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ABSTRACT

Numerous mesh-distortion-insensitive Petrov-Galerkin finite element formulations have been developed for the sim-
ulation of elastostatic problems. This contribution presents initial results on how these formulations can be extended
to linear elastodynamics. In this context, three different approaches are examined, building upon an established
8-node elastostatic formulation. The first two approaches demonstrate that preexisting strategies reach their lim-
its when applied to such unsymmetric formulations. In contrast, the novel third approach enables stable simula-
tions. Moreover, the resulting formulation appears to be less sensitive to mesh distortion than a standard 8-node
Bubnov-Galerkin formulation.

1 | Introduction

It is well known that the quality of finite element (FE) simulations in the field of solid mechanics depends strongly,
among other factors, on the mesh that is used. In particular, when using conventional displacement-based FE formula-
tions, the element geometry has a significant influence on the quality of the solution. For example, parallelogram-shaped
elements should ideally be used for the simulation of two-dimensional problems, as elements with other geometries typ-
ically lead to significantly poorer numerical results. An explanation for this phenomenon is provided, for example, in
Lee and Bathe [1].

However, in many practical applications, meshes with distorted elements are unavoidable due to the geometry of the sim-
ulated structure. For this reason, efforts have been made for some time to reduce the sensitivity of finite elements to mesh
distortion. In this context, a number of element formulations have been developed that can be classified as Petrov-Galerkin
FE formulations. In contrast to conventional Bubnov-Galerkin FE formulations, where the test and trial functions are
approximated using the same ansatz functions, Petrov-Galerkin formulations employ different ansatz functions for the
approximation of the test and trial functions. In the linear elastostatic case, this special discretization technique leads to
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a stiffness matrix that is, in general, unsymmetric. Consequently, such formulations are often referred to as unsymmetric
FE formulations.

Fundamental to the development of these mesh-distortion-insensitive formulations is the pioneering work of Rajen-
dran and Liew [2]. In this work, an 8-node Petrov-Galerkin FE formulation is introduced that is capable of
exactly reproducing quadratic displacement fields even when meshes with highly distorted elements are used.
This represents a clear improvement over conventional 8-node Bubnov-Galerkin FE formulations. These enhanced
properties regarding mesh distortion sensitivity can typically also be observed in simulations of more complex
problems.

A major drawback of the formulation proposed by Rajendran and Liew [2] is that it is frame-dependent. As shown in [3],
different results are obtained when the same problem is simulated using different coordinate systems. A remedy for this
problem is provided in Xie et al. [4], where the use of so-called skew coordinates, which were originally introduced in
Yuan et al. [5], is proposed. The resulting 8-node finite element formulation UQ8* is frame-independent and constitutes
a key component of the present work.

In the last few years, many other mesh-distortion-insensitive Petrov-Galerkin FE formulations have been devel-
oped based on different approaches and for various applications. Since a comprehensive review of all publications
would be beyond the scope of this work, only an overview of those formulations specifically developed for the sim-
ulation of linear elastostatic problems is given in the following. A more comprehensive literature review can be
found in [6].

For the two-dimensional case, in addition to the aforementioned works [2-4], further 8-node element formula-
tions were introduced in [7-9]. Formulations for 4-node elements are presented in [4, 10-15], and a formulation
for triangular 6-node elements is covered in [16]. Quadrilateral elements with different approximation orders are
examined in [6].

For the simulation of three-dimensional problems, 20-node elements were introduced in [4, 17]. Formulations for 8-node
hexahedral elements can be found in [4, 13, 15, 18].

To the best of the authors’ knowledge, the existing publications on mesh-distortion-insensitive Petrov-Galerkin FE for-
mulations are limited to time-independent problems.! This is likely due to the fact that the extension of these formu-
lations to time-dependent problems is not straightforward, as demonstrated in the present work for the case of linear
elastodynamics.

This issue is not only limited to mesh-distortion-insensitive Petrov-Galerkin finite element formulations, but also restricts
the applicability of many other methods that ultimately lead to unsymmetric system matrices. According to Wang and
Hillman [20], this can be explained, in the case of linear elastodynamics, by the fact that, when unsymmetric system
matrices are present, the satisfaction of the global energy balance cannot be guaranteed - a condition that must be fulfilled
from a physical standpoint.

Nevertheless, it seems desirable to be able to exploit the advantageous properties of the aforementioned Petrov-Galerkin
FE formulations with respect to mesh distortion sensitivity in the simulation of time-dependent problems. For this reason,
the present work investigates three different approaches that aim to extend these mesh-distortion-insensitive formulations
to the dynamic regime. The study focuses on the UQ8* formulation by Xie et al. [4], whose computer implementation is
straightforward. However, many of the insights gained can likely be applied to other Petrov-Galerkin FE formulations
as well.

The paper is organized as follows. First, in Section 2, the key concepts of the underlying elastostatic UQ8* formulation
are summarized. Subsequently, in Section 3, three different approaches are presented that aim to extend this formula-
tion to the dynamic regime. The first approach, covered in Section 3.1, represents the most straightforward way for this
extension. It reflects the procedure that is typically used for Bubnov-Galerkin formulations. In Section 3.2, an approach
proposed by Wang and Hillman [20] for other Petrov-Galerkin formulations is adapted to the UQ8* formulation consid-
ered in this work. Finally, Section 3.3 introduces a novel approach based on the introduction of the velocity field as an
independent variable. In Section 4, the properties of the aforementioned approaches are investigated numerically using
several examples.
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2 | A Mesh-Distortion-Insensitive 8-Node Petrov-Galerkin Finite Element Formulation
for Elastostatics

In this section, the key concepts of the 8-node Petrov-Galerkin FE formulation UQ8*, as introduced by Xie et al. [4], are
summarized. This irreducible formulation is notable for its ability to accurately reproduce quadratic displacement fields
even when highly distorted finite element meshes are used. As this formulation is relatively simple compared to other
formulations, it is employed in Section 3 to demonstrate how the dynamic extension of Petrov-Galerkin finite element
formulations can be achieved.

Following standard conventions, a two-dimensional linear-elastic continuum body Q is considered. Employing a Carte-
sian coordinate system, every point within the body can be addressed by a position vector x = [x, y]T € Q. The displace-
ment of each point of the body is described by the displacement field u(x) = [u, (%), uy(x)]T. The boundary of the body,
denoted by 9Q, can be divided into a Dirichlet boundary dQ,,, where prescribed displacements u are imposed, and a Neu-
mann boundary dQ,, where prescribed traction forces t are applied. We assume that dQ, U 0Q, = dQ and 9Q, N 0Q, =
hold for these boundaries.

The strain state at each point of the body can be characterized by the strain tensor

£

e(w) = lg"" "y] =2 (Vau+ (V,)"), )
ny E.V.V

which is symmetric, that is, Exy = Epye

This allows the weak form commonly used in the simulation of elastostatic problems to be stated as
/ (W) : C : g(u)dA = G, 2
Q
where w,,(x) is an arbitrary test function and C is the fourth-rank elasticity tensor. Furthermore,
Gextz/wu.bdA+ w, - tds, (3)
Q oQ,

where b(x) denotes the body force field.

