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Abstract

In the present paper we study two challenging problems for helium—type sys-
tems: the existence of eigenvalues at thresholds and the asymptotic behavior of
the corresponding eigenfunctions. Since the usual methods for addressing these
problems need a safety distance to the essential spectrum, they cannot be applied
in critical cases, when an eigenvalue enters the continuum. We develop a method to
address both problems and derive sharp upper and lower bounds for the asymptotic
behavior of the ground state of critical helium—type systems at the threshold of the
essential spectrum. This is the first proof of the precise asymptotic behavior of
the ground state for this benchmark problem in quantum chemistry. Moreover, our
bounds describe precisely how the asymptotic decay of the ground state changes,
when the system becomes critical.
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1. Introduction

From the beginning of quantum mechanics, many important questions about a
quantum system are related to the existence and behavior of its bound states. These
states are given by the square integrable eigenvectors of the operator describing the
quantum system. In this paper we consider two particle operators of the form

HU=P]2+P§—L—L+L. (1.1)
el el e — 2]
Here x; € R3 are the positions of the two particles, and Pl.2 their kinetic energy,
where Pj = —iV,; is the momentum operator of the particle and j = 1, 2. The
Hamiltonian Hy is well-defined and self-adjoint on D(Hy) = H 2(R®), where
H?*(R®) is the usual Sobolev space of weakly differentiable functions in L2(R®)
with square integrable weak derivatives up to second order.

The operator Hy arises from scaling two—particle helium—type systems de-

scribed by the operator

2 2 2

1 Ze e
H = —Pz——)+—,
;(2’" |xj] X1 — x|

where Z is the nuclear charge and e the unit for the elementary electric charge. Here
we use units, where other physical constants such as Planck’s constant / are set equal
to one. Using scaling, i.e., a change of length—scale, given by U/ (x) = s>y (sx),
x € R®, which is unitary on L (R), one gets, with s = 2mZe? and U = 1/Z, that

UXHUs; =2mZ*¢*Hy .

Thus Hy with U = 1/Z is the operator describing helium-type systems such as
LitTforZ=23,HeforZ=2,and H for Z = 1.

We denote the ground state energy of Hy by Ey. More precisely, Ey =
infy =1 (¥, Hyy), which is concave and increasing in U > 0, since Hy is linear
in U and the two particle Coulomb repulsion is positive. Hence the ground state en-
ergy Ey is continuous in U > 0. Of course, one should also include the spin of the
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particles, e.g., electrons, in which case one should consider Hy on L2((R3 x C?)?),
or the antisymmetric subspace of functions which are antisymmetric when permut-
ing the particles. Since the potential does not couple different spins, all bound states
of Hy on L2((R3 x C2)?) can be classified as two particle bound states with parallel
or antiparallel spins. In the first case the wave functions is antisymmetric, in the
second case it is symmetric under permutation of the particle positions. The ground
state of Hy on LZ((R3 x C2)?) lies in the latter, so it is enough to consider Hy on
the subspace of L?(R? x R?) which is symmetric under permutation of the particle
positions, see the discussion in [44, Chapter 4.3].

The HVZ Theorem [46], [36, Theorem XIII.17], shows that the essential spec-
trum of Hy is a half-line whose bottom is given by the ground state energy of the
system with one less electron, i.e., hydrogen whose ground state energy is —1/4.
Thus

1
Oess(Hy) = [_Z, OO)

forany U > 0. Since usual perturbation theory applies when Ey < inf oess(Hy) =
—1/4, the regular first order perturbation theory [36], also called the Feynman-
Hellmann formula, gives

dUu lx1 — x2]

forall U > 0 with Ey < —1/4.

Since the work of Stillinger [43], see also [42], these helium—type atoms at
critical coupling are an intensely studied benchmark problem in quantum chemistry.
For a review see, e.g., [18] and the references therein. In particular, there has
been interest in the precise value of the critical U,, for which the ground state
energy of Hy enters the edge of the essential spectrum, that is, U, is the smallest
coupling for which Eyy = —1/4. Numerically, one finds that, U. ~ 1.1 [43]. The
calculation of U, and the bound state at critical coupling U = U, continues to
serve as an important benchmark problem in quantum chemistry. E.g., going up to
order 401 in perturbation theory, the critical value was calculated in the very nice
paper [6] to be approximately U, ~ 1.09766, which was further pushed in [29]. A
variational calculation of U, was done in [37]. Recently [13] pushed the calculations
to U, >~ 1,097 660 833 738 56. Without the Born—Oppenheimer approximation the
critical coupling, which depends on the nuclear mass, was calculated numerically
in [30].

Itis easy to see that, thereis acritical 1 < U, < 2suchthat Ey, = inf oes(Hy).
As discussed in Appendix D, Ey < —1/4 implies U < 2 for this two-particle
system. So clearly U, < 2. To see that U, > 1 we note that the classical result by
Bethe [9], using a test function ansatz due to Hylleras [28], shows that hydrogen
can bind two electrons, i.e., Hy has a ground state with energy < —1/4for U = 1.
Hill showed that this is also true without the Born—Oppenheimer approximation, as
long as the mass of the nucleus is not too small compared to the mass of the lighter
particles. So by continuity of Ey in U, one knows that Ey; is below the ionization
threshold even for some U > 1, so U, > 1. Moreover, the work of Hill [21] shows

d 1
—FEy = (Yu, OQuHy)yu) = <1/fU» —1/fU> >0 (1.2)
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that for 1 < U < U, the operator Hy has exactly one bound state with energy
below the essential spectrum. This also holds for finite nuclear mass [22].

Although the Hamiltonian Hy with U = U, has been intensely studied with
asymptotic and numerical methods, little is known rigorously. The existence of a
ground state ¥ of Hy, at critical coupling was proved in [23] with the help of PDE
methods. An alternative existence proof was given in [15]. General features of the
behavior of the ground state energy of quantum systems near coupling constant
threshold had been discussed, for example, in [31,32]. Unfortunately, still very
little is known so far concerning precise quantitative properties of the ground state
Y at critical coupling.

This is the main motivation for our work. We provide sharp upper and lower
bounds on the asymptotic behavior of the ground state of helium-type atoms at
critical coupling. Moreover, we prove a family of sharp upper and lower bounds
which are uniform in the coupling 0 < U < U,. Our results provide the first
rigorous bounds on the asymptotic behavior of bounds states which correspond to
eigenvalues at the edge of the essential spectrum. In addition, even in the subcritical
case our upper and lower bounds improve on previously known results, since our
upper and lower bounds have the same leading order and differ only in lower order
terms. Our main results are

Theorem 1.1. (Global upper bound at critical coupling) Given parameters K1, Ky >
0,1/6 <1 <1/2,and 3 —2k1)/4 < k2 < 1 define
1
Fy(ri,m) =2U. — DV2r |/ — K 4 52— Kary® (1.3)

for ri,ro > 0. Then at critical coupling U = U, the helium atom has a ground
state . with energy —1/4 and we have the pointwise upper bound

Ye(x) < Cyexp(— Fy(1x]oo, 1x10)) (1.4)

for the unique positive ground state where the constant C,, depends only on k1, k2,
K1, K».

Here |x|op = min(|x1], |x2]), respectively |x|s = max(|x1|, |x2]), is the dis-
tance of the particle closer to, respectively farther from, the nucleus.

The matching lower bound is provided by
Theorem 1.2. (Global lower bound at critical coupling) Given parameters 1/6 <
k1 <1/2 <ky < 1, and K1, K> > 0 define
1
F_(ri,r) =2U. — D2 4 K + S+ Kary?. (1.5)
Then we have the pointwise lower bound

Ye(x) = Crexp(— F-(Ix|eo, [x]0)) (1.6)

Sforthe unique positive ground state \y. of Hy, at critical coupling where the constant
C; depends only on k1, k2, K1, Ka. Here again |x|o = min(|x1], |x2|) and |x|e0 =
max(|xi|, [x2]).
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Remark 1.3. For 1/6 < k1 < 1/2 wehave 1/2 < (3 —2«1)/4 < 2/3, so the lower
bound in Theorem 1.2 holds for a slightly larger range of parameters than the upper
bound from Theorem 1.1. Up to the sign of lower order terms rfl and ”’2( 2, our upper
and lower bounds from Theorem 1.1 and Theorem 1.2 perfectly match each other.
Thus we get the precise leading order coefficients for the asymptotic decay of the
ground state for the helium—type systems, unlike previous methods.

Strictly speaking, the constant C, in the upper bound (1.4) also depends on
[¥¢lloo- Since the Coulomb potential is in the Kato—class, for a definition see
[4,11,39], an a—priori bound on ||V, || is well-known, see [39], as soon as the
ground state 1. exists.

In a similar fashion, the constant C; in the lower bound (1.6) also depends
on local lower bounds for the ground state ¥.. Once the ground state exists it is
unique and can be chosen to be strictly positive [17], up to a global phase. Since
the Coulomb potential is in the Kato—class, every eigenfunction has a continuous
version [39], so by positivity the ground state 1. is locally bounded away from
ZEro as soon as it exists.

The existence of a ground state at critical coupling was shown in [23] by PDE
methods. The upper bound from Theorem 1.1, even a much simpler version, see
Theorem 4.1, allows for a simple variational proof of existence of a ground state
of helium-type atoms at critical coupling similar to [15]. We can even avoid the
Born—-Oppenheimer approximation, see Remark 1.7.

Of course, while being sharp, the above upper and lower bounds hold only at
critical coupling. We also have upper and lower bounds which hold uniformly in
the coupling. For ¢ and a > 0 we define

a2

2
Feu(r) = (8+—>1/2r+a—(ln( er +a®+/er) —Ina). (1.7)
) e

For 0 < U < U, we define ay and ey by

: ]
aU.:(U—1)+ s SU.Z—Z—EU, (1.8)
so ey is the ionization energy, the distance of the energy Ey to the edge of the
essential spectrum, which is at —1/4. By the HVZ theorem, this is the minimal
energy needed to move one particle to infinity. Note that at critical coupling U = U,

the ionization energy vanishes. Furthermore, we set

a? 1/2 a?
Fy(r)i=Fey,ay(r) = (sU + TU) r+ TUU(ln(\/m—f— VEur) —Inay)
(1.9)
and
1
FY(r1, r2):=Fy(r) + S F (Kirf! + Kar?) . (1.10)

Again, we suppress the explicit dependence of Fij on the parameters k1, k2 and
K1, K7, for notational simplicity. We also set F¥ (x) = FY (x1, x2) = FY (|00, |x]0)
for x = (x1, x2) € R? x R3, with a slight abuse of notation.
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Remark 1.4. The heuristic reason why Fg,, 4, givenin (1.9) captures the asymptotic
decay of the ground state ¥y up to and including criticality will be explained shortly
after Theorem 1.5. The precise form of F; , is of no relevance, what is important

is that
2\ 172
/ aU
F,,(r) = (&‘U + T) . (1.11)

glg)% Fea(r) =2ar'/?, (1.12)

One can show that

In order to get the correct value of F; , in the limit ¢ — 0, one cannot ignore the
logarithmic term in (1.7), which for fixed ¢ > 0 is always of much lower order
compared to the first term. In the limit of vanishing ionization energy the second
term gives the same contribution as the first term and should not be discarded, see
the discussion in Remark 2.7.

Thus one recovers Fy from Fi] in the limit of critical coupling, when the
ionization energy vanishes. Clearly, as long as the ionization energy &y is positive,
the leading order behavior of Fg is asymptotic to Fy(r1) ~ (ey + a%]/rl)l/zrl ~
Jéuri, but it changes to 2ay /71 at critical coupling U = Uk.

Theorem 1.5. (The transition from subcritical to critical: Sharp upper and lower
bounds) For any choice of parameters K1, Ko > 0, 1/6 < k1 < 1/2, and (3 —
2k1)/4 < k2 < 1 there exist positive constants C+ depending only on k1, k2, K1,
K>, and some local bounds on the ground state Yy provided in Proposition D.1,
such that for the unique positive ground state of the helium-type operator Hy the
two—sided pointwise bound

Cexp (= FU(1xloos 1410)) = Y00 = Crexp (= FY (o, [¥0)) - (113)

holds uniformly in0 < U < U,.

If one stays away from the critical parameter, i.e., if for fixed small © > 0
the repulsion parameter U is allowed to vary uniformly in u < U < U, — u,
the range of parameters is bigger. More precisely, assume that 0 < k1 < 1 and
1/2 < k2 < 1, and K1, K> > 0. Then there exist positive constants C., depending
only on k1, k2, K1, K2, and also i, such that the two—sided bound

Cexp (= FY (1xle, 1¥10)) = Y () = Cpexp (—FY (ixloc, [¥l0))  (1.14)
holds forallpu < U < U, — .

Remark 1.6. We would like to stress the fact that the constant C depends only on
the parameters «1, k2, K1, K2 and an a—priori bound on || ¥y ||cc for 0 < U < U,,
see part 3 of Proposition D.1. Similarly, the constant C_ in (1.13) depends on the
parameters k1, k2, K1, K> and local lower bounds on the ground state yryy from part
4 of Proposition D.1 which are uniform in 0 < U < U,. That is, the constants C+
in (6.12) are indeed uniformin 0 < U < U..

Similarly as in Theorem 1.2, the lower bound in (1.13) holds for the slightly
larger range of parameters 1/6 < k1 < 1/2 <k < 1.
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How to guess the function F; ,: To get an idea what would be the correct ansatz
for the decay of the ground state in the regime U < U,, including criticality, one
can argue as follows. By the HVZ theorem, the infimum of the essential spectrum
is the system with one particle moved to infinity. In our case one is left with one
particle, i.e., hydrogen, whose ground state energy is given by —1/4 in our units. If
U < U, the ground state energy Ey of the two particle system is less than —1/4,
i.e., when trying to escape to infinity the farthest out particle experiences an energy
penalty given by the ionization energy

ey =—1/4—Ey >0, (1.15)

which is positive. That is, when trying to escape to infinity, the farthest out particle
needs to tunnel into an energetically forbidden region. WKB—type arguments then
predict that the ground state decays as

¥ (x) < Cexp (= F(lx]o0)) (1.16)

as long as the inner electron stays close to the nucleus, i.e., |x|q stays bounded. The
function F is determined by the energy penalty! it costs to move one particle to
infinity,

[F'(|>=¢ey=—1/4—Ey. (1.17)

Up to a constant term, F is clearly given by F'(r) = ,/eyr, so the ground state s
should decay as ¥ (x) ~ exp(—./€u|x|s) When one particle is far away.

Once one particle is removed from the system, a single hydrogen atom with
ground state energy —;11 remains and it is known that the ground state of hydrogen
decays asymptotically as exp(—%lxl). Thus the decay of the ground state ¥y of
the two particle system, when also the second particle is far away, should be of the
form

1
l/fU()C)NE:XI)(—\/%I)CIOO—EI)CIO) (1.18)

when the system is sub—critical and the ionization energy ¢y > 0,1i.e., U < U.. Of
course, this bound does not survive the limit U 7 U, since gy, = 0, the ionization
energy vanishes at critical coupling!

However, if U is close to U, the farthest out particle sees an additional energy
penalty! When U > 1 and the inner particle is close to the nucleus, the charge of
the nucleus, which is one, cannot completely screen the strong repulsion between
the electrons. The outer particle, say it is at position x1, sees the attraction to the
nucleus but also repulsion from the second particle. Thus when the second particle
at position x; is close to the nucleus the potential energy of the outer particle is

1 U _U-1

lx1]  |x1 —x2] x|

(1.19)

1" A nice textbook treatment of the WKB method is given in Chapter 9 of [16]. The WKB
method also determines a polynomial prefactor in the asymptotic of eigenfunctions, which
gives a logarithmic correction to the exponential weight F. The lower order correction terms
we use in order to control errors are much bigger, so we ignore logarithmic corrections for
this discussion and concentrate on the leading order term.
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when |x1| is large and |x3| is close to zero. Hence the outer particle gets a local
boost in energy of the form
U-1
Xloo
That is, tunneling deep into the energetically forbidden region becomes more diffi-
cult. The same heuristic arguments as before then predict that the asymptotic decay
of the ground state in the position of the outermost particle should be captured by
a function F satisfying

ey +

(1.20)

U-1
F'(r) = \/local energy penalty = /ey + —— . (1.21)
r

One can integrate this equation by a tedious calculation. A slightly less tedious
calculation shows that for ¢, a > 0 the function

2

12 )
Feo(r) = (s+07) F+%(ln(\/€r+az+«/8_r)—lna) (1.22)

satisfies F'(r) = /& + a?/r for all r > 0. Once one particle moved to infinity the
remaining system is again a single hydrogen atom, so the same heuristic arguments
as before predict that the full two particle ground state 1y should decay, for all
0<U<U,,as

1
Yy (x) ~ exp (= Feyay (%)) — §|x|0) (1.23)
with ey = —1/4 — Ey the ionization energy and ay = (U — 1)1+/2.
In Remark 2.7 we will see that,
lim F.,(r) =2a/r (1.24)
e—0+

Hence the asymptotic given in (1.23) has a chance of surviving the limit of the
parameter U becoming critical: At critical coupling the asymptotic of the ground
state Y. = Yy, should be given by

Ye(x) ~ exp (—NUC — x| - %mo) : (1.25)

Thus, at critical coupling, the ground state of helium type system should decay
like a stretched exponential. Theorems 1.1, 1.2, and 1.5 show that up to some small
lower order correction terms this prediction is indeed correct. Before we embark on
the proof we will illustrate in Sect. 2 the main ideas for making the above heuristic
rigorous in the one particle case.

To put our results into perspective, let us compare them with previously known
results which only addressed the subcritical case U < U,. The first precise bounds
for the asymptotic behavior of eigenfunction of Hy with energy strictly below the
essential spectrum are due to the groundbreaking works of Slaggie and Wichmann
for three—body systems [41], Ahlrichs for atoms [3], O’Connor [35], Combes and
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Thomas [10], Deift, Hunziker, Simon, and Vock [12] for multi—particle systems,
culminating in the work of Agmon [1]. The last result provides bounds for asymp-
totic behavior of bound states for general multi-particle systems based on energy
methods.

For two particle systems in the subcritical case, the ionization energy ey is
positive and Agmon’s method yields the upper bound

[Yu ()] = Csexp (—cilxfoo = c2x]0) (1.26)

forc; = /ev — 8 and ¢o = 1/2 — § for any small § > 0 and some constant
Cs which diverges for § — 0. Here |x|o = max(|xq[, |x2|) is the distance to the
nucleus of the particle farther from, and |x|p = min(|x1|, |x2]) is the distance to
the nucleus of the particle closer to, the nucleus.

Recall that ey is the ionization energy of the two—particle system. After one
particle is removed one is left with hydrogen, whose ionization energy is 1/4 in
the units we chose. So both constants ¢ and ¢ have a clear physical meaning in
the upper bound (1.26). Thus, except for reducing the constants by an arbitrarily
small amount, the upper bound (1.26) is exactly what is predicted by WKB-type
physical heuristics.

Using subsolution estimates, it was shown in [25] that one can set § = O at the
expense of having polynomial prefactors in the upper bound. A matching lower
bound for the ground state ¥, where U = 1/Z = 1/2, of the two particle system
describing helium has been derived by Thomas Hoffmann—Ostenhof in [24],

1
¥ (x) = cs exp (—(\/5+ 8)|xloo — 5|X|0> (1.27)

for arbitrary § > 0 and some constant ¢s > 0, which goes to zero as § — 0.

Thus, except for decreasing/increasing the constants, which are the square roots
of the successive ionization energies, in the upper/lower bounds by an arbitrary
amount, these bounds settle the asymptotic behavior of the ground state wave func-
tions and they can also be extended to subcritical U < U, where Ey < —1/4.

Unfortunately, these results are useless at critical coupling, since then first
ionization energy ey is zero i.e., there is no energy cost for removing the first
particle. The only known decay property of the ground state ¥, = ¥y, of Hy, at
critical coupling is the result in [23] where they show that a positive solution of the
Schrodinger equation exists and fulfills the upper bound

[Ye ()] < Cr (1 + [Xoo + [x[3) ™" (1.28)

for some constants C,, < oo for any m > 0 and all x1, xy € R3. Of course, this
implies that . € L%(R®), so a ground state for this critical two-particle system
exists. Moreover, in the remark in Section 4 of [23], they note that one can use the
“Schrodinger inequalities” method of Ahlrichs and M. and T. Hoffmann-Ostenhof
[25] to derive sharp upper and lower bounds for the one-particle density p. of the
ground state v,

Voc) = €A+ D exp (<20 = DY)

(1.29)
Voe) = €5 (1+ 1y ™ exp (—2(U = 21y '2)
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for some constants 0 < C(Si < 00,8 > 0andall y € R3. Here p, is given by

;uw:f|wmmﬁﬂ;
R3

that is, it is the marginal of the ground state probability density |1/¢|> on R®, which
is symmetric under permutations of the particles.

However, all these results says nothing about the asymptotic decay of the full
ground state .. We fill this gap by proving sharp anisotropic upper and lower
bounds on the asymptotic behavior of the wave function ¥y of Hy at or below
critical coupling and also determine rigorously, how the decay changes in the whole
range 0 < U < U,.

