmetric functions (whenever necessary, we compute
these using SageMath). We have

gr.(Sp(Hw)) = Sy (gr,(Hw)) = Sp(Hy[1] @ s>~V Hy[-1])
= Sy (Hy)[4]® (S2.1(Hy) ® s*" 2 HY/)[2]
@ (S2(Hy) ® Sa(s* "~V HY))[0]
® (Sp2(Hy) ® Sp2(s>" =V Hy))[0]
@ (Hy ® $2,1(s* "V HY))[-2]1 ® Sy (s 2 Hy)[—4].

Neglecting terms of negative weight we then have

gr (K») = (S2,1(Hy) @ s* "V HY)[21® (S2(Hy) @ S2(s*" =V HY))[0]
@ (S2(Hy) ® S (s> VHE)) 01 -+ -,

and gr, (ker(dy)) is the same but desuspended 2(n — 1) times and with the weight 2
term replaced by ker(gr,(dy) : $2,1(Hy) ® H‘X — S2(Hy)). Similarly

gr, (S (Hw)) = Sp3 (gr, (Hw)) = S5 (Hy [11 @ s>~V HY [-1])
=Spi3(Hy)[3]18 (512(HV) Q 52('171)1—1\\//)[1]
® (Hy ® Sp(s*" "V HY))[-11@ 85 (s>~ Hy)[-3]
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and so gr,(K;3) = (S;2(Hy) ® s?"DHY)[1] @ (Hy ® S)2(s*"~VH)))[-1]1 &
Sp3 (s2("’1)H‘¥ )[—3]. Neglecting terms of negative weight, we then have

gr.(Slz(S_z(”_l)Klz)) = Slz(s_z("_l)gr.(l(lz))
=52082(Hy) ® H‘\,/)[Z]
@ 52"V (S12(Hy) ® Hy ® Si2(Hy) ® Hy)[01@ - -- .

Weight < 0. The first observation is that if U is any algebraic Gy -representation
then for each s < 0 we have H,(Gy; gr (U)) = 0 in a stable range of degrees, by
Lemma 7.5 (ii). Thus for s < O the maps (90) all induce isomorphisms on Gy -
homology in a stable range of degrees.

Weight 0. We must show that the maps

S;2(Hy) ® Hy ® Si2(Hy) ® Hy — s~ 2" Der (im)™)
— (S2(Hy) ® S2(Hy)) @ (Sj2(Hy) ® Sp2(Hy)))

are both isomorphisms on Gy-homology in a stable range. By Lemma 7.5 (vi) the
left-hand terms has Gy-homology H,(GLx (Z); Q[01)®? in a stable range, and by
Lemma 7.5 (vii) and (viii) the right-hand term does too. From the last part of Propo-
sition 7.11 it follows that s’z(”’l)gro (im}yh) contains two copies of the trivial Gy -
representation Q, so by Lemma 7.5 (i) in a stable range the Gy-homology of the
middle term contains Hy(GLoo(Z); Q[2])®? as a summand. As the middle term is
a summand of the outer ones, it follows that both maps are isomorphisms on Gy -
homology in a stable range as required.

Weight 2. We must show that the maps
S12(S2(Hy) ® Hy) — gry(imy™) — ker(gry (8v) : S2,1(Hy) ® Hy — Sy(Hy))

are both isomorphisms on Gy-homology in a stable range, and we will do so
by showing that all three terms have trivial Gy-homology in a stable range. By
Lemma 7.5 (ix) the left-hand term has trivial Gy-homology in a stable range, and
as the middle term is a summand of the left-hand term it does too. For the right-hand
term we have a decomposition

S21(Hy) ® Hy = S>(Hy) @ ker(gr, (dy))
and by Lemma 7.5 (x) and (xi) the representations S>(Hy) and S 1(Hy) ® Hy

both have Gy -homology H.(GLx(Z); Q[0]) ® Q[1,2(n — 1)] in a stable range, so
ker(gr,(dy)) has trivial Gy-homology in a stable range. Il

Putting together the pieces, we finish the proof of this section’s main result, The-
orem 7.1.
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Proof of Theorem 7.1 As the compositions ]\Wg,l — Gw — OSpy(Z) and 1V\Vg —»
Gy — GLx(Z) consist homology isomorphism in a range of degrees increasing with
g as aresult of Lemma 2.9, Theorem 7.3, and Lemma 7.5 (i), it suffices to show that
the E>-pages Ei’ 4 of the Serre spectral sequences of the universal cover fibrations

BEmb{> (W, 1)} —> BEmbyj5' (W, 1)e — BAw

BEmb," . (Ve We 1)y —> BEmb, o, (Ve, We.1)e —> BAy
are concentrated along the bottom row for g < 3n — 5 for large enough g with respect
to p. We have computed the reduced homology of the fibres in this range in Corol-
lary 7.12 and Corollary 7.13 which in particular show that the Aw- respectively Avy-
action factors through Gy respectively Gy . As the maps between these groups have
finite kernel by Lemma 2.9, the required vanishing follows from Proposition 7.14,
Proposition 7.15, and Lemma 7.5 (iv). O

8 Rational homotopy groups of diffeomorphism groups of discs

Based on Theorem 7.1, we compute the rational homotopy groups of BDiff;(D?)
and BDiffpe (D?F!) in degrees * < 3d and deduce a computation of the rational
homotopy groups of various related spaces in a similar range. In particular, we prove
Theorem A and Corollary B.

8.1 Transgression and Pontryagin classes

Given a sequence of based spaces F — E — B whose composition is constant and
an abelian group k, consider the maps

H*(B: k) = H*(B, x: k) —> H*(E, F: k) «— H*"1(F:; k) fork > 0.

By the long exact sequence of a pair, the image in H¥(E, F; k) of any class
¢ € H*(B; k) that vanishes in H*(E; k) lifts to a (usually non-unique) class ¢ €
H*=1(F; k). This has an obvious naturality property: if the sequence F — E — B
receives compatible maps from another sequence F' — E’ — B’ of the same type,
then the pullback of a lift ¢ to H*=1(F:K) is a lift of the pullback of ¢ to H*(B; k).
Moreover, note that if H*~!(E; k) = 0, then the rightmost map in the above zig-zag
is injective, so the lift ¢ is unique; in this case we write ¢? := ¢ € H*1(F; k). If
F — E — B is a fibration sequence, then c is the transgression of ¢’ in the usual
sense, so in this case it enjoys the following the well-known properties:

(i) The pullback of ¢* along the induced map 2B — F agrees with Qc €
H*-1(QB: k).

(ii)) For k =Z and x € mx(B) we have (c,x) = (c?, d(x)) for the boundary map
0: my(B) = mr—1(F), where (—, —): mx(X) ® Hk(X; Z) — Z is the canonical
pairing.
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8.1.1 Transgressed Pontryagin and Euler classes

We will use this to define classes

p} € H¥~!(Top(d)/O(d); Q) for i > 4],
(pn — €1 € H*"~(Top(2n)/O(2n); Q), and 1)
(pn — E)* € H"~1(Top(2n 4 1)/0(2n + 1); Q)

such that the p; are preserved by pullback along the stabilisation map
Top(d)/O(d) — Top(d + 1)/0(d + 1), and (p, — E)® pulls back to (p, — ) for
d = 2n. First, recall that the map BO — BTop is a rational homotopy equivalence
[25, p. 246, 5.0 (5)], so there are well-defined Pontryagin classes p; € H¥ (BTop; Q)
which we may pull back to classes p; € H* (BTop(d); Q). The first classes in (91)
result from these by applying the above principle to

Top(d)/O(d) —> BO(d) —> BTop(d), (92)

using the fact that p; € H¥ (BO(d); Q) vanishes in H¥ (BO(d); Q) for i > [4]. To
construct the other two classes, we write G(d) = hAut(S9~1) whose delooping re-
ceives a map from BTop(d) classifying the underlying spherical fibration of an R%-
bundle. Passing to the orientation preserving submonoid SG(d) C G(d) we see from
the computation of the rational homotopy groups in (52) that there are rational ho-
motopy equivalences

BSG(2n) ~q K(Q,2n) BSG(2n + 1) ~g K(Q", 4n). (93)

The first of these is induced by the Euler class e € H?"(BSG(2n); Q) and the second
is induced by the unique rational cohomology class

E e H"(BSG(2n + 1); Q)

that pulls back to e? € H*"(BSG(2n); Q) under the stabilisation map BSG(2n) —
BSG(2n + 1). The *-superscripts indicate the effect of the involution on BSG(d)
induced by conjugation with a reflection in R?. Using the map BSTop(2n + 1) —
BSG(2n + 1) we form the class p, — E € H**(BSTop(2n + 1); Q), which vanishes
in BSO(2n) as E becomes e2 = p,. As the map BSO(2n) — BSO(2n + 1) is in-
jective on rational cohomology, it also vanishes on BSO(2n + 1), so the orientation
preserving analogue of the fibration (92) induces the third class in (91). Its pullback to
Top(2n)/O(2n) agrees with the second class in (91), which is obtained by performing
the same construction to p, — e e H* (BSTop(2n); Q).
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8.2 Smoothing theory, Morlet style

By smoothing theory and the Alexander trick there is a homotopy commutative dia-
gram

Q?0(d) —— BDIffl(DY) ——— BDiffy(D?)

H ! | ©9

QI0(d) —— QTop(d) —— Q?Top(d)/0(d)

whose vertical maps are 0-coconnected as long as d # 4 by a result due to Morlet
[25, p. 241]. The induced isomorphisms

m+(BDff] (D)) = 7,4.4(Top(d)) and 7, (BDiffy(D?)) = 444 (Top(d) /O(d))
95)
in positive degrees are anti-equivariant with respect to the reflection involution on
the source and the involution on the target that is induced by conjugation with a re-
flection in R?. For the first isomorphism (the second one is similar), this can be seen
by chasing through the smoothing theory equivalence and observing that: (i) the in-
duced isomorphism n*(BDiffgr(Dd )e) = JT*(QgTOp(d)) is equivariant with respect
to the reflection involution on the source and the involution on the target induced by
reflection in Top(d) and a reflection in the loop coordinate, and (ii) reflection in the
loop coordinate induces multiplication by —1 on homotopy groups. More precisely,
the effect of the involution on a class represented by a map (D%, 9D — (Top(d), *)
is by precomposition with the reflection p: (D?, S~ 1) — (D4, §¢~1) and postcom-
position with the selfmap of Top(d) induced by conjugation with a reflection of R¢
in one of the coordinates.
Similarly, there is an equivalence

BDiff pa (D) = Qfhofib(Top(d)/O(d) — Top(d + 1)/O(d + 1)) (96)
for d # 4,5 involving the stabilisation map Top(d)/O(d) — Top(d + 1)/0(d + 1)
induced by (—) x R, and this equivalence is compatible up to homotopy with the
second equivalence in (95) for d and d + 1 via the fibre sequence

BDiffy (DYT!) — BDiff pa (D) — BDIffid(D?)

