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ABSTRACT

Droplets resting on solid surfaces resist lateral forces before sliding; however, the microscopic origins of the sliding criterion and solid-liquid
adhesion remain elusive. Here, we develop a microscopic mean-field theory that incorporates the dependence of solid-liquid interfacial energy
on the droplet’s body energy and maps the full energy landscape under coupled normal and lateral loads. Within this framework, we propose
a sliding criterion within the small-droplet limit, in which the solid-liquid and solid-gas interfacial energies become equal, as a result of
the formation of a novel microscopic lubrication-like interfacial state. This criterion explains the observed enhancement of adhesion under
increasingly negative normal loads, thereby violating Amontons’ first law. Furthermore, we reveal the microscopic origin of pinning force
associated with contact angle hysteresis. Our approach eliminates inconsistencies associated with body-force balance in small droplets and
achieves quantitative agreement with counterintuitive experimental observations across diverse conditions.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0337869

I. INTRODUCTION

Droplets on solid substrates resist lateral forces up to a finite
threshold before sliding occurs.' This behavior is ubiquitous, man-
ifesting in everyday phenomena, such as water droplets shaken off
a plate or raindrops adhering to window glass. Droplet adhesion
on solid surfaces is also crucial in numerous industrial processes,
including printing, coating, and spray deposition.”” Despite its ubiq-
uity and practical importance, the microscopic origin of the sliding
criterion and the adhesion force remains poorly understood.”*

Existing theories identify the critical sliding condition by bal-
ancing the body force, such as gravity, with an interfacial tension
force associated with contact angle hysteresis (CAH).”” This class
of approaches includes the widely adopted framework proposed
by Kawasaki'’ and Furmidge,'' known as the Kawasaki-Furmidge
(K-F) model. For instance, for a droplet of mass m on a flat plate,
the critical roll-off angle 6y, is described by

mg sin Oy = kWa(cos0- — cos 6. ), (1)

where g is the gravitational acceleration, o is the liquid-vapor sur-
face tension, W is the characteristic width of the droplet footprint
(typically measured perpendicular to the direction of motion), and
0+ and 0_ are the advancing and receding contact angles at the front
and rear of the droplet, respectively. The dimensionless parameter k
is a geometric factor that accounts for the droplet shape and contact-
line geometry (often taken to be of order unity and determined
empirically).

However, existing theories based on body-force balance and
contact-angle hysteresis (CAH) exhibit three major limitations when
applied to predicting static friction:

(I)  For small droplets, such as water drops with volumes below
~1 yl, the Bond number is much less than unity (Bo
= ApR3g/o <« 1, where Ap is the density contrast, Ry is a
virtual radius with V = 4/37R3), and the body energy is neg-
ligible compared to the surface energy (Appendix A). Con-
sequently, employing body forces in a force-balance sliding
criterion,' " as in the K-F theory,' becomes inappropriate.
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(II) Despite its broad use, the K-F model struggles to rational-
ize a number of counterintuitive observations'* that appear
to violate the droplet analog of Amontons’ first law of fric-
tion."” McHale and co-workers showed that an Amontons-
like friction law for droplets can, in fact, be obtained from
the classical K-F (Furmidge-type) relation via a first-order
(linear) expansion, thereby supporting the view that a solid-
friction-style description remains meaningful for droplet
motion in many cases.'” However, this connection does not
resolve experimental reports in which droplet resistance devi-
ates markedly from Amontons-like scaling, indicating that
additional mechanisms beyond the classical K-F picture are
required.

(II)  When a droplet approaches sliding, it is common to invoke
Young’s relation at the front and rear contact line to ratio-
nalize CAH and the associated adhesion force.'® "’ Strictly,
Young’s law defines the equilibrium contact angle on an
ideal rigid, smooth, chemically homogeneous, and isotropic
substrate, provided that the contact line is not pinned and
the interface is in thermodynamic equilibrium; under these
conditions, the energy-minimizing droplet is axisymmetric
[Fig. 1(a)], and the contact angle is uniform, even when
body-energy contributions are included.”’ The derivations
are given below. Under lateral loading, droplets become
asymmetric [Fig. 1(b)] and exhibit apparent advancing and
receding angles influenced by pinning® and dissipation.”!
Accordingly, these measured angles should be interpreted as
non-equilibrium angles rather than Young’s angle, and apply-
ing Young’s law to both sides should be understood as an
approximation.zz‘lw’

Butt and co-workers’’ framed contact-angle hysteresis in
dynamic wetting through an “adaptive wetting” mechanism, in
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FIG. 1. (a) (i) Schematic cross section of a hydrophilic droplet (L) on a solid
substrate (S) in a surrounding gas phase (G), with base radius r;, Young’s con-
tact angle 6y, and a colored adsorption layer. S is the wetted area, S, denotes
the newly introduced droplet-proximity-penetration area outside the apparent con-
tact line, and S; represents the far-field unaffected substrate. (i) Enlarged view
of the adsorption layer of thickness /. (b) (i) Droplet under a lateral load F at
the critical sliding state, with advancing and receding angles 6.. and 6_; shaded
regions indicate load-induced pressure non-uniformity. (i) Enlarged view of the
region where the averaged solid-liquid and solid—gas interfacial tensions coincide,
corresponding to the formation of a microscopic lubrication-like interfacial state.
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which the effective interfacial energy density at the three-phase
contact line relaxes exponentially toward equilibrium. This picture
attributes the velocity dependence of the advancing and receding
angles to microscopic adaptation occurring within a nanometric
near-surface region of the solid adjacent to the solid-liquid inter-
face (with a characteristic length scale on the order of 1-100 nm,
depending on the underlying process and material”"** *°), and it
provides a route to connect steady-sliding dissipation with the
observed hysteresis, particularly at low speeds. At the same time,
the approach still has limitations that leave room for further devel-
opment. To obtain tractable expressions, their analysis of mov-
ing droplets largely relies on an idealized two-dimensional setting,
which does not fully capture the geometrical and energetic complex-
ity of real three-dimensional droplets under external forcing. More
importantly, the work focuses on droplets that are already in steady
motion and does not explicitly address the onset of motion (de-
pinning/start-up), so it does not directly provide predictions for key
thresholds such as static adhesion force, critical tilt angle, or incip-
ient sliding conditions. The authors also note that fitting dynamic
contact-angle data alone does not uniquely validate the mechanism,
and a more unified treatment of the adaptive dynamics with other
dissipation mechanisms remains an open direction.

The slippery liquid-infused porous surfaces (SLIPS)” strategy
reduces droplet friction by replacing direct contact-line interactions
with a heterogeneous solid with interaction occurring at a stabilized
liquid interface. In SLIPS, an immiscible lubricant is immobilized
within a microporous or textured substrate, creating a physically
smooth, chemically uniform “lubricating film” at the surface. By
effectively screening the underlying solid heterogeneities, this liquid
layer suppresses contact-line pinning, thereby lowering the pinning
energy barriers and the resulting contact-angle hysteresis. Consis-
tent with this mechanism, experiments report ultra-low hysteresis
for liquids spanning a broad range of surface tensions, indicative
of markedly reduced droplet adhesion and a lower threshold for
motion. A key limitation, however, is that the low-resistance state
depends on an externally supplied, pre-infused lubricant and on its
stability against displacement, so SLIPS represents an engineered
limiting case rather than a general predictive framework for static
friction on conventional lubricant-free solids.

The onset of drop sliding is often defined through local contact-
line motion, such as the first detectable displacement of the advanc-
ing or receding edge.'* However, such operational criteria are not
unique. For example, de la Madrid et al.” defined the onset of motion
by requiring the receding edge to reach a velocity of ~0.09 mm s™*.
Because the local contact angles and pinning states at the advanc-
ing and receding sides generally differ, the choice of a local criterion
can lead to different apparent sliding thresholds. This ambiguity
makes a purely local criterion less suitable as a unique general crite-
rion for macroscopic static friction. This motivates an energy-based
description in which the critical state is identified from the global
free energy of the droplet-substrate system, while local variations in
the interfacial energy are incorporated through mean field theory in
the form of spatial averaging.