Remark 1.7. We can also treat the case of a finite nuclear mass, i.e., avoid the
Born-Oppenheimer approximation. Consider the following three particle system

2 2 2
p 1 1 U
Hy=21 422 N - + . (130)
m m M |xi—xy| |x2—xn o |x1—x2f
where py = —idy is the momentum of the nucleus, M is its mass and xy is its

position. The other two particles have mass m and their position are given by x;
respectively x». The domain of the operator (1.30) is D(Hy) = H*(R®) @ H2(R?).

For finite nuclear mass, M < oo, and U, > 1, the helium-type three particle
operator 1.30 has a ground state at critical coupling in the center of mass frame,
see [19]. The energy of this state is embedded at the edge of the essential spectrum.
As for general Schrodinger operators the ground state is unique, up to a global
phase, and can be chosen to be positive. With the help of the methods developed in
Sect. 4 one can derive isotropic upper bounds for the ground state of this system. We
address the problem of sharp anisotropic upper and lower bounds for this system
in a forthcoming work.

Strategy of the proof: The proof of the upper bound from Theorem 1.1 is via
a combination of energy methods, pointwise subsolution type bounds, and a sub-
harmonic comparison principle in the spirit of well-known comparison principles
from elliptic PDEs.

By now, the derivation of upper bounds on the asymptotic decay of eigenfunc-
tions with the help of energy methods is standard. However, we would like to stress
that, following the general approach a la Agmon [1], one looses an epsilon in the
constants of the leading order terms, which we have to avoid. Moreover, the meth-
ods of Agmon [1] or [12] and the works before them need a safety distance of the
ground state energy to the bottom of the essential spectrum. We do not have such a
safety distance, since the ground state energy at critical coupling is at the edge of
the essential spectrum.

Thus we have to overcome several obstacles. We need a low regularity version
of the subharmonic comparison principle which goes back to Agmon [2]. But even
having such a low regularity version, we cannot apply it directly. The comparison
principle works well for one or two body problems, but not, in general, for multi—
particle problems. Even for a restricted three body—body problem such as helium—
type atoms in the infinite nuclear mass approximation, the comparison principle is
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not directly applicable because in order to control the errors, both particles have to
be far from the nucleus. Thus subsolution techniques do not work well in the case
when only one particles tries to escape and the other stays close to the nucleus, see
also Section 4 of [2], where it was argued that the subharmonic comparison method
is not an effective tool to derive upper bounds on eigenfunctions of multi—particle
Schrodinger operators with three or more particles or, as in our case, for a restricted
two—body problem with an additional nucleus of infinite mass.

To overcome this we first prove an anisotropic L? upper bound with the help
of energy methods. With standard methods, see [4,39], this bound can be easily
transformed into a pointwise upper bound. Unfortunately, this first upper bound
does not yet yield the sharp anisotropic upper bound at critical coupling since
it does not have the correct asymptotic in a transition region, see Remark 5.6.
Except for this transition region our first anisotropic upper bound has the correct
asymptotic when one particle is far away and the other one close to the nucleus, or
both particles are close to each other and far away. In a second step, we use this
a—priori information as an input for our proof of the sharp global anisotropic upper
bound where we bridge the transition region with the help of supersolution bounds.

Similarly, the proof of the lower bound is done in two steps. First we derive
a sharp lower bound on the ground state well within the region where only one
particle tries to escape and the other stays relatively close to the nucleus. We call
this the tricky region, the precise definition is given in (3.4). In this case the Coulomb
repulsion between the particles yields a boost in energy of the form (1.19) but it
does not blow up, since the particles cannot get close to each other in the tricky
region, which makes working with subsolutions simpler. We then use this a—priori
input to extend the lower bound to the whole region. However, when both particles
are not restricted they can come close to each other and when the particles are close
together their Coulomb repulsion blows up, which provides a serious obstacle for
subsolution bounds.

Organization of the paper: As a warm-up, we explain our main new ideas,
which prove why a long-range repulsive part of the potential can stabilize bound
states at the ionization threshold for a one particle system in Sect.2. We derive
sharp upper and lower bounds on the asymptotic behavior of zero energy ground
state of such quantum systems.

The necessary local energy bounds, needed for the proof of the anisotropic L2
upper bound for helium—type systems, are derived in Sect.3. A main new feature
here is that we do not use conical regions to localize the particles, which is the usual
approach in the study of many-particle systems. Instead, to be able to get a sharp
anisotropic upper bound, it is important to use paraboloidal regions.

We derive an isotropic upper bound for the ground state in Sect.4, which is
considerably simpler than the proof our sharp anisotropic bounds. The proof of the
anisotropic upper bound is done in Sects.5 and 6, see, in particular, the proof of
Theorem 6.5, which provides the upper bounds in Theorem 1.1 and 1.5.

The proof of the lower bounds is done with a subharmonic comparison principle.
As a first step we derive in Sect.7 a lower bound in the tricky region, where one
particle tries to escape to infinity and the other one stays (essentially) close to the
nucleus. The global anisotropic lower bound is proven in Sect. 8. The main difficulty
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there is to control the singular Coulomb repulsion between the two particles with
terms which are only of lower order. See, in particular, the proof of Theorem 8.4,
which provides the lower bounds of Theorem 1.2 and 1.5.

Certain technical tools are gathered in the appendix. The main reason for includ-
ing them is that our exponential weights for the upper bounds and the comparison
functions used in the proofs of the lower bounds lack the usually required high
enough regularity. Their derivatives have jumps along codimension one Lipshitz
surfaces, so standard results cannot, or at least not straightforwardly, be applied.

2. One Particle Case

To explain the main ideas of our approach, we consider one particle moving in
an external potential. This external potential consists of an attractive and a repulsive
part with Hamiltonian given by

H=-A—V+W, @2.1)

where we assume that V, W > 0 are infinitesimally (form) bounded with respect to
—A. For simplicity, we also assume that supp V (x), the support of V, is compact.
However, our proof works even for cases where the support of V is unbounded
provided that the repulsion W dominates the attractive part V outside some bounded
region. We also assume that W goes to zero at infinity, so the essential spectrum
of the system is given by oess(H) = [0, 00), the discrete spectrum of H is below
Zero.

In the following we assume that the operator H = —A — V + W is defined in
the sense of quadratic forms, that is,

(9. HYr) = (Vo, Vi) + (@, (=V + W)¥)

for all ¢, v in the standard Sobolev space H'! (R?). We consider (weak) eigenfunc-
tions ¥ € H'(R?) of H, by which we mean that

(9. HYr) = E{p, V) (2.2)

for all € H'(RY). By density of C3°(R?) in H'(RY) it is enough to require that
(2.2) holds for all ¢ € C° (RY). It is relatively straightforward to see that weak
eigenfunctions are in the domain of the operator H, see Lemma 2.5 in [26], but
we will not need this. We are interested in the question whether zero, the edge of
the essential spectrum, can be an eigenvalue of the system and if so, how does the
corresponding eigenfunction decay at infinity? A typical example is the situation
where a parameter, say the repulsion W or the depth of the well V is tuned in such
a way that the ground state eigenvalue hits zero. Does the bound state survive or
does it dissipate? This is clearly a non-perturbative situation.

Using previous approaches, such as Agmon’s method [1], one can easily show
that the eigenvectors corresponding to negative eigenvalues decay exponentially.
However, these approaches need a safety distance to the essential spectrum and
yield nothing for eigenfunctions at the edge of the essential spectrum!
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We will first discuss how to get upper bounds on eigenfunctions without having
a safety distance of the corresponding eigenvalue to the essential spectrum. Once
one has such a type of bound, this also implies existence of eigenvalues at the edge
of the essential spectrum, Details of this argument are given in Appendix C and D
in a more complicated situation.

2.1. Taking Advantage of Long-Range Repulsion

In the following we show how to derive upper bounds on the asymptotic be-
havior of zero energy eigenfunctions. These upper bounds illustrate how the type
of asymptotic decay of ¥ is directly related to the repulsive potential W.

Lemma 2.1. Let H be given as in (2.1) and assume that V has compact support.
Let € L*(R?) be a weak eigenfunction of H with energy E < 0. Furthermore,
assume that F' > 0 is a locally bounded and differentiable function such that for
some R > 0

IVF)? < W(x) forall|x| > R. 2.3)
Then
[ @rem ooy pay < cralvl @4
[x|>R
with
Crr=8 sup ™ (2R’2 n R*1|VF(x)|) . (2.5)
R/2<[x|<R

Remark 2.2. The point of the bound above is that the right hand side is uniform in
the eigenvalue E < 0. It does not need a safety distance to the essential spectrum.
Moreover, the constant Cr g depends on local bounds of F', hence it is finite even
for unbounded functions F. Of course, as W tends to zero at infinity, so does |V F |2.
Nevertheless F can still go to infinity under this condition, and the main question
is which of the terms in 2F + In (W —|VF |2) will win this tug—of—war. It is easy
to see that the borderline case is a decay of the form W (x) ~ |x| 72 at infinity. Any
slower decay of W will lead to a growth of F' which out—paces the second term
In(W —|VFJ?).

Proof of Lemma 2.1:. Let& be any real-valued bounded and differentiable function
and use ¢ = £2¢ in the weak form of the eigenvalue equation. Then E||£v/|? =
E(&2y, ¥) = (%Y, Hy) and since E||Ev||? is real we can use the IMS localiza-
tion formula, see [11,20] or Appendix A, to get

EllEYI1> = Re(€*y, HY) = (VEY), VEY) + (Ev, (—V + WEY) — (¥, |V$|2!20>6)
(2.

Rearranging and dropping the kinetic energy term, which is positive, gives

(Y, (=V + W — E)éy) < (¥, [VE[Y) 2.7)
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Take x € CP(Ry) with0 < x <1, x(r) =0ifr <1/2, x(r) = 1ifr > 1, and
set

xr(x):=x (Ix|/R) forx e RY. (2.8)

It is easy to see that a function x fulfilling the above constraints exists and for
which one has ||x/|lcc < 4. For any such choice we have xz € C*®(R%) and
Vgl < 4/R.

Now assume that F is bounded and differentiable, for the moment, and use
£ =&g = xre”. Using

VE = e Vyr+ef xgVF,

in (2.7) and reshuffling the terms a bit we see that

(Exy (=V + W — E— |VFP)ry) < (v, (IVxrl? + 2xe VAR VF) ¥).
(2.9

Moreover, we can use 0 < yr < 1 on the right hand side and £ < 0 to drop the
term — E on the left hand side in (2.9) to get

(Er (W = [VFDgR¥) < (e (1Yol + 21V el VFI) ). (2.10)

where we also took R so large that y g, hence also &g, is zero on the support of V.
In the case that F' > 0 is not bounded, we regularize it by considering

F

Fs = . 2.11
YT 115 F @11
Then Fs < F and
VF
VFy = ———
(1+8F)2

so |VFs| < |VF|. Thus (2.9) yields

Ctre 9 (W = IVFD) xge ) < (0, 7 (19l + 2194k IIVFI) ) < Cr gl |2
2.12)

since the support of Vxg is contained in the annulus R/2 < |x| < R. Since
0 < xg <1land xg(x) =1 for |x] > R we get

/ APWH (WO-IVFOP) |y (02 g < Cppllv 2 (2.13)
[x[>R

and using that Fs converges pointwise monotonically to F in the limit § — 0 we
see that (2.4) holds. |
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Remark 2.3. Of course, one should not always drop the term — E from the left hand
side of (2.9). Keeping it we get the bound

[ e NNy P < Craly i @14
[x|=R

under the condition
IVF(x))?> < W(x) — E (2.15)

which allows for a larger class of functions F, which can grow linearly in |x]|.
This leads to exponential L>-type upper bounds when E < 0, i.e., when one has a
safety distance to the bottom of the essential spectrum. How one can easily choose
exponential weights F which fulfill condition (2.3), respectively (2.15), is shown
in Sects.2.2 and 2.4.

2.2. An Example with a Repulsive Coulomb Tail

Assume that V has compact support and W (x) = a?/|x| with @ > 0 outside
some compact set. Use

F(r) =2ar'* — Kr*/2 (2.16)

for some 0 < k < 1/2 and K > 0 and also set F(x) = F(|x|) by a slight abuse of
notation. Then |V F(x)| = |F’(|x|)| and for any eigenfunction yr of H with energy
E <0, we have

W(x) — V) = 2alx|“ 3% — (K1) x 27D /4 > x| 732 > x| 732
2.17)

since k — 3/2 > 2(k — 1) iff « < 1/2. In this case, Lemma 2.1 shows that

12_ K3
X eZa\xl K|x|*/2 zln\xw/(x)

is in L?(R?) outside of some large enough ball |x| > R, uniformly in the energy
E < 0 for normalized eigenfunctions . Since any fractional power r“ bounds
logarithmic terms In r for large r and v is globally L? we see that

x b 2RI PRIy oy ¢ 2(RY) (2.18)

forany K > 0and 0 < x < 1/2.
Using subsolution bounds, or the Harnack inequality for ground states, one can
get the pointwise upper bound

1Y ()] < exp(—2alx|"? + K |x|°) (2.19)

from this, see the proof of Corollary 5.5.

Moreover, Lemma 2.1 can also be used to show that if the attractive part V = V},
is tuned in the parameter X in such a way that H, = —A — V) 4+ W converges to some
limiting operator H, and H) has a ground state energy E; < 0 which converges to
zero as . — Ay, then the limiting operator H. = H,_, has a zero energy eigenvalue
embedded at the edge of its essential spectrum. This follows from tightness and
weak convergence arguments similarly to the discussion in Appendix C and D.
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2.3. Lower Bound for Zero Energy Ground States of Systems With a Repulsive
Coulomb Tail

Assume that H = —A — V + W is as above with W (x) = a?/|x| outside of a
compact, V has compact support, and v is a positive zero energy ground state of
H . Then the upper bound in (2.19) is sharp in the sense that we have

Lemma 2.4. In the above situation, we have the lower bound
¥ (x) 2 exp(=2alx]? — K|x[) (2.20)
forall x € RY, where r is the unique positive zero energy ground state of H.

Proof. We will use the subharmonic comparison principle. Since  is only a weak
eigenfunction of H in the sense of quadratic forms, we use the quadratic form ver-
sion of the subharmonic comparison principle due to Agmon [2], see also Appendix
Appendix B.

Define g = ¢, which is C? on |x| > R for any R > 0 and assume that
g € L%, oratleaston |x| > R. Calculating

Vg=—gVF and — Ag = g (AF — |VF|2) 2.21)
we see that if
W(x) < [VF(x)|> = AF(x) (2.22)
then Hg < O on |x| > R, or, as quadratic forms
(p. Hg) <0 forall0 < ¢ € C;°(Qr) (2.23)

with Qg = {|x] > R}. Since ¥ > 0 is continuous (here we assume that V and
W are Kato—class potentials) it is bounded away from zero on {|x| < R}, which is
compact. Since g is bounded, there exist a constant C > 0 such that

Y(x) > Cg(x) forall|x| <R+1. (2.24)

Hence on the boundary layer R < |x| < R + 1, which is a boundary layer for the
boundary 2 in the sense of Definition B.2, we have

Y(x) > Cg(x) forallR < x| <R+ 1 (2.25)
and then subharmonic comparison principle implies
Y(x) > Cg(x) =Cexp(—F(x)) forall x| >R. (2.26)

By the choice of C this also holds for |x| < R, hence globally.
We apply the above with the radial choice

F(r)=2ar'? + Kr*, r=|x| 227
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for which one calculates VF(x) = F'(r)#; and AF(x) = F"(r) + F'(n 4,
hence

IVF(x)|> = AF(x) — W(x)

1
= 2aKkr* 3 + (Kx)*r**~V —a(d - E)r_3/2 —Kik(k+d—=2r"2>0

(2.28)
since the first term dominates the negative terms for all large enough 71 when « > 0.
This proves (2.20). |

Remark 2.5. A similar calculation shows that f(x) = exp(—2a|x| 124 Kix|9)isa
supersolution at energy zero near infinity. Since eigenfunctions are bounded when
the potential is the Kato—class, the subharmonic comparison principle can also be
used to see that the matching upper bound

¥ (x) < Cexp(—2alx|"/? + K|x[¥) (2.29)

holds for all K > 0 and 0 < k < 1/2. This is the same upper bound as in (2.19)
and gives an alternative to the derivation of upper bounds with the help of energy
methods for one particle systems. For our upper bounds for helium—type systems
we eventually need to use a combination of energy methods and the subharmonic
comparison principle.

The lower bound (2.4) together with the matching upper bound shows that any
zero energy ground state of a one—particle Hamiltonian with a long range Coulomb—
type repulsion W (x) = a?|x|~! obeys for all x € R the two sided bound

C_exp(—2alx|"? = K|x|°) < ¢(x) < Cpexp(=2alx|"? + K|x[*) (2.30)

forany 0 <k < 1/2and K > 0 and some 0 < C_ < C4 < oo. In particular, the
leading order terms in these bounds are sharp.

Similar sharp lower and upper bounds can be proven for long range repulsive
tails of the form W(x) = a?|x|~2* for any 0 < p < 1. In this case F needs to
fulfill F'(r) ~ r~”, hence F(r) ~ r'~” and thus any zero energy ground state will
have an asymptotic decay of the form

w(x)Nexp(— ap|x|‘ﬂ> for x| > 1 2.31)

1—

up to lower order correction terms. We leave the details to the interested reader.
A detailed study of the one—particle case can be found in [26], where for short
range repulsive tails a phase transition for the non-existence versus existence of
zero energy ground states was proved, depending on the dimension d < 3,d = 4,
andd > 5.
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2.4. Repulsive Coulomb-Tail: Interpolating Between the Subcritical and Critical
Cases

We can also consider a subcritical situation

2

Hy=—A—Vy(x) + % (2.32)
with ground state eigenvalue E; < 0 for 0 < A < Ay and Ep = 0 for A = A
The a—priori bounds above and the discussion in Appendix C and D show that then
H. = H,,, has a zero energy bound state. Again, let us assume, for simplicity, that
V. has a compact support. For A < A the ground states clearly have exponential
decay and at critical coupling this exponential decay switches over to the stretched
exponential decay with A = A, as discussed above.

The question is how the decay rate changes precisely from exponential to subex-
ponential as the gap between the essential spectrum and the ground state closes for
A " der- In such a case, one should also take advantage of the fact that we can
allow |[VF|? < n/|x| — E;, see Remark 2.3. With ¢ = —E;, the ionization energy,
and choosing F' to be radial, one sees that one needs to find a function F = F;
such that

2
FL (P =+ = (2.33)
’ r

for large enough r. A slightly tedious calculation shows that

1/2
r a? a? a? 5 |
_ / _ /2 _
Fg,a(r)—/(; e+ . ds_r<8+ . ) +ﬁ(ln((a + er) +\/8r) lna)

(2.34)
which is the reason for the definition (1.7). It is easy to see that the second term
in Fy 4(r) is positive and only logarithmically growing in r for fixed ¢ > 0. Thus
Fe 4 (r) is linearly growing in r and asymptotic to /er, which is the decay rate
predicted by W K B methods when the ionization energy is positive.

Using Lemma 2.1, we again conclude that the ground state corresponding to a
negative eigenvalue £ < 0 behaves as

Y (x) < Cyexp (—Fea(lx]) + K|x[) (2.35)

for some constant Cy < ocoandany 0 < x < 1/2, K > 0.

One first uses Lemma 2.1 to get an L upper bound and then transfers this into
a pointwise upper bound via subsolution bounds of Trudinger, see [39, Theorem
C.1.3], or the Harnack inequality for the ground state, similar as in the proof of
Corollary 5.5 below.

To derive a lower bound on the ground state 1, we use the variant

g = exp(—F¢ 4(Ix]) — K|x[*)

of the function used in Sect.2.3. A straightforward but slightly tedious calculation
shows that g is also a classical subsolution of H, = —A — V, + n/|x| at energy
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E, = —¢ outside a large enough ball in RY, je., (H), — E;)g(x) <O for |x| large
enough. We leave the details of these calculations to the interested reader.
Exactly as in the proof of Lemma 2.4 one then concludes that the lower bound

¥ (x) = C—exp (—Fea(x]) — K|x[) (2.36)

holds for some constant C_ > O andany 0 < x < 1/2, K > 0.

Collecting the upper and lower bounds one sees that they yield sharp upper
and lower bounds for one—particle quantum systems with a long range Coulomb
repulsion.

Theorem 2.6. Let ;. be a ground state of the one—particle Hamiltonian H, cor-
responding to the energy E) < 0. Then we have the two—sided bound

Crexp (Fig; (X)) — K|x[) < ¥ < Caexp (Fig, (XD + Kx[) (237
for some constants 0 < C1 < Cp <ooandall0 <k <1/2, K > 1.

The constants C1, C2 may be dependent on the parameter X, in general, but will
be independent of it for most physically relevant cases; see the end of Remark 2.7
below.