Taking into account the symmetry properties of the strain tensor and the elasticity tensor, the weak form (2) can, with the
help of Voigt’s vector notation, alternatively be expressed as

/ ey(Wy) - Dey(u) dA = G, 4)
o

where

ey(u) = [e,, €, 26| = =+ — . (5)

T aux 0uy ou duy T
ox’ dy’ dy 0x

Furthermore, the elasticity matrix corresponds to

1voO
v1o0 (plane stress)
1-v2 L
00 2"
D = , (6)
1-v v 0
£ 1-v O (plane strain)
1+v)A-2v)
0 =
L 2
with Young’s modulus E and Poisson’s ratio v.
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FIGURE1 | [Illustration of the different element domains (reference domain Q, physical domain Q°, skew domain 5) and the

corresponding mappings (isoparametric map x™¢, see (8); skew map £, see (11); additional map Z, compare [15], not relevant here) for
a distorted 8-node element.

In the finite element method, the body € is subdivided into n, finite elements such that
Q~QP= UQE, (7)
e=1

where the superscript (o) indicates an approximation. In the UQ8* formulation, each element has 8 nodes and can be
considered in different domains. As illustrated in Figure 1, an element may be represented not only in the physical domain
Q°, but also in the reference domain Q and in the skew domain Q.

The reference domain corresponds to a square with side length 2. The origin of the reference coordinates & = [&, n]T is
located at the center of the square. Thus, &, # € [-1, 1]. The relationship between the reference domain and the physical
domain is established via the isoparametric map

X" = Z:Ni(g)xf, (8)
where N,(€) are the standard quadratic serendipity shape functions given by
N = 70 = 8 = m(-E—n -1, Ny(§) = FA+8A = mE -1 1),
Ny = JA+ O +mE+7-1D), Ni(§) = FA =& +m(-E+1- 1),
Ny = 20— )1 - ), No(®) = S0+ - 7P
N = 50 =)+ ), Ny(®) = 30 -0 - 1) ©)

and X? are the physical coordinates of the i-th node.

Accordingly, the Jacobian of the transformation is given by

8
oxh-e
Jhe = % " Y XE® VN, (10)
i=1

An essential component of the UQ8* formulation is the use of the frame-indifferent skew coordinates (see also [5, 15]).
These can be defined via the affine skew map

g=1& 7" =I5 (x* = x). (11)
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Therein, x, = x™¢| ¢=o denotes the position of the element center, and J, = Jhe) g=o corresponds to the Jacobian evaluated
at the center of the element. As can be seen from Figure 1, the skew domain of the element generally differs from the
reference domain. However, if an element is undistorted, or more precisely, if the Jacobian of the transformation (10) is
constant, the skew domain of the element coincides with the reference domain.

Petrov-Galerkin finite element formulations are characterized by the fact that, in contrast to the usual Bubnov-Galerkin
finite element formulations, different ansatz spaces are employed for the approximation of the test and trial functions.
Within the UQ8* formulation, the approximation of the test function is carried out at the element level in the same way
as in standard formulations. This means, according to

8

Wyt = Y N@OW;,. (12)

i=1

where W7 are the nodal values of the test function. In contrast, the approximation of the trial function (the displacement
field) is performed employing so-called metric shape functions N f(E) in accordance with

8
u = Y K@U, (13)
i=1

where Uf are the nodal values of the trial function.

At its core, this unusual approximation procedure can be traced back to Rajendran and Liew [2]. The motivation behind
this approach is to obtain a formulation capable of accurately reproducing any quadratic displacement field, that is, a
displacement field of the form

u(x)=a, +a, x+a; y+a, x> +ag xy+ay y°, (14)

where a, to a, are arbitrary constants, even when the elements employed are severely distorted. This is only possible if
the approximation of the displacement field is able to exactly reproduce all monomials appearing in (14), regardless of
the element shape. Since this requirement cannot be satisfied when using standard serendipity shape functions (cf. [1]),
the UQ8* formulation employs special shape functions specifically designed to enable this.

In the following, the derivation of these metric shape functions is outlined. Within the framework of the UQ8*
formulation, it is required that the formulation should be able to accurately reproduce any displacement field
of the form

— — _ —2 - — =2_ ——
u)=b, +b,&+byn+b, & +bs &+ by T +b; & n+Dby e, (15)
where b, to bg are arbitrary constants. Note that this requirement also includes (14) due to the affine relationship between

the physical coordinates and the skew coordinates, see (11). Since the nodal interpolation formula (13) should be able to
reproduce (15),

8
Ae — - _ =2 —_ _ —2_ —_
ZNf(‘f)Uf =b;+b, {+by;n+by, & +bs S+ by T +b; & n+bg & (16)
i=1
must be satisfied. Taking into account the nodal conditions U; = u(Ei) leads to

8
A — — _ —2 - _ _ —2_ —_
ZNi(§)<b1 +by & +byn;+by & +bs S + by ’7;2 +b; &1 +bg *fﬂ??)
i=1
— _ =2 —_ _ —2_ —
=b,+b, E+b,7+b, & +b, E+b, 7 +b, £ 77 +bg &7, (17)

where &, and 7, denote the skew coordinates of the i-th node. From (17), eight conditions can be derived that must be
satisfied individually in order for the equation to hold for arbitrary constants. These conditions can be expressed compactly
in matrix-vector notation as

Ph = p(¢, 7), (18)
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where
A e A e A€ T
=N RS L (19a)
—_ —_ 2 _ _ T
pE M= [LERE &7 En T (19b)
P= [p(gl’ ﬁl)? P(Ez’ ﬁZ)’ (RN p(gsp ﬁS)] (190)

The metric shape functions can be determined by solving the system of linear equations (18). In general, these metric
shape functions must be determined for each element individually. This is possible as long as there are no coincident
nodes. Note that the metric shape functions are identical to the serendipity shape functions (9) when the Jacobian of the
transformation (10) is constant.

Apart from the specific approximation of the displacement field, the UQ8* formulation does not differ from standard
finite element formulations. The approximations (12) and (13) can equivalently be expressed in matrix-vector notation as

wle =NWe, u=NU", (20)
with the standard matrix of shape functions
N = [NI, N, ..., Nyl (21)

and the matrix of metric shape functions

A€

N =ML &5 M) (22)

where I denotes the 2 x 2 identity matrix. Moreover, W; and U* are the vectors of the nodal values, where, for example,
U= |ug, UgL UsL U US U (23)
1 N X2 V2 Xg Vs
In a similar fashion, the strain tensors in Voigt’s vector notation appearing in (4) can be expressed compactly as

ey(Wh€) = BW¢ , & (ul) =BU", (24)

u

with the standard strain-displacement matrix B® and the metric strain-displacement matrix B’. Both strain-displacement
matrices contain derivatives of the respective shape functions with respect to the physical coordinates. For the serendipity
shape functions, these derivatives can be determined according to

VN = @M)TVN,, (25)
whereas the corresponding derivatives of the metric shape functions can be computed via
e =T A~ e
VN, =J; VeN,. (26)

Following the standard procedure in the finite element method, an element stiffness matrix and an element load vector can
be defined at the element level based on the relationships introduced above. By introducing A as the assembly operator,
the global stiffness matrix can then be defined via

K= < (BT DB® dA> ) 27)
e=1 Qe
Note that, in contrast to standard formulations, the global stiffness matrix is generally unsymmetric for the UQ8* formu-
lation. After the assembly procedure, the resulting system of equations can be expressed in the usual form as
KU = F*, (28)

with the global nodal displacement vector U and the global load vector F**'. Note that, for the formulation considered
in this work, the global load vector results from inserting (12) into (3) and is therefore identical to that of standard
Bubnov-Galerkin formulations.
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3 | Extension to Elastodynamics

In this section, three different approaches are presented that show how Petrov-Galerkin finite element
formulations - initially developed for the linear elastostatic case — can be extended to the dynamic regime. These
approaches are applied specifically to the UQ8* formulation from Section 2; however, the underlying ideas can, in
principle, be transferred to other formulations as well.