induced by restricting diffeomorphisms of D4*! to the moving part of the boundary.
The induced isomorphism in positive degrees

70 (BDiff pa (D)) 2 1,1 4 (hofib(Top(d) /O(d) — Top(d +1)/0(d + 1))  (97)

is anti-equivariant with respect to the reflection involution on the source and the in-
volution on the target induced by conjugation with reflections of R¢ and R4+!.
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8.2.1 Pontryagin classes on diffeomorphism of discs

Combining (94) with the canonical equivalence Q2¢Top(d) ~ Q4+t BSTop(d), we
may pull back the appropriate loopings of the classes considered in Sect. 8.1.1 along
the vertical maps to obtain classes

Q¥ p; e H¥~4=1(BDIffF(D?); Q) and
Q?pf e H¥~4~1(BDiffy (D?); Q) fori > |d /2]
and classes
Q% (py — €2)" € H'~1(BDiffy(D*"); Q) and
92n+1(pn _E) e H2n—2(BDiffa(D2n+l); Q).
8.3 Diffeomorphisms of discs

Recall that for a path-connected homotopy commutative H-space X, there are canon-
ical cohomology classes in H' (X; m; (X )@) for i > 1: they are given by the composi-
tion H; (X; Q) = QH«(X;Q)); = P(H«(X; Q)); = m;(X)g where the second iso-
morphism is induced by the Hurewicz map and the first is the usual isomorphism
between the primitives and indecomposables of the Hopf algebra H.(X; Q) (see
[32, Corollary 4.18, Appendix]). Applying this to BGLx(Z)* and BOSp,(Z)* and
writing

Ki(Z) =7 (BGLx(Z)") and KOSp;(Z) :=m;(BOSpy(Z)*) fori >0,
we obtain classes
£ € H (BGLw(Z); K; (Z)g) and f;‘iOSp € H' (BOSp.,(Z); KOSp; (Z)q)
for i > 0. We now consider the framed Weiss fibre sequences (26)

BDiff i (D*"*!) —> BDIff}},, (Vg)e —> BEmby), s, (Vi We 1) o

BDIffff (D*") g —> BDff§f (W )¢ —> BEmby5 (W, 1)

whose total spaces have trivial rational homology in a range of degrees with g by The-
orem 2.6 (assuming n > 4 for the first fibration and n > 3 for the second fibration).
Pulling back the classes & and &£95P along the compositions

BEmby), 1, (Vg, We.1)¢ = BGy — BGLoo(Z) and

BEmb{}5 (W, 1) — BGw — BOSp,(Z)

induced by the homology actions and choosing g >> i large enough, we thus obtain
classes

7 € H-1(BDiff pou (D*1); K;(Z)g) and

| (99)
(&) € H'™| (BDIfIf (D™"): KOSp;(2)q).
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Before stating the first result of this section, let us recall that all spaces and groups
above are compatibly acted upon by the reflection involution p. As pointed out in
Sect. 2.8.2 this action is trivial on the group GLy(Z) and hence also on K, (Z)g. On
KOSp,.(Z)q however p acts by —1, because it does so on the indecomposables of
H*(BOSp,,(Z); Q), as explained in Sect. 7.1.3.

Theorem 8.1 The maps of graded Q[{p)]-modules

D=1 & m(BDiffpon (D)) g —> 57 Kin0(Z)g forn>4
oS . _
D=1 &N m(BDIff) (D™))g —> s KOSp,((Z)q forn>3

are isomorphisms in degrees x < 3n — 6 and epimorphisms in degree 3n — 6.

Proof The proof of the two cases are analogous; we carry out that of the first. Con-
sider the framed Weiss fibre sequence from (26)

BDiff'"

bon (Vede —> BEmby,, (Ve Wy 1) —> B(BDiff o (D)

1/2D2n

whose right-hand map is an isomorphism on rational cohomology in a range increas-
ing with g by Theorem 2.6. From Theorem 7.1, we know that for large g the map
BEmbs’z:Dz,, (Vg, Wg 1)¢ = BGLxo(Z) induces a rational homology isomorphisms in
degrees * < 3n — 5 and a surjection in degree 3n — 5, so we conclude, firstly, that for
large enough the &; give classes & € H' (B(BDiff 2. (D* 1)) K; (Z)q), and, sec-
ondly, that the map

[1i~0&/: B(BDIff pon (D)) — [, 0 K(Ki(Z)q. Q)

is an isomorphism on rational homology in degrees % < 3n — 5 and an epimorphism
in degree 3n — 5. As the left-hand side is a loop space (see Sect. 8.2), the same holds
on rational homotopy groups, so the claim follows by looping this map and using
Q& =¢&7. 0

For even discs Theorem 8.1 can be reinterpreted in terms of Pontryagin classes
in the sense of Sect. 8.2.1. To do so, recall from Sect. 7.1.3 that for i > O the
group KOSp;(Z)q is trivial unless i = 4j — 2n for some j and in this case
we have the canonical isomorphism o4;_2,: KOSp, i—2n (Z)g — Q™ respecting
the action of the reflection involution, given by evaluating the classes o4, 2, €
H*/~2"(BOSp.,(Z); Q) described in Sect. 7.1.3.

Lemma8.2 For4j —2n > 0, the composition of Q[{p)]-modules
oS . —
(04j-20 0 (€40, 2 T4j 201 (BDIft; (D))o —> Q

agrees up to a nontrivial scalar with the evaluation of Q*"t! p; €
H4=2n=1(BDifff (D*"),; Q).
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Proof As p; agrees with a nonzero multiple of the Hirzebruch L-class £; plus
decomposable cohomology classes, and looping annihilates decomposable classes,
the class Q%' *!p j 18 a non-zero multiple of QZ”HE‘/. The latter agrees with

(04j—2n 0 (548.332,!)7) as a result of the family signature theorem (see the proof of
[31, Theorem 4.23]). Il

Corollary 8.3 The maps of graded Q[{p)]-modules

(Disisog1 @) ”*(BDi_ffgr(DZ")z)Q —> Dyizon1 Q4 —2n —1]
(@2 (o — ), @yn Q7 pT): Tu(BDIfEy(D))g —> Doy Q@ [4i — 20— 1]

are isomorphisms in degrees x < 3n — 6 and an epimorphism in degree 3n — 6.

Proof The claim about the first map is vacuous for 2n < 4 and follows otherwise
directly by combining Theorem 8.1 with Lemma 8.2 and the discussion before the
statement of that lemma. To establish the second claim we extend the diagram (94)
downwards by suitably looping the map of horizontal fibration sequences

Top(2n)/0O(2n) —— BSO(2n) > BSTop(2n)

((pn—eM",p} >l fe»m l(e,m

[li>, K@Q.4i —1) » K(Q,2n) x ]_[f’;f K(Q,4i) » K(Q,2n) x [, K(Q, 4i),
(100)
whose bottom row is the product of the fibration

. - . C .
[Tion K@Q.4i — 1) — [T'2] K(Q,4i) — [Tizn K(Q. 40) (101)
with the fibration involving the square of the fundamental class ¢ € H2" (K (Q,2n); Q)

K(Q.4i — 1) — K(Q.2n) "2 K (Q. 2n) x K(Q. 4n).

Using the extended diagram of fibre sequences, the claim follows from Theorem 8.1
and the well-known fact that the middle column in (100) is a rational equivalence. [

To compute 7,(—)q of BDiff(D**!) and BDifff(D?"*1),, we consider the
fibre sequence

BDiffy(D?*!) — BDiff s (DY) — BDIffid(D?), (102)

for d = 2n, acted upon by the reflection involution. The answer involves the
classes Q21 pf e HY=2"=2(BDiffy (D *!); Q) for i > n and Q>"T(p, — E)* €
H?"—2(BDiff; (D4*1); Q) from Sect. 8.2, and the pullbacks of the (2 + 2)th loop-
ings of E and p; on BTop(2n + 1) along the map BDifff(D*+!) —
Q?"+2 BSTop(2n + 2). Together with Corollary 8.3 this proves Theorem A.
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Corollary 8.4 The maps of graded Q[{p)]-modules

7 (BDIfff (D¥ 1)) 7. (BDiffy (D +1))q
<an+25‘®i2" an+2pf‘®i21 E’;)l ((Qzu+1 (Pn—E) . D, anﬂp,r)v@le %.if)l

Q21 —218P;- Q4 —2n - 21D s 'Kin0(Z)g B2, Q[4i —2n—2]1®57'Ki0(Z)q
are isomorphisms in degrees x < 3n — 7 and an epimorphism in degree 3n — 7.

Proof Forn < 3 the claim about the second map is vacuous since 71 (BDiff} (D2t
and K1 (Z) vanish rationally. For n > 4 it follows from Theorem 8.1 and Corollary 8.3
by considering the long exact sequence induced by the fibration (102) for d = 2n. The
first part follows from the second, similarly to the proof Corollary 8.3 by using the
top row in (94). O

Finally, denoting the pullback of the cohomology classes appearing in the previous
corollary along BDiff o+ (D¥'*+2) — BDiffy(D?*"*1) by the same name, we con-
clude the following by combining Corollary 8.3 and Corollary 8.4 with the fibration
(102) ford =2n + 1.

Corollary 8.5 The map of graded Q[{p)]-modules
(" (py — E)'. D=1 &) : T+ (BDiff o1 (D*2))g —> Q7 [2n — 2] & 5™ Ki0(Z)q

is an isomorphism in degrees * < 3n — 7 and an epimorphism in degree 3n — 7.

There is a different description of the class Qtl(p, — E)' €
H2”_2(BDifszn+z(D2”+l); Q) which is sometimes more convenient. Recall that
smoothing theory provides a fibre sequence

BDIff pous1 (D*"T2) — Q21020 4 2)/02n + 1)
— Q" Top(2n + 2)/Top(2n + 1).

Pulling back E € H*(BTop(2n + 1); Q) to Top(2n + 2)/Top(2n + 1) gives a
class which vanishes in O(2n + 2)/0(2n + 1) (as E = p, in BOQ2n + 1)),
so we obtain a class E' of degree 4n — 1 in the cohomology of the fibre of
0Q2n +2)/0@2n + 1) — Top(2n + 2)/Top(2n + 1). This gives a class Q¥ ET €
H2"—2(BDiff D2t (D*'*2); Q), which we now show agrees with the negative of the
class Q¥ +1(p, — E)® featuring in Corollary 8.5:

Lemma 8.6 We have —Q¥' T E™ = Q>"*1(p, — E)T in H¥'~2(BDiff pons2 (D" +1);
Q).