Remark 2.7. The logarithmic term in (2.34) is positive and, for fixed ionization
energy ¢ > 0 only logarithmically growing in r. In this case, the leading order
behavior of F; , is dominated by the first term and is given by

a2\ ?
Fea(r) ~ (s + —) r~gl2r (2.38)
r
for large r.
Clearly, (¢ + a?/r)'/2r — ar'/? in the limit of vanishing ionization energy,
e = —E — 0, which is exactly half of the leading order term in the estimate

(2.30) for the ground state. It is easy to see directly from the definition of F; , as
an integral in (2.34), that

Foa(r) = lim F q(r) = 2ar'/? (2.39)

which is twice of the limit of the leading order term in the expression of Fg , on
the right hand side of (2.34). Alternatively, we note that the second term in the
right-hand-side of (2.34) can be written as

2 1/2 1/2
Cn((1+5) " 5 v (1+7) " +1
\/5 a? a? t

with t = \/er/a. Since

%m ((1 + t2)1/2 + z) —In (((1 ot 0(:2))1”) Slne=1

in the limit ¢t = /er/a — 0, we see that the logarithmic term in (2.34), which
for fixed ¢ > 0 is always of much lower order than the first term, gives the same
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contribution as the first term in the limit of vanishing ionization energy ¢ — 0 and
should not be discarded.

Because of (2.39) the upper and lower bounds (2.35) and (2.36) also hold in the
limit of vanishing ionization energy and one recovers our previous subexponential
upper and lower bounds for zero energy ground states. Thus the function F ;
describes precisely the phase transition between exponential and subexponential
decay of the ground states of H,_ in the critical limit of vanishing ionization energy.

If the potentials W and V), are in the so-called Kato—class, for definitions see
[4,11,39], and V), is continuous in the Kato—norm, one can show that the constants
C1, C2 in (2.37) can be chosen to be independent of A up to the critical coupling
by an argument which parallels the one we give for helium-type systems, using a
one—particle version of Proposition D.1 in the Appendix.

2.5. The Fate of Zero-Energy Solutions for Short Range Potentials

Without a long-range repulsive tail of the potential one can still do a simi-
lar analysis as for long-range repulsive potentials, using now an additional boost
coming from the kinetic energy. We say that a potential V is short range if

[Vx)| < for |x| 2 1 and some g > 2, (2.40)

X[ In?(|x])

or if

1
[Vx)| < for |x| = 1 and some ¢ < 2 (2.41)

c
x| In*(|x])
Let H = —A + V be defined via quadratic forms. A function ¢ € Hlloc(Rd) is

a (weak) zero energy solution if (¢, Hiyr) = (Vo, V{¥) 4+ (¢, V) = 0 for all
Qe Cgo (R9). Clearly, this extends to all p € H L(R4) with compact support.

Theorem 2.8. Assume that ¥ € Hllo C(]Rd) is a zero energy bound state of a one—
particle Schrodinger operator H = —A + V with a short—range potential V in
dimension d > 3 and

1
lim inf — [ (x)|? dx = 0 (2.42)

L=o0 L=|x|<al
for some o > 1. Then

(14 |xpd=9/2

2 md
2+ D ¥(x) e L*(RY) (2.43)

Remark 2.9. The condition (2.42) poses a weak condition on the decay of ¥ at
infinity. In particular, ¥ does not need to be in L. The bound (2.43) shows that if
d > 5, then ¥ € Lz(Rd), i.e., ¥ is a zero energy eigenfunction of H. If d = 4,
then x — (In2 + [x) "'y (x) € L2(RY), ie., ¥ barely misses to be L? and in
three dimensions one sees that x — |x|~'/2(In(2 + |x|)) " '¥ (x) € L*(R3). This
is consistent with the known behavior of zero-energy resonances of Schrodinger
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operators. A series of sharp criteria for the existence/absence of zero energy ground
states for one—particle Schrodinger operators in any dimension can be found in [26].

Theorem 2.8 is an extension of results on L bounds for zero energy eigenfunc-
tions and resonances of one—particle Schrodinger operators in [8, Theorem 2.1].
As already shown in [8], the above bound has the following consequence: Assume
that the potential V is infinitesimally form bounded with respect to —A and that
the one—particle Schrodinger operators H = —A + V, defined via quadratic forms,
has a virtual level at zero, that is, H > 0 and, with Hs = —(1 — §) + V,

info(Hs) <0

forall0 < § < 1. Thenin dimensions d > 5, zero is a simple eigenvalue of H. The
proof uses Theorem 2.8, or better a slight extension of it to Hy, and tightness and
weak convergence arguments to show that the ground states of Hs withd = 1/(2n),
n € N, yield a sequence which converges strongly to the ground of H. Similar
arguments are given in Appendix C and D, for the existence of a ground state for
helium—type atoms with a critical repulsion with finite or infinite nuclear mass.

Proof of Theorem 2.8. Let F be a function which is bounded and differentiable
outside some compact set and whose gradient is bounded by |V F(x)| < |x|~! for
large |x|. Let ¥ € Cgo(Rd) with) < ¥ <1, X(x) = 1if |x] < 1,and ¥(x) =0
if |x| > 2. We use the scaled version X7 (x) = X (x/L), which is a smoothed out
projection inside a centered ball of radius ~ L.

Use again £ = ygel” with xz from (2.8) and now also ¢; = X7.&. Then {21/;
is in H' and has compact support. The weak form of the eigenvalue equation and
the IMS localization formula again show

2 2
0= (¥ HY) = (G, HoLy) — (W, IVELI"Y) (2.44)
One calculates
VL = IVFPRExge? + 732 (19r 2+ 22-V ARV F ) + xfe? IVEL
+2XRXLVIL (VXR + XRVF) "
= IVFPe} + e (19xrP2 +20rV ARV F ) + 2 (VLI + 27 VXLV F)

where the last equality holds for L > R, since then V), and V xx have disjoint
supports and ;7 = 1 on the support of V xg. Reshuffling terms in (2.44) we get

€y, (H=IVFP) ow) = e (1Vxrl + 26V axVF) ) 045
+ . & (VTP + 20 VALV F) v) .

An improvement of Hardy’s inequality outside large balls given in [34] shows

(Vo, Vo) > ( (d_2)2i+; ) (2.46)
@, Vo) = (@, 2 1|2 4]x2In%(|x]) Y .
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for any ¢ € H} (B,(0)°) and ¢ large enough. Thus

v (H = I1VFP) v = <<:Lw, w> (247)

c
Jx[2 In*(|x])
for some ¢ > 0, if the potential V' is short range and if

d—2
IVF(x)| < —— (2.48)
2|x|
for all large |x|. Note that if F is bounded then § = x ref is bounded and if (2.48)
holds then

~ ~ o~ 1
(0, € (IVZLP + 28 VIV F) )] S ||§||§oﬁ/ Y )P dx (249)

L<|x|<aL
since [VXL|? and |[VXLVF| < L7211 <|x|<aL)-
Using (2.47) and (2.49) together with Fatou’s lemma in (2.45) one arrives at

Cc
|x|2 In%(|x])

(€v. £9) < lim inf (¢, (L)

C
|x[2 In?(|x])

< (w, e (Iszel2 + ZXRVXRVF) w) (2.50)

< cF,R/ () dx
R/2<|x|<R

with the same constant Cr g as in (2.5), since |V xg| < %I{R/Zslx\sR}-

Now let F(x) = % In(]x|), so that (2.48) holds. In the definition of &, replace
F by Fjs given in (2.11) for § > 0, i.e., use £ = yge’ in the above argument.
Then, since |V Fs| < |V F| we see that

C
<XR9F5W’ ICEvITT me%) < Crr / | (x)|* dx .
|[= In“(|x]) R/2<|x|<R

F) _ [(d=2)/2

In addition, F5 converges monotonically to F and e |x] , SO monotone
convergence gives
x4 2 : F ¢ F
¢ [¥ ()" dx = lim { xge"* Yy, ————xre °¢
fxe:e In?(Jx]) 30 x 20 (x)) (2.51)

< CR[ W (OP dx.
R/2<|x|<R

with constant Cg given by

Cr=8 sup @ (2R—2 n R—1|VF(x)|) < 84 R4~
R/2=Ix|<R

Since v is locally L2, this proves (2.43). O
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Remark 2.10. In dimensions 2 < d < 4 a repulsive tail of the potential V of the
form
w

V(x) > — for x| > 1 (2.52)
|x|?

stabilizes zero energy bound states. In this case we can use (2.46) to see that

Vo,V Vo) > d-2y? ! o
Ve, Vo) + (@, g”)—<“” <<( > )+”>W+4|x|21n2(|x|))“”>

for all ¢ € H' with support outside a large enough centered ball in R?. Then the
same analysis which yields (2.51), but now with the weight F'(x) = (((d —2)/2)%+

a))l/2 In | x|, leads to

Jwa g0 < | 2
¢ Y (x)|"dx < C [V (x)|” dx (2.53)
|

w=r In?(|x]) R/2<|x|<R

with o = 2(((d — 2)/2)2 + a))l/2 — 2 and some constant C depending on R and
w. Thus ¢ € LZ(Rd) as soon as o > 0 and the last condition is equivalent to

d4 —d)
> — .
4

Clearly d(4 — d) is positive if d < 3, zero if d = 4, and negative if d > 5.
So a repulsive part stabilizes zero energy bound state in dimensions d < 4 and in
dimensions d > 5 the potential V can be purely attractive and still have zero energy
eigenstates. The results of [26] show that a repulsive part is needed in dimensions
d < 4.Dimension d = 4 1is critical in the sense that the repulsive part can be weaker
in dimension four than for d < 3.

w

(2.54)

3. Local Energy Bound For Helium-Type System in Paraboloidal Regions

In the following sections, we consider a helium-type atom consisting of an
infinitely heavy nucleus at the origin and two indistinguishable electrons. In this
section, we prove a local energy bound for these systems, which is the main tool for
the proof of the sharp anisotropic upper bounds on the asymptotic behavior of the
ground state in later sections. To obtain suitable energy bounds we need appropriate
lower bounds on the potential derived in Lemma 3.1. The crucial part of the proof
is to split the configuration space into several regions sketched in Fig. 1 where the
behavior of the system differs. The bounds on the potential from Lemma 3.1 are
then used to derive local energy bounds for the full quantum system in Proposition
3.5

Our local energy bound for the helium—type operator Hy on L*(R®) is inde-
pendent of the statistics of the particles and one can easily include the spin. The
importance of such a local energy bound was already emphazised by Agmon in his
work on non-isotropic upper bounds on the decay of eigenfunctions of multiparticle
Schrodinger operators in [1].
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We denote by x; the position of the j th particle, by sz its kinetic energy, where
Pj = —iVy; is its momentum operator, and j = 1, 2. The Hamiltonian of this
system is given by
1 1 U
Hy= PP+ P} — = — 4 (3.1
er] el e — 2]
It is well-defined and self-adjoint on the Sobolev space D(Hy) = H 2(R®
L%(R®). In the following, it will be very convenient to consider the quadratic form
induced by Hy on the Sobolev space H ' (R%). With a slight abuse of notation, we
denote this quadratic form by

(0, Hyp):=(P1o, P19) + (P2¢, P,¢) + (¢, Vu @), (3.2)

where

1 1 U
Vux) =Vyx,x) =—— — —

. (3.3)
lxi]  x2] o |xp — x2f

The proofs of our lower bounds in Sects. 7 and 8 use the sesquilinear version of this
quadratic form. Our local energy bound for helium follows from a suitable localiza-
tion in position space and the IMS localization formula. However, our localization
is quite different from the usual approach in many-particle physics, where one lo-
calizes into conical regions, see for example [15]. For our derivation of the sharp
upper and lower bounds, it turns out to be crucial to use paraboloidal regions.

Recall that for x = (x1, x2) € R? x R? we set |x| = [(x1, x2)| = (|x1]*> +
lx2[)'2, |xlo = min(|x], [x2]), and |x|eo = max(|x1], |x2]). For Ry > 0 and
0 < y < 1 we define the following paraboloidal regions

Region 0: Ag:={x € R®: |x| < 2Ro}
Region 1: Aj:={x € RS : lx| > Ro and |x|g < 2|x|%} (3.4)

Region 2: Ay:={x € RS : Ix| > Rp and |x|g > |x|%).

We do not write explicitly the dependence of these regions on the parameters Ry
and y. The inner region Ag cuts out a ball centered around the nucleus. It is only
necessary in order to have a bounded localization error in the IMS localization
formula near the nucleus and will be irrelevant for our bounds on eigenstates. All
regions above are invariant under permutation of the particles. In order to control
the localization error, we will eventually choose the parameter 1/2 < y < 1.

In the region A both particles are close to the nucleus and in A, both particles
will be far from the nucleus. In these two cases, the local energy bound will be easy.
The tricky region is A1. At critical coupling U, this region is critical in the sense
that inside this region one particle stays much closer to the nucleus compared to
the other particle, which can escape to infinity with no apparent energy cost, since
the ionization energy is zero.

For large Ry the tricky region A is the union of two disjoint paraboloid regions

A7 ={x € R®: |x| > Rp and |x2| < 2[x1]"},
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ro 4 AT Ay

%

Ry T1
Fig. 1. Sketch of the regions Ag, A1, As. In Ag both particles are close to nucleus and in
Ay both particles are far away. The paraboloidal region Ay, which splits into two disjoint

components A, AT, corresponds to the situation where one particle is far away while the
other stays relatively close to the nucleus. In region A we get a local boost in energy, which
is important when the system becomes critical

AT ={x eR%: |x| > Rpand |x1| < 2|x2|"}.

which are “above" and “below" the diagonal |x;| = |x2|, respectively.

The reason why we introduce these paraboloidal regions is that in these regions,
especially in the tricky region A1, the full potential has nice lower bounds which
exploit the interaction term but do not involve it explicitly. This is made precise in
the following lemma:

Lemma 3.1. Let Viy be the Coulomb potential

1 1 U
Vox) =—— - — + ——— (3.5
lxil ezl |xr — x|
on RS, Then for 0 < y < 1 we have
U-1 2U
Vo(x) > ——+ - forallx € Ay, (3.6)
|x]o |x] oo |x|ooy
1 1
Vu(x) > ——— — —— forallx € A>. 3.7

Ixfo [xleo

Remark 3.2. In the tricky region A1, where one particle stays close to the nucleus,
and the other one can escape, the bound (3.6) shows that this will have a local
energy cost of order (U — 1)/|x|~0, Which makes the classically forbidden region
stickier. This is a key input for our a—priori bounds on the decay of ground states
at critical coupling. A similar boost was already noted in [15,23], however, due to
the use of conical regions in [15], which is quite common in many—body quantum
mechanics, their bound for the Coulomb interaction in the tricky region is worse
than our bound in Lemma 3.1: It is essential to use paraboloidal regions in order
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to get the additional positive term li—_l with the sharp constant U — 1 in the lower

bound for two—particle Coulomb potoeontial in the tricky region. The use of conical
regions would not allow us to get sharp upper and lower bound on the anisotropic
decay of the ground state, one always incurs an epsilon loss in the leading order
terms when using conical regions.

Proof. The bound on Ay = {|x| > Ry, |x|o > |x|%} follows by dropping the
positive Coulomb repulsion. On A we have |x|gp < 2|x %, and thus

lei = x2| < |xil + lx2] < |xloo + 21x15%

and
U U U 2U

> o —_
> > — —
Xt —x2l T Ixleo +2Ix15 Xloo  x557 (1 4 20x) !

This implies (3.6). O

In order to use the bounds from Lemma 3.1, we need to localize the Kinetic
energy into the different regions Ag, A, and A,. To construct suitable cut—off
functions which localize into these regions, take any two functions 0 < u,v €
C®°([0,00)) withzt =land v =0o0n[0,1],z =0and v = 1 on [2,00),u > 0
on [0,7/4],and v > 0 on [5/4, co) and set

i v
u:

T@rmr T@Eree o

Since 2 + 92 > ¢ for some constant ¢ > 0, the functions u, v are infinitely
differentiable. Moreover, by construction, 0 < u,v < 1, u = l and v = 0 on
[0,1],u =0and v = 1 on [2, 00), and

>+ =1 (3.9)

Note that one can always find u, v with ||u||cc < 2 and ||v'||c0 < 2. Given u and v
we set

xot:=u(x1/Ro )
x1G:=v(1x1/Ro)u(1x1o/ 1x1%) (3.10)
x2(:=v(1x1/Ro v (Ixlo/ 1% )

By construction,

2
doxj=1 (3.11)
j=0

In addition, we clearly have xo € C§° (IR®). This is less obvious for x; and y,. For
large enough Ry the support of x, which is contained in the tricky region, separates
into two disjoint sets (contained in Af) and on each of these sets x is infinitely
differentiable. So we have x| € C*(R®) for large Rop and a moment of reflection
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shows that also x» € C®(R®) for all large enough Rg. The gradients in R® of xq
and x are given by

Vxox) = Ry u(lxl/Ro)| | (3.12)

Vi1 (x) = Ry '/ (1xI/ Ro)u (|x|o/|x|oo)—|
x2]

(e sl by — ¥ 22 L ) 2
+U(|x|/R())u/(|x|0/|x|go)(|x21y x2|>]xq IXl\V‘* x20<Ixtli) Txq| )

lx
(i et >l = ¥ gy pom L <leal)) T

(3.13)
Thus, abbreviating s = |x|/Rp and t = |x|0/|x|go,
_ 2 _
IVxo() 1> < Ry2('(5))" < Ry 2’12 LRy </x|<2Ro) (3.14)
and
IVx1 (01> = Ry 2 (5)%u(t)? + 2Ry "0/ (s)v(s)u (Ou () |x| " — y1)
(3.15)

+u(s)%u (02 1x] 5 (1 + )/21‘2) .
For V x> we note that a similar formula as for V x; holds, just with u replaced by
v. Collecting terms we get
VX101 + 1V xa ()
= Ry 20 ()2 (u()? + v(1)?) + 2Ry v (9)v(s) (u ue) + o' )v(®) x| 711 = )t
()W (O + ' ) xla” (1 + y2t2)

= Ry 2')? + v@? (0 0% + 0/ 0 xlo (14 v%)

where we also used u2 + v2 = 1 and 2(’u + v'v) = W? + v%)’ = 0. Hence

2
D 1Vx @R = Ry (v 151/ Ro)? + ' (x1/Ro)?)
=0 (3.16)

1
+ u(lxl/Ro)? (' (1xlo/1x1e)* + ' (1xlo/11%)) <|2y T |2|ff2> :
Xloo

This yields the following bound on the localization error for localizing into paraboloidal
regions.

Lemma 3.3. The localization error Z?:o IVx; |> for the localizing functions x j
constructed above, is bounded from above by

1+ y2
Z IV O < 1) + @)oo | Ry *LiRo<ivi<2re) + —55~ Lijxl= ko)
=0 |x|oo

(3.17)
forO <y <land Ry > 0.
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Proof. This follows immediately from (3.16) because 0 < u,v < 1, Ry < |x| <
2R on the support of v'(|x|/Rp), |x| > Ro on the support of v(|x|/Rp), and
[xlo < |x]oo- O

Remark 3.4. In order to make ||(«’)? 4+ (v')?||oc small, a convenient choice is to
pick

1, forO0<s <1
u(s) = cos(m(s —1)/2), forl <s <2
0, fors > 2

and v = /1 — u2, in which case || (#')?> 4+ (v)?|| 0 = 72 /4. Making this choice for
u and v does not yield smooth cut-off function, however. Nevertheless, the set on
which yx; is not differentiable, is a Lebesgue measure zero Lipshitz hypersurface
in R%, so Lemma A.1 shows that Xj € W1'°°(R6) and this is all one needs to use a
suitable quadratic form version of the IMS localization formula, see the discussion
in Appendix A.

Given a wave function ¢ in the quadratic form domain of Hy, which is the
Sobolev space H'(R®), we can use (3.11) and the fact that (¢, Hy ) isreal together
with the IMS localization formula (A.8) to get

2 2 2
(¢, Hug) = Y Relxip, Hup) = Y (xjo, Hux;jo) — Y (¢, IVx;l*¢)
j=0 Jj=0 Jj=0
(3.18)
Lemma 3.3 allows us to control the localization error. To bound the local energies
(xj®, Hy xjo), where each x ¢ is supported on A ;, the following bounds will be
useful.
In the following, we take any two functions « and v as above. Then Lemma 3.3
shows that there exists a constant C; = C;(u, v) < oo such thatforany0 <y <1
the localization error is bounded from above by

C
Z|vxj(x)| —zyforallxeRﬁ. (3.19)
max(|x|2}, RyY)

For this constant C; we set

1 C
W()(X).Z — E — R_(Z)V s (320)
1 U-1 2U C
Wi(x)=— - o ! (3.21)
40 oo xl5e” Ix]
and
1 | C
Wa)=— —— — — — L (3.22)

Lemma 3.1 and the IMS formula lead to
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Proposition 3.5. (Local energy bound) For large enough Ry and all ¢ in the
quadratic form domain of Hy

2

(9. Hup) = > (xj0- Wixj@) - (3.23)
j=0

Remark 3.6. The localized functions x;¢, j = 0, 1, 2, have the same permutation
symmetry as ¢, since the x; are symmetric under permurtation of the particles.