In contrast to the elastostatic case, it is now assumed that the deformation of the continuum body Q also depends on
timer € T = [0, T], where T € R* denotes the total time. Furthermore, the velocity field v(x, ¢) is introduced as the time
derivative of the displacement field, that is,

v(x,1) = %u(x, 1 =ux,1). (29)

In addition, it is assumed that the initial displacement field u, = u(x, 0) and the initial velocity field v, = v(x, 0) are
prescribed.

3.1 | The Conventional Approach

The first approach, referred to as the conventional approach in the following, reflects the usual procedure for extending
standard Bubnov-Galerkin formulations to elastodynamics. It is presented here to demonstrate that techniques developed
for Bubnov-Galerkin formulations cannot always be directly transferred to Petrov-Galerkin formulations.

For this approach, the weak form

/wu-pﬁ dA+/£(wu) :C: e(u)dA = G (30)
o o

is taken as a starting point. Compared to the weak form of elastostatics (2), the present weak form now additionally
includes the inertia term, with the mass density p € R*.

3.1.1 | Discretization in Space

In a first step, the spatial discretization of the weak form (30) is carried out. As in the elastostatic formulation (cf. Section 2),
the test and trial functions are approximated at the element level employing different ansatz functions. Building on the
elastostatic formulation, the approximations

wl*=NW¢, u*=NU, u*=NU", a*=NU (31)

represent the most natural choice in this context. Substituting these approximations into the weak form (30) and subse-
quent assembly of the element contributions leads to

W, - MU + KU) = W, - F* (32)

at the global level. Therein, K corresponds to the global stiffness matrix (27), and M is the global mass matrix given by
ne
M=/ < (NOT pN¢ dA) ) (33)
e=1 Qe

Note that both matrices are generally unsymmetric. In the following, these matrices are also collectively referred to as
unsymmetric system matrices. Due to the arbitrariness of the test functions, (32) may also be written as
MU + KU = F*. (34)

This system of equations represents the semi-discrete equations of motion pertaining to the conventional approach.

3.1.2 | Discretization in Time

We now turn to the temporal discretization of the semi-discrete equations of motion. To this end, the system of
second-order ordinary differential equations (34) is reformulated to convert it into an equivalent system of first-order
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equations. More precisely, by introducing the nodal velocities V as independent variables, it is possible to rewrite (34)
equivalently as
U=V, (35a)

MV + KU = F=, (35b)

Various time integration schemes are available for the numerical solution of equations of this type. A common method
that we favor in this case is the implicit midpoint rule. For this one-step method, the interval T is divided into subintervals
[t,, t,41] C I.Itis assumed that the nodal values of the displacement field and the velocity field are known at time 7, and
sought at time ¢, ;. Applying the implicit midpoint rule to (35) yields

U,,-U,=ArV,,1, (36a)
2
M(V,,, -V,) + At f(UH% = At Fe"t<t”+%), (36b)

where the fields at time ¢, are denoted by (e), and at time ¢, by (e),,,. Furthermore, (o), s = %[(o)n + (o), +1] is the
average value and At =¢,,; —t, denotes the time step size.

To simplify the numerical solution of these equations, it is convenient to rewrite Equation (36a) in the form

2

Vn+1 = E(Un+1 - Un) _Vn' (37)
Substituting this relationship into Equation (36b) ultimately yields
M(-5 (U -U,) - 2V, ) + KU, = F%(1,,1 ). (38)
Atz n+1l n At n n+z n+§

In this representation, the sought nodal displacements U, ., can be obtained directly from Equation (38). The nodal veloc-
ities V,,, then follow from Equation (37).

Remark 1. For the temporal discretization of linear elastodynamic problems, Newmark’s method [21] is often used
instead of the implicit midpoint rule. For Petrov-Galerkin formulations, the corresponding procedure can be stated as

U, =U,+AtV, + At2<<% - ﬂ)An + ﬁAnH), (392)
Vn+1 = Vn + At((l - Y)An + }/An+1), (39b)

MA}'H—l + I~<[Jn+1 = FeXt

n+1’

(39¢)

where 0 < f < % and 0 <y <1 are two scalar parameters that can be used to control the numerical properties of the
method (see, e.g., [22]).

It is well known that Newmark’s method is unconditionally stable when the system matrices are symmetric, and the
associated scalar parameters are chosen as y > % and f > %y. In particular, for g = i and y = % Newmark’s method is
capable of conserving the total energy. However, when simulations are performed with unsymmetric system matrices,
numerical instabilities may occur regardless of the time discretization scheme (see [20] and the numerical results in
Section 4). An explanation for this phenomenon is provided in the following section.

Independent of this, it is worth noting that certain relationships between different time discretization schemes, which

are already well-known for Bubnov-Galerkin formulations, also appear to hold for Petrov-Galerkin formulations (cf.
Appendix A).

3.1.3 | Analysis at the Energy Level

The numerical investigations (see Section 4) demonstrate that the conventional approach is not suitable for the dynamic
extension of Petrov-Galerkin finite element formulations. Specifically, simulations using this approach tend to be highly
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unstable. This can be attributed to the fact that the global energy balance is violated already at the semi-discrete level (cf.
[20]). For the present formulation, this can be readily demonstrated.

The total energy of a mechanical system corresponds to the sum of the kinetic energy

T:l/pu.adA (40)
2 Ja
and the potential energy
V= 1/e(u) :C: e(n)dA. (41)
2 Ja

Accordingly, the total energy of the semi-discrete formulation is given by
1o w1 N
E=-U-MU+-U-KU, (42)

where the metric system matrices

n n

M=/ ( J S dA), K=/ ( [ @i dA) : (43)
e=1 \JQr e=1 /&

result from inserting the spatial approximation formulas (31) into (40) and (41), respectively, and the subsequent assembly
of the element contributions. Note that the metric system matrices are symmetric.

A mechanical system must satisfy the global energy balance
E = P™, (44)

where P denotes the power of the external forces given by
Pe’“z/u-bdA+/ u-tds. (45)
Q 0Q,

For the present semi-discrete formulation, differentiating the total energy (42) with respect to time yields
E=U-MU+U-KU. (46)

The balance law (44) implies conservation of energy in the case of vanishing external loads, that is, E = 0 for P*' = 0. In
the next step, we examine whether the semi-discrete formulation (34) satisfies this condition. To this end, we set F&*' = 0
and take the scalar product of (34) with U to obtain

U.- (MU +KU) =0. 47)

Subtracting (47) from the right-hand side of (46) results in
E=U-M-MU+U-(K-KU. (48)
For regular meshes, the right-hand side of the last equation vanishes, since the two bracketed expressions reduce to the
zero matrix due to the coincidence of the serendipity and the metric shape functions (see Section 2). Accordingly, conser-
vation of total energy, that is, E = 0, is ensured in this case. For distorted meshes, however, the two bracketed expressions

in (48) do not reduce to the zero matrix, and the semi-discrete formulation therefore fails to conserve the total energy in
general.

