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Abstract

Conformal prediction (CP) can yield statistically valid prediction intervals for any regression model, with no model
modifications and small computational costs. To assess its practical value, we apply conformal methods to quantify
uncertainty in machine learning emulators of six microphysical process rates (MPRs). MPRs describe small-scale
processes in atmospheric clouds such as precipitation formation and aerosol—cloud interactions and help understand
weather and climate. The emulators are trained on simulation output from the ICOsahedral Nonhydrostatic (ICON)
model in a limited-area numerical weather prediction configuration. We compare split CP for deterministic emulators
with conformalized quantile regression (CQR) for quantile regression (QR) emulators. Both CP methods yield well-
calibrated and sharp prediction intervals on average, but CQR provides more consistent intervals across several orders
of magnitude, making it preferable for the uncertainty quantification of climate variables.

Impact Statement

Robust uncertainty quantification is important for the reliability of model predictions. Conformal prediction is a
model-agnostic and distribution-free framework to obtain statistically valid prediction intervals, but remains
underused in climate science. By applying and evaluating conformal prediction methods for microphysical
process rates spanning several orders of magnitude, we demonstrate their potential for inexpensive uncertainty
quantification in weather and climate modeling.

1. Introduction

In atmospheric prediction, purely deterministic methods increasingly reveal their limitations. For subgrid-
scale parameterizations, grid-scale state variables may not uniquely determine the net effect of unresolved
processes (Palmer, 2019; Christensen et al., 2024). This motivates probabilistic frameworks, stochastic
parameterizations, and robust uncertainty quantification (Haynes et al., 2023; Christensen et al., 2024;
Schreck et al., 2024; Mansfield and Christensen, 2025), often implemented through ensemble approaches
(e.g., Gagne Il et al., 2020; Behrens et al., 2025) that can be computationally costly.
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As a computationally inexpensive alternative, conformal prediction (CP) (Gammerman et al., 1998;
Angelopoulos and Bates, 2022; Vovk et al., 2022) provides distribution-free prediction intervals with
finite-sample validity for any regression model, under the assumption that the data is exchangeable, which
is weaker than the independent and identically distributed assumption commonly used in machine
learning (ML). Yet, CP has seen limited use in weather and climate applications (e.g., Gopakumar
et al. 2026; Mortier et al., 2025), in part because spatio-temporal dependence in geophysical data can
violate exchangeability. Extending conformal methods to such settings remains an active research area
(e.g., Gibbs and Candés, 202 1; Xu and Xie, 2021; Sun, 2022).

In numerical models, the spatial and temporal discretization separates resolved from unresolved scales.
Subgrid-scale physical processes must therefore be represented through parameterizations, which are a
major source of model uncertainty (Boucher et al., 2014). Cloud microphysics describes phase transitions
of condensed water in the atmosphere and interactions among liquid and frozen particles, water vapor, and
acrosols. These processes control precipitation formation and intensity, impact storm evolution, and,
through latent heating and cooling, influence cloud dynamics and large-scale cloud structure. Micro-
physical properties also affect radiative transfer and thus the Earth’s radiation budget (Gettelman et al.,
2019; Morrison et al., 2020; Lamb et al., 2026). Accurate representation of cloud microphysics remains
particularly challenging due to its inherent complexity and nonlinearity, as well as incomplete process-
level understanding (Khain et al., 2015; Zelinka et al., 2020). Improved understanding of cloud processes
will help to reduce persistent uncertainties and advance the development of ML-based models (Lamb
et al., 2026). Microphysical process rates (MPRs), computed internally to update the prognostic cloud
variables, would provide detailed insights into cloud processes and support model development. Yet,
storage constraints typically preclude saving MPR output from large-scale high-resolution simulations
because MPRs comprise a two-digit number of three-dimensional variables. Moreover, offline recalcu-
lations of process rates are generally not accurate because of a temporal mismatch between the prognostic
cloud variables in the model output and the MPRs computed during time stepping.

