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Abstract: We present the calculation of the complete NLO corrections to the off-shell
top-quark pair production in the ℓ + j decay channel, denoted as pp → ℓ−ν̄ℓ jbjb jj + X,
where ℓ− = e−, µ−. The calculation consistently preserves the finite-width effects of the
top quarks and massive gauge bosons, as well as takes into account all doubly-, singly-, and
non-resonant contributions along with their interference effects. All Born-level contributions,
at the perturbative orders from O(α4

sα2) to O(α0
sα6), are included and corrected by both

NLO QCD and NLO EW effects. Furthermore, all possible partonic initial states are taken
into account. Particular attention is paid to the infrared safety in the presence of photons
and jets. This requires the use of the so-called parton-to-photon fragmentation function and
the photon-to-jet conversion function, which makes the democratic photon-parton clustering
and the γ → qq̄ splittings finite. We present our findings at the integrated and differential
fiducial cross-section levels for the LHC Run III centre-of-mass energy of

√
s = 13.6TeV. In

addition, we quantify the impact of subleading NLO effects, in particular, electroweak Sudakov
logarithms and non-resonant QCD backgrounds. Two analysis strategies are employed and
compared, namely with and without the resonance-enhancing requirement on the invariant
mass of the two light jets, |Mjj −mW | < Qcut = 20GeV, illustrating the relationship between
QCD background suppression, off-shell effects, interferences, and complete NLO corrections.
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1 Introduction

The top quark, the heaviest particle in the Standard Model (SM), is copiously produced at
the CERN Large Hadron Collider (LHC) and continues to play a central role in precision
tests of the SM and in indirect and direct searches for physics beyond it. At the LHC, the tt̄

process is the dominant way top quarks are produced in pp collisions. Among the different tt̄

final states, the ℓ + j channel offers a particularly attractive precision-purity compromise: it
combines statistics with good background rejection, allows a full kinematic reconstruction of
the tt̄ system thanks to the presence of only a single neutrino, and retains excellent sensitivity
to top-quark spin correlations, charge asymmetries, and mass-sensitive observables. These
features make the ℓ + j mode a workhorse for precision SM studies and a powerful channel
for new-physics searches targeting boosted and high-mass regimes. Examples of beyond the
SM (BSM) scenarios include, among others, vector-like quarks [1, 2], heavy charged and
neutral resonances (W ′, Z ′) [3–5], and contact-interaction scenarios encoded in four-fermion
operators [6, 7], all of which can populate the TeV tails of various distributions based on tt̄

kinematics or mimic characteristic boosted-jet topologies. With the High-Luminosity LHC
(HL-LHC) on the horizon, these phase-space regions will be probed with unprecedented
precision and reach, and the corresponding theoretical predictions must be commensurately
robust. However, these are precisely the regions of phase space where full off-shell effects are
needed to obtain accurate results, since high-pT tails of dimensionful observables are especially
sensitive to singly- and non-resonant contributions. Moreover, they are crucial for describing
observables that probe the mass of potentially resonant particles in the process, distinguished
by kinematic edges, which are important both for SM template fits and for BSM resonance
searches. These include, for example, the reconstructed invariant mass of the top quark, M(t),
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the minimal invariant mass of the b-jet and the charged lepton, M(ℓ+b)min, the stransverse
mass of the top quark, MT 2(t), and the stransverse mass of the W gauge boson, MT 2(W ) [8].

From the experimental side, tt̄ production was first observed at the Tevatron by the
CDF and DØ collaborations [9, 10]. Since then, ATLAS and CMS have measured fiducial
cross sections of tt̄ production in the ℓ + j decay channel in pp collisions at centre-of-mass
energies of

√
s = 5.02, 7, 8, 13 and 13.6TeV [11–19]. Precision differential measurements

now extend to multi-TeV scales and include top-quark spin correlations [20] and ever more
refined constraints on the top-quark mass [21]. The experimental selections in the ℓ + j

channel typically require one isolated charged lepton, often missing transverse momentum,
at least two b-tagged jets and two additional light-flavour jets, often with further kinematic
requirements tailored to enhance the tt̄ signal over irreducible backgrounds. Matching theory
predictions with these realistic fiducial definitions is, therefore, essential.

On the theory side, tremendous progress has been achieved for tt̄ production and top-quark
decays. In the dilepton channel, full off-shell next-to-leading order (NLO) QCD predictions [22–
27] and NLO electroweak (EW) corrections [28] are available, and parton-shower (PS) matched
descriptions exist both in the narrow-width approximation (NWA) [29] and in frameworks
including full off-shell and non-resonant effects for the bb4ℓ final state [30]. Inclusive tt̄

production is known at next-to-next-to-leading order (NNLO) QCD [31–35] as well as
with next-to-next-to-leading-logarithmic (NNLL) threshold resummation [36]. Furthermore,
approximate NNLO QCD descriptions with exact NNLO QCD decays are available in
the literature [37]. NNLO QCD predictions in the NWA for differential observables [38,
39], together with NNLO QCD predictions matched to parton-shower simulations via the
MiNNLO method [40, 41], have played a key role in further increasing the precision of
theoretical modelling for this process. The combination of NNLO QCD and NLO EW
corrections, including large electroweak Sudakov logarithms, has been scrutinized for inclusive
and differential observables [42, 43]. Finally, a new path towards NNLO QCD predictions
for the off-shell tt̄ production has recently been established for leptonic decays and massive
bottom quarks [44]. In this paper, all tree-level and one-loop amplitudes have been evaluated
including non-resonant and off-shell effects related to the top quarks and the leptonic decays
of the W± bosons, while the missing two-loop virtual contribution has been estimated using
the so-called double-pole approximation [45].

By contrast, the ℓ + j decay channel has received comparatively less attention. Indeed,
NLO QCD studies exist both at the fixed-order level [46] and are also matched to parton-
shower programs [47]. Moreover, the NNLO QCD parton-shower matched predictions are
available for this decay channel as well [41]. However, a systematic and complete treatment
of the full off-shell tt̄ process in this decay channel, including subleading LO and NLO
contributions, remains an open problem. There are both physical and technical reasons for
this imbalance. Compared to the dilepton case, the ℓ + j final state suffers from a larger
irreducible QCD-mediated W + jets background (e.g. W (→ ℓνℓ)+ bb̄+ jj) that contributes at
O(α4

sα2) and exhibits more complex colour flows and radiation patterns due to the lack of the
hadronically decaying W gauge boson. When calculating complete NLO corrections, the ℓ+ j

decay channel exhibits non-trivial infrared (IR) safety issues due to the clustering of photons
and jets in the same final state, but also due to the γ → qq̄ splittings that are identified as

– 2 –



J
H
E
P
0
7
(
2
0
2
6
)
0
1
0

light jets in the jet algorithm. Moreover, a complete NLO calculation with full off-shell effects
must take into account not only all doubly-, singly-, and non-resonant Feynman diagrams
and their interferences, but also all leading and subleading Born-level contributions and
their corresponding NLO QCD and NLO EW corrections. One-loop electroweak Sudakov
logarithms of the type −α logn( s

M2
W
) where n = 1, 2, can induce suppressions of several

tens of percent in multi-TeV kinematic tails [42], precisely the phase-space regions that the
HL-LHC will start to be sensitive to. Therefore, it is necessary to have the QCD and EW
effects under excellent control in order to describe the entire range of interesting observables,
or even better, to study them within one, fully coherent framework, as recommended for
example in refs. [43, 48].

The purpose of the article is to mitigate the current situation and to calculate for the first
time complete NLO predictions for the full off-shell pp → ℓ−ν̄ℓ jbjb jj + X process, where ℓ−

stands for e− and µ−. The calculation, which is performed within one common framework,
comprises all Born-level contributions at the perturbative orders from O(α4

sα2) to O(α0
sα6)

together with the corresponding NLO QCD and NLO EW corrections. Consequently, the
complete NLO contribution involves the following six different orders O(α5

sα2), O(α4
sα3),

O(α3
sα4), O(α2

sα5), O(αsα6) and O(α0
sα7). Some of these NLO contributions apply higher-

order corrections to more than one LO process. Therefore, it is not possible to unambiguously
assign a given correction type to a given underlying Born-level process as different production
mechanisms, in particular the EW and QCD-induced production modes, are naturally mixed
with each other. Our calculation (i) takes into account finite-width effects of the top quark
and W±/Z gauge bosons, (ii) accounts for all doubly-, singly- and non-resonant contributions
and their interference effects in a gauge-invariant manner, and (iii) considers all possible
production mechanisms and all possible final-state particles, both at LO and NLO.

In particular, we will provide complete NLO predictions for the tt̄ production process in
the ℓ + j decay channel both at the integrated and differential cross-section level, and study
two realistic analysis strategies. We expand the inclusive choice of phase-space cuts with
an additional resonance-enhancing requirement on the invariant mass of the two light jets
|Mjj − mW | < Qcut = 20GeV, which is designed to further suppress the irreducible QCD
W+jets background. In our study, we will quantify the impact of complete higher-order effects
in the ℓ+j decay channel. To avoid any problems with the IR-safety, we implement additional,
dedicated techniques, namely: the parton-to-photon fragmentation functions [49, 50] and the
photon-to-jet conversion functions [51]. We assess the size and kinematic dependence of NLO
QCD and EW corrections, highlighting the role of the photon-initiated subprocesses and
demonstrating how the one-loop electroweak Sudakov effects change the shape for various
dimensionful observables in the high-pT tails. Finally, we carefully examine the size of the
theoretical uncertainties related to missing higher-order terms in QCD calculations, which are
estimated in the complete NLO and NLOQCD predictions via a seven-point scale variation,
and the impact of the Qcut cut on the suppression of the QCD background.

The remainder of this article is organised as follows. In section 2, we comprehensively
define all necessary contributions to the process under consideration, both at the LO and
NLO level. The computational framework is described in detail in section 3, where also
the implementation of the parton-to-photon fragmentation functions and the photon-to-
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Figure 1. Examples of Feynman diagrams with two (left), one (middle) and no top-quark resonances
(right) contributing to the pp → ℓ−ν̄ℓ jbjb jj + X process at LO3.

jet conversion functions into our framework are discussed. In section 4 we list our input
parameters, fiducial phase-space cuts, PDF information and the scale settings we use. The
integrated fiducial cross-section predictions are presented in section 5, including a comparison
between results with and without the Qcut cut. In section 6 we analyse several differential
cross-section distributions. To assess the robustness of the presented results, in section 7 we
examine the impact of an alternative dynamical scale choice on our complete NLO predictions.
We conclude in section 8 with a summary and an outlook towards possible future studies.

2 Process definition and setup

We consider full off-shell top-quark pair production in the ℓ + j decay channel, denoted as
pp → ℓ−ν̄ℓ jbjb jj + X with ℓ− = e−, µ−. The full set of leading and subleading Born-level
contributions and higher-order corrections is calculated based on the ℓ−ν̄ℓ jbjb jj matrix
element, including all resonant and non-resonant Feynman diagrams, as well as interference
effects. Finite-width effects of the top quark, W±/Z gauge bosons and the Higgs boson
are incorporated using Breit-Wigner propagators. To this end, the complex-mass scheme
is employed [45, 52, 53]. The calculation is performed in the 5-flavour scheme, treating the
bottom quarks as massless particles. We consistently include in the initial state all PDF
suppressed channels from bottom quarks as well as photons. Throughout the analysis, the
Cabibbo-Kobayashi-Maskawa (CKM) matrix is kept diagonal. The LO contributions are
classified as follows, where gs denotes the strong coupling and g the EW gauge coupling;
accordingly αs = g2

s/(4π) and α = g2/(4π):

• LO1 (O(α4
sα2)): the QCD-induced contribution, characterised by the highest power

of αs. Nevertheless, this contribution is suppressed because Feynman diagrams do
not include resonant top quarks and contain at most one resonant W boson. This
contribution is considered to be the irreducible QCD background for the production of
top-quark pairs.