Proof 1t suffices to show the statement before looping, i.e. that we have (—E)* =
(pn — E)T in the cohomology of F := fib(O(2n 4+ 2)/0(2n + 1) — Top(2n +
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2)/Top(2n + 1)). For this we consider the commutative diagram of horizontal and
vertical fibre sequences

F—— 5 02n+2)/02n+1) + Top(2n +2)/Top(2n + 1)

4 + +
Top(2n +1)/0(2n +1) —— BO(2n+1) ——  BTop(2n+1)
v + +

Top(2n +2)/0(2n +2) —— BO(2n +2) ——  BTop(2n +2)

By definition, the class (p, — E)* in the cohomology of F is the pullback of the
same-named class in Top(2n + 1)/O(2n + 1) resulting from the (—)*-construction
for the middle horizontal fibre sequence applied to the to the class (p, — E) €
H4" (BTop(2n + 1); Q) which vanishes in BO(2n + 1). By the naturality of (—)* (see
Sect. 8.1), the class (p, — E)® in F thus agrees with applying (—)? to the top horizon-
tal fibre sequence applied to the pullback of (p, — E) to Top(2n + 2)/Top(2n + 1).
But the latter agrees with —E, since p, in BTop(2n + 1) is pulled back from
BTop(2n + 2), so we have (p, — E)* = (—E)" as claimed. O

8.4 Concordances of discs

Smoothing corners induces an identification
Diff pa (D) = C(DY) (103)
of Diff ju (D1 with the group of concordances C(M) for M = D4, where
C(M) := Diffpxjoyuam xjo,11(M x [0, 1])

for a compact d-manifold M. Restricting a concordance to M x {1} induces a fibre
sequence

Diffy (M x [0, 1]) —s C(M) —> Diffy (M) (104)

which for M = D agrees with the looping of (102) under the appropriate identifica-
tions.

8.4.1 Two involutions

For any manifold M, there is a concordance involution on C(M) given by sending a
concordance ¢ to (idys X r) o (¢|;/11><{1} xidjo,17) 0@ o (idy x r) where r(¢) = (1 —1),
which makes (104) an equivariant fibre sequence when equipping the base space with
the involution given by inversion in the group Diffy (M) and the fibre with the involu-
tion induced by conjugation with (idys x r). If M = M’ x [0, 1], then there is another
involution on C(M’ x [0, 1]) given by conjugation with (idy X r x ido,17), to which
we refer to as the reflection involution. On the subspace Diffy (M’ x [0, 1] x [0, 1]) C
C(M’ x [0, 1]) the two involutions agree up to homotopy, since 7o (Diff([0, 11%) =
Z/2. We call the second involution the reflection involution, because it agrees for
M = D9 = p4-1 x [0, 1] via the identification (103) with the reflection involution

@ Springer



M. Krannich, O. Randal-Williams

on Diff ,« (D?*!) we considered so far, given by conjugation with a diffeomorphism
p: D41 — Dt given by reflection in one coordinate that also induces a reflection
on the chosen half-disc D¢ ¢ 9Dt (note that there are several choices for p, but
they are all homotopic as noDiff(DdH, Dd) =Z/2ford =5).

Theorem 8.1 and Corollary 8.5 determine 7, (C(D? ))Q in a range with respect
to the reflection involution. This can be upgraded to incorporate the concordance
involution:

Theorem 8.7 The maps resulting from (103), Theorem 8.1, and Corollary 8.5 induce

7, (C(D*)Q= (s2K«(Z) ® QT T[0]) fors <3n—"Tandn >4
T (C(D>"T1))= (s2K+(Z)q® QT [0) 8Q ™" [2n — 3] forx<3n—8andn >3

where the (X, )-superscripts indicate the (reflection, concordance)-involution.

Proof By Theorem 8.1 and Corollary 8.4, the map m.(Diffy(D*'')q —
JT*(C(DQ”))Q is an epimorphism for % < 3n — 7. On Diffy (D?'*1) the two invo-
lutions agree, so the first claim follows from Theorem 8.1. From Corollaries 8.4
and 8.5, we see that the map 7, (C(D*"*1))q — m,(Diffy (D*'*1))q is injective for
* < 3n — 8. As inversion in a topological group induces multiplication by —1 on
homotopy groups, the concordance involution acts on 7, (C(D2"+1))Q in this range
by —1. Corollary 8.5 thus implies the second claim. |

8.4.2 Stabilisation of concordances

Concordance spaces can be stabilised: taking products with [0, 1] and “bending” the
result suitably to make it satisfy the boundary condition induces a map

C(M) — C(M x [0, 1]), (105)

often called the Hatcher suspension map (see e.g. [24, Sect. 6.2], where this map
is called the upper suspension map). With respect to the equivalence (103), this
map agrees for M = D¢ with the map induced by (=) x id{_1.1} and identifying
Dt % [—1,1] = D4+2. This is equivariant with respect to the reflection involu-
tion and anti-equivariant with respect to the concordance involution (see e.g. [24,
Lemma 6.5.1.2]). Choosing the reflection involution in the target of (105) to be con-
jugation with the reflection in the stabilised coordinate, we see that the image of this
map on homotopy groups lands in the (41)-eigenspace of C(D4+!) with respect to
the reflection involution, so (105) is trivial on (—1)-eigenspaces with respect to the
reflection involution. Its effect on (41)-eigenspaces is the content of the following
proposition.

Proposition 8.8 Let k > 1 and d > 6. The stabilisation map
7(C(DY)q — 7:(C(DT))q

is trivial on (—1)-eigenspaces with respect to the reflection involution. On (+1)-
eigenspaces it is
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() for d =2n an isomorphism for x < 3n — 7 and an epimorphism for x =3n — 7,
and

@ii) for d =2n + 1 an isomorphism for x < 3n — 8 and an epimorphism for * =
3n —8.

Proof We use the identification (103) throughout the proof. The claim about the
(—1)-eigenspaces was already observed in the discussion preceding the state-
ment. To see the desired effect on (41)-eigenspaces we use that in the con-
sidered range of degrees the (+41)-eigenspace of m, (C(Dd+k))Q agrees with
s_zK*>0(Z)Q by Theorem 8.1 and Corollary 8.5, including in the degree of the
surjectivity claim (as we assumed k > 1). Moreover, using that T (C(D¥ 1) =
s_zK*>0(Z)Q for x < 3n — 8 by Corollary 8.5, we see that it is enough to show
the claim for d = 2n even. In this case, using Theorem 8.1, it suffices to show that
the classes & € Hi_l(BDifsz,l (D¥*1: K; (Z)q) from Sect. 8.3 pull back from
BDiff D2n+k(D2n+l+k ) along the iterated stabilisation map. Let us recall how the &7
arose, by considering the composition

BDiff ., (D*'+!) — BDiff'"

D2n (Vg)l - BGLoo(Z)+

for large g whose second map is the homology action, followed by the plus construc-
tion. The composition is clearly constant and the total space is rationally acyclic
in a range by Theorem 2.6, so the classes & € H'(BGLy(Z); K; (Z)q) give rise
to &7 € H"’I(BDifsz,l (D¥*1: K; (Z)q) via the procedure of Sect. 8.1. Forgetting
framings, taking products (—) x DX, and smoothing corners, this sequence maps
compatibly to the analogous maps

BDIff pousk (D* 115 — BDIff pousr (Vg x D) — BGLoo(Z) T,

so by the naturality property explained in Sect. 8.1, it suffices to show that the pull-
back of the classes &§; € H' (BGL(Z); K;(Z)q) along the map

BDiff pouix (Vg x D¥) —> BGLoo(Z)" ~ QK (Z) (106)

vanishes. But by Dwyer—Weiss—Williams’ improved Riemann—Roch theorem [12,
p- 3], this map factors (up to homotopy and multiplication by (—1)") through the
composition

trf 00

BDIff pousk (Vg x DF) = Q< 00)S = QF

of the Becker—Gottlieb transfer followed by translation by the negative of the Euler
characteristic. As Qg°S is rationally trivial, the map (106) is trivial on cohomology,
so the claim follows. g

Combining Proposition 8.8 with the calculations in Corollaries 8.1, 8.3, and 8.5
with the long exact sequence for the rational homotopy groups of a pair, one deduces
the following corollary. It involves the composition 73,_»(C(D*®), C(D**t1)) —
Q™ of the boundary map 9 to 7,3 (C(D**1)) with the evaluation against the class
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Q¥ H2ET € H2(C(D*1); Q)7 resulting from (103) and the discussion below
Corollary 8.5. We write C(D*°) := hocolim C(D*) for the space of stable concor-
dances whose homotopy groups are isomorphic to Ky42(Z)q as a result of Theo-
rem 8.7 and Proposition 8.8.

Corollary 8.9 We have 7, (C(D®), C(DZ”))Q =0 for n > 4 in degrees x <3n — 6.
The map

(Q2ET 09): m(C(D™), C(D*"!))g — Q7 [2n — 2]

is for n > 3 an isomorphism in degrees x < 3n — 7 and an epimorphism in degree
*=3n—"17.

Using the long exact sequence of the triple (C(D°), C(D*h, c(D?)), this yields
Corollary B.

Corollary 8.10 There is a map compatible with the reflection involution
7(C(D™),C(DN)q — Q7[d - 3]
which is an isomorphism in degrees * < L%dj — 8 and an epimorphism in degree

x=|3d] 8.

Remark 8.11 In particular, we can read off the optimal rational concordance sta-
ble range for discs in large dimensions from Corollary 8.10: the stabilisation map
C(Dd) — C(Dd‘H) is rationally (d — 4)-connected for d > 9 and there is a map
7a—3(C(D4*1), C(D?))q — Q™ which is an epimorphism for d > 9 and an isomor-
phism for d > 11.

Remark 8.12 The exclusion of the case n = 3 in the claim about the first maps in The-
orem 8.1, Theorem 8.7, and Corollary 8.9 as well as the case d = 6 in Proposition 8.8
and in Theorem 9.3 below are due to the fact that the analogue of Theorem 2.6 in
dimension 2n 4+ 1 =7 is not yet available. If this were to be established, then these
cases need not be excluded.

9 The rational homotopy type of BSTop(d) and orthogonal calculus

We conclude this work by determining the rational homotopy type of BSTop(d) in a
range and by spelling out the consequences of our results to orthogonal calculus.

9.1 The rational homotopy type of BSTop(d)

Our formula for the rational homotopy type of BSTop(d) in a range involves the
forgetful map to BSG(d) and the stabilisation map to BSTop

g: BSTop(d) — BSG(d) and s: BSTop(d) — BSTop.

In odd dimensions it also involves a certain spectrum @Bt') ~q K (Z).
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9.1.1 The rational homotopy type of BTop(2n)
Even dimensions are simpler, so they come first.

Theorem 9.1 For 2n > 6, the map
(g,s): BSTop(2n) — BSG(2n) x BSTop
is rationally (5n — 5)-connected.

Proof We may show the claim after post-composing the target with the rational equiv-
alence

(e, TTis1 pi): BSG(2n) x BSTop —> K (Q, 2n) x [1;2. K (Q, 4i).