Here, we train ML models to emulate the computation of six MPRs from a two-moment bulk
microphysics scheme (Seifert and Beheng, 2006) and quantify predictive uncertainty with CP methods.
Using ML emulators forced by atmospheric state variables from limited-area ICOsahedral Nonhydro-
static (ICON) simulations (Zangl et al., 2015), we (i) apply split CP to calibrate prediction intervals for
deterministic emulators, (ii) train quantile regression (QR) emulators and calibrate their intervals via
conformalized quantile regression (CQR) (Romano et al., 2019), and (iii) benchmark interval calibration
and sharpness across emulators and CP methods.

The structure is as follows. Section 2 reviews CP and CQR. Section 3 describes the MPRs, the ICON
model output-based datasets, and the training and calibration procedure. Section 4 presents the results,
and Section 5 concludes.

2. Theory: Conformal prediction

CP provides distribution-free prediction intervals for any regression or classification model, which
contain the true value of the target with a pre-defined probability, requiring only data exchangeability
(Vovk etal., 2022). While originally formulated in a transductive setting (Gammerman et al., 1998), “full”
CP is computationally expensive because it requires retraining the underlying model for each test point.
We hence focus on inductive (“split”) CP, which is computationally efficient but requires splitting the data
into a proper training set and a calibration set (Lei et al., 2018). In split CP (Figure 1), a point-prediction
model is trained on the proper training set, and nonconformity scores, which measure the prediction error,
are computed on the calibration set. The (1 — a)-quantile of these scores sets the width of the prediction
intervals. Here, a is a user-specified miscoverage rate, which quantifies the probability that the true value
falls outside the prediction interval. This yields prediction intervals that, by construction, marginally
contain the true target value with 100(1 — )% probability. Although this guarantee holds independently
of model skill, data distribution, and nonconformity score function, interval informativeness mainly
depends on the choice of score function (Angelopoulos and Bates, 2022).
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Figure 1. Conformal prediction framework: split conformal prediction (top row) and conformalized
quantile regression (bottom row).

2.1. Split conformal prediction without retraining (SCP)

More formally, given n training samples {(X;,Y;)},_,, the main objective is to construct the prediction
interval C(X,;+1) CR for a test point X, . The interval C contains the unknown value Y, with the
miscoverage rate o € (0, 1), satisfying the marginal coverage guarantee

P{Y,1 €C(Xp1)} > 1—a, @2.1)

for any joint distribution of the feature vectors X € R” of dimension p > 1 and labels Y € R and any sample
size n with the assumption that all samples {(X;, Yi)}?ill are drawn exchangeably from the joint
distribution.

The procedure for constructing the prediction intervals is straightforward. First, a regression model is
trained on a proper training subset indexed by 7| C {1,...,n} to predict fi(x). Then, a disjoint calibration
subset indexed by I, C {1,...,n} is used to compute the nonconformity scores

Ri=|Y;—i(X;)|i€ I, (2.2)
i.e., the residuals. Computing
1
01 (R, 15)=(1—a) (1 +ﬁ> -th empirical quantile of {R;}, 7 , (2.3)

with || the cardinality of the calibration set, yields the prediction interval

C(Xn+1> = [,H(XVH»I) - Ql—a(R’IZ)’,a(XnJrl) + Ql—a(RaIZ)L (24)

which satisfies (2.1). Setting a = 0.1 corresponds to 90% prediction intervals.

The coverage property (2.1) is marginal, i.e., averaged over all samples {(X;, Y,-)}?;l (Romano et al.,
2019; Feldman et al., 2021). The coverage guarantee holds for the distribution of the test point X,, |, but
may not hold for the conditional distribution of ¥, given X,,4,

I]:D{Yn-H E(J(}(n+l) | Xn-H} > 1 —a, (25)

which is referred to as conditional coverage and, in general, cannot be achieved (Lei and Wasserman,
2012). As a result, the coverage probability can fall below 100(1 — a)% for subsets of the data, such as
certain regimes or ranges of the target variable.