• LO2 (O(α3
sα3)): the order that comprises interference terms between the matrix

elements at O(g4
sg2) and O(g2

sg4), where the latter contribution contains Feynman
diagrams with two resonant top quarks. In addition, we encounter photon-initiated
subprocesses, which are suppressed by the photon PDF.
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• LO3 (O(α2
sα4)): the dominant contribution that contains Feynman diagrams with two

resonant top quarks and W bosons. Additionally, this order receives contributions
from interference terms between the matrix elements at O(g4

sg2) and O(g0
sg6) as well as

photon-initiated amplitudes at O(g3
sg3) and O(gsg5). Different resonance structures for

this perturbative order are shown in figure 1. We note here that all Feynman diagrams
in this paper are produced with the help of FeynGame [54].

• LO4 (O(αsα5)): similarly to LO2, this contribution requires photons in the initial state
and is further suppressed by the relative power of α compared to αs. Despite this
suppression, Feynman diagrams in this order include two resonant top quarks and W

bosons. This order also receives contributions from the interference between the matrix
elements at O(g2

sg4) and O(g0
sg6). Both contributions contain Feynman diagrams with

two resonant top quarks that are produced by QCD and EW interactions, respectively.

• LO5 (O(α0
sα6)): the purely EW induced contribution. It incorporates Feynman

diagrams with two resonant top quarks and W gauge bosons.

Examples of Feynman diagrams that contribute at LOi, where i = 1, . . . , 5, are shown
in figure 2, together with some LO contributions that are possible via interference effects
only. Furthermore, the structure of all perturbation orders shown at the level of the partonic
subprocesses that are needed at LO is displayed in table 1. Both q and q′ can span all
quarks and anti-quarks. In a few cases, however, we include q and Q to distinguish first-
and second-generation quarks. Because the charge of the bottom jets is not tagged, we
must also include the following partonic channels in our calculations: b b → ℓ− ν̄ℓ b b u d̄ and
b̄ b̄ → ℓ− ν̄ℓ b̄ b̄ u d̄, which contain at most single-resonant top-quark contributions.

In order to obtain complete NLO corrections, we compute all possible QCD and EW
corrections to all the Born-level orders, as illustrated in figure 3. These include interferences
between Born-level and one-loop Feynman diagrams involving QCD and/or EW effects. In
figure 4 examples of Feynman diagrams are shown for three specific cases. The diagram on
the left contributing at O(g6

sg2) can be classified as the QCD corrections to O(g4
sg2). The

diagram in the middle contributing at O(g2
sg6) can be classified as the EW corrections to

O(g2
sg4). Finally, the last diagram on the right at O(g4

sg4) can be seen as a mixed case,
containing both one-loop EW corrections to O(g4

sg2) or one-loop QCD corrections to O(g2
sg4).

A direct consequence of this is that QCD and EW corrections cannot be considered separately,
but must be combined together to ensure proper cancellation of all IR singularities (soft
and/or collinear). In figure 5 we show examples of Feynman diagrams contributing to the
real corrections to NLO3 that have to be included for the mixed case displayed in figure 4. To
further illustrate the complexity of the one-loop calculations, in figure 6 we display examples
of Feynman diagrams that show various degrees of complexity. As can be noted, the most
difficult contributions that we must consider comprise 8-point tensor integrals of rank 5.

The full list of NLO contributions is as follows:

• NLO1 (O(α5
sα2)): the pure QCD corrections to the LO process at O(α4

sα2). It includes
real-emission Feynman diagrams at O(g5

sg2) and virtual corrections arising from the
interference between the amplitudes at order O(g6

sg2) and O(g4
sg2).
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LOi LO1 LO2 LO3 LO4 LO5

Perturbative order O(α4
sα2) O(α3

sα3) O(α2
sα4) O(α1

sα5) O(α0
sα6)

g g → ℓ−ν̄ℓ b b̄ q q̄ ′

q̄ g → ℓ−ν̄ℓ b b̄ q̄ ′ g

q q̄ ′ → ℓ−ν̄ℓ b b̄ g g

q g → ℓ−ν̄ℓ b b̄ q ′ g

|M4|2 2Re(M4M∗
2) |M2|2

q q → ℓ−ν̄ℓ b b̄ q q ′

q q → ℓ−ν̄ℓ b b̄ q̄ ′ q̄

q q ′ → ℓ−ν̄ℓ b b̄ q q

q q̄ ′ → ℓ−ν̄ℓ b b̄ q ′ q̄ ′

q̄ q̄ ′ → ℓ−ν̄ℓ b b̄ q̄ q̄

q q̄ → ℓ−ν̄ℓ b b̄ q q̄ ′

q q̄ ′ → ℓ−ν̄ℓ b b̄ q q̄

q̄ q̄ → ℓ−ν̄ℓ b b̄ q̄ q̄ ′

|M4|2 2Re(M4M∗
2)

|M2|2
2Re(M4M∗

0)
2Re(M2M∗

0) |M0|2

q Q → ℓ−ν̄ℓ b b̄ q ′ Q

q̄ Q → ℓ−ν̄ℓ b b̄ q̄ ′ Q

q Q̄ → ℓ−ν̄ℓ b b̄ q ′ Q̄

q̄ Q̄ → ℓ−ν̄ℓ b b̄ q̄ ′ Q̄

q Q → ℓ−ν̄ℓ b b̄ q Q ′

q̄ Q → ℓ−ν̄ℓ b b̄ q̄ Q ′

q Q̄ → ℓ−ν̄ℓ b b̄ q Q̄ ′

q̄ Q̄ → ℓ−ν̄ℓ b b̄ q̄ Q̄ ′

q q̄ ′ → ℓ−ν̄ℓ b b̄ Q Q̄

q q̄ → ℓ−ν̄ℓ b b̄ Q Q̄ ′

|M4|2 2Re(M4M∗
2) |M2|2 |M0|2

b b̄ → ℓ−ν̄ℓ b b̄ q q̄ ′

b b → ℓ−ν̄ℓ b b q q̄ ′

b̄ b̄ → ℓ−ν̄ℓ b̄ b̄ q q̄ ′

|M4|2 2Re(M4M∗
2)

|M2|2
2Re(M4M∗

0)
2Re(M2M∗

0) |M0|2

q γ → ℓ−ν̄ℓ b b̄ q ′ g

q̄ γ → ℓ−ν̄ℓ b b̄ q̄ ′ g

g γ → ℓ−ν̄ℓ b b̄ q q̄ ′

|M3|2 2Re(M3M∗
1) |M1|2

γ γ → ℓ−ν̄ℓ b b̄ q q̄ ′ |M2|2 |M0|2

Table 1. The structure of all perturbative orders shown at the level of the partonic channels
contributing to the pp → ℓ−ν̄ℓ jbjbjj + X process at LO. Mi are labelled according to the order of αs.
Both q and q ′ can span all quarks and anti-quarks. In a few cases we include q and Q to differentiate
between first- and second-generation quarks. The empty boxes correspond to contributions that
cannot be generated for a given power of αs and α or to interference terms that vanish due to the
colour structures.
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Figure 2. Examples of Feynman diagrams contributing to the pp → ℓ−ν̄ℓ jbjbjj + X process at LO2
(left) and LO4 (right) via interference effects. Left: interference effects between LO1 and LO3. Right:
interference effects between LO3 and LO5.

LO1

α4
s α

2

LO2

α3
s α

3

LO3

α2
s α

4

LO4

α1
s α

5

LO5

α0
s α

6

NLO1

α5
s α

2

NLO2

α4
s α

3

NLO3

α3
s α

4

NLO4

α2
s α

5

NLO5

α1
s α

6

NLO6

α0
s α

7

QCD EW QCD EW QCD EW QCD EW QCD EW

Figure 3. Graphical representation of all LO contributions and their NLO corrections for the
pp → ℓ−ν̄ℓ jbjbjj + X process.

Figure 4. Examples of one-loop Feynman diagrams contributing to the pp → ℓ−ν̄ℓ jbjbjj +X process.
The diagram on the left contributes at O(g6

sg2), the one in the middle at O(g2
sg6) and the one on the

right at O(g4
sg4).

Figure 5. Examples of real-emission Feynman diagrams contributing to the pp → ℓ−ν̄ℓ jbjbjj + X

process at NLO3.
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• NLO2 (O(α4
sα3)): the order that comprises QCD virtual corrections obtained from

the interference of the amplitudes at O(g6
sg2) and O(g5

sg3) with tree-level amplitudes
at O(g2

sg4) and O(g3
sg3), respectively. There is an additional contribution from the

interference of Born-level diagrams at O(g4
sg2) with one-loop diagrams at O(g4

sg4). The
latter can be viewed either as the QCD corrections to O(g2

sg4) or EW corrections to
O(g4

sg2). The real-emission part includes the square of O(g4
sg3) and the terms arising

from the interference between amplitudes at order O(g5
sg2) and O(g3

sg4).

• NLO3 (O(α3
sα4)): the contribution that can be viewed in part as the NLO QCD

corrections to the dominant Born-level contribution LO3 describing QCD production
of a tt̄ pair. It is therefore expected to have a dominant contribution also at NLO.
It contains QCD one-loop amplitudes at O(g6

sg2) and contributions at O(g5
sg3) that

interfere with Born-level amplitudes at O(g0
sg6) and O(g1

sg5), respectively. In addition,
there are interferences between tree-level and one-loop amplitudes at O(g4

sg4)×O(g2
sg4),

O(g3
sg5) ×O(g3

sg3), and O(g2
sg6) ×O(g4

sg2). In these cases the one-loop part can be
interpreted as either QCD or EW corrections to different Born-level contributions.
The real-emission part comprises the square of O(g3

sg4), together with interferences at
O(g5

sg2)×O(g1
sg6) as well as O(g4

sg3)×O(g2
sg5).

• NLO4 (O(α2
sα5)): similarly to NLO3 we have the interference of EW one-loop contribu-

tions at O(gsg7) and O(g0
sg8) with the Born-level amplitudes at O(g3

sg3) and O(g4
sg2),

respectively. In addition, we encounter mixed contributions at order O(g4
sg4)×O(g0

sg6),
O(g3

sg5)×O(gsg5), and O(g2
sg6)×O(g2

sg4), with loops containing gluons as well as EW
bosons. The real-emission part contains the square of O(g2

sg5) and interference terms
at order O(g3

sg4)×O(gsg6) and O(g4
sg3)×O(g0

sg7).

• NLO5 (O(αsα6)): the contributions that comprise one-loop amplitudes with EW
corrections at O(gsg7) and O(g0

sg8), which interfere with Born-level diagrams at O(gsg5)
and O(g2

sg4), respectively. Furthermore, we have the interference at O(g2
sg6)×O(g0

sg6).
The real-emission contributions consist of the square of O(gsg6), as well as interference
at O(g2

sg5)×O(g0
sg7) involving photons in the initial or final state. These interference

terms vanish due to the colour structures when the quarks involved belong to different
generations.