In this article, we propose a microscopic, load-dependent
framework for predicting solid-liquid adhesion by explicitly track-
ing how externally applied normal and lateral loads modify the
solid-liquid interfacial energetics. Departing from conventional
macroscopic descriptions that forces against a CAH-based friction
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law, we build our approach on the adsorption layer concept,”**’ in
which interfacial energy density changes arise from load-driven vari-
ations in adsorption-layer composition governed by the free-energy
minimization principle. In contrast to macroscopic SLIPS, when the
composition distribution within the microscopic adsorption layer
becomes symmetric across the three-phase contact line, the layer
enters a microscopic lubrication-like interfacial state formed by the
droplet liquid itself.

The microscopic lubrication-like interfacial state proposed here
should not be understood as a macroscopically observable, geomet-
rically continuous liquid layer with a prescribed finite thickness and
hydrodynamic fluidity.”” It instead denotes an effective interfacial
condition within the adsorption layer,” realized when the energetic
asymmetry between the liquid-covered and gas-covered adsorption-
layer regions vanishes. Under this condition, the two sides of the
contact-line region become energetically equivalent so that interfa-
cial exchange can occur without an additional free-energy cost. An
adsorption layer satisfying this condition is, therefore, referred to
here as an energetically symmetric adsorption layer. This interpreta-
tion defines the physical meaning of the microscopic lubrication-like
state in the present theory.

We associate the onset of motion with the first formation of this
state, which marks the transition from a pinned regime to a mobile
one. This perspective yields a load-controlled and experimentally
testable lubrication-transition criterion for sliding that does not rely
on an added lubricant but instead on the energetic accessibility of
a microscopic lubrication-like interfacial state configuration under
external loading.

The resulting framework maps the droplet free-energy land-
scape under coupled normal and lateral loads and identifies a
transition pathway from equilibrium to incipient sliding. It fur-
ther motivates a critical-state criterion for small droplets on ideal
rigid surfaces: the asymmetry between the appropriately averaged
solid-liquid and solid-gas interfacial free-energy densities at the
substrate interface vanishes, concomitant with the formation of
a microscopic lubrication-like state.””*"?! Unlike SLIPS, which
achieves low friction via a porous substrate infused with an external
lubricant,”” our approach emphasizes a microscopic, load-induced
interfacial reconstruction mechanism. This criterion explains why
increasing the normal load may lead to a non-monotonic adhesion
response, which differs from the monotonic behavior expected from
the droplet analog of Amontons’ first law of friction. The classical
Kawasaki-Furmidge relation is recovered as a limiting case, and the
same criterion provides a microscopic interpretation of CAH that is
in quantitative agreement with diverse experimental datasets.'*****

Il. METHOD

We consider a stationary droplet of fixed volume V on an
ideally flat and rigid substrate.
The total interfacial energy of the system is written as

E=0A- f 2ydSy + f yscdS; + / y564Ss. )
S1 S; S3

Here, the first term is the liquid-gas interface contribution, with
interfacial tension ¢ and cap area A. The second term is the wetting
contribution over the wetted area Si, given by the surface integral
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of the interfacial-tension difference, Ay = y¢. — y,; (solid-gas inter-
facial tension minus solid-liquid interfacial tension). In contrast
to the conventional assumption of a constant Ay, we consider its
modification under external loads, such as gravity. This adjustment
stems from defining a spreading area S5 = S; + Sz, which combines
the wetted area S; with the droplet proximity penetration area S,
located outside the apparent triple line [Fig. 1(a), yellow].”” The
third and fourth terms represent the interfacial energies of the
droplet-proximity penetration region, S;, and the far-field unaf-
fected area, S3 (yg'G is the intrinsic solid-gas interfacial tension),
respectively; both serve as constant references,” and 34 and they are,
therefore, excluded from the following derivations.

For small droplets resting on solid substrates with a Bond num-
ber much less than unity (Bo <« 1), gravitational (body) energy is
negligible compared with interfacial energy.””’* As a result, grav-
ity does not appreciably distort the droplet from a spherical-cap
shape. Under this spherical-cap (axisymmetric) assumption, the
total interfacial free energy can be written as

2 [ dh\?
E-= 1+(—) —-Ay|drd
o IR

= 027(r./ sin 6)*(1 - cos 0) — Aynr?, (3)

where 6 is the (macroscopic) contact angle and r. is the contact
radius.
Using the spherical-cap volume relation

af re \? 2
V:f(, )(2+cos€)(l—cos€),
3 \sin 6

one obtains the 6-r, relation

1/3
3V
c= in 6. 4
" [ﬂ(2+cos6)(1—c059)2] o @

Substituting this expression into Eq. (3) yields the total energy as a
function of 0 alone,

Inv? ] %)
(2+cos 0)*(1-cos 0) |

E=[20- Ap(1+ cos 9)][

Minimizing the interfacial free energy with respect to the contact
angle, dE/d6 = 0, leads to the classical Young relation

o cosBy =ysg —yst  (ie., cosby = Ay/o). (6)

This energy-minimization derivation, therefore, defines the equilib-
rium contact angle, Oy, which is uniform along the entire three-
phase contact line for an axisymmetric droplet at thermodynamic
equilibrium [Fig. 1(a)]. Because these assumptions are essential to
the derivation, the applicability of Young’s law should be intrinsi-
cally limited to describing droplets in thermodynamic equilibrium
on ideal, smooth, chemically homogeneous surfaces.

When a lateral load F) is applied, the droplet withstands the
load and remains pinned in place. As F) increases, the droplet
approaches a critical sliding condition. Traditionally, this critical
condition is identified by a force balance, i.e., when the applied lat-
eral load equals the droplet’s maximum adhesive (retention) force.
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At this critical state, the droplet becomes asymmetric, giving rise
to two distinct apparent contact angles: 6, and 0_ at the advanc-
ing and receding edges, respectively [Fig. 1(b)]. Up to the onset of
macroscopic motion, the droplet is treated as stationary; therefore,
its macroscopic kinetic energy is neglected.

Following the discussion above, interfacial contributions domi-
nate the energetics of small droplets. For a laterally loaded (and thus
non-axisymmetric) droplet, Young’s-law conditions are no longer
satisfied, and the local interfacial energy difference (yg — ;) is
not uniform over the contact region. Therefore, applying Eq. (2)
together with the mean value theorem for integrals, we express the
system energy in an averaged form as

E = Ecap + Epase :0A+<)/SL—YSG>51 =0A - (Ay) S1, 7)

where A is the liquid-vapor surface area, S; is the base area, and ()
denotes the spatial average over S;.

In the small-droplet limit, the change in A from the Young-
equilibrium (6 = 60y) state to the critical sliding state is minor
(Appendix A). Hence, Ecap = 0A can be treated as approximately
constant, and the energy variation is dominated by the base
contribution, Epyee = —(2Ay)S:1.

A. Surface composition effect

The introduction of an adsorption layer is motivated by the
long-standing diffuse-interface view of interfacial thermodynamics.
In the Gibbs construction,” the boundary between two phases is
idealized as a mathematical dividing surface. The interfacial free
energy is then formulated in terms of surface excess quantities asso-
ciated with this dividing surface. These quantities represent the
excess amount of a substance per unit interfacial area relative to
the extrapolated bulk phases and, therefore, describe an interfa-
cial composition that generally differs from the corresponding bulk
concentrations.”’