Proof. Set Ley(x) = % From (3.18), Lemma 3.3, and (3.19) we get
max(|x|5o,Ry")
2 2 2
(@, Hup) = Y (xj@. Huxj@) — (@ Len®) = Y _(Xjo. Huxj®) — Y _(Xj: Lenxj).
Jj=0 Jj=0 Jj=0

since L is multiplication by a function and Z?:o X]Z = 1. Thus it is enough to
show that

~

(xjo, Huxjo) = {xjo, Wixj®) (3.24)

for each j = 0, 1, 2, where VT/]- = W, + Ley. Using that x2¢ is supported in
the region A;, we can use Lemma 3.1 and immediately get (3.24) for j = 2 by
dropping the kinetic energy term P12 + P22 in ()20, Hy x20)-
For j = 0 we again drop the Coulomb repulsion term and use
2 1 2 1
Hy>Pf ——+ P ——>-1/2
lx1] x
to get (3.24), since the ground state energy of hydrogen is —1/4 in the atomic units
we use.
When j = 1, the particles are localized in the tricky region. For large enough
Ry the localization function x; is a sum x; = x; + X1+ , Where Xli are smooth
and have supports in AT. In particular, their supports are disjoint for all large Ry.
Using Lemma 3.1 and dropping P12 we get

(x; ¢, H _<0>>(_¢<P2 Lot 20 > )
X , y X = X s - - T, X
: ! : 2l )

- < 1+U—1 2U ) ~ )

X1 9\ - T T, | X1 ¥

! 4l )M
= {x; ¢. Wix; o)

1

since P22 ~ T 2 —1/4. Similarly, one sees that

(Xi o, Huxi o) = (xi"e. Wixi o) -
Since the supports of x, and X1+ do not overlap when Ry is large enough, we get
Oags Huxie) = (x; ¢, Huxy @) + (xi" ¢, Hu xi ¢)
> (X1 9 Wixy o) + (X e, Wixi o) = Gae, Wixie)
which is (3.24) for j = 1. |
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4. Isotropic Upper Bounds on the Asymptotic Decay of Bound States

Before we start the proof of the sharp anisotropic upper bound in the next section,
we give a proof of a simple isotropic bound. Such an upper bound is already quite
useful, since it is uniform in the energy E < —1/4, i.e. up to the bottom of the
essential spectrum. It allows for an easy proof of the existence of a bound state at
critical coupling: The infimum of the spectrum of Hy, is a simple eigenvalue, see
Appendix D, even though it is embedded at the edge of the essential spectrum of
Hy..

Our main tools are the local energy bounds from Sect. 3 and the quadratic form
version of the IMS localization formula from Appendix A. For the simple isotropic
upper bound on the asymptotic decay of eigenfunctions of Hy we use the weight
function

Fi(r)=2U - D212 — kr* 4.1

forl <U < U, K > 0,and 1/6 < k < 1/2. The reason why we have to take
k > 1/6 in the isotropic upper bound will follow from the proof, in particular,
(4.9). Note that the leading order term in Fj is given by 2(U — 1)!/271/2  the other
term is a lower order correction forany K > Oand 1/6 <« < 1/2.

When x = (x1,x2) € R? x R3, |x]|oec = max(|xi], |x2]), we will identify
F1(x) = F1(]x|c0), by a slight abuse of notation. For simplicity of notation, we do
not explicitly write the dependence of F] on its parameters.

Recall that ¢ € L?(R®) is a bound state of Hy with energy E, if it is a weak
solution of the eigenvalue equation Hyy = Ev. Thatis, € H' (R%) and

(. Hyyr) = Ep. V) (4.2)
as quadratic forms for all p € H'.

Theorem 4.1. (Isotropic L upper bound near critical coupling) If Yy is a bound
state of Hy with energy Ey < —}1 then forany K > 0 and 1/6 <k < 1/2

eFyy e L2(R%) (4.3)

Moreover, for normalized Yy, the function eX'\\ry is L? uniformly in the parameter
range 1 + pu < U < U, for any small fixed ) < u < U, — 1.

Before we give the proof, we want to explain where the usual strategy fails.
Let i be a bound state of a Schrodinger operator Hy with energy E. Take any
bounded, real valued function & € H'. Since E is real we can use ¢ = &2 in
(4.2) together with the IMS localization formula (A.6) and the local energy bound
from Proposition 3.5 to see that

Ellgy | = Re(E(E2 Y, ¥)) = Re(&?y, Hyyr) = (Y, Hy&y) — (¥, IVEI*Y)

2
> D XEV, WixjEV) — (U, IVEPY)
j=0
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where x;, defined in (3.10), are the functions localizing in the regions A;, j =
0,1,2.

Now choose x = xr to be another smooth cutoff function outside of a centered
ball of radius R > 2R and make the ansatz & = e for some bounded function
F € H'. Then

IVEI? = E2VFI* +2xe* ' Vy - VF + 27 |Vy 2,

and hence

(xjxef v, W, —E—|[VFP)xjxefv) < (v, 2 QxVXVF + |V H)y),

2
=1

J
(4.4)

since xo and x have disjoint supports, the missing j = O term in the sum on the
left hand side above is zero.

The usual strategy for using (4.4) is to assume W; — E > ¢ > 0. That is, one
needs a spectral gap for the operator Hy — E near infinity (outside large enough
balls), to have a safety distance to the essential spectrum. Under such an assumption,
one gets from (4.4)

sclixe™wi? < (v, T QxVXVF + |Vx 1)) < Crullvl?,

for the exponentially weighted bound state ef'¢/ on the support of x, as long as
|[VF|?> < (1 — 8)c for some small 8§ > 0. This condition allows F to grow like
/(I =8)c|x|. Of course, one has to remove the requirement that F is bounded.
This is easy, since the constant Cr , depends on F and x only on the support of
V x, which is compact. See the argument in the proof of Theorem 4.1 below, in
particular (4.6).

However, the local energy bound Wi — Ey. = Wi 4 1/4 goes to zero at infinity
in the tricky region A1. Thus ¢ = 0, i.e., there is no safety distance to the essential
spectrum anymore, when Eyy = —1/4 or when Ey approaches —1/4 from below
as U /' U, and the above argument does not allow to control e/ v anymore. So
we have to be more careful.

Proof of Theorem 4.1. Leta = (U — 1)}?,1/6 < k < 1/2, K > 0, and set
G(r)y:=2ar'* —Kr*)2. 4.5)

We use K /2 instead of K in the definition of G to have some wiggle room which
allows us to absorb error terms later, see (4.12) and (4.13) below. Note that G(r)
is positive when r is large enough, so its regularized version
G(r)
Gs(r)= ——— (4.6)
14+686G(r)

is well defined and bounded for all large enough » and all § > 0. We also denote
G (x) = G(|x|c0) and the same for G, with a slight abuse of notation. Note that G
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and G are continuous on R® and continuously differentiable on {|x1| # |x2|, [x| >
R} for large enough R.

Furthermore, let 0 < x < 1 be a smooth function on [0, co) with x (r) = O for
0<r=<1,x@)=1forr >2,|x'| <2,andput xg(x) = x(x/R). Lemma A.1
shows that € = xze% is in the Sobolev space W1 (R®) and multiplication with
£ and &2 leaves the quadratic form domain of Hy invariant. Setting r = |x|s one
calculates that

X1 1
VG () = (ar~ 2 — Kier*=1 2y [ Tl (ril=keb @.7)
oLl x )
VG
Gs=—" .
T 146G

Thus
_ _ 2
IVGs? < IVGP = (alxl=? — Kilx[<!2)?

for large enough |x|~. Using (4.4) with F replaced by G5 and taking R such that
G (x) > O for all x in the support of xg one gets

2
> (xjxre® . (Wi — E — VG x, xre )
j=1

< (¥, 29 Q2IVr|IVG| + VDY) < Crllv |

where we also used that Gs(x) < G(x) and |VGs(x)| < |[VG(x)| once G(x) > 0.
The constant Cp is given by

4.8)

Cr=4 sup e*(G')I/R+1/R?) < 0,
R<s<2R

since V x is supported on the annulus R < |x| < 2R and |Vxg| < ||xllco/R <
2/R.
In the following, we will use C for a generic constant, which may change from

line to line. Recall that 0 < ey = —1/4 — Ey is the ionization energy. On A, we
have
1 1 1 C 1
Wa(x) — Ey — VG > ~ + ey — —— 7, ~IVGWI" = ¢
4 IXloo  Ixloe  |x]5X 8

for large enough |x|s. On A; we get

-1 2U C

o 2 U _ 2
Wix) —Ey — IVGX)|" =z ey + IVG(x)|

U
loo  Ixl5” IxIa

_ -2 -2
— (Ki/2)|x 267D — 20 x5 = Clxls”

Kk—3/2

> ey + aKi|x[5

3 _ _
> ey + JaKrlxli U = Xl

(4.9)



Arch. Rational Mech. Anal. (2026) 250:67 Page 33 of 76 67

for all large enough | x|, since k < 1/2, which implies x —3/2 > 2(k — 1). The
minimum of max(y — 2, —2y) is attained at y = 2/3. The choice y = 2/3 gives
y —2 = —2y = —4/3, which leads to the lower bound

Kk—3/2 | K32

3 -
Wi(x) — Ey = IVG () >Su+4aKKIXI — QU4 O = e+ B

uniformly in 1 + ¢ < U < U, < 2 for large enough | x|, since ¥ > 1/6. Putting
everything together, we see that

2
> xrx; (Wi — Ey = IVGPIxjxr = (v + 255
j=I

K i 3/2) . fu tak +aK —4/3
R -

(4.10)

for large enough R and all bound state energies Ey < —1/4,1i.e., ey > 0. Using
(4.10) in (4.8) we get

2Cgr

(ke @, 16157 xre @) = 7
ey + WU — 1)

o w112 (4.11)

for all § > 0. The right hand side of (4.11) is independent of § > 0, so

12CR
sy + U -1k

4/3 . 4/3
(xreC v, 1x15a xreCy) = lim (e, el xgeGoy) <

I
by monotone convergence. Since arbitrary positive multiples of “ control any
logarithmic term In r for large r, we have

2 2
Fi(r) = 2ar'/? — Kr* < 2ar'? — Kr*/2 — Fnr=G0) = Snr (412)
for r large. This shows

—4/3
Ixre Y IP < (xreV Ixlos xre®Y) < — P yI? @13)
+

forany 0 < U < U,. Itis easy to see that U +— ¢y is decreasing and the discussion
in the introduction shows that & > 0. So ¢y + (U — 1)1/ 2 2 1 uniformly in

0 < U < U, hence (4.13) proves the theorem. O

Our isotropic upper bound also allows for a simple proof for the existence of a
ground state at critical coupling, see Proposition D.1 in the appendix. In the infinite
mass approximation, the existence of a bound state at critical coupling had been
proven first in [23] with PDE methods and in [15] with variational methods.

Corollary 4.2. At critical coupling the operator Hy,. has a simple eigenvalue at
the edge of its essential spectrum. That is, there exists a bound state . € L*(R®)
with energy —1/4 of Hy, which is unique up to a phase.

The proof is given in the appendix, where we also gather more information about
the ground states ¥y for 0 < U < U,, see Proposition D.1.
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5. First Anisotropic Upper Bound

In this section we prove a preliminary version of the anisotropic upper bound
from Theorem 1.1. This will be done in two steps: First we prove a L? version with
the help of energy methods and convert this into a pointwise bound in a second
step.

Unfortunately, our first anisotropic upper bound given in Proposition 5.3 is
suboptimal in a transition region where |x|% < |x|o < 2|x|%. So it does not give
the sharp anisotropic upper bound we are aiming for. However, it has the correct
asymptotics well within the tricky region, more precisely, when |x|p < |x|%, for
a < 1/2, and in the region near the diagonal, i.e., where |x|p ~ |x|co are large.
This provides essential a-priori information for the decay of the ground state well
within the tricky region and near the diagonal, which is a crucial for the proof of
the sharp global anisotropic upper bound in the next section.

Recall that we set a = ay:=(U — 1)1+/2 and ¢ = gy:= — ;lt — Ey > 0, where
Ey is the ground state energy of Hy. Moreover recall that

2

2
Frg = (s + %)l/zr n %(ln(\/er Fal+er)—na). (.0

For convenience, we abbreviate

FU = FeU,aU (52)
and define
1
Fy(ri,r2) = Fy(r) — Ky + E(rz — Kaory® =2r{) . (5.3)
With a slight abuse of notation, we also use F2 y(x) = F2y(|x|so, |x|o) for

(x1,x) =x € RS,

Remark 5.1. For U = U, we have

172 1
Fou.(r1,r2) = 22U — D202 — Kt E(rz — Kory? = 2r]),

see Remark 2.7.

Remark 5.2. Let us motive the slightly odd looking dependence of F> yy(r1, r2) on
r2: At first sight, a more natural choice would be

1
Fy(ri.r2) = Fy(r) + 5m = Kiry' — Kpry? (5.4)
and to use Fy(x) = Fy(|x|so, |X]0) as an exponential weight in the energy esti-

mates. For simplicity, let us look at the critical case where U = U_,. In this case we
have Fy. (r1) = 2(U; — 1)1/2;"1/2 and one calculates
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IV Fy, (01> = (U = D22 =i K™Y 4 (172 — o Kork? 1)
U, —1 1 _ _
= ez - A 7~ 20 = D Kuar! 7 = Kyary™

+ K12K12r12()c17]) + K22K22r22('(27]) .

The cross terms will allow to control errors, in particular, the localization error and
all terms involving r12 =D and r22 =D However, leading order termin |V F . (x)[?
now includes the additional constant term 1/4, which needs to be compensated by
the ionization energies. In the tricky region, where one particles escapes to infinity,
the ionization energy is zero and we only have an additional local boost of the
form U; =1 in the energy estimates from Lemma 3.1 and Proposition 3.5 and no
additional term coming from the second ionization energy, which is the energy
to remove the second particle. The additional constant term 1/4 in |V Fy, (x)]?
cannot be compensated by the local energy boost in the tricky region. Thus for the
seemingly natural and simpler ansatz (5.4) the gradient of Fy is too big. We need
to modify the ansatz to ensure that F', hence also its gradient, only depends on r;
inside the tricky region. This is the reason for choosing % (rz —Kory? — 2rr ) 4 asthe
additional term in (5.3) capturing the decay of the ground state in 7, = x|, since it
vanished by construction in the tricky region A and only becomes positive inside
the green shaded region in Fig. I, where both particles are far from the nucleus and
the additional ionization energy of the second particle can compensate the constant
term 1/4 in the gradient of the exponential weight.

Eventually we have to choose 1/2 < y < 1 in order to be able to control
the localization error. The somewhat surprising fact is that the additional term
—2r}/ does not mess up the asymptotic behavior of F; ¢y (r1, r2) for large r; even
at criticality, where the leading order term in F, yy only grows proportional to /77.

Proposition 5.3. (First global anisotropic L? upper bound at critical coupling)
Choose parameters K1, Ky > 0, 1/6 < k1 < 1/2and 1/2 — k1 < ky < 1,
aswell as (3 — 2k1)/4 < y < min((k2 + 1)/2, k1 4+ 1/2). Then the ground state
Yy of helium-type atoms at coupling U has the L* upper bound

P20y e L2(RY) (5.5)

SJorall0 < U < U, andwith F» y defined in (5.3). Moreover, inthe range 0 < U <
U, — w for some small pu > 0, the bound (5.5) holds with any choice of parameters
O0<ki,kp<landl/2 <y < (k2 +1)/2.

Remark 5.4. The most important part of Proposition 5.3 is of course the statement
which holds uniformly in 0 < U < U,. By this we mean that for any choice of
ground state vy, which is normalized, i.e., ||[¥y || = 1, we have

F
sup fle">Yyyll < oo.
0=<U=U,

A simple calculation shows that (3 — 2«k1)/4 < min((kz + 1)/2, k1 + 1/2) is
equivalent to k1 > 1/6 and kp > 1/2 — k1. So the range of allowed values for
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y in Proposition 5.3 is not empty. Moreover, for any such choice we have y >
(3 —2«1)/4 > 1/2, since k1 < 1/2. The bound is uniformin 0 < U < U, and the
implicit constant depends only on the parameters K1, K» > 0, 1/6 < x1 < 1/2
and 1/2 — k1 <k < 1.

Proof. As in the proof of the isotropic bound, we use a modified version of F; 7,
1
Ga(r1, r):=Fy(r1) — Kir{' /2 + E(rz — Kory? — 2r1V)+ (5.6)

replacing K| by K /2. In the remainder, we will use 9 = 9,,, respectively, d» = 9,,
and also freely abbreviate a = ay.

We again use the smooth cut—off functions x g, which projects outside of large
balls of radius R centered at zero and whose gradient V xr is supported on the
annulus R < |x| < 2R and bounded by |[Vxz| < R™L.

We also put G2(x) = G2(|x|so, |X]0) as a function on R®, with a slight abuse
of notation. Note that G, (x) > O for all x in the support of xr as long as R is large
enough, so we can regularize G, by using

G

Gps=—2
2= 1156,

6.7
which is then well defined on the support of xg and bounded for all £ > 0. Clearly
G2 5 is continuous on and differentiable on {|x|p — I(2|x|’62 —2lx% > 0} n{|x| >
Ro} and {|x|0—K2|x|g2 —2|x|% < 0}N{|x| > Ro},foralllarge enough Ry. Upto the
smooth zero Lebesgue measure surface {|x|o — K2|)c|g2 —2|x|% =0, |x| > Ro}
these two sets cover {|x| > Rg}. Hence Lemma A.l shows that the exponential
weight &£ = ReGZv5 has, for all large enough R, a bounded weak derivative on RO,
which is almost everywhere given by its classical gradient and we can use £ in the
IMS localization formula.

As in the proof of the isotropic upper bound, see (4.4), one deduces from the
IMS localization formula and the local energy bound from Proposition 3.5 that

2
> (xixre® Y. (Wi — Ey — [VGaP) xj xre®>*¥)
j=1
< (¥, CQIVRIIVG + [VXrIDY) . (5.8)
by choosing ¢ = (xge%24)21 as a test function in the quadratic form version of
the eigenvalue equation. W; and W, are given in (3.21) and (3.22). Similar to the
derivation of (4.8), we used |[VG3 5(x)| < |[VGa(x)| and G2 s(x) < G2(x) when
|X|oo 1s large and there is no j = 0 term in (5.8) since xoxr = O for all R > 2Ry.
Recall that x; localizes into the tricky region A = {|x|o < 2|x|%, [x| > Ro}.

Clearly G (x) = 2alx|)* — K1]x|5/2 for x € Ay. Thus, setting 1 = |x|oo,

Tool Ll l>1x1 1)

(5.9)

G2 [ 1x >y 2 =1 o Te M 1> )
VGy(x) = 391Gy 221 =((e+a”/r1) — Kykyry /2| %
1G2 1 xa > 11 1)
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forallx € Ay. Using —Ey = }‘ + ¢ we have on the support of y;

Wi(x)—Ey — |VG,|?
>e+4a’ T —2Uri’ 2—((s—i—a /)% — Kikry! /2) —Crl
= Kiar? ™ 2 +a?/r)'? = Kuar 7 2) 2 —20r) T — o

If0<U <U.— pnthen e = ey > ¢ > 0 for some constant depending on p > 0.
In this case we get

Wi () —Ey — VG
> Klfqrfl‘l(zcl/z - Klfqr’fl‘l/z))/z —our P e
A ez e
for large enough 1, i.e., large enough Ry, as long as k1 — 1 > max(y — 2, —2y),
which is equivalent to (1 — k1)/2 <y < 1 4+ «7.

Intherange 0 < U < U,, we note that when r; > 1 we have ¢ +a2/r1 =e¢ey+
alzj/rl > (y+WU—-14)/r = c/r1, withec = info<y <y, (SU + (U — 1)+) > 0.
So uniformly in 0 < U < U, we have

Wi (x) — Ey — VG2 2 = Kieprf ™ 26e/r) V2 = Ky ) 2 =207 2 — o
2 rf]_3/2 _ rr72 —r -2y 2 l’;q 3/2 > r;4/3
for large enough r1, i.e., large enough Ry, as long as k1 —3/2 > max(y —2, —2y),
which is equivalent to (3 — 2«1)/4 < y < k1 + 1/2. We also used that k] > 1/6
in the last bound.

For the energy bound on the support of x» C Aj, we split Ay into the two
regions Ay = {lx11” < |x2| < |xil,x1] > Ro} and A} = {lx2]” < || <
|x2], |x2] > Ro} which cover A> up to a null set within the diagonal {|x;| = |x2[}.
It is enough to provide a lower bound for W, — Ey — IVG,|? on A5, the same
bound will then also hold on A;r, by symmetry, Since null sets are irrelevant such
a bound will then hold on the support of x».

For the same reason, we can also disregard the null set {|x;| — Ka|x2|2 —
2|x1]Y =0} N A5, on which the classical gradient of G does not exist.

On {|x2] — Kz |x2|2 — 2|x1]” < 0} N A5 we again have G, (x) = 2a|x;|!/? —
Ki|x1]*!. Thus

Wa(x)—Ey — [VGa(x)?

1 _ _ _
- +¢ —rfl - Y —((e ~|—612/r1)1/2 — Kllqrfl l/2)2 - Cr, 2

>
~4

1 - 1
=10 +ayr = = (Kuarf T 2)? = <

on this set and all large enough R > 0.
For x € {|x2] — Ka|x2[*? —2]x1|” > 0} N A5, we have

1
Ga(x) = Fy(r) — Kir{' /2 + z(rz — Kars? —2r]) (5.10)
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with r| = |xq| and rp = |x2|. Hence

v _ (& G2|§}\ (o +a®/r)'? = K 2 =y T AL
Gr(x) = = 1 ka—1
0Griy 3 (1= Kooy ) i

x2]

(5.11)

which implies

1
Wa(x) — Ey — VG2 (01> = Wax) + i IVGo(x)?

1 1

2
1 _ _
= 171 <1 KzICQVKZ ) - I Iy 1

_1\2 _
+8—((8+a2/r1)1/2—Kllqr'lq_l/Z—yr{/ 1) —Cr1 2y

1 _ _ _ a
4K2K2rK2 (2 — KZKZrZKz 1) - r_ ry r_z
at

12
2 2
+<8+a ) (Kliqr'q 1—|—2)/ri/71>—(Kllqr'q l/2—1—)/1’1 1) —Crfzy

rl

Using again & +a”> = ey + (U — 1) > 1 uniformly in 0 < U < U, and also that
y > 1/2 > k1, so terms such as rlyf1 control rf‘_l for large ry, we arrive at the

lower bound

Wa(x) — Ey — [VG2(x)?

