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Zusammenfassung

Die Replikation von Fermionen — charakterisiert durch ihren Flavour — führt im Stan-
dardmodell (SM) und in den aus SM-Feldern konstruierten effektiven Feldtheorien zu kom-
plizierten Strukturen. Zur Vereinfachung einer Theorie ist es gängige Praxis, Flavour-Sym-
metrien aufzuerlegen und weiche Symmetriebrechungsterme zu postulieren. Trotz jahrzehn-
telanger Bemühungen verfügen wir jedoch weiterhin über keinen allgemeinen Rahmen, der
zu einem realistischen, symmetriebasierten Modell mit einem oder nur sehr wenigen freien
Parametern führt. In dieser Arbeit argumentieren wir, dass auch Flavour-Theorien ohne
explizite Flavour-Symmetrien, die wir als das „Swampland der Flavour-Symmetrien“ beze-
ichnen, ernsthaft in Betracht gezogen werden sollten. Zunächst demonstrieren wir die Über-
prüfbarkeit solcher Theorien anhand eines einfachen Beispiels, in dem das SM um ein skalares
Triplettfeld an der TeV-Skala erweitert wird, das sogenannte Typ-II Seesaw-Modell. Zusät-
zlich zu Flavour-Symmetrien, die auf die Leptonfelder wirken, finden wir, dass bestimmte
Flavour-Texturen ohne Symmetrieschutz ebenfalls die stark eingeschränkten µ → e Über-
gangsraten unterdrücken können. Dadurch kann das Modell in einer allgemeineren Klasse
von Experimenten untersucht werden. Anschließend zeigen wir zwei Rahmen auf, in denen
einige Flavour-Parameter des SM berechenbar sind, selbst wenn die zugrunde liegenden Sym-
metrien nur implizit vorliegen. (i) In der minimalsten SO(10) Theorie kann das b−τ Massen-
verhältnis vorhergesagt werden, obwohl die SO(10) Symmetrie bei niedrigen Energieskalen
nicht manifest ist. Insbesondere wird gefunden, dass, falls die Leptoquarks im skalaren Sektor
bei der TeV-Skala liegen, was durch die etablierten B-Anomalien begründet werden kann, der
Wert für das b−τ Massenverhältnis stark vom durch die SO(10) Symmetrie bestimmten Wert
abweicht und im Einklang mit Messungen ist. (ii) Wir untersuchen einen durch Gravitation
induzierten nichtperturbativen Effekt, das sogenannte Neutrinokondensat, das im Infrarot-
Limes effektive Neutrinomassen erzeugt. Unter Berücksichtigung dieses Effekts identifizieren
wir im SM, einschließlich dreier rechtshändiger Neutrinos, eine neue Klasse exakter Symme-
trien, die wir als erweiterte B − L Symmetrien bezeichnen und unter denen alle Neutrinos
chiral und masselos sind. Unser Aufbau stellt sicher, dass die bekannten Neutrinos, unab-
hängig davon, ob sie Dirac- oder Majorana-Teilchen sind, ausschließlich durch dynamische
Effekte bei niedrigen Energien massiv werden. Bemerkenswerterweise unterscheidet sich die
erweiterte B−L Symmetrie im Neutrinosektor von der kanonischen B−L Symmetrie. Wird
sie geeicht, kann sie zu charakteristischen Signalen in Neutrinoexperimenten führen. Des
Weiteren kann das Swampland der Flavour-Symmetrien auch leichte neue Physik beinhal-
ten, insbesondere flavour-nicht-diagonal koppelnde Axionen, welche auf natürliche Weise in
die oben genannten Modelle eingebettet werden können. Als weitere Studie wird ein vorher
übersehener zweischleifen Beitrag zu Axion flavourverletzenden Wechselwirkungen in einem
minimalen Axionmodell berechnet und dessen Auswirkung auf einem jüngsten bei Belle II
gemessenen Überschuss in B → K + Emiss analysiert.

i



Abstract

The replication of fermions — known as flavour — gives rise to complicated structures in the
Standard Model (SM) and the effective field theories constructed by SM fields. To simplify
a theory, it is common practice to enforce flavour symmetries and postulate soft symmetry
breaking terms. However, despite decades of efforts, we still do not have a common framework
leading to a realistic symmetry-based model with one or very few free parameters. In this
thesis, we argue that the flavour theories without explicit flavour symmetries, which we
call the ‘swampland of flavour symmetries’, should also be considered seriously. Firstly, we
demonstrate the testability of such theories with a simple example which extends the SM with
a TeV-scale triplet scalar field, called the type II seesaw model. In addition to the flavour
symmetries acting on the lepton fields, we find certain flavour textures without symmetry
protection can also suppress the tightly constrained µ→ e transition rates, allowing the model
to be probed in a more generic category of experiments. Next, we show two frameworks in
which some SM flavour parameters are calculable even if the underlying symmetries are
implicit. (i) In the most minimal SO(10) theory, the SM b − τ mass ratio can be predicted
although the SO(10) symmetry is not manifest at low energies. In particular, we find when
the leptoquarks contained in the scalar sector lie at TeV scale, motivated by the long-standing
B anomalies, the low-energy b− τ mass ratio largely deviates from the wrong value predicted
by SO(10) and stays consistent with the measurements. (ii) We revisit a non-perturbative
effect induced by gravity, known as neutrino condensate, which generates effective neutrino
masses in the infrared limit. Considering this, we identify a new class of exact symmetries
in the SM (including three right-handed neutrinos), referred to as enhanced B − L, under
which all neutrinos are chiral and massless. Our setup ensures that the known neutrinos,
irrespective of their Dirac or Majorana nature, are massive only via the dynamical effects
at low energies. Notably, in the neutrino sector, the enhanced B − L symmetry differs from
the canonical one. If gauged, it can lead to distinctive signals in the neutrino experiments.
Furthermore, we note that the swampland of flavour symmetries could also involve light
new physics, in particular the flavourful axions, which can be naturally embedded into the
above-mentioned frameworks. As a preliminary study, we calculate an overlooked two-loop
contribution to the axion flavour violating interactions in a minimal axion model, and analyze
its impact on explaining a recent excess at Belle II.
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Chapter 1

Introduction

One of the most — if not the most — important principles of natural philosophy is that
all matter and radiation is composed of fundamental indivisible units [1]. For a long time,
atoms are believed to be the elementary building blocks of matter. Since the discovery
of free electrons in 1897 [2], people have observed a large number of subatomic particles,
commonly referred to as ‘the particle zoo’, which over many years make the physical picture
of the elementary particles complicated. The modern understanding on the patterns and
interactions of elementary particles is based on the electroweak theory [3–5] and quantum
chromodynamics (QCD) [6, 7], which altogether constitute the so-called Standard Model
(SM) of particle physics. Nowadays, the validity of the SM (viewed as an effective field
theory) has been verified by the following key experimental observations:

• The discovery of the Higgs boson: In 2012, the ATLAS and CMS experiment at
the large hadron collider (LHC) at CERN discovered the Higgs boson [8, 9]. Analysis
on the LHC Run 1 and Run 2 dataset proves that the properties of the Higgs boson
are in excellent agreement with the SM predictions [10, 11].

• The confirmation of the Kobayashi-Maskawa mechanism: The B-factories, in-
cluding the BaBar experiment at SLAC, the Belle experiment and its upgrade Belle II
at KEK, and the LHC-b experiment at CERN, have confirmed the Kobayashi-Maskawa
(KM) mechanism of flavour and CP violation in the quark sector with very high accu-
racy [12–14].

• Electroweak precision tests: The measurement on the electroweak precision observ-
ables (EWPO), in particular the data collected at LEP, SLAC, and Tevatron, shows
good agreement with the SM mechanism of spontaneous symmetry breaking, to the
level of radiative corrections [15].

• Measurement of the electron and muon magnetic moments: The magnetic
moments of electrons and muons are determined to match the SM predictions to ex-
traordinary precisions of 10−12 and 10−10 respectively [16, 17].

• Tests of conservation laws: Despite decades of searches in a wide range of channels,
no signals for the violation on the accidental symmetries of the SM Lagrangian (includ-
ing the baryon number, the lepton number, and the charged leptons flavour symmetries)
are found.

As a consequence, if any new particle beyond the SM exists, it must be either much heavier
than the known SM particles or weakly interacting with them. From this perspective, the
SM is a remarkably successful theory and can be viewed as a milestone of modern physics.

1



Chapter 1. Introduction

However, the SM contains too much arbitrariness so that people rarely view it as the
ultimate ‘theory of everything’, even if staying agnostic to gravity. It is interesting to note
that Weinberg had included a comment in his 1967 paper which established the SM [4]

Of course our model has too many arbitrary features for these predictions to be
taken very seriously, but it is worth keeping in mind that the standard calculation
of the electron-neutrino cross section may well be wrong.

Actually, the SM is even not the minimal renormalizable theory to explain the lepton and
quark properties known in 1960s. In 1972, Georgi and Glashow constructed a simpler elec-
troweak model which is based on the gauged SU(2) symmetry only and does not lead to
the neutral currents [18]. Unfortunately, the Georgi-Glashow SU(2) model got falsified after
the experimental discovery of the neutral currents one year later [19]. Introducing a gauged
abelian symmetry then turns out to be necessary, but it becomes a weakness of the SM.
As an abelian group, U(1)Y can lead to a Landau pole [20] at an ultra-high scale and its
quantized charges are not guaranteed by any fundamental principle. Another shortcoming
of the SM is the replication of fermions. The SM contains three families — three copies of
each fermion field carrying the same quantum numbers, also known as three generations. As
a consequence, the same-type fermions across the three families can have different masses
and mix with each other. These mass and mixing patterns are all arbitrary within the SM,
giving rise to many free model parameters which can only be determined from experiments.
The measured free SM parameters appear not to be random numbers but rather to follow
certain regular interrelationships: for all types of charged fermions, their mass ratios among
three families exhibit hierarchical structures. Interestingly, such a pattern is also followed by
the quark flavour mixing angles.

In addition to the conceptual puzzles, it is also worth remarking that not all present
experimental data are consistent with the SM predictions. Many cosmological and astro-
physical observations indicate the existence of cold non-baryonic components in our universe,
which has zero pressure and almost do not interact with the electromagnetic force, commonly
referred to as the ‘dark matter’, see Ref. [21, 22] for recent reviews. The observational evi-
dence for dark matter, assuming they are particles, conflicts with the SM because it contains
no dark matter candidates. Moreover, the observed matter-antimatter asymmetry cannot
be accounted within the SM either, because the SM predicts no large deviation from the
thermal equilibrium (no first order phase transitions) in the early universe and incorporates
insufficient effects of CP violation. Apart from the extra-terrestrial evidences, an increas-
ing number of observations on earth have also shown discrepancies with the SM predictions,
some of which, known as ‘anomalies’, are independently reported by differently collaborations
with sizable statistical significances, see Ref. [23] for a recent review. Over the past decade,
many anomalies are even found to be consistently connected to each other. An representa-
tive example is the so-called ‘flavour anomalies’, which involves the semi-leptonic decays of
B mesons including both charged-current and neutral-current transitions [24–26], and the
CP asymmetries in the hadronic D meson decays [27]. Besides, at the LHC, Higgs-like res-
onant signals at 95 GeV and 152 GeV and many non-resonant anomalies are reported, see
e.g. Ref. [23, 28–31]. Although we have to admit that many anomalies might be merely
fluctuations, it is statistically unlikely that all of them disappear in future with more data
collected. If (some of) the present anomalies are confirmed in future, it will be evident that
the SM is incomplete — new physics beyond the SM must exist and manifest as particles not
much heavier than O(10) TeV.

Among the various conceptual puzzles and phenomenological problems introduced above,
many of them are closely related to the rich flavour sector of the SM. Thus, it is preferable to
describe the SM flavour sector within a simplified framework. A well-established paradigm
is to consider a hypothetical theory with enhanced flavour symmetries and view it as an

2



approximation to the SM. For example, the SM can be well approximated with a U(2)5

invariant theory constructed with the same field contents, with the U(2) factors acting on
the five types of chiral fermions in the first-two families [32–35]. The U(2)5 symmetry is
chiral and enforces the fermions it acts on to be strictly massless. Consequently, in the limit
of exact U(2)5 symmetry, only the third-generation charged fermions can be massive and no
flavour mixings can arise, which agrees with the observed flavour pattern in the SM to good
precision. The flavour symmetries therefore exclude the ‘would-be’ anarchic flavour structure
of the SM and impose selection rules consistent with the observed hierarchical patterns, which
to some extent explains one of the conceptual puzzles on flavour. Furthermore, a number
of recent studies found that the new physics models not far above TeV scale, motivated by
the present anomalies introduced above, should contain certain flavour symmetries such as
U(2)5 [36, 37] or SU(2)q×U(1)X [38]. Without the flavour symmetries, the 1− 10 TeV scale
new physics is difficult to reconcile with the absence of deviations from other SM predictions,
in particular those related to the stringently constrained flavour changing neutral currents
(FCNCs).

Despite the above-mentioned appealing consequences, the origins of the flavour symme-
tries and the soft flavour symmetry breaking terms in the SM remain puzzling. A flavour
symmetry can be promoted to a local symmetry so that it manifests as a fundamental prin-
ciple of nature — gauge invariance. In the presence of gauged flavour symmetries, anomaly
cancellation, a condition necessary for ensuring consistency, is not always automatically satis-
fied and typically requires introducing mirror fermions. Since the gauged flavour symmetries
must be exact at the Lagrangian level, they can only be spontaneously broken by the vac-
uum expectation values (VEVs) of the postulated Froggatt-Nielsen type [39] scalar fields,
commonly referred to as ‘flavons’ [40–44]. The flavons interact with the SM fermions and
Higgs bosons through the higher dimensional effective operators, which manifest as the soft
flavour symmetry breaking terms after the flavons develop their VEVs, see Ref. [45–49] for
recent representative examples. These effective operators can be further UV-completed by
introducing additional heavy mediators such as the vector-like fermions. Comparing with
directly gauging the flavour symmetries, an alternative approach called ‘flavour deconstruc-
tion’ receives increasing focus over the past few years [50–59]. In this framework, a factor of
the flavour universal gauge group of SM or its left-right symmetric extensions, represented by
G, is extended into a flavour non-universal gauge group G[1] ×G[2] ×G[3]. Here, G[i], which
is automatically anomaly free, acts only on the ith generation fermions in the same way
as G does, so that G is the diagonal subgroup of the promoted non-universal gauge group.
Different from the SM where Nf = 3, the deconstructed theory contains no replication of
fermions so that it leads to Nf = 1. Only after the promoted non-universal gauge group
breaks down, the flavour symmetry acting horizontally across the three or two generations
can arise as a low energy remnant. In our view, flavour deconstruction is more economic
than many conventional flavour theories. To date, concrete minimal models based on this
idea have been constructed [53, 59].

Developments in research on the flavour symmetries encourage people to search for a
‘standard theory of flavour’. Ideally, the SM and new physics needed for addressing the
present anomalies (if confirmed in future) should be embedded into a simple framework with
very few model parameters. Within such a framework, the SM flavour parameters are no
longer arbitrary but become predictable. Such a theory has been desired for a long time.
The question is: after so many years of efforts, how far we are from it?

Perhaps five or more years ago, the standard answer is that we are even not close to having
a common paradigm. The popular flavour models often require postulating a large number
of new particles and contain numerous new free parameters, so that they in principle cannot
be viewed as simpler than the SM. Meanwhile, many of the flavour models involve high-scale
new physics beyond the reach of near future experiments, which makes (fully) probing these
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models very difficult. However, progress over the past few years motives us to re-evaluate this
answer. Many fairly simple models are constructed, see e.g. Ref [47, 53, 57, 60–62]. Some
of them feature not only explaining the origin of flavour symmetries, but also embedding
the particles needed for delivering the symmetry breaking effects. On the other hand, recent
studies on the effective field theories indicate O(1) TeV scale new physics with the third-
generation specific flavour structures can stay fully compatible with the current experimental
bounds [36, 37]. In addition, over the past few years, many new flavour structures have been
found consistent with new physics not far above TeV scale [38, 63], implying that the flavour
structures testable at the collider experiments can be highly diverse. Interestingly, many of
these structures align with the minimal flavour models, which suggests that the standard
theory of flavour may lie no higher than a few TeV-scale and can be uncovered by near future
experiments. Due to these reasons, an optimistic guess is that over the next decade, we will
uncover a simple and realistic model at TeV scale, in which all the SM flavour parameters can
be correctly predicted. Hopefully, in a few more years, certain sum-rules will be identified in
one of the realistic flavour deconstruction models. The sum-rules can indicate more enhanced
symmetries, such as a high-rank group unifying the deconstructed flavour non-universal gauge
interactions, under which only very few model parameters are free.

Nevertheless, it is also worth mentioning that the conservative answer would not be so
cheerful. There is also a possibility that in the near future, no models constructed with very
few UV parameters are found compatible with the known flavour patterns. The expected sum-
rules may not appear at all. In this scenario, we need to reflect over the existing paradigms
of model building. Although the SM features certain approximate flavour symmetries like
U(2)5, these symmetries can be strongly broken by new physics beyond the SM. As a result,
it is also possible that no symmetries other than the SM gauge group and the Lorentz group
exist in nature. Moreover, some flavour symmetries, despite being exact above certain ultra-
high energy scales, could be broken by the dynamical effects during the evolution towards
infrared. At lower energies (for instance, the 1 − 10 TeV scale, where a testable flavour
theory typically lies), these flavour symmetries become implicit and physically cannot be
distinguished with the symmetries broken at all scales. Therefore, we argue that the flavour
theories without explicit flavour symmetries should also be considered seriously. Although
similar constructions are partially explored in many extra dimension models [60, 64–71], to
our best knowledge, they have never been investigated thorough from a broader perspective.
In a recent work of us [72], we noticed that predictive models can emerge even if the underlying
flavour symmetries remain implicit, and argued that the ‘swampland of flavour symmetries’
could also be relevant to phenomenology. Despite this, we find the systematic studies on such
a possibility remain overlooked in the present literatures.

In this thesis, we try to pave the way for exploring generic new physics models in which
no flavour symmetries are explicit. To achieve this goal, we firstly need a concrete definition
on the swampland of flavour symmetries — the concept we informally proposed in Ref. [72].
Identifying such a definition is important because the meaning of flavour is not universal but
depends on the effective description to the theory. For example, Nf can take integer values
from two to six in QCD, depending on the energy scale. After clarifying the definition, we
find that for theories in the swampland of flavour symmetries, old problems which would
have been solved by the flavour symmetries return and become the major challenges. We
believe the most important one is about how to suppress the flavour changing processes
which are predicted to be rare in the SM and tightly constrained by experiments. If this
problem cannot be solved, models in the swampland of flavour symmetries must lie at very
high scales and are not to be probed in a more generic category of experiments. Another
challenge is how to promote a model without explicit flavour symmetries to a predictive
theory of flavour, because the widely-known paradigm of restricting the model parameters
by symmetries can no longer be adopted. To avoid this problem, the flavour parameters
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must appear as dynamical observables which can be directly calculated with certain known
methods, or at least are ensured to be calculable. The dynamical nature of the flavour
parameters implies their low-energy and UV values can significantly deviate from each other,
so we refer them as the emerging flavour textures.

The thesis is structured as follows. In Chapter 2, we will introduce the flavour puzzle,
review certain representative symmetry-based solutions, and explain why we need to go be-
yond the conventional approaches. The concept of the swampland of flavour symmetries
will be formally introduced at the end of this chapter. In Chapter 3, we will demonstrate
the models without explicit underlying flavour symmetries can also stay predictive and rele-
vant to phenomenology. Chapter 4 will show a perturbative model based on SO(10) and a
non-perturbative model for gravity. In both cases, some SM flavour parameters emerge dy-
namically and are calculable, while the restrictions from the underlying flavour symmetries
are implicit. Some preliminary work generalizing the swampland of flavour symmetries to
models containing the flavourful axions will be introduced in Chapter 5. We will summarize
our findings and give a brief outlook in Chapter 6.
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Chapter 2

The Landscape of Flavour Symmetries

2.1 The Flavour Puzzle

To date, a number of fundamental particles with no known internal structures have been
discovered. Their mass spectrum can be illustrated as:

• 100 GeV scale: top quark t, a Higgs-like boson h, weak gauge boson Z,W ;

• GeV scale: bottom quark b, charm quark c, tau lepton τ ;

• 100 MeV scale: strange quark s, muon µ;

• MeV scale: down quark d, up quark u, electron e;

• Sub-eV scale: three neutrinos νe, νµ, µτ ;

• Massless: gluons g, photon γ.

The discovered fundamental fermions include six quarks, each of which carries three color
indices, and six leptons which are all color singlets. The light quarks u, d, s, c, b and the
gluons g are confined into bound states and form the hadrons. The observation of neutrino
oscillation [73–75] implies that at least two neutrinos are massive, while no present exper-
imental evidence can reveal their Dirac or Majorana nature. Assuming all three neutrinos
are massive Dirac particles, there are at least 6 × 3 + 6 = 24 Dirac fermions discovered.
Considering the irreducible representation of the Lorentz group, i.e. the Weyl or Majorana
spinor, the known fermionic spectrum contains 48 ‘fundamental particles’, corresponding to
96 complex (192 real) degrees of freedom. Such a rich fermionic sector is very different from
the scalar one, which contains only one physical state h.

However, a merely large number of particle does not necessarily leads to any conceptual
puzzles. To explain this, we take the free field theory limit as an example. Assuming that
all existing interactions are asymptotically free, the fundamental fermions introduced above
can be effectively described with a free field theory above some high energy scales. The
Lagrangian for the 48 non-interacting Weyl fermions read

Lfree = ψα/∂ψα, α = 1, 2, ..., 48. (2.1)

Here, all known Weyl fermions are contained in ψ

ψ = (u1L, u1L, u3L, d1L, d1L, d3L, νeL, eL, u
c
1R, u

c
2R, u

c
3R, d

c
1R, d

c
2R, d

c
3R, ν

c
eR, e

c
R,

c1L, c2L, c3L, s1L, s2L, s3L, νµL, µL, c
c
1R, c

c
2R, c

c
3R, s

c
1R, s

c
2R, s

c
3R, ν

c
µR, µ

c
R,

t1L, t2L, t3L, b1L, b2L, b3L, ντL, τL, t
c
1R, t

c
2R, t

c
3R, b

c
1R, b

c
2R, b

c
3R, ν

c
τR, τ

c
R).

(2.2)
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The charge conjugation operator c ensures all components in ψ have the same chirality. At
the Lagrangian level, global U(48) symmetry is enhanced in Eq. (2.1), which corresponds to
the unitary transformation in the linear space spanned by ψα

ψα → ψα = Uαβψβ, (2.3)

where U is a unitary matrix and α, β = 1, 2, ..., 48. U(48) eliminates all ‘would-be’ mixings
among the free fermions and leads to flavour universality. In addition, the U(48) symmetry
can remain unbroken even if certain interaction terms are included. For instance, the free
field theory shown in Eq. (2.1) can be extended by a scalar field ϕs

Lint = ψ/∂ψ + Tr[∂µϕs∂µϕ†s]− yϕsψψc. (2.4)

Here, the flavor indices are not shown explicitly. ϕs is a symmetric 48× 48 complex matrix
and transform under U(48) as

ϕs → ϕs = UϕsU
T . (2.5)

The U(48) invariant Lagrangian Eq. (2.4) remains flavour universal and contains only one
free parameter y. In general, y is a complex number while its phase is unphysical as it can
be eliminated by redefining ψ → ψeiθ. Such a theory leads to no conceptual puzzles related
to the large number of degrees of freedom contained in ψ.

It is worthy to note that U(48) is only accidentally enhanced in the free field theory
Eq. (2.1) and could be explicitly broken in extended theories. Ideally, U(48) or its SU(48)
subgroup [76] should be promoted by a fundamental principle, such as a local symmetry.
However, fully gauging the U(48) or SU(48) group leads to the triangle anomalies [77, 78].
Without extending the minimal theory, only anomaly-free subgroups of U(48) can be gauged,
see Ref. [79] for a systematic study. We note a maximal subalgebra decomposition sequence

U(48) ⊃ U(3)× SU(16) ⊃ U(3)× SO(10). (2.6)

Here, U(3)×SU(16) is a special subalgebra of U(48), which cannot be obtained by removing
nodes from the Dynkin diagrams1. Under the U(3) × SU(16) group, ψ can be decomposed
into three generations

ψ1
16 = (u1L, u1L, u3L, d1L, d1L, d3L, νeL, eL, u

c
1R, u

c
2R, u

c
3R, d

c
1R, d

c
2R, d

c
3R, ν

c
eR, e

c
R),

ψ2
16 = (c1L, c2L, c3L, s1L, s2L, s3L, νµL, µL, c

c
1R, c

c
2R, c

c
3R, s

c
1R, s

c
2R, s

c
3R, ν

c
µR, µ

c
R),

ψ3
16 = (t1L, t2L, t3L, b1L, b2L, b3L, ντL, τL, t

c
1R, t

c
2R, t

c
3R, b

c
1R, b

c
2R, b

c
3R, ν

c
τR, τ

c
R).

(2.7)

Consequently, the SU(16) group [76, 82, 83] acts universally on the each generation of
fermions, which corresponds to all possible unitary transformations except for an overall
phase rotation

(ψi16)α′ → (ψi16)α′ = U ′
α′β′(ψi16)β′ . (2.8)

Here, i = 1, 2, 3 represents the flavour indices and α′, β′ = 1, 2, ..., 16. U ′ is a unitary matrix
and detU ′ = 1. SO(10) — a maximal special subgroup of SU(16) [84, 85] — is anomaly-
free due to its left–right symmetric nature and can be promoted to a gauge symmetry. In
analogy to the Lorentz group SO(3, 1), the generators of SO(10) can be constructed from
the commutators of gamma matrices Γµ of the rank 10 Clifford algebra, about which we
discuss more details in subsection 4.1.1, so the SO(10) group equips spinorial structures [86].
The irreducible spinor of SO(10) has dimension 2

10
2
−1 = 16 and can be embedded into the

fundamental representation of SU(16). As a result, ψi16 can also stand for the three spinorial

1Special embedding leads to non-trivial anomaly matching conditions, see Ref. [80, 81] for implications on
axion domain walls.
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2.1. The Flavour Puzzle

SU(3)c SU(2)L U(1)Y U(1)B−L

QL =

(
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

)
3 2 +1/6 +1/3

ℓL =

(
νeL
eL

)
,

(
νµL
µL

)
,

(
ντL
τL

)
1 2 −1/2 −1

UR = uR, cR, tR 3 1 +2/3 +1/3

DR = dR, sR, bR 3 1 −1/3 +1/3

ER = eR, µR, τR 1 1 −1 −1

νR = νeR, νµR, ντR 1 1 0 −1

Table 2.1: The SU(3)c, SU(2)L representations and U(1)Y , U(1)B−L charges of the SM
fermions, including three generations of νR.

representations of SO(10) group. Assuming only the SO(10) subgroup of U(48) is exact, due
to the principle of gauge invariance, the minimal Yukawa sector of the theory is

−L10Y = Y ij
10ϕ

µ
10ψ

i
16Γµ(ψ

j
16)

c. (2.9)

Here, µ = 1, 2, ..., 10, and ϕµ10 is a vector representation of SO(10). Without loosing generality,
one can choose the basis under which Y10 is diagonal and its (1, 1) entry is real, so that Y10
contains 5 free physical parameters. Comparing with the minimal U(48) invariant interacting
theory shown in Eq. (2.4), the minimal SO(10) invariant Yukawa sector contains more free
parameters.

The discussions above illustrates how a conceptual puzzle arises with the top-down view.
The known 48 fundamental fermions cannot be embedded into one single representation
of a local symmetry without leading to triangle anomalies, so ψ cannot be promoted as
‘one particle’ by a fundamental principle. Then, even if the scalar sector contains only one
representation which can couple to the components in ψ, the relevant Yukawa sector always
involve more than one free parameters, whose patterns cannot be further explained. Such a
fact implies the known fermionic spectrum is inconsistent with any simple ultimate theory of
nature, inducing a puzzle which is commonly referred to as the ‘flavour puzzle’. It is crucial
to address here that the flavour puzzle is not a problem which reflects inconsistencies between
experimental observations and theoretical predictions. Instead, this is a conceptual puzzle
regarding interpreting the established frameworks.

We now start to introduce the flavour puzzle within the SM, while keeping the assumption
that all three neutrinos are Dirac particles. The gauge group of SM is

GSM = SU(3)c × SU(2)L × U(1)Y . (2.10)

This local symmetry connects some of the components in ψ, although it does not neatly group
them into three copies ψi16 as what SO(10) does. To be specific, the 36 quarks are grouped
into 12 SU(3)c triplets, and six of the 12 triplets form three SU(2)L doublets, leading to a
chiral spectrum

QL =

(
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

)
; UR = uR, cR, tR; DR = dR, sR, bR. (2.11)
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The same pattern applies for the remaining 12 leptons which are color singlets

ℓL =

(
νeL
eL

)
,

(
νµL
µL

)
,

(
ντL
τL

)
; ER = eR, µR, τR; νR = νeR, νµR, ντR. (2.12)

The 48 Weyl fermions constitute 18 irreducible GSM representations (18 particles). This
number is much larger than those in the U(48) and SO(10) invariant theory, which are one
and three, respectively. In Table 2.1, we summarize the U(1)Y charge of each particles,
together with their GSM representations. The charge assignment for U(1)B−L, which is
also an known exact and anomaly-free in the SM [87], are also included in table Table 2.1,
because the known U(1) gauge symmetry of nature might not be purely U(1)Y but instead be
a combination of U(1)Y and U(1)B−L. This generalized charge set-up leads to de-quantized
electric charges which can protect the Dirac nature of neutrinos. Moreover, we remark that
although the SM admits maximal parity violation, the left-right symmetry when the fermionic
spectrum can be restored if UR, DR and νR, ER are grouped into the SU(2)R pairs [88, 89]

QL ↔ QR =

(
UR
DR

)
, ℓL ↔ ℓR =

(
νR
ER

)
. (2.13)

To date, there are no experimental hints for the gauged SU(2)R interactions.
The scalar sector of SM contains one Higgs boson H which is singlet under SU(3)c,

doublet under SU(2)L, and carries hypercharge 1/2. The SM Yukawa sector then reads

−LY = Y ij
u H̃Q

i
LU

j
R + Y ij

d HQ
i
LD

j
R + Y ij

ν H̃ℓ
i
Lν

j
R + Y ij

e Hℓ
i
LE

j
R + h.c. (2.14)

Here, H̃ = iσ2H
∗ and i, j = 1, 2, 3 are flavour indices. Without loosing generality, one can

choose the flavour basis under which Yu and Ye are diagonal and real. However, upon the
flavour basis is fixed, there are no freedom redefining the basis of QiL and ℓiL to diagonalize
Yd and Yν . After eliminating the unphysical parameters, the Yukawa coupling matrices in
Eq. (2.14) can be represented by

Yu =

yu 0 0
0 yc 0
0 0 yt

 , Yd = VCKM.

yd 0 0
0 ys 0
0 0 yb

 ,

Ye =

ye 0 0
0 yµ 0
0 0 yτ

 , Yν = VPMNS.

yν1 0 0
0 yν2 0
0 0 yν3

 .

(2.15)

Assuming Dirac neutrinos, VPMNS is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) ma-
trix [90, 91], which can be parameterized by three mixing angles and one CP violating phase

VPMNS =

 c13c12 c13s12 s13e
−iδ

−s12c23 − c12s13s23eiδ +c12c23 − s12s13s23eiδ c13s23
+s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23

 , (2.16)

where cij , sij , δ represents cos θij , sin θij , δ. VCKM is the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [92, 93], which can also be represented in a way similar to VPMNS. In practice, VCKM
is also commonly described by Wolfenstein parameterization [94]

VCKM =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 =

 1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4).

(2.17)
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The other 12 absolute coupling strengths in Eq. (2.15) is connected to the fermion masses by

yf =

√
2

v
mf , f = u, c, t, b, s, b, e, µ, τ, ν1, ν2, ν3. (2.18)

Here, v = 246 GeV is the vacuum expectation value of the Higgs field. Altogether, the Yukawa
sector SM with three Dirac neutrinos contains 20 real physical parameters — commonly
referred to as ‘flavour parameters’2. For comparison, the U(48) invariant theory with one
ϕs and the SO(10) theory with only one ϕ10 contain only one and five flavour parameters,
respectively. Due to the smaller symmetry group, the flavour puzzle is more serious in the
SM.

Moreover, the measured values of these free parameters do not appear to be random and
generic. Rather, they exhibit peculiar hierarchical patterns. At scale 1 TeV, yf for quarks
are [95]

yu = (6.15± 0.14)× 10−6, yc = (3.11± 0.05)× 10−3, yt = 0.861± 0.004,

yd = (1.35± 0.02)× 10−5, ys = (2.68± 0.03)× 10−4, yb = 0.0140± 0.0001.
(2.19)

These values vary at different scales, but not by orders of magnitudes. The other flavour
parameters, encoded in the CKM matrix, are nearly scale invariant in the SM. At 1 TeV
scale, yf for charged leptons are [95]

ye = (2.868± 0.004)× 10−6, yµ = (6.042± 0.008)× 10−3,

yτ = (1.026± 0.001)× 10−2.
(2.20)

Three similar hierarchical structures then emerge separately in the sector of up-type quarks,
down-type quarks, and charged leptons

yu ≪ yc ≪ yt, yd ≪ ys ≪ yb, ye ≪ yµ ≪ yτ . (2.21)

These repeating hierarchies constitute another important component of the SM flavour puzzle.
Furthermore, the Wolfenstein parameters for VCKM are measured to be [96]

λ = 0.22501± 0.00068, A = 0.826+0.016
−0.015,

ρ = 0.1591± 0.0094, η = 0.3523+0.0073
−0.0071,

(2.22)

where ρ = ρ(1 − λ2/2 + O(λ4)) and η = η(1 − λ2/2 + O(λ4)). The CKM matrix features
small 2− 3, 1− 3 mixing angles, which are of order λ2 ∼ 0.04 and λ3 ∼ 0.008, respectively.
The 1− 2 mixing angle is sizable and approximately

λ =
√
yd/ys, (2.23)

at all scales. This relationship was firstly noted in 1977 [97–100]. Such a coincidence cannot
be dynamically explained within the SM, in which yd, ys, and λ are all free parameters.

The flavour parameters contained in Yν are only partly known. The oscillation experi-
ments have measured the two neutrino mass-squared differences [101]

m2
ν2 −m2

ν1 = 7.537+0.094
−0.10 × 10−5 eV2, |m2

ν3 −m2
ν2 | = 2.521+0.026

−0.018 × 10−3 eV2. (2.24)

On the other hand, the absolute values of the neutrino masses are not measured yet, but
upper limits are available:∑

mνi < 0.064 eV for DESI + Planck [102]∑
mνi < 0.061 eV for DESI + Planck + ACT [103]∑
mνi < 0.055 eV for DESI + Planck + ACT + SPT [104]

(2.25)

2Two Majorana CP violating phases must be included, if all three neutrinos are Majorana type. See
Section 3.1 for details.
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Chapter 2. The Landscape of Flavour Symmetries

at 95% confidence level. The last bound is incompatible with the inverted neutrino mass
ordering (IO, mν3 < mν1 < mν2) and starts to show mild tension with the normal mass
ordering (NO, mν1 < mν2 < mν3), which requires

∑
mνi > 0.060 eV. However, these

constraints all come from the cosmological observations, which are indirect and subject to
corrections from the non-standard cosmological models and/or new physics feebly interacting
with the SM3. For instance, light dark sector particles can suppress the neutrino abundance
and thereby relax the cosmological constraints, see [106, 107] and references therein for further
examples. Nevertheless, if the bound

∑
mνi < 0.064 eV is valid, the three absolute neutrino

masses are must satisfy

0 ≤ mν1 < 0.004 eV, mν2 ≈ 0.01 eV, mν3 ≈ 0.05 eV. (2.27)

Here, mν2 and mν3 are bounded from below due to Eq. (2.24). After translating Eq. (2.27)
into the values for yνi , we have

0 ≤ yν1 < 2× 10−14, yν2 ≈ 5× 10−14, yν3 ≈ 3× 10−13. (2.28)

A mild hierarchy emerges among yνi . Moreover, yνi are much smaller than yf for quarks and
charged leptons by at least 6− 13 orders of magnitude. The three neutrino mixing angles in
VPMNS are all well-measured. In case of NO, the best-fit values and 1σ uncertainties for the
three neutrino mixing angles in VPMNS are [101]

θ12/
◦ = 33.76+0.42

−0.41, θ23/
◦ = 43.27+1.0

−0.82, θ13/
◦ = 8.62+0.11

−0.11. (2.29)

The values for θ12 and θ13 are almost unchanged under IO. The best-fit IO value for θ23 lies
in the upper octet θ23/◦ = 48.15+0.75

−0.92, while the 3σ range for θ23 remains nearly identical
for both mass orders. Similar to the quark mixings in VCKM, there are also approximate
relationships:

sin θ12 =
1√
3
, sin θ23 =

1√
2
, sin θ13 =

λ√
2
. (2.30)

This coincidental pattern is called Tri-bimaximal-Cabibbo mixing [108–114]. On the other
hand, the CP violating phase δ is poorly constrained at present. Either CP conservation
(δ = 0, π) or maximal CP violation (δ = ±π/2) are allowed.

Beyond SM theories can involve many more flavour parameters than the SM. For instance,
if all types of scalar multiplets which can couple to the SM fermions are included, the extended
Yukawa sector can contain a large number of free parameters. In total, 15 new Lorentz
invariant bi-linear structures containing the different-type Weyl fermions can be constructed:

QLUR, QLDR, QLℓ
c
L, QLER, QLνR,

U cRDR, U cRℓ
c
L, U

c
RER, U

c
RνR,

Dc
Rℓ

c
L, D

c
RER, D

c
RνR,

ℓLER, ℓLνR,

EcRνR,

(2.31)

among which four bi-linear structures are already contained in the SM, as shown in Eq. (2.14).
Besides, six bi-linear spinor structures containing different-type Weyl fermions are also Lorentz
invariant:

QLQ
c
L, U

c
RUR, D

c
RDR, ℓLℓ

c
L, E

c
RER, ν

c
RνR. (2.32)

3The kinematics of beta decay gives a direct and model-independent constrain on the absolute neutrino
mass [105] √∑

i

m2
νi |V 1i

PMNS|2 < 0.45 eV. (2.26)

However, this bound is looser than the ones from cosmology by about one order of magnitude.
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2.2. From MFV to U(2)

Dimension 5 6 7 8 9 10

One generation (without νR) 2 84 30 993 560 15456

One generation (with one νR) 4 113 110 1316 1918 21540

Three generations (without νR) 12 3045 1542 44807 90456 2092441

Three generations (with three νR) 30 4659 5748 65207 334400 3513704

Table 2.2: Number of SMEFT and νSMEFT operators under a given dimension.

Each different-type (same-type) bi-linear structures can be combined with a beyond SM
scalar particle, whose Yukawa couplings involve generic (symmetric) complex 3× 3 matrices,
see Ref. [115, 116] for the explicit expressions. As a consequence, if each type of additional
scalars only appear once, the extended Yukawa sector can contain at least 6×6+11×9 = 135
independent complex parameters or 270 real flavour parameters which cannot be further
eliminated by redefining the fermion basis, in addition to the 20 real SM flavour parameters.
So, the more general GSM invariant Yukawa sector contains way more free parameters than
that of the SM. Yet, if one gives up the requirement of renormalizability, the SM can be
systematically extended by the high-dimensional operators, which is commonly referred to
as the Standard Model effective field theory (SMEFT) [117–122]. Table 2.2 summarizes
the numbers of non-redundant operators up to dimension 10, constructed by one or three
generations of SM fermions with νR (νSMEFT) [123–128] and those without νR [129, 130],
as it is commonly assumed νR decouples from the light spectrum. Every effective operator
corresponds to a free parameter. Therefore, the SMEFT or νSMEFT contains numerous free
parameters, and almost all these parameters originate from the fact that SM contains three
generation of same-type Weyl fermions instead of only one. The predictivity of beyond SM
model building is very limited for flavour.