By contrast, van der Waals formulated capillarity under the
hypothesis of a continuous variation of density, in which the inter-
face is regarded as a finite transition region rather than a zero-
thickness discontinuity.”*** In such a region, the local energy cannot
be determined solely by the density at a point, because molecules
interact with their surrounding molecular neighborhood over a
finite range. Therefore, when the density or composition varies
rapidly near an interface, the local free energy must also depend
on the spatial distribution of the neighboring density or composi-
tion field. This nonlocal molecular contribution naturally gives rise
to the diffuse-interface description, in which the equilibrium inter-
facial profile is determined by the minimization of a free-energy
functional rather than prescribed as an abrupt jump. From this per-
spective, the diffuse-interface formulation may be viewed as a more
structurally resolved representation of the same interfacial thermo-
dynamics described by the Gibbs construction. Thus, although the
two descriptions differ in how the interface is represented geometri-
cally, both emphasize that the composition of the interfacial region
can strongly affect the interfacial free energy, or equivalently the
surface tension.

This idea was later formalized in Cahn’s diffuse-interface
theory,””"! where the free energy of a nonuniform system is

ARTICLE pubs.aip.org/aipl/jcp

written, to leading order, as a local homogeneous contribution plus
a gradient-energy contribution, namely,

Efyee = fv[fo(c)+ g|w|2]dv, (8)

where c is the local composition or concentration, fy(c) is the homo-
geneous free-energy density, and « is the gradient-energy coefficient.
Within this framework, the interfacial tension is determined by the
excess free energy stored in the finite inhomogeneous layer and is,
therefore, naturally sensitive to the local composition and structure
of this layer."” ** Cahn’s theory further demonstrated that a sur-
face layer of the wetting phase may persist even when that phase
is no longer stable as a bulk phase, indicating that the thermody-
namic state of a surface-adjacent region can differ from that of either
adjoining bulk phase.""

Molecular-dynamics simulations*®™ provide direct micro-
scopic support for this finite interfacial-layer picture. For example,
large-scale simulations of Lennard-Jones liquid-vapor interfaces
showed a continuous interfacial density profile with a finite apparent
width, rather than a discontinuous density jump between the two
bulk phases.”” " At solid-fluid boundaries, molecular-dynamics
simulations of Lennard-Jones fluids adsorbed on structured solid
substrates obtained spatially resolved density profiles near the wall
and identified a structured adsorption region adjacent to the sub-
strate, together with wetting and drying transitions determined
from surface tensions and contact angles.”’”” These results sug-
gest that the microscopic boundary near a solid substrate is better
regarded as a finite transition region with spatially varying density
or composition than as an ideal sharp discontinuity.

Experimental wetting studies’®”””* also support the existence
of finite interfacial or adsorbed layers whose thickness depends on
thermodynamic conditions. In the wetting-transition experiments
reviewed by Bonn and co-workers,”° the adsorbed film adjacent to
a droplet may undergo either a discontinuous thin-to-thick jump
in a first-order wetting transition or a continuous growth of thick-
ness in critical wetting, reflecting the thermodynamic coupling
between surface free energy, long-range intermolecular interac-
tions, and temperature. In methanol/n-alkane systems, where n-
alkane denotes a straight-chain alkane, measurements of the contact
angle and wetting-layer thickness further revealed a crossover from
first-order wetting to critical wetting upon approaching the bulk
liquid-liquid critical point.”> Beyond Bonn’s work, complete-to-
partial wetting transitions near critical points and complete-wetting
layers at polymer-air interfaces have also been observed experimen-
tally.”* These theoretical, numerical, and experimental observations
justify treating the solid-adjacent interfacial region not as a purely
geometrical boundary but as a finite adsorption layer with its own
thermodynamic state.

In the present work, this interfacial region is described, within
a mean-field framework, as an adsorption layer separating the two
bulk phases.”*”’ The state of the adsorption layer is characterized
by the volume fraction ¢ of liquid phase in the liquid-gas mixture
within the adsorption layer [see Figs. 1(a-ii) and 1(b-ii)]. This rep-
resentation suggests that both the composition of the adsorption
layer and its internal energetic state, as modified by the external
loading environment, can influence the local excess free energy and
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hence the corresponding interfacial tension.’””
free energy of the adsorption layer is formulated as

=1[e(¢) +x(¢) +p(¢)], ©

21,56,57

Accordingly, the

where [ is the effective thickness of the adsorption layer, while
&, X, and p denote the internal energy, van der Waals interaction
energy, and pressure energy (Appendix B), respectively.

Following Wang’s work,”*”” this dependence is written as

&(9) = filerp +ec(1-¢)],
x(9) = x1c(1 = @) + filxsrd + xsc(1 - ¢)1, (10)
p(¢) = filprd + pc(1-9)].

Here, ¢ and &G denote the volumetric internal energies of the liquid
and gas, respectively. x, ., X, and x,; are the van der Waals interac-
tion parameters for the liquid-gas, solid-liquid, and solid-gas pairs,
respectively.”” The liquid-phase pressure is

pVa,

+2 +
PL=P6 R mrl

Here, py; is the gas-phase pressure, R is the curvature radius of the
droplet’s liquid-gas interface, and p is the liquid density. fs serves as
a correction factor to Dalton’s law of partial pressures (Appendix C).

In the present framework, the substrate regions beneath the lig-
uid and beneath the gas are both treated as the same adsorption-layer
phase composed of the same solid, liquid, and gas constituents. Since
the underlying forms of internal energy and intermolecular interac-
tions are, therefore, of the same physical origin, the corresponding
interfacial free energies are described by the same constitutive func-
tion with the same set of material parameters. Rearranging the terms,
we obtain

A —¢ +(oc+ SspV. )¢+ B (11)

Iy nr? XLG Y

where a =1~ fs(Ae+ Ay —20/R)[x;c and B = fs(&6 + x5 + Pg)-
Here, we define Ae=¢ec—¢ and Ay = Xsc — Xz Since « is con-
structed from the parameters characterizing the droplet in the
absence of external loading, it represents the intrinsic surface-energy
contribution. Detailed discussions of the role of each term are given
in the works of Wang et al.”**"*

To evaluate the normal load-induced pressure, we introduce a
signed normal acceleration a, (positive for sessile and negative for
pendant). Variations in a, adjust the internal liquid pressure and,
crucially, reshape the adsorption-layer composition.””"’ These com-
position changes, in turn, modulate the interfacial energy densities
at the solid-liquid interface of wetted area S; and at the solid-gas
interface of droplet-affected area S,. Accordingly, we define the

solid-liquid and solid-gas interfacial energies as yg; = y(¢,) and
s = ¥(¢5)- The corresponding average values are
(ysu) = y({61)), (ys6) = y({$c))- (12)

Here, ¢, and ¢, represent the equilibrium volume concentrations of
the liquid in the regions S; and S, respectively; (¢r) = S -1 _[sl ¢1dS

and (¢g) = St /. 5, ¢cdS, denote the average values.
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Here, ¢; and ¢ represent the liquid volume fractions in
the adsorption layer in two spatially distinct regions: the droplet-
covered region and the surrounding gas-covered region, respec-
tively. The two variables, ¢; and ¢, are treated as independent
degrees of freedom. This treatment is analogous to the classical com-
position phase diagram of an immiscible binary fluid, in which a
unified free-energy formulation is used to describe the thermody-
namic state of the system, while the compositions of the coexisting
phases are treated as independent variables. Their equilibrium values
are then determined through minimization of the total free energy.

Notably, Butt et al.”! developed an adaptive-wetting framework
for polymeric substrates, in which near-surface interfacial proper-
ties relax exponentially toward equilibrium on a finite adaptation
timescale,

yi(t) =y +yre

Here, i can take the values SG, SL, and LG, representing the
solid-gas, solid-liquid, and liquid-gas interfacial tensions, respec-
tively. In this description, y,(¢) denotes the time-dependent interfa-
cial tension, y;° is the corresponding long-time equilibrium value,
y; is the difference between the initial value at ¢ = 0 and the equi-
librium value at t — oo, and 7; is the characteristic timescale of the
adaptation process.