To prove the modified claim, we consider the map of fibration sequences (100).
The map Top(2n)/O(2n) — Top/O given by stabilisation is (2n + 2)-connected
and Top/O is rationally contractible [25, p. 246], so the leftmost vertical map in
this diagram is rationally (2n 4 2)-connected. As the middle vertical map is a ra-
tional equivalence, the righmost vertical map is rationally (2n + 3)-connected, so
we may test its connectivity after looping (2n + 2) times. Combining this with
QBDiffgr (D) ~ QZ"“BSTop(Zn) (see Sect. 8.2), the claim follows from the first
part of Corollary 8.3. 0

9.1.2 OBtV and the rational homotopy type of Top(d + 1)/ Top(d)

Before turning to BTop(2n + 1), we study the homotopy fibres Top(d + 1) /Top(d) of
the stabilisation map BTop(d) — BTop(d + 1) induced by (—) x R by comparison
to similarly defined fibres G(d + 1a)/G(d). So far we considered G(d) as the space
of homotopy automorphisms of $9-1 and the stabilisation map G(d) - G(d + 1) to
be induced by unreduced suspension, but for the remainder of this section it is con-
venient to work with a different model with better functoriality, namely as the space
of proper homotopy equivalences of R?, related to hAut(S¢~") by an equivalence

hAut(S?~1) — hAut(R?)Prp

given by taking open cones. With this model for G(d) the comparison map Top(d) —
G(d) is simply given by inclusion, the stabilisation map G(d) — G(d + 1) by taking
product with R, and we have compatible analogues of the loop-suspension map

$Y=0(d +1)/0(d) —> QO(d +2)/0(d + 1) = §¢+1, (107)
for Top(d) and G(d) in the form of stabilisation maps

Top(d + 1)/Top(d) —> 2 (Top(d + 2)/Top(d + 1))

G +1)/G(d) —> QG +2)/Gd+ 1)) (108)

induced by conjugation with rotations in a 2-plane (see [9, Sect. 1]). These maps
define sequential spectra with dth spaces Top(d + 1)/Top(d) and G(d + 1)/G(d),
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and for reasons that will be become clear later when we discuss orthogonal calculus
we denote these spectra by ®Bt(1) and ©Bg'!, respectively. To have a uniform nota-
tion, we denote the sphere spectrum thought of as a sequential spectrum using (107)
by ©Bo'". By construction, the inclusions O(d) C Top(d) C G(d) induce maps of
spectra

®BoV — etV — eBg"

whose composition turns out to be an equivalence; this is a consequence of the fact
that the map O(d + 1)/0(d) — G(d + 1)/G(d) is (2d — 3)-connected for d > 2 by
[20, Main Theorem 3.4, Corollary 6.6]. We thus have preferred equivalences

S=0BoV ~©BgY and ©BtY ~Sv (©BtV/S). (109)

The homotopy type of ®Bt1) was determined by Waldhausen as his A (x) [43, Theo-
rem 2 Addendum (4)], but instead of using his result we reproduce it rationally from
our point view.

Proposition 9.2 We have 7, (©Bt)q = K. (Z)q.

Proof Consider the map of fibre sequences provided by smoothing theory (see [9,
Thm A])

BC(DY) ———— Q40(d +1)/0(d) ——— Q?Top(d + 1)/Top(d)

l ! !

BC(Dy —— Q4110(d +2)/0(d + 1) —— Q4+ Top(d + 2)/Top(d + 1),

(110)

where the map between fibres is the stabilisation map from Sect. 8.4.2. Taking vertical
homotopy colimits and rational homotopy groups, we conclude

7. (0Bt D) g = 7,(S)Q @ 741 (hocolimy BC(D))q.

But 7,1 (hocolimy, BC(Dd))Q = K4~0(Z)q by the discussion in Sect. 8.4.2, and this
implies the claim since o (S)gQ = Ko(Z)q. O

Having determined ©Bt(1), we express the rational homotopy type of Top(d +
1)/Top(d) in a range in terms of oBt) and G(d + 1)/G(d). Being the dth space in
the spectrum ©Bt(D, the space Top(d + 1)/Top(d) has a canonical map to Q> (5% A
©Bt(D), and similarly for G(d + 1)/G(d).

Theorem 9.3 For d > 6, the square

Top(d + 1)/Top(d) —— G(d + 1)/G(d)

| |

Q® (84 A 0Bty — Q54 A ©BgD)
is rationally 5 L%J — S-cartesian.
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Proof Combining the facts that O(d + 1)/0(d) — G(d + 1)/G(d) is (2d — 3)-
connected for d > 3 as mentioned above and that O(d + 1)/0(d) — Top(d +
1)/Top(d) is (d 4 2)-connected for d > 5 [25, p. 246], it follows that the top map
is (d + 2)-connected for all d > 5, so the same holds for the bottom map. We may
thus test cartesianess of the square in question after looping d times, in which case
we consider the commutative diagram

BC(DY) —— Q90(d + 1)/0(d) + Q4Top(d + 1)/Top(d) - Q4G(d +1)/G(d)

lo le lo le

hocolimy BC(D?) + Q°(©@BoD A §9) — Q*®(59 A 0BtD) — Q> (57 A ©BgD),

obtained from extending the diagram (110) to the right using the inclusion Top(—) C
G(—) and stabilising the bottom row. The task is now to show that the map
hofib(®)q — hofib(@)q has the claimed connectivity.

If d =2n > 6 is even, then the map O(d + 1)/0(d) — G(d + 1)/G(d) is easily
seen to be a rational equivalence using (93) so it follows that the map hofib(®)q —
hofib(@)q is an equivalence. It thus suffices to show that the map hofib(Q®) —
hofib((Q)) is rationally (3n — 5)-connected or equivalently that hofib((D) is rationally
(3n — 6)-connected. But the latter holds by Corollary 8.9, so we are done with this
case.

If on the other hand d = 2n + 1 > 6 is odd, then one can deduce from (93) that the
sequence

O(2n+2)/02n+1) — G2n+2)/G2n+1) — BG(2n+1) % K(Q,4n)

(111)
is a rational fibre sequence, so we obtain a rational fibre sequence

QZnJrl E
hofib(®) — hofib(@) "— K(Q,2n — 1).
From the diagram of horizontal rational fibre sequences

hofib(D) —— hofib(®) — hofib(®)q

|| \L QZ)H»IE
hofib(®) —— hofib(@) -+ —F K (Q,2n — 1)

we see that to finish the proof that hofib(®) — hofib(@) is rationally (5n — 5) —
(2n 4+ 1) = 3n — 6-connected, it suffices to show that the induced map hofib((D) —
K(Q,2n —2) is rationally (3n — 7)-connected. By construction, this map factors up
to homotopy as the composition hofib((D) — BC(D**tho — K(Q, 2n — 2) where
the final map is represented by the class Q¥+t ET € H**~?(BC(D*'*1); Q), so the
claim follows from Corollary 8.9. g

9.1.3 The rational homotopy type of BTop(2n + 1)
In view of (109) Theorem 9.3 equivalently says that the map

Top(d + 1)/Top(d) —> G(d + 1)/G(d) x (5% A OBtV /S) (112)
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is rationally highly connected. In order to use this to provide a description of
BSTop(2n+1), we rely on the following lemma. We postpone its proof to Sect. 9.2.3,
as it will involve some orthogonal calculus which we have not yet discussed (but see
Remark 9.5).

Lemma 9.4 The composition
Top(2n+2)/Top(2n+1) — QX (s A@BtD/S) — Q® (s AeBtV/S)q,

where (—)q denotes rationalisation, admits a factorisation up to homotopy over a
map

k: BSTop(2n + 1) — (5> A @BtV /8)q.

Remark 9.5 There is more than one way to prove this lemma. Using more of the the-
ory of orthogonal calculus than in the proof we shall give in Sect. 9.2.3, we explain
in Sect. 9.3 that there is in fact a preferred factorisation k. On the other hand, if one is
willing to replace the target of k by its (5n — 5)-truncation then also a more elemen-
tary calculus-free argument can be given, by studying the Serre spectral sequence for
the fibre sequence Top(2n + 2)/Top(2n + 1) — BSTop(2n + 1) — BSTop(2n + 2)
and exploiting the reflection involution.

Fixing any factorisation k promised by Lemma 9.4 the odd-dimensional analogue
of Theorem 9.1 reads as follows. Together with Theorem 9.1 it proves Theorem C,
using Proposition 9.2 and rational the equivalences (93).

Theorem 9.6 For n > 3, the map
(g,5,k): BSTop(2n 4 1) —> BSG(2n + 1) x BSTop x Q¥ (s> A 0BtV /S)q
is rationally (5n — 5)-connected.

Proof Consider the commutative diagram of vertical fibration sequences

Top(2n +2)/Top(2n + 1) — G(2n +2)/G(2n + 1) x QX (5> A @Bt /8)q

l !

BSTop(2n + 1) —— BSG(2n + 1) x BSTop x QX (S>"*! A ©BtV/8)q

1 !

BSTop(2n +2) s BSG(2n +2) x BSTop.

The top and bottom horizontal arrows are rationally (5n — 5)-connected by Theo-
rem 9.1 and Theorem 9.3, so the same holds for the middle arrow. O

Remark 9.7 As BSG(2n + 1) >~ K(Q, 4n) and BSTop =~ ]_[iZl K(Q,4i), Lemma 9.4

in particular shows that BSTop(2n + 1) is rationally a product of Eilenberg—McLane
spaces in the & Sn-range.
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9.2 Orthogonal calculus and the second derivative of BTop(—)

The assignment V +— BTop(V) defines an orthogonal functor Bt, i.e. a continuous
functor from the topologically enriched category of finite-dimensional inner prod-
uct spaces to the category of pointed spaces. Similarly BO(—) and BG(—) define
orthogonal functors Bo and Bt (using the model G(V) = hAut(V )PP discussed in
Sect. 9.1.2), and there are maps of orthogonal functors

Bo — Bt — Bg (113)

induced by the inclusions O(—) C Top(—) C G(—). By taking homotopy fibres we
can also form the orthogonal functor t/o having t/o(V) = Top(V)/O(V). Such func-
tors are the input for Weiss’ theory of orthogonal calculus [51] as recalled in the
introduction. Before studying the derivatives of (113), we add a little more to this
recollection. We refer to [51] for details.

9.2.1 Orthogonal derivatives

Given an orthogonal functor E, one can use the inclusion V. C R @ V to define a new
functor EV by E(V(V) := hofib(E(V) — E(R @ V)). This new functor comes with
additional structure in the form of natural maps of the form

o: EDW)— QEORa V), (114)

so gives rise to a spectrum OEV—the first derivative of E—whose dth space is
EM (R?). Moreover, the reflection along {0} in R induces a O(1)-action on ED (V)
with respect to which the maps (114) are equivariant if Q(—) is formed with re-
spect to the standard O(1)-representation. By a standard untwisting argument (see
[51, p. 3758]), this makes ®E(!) into a (naive) O(1)-spectrum, with QXOED ~
hocolimy QdE(l)(Rd) on which O(1) acts as described above on E() (Rd ) and by re-
flection in each of the d coordinates of Q7. Proceeding as above, one sets EQ (V) =
hofib(o : EV (V) — QEW), which again admits natural maps, this time of the form

o: EPW)— QPEPRa V),

and these give rise to the second derivative @E?); the 2dth space is E? (R?¢). There
is an alternative description of E@ (V) which endows it with an O(2)-action, which
by the untwisting trick mentioned above leads to an O(2)-spectrum structure on
OED (see [51, Sect. 3]). This procedure can be continued and yields spectra OEW
with O(k)-action, one for each k > 1.