In summary, the flavour puzzle for SM and beyond include:

(i) The SM contains too many free parameters in the Yukawa sector so that it cannot be
viewed as a simple ultimate theory for everything.

(ii) The SM flavour parameters are not merely random numbers, but manifest hierarchical
patterns and coincidental relationships which cannot be explained.

(iii) Extending the SM in general allows way more additional couplings, which reduces the
predictivity of many beyond SM theories.

The flavour puzzle leads to two conflicting consequences. On one hand, constructing a theory
for everything, even if excluding gravity, requires extending the SM. On the other hand, it is
difficult extended the SM with simple and predictive models.

2.2 From MFV to U(2)

In this section, we review some symmetry based paradigms which reduce the number of
‘would-be’ free flavour parameters in theories beyond the SM. These set-ups are related to
an important phenomenology-driven motivation, that the flavour structures which can be ex-
plored by near-future experiments are very limited. The flavour-violating transitions between
the light fermions, such as the µ → eγ decay [131], are tightly constrained by experiments.
As show in Figure 2.1, the cut-off scales of the effective operators inducing certain flavour
and CP violating processes must lie at very high scales, typically above 102−103 TeV or even

13



Chapter 2. The Landscape of Flavour Symmetries

Fig. 5.15: Bounds on the coefficients Ci of dimension-six operators constrained by selected
flavour observables, expressed as bounds on the effective scale (Ci = 1/Λ2

i ). The coloured bars
denote current limits, while the empty bars the expected improvements in the best scenario
(assuming, in particular, FCC-ee for b and τ observables). For quark-violating observables the
hatched bars indicate current bounds assuming a MFV structure (see text).

strained by that observable is reported,1 assuming Ci = 1/Λ2
i . This functional form of the

couplings is purely conventional, but it provides a qualitative indication of the high-scale sen-
sitivity of these observables. Particularly noteworthy are the expected improvements in EDMs
and LFV measurements, where the scales probed by future projects will exceed the current ones
by one order of magnitude or more.

The drawback of EDMs and LFV is that it is difficult to define a minimum value for the
coupling. The situation is different in the quark sector, where the Yukawa couplings do provide
an irreducible source of flavour violation in any consistent extension of the SM. The bounds
obtained under the Minimal Flavour Violation (MFV) hypothesis [261–263], i.e. assuming the
Yukawa couplings are the only accessible sources of flavour violation, are shown with hatched
lines in Fig. 5.15. As can be seen, these bounds are as high as a few TeV, reaching in a few cases
up to 10 TeV: this demonstrates that quark FCNCs currently provide constraints competitive
with direct searches even in NP models with minimal flavour-violating couplings.

Concerning FCNCs and meson mixing, future improvements depend, in large part, also on
the expected improvements in determining the CKM matrix elements. The best example in this
respect is εK , whose current SM uncertainty, around 20%, is dominated by the parametric error
on |Vcb| (mainly due the existing tension between exclusive determinations of |Vcb|). Thanks to
the precision on |Vcb| expected from W decays (see Sect. 5.4.3), as well as progress from LQCD
(see Sect. 5.2.2), this could drop below 3%, with a gain of a factor 3 in the scale of NP probed.

5.5.2 Impact in NP models with motivated flavour structure
A realistic example of TeV-scale dynamics is provided by NP that couples mainly to the third-
generation and is invariant under a U(2)5 flavour symmetry acting on the light generations [265,

1In the cases of µ → 3e and τ → 3µ , the most constrained operators are the corresponding dipole LFV terms.
However, since these operators are already strongly limited by µ → eγ and τ → µγ , we instead report the bounds
on the corresponding four-lepton LFV contact interactions.

81

Figure 2.1: Bounds on the cut-off scales of the dimension-six operators inducing certain
flavour and CP violating observables. The current limits and expected furture improvements
are denoted with the colored and empty bars, respectively. The hatched bars indicate current
bounds within the MFV framework. This figure is extracted from the input for the 2026
update of the European Strategy for Particle Physics [132].

higher [132]. By contrast, the flavour transitions involving the third generation fermions,
such as B → µ±τ∓ [133, 134], are less constrained by experiments and may only be sup-
pressed by a much lower cut-off scale. Consequently, it is very difficult to test the anarchic
flavour structures for the beyond SM theories in the near future. The TeV-scale new physics
must be accompanied with sufficient suppression mechanisms for the 2− 1 flavour changing
processes, for instance, through some flavour symmetries. Ideally, such symmetries should
be aligned with the existing ones in the SM. In this subsection, we will firstly revisit two
extensively studied frameworks based on the U(3)5 and U(2)5 accidental symmetries of the
SM gauge sector respectively. One is minimal flavour violation (MFV) [33, 135–139], which
assumes that, also in the sector of new physics, the U(3)5 flavour symmetry is only broken
by the SM Yukawas coupling matrices, acting as ‘spurions’. The other assumes only a less
restrictive flavour symmetry U(2)5 [32–37, 140], which only acts on the two lightest fermion
families and is almost exact in all sectors of the SM. Then, we will introduce some extended
frameworks beyond MFV and U(2).

2.2.1 Minimal Flavour Violation

In SMEFT, the neutrinos can get the Majorana mass terms via the dimension-5 Weinberg
operators [141]

Ld=5 =
Cij
Λ

(
ℓicLH̃

∗
)(

H̃†ℓjL

)
+ h.c., (2.33)

so that the renormalizable Dirac mass terms involving νR are not needed. Therefore, we
assume that the νjR (if existing) decouple and consider only the three generations of QL, ℓL
and UR, DR, ER as the matter fields of the SM. Here, we review the construction of the MFV
operators based on Ref. [136].

The largest flavour symmetry group that commutes with GSM is U(3)5, which corresponds
to the unitary transformations among three generations of each type of fermions. U(3)5 can
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2.2. From MFV to U(2)

be decomposed as

U(3)5 = [SU(3)× U(1)]5

= SU(3)QL
× SU(3)UR

× SU(3)DR
× SU(3)ℓL × SU(3)ER

× U(1)B × U(1)L × U(1)Y × U(1)PQ × U(1)ER
.

(2.34)

Under this decomposition, the three generations of each type of fermions transform as SU(3)
triplets. The baryon number B, lepton number L, and hyper-charge Y are conserved charges
of SM (at the Lagrangian level), among which Y is known gauged. U(1)PQ is the so-called
The Peccei-Quinn symmetry [142, 143], under which the left-handed and right-handed fields
are charged oppositely. U(1)ER

is a symmetry under which only ER rotates. The U(3)5

symmetry is respected in the SM gauge sector. In principle, it can be extended to all non-
renormalizable operators. In such a case, all dimension-5 Weinberg operators must vanish
because they violate the lepton number. At dimension six, 15 bosonic operators and 32 flavour
universal fermionic operators are U(3)5 invariant [140], in the so-called Warsaw basis [119].
Although this set-up significantly reduces the number of independent effective operators, it
is over-simplified because the flavour violating processes cannot be described. Besides, the
U(3)5 breaking effects of the SM can propagate to the non-renormalizable sector via the loop
corrections. The U(3)5 invariant SMEFT requires extensions.

The flavour non-universal effective operators can be constructed via the SM Yukawa
couplings matrices. The five SU(3) symmetries, the PQ symmetry, and the U(1)ER

sym-
metry, are all explicitly broken in the SM Yukawa sector. Formally, one can recover the
broken SU(3)5 ×U(1)PQ ×U(1)ER

symmetry by promoting the Yukawa couplings Yu, Yd, Ye
as (non-dynamical) auxiliary fields, which carry the U(1)PQ×U(1)ER

charges and transform
non-trivially under SU(3)5 as

Yu ∼ (3,3,1,1,1), Yd ∼ (3,1,3,1,1), Ye ∼ (1,1,1,3,3). (2.35)

These fields are commonly called as ‘spurions’. The criterion of MFV states that a beyond SM
theory must be formally invariant under U(3)5, considering the spurions shown in Eq. (2.35).
In other words, it assumes the new physics contribution breaking the U(3)5 flavour symmetry
can only be constructed with Yu, Yd, and Ye, which encode the SM fermion mass hierarchies
and quark flavour mixings. In this framework, the flavour symmetry is violated, but only in
a ‘minimal’ way. We note here that MFV does not directly originate from a fundamental
principle. Rather, it is an assumption to simplify the renormalizable models and effective
field theories beyond the SM.

As we will see, such a setup aligns with the demands of rich phenomenology for exper-
iments. Given that the only O(1) absolute Yukawa coupling in SM is yt, the leading order
spurion for the FCNC involving the down-type quarks can be constructed by ϵij = (YuY

†
u )ij ,

which transforms as (8,1,1,1,1) under SU(3)5. If neglecting the small SM Yukawa coupling
strengths yu, yd, yc, ys, and take the basis in which Yd is diagonal, we have

Yu = V †
CKM.

0 0 0
0 0 0
0 0 yt

 , Yd =

0 0 0
0 0 0
0 0 yb

 , (2.36)

and the non-diagonal structure for YuY
†
u is simplified to

(YuY
†
u )
ij = y2t (V

ti
CKM)∗V tj

CKM, i ̸= j. (2.37)

Using the Wolfenstein parameter, Eq. (2.37) gives

(YuY
†
u )
ij ≃

− λ5 λ3

λ5 − λ2

λ3 λ2 −

 ≃

 − 3× 10−4 0.008
3× 10−4 − 0.04
0.008 0.04 −

 . (2.38)
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Chapter 2. The Landscape of Flavour Symmetries

As a consequence, the 2 → 1 FCNC amplitudes are suppressed by a factor of 10−4 while
the 3 → 2, 3 → 1 ones only involve 10−2. This is exactly what we needed for observing the
third-generation related FCNC processes, with respect to the tight bounds for the 2 → 1
ones. On the other hand, FCNC involving up-type quarks are suppressed by small y2b , which
becomes negligible within MFV. MFV predicts that the charged lepton flavour violating
(CLFV) processes always vanish, because Ye is diagonal in the basis of charged lepton mass
basis.

We now systematically construct the dimension 6 SMEFT operators in the MFV frame-
work. At leading order, 25 SU(3)5 invariant fermionic operators can be constructed without
spurions. They carry at least two same-type spinors which can contract into flavour singlets,
and preserve flavour universality. In the limit yb = 0 and yτ = 0, the SU(3)5 spurions can
only be constructed by Yu:

(YuY
†
u )
n, (YuY

†
u )
nYu (2.39)

Considering yt ≫ yc, yu, we have (YuY
†
u )n = y2n−2

t (YuY
†
u ), so the n ≥ 2 spurions do not

induce new flavour structures. The relevant bilinear structures only include

QLYuY
†
uQL, QLYuUR (2.40)

They can be further contracted with the scalars, vector, or tensor currents which are singlets
or octets (triplets) under SU(3) (SU(2)). These currents in general can involve new physics,
while only those constructed by the fields within SM generate the SMEFT operators. At
O(Yu), one can construct the following operators

(QLYuσ
µνTAUR)H̃G

A
µν , (QLYuσ

µντ IUR)H̃W
I
µν , (QLYuσ

µνUR)H̃Bµν ,

(H†H)QLYuURH̃.
(2.41)

Here, TA = T 1, T 2, ..., T 8 and τ I = τ1, τ2, τ3 are the SU(3) and SU(2) generators, respec-
tively. GAµν ,W I

µν , and Bµν are the field strength tensors of the three gauge groups of GSM.
These operators do not induce FCNC but are flavour non-universal and can lead to the
flavour changing charged currents (FCCC) which are aligned to the CKM matrix in the SM.
At O(Y 2

u ), there are three operators involving the Higgs fields

(H†i
←→
D µH)(QLYuY

†
u γ

µQL), (H†i
←→
D I

µH)(QLYuY
†
u τ

IγµQL),

(H†i
←→
D µH)(URY

†
uYuγ

µUR).
(2.42)

The first two of these operators induce ∆F = 1 FCNC for down-type quarks. The other
O(Y 2

u ) operators are all four-fermion operators, among which 16 contain only quarks, and
the other five are mixed quark-lepton operators.

(LL)(LL) : (QLYuY
†
u γµQL)(QLγ

µQL), (QLYuY
†
u γµτ

IQL)(QLγ
µτ IQL),

(QLγµQL)Y
∗
u Y

T
u (QLγ

µQL), (QLYuY
†
u γµτ

IQL)Y
∗
u Y

T
u (QLγ

µτ IQL),

(QLYuY
†
u γµQL)(ℓLγ

µℓL), (QLYuY
†
u γµτ

IQL)(ℓLγ
µτ IℓL),

(RR)(RR) : (URY
†
uYuγµUR)(URγ

µUR), (URγµUR)Y
T
u Y

∗
u (URγ

µUR),

(URY
†
uYuγµUR)(DRγ

µDR), (URY
†
uYuγµT

AUR)(DRγ
µTADR),

(URYuY
†
u γµUR)(ERγ

µER),

(LL)(RR) : (QLYuY
†
u γµQL)(URγ

µUR), (QLYuY
†
u γµT

Aτ IQL)(URγ
µτ ITAUR),

(QLγµQL)(URY
†
uYuγ

µUR), (QLγµT
Aτ IQL)(URY

†
uYuγ

µTAUR),

Tr[(QLγµQL)Y ∗
u (URγ

µUR)Y
T
u ], Tr[(QLγµTAτ IQL)Y ∗

u (URY
†
uYuγ

µTAUR)Y
T
u ],

(QLYuY
†
u γµQL)(DRγ

µDR), (QLYuY
†
u γµT

AQL)(DRγ
µTADR),

(ℓLγµℓL)(URY
†
uYuγ

µUR), (QLY
†
uYuγµQL)(ERγ

µER).
(2.43)
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2.2. From MFV to U(2)

The trace sums over the flavour indices, so that Yu can contract with the spinors in different
brackets for operators containing only QL and UR. The O(Y 2

u ) MFV operators predict an
approximately third-generation specific flavour pattern, and many of them generate ∆F = 1
FCNC. The ∆F = 2 operators arise only at O(Y 4

u ), for instance:

(QLYuY
†
u γµQL)(QLYuY

†
u γ

µQL), (2.44)

which is related to neutral B meson mixing. The other SMEFT operators cannot be made
SU(3)5 invariant without the suppressed spurion Yd and/or Ye. For example, the operator
(ℓLER)(DRQL) contains charged leptons with opposite chiralities and needs spurion Ye to
flip the lepton chirality.

The discussions above demonstrate the predictive power of the MFV framework, especially
on the effective theories. There are 3045 dimension-6 SMEFT operators in total. Within the
MFV framework, there are only 45 pure quark operators, 7 pure lepton operators, and 12
mixed quark-lepton operators, up to O(YuY †

u ) [63]. The other operators, such as the ones
inducing top-quark FCNC, are all suppressed by higher scales, which reflects the model-
independent consequence among a wide class of new physics. In practice, MFV provides a
useful tool analyzing the experimental data. Compared to the generic SMEFT, fitting the
experimental observables under the assumption of MFV involves less than a hundred of free
parameters. Although with the cost of loosing information, this leads to a cleaner physical
picture and more understandable outputs.

On the other hand, the MFV framework also contains certain conceptual and practical
limits. Since the U(3)5 symmetry is explicitly broken in the SM by the large top quark Yukawa
coupling yt, it makes more sense to consider new physics which only respects the exact or
approximate symmetries of the SM. In other words, the effective field theories constructed
with only small symmetry-breaking spurions, e.g. those smaller than O(10−2), are more
reasonable. On the practical side, as shown in Figure 2.1, the experimental bounds for many
cut-offs of the MFV operators remain as high as O(10) TeV [14, 132], which are difficult to be
lowered by further simple assumptions. Two features makes the MFV framework inconsistent
with the O(1) TeV scale cut-offs:

(i) The MFV spurion YuY
†
u is maximally misaligned with the down-type quark mass basis

while remaining diagonal when up-type quarks are in their mass eigenstates. In the
MFV framework, it is impossible to transfer the flavour misalignment to the up sector
to relax the constraints from FCNC (these bounds are tight only in the down sector).

(ii) The leading order MFV operators are flavour universal, and are constrained by the ex-
perimental observables involving the first-two generation fermions, especially the high-
pT data. The U(3) based framework cannot break the flavour universality between the
third and first-two generation fermions among the leading order operators.

Assuming a universal cut-off scale above 10 TeV, the MFV operators cannot explain many
possible experimental deviations to the SM, in particular on many flavour conserving pro-
cesses related to high-luminosity LHC and/or FCC-ee. As we will see, the U(2)5 framework,
with some fair assumptions, goes beyond the limits of MFV [36, 37].

2.2.2 The U(2)5 Theory

A subgroup of U(3)5 is U(2)5, under which the first-two generation fermions are U(2) doublets
and the third generation fermions are singlets. The gauge sector of SM is automatically U(2)5

invariant. The U(2)5 invariant Yukawa sector reads

−LY = ytH̃Q3
LtR + ybHQ

3
LbR + yτHℓ3LτR + h.c. (2.45)
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Chapter 2. The Landscape of Flavour Symmetries

Eq. (2.45) induces the massive top quarks, bottom quarks, and charged τ leptons. Other
quarks and charged leptons are massless (in this limit the 2 − 1 quark mixing angle is un-
physical) and the 3− 2, 3− 1 quark mixing angles vanish. Comparing with the SM Yukawa
sector shown in Eq. (2.14), the U(2)5 invariant Yukawa interactions account for a good ap-
proximation. To generating the realistic set of SM flavour parameters, only the spurions
softly breaking U(2)5 are needed

∆u ∼ (2,2,1,1,1), ∆d ∼ (2,1,2,1,1), ∆ℓ ∼ (1,1,1,2,2),
Vu ∼ (2,1,1,1,1), Vd ∼ (1,2,1,1,1),

(2.46)

With these spurions, the SM Yukawas couplings become

Yu = yt

(
∆u Vu
0 1

)
, Yd = yb

(
∆d Vd
0 1

)
, Ye = yτ

(
∆e 0
0 1

)
. (2.47)

Comparing this with the SM Yukawa coupling strengths, the U(2)5 spurions shown in Eq. (2.46)
are all at O(10−2) level. The CKM matrix is generated by Vu and Vd, see e.g. Ref. [144]
for the explicit expressions. The magnitudes of Vu and Vd depend on the basis defining the
U(2) representations and are both non-zero in general. In the limit in which the U(2) singlet
Q3
L is aligned with the mass basis of first-two up-type (or down-type) quarks, Vu (or Vd)

vanishes. It is more transparent to encode this information on mixing into the definition of
fields instead of couplings. In case both Yu and Yd are diagonal, QL contains combination
of multiple quark mass eigenstates. Taking the approximation Vtb = 1, we can parameterize
Q3
L by

Q3
L =

(
tL + (1− ϵF )(V ∗

cbcL + V ∗
ubuL)

bL + ϵF (VtssL + VtddL)

)
. (2.48)

Here, bL, sL, dL and tL, cL, uL are all quark mass basis. The only free parameter defining Q3
L

is ϵF , which quantifies how much the down-type component of Q3
L is aligned to bL. Since Q3

L

is defined as U(2) singlet, different ϵF labels distinguished U(2) theories. In particular, the
up-aligned limit or down-aligned limit corresponds to ϵF = 1 or ϵF = 0, respectively, which
reads

Q3,u
L =

(
tL

bL + ϵF (VtssL + VtddL)

)
, Q3,d

L =

(
tL + (V ∗

cbcL + V ∗
ubuL)

bL

)
. (2.49)

Neglecting the small ∆u and ∆d, there are no other source of flavour violating. The up-aligned
Q3,u
L only leads to FCNC for down-type quarks, which is the same as MFV in whichQ3

L = Q3,u
L

when Yu is diagonal. The new feature here is that up-alignment is merely a particular limit
for U(2). Given vanishing ϵF , Q3

L is nearly aligned to bL so that the dangerous FCNC for
down-type quarks are suppressed. As we will see, small ϵF is necessary for a consistent U(2)
EFT with TeV scale cut-offs.

The U(2)5 invariant dimension six SMEFT operators can be constructed as follows. We
neglect ∆u and ∆d, and use the parameterization shown in Eq. (2.48) so that the Vu, Vd are
both eliminated. There are then no explicit spurions, and the relevant effective operators are
available form simply restricting the U(2)5 symmetry for the generic set of SMEFT operators.
The non-Hermitian operators involve different fermion species, so U(2)5 only allows those
constructed by third-generation fermions, which aligns with structure of SMEFT operators
constructed by one single generation of fermions. For the Hermitian operators involving
Higgs or gauge fields, the fermion bilinears can only be constructed by contracting two third
generation fermions or two pairs of first-two generation fermions. For example,

(H†i
←→
D µH)(Q3

Lγ
µQ3

L), (H†i
←→
D µH)(QiLγ

µQiL) (2.50)
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2.2. From MFV to U(2)

Here, i = 1, 2 so QiL represents the U(2) doublet. The total number of such operators corre-
sponds to twice of the number of the same-type SMEFT operators with a single generation.
The four-fermion operators involve more structures. There are four patterns for operators
involving two different fermion bilinears. For instance, the operators involving the quark and
lepton doublets are

(Q3
LγµQ

3
L)(ℓ

3
Lγ

µℓ3L), (Q3
LγµQ

3
L)(ℓ

i
Lγ

µℓiL), (QiLγµQ
i
L)(ℓ

3
Lγ

µℓ3L), (QiLγµQ
i
L)(ℓ

i
Lγ

µℓiL).
(2.51)

For those involving two same bilinears, there are five patterns in total. The structures
containing only the quark doublets are

(Q3
LγµQ

3
L)(Q

3
Lγ

µQ3
L), (QiLγµQ

i
L)(Q

3
Lγ

µQ3
L), (QiLγµQ

3
L)(Q

3
Lγ

µQiL),

(QiLγµQ
i
L)(Q

j
Lγ

µQjL), (QiLγµQ
j
L)(Q

j
Lγ

µQiL).
(2.52)

The dimension-6 U(2)5 EFT contains 84 (5) four-fermion and 14 (12) ψ2 type (Non-)Hermitian
operators [36]. In total, there are 124 CP-even and 24 CP-odd independent ∆B = 0
dimension-6 operators, after including the pure bosonic ones. This number is larger than
that of MFV up to O(YuY †

u ), but still much smaller than that for the generic SMEFT oper-
ators.

Comparing with MFV, the U(2) framework does not contain operators universal among
all three types of flavour. Rather, it involves operators which are only flavour universal
between the first-two generations. This feature allows reasonable extensions with additional
breaking of flavour universality, which leads to a third-generation specific framework. Such
setup requires suppressing the operators involving the fields of the first-two generations. To
achieve this, one can include factors (ϵQ)

nQ(ϵL)
nL in the corresponding Wilson coefficients,

where nQ and nL represent the number of first-two generation quarks and leptons in the
operators. Since the U(2)5 invariant operators always involve even number of the fermions
in the first or second generation, these factors are at least squared. A factor of ϵQ ∼ 0.3
(or ϵL ∼ 0.3) can then suppress the relevant Wilson coefficient by one order of magnitude.
Although adding such factors is, strictly speaking, an additional assumption, the physical
picture of this third-generation specific framework remains clean.

As pointed in Ref. [36, 37], under simple hypotheses for the Wilson coefficients, the U(2)5

invariant EFT with cut-off scale low as 1.5 TeV can be made consistent with all present
experimental bounds. The construction in Ref. [36, 37] reads as follows. Firstly, if including
factors of

∏
i gi/(16π

2) in the Wilson coefficients of operators including gauge field strength
tensors (applicable when operators with field strength tensors are generated beyond the tree
level), the maximal current constrains on the U(2) EFT lie at O(10) TeV. Then, bounds from
collider observables, including the High-pT Drell-Yan tails, LEP-II data for e+e− → ℓ+ℓ−,
and jet observables typically involve light quarks and/or charged leptons in the first-two
generations. These bounds can be relaxed by ϵQ and/or ϵL suppression. Next, constraints
from electroweak observables, which contain Z and W pole measurements, lepton flavour
universality (LFU) tests in τ decays, and flavour-conserving Higgs decays, can be relaxed by
ϵQ, ϵL together with a new factor ϵH . Here, ϵH is the suppression factor related to the Higgs
fields: for operators containing nH Higgs fields, one should include factor of (ϵH)nH in the
corresponding Wilson coefficients. Finally, the restrictions from flavour-changing observables
on down-type quarks can be lifted up in the down-alignment limit ϵF → 0. If one takes

ϵQ = 0.16, ϵL = 0.40, ϵH = 0.31, ϵF = 0.15, (2.53)

the U(2)5 invariant EFT with cut-off scale satisfying

ΛU(2) ≲ 1.5 TeV (2.54)
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Chapter 2. The Landscape of Flavour Symmetries

can be made consistent with all current experiments. This result can be interpreted as, that
new physics with O(1) coupling to only third-generation fermions can be as light as TeV
scale.

2.2.3 Beyond MFV and U(2)5

Although U(2)5 arises as the approximate symmetry of the SM, other groups can also re-
strict the generic SM Yukawa couplings to the observed third-generation philic pattern. For
instance, it is recently noted in Ref. [61] that the SM fermion masses and mixings also
follows a minimally broken U(2)q+e flavor symmetry, which is the diagonal subgroup of
U(2)QL

× U(2)ER
embedded in U(2)5. Under this U(2)q+e symmetry, QiL (i = 1, 2) trans-

forms as U(2) doublet and so does EiR, while all other fundamental fermions are singlets. For
the first-two generations, this symmetry is chiral for both quarks and leptons and forbids the
relevant Yukawa couplings, which indicates the U(2)q+e invariant Yukawa interactions thus
coincide with ones restricted by U(2)5. The light fermion masses and relevant mixings can
be generated by including two U(2)q+e breaking spurions. Without loosing generality, one
can choose

V1 = (0, a), V2 = (b, 0), b≪ a≪ 1. (2.55)

V1 and V2 transform as doublets under U(2)q+e. The Yukawa couplings matrices are also
U(2)q+e and can be constructed by V1 and V2. Without loosing generality, it reads

Yu ∼ Yd ∼

b b b
0 a a
0 0 1

 , Ye ∼

b 0 0
b a 0
b a 1

 . (2.56)

Here, the unphysical parameters are eliminated by redefining the UR, DR, ℓL basis. It is
evident from Eq. (2.56) that all Yu, Yd, and Ye are third generation specific in the limit a and
b vanish.

Ref. [61] also proposed a variant of U(2)q+e, which is referred to as U(2)q+ec+uc and
features an attractive realization in SU(5) GUT [145]. U(2)q+ec+uc can be identified as the
diagonal subgroup of U(2)q×U(2)ec×U(2)uc , and commutes with SU(5). As a consequence,
each generation of QL, EcR and U cR can be embedded into an anti-symmetric ten-dimension
SU(5) representation, without breaking the U(2)q+ec+uc global symmetry of minimal SU(5)
GUT. Comparing with U(2)q+e, the U(2)q+ec+uc invariant Yukawa interactions stay philic to
the third generation. In particular, Yd and Ye in Eq. (2.56) do not change, and Yu becomes

Yu ∼

b2 ab b
ab a2 a
b a 1

 . (2.57)

The up and charm quark Yukawas are therefore doubly suppressed, while the other light
charged fermions receive only a single suppression. Compared the Yukawa textures restricted
by U(2)5 or U(2)q+e symmetry, Eq. (2.57) aligns better with the large mass hierarchies among
the up-type quarks.

If viewing the SM as an effective theory enforced by the U(2)q+e or U(2)q+ec+uc sym-
metries, U(2)5 becomes an accidentally enhanced symmetry in the renormalizable sector,
while the non-renormalizable operators are not necessarily invariant under U(2)5. Notably,
there are no selection rules imposed on the dimension-5 Weinberg operator, because it only
involves ℓL and H. Therefore, the large mixing angles and small mass hierarchies are allowed
in the neutrino sector. The U(2)q+e or U(2)q+ec+uc invariant dimension-6 operators also
contain more generic flavour structures than those in the U(2)5 framework. Here, we do not
repeat the construction of the corresponding effective theory, but remark that the operators
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Fermions QiL dR, uR sR cR bR Q3
L, tR ℓiL EiR

QX 0 −XV − 2Xz XV +Xz −XW Xz −XU 2Xz −XU Xi Xi − (4− i)Xz

Table 2.3: The assignment of U(1)X charges to the SM fermions in the MFP framework
introduced in Ref. [38].

involving flavour violating ℓiL, U
i
R or Di

R currents are suppressed by U(2)5 but can be relevant
within the U(2)q+e framework. The bounds to these operators remain same as the those to
the flavour anarchic ones. In particular, operators such as

(ℓ1Lγµℓ
2
L)(E

i
Rγ

µEiR) and (ℓ1Lγµℓ
2
L)(Q

i
Lγ

µQiL) (2.58)

are unsuppressed and can induce µ→ e conversions in nuclei and µ→ 3e, respectively. These
CLFV processes cannot be described by the U(2)5 EFT with the minimal set of spurions.
On the other hand, many generic flavour structures remain absent in the U(2)q+e EFT,
especially the chirality-flipping structures ℓLER, QLUR, and QLdR. Operators constructed
with these structures, for instance, the dipole operator (ℓ1Lσ

µντ IER)HW
I
µν , can induce the

electron magnetic and dipole moments, but are suppressed in the U(2)q+e framework as in
case of U(2)5.

The U(2)q+e and U(2)q+ec+uc examples shown above indicate that the possible flavour
symmetries predicting the SM-like flavour pattern and restricting SMEFT operators might
be are highly diverse. Actually, the flavor structure of dimension-6 SMEFT operators under
the following symmetries are systematically explored in Ref. [63]:

• Quark sector: U(2)3, U(2)3 × U(1)b, U(2)2 × U(3)d, U(3)3,

• Lepton sector: U(1)3V , U(1)6, U(2)V , U(2)2, U(2)2 × U(1)2, U(3)V , U(3)2.

Combining the symmetries for quarks and leptons, this set-up leads to 4 × 7 = 28 different
classes of EFTs, each of them contains O(100) independent unsuppressed dimension-6 baryon
number conserving SMEFT operators. Two of these combinations — U(2)3 × U(2)2 and
U(3)3×U(3)2 — lead to the U(2)5 EFT and MFV respectively, while the others give rise to
EFTs with distinct flavour structures.

Given that many structured EFTs are distinguished from the U(2)5 invariant one, we
proposed an interesting question in Ref. [72]: are there any other flavor textures for the
effective theories, that also suppress the light flavor transitions while allow third-generation
or Higgs specific signals for near-future experiments as what U(2)5 EFT does? Recently,
Ref. [38] introduced a minimal flavour symmetry group SU(2)q × U(1)X , which aligns with
the SM fermion hierarchies and leads to an EFT allowing the TeV-scale cut-offs for every
operators. The authors of Ref. [38] refer to this framework as ‘minimal flavour protection’
(MFP). Under SU(2)q, only the two left-handed quarks QiL (i = 1, 2) transform as a doublet,
and the other fermions are singlets. The U(1)X charges (taken as integers) for SM fermions
are summarized in Table 2.3, with the requirement that

|XV | ̸= |XW | ̸= |XU |, (Xi −Xj) mod Xz ̸= 0, (2.59)

for any i ̸= j. The SM Higgs is neutral under U(1)X . With this assignment, only the top
quarks are vector-like fermions under U(1)X , so that yt can be sizable. All other Yukawa
couplings must be small and vanish in the limit that SU(2)q×U(1)X is exact. The following
spurions are needed to generate the sub-leading Yukawa couplings

z ∼ (1, XZ), V ∼ (2, XV ), W ∼ (2, XW ), U ∼ (2, XU ). (2.60)
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The numbers in the brackets indicate the SU(2)q representations and U(1)X charges. The
Yukawa coupling matrices then scale as

Yu ∼
(
V z2 W 0
0 0 1

)
, Yd ∼

(
V z2 Ṽ z∗ Uz∗

0 0 z

)
, Ye ∼

z3 0 0
0 z2 0
0 0 z

 . (2.61)

This generates the SM fermion mass hierarchies and flavour mixings when all components of
the SU(2)q × U(1)X breaking spurions take O(10−2) values. The SU(2)q × U(1)X invariant
effective theory constructed with the spurions given in Eq. (2.60) features an interesting
phenomenological consequence: For every operator, an effective cut-off scale satisfying

ΛMFP ≲ 10 TeV (2.62)

can be made compatible with with all current experimental bounds. This result is comparable
to that of the third-generation specific U(2)5 EFT shown in Eq. (2.54). In addition, the
SU(2)q×U(1)X invariant EFT contains 185 CP-even and 15 CP-odd independent dimension-
6 baryon-number conserving SMEFT operators, which is not much larger than those of MFV
or U(2)5, and comparing with 3045 operators of the generic SMEFT, the total number of the
operators in the SU(2)q ×U(1)X framework remains well under control. On the other hand,
many new flavour structures which do not exist in the MFV or U(2)5 framework can arise.
In particular, when X2 +X3 = 2X1, the operator

(ℓ1Lγµℓ
2
L)(ℓ

1
Lγ

µℓ3L) (2.63)

is invariant under SU(2)q × U(1)X but not under U(2)5. This operator induces the flavour
violating τ− → µ+e−e− decays with a special type of charge assignment, that the final state
electrons must have the same charges.

At the end of this subsection, we remark that the landscape of the flavour symmetries
introduced above can further be expanded when considering the discrete symmetries. The
discrete symmetries are motivated by their potential connections to the large neutrino mixing
angles. Among the various discrete symmetries, the non-abelian ones featuring triplet repre-
sentations receive particular interest, such as A4 [146–153], A5 [154–163], and S3 [164–170].
Three generations of certain-type SM fermions, especially the left-handed lepton doublets,
are commonly promoted to transform as triplets under these discrete symmetry groups. Re-
cently, Ref. [171] systematically studied the role of A4, A5, and S4 discrete leptonic flavour
symmetries in constraining the UV dynamics. Notably, the one-loop matching contributions
to the SMEFT operators are computed in case of A4 [172]. An interesting feature of this
A4 based leptonic theory for new physics theory is that the tree-level µ → e transitions are
suppressed in many scenarios. This significantly relaxes the tight constrains of CLFV new
physics, and allows discovering multiple CLFV processes in near future, including τ flavour
violating decays. Such a suppression to 2 → 1 flavour transitions closely aligns with what
implied in the MFV, U(2)5, and MFP frameworks introduced before.

2.3 Deconstructing Flavour

Although the SM flavour structures can be approximately described by certain patterns re-
stricted by flavour symmetries, the dynamical origin of the hierarchies among the charged
fermion masses remains unexplained. To address this puzzle and remove the small bare
Yukawa couplings strengths, many beyond SM theories have been explored, see Ref. [173] a
recent review. Over the past few years, the concept of ‘deconstructing flavour’ receives in-
creasing interest, see for instance Ref. [50–58]. The word ‘deconstruction’ was rarely used and
largely unknown in the daily language [174], until being developed by the French philosopher
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2.3. Deconstructing Flavour

Jacques Derrida in 1967 [175]. As explained in Ref. [174], deconstruction should not be inter-
preted as a negative reduction (such as the Nietzschean ‘demolition’). Instead, its meaning is
closer to the Heideggerian word ‘destruktion’. To some extent, all sentences of the type “de-
construction is X” or “deconstruction is not X” are ill-defined, because the defining concepts
for deconstruction is in principle also ‘deconstructible’. The concept of deconstruction should
only be understood within the certain contexts. To our best knowledge, deconstruction is
firstly introduced to particle physics by Ref. [176]. The authors of Ref. [176] pointed out that
the extra dimensions (if existing) are not necessarily fundamental. Rather, the action for a
five-dimension gauge theory can be built by a class of renormalizable four-dimension theories
and dynamically emerge at the low energies. The idea of deconstructing flavour is similar to
deconstructing dimensions. In such a paradigm, it is believed that the existence of flavour
(particles behave universally under certain gauge interactions) is not a fundamental feature
of nature but manifests as an emerging low-energy phenomena. The flavour universal gauge
interactions in the SM are viewed as an effective description for the flavour non-universal
gauge theories [177] at higher energies scales (smaller distances). In other words

flavour universal GSM
deconstruct−−−−−−−→ flavour non-universal GF . (2.64)

Here, GF contains GSM as a subgroup, and the SM fermions in different families transform
differently under GF . As a result, the concept of flavour is deconstructed into a wide class
of renormalizable theories in which flavour does not exist. The puzzle of flavour hierarchies
are then automatically explained in the deconstructed flavour models, because the origin of
small and sizable Yukawa interactions are different: The sizable Yukawa coupling strengths
directly arise in the bare Lagrangian, while the small ones are induced by new heavy particles
(such as the vector-like fermions) and the flavon VEVs which spontaneously break GF .

2.3.1 The Froggatt-Nielsen Mechanism

The symmetry-based approach to the explanation of the fermion mass hierarchies was firstly
proposed in Ref. [39], which is commonly referred to as the Froggatt-Nielsen Mechanism.
The basic idea is to replace the small Yukawa coupling with O(1) couplings multiplied by
(powers of) the ratio a soft-symmetry breaking term µ and a cut-off scale Λ.

We revisit the basic idea of the Froggatt-Nielsen Mechanism in this subsection. In the SM,
all entries of the Yukawa coupling matrices Yu, Yd, and Ye can vanish in the limit of chiral
flavour symmetries. One of the simple examples is an U(1)f symmetry, under which the
SM Higgs H is neutral and the fermions QiL, U

i
R, D

i
R, ℓ

i
L, E

i
R are charged by qiQ, q

i
U , q

i
D, q

i
ℓ, q

i
E

respectively. These U(1)f charges are restricted to be integers and satisfy

qiQ ̸= qjU , qiQ ̸= qjD, qiℓ ̸= qjE , i, j = 1, 2, 3. (2.65)

All renormalizable Yukawa interactions are forbidden by the U(1)f symmetries. To break it,
one can include a soft U(1)f breaking parameter µ and promoted to a spurion field which
breaks U(1)f by one unit. With this set-up, the U(1)f symmetries remain unbroken at
the renormalizable level but can be softly broken by the non-renormalizable operators. The
Lagrangian relevant to the charged fermion masses reads

LFN = Ciju

(µ
Λ

)qiQ−qjU
H̃QiLU

j
R + Cijd

(µ
Λ

)qiQ−qjD
HQiLD

j
R

+ Cije

(µ
Λ

)qiℓ−qjE
HℓiLE

j
R + h.c.