1 2

_ ., a
71(2/<2r'(2 ! <2 - K2K2r22 l) —r - r, =
— 4 ri
e +a® _ _ _1\2 _
( > Klklrf' 1+2yrly ]> (K]/qr'(l Uz-{—yri’ ]) —Cr ZV
Z/ }’;2 1 + r] =3/2 2(}/71) _ rlf2y > r;z I + ”1 =3/2 Z(yfl) _ r;2y

2"5271 Ei’fz 1 Zl’l 1

for all ri’ < rp < rp, and large enough i, aslongas 0 < ko < l,kp — 1 >
2(y —1),and y —3/2 > —2y, whichis equivalentto 1/2 < y < (k2 +1)/2.

It is straightforward to check that 1/2 < y < (k2 + 1)/2 and (3 — 2«1)/4 <
y < k1 + 1/2 is equivalent to (3 — 2«1)/4 < y < min((k2 + 1)/2, k1 + 1/2),
since (3 —2k1)/4 > 1/2 when k1 < 1/2. This is the condition on the parameter y
for the range 0 < U < U,.

One also easily checks that (1 —x1)/2 <y < 14+kjand1/2 <y < (kp+1)/2
is equivalent to 1/2 < y < (k2 4+ 1)/2 for 0 < k1, k2 < 1. This is the condition
on the parameter y when U stays away from the critical coupling.

Collecting the lower bounds on 3 + W; — |VG»|? on the supports of x; and
x2 and plugging this into (5.8), one arrlves at

4/3
(xR0, X107 xreC0 ) < Clly|? .
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The constant C is uniform in ¢ > 0, since G, is bounded on the support of V xr
for any fixed R > 0. Hence we can again use the monotone convergence theorem
to conclude

—4/3 . —4/3
(ke @y xlo xre @) = lim (xre Py |l xre o) < Cly I

which proves the theorem since G (x) — % In|x|s > F2(x) for all large |x|oo. O

Corollary 5.5. (Pointwise version of Proposition 5.3) Given parameters K, K >
0,1/6 < x1 < 1/2, and 1/2 — k1 < ko < 1, aswell as 3 —2k1)/4 < y <
min((k2 + 1)/2, k1 + 1/2), there exists a constant C > 0, depending only on the
above parameters such that for any normalized ground state Yy of the helium—type
system Hamiltonian Hy we have

Yu (x) < Cexpl—Fau (x|, xl0)] forall x € R, (5.12)

uniformly in0 < U < U, with F> defined in (5.3).

Moreover, in the subcritical range 0 < U < U, — u for some small u > 0, the
bound (5.12) holds with any choice of parameters 0 < k1,ky < land 1/2 <y <
(k2 +1)/2.

Remark 5.6. As discussed in the introduction, we expect the ground state to have
an asymptotic anisotropic decay given by

Ye(x) < Cexp (= 2(Ue — Dx|2) - %leo)- (5.13)

up to some lower order corrections. The bound provided by Corollary 5.5 does not
quite achieve to prove this. If |x|% < |x|o < 2|x|% we expect the bound state to
decay at least as fast as
12 Loy
Ye(x) < Cexp (—2(Ue — Dlx|et” — EIXIOO)« (5.14)
and since 1/2 < y < 1, the second term now dominates. However, the upper bound
from Corollary 5.5 only shows that

1/2, 172

Y(x) < Cexp (—2(U: — DY x| + Kx[<) (5.15)
inthe region |x|o < 2|x|%. This is the reason why we have to refine the upper bound
from Corollary 5.5 in the next section. Nevertheless, the bound from Corollary 5.5

provides essential a—priori information for this refinement, see the proof of Lemma
6.2.

Proof. Proposition D.1 shows that Hy has a unique ground state ¥y for any 0 <
U < U,, which up to a phase can be chosen positive. The subsolution estimate of
Trudinger [45] in the version of Aizenman and Simon [4], see also [39, Theorem
C.1.3] shows that for any r > 0 and x € R®

()] < q/ o)l dy (5.16)

[x—yl=r
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since the Coulomb potential is in the Kato class. The constant C; depends only on
r and the Kato norm of the potential, see, e.g., [39, Section C.1]. Thus, with |B§l|
the volume of the unit ball in RY,

20D 1y (x)| < €| BY )2 (f
|

x—y|=<1

1/2
e”zvv(’”wy(y)ﬁdy)
(5.17)

d1/2 F. —F F,
< C1|B{| / sup e 2, (x) z,U(y)”e 20y
[x—y|<1

for all x € R®. One easily checks that for all 1| > 1 and |r| —s1], |r2 —s2] < 1

Fy(r1, ) — Fau(st, 52)

172 1/2 K K K K Y Y
S lry"" =8, |‘|‘|r1l _511|+|r1_sl|+|722_522|+|71 —si |
< V2497 4 1 4 ming2, w2y 407!
with t = max(ry, s1), u = max(r;, s). Hence

Cy=sup sup |[Fopyx)— Fy(y)| <oo. (5.18)

xeRO [x—y[<1
So (5.17) gives the pointwise exponential upper bound
[y (x)| < CC1Co| B |V2e 20 for all x € RS (5.19)

for the ground state Y, where C is the constant from the L? upper bound of
Proposition 5.3. This proves Corollary 5.5. O
6. Global Anisotropic Upper Bound

In this section we give the proof of Theorem 1.1 and the proof of the upper
bound from Theorem 1.5. Recall that the function F is given by

1

Fi(ri,rm) =2(U, — )22 — Kyrft 4 52— Kary’ 6.1)

and the function Ff is given by

1

FY(ri,r) = Fy(r) — Kir{' + 3 Kory? (6.2)
for r1, rp > 0 with Fy defined in (1.9). We also set F(x) = Fy(|x|s0, |x|o) and
the same for Ff. We choose ¥y to be the unique positive ground state of Hy. We
want to use the comparison principle from Theorem B.3 to show that there exist
a constant 0 < C < oo, depending only on the parameters k1, k2, K1, K> in the

definition of FJIFJ such that

Yu (x) < Cexp(—F{ (1o, [¥]0) (6.3)
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forall x € RO and all 0 < U < U.,. Since ¥y is bounded by Proposition D.1 and

U . . . o, .
exp(—FY) is bounded away from zero on compact sets uniformly in U, it is enough
to assume that |x| > R for some large R > 0. In this section, we abbreviate

fui=exp(~=FY) (6.4)

and note that, similarly as for F¥, we will not explicitly write the dependence of
fu on the other parameters except U, for simplicity of notation.

Remark 6.1. Note that Ff, hence also f, is twice continuously differentiable for
all 0 < |x|p < |x]eco- However, it is not twice differentiable on any neighborhood
of the diagonal |x3| = |xi]|, since the gradient of Ffr] has a jump discontinuity
across the diagonal. Nevertheless, we could use Agmon’s quadratic form version
of the comparison principle, see Theorem B.3, as long as one could control certain
boundary terms on the diagonal |x;| = |x2|, which appear from integration by
parts. However, as the proof of the global lower bound in Sect.8, in particular,
the proof of Lemma 8.6, will show, the boundary terms have the wrong sign and
cannot be discarded. This is why we cannot apply the comparison theorem directly.
Instead, one has to apply the comparison theorem separately on {RY < |x2| < |x1|}
and {R* < |x1| < |x2]}, for large enough R. This forces us to have very precise a-
priori information about the asymptotic behavior of {r; at infinity near the diagonal
|x]o = |x|oo, since we need the a—priori information that ¥y (x) < fy(x) near the
diagonal |x1| = |x2|. Fortunately this is exactly what Corollary 5.5 provides. We
summarize the necessary a-priori information about the asymptotic decay of ¥
near the diagonal and within the tricky region in the following

Lemma 6.2. Given any K1, K, > 0, 1/6 < k1 < 1/2,0 < o < k1, and 3/4 —
K1/2 < k2 < 1, there exist a constant O < C < 0o such that

Yux) = Cfy(x) (6.5)

on the sets {|x|o < |xI5,, [x|oc = R} and {|x|cc — 1 < |x]0 = [X]oc, [X]oo = R}
for all large enough R > 0 and all0 < U < U..

Moreover, in the subcritical range 0 < U < U, — u for some small u > 0,
for any choice of parameters 0 < K1,k < 1, max(ki,k2) > 1/2, 0 < o <
min(«y, 1/2), and K1, K > 0, there exist R > 0 such that the bound (6.5) holds
on the above sets and the constant C is again independent of 0 < U < U, — .

Remark 6.3. The first part of Lemma 6.2 provides an upper bound on the ground
state Yy in the green shaded region near the diagonal | = r» and deep within the
tricky region near r» = r{ in Fig.2 up to the critical case when U = U,.

The second part allows for a wider range of parameters k1, k2 but works only
for subcritical couplings U which stay away from U.,.

Proof. The conditions 1/6 < k1 and 3/4 — k1/2 < Ky are equivalent to

(3 — 2k1) /4 < min(ka2, k1 + 1/2) .
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Since k3 < 1, we also have k» < (k2 + 1)/2, so any y with (3 — 2«1)/4 <
y < min(ko, k1 + 1/2) fulfills the condition of Corollary 5.5 in the whole range
0<U<U..

In the subcritical range where U stays away from U,, we choose 1/2 < y <
max(k1, k2). Note that for this choice the conditions of Corollary 5.5 for the sub-
critical case are also satisfied since ko < (ko + 1)/2.

Given the parameters «1, k2, ¥ and K1, K> > 0 we use the exponential weight
F> .y from Corollary 5.5, but with K replaced by K /2, that is, with a slight abuse
of notation, we use

1
Foy(ri,r) = Fy(r) — Kir' /2 + 5 (r2 — Kary® — 2’%/)+ :

Duetoa < 1/2 <y, wehave Fp iy (r1,r2) = Fy(r1) — %rfl when rp < r{ and

r1 is large. In particular,
K K1 K1 1 K2 K
Foy(ri.r) =Fy(r) — —rp 2 Fy(r) — Kirp + or = Kory™ + =27 = 5
> FY(ri,r) + %r'fl - %r‘f‘ > F{ (r1,r2)
if rp < r{ and ry is large enough since o < . Similarly,

K1 «1 1 K> ©

FZ»U(rl’VZ):FU(rl)_Trl +§V2—7}’2 —rr
K K

when r; — 1 < rp < r; and ry is large, since y < k3 in the critical case and
y < max(k, k2) in the subcritical case. From Corollary 5.5 we get, the pointwise
upper bound

Yy (x) < Cexpl—Fau(x)] < Cexp[—F{ (x)] = Cfy(x) (6.6)

in the regions |x]o < |x|%, respectively, [X|oo — 1 < |x]o < [X|oo, When |x| is
large enough. O

The next Lemma shows that f is a supersolution on a set “sandwiched be-
tween” thesets {|x|o < |x[5, [X]eo = R}and{|x|ec—1 =< |x[o < [X|oo, [X¥|oo = R}.

Lemma 6.4. Let 0 < k1 < 1/2 <kp <1, K1, Ky > 0,and 0 < a < 1. Then the
function fy = exp(—Ff), with Ff given in (6.1), is a classical supersolution of
Hy at energy Ey on the set

Br = {lx|5 — 1 < |xlo < |x|oo, [X]oc > R} (6.7)
for all large enough R > 0; that is,

(Hy — Ey) fu = 0 pointwise in By, . (6.8)
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In particular, fy is a supersolution in the quadratic form sense a la Agmon: for
large enough R and all 0 < ¢ € C3°(BRr) we have the quadratic form inequality

(o, (Hy — Ey) fu) = 0. (6.9)

Moreover, in the subcritical range, where 0 < U < U, — u for some small u > 0,
for any choice of parameters 0 < k1,k2 < 1, and 0 < o < 1, there exists R > 0
such that the function fy is a classical supersolution in the set Bg.

Proof. Inorder to be able to control the errors, it will be important that both particles
are far from the nucleus in Bg. For large enough R > 0, the set By, is the disjoint
union of By :={|x1|* — 1 < |x2] < [x1], |x1] > R}, the part of Bg “below the
diagonal” |x2| = |x1[, and the part B;{ above the diagonal, defined similarly as
Bj but with x| and x; interchanged. By symmetry of f, which is clear from the
symmetry of FU, it is enough to show that fy is a classical supersolution of Hy
at energy Ey on By.

Let V be the gradient and A the Laplacian on R®. We abbreviate F = Ffr] and
f = fu. Since they are twice differentiable on By we clearly have

—~Af = f[ - IVF]* + AF]

on By . Also recall that ¢ = —‘—1‘ — Ey > 0 is the ionization energy (which is zero
when U = U,) and we also abbreviatea = (U — 1)1+/2, ) FL// (r) = (e4+a®/r)'/?
Moreover, we have f(x) = exp(—=F(r1, r2)) with ri = |x1| and r, = |x2| on By,

so one easily calculates

O F L Fjy(r) = Kikrry ™) -
VF(x) = (azF@> = (( v Kz_ll) xz Wil ) on By (6.10)

1
ool (3 — Karary™ ) 1
and
5 2, 2 ~
AF(x) = 0}F + 0, F — + 3F + 3F — on By . (6.11)
x1] |22
Thus

CAf = F 18 FI — 13, FP 4 82 2 2
Af = f|=l01F|” —|02F]| +81F+81F|x|+82F+32F|x|
1 2

on By, and hence we also have that

2 1 2 2 2 2 2
(HU—EU)fzf[s—|81F| o B FP+2F + 9 F— + 83F + ) F —
4 x| |x2]

T U ]

____+—
lxt]  lx2]  |x1 — x|

, . 2 11
zf[s—|81F| + 5~ 10F] +81F+82FZ—Z—E],
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where we dropped the positive terms 822F , U/|x1 — x3]|, and also 91 F %, which
is positive for large enough r. Furthermore, using Fj,(r1) = (¢ + a’/rml/? >
-2 172 With the constant ¢2 = info<y <y, (ev + a%/) > 0 we

(a?—i—az)l/2 > cry
have
2 / k1—1 2
e—|0WFI"=¢—(Fy(r) — Kikir)
= —a? r1 +2K1K1FU(V1)I’ (KlK ” )2
> _ +r -3/2 12(/(1 1 >_ +r 3/2’

since k1 — 3/2 > 2(k1 — 1). Moreover,

1 -1 -1
——|E)2F| = Kakary?~ (1—K2K2r’2‘2 )~ a2
2 1
2 /2 -2
OFF = Fjj(r) + Ky (1 — i1 7% = —2<s+a2/r1) + Ky (1= rt!
51
; r1/2
> - K (= 7 2
i c
2 —1 1 -1, 2 -1 =2
0F—f =(:z-K 27y = — ~ —ry?
2 Iy (2 2K2T )”2 L5 Iy

for all large enough rq, 2. So we get

-3/2 —1 -3/2 -2 1
(Hy = E)f 2 f[ =t 722 oy P2 22 2 [ 527
zf[frl +ry2” 1}>frk2 !

for all x € By and large enough R. The second inequality holds since r'lq_3/ 25
r1_3/2 for large r1, the third because ré‘z*l > r'frl and the fourth, because r'fr] —
r]_1 =r? Y- —r ) 2 ! This proves Lemma 6.4 uniformly in0 < U < UL.

In the subcritical case, when 0 < U < U, — u for some fixed small u© > 0, we
have the bound

& — | F|? 2 —ry L. rKl_l 12('('71) > rfl_l ,

uniformly in 0 < U < U, — u and therefore
(Hy = En)f 2 i 4™ =72 =7 > 0,

since 0 < k1,k2 < 1,71 > R, rp > R* — 1 and R is large enough, which proves
the second claim. O

Now we come to the proof of the global upper bound.
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Theorem 6.5. (Sharp upper bound, arbitrary coupling) For any choice of parame-
ters K1, Kr > 0,1/6 < k1 < 1/2,and (3 —2k1)/4 < k2 < 1 there exist constants
C depending only on k1, k2, K1, and K», such that for the unique positive choice
of the ground state of the helium-type operator Hy the pointwise bound

Vo) = Crexp (= FY (Il Ixlo)) 6.12)

holds uniformly in0 < U < U.,.

For the subcritical case, where for fixed small ;v > O the repulsion parameter
U is allowed to vary uniformly in0 < U < U, — u assume that 0 < k1,k2 < 1,
max(ky, k2) > 1/2, and K1, K» > 0. Then there exist a constant 5+, depending
only on k1, k2, K1, K2, and also |, such that the upper bound

Yo () = Coexp (= FY (xloo. [¥10)) (6.13)
holds forall0 < U < U, — .
Remark 6.6. Note that Theorem 1.1 is a special case of Theorem 6.5 for U = U..

Proof of Theorem 6.5:. Since ¥y is bounded uniformlyin0 < U < U,, see Propo-
sition D.1, and fy = exp(—Ff) is bounded away from zero on compact sets uni-
formly in 0 < U < U,, we clearly have Yy (x) < Cfy(x) = Cexp(—Ffr](x)) for
all |x|oo < R for some constant C, which might depend on R and the parameters
but not on U.

So itis enough to show there exists some constant C such that ¥y (x) < Cfy(x)
on {|x|sc > R} for some R > 0. By symmetry, it is enough to prove that there
exists a constant C such that

Yy (x) < Cfy(x) = Cexp(—F{ (x)) (6.14)

for all {|x2] < |x1], |x1] > R} and large enough R > 0.

Fix any 0 < o < min(xq, 1/2). Due to the assumptions on the parameters
K1, k2, K1, K7 in Theorem 6.5 the assumptions of Lemma 6.2 are satisfied with
this choice of «. Hence the bound (6.14) holds for some constant C on the sets
By g:={lx2] < |[x1|% |x1] > R} and By g:={lx1| — 1 < |x2| < |x1], [x1] > R},
both in the critical and subcritical case.

So we only have to prove the same bound on the intermediate region B, =
{lx1]* = 1 < |x2| < |x1], |x1| > R}. Consider

BL:={lx1] — 1 < [xa| < |x1l, |x1] > R+ 1}

OBE:={|x1|* — 1 < |x2] < [x1]%, |x1| > R + 1}

and
IBY:={1x1|“ =1 < [x2] < [x1], R < |x1| < R+ 1}.

Then 3By = U§205B£ is a boundary layer of By in the sense of Definition B.2.
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7.2 A

LT =T2

A\ 4

1
Fig. 2. The intermediate region B and its boundary layer (colored in green). Lemma 6.2,
which is heavily based on Corollary 5.5, provides sharp a—priori upper bounds on the ground
state in the part of the boundary layer of By near the diagonal rp = rj and deep within the
tricky region when ry = r{’

Moreover, as already mentioned above, we know from Lemma 6.2 that (6.14)
holds on the parts SB L and 832 when R is large enough. Since fU =exp(—F U) is
bounded away from zero on any compact set and the closure of Fl B is bounded, we
see that fy is bounded away from zero on BBO Using that Yy is bounded shows
that the bound (6.14) also holds on BBO for some constant C. Thus, enlarging the
constant if necessary, we see that the upper bound (6.14) holds on the boundary
layer 9B for some constant C. This constant only depends on the constant from
Lemma 6.2, on uniform bounds on 1y from Proposition D.1, and lower bounds on
fu on compact sets, which are independent of U.

To finish the argument, we note that fy is a classical supersolution, hence also in
the quadratic form sense, of Hy at energy Ey on By by Lemma 6.4 (for the precise
notion see the discussion in Appendix Appendix B). Moreover, ¥y € H'(R) is
a solution, hence also a subsolution, in the quadratic form sense a la Agmon on
Bj . The subharmonic comparison principle given in Theorem B.3 then yields the
upper bound (6.14) on all of B . This proves the upper bound from Theorem 1.5
in the critical and subcritical case. O

Remark 6.7. Tt is very convenient to have a quadratic form version of the subhar-
monic comparison principle, since it allows us to directly work with weak eigen-
functions, which are only in H'(R®) and not in H2(R). To the best of our knowl-
edge, the quadratic form version of the subharmonic comparison principle goes
back to a beautiful paper by Agmon [2]. Theorem B.3 in the appendix is a slight
extension of Agmon’s original result. Agmon works on open sets which are neigh-
borhoods of infinity, i.e., complements of compacts sets, while we have to work on
unbounded sets, which are not necessarily neighborhoods of infinity.
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7. Lower Bound in the Tricky Region

Theorem 7.1. (Lower pointwise bound in the tricky region) Let Hy be the helium—
type Schridinger operator given in (1.1) and let Yy € L*(R®) be the positive
ground state of Hy for 0 < U < U,. Then for any 1/6 < k < 1/2 and any
O<y<k+1/2andany K >0

1
Yo () 2 exp (= Fullxloo) = Klxl = 5llo) forall elo < el (7.1)

with Fy definedin (1.9). Againwe use |x|o = min{|x1], [x2]}, [X]|co = max{|x1], [x2]}.
The implicit constant in the above bound depends on the parameters k, y, and K,
but not on U in the range 0 < U < U.,.