9.2.2 The first two rational derivatives of BO(—), BTop(—), and BG(—)

In Sect. 9.1.2 we preemptively introduced the notation ®Bo"), ®Bt", and ®Bg"
for what we can now call the first derivatives of these functors, and in (109) and
Proposition 9.2 we described the rational homotopy types of these spectra. Deter-
mining their rational homotopy types as O(1)-spectra amounts to understanding the
O(1)-action on their rational homotopy groups, which is as follows. We write Q* for
Q acted upon by O(1) via multiplication by +1.
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Lemma 9.8 We have
7.(©BoM) g = 7, (@Bg") o = QT [0] and

(@0 M) = QT[0]1 @ (K4=0(Z)o ® Q7).

Proof As just mentioned we already determined these groups without the O(1)-
action, so we are left to show that O(1) acts as claimed. By definition the O(1)-
spectrum ®Bo! has dth space §¢ = R? U {00}, on which O(1) acts by reflect-
ing each of the d coordinates, so it acts by (—1)¢ on the homotopy groups and
thus trivially on ®Bo") under the untwisting equivalence mentioned in Sect. 9.2.1.
The composition ®Bo) — @Bt — ©Bg) is an equivalence, so it remains to
show that the O(1)-action on n*>0(®Bt(1))Q is by (—1), or equivalently that the
O(1)-action on 7, (@t0D)q is by (—1) where t/o = Top(—)/O(—). As in (110) we
have Q410D (R?) ~ C(D?), and—taking the untwisting into account—under this
equivalence O(1) acts on homotopy groups by (—1)4*! times the concordance in-
volution. By Theorem 8.7 the concordance involution on C(Dd) acts by (—1)d on
rational homotopy groups in degrees * < d — 4, so the claim follows. g

As for second derivatives, for Bo we already mentioned in the introduction that
the metastable EHP-description of the loop-suspension map S¢ = Bo"» (R?) —
QBoM (R4t = QS9*! shows that ©Bo® ~ S~ with trivial O(2)-action (see [51,
Example 2.7] for details). Based on (93) there are several ways to determine the
second derivative of Bg; Reis—Weiss [38, Proposition 3.5] did it by describing an
equivalence

©Bg® ~q Map(s!, 871 (115)

under which the map ©@Bo® — ®Bg® is the inclusion of the constant maps and
0O(2) acts on Map(S 1§ 1 through the canonical action on § L We complete this
picture with the following.

Theorem 9.9 The map ©Bt? — OBg® induced by inclusion is a rational equiva-
lence.

Proof Comparing the square in Theorem 9.3 with the analogous looped square for
d + 1, it follows that the square

Bt()(R?) = Top(d + 1)/Top(d) ———— > BgV(R?) =G(d + 1)/G(d)
QBtD (RY*!) = Q(Top(d +2)/Top(d + 1)) —— 2Bg"(R™!) = Q(G(d +2)/G(d + 1))
is rationally (5 I_%J — c¢)-cartesian for a constant ¢, so taking vertical homotopy fibres

we conclude that the map Bt® (RY) — Bg@ (RY) is rationally (5 L%J — c¢)-connected.

As these are the 2dth spaces of ®Bt? and ©Bg® and 5| ¢ | — 2d tends to infinity
with d, the result follows. U
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Combining Lemma 9.8 with Borel’s calculation K,~0(Z)q = @x>1Q[4k 4 1] (see
Sect. 7.1.3), and Theorem 9.9 with (115), we can summarise our discussion of the
first two derivatives of Bt as follows. This in particular includes Theorem D from the
introduction.

Corollary 9.10 There are equivalences

(i) OBty ~ HQ" v/, T* T HQ™ as O(1)-spectra, and
(ii) ®Bt8) ~ Map(S},S8 ") as O(2)-spectra.

We close this subsection by making good for the postponed proof of Lemma 9.4.
9.2.3 Proof of Lemma 9.4

During the proof we use the Taylor tower of an orthogonal functor as summarised
in the introduction (see [51, Sect. 9] for details). We furthermore consider the
orientation preserving analogue Bst(V) = BSTop(V) of Bt, the functor F(V) =
Top(V @ R)/Top(V) and the canonical morphism F — Bst. Note that F = Bst(),
and that Bst and Bt differ by the constant functor on BZ* and thus have the same
derivatives, which we continue to denote by ®Bt*). Now TyF has contractible val-
ues and by general properties of orthogonal calculus we have a preferred equiva-
lence OFD) ~ Ind?(l)Resg(l)(@Bt(l) with respect to which the map of O(1)-spectra
OFD — EBtM is adjoint to the identity map. We consider the diagram

Top(2n +2)/Top(2n + 1) — TIFR* )~ Q®($2+! Ag) OFD) =521+ A @Bt(D)

| | |

BSTop(2n + 1) — T1Bst(R¥"+!) oo » Q2821 A @Bt /8)q

where upper left equivalence is because ToF has contractible values and the right
because OF D is induced from OB, As the top row of this diagram is compatible
with the canonical map from the statement, it reduces the problem to producing the
dashed map—a problem about first Taylor approximations. To construct the dashed
map we consider the diagram

Qo (8§ A1y ©BtD) ——— TyBst(R"F!) —— TyBst(R***!) ~ BSTop

Qoo(s2t! A eBt)) —— @ (s2+ A @Bt /S)o

and first produce a dotted map making the lower triangle commute. From Corol-
lary 9.10 we get

T (ST A OBt D)o = Py Q120 + 1 + 4k + 11 @ Q21 + 1]
me (S A 0Bt /8)g = @) Q21 + 1 + 4k + 1]
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T (S Aoy OBt D)o = Py Q21 + 1 + 4k + 1],

so there is indeed a unique homotopy class of dotted infinite loop map making the
lower triangle commute. To extend this to a map as indicated by the dashed arrow, we
observe that Q% (5> A @BtV /S)q ~ [~ K(Q, 2n + 4k +2), so the problem is
to show that certain cohomology classes in H>*+#+2(Q(§21+1 A1) ©Bt()); Q)
are permanent cycles in the Serre spectral sequence for the top row. But this spec-
tral sequence collapses, as BSTop is simply-connected and has rational cohomology
supported in even degrees. |

9.3 The algebraic K -theory Euler class

The purpose of this final subsection is twofold: firstly, we explain how a more sophis-
ticated use of orthogonal calculus yields an improvement on Lemma 9.4 in the form
of a preferred map

k: BSTop(2n+1) — Q> (s> n0Bt/8)g = @ (s* 1A (0Bt /©BoV))q,

together with a nullhomotopy of its precomposition with BSO(2n + 1) —
BSTop(2n+1). Secondly, we show how this provides a reinterpretation of our results
on BSTop(d) in terms of obstructions to finding vector bundle structures on topolog-
ical R?-bundles. Throughout this section, we freely use the theory of orthogonal
calculus and refer to [51] for details.

9.3.1 The intrinsic Euler class
There is a homotopy cofibre sequence of based O(1)-spaces
SV — SREV _ [ndOM gt A 5V,

where the O(1)-action on the left-hand and middle spaces is by negationin V and R&@
V respectively. If E is an orthogonal functor with first derivative the O(1)-spectrum
®EW | then the above gives a fibration sequence

QY Aoy OED) — QX (SREV Ag 1) OED) — Q@ (S! A Y A GED),

so as ToE(V) >~ ToE(R & V) on first Taylor approximations there is a homotopy fibre
sequence

Q>* Y AOEW) — T\E(V) — TIE(R D V).

This can be expressed in the following more useful way. The O(1)-spectrum QED
arises as the fibre of a parametrised O(1)-spectrum OEWD over E(R®) ~ TH)E(R® V)
(i.e. a parametrised spectrum with a fibrewise O(1)-action), and there is a homotopy
cartesian square

THE(V) ——— THER D V)

l lz (116)

TIER® V) —E5 Q®(SR®V A @ED),
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where 2°°(—) denotes the fibrewise infinite loop space of a parametrised spectrum,
z is the basepoint section, and eg is a map covering the standard map TT1E(R® V) —
ToE(R @ V). This square is given by [51, Corollary 8.5].

Generally speaking, if T is a parameterised spectrum over a space X, then homo-
topy classes of sections of 2°°(T) — X may be seen as twisted cohomology classes
on X with coefficients in T, and the set of them is denoted H°(X: T). If the parame-
terised spectrum T is pulled back from a (parametrised) spectrum T over a point, i.e.
a regular spectrum, then this notion recovers T-cohomology in the usual sense. The
basepoint section z : X — Q°°(T) represents the zero cohomology class. If (X, Y)
is a space pair then a section s of Q°°(T) — X together with a homotopy s|y >~ z|y
fibrewise over X may be seen as a relative twisted cohomology class, and the set of
homotopy classes of such is denoted H(X, Y; T).

In the case at hand, the square (116) may thus be interpreted as a relative twisted
cohomology class on the pair (T1E(R@® V), T1E(V)) with coefficients in the pullback
along TIE(R® V) — THE(R @ V) of the parametrised spectrum OEWD over THIE(R®
V). Neglecting that it is a relative class, and pulling back further along ERR&® V) —
TIE(R @ V), gives an absolute twisted cohomology class

ee eH'(ER @ V); SRV A 0ED).

If f:E — Fis a morphism of orthogonal functors, there is an induced map @ f ) :
QED — FR>®)*OFWD of first derivatives (the target is pulled back along the map
F(R*®) : E(R*®) — F(R*)), and by naturality we have

(T1 f)*(er) = (OF D), (ep) e H(TIER @ V), TIE(V); SRV A fF(R®)*QFD).

More precisely, there are preferred homotopies making the 3-cube given by the cor-
responding diagrams (116) commute, so again forgetting that eg and e are relative
classes and pulling back we obtain a twisted cohomology class

(er.eg) e H'(FR @ V), ER @ V); SRV A (@FD, @EM)).
9.3.2 Application to Bo and Bt

Applying the above discussion to the map Bo — Bt gives
(et ego) € H' (BTop(d), BO(d); (@B, ©Bo").

Remark 9.11 If we have understood [12, p. 6 (1)] correctly it suggests that eg; is the
characteristic class associated to the excisive A-theory characteristic as constructed in
that paper, and that eg, is Becker’s stable cohomotopy Euler class, so that the above
corresponds to [12, Equation (0.5)]. We think of ep; as the algebraic K -theory Euler
class for this reason.