• NLO6 (O(α0
sα7)): similarly to NLO1, this contribution can be uniquely identified as

the EW corrections to LO5. It includes the interference of one-loop amplitudes at
O(g0

sg8) with Born-level amplitudes at O(g0
sg6). For the real corrections, it contains

the squared matrix elements of Feynman diagrams at O(g0
sg7).

3 Computational framework

The calculation of the leading and subleading LO and NLO contributions closely follows
the steps outlined in ref. [48]. However, we encounter additional complications that can be
attributed to the presence of light final-state jets already at the Born level in subprocesses
that contain at most one resonant top quark. Below, we will briefly summarise the parts
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(a) (b)

(c) (d) (e)

(f) (g)

Figure 6. Examples of one-loop Feynman diagrams for the pp → ℓ−ν̄ℓ jbjbjj + X process involving
one-loop tensor integrals of various complexities: (6(a)) 7-point, rank-5 integrals entering at O(g6

sg2),
(6(b)) 7-point, rank-5 integrals entering at O(g5

sg3), (6(c)) 8-point, rank-5 integrals entering at O(g4
sg4),

(6(d)) 8-point, rank-5 integrals entering at O(g3
sg5), (6(e)) 8-point, rank-5 integrals entering at O(g2

sg6),
(6(f)) 8-point, rank-5 integrals entering at O(g1

sg7), (6(g)) 8-point, rank-5 integrals entering at O(g0
sg8).
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of our computational framework that we have used in the past and instead focus in more
detail on the new aspects.

For the calculation of the Born-level and one-loop matrix elements for the pp →
ℓ−ν̄ℓ jbjbjj + X process we use the Recola program [55, 56], which provides numerical
results in the ’t Hooft-Feynman gauge and uses the complex-mass scheme for all massive
and unstable particles to preserve gauge invariance [45, 52, 53, 57]. Additionally, we have
implemented in Recola a random polarisation method, see e.g. refs. [58–60], to avoid the
explicit helicity summation. In this method, the polarisation state is replaced by a linear
combination of helicity eigenstates while the spin summation is replaced by an integration
over a phase parameter. This approach leads to a drastic speed improvement, especially
for processes with many final-state particles. The one-loop amplitudes are decomposed into
tensor coefficients c

(t)
µ1···µr , which are calculated internally in Recola, and tensor integrals

T µ1···µr

(t) , which are evaluated with Collier [61], the program for the numerical evaluation of
one-loop scalar and tensor integrals. Alternatively, tensor coefficients can be used as input for
an integrand-level decomposition via the OPP method [62] as implemented in CutTools [63].
In this case, the scalar integrals are then evaluated with OneLOop [64]. We employ this
approach to cross-check phase-space points that are identified by Collier as unstable. The
phase-space integration is performed using the adaptive multi-channel generators Parni [65]
and Kaleu [66]. To cross-check our one-loop amplitudes, we compared the matrix element for
5000 phase-space points for each partonic channel listed in table 1 with the results obtained
in the Background-Field method as implemented in Recola2 [67].

The real corrections are induced by the radiation of an additional photon or QCD parton.
To isolate the soft and collinear divergences, the following two subtraction schemes are applied:
Nagy-Soper [60] and Catani-Seymour [68, 69]. We use the first one as our default, while
the second scheme is mainly employed for cross-checking purposes. Both schemes, which
are implemented in Helac-Dipoles [70], are extended to handle soft or collinear photon
emissions [71, 72]. To further cross check our predictions, we have explored the independence
of the results from the unphysical phase-space restriction on the unresolved one-particle
phase space in the subtraction terms, denoted αmax, as implemented in Helac-Dipoles,
see refs. [73–76] and references therein for more details. In addition, we have verified the
cancellation of divergences between the real and virtual corrections. Specifically, for each
subprocess and for several phase-space points we checked that the poles in ε that appear in
the I-operator and those appearing in the virtual part of our calculations cancel.

Theoretical predictions obtained with the help of the Recola and Helac-Dipoles
programs are stored in the form of modified Les Houches Event Files (LHEF) [77]. We store
each “event” with supplementary matrix element and PDF information [78], which allows
us to obtain results for different scale settings and PDF choices by reweighting. Moreover,
storing “events” has clear advantages when it is necessary to change observables and binning,
or to add more exclusive cuts.

To ensure the IR-safety of our higher-order predictions, we extended the implementation
of the photon fragmentation function in Helac-Dipoles [79] and implemented a photon-
to-jet conversion function in both subtraction formalisms. Details of these modifications
are presented below.
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3.1 Democratic clustering and parton-to-photon fragmentation function

To define the pp → ℓ−ν̄ℓ jbjbjj + X process at NLO, care must be taken if an additional
photon is present when higher-order corrections of the order O(α) are calculated. In this case,
simultaneously occurring photons, charged leptons, and QCD partons must be combined
together with the help of a jet algorithm. In particular, we are dealing with photons that are
emitted collinearly to a light jet. To ensure IR safety, we employ the democratic clustering
approach [49, 80] and a quark-to-photon fragmentation function. In the democratic clustering
approach, photons and partons are treated on the same footing and are combined using the
anti-kT jet algorithm. To separate hard photons from jets, the resulting object is denoted
as a “photon jet” (i.e. an isolated photon) if zγ > zγ,cut, and as a hadronic jet otherwise,
where zγ is defined according to

zγ = pT, γ

pT, γ + pT, i
. (3.1)

Here, pT, γ is the transverse momentum of the photon, pT, i is the transverse momentum of
the parton i = q, q̄, g inside this jet, while zγ, cut is some cut value, where typical choices
include zγ, cut ∈ [0.5 − 0.9]. The separation into jets and photon jets is necessary because
otherwise soft gluons can be recombined with hard photons in the jet algorithm resulting in a
hard jet passing the event selection. The soft singularities associated with such configurations
would normally cancel with the virtual corrections of the Born-level configuration where the
soft gluon in the final state is removed. However, the Born-level contributions and virtual
corrections of such subprocesses are not part of the definition of the Born-level process
because the requirement on the minimal number of jets is no longer fulfilled, thus spoiling IR
safety. If we apply this recombination procedure, for example, in the q q̄ ′ → ℓ−ν̄ℓ b b̄ g g(γ)
partonic channel, the recombination of any soft gluon and a hard (collinear) photon will
lead to the formation of a photon jet and such events will be discarded as they do not
contain the required number of jets. However, since distinguishing quarks and gluons is not
possible experimentally, imposing such a strict photon veto makes higher-order calculations,
for example for the q q̄ ′ → ℓ−ν̄ℓ b b̄ q ′ q̄ ′(γ) partonic channel, IR unsafe. In this case, the
collinear q → qγ region will no longer be treated inclusively, and the cancellations between
the real emission part and virtual corrections would fail, leaving 1/ϵ poles that are not
cancelled. To absorb these final-state collinear singularities, following the approach proposed
e.g. in refs. [81–84], we incorporate the quark-to-photon fragmentation function [49, 80] into
our computational framework.

In order to ensure proper cancellation of IR singularities, the subtraction terms from
standard NLO subtraction schemes have to be restricted by the same requirement on the
photon energy fraction in the jet given by zγ < zγ,cut. This can be achieved by constructing
a proxy variable z̃γ for the subtraction terms. This variable must be equivalent to zγ in the
collinear limit, tends to zero in the soft limit while being defined on the interval z̃γ ∈ [0, 1].
It has to be constructed from the n + 1 phase space before projecting the momenta to the
underlying Born-level n-particle phase space by recombining the splitting pair. To this end,
we modify the usual jet function featured in the dipole subtraction terms of the real-emission
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contribution to include the cut on z̃γ :

Jn
(
{p̃}(ij)k

n , z̃γ
)
= Jn

(
{p̃}(ij)k

n , p̃jet = p̃i
)
Θ(zγ, cut − z̃γ) . (3.2)

Here {p̃}(ij)k
n denotes the set of n-mapped on-shell momenta obtained from the (n+1)-parton

configuration by combining partons i and j into a single emitter p̃i with spectator k. In the
democratic clustering approach, the jet that results from the parton-photon cluster inherits
the momentum of the recombined splitting pair p̃i. Therefore, the entire z̃γ dependence can
be isolated to the Θ(zγ, cut − z̃γ) Heaviside function that multiplies the standard jet function.
Of course, by limiting the phase space of the local subtraction terms, we also have to limit
the integrated part of these subtraction terms in exactly the same way. Thus, the NLO
cross section can schematically be written as

dσ̂NLO =
∫

n+1

[
Θ(zγ, cut − zγ)dσreal −Θ(zγ, cut − z̃γ)dσdipole

]
+
∫

n

[
dσvirtual +

∫
1
Θ(zγ, cut − z̃γ) dσdipole − dσ̂frag(zγ, cut)

]
. (3.3)

The last term represents the convolution of the Born-level cross section with the bare
fragmentation function which is given by

dσ̂frag(zγ, cut) =
∑

j

dσBorn

∫ 1

zγ, cut
dzγ DB

j→γ(zγ) , (3.4)

where DB
j→γ(zγ) is the bare fragmentation function and the sum runs over all (anti-) quarks

in the final state. Since the region zγ, cut > z̃γ of the q → qγ splitting contains both soft and
collinear singularities, it is in practice more convenient to rewrite the integrand belonging
to the one-particle phase space of the unresolved particle as

Θ(zγ, cut − z̃γ) dσdipole − dσ̂frag(zγ, cut) = dσdipole −
[
Θ(z̃γ − zγ, cut) dσdipole + dσ̂frag(zγ, cut)

]
.

(3.5)
In this way, the term dσdipole denotes the standard contribution from the integrated subtraction
terms in a general subtraction scheme, while the term Θ(z̃γ − zγ, cut) dσdipole contains by
definition only collinear singularities, which are exactly cancelled by dσ̂frag(zγ,cut). The only
subtraction terms that are affected by the z̃γ cut are associated with the final-state q → qγ

splitting with final- and initial-state spectators.
The modified q → qγ dipoles in the Catani-Seymour subtraction scheme can be obtained

from the corresponding q → qg ones [68], by simple replacement of the colour factors and
by adding an additional restriction on the unresolved one-particle phase space. The photon
energy fraction of the q → qγ splitting can be written as

z̃γ = pγ · pk

pq · pk + pγ · pk
, (3.6)

where pq, pγ and pk are the momenta of the quark, the photon and the spectator particle
k, respectively. It is related to the energy fraction of the parton, z̃ = 1− z̃γ , which is also
used as an integration variable. The integrated dipoles for final- and initial-state spectators
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with an additional restriction on the unresolved one-particle phase space parametrised with
αmax have been calculated in ref. [83] and are presented here for completeness. The q → qg

dipole with a final-state spectator is given by

V coll
qγ (αmax, ϵ, zγ,cut) = Q2

q

∫ 1−zγ,cut

0
dz̃ (z̃(1− z̃))−ϵ

∫ αmax

0
dy y−1−ϵ(1− y)1−2ϵ

×
[ 2
1− z̃ + yz̃

− (1 + z̃)− ϵ(1− z̃)
]

(3.7)