Building on these relaxation dynamics, they described the
front-rear asymmetry of interfacial tensions during steady slid-
ing and attributed the velocity dependence of the advancing and
receding contact angles to the fact that the two sides experience dif-
ferent adaptation times as the contact line moves. The characteristic
timescale 7, therefore, governs the adaptation rate and, in turn, influ-
ences the resulting contact-angle hysteresis. A direct implication of
this formulation is that, for a static droplet on an ideal homogeneous
and flat substrate, both sides eventually relax to the same long-time
equilibrium interfacial state, y;°, so that the front-rear asymmetry
vanishes. Within this mechanism alone, persistent static hysteresis
is, therefore, not expected. The underlying adaptation length scale
is often associated with a nanometric near-surface region, whose
effective depth may grow in a diffusion-like manner, often with a
Washburn-type”” penetration.

In contrast, the present work focuses on how composition-
dependent equilibrium interfacial energetics, modified by external
loading, determine the limiting static states of the droplet and the
emergence of static hysteresis. We further identify the critical slid-
ing condition as the point at which an energetically symmetric
adsorption-layer configuration first becomes both thermodynami-
cally accessible and stable. In this way, the present theory bridges
the pinned state and the onset of motion.

For equilibrium interfacial energetics, Cahn,*” De Gennes,” and
many later studies”"* developed phase-field descriptions of wetting.
In Cahn’s theory, the equilibrium surface free energy is obtained by
minimizing a free-energy functional for a semi-infinite fluid near an
ideal planar wall. The functional includes a surface term set by the
composition at the wall, a bulk term describing the deviation of the
local composition from the bulk value, and a square-gradient term
that suppresses sharp spatial changes in composition.

Under the far-field condition that the composition recovers
its bulk value, variational minimization of Eq. (8) yields both the
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one-dimensional composition profile normal to the surface and the
natural equilibrium boundary condition at the wall,

do dc
— —2¢[ =] =0,
des K( dy)s

where ¢ = ¢(y) is the composition field of the fluid, y is the coor-
dinate normal to the solid surface, ¢; = ¢(0) is the limiting compo-
sition at the wall, ®(c;) is the surface free-energy contribution per
unit area of the solid in contact with a fluid of wall composition
¢s, and (de/dy), = limy_odc/dy denotes the concentration gradient
evaluated at the wall.

In this sense, Cahn’s theory may be viewed as describing the
equilibrium limit of the interfacial composition and energetics, i.e.,
the long-time state corresponding to y;° in the adaptive-wetting pic-
ture of Butt et al. The resulting surface free energy is determined
by a smooth equilibrium composition profile that minimizes the
free-energy functional while simultaneously satisfying the bound-
ary conditions on both the interfacial energetics and the material
distribution at an ideal planar substrate.

However, our work does not resolve a local planar adsorption
profile. Instead, we treat the surface energy as composition depen-
dent and determine the material distribution by minimizing the
total interfacial energy of the entire droplet under volume constraint
and external loading. This global framework is more appropriate
for finite droplets, whose state is governed by the coupled effects
of composition, geometry, and load. It thus provides a direct and

OO, 4 e

@0 5 10 ms
1

0.8

)
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thermodynamically consistent description of the equilibrium distri-
bution, the limiting static states, and the onset of sliding.

B. Energy landscape and extrema values

The total interfacial energy of the droplet is obtained by sub-
stituting the surface-tension function in Eq. (11) into the energy
expression in Eq. (7). As noted above, the energy contribution from
the droplet cap, Ecap, is treated as approximately constant. The fol-
lowing analysis, therefore, focuses on the energy contribution from
the droplet base,

Epase = ()’(¢L> - Y(‘PG))”T?
= luc[(ge)’ - (g)” +2n((pL) — (gpc) |mre,  (13)

with
21 =a+ fspVa, /(nriyic).

Here, the parameter # contains two contributions: the intrinsic para-
meter a, which characterizes the surface energetics discussed above,
and an additional term arising from the external load. Accordingly,
n is taken to represent an effective total surface-energy parameter.
The effects of the parameters « and 7 are discussed in detail below. In
applying the model to experiments, the macroscopic quantities V, p,
0,0y, and g, are taken from the measured system. The normal accel-
eration a, is prescribed by the actual loading condition, for example,
a, = +g for a sessile droplet and a, = —g for a pendant droplet. The
microscopic quantities entering &, such as &, x, I, fs, and ; ;, are not

©)i) a,=-4 m/s? (d)i) a,=-10 m/s? E, [nJ]4_:_0 -40
1 T T T 1 -
0.8k = 0.8f
__0.6F
) 5
3 N\

04F

X
0.2F

0 k=

|

| | | | | |
0 02 04 06 08 1 0 02 04 06 08
(60) (o0)

1 1 AN | 1
0 02 04 06 08 1
o

(i) E, 1

I I I I I I I
0 02 04 06 08 1 0 02 04 06 08 1

o) o

¥T:60 :¥T 9202 AInC 12

FIG. 2. Energy landscapes of Epase ({9, ), (¢)) for different normal loads a, . Each surface is saddle-shaped, with the central profile varying with a, : (a) sessile, a,
=10 ms~2; (b) semi-sessile, a, =4 ms~2; (c) semi-pendant, a, = —4 ms~2; and (d) pendant, a, = —10 ms=2. E (red cross) marks the saddle point; £ (purple) and E,
(orange) are the local minima at (¢, ) = 0 and (¢, ) = 1, respectively. (-) denotes the spatial average. The dashed line denotes (¢, ) = (¢5) and the dashed-dotted line
corresponds to the K—F model. The second-row panels illustrate, for each prescribed normal load, the quasi-static evolution of the system from a local energy extremum
toward the saddle point, together with the corresponding variation of the total energy along this pathway. The energy difference between the lowest-energy local extremum
and the saddle point is defined as AE.
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separately available from the reported experiments; therefore, their
combined contribution is represented by an effective intrinsic para-
meter o, calibrated from a reference equilibrium state, such as the
measured Young contact angle. Once this reference state is fixed, #
varies with a, according to Eq. (13) and is not fitted independently
for each loading condition.

For each normal acceleration a,, an energy landscape
of the droplet’s base is obtained from the energy expression
Eq. (13) by systematically varying the two microscopic parameters,
(¢;) and (¢.), within the physical interval (¢,),(¢s) € [0,1],
as shown in Fig. 2. In each case, the energy map Epase((¢; ), (¢¢))
forms a saddle-shaped landscape. The energy extreme
states are determined by solving the equation system:
OFEpase/0(¢;) = 0 and OEpase/0(¢) = 0. Two local energy min-
imum states, Ei:(¢;)=0,(¢s5) =5 (purple cross); E::{¢,)
= 1,{¢g) = n (orange cross); and a saddle point, Es : {(¢;) = #, (¢)
=1 (red cross), are obtained. The saddle point possesses the prop-
erty of (Ay) =0. At the sessile state, the global energy minimum
occurs at Ey, with (¢, ) = 0 [Fig. 2(a)]; whereas at the pendant state,
the global energy minimum emerges at E; with (¢, ) = 1 [Fig. 2(d)].

The energy landscape captures the full evolution of the droplet’s
energy state from initial deposition to the sliding threshold. By
energy minimization, when a droplet is initially placed on a solid
substrate, the local energy state at different points within the
solid-liquid contact area may be distributed across the energy land-
scape and relax toward nearby local minima in a gradient-descent-
like manner. However, because the droplet forms a continuous and
mechanically coupled body, once any region reaches the global min-
imum, the resulting redistribution drives the entire droplet toward
the same global minimum state, at which the droplet adopts the
Young contact angle, Oy. The transition by which local energy states
overcome a higher energy barrier may be viewed, qualitatively, as
analogous to a siphon effect, whereby the relaxation of one region
into the lower-energy branch facilitates the collective evolution of
the entire droplet toward the final global minimum. When a lat-
eral load is applied, the resulting transverse pressure non-uniformity
alters the local composition of the adsorption layers, thereby modi-
fying the interfacial tensions over the proximity penetration area S5
[Fig. 6 in Appendix A], leading to a spatial variation in Ay.