The discussion in [38, Remark 5.2] shows that the parametrised spectrum ©Bo"

over BO, and the pullback of the parametrised spectrum ©Bt(1) along BO — BTop,
are both pulled back along the map BO — BG from the parametrised spectrum
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given by the canonical action of G = GL;(S) on ®Bo'") = ®Bol) A S and ®Bt() =
©Bt() A S. Upon rationalising this action factors over G — Z*, so ®Bo(1)Q and the

pullback of @Bt(l)Q to BO are the pullbacks of ®Bo(1) A Sgign and G)Bt(l) A Sgign
along the orientation map BO — BZ*, where SSlgn 1s the Z* -spectrum given by S
with the sign involution. Using that O — Top is a rational equivalence, it follows
that also OBt( ) itself is the pullback of OBt(l) A Sgign

BTop — BZX Extending (116) there is a commutatlve diagram (similarly for Bo)

along the orientation map

TiB{(V) —— ToBt((R® V) =~BTop — > BZ*

1 ) |

TiB(R @ V) —25 Q% (SROV A 0BtV) —— Q¥(SRV A 0Bty A S,

where the left-hand square is homotopy cartesian, the right-hand square is rationally
homotopy cartesian, and z is the basepoint section. In particular the lower map and
its analogue for Bo gives a diagram of the form

TiBo(R?) 225 0*(s¢ A ©BoV) —» Q*($¢ A ©Boy’ A S,,) ———— BZX

! J | 5

TlBt(Rd) QOO(Sd /\OBt(l)) — QOO(Sd /\OBt(l) /\Silén) RN Qw(sd (()Bt )Q

o)

i gn)

where the right-hand square is developed by taking cofibres of (parametrised) spectra.
When d is even the left-hand map in this diagram is a rational equivalence (over
BZ>), so the composition along the bottom is trivial. When d is odd, we consider the
composition

BTop(d) <2 0™ (59 A 0Bt") —> (54 A (£B0) ) ASp) =5 2(5¢ A (OB /©Bol)g A S

(()B (§) )Q Ssign elgn)

which qualifies as k in Lemma 9.4 when precomposed with BSTop(2n + 1) —
BTop(2n + 1) as a result of the following lemma, using S = @Bo(V.

Lemma9.12 The diagram

Top(d + 1)/Top(d) —— (8¢ A ©BtD) —— Q°(5 A (@BtV/0BoV)q)

l l(l—t—(—l)d“)»inc

BTop(d) —————— TiBt(RY) ———— 2%(5 A (6Bt /©Bo")q A Siqy)
commutes up to homotopy.

Proof This is similar to Sect. 9.2.3. We set F(V) := Top(R&® V) /Top(V') and consider
F — Bt, where OF D) = Ind®VRes?V @Bt(1) and the map of O(1)-spectra OF D —
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©Bt() is adjoint to the identity map. There is a diagram

Q254 A OBtD) = (S noa) OFV) = TIFRY) — 2(8¢ A OFD)

T~ | | |

Q%84 Aoqr) ©BtD) — TiBt(RY) —2 @ (59 A 0Bt D),

where the right-hand square comes from naturality of the intrinsic Euler class, the
middle square is given by the inclusion of the 1st layers (and its top map is an equiva-
lence as TyF = x), the left-hand equivalence is because OFW is induced from OBt
the diagonal map is the canonical quotient map, and the quotient along the bottom is
the norm. It follows that the map from T1F(R?) ~ Q> (5% A ©BtD) to the bottom
right-hand corner is given by 1 4 7 for the involution 7. The lemma now follows as
the involution acts by (—1) on (@Bt(l)/®Bo(l))Q by Lemma 9.8, so acts by (_1)d+1
on S A @BtV /@Bo)q. O

9.3.3 Obstruction-theoretic reinterpretation

It is now simply a reinterpretation of Theorem 9.1 and Theorem 9.6 that the square

BO2n+1) > BTop(2n + 1)

l l(PniEvHi>nPia];)

BZ* ——— [];5, K(Q,4i) x Q%(52"+! A (©BtD /©BoD)q A Sin)

i>n

is rationally (5n — 6)-cartesian if d = 2n 4+ 1 > 5, and similarly for d = 2n > 6 with
the final factor omitted, BZ* replaced by a point, and p, — E replaced by p, — €.

In particular, given d > 6 with d = 2n or d = 2n + 1 and a map of pairs
¢: (X, A) — (BTop(d), BO(d))

such that (X, A) only has relative cells of dimension < 5n — 6 then a complete set of

rational obstructions to compressing ¢ (i.e. homotoping it into (BO(d), BO(d)) is:

(01) ¢*(p;) e H¥ (X, A) fori > n,

(02) ¢*(p, —e?) e H" (X, A) if d =2n,

(03) ¢*(p, — E) e H" (X, A) ifd =2n +1,

(04) ¢*(ept, eso) € HY(X, A; (BB, ©®BoV))q if d =21 + 1 ((ept, eso) vanishes
for d =2n).

Appendix A: Some cohomology of Gy

As announced and used in Sect. 7.1.4 this appendix serves to compute the bigraded
groups

H., (Gv; Si(Hy) ® SIL(H‘\//))
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in a stable range of homological degrees. To do so we first pass to the ungraded setting
and dualise: in Lemma A.3 we calculate H*(Gy; (HJ)W & I:I‘?q) in a stable range
as a graded Q[X, x X, ]-module, which we then use in Corollary A.4 to answer the
original question.

In fact it will be more convenient to calculate the groups H*(Gy; (H v P H
with arbitrary finite sets P and Q indexing the tensor powers. To state the answer
(which also take the H*(GLy(Z); Q)-module structure induced by the surjection
Gy — GL(H %) — GLo(Z) followed by the stabilisation map into account) we ab-
breviate k := {1, ..., k} for kK > 0, write Bij(S, T) for the set of bijections from § to
T, and denote (4) and (—) for the trivial and sign representations of the symmetric
group X».

®
v’

Definition A.1 For finite sets P and Q, define vector spaces C (P, Q) and C_(P, Q)
by

Indy%y (12 (F)) ®x,, QIB(QU2L P)] if [P~ Q| =2 >0
0

CL(P, =
(P, Q) otherwise,

considered as a graded vector space concentrated in degree . Writing FB for the
category of finite sets and bijections, this assembles to a functor

Ci(—,—): FB x FB — grVect,
where the action is by (f, g)-h=goho (f~'1L2s) on Bij(Q U2t, P).

Remark A.2 C.(P, Q) may be interpreted the vector space of injections Q — P,
with an ordered matching of the complement, and an ordering of the parts of the
matching, modulo

(i) reordering a matched pair and multiplying by F1,
(ii) reordering the parts and multiplying by the sign of the permutation.

Lemma A.3 There is a natural transformation ® of functors from FB x FB fto the
category of H*(GLyo (Z); Q)-modules with components

®p o : H (GLxo(Z); Q) ® C1yn (P, Q) —> H*(Gy; (H))®F @ HZ?),

which for each fixed P and Q are isomorphisms in a range of degrees increasing
with g.

Proof The i_ntersect_ion form on Hy in_duces an identification of the kernel o_f the
projection Hy — Hy with the dual of H,/, resulting in an extension of Q[GL(H%)]-
modules

0— Hy — Hy — Hy — 0 (117)
which represents a class

€ € Extyy g, (Hv. Hy) = Extgyg, Q. (Hy) ® (Hy)) =H'(Gy: (H))®?).
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Recall from Lemma 2.11 the semi-direct product decomposition Gy = M % X
GL(I:I%). The Serre spectral sequence for this semi-direct product provides an iden-
tification

H(Gy: (A))®2) = [H' (MZ; (8)®2152H) @ 0 (GL(AZ): (H))®?).

The extension (117) is GL(I:I%)—equivariantly split (see Sect. 2.8.3), so € decomposes
as (€, 0). Under the identification

A2(I-_I‘%)v for n even

HU(MZ: (H))®? GLAY — Hom.. - (MZ: & (HY ®2>’
(My: (Hy)™) CLAED\TY T T2(A%)Y for n odd, (Hv)

the class € is given by the dual of the (anti)symmetrisation map from H “?2 to 2 (Hy)

or A%(Hy). In particular, under the ,-action given by swapping the factors of
(H‘\,/ )®2 the class € transforms as sign®”+1, and hence € does as well.

In addition to €, we have a class 7 € H'(Gy; Hy ® I-_I‘X ) defined by coevaluation.
Taking cup products of copies of € and 7, and permuting the tensor factors, gives a
map

Ci-1y(p.q) — H*(Gy; (H))®P @ H), (118)

that is X, x X, -equivariant, which then extends to the natural transformation @ as
in the claim, using the H*(GL(Z); Q)-module structure of the codomain. To verify
that this map is an isomorphism in a stable range, we will once more consider the
Serre spectral sequence of the semi-direct product Gy = M % X GL(H%)

Ey'=H' (GL(HE); H' (M%; Q@ (A))®T @ ASC) = B+ (Gv: (Hy)®T o HEC).

Rationally we may identify the divided square with the symmetric square, so M ‘Z, ®
Q agrees with A2(Hy)" if n is even and with Sym?(Hy)" if n is odd, and hence
H' (MZ; Q) = A'(A%(Hy)) if n is even and H'(M%; Q) = A'(Sym?(Hy)) if n is
odd. Taking cup products thus gives a map of Q[GL,(Z)]-modules of the form

A2(Hy)
Sym?(Hy)

5.t
2

(119)
which is an isomorphism in a range of s increasing with g by Theorem 7.3. We write

]GL(H5)

H'(GLoo(2): Q) ® [A({ )@ ()" @ AP

A*(Hy) for n even )
At(! V ) = a3y, ()2 (1)) @, AT,

Symz(l-_[v) for n odd
The map
QIBij(T. $)] —> [(H)®* @ AT 10D

given by inserting coevaluations is an isomorphism as long as g > max{|S|, |T|},
which one sees as follows: The first and second fundamental theorems of invari-
ant theory for SL,(C) (see e.g. [36, Sect. 11.6.1, p. 388]) and Zariski density of
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SL¢(Z) C SLg(C) show that this map is an isomorphism when replacing the target
with the SL(H%)—invariants, but since inserting coevaluations gives elements that are
even GL(H%)-invariant, the SL(H%) and GL(HZ) invariants in fact agree.
Combining this with the expression above identifies the domain of (119) with
H*(GLxo(Z); Q) @ C(—1y» (P, Q);. Thus in a range of s increasing with g, the spectral
sequence is supported along the row t = (| P| — | Q|)/2, so it collapses and there are
no extension issues. For this value of ¢ it is clear that the map C_1y»(P, Q); —

EX =H!(Gv; (HY)®F @ HZ?) agrees with (118), so the result follows. O

Corollary A.4 Fix partitions A & p and pu & q. In a range of homological degrees
increasing with g the bigraded vector space Hy(Gy; Sy(Hy) ® S, (H‘y)) is

(1) trivial if p — q is odd or negative, and
(i) isomorphic to Hy(GLx(Z); Q) @ x (X, ) as a Hy(GLx(Z); Q)-comodule if
p —q =2t. Here

X0 ) = [mdggxz% () BInd3%y, (1) (2)) ® (A)]EP
is placed in bidegree (t, (p — q)(n — 1))
Proof Adapted to the graded setting Lemma A.3 gives an isomorphism
H*(Gv: (HY)®" ® Hy'")
= H*(GLoo(Z): Q) ® C(—1yr(p. q) ® (IM)E" TR (19)®" 1)
®Q[0, (g — p)(n — 1)]

of bigraded Q[X, x X,]-modules in a range of cohomological degrees increasing
with g. The right-hand side vanishes unless p — ¢ is even and nonnegative, and if
p —q =2t we have

C1y (P, g) ® (1P)ETH R (1)@ +T

~ Zp

=Indy?, 5, (QUE,1 B Id3y, (19 (19 ) @ (17)e+!