= Q2
q

∫ 1−zγ,cut

0
dz̃

{
1 + z̃2

1− z̃

(
−1

ϵ
+ log[z̃(1− z̃)] + logαmax

)
+αmax(1 + z̃) + 1− z̃ − 2

z̃(1− z̃) log
(1− z̃ + αmaxz̃

1− z̃

)}
, (3.8)

where Qq is the electric charge of the splitting fermion in units of e and y parametrizes the
unresolved region of the dipole phase space in the Catani-Seymour subtraction scheme. On
the other hand, for an initial-state spectator it can be written as

Vγ,coll
qγ (x;αmax, ϵ, zγ,cut) = Q2

q θ(1− x) θ(x − 1 + αmax) (1− x)−1−ϵ
∫ 1−zγ,cut

0
dz̃ (z̃(1− z̃))−ϵ

×
[ 2
2− z̃ − x

− (1 + z̃)− ϵ(1− z̃)
]

(3.9)

= Q2
q

∫ 1−zγ,cut

0
dz̃

{[ 1
1− x

( 2
2− z̃ − x

− 1− z̃

)]
1−αmax

+ δ(1− x)
[
1 + z̃2

1− z̃

(
−1

ϵ
+ log[z̃(1− z̃)] + logαmax

)
+(1− z̃)− 2

1− z̃
log

(1− z̃ + αmax
1− z̃

)]}
, (3.10)

where x denotes the longitudinal momentum fraction of the incoming emitter after the
unresolved emission, defined by p̃a = x pa, which satisfies x → 1 in the collinear limit. The
(1 − αmax) distribution is defined as∫ 1

0
dx (f(x))1−αmax

g(x) =
∫ 1

1−αmax
dxf(x) (g(x)− g(1)) . (3.11)

In this way, αmax = 1 corresponds to the usual plus distribution.
In the Nagy-Soper subtraction scheme we define the photon energy fraction as

z̃γ(e, c) = pγ · Q

pq · Q + pγ · Q
, (3.12)

where Q is the total momentum of the process and the variables e and c parametrize the
soft (e → 0) and collinear (c → 1) phase space of the splitting, respectively. This definition
coincides with z̃γ from the Catani-Seymour subtraction scheme when the following substitution
is performed pk → Q. The Nagy-Soper subtraction terms are split into the diagonal W (ii,j)

and interference term W (ik,j) according to

D(ijk)
s̃1s̃2 = W

(ii,j)
s̃1s̃2 δik + W

(ik,j)
s̃1s̃2 (1− δik) δs̃1s̃2 , (3.13)
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where i, j correspond to the emitter pair from the splitting ĩj → i + j, k is the spectator
particle and s̃1, s̃2 are spin indices of the splitting particle ĩj. By construction, the diagonal
part W (ii,j) contains soft and collinear singularities, while only soft divergences are present
in the interference term W (ik,j).

Since the democratic clustering approach affects only the collinear limit, we restrict the
phase space of the diagonal terms only. In practise, we impose the condition z̃γ,cut > z̃γ ,
which is implemented through the following replacement

W
(ii,j)
s̃1s̃2 → W

(ii,j)
s̃1s̃2 Θ(zγ,cut − z̃γ) , (3.14)

while the interference term remains unchanged. We note that this term is completely
independent of the spectator particle k, since also the momentum mapping does not depend
on it. Therefore, we have only a single new integrated dipole with respect to the standard
Nagy-Soper subtraction scheme, which has already been calculated in ref. [79] based on
a semi-numerical approach.

Following the notation given in ref. [85], see also ref. [79], the bare parton-to-photon
fragmentation function given in eq. (3.4) can be obtained by inverting the following relation

Di→γ(zγ , µ2
F r) =

∑
j

Γi→j(zγ , µ2
F r) ⊗ DB

j→γ(zγ) , (3.15)

where Di→γ are the renormalised fragmentation functions, µF r is the factorisation scale for
the fragmentation process while the sum effectively runs over all final state quarks. The mass-
factorization kernels Γi→j can be expanded in a series up to NLO and take the following form

Γi→j(zγ , µ2
F r) = δij δ(1− zγ) +

α

2π
Γ(0)

i→j(zγ , µ2
F r) . (3.16)

In particular, we only need the leading term Γ(0)
q→γ , which is provided by

Γ(0)
q→γ(zγ , µ2

F r) = −1
ϵ

Q2
q

(4π)ϵ

Γ(1− ϵ)

(
µ2

R

µ2
F r

)ϵ

Pq→γ(zγ) , (3.17)

where µR is the renormalization scale and Pq→γ(zγ) is the quark-to-photon splitting function
given by

Pq→γ(zγ) =
1 + (1− zγ)2

zγ
. (3.18)

Finally, the bare quark-to-photon fragmentation function can be written as follows

DB
q→γ(zγ) = Dq→γ(zγ , µ2

F r) +
αQ2

q

2π

(4π)ϵ

Γ(1− ϵ)
1
ϵ

(
µ2

R

µ2
F r

)ϵ

Pq→γ(zγ) . (3.19)

The finite remainder Dq→γ(z, µ2
F r) encodes the physical fragmentation probability. To

calculate the scale dependence of the fragmentation function, we use the renormalization
group approach. Requiring the bare function to be scale independent,

µ2
F r

dDB
q→γ(zγ)
dµ2

F r

= 0 , (3.20)
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one obtains the leading-order DGLAP equation

µ2
F r

dDq→γ(zγ , µ2
F r)

dµ2
F r

=
αQ2

q

2π

(4π)ϵ

Γ(1− ϵ)Pq→γ(zγ) . (3.21)

Its leading logarithmic solution reads

Dq→γ(zγ , µ2
F r) = Dnp

q→γ(zγ , µ2
0) +

αQ2
q

2π

(4π)ϵ

Γ(1− ϵ)Pq→γ(zγ) log
(

µ2
F r

µ2
0

)
, (3.22)

where Dnp
q→γ(zγ , µ2

0) is the non-perturbative input that needs to be taken from experimental
measurements. This non-perturbative input is obtained from the ALEPH data for e+e− →
γ + jets [50]. In particular, the analysis consisted of measuring hadronic Z decay events
with at least one jet containing a large photon energy fraction of zγ > 0.7. Its explicit form
obtained from the lowest-order fit is given by

Dnp
q→γ(zγ , µ2

0) =
αQ2

q

2π

(4π)ϵ

Γ(1− ϵ)
[
−Pq→γ(zγ) log

[
(1− zγ)2

]
+ C

]
, (3.23)

where µ0 = 0.14 GeV and C = −13.26.

3.2 Photon-to-jet conversion function

In addition to the problems mentioned earlier, the mixing of EW and QCD corrections
introduces further complications for the pp → ℓ−ν̄ℓ jbjbjj + X process. Specifically, some
mechanisms for producing gluon jets have a direct counterpart in photon production. As
an example in figure 7 we show two real-emission Feynman diagrams. The diagram on
the left contributing to NLO1 at O(α5

sα2) through gluon splitting (g → uū) in the final
state can be classified as the QCD corrections to O(α4

sα2). In this case, if the quark and
antiquark are very close they are merged to one jet. The resulting collinear singularity in
the dū → ℓ−ν̄ℓ bb̄g(g → uū) + X partonic channel is cancelled by adding the virtual QCD
corrections to the dū → ℓ−ν̄ℓ bb̄gg + X subprocess. On the other hand, the diagram on the
right contributes to NLO3 at O(α3

sα4) via photon splitting. The resulting collinear singularity
in the dū → ℓ−ν̄ℓ bb̄g(γ → uū) + X partonic channel would normally be cancelled by adding
the virtual EW corrections to the dū → ℓ−ν̄ℓ bb̄gγ + X partonic channel. However, this
underlying Born-level subprocess, in which a uū pair is replaced with a photon, is excluded
by our event selection simply because it is not part of the pp → ℓ−ν̄ℓ jbjbjj + X process.
Consequently, the collinear singularity from the γ → qq̄ splitting and its non-perturbative
contribution, arising from the integration over the virtuality of the intermediate photon
down to the mass scale of the order of ΛQCD, do not cancel in the cross-section predictions
and require an additional treatment.

The corresponding subtraction terms for the γ → qq̄ splitting for the Catani-Seymour
and Nagy-Soper subtraction schemes can be straightforwardly obtained from the g → qq̄

case with simple replacements of colour factors. We absorb the remaining divergence into a
non-perturbative photon-to-jet fragmentation function, Dγ→jet, also called a photon-to-jet
conversion function, first introduced in ref. [51]. Following the notation of ref. [51], any

– 15 –



J
H
E
P
0
7
(
2
0
2
6
)
0
1
0

Figure 7. Examples of real-emission Feynman diagrams contributing to the pp → ℓ−ν̄ℓ jbjbjj + X

process at NLO1 via final state gluon splitting (left) and at NLO3 via final state photon splitting (right).

partonic channel with a qq̄ pair in the final state, denoted as pp → X + qq̄ for brevity,
can be written as

dσpp→X+qq̄ = dσpert
pp→X+qq̄ + dσconv

pp→X+jet , (3.24)

where dσpert
pp→X+qq̄ describes the perturbative contribution to the pp → ℓ−ν̄ℓ jbjbjj+X process,

which includes, among others, the appropriate subtraction terms to the underlying Born-level
subprocess containing a hard photon in the final state, while dσconv

pp→X+jet comprises the
photon-to-jet conversion function. The second term can be written as

dσconv
X+jet = dσLO

X+γ

∫ 1

0
dz DB

γ→jet(z) , (3.25)

where dσLO
X+γ is the Born-level cross section with an external photon replacing the qq̄ pair,

DB
γ→jet(z) is the bare conversion function, which contains collinear singularities so the result

of eq. (3.24) is finite and z is the splitting parameter that controls how the photon momentum
is shared by the quarks. The bare photon-to-jet conversion function is given by

DB
γ→jet(z) = Dγ→jet(z, µ2

F r)−
α

2π
Γ(0)

γ→jet(z, µ2
F r) +O(α2) , (3.26)

with

Γ(0)
γ→jet(z, µ2

F r) = −1
ϵ

(4π)ϵ

Γ(1− ϵ)
∑

q

NcQ
2
q

(
µ2

R

µ2
F r

)ϵ

Pγ→jet(z) , (3.27)

and the γ → qq̄ splitting function provided by

Pγ→jet(z) = (1− z)2 + z2 , (3.28)

where Nc = 3 counts colours, the quark sum runs over all massless quark flavours, µF r

is a factorisation scale for the fragmentation process and the Pγ→jet(z) splitting function
integrates to

∫ 1
0 dz Pγ→jet(z) = 2/3. Carrying out the z-integration we end up with∫ 1

0
dz DB

γ→jet(z) =
∫ 1

0
dz Dγ→jet(z, µ2

F r) +
2
3ϵ

α

2π

(4π)ϵ

Γ(1− ϵ)
∑

q

NcQ
2
q

(
µ2

R

µ2
F r

)ϵ

. (3.29)

The second term cancels the remaining 1/ϵ pole from the γ → qq̄ splitting that appears
in the dσpert

X+qq̄ part of eq. (3.24). Furthermore, the renormalised photon-to-jet conversion
function obeys

µ2
F r

dDγ→jet(z, µ2
F r)

dµ2
F r

= α

2π

(4π)ϵ

Γ(1− ϵ)
∑

q

NcQ
2
qPγ→jet(z) . (3.30)
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The leading-logarithmic solution can be written as