Moreover, in the subcritical case, i.e., when U stays away from U,, the lower
bound (7.1) holds for any fixed small u uniformly in 0 < U < U, —  and any
O<k<land0 <y < 1.

Remark 7.2. Theorem 7.1 provides a lower bound for the ground state when one
particle escapes while the other stays close to the nucleus. This is an important
a-priori bound for our proof of the global lower bound.

Since the leading order behavior of Fy; (r) switches from linear to P2 atU =
U, we need the restriction x < 1/2 in the first case, so that r* is a lower order
correction compared to the leading order term Fy (r), uniformly in 0 < U < U.,.

When U stays away from U,, the leading order term Fy () is always linear in
r, which allows for a larger range for « and y.

Proof. For 0 <y <1 define A= {|x|0 < |x|%}. For large enough R, the regions
AR = {lx2| < |x11”, |x1] > R} andA = {lx1] = [x2|”, |x2| > R} are disjoint.
By symmetry, a lower bound of the forrn (7.1) on the set A , for some R > 0
implies the same bound on AJr The set A \ (A U A+) = {|x|o < |x|% < RY}
is a compact subset of R®. Clearly the right hand side of (7.1) bounded above on
compact sets and, because of Proposition D.1, ¥y is bounded away from zero on
compact sets. Hence there is some constant C > 0 with

1 S
wU(x)zCexp(—FU(|x|oo)—K|x|’éo—§|x|0> forallx € A\ (Ag UA}).

Thus, shrinkingv the involved constant, if necessary, one sees that the lower bound
(7.1) holds on A iff it holds on A}, for some R > 0.
For technical reasons, we need to work on the slightly larger set

Ag:={lx2| <2x1]”, |x1] = R}.

which i 1s just the (lower) tricky region from Sect. 3. Recall thata = (U — 1)1/ % and
e = _Z — Ey is the ionization energy. Fy, defined in (1.9), depends on these two
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parameters. Finally we define

F3u(ri,r) = Fy(r) + Kr{ —3ry forri,r >0,

1, 0<s<l1
®(s):={ cos (%(s — 1)) , l<s<?2 (72)
0, 2<s
(%2 _ —
x(x)._cb(m) forx = (x1,x2) € Ag
and
gu (x):=x (x) exp(—=F3 u(|x1l, [x2])) forx = (x1,x2) € Ay (7.3)

We will suppress the dependence of F3 ¢y and gy on the other parameters, except
on U, for 51mphclty of notat1on Note that x(x) = 1 on A r» S0 the bound (7.1)
will hold on A% &> hence also on A, once we show that Yy > Cgy on A} for some
R > 0 and some constant C > 0, which can depend on all the parameters but not
onU.

The boundary dAj is the union of the unbounded part BAE’1 = {|lx2| =
2|x1]¥, |x1] = R} and the compact set 0AR, = {lx1l = R, |x2| < 2R7}. We
clearly have ¥y (x) > 0 = gy (x) forall x € BAE’I. By continuity of ¥y and gy,
there exists an open neighborhood O; of ARy such that Yy (x) > gy (x) for all
x € O1.Hence Yy > gy on O1 N Ayg.

Moreover, Yy > 0 is bounded from below by a positive constant on compact
subsets of RO, uniformly in 0 < U < U,, see Proposition D.1 and gy > 0
is continuous and depends continuously on the parameters. Thus, since dA , is
compact, there exists a constant C > 0 such that Yy > 2Cgy > Cgy on dA ,
forall 0 < U =< Uc. By continuity, there exist an open neighborhood O of dA} ,
such that Yy > Cgy on Oz, hence Yy > Cgy on O N Ag. Thus

Yy > min(C, 1)gy on the boundary layer (O U O2) N A,

Now assume that 1/6 < x < 1/2and (3 —2«k)/4 <y <k + 1/2.In Lemma
7.3 we show that under these conditions there exists R > 0 such that gy is a
subsolution of Hy at energy Ey in Ay, forall 0 < U < U, in the quadratic
form sense a la Agmon. Moreover, it is easy to see that gy € L*(R®). Hence we
can apply Theorem B.3 to conclude that ¥yy > Cgy on all of A%, hence on all of
{Ixlo < |x|%}.

It remains to get rid of the lower bound on y. Note that the sets {|x|o < |x|%}
are increasingin0 < y < 1,1.e., once the bound (7.1) holds for some (3 —2«)/4 <
y <k + 1/2itholds for all 0 < y < k + 1/2. This finishes the proof of Theorem
7.1. O

It remains to prove that for suitable choices of the parameters, the function gy
defined in (7.3) is a classical subsolution in the tricky region.
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Lemma 7.3. Letk > 1/6and (3—2k)/4 < y < min(k+1/2, 1). Then there exists
R > 0 such that the function gy defined in (7.3) is a classical subsolution of Hy
at energy Ey = —1/4 — sy < —1/4 on the set Ag = {|x]o < 2|x|%, |X]0o > R},
that is,

(Hy — Evy)gu <0 pointwise in Ag (7.4)

forany O < U < U,. In particular, it is a subsolution in the quadratic form sense
a la Agmon: for large enough R and all 0 < ¢ € C3°(AR) we have the quadratic
form inequality

{¢.(Hy — Ey)gu) = 0. (7.5)

Moreover, in the subcritical case, i.e., when U stays away from U,, the same
holds for any fixed small p uniformly in 0 < U < U. — u and any k > 0 and
max((1 —«)/2,0) <y < 1.

Remark 7.4. Tt is easy to see that (3 — 2x)/4 < k 4+ 1/2 is equivalent to k > 1/6.
So the set of allowed values for y is not empty iff « > 1/6.

Proof. The bound (7.5) immediately follows from (7.4) by integration by parts,
since ¢ has compact support inside Ag and is non—negative on Ag. Moreover,
since Ag splits into the regions A, = {|x2| < 2[x1|”, [x;| > R} and A; =
{lx1] < 2|x2|”, |x2| > R} which are disjoint for large enough R, it is enough to
prove (7.4) on Ay, by symmetry.

In the remainder of the proof, we will work only on AE, abbreviate F' = F3 y
and g = gy, and also identify the function F' with F(|x1], |x2]), for simplicity of
notation.

Clearly, F is twice continuously differentiable on A7,. Moreover, ® is twice
differentiable on [0, 2) and one easily checks that g € Hy(Ap) N H 2(AE). Since
Vg =Vye F —xVFe F, wehave

—~Ag =e F[YAF — x|[VF|*> = Ax +2VyVF].

From the definition of F and yx, setting r; = |x1|, r = |x2|, and recalling 9| = 9,,,
02 = 0,, one calculates that

A F AL Fl (r1) + Kier 1) 20
VF(x) = (82FQ> = <( v L xy | )i

[x2] 2 x2]

with F{,(r1) = (¢ +a*/r)"/> ande = 1/4 — Ey > O anda = (U — DY/~

Moreover,
X
-V 1
) v+ x|
v =o(5) 1,

1 7 Txl
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Thus

r _ o
Vx(x)VF(x) = ¢/<r—y> [azFr1 Y —y0iFrr” 1]
1

and
T —Qy— — r — _ —y—
Ax(x) = <1>”(7§) (P32 )+ dﬂ(r—i) (7 =y =y 772
1 1

SO

2Vx(x)VF(x) — Ax(x)
1) 20 —2y-2 —2y
N(rl ) ()’ 2" 1 )

r _ _ _ _
+ @’(—i)rl 14 [28217 — 2)/81Fr2r1 1 +y( - y)r2r1 2_ 2r2 1] .
r
1

(7.6)
Note that &’ < 0 and since the support of @’ is contained in the interval [1, 2], we
have 7] < r, < 2r! for the second term on the right hand side above. Thus we get
the lower bound

200F =2y Frory +y(L—yyrar2 =2y = 200 F —dyon Frl ™' —2r) 7 > 1

since 20> F = 1 and 01 F is bounded at infinity uniformly in 0 < U < U,.
So we can again use ® < 0 to drop the second term on the right hand side of
(7.6) to arrive at

W ADVF) = Ax) < =" (55) (v2rir ™ 24 )
1
2

T —
= Tox ) (422 )

for all large enough r1, where we also used that —®” < ”Tz ® on [0, 2) by definition
of ®. Hence

2
jT —_— - —
—Ag < g[AF — [VFP 4+ @y 4] ondp. (1)
for large enough R.

Now the rest of the argument is easy: One checks

AF =3} F + 3 F=+3F+0nF— =3lF+3F—+—
r rn ri ]

since d» F = 1/2. Using this, 1/4 — (82F)2 =0, and (7.7), we get

1 2 2 7 -2y
—+81F+8]F7+T(4y oA
1

(Hy —Eyp)g < g [e — (P’ + -
[x1 —x21 n
(7.8)



Arch. Rational Mech. Anal. (2026) 250:67 Page 51 of 76 67

On Ay we have [x2| < 2|x1]7, 50 |x; — x2| > |x1]| — |x2| > i — 2] . Thus

U 1 U 1 U-1  2Ur7?

e + on A,
= - R
i —xal T o =2r] n A 1—2r] :

for large enough R. Since 9, F = Fy,(r1) + K/crf_1 and y < 1, we have

U 1 _
£— (O F)? + —— — — < 2Ky Fjy(ri)r ™ +4Ur] 2
lx1 —x2| 71

for all 1 > O such that 1 — 2rr7] > 1/2. The bound F}; < 0 implies

) 2 o K—2 / -1
81F+31Fr——FU(rl)+KK(K+1)r] +2Fy (rory
1
< 2F[(ryr; " 4+ Kie(e + Dr =2,
which leads to

5 U 1, 2
e—(F)? 4+ —— — —+F+ 6 F=
X1 r r

) 2 s _3/2 -2
S —Fj(rry —l—rr +rf S—rf /—I—r]y

1/2

for large rq, using again the bound F; l’] (r1) > crf with some constant ¢ > 0,

uniformly in 0 < U < U,. Thus from (7.8) we get

(Hy — Ey)g 5g[—rf73/2+r1y_2+r1_2+r1_2y] <0 inAj,

for all large enough R, under the condition that k —3/2 > max(y —2, —2y), which
is equivalent to (3 — 2x)/4 < y < «k + 1/2. Since we have the constraint y < 1,
this is equivalent to the condition on the parameters in the range 0 < U < U,.

In the subcritical case we use that F(/] (r1) 2 ¢y >0,forany0 <U <U.—
so Fy, (rl)rf_l pe r'f_l uniformly in 0 < U < U, — u. Using this as before, we
see that (Hy — Ey)g < 0 on Ay for all large enough R, under the condition that
k —1 > max(y —2, —2y). This is equivalent to (1 —k)/2 < y < k + 1. Since we
have the constraint 0 < y < 1, this is equivalent to the condition on the parameters
in the subcritical case. O

8. Global Lower Bound

In this section we prove the global pointwise lower bound for the ground state
of helium type atoms, including the critical coupling. The Coulomb repulsion of
the particles, which can become arbitrary large when the particles are close to
each other, requires a considerably more complicated ansatz for the subsolution
compared to the proof of the lower bound in the tricky region in Sect.7. On the
other hand, since we already proved a lower bound in Theorem 7.1 in the tricky
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region, we can now assume that both |x|p and | x| are large, which helps to control
the errors.

Recall that for non-negative constants «1, k2, K1, K>, and s,r1,r > 0 the
weight function FY is given by

1
Ff’(r], rn):=Fy(r1) + 57‘2 + Klr'lq + Kzrgz (8.1)

with Fy defined in (1.9) and we consider the couplings in the range u < U < U,
for some positive . Moreover, we will use

1
h(s,r):=s0(ry"s) (8.3)

for some 0 < v < 1. Recall also 1 < U, < 2. Furthermore, we will use
Ly(x) = Ly (x1, x2):=FY (|x]oc, |xl0) — h(lx1 — x2l, x]0) 8.4
and abbreviate

gu=exp(—Ly) 3.5

in the remainder of this section. Again, for simplicity of notation, we do not indicate
the dependence of Ly and gy on the other parameters except for U, in our notation.
Note that gy € H'(R®), but its gradient has a jump discontinuity along the diagonal
|x1] = |x2/,soitisnoteven locally in H2(U) for any openset UN{|x1| = |x2|} # @.
Fortunately, the subharmonic comparison principle which we will use does not
require local H? regularity.

Proposition 8.1. For all 0 < B,v < 1,0 < k1 < k3 < 1, max(v, 1 —v) < Ky,
and K1, K> > 0, the function gy = exp(—Ly) is a subsolution of Hy at energy
Ey in the sense of Agmon in the region

Crp:=|{Ixlo > x5, |x|oc > R} (8.6)

foralllarge enough R uniformlyin0 < U < U,. Thatis, forall0 < ¢ € HI(CR,,g)
one has, as quadratic forms,

(¢, (Hy — Ey)gu) =0 (8.7)

and R depends on the parameters k1, k2, and v, but not on U in the range 0 < U <
U..

Moreover, if 0 < B, v, k1, k2 < 1, max(v, 1 —v) < k2, and 0 < u < U, then
there exists R > 0 independent of U in the range © < U < U, such that (8.7)
again holds.

Proof. The proof of Proposition 8.1 follows directly from Lemma 8.6 and 8.8 at
the end of this section. 6.4 O
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Remark 8.2. Since max(v, 1 —v) > 1/2 we always have 1/2 < k2 < 1 in Propo-
sition 8.1.

The lower bound U > p > 0 is needed in the proofs of Lemma 8.6 and 8.8
when 0 < k2 < k1 < 1. Itisnotneeded if 0 < k1 < k2 < 1.

The additional term / in the comparison function gy = exp(—Ly) allows us
to control the Coulomb repulsion between the particles. We believe that our choice
of subharmonic comparison function gy = exp(—Ly) is not only considerably
simpler than the one used by Thomas Hoffmann—Ostenhof [24] in his derivation of
exponential lower bounds for the ground state of subcritical helium-type systems
but it also allows us to get the sharp coefficients of the leading order terms in the
lower bound!

Moreover, the proof shows that one has considerable flexibility in the choice of
0. The only properties of 6 which we need are

1) & > 0 is continuous on [0, co0) and twice differentiable on (0, c0),

2)0(s) > 1/2for0 <s <1,

3) s > s6(s) is increasing and bounded on [0, 00),

4)s > (1+5s452)]0'(s)| and s — (s + s2 + s3)|0”(s)| are bounded on (0, co0)

Assuming Proposition 8.1 and given the quadratic form version of the sub-harmonic
comparison principle, the proof of the following lower bound is relatively straight-
forward.

Theorem 8.3. Let Yy be the positive ground state of helium—type operator Hy, i.e,
Hyvy = Eyvyu, in the quadratic form sense. Then for 1/6 < k1 < %, O<v<l,
max(v, 1 —v) < kp < 1, and Ky, K> > 0, we have the lower bound

Yy (x) = Cexp(— Ly(x)) (8.8)

for all x € R® where Ly is defined in (8.4), the constant C depends on the param-
eters k1, k2, v, and K1, Ko but not on U in the range 0 < U < U.,.

Moreover, if 0 < v, k1 < 1, max(v,1 —v) <k < 1, K1, Ky > 0, and 0 <
w < U, /2, then we again have the bound (8.8) for some constant C, depending on
the parameters k1, k2, v, K1, K2, and jt but noton U inthe range u < U < U, — L.

Proof. The lower bound given in Theorem 7.1 shows that uniformlyin0 < U < U,
and for all fixed 1/6 <x1 <1/2,0 <y <k;+1/2,and K1 >0

K 1
Yu(x) Z exp (= Fu(lxleo) — TIIxI'éé - zlxlo) . (8.9)

for all |x|o < |x|%. Since s6(s) < 1, one sees 0 < h(s, ) = s0(ry"s) < r}
uniformly in s > 0. Thus, since 0 < v < k3,

1
Fy(r) + Kir{' + 32 < FY(r1,r) — h(s,r2) + 1) — Kory?
< FY(r1,r) —h(s,r) +C

forall s, 71, > 0 and some constant 0 < C < oo. This proves the lower bound
(8.8) in the tricky region A = {|x|o < |x|%]} forany 0 < y < k1 + 1/2.
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The same argument applies, for subcritical U uniformly in the range 0 < U <
U: — u, for small fixed u > 0, for all fixed 0 < y, k1 < land 0 < v < k».

Let0 < B < y and abbreviate Cg = Cr g = {|x]o > |x|§o, |X|oo > R} for
the remainder of this proof. Its boundary is given by dCr = 9C lle UuaC % with
dCh = {RP < |x|op < R, |x|oc = R}, which is compact, and 3C% = {|x]p =
|x|oo, |X|oo > R}, which is unbounded. Since the bound (8.8) holds on the tricky
region Ait clearly holds on dC2, that is, there exist a constant C; > 0 such that

Yy (x) > Cigy(x) forallx € 3C%

where the constant C; does not depend on U. Moreover, since ¥;; is bounded away
from zero uniformly in 0 < U < U, on compact sets, see Proposition D.1, and gy
is continuous and 0C Ile is compact, there exist a constant C > 0 such that

Yy (x) > Cogy(x) forallx € 3Ck,

with C independent of U. Hence, for some constant C > 0 we have ¥y (x) >
2Cgy (x) for all x € dCg. By continuity of ¥y and gy, there exists a boundary
layer dC g such that

Yu(x) > Cgy(x) forallx € dCk. (8.10)

Such a boundary layer is an open subset of Cg near the boundary dCg with
dist(x, dCg) > O for all x € Cgr \ dCR, see Appendix Appendix B.

Due to Proposition 8.1 we can use Theorem B.3, to extend the bound (8.10)
to almost all x € Cg. Since Yy and gy = exp(—Ly) are continuous, this lower
bound clearly holds for all x € Cg and since we already showed that the same type
of lower bound holds in the reglon A= {|x|0 <|x |oo} it holds on Cp U A.

The complement of Cp U A in R® is bounded, hence its closure is compact.
Using Proposition D.1 one sees that ¥y is bounded away from zero on compact
sets and since gy is bounded uniformly in 0 < U < U,, a bound of the form
Yy > Cgy also holds on R \ (Cg U X). Thus, at the expense of decreasing the
constant C > 0, if necessary, the lower bound (8.8) holds globally uniformly in in
the critical range 0 < U < U,.

In the subcritical case, where we allow for a wider range of parameters «1, «2,
the same arguments apply, but now U has to stay away from both U, and zero. That
is, we have to restrict the range of allowed parameters U to u < U < U, — u for
arbitrary but fixed small u, due to the additional lower bound on U in Proposition
8.1 and the upper bound on U from Theorem 7.1. O

Now we come to the proof of the global lower bound.

Theorem 8.4. (Sharp lower bound, arbitrary coupling) For any choice of parame-
ters K1, Ko > 0, 1/6 < k1 < 1/2,and 1/2 < k3 < 1 there exist a constant C_
depending only on k1, k2, K1, and K», such that for the unique positive choice of
the ground state of the helium-type operator Hy the pointwise bound

Yo () = C-exp (=F (1xlc. [xo) ) 8.11)



Arch. Rational Mech. Anal. (2026) 250:67 Page 55 of 76 67

holds uniformly in u < U < U,.

For the subcritical case let 0 < k1 < 1, 1/2 < kp < 1, K1, K> > 0, and
0 < w < U./2 be arbitrary. Then there exist a constant C_, depending only on
K1, k2, K1, Ko, and also on u, such that the lower bound

Vo) = Eexp (—F (xloo. [¥10)) (8.12)
holds forallu < U < U, — .
Remark 8.5. Note that Theorem 1.2 is a special case of Theorem 8.4 for U = U.,.

Proof of Theorem 8.4:. Given 1/6 < k1 < 1/2 < k3 < 1 we choose any 0 <
v < 1 with max(v, 1 — v) < k3. Theorem 8.3 gives the global lower bound
Yy = Cexp(—Ly) = Cexp(—Fﬁj + h) > Cexp(—Fy), since i > 0 with the
constant C from Theorem 8.3 which does notdependon U intherange0 < U < U.,.
The same argument applies for the subcritical range u < U < U, — u. O

We still have to give the proof of Proposition 8.1. This will be done in two steps.
We split the region Cg g in two subregions

Crp={lx1lf <lxal <lxil, il > R}, (8.13)
Ci p={mlf <Ixil < Ixal, Ix2] > R}, (8.14)

and the diagonal
Dr:={lx1| = |x2| > R}. (8.15)

While e~ LU with Ly defined in (8.4) is not H2(CR,,3), due to the jump of the
gradient of Ly along the diagonal Dg, it is twice differentiable in C If Iz The next
lemma shows that e =LV is a subsolution on Cg, g in the quadratic form sense a la
Agmon, see [2] and Appendix Appendix B, as soon as it is a classical subsolution

locally on Clj?’ﬁ, that is, (Hy — Ep)e LU <0on C;g’ﬂ and on CE,/S separately.

Lemma 8.6. Let 0 < B < 1 and assume that gy:=e~ U is a classical subsolution
of Hy at energy Ey, i.e., (Hy — Ey)gyu < 0 pointwise, both in C;g’ﬁ and Clg’ﬁ.