Under a quasi-static loading process, the system relaxes to the
nearest accessible local minimum at each step, so the energy state
follows a single energy-valley branch and the interfacial potential
increases monotonically. The system remains stable until the interfa-
cial potential attains its pathwise maximum, as it reaches the saddle
point where the along-valley derivative is zero. At the saddle point,
the average solid-liquid and solid-gas interfacial tensions on the
two sides of the contact line are symmetric ({Ay) = 0), effectively
behaving as if the droplet were resting on an energetically symmetric
adsorption-layer so that even infinitesimal perturbations can trig-
ger sliding. Beyond this point, sliding ensues, known as dynamic
wetting, which is outside the scope of this work.?

I1l. RESULTS AND DISCUSSION

In this section, we discuss the main implications of the present
energy-based framework for droplet adhesion and critical sliding.
We organize the analysis around three aspects: the dependence
of adhesion on the applied normal load, the relation between
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the present theory and the classical Kawasaki-Furmidge descrip-
tion, and the interpretation of the pinning force and contact-angle
hysteresis within the present energy landscape. Together, these
results illustrate how the model connects load-dependent interfacial
energetics to macroscopic adhesion behavior.

A. Adhesion force prediction

By Amontons’ first law, increasing the normal load should
increase the static friction, so a sessile droplet would be expected
to exhibit a higher sliding threshold. Yet experiments report the
opposite trend: a pendant droplet can sustain a larger lateral forc-
ing before sliding than a sessile droplet. This contrast suggests that
droplet “friction” is not governed by an Amontons-type load law.
In our framework, droplet adhesion is controlled by the energetic
barrier separating the metastable minimum from the relevant saddle
point. We define this barrier as

AE = Es — min (Ey, E2),

which must be overcome to initiate sliding. Consequently, the ratio
between the lateral adhesion force under a prescribed normal load a;
and that under the reference normal load +¢ can be approximated by
the corresponding ratio of energy barriers, as shown in Appendix D,

_ Fla, AEs,

A= .
Flog  AEyg

(14)

In our formulation, the local variation of the interfacial energy
is not neglected. Rather, it is incorporated into the total base energy
as written in Eq. (7). Thus, (Ay) is not introduced to assume spatial
uniformity but to represent the net interfacial-energy contribution
controlling the stability of the whole droplet. Local contact-line
effects are further retained in the pressure-induced angular varia-
tion and the pinning-force distribution, as discussed later. There-
fore, the averaged criterion describes the global energetic threshold,
while local contact-line processes determine how this threshold is
approached.

Within the present framework, two parameters play central
roles in determining how droplet adhesion varies with the applied
normal load. The parameter « characterizes the intrinsic contribu-
tion of the interfacial energetics, whereas # represents an effective
total surface-energy parameter that contains both the intrinsic part
and the load-induced contribution. As shown in Appendix D, « pri-
marily controls the position of the symmetry axis of the adhesion
curve relative to a, = 0, reflecting the intrinsic bias introduced by
the surface-energy contribution. By contrast, the ratio a/27, o> Where
1,4 denotes the value of 7 at a, = +g, measures the relative impor-
tance of the intrinsic contribution compared with the load-induced
one and, therefore, controls the overall sensitivity of the adhesion to
normal loading. A smaller /27,  means that the external load has a
stronger influence on the total surface energy, whereas a larger value
indicates that the intrinsic surface energetics dominate and the effect
of normal loading becomes weaker.

Figure 3 shows the ratio of lateral adhesion relative to that
in the sessile state, A, as a function of the normal load a,, with
a, € [—g,+g]. Toillustrate the role of the model parameters, o is var-
ied from 0.8 to 2.0. In Wang’s work,”® « = 1 is taken as the reference
value for a neutral system. Moreover, since the internal energy of

J. Chem. Phys. 165, 024707 (2026); doi: 10.1063/5.0337869
© Author(s) 2026

165, 024707-7

¥T:60 :¥T 9202 AInC 12


https://pubs.aip.org/aip/jcp

The Journal

- . ARTICLE i inli
of Chemical Physics pubs.aip.org/aipljcp
(a)(i) (b)(i) (c)(i) (d)(i)
1
1.4 ® Exp.[14] 1
12 —Eq. (13)
0.8
1.2 0.8
< < 1 < <
0.6
1 0.6
0.8 ]
0.4
0.8 0.4
-10 -5 0 5 10 10 -5 0 5 10 -10 -5 0 5 10
a [m/sz] a [m/sz] a [m/sz]
(i) (i) (i) (i)
1.4
12 12
1.4
1.2
1 1
<12 < | < <
0.8 0.8
1
0.8
0.6 0.6
-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10
a [m/sz] a [m/sz] a [m/sz] a [m/sz]

FIG. 3. Ratio of lateral adhesion force as a function of normal load under different parameter settings. The red solid curves show the lateral adhesion-force ratio vs normal
load. Here, o varies from 0.8 to 2.0, while the ratio a;/2#,  is set o 0.7, 0.9, and, for one special case, 0.95. As « deviates from 1, the symmetry axis of the adhesion-load

curve shifts away from a, = 0, moving toward negative a, for & > 1 and toward positive a, for « < 1. Larger values of a/2;,, o indicate a weaker contribution of external
loading to the total surface energy and, therefore, lead to gentler slopes. Solid dots represent experimental data from Tadmor's experiment'# in panel (b) (i) and from

Madrid's experiment? in panel (d) (ii). The orange dashed line denotes the reference level Fi,,- @) (i) =08, oc/211+g =0.7. (i) = 0.8, ¢x/211+g =0.9. (b) (i) & = 0.965,
af2n, o =0.7. (i) & =0.965 a/2n, , =09.(c) () e =14, a/2y, , = 0.7.(i)) = 1.4, /217, = 0.9.(d) () ¢ =2, a/21, ; = 0.7 (i) ¢ = 2, /217, , = 0.95.

the liquid phase is usually higher than that of the gas phase, Ae < 0,
and the Laplace pressure inside the droplet is positive, 20/R > 0, the
range of « is chosen to extend further on the positive side of unity.
The representative values of a/27, o are chosen as 0.7, 0.9, and, for
one special case, 0.95, in order to illustrate how different sensitivi-
ties to external loading affect the adhesion force in different systems.
These parameter settings allow us to examine how the intrinsic inter-
facial energetics and the load-induced surface-energy contribution
each shape the adhesion-normal-load relation.

Several general trends can be identified from Fig. 3. First, as a
deviates from 1, the symmetry axis of the adhesion-load curve shifts
away from a, = 0. In particular, it shifts toward negative a, for a > 1
and toward positive a, for « < 1. This indicates that a controls the
intrinsic bias in the total surface energy and, therefore, determines
the load about which the adhesion response is centered. Second,
as af2n, o increases, the effect of external loading becomes weaker
and the adhesion curves become less steep. Physically, this means
that when the intrinsic surface energetics dominate, the normal load
perturbs the interfacial state only weakly. By contrast, when /27, g
is smaller, the load-induced contribution becomes more important,
and the adhesion becomes more sensitive to a, .

For parameter combinations with & = 0.8 and 0c/2;1+g = 0.9, for
the parameter set shown in Fig. 3(a-ii), the model predicts that adhe-
sion decreases as the normal load increases from negative to positive
values. In other words, a stronger upward pulling force in the pen-
dant direction leads to stronger adhesion. This trend is consistent
with the interpretation proposed by McHale et al."” In their droplet
analog of Amontons’ law, the normal force N in the relation F = uN
is associated with the vertical component of the surface tension,
i.e., the force acting away from the substrate. Under this interpre-
tation, a larger negative normal force leads to a larger friction term
and, hence, stronger droplet adhesion, in agreement with the present
result for this parameter setting.