Dγ→jet(z, µ2
F r) = Dnp

γ→jet(z, µ2
0) +

α

2π

(4π)ϵ

Γ(1− ϵ)
∑

q

NcQ
2
qPγ→jet(z) log

(
µ2

F r

µ2
0

)
, (3.31)

where Dnp
γ→jet(z, µ2

0) is the non-perturbative contribution to Dγ→jet(z, µ2
F r) and µ0 is some ref-

erence scale. For Dnp
γ→jet(z, µ2

0) we need to employ the input from experimental measurements
once again. Choosing, for example, µ0 = MZ and relating the z-integral of Dnp

γ→jet(z, µ2
0) to

the hadronic contributions to the effective QED coupling at MZ in the 5-flavour scheme,
denoted as ∆α

(5)
had(M2

Z), which can be obtained from the combination of e+e− → hadrons

cross-section data, see e.g. refs. [86, 87], we would attain the following result∫ 1

0
dz Dnp

γ→jet(z, µ2
0 = M2

Z) = ∆α
(5)
had(M

2
Z) +

α

3π

∑
q

NcQ
2
q

5
3 . (3.32)

Inserting this back into eq. (3.29) yields the factorized photon-to-jet conversion integral
in the MS scheme∫ 1

0
dz DB

γ→jet(z) = ∆α
(5)
had(M

2
Z) +

α

3π

∑
q

NcQ
2
q

[
1
ϵ
+ log

(
µ2

R

M2
Z

)
+ 5

3

]
+O(ϵ) . (3.33)

In particular, the value of the hadronic contribution to the effective QED coupling is
determined based on the low-energy e+e− → hadrons data, where mπ ≤

√
s ≤ 11.1985GeV,

for the hadronic R-ratio

R(s) = σ(e+e−→ hadrons)
σ(e+e−→ µ+µ−) , (3.34)

which is related to the momentum-dependent QED coupling, ∆α
(5)
had(q2), through the following

dispersion relation

∆α
(5)
had(q

2) = −αq2

3π
PV

∫ ∞

sth
ds

R(s)
s(s − q2) , (3.35)

where PV stands for the Cauchy principal value of the given integral and sth = m2
π. This

relationship is then used to determine the effective QED coupling at the mass of the boson
Z, which ultimately gives the following value [87]

∆α
(5)
had(M

2
Z) = (276.11± 1.11)× 10−4 , (3.36)

which we use in our calculations. We note here that the explicit dependence of Dnp
γ→jet

on z is neither known in this approach nor really needed for our purposes. Indeed, the
photon-to-jet conversion function that has been introduced here is inclusive in z. Such an
explicit dependence on z would require the introduction of some kind of hadronization model
for the formation of jets from the low-virtuality photon. Instead, this non-perturbative
z-dependence is approximated by a constant that reproduces the correct z-integral. However,
since neither the dependence of the photon-to-jet conversion function on z is measurable
at the LHC, nor its differential form in z is required in this analysis, the current approach
is more than sufficient for the problem at hand. Ultimately, the photon-to-jet conversion
function is combined with the corresponding integrated subtraction terms for the γ → qq̄

splitting, cancelling all 1/ϵ poles and rendering the calculations IR (soft and collinear) finite.
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4 Input parameters

We consider the pp → ℓ−ν̄ℓ jbjbjj +X process, where ℓ− = e−, µ−, and provide LO and NLO
theoretical predictions for LHC Run III center-of-mass energy of

√
s = 13.6TeV. In practise

we generate the results for pp → µ−ν̄µ jbjbjj + X and multiply them with a lepton-flavour
factor of 2. When calculating the complete NLO corrections we need to include both the QCD
and EW higher-order corrections, as well as the photon-initiated subprocesses. Therefore, it
is important to take into account the distribution of photons in the proton using the photon
parton distribution function (PDF). In our study, we utilize the NLO NNPDF3.1luxQED PDF
set [88–91] with αs(mZ) = 0.118, which accounts for QED effects in the DGLAP evolution.
The two-loop running of αs is performed with the help of the LHAPDF interface [92]. The
number of active flavours is set to NF = 5. The MS factorisation scheme for initial-state
collinear singularities is understood for both QCD and EW corrections. Furthermore, in the
complete calculation, the same PDF set is used in both the LO and NLO predictions. The
electromagnetic coupling α is calculated in the Gµ-scheme according to

αGµ =
√
2

π
Gµ m2

W

(
1− m2

W

m2
Z

)
, Gµ = 1.1663787 · 10−5 GeV−2 . (4.1)

The on-shell masses and widths of the W± and Z gauge bosons are taken from ref. [93]

mOS
W = 80.377GeV , ΓOS

W = 2.085GeV ,

mOS
Z = 91.1876GeV , ΓOS

Z = 2.4955GeV ,
(4.2)

and converted into their pole values through the following relations [94]

mV = mOS
V√

1 +
(
ΓOS

V /mOS
V

)2 , ΓV = ΓOS
V√

1 +
(
ΓOS

V /mOS
V

)2 , (4.3)

where V = W±, Z. The top-quark mass is set to mt = 172.5GeV. For the mass and width of
the Higgs boson, the following values are adopted: mH = 125GeV and ΓH = 4.07 · 10−3 GeV.
All other particles, including bottom quarks, are considered massless. The top-quark width
is calculated assuming an unstable W gauge boson while neglecting the bottom-quark mass
according to the formulas given in refs. [24, 95], using αs(µR = mt). The resulting LO and
NLO QCD top-quark widths are given by

ΓLO
t = 1.4580658GeV , ΓNLO, QCD

t = 1.3329042GeV . (4.4)

For the complete NLO calculation, however, we employ the full NLO QCD+EW result,
denoted as ΓNLO

t . Its numerical value is obtained from ΓNLO, QCD
t by employing the result

from ref. [96]. Specifically, ΓNLO
t = ΓNLO, QCD

t + δα ΓLO
t , where δα = +1.3% is the relative

EW correction factor. In this way, we ultimately obtain

ΓNLO
t = 1.3518591GeV . (4.5)

The central renormalisation, µR, and factorisation, µF , scales are set to a common value
µR = µF = µ0. The QCD-scale uncertainties are estimated with a 7-point scale variation
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of µ0, which are evaluated according to(
µR

µ0
,
µF

µ0

)
=
{
(2, 1) , (0.5, 1) , (1, 2) , (1, 1), (1, 0.5), (2, 2), (0.5, 0.5)

}
. (4.6)

By searching for the minimum and maximum of the resulting cross sections we estimate an
uncertainty band. We consider the following dynamical scale setting µ0 = ET /4, where ET is
the sum of the transverse energies of the top and anti-top quarks, defined as

ET =
√

m2
t + p2

T, t +
√

m2
t + p2

T, t̄
. (4.7)

This scale setting relies on reconstructing the momenta of the top quarks. However, in a
full off-shell calculation, especially in the semi-leptonic decay channel, the decay histories
of the top quarks are not uniquely defined. At NLO an additional resolved light-jet (b-jet)
can be produced. In practice, to closely mimic what is done at the LHC, only the additional
light-jet (b-jet) that passes all the cuts is taken into account. First, we assign light jets to
the decay of the W gauge boson, considering all combinations and choosing the one that
minimizes the value of |Mjj − mW |, where Mjj is the invariant mass of the two light jets.
After completing this part we continue with the b-jet assignment. To assign the b-jets to
the top or anti-top quark, we again consider all the combinations and choose the one that
minimises the quantity Q, given by

Q = |Mt − mt|+ |Mt̄ − mt| , (4.8)

where Mt and Mt̄ are the invariant masses of the reconstructed candidate top quarks, and
mt is the input top-quark mass. This last part is mainly important in the case of three b-jets
in the final state or for the partonic subprocesses bb and b̄b̄. Note here that in the procedure
we assume a full reconstruction of the neutrino momentum [97, 98]. As an alternative scale
choice we use µ0 = HT /4, where HT is the scalar sum of the transverse momenta of all
final-state particles present at the Born level, defined as

HT = pT, ℓ− + pT, b1 + pT, b2 + pT, j1 + pT, j2 + pmiss
T . (4.9)

In the case with three b- or light-jets, only the two hardest jets, as ordered in pT , are included
in the definition. The missing transverse momentum pmiss

T originates solely from the anti-
neutrino ν̄ℓ. This scale choice does not rely on identifying intermediate top-quark resonances
and is therefore arguably more suited for the predictions with full off-shell effects included. We
consider this scale setting to be the default setting in our complete LO and NLO calculations.

We cluster all final state particles in the pseudorapidity range of |η| < 5 into jets with
the IR-safe anti−kT jet algorithm [99] where the resolution parameter R is set to R = 0.4.
While quarks and/or gluons are recombined into jets, leptons and photons are recombined
into leptons, and quarks/gluons and photons are recombined into jets. From the experimental
point of view the b-jet tagging algorithms are sensitive mainly to the absolute flavour and
not to the charge of a single b-jet. For the jet flavour assignment we use, therefore, the
so-called charge-blind scheme [100]. In short, for massless bottom quarks the important
parton recombination rules are bg → b, b̄g → b̄ and bb̄ → g. They are required to guarantee
the IR-safety of the jet algorithm. Since we employ the charge-blind b-jet tagging, any
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combination that contains an even number of b or b̄ quarks should also be considered to
carry zero flavour. Consequently, we also add the following recombination rules bb → g and
b̄b̄ → g. As explained earlier, in the case of an additional photon in the final state, the
resulting object containing a parton and a photon is classified as a photon if zγ > zγ,cut = 0.7
and as a hadronic jet otherwise. To assess the dependence on the zγ,cut cut, we have also
generated results for zγ,cut = 0.5 and zγ,cut = 0.9. The obtained integrated cross-section
predictions differed from the result generated with the default zγ,cut = 0.7 setting by less
than one per-mille. We observed differences of the same magnitude for the differential
cross-section results we examined.

To define the pp → ℓ−ν̄ℓ jbjbjj+X process, we require at least two b-jets, at least two light-
jets, and one negatively charged lepton. All final states have to fulfil the subsequent selection
criteria that mimic as closely as possible the ATLAS and the CMS detector acceptances.
In particular, the charged lepton is required to have

pT, ℓ > 25GeV , |yℓ| < 2.5 . (4.10)

The flavoured jets with

pT, b > 25GeV , |yb| < 2.5 , (4.11)

are selected, and only the b-jets that are well separated from the lepton in the rapidity-
azimuthal angle plane, ∆Rℓb > 0.4, are taken into account. The light jets are required to have

pT, j > 25GeV , |yj | < 2.5 . (4.12)

They have to be well isolated from the charged lepton, ∆Rℓj > 0.4, and the two b-jets,
∆Rbj > 0.4. We do not impose any restrictions on the missing transverse momentum, pmiss

T ,
or on the kinematics of the additional (light- or b-) jet if it is resolved by the jet algorithm.
Following refs. [46, 101], we require that each event contains at least one pair of light jets
for which the following condition is satisfied

|Mjj − mW | < Qcut . (4.13)

The purpose of this additional restriction is twofold. On the one hand, it reduces the QCD
background, and on the other hand, it reduces the size of the NLO QCD corrections. Our
default setting is Qcut = 20GeV. However, for comparison purposes, we generate the complete
NLO results with and without this restriction.