(2.66)

Then, the Yukawa coupling matrices Yu, Yd, and Ye follows the pattern

Yu = Ciju

(µ
Λ

)qiQ−qjU
, Yd = Cijd

(µ
Λ

)qiQ−qjD
, Ye = Cije

(µ
Λ

)qiℓ−qjE
. (2.67)
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By construction, the Eq. (2.66) contains no flavour hierarchies, so that all elements in Ciju , Cijd ,
and Cije take O(1) values4. Consequently, the eigenvalues of Yu, Yd, and Ye exhibit the pattern

yui ≃
(µ
Λ

)qiQ−qiU
, ydi ≃

(µ
Λ

)qiQ−qiD
, yei ≃

(µ
Λ

)qiℓ−qiE
. (2.68)

where ui = u, c, t, di = d, s, b, and ei = e, µ, τ .
The magnitudes of the SM Yukawa couplings are then governed by the differences of the

U(1)R charges between the left-handed and right-handed fermion fields. Given µ ≲ Λ, the
up-type quark mass hierarchies can be generated by

q1Q − q1U > q2Q − q2U > q3Q − q3U > 0. (2.69)

The mass hierarchies of the down-type quarks and charged leptons can arise in the similar way.
It is worthy remarking that the Λ is not necessarily far larger than µ. As shown in Eq. (2.67),
the tiny Yukawa couplings can arise from the sizable U(1)R charge differences contained in
the exponent. For instance, q1Q − q1u = 8 and (µ/Λ) = 0.2 leads to yu ∼ 0.28 ≈ 2.6 × 10−6,
which lies at the same order of the magnitude as the observed value shown in Eq. (2.19). In
the basis that Yu is diagonal, the quark mixing matrix VCKM corresponds to the eigenvectors
of YdY

†
d . Up to unphysical phases, the entries of the CKM matrix read

V ij
CKM ∼

(µ
Λ

)|qiQ−qjQ|
. (2.70)

This relation also explains the hierarchical mixing angles.
The effective operators shown in Eq. (2.66) can be generated by a large class of beyond

SM model frameworks. As a consequence, certain flavour changing processes will unavoidably
deviate from their SM predictions, which indicates Λ cannot be arbitrarily low. Nevertheless,
Λ does not necessarily lie at an very high scale, because the flavour transitions break the U(1)f
symmetry and are further suppressed by powers of µ. Among the various UV completions,
a popular approach is realized by the vector-like fermions. In particular, Ref. [62] recently
shows that for the class of models with multiple vector-like fermions, the SM fermion mass
hierarchies can be generated following the paradigm introduced above with

Ciju ∼ Cijd ∼ Cije ∼
(µ
Λ

)
∼ 0.1− 0.2, (2.71)

and the condition
MNP ≲ a few TeV, (2.72)

does not violate any present experimental constraints. Here, MNP is the highest mass of the
involved new particles.

Here, we briefly introduce the model proposed in Ref. [62], following the notations adopted
in this work. Taking the charged lepton sector as an example, the authors of Ref. [62] includes
multiple the vector-like fermions EI . The left-handed and right-handed spinor component of
EI are the same represents under GSM and carry the same charge qI under certain abelian
flavour symmetry U(1)f , with qI ̸= qJ if I ̸= J . Furthermore, spurions carrying non-
zero U(1)f charges, symbolized by µIJ and µIj , are also included. The U(1)f invariant
renormalizable Lagrangian then takes the form

−Lr = yiIHℓiLEI +mE
I E

IEI + µIJEIE
J + µIjEIe

j
R + h.c.. (2.73)

Within this framework, the SM Higgs only contribute to the chirality flipping between ℓiL and
the vector-like fermion EI . ℓiL is connected to ejR via the Feynman Diagrams whose length

4We note this requirement must hold under all flavour basis, which indicates detCij
u ∼ detCij

d ∼ detCij
e ∼

O(1).
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…

Figure 2.2: The moose diagram generating the (1, 1) entry of the SM charged lepton mass
matrix in a model with multiple vector-like fermions.

is controlled by the pattern of µIJ , commonly referred to as the ‘moose diagrams’. Here, we
show the moose diagram contributing to the (1, 1) entry of the charge lepton mass matrix in
Figure 2.2. If the vector-like fermion spectrum is (quasi-)degenerate and all non-zero entries
of µIJ and µIj take value around µ, integrating out the heavy vector-like fermions leads to
the effective operators shown in Eq. (2.66). Given yiI ∼ O(1), the coefficients Ciju , Cijd , and
Cije are all flavour anarchic.

The charged lepton mass model discussed above feature a ‘chain structure’. The informa-
tion on flavour can then be viewed as encoded in the nodes and edges of the moose diagrams.
Within this framework, the SM flavour pattern corresponds to the following moose diagram
structures:

• Mass hierarchies: Lengths of different edges;

• Flavour mixings: Nodes connecting more than one edges;

• CP violation: Closed loops.

In Figure 2.3, we show the chain structure for the quark mass matrices introduced in Ref. [62].
The edges in Figure 2.3 represent the structures shown in Figure 2.2. The number of black
dots represent the lengths defined for every edge, which yield the numbers of vector-like
fermions pairs (or equivalently the number of µ) contained. These lengths contain the infor-
mation on the absolute sizes of the Yukawa couplings in Yu and Yd. Flavor mixings originate
from the nodes connecting more than one edges, which correlate the quarks from different
generations. Figure 2.2 contains a closed loop

Q1
L → sR → Q2

L → bR → Q1
L. (2.74)

It represents an invariant constructed by Y 12
d (Y 22

d )∗Y 23
d (Y 13

d )∗, whose phase is a physical
quantity because it cannot be eliminated by rephasing the quark fields. Hence, Yd generated
in Figure 2.3 contains a physical phase θ. Without loosing generality, one can choose every
element in Yd except for Y 22

d real, so that θ is only related to the edge sR → Q2. Then, the
Yukawa coupling matrix for Yu and Yd reads

Yu ≃

ϵ
6
µ 0 0

0 ϵ4µ 0

0 0 1

 , Yd ≃

 0 ϵ5µ ϵ5µ
ϵ5µ ϵ5µe

iθ ϵ4µ
0 0 ϵ2µ

 , ϵµ =
µ

Λ
. (2.75)

Given ϵµ ∼ 0.1 − 0.2, Yd and Yu can produces the observed quark mass pattern. Yu is
constructed by diagrams without edges connecting quarks from different families so it is
diagonal, and all flavour mixing effects are encoded in Yd. Due to the physical phase θ,
diagonalizing Yd requires unitary matrices containing complex phases, which can be identified
as the physical CP violating phase in the CKM matrix.
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Figure 2.3: The chain structure of model generating the up-type quark (left panel) and down-
type quark mass matrices. The black dots indicate the spurion µ.

2.3.2 Non-Universal Gauge Interactions

The soft symmetry breaking parameter µ can be promoted as the VEV of a scalar field ϕ,
rendering the restoration of U(1)f above a certain scale. U(1)f can be further promoted local
and manifest as the flavour non-universal gauge interactions. The possible flavour symmetries
which can forbid the small Yukawa interactions are not limited to U(1)f . Alternatively,
one can consider the non-abelian symmetries, in particular the deconstructed flavour non-
universal gauge group GF , which contains GSM as its diagonal subgroup.

Here, we follow the discussion in Ref. [50] to study certain candidates of GF . As shown
in Eq. (2.13), each generation of the SM fermion spectrum features the left-right symmetry

GLR = SU(3)c × SU(2)L × SU(2)R × U(1)B−L. (2.76)

GLR can be further extended to products of flavour non-universal groups

GLR ⊂ G
[1]
LR ×G

[2]
LR ×G

[3]
LR, (2.77)

where the fermion generations are indicated in the square brackets. If certain flavour non-
universal subgroup of G[1]

LR × G
[2]
LR × G

[3]
LR is gauged, the SM Yukawa coupling matrices are

restricted and some of their entries will vanish. For instance, if vectorial U(1)
[3]
B−L group and

the diagonal U(1)
[12]
B−L subgroup5 of U(1)

[1]
B−L×U(1)

[2]
B−L is gauged, the SM Yukawa coupling

matrices are restricted to be

Yu ∼ Yd ∼ Ye ∼

× × 0
× × 0
0 0 ×

 . (2.78)

Here, × yields the non-zero elements. On the other hand, if the chiral SU(2)
[3]
L (or U(1)

[3]
T3R

)

group and the diagonal subgroup SU(2)
[12]
L ⊂ SU(2)

[1]
L × SU(2)

[2]
L (or U(1)

[12]
T3R
⊂ U(1)

[1]
T3R
×

U(1)
[2]
T3R

) is gauged, the SM Yukawa coupling matrices read

Yu ∼ Yd ∼ Ye ∼

0 0 0
0 0 0
× × ×

 or

 0 0 ×
0 0 ×
0 0 ×

 . (2.79)

Here, U(1)T3R is the abelian subgroup generated by the T3 generator of SU(2)R, which is
a more minimal choice than gauging SU(2)R which necessities an additional Higgs doublet.
The (3, 3) elements of the Yukawa couplings are allowed for all cases. Gauging any pair among

5It acts universally on the first-two generations.
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U(1)
[12]
B−L×U(1)

[3]
B−L, SU(2)

[12]
L ×SU(2)

[3]
L , and U(1)

[12]
T3R
×U(1)

[3]
T3R

leads to Yukawa couplings
involving the third-generation fermions only. The small flavour mixings and light masses can
arise when these deconstructed gauge groups break into the flavour universal U(1)Y of SM
at low energies. We do not consider gauging the SU(3)[12] × SU(3)[3] group here, because it
gives no constraint on Ye.

We now recap one of the concrete examples introduced in Ref. [53], which is referred to
as ‘minimal flavour deconstruction’. The U(1)Y gauge group of SM is deconstructed into
products of flavour non-universal groups with two steps

U(1)Y ⊂ G[12,3] = U(1)
[3]
Y × U(1)

[12]
B−L × U(1)

[12]
T3R

⊂ G[1,2,3] = U(1)
[3]
Y × U(1)

[12]
B−L × U(1)

[1]
T3R
× U(1)

[2]
T3R

.
(2.80)

The UV gauge group is GF = SU(3)c × SU(2)L ×G[1,2,3], which acts non-universally on all
three generations. It is spontaneously broken to G[12,3] by a high scale VEV ⟨σ⟩. G[12,3] is
flavour universal for the first-two generations but non-universal between the first-two and the
third ones. At an intermediate scale, G[12,3] is broken to the flavour universal U(1)Y group
by two VEVs ⟨ϕ⟩ and ⟨χq,l⟩. which break U(1)

[3]
Y ×U(1)

[12]
B−L and U(1)

[3]
Y ×U(1)

[12]
T3R

into their
diagonal groups, respectively. The symmetry breaking chain then reads

GF
⟨σ⟩−−→ SU(3)c × SU(2)L ×G[12,3] ⟨ϕ⟩,⟨χq,l⟩−−−−−→ SU(3)c × SU(2)L × U(1)Y . (2.81)

The relevant VEVs are induced by additional scalar fields, which transform under G[1,2,3] as

ϕ ∼ (0, 0,
1

2
,
1

2
), ϕ3 ∼ (

1

2
, 0,−1

2
, 0), χq ∼ (−1

6
,
1

3
, 0, 0), χℓ ∼ (

1

2
,−1, 0, 0). (2.82)

The numbers in the brackets show the U(1) charges contained in G[1,2,3]. The Yukawa
coupling matrices then scales as

Yu ∼ Yd ∼

 ϵσϵϕ ϵϕ ϵχq

ϵσϵϕ ϵϕ ϵχq

ϵσϵϕϵχq ϵϕϵχq 1

 , Ye ∼

 ϵσϵϕ ϵϕ ϵχℓ

ϵσϵϕ ϵϕ ϵχℓ

ϵσϵϕϵχℓ ϵϕϵχℓ 1

 , (2.83)

with

ϵσ =
⟨σ⟩
Λ[12]

, ϵϕ =
⟨ϕ⟩
Λ[23]

, ϵχq =
⟨χq⟩
Λ[23]

, ϵϕℓ =
⟨χℓ⟩
Λ[23]

. (2.84)

Here, Λ[12] ≫ Λ[23], yielding two cut-off scales. Given

⟨ϕ⟩ ∼ ⟨χq,l⟩ ∼ O(0.1)× Λ[23], ⟨σ⟩ ∼ O(0.1)× Λ[12], (2.85)

the Yukawa coupling patterns in Eq. (2.83) generate the correct SM fermion mass hierarchies
and mixing angles.

The effective Yukawa couplings can be UV-completed by the following vector-like fermions
at O(Λ[23]):

U iL,R ∼ (
1

2
,
1

3
, 0, 0), Di

L,R ∼ (−1

2
,
1

3
, 0, 0), EiL,R ∼ (−1

2
,−1, 0, 0), i = 4, 5, (2.86)

and at O(Λ[12]):

U6
L,R ∼ (0,

1

3
,
1

2
, 0), D6

L,R ∼ (0,
1

3
,−1

2
, 0), E6

L,R ∼ (0,−1,−1

2
, 0). (2.87)

27



Chapter 2. The Landscape of Flavour Symmetries

These fields transform flavour universally under SU(3)c × SU(2)L, which are same as those
of UR, DR, and ER in the SM. The relevant GF invariant Yukawa interaction for up-type
quark masses is (i = 1, 2, 3 and j = 4, 5)

−L = Ŷ 33
u H̃Q3

LU
3
R + Ŷ ij

u H̃Q
i
LU

j
R + Ŷ j3

u χqU jLU
3
R + Ŷ j2

u ϕU jLU
2
R

+ Ŷ j6
u ϕU jRU

6
L + Ŷ ′j6

u ϕU jLU
6
R + Ŷ 61

u σU6
LU

1
R + h.c.

(2.88)

Given all Yukawa couplings at O(0.1−1), Eq. (2.88) generates Yu in Eq. (2.83). The Yukawa
interaction for down-type quarks corresponds to replacing u and U by d and D. To generate
yd ∼ O(1), one can further replace H̃ by an additional Higgs H ′ whose VEV takes value at
O(mb), and the H coupling to H̃Q3

LD
3
R can be forbidden by a Z2 symmetry. The charged-

lepton sector is similar, except for additionally replacing χq with χℓ.
Although the minimally deconstructed flavour model introduced above contains the fewest

number of particles, postulating new particles at high scales remains necessary. The flavour
model building becomes more convincing, if the origin of these postulated new particles can be
explained. For instance, they may emerge as resonant states of strongly interacting theories
like the mesons and baryons in the confined phase of QCD. Recently, a number of composite
Higgs models with flavour non-universal gauge interactions are discussed in Ref. [50, 57, 178].
Here, we introduce the model constructed in Ref. [57] here as follows. The deconstructed
flavour non-universal gauge group GF appears as a subgroup of some global symmetry GS
of a strong sector. The SM Higgs field and certain scalars breaking GF arise naturally as
the pseudo-Nambu-Goldstone (pNGB) bosons. In this model, the UV dynamics is QCD like
which only contains fermions and gauge fields, and has global symmetry

GS = Sp(6)× U(1)
[12]
B−L × U(1)

[3]
B−L. (2.89)

At some scale 4πfs (fs can be of TeV), the Sp(6) factor of GS is supposed to be spontaneously
broken into its flavour non-universal subgroup

Sp(6)
4πfs−−−→ GH = SU(2)L × SU(2)

[12]
R × SU(2)

[3]
R , (2.90)

due to some strong dynamics. This symmetry breaking pattern gives pNGBs which transform
under GH as

H3 ∼ (2,1,2), H12 ∼ (2,1,2), Σ ∼ (1,2,2). (2.91)

SM-like Higgs doublets are contained in H3 and H12. If Σ further takes a VEV ⟨Σ⟩ ∼ fs from
negative quadratic terms of the pNGB potential, GH is spontaneously broken to its flavour
universal subgroup

GH
⟨Σ⟩∼fs−−−−→ SU(2)L × SU(2)R. (2.92)

Σ also induce the mixing term between H12 and H3

Lmix = µ⟨Σ⟩H3H12 + h.c. (2.93)

Here, µ is the trilinear coupling strength for the ΣH3H12 interaction, which has the mass
dimension 1.

A subgroup of GS is promoted to be local and acts as the deconstructed flavour non-
universal gauge group.

GF = SU(2)L × U(1)
[12]
Y × U(1)

[3]
B−L × U(1)

[3]
R ⊂ GS , (2.94)

The scalar fields transform under GF as

Hu,d
3 ∼ (2, 0,±1, 0), Hu′,d′

12 ∼ (2,±1, 0, 0), Σu,du′,d′ ∼ (1,±1,±1, 0). (2.95)
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Here, Hu,d
3 , Hu′,d′

12 , and Σu,du′,d′ are the SU(2)
[12]
R ×SU(2)

[3]
R components of H3, H12, and Σ. At

some high scale ⟨Ω⟩ ≫ ⟨Σ⟩ ∼ fs, U(1)
[12]
Y × U(1)

[3]
B−L spontaneously breaks into its diagonal

combination referred to as U(1)X . For left-handed fermions, U(1)X = U(1)Y , and they
becomes universal from the gauge point of view; for right-handed fermions, U(1)X = U(1)Y
for the first-two generations and U(1)X = U(1)B−L for the third. Considering the intersection
with the global symmetry breaking, ⟨Σ⟩ breaks U(1)X × U(1)

[3]
R into its flavour universal

U(1)Y group. The full breaking chain of GF then reads

GF
⟨Ω⟩−−→ SU(2)L × U(1)X × U(1)

[3]
R

⟨Σ⟩∼fs−−−−→ SU(2)L × U(1)Y . (2.96)

The GF invariant Lagrangian responsible for the quark masses is

−L = Ỹ 3H̃3Q3
LQ

3
R + Ỹ ijH̃12QiLQ

j
R +

1

Λ
Ỹ iΩH̃3QiLQ

3
R +

1

Λ
Ỹ ′iΩ∗H̃12Q3

LQ
i
R + h.c. (2.97)

We do not write the SU(2)R components explicitly here. Ω is the field generating ⟨Ω⟩ and
is charged oppositely under U(1)

[12]
Y and U(1)

[3]
B−L. If all Yukawa couplings are at O(1), Yu

and Yd become

Yu ∼ Yd ∼

 ϵR ϵR ϵΩ

ϵR ϵR ϵΩ

ϵRϵΩ ϵRϵΩ 1

 , ϵΩ =
⟨Ω⟩
Λ
, ϵR =

⟨H12⟩
⟨H3⟩

. (2.98)

In the limit that H12 is much heavier than H3, ⟨H12⟩ is suppressed by its mass M12

⟨H12⟩ =
µ⟨Σ⟩
M2

12

× ⟨H3⟩. (2.99)

Given ⟨Ω⟩ ≪ Λ, and µ ∼ Σ≪M12, Eq. (2.98) generated the needed fermion mass hierarchies
and mixings. The mass splitting between the up-type and down-type quarks originates from
the difference between the VEVs of the two SU(2)R components contained in H3.

2.4 Landscape or Swampland

At first glance, one may expect the flavour non-universal gauge theories to be much simpler
than the SM. After all, the replication of chiral fermions, commonly viewed as the origin of
complexity in the SM, is eliminated within such a framework. However, all realistic flavour
deconstruction models known today contain far more free model parameters than the SM,
which contradict the naive expectation. To find a way out, we carefully reflect over the defi-
nition of flavour and note that Nf is not a universal constant but depends on the framework
describing the theory. Taking the QCD corrections to the SM Higgs boson decay as an exam-
ple [179], in the most widely adopted framework, Nf is not three but five, because all light
quarks transform equally under the SU(3)c color group and their Yukawa interactions are
negligible. Likewise, to compute the evolution of the strong coupling strength αs [180–182],
it is also common practice to stay agnostic to the electroweak interactions and view Nf as an
integer input variable ranging from three to six, depending on the quark thresholds αs have
crossed. The ambiguous meaning of Nf motivates us to study the set containing all possible
values of Nf . The SM involves 48 or 45 chiral fermions assuming all known neutrinos are
Dirac or Majorana fermions, respectively, which sets a limit on the the maximal value of Nf

and the maximal flavour symmetry group GF . In other words,

Nmax
f = 48, Gmax

F = U(48). (2.100)

29



Chapter 2. The Landscape of Flavour Symmetries

Landscape: theories
(approximately) 

invariant under a

Swampland: theories 
explicitly violating

Figure 2.4: A schematic illustration of the space of the theories lying in the landscape and
the swampland of flavour symmetry G.

All SM gauge interactions are weak above the TeV scale, so they can be ignored as a rough
approximation. Then, the gauge sector of the SM reduces to a free field theory (or strictly
speaking a theory with only gravitational interactions) in which Nf = 48 and GF = U(48)
are self-evident. In this content, Nf can take any integer values up to 48 and all subgroups
of U(48) can be viewed as flavour symmetries.

The above-mentioned question on flavour deconstruction can be answered with the gen-
eralized definition of flavour. Here, we compare origins of the complexities in the SM, the
gauged U(3)5 models, and the flavour deconstruction models together:

The SM : The U(3)5 group commutes with the universal gauge group and can be explicitly
broken in any directions, giving rise to many free model parameters.

The gauged U(3)5 models : The arbitrariness of explicit symmetry breaking is eliminated
through promoting U(3)5 to be gauged, but generating the specific soft flavour symmetry
breaking terms in the low energy theory requires complicated UV models, which inevitably
involves many free model parameters.

The flavour deconstruction models: The U(3)5 group does not commute with the non-
universal gauge groups so it is automatically eliminated. Yet, from a broader perspective,
the flavour symmetry persists because the non-universal group G[1] × G[2] × G[3] is still a
subgroup of U(48). Due to its flavourful nature, generating the specific G[1] × G[2] × G[3]

breaking term at low energies still requires complicated UV model building, just like the
case of the gauged U(3)5 models.

Therefore, it is not surprising that the flavour deconstruction models remain much less eco-
nomical than the SM.

For this reason, flavour persists in the flavour deconstruction models from a broader
perspective. We therefore argue for going one further step beyond, that both G[1]×G[2]×G[3]

and U(3)5, as well as all subgroups of U(48) in addition to GSM, should be eliminated, or at
least stay irrelevant to explaining the SM flavour parameters. To make this reasoning more
concrete, we introduce the following two concepts. We refer the set of the theories invariant
or approximately invariant under a certain symmetry group G as the ‘landscape of G’. In
these theories, the soft G breaking spurions, represented by ϵiG, are all (fairly) much smaller
than unity. The ‘swampland of G’ denotes the complementary set of the landscape of G, as
illustrated in Figure 2.4. It contains all theories containing sizable spurion ϵG which strongly
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2.4. Landscape or Swampland

break G. In other words,

Landscape of G: ϵiG ≪ 1, ∀ ϵiG ∈ S,
Swampland of G: ϵiG ≳ 1, ∃ ϵiG ∈ S.

(2.101)

Here, S is the set for all G breaking spurions involved in the theory. Taking U(2)5 as an
example, the SM and the U(2)2 invariant EFT are in the landscape, while the U(2)q+e
invariant EFT stays in the swampland. The flavour anarchic EFT lies in the swampland of
U(2)5 and of all flavour symmetries. It is worthy to remark that, the concepts ‘swampland’
and ‘landscape’ we use here are similar but not identical to those referred in string theory and
quantum gravity, see [183, 184] for reviews. The key difference is that we do not include the
UV completion. For a theory in the swampland of a certain symmetry G, it is fully possible
that above some scale Λ, the corresponding UV theory lies in the landscape of G. In such
a case, the unbroken group G exists, but it is hidden by the dynamics at scale Λ and stays
implicit for at low energies, physically equivalent a strongly broken symmetry.

Supposing a theory rendering all flavour parameters calculable exists, does it necessarily
lie in the landscape of flavour symmetries? To answer this question, we must firstly remark
that it is a strong requirement for a theory to explicitly break all exact and approximate
flavour symmetries, because as introduced above, the concept of flavour symmetries can be
widely defined. In this work, we define all subgroups of the U(48) group acting on the chiral
fermions to be flavour symmetries, but exclude GSM because it is already known to be exact
and no realistic theory can live in the swampland of GSM. Likewise, it is also reasonable to
exclude the baryon number and lepton number, while we do not consider this possibility and
still consider them as a flavour symmetries, unless otherwise stated. In addition, we note that
when consider only the sub-sector of a theory, Nmax

f is smaller than 48 and definition of flavour
symmetries should be (trivially) restricted to those only acting on the sub-sector. With these
definitions, the landscape of flavour symmetries contains a wide class of different theories,
including the SM itself. Consequently, we agree that in practice, it is indeed a reasonable
start to assume that the desired standard theory of flavour lies inside the landscape. The
symmetry-based approach remains as one of the most promising known paths solving the
flavour puzzle. However, despite many years of effort, no indications for the expected flavour
symmetries are found. Considering this, we also argue that one should also take the other
possibility seriously. The new physics beyond SM, including the long-desired standard theory
of flavour, can also lie in the swampland of flavour symmetries.
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Chapter 3

Flavour Textures without Symmetries

This chapter is devoted to discuss perhaps the most important question on the swampland
of flavour symmetries: Can we directly probe it in near future experiments? Comparing with
theories in the landscape, the challenge is how to suppress the flavour transition between the
first-two generations. We take the type II seesaw model [185–189] as a minimal example, be-
cause it is perhaps the simplest UV-complete model for neutrino masses, which only requires
one additional scalar field ∆. In particular, we focus on a set of specific patterns for the new
Yukawa coupling Y∆, which generates vanishing entries in the neutrino mass matrix, called
zero textures [190–196]. Our finding is encouraging, that certain zero textures, despite do
not entail any enhanced flavor symmetries for three generations of ℓL, can lead to suppressed
µ→ e transitions and stay consistent with 5− 10 TeV new physics in the leptonic sector.

For the type II seesaw model, the idea of suppressing µ → e transition via the zero
entries of Y∆ has been partly explored in the previous literature. Refs. [197, 198] are early
studies on CLFV within type II seesaw that also discussed the conditions on Y∆ required
to suppress the µ → e transitions, but the crucial one-loop enhancement for µ → ēee was
not included. In the context of a general EFT analysis, the authors of Ref. [199] studied the
full RG running of the CLFV coefficients (hence capturing all one-loop effects) and mapped
them to UV-complete models including type II seesaw. In this context, they considered the
one-zero texture with Mν

eµ = 0 to suppress µ → e transitions. Nevertheless, we find that
the predictive patterns of CLFV observables can only be identified within more constraining
textures, e.g. with two vanishing entries. The two-zero textures in type II seesaw were
considered in Ref. [200], where the one-loop enhanced contribution to µ → ēee was again
omitted and other loop-induced processes, such as µ→ eγ, were not included in the analysis.
In a footnote of our earlier work [201], we remarked that the same zero-entry suppression in
a type II seesaw model embedded in minimal SU(5) GUT, and furthermore commented the
potential renormalization group (RG) corrections.

To the best of our knowledge, the first complete analysis on this topic were performed
in our recent paper [72], which most of the content in this chapter is based on. In addition
to Ref. [72], we add more discussions in this work comparing the two-zero textures with
three representative patterns restricted by flavour symmetries, which are U(2)ℓ, U(1)e, and
A4. In particular, we explain how the two-zero textures can suppress µ → e transitions
by interpreting the theory as in the swampland of A4, which makes the results of Ref. [72]
more concrete and transparent. Moreover, we highlight a notable feature on the predicted
τ decay spectrum, that the daughter electrons must be same-sign. The following sections of
this chapter is structured as follows. In Section 3.1, we introduce the minimal type II seesaw
model and the zero textures for the neutrino mass matrix, including analysis on the stability
under the renormalization group (RG) running. In Section 3.2, we re-examine the low-energy
effective operators up to one-loop matching, and then analyze the effective cutoff scale con-
strained by the current CLFV experiments, to demonstrate the predictivity. In Section 3.3,
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we analyze the correlation among various µ and τ CLFV processes and quantify the RG
evolution corrections to the predicted ratios of the branching ratios (BRs). We also comment
on complementary information that could be obtained at high-energy colliders. Finally, our
findings and potential generalizations are summarized and discussed in Section 3.4.

3.1 Zeros in Type II Seesaw

If all SM neutrinos are Majorana type, right-handed neutrinos νR are not necessarily con-
tained in the SM fermion mass spectrum. Majorana neutrino masses can be generated by
introducing a new SU(2)L scalar triplet ∆

∆ ≡
(

∆−/
√
2 ∆0

∆−− −∆−/
√
2

)
. (3.1)

The SM with additional scalar field ∆ is commonly referred to as type II seesaw model for
neutrino masses. The complete Lagrangian reads (see e.g. [202, 203] for reviews)

L = LSM + Tr
[
(Dµ∆)†(Dµ∆)

]
−m2

∆Tr(∆∆†)− V (4)(H,∆)

− (Y∆ℓL∆iτ2ℓ
c
L − µ∆HT iτ2∆H + h.c.) ,

(3.2)

In the above Lagrangian, Y∆ is a 3 × 3 complex symmetric matrix, whose flavor indices are
not shown explicitly, and µ is the trilinear coupling between the triplet and the SM Higgs
doublet. The quartic self-interactions involving ∆ and H in V (4)(H,∆) have the general form

V (4)(H,∆) = λ1

[
Tr(∆†∆)

]2
+ Λ[12]Det(∆†∆) + Λ[23](H

†H)Tr(∆†∆)

+ λ4(H
†σiH)Tr(∆†σi∆) .

(3.3)

Once the SM Higgs H develops a non-zero VEV v by spontaneous symmetry breaking, the
triplet ∆ also gets a non-zero VEV v∆, from which the Majorana neutrino masses matrix
arises

Mν =
√
2Y∆v∆ = µ∆Y∆

v2

m2
∆

. (3.4)

We remark here that v∆ is a tadpole VEV induced by a shift ∆ → ∆ + v∆ in the scalar
potential V (4)(H,∆) after the SM Higgs takes its VEV. v∆ cannot originate from a negative
mass term in scalar potential V (4)(H,∆), because that leads to an additional source of
spontaneous electroweak symmetry breaking with a perturbative unitarity bound for the the
triplet mass m∆ ≲ G

−1/2
F ∼ O(102) GeV [204]. Such a non-decoupling theory cannot stay

consistent with experiments.
Throughout this chapter, we work in the ℓL basis under which the charged lepton Yukawa

coupling Ye in Eq. (2.14) is in its diagonal form. Mν takes the form of a generic symmetric 3×3
matrix and is connected to the absolute neutrino masses by a unitary transformation [90, 91]:

Mν = V ′
PMNS

mν1 0 0
0 mν2 0
0 0 mν3

V ′T
PMNS , (3.5)

where the mixing matrix V ′
PMNS relates Majorana neutrino mass and flavour eigenstates. It

can be parametrized by multiplying a diagonal matrix containing two CP violation phases to
the Dirac neutrino mixing matrix VPMNS shown in Eq. (2.16)

V ′
PMNS = VPMNS.

eiρ 0 0
0 eiσ 0
0 0 1

 , (3.6)
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ρ and σ are two new physical free parameters when neutrinos are Majorana fermions. In
total, Mν contains 9 real physical parameters, as shown by Eqs. (3.5) and (3.6): two mass
differences ∆m12, ∆m13, three mixing angles θ12, θ13, θ23, one Dirac CPV phase δ, two
Majorana CPV phases ρ and σ, and the lightest mass m0, which is equal to mν1 in case
of NO or mν3 in case of IO. As introduced in Section 2.1, the oscillation experiments can
precisely measure the first five parameters, while they constrain the Dirac CPV phase δ only
poorly at present and they are not sensitive to the absolute mass and the Majorana phases.
Latest cosmological observations [102] require that m0 must take small values and hint for a
mildly hierarchical neutrino mass pattern, while such a bound is indirect and can be (easily)
modified by new physics. β-decay experiments such as KATRIN [105] can also set upper
limits but cannot decide whether neutrino masses are hierarchical or quasi-degenerate. As a
consequence, the absolute neutrino masses mν1 ,mν2 , and mν3 are only constrained but not
yet measured. The flavor texture of the neutrino mass matrix Mν and the directly aligned
Yukawa coupling matrix Y∆ cannot be fully inferred from the current data.

The SM features an accidental lepton number symmetry, under which the Majorana
neutrino mass terms vanish. The fermion bi-linear ℓLℓcL in Eq. (3.2) explicitly breaks the
lepton number, but in the limit µ∆ = 0, the neutrino masses remain vanishing and the
Lagrangian in Eq. (3.2) is invariant under

∆→ ∆e−2iθL , ℓL → ℓLe
iθL , H → H . (3.7)

This transformation can be identified as the (generalized) lepton number symmetry U(1)L.
The magnitudes of Majorana neutrino masses are thus controlled by µ∆, which explicitly
breaks U(1)L. As a consequence, large Yukawa couplings, Y∆ ∼ O(1), and/or a relatively
light triplet mass, m∆ ∼ O(TeV), are not in conflict with the observed smallness of neutrino
masses. The tiny neutrino masses can thus be suppressed by a small value of µ∆ — a
situation that can be regarded as “natural” since it leads to the restoration of the lepton
number symmetry of SM. This opens up the possibility of testing the theory searching for
L-conserving CLFV processes, see e.g. [202, 205].

Given sizable Y∆, the approximate SU(3)ℓ flavour symmetry in the SM Yukawa sector
must be violated. The bi-linear ℓLℓcL transforms as 3× 3 = 6+ 3 under SU(3)ℓ, instead of a
singlet. Nevertheless, certain other flavour symmetries can arise in the Lagrangian of type II
seesaw model. For instance, if Y∆ takes the pattern

Y
SU(2)ℓ
∆ =

0 0 0
0 0 0
0 0 ×

 , Y
U(1)e
∆ =

0 0 0
0 × ×
0 × ×

 , or Y A4
∆ =

× 0 0
0 0 ×
0 × 0

 , (3.8)

the approximate SU(2)ℓ, U(1)e, or A4 symmetries of the SM remains unbroken. SU(2)ℓ
forbids all elements in Y∆ except for Y∆ττ , because the SU(2)L singlet constructed by its two
fundamental representations is anti-symmetric while Y∆ is symmetric. The electron number
symmetry U(1)e requires vanishing Y∆ee, Y∆eµ, and Y∆eτ . The discrete symmetry A4, under
which the three generations of ℓL transform as a triplet, allows only Y∆ee and Y∆µτ to be non-
zero. However, the patterns shown in Eq. (3.8) significantly deviate from Mν , even though
Mν is not yet fully determined from the current data. The disagreements are mainly due to
the large neutrino mixing angles and the not-so-hierarchal mass spectrum.

In addition to the symmetry protected textures shown in Eq. (3.8), the zero textures for
Mν are widely discussed in the literatures [190–196]. The current experimental measurements
of neutrino oscillations allow up to two vanishing elements in Mν , and some of such one- and
two-zero textures can be tested in the near future — see, for instance, Refs. [206–213] for
analyses published after the measurement of the reactor mixing angle. Interestingly, even
without knowledge of the absolute neutrino masses, future oscillation experiments such as
JUNO [214] and DUNE [215] can shed light on certain two-zero textures, once the Dirac
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CPV phase is measured or constrained. A notable feature of such textures is that no new
symmetries are enhanced comparing with the flavour anarchic pattern. If requiring the zero
textures are protected by (generalized) flavour symmetries, the minimal seesaw model needs
extensions in general — see, for instance, Refs. [45, 206, 216–236]. More new particles except
for ∆ is needed. In case these new particles are much heavier than ∆, the flavour symmetries
leading to the zero textures become implicit at the scale of m∆.

In the charged-lepton mass basis, all six possible one-zero textures for the neutrino mass
matrix Mν are consistent with the neutrino mixing angles and mass splittings measured in
neutrino oscillation experiments [200, 212, 237–242]

A :

0 × ×
× × ×
× × ×

 , B :

× 0 ×
0 × ×
× × ×

 , C :

× × 0
× × ×
0 × ×

 ,

D :

× × ×
× 0 ×
× × ×

 , E :

× × ×
× × 0
× 0 ×

 , F :

× × ×
× × ×
× × 0

 .

(3.9)

This is not the case for two-zero textures. The only patterns that, at present, are compatible
with neutrino oscillation data are [208–213]:

A1 :

0 0 ×
0 × ×
× × ×

 , A2 :

0 × 0
× × ×
0 × ×

 , B1 :

× × 0
× 0 ×
0 × ×

 , B2 :

× 0 ×
0 × ×
× × 0

 ,

B3 :

× 0 ×
0 0 ×
× × ×

 , B4 :

× × 0
× × ×
0 × 0

 , C :

× × ×
× 0 ×
× × 0

 .

(3.10)
The above two-zero textures are also consistent with beta decay and neutrinoless double beta
decay (0νββ) data [213].1 They serve as the maximal possible hierarchal structure for Mν

and, in the context of type II seesaw, Y∆. Textures with three or more zeros are excluded by
oscillation experiments [206, 238].

In presence of a two-zero texture, Mν only contains five independent real physical pa-
rameters, which we can choose to be the precisely measured ones: the three mixing angles
θ12, θ13, θ23 and the two mass splittings ∆m12, ∆m13. The CP violating phase δ is deter-
mined by the three mixing angles and the dimensionless ratio ∆m2

12/|∆m2
13|, whose explicit

expressions are reported in Ref. [206]. Then, up to an overall scale, Mν or Y∆ is fully fixed
by four parameters θ13, θ12, θ12, and δ [243]. The other quantities become the theory pre-
dictions [207, 208, 213], including the neutrino mass ordering. The A textures always lead
to the NO mass spectrum. For B textures, the mass ordering depends on the octant of θ23:
θ23 < 45◦ yields the NO spectrum for B1, B3 and IO spectrum B2,B4; Conversely, θ23 > 45◦

generates the dual solution, IO spectrum for B1, B3 and NO spectrum B2,B4. The texture
C produces the NO spectrum only for θ23 = 45◦; otherwise, it predicts the IO spectrum.
The one-zero textures are less restrictive and only poorly constrained by data at present.
Although they contains the same number of free parameters and experimental inputs, the
non-zero elements can only be inferred with large uncertainties, unless δ and m0 are measured
or constrained at a better precision level. Typically, in order to narrow down the allowed
ranges for the parameters in Eq. (3.9), the sensitivity for m0 should reach the O(0.05) eV
level so that the uncertainty of the dimensionless variable (m2

0/∆m
2
13) becomes smaller than

O(1), a result that is supported by the m0 dependence of the Mν elements [203].
1Only textures A1 and A2 are compatible with the stringent cosmological bound on the sum of neutrino

masses Σmν < 0.09 eV [211], while all seven textures remain viable under more conservative cosmological
limits [213].

36



3.1. Zeros in Type II Seesaw

We generate 104 points of the parameter sets {θ13, θ12, θ12, ∆m2
12, ∆m

2
13} that satisfy

the distributions resulting from the fit to neutrino oscillation data reported in [101]. Using
these experimental inputs, we calculated calculate the 104 possible two-zero textures for Y∆
for further analysis. To illustrate how these textures look like, we fix Y∆µτ = 1 and provide
here one numerical benchmark of the flavor structure of |Y∆ij | for each texture

A1 :

 0 0 0.43
0 1.07 1

0.43 1 1.12

 , A2 :

 0 0.45 0
0.45 1.15 1
0 1 1.09

 , B1 :

 0.83 0.10 0
0.10 0 1
0 1 0.42

 ,

B2 :

 0.87 0 0.07
0 0.31 1

0.07 1 0

 , B3 :

 0.84 0 0.07
0 0 1

0.07 1 0.38

 , B4 :

 0.87 0.06 0
0.06 0.29 1
0 1 0

 ,

C :

 0.74 0.06 0.40
0.06 0 1
0.40 1 0

 .