3.2 | The Approach by Wang and Hillman

The second approach considered in this work builds on Wang and Hillman [20], who propose a modified time integration
scheme for Petrov-Galerkin formulations. The method is developed in the context of the reproducing kernel collocation
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method (RKCM) and the reproducing kernel finite-volume method (RKFM) - two methods that lead to unsymmetric
system matrices. In the present contribution, we apply this approach to the mesh-distortion-insensitive UQ8* formulation
from Section 2.

Wang and Hillman [20] recognized that the numerically unstable behavior of Petrov-Galerkin formulations, extended to
dynamics in a conventional manner, can be attributed to the fact that such formulations do not, in general, satisfy the
global energy balance at the semi-discrete level (cf. Section 3.1.3). As a remedy, Wang and Hillman [20] propose modifying
the time integration method so that the global energy balance is satisfied at the fully-discrete level.

Integrating the global energy balance (44) over an arbitrary time interval [¢,, #,,,] C T yields the discrete global energy
balance

Th1
E,..—-E, = / P dt. (49)
1

n

Within the framework of the UQ8* formulation, employing the same spatial discretization as in the conventional approach
(see Section 3.1.1), the total energy at the two different points in time can be computed via

1 ~ 1 N
E, = EVn+1 "MV, + EUn+1 ‘KU,,y, (50a)
1 ~ 1 N
En = Evn : Mvn + EUn : KUn (SOb)

For the right-hand side of (49), Wang and Hillman [20] propose to use the approximation

L1
/ P*dr=(U,,-U,) - Fe’jl ) (51)
t s

n

Accordingly, to satisfy the discrete global energy balance (49),
(Vn+1 _Vn) ’ 1\A/[‘,n+l + (Un+1 - Un) ’ <KUn+l - Fe)j}l) =0 (52)
2 2 nts3

must hold. To meet this requirement, Wang and Hillman [20] propose a modification of the conventional Newmark
method (39). Since simulations using conventional approaches typically lead to an energy blow-up (cf. Section 4.1.2),
the central idea of their method is to adjust the parameter y in Newmark’s velocity update formula (39b) so that the
discrete global energy balance (49) is satisfied. Since the value of this parameter must be recomputed in every time step,
it is denoted by y,, in the following.

In the present work, we choose the Newmark parameter f = i from the outset. Then, according to Wang and Hillman
[20], U,,, and A, are first determined, as in the conventional Newmark method, by solving

2
Un+1=Un+AtV,,+ATt(A,,+An+1), (53a)

1\7‘[A/f1+1 + I~<[Jn+1 = FeXt

n+1°

(53b)

Subsequently, a suitable value for the scalar parameter y, is computed such that the discrete global energy balance is
satisfied. To this end, (39b) is substituted into (52). The two solutions of the resulting equation are

—b + \Vb% —4dac

Yo, = 2 , (54)
where
a= %Atz (A1—A,) M(A,,-A,), (55a)
b=At(V,+ArA,)-M(A,,, —A,), (55b)
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1 N N
c=-AA,- M(2V,+AtA,)+(U,,-U,)- <KUn+§ - F:’j:%). (55¢)

In theory, the discrete global energy balance is satisfied for both solutions. Therefore, a strategy must be developed to
decide which of the two solutions is used for the subsequent computation of the nodal velocity vector. The strategy adopted
here is to always select the value that is closest to the conventional value y = % This finally enables the computation of
the nodal velocity vector, analogous to (39b), via

Vo =V, +A1(A - 7)A, +7,A,,1). (56)
In Section 4, the results of a numerical example computed with this approach are presented in detail. These results indicate
that this approach is not generally suitable for the dynamic extension of Petrov-Galerkin formulations. More precisely,
within this method it is possible that the case b*> — 4ac < 0 occurs, which implies that Y»,, are no longer real-valued.

Although the possibility of such an occurrence was already mentioned in Wang and Hillman [20], the problem appears
to be significantly more severe for the UQ8* formulation than for the formulations examined in their work.

3.3 | A Novel Approach

In this section, we present a novel approach that was developed from the outset with the objective of satisfying the global
energy balance. A key distinction from the two approaches considered earlier is that the velocity field v is introduced as
an independent variable from the beginning. In this context, we propose using the weak form

/ e(w,) : C : (e() — &(v)) dA =0, (57a)
Q

/wu-deA+/e(wu) 1 C: e(u)dA = G (57b)
Q Q

Here, w, is an additional arbitrary test function and G*** is given by (3). Accordingly, in this approach, the kinematic
relation between the displacement field and the velocity field (29) is not established directly, but rather imposed at the
strain level through (57a). Note that for purely static applications (p = 0), (57b) boils down to the weak form (2) underlying
the UQS8* formulation as described in Section 2.

It is possible to show at the continuum level that the weak form (57) includes the global energy balance (44). Due to the
arbitrariness of the test functions, it is admissible to substitute w,, = v and w, = u in (57), which gives

/ e(m) : C : (e(1) — e(v))dA =0, (58a)
Q

/v- pvdA + / (V) : C: g(u)dA = P™. (58b)
Q Q
Here, P*** again denotes the power of the external forces given by

Peth/v-bdA+/ v-tds. (59)
Q 0Q,

Taking into account the major symmetry of the elasticity tensor, it is possible to rearrange (58a) to
/ e(v) : C:e(u)dA = / e(m) : C: g(u)dA. (60)
Q Q
Using this relation, (58b) can be rewritten as

/ v-pvdA+ / em) : C: e()dA = P (61)
Q Q
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As the total energy can be expressed in the form
1 1
E:—/v-pvdA+—/e(u):C:e(u)dA, (62)
2Ja 2Ja

it follows that (61) corresponds to E = P, Accordingly, the proposed weak form includes the global energy balance and
thus provides a good starting point for the derivation of a stable numerical formulation.

3.3.1 | Discretization in Space

We now extend the underlying static finite element formulation UQ8* to the dynamic regime by specifying the approxi-
mations of the occurring fields in the weak form (57). To this end, we propose using

wle = N‘W* uh = RNUe, uh = NU°,
wh = NW¢ | v = N°V° v = N°V* (63)

as an approximation on the element level. Accordingly, the displacement and velocity related fields are approximated in
a “cross-wise” manner. More precisely, the test function of the velocity field w,, is approximated using the same ansatz
functions as those employed for the trial functions u and a, and vice versa.

Substituting the proposed spatial discretization (63) into the weak form (57) yields, at the system level, the semi-discrete
equations

W, - (KU - KTV> —o, (64a)

W, - (MV +KU) =W, - F*, (64b)

where the definitions of K and K are given in (27) and (43), respectively. Furthermore, M corresponds to the standard
symmetric mass matrix, which can be defined via

n

M= A < /Q e (N©)T pN¢ dA> . (65)
e=1

Next, it is shown that the semi-discrete formulation retains the energy consistency of the underlying continuous formu-
lation. To this end, note that the total energy takes the form

E:%V-MV+%U-KU (66)
for the present semi-discrete formulation. This results from inserting the spatial approximation formulas (63) into (62).
It is worth noting that here, in contrast to (42), the standard consistent mass matrix M appears in the kinetic energy term
rather than the metric mass matrix M. Energy consistency is now demonstrated by choosing the admissible nodal values
W, = Uand W, = Vin (64), which yields

U. <KU - KTV) —0, (672)
V.MV +KU) =V. F*, (67b)

Adding the last two equations leads to
V-MV+U-KU=V.F* (68)

The last equation shows the fulfillment of the balance law for the total energy, E = P* where P! = V - F* results from
(59) by substituting the ansatz for the velocity from (63).
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Remark 2. Taking into account the arbitrariness of the nodal values associated with the test functions, the semi-discrete
equations of motion resulting from (64) can be written in the form

ol R )

These equations fit into the framework of port-Hamiltonian (pH) systems (see, for example, [23, 24]). Introducing the
state vector QT = [UT, V'], (69) can be written in the characteristic pH form EQ = JZ + Gh, where E'Z = V E(Q). The last
equation implies Z = Q, where the symmetry of the descriptor matrix E has been taken into account. Moreover, h = F*!
can be viewed as a vector of control inputs with associated outputs defined by Y = G'Z = V. The skew-symmetry of the
structure matrix J is a characteristic feature of lossless pH systems and furthermore confirms the energy consistency of
the present semi-discrete formulation.