~r i Z

= Indy 5, (Q[Eq] X Ind32s (12 (2))
as a Q[X, x X,]-module using Frobenius reciprocity, supported in cohomological
degree ¢. Dualising and applying [— ® (1) X ()]*7* > gives the claimed formula.

O

Appendix B: Relation to the work of Watanabe

In [46] Watanabe used a characteristic class associated to the “theta” graph defined
by Kontsevich in terms of configuration space integrals

¢, € H*'2(BDifff (D> 1); Q) (120)
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to show that the group 2, > (BDiffy (D2"+1))Q is nontrivial for many values of n > 2
(see [46, Theorem 1, Corollary 2]). The purpose of this appendix is twofold:

(1) In Sect. B.1, we explain how one can replace Watanabe’s use of the Kontsevich
class ¢, in [46] by an invariant with a significantly simpler description. This
results a surprisingly elementary proof that 75, > (BDiff; (D2"+1))Q is nontriv-
ial for many values of n > 2, which could have been discovered in the *70s.
This also gives a simple argument for the odd-dimensional analogue p, # E €
H4”(BT0p(2n +1); Q) of Weiss’ theorem p, # ¢* € HY (BTop(2n + 1); Q)
described in the introduction.

(i1) In Sect. B.2, we give an alternative description of ¢» which does not involve
configuration space integrals and fits well with our computation of the rational
homotopy type of the (= 3n)-truncation of BDiffgr(D2"+1)g in Sect. 8 (but does
not use it).

B.1 A“classical” proof that 2, (BDiff; (D?"+1)), is often nontrivial

On close inspection, the proof of the main theorem in [46] saying that
12, —2 (BDiffy (DZ"‘H))Q is nontrivial for “many” n > 2 hinges only on very few
properties of the Kontsevich class ¢, € H**~2(BDifflf(D?'*1); Q). In fact, the only
input needed for the final step in the argument (see Sect. 5 loc.cit.) to go through is
the existence of a morphism

¥ : m,—2(BDIff (D*F1)) — Q (121)

with the following two properties:

(1) ¥ isintegral, i.e. it has image in Z C Q.
(ii)) The composition

4, (BO(2n 4 1))
2 13, 2(Q2H1 0@ + 1) > 2,2 (BDItET (D)) L5 Q

agrees with i - P 4n(BO(2n + 1)) — Q. Here r is induced by reframing.

The morphism induced by Kontsevich’s class & € HZ”_Z(BDiff’;r(DZ"H); Q) as de-
scribed in Sect. 2.5.2 loc.cit. satisfies (i) by construction and (ii) as a result of the
proof of Theorem 2 loc.cit.. The class &> is thus a valid choice for ¥, but for the
purpose of proving the main result in [46], any other i satisfying (i) and (ii) would
do. Our favourite choice is the following.

B.1.1 An alternative ¥

Consider the composition

BDIffl (D*" )y — Q¥ Top2n+1) — Q¥ 'G2n+1) ~ Q*"BSG(2n+1)
(122)
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where the first map is the “scanning map” appearing in smoothing theory and the
second map is the canonical map Top(2n + 1) — G(2n + 1) obtained by viewing
Top(2n + 1) as homeomorphisms fixing the origin and G(2n + 1) as homotopy auto-
morphisms of R?"*1\{0}. We construct ¥ as the composition of the map induced by
(122) on my,_»(—) with an invariant

&: w4, (BSGR2n+1)) — Z (123)

defined as follows: given an oriented fibration 7 : E — S$*" together with an iden-
tification 7w~ (%) >~ §2" of the preimage of the basepoint with S we set e(rr) =
f E 1(v)? € Z where v € H¥'(S"; Z) is the standard generator. Here ¢: H?(§%"; Z) —
H?"(E; Z) is the inverse of the map induced by restriction along $** ~ 7 ~!(x) C E,
which is an isomorphism by the Serre spectral sequence. In the universal case, this
defines (123). The precomposition of ¢ with the map induced by (122) satisfies (i) by
construction and (ii) by the following lemma.

LemmaB.1 Precomposing & with w4, (BO(2n+ 1)) — 74, (BG(2n+ 1)) gives }T “Dn-

Proof Given a pullback diagram

E —' 4 Bso@n)

I I
st Ly BSO@n+ 1)

where p is the universal linear oriented $2"-fibration, the task is to show () =
1 pa(f) orequivalently 23 - e(r) =2 py(f). As x(S¥") =2, we have 2 - 1(v*") =
f*(e) where e € H**(BSO(2n); Z) is the Euler class. With this in mind, we compute

8-e(m)= [y f*(pn-€) = [sum [, F¥(&) - T*(Pn(f))
= [ean ([, F¥@) - pu(f) =2 pu(f).

where the first equality uses e3 = p, - e in H"(BSO(2n); Z), the second follows
by using the fact that p, pulls back from H*"(BSO(2n + 1); Z), the third is a conse-
quence of using the projection formula, and the final uses x (S*") =2 once more. [

Using this choice of i instead of &, the argument in [46, Sect. 6] shows that
Ton—2(BDiffy (D*+1))q is nontrivial for many n without using configuration space
integrals, in fact only relying on differential topology as developed in the *60s and
"70s. To illustrate the simplicity of this alternative line of argument, we spell out a
complete proof of:

Theorem B.2 (Watanabe) 7> (BDiff;(D?))q # 0.
Proof We first consider a general odd dimension 2n + 1. By the exact sequence

e T2 (718020 4 1)) — 72,2 (BDIFT (D* 1)) — 72, 2 (BDiffy (D* 1)) — ...
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and 72,2 (Q*"1S0(2n + 1))g = Q, to see that m2,_»(BDiffy(D**1))q is non-
trivial it suffices to show that ¢ and Q2**1p, are not proportional as morphisms
Tan—2(BDIffll (D?'*1)) — Q. If they were, then by Lemma B.1 the proportionality
must be 4 - & = Q2"+ p,., so it suffices to show that the map Q*"*! p, does not land
in 4Z.

To analyse this question, consider the commutative diagram with exact rows

722 (BDItf (D*"+1) ) —— 72,-2(BDiffy (D" 1)) —— 74,—1(BO2n + 1))

| | H

74n(BTop(2n + 1)) —% 7451 (Top(2n + 1)/0Q2n + 1)) = 74n—1(BOQn + 1))

| |

74 (BO) ——— m4,(BTop) — 74n—1(Top/0) = @4y ———— = 0
lpn lpn lw
Z = > Q > Q/Z 5 0,

where the top vertical maps are the “scanning maps” appearing in smoothing theory
(they are isomorphisms, but we will not use this), the middle vertical maps are given
by stabilisation, the two leftmost bottom vertical maps p, are given by evaluation
against the nth Pontryagin class, and the map [p,] is induced by the p,. Identify-
ing 14, —1(Top/O) with the group ®4,—1 of homotopy (4n — 1)-spheres by surgery,
the map [p] can be evaluated homotopy sphere ¥ by choosing a stable framing
and integrating the topological Pontryagin class p,, over the topological 4n-manifold
Cone(X) with boundary X, using the stable framing on the boundary. The resulting
rational number is not independent of the choice of framing, but its residue class mod-
ulo Z is. On the Milnor sphere X); € bP4, C ®4,—1 one may compute this as follows.
Gluing Cone(Xyy) to the Eg-plumbing E along X, gives a topological 4n-manifold
W of signature 8, so we have 8§ = fW L. As W is parallelisable, all p; € H‘“(W; Q)
with i < n vanish, and using the stable framing on X, induced by a choice of stable
framing of W we have

fﬁ/ Pn = f(Cone():M),ZM) Pn-

From

2n (»2n—1__
L, = W - pn + decomposables,
for By, the 2nth Bernoulli number, it thus follows that

_ 2n)!
(Pn]l(Zp) = TR By mod Z.

In dimension 2n + 1 = 5, Cerf’s “pseudoisotopy implies isotopy” theorem en-
sures that the map 7> (BDiffy (D)) — ©7 is surjective. As m4,—1(BO2n + 1)) =
7(BO(5)) = 0, this implies by the upper row in the diagram that there is an ele-
ment x € ﬂz(BDiffgr(Ds)[) that maps to X € ©7. By the above and By = —% this
satisfies the congruence

(@ p) (1) =322 mod Z,

50 (Q° p2)(x) ¢ Z and in particular (7 py)(x) ¢ 4 - Z as required. O
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Remark B.3 As m4,(BSG(2n + 1))g = Q and the class E € H*(BSG(2n + 1); Q)
from Sect. 8.1.1 to BSO(2n + 1) agrees with p, in H"(BSG(2n + 1); Q), the invari-
ant ¢ agrees with the evaluation of % - E. In particular, the argument explained above
shows p, # E € H*(BSTop(2n + 1); Q) for many values of n > 2 by surprisingly
elementary means.

B.2 An alternative description of the first Kontsevich class

Recall that there is a unique class E € H*(BSG(2n + 1); Q) that pulls back to
the square of the Euler class e € HY"(BSG(2n); Q) along the stabilisation map
BSG(2n) — BSG(2n + 1) (see Sect. 8.1.1). After looping this class (2n + 2)
times, we may pull it back along the composition (122) to get a class Q*"+?E e
H?"~2(BDifff(D?**1); Q). It turns out that this class agrees with the Kontsevich
class ¢ up to the following explicit constant.

Theorem B.4 For2n + 1> 5, we have
§.2 — % . an+2E c Hzn_z(BDiffgr(Dszr])e; Q)
where > is the Kontsevich class associated to the ®-graph from [46, Sect. 2.5.3].