5 Integrated cross sections

We begin the presentation of our findings with the integrated fiducial cross-section results,
which are provided for the input parameters and cuts specified in the previous section, but
first without the additional restriction given by |Mjj − mW | < Qcut. In table 2 we show the
LO, Born, NLOQCD and NLO results, together with the theoretical error as obtained from
the 7-point scale variation. All theoretical predictions are evaluated for µ0 = HT /4. The
LO and Born contributions are defined according to

LO =
5∑

i=1
LOi , Born =

5∑
i=1

Borni . (5.1)
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σi [pb] Ratio to Born3

Born1 O(α4
sα2) 0.778(4) 2.40%

Born2 O(α3
sα3) 0.0021(1) 0.01%

Born3 O(α2
sα4) 32.388(4) 100.00%

Born4 O(α1
sα5) 0.1365(2) 0.42%

Born5 O(α0
sα6) 0.09980(6) 0.31%

NLO1 O(α5
sα2) + 0.220(6) + 0.68%

NLO2 O(α4
sα3) − 0.0172(8) − 0.05%

NLO3 O(α3
sα4) + 16.56(2) + 51.15%

NLO4 O(α2
sα5) + 0.192(2) + 0.59%

NLO5 O(α1
sα6) + 0.276(1) + 0.85%

NLO6 O(α0
sα7) + 0.00235(2) + 0.01%

LO 28.896(2)+31.2%
−22.2% 0.89

Born 33.404(4)+31.2%
−22.2% 1.03

NLOQCD 49.98(2)+15.1%
−13.5% 1.54

NLO 50.64(2)+14.2%
−13.2% 1.56

Table 2. Integrated fiducial cross-section results for the pp → ℓ−ν̄ℓ jbjb jj + X process at the LHC
with

√
s = 13.6TeV. Results are shown for LO, Born, NLOQCD and NLO with the corresponding

scale uncertainties. Monte Carlo integration errors are given in parentheses. In addition, all individual
Borni and NLOi contributions are displayed. Finally, the ratios to the leading Born-level contribution
Born3 are also presented for each case. The results are provided for µ0 = HT /4 and the NLO
NNPDF3.1luxQED PDF set.

The individual terms LOi and Borni differ only in the numerical value used for the top-quark
width, where in the latter case we use the NLO value, while in the former the LO value is
utilised instead. We present the individual Borni components to show how the full NLO result
can be calculated by summing them with all the remaining NLOi contributions. Furthermore,
we define the NLO QCD cross section, denoted NLOQCD, as follows

NLOQCD = Born + NLO3 , (5.2)

which can be seen as the NLO QCD corrections to the dominating production mechanism
for this process. However, we remind the reader that NLOQCD is not simply given by the
O(αs) correction to LO3, but receives QCD and EW corrections from various orders. Finally,
the complete NLO is defined according to

NLO = Born +
6∑

i=1
NLOi , (5.3)

and includes all partonic channels, Feynman diagrams, interference terms and resonance
structures. All individual Borni and NLOi contributions are also presented in table 2. In
addition, the last column provides the ratios of these contributions to Born3.
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σi [pb] Ratio to Born3

Born1 O(α4
sα2) 0.138(2) 0.44%

Born2 O(α3
sα3) 0.0002(1) 0.00%

Born3 O(α2
sα4) 31.264(4) 100.00%

Born4 O(α1
sα5) 0.1336(1) 0.43%

Born5 O(α0
sα6) 0.0968(1) 0.31%

NLO1 O(α5
sα2) + 0.144(4) + 0.46%

NLO2 O(α4
sα3) − 0.0022(4) − 0.01%

NLO3 O(α3
sα4) − 1.90(2) − 6.10%

NLO4 O(α2
sα5) + 0.112(2) + 0.36%

NLO5 O(α1
sα6) + 0.1864(6) + 0.60%

NLO6 O(α0
sα7) + 0.00228(2) + 0.01%

LO 27.241(2)+30.7%
−22.0% 0.87

Born 31.634(4)+30.7%
−22.0% 1.01

NLOQCD 29.72(2)+1.4%
−6.0% 0.95

NLO 30.16(2)+1.5%
−5.6% 0.96

Table 3. Same as table 2, but with the additional restriction given by |Mjj − mW | < Qcut where
Qcut = 20GeV.

First, we see that the hierarchy in the size of the different Borni contributions does not
follow the hierarchy in powers in αs. Indeed, Born3 at O(α2

sα4) dominates the complete Born-
level result by about 97%. As expected, the gg partonic channel dominates here, accounting
for approximately 84% of the Born3 contribution. On the other hand, the largest subleading
contribution denoted as Born1 at O(α4

sα2), which can be classified as the irreducible QCD
background for the production of the tt̄ pair, is of the order of 2.4% only. The Born2
contribution, consisting of photon-initiated subprocesses and comprising the interference
terms between various orders, is completely negligible. Finally, the contributions of both
Born4, which is dominated by the gγ and bb̄ partonic channels, and Born5, which is generated
by purely electroweak-induced contributions, are less than 0.5%. The reason why both
Born4 and Born5 are similar in size is as follows. In the case of Born4 the b-quark initiated
subprocesses contribute negatively via interference effects reducing the overall contribution by
approximately 44%. For Born5 we have substantial contributions coming from the b-initiated
partonic channels accounting for up to 79% of Born5. The latter contributions are enhanced
due to the presence of two top-quark resonances that are produced in the t-channel Feynman
diagrams involving intermediate W bosons. At last, we can see that the complete LO result
provides only a rough estimate of the cross section for the pp → ℓ−ν̄ℓ jbjb jj process due to
the large scale uncertainties that are of the order of 31%.

Moving on to the size of the higher-order effects, we can see that NLO3, which consists
mainly of O(αs) corrections to Born3, is by far the dominant correction. It increases the
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complete Born-level cross section by about 50%. All the other NLOi contributions are below
1% accounting for the overall higher-order effect of around 2%. The K-factors defined as
KQCD = NLOQCD/LO = 1.73 and K = NLO/LO = 1.75 are rather similar. Indeed, the
overall size of the NLO corrections differs by 2.3% only. The theoretical uncertainties due
to scale dependence for these two cases are also similar, and of the order of 15%. Although
at the integrated fiducial cross-section level, the inclusion of subleading contributions is
not phenomenologically significant, it is nevertheless vital to study the effects of those
contributions, especially for the unusual case where Born3 instead of Born1 is the dominating
Born-level contribution.

The size of NLO corrections can be substantially reduced when an additional restriction
on the invariant mass of the light jets is employed, see e.g. refs. [46, 101]. Requesting
|Mjj − mW | < Qcut in the NLO calculation, where Qcut = 20GeV, increases the probability
of correctly assigning two light-jets to the W gauge boson and thus to the top quark. In
table 3 we present the LO and NLO results taking into account the Qcut cut. Already at the
Born level we observe significant differences. Indeed, Born1 is reduced by almost a factor
of 6. The contribution of Born2 decreases by an order of magnitude and remains negligible,
while Born3 decreases by only 3.5% and continues to comprise the largest contribution to
the complete Born-level result. The other two contributions, Born4 and Born5, decrease only
slightly, and their relative sizes remain at the same level as before. In the case of NLO, all
subleading contributions are again small, below 1%. The largest but expected change occurs
for NLO3. Its contribution is reduced in absolute terms from 50% to 6% and its sign is
flipped. This is due to the fact that the |Mjj − mW | < Qcut condition substantially restricts
the non-tt̄ background. In practice, it reduces the probability that the additional light jet
coming from the real-emission part of the NLO calculation is incorrectly attributed to one
of the decay products of the W gauge boson. The NLO2 and NLO6 contributions are again
completely negligible, while NLO1, NLO4 and NLO5 are reduced by about 32%, 42% and 33%,
respectively. Furthermore, the NLO corrections are significantly reduced in this case. Indeed,
we obtain the following K-factors KQCD = NLOQCD/LO = 1.09 and K = NLO/LO = 1.11.
After incorporating the extra cut, the LO uncertainties remain unchanged, but the NLO
uncertainties are substantially reduced from 14% − 15% to 6%.

Overall, the |Mjj − mW | < Qcut requirement substantially improves the perturbative
stability of the higher-order calculations. Nevertheless, the phenomenological picture related
to the subleading contributions does not change qualitatively. At the integrated cross-section
level the subleading NLO corrections are less than 1% and are therefore negligible compared
to the size of theoretical uncertainties.

6 Differential distributions

Although at the integrated cross-section level the impact of subleading effects is negligible,
this is not necessarily the case at the differential level. In the following, we analyse several
differential cross-section distributions to see whether the subleading effects are significant in
certain fiducial phase-space regions or whether there are accidental cancellations between
different contributions. In figure 8 we display the HT observable defined as the scalar sum of
the transverse momenta of the observed final state particles, i.e. HT = pT, ℓ + pT, b1 + pT, b2 +
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Figure 8. Differential cross-section distributions for the pp → ℓ−ν̄ℓ jbjbjj + X process at the LHC
with

√
s = 13.6TeV as functions of HT , pT, b1 , pT, b2 and Mb1b2 . Results are given for µ0 = HT /4 and

the NLO NNPDF3.1luxQED PDF set with |Mjj − mW | < Qcut, where Qcut = 20GeV. The upper
panels show the absolute LO, NLOQCD and NLO predictions together with the LO and NLOQCD
uncertainty bands. The second panels present the ratios of NLOQCD and NLO to LO, while the ratios
of NLO to NLOQCD are displayed in the third panels. The last panels depict Borni (solid lines) and
NLOi (dashed lines) normalised to the dominant Born3 contribution.
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pT, j1 + pT, j2 + pmiss
T , where in the case of the additional light-jet (b-jet) only the two jets with

the highest pT will contribute. Also presented in figure 8 are the transverse momentum of the
first and the second hardest b-jet, pT, b1 and pT, b2 , respectively, and the invariant mass of the
two-b-jet system, Mb1b2 . The upper panels show the absolute predictions for LO, NLOQCD and
NLO with the LO and NLOQCD uncertainty bands. The second panels depict the following
differential ratios NLO/LO and NLOQCD/LO with the NLOQCD uncertainty bands. The
third panels provide the NLO/NLOQCD differential ratios. Finally, the lower panels display
the Borni and NLOi contributions normalised to the dominant Born-level contribution Born3.
All results are presented for µR = µF = µ0 = HT /4, the NLO NNPDF3.1luxQED PDF set
and with the additional |Mjj − mW | < Qcut cut, where Qcut = 20GeV.

Even after applying the Qcut = 20GeV cut, we can observe that some fiducial phase-space
regions are strongly affected by higher-order effects. This is, for example, the case for the HT

and pT, b1 observables, where in the high-pT tails gigantic NLO corrections of up to +750% for
HT and +280% for pT, b1 are observed. These huge NLO QCD corrections result from the hard
jet recoiling against the LO system. This opens up a new phase-space region because the tt̄

system no longer needs to be back-to-back in the transverse plane. For HT the NLOQCD scale
uncertainties reach up to 44% in this phase space region, while the ratio of NLO to NLOQCD
amounts to 1.02. This relatively small difference between the complete NLO result and the
NLO QCD part can be explained, on the one hand, by the large ratio between NLOQCD
and LO, driven by NLO3. On the other hand, the QCD background from NLO1 contributes
about +15% (compared to Born3), while electroweak Sudakov logarithms from NLO4 amount
to −5%. The NLO5 subleading part gives a contribution of the order of +8%. Due to a
cancellation among various NLOi the overall impact of the subleading corrections is, therefore,
quite limited. For pT, b1 the NLOQCD scale uncertainties reach up to 34% and become of
the order of the LO ones. Also in this case we could find small higher-order corrections to
subleading LO contributions. In particular, for NLO1 we have effects of the order of +14%
with respect to Born3, while Born1 is about +8%. The electroweak Sudakov logarithms
present in NLO4 are of similar size as Born1 but with an opposite sign. In this case, too, NLO3
has the dominant impact, resulting in a difference of 3% between NLOQCD and NLO, which
is an order of magnitude smaller than the uncertainties associated with the scale variation.