(3.11)
Comparing with Eq. (3.8), the above two-zero textures do not obey the patterns originated
from SU(2)ℓ, U(1)e, and A4 flavor symmetries, even approximately. In other words, SU(2)ℓ,
U(1)e, and A4 are all broken explicitly. To our best knowledge, no other explicit symme-
tries for ℓL for the seven two-zero textures can arise without extending the type II seesaw.
Therefore, we conclude that given any flavour symmetry G under which three generations
of ℓL transform non-trivially, the type II seesaw model with two zero entries contained Y∆
lies in the swampland of G. Here, we do not consider the symmetry groups acting only on
quarks and/or right-handed electrons. In addition, we note that the lepton number L can be
decomposed as the U(1)ER

the known gauged U(1)Y and, so it should not be regarded as a
flavour symmetry. Comparing with the two zero textures, perhaps the most closed symmetry
protected patterns is those restricted by A4. If ignoring the O(30% ∼ 40%) explicit symmetry
breaking entries, the B and C textures align with Y A4

∆ in Eq. (3.8). Consequently, although
B and C textures are in the swampland of A4, they are relatively close to the boundary of
its landscape.

Due to the absence of explicit symmetry protection, the texture zeros are typically not
stable under the RG running above m∆. Strictly speaking, the considered textures above
can only be consistently defined at a certain high-energy scale ΛUV where they originate
(e.g. from spontaneous breaking of a flavor symmetry). Radiative effects will in general
generate non-zero entries. The relevant RG equations above the scale m∆ are [244, 245]

16π2
dYe
d logµ

= 3YeY
†
∆Y∆ + Ye

(
3y2t −

9

4
g21 −

9

4
g22

)
,

16π2
dY∆
d logµ

= 6Y∆Y
†
∆Y∆ + Y∆

(
2tr
[
Y †
∆Y∆

]
− 9

10
g21 −

9

2
g22

)
,

(3.12)

where we neglect all the couplings much smaller than O(1), including Y †
e Ye ∼ y2τ . If ΛUV >

m∆, running effects from ΛUV down to m∆ can change the Y∆ flavor structure. The resulting
matrices at m∆ are:

Ye(m∆) = ItgYe(ΛUV) ·
(
m∆

ΛUV

) 3
16π2

(
Y †
∆Y∆

)
eff
,

Y∆(m∆) = I∆g

(
m∆

ΛUV

) 3
16π2

(
Y †
∆Y∆

)T

eff · Y∆(ΛUV) ·
(
m∆

ΛUV

) 3
16π2

(
Y †
∆Y∆

)
eff
.

(3.13)

Here, Itg and I∆g are overall factors accounting for the flavor-conserving contribution and
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are given by

Itg =

(
ΛUV

m∆

) 1
16π2 (3y2t−

9
4
g22−

9
4
g21)eff

, I∆g =

(
ΛUV

m∆

) 1
16π2

(
Tr

[
Y †
∆Y∆

]
− 9

10
g21−

9
2
g22

)
eff
. (3.14)

The effective matrix
(
Y †
∆Y∆

)
eff

can be interpreted as the average of
(
Y †
∆Y∆

)
between the

scales m∆ and ΛUV. Its explicit definition is

(
Y †
∆Y∆

)
eff

=

∫ logm∆

log ΛUV

(
Y †
∆(µ

′)Y∆(µ
′)
)
d logµ′

log (m∆/ΛUV)
, (3.15)

and other effective couplings are defined analogously. Replacing the effective couplings with
their values at m∆ is a good approximation, since these couplings vary slowly and always
appear together with the loop factor 1/(16π2). The matrix functions in Eq. (3.13) are defined
as: (

m∆

ΛUV

) 3
16π2

(
Y †
∆Y∆

)
eff

= exp

[
3

16π2
log (m∆/ΛUV)

(
Y †
∆Y∆

)
eff

]
. (3.16)

Here, expM ≡ 1+M + 1
2!M ·M + ... can be evaluated as a matrix power expansion when M

is a square matrix. In Eq. (3.13), Ye(m∆) is no longer diagonal. To quantify how radiative
corrections destabilize the zero textures defined in the charged lepton basis, one must further
diagonalize Ye by rotating the ℓL and ER basis, which also modifies Y∆(m∆). Assuming
Y∆ to vary slowly with respect to µ, we derive the leading-log expansion for Y∆(m∆) in the
charged lepton basis

Y∆(m∆) = I∆g

(
Y∆(ΛUV) +

3

16π2
log

(
m∆

ΛUV

)(
2Y∆Y

†
∆Y∆ − (Y †

∆Y∆)ij
[
Y∆,O{ij}

])
(ΛUV)

)
.

(3.17)
To obtain this expression, we take into account the hierarchy mτ ≫ mµ ≫ me, which implies
that Ye(m∆) in Eq. (3.13) can be diagonalized by rotating the ℓL basis only. Here, O{ij} are
matrices defined in terms of the Gell-Mann matrices [246] as O{12} = iΛ[12], O{13} = iλ5,
O{23} = iλ7, while the others are zero. Below m∆, Y∆ is matched to Mν , and the texture
zeros are absolutely stable [206, 247].

We proceed assuming that Y∆(ΛUV) displays one of the zero textures in Eq. (3.9) and
Eq. (3.10), plug it into the solution Eq. (3.17), and check whether such texture is preserved
for Y∆(m∆). As expected, we find most of other zero textures we considered are not RG
stable. The elements that are zero at ΛUV receive additive corrections at one loop. These
radiative contributions must be included in the phenomenological analysis and, as we will see,
introduce some dependence of the results on the cutoff scale ΛUV. Interestingly, we find that
the zero textures A and A1 remain stable at any scale below ΛUV. Starting with vanishing
Y∆ee(ΛUV) and Y∆µe(ΛUV), we obtain Y∆ee(m∆) = Y∆µe(m∆) = 0, hence the RG running
does not give rise to these vanishing entries. In addition, if requiring only Y∆ee(ΛUV) = 0,
the conclusion Y∆ee(m∆) = 0 remains. Although we cannot identify a simple symmetry
responsible for this result, we note that one-loop RG stability is not necessarily enforced by
symmetries. In some cases, special flavor structures can also forbid loop corrections up to
certain orders. Known examples include the rank of the neutrino mass matrix [248] and CP
violation in extended Higgs sectors [249, 250].

3.2 The Low Energy Predictivity

We demonstrate the predictive power of theories in the swampland of flavour symmetries,
using the type II seesaw model with two zero entries in Y∆. We take the L-conserving limit
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(b) (c) (d) (e)(a)

(f) (i)(g) (h)

Figure 3.1: (a)-(e): Feynman diagrams contributing to CLFV processes within the full type II
seesaw model. (f)-(i): Corresponding Feynman diagrams in the effective theory at low-energy
scales, q2 ≪ m2

W . We do not apply the on-shell condition so a pair of quarks or charged
leptons can be attached to the external gauge boson lines. Self-energy diagrams are not
included for simplicity.

through this section, so that the ∆ is required relatively light and some entries of Y∆ are
sizable. The doubly-charged state of the triplet directly contributes to processes such as
µ→ ēee via the diagram (a) of Figure 3.1. Upon integrating out ∆, this amplitude matches
to the following low-energy CLFV operators:

δLd=6
tree =

1

2m2
∆

Y∆jlY
∗
∆ik(ℓiγµPLℓj)(ℓkγ

µPLℓl) , (3.18)

where ℓi = eL i +ER i with eL (ER) denoting the left-handed (right-handed) charged leptons
and i, j, k, l = e, µ, τ being flavor indices. For two-zero textures B1, B4, and C, Y∆ eµ and
Y∆ ee are both non-vanishing so µ→ ēee decay occur without any suppression. This is not the
case for the other textures, that µ→ ēee vanishes at the tree level. Except for the ones shown
in Eq. (3.18), all other Wilson coefficients of the dimension-six operators are proportional to
µ∆ at tree level and should be ignored in our L-conserving limit [251]. In other words, for A1,
A2,B2, and B4, there are no unsuppressed operators inducing the µ → e transition. This
interesting situation is in stark contrast to the standard expectation for type II seesaw with a
anarchic flavor structure of Y∆, where the strong limit set by µ→ ēee typically prevents the
rates of other CLFV modes (especially for τ leptons) from resulting in the observable range;
see e.g. [202, 205] for detailed discussions based on the generic flavor structure.

The zero-textures of Y∆ motivates us to carefully re-examine the operators beyond tree-
level matching. At one-loop level, a set of new CLFV operators arise and can be sizable.
Comparing with the tree-level operator shown in Eq. (3.18), these one-loop operators are
also at leading order because of the different flavor structures. At low energy scales q2 ∼ m2

µ

or q2 ∼ m2
τ , the EFT relevant for CLFV is

δLd=6
FV = Cikdipole

(
ℓiσ

µνPRℓk
)
Fµν + Cikpenguin(ℓiγµPLℓk)

(
ℓlγ

µℓl +
2

3
ulγ

µul −
1

3
dlγ

µdl

)
+ Cijklbox (ℓiγµPLℓj)(ℓkγ

µPLℓl) ,
(3.19)
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where

Cikpenguin =
e2

12π2m2
∆

Y∆ ijY
∗
∆ kj

(
1

12
+ f

(
q2

m2
∆

,
m2
j

m2
∆

))
,

Cikdipole =
3e

64π2m2
∆

(Y∆Y
†
∆)ikmk ,

Cijklbox = − 1

32π2m2
∆

(Y∆Y
†
∆)ij(Y∆Y

†
∆)kl −

1

8π2m2
∆

(Y∆Y
†
∆)il(Y∆Y

†
∆)kj .

(3.20)

These one-loop matching is also discussed in [205, 251, 252]. The corresponding Feynman
diagrams of the full renormalizable theory are illustrated in the panels (b)-(e) of Figure 3.1.
Notice that we do not use the standard operator basis (see e.g. [253]) of the low-energy
effective field theory (LEFT), in order to keep a clear correspondence between operators and
Feynman diagrams. Both diagram (b) and (c) contribute to Cpenguin and complete form of
the loop function f appearing in Eq. (3.20) reads [254]

f

(
−q2
m2

∆

,
m2
j

m2
∆

)
= log

(
m2
j

m2
∆

)
−

4m2
j

q2

+


(
1 +

2m2
j

q2

)√
1−

4m2
j

q2
log


√

1− 4m2
j

q2
+ 1√

1− 4m2
j

q2
− 1


 .

(3.21)

In the limit q2 ≲ m2
j ≪ m2

∆ (corresponding to a µ decay through µ or τ in the loop), the
loop function f is reduced to [254]:

f

(
−q2
m2

∆

,
m2
j

m2
∆

)
= log

(
m2
j

m2
∆

)
+

5

3
, mj = mµ or mτ . (3.22)

The threshold correction 5/3 is absent if −q2 ≫ m2
j , which corresponds to the electron loop

contributing to the µ→ ēee decay. The large mass hierarchy ensures that varying m∆ from
1 to 10 TeV does not significantly change the numerical value of Eq. (3.22), so for simplicity
it is a good approximation to take m∆ = 3 TeV when evaluating this log function. In the
view of the effective theory, the log function contained in Cpenguin encodes the RG running
of the tree-level WCs in diagram (f). This running evolves from m∆ to mµ or mτ , and its
anomalous dimension can be calculated from diagram (g) of Figure 3.1. Diagrams (h) and
(i) cancel the divergent part of diagram (g) as counter terms. Their finite parts are matched
from diagram (b)-(e) and lead to Cdipole and Cbox in Eq. (3.20).

As a result, although µ → ēee still arises in texture A1, A2,B2, and B4, the branching
ratios (BRs) are suppressed by a squared loop factor 1/(4π)4 = 4 × 10−5. µ → ēee is no
longer the leading probe for type II seesaw. Due to the dipole operator, µ → eγ becomes
also phenomenologically relevant. For all textures, its branching ratio is proportional to
(Y∆Y

†
∆)µe and thus directly connected to the neutrino oscillation parameters by the following

expression [252]

BR(µ→ eγ) ∝
∣∣∣(Y∆Y †

∆)µe

∣∣∣2 ∝ (
∆m2

13 cos θ13 sin θ13 sin θ23
)2
. (3.23)

This relation is a good approximation in the limit ∆m2
12 ≪ ∆m2

13. Eq. (3.23) does not
contain the absolute neutrino masses and CP violation phases, and is valid for both normal
and inverted ordering. Consequently, BR(µ → eγ) only weakly depends on the unknown
parameters inMν and is non-vanishing for all textures. In principle, simultaneously observing
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Observable Tree-level (×m4
∆G

2
F ) One-loop (×105m4

∆G
2
F ) 90 % CL UL

BR(µ −→ eee) 0.25 |Y∆µeY∆ee|2
(
25
∣∣∣(Y∆Y †

∆)ee

∣∣∣2 + 19Re
[
(Y∆Y

†
∆)ee

]
+ 5.8

) ∣∣∣(Y∆Y †
∆)eµ

∣∣∣2 1.0× 10−12 [255]

BR(τ −→ eee) 0.085 |Y∆τeY∆ee|2
(
25
∣∣∣(Y∆Y †

∆)ee

∣∣∣2 + 19Re
[
(Y∆Y

†
∆)ee

]
+ 6.3

) ∣∣∣(Y∆Y †
∆)eτ

∣∣∣2 2.5× 10−8 [256]

BR(τ −→ eeµ) 0.043 |Y∆τeY∆eµ|2
(
0.085

∣∣∣(Y∆Y†
∆)ee

∣∣∣2 + 0.32Re
[
(Y∆Y†

∆)ee

]
+ 0.76

) ∣∣∣(Y∆Y †
∆)µτ

∣∣∣2 1.6× 10−8 [256]

BR(τ −→ µee) 0.043 |Y∆τµY∆ee|2 25
∣∣∣(Y∆Y †

∆)eµ

∣∣∣ ∣∣∣(Y∆Y †
∆)eτ

∣∣∣2 1.5× 10−8 [257]

BR(τ −→ eµµ) 0.043 |Y∆τeY∆µµ|2 25
∣∣∣(Y∆Y †

∆)µe

∣∣∣ ∣∣∣(Y∆Y †
∆)µτ

∣∣∣2 1.3× 10−8 [256]

BR(τ −→ µµe) 0.085 |Y∆τµY∆µe|2
(
0.085

∣∣∣(Y∆Y†
∆)µµ

∣∣∣2 + 0.32Re
[
(Y∆Y†

∆)µµ

]
+ 0.63

) ∣∣∣(Y∆Y †
∆)eτ

∣∣∣2 2.4× 10−8 [256]

BR(τ −→ µµµ) 0.043 |Y∆τµY∆µµ|2
(
4.3
∣∣∣(Y∆Y †

∆)µµ

∣∣∣2 + 3.2Re
[
(Y∆Y

†
∆)µµ

]
+ 0.93

) ∣∣∣(Y∆Y †
∆)µτ

∣∣∣2 1.9× 10−8 [258]

BR(µ −→ eγ) 0 98
∣∣∣(Y∆Y †

∆)eµ

∣∣∣2 1.5× 10−13 [131]

BR(τ −→ eγ) 0 17
∣∣∣(Y∆Y †

∆)eτ

∣∣∣2 3.3× 10−8 [259]

BR(τ −→ µγ) 0 17
∣∣∣(Y∆Y †

∆)µτ

∣∣∣2 4.2× 10−8 [260]

CR(µAu −→ eAu) 0 71
∣∣∣(Y∆Y †

∆)eµ

∣∣∣2 7.0× 10−13 [261]

CR(µAl −→ eAl) 0 32
∣∣∣(Y∆Y †

∆)eµ

∣∣∣2 —

Table 3.1: Branching ratios of various CLFV processes in minimal type II seesaw. The last
column displays the current experimental 90 % confidence level upper limits. The notation
(Y∆Y†

∆)ee/µµ is defined in Eq. (3.24).

a multiple CLFV processes, including µ → ēee, µ → eγ, and, in some cases, tree-level τ
CLFV decays, becomes possible at current and upcoming experiments under these two-zero
textures. We calculate the BRs of these CLFV processes by inserting the Wilson coefficients
in Eq. (3.18) and Eq. (3.19) into the expressions provided in Ref [262] and show the results
in Table 3.1. The one-loop BRs are calculated in the limit that the tree-level amplitudes
are zero (as the former would be subdominant otherwise), so interference terms are not
displayed. However, in the following numerical analysis, these contributions are included
when they are relevant. For simplicity, we take mj = mτ to evaluate Eq. (3.22), which is a
good approximation for all one-loop τ decay BRs.2 Moreover, we define:

(Y∆Y†
∆)µµ = (Y∆Y

†
∆)µµ − 4

(Y∆Y
†
∆)eµ(Y∆Y

†
∆)

∗
τµ

(Y∆Y
†
∆)eτ

,

(Y∆Y†
∆)ee = (Y∆Y

†
∆)ee − 4

(Y∆Y
†
∆)µe(Y∆Y

†
∆)

∗
τe

(Y∆Y
†
∆)µτ

,

(3.24)

in order to simplify the expressions of box diagram contributions.
As an SU(2)L triplet, ∆ also couple to the W , Z, and H bosons, thus giving rise to the

2Instead, for what concerns BR(µ → ēee), the expression of the table should be modified by adding the

term
(
25

∣∣∣(Y∆Y
†
∆)ee

∣∣∣2 + 26Re
[
(Y∆Y

†
∆)ee

]
+ 10

) ∣∣∣(Y∆Y
†
∆)eµ

∣∣∣2 to account for µ running in the loop, which

enhances the log term by a factor ≈ 1.8.
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A1 A2 B1 B2 B3 B4 C

µ→ ēee 8.3+0.6
−0.5 10.1+0.8

−0.9 22+7
−9 3.3+0.7

−0.8 3.1+0.5
−0.6 20+5

−9 75+49
−58

µ→ eγ 28.0+2.3
−1.9 29.4+2.9

−4.0 9.3+2.8
−4.0 9.8+3.5

−5.0 8.9+2.6
−4.0 9.5+3.3

−5.0 38+18
−35

τ → µ̄µµ 6.1+0.7
−0.7 6.0+0.4

−0.4 0.5+0.2
−0.2 2.9+0.9

−1.3 0.2+0.2
−0.2 2.7+0.8

−1.3 0.4+0.5
−0.3

τ → µ̄ee 0.64+0.04
−0.06 0.63+0.05

−0.06 5.7+0.2
−0.2 5.7+0.2

−0.2 5.7+0.2
−0.2 5.7+0.2

−0.2 6.4+1.5
−1.7

Table 3.2: Central values and 3σ uncertainties for the lower limit on the type II seesaw scale
Λ∆ ≡ m∆/(2|Y∆µτ |) (in TeV) set by various CLFV processes for the two-zero textures defined
in Eq. (3.10). The uncertainties originate from the neutrino oscillation parameters. For each
texture, the strongest constraint is marked in red.

following SMEFT operators

δLd=6
Z,H-FV = CeW (ℓLσ

µνeR)τ
IHW I

µν + CeB(ℓLσµνeR)HBµν + CeH(H†H)(ℓLeRH)

+ C(3)Hℓ(H
†τ Ii

↔
DµH)(ℓLτ

IγµℓL) + C(1)Hℓ(H
†i

↔
DµH)(ℓLγ

µℓL) .
(3.25)

At the scale below mW , these operators are matched to the LEFT operators and their
contributions are already included in the coefficients of dipole and four-fermion operators
shown in Eq. (3.18) and Eq. (3.19)3. Around the mW scale, the operators in Eq. (3.25)
can induce flavor-violating Z and H decays. Compared to the CLFV decays of µ and
τ leptons, the Z-pole and Higgs observables such as Z → ℓ̄iℓj currently provide weaker
constraints on the set of coefficients {CeW , CeB, CeH , C(3)Hℓ , C

(1)
Hℓ} [263], so we do not include

them in the following analysis. In the limit µ∆ → 0, quark flavor-violating operators do
not arise at tree and one-loop level [251]. As a consequence, constraints from lepton fla-
vor universality (LFU) tests in flavor-changing hadronic decays, such as the bounds from
R(K(∗)) ≡ Γ(B → K(∗)µ+µ−)/Γ(B → K(∗)e+e−) [264], are automatically evaded.

All other operators are flavor conserving and the resulting constraints are in general
weaker than those from CLFV processes. In addition, almost all flavor conserving operators
are suppressed by µ∆, loop factors, and/or chirality flipping terms [251]. We do not discuss
these phenomenologically irrelevant observables here. The only exception is provided by
the lepton flavor conserving but LFU violating four-fermion operators in Eq. (3.18), such as
(µγµPLτ)(τγµPLµ). The LFU tests in τ decays can constrain the cut-off scales of such kind
of operators to be above 4.5 TeV [36]. As we will see, this bound is still weaker than those
we obtain from the CLFV τ decays.

The discussions above implies that in type II seesaw model, the induced processes rare
or forbidden in the SM can all be suppressed by the zero textures. We therefore expect
the theory, although not explicitly protected by symmetries, can lie at relatively low scales,
ideally O(TeV). To quantify it, we define the type II seesaw scale as

Λ∆ ≡
m∆

2|Y∆µτ |
, (3.26)

where the factor 2 accounts for the fact that Y∆µτ = Y∆τµ and both entries lead to the same
interaction term. Across all seven allowed two-zero textures, Y∆µτ is always non-vanishing,
and the other non-zero Yukawa couplings are be connected to Y∆µτ by neutrino oscillation

3It is worth remarking that they are the LEFT operators instead of the SMEFT ones.
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Anarchy2-0 textures, …

TeV NPTeV-scale NP (for Belle-II, HL-LHC, FCC, …) 

SwamplandLandscape

Figure 3.2: Representative textures for the theories lying in the landscape and the swampland
of the flavour symmetries, and the lowest energy scale they can stay consistent with.

observables. In other words, all information on flavour are contained in the zero textures,
as in the symmetry protected patterns, so Λ∆ can serve as the over-all cut-off scale for the
low-energy theory, and Λ∆ →∞ restores the SM. For every CLFV process, its experimental
constraint can then be interpreted as a lower limit on Λ∆. In Table 3.2, we summarize the
Λ∆ lower limits within the seven two-zero textures, derived from µ→ ēee, µ→ eγ, τ → µ̄µµ,
and τ → µ̄ee. To generate this table, we firstly fix m∆ = 3 TeV, since varying m∆ within the
range 1 − 10 TeV does not significantly impact on the numerical value of Eq. (3.22). Then,
we use the expressions shown in Table 3.1 and obtain the various CLFV BRs as a function of
Y∆µτ . Here, we apply the one-loop expressions only when the tree-level contribution vanishes.
Finally, we compare the calculated CLFV BRs with the experimental limits collected in the
last column of Table 3.1 and get constraints for Y∆µτ , which, after combined with m∆ = 3
TeV, are translated into the lower limits on Λ∆. We further quantify the uncertainties for
these lower limits. For this purpose, we utilize the generated 104 sets of seven-types of
Y∆, as explained in Section 3.1. For each texture and process, we get 104 lower bounds on
Λ∆ as outputs. The uncertainty displayed for each entry of the table represents the range
that 99.7 % of the output numbers lie within (3σ range). As we can see, the variance for
texture C is especially sizable because, within this texture, the entry Y∆µe can be tuned to
be small when the CPV phase δ takes specific values. In Table 3.2, we highlight in red the
strongest bound for each texture, in all cases coming from µ → e transitions. In particular,
Table 3.2 also shows that µ → eγ provides tight constraints for all the textures, although
up to large uncertainties. These results inform us that the textures A1, A2, B1, B4, and
C are inconsistent with an effective scale Λ∆ ≲ 10 TeV. On the other hand, B2 and B3 are
more effective in suppressing µ → e transitions, so that they allow m∆ to be as light as of
5− 6 TeV even for Y∆µτ ≈ 0.5. As we can see for B2 and B3, the scales probed by τ → µ̄ee
and µ → eγ are comparable within uncertainties. This result implies observing both τ and
µ CLFV decay simultaneously is possible in near future.

The 5 ∼ 6 TeV cut-off scale is in stark contrast to what one expects from the anarchic
flavour structure. In the type II seesaw model, if all entries Y∆ are of the same order of
magnitude, the experimental constraints require Λ∆ to be larger than O(100) TeV [202, 205].
Rather, the results under certain zero textures are more similar to those from the U(2)5 EFT,
which we introduced in Section 2.2.2. The U(2) symmetry forbids all CLFV transitions, unless
the next-to minimal symmetry breaking spurions are included, see Ref. [264] for a recent
analysis. The strongest bound for the cutoff scale in the lepton sector is about 5 TeV, mainly
following from LFU tests in τ decays [36, 37]. This bound can be further relaxed to values even
closer to the TeV scale if the NP couplings to e and µ are mildly suppressed [36]. Here, we want
to highlight that, for textures B2 and B3, constraints on the NP scale are comparable to those
within the U(2)5 framework. We regard these examples as critical evidence supporting the
predictivity of the theories in the swampland of flavour symmetries. This result is illustrated
in Figure 3.2. The blue region represents the landscape of flavour symmetries, including
the U(2)5 invariant theories. The gray and white regions yield the swampland, in which the
two-zero textures and flavour anarchic theories lie. The blue (landscape) and part of the gray
(swampland) regions corresponds the TeV-scale new physics, relevant for present or future
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experiments such as Belle II, LHC, and FCC. The theories requiring 102 ∼ 104 TeV cut-off
scales are separated a the dashed line.

It is worthy to remark here that simply the zero entries in Y∆ are insufficient to explain
why Λ∆ can become so low. The one-loop induced µ → eγ transition is also tightly con-
strained by experiments, which does not vanish under the two-zero textures. Instead, we
need the full pattern of Y∆ to understand Table 3.2. The coefficient for the dipole operator
inducing µ → eγ is proportional to (Y∆Y

†
∆)µe, which reduces to Y∆τe in texture B2,B3.

These entries are smaller than Y∆µτ by about a factor of 0.1, and thus suppress the µ→ eγ
transition, allowing Λ∆ ≲ 10 TeV. The explanation above will become more transparent if
we interpret the two-zero textures as theories in the swampland of A4 symmetry. All µ→ e
transitions are forbidden by the Z3 subgroup of A4 [171, 172, 265–267]

∆→ ∆, e→ e, µ→ ei
2π
3 µ, τ → ei

4π
3 τ. (3.27)

With texture B2 and B3, the approximate A4 symmetry is broken by Y∆µµ and Y∆ττ ,
respectively, but such symmetry-breaking couplings are irrelevant for µ → eγ at one-loop.
Therefore, the B2 and B3 textures inherit the A4 suppression to flavour transition, although
they correspond to more general theories. One can further argue that these textures as
theories lying in the swampland of U(1)e symmetry, which, although explicitly broken by
Y∆ee, restricts Y∆µτ to be small. We believe these examples represent an important feature,
that the flavour symmetries do not only restrict the theories in its landscape, but also those
in its swampland.

In addition, the tree-level µ → ēee amplitude in texture B1,B4, and C are suppressed
by small Y∆µe, which can similarly be regarded as originated from the explicitly broken A4

or U(1)e symmetries. The swampland argument then also explains that, although texture
B1,B4, and C do not forbid tree-level µ → ēee, their cut-off scales Λ∆ can still stay at a
relative low scale of O(10 ∼ 20) TeV, which is nevertheless much lower than what one expects
from the flavour anarchic patterns.

3.3 Patterns of CLFV observables

In this section, we study with more detail on distinctive patterns that CLFV observables
can display in the type II seesaw model, when Y∆ features the two-zero textures. Our main
results are shown in Figures 3.3 and 3.4, which illustrate the correlations among the relevant
CLFV processes for the seven possible two-zero textures in Eq. (3.10), together with current
and future experimental sensitivities. Table 3.2 indicates that BR(µ → ēee) provides the
strongest constraints to textures B1, B4 and C. In Figures 3.3 and 3.4, we set the prediction
of this observable to its upper limit 1.2×10−12, and mark it as a blue star. This number comes
from the SINDRUM experiment in 1988 [255] and is still the best. For the other textures,
the strongest constraints come from BR(µ → ēee), which we set the theory prediction as
1.2 × 10−12, same as the recent MEG II limit [131]. In order to illustrate correlations with
other processes independent of the absolute size of |Y∆|, we assume |Y∆µτ | to be small enough
that the terms proportional to (Y∆Y

†
∆)ee contained in the expression for BR(µ→ ēee) shown

in Table 3.1 do not dominant. This is a loose condition and does not restore the SU(3)ℓ
symmetry: For B2, B3, it only requires |Y∆µτ | ≲ 0.7. This number is relaxed to about 1.5
for A1,A2. With this assumption, all relevant CLFV BRs, no matter if they are dominated
by tree-level or one-loop amplitudes, scale as |Y∆µτ |4, and the ratios between different BRs
are independent of the absolute size of the Yukawa couplings. In other words, all CLFV BRs
within the same zero texture are connected by neutrino oscillation data only. In our plots,
the error bars illustrate the 3σ uncertainties arising from oscillation parameters, which we
calculate using the 104 sets of Y∆ introduced in Section 3.2. The red diamonds represent the
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Figure 3.3: Predicted branching ratios of various CLFV processes for textures B1-B4. The
strongest constraint, BR(µ → eγ) or BR(µ → ēee), is fixed to the value that saturates the
current experimental limit (blue star). The predicted BRs for the other processes are denoted
by blue dots with error bars corresponding to 3σ uncertainties from neutrino oscillation
data. Red diamonds and green squares respectively indicate current and future experimental
sensitivities. See the main text for details.

current experimental limits for each process, as listed in Table 3.1. For µ → e conversion
in nuclei, we use the expressions in Table 3.1 to rescale the bound on CR(µAu → eAu)
translating it into a limit on CR(µAl → eAl). Expected future sensitivities [268–272] are
represented as green squares.

To explain the patterns shown in Figures 3.3 and 3.4, we firstly discuss about the results
on µ → e transitions. For texture B1 and B4, observing µ → eγ within the sensitivity of
the MEG II experiment [268] would then directly exclude these textures. Due to the large
theoretical uncertainties, this is not the case for texture C, and simultaneous observation of
µ → ēee and µ → eγ becomes possible. For the remaining textures, observing µ → ēee at
the Mu3e experiment [269] which is projected to significantly improve sensitivity comparing
with the SINDRUM 1988 result [255], is not in conflict with the tight bound on µ→ eγ. For
all textures, as long as either µ→ eγ or µ→ ēee are discovered, observing µ→ e conversion
in nuclei would be ensured at the upcoming COMET [270] and Mu2e [271] experiments.

Results in τ sector are particularly interesting. All B textures (and marginally the C
texture) allow the possibility of detecting τ flavour violating decay in near future, even under
the strict constraints from µ → e transitions. Notably, textures B2 and B3 ensure the
detection of τ flavour violating decay given that µ → eγ is observed, and it is even possible
to discover the CLFV decay of τ before that of µ. A particular interesting pattern is that the
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Figure 3.4: Same as Figure 3.3 for textures A1,A2 and C.

detectable τ CLFV decay spectrum only contains a single processes, τ → µ̄ee, which features
two same-sign electrons in the final state. Observing any other τ CLFV decay process (for
instance τ → ēeµ, which contains two opposite-sign electrons) would immediately exclude all
the considered textures. This pattern is to be compared with the U(2)5 invariant theories.
The minimal U(2)5 invariant EFT cannot describe CLFV. Next-to minimal spurions must
be added. Recently, Ref. [264] point out that given the tightness of the bounds on processes
involving electrons flavour changing, the U(2)ℓ×U(2)e breaking spurions, if sizable, must be
restricted to those couple to the third and second generation leptons only. Consequently, the
U(2)5 EFT allows relatively sizable τ → µ transition (τ → µ̄µµ and τ → ēeµ), which can lie
within the limit of future experiments despite the tight constraints for µ → e, but restricts
that τ → µ̄ee must be small. Operators with more generic flavour textures are needed to
describe τ → µ̄ee, for instance, the SU(2)q × U(1)X invariant operator (ℓ1Lγµℓ

2
L)(ℓ

1
Lγ

µℓ3L)
introduced in Eq. (2.63) of Section 2.2.3. Therefore, the zero textures do not only allow
sizable τ CLFV decay as what the third-generation specific EFT do, but can also describe
processes which arise in more general frameworks.

The discussions above provides more theoretical motivations to search for τ CLFV in high-
intensity frontier experiments, as a probe complementary to the currently running MEG II
and the upcoming Mu3e, COMET, and Mu2e experiments. We remark that such a task is
tailor-made for Belle II [272, 273]. As shown in the upper panel of Table 3.3, up to 4.5×1010

τ+τ− pairs are expected at Belle II, which are two and one orders of magnitudes more
than those from BESIII and STCF, respectively. Future e+e− collider such as CEPC can
produce O(1011) tau pairs at Z-pole, which is a little more than Belle II, but not by orders
of magnitude. Consequently, as demonstrated in the lower panel, Belle II can improve the
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Particle BESIII STCF (1 ab−1) Belle II (50 ab−1) CEPC (TDR)

τ+τ− 3.6× 108 3.6× 109 4.5× 1010 1.2× 1011

Measurement Current Belle II CEPC prelim. FCC

BR(τ → µ̄µµ) < 2.1× 10−8 3.6× 10−10 10−10 1.4× 10−11

Table 3.3: Up: Expected yields of τ leptons at BESIII, STCF, Belle II, and CEPC (4× 1012

Z bosons). Down: Current and projected sensitivities for τ → µ̄µµ at Belle II, CEPC, and
FCC-ee. This table is extracted from the CEPC white paper [274].

current limit on BR(τ → µ̄µµ) by nearly two orders of magnitudes, almost as good as the
projected sensitivity for CEPC. Significant improvements over Belle can be achieved only on
FCC, but merely by around one order of magnitude. According to Ref. [274], dedicated studies
on τ → µ̄ee are still missing, the sensitivities are expected similar to those for τ → µ̄µµ.

So far, we have not included any analysis on the robustness of the predicted CLFV
patterns under the RG corrections. Without the protection of an explicit symmetry, the
zero textures are not stable and the RG corrections to the ‘would-be’ zero entries in Y∆
must be taken into account for a complete study. For the physical observables involving on
these entries, such corrections can become phenomenologically important even if they are
small. We define a given zero texture to be exact only at a high scale ΛUV, with Yℓ(ΛUV) =
diag{ye, yµ, yτ}, and show how the ratios of the CLFV BRs (observed at low energies) change
with ΛUV in Figure 3.5. The gray lines indicating the ratios of the present experimental limits.
If a point lying below the line, the process in the denominator sets the stronger constraint
for the model, rendering that the RG corrections do not destabilize the CLFV patterns and
the qualitative result shown in Figure 3.3 and Figure 3.4 remain valid. For each point in the
plots, we choose Y∆µτ (m∆) = 0.1 (green) and 0.3 (red) as benchmark values for the absolute
size of the Yukawa couplings. We refer Section 5 of Ref. [72] for more technical details.

The top-left and top-right panels of Figure 3.5 confirm our analysis in Section 3.1, that
Y∆ee = 0 in texture A1 and A2 is RG stable. Consequently, the process µ → ēee, which
vanishes at tree level, does not receive large addictive corrections from RG running, either.
The prediction for the ratio BR(µ → ēee)/BR(µ → eγ) is approximately scale-independent
and thus valid without invoking flavour symmetries (and UV completions) to stabilize the
zero entries. In contrast, the middle-left and middle-right panels show that, for textures B2

and B3, the ratio BR(µ → ēee)/BR(µ → eγ) can be enhanced by more than two orders
of magnitude if there is a large hierarchy between m∆ and ΛUV and Y∆µτ is sizable. On
one hand, the RG corrections change the CLFV correlations and weaken the predictivity.
On the other hand, such effects are sensitive to ΛUV and open up the interesting possibility
of obtaining information on an ultra-high scale ΛUV, given Y∆µτ is known from TeV-scale
physics.

Plots in the right-hand side of Figure 3.5 answer in our view the most critical question:
does τ → µ̄ee become no longer more constraining than µ → ēee, when RG corrections
are considered? If Y∆µτ ≈ 0.1, τ → µ̄ee is always more constraining irrespective to ΛUV.
Nevertheless, approximate U(3)ℓ flavour symmetry is restored in such a case. To demonstrate
the predictivity of theories in the swampland of flavour symmetries, we must consider the
scenario in which Y∆µτ is sizable. In case Y∆µτ ≈ 0.3, τ → µ̄ee may provide a weaker
constraint indeed, which informs us that the zero-texture suppression of µ→ ēee remains no
longer effective when sizable RG effects are taken into account. However, this does not happen
when the separation between ΛUV and m∆ is less than about four orders of magnitudes. Such
a large hierarchy is sufficient to ensure the ΛUV-suppressed dimension-six operators remain
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Figure 3.5: Ratios of CLFV BRs as functions of the scale ΛUV where a given texture is
assumed to be exact, including the RG evolution of Y∆ above m∆. Green points correspond
to Y∆µτ = 0.1, red points to Y∆µτ = 0.3. The gray solid lines show the ratios of the current
experimental limits.

negligible. In other words, although the B2, B3 textures require some kind of UV completion
for stability, the corresponding UV physics can remain decoupling. The theories in the
swampland of flavour symmetries can therefore remain predictive despite the RG corrections
are taken into account.

At the end of this section, we remark that since the scalar triplet of type II seesaw can lie
at TeV scale when Y∆µτ is sizable, it can lead to distinctive signals at colliders. Ifm∆ ≈ 1 TeV,
LHC can directly produce the double-charged ∆±± pairs through the electroweak Drell-Yan
process — see e.g. Ref. [275, 276]

pp → ∆++∆−− → ℓ+ℓ+ℓ−ℓ−. (3.28)

Here, sizable Y∆µτ requires ∆±± to dominantly into the two same-sign charged leptons. This
leads to spectacular 4-lepton signatures, which is much cleaner than the decay modes to the
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decay mode A1 A2 B1 B2 B3 B4 C

∆++ → e+µ+ — 8.0+1.7
−1.0 % 0.25+0.50

−0.23 % — — 0.16+0.26
−0.15 % 12+10

−12 %

∆++ → e+τ+ 8.3+1.8
−1.0 % — — 0.25+0.50

−0.24 % 0.16+0.26
−0.14 % — 9+12

−9 %

∆++ → µ+τ+ 39+8
−5 % 41+9

−6 % 69.8+0.3
−1.5 % 69.8+0.3

−1.7 % 69.8+0.4
−1.7 % 69.8+0.4

−1.9 % 49+23
−24 %

∆++ → e+e+ — — 28+4
−4 % 28+4

−4 % 28+4
−4 % 28+4

−4 % 30+12
−20 %

∆++ → µ+µ+ 27+10
−8 % 27+5

−7 % — 2.5+4.0
−2.3 % — 2.1+3.5

−1.9 % —

∆++ → τ+τ+ 25+5
−7 % 24+11

−8 % 2.5+4.0
−2.2 % — 2.0+3.5

−1.8 % — —

Table 3.4: Central values and 3σ uncertainties for the branching ratios of ∆++ → ℓ+i ℓ
+
j

decays under the two-zero textures.

W bosons4. Assuming equal BRs for the ∆±± decays, the current lower bound for m∆ is
1080 GeV [277]. Directly producing ∆±± pairs heavier than the TeV scale is possible at a
future high-energy muon collider [278], see Ref. [279, 280] for dedicated studies within the
minimal type II seesaw model. In particular, ∆++ can also be singly produced at a µ+µ−

collider [281], or at a µ+µ+ collider [282, 283] such as the µTRISTAN proposal [284]

µ+µ− → µ−ℓ−∆++, µ+µ+ → ∆++(γ) (3.29)

Compared to pair production, the single production modes require a lower energy threshold so
that producing 2−3 TeV ∆++ could be feasible for near-term technology. Furthermore, even
if ∆++ is too heavy to be produced on shell, it can leave an impact on high-pT observables,
such as σ(µ+µ+ → ℓ+i ℓ

+
j ). Interestingly, the cross sections predicted in the renormalizable

model differ from those obtained from the dimension-six EFT (whose WCs can be inferred
from the CLFV observables) by a factor of O(s/m2

∆) [266, 285, 286]. At µTRISTAN with√
s = 2 TeV, such deviation is sizable even for m∆ ≃ 4 − 5 TeV. As a consequence, via

combing the high-pT data with the low-energy observations such as BR(µ → eγ), one can
directly extract information on m∆, even without producing it at a resonance peak.