In the experimentally relevant small-droplet regime [Fig. 3(b-
i)], the parameters are chosen for a 0.5 ul hexadecane droplet on
octadecyltrimethylammonium (OTA)-treated mica, consistent with
the experiments reported by Tadmor,'* for which we take o = 0.965
and «/2#, , = 0.7. The model predicts a non-monotonic dependence
on a,: smaller |a, | leads to weaker adhesion, while larger |a, | deep-
ens the energy minimum and, therefore, increases the barrier against
sliding. As a result, the pendant state (a, = —g) can sustain a lateral
adhesion force about 1.1 times that of the sessile state (a;, = +g), in
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agreement with the experiment. This behavior directly reflects the
central idea of the present framework: adhesion is governed by the
load-dependent interfacial energy landscape rather than by a purely
macroscopic force balance.

Other parameter combinations, such as those in Figs. 3(c-
ii), 3(d-i), and 3(d-ii), recover an Amontons-like trend, in which
adhesion increases with increasing normal load. In these cases, the
normal load effectively stabilizes the pinned state, and the slope of
the adhesion curve plays a role analogous to the friction coefficient
¢ in Amontons’ law. Accordingly, the comparison with experimen-
tal data’ can be captured by adopting « = 2 and 0c/211+g =0.95, as
in Fig. 3(d-ii). Within the present model, however, this slope is not
introduced as an empirical constant. Instead, it emerges naturally
from the competition between the intrinsic interfacial energetics and
the load-induced contribution, as controlled by « and #.

The variation of these parameters can also be associated with
different physical situations. Smaller values of /27, o correspond
to cases in which the effective surface energy is highly sensitive to
external loading, so that the applied normal load produces a stronger
modification of the interfacial state. Larger values of a/2, > by con-
trast, describe cases in which the intrinsic surface energetics domi-
nate, and the contribution of external loading to the surface-energy
variation is correspondingly weaker.

Opverall, Fig. 3 shows that the present framework can unify sev-
eral apparently different adhesion behaviors within a single energy-
based description. By incorporating the normal-load-induced vari-
ation of solid-liquid interfacial tension into the interfacial energy
landscape, the model predicts the adhesion-force ratio directly from
the corresponding energy barrier. It not only reproduces the coun-
terintuitive enhancement of adhesion in the pendant state observed
for small droplets but also recovers the Amontons-like regime under
other parameter settings. In this way, our model provides a phys-
ically transparent link between intrinsic surface energetics, load
sensitivity, and the resulting adhesion response.

B. K-F model generalization

In Young’s law, the presence of gas is neglected at the
solid-liquid interface, corresponding to ¢, = 1; at the solid-gas
interface, ¢ = 1. Thus, the solid-liquid and solid-gas interfacial
tensions are defined with the condition ¢, = 1 and ¢ = 0. Under
this idealized condition, a pressure-independent Ay is derived as

Ay =Ifs[(ec + xsc) — (er + xs1)] = Ifs(be+ Ay).

Defining the liquid-gas surface tension as o~ Iy, (x,; is the
liquid-gas van der Waals parameter and I” is the liquid—gas interface
thickness), the famous Young’s law is obtained,

By _ fs(be+ B))

15
o (15)

cosOy =

Within our framework of surface tension, the difference
between the solid-liquid and solid-gas interfacial tensions is
expressed as

(8y) = hac[({gr) - (d6)) (($1) + (¢c) - 21)].

At the saddle point, the average solid-liquid and solid—gas interfacial
tensions become equal, indicating that the lateral load and adhesion
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are balanced. This feature of this state corresponds to the critical
sliding state, in which any infinitesimal energy input is sufficient to
initiate droplet motion. The criterion (Ay) = 0 implies two roots.
The first one is (¢, ) = (¢), implying the formation of a microscopic
lubrication-like interfacial state.

The other one reads (¢, ) + (¢) = 2#. The parameter # can be
split into two terms: 7 = 77y, + 1,,, where 1, and 7, are expressed as

A A
S COTS ﬁ(% pv

xiG *T X\ R 2™ +p<,,).
Here, 7, denotes the corresponding value evaluated along the
droplet contact line at the angular position ¢ in cylindrical coordi-
nates. Variations in # originate from the pressure non-uniformity,
p,» within the adsorption layer. For a three-dimensional droplet, as
shown in Fig. 4, the local pressure distribution along the contact line
is given by

Py = pajre cos @. (16)

Substituting Eq. (16) into the expression for 7, the angular dis-
tribution of the interfacial parameter induced by the pressure
non-uniformity becomes

fs 200 pV
20 = —| — + —5a, + C . 17
Ny Yic 2 a + pajre cos ¢ (17)

c

Using the expression for 7, in Eq. (15), the Young contact angle can
be written as

1
cos Oy = 17(1 - 27y). (18)
Similarly, substituting #,, into Eq. (15) gives the contact-angle dis-

tribution along the three-phase contact line at angular position ¢ in
cylindrical coordinates,

cos B, = ll,[1—2(71y+11¢)]. (19)

r.cos(p)

e

FIG. 4. Schematic of a droplet on a substrate: the left panel shows the projection of
the droplet on the substrate surface, with arrows around the perimeter indicating
the magnitude of pinning forces along the three-phase contact line. The orange
arrows represent the pinning force on the advancing side, and the blue arrows
represent the pinning force on the receding edge. ¢ denotes the angular position
in a cylindrical coordinate system. The right panel is a magnified view of a local
segment, illustrating the contribution of the pinning force on a line element (orange
arrow) to the transverse resistance (black arrow).
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In classical theories, the pinning force per unit length of the
contact line is written as”'~**

fp =0(cos 6 - cosby), (20)

where 0 is the apparent contact angle, and 0y is Young’s contact
angle. The deviation of the apparent contact angle is considered to
represent the intensity of the pinning force with this equation.

Using Eq. (20), together with the contact-angle expressions in
Egs. (18) and (19), the pinning-force distribution along the contact
line is obtained as

fe, :—% *—%ml*—pa“rc cos ol*. (21)

Here, I" = fsI denotes the modified adsorption layer thickness. Inte-
grating the component of the pinning force along the loading
direction over the entire three-phase contact line gives

2r
F = /(; fp,cosgrcde = —pa”ﬂrfl*. (22)

The integrated force has the same magnitude as the externally
applied lateral load, which strongly supports the validity of the
present expression for the local pinning force along the contact line.
Comparing Eq. (22) with the lateral adhesion required to balance the
external load, Fj = pa; V, and using the expression for the droplet
volume, we obtain

V. re (2+cos 0)(1 - cos 0)

I" = = 23
a3 sin® 0 (23)

The advancing and receding edges of the droplet correspond
to the locations ¢ = 0 and ¢ = 7, respectively. Substituting these val-
ues of ¢ into Eq. (19) gives the expressions for the advancing and
receding contact angles,

I
cosf; = 17[1 = 2(ny + f19=0) ] (24)

cosf_ = ll'[l =2(ny + Np=r) - (25)

Similarly, substituting ¢ =0 and ¢ =7 into the pinning-force
expression, Eq. (21), yields the pinning forces at the advancing and
receding edges,

20 * \%4 * *

20 %ml % payrcl”. (26)

c

fro=-

Here, fp, and fp_ denote the pinning forces at the advancing (+)
and receding (—) edges, respectively. By averaging Eq. (26), we
obtain the mean pinning force |f,|, thereby enabling direct com-
parison with the experimental results. In Fig. 5(a), the experimental
pinning force data* for small droplets with volume ranging from 0.5
to 3 ul are compared with the prediction of Eq. (26). The values of «
and &/ (27, g) are adjusted according to the corresponding droplet
volume. The model is in good agreement with the experimental
measurements.