If0 < v,k1 < k2 < 1, then gy is a subsolution in the quadratic form sense a
la Agmon on Cg g for any large enough R > 0 independent of 0 < U < U.. That
is

(¢.(Hy — Ey)gu) =0 (8.16)

forall 0 < ¢ € C3°(CRr p).
Moreover, if 0 < v, k1,60 < 1 and 0 < pu < U, then there exists R > 0
independent of U in the range u < U < U, such that (8.16) again holds.
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Proof. We will write g, L, and F for gy, Ly, respectively, FY in the remainder of
this proof, for simplicity of notation. The contribution of the Coulomb potential is
local. So we only have to show that for R large enough,

(Vo, Vg>L2(CRﬂ) <o, _Ag)LZ(C;,ﬁ) + (o, _Ag>L2(C1;,ﬂ) (8.17)

forallp € Cj°(CR,p), since then for all ¢ > O the pointwise bounds (Hy —Ey)g <
0 in le’ P together with (8.17) will imply (8.16). The bound (8.17) follows from
splitting the domain Cg g into two pieces along the diagonal Dg = {|x2| = [x1] >
R} and integration by parts, since the boundary term on Dg has the right sign when
R is large enough, as we will show in a moment. Thus we can drop the boundary
term to get (8.17).

Given x = (x1, x2) € Dg, the vectors

n (x)'—L ﬁ and n+(x)'—L % (8.18)

—(x):= X = flafd .
V2 \ e V2 \ 1t

are the outer normals of Cp PE respectively C; g» On the diagonal Dg. To see

this simply note that level sets {N(x) = A} N Ck. 8 with A < 1 of the function

N(x) = |xz|/|x1| converge to the diagonal Dg from within CI;,;? as A ' 1. The
gradient of N points into the direction of the largest increase, hence the vector n_ (x)
is a positive, and n4 (x) a negative, multiple of VN (x) when x = (x1, x3) € Dg.
This proves (8.18), because

_|x22\x_1 1 —x|
v = (R ET) = o (T
il Txal A\ Txa

when |x1| = |x2|. Since

(Vo, Vg)Lz(CR,ﬂ) = (Vop, Vg)LZ(C;.ﬂ) + (Vo, Vg)]}(c;’ﬂ) s (8.19)

Gaul}’ formula, i.e., integration by parts, gives
(Vo, Vg)Lz(CE,,s) = (g, _Ag>L2(CE,ﬁ) + /;)R ¢Vg-n_dS (8.20)

where S is 5-dimensional Hausdorff (surface) measure on Dg. There are no con-
tributions from the other parts of the boundary of Cg g, since ¢ vanishes there.
Similarly,

(Vo, Vg)Lz(ClJer,ﬁ) = (g, —Ag>L2(C;ﬂ) + /;R oVg-nidS. (8.21)

Thus (8.17) will follow once the boundary integrals in (8.20) and (8.21) are non-
positive for all ¢ > 0 and large enough R. By symmetry, it is enough to show this
for the boundary integral in (8.20).
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Clearly Vg = —e L'VL. Using ¢ > 0 and e~L > 0, one sees that the second
term in (8.20) is non-positive as soon as
VL -n_>0 onDg. (8.22)
On Cp 8 the function L is given by
L(x) = F(lx1l, |x2]) — h(lx1 — x2l, |x2]) (8.23)
with A(s, rp) = s0(s~"s). So

X1—X2
i (T (3 gy ) L e
o (F —h) 2F gy — By [x1—x2]
hence on Dy we have
VIVL n = F 4 ah S T o g g 2T
[x1[lx1 — x2f [x2[lx1 — x2l
L O F 4+ 0 F — ok 4 gy X)) T X (2 7 x)
lx1[lx1 — x2f
(8.25)
using also |x{| = |xz] on Dg. Since x1 - (x1 —x2) —x2- (x3 —x1) = Ix112=|x22 =0
on Dp, this simplifies to
V2VL -n_ = —3,F + % F — dh. (8.26)
Also
0 < dhh = dH(s0(ry"s) = —vry ' (ry "s)20 (r;Vs) Sy~ (8.27)
by our choice of 6. Thus, with r| = |x1| = |x2| = rp, we get for all large enough
r

_ 1 _
V2VL -n_ > - F+0hF —0h > _Fl,j(rl) _ Klklri(l 1 + 5 T K2K2I’§2 1 Cr{)—l
1/2
=—\et+— + - — Kixry! +K2K2rK2 S |
| 2 1 1

where we used the bound (8.28) below, r, = ry is large, and 0 < v, k] < k2 < 1
uniformly in0 < U < U,. If U stays away from zero, we also get V2VL -n_ >0
uniformly in U in the range u < U < U, for large ry, any small © > 0, and
0 < v, k1, k2 < 1, using (8.29).

Thus the second term in (8.20), hence by symmetry also the second term in
(8.21), is non-positive when R is large enough. O

Remark 8.7. In the proof above, and also in the proof of Lemma 8.8 below the
inequality

2

a
sup (SU + —U)
0<U<U,

IA

! 8.28
! (8.28)
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for all large enough ry plays an important role. Also the refined bound

2
. ag 1
limsup sup (8[] + —) < 7 (8.29)

r—>00 pu<U=<U, al

for any small > 0. The second bound clearly implies that

o _ 1 ag\1/2

¢, = liminf inf (— — (sU + —) ) >0 (8.30)
ri—>o00 u<U<U, \2 r

for any 0 < u < U, which is needed in the proof of Lemma 8.8 below.

These bounds can be seen as follows: Since the Coulomb repulsion is positive
and the ground state energy of Hy is —1/2 (twice the energy of hydrogen), we
clearly have Ey > Eg = —1/2,s0 ey = —1/4 — Ey < 1/4, always. Since Ey
is strictly increasing in 0 < U < U,, by the Hellman-Feynman formula, we also
have ey = -1/4 - Ey < —-1/4—-E, =¢, < 1/4forany0 < u < U < U..
Since ay = (U — 1)1[2 we get

ri 4

2
a U, -1 1
sup (e + ) <egy+— <
n=U=U, 1l

for all large enough r; > 0, which immediately implies (8.29). Moreover, for
0 < U <1 we have

a%] 1

eyt —=¢y <& =~

r 4

forall r{ > 0. Since U, <2,wegetforl <U < U,,

ag, 11
eyt —=é+— <~
T rn 4
for all large enough ry, independently of 1 < U < U,, since ey < g1 < 1/4 for
U > 1. The last two bounds prove (8.28).

Lemma 8.8. Assume 0 < B,v < 1,0 < k1 < k3 < l andmax(v, | —v) < k and
Ly given by (8.4). Then gy = e~V is a classical subsolution of Hy at energy Ey
on Cﬁﬂfor all large R independently of 0 < U < U..

Moreover, if 0 < B, v, k1, k2 < 1, max(v, 1 —v) < k2, and 0 < u < U, then
there exists R > 0 independent of U in the range w < U < U, such that gy is
again a classical subsolution of Hy at energy Ey on C Ij; g

Proof. Again, we abbreviate ¢ = gy, L = Ly, and F = FY. Clearly, L and
hence g = ¢ L is C?> on C If’ P and the derivatives of g up to order two are in

L2(C§’ /3) for large enough R. Moreover, we only have to show the pointwise
bound (Hy — Ey)g < 0in Cp B since by symmetry the same bound then also
holds on C; e
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From Vg = —e L' VL, one gets
—Ag=g [—|VL|2 + AL] . (8.31)

On Cp 4 we have L(x) = F(|x1], [x2]) = h(lx1 — x2[, |x2]). Using formula (8.24)
for VL we have

AL =V, <81Fx—1 ) hm)

el e = xa
Y, (32F - 82h ashu>
= 81F+31F| N +82F+82F| | —03h — 82hﬁ —202h
X2 X2
(g — 4
_za2ashX2 (2 —x1) ) ‘
[x2[]x1 — x2] lx1 — x2]
The term o h w111 allow us to control the Coulomb repulsion between the
electrons. Droppmg the positive term (d;4)2 we also get from (8.24)
IVLI> = [V L + |V, L[
> @ F)? — 200h FE 8L T2 b )2
[xillxr — x2f
—2(0,F — 32;,)33;1M
[x2[|x1 — X2
hence
(H, E)(Al 1+U+1+s)
v—Luv)§=\—-"A—— T T % 8
il lx2| o xr—x2| 4
1
< g[e = F)?+ 5 — @aF — 02h)?
——— 4
! i
+ 20 h(aIFL 1+ (0 F — azh)w
lx1]x1 — x2] [x2]x1 — x2]
I
2 1 2 1
FOPF 0 F— — — 4 2F 4 F — (8.33)
il bl x|
v v
2 (xy —
02h — dah— — 202K — 20,9, 2 2 =XV
|x2| lx2][x1 — x2]
VI VI
U 4
L y——
lx1 — x2f lx1 — x2]

VIII
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Abbreviating 1 = |x1], 72 = |x2], s = |x] — x2]|, we have

WF = F,(r) + K",

and since Fy,(r1) = (8 + az/rl)l/2 > 0 we have ¢ — (Fi,(rl))2 < 0. Hence
I1<0.
Moreover,

Ko—1

1
o F = 3 + Kakiry s
nh = —vry (V)20 (ry Vs) < wry 7t
where the last bound holds since 0 < ¢ > 2|6’ (r)| < 1. Since v < k> < 1, we get

1 1
= (E —0F + azh)(5 + 0 F — 02h)

< —(szzré(z*] — vréj*l)(l + Kg/czrgrl — vré’*l) < —ré(z*l

~

forr, > 1.

The bound for the third term III is tricky, since neither 91 F', 9> F nor d;h go to
zero as ry, rp — 00. We will do this one last and bound the other terms first. Since
WF = F/(r)+ Klklrf'_l we get

OFF = Flj(r1) — Ky (1 — k)i ™2 <0,

since 1 < 1 and F[; < 0. Thus

2
IV < QF)(r) — Dr' = (2(8 + 4y 1) <0

for r1 > 1 because of (8.28). Similarly,

_ 1 2 _ _
V = Koky(ky — 1)7’52 2 + (E + Kzl{zr'g2 l)g —r, 1 Koy (ky + 1)1’52 2.

Moreover, with r = r; "s, we have

030 < 272 (1216" ()] + 218" (1)) S 1y,
192h] = ry "[20"(t) + 10" ()| <13

since 0’(t) and 10" (¢) are bounded for r > 0. Thus we get
VIS 24 ry "
for all 7, > 1 and since

12951 = vry 260/ (1) + 120" (1) S 75!
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we have
VISt
For the term VIII which contains the Coulomb repulsion, we have

1 1

VIII = —(U - 49(}’2_”5)) - 4r2_”9/(r2_"s) < —(2 - 49(r2_”s)) +4r;".
s s

Recall that U < U, < 2. If r;"s < 1, we have 0(r; "s) > 1/2, hence also

2—46((r;"s)) < 0.Ifry"s > 1 we have s~ 1(2 —460(r; 's)) < 2r;". Altogether,

VI < 2r;" 4+ 4ry" = 6r;"

for all r, > 0.
Now we come to the term III, which is the hardest term to bound. Recall that
|02h] < r;_l. Moreover, dsh = 6(rys) +r, "s6'(ry; "s) = 0,50 |dsh| < 1. Thus,

I = 28,k <31Fx1 1 —x) o X2 (2 — x1)> ki x2(x2 — x1)

>
[x1[|x1 — x2] lx2[|x1 — x2]

<20,k (alFxl @ X)) g2 (2 _x1)> +ornt
lx1[|x1 — x2] [x2]|x1 — x2]

[x2]]x1 — x2]

Note also that

1
2 2 2
xp - (x —Xz)=5<x1 — x5 + |x1 — x2 )
and
1/, 2 2
x2~(x2—x1)=§ x5 — X7+ x1 —x207),
so with r? = x? > r? = x? we have
X1 - (¥] — x2) xy-(a—x1) (0 F 0oF\ ri—r3 WE  nF
2 =\5 5 St 5 )l —x2l.
[xpllxp — x2] [x2[x1 — x2| 2ry 2ry ) Ix1 — x2] 2ry 2rp

Due to rp < ry and (8.28), we have uniformly in0 < U < U,

a®y\1/2
M —_ @ — M + Klklrll(l_z _ L _ K2K2r§2_2
r r r 2ry
2012 1
Srl_l |:(8+a) —7+K1K1r’1(1_1 —Kszr’l(z_l S—r'l(z_l <0
r 2

for all large r; when 0 < k1 < kp < 1.
uF _ hF

When 0 < k1, k2 < 1 and U stays away from zero, we again get Ty =

—rfl ¢u/2 < O uniformly in U in the range u < U < U, for large r| and small
© > 0 using now (8.30).
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Thus with s = |x; — x2| we see that

81F 32F
I < sosh | — + C
r rn

for large r1. Since dsh = 0(ry "s) +ry "s0'(r; 's) = 0 we have
sdsh =1V ((ry ")0(ry "s) + (r; ")%0"(r5 ¥5)) S 7Y

uniformly in s > 0. Moreover, 81Frl < r_l +r'“ and 82Fr2_1 < }’2_1 +rf2<272’
SO we arrive at

IHSJV;[ +rKl 2_|_r2 —}—er 2:| <rv l+rv+l(1 2+r\)+K2 -2

since k1, kp < land rp, < ry.
Collecting the above bounds in (8.33) we finally arrive at

1 v+ —2 v+ip—2 Ko —2 -2 — —1
(HU+EU)g§g[—V22 Fry oy Ty T e )y g ]
1 1 — —1- 1- —
<gr'2(2 [ l-i-r2 K2+ JyHa—as +ry) l-i-r2 +r2 K2+ T gy Kz]
<0

for all large enough r7, since 0 < v, k1, k3 < 1 and max(v, | —v) < kp < 1. This
proves the lemma. O

Remark 8.9. The lower bound U > p > 0 on the electron electron repulsion is
needed in the last bound on the third term III, due to the bound (8.30) in Remark
8.7.
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Appendix A. A Quadratic Form Version of the IMS Localization Formula

In this section we derive the well-known IMS localization formula under rather weak assump-
tions on the localization functions. Our derivation is motivated by [20] who used quadratic
form methods to derive an IMS localization formula for pseudo-relativistic Schrodin-ger
operators under weak assumptions on the localization functions. While we believe that the
result for non-relativistic Schrodinger operators is known, at least to the experts, we could
not find any reference in the literature for the version we need.

In the following, we consider the momentum operator P = —iV on R< and acting in L2(RY)
for general d € N. The domain of P is the Sobolev space D(P) = H 1(Rd )=H 1 The
kinetic energy is given by the the quadratic form (P¢, P¢), which is a closed quadratic form
on D(P). In order to be able to even formulate the IMS localization formula, on needs to
have weight functions £ : RY — R such that 52(/1, Ep € D(P) for any ¢ € D(P).

Lemma A.1. Assume that & : RY — R is bounded and continuous and there existk € N and
pairwise disjoint open sets U ;, j = 1, ..., k with Lipshitz boundary, such that RY = U;U;
and

gij eWh®wW;) forallj=1,....k (A.1)

that is, the weak derivative V& is bounded on each Uj, j=1,....k.- Then & € Wl’oo(Rd)

and for all ¢ € D(P) we have Eztp, &g € D(P), that is, as multiplication operators 52 and
& map D(P) into itself.

Proof. First, we show that the weak derivative of & exists and is given by the function VS
defined by VE =VéonUj; and VS (x):=0ifx ¢ U;U;. Of course, we can set Vé (x) equal

to an arbitrary fixed vector in R4 for x gU;U;.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

67 Page 64of 76 Arch. Rational Mech. Anal. (2026) 250:67

Since the boundary dU; is Lipshitz regular it has zero d-dimensional Lebesgue measure.
By definition of the distributional derivative, we get

(VE, @) = — (€, Vo) = Z[ EVpdr = (/U Vepds— [ swjde—l) (A2)
j=I J

for any test function ¢ € Cgo (R?), where the last equality follows from the weak form of

GauB3’s theorem, see [5, Theorem A6.8] or [14, Theorem 1 in Chapter 5.8], H d=lisd —1
dimensional Hausdorff measure, and vj is the outer normal, which is well defined H d-1
almost everywhere on 8Uj, see [5, Section 6.5] or [14, Section 5.1].

Since in the sum over j each part of the boundaries dU; comes in pairs with opposite

direction of their corresponding normals and the integrand £ is the same on each of these
pairs, we have

k
Z/ Epv;dHIT! = 0. (A.3)
aU; ’
Thus
k PE— o~
—(E, V) =" /U VEpdx = (VE, ) (A.4)
= J

for any test function ¢ € Ci° ®RY), s0& € WHO@RY),
Now we check that & : D(P) — D(P): Clearly, since & is bounded, [|E¢| < [[£|lcoll@ll
Since & has weak derivative in W12 we have

VEp) = (Vg +&Ve (A.5)
for all ¢ € D(P). Thus

IPEDN = 1(VEell + 1§ Pl < IVElollell + 1§ ool Pell
= UVélloo + 115l @l g1

which shows that the multiplication operator & : D(P) — D(P) is bounded.

This argument shows also that g2 . D(P) — D(P) is bounded, since replacing & by & 2
in the argument leading to (A.4) shows & 2 ¢ W]’Oo(Rd) as soon as & is bounded and
continuous, with bounded weak derivatives on U}, since on each component U; we clearly
have V(£2) = 26VE € W% (U;). Thus, by what we already proved, £ € W1 (R9)
and .§2 : D(P) — D(P) is bounded. O
Remark A.2. As the proof shows, the continuity assumption on & can be weakened to &
is continuous in a neighborhood of the boundary set U;9U; and this can also be further
weakened using the appropriate notion of traces, see, e.g., [5, Section A.6]. Furthermore, the

natural regularity assumption on the boundary of U; is that U has locally finite perimeter,
see [14, Chapter 5], so that a suitable integration—by—parts formula holds.

Our version of the famous IMS localization formula is

Lemma A.3. (IMS localization formula, quadratic form version) Let & € WI’OO(R‘J) be
real-valued. Then for all ¢ € D(P) = H! (Rd) we have

Re(V(£29), Vo) = (V(£9), V(EQ)) — (9, IVE[*) . (A.6)
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Moreover, if p and f are real-valued, p € D(P) = Hl(Rd) and f € H! ,(Rd) with pf

loc

and p? feH L(RY), and p having compact support, then
(V0> 1), Vf) = (Vo). V(o) = (f. IVoI* ). (A7)

In particular, for a Schrodinger operator H = P24V, defined in the sense of quadratic
forms with a local potential V, we have, in the sense of quadratic forms,

Re(E%p, Ho) = (¢, HEQ) — (9, |VE|Pp) . (A8)
for any real-valued & € Wl’oo(Rd) and any ¢ € D(P) = Hl(]Rd) and
(0> f, Hf) = (pf, Hpf) — (. IV o> f) . (A.9)

for any real-valued p and f with p € D(P) = HY(RY), f e HILC(]Rd), pf, and ,02f S
H! (Rd), and p having compact support.

Remark A.4. Anatural choice for&isg2 = 1 = > ] ij. for suitable “partition of unity" given

by cut—off functions y ;. A second choice, which is useful to derive weighted L2 bounds, is

given by an exponentially weighted function & = xek for some (bounded) function F. Our
version of the IMS localization formula allows us to have rather minimal, weak regularity
properties on the involved functions x;, x, and F, which is very convenient for the proof
of our upper bounds. The last version (A.9) is needed in the proof of Agmon’s subharmonic
comparison principle.

Proof. Lemma A.1 shows that §2<p and £¢ are in H'(R?) as soon as ¢ is. So both sides
of (A.6) are well defined. Given ¢ € H Uand using that & is real-valued, a short calculation
reveals

Re(V(E%9), Vo) = Re(EV(Ep) + (VE)EQ, Vo) = Re(V(§¢), £ Vo) + Re((VE)p, £ Vo)
=Re(V(€p), V(Ep) — (VE)g) +Re((VE)p, EVY)
= (V(E@). V(@) —Re((VE)p + Ve, (VE)g) +Re((VE)g, V)
=(V(E@). V() — (VEe, (VE)g)

since also Re((V&)p, EVe) = Re(EVep, (VE)p). Thus (A.6) holds.

The formula (A.8) follows immediately from (A.6) since the potential V' is a local multipli-
cation operator, hence we have ($2¢, Vo) = (Ep, VEg) for the quadratic form.

Lastly,if p € H'(R?) and f € H} (R?) with pf, p> f € H!(RY) then their distributional
derivatives satisfy V(pzf) =pV(pf)+pfVp e Ll(Rd) and

V(P2 IV = (pV(pf) + pf VIV f = IV (pf)I? = V(pf)pV f + pfVpV f

A.10

= [V(oNI* = fAVpl? (10
pointwise almost everywhere. By assumption, ,02 fand pf € H 1(Rd). If p has compact
support, then also p2 f, pf and their derivatives have compact support, so V(p2 HVfis
integrable. Together with (A.10), this shows that f 2\Vpl? is integrable. Integrating (A.10)
yields (A.7). Moreover, for a local potential V' we have p2 fVf=Vpf )2 for real-valued
functions p, f. Since by assumption pf € H 1 (Rd), this together with the potential being
relatively form small w.r.t. the kinetic energy P2 and (A.7) proves the last claim (A.9). O
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Appendix B. Sub- and Supersolution Bounds a la Agmon

Let H = —A + V be a Schrodinger operator defined by the quadratic form
(o, HYyr):=(Vo, Vi) + (¢, Vi) (B.1)

foro, v € H 1(R?) and an infinitesimally form small perturbation by a real-valued function
V. Here we define (¢, Vi) = (sgn(V)|V|/2¢, |V|1/2y) where sgn(r) = 1/|t] when 1 # 0
and sgn(0):=0.