3.3.2 | Discretization in Time

As in the conventional approach, the implicit midpoint rule is again employed for time integration. Applying it to the
system of differential equations (64) yields, in a first step,

W, - (f((Un+1 ~U,) - At KTVH;) =0, (70a)
W, (M(V,,+1 ~V,) + At I~{Un+1) = ATW, - Fe’“<tn+; ) (70b)
2 2

The choice of the time integration method is motivated by the objective to satisfy the discrete global energy balance

S}
E, ., —-E, = / P dr (71)
t

and therefore to ensure stable numerical simulations. For the present formulation, the total energy at time ¢,,;, and at
time ¢, is given by
1 1 o
E, = Evn+l "MV, + EUn+1 ‘KU, 4, (72a)
1 1 .
E, = EV" MV, + EU” -KU,,. (72b)

Furthermore, evaluating the right-hand side of (71) using the implicit midpoint rule yields

L1
/ Podr=A1V,,, - FeXt(tn+1 ) (73)
t,, 2 2

Thus, the discrete global energy balance (71) can also be expressed as

(Vn+1 _Vn) ’ MVn+% + (U +1 7 Un) ’ IA<I'In+§ = At Vn+§ ’ Fem<tn+§>' (74)

n

Next, it shall be shown that this balance equation is included in the fully-discrete system of equations (70). For this

purpose, it is assumed that the nodal values of the test functions take the admissible values W, = U, .1 and W, =V, 1.
2 2

This yields

U, -K(U,,, -U,)-ArU,,: -K'V,,1 =0, (75a)
2 2 2
V1 M(V,y = V,) + A1V, KU, = AV, F (1,0 ). (75b)
It is possible to rewrite (75a) in the form
AtV KU, =(U,, -U,) -KU,,.. (76)
2 2 2

Inserting this relationship into (75b) and considering the symmetry of the mass matrix ultimately leads to (74). Conse-
quently, the fully-discrete system of equations is indeed able to satisfy the discrete global energy balance in the sense that
En+1 - En = AZ“/n+l ’ FeXt(tn+l)'

2 2
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3.3.3 | Notes on the Implementation

In the following, it is shown that the novel approach, like the conventional approach, can be implemented in an efficient
manner. To this end, the fully-discrete system of equations (70) is reexpressed in a matrix-vector notation as

WV . Avu AVV Un+1 — wv . fv (77)
Wu Auu Auv Vn+1 Wu fu
where 1
A,=-K A,=-AtK", A, = SAIR=AL. A, =M, (78)
and
f =AU ~AV, f, =Ar Fe’“<tn+;> ~ALU, +A,V,. (79)

Splitting the nodal displacement vector U, ,; and the nodal velocity vector V,,,,; into a vector containing the unknown
values (o), , and a vector containing the prescribed values at the Dirichlet boundaries (o)‘; 1> respectively, allows (77) to
be rewritten. In doing so, we assume that only boundary conditions on the displacement field can be prescribed, which
imply corresponding boundary conditions on the velocity field. Taking these boundary conditions into account, the final

system of linear equations can be stated as
uu Auu u £
lAuu Auu] luﬁ“] = H 7 (80)
Auu A Vn+1 fu

where for example, A refers to a submatrix of the matrix A,,,. Furthermore,

f, =1 —AMNUE, —ANVE | Of =f-ANUE - ANVE (81)

n+1’ u n+1

Similar to the conventional approach, the unknown nodal values can be determined successively. More precisely, applying
the Schur complement allows the unknown nodal displacements to be determined from

A U, =g, (82)
where _
Agr =AY — AUAMTAN, £ =f — AMAY)TE,. (83)
The unknown nodal velocities then follow from
Ve, = @A (] - AN, ). (84)

Remark 3.  Although the stiffness matrix K is unsymmetric, it can be inferred from (80) that the novel approach ulti-
mately leads to a system of linear equations with a symmetric coefficient matrix. Likewise, A in the reduced system of
linear equations (82) is symmetric.

Remark 4. Since the matrices (78) can be determined prior to the time-stepping loop for a given discretization, prac-
tical simulations with an efficient implementation of the formulation incur only minimal additional effort compared to
standard formulations.

Remark 5. The implementation variant proposed above is valid only if M is invertible. However, in the elastostatic limit
(p = 0), the unknown nodal displacements can be determined via

Auu Uu — fl AukUk

n+1 u n+1’

(85)
similar to the elastostatic case (see Section 2).

Remark 6. In this work, all occurring spatial integrals were evaluated numerically using Gaussian quadrature. Since all
integrands arising in the novel approach are polynomial functions, exact numerical integration is, in principle, possible
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FIGURE 2 | [Illustration of the spatially discretized bar-like structure.

(see [6] for a detailed discussion of numerical integration aspects in unsymmetric FE formulations). However, this would,
in some cases, involve considerable computational effort. For instance, the exact evaluation of the contributions to K
would require the use of 6 X 6 integration points.

In the course of our numerical investigations, however, we found that the standard choice of 3 X 3 integration points
appears to be sufficient for practical simulations. Further increasing the number of integration points had only a negligible
effect on the results.

4 | Numerical Investigations

In this section, the different approaches for the dynamic extension dealt with in Section 3 are investigated using numerical
examples.

Based on the designation of the underlying elastostatic formulation UQ8*, summarized in Section 2, the individual elas-
todynamic formulations are denoted as UQ8*A1 for the formulation introduced in Section 3.1, UQ8*-A2 for the one
presented in Section 3.2, and UQ8*-A3 for the one described in Section 3.3. As an additional benchmark formulation,
denoted as Q8, the standard Bubnov-Galerkin serendipity element is employed, for which the implicit midpoint rule is
used for the temporal discretization.

Unless stated otherwise, all simulations are carried out using the standard 3 x 3 Gaussian quadrature rule for the evalu-
ation of the spatial integrals.

4.1 | Bar-Like Structure

In the first example, which also appears in [20], a bar-like structure subjected to an initial velocity is investigated. More
precisely, a two-dimensional body (length L = 5, height H = 1) is considered, which is subjected to an initial velocity
ug = 10 in the positive x-direction (cf. Figure 2). The problem is modeled in such a way that the initial velocity ug acts on
every point of the body, except at the right boundary, where the velocity is set to zero due to the clamping.