Comparing our result, Eq. (26), with the classical definition,
Eq. (20), we recover the Kawasaki-Furmidge (K-F) equation,(':"‘g
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FIG. 5. (a) Pinning force at the droplet contact line as a function of droplet
volume. Markers represent experimental results;*” unless otherwise noted, the
corresponding error bars are smaller than the marker size. The lines show
the pinning force calculated from Eq. (26). (b) Advancing (64 ) and receding
(6-) contact angles as functions of the Young contact angle 6y. Solid markers
denote experimental measurements obtained on relatively smooth surfaces;'*
unless otherwise noted, the corresponding error bars are smaller than the marker
size. Open markers represent theoretical reconstructions, and the lines indicate
second-order polynomial fits to the theoretical data.

Fj =pa|V =kWo(cos0- — cos0.), (27)

where W = 2r, denotes the droplet width and

4
4t

is a geometry-dependent parameter. This definition gives k a clear
mechanistic meaning, linking the macroscopic droplet size to the
microscopic adsorption-layer thickness. Moreover, by substituting
the expression for I* from Eq. (23), we obtain

s

k= e (28)

which is in agreement with the values of k reported in many previous
studies for small droplets,'*"*”"”" thereby providing further support
for the present framework. Therefore, the second solution of (Ay)
= 0 reveals the origin of the pinning force along the droplet three-
phase contact line and recovers the traditional Kawasaki-Furmidge
relation used to describe droplet adhesion on a substrate.

Our theory suggests that droplet sliding is initiated only when
both conditions, (¢;) = (¢;) and the Kawasaki-Furmidge (K-F)
relation, are satisfied. In this sense, the classical K-F equation pro-
vides only a partial criterion, as it treats sliding as a balance of body
forces even in the small-droplet regime, where bulk energy is neg-
ligible. By contrast, the present theory derives the sliding criterion
from the pressure non-uniformity induced by lateral loading and
its effect on the interfacial-energy distribution at the droplet base.
This framework not only gives a clearer physical interpretation of
the empirical parameter k but also yields a self-consistent sliding
criterion grounded in interfacial energetics.

As previously mentioned, the lateral-load-induced non-
uniform pressure changes the local compositions ¢; and ¢ within
the adsorption layer. Within this adsorption layer (not in the bulk),
the non-uniform pressure is compensated by the Young-Laplace
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TABLE I. Representative mechanisms of contact-angle hysteresis.
Mechanism Applicable system
Roughness Rough solid surfaces; contact-line

pinning by surface topography

Chemically patterned or defective surfaces;

hemical h i o . L
Chemical heterogeneity pinning by spatial variation of surface energy

Textured hydrophobic or superhydrophobic surfaces;

Cassie-W, Istat - . . Lo .
assie-Wenzelstate hysteresis depends on air trapping or liquid penetration

Presentadsorption-layermechanism

Ideal rigid, smooth, and chemically

homogeneous surfaces; intrinsic interfacial

contribution from the adsorption layer

pressure through surface curvature adjustments, leading to contact
angle hysteresis [Fig. 6(a), Appendix A].

Figure 5(b) shows how the advancing contact angle, 6, and
receding contact angle, 6, vary with Young’s contact angle, fy. The
reconstructed values of 6, and 0_ are calculated with Eqs. (24) and
(25). Unless otherwise stated, a, is taken as +g, and the correspond-
ing a is determined from the K-F relation based on experimentally

measured contact angle hysteresis data.'*** The hysteresis, 0+ — 6_,
decreases as y approaches 0° or 90°, consistent with experimen-
tal observations. Mechanistically, the contact angle hysteresis greater
than 10° observed in experiments on relatively smooth substrates is
unlikely to be caused by the Young-Laplace pressure in the bulk lig-
uid. For small droplets (Bo < 1), the surface area A of the droplet
cap remains nearly constant, and the Young-Laplace pressure in the
bulk liquid remains nearly unchanged. However, variations in the
compositions ¢, and ¢ within the adsorption layer can generate
significant pressure differences, leading to pronounced contact angle
hysteresis.

It is important to distinguish the present mechanism from
the well-established extrinsic origins of contact-angle hystere-
sis. On real surfaces, contact-angle hysteresis is often dominated
by roughness,””” chemical heterogeneity,’ Wenzel-Cassie state
transitions,"””” and surface adaptation,’’ as shown in Table I. These
mechanisms may generate hysteresis over very different angular
ranges. For example, optimized Cassie-type superhydrophobic sur-
faces may exhibit nearly vanishing hysteresis, whereas Wenzel states,
dense microtextures, or designed defects can produce hysteresis of
tens of degrees. Therefore, the magnitude of CAH is not universal
but depends on the dominant microscopic pinning or adaptation
mechanism.

The mechanism proposed in this work should be understood as
an intrinsic interfacial contribution associated with the adsorption
layer on an ideally smooth and chemically homogeneous surface.
It is not intended to replace roughness- or heterogeneity-induced
hysteresis on real substrates. Rather, it describes the limiting case
in which no explicit macroscopic defect or roughness is introduced.
The predicted angular shift is only of the order of a few degrees,
which is much smaller than the hysteresis caused by strong defects
or Cassie-Wenzel pinning but remains experimentally resolvable
with high-precision contact-angle measurements.'”” Thus, in
practical systems, the total observed CAH should be regarded as

the combined result of the present adsorption-layer contribution
and additional extrinsic contributions from roughness, chemical
heterogeneity, or Cassie-Wenzel wetting states.

IV. CONCLUSION

In summary, we have developed a microscopic mean-field the-
ory of adhesion at solid-liquid interfaces and proposed a sliding cri-
terion for droplet motion on solid surfaces (within the small-droplet
limit),

(ay)=o.

Physically, this criterion indicates that sliding is initiated when exter-
nal loading drives the adsorption layer beneath the droplet into a
microscopic lubrication-like interfacial state. The proposed frame-
work captures the dependence of adhesion on the applied normal
load, explains previously counterintuitive experimental observa-
tions, and recovers an Amontons-like regime in the appropriate
limit. It reproduces the classical K-F relation, predicts both the
pinning force and contact-angle hysteresis, and provides a clearer
physical interpretation of the empirical parameter k in the K-F
equation. Moreover, the present theory resolves the fundamental
inconsistency of applying body—force balance to small droplets, for
which body-energy contributions are negligible, and shows excel-
lent agreement with experiments under diverse conditions. Taken
together, these results establish both the physical consistency and the
practical applicability of the proposed theoretical framework.
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NOMENCLATURE

A Liquid-gas interfacial area (m?)

o Intrinsic  dimensionless interfacial parameter
(dimensionless)

a,a Normal and lateral accelerations (m s™%)

FL,F) Total normal and lateral forces (N)

fs Correction factor due to the solid-phase volume
fraction (dimensionless)

fr, Local pinning force per unit contact-line length (N
m-!

LI v Adsorption-layer, modified adsorption-layer, and
liquid-gas interfacial thickness (m)

R Liquid-gas curvature radius (m)

re Contact radius (m)

$1,82,83 Wetted, droplet-affected, and far-field substrate
areas (mz)

\% Droplet volume (m®)

o Liquid-gas interfacial tension/free-energy density
(Nm™' =]m™)

Yoo Vs Solid-liquid and solid-gas interfacial free-energy
densities (J m™2)

Ay =y —yg Interfacial free-energy difference (J m™2)

(Ay) Spatially averaged interfacial free-energy differ-
ence over $; (J m™2)

¢ Liquid volume fraction in the adsorption layer
(dimensionless)

ér>9¢ Liquid fractions in droplet-covered and gas-
covered adsorption-layer regions (dimensionless)

® Angular coordinate along the contact line (rad)

ARTICLE pubs.aip.org/aipl/jcp

&P X Internal, pressure, and interaction energy densities
in the adsorption layer (J m™)

M 1y 1, Effective dimensionless interfacial parameters
(dimensionless)

Bt Critical roll-off angle in the K-F relation (rad or
degree)

APPENDIX A: ELLIPTIC SHAPE ASSUMPTION

A lateral load alters the local composition at the advancing
1, and receding #_ sides, resulting in pressure non-uniformity in
the adsorption layer. To restore equilibrium, the interface curva-
ture adjusts such that the Young-Laplace pressure compensates for
the gradient. Consequently, the local contact angles deviate from
Young’s contact angle, giving rise to distinct advancing 6, and
receding 6_ angles within the adsorption layer. These angles are
then transmitted across the Gibbs dividing surface for macroscopic
contact angle measurement through imaging or visual observation
[Fig. 6(a)].