Some the collider signals for ∆++ involve charged leptons with different flavours and can
complement the low-energy CLFV data. Using the generated 104 possible configurations of
Y∆, we calculate the tree-level BRs of ∆++ → ℓ+i ℓ

+
j modes under each of the seven possible

two-zero textures. The results are shown in Table 3.4, in which the modes vanishing at tree
level are indicated with the dashes. We also display the 3σ uncertainties, corresponding to the
range that 99.7 % of the output numbers lie within. Each texture features a distinctive pattern
of the daughter ℓ+i ℓ

+
j pairs, with relative uncertainties under control. Such patterns are to

be compared with the prediction from the generic textures aligned with Mν , which is subject
to large uncertainties from the unknown absolute mass scale and Majorana phases [203, 275,
287], As highlighted in red, the dominant decay mode is ∆++ → µ+τ+ for all textures,
distinct from the third-generation specific benchmark models for the double-charged scalars
such as the U(2) symmetric ones, which requires the τ+τ+ final state dominant. Moreover,
the shown BR patterns are also different from those under the flavour anarchic textures, in
which the six BRs are nearly equal. Hence, the (lucky) observation of ∆++ at colliders allows
distinguishing the two-zero textures with many other flavour structures.

3.4 Discussion

Working in the context of the minimal type II seesaw, our result demonstrate that the two-zero
textures, originally imposed on the Majorana neutrino mass matrix Mν , can be consistently

4furthermore, the decay BR to W±W± is negligible in the µ∆ → 0 limit.
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extended to new physics at a scale as low as 5 − 10 TeV, leading to distinctive correlations
among several CLFV transition rates. Compared with the flavor patterns protected by sym-
metries such as U(2)ℓ, U(1)e, and A4, some of the two-zero textures are equally predictive
with respect to the following key aspects:

(i) The dangerous µ→ e transitions can be suppressed, allowing a relatively low effective
cutoff scale. TeV-scale new physics can thus remain compatible with sizable Yukawa
coupling Y∆µτ .

(ii) Several CLFV processes can simultaneously lie within the reach of future experiments.
The ratios among their BRs are predicted, providing a possible method to distinguish
some of the two-zero textures from each other and the other flavor structures.

(iii) Although not all two-zero textures are stable under RG evolution, µ → e transitions
could remain suppressed even after the RG effects are included.

It is worth remarking that the less restrictive one-zero textures, such as A and B in Eq. (3.9),
are not predictive within the present knowledge of neutrino parameters. For instance, one can
see that textures A1 and B2 both satisfy the one-zero structure B, but they give distinctive
predictions for τ → µee.

The physical implications of our result extend far beyond the seesaw mechanisms and zero
textures. We demonstrate that the TeV scale new physics interacting with the ℓL sector do
not need a symmetry based protection mechanism to evade these stringent constraints. The
two-zero textures complement the patterns originate from explicit symmetries which have
been studied in depth. Simple and predictive theories can emerge even when the underly-
ing flavor symmetries (if any exist) remain implicit. Generalizing the framework to the full
leptonic sector is straight-forward. One can add a double charged singlet scalar ∆++

R , whose
interaction with ER can in general be sizable and explicitly break the SU(3)ER

symmetries.
The µR → eR transition can remain suppressed in analog to the µL → eL. Nevertheless,
the universal U(1)ER

symmetry, which can be identified as combination of the gauged U(1)Y
and U(1)L, becomes relevant and remain unbroken. To ensure the full theory lies in the
swampland of all leptonic flavour symmetries, one should exclude the lepton number. Such a
definition for flavour symmetries is also motivated in practice, because L can be interpreted
as a known and nearly exact symmetry of nature, due to the tiny neutrino masses. On the
other hand, generalizing to the quark sector is not trivial. Several features of quarks make
suppressing the s → d transition without explicit symmetries more challenging. Different
from µ→ e, the SM quark FCNC are always non-vanishing. Due to the interference effects,
the relevant observables involving quarks scale as 1/Λ2, instead of 1/Λ4 for those containing
only leptons, where Λ is the cut-off scale. Moreover, the magnitude of the QCD coupling
strength is much larger than that from QED, relaxing the QCD induced loop suppression.
Nevertheless, it is also interesting to explore maximal symmetry breaking terms which pre-
serves the small quark FCNC. Constructing a realistic theory in which (most of) the quark
flavour symmetries are explicitly broken can further demonstrate the rich and unexplored
structures for the swampland of flavor symmetries from a more general perspective.
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Chapter 4

Emerging Flavour Textures

In this chapter, we discuss another question on the swampland of flavour symmetries: How
can we make the flavour parameters calculable without explicit flavour symmetries?

Actually, the original Froggatt-Nielsen paper [39] introduced two different ideas to explain
the hierarchical SM fermion mass pattern:

(i) Interpreting the infrared values of SM flavour parameters as stable fixed points of RG
equations.

(ii) Imposing approximate selection rules from soft-broken flavour symmetries.

The idea (i) is further developed in Ref. [288, 289]. If the approach based on fixed points
works, the SM flavour parameters only depend on the GSM group of the low energy theory,
irrespective of the flavour symmetries at UV. Comparing with the idea (ii), the fixed point
approach is more promising, because the emergence of complexity from simple structures at
small distance scales, as we expect from the RG evolution, is a universal phenomenon and
not limited to particle physics. Well-known examples can be found in condensed matter and
many other complex systems, see e.g. [290, 291].

Explaining the SM flavour structures as an emergent phenomena is not limited to in-
terpreting them as infrared fixed points. In fact, as noted in Ref. [289], the fixed point for
the top quark Yukawa coupling discussed in Ref. [288] is never significantly approached at
the electroweak scale and is reached only when the QCD coupling starts to diverge. The
mathematically exact fixed points, strictly speaking, can only be reached in the infinitely
deep infrared. In practice, the running flavour parameters are always approaching the fixed
points, but typically remain at intermediate values around the electroweak scale. In this case,
we demonstrate that certain SM flavour parameters stay predictable and can agree with their
measured values, even if they largely deviate from the patterns restricted by the underlying
symmetries. Moreover, the perturbative RG evolution cannot describe all emergent phenom-
ena. Phase transitions due to non-perturbative effects can also erase the UV information and
lead to the realistic flavour patterns at low energies.

In this chapter, we start with exact UV symmetries and show that even if these symmetries
are strongly broken at low energies, the relevant flavour parameters can remain calculable. We
introduce two simple frameworks as examples: one is a perturbative theory — the minimal
SO(10), while the other involves non-perturbative effects of gravity. In both frameworks, the
observed SM flavour parameters emerge due to dynamics irrelevant to the flavour symmetries
in the UV. Section 4.1 is mostly based on our work Ref. [292]. In subsection 4.1.1, we introduce
the most minimal SO(10) theory and its flavour implications. Then, in subsection 4.1.2, we go
beyond the widely discussed ‘desert picture’ and populate the TeV-scale spectrum with scalar
leptoquarks (LQs) motivated by the long-standing anomalies in flavour-changing B meson
decays. In subsection 4.1.3 and 4.1.4, we demonstrate that the TeV-scale LQs can lead to
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successful b − τ unification within the most minimal theory, by modifying the low-energy
behavior of the Yukawa couplings. During the RG running, the flavour parameters evolve
approaching their infrared fixed points and differ significantly from their values dictated by
the UV symmetries. Comparing with Ref. [292], we include more discussions on the threshold
corrections to the τ lepton mass from the R2 LQ, and how an accidentally enhanced PQ
symmetry forbids proton decay induced by the S3, S1, or S̃1 LQ. Section 4.2 is based on
Ref. [293, 294] and our recent developments in Ref. [295]. In subsection 4.2.1, we introduce
the non-perturbative gravity induced chiral symmetry breaking mechanism established in
Ref. [294] and demonstrate that assuming a non-vanishing vacuum topological susceptibility,
the U(48) symmetry in the gaugeless limit of the SM must be dynamically broken during
a phase transition. Then, in subsection 4.2.2, we revisit the implication of this effect on
neutrinos noticed in Ref. [293] and argue that it explains the flavour puzzle on neutrinos
fully through the non-perturbative dynamics at low-energies. In particular, we identify an
overlooked modification to the U(1)B−L gauge symmetry which ensures that the Dirac-type
neutrino masses are calculable in this framework. The phenomenological implications of the
corresponding B − L gauge bosons are discussed in subsection 4.2.3.

4.1 Perturbative Theories: Fixed Points

4.1.1 SO(10) as a Flavour Symmetry

Considering a single generation of SM fermions shown by ψi16 of Eq. (2.7), and taking the
gaugeless limit in which all SM gauge coupling strengths vanish, we have

Nf = 16. (4.1)

The maximal flavour symmetry is then U(16), under which ψ3
16 transform as a fundamen-

tal representation. ψ3
16 is also an irreducible representation of SO(10), a maximal special

subgroup of SU(16). Considering the Euclidean space with D = 10, the Clifford Algebra is
constructed by ten 32× 32 Gamma matrices

{Γµ,Γν} = 2ηµν , (4.2)

where µ, ν = 1, 2, ..., 10. ηµν = 1 if µ = ν, otherwise, ηµν = 0. One can then construct
D(D − 1)/2 = 45 generators represented by the 32× 32 matrices

Σµν =
1

4i
[Γµ,Γν ]. (4.3)

It is straight forward to check that Σµν satisfies the commutation relations for the special
orthogonal groups in 10 dimension

[Σµν ,Σρσ] = i(ηµρΣνσ − ηµσΣνρ − ηνρΣµσ + ηνσΣµρ). (4.4)

In other words, the group represented by 32×32 matrices exp(−iθµνΣµν) is locally isomorphic
to the group of 10× 10 real orthogonal matrices with unit determinant. The corresponding
32-dimensional representation Ψ is called spinor representation of SO(10), it transforms as

Ψα → Ψα = (e−iθµνΣµν )αβΨβ, α, β = 1, 2, ..., 32. (4.5)

However, Ψ is reducible, because there exists a nontrivial matrix, the highest rank element
of the D = 10 Clifford Algebra, which commutes with all of the generators

[Γ∗,Σµν ] = 0, where Γ∗ ≡ iΓ1Γ2...Γ10. (4.6)
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Γ∗ is in analog to the Dirac γ5 matrix in (3+1) dimension. Consequently, Ψ can be projected
onto two irreducible representations,

ψ± =
1

2
(1± Γ∗)Ψ. (4.7)

ψ+ or ψ− is the Weyl spinors in D = 10 and after equipped with the Lorentz structure, can
be identified as ψi16. In other words, one can always define the transformation under which
the 16 free Weyl fermions ‘rotate’ as spinors in the 10d Euclidean space.

The kinetic terms of the SM Lagrangian are automatically invariant under the spinorial
transformation of SO(10). Ideally, the SM Yukawa and scalar sector should be restricted,
so that if neglecting the SM gauge interactions, SO(10) — the maximal anomaly-free sym-
metry acting on ψi16 — is extended to a symmetry of the full theory. In particular, the
SO(10) symmetry acting on ψi16 is compatible with the known GSM. Decomposing ψi16 into
representations of the SU(3)× SU(2)× U(1)Y subalgebra of SO(10) gives

ψi16 = (3,2,
1

6
) + (1,2,−1

2
) + (3,1,−2

3
) + (3,1,

1

3
) + (1,1, 1) + (1,1, 0), (4.8)

which are exactly the SU(3)c, SU(2)L representations and U(1)Y charges for the particles
shown in Table 2.1. As a consequence, each generation of SM fermions, including a right-
handed neutrino, can compose neatly into ψi16. Recently, Ref. [296] pointed out that such
‘unifiability’ is a rare feature among all possible anomaly-free assignments of GSM represen-
tation and strongly suggests the existence of the SO(10) symmetry in Nature.

The global SO(10) symmetry is anomaly-free so it can be gauged and serve as a funda-
mental principle. Promoting a semi-simple group in which GSM is embedded, such as SO(10),
to be local, has a profound physical motivation on explaining the charge quantization puzzle.
The quantization of electric charge in a way that neutron and neutrinos are electrically neutral
has been tested to extremely high precision; for instance, the neutron charge is constrained to
be about 10−21 times smaller than the electron charge [297]. However, no fundamental prin-
ciples within the SM can forbid deviations from this pattern [87, 298]. The group structure
of SO(10) requires the hypercharge group of SM to be quantized in units of the weak isospin
of SU(2)L and predicts that the electric charges of all SM particles are integer multiples of
the down quark charge. In addition, comparing with the global SO(10) symmetry which only
manifests itself in the gaugeless limit, the gauged SO(10) is defined exact above a certain
scale, commonly referred to as MGUT. At MGUT, the three SM gauge coupling strengths
(with proper normalization) merge. New gauge bosons represented by the SO(10) generators
arise and restore the SO(10) invariance. This appealing framework is commonly referred
to Grand Unified Theories (GUTs) [145, 299]. Various fits to gauge coupling unification for
SO(10) suggest that MGUT lies around 1016 GeV [300–303]. Although this scale is far above
the limit that the current or future colliders can directly reach, the new vector bosons can in-
duce baryon number violation processes such as proton decay. Future experiments measuring
the proton lifetimes [304, 305] can make the GUT idea partly testable. Due to the reasons
above, the SO(10) symmetries are more commonly assumed to be gauged in the literature.
However, the local and global symmetries do not differ in the Yukawa sector, because it does
not contain derivatives. Throughout this chapter, we focus on the role of SO(10) on flavour
parameters and do not specify whether it is gauged or not.

We not start to revisit the generic structure of the Yukawa sector constrained by the
SO(10) symmetry, which contains at most three different SO(10) invariant terms [86]

−LY = ψi16(Y
ij
10ϕ10 + Y ij

120ϕ120 + Y ij
126ϕ126)(ψ

j
16)

c. (4.9)

Here, ϕ10, ϕ120, and ϕ126 are respectively the vector, the rank-3 tensor, and the rank-5 (self-
dual) tensor in the space spanned by the Gamma matrices of SO(10)

ϕ10 = Γµϕ
µ
10, ϕ120 = ΓµΓνΓρϕ

µνρ
120 , ϕ126 = ΓµΓνΓρΓηΓζϕ

µνρηζ
126 , (4.10)
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where µ, ν, ρ, η, ζ = 1, 2, ..., 10. Y10 and Y126 are both 3 × 3 symmetric complex matrices
and Y120 is anti-symmetric [86]. The simplest Yukawa sector only contains a vector ϕ10, in
which case Eq. (4.9) reduces to Eq. (2.9) which we introduced in Section 2.1. To illustrate
the structure of ϕ10, we decompose it into the representations of GPS = SU(4)C ×SU(2)L×
SU(2)R [306] subalgebra

ϕ10 = (1C ,2L,2R) + (6C ,1L,1R). (4.11)

(1C ,2L,2R) contains one SM-like Higgs H, which is an SU(4)C singlet. Under the SU(4)C
group, the leptons are treated as carrying a ‘forth color’ and are contained in the fundamental
representation together with the quarks. As a consequence, H interacts universally with
quarks and leptons, so that the masses for top quark, bottom quark, charged τ lepton, and
Dirac-type τ neutrino are degenerate at MGUT

mt = mb = mτ = mντ . (4.12)

For simplicity, we limit our analysis to the third generation fermions ψ3
16, and neglect the small

Yukawa couplings for the first-two generation fermions. From the known value of mt, the
other third generation fermions’ masses become fully calculable due to the SO(10) symmetry.
Unfortunately, the degenerate mass spectrum is clearly inconsistent with the measured values,
rendering the minimal theory containing only one ϕ10 unrealistic. One may alternatively try
to replace the vector ϕ10 with a rank-three tensor ϕ120. However, Y120 shown in Eq. (4.9) is
anti-symmetric in flavor space so its (3, 3) entry vanishes with one single generation. Even if
more generations are considered, ϕ120 cannot generate heavy masses for the third-generation
fermions if those in the first-two generations remain light.

To predict the realistic third-generation fermion mass spectrum, a representation with
more structural complexity is needed. Indeed, the last remaining choice, the rank-five (self-
dual) tensor ϕ126, improves the situation much. The decomposition of ϕ126 under GPS is

ϕ126 = (6C ,1L,1R) + (10C ,3L,1R) + (10C ,1L,3R) + (15C ,2L,2R). (4.13)

The following two features of ϕ126 make the fermion mass spectrum closer to reality. Firstly,
ϕ126 is tailor-made for tiny neutrino masses. One of the (10C ,1L,3R) components is singlet
under GSM. If it takes a high-scale VEV ⟨∆R⟩, the right-handed neutrino νR can acquire
a large mass and decouple from the low energy spectrum1. Upon integrating out νR, the
neutrinos participating in electroweak interactions become all massless at leading order, and
the dimension-5 Weinberg operator [141] can generate a tiny mass term for ντL [307, 308]. In
addition, ϕ126 permits more freedom modifying the charged fermion masses. (15C ,2L,2R)
contains two Higgs doublets Hu and Hd, which carry opposite SU(2)R isospins. The fermion
masses thus do not only depend on the single Yukawa coupling strength, but also the ratio
between the two Higgs VEVs, ⟨Hu⟩/⟨Hd⟩, commonly referred to as tanβ. On the other
hand, the Yukawa interaction involving one ϕ126 remains predictive, because it is accidentally
invariant under the following global PQ-type U(1) transformation

ψ3
16 → ψ3

16e
iθ, ϕ126 → ϕ126e

2iθ. (4.14)

This symmetry is universal to all scalars in ϕ126, including the two Higgs doublets. The quark
bilinears carrying different PQ charges cannot couple to both of the Higgs doublets, so the
Yukawa interaction for charged fermion masses is restricted to

−LY = ytQ3
LtRHu + ybQ

3
LbRHd + yτL3

LτRHd + h.c. (4.15)

1This applies to all three generations of νR, because even if the Yukawa couplings for the first-two gener-
ations are small, the hierarchy between ⟨∆R⟩ is in general larger.
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Interaction terms such as Q3
LbRH̃u are forbidden by the PQ charge. Since Hu and Hd live in

the same SU(2)R doublet, we have

yt = yb, mt = mb tanβ. (4.16)

tanβ can generate the large hierarchy between the top and bottom quark mass. Meanwhile,
non-trivial relationships between the quark and lepton masses are also predicted. Contrary
to (1C ,2L,2R), the representation (15C ,2L,2R) is not a singlet under SU(4)C . Hu and Hd

live in the direction of the B − L generator of SU(4)C

TB−L =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

 , (4.17)

which is an SU(3)c singlet and carries unit B − L charge. In other words, yb and yτ are
proportional to the B−L charges for quarks and leptons, respectively. After eliminating the
unphysical minus sign, we arrive at a quantitative prediction at MGUT

yτ = 3yb, mτ = 3mb. (4.18)

Comparing with the numbers shown in Eq. (2.19) and Eq. (2.20), this b − τ mass relation
agrees with the measured values within the order of magnitude.

The predictions of the simplest SO(10) invariant Yukawa sector, which only contains ϕ126
and ψ3

16, can be summarized as

(i) All three νR decouple from the low energy spectrum.

(ii) The active neutrinos are approximately massless.

(iii) The top and bottom quark mass ratio is equal to tanβ.

(iv) The τ lepton is three times heavier than the bottom quark.

(v) The charged fermions in the first-two generations are light.

(vi) All flavour mixings vanish.

Strictly speaking, (iii) implies as a prediction only if both Hu and Hd are relatively light
so that tanβ is experimentally measurable. Nevertheless, the fermion mass spectrum and
mixing patterns predicted in (i)-(iv) more or less reflect the reality. We refer this setup as
the most minimal SO(10). The question is: even if these predictions hold at a high scale,
say MGUT, above which SO(10) is (approximately) exact, do they remain valid at the low
energies?

In addition to ψi16 and the vacuum state ⟨ϕ126⟩, the complete low energy theory also
contains the GSM gauge bosons and the Higgs boson H. If we promote ⟨ϕ126⟩ to a spurion,
the SO(10) symmetry is restored only when we take the gaugeless limit and (unphysically)
require that the Higgs boson decouples. Therefore, although the SO(10) symmetry can be
exact above MGUT, at low energies it is always broken by the SM gauge and Higgs bosons,
and the constrains on the some flavour parameters are subject to sizable corrections. In
other words, the SM does not lie in the landscape of SO(10), but only in its swampland.
The SO(10) breaking effects are irrelevant to the qualitative predictions (i), (ii), and (v), and
its correction to (iii) can be eliminated by choosing an approximate renormalization scheme
for tanβ. Prediction (vi) remains unchanged because one can always take Y126 diagonal so
that the theory contains no source of flavour violation, irrespective of whether SO(10) is
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broken or not. Only the prediction (iv) is modified by the SO(10) breaking effects. Given
mτ = 3mb at a high scale of about 1016 GeV, and considering the loop corrections induced
by SM gauge and Higgs bosons, we find mτ ≈ 1.3 mb at 1 TeV, a relation close to — but still
not reasonably agreeing with — the measured quantities mτ ≈ 0.7 mb which can be inferred
from Eq. (2.19) and Eq. (2.20).

Therefore, although the SM is in the swampland of SO(10), it inherits all predictions
of the most minimal SO(10) theory except for (iv), which is subject to an O(1) correction.
If one further includes the SO(10) breaking effects from SM gauge and Higgs bosons, the
prediction (i)-(iv) all qualitatively agree with experiments. However, quantitatively, (iv) and
(vi) are inconsistent with the measurements and lead to two challenges

(i) How to solve the b− τ mass discrepancy?

(ii) How to generate flavour mixings?

For a long time, people believed that the mentioned failure comes from the minimal model
construction and next-to minimal model building is needed for a consistent SO(10) theory
in UV, as well as all realistic unification theories in general. More than one representation
is required to achieve realistic fermion masses and mixings — either heavier than MGUT
(entering as effective operators [309–311]) or lighter (such as additional scalars containing
Higgs doublets [312–315] or vector-like fermions [316, 317]). The predictions of the most
minimal GUT are replaced by fits within ‘minimal realistic’ models which contain additional
free parameters; see Refs. [303, 314, 318–325] for examples of non-supersymmetric (SUSY)
GUTs. Meanwhile, generating realistic flavour patterns becomes easier in the supersymmetric
GUTs, see Refs [326–330] for recent representative studies. The threshold correction to the
matching relation between SM and minimal supersymmetric standard model (MSSM) Yukawa
couplings can be enhanced when tanβ is large [326, 331–335], which corrects the b− τ mass
relationship. Meanwhile, the flavour mixing effects from the soft-SUSY breaking terms can
propagate into the charged fermion mass matrices at the low energies [336–338]. Comparing
with the most minimal SO(10) we introduced, a common feature of the proposed minimal
realistic SUSY and non-SUSY models is, that the predictions on the flavour parameters are
lost.

However, it would be premature to claim that the most minimal SO(10) we introduced
is unrealistic: The loophole is the assumption of a particle desert between the electroweak
scale and MGUT, usually deduced from the naturalness criteria [339]. Recently, the authors of
Ref. [340, 341] proposed a new idea, that the wrong b−τ mass relation in minimal SU(5) can
be resolved by introducing a large mass hierarchy among the particles within the same scalar
multiplet. This hierarchy requires that some particles lie far below MGUT, and suggests the
desert picture together with the naturalness criterion should be reconsidered. In the view of
RG evolution, these particles modify the infrared structure of the most minimal GUTs, and
drive the UV parameters towards their infrared fixed-points. Therefore, the wrong b−τ mass
ratio does not necessarily falsify the most minimal SO(10); rather, the low-scale particles2

can further change the values of yb and yτ , rendering the SO(10) symmetry (if exists) more
implicit at the low energies.

Assuming this strategy makes the most minimal SO(10) theory realistic, we then arrive at
a successful theory for flavour, in which many flavour parameters are calculable. In particular,
the SO(10) symmetry exact above MGUT, becomes implicit at low energies but remains
predictive on restricting the SM flavour patterns, as the unbroken flavour symmetries can do.
We believe this setup should also be regarded as a simple and concrete example showing that
certain flavour structures can mostly originate from dynamics irrelevant to the underlying
flavour symmetries.

2Including particles from the GUT representations in the light spectrum, in some cases, also leads to
successful gauge coupling unification; see, for instance, Ref. [310, 311, 342–344].
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4.1.2 Reshaping the Infrared

To reshape the infrared structure of the most minimal SO(10) theory, the needed low-scale
particles can originate from ϕ126. In case the scalar sector is invariant under certain global
symmetries GS , light pNGBs can arise once GS is spontaneously broken into one of its
subgroups [345–348]. However, GS is in general explicitly broken by the gauge and Yukawa
interactions. The pNGB masses are thus subject to large additive loop corrections [349], so
they still cannot stay at the low scales without fine-tuning. Although a further reduction of
the pNGB masses is possible in supersymmetric theories, in which the additive corrections
are forbidden and the pNGBs can lie at the SUSY-breaking scale, the existence of low-scale
particles generally lead to conceptual puzzles without SUSY. The tree-level masses of these
particles must be fined-tuned to cancel the loop corrections.

From a different perspective, requiring more states in ϕ126 to lie at low-scales is motivated
by the experimental data on flavor-changing B meson decays. For more than a decade several
observables related to b→ c and/or b→ s decays have been found to deviate form their SM
predictions. The current status of the ‘flavor anomalies’ is as follows: b → cτν is probed
through the ratios of branching ratios

R(D(∗)) =
BR(B → D(∗)τν)

BR(B → D(∗)ℓν)
, ℓ = e, µ, (4.19)

and polarization data. The SM prediction to R(D(∗)) is robust, because in the limit mτ = 0,
the non-perturbative effects cancel due to lepton flavour universality. In other words, the
only non-perturbative quantity involved in the theory prediction of R(D(∗)) is a ratio of form
factors multiplying a term suppressed by the mass ratio m2

τ/m
2
B. An analysis exploiting

experimental information on form factor shapes finds the combined b → cτν data deviating
from the SM predictions by 4.4σ [26]. Moreover, if one tried to change the form factor ratio
in R(D∗) to a level that the data are reproduced, predictions of measured polarization data
in B → D∗ℓν decays with light leptons ℓ = e, µ would instead severely deviate from their SM
predictions [350]. BaBar, Belle, Belle II and LHCb contribute to the b→ cτν anomaly with
mutually consistent measurements [351–358] (combined in Ref. [359]). On the other hand,
the b→ sℓ+ℓ− anomaly is supported by measurements of various decay branching ratios and
angular distributions of b-flavored hadrons by LHCb [360–376] and, more recently, also by
CMS [377]. In particular, the observed B+ → K+ℓ+ℓ− decay at low q2 region, defined as

Γ(B+ → K+ℓ+ℓ−)[1.1, 6.0] =

∫ (6.0 GeV)2

(1.1 GeV)2

dΓ(B+ → K+ℓ+ℓ−)

dq2
dq2, q2 = (pℓ+ + pℓ−)

2,

(4.20)
are in tensions of O(4σ) with the SM predictions3. The combination of all data prefers
beyond-SM scenarios with a significance above 5σ [25], if the SM prediction of Ref. [378]
is used. The latter has been challenged by several alternative calculational methods [379–
384]. While more conservative estimates of hadronic uncertainties reduce the significance of
beyond SM physics, there is no convincing way to bring the all b → sℓ+ℓ− data into good
agreement with the SM predictions. Recently, Belle II reported an excess in B → Kνν over
the SM prediction [385]. The result obtained using the more recent inclusive tagging analysis
(ITA) method shows a 2.9σ departure. A combination of both conventional hadronic tagging
analysis (HTA) method and ITA method yields a 2.7σ discrepancy with the SM prediction.
Statistically, it is unlikely that all these anomalies will disappear in the future [23], and their
BSM explanation requires particles not far above the TeV scale.

In particular, LQs with masses between 1 TeV and 50 TeV are well-suited to remedy the
flavor anomalies without harming predictions of observables which are in agreement with

3All data are compatible with lepton-flavor universality in the first two generations, i.e. equal decay width
B → K(∗)e+e− and B → K(∗)µ+µ− [375].
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S3 S1 S̃1

b→ cτν (cLγ
µbL)(τLγµνL)

(cRσ
µνbL)(τRσµννL)

(cLγ
µbL)(τLγµνL)

(cRbL)(τRνL)

−

b→ sττ (sLγ
µbL)(τLγµτL) − (sRγ

µbR)(τRγµτR)

b→ sνν (sLγ
µbL)(νLγµνL) (sLγ

µbL)(νLγµνL) −

R2 R̃2 S̄1

b→ cτν
(cRσ

µνbL)(τRσµννL)

(cRbL)(τRνL)
− −

b→ sττ (sLγ
µbL)(τRγµτR) (sRγ

µbR)(τLγµτL) −

b→ sνν − (sRγ
µbR)(νLγµνL) −

Table 4.1: Effective operators relevant to the b → s, b → c transitions, induced by the
exchange of the six possible LQs with generic interacting patterns. The top quarks and
right-handed neutrinos are omitted. Except for charm and strange quarks, we do not include
the fermions in the third generation.

their SM predictions [386–404]. The LQs are color triplets that can couple to a quark and a
lepton. In total, there are six different types of scalar LQs, following the notation of Ref. [387]
up to charge conjugation, the representations under SU(3)c × SU(2)L and hypercharges of
each type of LQs are

S3 ∼ (3,3,−1/3), S1 ∼ (3,1,−1/3), S̃1 ∼ (3,1, 4/3),

R2 ∼ (3,2,−7/6), R̃2 ∼ (3,2,−1/6), S̄1 ∼ (3,1,−2/3).
(4.21)

In the energy regime far below 1 TeV, the LQs can all be integrated out, generating effective
operators suppressed by their masses. For each type, we collect the effective operators that
can arise from tree-level matching given the most general Yukawa couplings [387], and show
the ones relevant for b→ s, b→ c transitions in Table 4.1. For simplicity, we do not include
any fermions of the first-two generations, except for the involved charm and strange quarks.
It is worth noting that the left-right symmetry is not manifest, because νR and the top
quark are not included. As indicated in Table 4.1, among the six types of possible scalar
LQs, five of them — S3, S1, S̃1, R̃2, R2 — can address the long-standing anomalies observed
in semi-leptonic B decays. The S3, S1, and R2 LQs contribute to operators relevant to
b→ c [405, 406]. As the SU(2)L invariance restricts that S3 induces the same b→ c and b→ s
transition amplitudes, fully explaining the large R(D(∗)) discrepancy with merely one S3
conflicts with the current bounds on b→ sνν transitions. A common way out of this problem
is to combine S3 with S1, so their contributions to b→ sνν can partly cancel [392, 397]4. In
addition to the S3 and S1 LQs, R̃2 can also induce b→ sνν. In particular, if the coefficients
for operators containing the left and right handed quarks cancel, S3 (or S1) and R̃2 can
generate sizable B → Kνν decay rate without endangering B → K∗νν [408, 409], which

4Assuming a cancellation of about 60%, and including the b→ c operator induced by S1, R(D(∗)) can be
consistently explained at 1σ level [407].
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SO(10) SU(4)C × SU(2)L × SU(2)R SU(3)c × SU(2)L × U(1)Y

ϕ126 (6C ,1L,1R) S1(3,1,−1/3)
S′
1(3,1, 1/3)

(10C ,3L,1R) S3(3,3,−1/3)

(10C ,1L,3R) S̄1(3,1,−2/3)
S′′
1 (3,1, 1/3)

S̃1(3,1, 4/3)

(15C ,2L,2R) R2(3,2,−7/6)
R̃2(3,2,−1/6)
R′

2(3,2, 7/6)

R̃′
2(3,2, 1/6)

Table 4.2: Embedding of the six possible LQs in the Pati-Salam and the minimal SO(10)
framework.

addresses the recent Belle II excess. The S3, S̃1, R2, and R̃2 LQs are relevant for b → sττ
transitions. If closing the τ loop and attaching it to an off-shell photon, the penguin diagram
can induce b→ sℓℓ (ℓ = e, µ) and satisfy the lepton flavor universality constraints [410].

The state-of-the art is to postulate the required light LQs ad-hoc, which remains unsatis-
factory until these particles are embedded into a meaningful theory addressing fundamental
puzzles of the SM. The LQ explanation for B anomalies become more convincing in the partial
unification models, such as the Pati-Salam (PS) theories [306]. In particular, the LQ masses
are required light if PS unification is realized at the multi-TeV scale. Even so, additional
vector-like fermions and/or extended gauge groups are typically needed to achieve TeV-scale
partial unification [60, 411–415], in order to evade the bounds from processes involving light
flavors, such as KL → µe. The flavour implications for the scalar LQs are also analyzed
in the GUT frameworks, see Ref. [344, 395, 416–418] for examples. Here, we note that all
six possible scalar LQs are contained in ϕ126 of the most minimal SO(10) theory, with the
embedding chains shown in Table 4.2. Based on this reasoning, the existence of scalar LQs
becomes no longer a prior assumption, but a requirement for restoring SO(10).

If the LQs are all embedded in ϕ126, the operator structures shown in Table 4.1, ignoring
flavour, do not receive additional constraints. To demonstrate this, we firstly rewrite the
SO(10) invariant Yukawa interaction into a less compact form and drop the terms irrelevant
to b→ c or b→ s transition

−LLQ = Y LL
3 QLS3L

c
L + Y RR

3 QcRŜ3LR + Y LL
1 QLS1L

c
L + Y RR

1 QcRŜ1LR

+ Y LR
2 QLR̂

′LR + Y RL
2 QcRR̂L

c
L + h.c.

(4.22)

Here, we keep the SU(2)R indices implicit: Ŝ3 represents the SU(2)R triplet composed by S̄1,
S′′
1 , and S̃1; Ŝ1 is an SU(2)R singlet; R̂ and R̂′ both contain two distinct SU(2)R doublets,
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but carry opposite B − L charges. Their explicit forms are

Ŝ3 =

(
S1 S′′

1/
√
2

S′′
1/
√
2 S̃1

)
, Ŝ1 =

(
0 S′

1/
√
2

−S′
1/
√
2 0

)
,

R̂ =
(
R2 R̃2

)
, R̂′ =

(
R′

2 R̃
′
2

)
.

(4.23)

Eq. (4.22) and (4.23) agree with the gauge and Lorentz operator structures shown in Table 4.1.
As indicated by the Yukawa couplings, the R-type LQs couple to quarks and leptons with
opposite chiralities, while the S-type LQs — S3, S1 for left-handed fields and Ŝ3, Ŝ1 for right-
handed fields — are chirality-specific. Integrating out the LQs in Eq. (4.22) and (4.23)
generates the scalar-type effective operators with the form (qℓ)(ℓ′q′) at tree-level. After Fierz
transformation, these operators can be transformed into the ones shown in Table 4.1. On
the other hand, the most minimal SO(10) restricts the flavour structure of the operators
generated by its embedded LQs. At MGUT, the 3 × 3 Yukawa couplings matrices Y1,2,3,
irrespective of their chiral indices L or R, are all aligned to the quark mass matrices and
therefore inherit the third-generation specific pattern. In the limit that only ψ3

16 interact
with ϕ126

Y1,2,3 ∝ Y126 ∼

 0 0 0
0 0 0
0 0 1

 . (4.24)

This structure, if approximately preserved at low energies, yields the needed approximate
U(2) symmetry which can suppress FCNC involving the first-two generations. Therefore, in
additional to their existence, the third-generation specific flavour structure for scalar LQs
is also predicted instead of assumed. Nevertheless, generating the flavour patterns of the
operators in Table 4.1 requires mixing between the 3− 2 generation quarks at low energies.
We show how these mixing angles can arise in Section 4.1.4.

In addition to the Yukawa couplings shown in Eq. (4.22), the S-type LQs can also couple
to a pair of quarks. From the low-energy perspective, such ‘di-quark’ couplings do not lead
to proton or neutron decay, because they can be forbidden by the baryon number symmetry,
under which each leptoquarks carries one unit of charge. The baryon number then remains
exact at low energies. However, considering the SO(10) embedding, the baryon number
symmetry is broken at MGUT, and cannot remain exact in the matched low-energy theory.
In the most minimal SO(10), the S1 LQ always couples to a pair of quarks [419], and are
required to be as heavy as MGUT in order to suppress proton decay. If S1 lies at the TeV
scale, its di-quark coupling strength must be fine-tuned small [420–423] and the model setup
must be extended. On the other hand, the diquark couplings involving S3, S1, and S̃1 are
absent at tree level [419], which can be understood as a consequence of the accidental U(1)PQ
symmetry shown in Eq. (4.14). Taking S3 as an example, although the SM gauge symmetry
allows it to couple to both (QLL

c
L) and (QcLQL), these two fermion bilinears contain opposite

PQ charge so that S3 can only be combined with one of them, which is (QLL
c
L). It is worth

remarking that the high-scale VEV ⟨∆R⟩ in ϕ126 is not invariant under PQ symmetry and
spontaneously breaks it. However, ⟨∆R⟩ is not a singlet of the SU(5) × U(1)Z subgroup of
SO(10), either. Here, the U(1)Z charge QZ is composed by T3R of SU(2)R and B − L, and
we refer to Ref. [424, 425] for the U(1)Z charge of the SM particles and the scalars in ϕ126.
Considering this, ⟨∆R⟩ only spontaneously breaks a combination of U(1)PQ and U(1)Z , and
is invariant under the modified PQ symmetry U(1)PQ′

U(1)PQ × U(1)Z
⟨∆R⟩−−−→ U(1)PQ′ , QPQ′ = QPQ −

1

5
QZ , (4.25)

This modified PQ symmetry forbids the dangerous di-quark couplings below ⟨∆R⟩. Therefore,
as long as the scalar sector of the most minimal SO(10) is restricted to be PQ invariant5, the

5The scalar sector is automatically invariant under U(1)X because it is a subgroup of SO(10).
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embedded S3, S1, S̃1 never couple to a pair of quarks. In other words, the U(1)PQ′ breaking
scale must be far lower than MGUT to suppress proton decay if these S-type LQs are light.

The requirement of low scale U(1)PQ′ symmetry further constrains the scalar spectrum.
The effective mixing term between the two Higgs doublets, µ2HHuHd + h.c., is needed to
generate the non-zero VEV for Hd, since ⟨Hd⟩ ∼ µ2H⟨Hu⟩/m2

Hd
[426]. Moreover, µH explicitly

breaks U(1)PQ′ and the induced diquark couplings are proportional to (µH/MGUT)
2, yielding

S-type LQ mediated baryon number violating amplitude

A∆B=1 ∼
(

µH
MGUT

)2

× 1

m2
S

∼
(
mHd

MGUT

)2

× 1

tanβ m2
S

. (4.26)

Since tanβ must be finite to generate the bottom quark masses, the M2
GUT suppression of

A∆B=1 requires mHd
, the mass of the Higgs other than the SM-like one, cannot be much

larger than the S-type LQ masses. The low-energy spectrum is thus enriched with an extra
Higgs doublet. If sufficiently light, its charged component can contribute to at tree-level
b→ cτν [427–430] and induce b→ s transition at one loop [428, 431, 432].

Therefore, the long-standing B anomalies provide data-driven motivations to reshape the
infrared structure of most minimal SO(10) theory. Among the scalar components of ϕ126,
(some of) the S3, S̃1, R2, R̃2 LQ masses, together with two Higgs doublets, should lie around
the TeV scale.