In the case of pT, b2 , the complete NLO corrections are significantly smaller, only of the
order of +10%. In the tail of the distribution, the NLOQCD (complete NLO) uncertainties
also decrease significantly to approximately 4% (7%). In addition, subleading higher-order
contributions cancel each other out again. Indeed, NLO4 contributes with −8%, while the
NLOQCD corrections are of the order of +15%. Overall, the difference between NLOQCD and
NLO is −5%, which is of the order of the theoretical uncertainties. Finally, Mb1b2 shows
rather moderate NLO corrections up to +40% in the tails of the distribution. In these
phase-space regions, the difference between NLOQCD and NLO is around −3%, while the
NLOQCD uncertainties are of the order of 11%. The dominant subleading contribution is
given by NLO4, which contributes −6% compared to Born3. All other subleading Born-level
and NLO contributions are very small, below 2%.

In figure 9 we show the transverse momentum of the b1b2 and j1j2 systems, denoted as
pT, b1b2 and pT, j1j2 , respectively. Also given are the transverse momentum of the charged
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Figure 9. Same as figure 8, but for pT, b1b2 , pT, j1j2 , pT, ℓ and Hvis
T .

lepton, pT, ℓ− , and the scalar sum of all transverse momenta of the visible particles in the final
state, denoted as Hvis

T , and defined according to Hvis
T = pT, ℓ+pT, b1+pT, b2+pT, j1+pT, j2 . Both

pT, b1b2 and pT, j1j2 receive gigantic NLO corrections in the high-pT tails. The corresponding
differential K-factors are K = 5 and K = 13 for pT, b1b2 and pT, j1j2 , respectively. In both
cases, these higher-order effects are driven by the QCD corrections to Born3 and arise from
the recoil of the systems against the extra jet from the real-emission part of the NLO QCD
calculation, see e.g. ref. [24]. Furthermore, in these phase-space regions the NLO and NLOQCD
uncertainties increase to about 40% for pT, b1b2 and 50% for pT, j1j2 . The NLO/NLOQCD
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ratio increases to 14% for pT, b1b2 and it is of the order of 2% for pT, j1j2 . For pT, b1b2 , the
subleading NLO1 part is rather large reaching 75%, NLO5 is positive and contributes with
15%. The NLO4 contribution, containing EW Sudakov logarithms, partially cancels the
latter contribution, as it is at the level of −11%. In the case of pT, j1j2 the subleading
contributions are smaller with NLO1 contributing up to 16% and NLO5 being of the order
of 12%. An interesting effect can be observed in the case of NLO4, where the higher-order
corrections reach −4% at around 400GeV and then start decreasing towards higher pT, j1j2

values, ending at only −1%. This can be explained by the fact that at such large scales
also the gγ luminosity is no longer negligible. As a consequence, the effect from the NLO
QCD corrections to Born4 with gγ in the initial state starts to significantly impact the total
size of the higher-order effects for NLO4 and partially compensates the contribution of the
NLO EW corrections to Born3, see also e.g. ref. [102].

For the pT, ℓ− observable we have sizeable NLO corrections of the order of +73%. The
NLO and NLOQCD uncertainties are similar and of the order of 15%. The difference between
the two predictions is very small at the level of 2% only. The largest subleading NLO
contribution is NLO1 with 6%, which is partially compensated by NLO4 with −4%. The
remaining NLO contributions are at 1% or less.

The Hvis
T observable is characterised by a gigantic differential K-factor. Indeed, towards

the tail of the distribution we obtain K = 20. Because the observables Hvis
T and HT are

plotted in the same range, it may seem that compared to HT this K-factor is significantly
higher. The only difference between these two observables is that pmiss

T does not appear in
Hvis

T but is part of the definition of HT . Adding pmiss
T to HT simply shifts the entire spectrum

towards higher pT values. Had we increased the plotted range for HT , we would also have
observed much larger higher-order QCD corrections in the tail of this distribution. We have
verified that K = 24 can be already obtained for HT ≈ 1700GeV. Due to the dominant
NLO3 contribution, the NLO and NLOQCD scale uncertainties are of similar size for Hvis

T

and in the high-pT tail are of the order of 50%. The difference between NLO and NLOQCD
is only 4%, which is an order of magnitude smaller than the NLO uncertainties and therefore
negligible. For subleading higher-order effects, a similar impact for various contributions can
be observed as in the case of HT . More precisely, NLO1 gives the largest contribution with
+64% compared to Born3, NLO5 contributes +25%, while NLO4 is negative with a maximum
contribution of −5% at around 1200 GeV. This latter contribution reduces to only −1% for
the phase-space region just below 1500 GeV. This means that the same effect that has been
observed for the pT, j1j2 differential cross-section distribution is also demonstrated here.

In the next step, we investigate the impact of subleading higher-order effects on dimen-
sionless (angular) cross-section distributions. As an example in figure 10 we show the ∆Rb1b2

separation defined in the rapidity (∆yb1b2) and azimuthal angle (∆ϕb1b2) plane, and the
cosine of the opening angle between the hardest and second hardest light jets, given by
cos θj1j2 = p̂j1 · p̂j2 . In the case of ∆Rb1b2 , close to the minimum separation distance set by the
jet algorithm, i.e. for ∆Rb1b2 ≈ 0.4, we can see enhanced effects due to the QCD background,
reaching 5% and 6% for Born1 and NLO1, respectively. Consequently, in this part of the
distribution there is a larger difference between the NLO and NLOQCD predictions, which is
of the order of 7%. This effect decreases rapidly in the phase-space regions where the b-jets are
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Figure 10. Same as figure 8, but for ∆Rb1b2 and cos θj1j2 .

well separated, i.e. when the probability that they originate from the top-quark decays rather
than from the g → bb̄ splittings increases. All other subleading contributions are negligible,
below 1%. For the cos θj1j2 observable, the largest subleading contribution comes again
from NLO1, reaching 3% for cos θj1j2 ≈ −1. The latter phase-space regions correspond to a
back-to-back configuration for the two light jets. At NLO, such configurations are no longer
suppressed, resulting in the K-factor equal to K = 4. The NLO4 and NLO5 contributions are
at the level of 2%. All other subleading contributions are negligible. We obtained similar
results for other angular differential cross-section distributions that we have examined.

As we explained earlier, the |Mjj − mW | < Qcut restriction improves the perturbative
stability of the complete NLO calculations. We could clearly observe this in the case of
the integrated cross-section results. In the following, we would like to investigate how some
of the observables, which we have already examined before, change when we do not apply
this condition. In figure 11 we show again the following observables pT, b1b2 , pT, j1j2 , Mb1b2

and HT , but this time without the Qcut cut. For pT, b1b2 the NLO corrections in the tails of
the distribution become smaller, reaching about +330%. This can be attributed to the less
restricted phase space for the LO contribution, which allows a harder pT, b1b2 spectrum before
the introduction of NLO radiation, resulting in the slightly reduced differential K-factor.
The NLO uncertainties decrease to 36% from 41%, while the NLOQCD uncertainties increase
to 48% from 41%. Regarding the subleading contributions, Born1 is less restricted without
the |Mjj − mW | < Qcut condition, taking values comparable to Born3, which are up to
+160%. The NLO1 part contributes +16% compared to +75% with the cut, while NLO2 is
enhanced to −11% in the high-pT tail. The remaining two contributions NLO4 and NLO5
are still present, but slightly reduced to −9% and +14%, respectively, while NLO6 still

– 28 –



J
H
E
P
0
7
(
2
0
2
6
)
0
1
0

10−3

10−1

d
σ

/d
p T

,b
1
b 2

[p
b

/G
eV

] LO

NLO QCD

NLO

without Qcut µ0 = HT/4

0

2

4

6

N
L

O
(Q

C
D

)/
L

O

0.7

1.0

1.3

N
L

O
/N

L
O

Q
C

D

0 100 200 300 400 500 600
pT,b1b2

[GeV]

0

0.5

1

1.5

2

(N
)L

O
i/

B
or

n
3 Born1

Born2

Born4

Born5

NLO1

NLO2

NLO4

NLO5

NLO6

10−3

10−1

101

d
σ

/d
p T

,j
1
j 2

[p
b

/G
eV

] LO

NLO QCD

NLO

without Qcut µ0 = HT/4

0

5

10

15

N
L

O
(Q

C
D

)/
L

O

0.7

1.0

1.3

N
L

O
/N

L
O

Q
C

D
0 100 200 300 400 500 600

pT,j1j2
[GeV]

0
0.1
0.2
0.3
0.4
0.5

(N
)L

O
i/

B
or

n
3 Born1

Born2

Born4

Born5

NLO1

NLO2

NLO4

NLO5

NLO6

10−3

10−1

d
σ

/d
M

b 1
b 2

[p
b

/G
eV

] LO

NLO QCD

NLO

without Qcut µ0 = HT/4

0

1

2

3

N
L

O
(Q

C
D

)/
L

O

0.8

1.0

1.2

N
L

O
/N

L
O

Q
C

D

0 200 400 600 800 1000
Mb1b2

[GeV]

0

0.1

0.2

0.3

(N
)L

O
i/

B
or

n
3 Born1

Born2

Born4

Born5

NLO1

NLO2

NLO4

NLO5

NLO6

10−3

10−1

101

d
σ

/d
H
T

[p
b

/G
eV

] LO

NLO QCD

NLO

without Qcut µ0 = HT/4

0

5

10

15

N
L

O
(Q

C
D

)/
L

O

0.7

1.0

1.3

N
L

O
/N

L
O

Q
C

D

0 250 500 750 1000 1250 1500

HT [GeV]

0

0.5

1

1.5

(N
)L

O
i/

B
or

n
3 Born1

Born2

Born4

Born5

NLO1

NLO2

NLO4

NLO5

NLO6

Figure 11. Same as figure 8, but without the |Mjj − mW | < Qcut condition and for pT, b1b2 , pT, j1j2 ,
Mb1b2 and HT .

contributes below 1%. Therefore, there are no large accidental cancellations between different
subleading higher-order contributions.

For pT, j1j2 we can observe a reduction in the size of the K-factor. Indeed, we now obtain
K = 12 instead of K = 13. The NLO and NLOQCD uncertainties remain approximately at
the same level as before. The same holds for the difference between the two results. We
can notice that Born1 now makes up almost half of Born3. The NLO1, NLO4 and NLO5
subleading contributions remain at the same level.
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In the case of Mb1b2 we notice larger NLO corrections in the tail of the spectrum, which
reach +175% compared to +40% when the Qcut cut has been used. This is also reflected in
the magnitude of the NLO and NLOQCD uncertainties, which both triple in size and amount
30%. The difference between NLO and NLOQCD is negligible. The subleading contributions
are mostly unaffected by the Qcut cut. Indeed, only the QCD background in NLO1 increases
at the beginning of the spectrum to about +4% from +1%.