The mass density of the body is assumed to be p = 100. Furthermore, Young’s modulus is chosen as E = 1 x 10°, and
Poisson’s ratio is set to v = 0. Although the body is two-dimensional, the analytic solution for one-dimensional wave
propagation can thus be employed. Consequently, the displacement field can be expressed as

=Y A sin(w 1 (2—1ﬁ>, =0, 86
u,(x, 1) n; . Sin(w, 1) cos( (2n )2L u,(x, 1) (86)
where SLuO(~ 1)1
v (=1)" 2n—1
Aj=—> = M -./E (87)
(2n—-1n)2c 2L p

while the velocity field follows as

[so]
X
v (X, 1) = ;An ®, cos(, ) cos((zn _ 1)5), v,(x, 1) = 0. (88)
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FIGURE3 | Time evolution of the displacement field and the velocity field at a representative node of the bar-like structure

obtained from simulations using a regular, undistorted mesh. With this mesh, all formulations yield identical results.

The purpose of this relatively simple problem is to illustrate the capabilities as well as the limitations of the different
approaches for the dynamic extension. Two different meshes are used in the numerical investigations (see Figure 2): a
regular, undistorted mesh (s = 0) and a distorted mesh (s = 0.4). All simulations are carried out with a prescribed total
time T = 2 and a prescribed time step size Az = 0.001.

4.1.1 | Simulation Results Obtained With a Regular, Undistorted Mesh

First, simulations are performed with a regular, undistorted mesh to show that, in this case, all formulations under inves-
tigation are equivalent?> and yield sufficiently accurate results with the chosen finite element mesh and time step size.
Specifically, the bar-like structure is spatially discretized with five square elements, each having a side length of 1.

During the simulations, the time evolution of the displacement field and the velocity field is recorded at the representative
node A (coordinates: (x, y) = (0, 0)). The corresponding results are shown in Figure 3. Moreover, the time evolution of
the total energy and the computed value of the parameter y, for a simulation using the UQ8*-A2 formulation are presented
in Figure 4. It can be observed that, for undistorted meshes, all formulations produce the same results and that the chosen
discretization is sufficient to obtain reliable results.

4.1.2 | Simulation Results Obtained With UQ8* A1 and a Distorted Mesh

Next, it is demonstrated that the UQ8*-A1 formulation should not be used with distorted meshes. To this end, a simu-
lation is performed using the distorted mesh (s = 0.4), while all other simulation parameters remain unchanged. The
corresponding results are given in Figure 5. It is clearly visible that simulations using this conventional approach are
numerically unstable (see also [20] for similar results). Displacements increase without bound, and an energy blow-up
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FIGURE 4 | Time evolution of the total energy and the parameter y, for the bar-like structure example obtained from simulations

using a regular, undistorted mesh. With this mesh, all formulations yield identical results for the time evolution of the total energy.
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(a) Displacement in z-direction at node A (b) Time evolution of the total energy
FIGURE 5 | Simulation results for the bar-like structure example obtained from a simulation using the UQ8*A1 formulation and

a distorted mesh.

can be observed. After a few time steps, the simulation was terminated due to the occurrence of extremely large numerical
values.

4.1.3 | Simulation Results Obtained With UQ8*-A2 and a Distorted Mesh

The example was also simulated using the UQ8* A2 formulation and the distorted mesh (s = 0.4). It was found that this
formulation is also only conditionally suitable for simulations involving distorted meshes.

Asdiscussed in detail in Section 3.2, the formulation requires determining a value for the scalar parameter y, in every time
step. This involves solving a quadratic equation. However, for the considered example, this equation ceases to have a real
solution after a few time steps, making it impossible to determine a suitable value for y, and thus forcing the simulation
to be terminated.

When using 3 x 3 integration points, this situation occurs at time step » = 153, whereas with 4 X 4 or more integra-
tion points, the simulation had to be terminated at time step » = 1162. Even when alternative strategies for determining
7, — other than the one described in Section 3.2 — are applied, the simulation always had to be aborted after a limited
number of time steps.
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FIGURE 6 | Time evolution of the displacement field and the velocity field at a representative node of the bar-like structure

obtained from simulations using the UQ8*-A2 formulation and a distorted mesh.
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FIGURE7 | Time evolution of the total energy and the parameter y, for the bar-like structure example obtained from simulations

using the UQ8*-A2 formulation and a distorted mesh.

Figure 6 shows the time evolution of the displacement field and the velocity field at node A, computed using 4 X 4 integra-
tion points, up to the termination of the simulation. It is clearly visible that, as the simulation progresses, the computed
results deviate increasingly from the analytic solution.

From Figure 7 it can be seen that the total energy remains constant, as required within the framework of the formulation,
until the simulation is terminated. This figure also shows the computed value of the scalar parameter y, for each time
step up to the termination of the simulation. It is evident that the value of this parameter varies significantly over the
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FIGURE 8 | Time evolution of the displacement field and the velocity field at a representative node of the bar-like structure

obtained from simulations using the novel approach and a distorted mesh.

course of the simulation. In this process, the parameter also assumes values that are not allowed within the conventional
Newmark method (cf. Remark 6).

4.1.4 | Simulation Results Obtained With UQ8*-A3 and a Distorted Mesh

In the following, the results of simulations performed with the UQ8*-A3 formulation and, for comparison, also with the
Q8 formulation are presented. Unlike the two formulations examined previously, these approaches remain stable even
when the distorted mesh (s = 0.4) is used.

Figure 8 shows the time evolution of the displacement field and the velocity field at the representative node A. It can be
seen that, for this example, both formulations yield similarly accurate results. Specifically, the computed displacements
and velocities in the x-direction match the analytic solution about as well as those obtained in the simulations using the
regular mesh (see Figure 3). However, the mesh distortion causes both formulations to predict nonzero displacements
and velocities in the y-direction.

From Figure 9, it can be concluded that the UQ8*-A3 formulation is indeed capable of correctly reproducing the constant
time evolution of the total energy, even when a distorted mesh is used. The figure further demonstrates that the discrete
global energy balance (71) is numerically satisfied for every time step.

4.2 | Beam-Like Structure

In the second numerical example, the novel UQ8* A3 formulation is shown to be less sensitive to mesh distortion than
the standard Q8 formulation. The comparison is carried out using the beam-like structure (length L = 5, height H = 1)
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FIGUREY9 | Energy results for the bar-like structure example obtained from a simulation using the UQ8*-A3 formulation and a

distorted mesh.

.@\t

FIGURE 10 | Illustration of the spatially discretized beam-like structure.

AL

shown in Figure 10. All simulations are performed under the assumption of a plane stress state, with a Young’s modulus
E =1 x 107 and a Poisson’s ratio v = 0.3. As illustrated, the structure is supported at its left end.

In the following, the mesh sensitivity of the formulations is compared from different perspectives. In all cases, the struc-
ture is discretized using five finite elements. Asillustrated, a regular mesh is obtained when the mesh distortion parameter
is set to s = 0, whereas for s # 0 the elements become distorted. Since all other simulation parameters are kept constant,
this setup enables a direct and isolated assessment of the influence of mesh distortion on the two formulations.

4.2.1 | Comparison Under Elastostatic Conditions

First, the two elastodynamic formulations are compared under elastostatic conditions. In this case, both formulations
correspond to their respective elastostatic counterparts. It is already well established in the literature that the UQ8* formu-
lation (see Section 2) is generally less sensitive to mesh distortion than the standard 8-node Bubnov-Galerkin formulation.
For the sake of completeness, these results are verified in the present work.