2.2. Conformalized quantile regression

While SCP allows for constructing marginally valid prediction intervals in a straightforward way at
almost no additional computational cost, Eq. (2.4) reveals that the length of the prediction interval
C(X,41), 1s fixedto 20, _,(R,I), independent of the input X, . SCP is based on the implicit assumption
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that the spread of the residuals is constant for all inputs X,,, 1, i.e., homoscedasticity, which is in practice
often not the case. To address this issue, Romano et al. (2019) proposed CQR. In CQR, a QR model is used
to derive prediction intervals that can handle heteroscedasticity and thus are potentially more informative.
QR (Koenker and Bassett, 1978) is a statistical method to estimate conditional quantiles of ¥, given
X,.+1, instead of the conditional mean. Here, a QR model is trained on the proper training dataset to predict
the lower and upper quantile Qmo (%) and Qam (x), which constitute initial estimates of the lower and upper
bound of the prediction interval, C(x) = [Q,, (x). 0y, (x)], with @, =0/2 and ay=1-0/2, e.g.,
Clx)= [Qo.os’ Qo.gs] . To quantify the error of this ad hoc prediction interval, nonconformity scores

Ei==maX{Qab (Xi)=Y.Y— Qahi (X))}, (2.6)

are computed on the calibration dataset for each i € 7. For a new input X, ;, the prediction interval is
conformalized by computing Q,_,(E,Z,) analogously to SCP (2.3). This yields the conformalized
prediction interval.

CXnt1) = [y Xnt1) = Q1o(E-12), O (Xn11) + Q1o (E. T2)]. 2.7

3. Data and methods
3.1. Microphysical process rates

We aim to reconstruct MPRs from output of the ICON model, which were not included in the model
output at the time of simulation, using a two-moment bulk microphysics scheme.

Bulk parameterization schemes describe cloud microphysical properties within each model grid
volume with statistical bulk quantities, i.e., moments of the size distribution functions of distinct
hydrometeor categories. The two-moment microphysics scheme (Seifert and Beheng, 2006) parameter-
izes cloud microphysics with prognostic number concentrations and mass mixing ratios of cloud droplets,
raindrops, cloud ice, snow, graupel, and hail, corresponding to the first two moments of the respective size
distribution functions. MPRs describe a change in the prognostic variables through phase transitions and
interaction processes (Figure 2). (In this work, we only consider process rates related to a change in the
mass mixing ratio.) Here, we consider two warm-rain processes, which both describe an increase in the
rain mass mixing ratio through the formation of raindrops from coalescing cloud droplets
(autoconversion) and cloud droplets and raindrops (accretion). Evaporation of rain causes a decrease
in rainwater mass. Rain mass also decreases by freezing of rain to snow, graupel, and hail at temperatures
T<0°C. At T>0°C, all frozen hydrometeors can melt to rain, leading to an increase in the rain mass
mixing ratio. Furthermore, we consider riming, whereby liquid particles freeze upon contact with a frozen
hydrometeor. The riming rate comprises eight individual processes between each category of hydro-
meteors in the liquid and solid phase. The melting, freezing, and riming rates represent the sum of all
individual processes. As inputs to the ML models, we use mass mixing ratios and number concentrations
together with temperature, pressure, and density. (These are listed in the Supplementary Material A.2. A
short discussion of exchangeability can be found in Supplementary Material A.3.)

3.2. ICON model simulations and sampling procedure

For training, calibration, and evaluation, we use a dataset compiled from simulation output of the ICON
model (version 2.6.6) (Zingl et al., 2015) in a limited-area configuration with Ax~ 2 km effective grid
spacing. The simulations are performed with the two-moment microphysics scheme (Seifert and Beheng,
2006) with a fast-physics timestep tg,sc = 20s. The modeling domain extends from —0.4°W to 17.7°E
and from 43.7 ° N to 57.26 ° N, corresponding to the operational ICON-D2 configuration (Reinert et al.,
2025). Each vertical column contains 65 levels up to 22 km above ground. The dataset comprises 19 one-
day simulations (24 hours each) from January 2022 to July 2023 with an output time step of 10 minutes.
We perform simulations for 1 day for each month. For training purposes, the MPRs are added as additional
output variables in our setup. Further details on the model configuration are given in Supplementary
Material A.1. The set of input features for each target variable is aligned with the computation of the
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Figure 2. Schematic of selected microphysical processes (arrows) between the six hydrometeor
categories (boxes) and water vapor in the two-moment microphysics scheme of Seifert and Beheng
(2006). Horizontal (green) arrows represent interaction processes, vertical (blue) arrows represent phase
transitions. For simplicity, vriming is shown separately. If a process occurs more than once, arrows
represent contributions to the total process rate. From an ML perspective, boxes represent input features
(mass mixing ratios and number concentrations) and arrows represent targets (process rates).