Remark B.5 1t is worth mentioning that the class ¢; € sz("_l)(BDiffgr(Dzn“); Q)
as studied in [46] does not map to the Kontsevich class

Con 3k € H*¥ =D (BDiff (D*+1); Ay 3¢ @ R)

for k = 1 considered in [47] under the map induced by the “theta graph” (considered
asamap ©: Q — A3 ® R). Comparing definitions, one sees that it rather maps to

12 ¢2.3.
Remark B.6 1t follows from Theorem B.4 that Watanabe’s invariant
73 mau_2(BDiffy (D¥1))g — Q
from [46, Theorem 2] agrees up to a nontrivial scalar with the invariant
Q¥ *2(p, — E)": m2,—2(BDiffy(D*"*1)g — Q (124)

featuring in our Corollary 8.4. In particular, this implies that Z, is nontrivial for
all n > 5, which was previously known from Watanabe’s work [46, 47] contingent
on numerical conditions on n involving Bernoulli numbers. As these conditions are
satisfied for n = 2, 3,4, we can also argue the other way to conclude that (124) is
nontrivial in the cases n = 2, 3, 4 not captured by our Corollary 8.4.

For the remainder of this section we assume familiarity with the construction of
€ Hz”’2(BDiffgr (D*'*1Y: Z) as an integral class given in [46, Sect. 2.5], and freely
use the notation of that paper. For convenience we pass between (D¢, d D?)-bundles
and int(Dd)— or R?-bundles standard outside of a compact set without further men-
tioning. As a preparation to Theorem B.4, we prove the following.
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Lemma B.7 The map representing the class { € HQ"_Z(BDiffgr(Dz"“); Z)
¢: BDifff(D* 1), — K(Q,2n —2)

is a map of H-spaces; the H-space structure on the source is induced by the action
of the little (2n + 1)-discs operad induced by boundary connected sum.

Proof The claim is equivalent to showing that the function [B, BDiffgr(D2"+1)] —
H?"—2(B; Q) given by evaluating ¢, is additive for spaces B. A class in the source is
represented by a smooth int(D?"*1)-bundle 7 : E — B with a framing t of its verti-
cal tangent bundle, which is identified with the trivial framed bundle B x int(D? 1
outside of a compact set. It being the sum of classes ; and 7, means the following:
there is a vertically framed embedding

K =B x (int(D* 1)\ (&int(D*"*") — Lep) U ({Gint(D*" 1) + 1e)) — E

over B whose complement ) U my: E1 U Ey — B is (after rescaling the fram-
ing by a factor of 10) a disjoint union of two bundles representing classes in
[B, BDiffgr (D?**1)]. The bundle of compactified two-point configuration spaces
Co(rw): EC2(r) — B contains subbudles EC» (1), EC2(73), E1 X5 Ea, E2 X g Ej,
and the complement of these consists of configurations where both points lie in K.
The framing tg gives a map

p(rE): A EC, () U EC, (1) UITPEC, (1) —> 7",

and it is easy to see that this extends to a map p®™'(tg): ECa () \ int(EC, (1) U
EC»(m)) — §", using the framing outside of E; x g E» and E> x g E1, and then
using the contractibility of the fibres of the latter bundles. Denoting the dual of the
fundamental class of $2 by v, [46, Lemma 3] provides an extension

3 EC, () L 8 ECy (ry) —PE s g2n

1 :

J)lud)z

ECy(m) U ECy(my) —— K(Z,2n),

which glued to v*" o p'(tg) gives a map @: EC,(w) — K(Z,2n) that extends
v o p(fE)|3ﬁbEfz(ﬂ)-

The construction of > (7r) is now as follows. As (v?")? =0 € H**(§%"; Z), there
is a canonical refinement of & to a relative cohomology class ®* € H"(EC(n),
9 EC,(m): Z), and hence we can consider &> as a relative cohomology class of
degree 6n and fibre-integrate it along C» () to obtain &(m) € HOn—22n+1) (B;Z2) =
HZ~2(B; Z).

Now, by construction &? in fact canonically refines to a relative cohomology class

@& e HY(ECy (1), ECa(r) \ int(EC2(7r1) U EC2(m2)); Z),
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which by excision can be identified with
& + @5 e HM(ECy (1) U ECa(m2), 0T ECo (1) U 8T EC (m2); Z).
Further multiplying with @ and fibre integrating gives

So(m) = fc2(ﬂ) fcz(m) 0)1 +fc2(n2)a)2 $2 (1) + G2(m2)

as claimed. O

Proof of Theorem B.4 The characteristic class ¢», whose construction was recalled in
the proof of the previous lemma, gives a function

&1 [B, BDIffl (D> 1 = [B, 5" ' Top(2n + )] — H* *(B;Z)  (125)

for any space B, using Morlet’s equivalence Q%"+1Top(2n + 1)~ BDiffﬁr(RZ"H)g.
This is a homomorphism by Lemma B.7, so the claim is equivalent to showing that the
rationalisation of this morphism agrees with the morphism induced by % CQMT2E €
HZ”_Z(Q%”+1 BTop(2n + 1); Q). We begin with two preliminaries.

The compactification C»(R?**1) (denoted C»(S?"*!, 00) in [46]) is a topo-
logical manifold with boundary, whose interior Co(R?"*!) is the configuration
space of two ordered points. The end space3 O Cr (R = {y: [0, 00) —
C2(R?"*+1y |y is proper} is a homotopy-theoretic model for the boundary in that the
zig-zag

res VV()

C2 (R S (71 [0, 00] — Co® ) |77 GT2R*H)) = (o)) aC2(R™)

consists of equivalences, which may be easily seen using a choice of collar for the
boundary of C»(R?"*1). This induces an equivalence of “pairs”

(C2R¥H), 3 C2 (R = (C2 (R, 9T, R¥'H),

where the “inclusion of the boundary” 3, C>(R**+1) — C(R?**1) is given by eval-
uation at 0. The evident action of the group of compactly supported diffeomorphisms
Diff.(RZ*t1) on Co(R¥*t1) extends to an action on Co(R?**1) and hence induces
an action on 9C, (R¥'+1), Similarly it extends to an action on 9, C2(R¥"*1) but the
advantage of the homotopy-theoretic boundary is that the Diff,. (R*"*!)-action on the
pair (C2(R?"+1), 9, Co(R*"*1)) extends to an action of the group Homeo,(R*'*1),
and so is homotopically trivial as Homeo.(R?>**!) is contractible by the Alexander
trick.

It will also be helpful to recall how the first identification in (125) can be made
explicit. A class in the source of (125) can be represented by a framed smooth R?*+1-
bundle 7 : E — B with structure group Diff, (RZ"t1) (so E is identified with the triv-
ial framed bundle outside a compact set) whose framing is standard over each fibre.
The Alexander trick gives a concordance R?*t! — EAjx — [0, 1] x B of topological
bundles to the trivial bundle, under which the framing gives a trivialisation of the ver-

3See [22, p. 1 and Appendix B] for useful references on end spaces.
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tical tangent microbundle of B x R?"*!, standard outside a compact set. Comparing
this with the standard trivialisation of the vertical tangent microbundle gives

£: B —> Q¥ Top2n + 1)

which corresponds to the original framed smooth bundle under the first equivalence
in (125).

We now show the claim. Applying the construction (C2(—), dC2(—)) fibrewise
to the Alexander concordance defines a concordance from (C7 (), Bli'b Ca(m)) to B x
(Co(R¥'1), 8, C>(R?*t1)). On the other hand, using the smooth structure gives an
equivalence of pairs (Ca (), BEbCQ (1)) =~ (Ca (1), 31°C1 (1)) over B, and similarly

B x (CoR*™1), 8, Co(R*" 7)) 2 B x (Co(R¥"), 9Co(R*"H)).

Using the identification of (Ca (i), 85C, (7)) with B x (C2(R*'*1), 8C,(R¥*1Y),
we can transfer the fibre integration calculation in the definition of ¢> to this trivial
bundle. The map p(tg): d1°Cy () — S given by the framing 7z (and the stan-
dard behaviour outside of a compact set) corresponds, under this identification, to a
map p’: B x dC(R¥"*+1) — §2"_ On the part of the boundary given by tending to
oo in R the Alexander concordance was constant and hence the map p’ agrees
with p(tg) here. The remaining part of the boundary corresponds to pairs of points
colliding and is given by B x S(TR***1). On this part p’ is given by the map

B x S(TR2n+l) N CZ(RZI’!"FI) ~ S2n
(b, x) —> &(pr(b)) - x,

where pr: S(TR¥'*1) — R?"*! is the projection. In this formula we implicitly con-
sider S (TRZ"H) CC (R2"+1) as antipodal points, and use the Top(2n + 1)-action
on Co(RZ+1,

Now observe that this map p’ does not depend on the element & €
[B, Q%”HTop(Zn + 1)] but only on its image in [B, Q%”HG(Zn + 1)], as it suf-
fices for b +— &(pr(b)) to be a family of homotopy equivalences of the 2n-sphere.
Thus there is a factorisation

[B, QX" 'Top(2n + 1)]g
— Im([B, 25" Top2n + D1g — [B, 23"'G2n + )1g)
— H"7(B; Q)

of the rationalisation of (125). As E: BSG(2n + 1) — K(Q,4n) is a ratio-
nal equivalence (see Sect. 8.1.1), Q2+2F  induces an isomorphism [B,
Q%”+1G(2n + Dlg = H*"%(B; Q), so by naturality we must have ¢ = A -
(Q2*2E) e Hz"*z(Qg"“Top(Zn + 1); Q) for some constant A € Q. To determine
this constant, we consider the composition

Tan(BSOQ2n +1)) =720 (21021 + 1)) —> 72422 Top(2n + 1)) =2

which is the map Z) from [46, p. 699], and as shown in the proof of Theorem 2
of that paper this map agrees with evaluation against a quarter of p,. As p, = E €
H*(BSOQ2n + 1); Q) (see Sect. 8.1.1) it then follows that A = %, as claimed. Il
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Appendix C: Glossary of notation

Notation Section Notation Section
Vg, We, Wy 1 2 V(=) 3.13
Diff(—), Diff(-) 2.1 L(-) 32
hAut(), Bun(—) 2.1 Derf,(—, ) 32
1/28 2.1 Lie(—, —), Lie(—), Lie(—) 33

fr, 1-fr, &fr 2.1 Ky, Kw 34
A=, =) 2.5 Emb™ (—, —) 42
Hy, Hy, Ky 2.5 EmbfT(—, —) 6.1
A% AL KZ 25 (=)~ 7

e, fi 2.5 o; 7.13
Vs gy 6 () 251 K, 7.1.4
Ay, Aw 2.7 Pl (pn— €))7, (pn — E)° 8.1.1
Gy.Gw.GL(HE) 2.7 E 8.1.1
OSp, (Z) 2.7 G(—), SG(-) 8.1.1,9.1.2
SP3L (2), Sy (2), Og 4 (2) 2.7 K;(Z), KOSp; (Z) 8.3

M 27 g P e (0P 83

0 2.8 Cc(-) 8.4
Qt, z+ 283  6BoM, @Bt @Bg(M 9.1.2,9.2
Hy, Hy, and Ky 311  EE® ee® 9.2
=Y 311 e 9.3
(—)[k] 311 ©Ef 9.3
sk(—) 311 2%(=), S¢ign 9.3
1%k 3.1.2 Ct(—,—) A

() 312 Qe B
Su(=) 3.12
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