4.1.3 b− τ Unification

Taking the limit that the Yukawa sector contains only the third generation fermions, and
excluding S1 and S̄1, Eq. (4.22) reduces to

−LLQ = y1bcRτRS̃1 + y2bcRL
3c
L R̃2 + y3Q3c

L L
3
LS3 + y4QLR

′
2τR + y5tcRR2L

c
L + h.c. (4.27)

At MGUT, the absolute Yukawa coupling strengths are related to yt, through the group
structure of 126H

y1 = y2 = y3 = y4 = y5 = 2
√
3yt, (4.28)

The factor 2
√
3 can be interpreted as a generalized Clebsch-Gordan coefficient, which we take

from Ref. [419]. Its enhances the LQ Yukawa coupling over the top quark one by more than
a factor of about 3.5.

Similar to the two Higgs doublets, R2 and R′
2 can mix via a low-scale U(1)PQ′ symmetry

breaking term
Lmix = µ2RR2R

′
2 + h.c. (4.29)

The mixing term µ2R, together with the top quark mass, connects the τ leptons with opposite
chiralities and induces an inhomogeneous threshold correction to mτ

δmτ = mtNc
y4y5
16π2

µ2R
m2
R

C0

(
1,
m′2
R

m2
R

,
m2
t

m2
R

)
≈ (1.73 GeV)×

( y4
0.8

)( y5
0.7

)( µ2R
m2
R

)
C0

(
1,
m′2
R

m2
R

,
m2
t

m2
R

)
.

(4.30)

Here, mR and m′
R are the physical masses of R2 and R′

2. Without loss of generality, we take
mR > m′

R. C0 is the scalar Passarino-Veltman function [433] evaluated in the zero external
momentum limit, which reads

C0

(
1,
m′2
R

m2
R

,
m2
t

m2
R

)
=

m2
R

m2
R −m′2

R

log
m′2
R

m2
R

+O
(
m2
t

m′2
R

)
. (4.31)
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It is straight-forward to check C0 ∼ O(1), in the absence of a large hierarchy between mR and
m′
R.
(
µ2R/m

2
R

)
can be interpreted as the mixing angle between R2 and R′

2. To fully address
the large b→ cτν anomaly,

(
µ2R/m

2
R

)
and y4 need to take O(1) values6. Therefore, Eq. (4.30)

leads to a large additive correction to the τ lepton mass, unless y5 takes value much lower than
0.6. We note this mechanism is in analogy to the SUSY threshold correction to the bottom
quark mass in the large tanβ regime [331–333]. In particular, the precise value of δmτ only
depends on dynamics below the scale of mR, and is insensitive to the values of the Yukawa
couplings in the UV theory. As a consequence, although the TeV-scale R2 LQ can generate
the correct b− τ mass relationship and removes a weakness of the most minimal SO(10), mτ

becomes an arbitrary parameter at low energies as in the theories without SO(10) symmetry.
Since we want mτ to be calculable, we exclude the R2 explanation to the R(D(∗)) anoma-

lies, and consider the scenario that R(D(∗)) is (partly) addressed by S3 and the additional
Higgs doublet. Without the data driven motivation, R2 is supposed to lie around MGUT. The
TeV-scale spectrum contains S3, R̃2, an additional Higgs doublet, and possibly S̃1. Compar-
ing with R2, these scalars do not lead to inhomogeneous loop corrections to the LQ and Higgs
Yukawa interactions, because the U(1)PQ symmetry ensures each scalar only couples to a sin-
gle type of fermion bilinear. The RG equations for the third-generation specific LQ and Higgs
coupling strengths can be reduced from the generic ones provided in Refs. [403, 426, 434]

16π2
d

d logµ
yt = yt

(
−17g21

12
− 9g22

4
− 8g23 +

9y2t
2

+
y2b
2

+
3y23
2

)
,

16π2
d

d logµ
yb = yb

(
−5g21

12
− 9g22

4
− 8g23 +

y2t
2

+
9y2b
2

+ y2τ +
y21
2

+ y22 +
3y23
2

)
,

16π2
d

d logµ
yτ = yτ

(
−15g21

4
− 9g22

4
+

5y2τ
2

+ 3y2b +
3y21
2

+
3y22
2

+
9y23
2

)
,

16π2
d

d logµ
y1 = y1

(
−2g21 − 4g23 + y2b +

y2τ
2

+ 3y21 + y22

)
,

16π2
d

d logµ
y2 = y2

(
−13g21

20
− 9g22

4
− 4g23 + y2b +

y2τ
2

+
y21
2

+
7y22
2

+
9y23
2

)
,

16π2
d

d logµ
y3 = y3

(
−g

2
1

2
− 9g22

2
− 4g23 +

y2t
2

+
y2b
2

+
y2τ
2

+
3y22
2

+ 8y23

)
.

(4.32)

Here, g1, g2, and g3 are the gauge coupling strengths of U(1)Y , SU(2)L, and SU(3)c, re-
spectively. All coupling strengths in Eq. (4.32) should be understood as functions of the
renormalization scale µ. To illustrate the generic behavior of the RG running, one can view
g1, g2, g3 as slowly varying functions above the TeV scale. Then, if the Yukawa couplings
take large values at MGUT, they dominate over the gauge coupling strengths in the RG equa-
tions. The corresponding beta functions are thus all positive and drive the Yukawa coupling
strengths to decrease during the evolution towards low energies. Conversely, if the Yukawa
coupling strengths are small at MGUT, their beta functions are dominated by the gauge cou-
pling strengths and become positive. The Yukawa couplings strengths increase during the
running from UV to infrared. No matter decreasing or increasing, the evolution slows down
when the Yukawa coupling strengths get closed to the gauged ones. In the deep infrared limit,
all beta functions vanish and the running Yukawa coupling strengths become constants, com-
monly referred to as ‘fixed points’. The fixed points can be found by solving the system of
equations

d

d logµ
yf = 0, f = t, b, τ, 1, 2, 3. (4.33)

6y5 is not directly related to the b → c transition, because it is the coupling strength for interaction
involving tR instead of cR.
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Figure 4.1: RG evolution of the third-generation charged fermions masses from 102 to 1016

GeV. The solid (dotted) lines indicate the scenario with (without) LQs at TeV scale. We fix
yt(MGUT) = 0.56 to get the correct value of mt and Yukawa unification implies tanβ = 42.
The gray vertical lines indicate MGUT and the light LQ threshold.

For simplicity, we neglect g1 and g2. The fixed points solution reads

yt → 1.24g3, yb → 1.17g3, yτ → 0,

y1 → 0.88g3, y2 → 0.55g3, y3 → 0.51g3.
(4.34)

Therefore, irrespective of their values at the GUT scale, yt, yb must be as large as g3 at low
energies. Since the running equation of yτ does not involve g3, yτ evolves towards zero until
it feels the effect of g1 and g2. This fixed point behavior qualitatively explains how the ratio
(yτ/yb) evolves from 3 at MGUT to about 0.7 at the TeV scale. Moreover, the low energy LQ-
fermion couplings are also numerically close to g3. Such sizable couplings further support the
scalar LQ explanation of the B anomalies. We consider y2 ≈ y3 as a critical prediction. As
explained in subsection 4.1.2, the S3 and R̃2 contributions to B → K∗νν have to moderately
cancel each other, which becomes much less ad-hoc given y2 ≈ y3. Interestingly, the behaviors
of y1, y2, and y3 are very similar to what was recently found in Ref. [403], that the LQ-fermions
couplings approach the infrared fixed-points around 0.5 ∼ 1.0. Interestingly, the LQ-type
considered here is different, suggesting that this feature is a rather general consequence of
RG evolution.

As mentioned at the beginning of this chapter, the fixed points can only be reached at
very low energies, when the QCD coupling strength starts to diverge and should no longer
be viewed as a slowly varying parameter. At the TeV-scale, the Yukawa couplings are only
‘approaching’ the fixed points. To get quantitative predictions, information from both UV
and infrared theories are needed. There are two free input parameters in total: the GUT-
scale value of yt and the Higgs VEV ratio cotβ. On the other hand, three low energy flavour
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parameters are to be predicted: the three masses of the third-generation charged fermions
mt,mb, and mτ . We find in case S3, R̃2, and an additional Higgs doublet in ϕ126 are as
light as 1 TeV, yt ≈ 0.62 at MGUT = 1016 GeV, and tanβ = 49, the resulting b, τ, t masses
at 1 TeV agree well with the values extracted from the SM7. RG evolution of these three
masses from 1016 GeV down to 102 GeV are illustrated by the solid lines in the top-left and
top-right panels of Figure 4.1. For the running above 1 TeV, we use the RG equation shown
in Eq. (4.32), with y1 fixed as zero. As shown in Figure 4.1, (mτ/3), represented by the red
solid curve, decreases rapidly towards zero, while mt and mb only decrease when µ is large
and then start to grow up, analogous to the QCD coupling strength g3. At 1 TeV, all three
masses matches perfectly with the interpolated the SM running data, which we plot using the
SMDR package [435]. For comparison, we also show the evolution without TeV-scale LQs,
by extending the SM running curve to regions of µ > 1 TeV [435] with dots. In this scenario,
(mτ/3), represented by the red dotted curve, is small and remains nearly a constant. mb,
shown with the blue dotted curve, decreases as µ goes up mainly due to QCD effects, but
its evolution is not fast enough to meet (mτ/3) at MGUT. Consequently, the red and blue
dotted curves diverge significantly at 1016 GeV, indicating the relation mb = mτ/3 cannot
be reached if the theory below MGUT is SM alone.

We also explore scenarios with S̃1 also as light as the TeV scale. For this scenario, we
find yt(MGUT) = 0.56 and tanβ = 42 can also lead to reasonably good matching with the
SM data at 1 TeV, which we show in the bottom-left and bottom-right panels of Figure 4.1.
Although the solid lines are not exactly continuous at 1 TeV, yielding the matching is not
as perfect as the scenario without S̃1, the gaps visible in the plots are not problematic. At
leading-log level, TeV-scale LQs can reduce the b− τ mass tension from an O(1) discrepancy
to a suppressed small mismatch, which is subject to other higher-order corrections we do not
include here. Rather, all panels in Figure 4.1 demonstrate improved b − τ unification with
TeV-scale LQs as a universal feature. The outcome seems not accidental as a particular LQ
choice, but rather a model-independent effect of the colored scalar fields. We understand the
underlying reason as follows. As shown in Eq. (4.32), the LQ contribution to the homogeneous
terms in the β-function of yτ are always three times larger than those for yb. The one-loop
LQ corrections to yb and yτ originate from the self-energy diagrams for bottom quarks and
τ leptons, which contain the same couplings strengths and integral structures but different
color factors. The LQ-quark loop for lepton self-energies involves a color factor Nc = 3 while
the LQ-lepton loop for quark self-energies does not, so we have

LQ-quark loop for leptons = LQ-lepton loop for quarks×Nc. (4.35)

This relation can be intuitively understood as three quarks with different colors run in the
loop for the lepton self-energies, while only one lepton runs in the loop for the self-energies of
a quark with one specific color index. Therefore, the TeV-scale LQs, no matter which type,
always drive the lepton masses to decrease more rapidly than quarks, yielding (mτ/mb) to
take smaller low-energy values than the SO(10) prediction.

The discussion above shows the problem on the wrong b−τ mass relationship in the most
minimal SO(10) theory can be solved through modifying the infrared structure of the theory.
The existence of TeV-scale LQs explicitly breaks the SO(10) symmetry and leads to large
but calculable corrections to the symmetry-protected prediction mτ = 3mb. This example
demonstrates that although the theory of SM with TeV-scale LQs lies in the swampland
of the SO(10) symmetry, some of the low energy flavour parameters remain calculable in
analogy to those restricted by explicit flavor symmetries. The predicted relationships can
stay consistent with observed values.

7Varying the masses of the LQs or MGUT around the values we choose do not significantly change the
results, because the low-energy outputs only depend on the logarithm of these scales.
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Figure 4.2: A schematic illustration on at low energy stability of the flavour conserving limit
in the SM (left panel) and the theory containing TeV scale LQs (right panel).

4.1.4 Flavour Mixing

The implementation of flavour mixing still needs to be discussed. In SM, the 3 − 2, 3 − 1
quark mixing angles are small. The 2 − 1 quark mixing angle (Cabibbo angle) is sizable
as of 0.2, but it becomes unphysical in the limit that the first-two generation quarks are
massless. Similar arguments apply to the large neutrino mixing angles. The B anomalies
involve b→ s and t→ c mixing beyond the SM. If the responsible LQs lie at around 1 TeV,
the b→ s mixing angles also stay small. The only exception is on the b→ c transition, since
the R(D(∗)) discrepancy to the SM is large, a sizable t→ c mixing angle is needed. Despite
this, the measured b → cτν transition rate remains subject to statical uncertainties, and
future experimental data can also bring it closer to the SM predictions. Therefore, we view
the third-generation specific Yukawa coupling patterns as the leading order approximation,
and consider the flavour mixing to be the sub-leading corrections.

If one views the most minimal SO(10) as an effective theory at MGUT, it is then necessary
to include flavor mixing corrections for a complete analysis. The EFT motivation is that the
flavor-conserving limit is not protected by a fundamental principle such as gauge invariance,
but comes out as a result of minimality, i.e. because the theory contains only one unique
Yukawa coupling matrix. Since MGUT is close to the the scale the EFT description for gravity
becomes non-perturbative, new dynamics are believed to lie not far beyond MGUT, which in
general involve additional Yukawa coupling matrices. Potential flavor violating corrections
can arise from additional scalars that couple to ψi16 via loops [436–438], or higher-dimensional
operators [309] generated by vector-like fermions or other gravity related GUT multiplets.

Our approach is to add the maximally allowed flavor-breaking term LϵY at low energies.
This follows a well-established methodology of including the soft SUSY-breaking Lagrangian
for the MSSM, which is also chosen maximal to cover all possible SUSY-breaking scenarios.
Therefore, we do not specify the underlying mechanism of flavor breaking, but instead add
the following four new interacting terms

LϵY = ϵctytQ2
LtRHu + ϵsbybQ

2
LbRHd + ϵbsybQ

3
LsRHd + ϵbs1 y1s

c
RτRS̃1 + h.c. (4.36)

This equation captures all possible 3−2 generation quark flavor violating effects which should
be extended to the over-restrictive flavor conserving interactions. Here, the flavor basis is
chosen without loss of generality, such that the S3 and R̃2 couplings are aligned to Q3

L and bR,
respectively. The Higgs Yukawa coupling matrices are not diagonal. Once Hu, Hd acquire
VEVs, the diagonalisation of the quark mass matrix provides the needed flavor-changing
couplings for S3 and R̃2. The tR − cR rotation remains unphysical, so we do not need to
include the Q3

LcRHu term. Mixings involving leptons or first-generation fermions are omitted,
as they are irrelevant for the b → s and b → c processes under consideration. We do not
consider R2 due to the reasons explained in subsection 4.1.3, but if R2 is also included in
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Figure 4.3: Feynman diagrams illustrating the LQ contributions to the running of yb and
(ϵbsyb). The self-energy correction to Q3

L, arising from S3, is universal to both yb and (ϵbsyb).
S̃1 and R̃2 couple to bR only so only contribute to yb. sR receives no self-energy corrections.

the TeV-scale spectrum, the relevant flavour violating terms can be incorporated accordingly.
Therefore, no matter which theory lies behind Eq. (4.36), it serves as the maximally possible
extension and covers all possible models generating flavour mixing. We believe it is also
important to remark here, that the flavor mixing terms in Eq. (4.36) do not render the
relation mτ = 3mb arbitrary at MGUT. This relation is predicted by the TB−L generator of
the adjoint representation of SU(4)c, which is the relevant symmetry to unify quarks and
leptons. To change mτ = 3mb, one needs a (1C ,2L,2R) Higgs field or an effective operator
containing (15C ,2L,2R)×(15C ,2L,2R). By contrast, any extensions to the minimal Yukawa
sector can lead to flavor violation. For instance, two (15C ,2L,2R) Higgs fields (which can
originate from two ϕ126) incorporate flavor but do not change the b− τ mass ratio.

Nevertheless, simply adding the flavour violating interactions without considering their
origin is ad-hoc and sacrifices the elegance of minimality. To make flavour mixing arise with
more convincing motivations, we reflect on the statement that the most minimal SO(10)
theory must be exactly flavour conserving at low energies and reexamine whether it accounts
for a no-go theorem for the most minimal SO(10) theory. We note that the validity of a
physical prediction is not only related to its logical rigor but also involves the robustness.
Under the SM RG evolution it is well-known that the quark flavour mixing angles all decrease
from the high scales to low scales [439–441]. Then, if flavour conservation is exact at MGUT,
the vanishing of all quark mixing angles at low energies yields an stable infrared limit. We
find that this situation changes when TeV-scale LQs are introduced, which we schematize
in Figure 4.2. If flavor conservation is not exact at MGUT, the RG flow can amplify small
deviations and generate larger flavor violating interactions at low energies. A similar example
is the RG amplification of the neutrino mixing angles in the MSSM [247, 442–445]. Therefore,
flavor mixing can manifest itself as an emergent phenomenon with small ‘seeds’ above MGUT.
The complexity of the low-energy theory of the most minimal SO(10) can arise dynamically
through the RG evolution.

We take the evolution of ϵbs as an example to explain how the flavour conserving limit
becomes unstable in the infrared. We firstly include the generic flavour violating terms LϵY
shown in Eq. (4.36) at a scale Λf

8. Typically Λf ≳MGUT, and new dynamics correcting the
most minimal SO(10) ansatz arise above the Λf threshold. Below MGUT, the RG equations
relevant to the running of this flavour violating coupling is given by:

16π2
d

d logµ
(ϵbsyb) = ϵbsyb

(
−5g21

12
− 9g22

4
− 8g23 +

y2t
2

+
9y2b
2

+ y2τ +
3y23
2

)
. (4.37)

8It is worthy to remark that although Eq. (4.36) is defined at the low energies when we introduce it, it is
well defined at all energy scales, because it contains the general flavor mixing terms, with no new physical
counter-terms from renormalization.
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Figure 4.4: RG evolution of ϵbs with yt(MGUT) = 0.58. The dashed line lies in the region
where the Yukawa couplings become non-perturbative and thus may not reflect the physical
reality.

Here, we neglect higher order flavor-violating terms. Comparing with the running equation
of yb shown in Eq. (4.32), the

(
y21
2 + y22

)
term is absent here. This is a generic consequence

for the third-generation specific LQ couplings, which do not contribute to the self-energy
corrections for sR. For illustration, we compare the Feynman diagrams contributing to yb
and (ϵbsyb) in Figure 4.3, which shows the S̃1 and S3 contribution to (ϵbsyb) is absent. As a
consequence, during the evolution from UV to infrared, (ϵbsyb) decreases more slowly than
yb, and the mixing parameter ϵbs effectively increases. This behavior is more explicit in the
RG equation for ϵbs itself

16π2
d

d logµ
ϵbs = −ϵbs

(
y21
2

+ y22

)
. (4.38)

The beta-function for ϵbs is negative. As a generic feature, the sign for the beta-function
remains negative above MGUT, which can be cross checked by the relevant RG equations and
matching conditions shown in Ref. [446–449]. Therefore, if ϵbs vanish at Λf , it remains zero
at all energy scales because (dϵbs/d logµ) is proportional to ϵbs. On the other hand, if ϵbs ̸= 0
at Λf , the RG evolution then drives it towards sizable values at the low energies.

As a consequence, the sR − bR mixing is enhanced at low energies with respect to its
value at Λf . The evolution of ϵbs is illustrated with the solid line in Figure 4.4. We fix
yt = 0.58 and ϵbs = 0.35 at MGUT. ϵbs increases as µ decreases, so the preservation of flavors
is clearly not a stable solution of the RG equations. It is worthy to remark that the evolution
below MGUT is slow: Achieving ϵbs ≈ 0.5 at the TeV scale typically requires its GUT scale
value be at least 0.35, which one may consider as too large for a perturbation. On the other
hand, we find ϵbs ∼ 0.35 at MGUT can arise from tiny values at around 10MGUT. This is
partly due to a change of the RG equations. Above the MGUT threshold, the (6C ,1L,1R),
(10C ,3L,1R), and (15C ,2L,2R) multiplets contained in ϕ126 all contribute to the bR self-
energy. We include their effects using the results shown in Ref. [446–448]. Another reason
is that the absolute value of the Yukawa coupling becomes large above MGUT. Using to the
one-loop running equations for the gauge and Yukawa couplings of SO(10) [449–451], we
find y126 increases rapidly and approaches the non-perturbative regime when µ ≳ Λf ∼ 1017

GeV. We show ϵbs lying in the non-perturbative region with the dashed line in Figure 4.4,
indicating that extrapolating the perturbative calculation results may not reflect the physical
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reality near Λf . Therefore, if physics at the scale Λ ≳ 10MGUT gives a tiny correction to
the most minimal SO(10) theory, the RG evolution can yield sizable flavor mixings at the
low energies. It is worth remarking that this enhancement originates from the self-energy
correction to all components in ψ3

16, which is universal to the quarks and leptons and therefore
does not change the relation mτ = 3mb.

Although the y126 become non-perturbative around Λf , asymptotic freedom of most mini-
mal SO(10) theory (excluding the scalar self-couplings) can be restored in the deep UV [451].
Above MGUT, large y126 can induce a sizable SO(10) gauge coupling strength g10 through
two-loop effects, then the sizable g10 in turn slows down the running of y126 and drives it
to decrease. Nevertheless, comparing with invoking the dynamics between MGUT and Λf , a
more convincing approach to generate large flavour mixings is further modifying the infrared
structure of the most minimal SO(10). This can be achieved by requiring more light scalar
components in ϕ126, such as di-quarks [452–455], which can also speed up the running of
quark Yukawa couplings as the LQs do. ϵbs then grows more rapidly when µ evolves towards
low energies. The existence of light di-quarks are also motivated by data, because they can
also explain the b→ sℓℓ anomalies [455] and furthermore are related to the interpretation of
the observed CP asymmetry in D0 → π+π− and D0 → K+K− decays [27, 456–458].

The behaviors of left-handed quark mixings ϵsb and ϵct are similar to that of ϵbs. Both
ϵsb = 0 and ϵct = 0 are unstable infrared limits. Given small ϵsb and/or ϵct at Λf , they
firstly increase rapidly and the growing rates slow down below MGUT. For the left-handed
quarks, the bL − sL mixing should be well aligned with tL − cL mixing at low energies, to
preserve the small Vcb ∼ −Vts ∼ 0.04. Since SU(2)L gauge symmetry stays unbroken above
the electroweak scale, the RG evolution from Λf down to the TeV scale is identical for ϵsb

and ϵct. The only requirement is that ϵsb = ϵct must hold up to a good precision at Λf and
this relation can be protected by the SU(2)R symmetry.

4.2 Non-perturbative Theories: Bootstrap

4.2.1 Gravitational Anomaly Matching

We now consider the maximal possible flavour symmetry — U(48) symmetry — introduced
at the beginning of Section 2.1. We would like to ask: if gravity is included in the free field
theory shown in Eq. (2.1), can the U(48) symmetry remain explicit at low-energies? In other
words, for the theory constructed by 48 Weyl fermions and gravity, does it lie in the landscape
or swampland of U(48)?

The global or weakly gauged symmetries are widely viewed as incompatible with gravity,
see Ref. [459–461] for reviews. If this conjecture is true, the U(48) symmetry must be broken
at the low energies. To restore consistency in the effective theories, one can include the so-
called ‘biased terms’, which explicitly break the would-be global symmetries and allow the 48
Weyl fermions to acquire masses and mix with each other. Although one can stay agnostic
on the origin of such biased terms, it would be more convincing to precisely understand how
gravity responds to global symmetries. Without loosing generality, the origin of such biased
terms can be classified by

(i) the UV completions for the standard gravity, for instance, from string theories, or

(ii) non-perturbative effects at the low energies.

Option (i) implies that a theory containing merely gravitationally interacting fermions is
inconsistent at all scales and must be embedded into the extended frameworks. By contrast,
option (ii) indicates that the apparent inconsistency only manifests itself in the perturbative
frameworks, and can be explained via non-perturbative effects. This dynamical symmetry
breaking mechanism implies that the induced flavour parameters are, in principle, calculable,
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although not necessarily within the perturbative frameworks. Similar non-perturbative effects
are well-known in non-abelian gauge theories [462–466].

According to Ref. [294], if the topological susceptibility of the vacuum in pure gravity
is non-zero, the U(Nf ) chiral flavour symmetry of a theory containing Nf massless Weyl
fermions and gravity must dynamically break down to one of its maximal anomaly-free sub-
groups. This mechanism is similar to and shares the same topological origin as the chiral
symmetry breaking in QCD, while the difference is that the gravity induced fermion con-
densate do not necessarily lead to confinement. Here, to be self-contained, we introduce
the gravity induced condensation for the 48 massless Weyl fermions ψ, using the gravita-
tional anomaly matching technique established in Ref. [293, 294, 467–470]. In the standard
(Einstein-Hilbert) theory for pure gravity, one can include a unique Chern-Simons term in
the Lagrangian

LGravity = M2
PR+ θGRR̃. (4.39)

Here, R is the Ricci scalar, R is the Riemann tensor, and R̃ ≡ ∗R represents the Hodge
dual. The topological susceptibility of the vacuum is defined as

⟨RR̃,RR̃⟩p→0 ≡ lim
p→0

∫
d4xeipx⟨T [RR̃(x), RR̃(0)]⟩. (4.40)

It is reasonable to expect this correlator to be non-zero, because it receives contributions
from the microscopic black holes states

⟨RR̃,RR̃⟩p→0 =
∑
k

⟨RR̃|black holek⟩⟨black holek|RR̃⟩ + ... (4.41)

The challenge is how to calculate the ⟨RR̃|black holek⟩ correlator without more detailed
control of quantum gravity. Here, we take a non-zero ⟨RR̃,RR̃⟩p→0 as a prior but physically
motivated assumption.

Non-zero ⟨RR̃,RR̃⟩p→0 indicates that the vacuum of the theory shown in Eq. (4.39)
breaks CP-symmetry, which is equivalent to the statement that θG is physical. It is worthy
noting that the θG term in Eq. (4.39) is a UV parameter while ⟨RR̃,RR̃⟩p→0 is defined in the
zero momentum limit and represents the vacuum structure relevant to the non-perturbative
phenomena9. To study this low energy behavior, expanding R with graviton fields hµν is not
a convenient framework. Instead, one can take the Chern-Simons three-from and its field
strength

C = Γ ∧ dΓ +
2

3
Γ ∧ Γ ∧ Γ, E = ∗dC, (4.42)

where Γ is the Christoffel connection, and it is straight forward to check E = RR̃. Under the
general coordinate transformations, C shifts by an exterior derivative of a two-form field w:

C → C + dw. (4.43)

All components in C can be eliminated by this gauge redundancy, so C does not carry any
propagating degrees of freedom. Nevertheless, C can mediate long range interactions, because
the non-vanishing ⟨RR̃,RR̃⟩p→0 (or equivalently ⟨E,E⟩p→0) implies the propagator of the C
field has a pole at p2 = 0

⟨C,C⟩p→0 ∼
1

p2
. (4.44)

In other words, the non-zero vacuum topological susceptibility implies a massless (non-
propagating) three-form field in the low energy theory. The C-field description for the vacuum
is more transparent than that with the gravitons. Considering the Lagrangian of an effective

9Intuitively, one may understand it as that the strongly interacting gravitons break the CP invariance.
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Figure 4.5: The triangle diagram for the gravitational anomaly.

theory constructed by the C-field, the vacuum solution requires that its variation with respect
to C must vanish. It is then straight-forward to check that the field strength satisfying

⟨E⟩ = const, (4.45)

is a vacuum solution. This constant field strength is in analogy to the ordinary electric field
created by a charged capacitor. As E is CP-odd, Eq. (4.45) yields the vacuum of gravity —
represented by a distance-independent static force — can break the CP symmetry.

Now we include the 48 Weyl fermions to Eq. (4.39). The theory contains is U(48) global
symmetry, which can be decomposed by

U(48) = SU(48)f × U(1)A. (4.46)

Under the U(1)A symmetry, all Weyl fermions in ψ transform by an universal phase rotation

ψα → ψα = eiθ
′
Gψα, α = 1, 2, ..., 48. (4.47)

Due to the so-called Adler-Bell-Jackiw chiral anomaly [77, 78], the θG term shown in Eq. (4.39)
shift under this U(1)A transformation as

θG → θG + κθ′G, κ ̸= 0. (4.48)

This shift can be understood as originating from the one-loop diagram shown in Figure 4.5.
The θG term is therefore unphysical, because it can be eliminated by a U(1)A transforma-
tion satisfying θ′G = −κθG. The unphysical θG implies that the CP symmetry is unbroken
from the view of an UV observer. Correspondingly, the low energy CP-violating observable
⟨RR̃,RR̃⟩p→0 must also vanish. This vanishing correlator implies that the p2 = 0 pole of the
two-point function of the three-form field C is removed. Eq. (4.44) becomes

⟨C,C⟩p→0 ∼
1

p2 −m2
C

. (4.49)

The massive three-form field contains one propagating degree of freedom10. Therefore, we
demonstrated that the standard perturbative theory of gravitationally interacting massless
fermions fails in the low energy limit, and the corresponding effective theory must contain
a mass gap. We note that the precise scale of this mass gap cannot be directly calculated
within the perturbative framework. Rather, it is ‘bootstrapped’ by the requirement that the
UV and low energy theory must describe the same physics.

10Conversely, the massive C field explains how the correlator ⟨RR̃,RR̃⟩p→0 vanishes without explicitly
calculating the contribution from gravitons and fermions. With a mass term, C can no longer mediate long-
range interactions. Even if its field strength E is non-zero locally, it decays exponentially fast [467], which
one can intuitively understand as ‘screened’ by the fermion-antifermion pairs.
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We now study the origin of the C mass. The direct mass term cannot exist because it
explicitly breaks the gauge redundancy shown in Eq. (4.43). Instead, C must be Higgsed and
become massive by ‘eating up’ a two-form field B

L =
1

2
(dC)2 +m2

C (C − dB)2 . (4.50)

Here, B plays the role of the Stueckelberg field [471], and the gauge invariance is restored
given B transforms as

B → B + w. (4.51)

The massless two-form field B contains one pseudo-scalar degree of freedom, which is eaten-
up by C and becomes its longitudinal component. One can further formally treat P ≡ dB
as a fundamental three-form, and rewrite Eq. (4.50) as

L =
1

2
(dC)2 +m2

C (C − P )2 + η′G
∗dP. (4.52)

Here, ∗dP = 0 obeys the Bianchi identity so η′G appears as a Lagrange multiplier field. Upon
integrating out P , Eq. (4.50) turns into its dual form in which the two-form B field is replaced
by a pseudo-scalar field η′G

L =
1

2
(dC)2 +

1

2
(dη′G)

2 − η′G
ΛG

∗dC. (4.53)

Here, we normalize the η′G field such that its kinetic term takes the canonical form. The
equation of motion for C requires

∗dC =
η′G
ΛG

+ const. (4.54)

Using this relationship, the C field can be eliminated in Eq. (4.53). We then get the La-
grangian for a massive pseudo-scalar field η′G

L =
1

2
(dη′G)

2 −m2
η′G

(η′G)
2. (4.55)

Here, η′G is in analogy to the η′ particle in QCD, and its mass mη′G
originates from a boot-

strapped mass gap in the low energy theory, which cannot be understood within the pertur-
bative framework. Intuitively, η′G can be interpreted as a composite particle containing the
strongly interacting gravitons and massless Weyl fermions.

Except for Higgsing with the B field, there are no other way to generate C mass without
breaking the gauge redundancy shown in Eq. (4.43). As a consequence, eliminating θG in
Eq. (4.39) with ψα is exactly compensated by the B field or — as its dual description —
by η′G at the low energies. In other words, the U(1)A-gravity-gravity triangle anomaly is
fully matched to η′G. Interestingly, this conclusion leads to more indications. Assuming the
deep infrared theory contains N ′

f generations of massless fermions λα, which can be either a
sub-set of ψ or their massless composite states. There then exists a chiral symmetry

λα → λα = eiθλλα, α = 1, 2, ..., N ′
f , (4.56)

which is anomalous with respect to gravity. However, from the viewpoint of an UV observer,
U(1)A is the only symmetry anomalous with respect to gravity and the relevant anomaly is
fully matched to η′G. In addition to U(1)A, the other subgroups of U(48)f involves no mixed
anomalies with gravity, because the all SU(N) generators are traceless. Therefore, massless
λα creates a contradiction, that it leads to the wrong anomaly structures in the infrared
theory, which cannot be compensated in UV. Therefore, the arguments above demonstrates
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that assuming non-zero topological susceptibility of the gravitational vacuum, no massless
fermions can exist, no matter fundamental or composite. It is worthy to remark that this
conclusion replies on an important feature of gravity, that the gravitational interaction is
universal and there are no ‘gravity-singlets’ in nature. By contrast, within a non-abelian
Yang-Mills theory, such as QCD, we can only prove that massless colored fermions cannot
exist. The massless color singlets cannot lead to the mixed U(1)A−SU(3)c−SU(3)c anomaly.

The absence of massless fermions furthermore indicates the breaking of the SU(48)f
symmetry at low energies. Since SU(48)f is defined chiral, there also exists [SU(48)]3 tri-
angle anomalies in the UV theory, which must also manifest in the low energy limit11. The
[SU(48)]3 anomaly cannot be matched to the massless fermions which do not exist. Rather,
it could only be compensated by a set of massless bosons πα′ . The anomalous SU(48) trans-
formation among ψα must be matched to shifts of πα′ . Then, if SU(48) is weakly gauged,
the gauge bosons related to the [SU(48)]3 anomaly are all Higgsed by πα′ and decouple from
the massless spectrum, so that the gauged theory is anomaly-free in the deep infrared. πα′ is
therefore represented by the generators of SU(48)/Gfree. Here, Gfree is one of the anomaly-
free subgroups of SU(48) such that the [Gfree]

3 triangle anomaly vanish, e.g. SO(48) or
SO(10) × SO(10) × SO(10). In other words, the SU(48) symmetry must be spontaneously
broken into one of its anomaly-free subgroup in the low energy limit.

In summary, using the technique of gravitational anomaly matching and assuming non-
zero vacuum topological susceptibility, we have bootstrapped the conclusion that the U(48)
symmetry of 48 gravitationally interacting Weyl fermions must be spontaneously broken to
one of its anomaly-free subgroups

U(48)
fG−→ Gfree. (4.57)

The physical degrees of freedom in the UV and low energy theories are different

µ≫ fG : ψα + gravitons; µ ≲ fG : πα′ + η′G + ... (4.58)

Clearly, there exist at least a phase transition at some scale which can be indicated by
fG. The low energy effective theory can no longer be described by the massless fermions
and gravitons in the perturbative framework. Instead, it contains multiple composite states:
massive Goldstone bosons πα′ and a massive pseudo-scalar η′G, in analog to those in the chiral
perturbation theory matched from QCD. Notably, confinement, which appears irrelevant to
gravity, is not required at the low energies, so the fundamental fermions ψα can in principle
coexist with the composite states, as long as they are massive. The mass terms for ψα can
originate from the U(48) breaking order parameters

−L = mαβψαψ
c
β, mαβ ≡ 1

f2G
⟨ψαψcβ⟩. (4.59)

mαβ is a symmetric 48 × 48 matrix, and can be chosen diagonal without loss of generality.
It is worth remarking that elements of mαβ or ⟨ψαψcβ⟩1/3 are not necessarily far smaller than
fG. In such a case, the U(48) symmetry is strongly broken below fG so that the generation
of mαβ is distinguished from the Froggatt-Nielsen mechanism introduced in subsection 2.3.1.

4.2.2 Effective Neutrino Masses

The non-perturbative gravity induced U(48) breaking has important phenomenological impli-
cations, even if the SM gauge interactions are turned on. In the low energy limit, the quarks,

11Technically, one should no longer introduce the spectator fermions for [SU(48)]3 anomaly matching,
because these spectator fermions also interact with the gravitons and cannot be distinguished with ψα.
Following the technique established in [294], one can take the Wess-Zumino-Green-Schwarz-type axions as
spectators.
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charged leptons, and W,Z bosons are massive due to electroweak symmetry breaking, while
light quarks and gluons are confined into the bound states. Then, the light spectrum can
only contain

Photons; Gravitons; 3× νL, 3× νR. (4.60)

The photons and gravitons are strictly massless due to gauge invariance. On the other hand,
the neutrinos are defined as gauge singlets below the electroweak scale and can acquire masses
via

−L = mLνcLνL +mRνcRνR +mDνLνR + h.c.. (4.61)

In the limit mR → ∞, νR decouple and νL can be massive only when mL ̸= 0. However,
mL violates the lepton number symmetry L, which is preserved by all SM interactions if
excluding νR. As a consequence, the minimally defined (so νR are excluded) SM requires three
generations of exactly massless neutrinos. Since the observation of neutrino oscillations [73–
75] implies that the neutrinos are massive, the minimally defined SM are widely considered as
an incomplete theory for phenomenology. This statement is revisited in Ref. [293]: although
the neutrinos are predicted massless in UV, they can acquire masses in the deep infrared limit
due to the non-perturbative effects of gravity. We interpret the loop-hole for the mL = 0
prediction as related to the global L symmetry. As introduced in subsection 4.2.1, assuming
non-zero gravitational vacuum topological susceptibility, only the anomaly free subgroup of
the would-be U(48) maximal flavour symmetry can remain unbroken in the low energy limit.
Since L is chiral and thus not anomaly free, it cannot co-exist with gravity and must be
spontaneously broken below some scale fG. In other words, although L is conserved in the
minimally defined SM, it cannot be applied to predict the observables in the low energy limit,
such as the vanishing of neutrino masses, when gravity is taken into consideration.

The mechanism generating mL through the low-scale non-perturbative gravitational ef-
fects are commonly referred to as the neutrino condensate models [293, 294, 472, 473] (see
Refs. [474–477] for discussions on the high scale condensation models). In this framework,
the active neutrino mass terms can be effectively described as

mij
L =

1

f2G
⟨νciLνjL⟩, 4πfG ≳ 0.1 eV. (4.62)

Chiral U(3) — the global symmetry accidentally enhanced for the three massless neutrinos
in UV — is spontaneously broken by the neutrino condensate order parameter ⟨νciLνjL⟩. The
scale of U(3) breaking is characterized by fG, which lies around the eV or sub-eV scales if
⟨νciLνjL⟩1/3 ∼ fG. The physical picture is then very similar to the chiral symmetry breaking
of QCD, while it is worthy remarking that the light quarks are all confined into the bound
states QCD but neutrinos can stay fundamental in the gravity-induced condensate models.
mL is a 3 × 3 symmetric matrix. It must be full rank to break the U(1)L symmetry, so no
neutrinos can stay massless. mL is not necessarily aligned with the Yukawa coupling matrix
for charged leptons Ye. In the basis that Ye is diagonal, mL is in general not diagonal and
can be diagonalized by a bi-unitary transformation, so the neutrino mixing angles are also
generated.