process rate in the ICON subroutine and listed in Supplementary Material B.1. The size of the initial
dataset is reduced by random sampling of model grid points. Furthermore, the output from high altitudes is
discarded under the assumption that they are cloud-free. We use the simulation output for 2022 for training
(even-numbered months) and validation (odd-numbered months); the simulated days for 2023 are used
for the test dataset. The training dataset is randomly split into the proper training and the calibration set.
The datasets for each target MPR are retrieved from these initial datasets by filtering out all grid points
where the value of the MPR fulfills MPR| > 10~ "?kgkg ' tg,q ' and >, g, > 10~ ?kgkg ™" over all mass
mixing ratios g, in the set of input features, which corresponds to the threshold g = 10~ "?kgkg " in the
two-moment microphysics scheme. (In the ICON model, g is a critical mass mixing ratio threshold used
in the parameterization of certain processes, such as autoconversion.) This allows us to train the regression
models to predict logarithmically transformed targets, as the range of the target variables spans multiple
orders of magnitude. Thus, the proper training dataset contains 1.12 x 107 samples, and each validation,
calibration, and evaluation dataset contains 1.6 x 10° samples, corresponding to a 70%/10%/10%/10%
split. The input features are scaled to the range [0, 1] with min-max scaling.

3.3. Training and calibration

A separate model is trained for each process rate. In order to obtain prediction intervals with SCP, we train
random forest (RF), gradient boosting (XGB), and neural network (NN) models to obtain point
predictions for the process rates. For this, we use the scikit-learn library for the RF models
(Pedregosa et al., 2011), the XGBoost library (Chen and Guestrin, 2016) for the XGB models, and
PyTorch (Paszke et al., 2019) for the NN models. Calibration is performed with the absolute error residual
(2.2) and a=0.1. For CQR, we employ three QR architectures: quantile RF (QRF) models using
quantile forest’s RandomForestQuantileRegressor (Meinshausen, 2006; Johnson, 2024), quan-
tile gradient boosting (QXGB), and quantile feed-forward neural networks (QNN). We use the Adam
optimizer (Kingma and Ba, 2017) for training the QNN with a learning rate scheduler with a minimum
learning rate of 10~®. The maximum number of epochs is 150. The QNN is trained with the quantile loss
(Koenker and Bassett, 1978), frequently also referred to as the pinball loss,

Ly(y,y) =a(y=3)H{y>y}+ (1 —a) (3 —y) H{y <3}, (3.1)

where y is the model’s prediction of the “true” y. All three QR models are trained to predict the 5%- and
95%-quantiles. More details on the training and the model hyperparameters are given in
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Supplementary Material B.2. The predicted upper and lower quantiles are calibrated with the
nonconformity score function (2.6) and a =0.1.

4. Results
4.1. Deterministic performance of microphysical process rate emulation

The performance of the deterministic RF, XGB, and NN models is evaluated with the coefficient of
determination R? (Table 1). In order to obtain an estimate of the performance of the QR models, we
compute the R? score with the median of the predicted (uncalibrated) upper and lower quantiles. The
deterministic models show moderate to high R> scores ranging from 0.47 to 0.99, with the NN models
achieving the highest R? scores for all MPRs. The lowest score is obtained for rain freezing with the XGB
model. The QR models yield R? scores that are largely comparable to those of the deterministic models.
An exception is the QRF model for autoconversion, where R*20.02. For all other QR models and process
rates, R* ranges from 0.43 to 0.99.