Definition B.1. (Sub— and supersolutions in the quadratic form sense a la Agmon) Let Q2
be an open subset of RY. Then a real-valued function v € Hlloc(Q) is a supersolution of H
atenergy £ € Rin Q if

(. (H—-E)Y) =0 (B.2)
and ¥ is a subsolution if

(o, (H—-E)Y) =<0 (B.3)
for all non-negative ¢ € C;°(2).

Of course, we can also take any non-negative ¢ € H L(R4) with compact support in (B.2)
and (B.3). For our slight extension of a beautiful result of Agmon [2] we need one more
notation.

Definition B.2. Let @ C RY be an open set with boundary 9£2. We call a closed set 9% an
(inner) boundary layer of €2 if it is a subset of the closure of €2 which contains the boundary
02 of © in such a way that © \ 92 has locally positive distance from the boundary 9€2.

More precisely, for any compact set K C R? we have
dist(d92, (K N )\ 882) > 0. (B.4)

In other words, a boundary layer 1o’ provides locally a safety distance to the boundary: For
any R > 0 there exist § > 0 such that

dist(x, 02) > &
uniformly in x € 2\ 9 with |x| < R.

Theorem B.3. Let Q2 be an open subset of RY, f a positive supersolution which is bounded
away from zero, and g a subsolution of H at energy E in Q. Assume that for some X > 1

lim inf L2 / gldx=0 (B.5)
L—oo QN{L=|x|<AL}
where g4+ = sup(g, 0) is the positive part of g, and
f>g for(almost)all x € 3% (B.6)

where 82 is an (inner) boundary layer of Q2. Then f > g almost everywhere in Q2.

Remark B.4. We would like to stress that this is basically Theorem 2.7 in [2]. It is a slight
extension of Agmon’s result, since he considers neighborhoods of infinity, i.e., complements
of compact subsets of R4, We need to work with more general unbounded domains which
contain infinity but are not necessarily neighborhoods of infinity.

By f > 0 being bounded away from zero we mean that for any compact subset K C RrRY
there exist a constant cx > 0 such that f(x) > cg > Oforall x € K.
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Proof. We give a sketch of the proof, for the convenience of the reader. Since f is a positive
supersolution and g is a subsolution in €2, the function

u=(g — f)+ (B.7)
is a subsolution of H at energy E in 2, see [2, 2.9 Lemma] whose proof also shows that
one only needs V € Lloc (Rd) for this. So for any real-valued & € CSO(Q) we can choose
p=£ 24 as a testfunction in the IMS localization formula (A.6) to get

(§u. (H = E)su) — (u, |VE[Pu) = Re(§u, (H — Eyu) = (§%u, (H — E)u) <0
That is, we have
(éu, (H — E)éu) < (u,|Vé§|2u) forall & € C3°(R2). (B.8)
Extend u by zero to ¢, by a slight abuse of notation, we continue to use u for this extension.
Since u vanishes on the boundary layer 9€2, i.e, within a safety—distance to the boundary
02, this extension of u is in the Sobolev space H 1(R?). Moreover, thanks to u being zero
on the boundary layer 0€2, it is easy to see that (B.8) continues to hold for all real-valued

£Ee Cgo (R4), since the both sides of the inequality (B.8) depend only on the values of £ on
the support of u. So

(Eu, (H — E)éu) < (u, |VE|2u) forall £ € CORY). (B.9)

By assumption, f > 0 is a supersolution of H at energy E in 2. Thus for any real-valued
non—negative§ € C(‘)X’ (R?) we can choose ¢ = &2 f,withp = &/f,asapositive test function
with support in €. It is straightforward to check that the conditions of (A.9) are satisfied
since f is locally bounded away from zero. So from the the definition of a supersolution and
(A.9) we get

0= (p.(H = E)f) = (02 f, (H = E)f) = (&, (H — E)§) = (1, \V( )EF). (B.10)

Now replace & by £g, with 0 < g, € C§° (RY) convergingtou = (f — g)+ in H 10‘ RY).

Then (B.10) shows that
_ §gn
<f W< )’ f> n11>°<><f’ ( >| f> (B.11)
< lim_(6gn., (H — E)égn) = (§u, (H — E)u).
Together with (B.9) this yields

<f \v( )y f>§ u, |VE2u) forall0 < £ € C(RY). (B.12)
Now pick x € Cgo(Rd) with0 < x <1, x(x) =1for |x| <1, x(x) =0for |x| > A > 1,

and use the scaled version §(x) = &7 (x) = x(x/L) in (B.12). Since §;, — 1 pointwise as
L — oo, Fatou’s lemma and (B.12) imply

[ ) =

o 2
< lim inf v dx =0
< L%O/Q| 61122

(‘EL“)| f><11m1nf(u IVEr 1 2u)
(B.13)

where in the second inequality weused u = (g— f)+ < g+, whichfollows from f > 0in .
The last equality in (B.13) is due to the bound V¢ < IV x ||C2>O
L_21{L§|x\§>»L} and assumption (B.5).

Clearly, (B.13) implies that u = cf in €2 for some constant c. Since f > 0in Qandu =0
on the boundary layer €2, we must have ¢ = 0. Thus u = (g — f)+ = 0 almost everywhere
in €2, which proves the lemma. O
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Appendix C. A Tightness Argument

In this section we show how one can prove a simple tightness argument for weakly convergent
sequences in Lz(Rd) from [27]. Of course, such results are well-known using, for example,
the locally compact embedding of the Sobolev space H Uinto suitable L? spaces. Our point

is that one can work with a pure L2—space version. The tightness argument we use is based
on the following equivalence.

Theorem C.3. ([27]) Let (Yn)nen be a sequence in L2(RY) and (Yn)pen the sequence of
Fourier transforms. Then the following are equivalent.

1) The sequence (Yn),cN is converging strongly,
2) The sequence (Yn)y, N is converging weakly and satisfies

lim lim sup Y (x)|2dx = 0, (C.1)
R—00 n—o0 Jix|>R

lim lim sup / [ ()| 2dk = 0, (C.2)
L—0o0 n—soo Jik|>L

3) The sequence (Yn),eN is converging weakly and there exist functions H, F > 0 with
lim|y| 00 H(x) = 00 = lim|g| o F (k) such that

lim sup/ H(x)|1//n(x)|2dx < 00, (C.3)
n—oo JRd

limsup [ F (k)| k)>dk < 0o. (C.4)
n—oo JRA

Remark C.2. 1t is straightforward to see that conditions (C.1) and (C.3), respectively, con-
ditions (C.2) and (C.4), are equivalent.

Proof. For the convenience of the reader, we give a sketch of the proof. The equivalence of
part 1 and 2 of Theorem C.3 was already shown in [27]. The easy argument is as follows:
It is clear that part 1 implies part 2. For the converse assume that 1, converges weakly to
zero in L2, without loss of generality. Let Py, = 1{p|<) be a Fourier cutoff onto momenta
[n| < L in Fourier space and Qg = 1{|y|<R) be a cutoff in x-space. Then it is easy to see
that Py Q g has a square integrable kernel, i.e., it is a Hilbert-Schmidt operator on L2, hence
compact, [40]. Since

Yn=Prn+ 1 = P)Yn = PLORYn + PL( = QR)Vn + (1 = Pp)Yn

and Py is an orthogonal projection we get

lim sup || || < limsup [[(1 — Qg)¥n || + limsup [|(1 — PL)yn || (C.5)
n—oo n—o00 n—oo

using that limy,— o0 | P Qg ¥n|l = 0, by compactness of Py Qp for all fixed L, R. Now
simply note that the two terms on the right hand side of (C.5) go to zero as R, L — oo due
to (C.1), respectively (C.2).

Clearly part 3 implies part 2 using the Chebycheff-Markov inequality. For the converse
assume that (C.3) holds and take an increasing sequence of radii Ry — oo with

lim sup [ ()| 2dx < 27 (C.6)
n—o0 J|x|>Ry
for all k£ € N. Setting

o0
Hx) = Yy 2 (C.7)
k:Ri<|x|
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we get

o0
limsup/H(x)|¢n(x)| dx < Zz hmsup/ [ ()2 dx < Zz—" =1
[x[> Ry

n—00 n—00
k=0

i.e., (C.3) holds. Similarly one shows that (C.2) implies (C.4). m]

Appendix D. Basic Properties of the Ground State

In this appendix we gather some basic properties of the ground state and the ground state
energy. We call Ey; = inf o (Hy) the ground state energy, although, technically, it is only
the ground state energy when a ground state exists.

Aresult of Lieb [33], based on a clever idea of Benguria, but now applied for the case that the
electron—electron repulsion term contains a coupling constant U, shows that a single atom
with nuclear charge Z can only bind

2Z
N<—+1 D.1
< (D.1)

particles, independent of the statistics of the particles. That is, if the ground state energy is
strictly below the essential spectrum, then (D.1) holds. For N = 2 and Z = 1 this shows
that Eyy < —1/4 = oess(Hy ) implies U < 2. Thus, for the operator given by (1.1), the
critical coupling U, is bounded by

l<Uc<2. (D.2)

These simple rigorous bounds give a rough, but not bad, estimate for the critical coupling U,
As discussed in the introduction, calculations by quantum chemists predict U, ~ 1.09766,
see [7], and even pushed the calculation to U, ~ 1,097 660 833 738
56 in [13]. Bethe showed in [9] with the help of a variational calculation that hydrogen
can bind two electrons, hence clearly U, > 1. Moreover, Hill showed that even for finite
nuclear mass M the H~ quantum system has a ground state in the center—of-mass frame
for some U > 1 as long as the mass ration m/M < 0.2101.

Proposition D.1. Given a helium-type operator Hy, with infinite nuclear mass let Eyy =
inf o (Hy) be its ground state energy. Then

1) U — Ey is concave and continuous. It is strictly increasing on [0, U], constant on
[Ue, 00), and

1 1
EU<_Z for0<U < U, EUC:—Z. (D.3)
Moreover, Ey; is differentiable in U < U, with a positive derivative. At U, its left
derivative exists and is positive.

2) At critical coupling the energy Ey, = —1/4 is a simple eigenvalue at the edge of the
essential spectrum. The corresponding ground state Yo = Yy, € L% is unique and
positive up to a global phase factor.

3) Choosing all ground states Yy for 0 < U < U, normalized, i.e., |[Yylly = 1, and
positive, the map [0, Uc] 5 U +— Yy is continuous in H'andin L9 forall2 < g < oo.
Moreover, there exist a constant C < oo such that for any 2 < g < 0o we have

sup [[Yyllg =C. (D.4)

0=<U=<U,



67 Page700f 76 Arch. Rational Mech. Anal. (2026) 250:67

4) For any normalized positive ground state Yy with ||Yylla = 1 and any compact set
K C RO there exists a constant C k > 0 such that

inf inf >Cg. D.5
ol inf Yyx) = Ck (D.5)

Proof. Let Hy be the operator Hyy with U = 0. Since Hy = Hy + Wl—]m is linear in the

perturbation, one sees that Ey = infy =1 (¥, Hy¥) is an infimum of linear functions,
hence concave. Since —oo < Eyy < oo forall U € R, it is continuous.

At critical coupling and above, the energy Ey is equal to the infimum of the essential
spectrum, which by the HVZ theorem is given by the ground state energy of hydrogen.
Hence Ey = —1/4forall U > U,.

When U < U, perturbation theory [36] applies. First order perturbation theory, the so-called
Feynman—Hellmann formula, (see Remark (3.5.18) in [44]), shows that

dH, 1
dEy = (Y, d—UUwu) = (v, ) > 0 (D.6)

for all U < U,. Moreover, this formula also holds, as soon as a normalizable ground ¢
state exists, for critical coupling U = U,, when one replaces the derivative dyy Eyy with
the left derivative 9;; Ey = limy 1y, Egzgﬁ/” , see [38]. This proves claim D.1.1, once a
normalizable ground state exists at critical coupling. This is known from [15,23] but we will

give an alternative proof for this, which uses the isotropic upper bound from Theorem 4.1.

The Coulomb potential V; is in the so—called Kato—class, for a definition see [4,11,39],
for any coupling U € R. Moreover, Vi > Vg for all U > 0, so [39, Theorem B.1.1] and
monotonicity of the Schrodinger semigroup in the potential gives

tEy ,—tH tEy | ,—tH, tEy ,—tH
Wullp =le"Ve ™ yyllp <™V e™ W lampllvull = e Vlle™ llom pllvull -

So for fixed t > 0 and with C, = e'EV|le™"H0|,_, , we have |y, < Cpllyry |l for all

2 < p < oo. The Riesz-Thorin interpolation theorem also shows C, < C @Cég © for any
1/p=0/2+(1-0)/coc=0/2and 0 < O < I. Hence Cp < max(Cy, Coo)=:C and
we arrive at

sup  [[Yulp =C (D.7)
0<U<U,

when [|[Yyll =1for0 < U < Ue.
Take a sequence 1 < U, < U, which converges to U, and consider the corresponding
sequence of normalized bound states v, of H, = Hy, with energies E, < —1/4. The

Coulomb potential Vi is relatively form bounded with respect to the Laplacian —A in RO
with relative form bound zero, and thus

(W, Vo)l < 8IVY 1% + bsllv 2, (D.8)

and, in particular,

(Y, ———— )| < SIVYI* + bslly|1* (D.9)

lx) — x2|

forall0 < § < 1 and some bg > 0 uniformly in0 < U < U, forall ¥ € Hl(]R6). Thus,
for ¥, we get

En = (Y, Hom) = (V¥n, V) + (Un, Vo) = (1= 8 IVYll® — bsllvnll?
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which implies that

bs
IVinl? < =51l

since the energy Ej, of the minimizing sequence is bounded. Therefore,

bs bs
1l sy = Wonll? + 1Vl < =l + 1l = 7= +1 < 00

uniformly in n € N, since ¥, is normalized. Thus the sequence v/, is bounded in H ! hence
there exists a subsequence, which we also denote by ,,, which converges weakly to some
Ve € HI(R6). We claim that ¥, is a normalized ground state of Hy,, i.e., |¥cll = 1,
Ve € HU(R®), and (¢, Hy, Ye) = —1/4(p, Yr) forall g € H' (RO).

Since v, is a bounded sequence in H 1 (R6) it is tight in momentum space,

lim sup/ [ |?dn = 0. (D.10)
[n|=L

L—00 ;N

Moreover, the upper bound from Theorem 4.1, which only needs the bound (D.7) for ¥, =
Yy, with subcritical U, < U, easily implies also tightness of the sequence v, in position
space,

lim sup/ |1//n|2dn =0, (D.11)
[n|=L

R—00 eN

and standard compactness results, for example Theorem C.3, show that ¥, converges to ¥
strongly in L2(R®), 50 [[vrc | = limy— oo [[¥nll = 1.

We will show in a moment that ¥, also converges strongly in H L(R®), the form domain of
all operators Hyy. Once this is the case a bound of the form (D.8) for some § > 0 implies
(Ye, Vu.¥e) = limy— 00 (¥ Vy, ¥n). Once we have this, we also get that

1 L 1
5 = (e, Hy Yre) = liminf (Y, Hy, Yn) = = (D.12)
because of the strong convergence of ¥, in H 1 (R6) and (Y, Hy, ¥n) = En — —1/4inthe

limitn — oo, where we also used that ¢ is normalized and Hy, > — % as quadratic forms.
Thus V. is a normalized minimizer of the energy. By the variational principle, ¥/ is a weak

eigenfunction of Hy,: (¢, Hy, ¥¢) = —%(q), Ye) forall ¢ € H'(R). The uniqueness, up
to a global phase, follows from the usual arguments, [36, Theorem XII44], see also [17],
since the semigroup e 1HU g positivity improving, i.e. e MU £ > 0if f > 0and f # 0.
This proves claim D.1.2, once we established the strong convergence of ¥, in H L(R®).
To prove the strong convergence in H 1(R®) we note that

Un — U

Hy = Hy, + ———<
[x1 — x2|

=:Hy, + Wy,

so for all ¢ € H! (]Rd) we have

(o, HUC.('//n = Ym)) =@, Hn¥n) — (¢, Hn¥m)
— (o, Wy, (Un — ¥m)) + (@, Wy, (bn — Ym))
= En(@. Yn) — Em{®, ¥m)
— (o, Wy, (Un — ¥m)) + (@, Wy, (bn — Ym))
< el (IEnlll¥nll + Em I ¥mll)
— (@, Wy, Un — ¥m)) + (@, Wy, bn — ¥m)) -
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Choosing ¢ = ¥, — ¥, and also using (D.9) to bound the terms (Y, — Vi, Wy (W — V),
and the normalization ||y, || = 1, we get that

(Yn — ¥Ym, HUC n — ¥m))
< (|E;1|+|Em|)||‘//n_‘//m|| (D.13)
+QUc — Un = Un) (SIV W — ¥m)I* + bsll¥n — ¥rmlI?) -

On the other hand, due to (D.8) we also have the lower bound

(Wn — Yms Hy, Wn — Ym)) = (1= IV W — Y 1> = bsllvn — ¥m 12,

and using this in (D.13) and rearranging terms one gets

(1 =801+ QU — Uy — UD)) IV W — ¥ |12
< (Eul + 1EnD) W — Yl + b5 (1 +2Uc — Uy — Up) 1400 — ¥l .

Since § < 1 and U, Uy; — U,, this shows that

limsup |V (¥, — ¥u)|1> < limsup [[Yn — Yimll = 0, (D.14)
n,m— 00

n,m—»00

since Y, converges to ¥ strongly in L2. Thus Y, is also Cauchy in H 1(]R6), hence it

converge strongly in H L(R%). This finishes the proof of D.1.2.

Having the existence of ¥¢; at U = U, the same argument which proved (D.7) can be used
to prove (D.4). Continuity of ¥y in U < U, with respect to the L? norm follows from
perturbation theory. We will give an alternative proof, which also yields continuity in H Lin
the whole interval of parameters U for which a ground state exits.

Take an arbitrary Uy € [0, U.] and any sequence U, € [0, U] converging to Up. Let
U} = Up; be an arbitrary subsequence. Then the above argument shows that this sequence

is tight. Since [|¥;;1]] = 1 there exists a further subsequence U]? = U}k such that ¥;;2
j i

converges weakly in L% to Yy, which is the unique ground state of Hyy,. By tightness, ¥;,2
3

convcl:rges strongly in L? and the above argument then shows that it also converges strongly
inH".

Thus any subsequence of ¥y, with U, — U € [0, U] has a further subsequence which
converges to the same limit ¥y, i.e., ¥y, converges in H Lo Yy, for any sequence U, —
Up. Hence [0, U.] > U — ¢y is continuous in HL.

The Coulomb potential V; is in the Kato—class and it is continuous in U in the Kato—norm
(for definitions, see [39, Section A.2]). Thus [39, Theorem B.10.1] shows that as operators
from L2 to L4

—tH —tH,
lle U—e Yo ||2—>q -0

as U — Ug for any fixed 1 > 0and 2 < g < o0o. Define HU = Hy — Ey. Then continuity

of Ey in U shows that also le=tHu

and 2 < g < oo. Using ﬁmﬁy =0, we have ¥y = e~tHy Yy forall U < U,. Hence

- eftHUHz_)q — 0as U’ — U for any fixed t > 0

wU/ _ wU — e—l‘HU/wU/ _ e—tHU WU — <e—tHU/ _ e—tHU)wU/ + e—tHU (wU/ _ WU)

and with the L2 normalization Y]l = 1 and the L? continuity of ¥y in U € [0, Uc] we
have

—tH —tH —tH
Wy —Yullg < lle™ 7V —e™ Wy +lle™ "V lasgllvy — Yyl — 0
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as U’ — U for any fixed t > 0 and 2 < ¢ < oo. This finishes the proof of claim D.1.3.

Let ¢y be the strictly positive ground state which, as we just proved, exists forany U < U,.
Since Vy is in the Kato—class, any eigenfunction of Hy; is continuous [39, Theorem B.3.1].
So for any compact set K C R and each 0 <U<U;

c(K,U):= inf Yy (x) > 0. (D.15)
xek
By continuity of the L4 norms in U, there exists an open set Oy C R such that

1
1y — Vulloo < 5c(K, U) forallU’ €[0,U.1N Oy . (D.16)

Thus

1
xlg( Yy (x) = ;22 Yu @) = Wy = Yullee = 7e(K. U)

for all U" € [0, Uc] N Oy . Clearly, since U € Oy, the open sets Oy cover [0, Uc], i.e.,
[0, Ucl C Uyepo,u,.10u- Since [0, Uc] is compact, there exist finitely many O; = OUj,

j=1,..., Nsuchthat [0, U;] C U;VZIOJ-.Sowitth(K) =c(K,Uj), we get

1
inf  inf > —  min (K)=:C 0,
0<U<U, xeK Y =3 j y 1 E=Ck >

which proves the last claim. O
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