It is crucial to notice that the gravity-induced neutrino masses conceptually differ from
those arising from the UV models, e.g. the type II seesaw model we introduced in Eq. (3.4).
Within the minimal type II seesaw model, the neutrino masses and mixing patterns depend on
the UV parameters v∆ and Y∆, which are not calculable unless one embeds the minimal model
into some other frameworks. By contrast, mL originates from ⟨νciLνjL⟩ and fG in the neutrino
condensate model, and these values are fixed as long as one works within the theory in which
the neutrinos are massless in UV. In other words, mL do not involve free UV parameter, so
all entries in mL must be understood as calculable, although not within the well-established
perturbative framework. Furthermore, the see-saw models explicitly break the U(3) flavour
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U(1)B−L U(1)Lµ−Lτ U(1)Le−Lµ U(1)ℓLµ−Lτ
U(1)νLµ−Lτ

U(1)′B−L U(1)′′B−L

(QαiL , u
αi
R , d

αi
R ) +1

3 0 0 0 0 +1
3 +1

3

(eL, νeL, eR) −1 0 +1 0 0 −1 −1
(µL, νµL, µR) −1 +1 −1 +1 0 −1 −1
(τL, ντL, τR) −1 −1 0 −1 0 −1 −1

νeR −1 0 +1 0 0 +5 −3 +O(ϵ2)
νµR −1 +1 −1 0 +1 −4 +1

ϵ +O(ϵ)
ντR −1 −1 0 0 −1 −4 −1

ϵ +O(ϵ)

mL 0 ∗ ∗ ∗ ∗∗ 0 0

mR 0 ∗ ∗ ∗∗ ∗ 0 0

mD ∗∗ ∗ ∗ ∗ ∗ 0 0

Table 4.3: Row 1 − 7: Certain anomaly-free charge assignments to SM fermions with three
right-handed neutrinos. α and i take values among 1− 3, representing three different colors
and flavors respectively. Row 8 − 10: The symmetry constrains on the different neutrino
mass matrices. The symbol ∗ (∗∗) indicate some (all) of the entries in mL,mR,mD can take
non-zero values, while 0 denote all possible mass terms are forbidden.

symmetry at all scales. In the neutrino condensate models, U(3) remains invariant in the
UV theory, and is only spontaneously broken at low energies. Given fG ≳ ⟨νciLνjL⟩1/3, the
U(3) symmetry becomes implicit below fG and cannot be distinguished with strongly broken
symmetries, so that the effective theory below fG as lying in the swampland of the U(3)
symmetry.12 The information on U(3) is fully lost at low energies, due to the gravity-induced
phase-transition around fG.

The mass term mL generated in Eq. (4.62) is Majorana type. If νR do not decouple
in the low energy limit (which requires mR → 0), the neutrino condensate model can also
generate the Dirac type neutrino masses mD. However, unlike mL, the entries in mD do
not automatically vanish in the bare Lagrangian, and strictly speaking, their values are
unpredicted. In other words, gravity only leads to a shift of the free parameter mD

mij
D → m̃ij

D = mij
D +

1

f2G
⟨νiLνjR⟩. (4.63)

Since mij
D is arbitrary, the shifted mass term m̃ij

D cannot be accounted as a prediction.
The physical effects of ⟨νiLνjR⟩ can therefore be eliminated by refining the renormaliza-
tion schemes. To ensure the Dirac neutrino masses to be calculable, mD must be restricted
to be zero in the UV theory, by, for instance, flavour symmetries acting differently on the left-
hand and right-hand neutrinos. Such chiral symmetries are widely studied for explaining the
large mass hierarchies between neutrinos and charged fermions, which span 7− 13 orders of
magnitudes, see Ref. [478–485] for representative examples. In this framework, the tiny Dirac
neutrino masses can arise naturally from the sub-eV scale VEVs. Yet, to induce these VEVs,
further extensions to the SM, such as additional fundamental Higgs fields, are commonly
believed necessary. To compare, within the neutrino condensate models, the sub-eV scale
VEVs can directly emerge from the non-perturbative gravitational effects so no additional
new physics is need, as we noted in Ref. [295].

12The U(3) symmetry can remain approximately exact below fG, given the hierarchy ⟨νciLνjL⟩1/3 ≪ fG.
The effective theory then remains lying in the landscape of U(3).
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Ideally, the flavor symmetry forbidding the neutrino masses should be gaugeable, so that
the mD = 0 becomes a consequence of fundamental principles. We therefore explore the
anomaly-free abelian symmetries in the SM (including νR). In addition to the hypercharge
group, the maximal one is [87, 220]

Gmax = U(1)B−L × U(1)Le−Lµ × U(1)Lµ−Lτ . (4.64)

The corresponding charge assignments are shown in columns 1 − 3 of Table 4.3. Gmax is a
vectorial group and acts universally on the left and right handed fermions. As a consequence,
it cannot forbid the Dirac neutrino mass matrix mD, although both mL and mR vanish if
B − L is conserved. The SM can also accommodate the anomaly-free chiral symmetries, for
instance

Gχ = U(1)ℓLµ−Lτ
× U(1)νLµ−Lτ

, (4.65)

whose charge assignments are shown in the 4−5 columns of Table 4.3. Here, U(1)ℓLµ−Lτ
, which

can be understood as the T3 generator of the anomaly-free SU(2)ℓ horizontal symmetry group,
is the maximal anomaly free abelian extension to the SM when the right-handed neutrinos
are excluded [87, 486, 487]. U(1)νLµ−Lτ

acts on two of the three right-handed neutrinos. The
vectorial subgroup of Gχ, under which the left and right hand neutrinos are charged equally,
is same as the U(1)Lµ−Lτ symmetry contained in Gmax. The remaining axial part of Gχ
can also be made equivalent to U(1)Lµ−Lτ by exchanging νµR and ντR, since they cannot be
distinguished in the SM. Nevertheless, Gχ is distinguished with Gmax because its axial and
vectorial subgroups cannot be simultaneously equivalent to U(1)Lµ−Lτ . The Dirac masses for
νµ and ντ are forbidden due the chiral nature of Gχ, but νe can remain massive because Gχ
does not act on it. Ref. [488] pointed out an chiral and anomaly-free symmetry which acts
on all three generations of neutrinos. This symmetry can be identified as modified B − L,
because the quarks and charged leptons carries the canonical B − L charges. This modified
B − L charge assignments are shown in the sixth column of Table 4.3. The left-handed and
right-handed neutrinos carry different modified B − L charges and the Dirac neutrino mass
terms are all forbidden.

In Ref. [295], we generalize the B−L charge assignment to the real domain, which, to the
best of our understanding, represents a previously unexplored regime. The B −L symmetry
is anomaly-free provided that the B−L charge for the three generations of νR satisfies [488]:

QνeR +QνµR +QντR = −3,
Q3
νeR

+Q3
νµR

+Q3
ντR

= −3. (4.66)

Note that the indices (e, µ, τ) are used solely to label the three right-handed neutrinos νR and
must not be confused with the lepton flavor indices associated with electroweak interactions.
Up to permutations among νeR, νµR, and ντR, the solution to Eq. (4.66) in the integer domain
is (

QνeR , QνµR , QντR
)

= (−1,−1,−1) or (+5,−4,−4). (4.67)

It is widely assumed that the gaugeable charges must be quantized. The irrational charges
inevitably lead to global U(1) symmetries, under which only the fields with irrational charges
rotate. These global symmetries as remanent of gauge invariance seemingly contradict the
‘no-global symmetry’ conjecture when gravity is taken into consideration [460]. However, we
note that this conjecture can only select the consistent effective theories and should not be
interpreted as constraints for UV model building. As pointed out in Ref. [294], the gravity
response to the global symmetries at low energies is dynamically explained in the neutrino
condensation framework: the global symmetries are broken spontaneously due to the non-
perturbative effects. Therefore, the assigned B − L charges are not necessarily quantized
and in general can take real values. After relaxing the charge quantization assumption, we
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note that Eq (4.66) admits infinitely many solutions. We identify a novel solution which,
to our knowledge, has not been explored previously. By studying the limit QνeR → −3 and
QνµR → −QντR , we find that the following B − L charges also satisfy Eq. (4.66)

QνeR = −3− 8ϵ2,

QνµR = +

√
ϵ2 + 1

ϵ

(
4ϵ2 + 1

)
+ 4ϵ2 ≈ +

(
1

ϵ
+

9

2
ϵ+ 4ϵ2 +O(ϵ3)

)
,

QντR = −
√
ϵ2 + 1

ϵ

(
4ϵ2 + 1

)
+ 4ϵ2 ≈ −

(
1

ϵ
+

9

2
ϵ− 4ϵ2 +O(ϵ3)

)
.

(4.68)

We show the corresponding charge assignments in the last column of Table 4.3, in the limit
ϵ→ 0.

Importantly, QB−L for two of the three generations of νR can be enhanced by arbitrarily
large factors, so we refer to this setup as the ‘enhanced B − L symmetry’. It is worth
remarking that if this enhanced B − L symmetry is gauged, QB−L ≫ 1 does not imply a
violation of perturbative unitarity, as long as the corresponding gauge coupling strength gB−L
is sufficiently small. The 1/ϵ factor can be absorbed by redefining gB−L as

gB−L → gνeff =
1

ϵ
gB−L. (4.69)

When ϵ→ 0, gνeff can stay finite while the B−L gauge interaction vanishes for quarks, charged
leptons, and νeR. Then, gB−L = 0 if ϵ = 0 and the enhanced B−L symmetry reduces to the
U(1)νLµ−Lτ

symmetry we introduced in Eq. (4.65). This neutrino-philic Lµ − Lτ symmetry
is non-chiral and therefore automatically anomaly-free, providing a consistency check of our
solution. However, it is distinct from the enhanced B−L symmetry: for ϵ = 0, both Majorana
and Dirac neutrino mass terms are allowed, whereas for 0 < ϵ ≪ 1, these mass terms are
forbidden. We summarize the implications on the neutrino mass terms altogether in the last
three rows of Table 4.3.

We now promote the enhanced B − L symmetry to be gauged. Then, mD is forbidden
by the principle of gauge invariance and cannot arise as a bare parameter in the UV theory.
Due to the effects from non-perturbative gravity, the Dirac neutrino masses do not vanish in
the low-energy theory, but are proportional to the order parameter ⟨νiLνjR⟩. Its tiny values
are therefore dynamically explained. ⟨νiLνjR⟩ break the U(3)νL×U(3)νR chiral flavor symme-
try of three generations of massless νL and νR down to one of its anomaly-free subgroups.
Generating three different neutrino masses requires that the symmetry breaking is maximal

U(3)νL × U(3)νR
fG−→ U(1)3V = U(1)νeV × U(1)

νµ
V × U(1)ντV . (4.70)

The U(1)νiV symmetry is vectorial and acts on νi only. The enhanced B − L symmetry is
different from the unbroken U(1)3V , so it must be spontaneously broken. The corresponding
B − L gauge boson A′ acquires a mass mA′ , satisfying

mA′ =
1

ϵ
gB−LfG. (4.71)

Within the minimal scenario, mA′ is bounded from above by 4πfG. Heavier mA′ requires ex-
tensions, such as including the Stueckelberg fields [471] or other additional symmetry breaking
order parameters.

4.2.3 Enhanced B − L Gauge Symmetry

We discuss about the phenomenology of the enhanced B−L gauge symmetry in this subsec-
tion. Given fG ∼ ⟨νiLνjR⟩1/3 ∼ O(0.1) eV, A′ stays light and manifests itself as a long-range
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force for the neutrons in the same manner as the canonical B −L gauge bosons, often called
‘the fifth force’. Effectively, such B − L interaction leads to an inhomogeneous correction to
the Newtonian potential

V (r) = −GN
M1M2

r

(
1 + αe−mA′r

)
, α = η1η2

g2B−L
4πGNm2

n

. (4.72)

Here, GN is the Newtonian gravitational constant, mn represents the neutron mass, and
η1(η2) indicates the ratio of neutron number over the total baryon number contained in the
object with mass M1(M2). When gB−L ≳ G

1/2
N mn ≈ 10−19, we have α ≳ 1 and the B − L

force becomes comparable or dominant over gravity at the distance smaller than m−1
A′ , which

can leave imprints in the form of violations of the weak equivalence principle [489–491] and/or
deviations from the inverse-square law of gravity [492–496]. Therefore, gB−L is constrained
to be tiny and the B − L gauge interaction is widely believed to be feeble and to decouple
from the other sectors.

We note that even if gB−L is tightly constrained, the B − L gauge interaction can be
enhanced by sufficiently small ϵ and become sizable for neutrinos. In particular, we empha-
size that ϵ should not be regarded as a conventional free parameter, such as a mixing angle.
Rather, its value is fixed once the principle of gauge invariance is specified. The arbitrari-
ness instead reflects that the chiral structure of the known quarks and leptons permits an
uncountably infinite number of anomaly-free U(1) symmetries, with ϵ serving to label the
distinct theories within that moduli space. Furthermore, the weak-gravity conjecture [459],
which roughly states that gravity should be the weakest force, requires only the theories with
(fairly) small ϵ are consistent in the limit of vanishing gB−L. If the gB−L is far smaller than
G

1/2
N mν , tiny ϵ ensures that the enhanced B − L gauge interaction with neutrinos can stay

stronger than gravity. In this scenario, we have

gB−L ≪ G
1/2
N mν ≈ 10−30 ≲

1

ϵ
gB−L. (4.73)

Therefore, we argue that the enhanced B − L gauge coupling strength ϵ−1gB−L should be
interpreted as a fundamental parameter of nature. Probing its magnitude is essential for a
complete understanding of the SM and we believe an immediate experimental priority is to
determine whether ϵ−1gB−L is smaller than O(1). Currently, the upper bound of ϵ−1gB−L
remains largely unexplored, even in the presence of existing phenomenological constraints.

Assuming ϵ−1gB−L ∼ O(1), A′ dominantly couples to two of the three νR. In the limit
gB−L → 0, the interactions among A′ and the other fermions are possible only through the
Dirac neutrino mass portal which connects νR to νL. The gravity induced neutrino mass mD

is temperature dependent. In general, it vanishes above the critical temperature of a phase
transition Tc ∼ fG and becomes non-zero only below Tc. If such phase transition is super-
cooled, Tc can be lower than fG and these two scales are independent parameters [497]. In
case Tc is lower than the temperature of the photon decoupling epoch 0.26 eV (or equivalently
around 3000 K), the early universe observables reduces to those of the standard cosmology
with massless νL [293]. As a consequence, the early universe constraints on the absolute
neutrino masses are invalidated [293, 497, 498]. As pointed out in Ref. [497], if the neutri-
nos acquire masses via a supercooled phase transition in late universe (as ∼ 1, where as is
the scale factor), the cosmological constraint to the absolute neutrino masses can be relaxed
to
∑
mνi < 4.8 eV, at 95% confidence level, which becomes much weaker than terrestrial

bound [105]. In early universe, the physical effects of A′ decouple together with νR. Only
when T < Tc, A′ is relevant to phenomenology, i.e., the terrestrial and/or astrophysical
neutrino experiments performed in the (our) late universe.

Since A′ is ultra-light, its physical effects are only suppressed by the characteristic en-
ergy scale E. Comparing with the high-energy colliders such LHC, the experimental im-
plications of A′ are enhanced in the low-energy frontier experiments., This feature is to be

77



Chapter 4. Emerging Flavour Textures

distinguished from a broad class of neutral gauge boson models discussed in the literature,
see, e.g., Refs. [220, 486, 487, 499–505]. In our framework, neutrino decay and low-energy
neutrino–electron (ν–e) elastic scattering as well as coherent elastic neutrino–nucleus scat-
tering (CEνNS), provide the most stringent constraints. Consequently, currently operating
and next-generation neutrino observatories and telescopes—such as DUNE [215, 506–508],
JUNO [214, 509, 510], Hyper-Kamiokande [511], IceCube-Gen2 [512], and ESSνSB [513]—as
well as dark matter direct-detection experiments, including liquid noble-gas detectors such
as PandaX-4T [514, 515], XENONnT [516, 517], LUX-ZEPLIN [518, 519], DarkSide-50 [520],
and DARWIN [521], as well as cryogenic solid-state detectors such as SENSEI [522] and
DAMIC-M [523, 524], are especially important to A′.

Firstly, we identify the neutrino decay νi → νjA
′ as a golden channel for probing A′, if A′

is lighter than the heaviest neutrino. For this process, E ≃ mνi so the chirality flipping sup-
pression is eliminated. Naively, one may expect that the neutrino decay depends on unknown
mixing angles. However, following the same logic discussed above on ϵ, we note that the in-
formation of lepton flavor for νR is contained within the definition of gauge invariance and
the non-perturbative gravity. Through this work, we define (νeR, νµR, ντR) for the enhanced
B −L symmetry such that in the basis where mij

D — fixed by non-perturbative gravity — is
diagonal, the A′ interaction takes the form

LA′ =
gB−L√

2ϵ
A′
µ (ν3γ

µPRν2 + ν2γ
µPRν1) + h.c.. (4.74)

The enhanced B − L symmetry can also be gauged in other directions of the flavour space,
which leads to different physical effects. Nevertheless, the neutrino life and decay branching
ratios stay non-ambiguous as long as the definition of B − L is specified, and our setup in
Eq. (4.74) reflects the very generic features13. Starting with Eq. (4.74) and using the analogy
of the top quark decay tL → bLW

+ [525], the νi → νjA
′ decay width reads

Γνi = ϵ−2g2B−L
mνi

64π2

λ1/2(m2
νi ,m

2
νj ,m

2
A′)

m2
A′

×

(1− m2
νj

m2
νi

)2

+

(
1 +

m2
νj

m2
νi

)
m2
A′

m2
νi

− 2
m4
A′

m4
νi

 ,

(4.75)

where λ(α, β, γ) = α2+β2+γ2−2αβ−2αγ−2βγ. In the limit mνi ≫ mνj , Eq (4.75) reduces
to

Γνi = ϵ−2g2B−L
mνi

64π2

(
2 +

m2
νi

m2
A′

)(
1− m2

A′

m2
νi

)2

. (4.76)

We note that a non-negligible mνj cannot change Γνi by orders of magnitude, unless the
neutrino masses are in the degenerate limit, in which case Γνi is kinematically suppressed.
Since the KATRIN experiment constrains the absolute neutrino masses [105], this suppression
cannot be arbitrarily large.

As pointed out in Ref. [293], the neutrinos decay widths can be large in the neutrino
condensate models, even without gauging B − L. In the gaugeless theory, the neutrinos
can decay into the Majoron ϕM , which corresponds to combination of composite Goldstone
bosons πα shown in Eq. (4.58). Here, we compare the neutrino decay widths to the gauge
boson A′ and the Majoron ϕM . In the gauged theory, the neutrino dominantly decays to
the longitudinally polarized A′ when mA′ ≪ mνi , similar to the top quark decays. We note
mA′ ≪ mνi corresponds to the gaugeless limit, in which the νi → νjA

′ decay width is equal

13The only exception is the (tuned) flavor alignment limit, in which the flavor and mass eigenstates of νR
are approximately the same and neutrino decay rates are suppressed.
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to that of νi → νjϕM . Considering neutrino decay is kinetically forbidden in the mA′ ≥ mνi

regime, gauging B−L cannot significantly enhance the neutrino decay rates comparing with
the gaugeless theory. Nevertheless, as long as mA′ < mνi , the neutrino decay always provides
a robust constraint on the enhanced gauge coupling strength ϵ−1gB−L.

There exists another portal for A′ to couple with the charged particles, that A′ can directly
mix with the visible photon A by

Lmix =
1

2
χF ′

µνF
µν . (4.77)

However, astrophysics puts stringent constraints on the magnitude of χ; see, e.g. Refs. [526–
529]. For ϵ−1gB−L ≃ 1, the A′ bremsstrahlung and A′ mediated right-handed neutrino
production can carry energy away during stellar evolution [501, 530, 531]. Constraints from
solar and red-giants cooling then require χ ≲ 10−14 [530]. Hence, neglecting the bare kinetic
mixing term is a good approximation. In Ref. [295], we notice the stringent astrophysics
bounds on χ can, in principle, be evaded similar to the cosmological constraint on mν . The
kinetic mixing χ can also originate from an order parameter which vanishes above a certain
critical temperature. This order parameter may also emerge from non-perturbative gravity as
both A′ and A are contained in the low-energy spectrum and couple directly to gravity. We
emphasize the distinction: the origin of the temperature dependent χ should be understood
as an additional hypothesis.

With the non-vanishing kinetic mixing at zero temperature, A′ can effectively couple to
the quarks and charged leptons and mediates ν − e elastic scattering and CEνNS. In the
mA′ → 0 limit, the differential cross section of ν − e elastic scattering on an atom carrying
effective electric charge Zeff reads [530, 532–534]:

dσνe
dEr

= Zeffϵ
−2g2B−LαEM

χ2PL→R

meE2
r

(
2− 2Er

Eν
+
E2
r

E2
ν

)
, (4.78)

where Eν is the neutrino energy, and Er is the electron recoil energy. The out-going neu-
trinos from the A′ mediated scattering are right-handed polarized, so Eq (4.78) contains no
interference terms with electroweak interactions. We use PL→R to represent the possibility
of observing νµR or ντR in the incoming neutrino flux. PL→R can directly arise from non-
vanishing neutrino masses, in which case it scales as (mν/Eν)

2 and leads to a suppression.
In certain reasonably extended scenarios, enhancements are possible. For instance, if the
incoming neutrinos are from the Sun14, some of them can lose their chiral origin due to solar
magnetic fields. We refer Ref. [536–538] for analyses on neutrino chirality flipping through
their magnetic moments in the Sun. Moreover, if mR ̸= 0 due to neutrino condensate, νR
become sterile neutrinos which maximally mix with νL while differing in masses, modifying
the standard oscillation picture. For solar neutrinos, mR ≃ 10−5 eV is sufficient to convert a
significant fraction of solar neutrinos into νR [530].

The ultra-lightA′ mediated CEνNS cross section on an nuclei carrying Z protons reads [534]

dσνN
dE′

r

= Z2ϵ−2g2B−LαEM
χ2PL→R

mNE′2
r

(
2− 2E′

r

Eν
+
E′2
r

E2
ν

)
FW (| #»q |2), (4.79)

Here, E′
r represents the nuclei recoil energy and FW (| #»q |2) ≃ 1 is the weak nuclear form factors

for protons. We note that although the differential cross section in Eq. (4.79) is enhanced
by an additional factor of Z due to the coherent effects, it is suppressed by the heavy nuclei
mass mN , which is different from the models with heavy mediators. As a consequence,

14Because of the larger flux [535], the solar neutrino experiments lead to better sensitivities, however, the
short-baseline reactor and accelerator experiments can also be relevant due their large statistics at short
distances between the source and detector.
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Figure 4.6: Constraints on the B−L gauge coupling strength gB−L, enhanced by ϵ−1 = 1015

(left panel) and ϵ−1 = 1030 (right panel), as a function of mA′ . The gray regions are excluded
by the fifth-force tests. The green region denotes bounds from the neutrino lifetime. The
red dashed line shows the current limit from ν − e elastic scattering, evaluated with the
benchmark value χP 1/2

L→R = 10−15.

CEνNS currently provides a weaker constraint on the A′ coupling strength compared to the
ν − e elastic scattering. Nevertheless, as shown Ref. [539], the future low-threshold detectors
can yield comparable bounds for both processes. If both of them are discovered in future,
comparing the two cross sections allows one to distinguish our scenario and the other generic
models.

The differential cross sections in Eq. (4.78) and Eq. (4.79) are very different from what
derived from the effective four-fermion operators. The critical behavior for the demonstrated
expressions is that they increase as the recoil energy Er decreases. This behavior changes only
when Er ≲ 0.1 eV so that the neutrino masses effect matters. Therefore, experiments with
lower recoil energy thresholds are tailor-made for this process. In particular, the proposed su-
perfluid 4He [540–542] or superconductor [543, 544] based detectors feature the thresholds at
eV or lower scales, and are ideal for the ultra-light A′, see Figure 11 of Ref. [545] for compar-
ison. In general, ultra-light new particles are subject to tight cosmological and astrophysical
constraints, yielding their effects on the terrestrial experiments are suppressed and stay far
below the reach of current sensitivities. In our set-up, the gravity induced interactions for
the ultra-light particle A′ only arise in the low temperature limit, which automatically evade
the tight cosmological and astrophysical constraints. Here, we refer such emergent interac-
tions as the non-perturbative gravity portal, which can serve as a very simple benchmark for
experiments on ultralight new physics.

In Figure 4.6, We illustrate the A′ implications on neutrino decay, ν − e scattering,
and the fifth force search. The exclusion limits on the gauge coupling strength gB−L are
shown as a function of mA′ . We compare ϵ−1 = 1015 and ϵ−1 = 1030 to demonstrate the
ϵ−1 enhancement. The experimental inputs and analysis we take to generate the plots are
summarized as follows.

Neutrino decay : We follow Ref. [546] and take the lifetime bound for Dirac neutrinos with
normal non-degenerate mass ordering:

τ2
mν2

> 1× 10−3 s
eV
,

τ3
mν3

> 2× 10−10 s
eV
, (4.80)

which comes from the analysis on long-baseline and solar neutrino data, respectively. We
note that many other astrophysical and terrestrial experiments can also constrain the neu-
trino lifetime; for instance, see Refs [547–553] and Refs [554–563] respectively. Given the
associated uncertainties, we do not take the constraints from long-traveling astrophysical
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neutrinos, such as those observed by IceCube [564, 565] and those from SN1987A [566–
568]. Nevertheless, if these uncertainties are brought under control, measurement of as-
trophysical neutrino flavor ratios at IceCube can yield dramatically improved bounds of
τ/mνi ≳ O(10) (s/eV) for all neutrino mass eigenstates [549, 553]. In Figure 4.6, the re-
gions excluded by the neutrino lifetime, derived in our work, are shown in green. To generate
these plots, the neutrino masses hierarchy is assumed maximal. We have checked that the
the generic non-degenerate mass spectra leads to only minor changes in this logarithmic
plot.

ν − e scattering : Many neutrino and dark matter detection experiments can measure ν − e
elastic scattering and CEνNS; for instance, see analysis in Ref. [534, 569–578]. We extract
from the neutrino scattering bound to gB−L from the universal tensor model analyzed in
Ref. [578], by comparing Eq. (2.9) of that work with our Eq. (4.78). We use the tensor
limits rather than the vector ones because the tensor mode contribution does not lead to
interference the with electroweak interactions, which is consistent with our νR scattering
scenario. The extracted bound for gB−L is shown with the red dashed line in Figure 4.6.
We make this line dashed to indicate its dependence on χP

1/2
L→R, which we fix as 10−15

for a benchmark. If χP 1/2
L→R takes other values, the constraint to gB−L can be rescaled

accordingly.

Fifth force search: The regions excluded by the high-precision tests on gravity are shown
in gray. The bounds summarized in Ref. [501] remain mostly unchanged and we adopt
most of them directly. Yet, we update the constraints in the mass ranges mA′ ≲ 10−13 eV
and mA′ ≳ 10−2 eV, which is improved by roughly one order of magnitude by the updated
results from the MICROSCOPE satellite [491, 579] (reinterpreted by Ref. [580]) and the
IUPUI group [495], respectively. We also consider the effect that A′ can also couple to
the neutrons through mixing with the Z boson [581, 582]. The magnitude of the induced
coupling strength is around ϵ−1gB−LGFm

2
D/(16π

2) ≃ ϵ−1gB−L×10−28, which is far smaller
than gB−L for the values of ϵ we take. This mixing contribution is therefore irrelevant for
Figure 4.6, but we remark that if ϵ ≲ 10−28, the region excluded by the fifth force search
must be extended.

Comparing the left and right panels of Figure 4.6, it is obvious that when ϵ decreases, the
neutrino decay and scattering bound to gB−L is tightened, while that from the fifth force test
stays unchanged. As a result, the neutrino experiments can serve as important complimentary
probes for the ultra-light B−L gauge boson. Furthermore, we note that for mA′ ≃ 0.01−0.1
eV, ϵ−1gB−L are allowed to be as large as O(1), which can be understood as a leading-order
correction to the SM.

4.3 Discussion

Comparing with the phenomenology-driven study in Chapter 3, we demonstrate here that
studying the swampland of flavour symmetries is also motivated from the theory perspective.
Even without explicit flavour symmetries, the low energy flavour parameters could stay calcu-
lable: on one hand, if the flavour symmetries become implicit due to the perturbative effects,
the low-energy behavior of the flavour parameters are dominated by the infrared physics and
always evolve towards the fixed points; on the other hand, in certain scenarios, the consis-
tency requirements between the UV and infrared theory allows bootstrapping the observed
low-energy flavour parameters, even if the underlying dynamics can only be described in the
non-perturbative frameworks. In other words

No Symmetries ̸= No Predictions. (4.81)
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Therefore, the swampland of flavour symmetries does not veto a predictive flavour theory.
Rather, it provides a path different from the conventional flavour model building, that the
observed flavour structure may fully originate from the low energy dynamics. We note such
emerging behaviors do not conflict with the canonical paradigm of reductionism, because
the fundamental theory in UV remains (maximally) symmetric. In this view, the SM flavour
pattern is similar to the properties of chemical elements — both exhibit complicated behaviors
at low energies but incorporate simple UV origins. The difference is that atoms can be divided
into smaller parts while the quarks and leptons in SM are fundamental. The low-energy
complexities arise only in the Yukawa couplings.

We note that such dynamical approaches to the flavour puzzle need non-decoupling
physics. That is to say, the low-energy instead of UV theories deviate from the ‘standard
expectations’, which is of particular interest for phenomenology. Interpreting the values of
the known flavour parameters as infrared fixed points indicates that the needed new par-
ticles cannot lie at an ultra-high scale. The lightness of (some of) these particles are even
already hinted at by the long-standing flavour anomalies. Moreover, the non-perturbative
gravity-induced spontaneous flavour symmetry breaking mechanisms lead to phase transi-
tions and massless goldstone bosons and sometimes require ultra-light gauge bosons. The
enriched infrared spectrum can provide testable implications in neutrino and dark matter
direct detection experiments.
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Chapter 5

Generalization to Flavoured Axions

In Chapter 4, we have demonstrated that the SM fermion masses and mixing angles can
originate from low-energy dynamics insensitive to the underlying flavour symmetries in the
UV. Nevertheless, to argue this approach leads to an ultimate theory of flavour, one must
consider that the SM itself may not be complete and non-trivial flavour structures may also
arise in the extended theories. In particular, the fundamental particle spectrum of nature is
motivated to contain a pseudo-scalar boson a — commonly referred to as ‘axion’ [583] — to
address the so-called strong CP problem in QCD. In analog to θG term of gravity shown in
Eq. (4.39), the Lagrangian of QCD can also include an unique Chern-Simons term

LQCD =
1

2
FF + θcFF̃ . (5.1)

Here, F is the field strength tensor of gluons. θc is a free parameter of QCD whose value
cannot be predicted within the SM. θc shifts by a factor proportional to arg detYuYd under
the chiral U(1) transformation for the quark fields. Without loss of generality, we take
the basis for which arg detYuYd = 0, so that θc is physical. Then, the value of θc can be
constrained by experiments. The measurement of the neutron electric dipole moment [584]
implies that [585, 586]

|θc| ≲ 10−10 (5.2)

The smallness of θc leads to a conceptual puzzle. The axions couple to gluons in the form
of aF F̃ and shift by a constant a → a + fa under certain global symmetries, rendering the
θc term in QCD unphysical1. However, a leads to more free flavour parameters through its
interactions with the SM fermions [593–600], which can be represented as

L =
∂µa

f

∑
ψ

ψLγµXψψL, ψL = QL, ℓL, U
c
R, D

c
R, E

c
R, ν

c
R. (5.3)

Xψ are 3 × 3 hermitian matrices in the generation space. In other words, the number of
arbitrary flavour parameters increase dramatically when a is included in the SM. A commonly
adopted framework is restricting Xψ with the symmetries in UV [597, 598, 601–603]. Under
these symmetries, Xψ can exhibit certain flavour structures at leading order, i.e., the diagonal
ones. Then, the SM quark mixing effects contribute as next-to leading order corrections to
Xψ. Our question is: if these UV symmetries do not exist or exist but become implicit the
low energies, could the patterns of Xψ stay under control?

1We note that in the framework established in Refs. [470, 587–592], the existence of a light pseudo-scalar
degree of freedom, which differs with a only by the UV completions, becomes a consistency requirement. The
S-matrix formulation of gravity excludes the de Sitter vacua and yields that the other vacuua which do not
asymptote to the Minkowski vacuum are equally problematic. On the other hand, physical θc leads to an
infinite number of super-selection sectors of non-Minkowski vacua, which leads to a contradiction.
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Ideally, if Xψ are observed in future and appear to be flavour anarchic or quasi-anarchic,
they can remain calculable under reasonable assumptions. We note that the ideas introduced
in Chapter 4 can be applied to Xψ accordingly. In particular, a is contained in ϕ126 of the
most minimal SO(10) theory we introduced in Section 4.1 and its shift symmetry is part of
the accidental PQ symmetry shown in Eq. (4.14). The axion needed to solve the strong CP
problem is thus automatically embedded without additional model building. The a-fermion
couplings in UV are predicted by the SO(10) symmetry and an their low-energy values are
outputs of the RG evolution. The TeV-scale LQs also contribute to the RG evolution and their
effects are more sizable than those from the SM quark mixing. Therefore, we expect that the
light spectrum of the most minimal SO(10) also contains an axion, whose low energy flavour
structures are calculable but deviate significantly from the symmetry protected patterns in
UV.

Despite so, we emphasis that in our view, an important preliminary work — fully un-
derstanding the landscape of these symmetries — is incomplete yet. Therefore, in the rest
of this chapter, we will not delve into the swampland of the flavour symmetries for de-
coupling axions. Rather, we will revisit one of the minimal UV complete axion models,
the DFSZ model [604, 605], and thoroughly study its low-energy implications on the axion
flavour-violating couplings, based on our recent work Ref. [606]. By exploring this minimal
benchmark model, we will discuss two critical questions on the connection between the UV
and low-energy descriptions of the axion interactions:

(i) Is one loop matching always a good approximation?

(ii) Which low-energy basis is consistent with UV completions?

These questions will be addressed in Section 5.1. Comparing with Ref. [606], we will show
more detailed analysis on the relevant phenomenological implications in Section 5.2.

5.1 b→ sa in the DFSZ Model

We start by revisiting the DFSZ model. The Yukawa and scalar sector of the model read [586,
604, 605]

VΦ = Ṽmoduli(|Φu|, |Φd|, |ΦuΦd|, |Φs|) + λΦ2
sΦuΦ

†
d + h.c.,

−LY = YuQLuRΦu + YdQLdRΦ̃d + h.c.
(5.4)

Here, Ṽmoduli contains all gauge invariant combination of Φu,Φd,Φs without phase depen-
dence. Yu and Yd are 3× 3 matrices and we do not show their generation indices explicitly.
The Φu and Φd transform in the same manner as the SM Higgs doublet H under GSM, and
ϕs is a gauge singlet. They can be represented by

Φs = f +
r0 + ia0√

2
, Φα =

(
ϕ−α

vα + (ρα + iηα)/
√
2

)
, α = u, d. (5.5)

Here, v2u + v2d = (246 GeV)2, while f is unconstrained and can take arbitrarily large values.
We firstly take λ = 0 for insights. In this limit, the DFSZ model reduces to the so-

called PQWW model [142, 143, 583, 607] plus an irrelevant complex singlet scalar. Then, the
interaction of Eq. (5.4) admits three U(1) symmetries, corresponding to three independent
phase rotations for Φu,Φd, and Φs. All these U(1) symmetries are spontaneously broken
when the scalar fields take their VEVs, so three massless Goldstone modes arise. One of
them is gauged by the hypercharge Y , and the other two are physical. They can be identified
as the U(1)PQWW axion A0 and the U(1)s axion a0 as a massless radial mode of Φs. Since
the U(1)PQWW symmetry is broken together with the electroweak symmetries, A0 cannot
be decoupled from the SM. Consequently, as analyzed in [608–610], the b → sA0 amplitude
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𝐺− 𝐻+

𝑎0

𝐺− 𝐻+

𝑎0

𝐴0

𝐺− 𝐻+

𝐴0

DFSZ PQWW

Figure 5.1: Feynman rules and diagrams for G−H+−ALP interaction in the DFSZ (left) and
the PQWW (right) models.

cannot be made arbitrarily small. On the other hand, b → sa0 is clearly zero due to the
a0 → −a0 (or Φs → Φ∗

s) symmetry. Given a tiny a0 − A0 mass matrix that only softly
breaks the U(1) symmetries, the a0 and A0 states can mix with a physical mixing angle θ. If
indicating the light physical state by a and take the limit θ → 0, the b→ sa amplitude reads

A(b→ sa)DFSZ = −θ ×A(b→ sA0)PQWW. (5.6)

This agrees with the argument of Ref. [611], that b → sa in the DFSZ model is induced by
mixing.

However, Eq. (5.6) is derived in the limit λ = 0. When λ does not vanish, the λΦ2
sΦuΦ

†
d

term explicitly breaks the U(1)PQWW × U(1)s group into its diagonal subgroup, which we
denote as U(1)PQ. Then, one of the would-be massless Goldstone boson, the a0−A0 mixing
state A, becomes massive. In case mA > mb, the b→ sA0 amplitude turns to be off shell. In
addition, some Feynman rules change: as shown in Fig. 5.1, a new G−H+a0 vertex appears
and the G−H+A0 vertex rule is modified by a m2

A term. Therefore, we conclude:

A(b→ sa)DFSZ ̸= −θ ×A(b→ sA0)DFSZ,

A(b→ sA0)DFSZ ̸= A(b→ sA0)PQWW.
(5.7)

Strictly speaking, the off-shell amplitude A(b → sA0)DFSZ is unphysical because its gauge
dependent. Despite this, we find that the Feynman rules of the effective G−H+a0 vertex in
the DFSZ model and the G−H+A0 vertex of the PQWW model only differ by a factor of
θ. As illustrated in Figure 5.1, the m2

A term for the direct and mixing contributions to the
G−H+a0 vertex cancels. Therefore, Eq. (5.6), the explicit expression shown in Ref. [611], is
correct even if λ takes generic values. We understand the reason for the agreement as that the
λΦ2

sΦuΦ
†
d term does not contain the physical state a, when parameterized exponentially. In

the non-linear basis, the G−H+a term becomes G−
↔
∂µH+∂µa, and is manifestly independent

of mA.
Nevertheless, the non-vanishing λ indicates that a can directly interact with the G+H−

and contribute to b→ sa. Then, the reason why λ does not appear in the b→ sa amplitude
still needs to be explained. We find this can be understood by analyzing the symmetries in
the broken phase. In the limit vd ≪ vu ≪ f , the mass and interaction basis for all scalar
fields are aligned. So we rewrite Eq. (5.5) as

Φs ≃ f +
r + ia√

2
, Φu ≃ Hu =

(
G−

v + h+iG0
√
2

)
, Φd ≃ Hd =

(
H−
H+iA√

2

)
. (5.8)
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(b)

(e)(d)

(c)(a)

Figure 5.2: Illustration of the two-loop Feynman diagrams contributing to b → sa at the
given order. The black dots in (d) and (e) indicate one-loop vertices in SM.

If in addition λ≪ 1, the DFSZ model are invariant under the following Z2 transformation

dR → −dR, Hd → −Hd. (5.9)

If the limits discussed above are relaxed, the Z2 symmetry of the model can be formally
promoted as exact when interpreting

θ =
2vd
f
, cotβ =

vd
vu
, λ (5.10)

as Z2 spurions. We note the b→ sa amplitude does not violate the Z2 symmetry, but it must
at least contain the Z2 spurion θ so that it vanishes in the θ → 0 limit. Consequently, the
Z2 invariant effective Hamiltonian for b → sa decay must contain at least two Z2 spurions.
Its form is then fixed up to the loop factors by

Hbs = θ
g3V ∗

tsVtb
128π2

m2
t

m3
W

(
X1

1

tanβ
+X2

1

tan3 β
+X3

λ

16π2

)
sγµPLb ∂µa. (5.11)

Here, X1, X2, and X3 denote the loop factors which cannot be extracted by symmetry argu-
ments. X1 and X2 are given in Ref. [611], while we note their contribution correlated to the
spurion cotβ needed to restore the Z2 invariance. In case tanβ is large, their effects become
irrelevant. Interestingly, we find λ enters the expression of Hbs because λ is also a Z2 spurion
like cotβ. The difference is that λ is a coupling constant and carries Planck Units ℏ. It arises
only at the next order of the perturbative expansion and its effect is suppressed at least by
an additional loop factor 1/16π2. As a consequence, its contribution is absent in the one-loop
expressions shown given in Ref. [611]. We notice that the λ contribution can dominant if the
one-loop result is suppressed by sizable tanβ.