4.2. Conformal prediction uncertainty estimates

We evaluate the calibration of the CP intervals with the prediction interval coverage probability (PICP)
1 n

PICP=-)» 1{Y;eC(X))}, 4.1

22 1rieCk) (@.1)

which is the proportion of the true values that are covered by the prediction intervals, i.e., the PICP
evaluates the marginal coverage property (2.1). Here, n is the size of the test set, Y; the true value, and
C(X;) the prediction interval. With a = 0.1, we aim for PICP =~ 90%. The results are given in Table 2; for
comparison, we include the PICP for the uncalibrated prediction intervals obtained with the QR models.
We find that the PICP ~ 90% for both the deterministic models calibrated with SCP and the CQR models.
Yet, in some cases, the PICP falls slightly below the target 90%. This may be due to sampling variability
but it could also indicate mild violations of the exchangeability assumption. Furthermore, we observe that
calibration does not always result in a PICP that is closer to 90%, compared to the uncalibrated intervals.
This can be seen, for instance, for autoconversion and the QRF model or accretion and the QXGB model.
In these cases, calibration decreases the PICP slightly. This can occur because the CQR nonconformity
score function (2.6) can be negative and thus shrink the predicted interval, as the score function is
designed to account for both undercoverage and overcoverage (Romano et al., 2019). Nevertheless, in
other cases we observe a significant improvement, for example with the QRF models for the melting to
rain and total riming rate.

Table 1. Deterministic performance in terms of the R* score

Autoconversion Accretion Rain evap. Rain fr. Rain melt. Tot. riming
RF 0.67 0.97 0.93 0.52 0.90 0.78
XGB 0.66 0.70 0.81 0.47 0.97 0.90
NN 0.77 0.98 0.98 0.78 0.99 0.91
QRF 0.02 0.99 0.98 0.45 0.98 0.91
QXGB 0.60 0.74 0.83 0.46 0.88 0.82
QNN 0.43 0.88 0.66 0.68 0.99 0.82

Note: The scores for the QR models are computed with the median of the predicted uncalibrated upper and lower quantiles. For each process rate, the
highest score for the deterministic and QR models is highlighted in bold.
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Table 2. Prediction interval coverage probability (PICP)

Autoconversion Accretion Rain evap. Rainfr. Rain melt. Tot. riming

SCP, RF 90.18% 91.96% 89.21%  88.01%  90.96% 91.21%
SCP, XGB 89.82% 90.63% 87.61%  89.52%  90.17% 91.06%
SCP, NN 89.98% 91.43% 87.61%  90.47%  89.98% 90.74%
QREF, uncalibrated 89.47% 88.46% 9791%  87.61%  94.53% 97.71%
CQR, QRF 86.44% 88.51% 90.05%  87.61%  89.18% 88.63%
QXGB, uncalibrated 89.24% 89.50% 89.58%  90.66%  89.00% 90.28%
CQR, QXGB 89.27% 88.83% 88.14%  89.18%  88.09% 89.14%
QNN, uncalibrated 89.68% 87.19% 95.71%  83.74%  90.87% 92.60%
CQR, QNN 89.77% 90.41% 90.11%  89.04%  90.60% 89.43%

Note: For comparison, we show the results for the uncalibrated prediction intervals obtained with QR in gray. For each process rate, the best PICP
obtained with SCP and CQR is highlighted in bold, which is defined as min(|PICP —90%)).

The sharpness of the prediction intervals is evaluated with the normalized mean prediction interval
width NMPIW):

n
NMPIW = 12 ( ux) L(.X’) > : 4.2)
n4=\ max(Y) — min(Y)

where U and L refer to the calibrated upper and lower prediction interval bounds. We present the results in
Table 3. (Note that the length of the calibrated and uncalibrated prediction intervals is similar in each case,
therefore, we do not include both results.) We find that for each process rate, the smallest NMPIW is
obtained with SCP. For accretion, rain evaporation, rain melting, and total riming, the NMPIW values
obtained with SCP with the deterministic models and CQR with the QR models differ by not more than
one order of magnitude for each MPR. Yet, for autoconversion and rain freezing, the NMPIW obtained
with SCP is smaller by up to two and three orders of magnitude, respectively. Moreover, a higher PICP
does not necessarily imply a larger or smaller NMPIW, as can be seen, e.g., for the rain freezing and the
total riming rate, where the smallest NMPIW values correspond to neither the highest nor lowest PICP.