Finally, for HT we observe an increase in the size of the NLO corrections to +940% as
compared to +750% with the cut. The NLO and NLOQCD uncertainties are similar as before
and up to 50%. The QCD background in Born1 is enhanced close to the kinematical threshold
for this observable, while in the tail of the distribution, Born1 increases its contribution to
about +60%. In the case of the subleading higher-order effects, NLO1 stays at the same
level as before, whereas NLO2, which did not contribute at all before, is now of the order
of −6% in the high-pT tail. The electroweak Sudakov logarithms in NLO4 are reduced to
−2%, while the absence of the Qcut cut enhances NLO5 to +14% from +8%.

The overall impact of the |Mjj − mW | < Qcut restriction, with Qcut = 20GeV, on
the differential cross-section distributions depends on the observable under study and the
phase-space region that is analysed. Without the Qcut cut the QCD background in Born1
is enhanced and becomes comparable in size to Born3, especially in the high-pT tail. Other
subleading higher-order contributions are not significantly affected by this cut. In particular,
the qualitative effects of the electroweak Sudakov logarithms remain essentially unchanged.

7 Alternative scale setting

Our calculations, like any fixed-order calculations, have a residual dependence on the renor-
malization and factorization scale, resulting from the truncation of the perturbation expansion.
Consequently, the value and shape of various observables depend on µR and µF that are given
as input parameters. For any given process, it is possible to define multiple scale settings
in several ways. For example, one could consider the mass of a heavy particle entering the
process, or even the typical momentum transfer or the total transverse energy of the process.
However, it is impossible to determine which scale is truly good unless one is able to perform
a similar calculation one order higher in αs. Since it is obviously impossible to perform
complete NNLO calculations at present, the only thing left is to investigate different scale
choices and estimate the dependence of our results on them. To check the robustness of
our calculations, in addition to the default scale choice µ0 = HT /4, we also consider an
alternative scale setting given by µ0 = ET /4. In the first step, we provide the complete
LO and NLO results for µ0 = ET /4 and with the |Mjj − mW | < 20GeV condition at the
integrated cross-section level. These results are shown in table 4.

The differences between the complete LO and NLO results for the two scale settings are
very small, of the order of only a few percent, i.e. −5% for LO and +3% for NLO. Therefore,
they are well within their corresponding theoretical uncertainties, which are at the level of
30% and 5% for LO and NLO, respectively. However, these shifts in absolute values affect the
size of higher-order corrections, which increase for µ0 = ET /4 to KQCD = 1.18 and K = 1.20.
The relative size of the Borni contributions remains the same. A similar situation can be
observed for all the subleading NLOi contributions. The only significant change in magnitude
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σi [pb] Ratio to Born3

Born1 O(α4
sα2) 0.1270(2) 0.43%

Born2 O(α3
sα3) 0.00032(2) 0.00%

Born3 O(α2
sα4) 29.824(2) 100.00%

Born4 O(α1
sα5) 0.1302(1) 0.44%

Born5 O(α0
sα6) 0.10086(4) 0.34%

NLO1 O(α5
sα2) + 0.152(2) + 0.51%

NLO2 O(α4
sα3) − 0.0016(2) − 0.01%

NLO3 O(α3
sα4) + 0.48(1) + 1.61%

NLO4 O(α2
sα5) + 0.1074(2) + 0.36%

NLO5 O(α1
sα6) + 0.1782(4) + 0.60%

NLO6 O(α0
sα7) + 0.00242(1) + 0.01%

LO 25.991(1)+30.3%
−21.8% 0.87

Born 30.182(2)+30.3%
−21.8% 1.01

NLOQCD 30.66(1)+1.6%
−4.8% 1.03

NLO 31.10(1)+1.7%
−5.0% 1.04

Table 4. Same as in table 3, but for the following scale setting µ0 = ET /4.

and sign can be seen for the dominant NLO3 contribution, where σNLO3(µ0 = HT /4) = −1.90
pb (6%) is replaced by σNLO3(µ0 = ET /4) = +0.48 pb (1.6%).

To check if a similar level of consistency can be observed at the differential cross-section
level, in figure 12 we present, as an example, the complete NLO predictions for pT, b1b2 , HT ,
Mb1b2 and pT, b1 for both scale settings. The ratios between these two predictions and their
theoretical errors are also plotted. Overall, there is very good agreement among all the
observables within the estimated theoretical uncertainties. In detail, for pT, b1b2 the differences
grow with pT up to 24% in the tail of the distribution, but they are within the estimated error
which is of the order of 40% in these phase-space regions. A similar pattern is repeated for
the remaining observables. In each case, harder spectra are predicted with µ0 = ET /4. They
increase by 26%, 10% and 5% for HT , pT, b1 and Mb1b2 , respectively. We can draw similar
conclusions for the other dimensionful observables we have examined. Furthermore, we have
also compared various dimensionless observables and found no significant differences in the
shapes of these distributions. We therefore conclude that both dynamical scale choices are
valid, physically well motivated scale settings that, in the case of dimensionful observables,
may show differences of up to O(30%) in the high-pT regions due to the NLO QCD corrections.
However, these differences are well within the estimated theoretical uncertainties.

Finally, we would like to investigate whether changing the scale setting has a significant
impact on the subleading LO and NLO contributions. To this end, in figure 13 we display
the same observables as before, i.e. pT, b1b2 , HT , pT, b1 and Mb1b2 , but this time we also show
their LO and NLO subleading contributions. For large values of pT, b1b2 , we obtain smaller
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Figure 12. Differential cross-section distributions for the pp → ℓ−ν̄ℓ jbjbjj + X process at the LHC
with

√
s = 13.6TeV as functions of pT, b1b2 , HT , pT, b1 and Mb1b2 . Results are given for µ0 = HT /4 and

µ0 = ET /4 and the NLO NNPDF3.1luxQED PDF set with |Mjj −mW | < Qcut, where Qcut = 20GeV.
The upper panels show the absolute NLO predictions for the two scale choices together with their
corresponding uncertainty bands. The second panels display their ratios.

K-factor for the µ0 = ET /4 scale setting. It is reduced to K = 4.6 from K = 5.3. The
only significant change in subleading contribution can be found for Born1 that increases by
about 10%. For HT , the ratio of NLO to LO changes from K = 8.5 to K = 10. Also in this
case, a small increase from +15% to +22% can be seen for NLO1. In the case of pT, b1 and
Mb1b2 any differences we observe are only at the level of a few percent for all the subleading
contributions. To summarise this part, the overall picture does not change across all the
observables we analysed. Changing the scale setting from µ0 = HT /4 to µ0 = ET /4 allowed
us to ensure that our higher-order predictions are indeed under very good theoretical control.
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Figure 13. Differential cross-section distributions for the pp → ℓ−ν̄ℓ jbjbjj + X process at the LHC
with

√
s = 13.6TeV as functions of pT, b1b2 , HT , pT, b1 and Mb1b2 . Results are given for µ0 = ET /4

and the NLO NNPDF3.1luxQED PDF set with |Mjj −mW | < Qcut, where Qcut = 20GeV. The upper
panels show the absolute LO, NLOQCD and NLO predictions together with the LO and NLOQCD
uncertainty bands. The second panels present the ratios of NLOQCD and NLO to LO, while the ratios
of NLO to NLOQCD are displayed in the third panels. The last panels depict Borni (solid lines) and
NLOi (dashed lines) normalised to the dominant Born3 contribution.
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8 Summary

In this paper we presented the first complete, NLO-accurate predictions for the production
and decay of the tt̄ pair in the ℓ + j decay channel. The complete set of LO contributions
and NLO corrections of EW and QCD origin is included across all partonic channels. The
calculation is based on full matrix elements, computed with all resonant and non-resonant
contributions, complete spin correlations, interference effects and the finite-width effects for
the unstable t, W , Z and H particles. We provided the complete LO and NLO results for the
pp → ℓ−ν̄ℓ jbjbjj + X process at the LHC Run-III energy of

√
s = 13.6TeV. On the technical

side, we extended the Helac-Dipoles framework to ensure IR safety for the complete-NLO
result in the presence of democratic jet clustering with light jets and photons. Specifically,
we incorporated the cut on the photon energy fraction directly at the level of the integrated
subtraction terms together with parton-to-photon fragmentation functions, and added the
photon-splitting and photon-to-jet conversion subtraction terms needed to render the complete
NLO calculation finite. The implementation is incorporated in both the Catani-Seymour and
Nagy-Soper subtraction schemes. Having two independent subtraction schemes allowed us to
check the correctness of the changes introduced by comparing the two results.

At the integrated fiducial cross-section level we found that all subleading contributions
are negligible compared to the size of the NLOQCD uncertainties. Furthermore, the resonance-
enhancing requirement on the invariant mass of the two light jets, |Mjj − mW | < Qcut,
played a key role in improving the perturbative convergence of the full NLO computation.
By introducing this cut, the inclusive K-factor is lowered from K = 1.75 to K = 1.11, and
the residual scale uncertainties are reduced from about 14% to 6%. Without the cut, the
difference between NLO and NLOQCD increases and the QCD background, driven by Born1,
becomes more prominent.

At the differential cross-section level we observed the impact of subleading terms primarily
in the high-pT tails of dimensionful observables. In these phase-space regions one-loop
electroweak Sudakov logarithms from NLO4 yielded negative corrections that could reach
the 10% level. In addition, the observables that are dominated by additional QCD radiation
showed characteristic patterns. For example, the transverse momentum of the two-b-jet system,
pT, b1b2 , showed differences of up to 14% between NLO and NLOQCD due to significant effects
resulting from the NLO1 background contribution. This should be compared to the case of
pT, b2 , where the difference between NLO and NLOQCD is −5%, which is of the order of the
theoretical uncertainties, reflecting the suppression of hard QCD emissions for this observable.
For the transverse momentum of the dijet system, pT, j1j2 , we noted sizeable contributions
from the photon-initiated partonic channels. In the high-pT tail, the contribution from the
gγ partonic channels outweighed the negative Sudakov EW effects from NLO4. In addition,
we observed non-trivial cancellations between different contributions, most notably between
NLO4 and NLO5 across many observables, which further motivates the use of the complete
NLO predictions whenever a precision at the few-percent level is required. In contrast, the
dimensionless distributions are only mildly affected by the subleading contributions, which is
consistent with our conclusions obtained at the integrated cross-section level.

To check the reliability of our complete NLO calculations, in addition to the default
scale setting, we also considered an alternative scale choice. A different dynamical scale
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choice induced no significant differences at the integrated fiducial cross-section level. For
differential cross-section distributions, the largest difference between the two scale settings we
observed was 30% in the tails of the dimensionful observables. However, even this difference
was well within the estimated scale uncertainties. The subleading contributions remained
largely unchanged when this alternative scale setting was selected.

Our results demonstrated that the complete NLO predictions with full off-shell effects
included for the pp → tt̄ + X process in the ℓ + j decay channel are feasible. Applying
the |Mjj − mW | < Qcut requirement stabilised the perturbative convergence of the results
and reduced theory uncertainties, while retaining the sensitivity to genuine EW effects and
photon-initiated partonic channels in the high-pT phase-space regions.

The strategy adopted here for the IR safety is general and easily applicable to other
top-quark associated processes involving photons and light jets. In particular, it opens
the way to compute complete NLO corrections with full off-shell effects included for other
related processes such as pp → tt̄H, pp → tt̄Z and pp → tt̄W±, where the tt̄ pair decays
in the ℓ + j channel.
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