For the liquid-gas interface, the classical gravity-deformed
ellipsoidal shape’””®""7® is extended to a tilted ellipsoid under a
normal and lateral combined load [Fig. 6(b)]. The parameters a, b,
and ¢ denote the semiaxis lengths of the ellipsoid along the x, y, and
z directions, respectively; / is the distance from the ellipsoid center
to the upper surface of the substrate; and y represents the tilt angle
of the ellipsoid relative to the vertical axis, as shown in Fig. 6(b). The
tilted ellipsoid function is

(x cos y + 2 sin y)? N ¥ N (x sin y — 2’ cos y)? )
2 12 2 =
a b c

>

withz' =z +h.

For small droplets, footprint deformation is negligible; thus,
the base shape is treated as unchanged, and volume conservation
constrains the profile, yielding an approximately elliptical cap. For
example, for a 0.5 ul hexadecane droplet with a Young’s contact
angle of 33°, an advancing angle of 35.5°, and a receding angle of
30.3° (as in Tadmor’s experiments'?), the difference in liquid-gas
interfacial area between the elliptical and spherical-cap shapes is
less than 2% and corresponds to an interfacial-energy change below

(@) ® g

FIG. 6. (a) Schematic of a droplet under lateral load. The adsorption layer compo-
sition changes at the advancing edge, 7, and at the receding edge, 7_, resulting
in pressure non-uniformity within the adsorption layer; 6. and 6_ are the result-
ing contact angles at the advancing and receding edges, respectively. Dark blue
represents low pressure regions, and orange denotes high pressure regions. This
provides a bottom-up understanding of contact angle hysteresis, linking its origin in
the adsorption layer to the resulting macroscopic contact angle. (b) Cross section
of a 3D ellipsoidal droplet under normal load F, and lateral load F .
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1 nJ. This surface-energy variation is negligible compared with the
load-induced surface-energy change at the base.

Under Tadmor’s experimental conditions, we consider a
hexadecane droplet with

V =0.5pl,
p =800 kgm >,
g=981m s

For spherical-cap droplets of volume V with Young’s contact
angles of 33° and 37°, the corresponding change in the center-of-
mass height gives a gravitational potential-energy difference of

AEg = Eg(37°) - Eg(33°) # 2.6 x 10" J = 2.6 x 10~ nJ.

In comparison, the change of surface energy, Ep,,, is at least in the
scale of tens of nanojoules, as shown in Fig. 2. Therefore, AEg /Ej is
less than 1%, showing that the gravitational contribution associated
with the change in the center-of-mass height is negligible compared
with the surface energy variation. For the normal load, the relevant
pressure scale is

~PVE 1 Pa.

p ~ ~
¢ 711’?

This value is of the same order of magnitude as the lateral-load-
induced pressure perturbation considered in the present model.
Both load-induced pressure scales are much smaller than the nearly
uniform Laplace-pressure, or capillary-pressure, scale,

2
=7 %30 Pa,
R

in the small-Bond-number regime. Therefore, these pressure pertur-
bations do not significantly deform the liquid-gas interface. Never-
theless, they are retained in the adsorption-layer free-energy density
because they represent load-dependent pressure contributions that
are conjugate to the adsorption-layer volume.

APPENDIX B: PRESSURE CONTRIBUTION TO
SURFACE FREE-ENERGY

Because pressure is thermodynamically conjugate to volume,
it cannot be neglected in the free-energy description of an equilib-
rium droplet. Treating the adsorption layer as a distinct phase, its
volume constraint is incorporated explicitly in the variational for-
mulation through a Lagrange multiplier. Accordingly, we introduce
the constrained free-energy functional,

g=9‘+/\V=/(£+)() d¢+zfpds,

where .7 = [(e+ x) d¢ denotes the intrinsic free-energy functional
of the adsorption layer, including the internal-energy contribution
¢ and the van der Waals interaction energy y; V = I [ dS is the vol-
ume of the adsorption-layer phase, with I being its thickness; and A
is the Lagrange multiplier associated with the volume constraint. At
mechanical equilibrium, A is identified with the effective pressure-
related contribution p, conjugate to the adsorption-layer volume,
including the Young-Laplace pressure difference and any exter-
nally imposed loading. Therefore, the pressure contribution is not

ARTICLE pubs.aip.org/aipl/jcp

an extraneous correction but an intrinsic part of the equilibrium
free-energy description.

APPENDIX C: SOLID PHASE VOLUME FRACTION

The total energy density of the adsorption layer is given by
the sum of the internal, van der Waals, and pressure energies. By
defining the solid phase fraction in the adsorption layer as ¢, the
liquid phase fraction is ¢(1 - ¢g), and the gas phase fraction is
(1-¢) (1-¢g), where ¢ represents the volume fraction of liquid
phase in the liquid-gas mixture in the adsorption layer. Using the
interfacial energy density in the form of Eq. (9), the internal, van der
Waals, and pressure contributions can be written as

e(¢p) = erd(1 - ¢s) +ec(1 — ) (1 = ¢s) + esps,
x(¢) = (1= ¢s)[xrcp(1 = ¢)(1 = ¢s) + xsr + xsc(1 = ¢) 1,
p(8) =prd(1 = ¢s) +pc(1 - ¢)(1 = ¢s) + pss.

In the droplet-sliding scenario, deformation and compression of
the solid phase are neglected. Accordingly, the terms es¢g and
Ps¢g are treated as constant references and omitted in the follow-
ing discussion. Moreover, the liquid-gas van der Waals term, y16¢
(1-¢)(1~-¢s)% is the only contribution containing the factor
(1-¢s)*. By defining fs = 1/(1 - ¢) and multiplying the entire
expression by f32, the resulting form reduces to Eq. (10).

APPENDIX D: DERIVATION FOR THE FORCE RATIO
A~ Fjq, [Fiig

As described in the main text, the exact expression of the energy
minimum state can be obtained for two local minimal points,

Ey:{gr) = 0,(¢c) =1 E2: (1) = 1, (¢g) = 1.
The saddle point, Es: (¢,) = #,{¢;) = #, separates the two local

minima.

A sessile state yields Enin = E; at (¢;) = 0 and, therefore, AE,
= Es — E1 = Iy, ;°S1. For the pendant state, it follows Emin = E; at
(¢,) = 1 and, therefore, AE; = Es — E; = lXLG(l - 11)281.

More specifically, the critical force can be estimated as

AE,
Fia » N
la. éc(aj_ )

where AE,, is the energy barrier defined from the energy landscape
and {.(a,) is the characteristic lateral displacement, or reaction-
path length, over which the external lateral work is performed before
sliding. Therefore, the more general form of Eq. (14) should read

FH“L _ AE“J. ec(+g)
Flig AEsg le(ay)

For the small droplets considered in this work, the deformation at
the critical sliding state is very weak under different normal loads.
Therefore, £c(a.) changes only negligibly with a,, and the above
expression reduces to Eq. (14).

The droplet adhesion force F|,, is calculated for the normal
load a,. This adhesion force is scaled by that when a, = +g. Thus,
the following force ratio is obtained:
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a+éa ?
(8). e
A:FH’M% 06+fg
Flig l1-a-E&a, ? ESE
(x+£g > 1 2>

where £ = fspV/(nr2xic).
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