We visualize the prediction intervals derived with SCP and CQR exemplarily for autoconversion in
Figure 3. (Additional results for all process rates are included in the Supplementary Material C.) It is
apparent that the SCP results mainly depend on Q, _,,. For true values smaller than Q, _,, all prediction
intervals have the same width and mostly cover the true value. Above Q, _,, this is not the case anymore,
with prediction intervals with decreasing PICP typically missing the true value of the MPR. In contrast,
with CQR, valid prediction intervals are present across the full range of true values. This indicates that in
our case, single-valued evaluation metrics might not be reflective of the true behavior. To further
investigate the dependence of the PICP and NMPIW on the size range of the target variables, in

Table 3. Normalized mean prediction interval width (NMPIW)

Autoconversion  Accretion  Rain evap. Rain fr. Rain melt.  Tot. riming
SCP, RF 4.89x107° 1.23x107* 8.64x107* 1.66x107% 2.79x1073 4.22x107*
SCP, XGB 429x107%  488x10° 321x10™* 297x10% 9.04x10~* 1.38x10~*
SCP, NN 4.06x10°%  731x107° 1.80x107* 2.96x107% 1.08x107° 1.94x10~*
CQR, QRF 886x107°  1.08x10°* 7.49x107* 5.62x107° 1.48x1073 4.62x10°*

CQR,QXGB  1.12x107*  3.17x107* 736x107* 7.46x107° 230x1073 6.28x107*
CQR, QNN 1.10x 1074 1.21x107* 9.13x107* 3.60x10~° 1.50x1073 7.16x107*

Note: For each process rate, the smallest NMPIW obtained with SCP and CQR, is highlighted in bold.
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Figure 3. Calibrated prediction intervals with SCP and the NN (left) and COR and the QNN (right) for
autoconversion. For better visualization, we only show 1500 randomly selected samples.
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Figure 4. Normalized mean prediction interval width (NMPIW) and prediction interval coverage
probability (PICP) binned by value of the autoconversion rate for SCP (left) and COR (vight).

Figure 4, we show both quantities binned by the size of the true value for SCP and CQR, respectively.
Consistent with Figure 3, we observe that with SCP, the PICP is almost at 100% for size bins of the true
values below Q,_,, and drops to PICP <« 90% above Q,_,. With CQR, the PICP is approximately 90%
across all size bins, in agreement with Figure 3. With both methods, the NMPIW decreases with
increasing size of the target value. Thus, unlike SCP, CQR can predict state-dependent intervals across
the entire range of MPRs, yielding more reliable prediction intervals in general. (Supplementary
Material C.3 includes an analysis of the absolute residuals, which is a diagnostic for heteroscedasticity.)

5. Conclusions

We applied and evaluated conformal methods to derive calibrated prediction intervals for microphysical
process rates (MPRs), enabling the retrieval of detailed process information from high-resolution
atmospheric simulations. We compared split conformal prediction, which is simple and inexpensive,
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with conformalized quantile regression, which requires training a quantile regression model. Applied to
well-performing machine learning emulators, both approaches yield satisfactory results for calibration
(measured with PICP) and sharpness (measured with NMPIW) on average. In certain cases, the PICP falls
slightly below the nominal level, which might indicate mild violations of the exchangeability assumption.
Moreover, split conformal prediction exhibits a strongly bin-dependent PICP and unreliable intervals for
process rate values exceeding Q;_,. In contrast, conformalized quantile regression adapts to hetero-
scedasticity and thus better reflects the distribution of MPRs, making it the preferable approach when
large values are most important. Future work could explore alternative nonconformity scores
(Papadopoulos et al., 2008; Lei et al., 2018; Gopakumar et al., 2026) and loss functions for quantile
regression training (e.g., Feldman et al., 2021) to further improve efficient, reliable uncertainty quanti-
fication across the diverse distributions encountered in weather and climate science.

Supplementary material. The supplementary material for this article can be found at http://doi.org/10.1017/eds.2026.10051.
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