For this purpose, the resulting displacements due to a moment-type load applied at the right end of the structure are
computed for both formulations. In particular, the traction forces are prescribed as t(x, 1) = Smax f@®) ( 1- % y> e, where

fmax = 4% 10° and f(¢) = 1. The total time is chosen as T = 1, and the problem is simulated using a single time step of
size At = T. As the mass density is further set to p = 0, the resulting displacement field corresponds to the elastostatic
solution of the problem, that is,

f max 2 f max 1 2 v 2
ux(x)=T<x—ny>, Lly(X)IT(—V y+ﬁx +Ey> (89)
If regular elements are used, this quadratic displacement field can be reproduced exactly by both formulations. However,
when distorted elements are employed, only the UQ8*-A3 formulation is still able to achieve this. The computed displace-
ment values for the Q8 formulation deviate increasingly from the exact solution as the elements become more severely
distorted.
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TABLE1 | Displacement in y-direction at node A and its relative deviation from the exact solution for different values of the mesh
distortion parameter s, computed using the Q8 and the UQ8*-A3 formulations for the beam-like structure example under elastostatic
conditions.
s=0 s =0.1 s =0.2 s=03 s =04
Q8 u‘; 1.0000 0.9502 0.8396 0.7199 0.6131
rel. deviation 0.00% 4.98% 16.04% 28.01% 38.69%
UQ8*A3 u? 1.0000 1.0000 1.0000 1.0000 1.0000
rel. deviation 0.00% 0.00% 0.00% 0.00% 0.00%
0.2 2
0.1 N
<E§ 0 .
—0.1
—0.2 ! ! ! \ _2 \ \ \ \
0 2 4 6 8 10 0 2 4 6 8 10
t t
(a) Displacement in z-direction at node A (b) Displacement in y-direction at node A
1 10
0.5 5 u
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—0.5 _5
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t t
(c) Velocity in z-direction at node A (d) Velocity in y-direction at node A
— Reference — Q8 —— UQS8*-A38
FIGURE 11 | Time evolution of the displacement field and the velocity field at a representative node of the beam-like structure

obtained from simulations using the Q8 and the UQ8*-A3 formulation.

For clarification, Table 1 lists the computed displacement in y-direction at the representative node A (coordinates: (x, y) =
(L, H)) and its relative deviation from the exact solution for different values of the mesh distortion parameter s. Under
the given simulation parameters, the exact solution is u‘y* =1.

4.2.2 | Comparison Under Elastodynamic Conditions

Next, the mesh distortion sensitivity of the two formulations is assessed in the elastodynamic case through a comparison
of the computed displacements and velocities. For this purpose, the mass density is set to p = 1 x 10°. The simulations are
performed with a prescribed total time 7" = 10 and time step size At = 0.01. Furthermore, the traction forces are defined as

t(x, 1) = Smax [ (t)(l — % y) e , where f,,. =4 X 10° and f(¢) = sin(2z1). Accordingly, in this case, the beam-like struc-
ture is subjected to a harmonic excitation.
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FIGURE 12 | Energy results for the beam-like structure example obtained from a simulation using the UQ8* A3 formulation and

a distorted mesh.

TABLE 2 | The first three natural frequencies of the beam-like structure obtained using the Q8 formulation and the UQ8*-A3 for-
mulation for an undistorted mesh (s = 0) and a distorted mesh (s = 0.4).

@, @, loN
Q8 s=0 3.9611 21.2311 31.4016
s=04 4.6695 28.1110 31.5125

rel. deviation 17.89% 32.40% 0.35%
UQ8*-A3 s=0 3.9611 21.2311 31.4016
s=04 3.9604 21.1549 31.4021

rel. deviation 0.02% 0.36% 0.00%

In a manner similar to the previous comparison, the time evolution of the displacement field and the velocity field is
recorded at the representative node A (coordinates: (x, y) = (L, H)). First, simulations are performed using a regular
mesh (s = 0) to obtain a reference solution. Subsequently, simulations are carried out using a distorted mesh (s = 0.4).
The corresponding results are presented in Figure 11.

It can be observed that, similar to the findings of the elastostatic comparison, mesh distortion has a pronounced effect
on the standard Q8 formulation, whereas the UQ8*A3 formulation exhibits only minor deviations from the reference
solution.? It therefore appears that the novel approach makes it possible to carry over the advantages of the underlying
UQ8* formulation with respect to mesh distortion sensitivity from elastostatics to elastodynamics.

Figure 12 shows, for a simulation using the UQ8*-A3 formulation and the distorted mesh, the time evolution of the total
energy as well as the evaluation of the discrete global energy balance (71) for every time step. The results demonstrate
that this balance equation is also numerically satisfied when external loads act on the system.

4.2.3 | Comparison of Natural Frequency Approximations

In the final comparison, it is demonstrated that the novel UQ8*-A3 formulation also appears to be significantly less sensi-
tive to mesh distortion than the standard Q8 formulation when approximating the natural frequencies of a structure. To
this end, the first three natural frequencies of the beam-like structure are computed for both formulations using a regular
(s = 0) and a distorted (s = 0.4) mesh. As in the previous comparison, the mass density is set to p = 1 x 10.

Table 2 presents the results obtained with the different formulations. It can be observed that the sensitivity to mesh
distortion of the UQ8*-A3 formulation is smaller than that of the Q8 formulation. The natural frequencies for the Q8
formulation can be determined using standard procedures (see, e.g., [25]), whereas a suitable procedure for the UQ8*-A3
formulation is outlined in Appendix B.
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FIGURE 13 | Mode shapes of the beam-like structure obtained using the Q8 formulation and the UQ8* A3 formulation for an
undistorted mesh (s = 0) and a distorted mesh (s = 0.4).

Figure 13 additionally shows the first three mode shapes obtained with the different formulations and meshes. Here as
well, the results indicate that the UQ8*-A3 formulation is less sensitive to mesh distortions than the Q8 formulation.

4.3 | Curved Beam-Like Structure

The objective of the final example is to demonstrate that the UQ8*A3 formulation inherits the order of accuracy of the
implicit midpoint rule and thus corresponds to a second-order method. To this end, the curved beam-like structure shown
in Figure 14 is considered, which is clamped at its right end.

The computations are carried out assuming an inner radius of R; = 9 and an outer radius of R, = 11. Furthermore, the
mass density is prescribed as p = 2000. Additionally, a plane stress state is assumed, with Young’s modulus E = 2000
and Poisson’s ratio v = 0.25. At the left end of the beam, traction forces are applied in the form t=- f@® e, where the
time-dependent load function is defined as

P {sin(;t), 1<s )
0, > 5

The problem is simulated for a total time 7' = 15. As illustrated, the structure is spatially discretized using five finite
elements. Although the elements in this example are already distorted due to the geometry of the structure, the mesh is
intentionally distorted further to ensure a nonnegligible difference between the UQ8*-A3 and the other formulations.

This can be confirmed by examining the time evolution of the total energy for the different formulations (see Figure 15).
Once again, the simulation employing the UQ8*-A1 formulation exhibits an energy blow-up. In the simulation with the
UQ8*A2 formulation, no real value for the parameter y, can be determined after a few time steps. Only the simulation
using the UQ8*-A3 formulation yields satisfactory results. These results were obtained from simulations using a time step
size of At = 0.01.