We define mH ≡ mH+ and for simplicity take the limit m2
H ≃ m2

A = λf2 tanβ ≫ m2
W .

The loop factors in Eq. (5.11) are calculated to be

X1 = − log
m2
H

m2
t

+
3m4

W

(m2
t −m2

W )2
log

m2
t

m2
W

+
3(m2

t − 2m2
W )

m2
t −m2

W

,

X2 = 0,

X3 = log
m2
H

m2
t

+
6m2

W

m2
t −m2

W

log
m2
t

m2
W

+
1

2
.

(5.12)
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Figure 5.3: A schematic illustration on the apparent non-decoupling feature heavy particles
in a theory containing SM and an ALP. Effects of the heavy sector vanishes only when θ = 0.

Our results for X1 and X2 agree with Ref. [611]. The expression for X3 is newly identified in
our recent work, Ref. [606]. To calculate it, we firstly use the packages FeynRules [612, 613] to
derive the scalar interacting vertexes contained in λΦ2

sΦuΦ
†
d, add them to the THDM model

file of the FeynArts package [614], and then generate the b→ sa Feynman diagrams using the
updated model. In total, there are thousands of diagrams contributing to b→ sa at two-loop
level. Fortunately, only very few of them are relevant for calculating X3, which we show in
Figure 5.2. We note that the diagrams from exchanging b ↔ s, and the ones replacing the
internal a,H with r,A2 are not shown explicitly. Next, we extract the scattering amplitudes
in Figure 5.2 and Taylor expand them in the small external momentum limit pµi ∼ mb [615]:

A = A|pµi =0 + pµi
∂A
∂pµi

∣∣∣∣
pµi =0

+O(p2i ). (5.13)

We find the A|pµi =0 term do not contribute to X3. In the large tanβ limit, its effect is
canceled after renormalizing the quark-mixing matrix, which arise from the same diagrams
by replacing the external a with the vacuum tadpole f . Only the O(pµi ) term is relevant,
and we evaluate it using FeynCalc [616–618], FIRE [619], and FeynHelpers [620]. The new
functions for multi-loop tensor reduction and topological identification in Feyncalc 10 [621]
are applied. The master integrals are reduced to the vacuum bubble ones, whose analytical
expressions are given in [622, 623]. We note that although these master integrals contain the
transcendental-weight-two functions, only the logarithm functions appear after expanding in
1/m2

H .
To cross check our results, we work within the Rξ gauge and demonstrate X3 is inde-

pendent of ξ. We note the cancellation of the gauge parameter ξW is similar to the case
of b → sµ+µ− in SM [624]. Intuitively, the ξW dependent contribution from the box-like
diagrams (a-c) shown in Figure 5.2 cancel those from the penguin-like diagrams (d-e). Thus,
the loop-induced kinetic-mixing term ∂µG

0∂µa (and Zµ∂µa, which vanishes in Landau gauge
ξZ = 0) plays an important role. To perform a − G0 wave-function renormalization, we
apply the standard method of subtracting the Goldstone boson self-energies at zero momen-
tum [625, 626]. This eliminates the tadpole contributions and simplifies the calculation.

We note X3 does not vanish in the limit mH → ∞ but diverges logarithmically. This
is not a special feature of the two-loop integrals because the same behavior is also reported
on the X1 term [611]. Rather, such ‘apparent non-decoupling behavior’ is intrinsic for the

2mr ≪ mA in the large tanβ limit.
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Figure 5.4: The Feynman diagrams relevant to the apparent non-decoupling effects.

model. Decoupling is hidden in the mixing angle

θ ∼ 1

f
∼ 1

mH
. (5.14)

The full b → sa amplitude is proportional to θ and vanishes in the mH → ∞ limit. This
behavior is uncommon but not unique. For instance, as pointed out in Ref. [627], the µ→ eγ
decay amplitude in a 2HDM is not directly suppressed by the heavy mass either. Instead, it
is proportional to the misalignment parameter which scales as cαβ ∼ m−2

H [628]. Apparently,
the behaviors introduced in the two examples above challenges the Wilsonian decoupling
picture [290], because the dimensionless couplings inherited with θ or cαβ cannot take the
‘naively expected’ O(1) values. Based on the argument on the necessary condition for de-
coupling provided in Ref [629], we understand as the origin of this apparent non-decoupling
feature that the light sub-sector is not invariant under SU(2)L × U(1)Y without the heavy
degrees of freedom. As illustrated in Figure 5.3, the light sector composed by SM particles
and the axion a cannot be made gauge invariant if θ ̸= 0. An extended sector is required
for model building and the particles contained in this sector cannot lie at arbitrary heavy
scales. Notably, the contributions of these new particles to the low energy processes are not
necessarily suppressed by their masses. If such extended sector decouples, the portal θ must
vanish. The light sector is gauge invariant because it only contains SM and a free particle a.

This apparent non-decoupling feature indicates that the H+ and W+ contributions to
b → sa are equally important in the DFSZ model. Taking the one-loop contributions as
an example, we find the unsuppressed loop factors all originate from the diagram (a) shown
in Figure 5.4. Specifically, the Feynman rule of the G−H+a vertex is proportional to θm2

H

and leads to the apparent non-decoupling behavior. In the limit mH →∞, the large coupling
strength then cancels the m2

H term contained in the denominator of the Feynman integral,
so the full amplitude is suppressed by θ only. If one isolates the heavy H+ interactions, the
light theory, although seemingly renormalizable, cannot reproduce the full b→ sa amplitude.
To construct a consistent effective theory at low energies, one must integrate out H+ and
include the matched effective operators which contain both a and G−.

The arguments above motivate us to check the consistency of the basis describing the
axion interactions. We start with the renormalizable Lagrangian of Eq. (5.4) and isolate all
heavy particles

−L = ia
∑
q=t,b

cq qγ5q. (5.15)

This is a seemingly reasonable basis: the a-fermion interactions can be renormalizable, be-
cause the low-energy effective field theory (LEFT) [253, 630] only respects the QED×QCD
symmetry, under which the quarks and leptons are vector-like. We match cq from the DFSZ
model and calculate the b→ sa amplitude, which is UV divergent. We then replace the 1/ϵ
pole of the amplitude with the logarithm function containing a UV cut-off ΛUV, and get

A′(b→ sa) ∼ log (Λ2
UV/m

2
t ). (5.16)
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If the basis shown in Eq. (5.15) is consistent, A′(b→ sa) must agree with the leading-log term
of the one-loop b → sa amplitude calculate in the DFSZ model, after replacing ΛUV with
mH

3. However, we find the calculated coefficient of Eq. (5.16) disagrees with the expressions
shown in Eq. (5.11) and Eq. (5.12), which leads to a clear contradiction. We find the mismatch
originates from the diagram (a) of Figure 5.2, which is not suppressed by 1/m2

H although it
contains a heavy particle. Eq. (5.15) yields a basis which cannot capture the non-decoupling
H+ contribution.

The LEFT basis shown in Eq. (5.15) is not invariant under the SU(2)L × U(1)Y gauge
symmetry. In a consistent low-energy, the gauge symmetry must be respected. Unlike the
QED×QCD, the SU(2)L × U(1)Y symmetry is chiral and requires the SM Higgs boson H
for chirality flipping. H leads to dimension five operators and renormalizability cannot be
preserved. The gauge invariant Lagrangian then reads

−L = i
a

v

(
cbQLbRH̃u + ct QLtRHu + h.c.

)
= ia

∑
q=t,b

cqqγ5q + i
a

v

[
cbVtbtLbRG

+ + ct
(
V ∗
tbbLtRG

− + V ∗
tssLtRG

−)+ h.c.
]
+ ...

(5.17)

The key difference between Eq. (5.15) and Eq. (5.17) is the appearance of non-renormalizable
operators containing unphysical Goldstone modes G±. We illustrate the effects of such op-
erators in diagram (b) of Figure 5.2. If splitting the propagator of H− into two pieces [632],
one gets

1

k2 −m2
H

= − 1

m2
H

+
1

m2
H

k2

k2 −m2
H

. (5.18)

The −1/m2
H term plays the role of the of the non-renormalizable operator containing G±,

This effective operator, indicated with a solid circle in diagram (b) of Figure 5.2, leads
to a divergent amplitude, and the m2

H suppression is compensated by the G−H+a vertex
proportional to m2

H . We have checked that this diagram exactly reproduces the leading-log
term missing in Eq. (5.16). The basis shown in Eq. (5.17) sacrifices renormalizability but
restores the SU(2)L × U(1)Y gauge invariance and the consistent decoupling behavior. We
refer the reader to Ref. [633] for details about a closely related example on µ→ eγ in 2HDM,
in which the contributions from certain effective operators containing Goldstone bosons are
not suppressed. Furthermore, Eq. (5.17) reduces to Eq. (5.15) under the unitary gauge, as
the gauge fixing condition sets G+(xµ) = 0. We have checked that in this framework, the
missing leading-log term of Eq. (5.16) originates from the the longitudinal part of W boson
propagator kµkν/m2

W . Decoupling works because the gauge symmetry is strictly speaking
still preserved although hidden by gauge fixing. Again, the cost is losing renormalizability,
known as a consequence of the unitary (non-renormalizable) gauge.

There are other equivalent basis in addition to the one shown in Eq. (5.17). By applying
the equations of motions, Eq. (5.17) reduces to the derivative basis for a-fermion interactions
shown Eq. (5.3), where the a → a + fa shift symmetry is manifest4 [593, 597, 601]. The
derivative basis is non-renormalizable but gauge invariant, under which the b→ sa amplitude
can be correctly reproduced at the leading-log level. We remark that the authors of Ref. [635]
had commented on this discrepancy between the derivative basis and the pseudo-scalar basis
in Eq. (5.15) with a footnote and correctly connected the underlying reason to the missing
dimension-5 operators. Here, we emphasize that only the derivative basis and its equivalent
forms are consistent and the pseudo-scalar basis (without gauge fixing) leads to the non-
decoupling behaviors. Such a conclusion supports the argument that gauge invariance is

3As pointed out in [631], ΛUV is not necessarily equal to the axion decay constant f .
4The anomalous terms such as aW̃µνW

µν [597] are higher order for flavor violating processes [634], so we
do not show them explicitly in Eq. (5.3).
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more fundamental, while renormalizability should not be regarded as a basic principle of
quantum field theories [636].

Before finishing this section, we want to emphasize the low-energy effective theory can only
reveal the leading-log term contained in the b → sa amplitude, which dominants only when
log (Λ2

UV/m
2
t ) is sufficiently large. Without specifying UV physics, the rational functions are

not available. As one can refer from the third term of Eq. (5.18), part of the H+ contribution
is hidden in diagram (c) of Figure 5.2 as a counter term. This agrees with the fact that
the generic axion effective theory allows tree-level flavour violating couplings. Therefore,
the b → sa amplitude itself is strictly speaking, a definition of the renormalization scheme,
on how Figure 5.2(c) cancels the divergence of Figure 5.2(b), instead of a prediction of the
low-energy theory.

5.2 Implications on the Belle II Excess

The b → sa transition in the DFSZ model is relevant to the B → Kνν excess recently
reported at Belle II, as we introduced in subsection 4.1.2. Since the outgoing neutrinos
cannot be directly detected at Belle II, the excess (if confirmed) does not necessarily indicate
that the b→ sνν transition rate deviates from the SM prediction. Rather, the inconsistency
with the SM includes the transition of b → s and any invisible states. As pointed out
in Ref. [637], the excess is rather localized in the visible kaon energy and a fit under the
assumption of a two-body decay B+ → K+X with invisible X also gives an excellent fit
to the data. Using Belle II data the authors of Ref. [637] obtain a significance of 3.6σ for
mX ≈ 2 GeV and BR(B+ → K+X) = (8.8 ± 2.5) × 10−6. Recently, the Bayesian analysis
performed in Ref. [638] also indicate a very strong preference for the SM plus resonance
over the SM-only hypothesis. However, the lightness of X remains puzzling. A common
interpretation is that X is the pseudo-Goldstone boson which shifts as of X → X+fX under
a spontaneously broken global symmetry; see for example Refs. [598, 599, 634, 639–643]. The
mass of X can the arise naturally light, because it vanished when the shift symmetry is exact.

We note that X is distinguished with the axion a and by itself cannot address the strong
CP problem. The explicit mass term for a must vanish and the a could only dynamically
acquire an effective mass from QCD condensate, which is always much lower than 2 GeV.
Nevertheless, an explicit mass term for a does not change the analysis on b → sa transition
performed in Subsection 5.1. Based on this fact, we assume that the nature of X is a pseudo
Goldstone boson similar to the axion — commonly referred to as axion-like particles —
and keep denoting it with a. A self-consistent explanation on the Belle II excess requires
ma ≃ 2 GeV and

Br(B → Ka) · P inv
a ≃ 9× 10−6.

Br(B → Ka) · (1− P inv
a ) ≲ exclusive search limits.

(5.19)

Here, we follow Ref. [638] and use P inv
a to indicate the probability that a and/or its decay

products are undetected.
Analysis based on the generic axion effective theories cannot unambiguously connect

b → sa with the other physical processes, such as the rates of a decaying to SM particles.
Therefore, we choose the DFSZ model as a minimal benchmark and follow the analysis
performed in Section 5.1. Br(B → Ka) can be derived from the effective Hamilton Hbs
shown in Eq (5.11), whose explicit expression reads [611]

Br(B → Ka) =
1

ΓB
θ2
G3
F |VtsV ∗

tb|√
2212π5

m4
tm

3
B

(
X1

tanβ
+

X2

tanβ3
+
λX3

16π2

)2

[f0(m
2
a)]

2

×

√
(m2

B −m2
a −m2

K)2 − 4m2
am

2
K

m2
B

(
1− m2

K

m2
B

)2

.

(5.20)

90



5.2. Implications on the Belle II Excess

Here, the form factor f0 is defined as

⟨K(p− q)|s̄/qPLb|B(p)⟩ =
1

2
(m2

B −m2
K) f0(q

2) (5.21)

Approximately, f0(m2
a) ≈ f0(0) ≈ 0.33 [644].

In the DFSZ model, a mostly decays to hadrons. In the framework of quark-hadron
duality [645, 646], the inclusive hadronic decay rate is equal to the sum of Γ(a → ss)
and Γ(a → gg) [594]. After including next-to-next-to leading order (NNLO) QCD cor-
rections [647–649], we find

Γ(a→ hadrons) =
3ma

4π

m2
s

f2

√
1− 4m2

s

m2
a

(
1 +

17

3

(αs
π

)
+ c2

(αs
π

)2)
+

α2
s

16π3
m3
a

f2

(
1 +

83

4

(αs
π

)
+ c′2

(αs
π

)2)
,

(5.22)

where the two-loop coefficients read

c2 =
9631

144
− 17

2
ζ(2)− 35

2
ζ(3), c′2 =

35935

96
− 243

8
ζ(2)− 465

8
ζ(3). (5.23)

Here, ζ is the Riemann zeta function. We extract the NNLO QCD corrections from the
SM Higgs boson decay with Nf = 5 replaced by Nf = 35. On the other hand, the partial
decay rate for each exclusive channel cannot be calculated within the perturbative framework.
Despite this, information on these partial rates are available. Since a is a CP-odd scalar and
both agg and ass interactions conserve CP, a cannot decay into two pseudo-scalar mesons.
The other hadronic decay modes are all multi-body ones and are suppressed by phase factors.
Comparing with the unpressed total hadronic decay rate shown in Eq. (5.22), we refer that
there are many relevant hadronic decay channels but none of them dominant over the total
decay width [640, 641, 650]. For illustration, we display here some typical hadronic decay
modes extracted from Ref. [650]

a → π+π−π0, π+π−2π0, 2π+2π−, 2π+2π−π0, π+π−η, 2π+2π−2π0, 3π+3π−,

2π+2π−η, 3π+3π−2π0, 4π+4π−, K+K−π0, K±K0
sπ

∓, K+K−2π0,

K+K−π+π−, K+K−π+π−π0, K±K0
sπ

∓π+π−, K+K−η, ...

(5.24)

These modes are sorted by the total mass of the decay products. We emphasize that the large
total hadronic decay rate emerges only after summing over the multiple suppressed partial
ones. This feature makes detection for the visible the a→ hadrons decay modes challenging.

In reasonable extensions to the DFSZ model, P inv
a can be as large as 1. The simplest one

is to add a light gauge singlet Majorana fermion χ which couples to a via

L = iyχΦ
†
sχχ+ h.c. =

√
2yχaχχ. (5.25)

Here, yχ (chosen real) does not necessarily vanish in the limit f →∞. Even if yχ breaks the
a→ a+fa shift symmetry, its induced inhomogeneous loop contribution toma is proportional
to mχ and vanishes in the limit mχ → 0. Therefore, as long as χ exist, the invisible a→ χχ
decay rate is motivated to dominate over the f suppressed visible ones. This setup can be
straightforwardly generalized to the a portal light dark sector models. We do not consider the
dark matter models in the work, but take P inv

a ≃ 1 in the following analysis. The constraints
on the model parameters can be extracted accordingly if P inv

a takes the other values.
5We note that although 4m2

c ≫ m2
a is not a good approximation when for ma ≃ 2 GeV, the finite charm

mass contribution is small comparing with the full decay width.
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Figure 5.5: The Feynman diagram for the single photon decays of Υ(1S).

The experimental constraints for the visible a decay modes vanish in the limit P inv
a → 1.

If P inv
a takes generic values, the non-hadronic decay branching ratios remain suppressed or

can be suppressed. For instance, the a→ γγ decay rate reads [594]

Γ(a→ γγ) =
α2

EM
18π3

m3
a

f2
(5.26)

Comparing this with the inclusive hadronic decay width shown in Eq. (5.22), the branching
ratio for a→ γγ must be smaller than at least (αEM/αs)

2 ∼ 10−4. As a result, although the
photonic decay modes can provide much cleaner signature than the hadronic ones [651], the
corresponding statistics are significantly lower. Moreover, either Hd (DFSZ-I) or H̃u (DFSZ-
II) must couple to ℓLER to generate the charged lepton masses, which leads to the a→ ℓ+ℓ−

signals. The decay width read [594]

Γ(a→ ℓ+ℓ−) = t4ℓ
ma

4π

m2
ℓ

f2

√
1− 4m2

ℓ

m2
a

, ℓ = e, µ. (5.27)

Here, tℓ is equal sinβ and cosβ in the DFSZ-I and DFSZ-II models, respectively. Since
yt sinβ =

√
2mt/v, small β leads to non-perturbative Yukawa couplings [586]. Consequently,

sinβ cannot take values far smaller than unity and the a→ ℓ+ℓ− decay width is comparable
with the inclusive hadronic one in the DFSZ-I model. In DFSZ-II model, the a → ℓ+ℓ−

decay can be suppressed when β ≃ π/2. The leptonic a decay leads to a resonance in the
di-lepton spectrum of B → Kµ+µ−, which peaks at q2 ≃ (2 GeV)2. However, the lepton
flavour universality is violated in the minimal model: since mµ ≫ me, the a→ µ+µ− decay
width is much larger than that of a→ e+e−.

In addition to the B → Ka transition, the flavour conserving abγ5b interaction leads to
Υ(1S)→ γa decay. This process is induced at tree level, and we show the related Feynman
diagram in Figure 5.5. Comparing with B → Ka, Υ(1S)→ γa transition is not suppressed by
the loop factor or small quark mixing angles, however, it is a rare process because the Υ(1S)
meson is about 108 times shorter living than the B mesons. The Υ(1S) meson mostly decay
into the hadrons via the unsuppressed QCD interactions. As a consequence, the Υ(1S)→ γa
branching ratio stays small and does not endanger the a explanation to the B → Kνν excess.
The Υ(nS)→ γa decay rate, normalized by the leptonic Υ(nS) decay rate, reads [652]

Γ(Υ(nS)→ γa)

Γ(Υ(nS)→ ℓ+ℓ−)
=

G2
Fm

2
b√

2πα

√
1− m2

a

m2
Υ

(θ tanβ)2
(
1−

(
π2

6
+

8

3
log 2

)(αs
π

))
. (5.28)

Here, we include the NLO QCD corrections. Since αs(mΥ) ≈ 0.18, the effects of QCD
corrections are much smaller than those to a → hadrons. We note that comparing with
Br(B → Ka) shown in Eq. (5.20), the Υ(nS) → γa decay branching ratio scales as 1/f2 ∼
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5.2. Implications on the Belle II Excess

Figure 5.6: Parameter space explaining the Belle II excess in the DFSZ model, for λ = 1
(left) and λ = 5 (right). The dark (light) blue region gives Br(B → Ka) = (1 − 9) × 10−6,
with complete (one loop only) calculation. The red region is excluded by the search for
Υ(nS) → γa. The green contours indicate the visible branching ratio Br′(a → µ+µ−) =
Br(a→ µ+µ−)/Br(a→ visible).

(θ tanβ)2, which is enhanced by a factor of tan2 β6. Therefore, the Υ(1S) decay can serve as
an important complementary probe in the large tanβ regime.

In Figure 5.6, we show preferred and excluded regions in the sin θ − tanβ plane, taking
λ = 1 and λ = 5. The regions that can explain the B → Kνν excess are indicated with dark
blue. We calculate them by requiring

Br(B → Ka) = (1− 9)× 10−6, P inv
a = 1. (5.29)

To demonstrate that the newly founded two-loop effects are relevant, we also show the corre-
sponding regions calculated using the one-loop expressions alone in light blue. When λ = 1,
the dark blue regions are mostly overlap with the blue ones, implying that ignoring the two
loop corrections is a good approximation. On the other hand, when λ = 5 and tanβ ≳ 5,
the dark and light blue regions deviate from each other, which indicates the two-loop factor
X3 we newly computed becomes important. Notably, the two-loop and one-loop amplitudes
contain opposite signs and partly cancel, so a larger value for θ is favored when the two-loop
corrections are considered. tanβ ≳ 10 are excluded by the experimental constraint that [653]

Br(Υ(1S)→ γ + invisible) ≲ 2.0× 10−6, (5.30)

This bound assumes the (invariant) mass of the invisible state is around 2 GeV. We display
the regions excluded by this process in red. The red dashed counters yields Br(Υ(1S) →
γ + invisible) = 2× 10−7 and 2× 10−8, which illustrate the future sensitivities.

If the probability of a decaying into visible states is large, the di-lepton signals from
a → µ+µ− decay is also relevant. We define the visible branching ratio for a decaying into
the muons as

Br′(a→ µ+µ−) =
Br(a→ µ+µ−)

1− P inv
a

≃ Br(a→ µ+µ−)

Br(a→ visible)
. (5.31)

When the detection efficiency for the visible states is equal to 1, 1−P inv
a is equal to Br(a→

visible). Br′(a → µ+µ−) is independent of θ because all visible a decay rates are equally θ
6The enhancement becomes tan4 β in the limit λ→ 0.
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suppressed. On the other hand, Br′(a → µ+µ−) depends on tanβ and in case of DFSZ-II,
it is inversely proportional to tanβ. Within this scenario, the values of tanβ which leads
to Br′(a → µ+µ−) = 10−2 and 10−4 are indicated with solid and dashed green lines of
Figure 5.6, respectively. Assuming a sizable visible branching ratio so that 1 − P inv

a ≃ 0.1,
the small tanβ regions can then be excluded by measurements on the B → Kµ+µ− decay
branching ratios. Then, only the regions with moderate tanβ are unconstrained and the
sin θ− tanβ parameter space favored by the B → Kνν excess becomes compact. However, if
the total visible branching ratio takes generic values, merely small tanβ cannot indicate the
physical observable Br(a→ µ+µ−) is sizable. According to Eq. (5.31), large Br′(a→ µ+µ−)
can always be compensated by reducing the magnitude of (1−P inv

a ), so that Br(a→ µ+µ−)
can stay small.

The discussions above demonstrates that the DFSZ model with a moderately coupled
dark sector can consistently explain the B → Kνν excess at Belle II. It is worthy to remark
that the data prefers θ ∼ 0.001 − 0.03, which indicates that f is not an ultra-high scale
and may lie as low as TeV. The rare B → Ka decay rate is mostly suppressed by a loop
factor 1/(16π2), small quark mixing angles, and possibly large tanβ, rather than only by
a high scale. As a consequence, the charged Higgs needed for UV completion may not be
super-heavy. Considering

mH = (λ tanβ)
1
2 · f = (λ tanβ−1)

1
2 · 2v

θ
. (5.32)

Perturbative unitarity requires that mH is bounded from above. If λ is small, it can even lie
below or around the TeV scale. In this scenario, the additional Higgs doublet contained in
the DFSZ model can be directly produced at the high-energy frontier experiments such as
the high-luminosity LHC. Even if not directly produced, the collider search can constrain the
mH and tanβ (since large tanβ enhances the production cross section [426]), so that λ can
be bounded from below7. The additional Higgs doublet may also leads to other phenomeno-
logically relevant processes, such as neutral B meson mixing.

5.3 Discussion

In this chapter, we revisit the B → Ka transition rate in the DFSZ model, which is a min-
imal UV-complete benchmark model for the axions or axion-like particles. From a practical
side of view, we remark that the operator asγ5b alone is sufficient to explain the Belle II
excess. However, a “mixing-only” framework, in which a inherit its coupling from A with a
mixing angle θ, is widely used for analyzing the experimental data and showing the exclusion
plots. In our opinion, the physical picture of this framework is not very clear, because the
‘calculated’ b→ sa amplitude is divergent and gauge-dependent. We argue that the ‘mixing-
only’ framework brings no more information than the EFT with asγ5b operator alone, but
introduces unnecessary ambiguities when correlating b→ sa to the other processes involving
a.

On the other hand, the U(1) and Z2 symmetries of the DFSZ model make the physical
picture of b→ sa decay more transparent. By studying approximate symmetries suppressing
the known one-loop amplitudes, we determine new unsuppressed two-loop contributions. In
particle, when tanβ is sizable, our result becomes essential for a complete analysis. Moreover,
while it is possible to capture the key features of DFSZ model with a bottom-up approach,
the choice of the low energy basis is subtle. We find only the gauge invariant EFT yields
the correct leading-log term, although at the cost of loosing renormalizability. Moreover,
the rare B → Ka decay rate is suppressed by flavour symmetries in this framework, which
allows the needed UV completion for axion interactions to lie around or even below the TeV

7We note that if small λ is excluded in future, our two-loop calculation will become always important.
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scale. Ideally, some other beyond-SM processes should not be far away from detection. We
expect detecting Υ → γ + a and B → Ka → Kµ+µ− signals in future experiments, as well
as an additional Higgs doublet. In this view, the DFSZ model represents a wide class of
axion models satisfying the MFV criteria, and perhaps more generally, all axion models lying
in the landscape of flavour symmetries. Thoroughly studying the DFSZ model is therefore
important to fully understand the generic features of the landscape of flavour symmetries,
which is a critical preliminary work for the future studies on the flavored axion models in the
swampland.

At the end of this chapter, we encourage the readers to reflect on the following two lessons
illustrated by this specific example, which is relevant to both light and heavy new physics:

(i) In models more complicated than the SM, it is common that the rate of a physical
process can be suppressed in some limits. In such cases, the higher-loop diagrams
are not always subdominant and can sometimes become relevant for revealing the full
processes.

(ii) Decoupling heavy particles is conditional. Modifying the low-energy structure of the
SM ad-hoc, such as changing coupling strengths or adding new light states without
considering a complete theory, may lead to incomplete predictions.

Although these statements are not new to the quantum field theory, they are sometimes
overlooked in practice. Here, we remark that they are related to all theories no matter they lie
in the landscape or swampland of the flavour symmetries, and moreover, phenomenologically
revelant for Belle II physics.
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Chapter 6

Conclusion and Outlook

In this thesis, we have demonstrated the feasibility of constructing a predictive and testable
theory of flavour without explicit flavour symmetries. Our work paves the way for future
studies on what we call the swampland of flavour symmetries.

We revisited the flavour puzzle in the SM and its extensions, and reviewed a number
of popular symmetry-based flavour models, in particular those applying the idea of flavour
deconstruction. Although the deconstructed flavour non-universal gauge interactions lead to
Nf = 1 and eliminate the replication of chiral fermions, generating the needed soft symmetry
breaking terms at low energies nevertheless requires many new heavy particles and involves
free model parameters. To unveil a simple flavour theory (assuming it exists), we argued to
go one step further than the idea of flavour deconstruction and explore the generic models
beyond the symmetry-based frameworks. We found that apart form certain extra dimensional
models, such a possibility has been highly overlooked so far.

The most urgent question on the swampland of flavour symmetries is the testability. To
demonstrate that verifying or falsifying a model without symmetry protection is possible,
we revisited a very simple extension to the SM, the minimal type II seesaw model, which
involves only an SU(2)L triplet scalar field. We found that even if the triplet scalar lies
at the TeV-scale, the model can stay consistent with all CLFV constraints, including the
stringent bounds from µ → e transitions, as long as the relevant Yukawa interactions obey
certain two-zero textures. Interestingly, the needed two-zero textures do not lead to enhanced
flavour symmetries acting on the three generations of ℓL. In other words, suppressing the
µ → e transitions to not require any flavour symmetries in the relevant sub-sector of the
theory. Our conclusion holds even if the two-zero textures are not exact. The deviations can
be induced by the RG running across different scales.

The next challenge is on how to render the low-energy flavour parameters calculable
when the underlying flavour symmetries do not exist or stay implicit at the scales that the
experiments can reach. In this context, we argued that the low-energy flavour parameters
should appear dynamically and referred to them as the emerging flavour textures. We firstly
limited our study to perturbative frameworks. For simplicity, we started with only one
single generation of chiral fermions, in which case Nf = 16 in the gaugeless limit and the
maximal anomaly-free flavour symmetry is SO(10). It is evident that the SM lies in the
swampland of SO(10) due to its non-trivial gauge and Yukawa interacting structures. Yet
taking the SO(10) constraints as a high-scale initial condition for the RG evolution, certain
flavour textures remain predictable at low energies, although they turn out to largely deviate
from the commonly inferred SO(10) constraints found for the usual “grand desert” scenario.
In particular, in the presence of the TeV-scale leptoquarks motivated by the long-standing
flavour anomalies, we found the low-energy mass ratio between the bottom quark and the τ
lepton can agree well with the experimental observations. The TeV-scale leptoquarks drive
the flavour parameters towards the infrared fixed points, indicating their low-energy patterns
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are mostly controlled by the SM gauge group instead of the SO(10) boundary condition.
Furthermore, after including the first two generation fermions, we found that the TeV-scale
leptoquarks render the flavour conserving limit to be unstable at low energies. To some
degree, this effect explains why the flavour mixing angles in the SM and the leptoquark
models motivated by the flavour anomalies appear to be non-zero.

We also explored a non-perturbative framework in which all neutrino masses are boot-
strapped to be non-zero. We revisited the Nf = 48 free field theory and re-examined the
fate of the U(48) maximal flavour symmetry when gravity is taken into consideration, moti-
vated by the fact that gravity cannot be shielded. According to the framework established
in Ref. [293, 294, 467–470], as long as the topological susceptibility of the vacuum in pure
gravity is non-vanishing, no massless fermions can exist in the infrared limit and the U(48)
group must be broken into one of its anomaly-free subgroups at the low energies. The high
and low energy theories correspond to different phases, so a phase transition, which cannot
be described within the perturbative framework, must appear. We noted that such non-
perturbative effects are not postulated ad-hoc, but bootstrapped by requiring the anomaly
structures in different phases of the same theory to match. Importantly, although the dynam-
ically generated fermion masses cannot be directly calculated without more detailed control
of the infrared behavior of gravity, they should all be viewed as calculable parameters, be-
cause the UV theory (assumed consistent) contains only one relevant free parameter, the
gravitational constant. This non-perturbative framework fully addresses the problem of how
to generate the Majorana neutrino masses. Yet, if the known neutrinos are all Dirac fermions,
a gaugeable chiral symmetry acting on the neutrinos is needed to forbid bare neutrino mass
terms and render them calculable parameters. We identified such a symmetry as a variation
of the known B−L symmetry, referred to as the enhanced B−L symmetry, under which the
two out of the three right-handed neutrinos can carry enhanced B−L charges. We therefore
concluded that the neutrino masses, irrespective of their Majorana or Dirac nature, can arise
as calculable dynamical parameters, even if the underlying flavour symmetries are strongly
broken by the non-perturbative effects.

The swampland of flavour symmetries should also involve light new physics, in particular
the axions motivated by solving the strong CP problem. We noted that the flavourful axions
can be naturally embedded into the swampland of SO(10), together with the explanation
on the known SM flavour parameters. In such a case, the flavour structure of the axion
interactions depends mostly on the leptoquark Yukawa couplings and is quite different from
the symmetry protected patterns. However, instead of going deeper into such a model,
we focused more on a complete understanding about the axion models in the landscape of
flavour symmetries, because we found many important preliminary work is still missing. We
revisited the axion flavour violating interactions in one of the minimal renormalizable axion
models, known as the DFSZ model. We clarified the interpretation based on the mixing
picture and identified an overlooked two-loop contribution, which is enhanced if tanβ is
sizable. Furthermore, we pointed out a rare feature which we refer to as apparent non-
decoupling and identified the consistent low-energy basis in which the effect of ultra-heavy
particles truly decouples. We also analyzed the parameter space addressing the excess of the
B → K + invisible events at Belle II, and showed its indications on other relevant processes,
including the single photon decays of Υ(1S) and a possible excess in B → Kµ+µ−.

In our view, the most promising path towards a simple flavour theory is the above-
mentioned SO(10) framework. In future, identifying a concrete benchmark model which
generates not only the SM flavour parameters but also those needed for explaining the known
B anomalies will make this approach more convincing. For this purpose, one can start
with the minimal Pati-Salam model, whose Yukawa sector only involves (15C ,2L,2R) and
(10C ,1L,3R), responsible for reproducing the SM charged-fermions masses and decoupling
the right-handed neutrinos, respectively. Similar to minimal SO(10), an incorrect b− τ mass
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relation arises in the UV due to quark-lepton unification, but it can be modified by the RG
evolution induced by TeV-scale leptoquarks contained in the minimal Yukawa sector. The
new feature is that the theory involves more than one independent Yukawa couplings, which
cannot always be simultaneously diagonalized. As a result, sizable flavor mixing angles can
be generated. Such a model can be extended with more scalar representations, which all
together compose the ϕ126 multiplet of SO(10). We expect the data to prefer a particularly
interesting limit of this extended model in which all Yukawa couplings become quasi-aligned,
so that the theory can be approximated by the minimal SO(10) model in the UV. In such a
case, the misalignment terms can further be replaced by SO(10) invariant higher-dimensional
operators, which can be UV-completed with next-to minimal extensions. We note the simplest
one could contain a singlet fermion ψ1 and a scalar field ϕ16 which transforms as an SO(10)
spinor. The induced one-loop threshold corrections can modify the Yukawa interactions in
the most minimal SO(10). An appealing feature of such an extension is that the ψ1 and ϕ16
fields both carry matter parity opposite to the SM chiral fermion fields in ψ16. As a result,
their neutral components are stable even if being light and can naturally serve as the stable
dark matter candidates. Due to these appealing features, we expect that this model will yield
a concrete unified theory addressing the SM flavor puzzles, the long-standing B anomalies,
and hopefully dark matter, with neither the Pati-Salam group nor SO(10) being explicit
at the relevant low energy scales. Examining this model only requires the information on
TeV scale new physics with sizable interaction strengths. In principle, the next-generation
colliders can directly verify or falsify it in near future.

In addition to the flavour mixing angles, the origin of the CP violating phase can also
be explained by non-decoupling new physics. The two Higgs doublet model can contain two
degenerate electroweak vacua with opposite CP violating phases and allows the so-called
spontaneous CP violation [654], given the physical scalar states contained in the model are
all lighter than about 500 GeV [655–657]. In the limit that all model parameters are real, the
CP symmetry is only spontaneously broken below the electroweak scale and restores above it,
so that CP invariance remains as a fundamental principle of nature. From this perspective,
another physical parameter of the SM — the CP violating phase in the CKM matrix — then
arises as the vacuum solution and its origin gets dynamically explained by non-decoupling
new physics. Embedding this mechanism into a minimal realistic SO(10) model without
light LQs has been explored in our earlier work [658]. Here, we note that in principle, the
model we discussed in Ref. [658] could be further simplified if the light LQs are taken into
consideration.

The framework based on non-perturbative gravity can be applied to the ultra-light new
physics in general. It is a common practice to postulate the feeble interactions between
the SM and ultra-light new physics ad-hoc. Although such a set-up provides benchmark
models useful for analyzing the experimental data, it nevertheless leads to many free model
parameters in most cases. We think it is more convincing to promote these coupling strengths
as dynamical observables generated during a gravitationally induced phase transition at a
low scale fG, so that there are no additional parameters in the UV theory. We refer to
this framework as the non-perturbative gravity portal to ultra-light new physics. In this
thesis, we have discussed about interpreting the mixing angle between the B − L gauge
boson and the visible photon as a dynamical parameter, while the non-perturbative gravity
portal can in principle be generalized to all interactions for the ultra-light new particles. It
is worth to note that the SM is only recovered in the limit fG → 0. In other words, signals
for ultra-light new physics, as deviations to the SM predictions, are always proportional to
powers of fG/E, where E is the relevant energy scale squared. Comparing with the collider
experiments in which E is around the TeV scale, the low-energy frontier experiments are more
feasible for testing such portals because they enforce E → 0. Notably, the dark matter direct
detection experiments with ultra-low thresholds are particularly motivated. Furthermore,
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we highlight that the phase transitions change the standard cosmological model, which we
notice leads to two important indications. Firstly, the existing constraints from cosmology
exclude the possibility of directly detecting many ultra-light particles in near-future terrestrial
experiments. Yet the phase transition predicts time varying interaction strengths, which can
escape the stringent cosmological bounds from early universe so that the direct measurements
on earth become possible again. Secondly, the phase transition, although typically occurring
at the low temperatures, can still leave observable imprints on the late universe observables,
such as the matter power spectrum. We note that analyzing the impact of these effects on
the cosmological data remains widely overlooked in the literatures.

At the very end of this thesis, we emphasize that our approach has broader importance
beyond particle physics. The ultimate origin of complexity in nature, e.g. the mechanism
leading to turbulence, has been debated for a long time. On one hand, it is commonly believed
that the randomness in most of the physical systems can be traced back to external noise. In
this view, the anarchic flavour structures are more likely to stem from randomness in other
unknown sectors, so that models with such structures can never manifest themselves as an
ultimate theory for flavour. On the other hand, people have also argued that complexity does
not always need random inputs but can emerge dynamically from the non-linear evolution of
the system [659]. Then, an anarchic flavour structure with no underlying flavour symmetries,
if uncovered by future experiments and showing consistency with certain very simple patterns
in the UV, will indicate that even the fundamental laws for elementary particles are governed
by emergence, supporting the hypothesis that all complexity ultimately emerges from simple
structures. In this thesis we have pointed out two examples for the second avenue, namely
the non-trivial mb/mτ ratio and the emergence of neutrino masses from a chirally-symmetric
theory.
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