To determine the order of accuracy of the UQ8* A3 formulation, additional simulations are carried out with varying time
step sizes At. After each simulation, the L, norm (see, e.g., [25]) is computed for both the error in the displacement field
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FIGURE 14 | [Illustration of the spatially discretized curved beam-like structure.
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FIGURE 15 | Energy results for the curved beam-like structure example obtained from simulations using a time step size of A7 =

0.01.

e, and the error in the velocity field e, via

||e(,)||L2 = [/Q ((.)ref_ (.)) . ((.)ref_ (.)) dA z, o1)

where the reference solution ()™ for the corresponding field is taken from a simulation with a time step size of At =
1x 10'. As the results shown in Figure 16 indicate, the method is, as expected, second-order accurate (slopes of the
regression lines are (u, v) = (2.0259, 2.0095)).

5 | Conclusion

This contribution presents initial results on how mesh-distortion-insensitive Petrov-Galerkin FE formulations, orig-
inally developed for the linear elastostatic case, can be extended to linear elastodynamics. In this context, three
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FIGURE 16 | Log-log plotshowingthe L, norm of the error in the displacement field and the error in the velocity field versus the
time step size for the curved beam-like structure example.

different approaches are examined, building upon the established and relatively simple elastostatic formulation UQ8* by
Xie et al. [4].

The first approach reflects the standard procedure commonly used for Bubnov-Galerkin formulations. However, numeri-
cal investigations indicate that this approach is not suitable, as it is unstable and does not satisfy the global energy balance.
As a consequence, nonphysical results are obtained, and simulations using this approach may even have to be terminated
prematurely.

In the second approach, the procedure proposed in Wang and Hillman [20] is applied to the UQ8* formulation. Numer-
ical investigations indicate, however, that this strategy is likewise not suitable. Although the discrete global energy bal-
ance is satisfied by design, the numerical results demonstrate that substantial deviations from the analytic solution may
develop over time. Furthermore, this approach may also lead to situations in which the simulation has to be terminated
prematurely.

The proposed novel approach is the only method that provides satisfactory results within the numerical investiga-
tions. As shown in several examples, this approach enables the discrete global energy balance to be satisfied up to
numerical round-off and allows stable simulations to be performed based on the UQ8* formulation. Furthermore, the
resulting formulation exhibits reduced sensitivity to mesh distortion compared to a standard 8-node Bubnov-Galerkin
formulation. The mesh distortion insensitivity of unsymmetric finite element formulations, often observed for
static problems, can thus be extended to the dynamic regime by applying the newly developed energy-consistent
method.

Although the present investigations are limited to the UQ8* formulation, it seems plausible that the insights gained
may also be transferable to other mesh-distortion-insensitive Petrov-Galerkin FE formulations. Moreover, the exten-
sion of the proposed approach to nonlinear problems would be worth further investigation. Beyond the class of
mesh-distortion-insensitive Petrov-Galerkin FE formulations, the present findings may also prove useful for the dynamic
extension of other elastostatic formulations that lead to unsymmetric system matrices, such as isogeometric collocation
methods (see, for example, [26] and the references therein).

Author Contributions

Felix Zihringer: conceptualization; formal analysis; investigation; methodology; project administration; software; validation; visu-
alization; writing — original draft; writing - review and editing. Peter Betsch: conceptualization; methodology; formal analysis;
supervision; resources; project administration; validation; funding acquisition; writing — original draft; writing - review and editing.

Acknowledgments

Open Access funding enabled and organized by Projekt DEAL.

International Journal for Numerical Methods in Engineering, 2026 25 of 28

85U8017 SUOLUWIOD 3A 111D 3[cedl|dde aupy Aq peusenob ale sapie O ‘8sn JO Sa|nl 1oy Akeiq1TauIIUQ AB]IAA UO (SUOTPUOD-PUR-SLLBY WD AS 1M ARIq 1jBUlUO//SdNL) SUOTPUOD PUe SWS | 8y 38S " [9202/20/2] U0 Aeiqiauluo A8 |1m ‘8160jouyos 1 nd Iniisul leynsiiey Aq 220/ 8WU/Z00T 0T/I0p/od e i Akeiq | puljuo//sdny wouy pspeojumod ‘vt ‘9202 '2020260T



Data Availability Statement

The computational code used to generate the results presented in this study is available from the corresponding author upon reasonable
request.

Endnotes

Tn a work by Kumar [19], the 20-node element introduced in [17] is employed to analyze the transient response of composite laminates
to impacts. Temporal discretization is performed using Newmark’s method. However, the conducted investigations therein are rather
limited, and the issue of numerical instability has not been considered.

2The equivalence of the alternative schemes is due to the fact that the metric shape functions coincide with the serendipity shape
functions in the case of regular element geometries (see Section 2).

3Similar to the previous example, a simulation using the UQ8*-A1 or the UQ8*-A2 formulation eventually exhibits numerical failure
after a relatively small number of time steps.

4For simplicity, only fixed boundary conditions are considered here.
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Appendix A: Relationships Between Newmark’s Method and Two Other Time Discretization Methods

In this part of the appendix, it is shown that certain relationships between Newmark’s method and other time integration schemes,
already known for Bubnov-Galerkin formulations, also hold for Petrov-Galerkin formulations.

First, the relationship between Newmark’s method and the trapezoidal rule is addressed. For the parameter choice f = ‘1: andy =1

>
Newmark’s method (39) corresponds to

U,,=U,+AtV, + %Arl (A, +A,). (Ala)
1
Vn+1 = Vn + EAt(An + An+1)’ (Alb)
MA,,, +KU,,, =F¥ . (Alc)
Equation (Ala) can be rewritten as
1 2 2
E(An +An+l) = An+% = F(Un+l - Un) - Evn (AZ)
An admissible system state at time ¢, satisfies
MA, + KU, = F*. (A3)
From % ((Alc) + (A3)) it follows that
MA, st KU, s = Fi’:l (A4)

2
If relation (A2) is substituted into (Alb) and (A4), one obtains

2
Vi = E(Un-#l - Un) -V, (A5a)
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\/ 2 _ _ i P _— Jrext
M(A—ZZ(U”H U, Atv,,) +RU,, =F, (ASb)

which is identical to the time stepping method that can be obtained when evaluating (35) with the trapezoidal rule. This relationship,
which is well known for Bubnov-Galerkin formulations (see, e.g., [27]), therefore also remains valid for Petrov-Galerkin formulations. A
comparison of (A.5) with (37) and (38) further shows that Newmark’s method, with the parameter choice g = i andy = %, is equivalent
to the implicit midpoint rule in certain cases, for example, when the external forces are time-independent.

Appendix B: Determination of the Natural Frequencies When Using the Novel Approach

In this part of the appendix, it is outlined how the natural frequencies can be determined when using the novel approach. Starting from
the semi-discrete Equation (64) and accounting for the boundary conditions,* the homogeneous equations of motion can be written in

the form
A" 0 | [U" 0 A [u® 0
v 0 I Rl e b (B1)
A A, 0[]V 0

0 Al
following the notation introduced in Section 3.3.3. Here, with slight deviations from the definitions given in (78),

o -~ T
A,=K', A, ,=K=A_. (B2)

NA%

These first-order differential equations can be transformed into the equivalent form

Y uu s uu

- » ~
—ANT AN A TAN U = 0. (B3)

From this representation, the eigenvalues can be obtained by solving the corresponding generalized eigenvalue problem following
standard procedures (see, e.g., [25]).
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