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Abstract
The suffix tree is arguably the most fundamental data structure on strings: introduced by Weiner
(SWAT 1973) and McCreight (JACM 1976), it allows solving a myriad of computational problems
on strings in linear time. Motivated by its large space usage, subsequent research focused first on
reducing its size by a constant factor via Suffix Arrays, and later on reaching space proportional
to the size of the compressed string. Modern compressed indexes, such as the r-index (Gagie
et al., JACM 2020), fit in space proportional to r, the number of runs in the Burrows-Wheeler
transform (a strong and universal repetitiveness measure). These advances, however, came with
a price: while modern compressed indexes boast optimal bounds in the RAM model, they are
often orders of magnitude slower than uncompressed counterparts in practice due to catastrophic
cache locality. This reality gap highlights that Big-O complexity in the RAM model has become
a misleading predictor of real-world performance, leaving a critical question unanswered: can we
design compressed indexes that are efficient in the I/O model of computation?

We answer this in the affirmative by introducing a new Suffix Array sampling technique based
on particular path decompositions of the suffix tree. We prove that sorting the suffix tree leaves
by specific priority functions induces a decomposition where the number of distinct paths (each
corresponding to a string suffix) is bounded by r. This allows us to solve indexed pattern matching
efficiently in the I/O model using a Suffix Array sample of size at most r, strictly improving upon the
(tight) 2r bound of Suffixient Arrays, another recent compressed Suffix Array sampling technique.

Experiments confirm that this theoretical I/O efficiency translates to practice in pangenomic
applications: our index locates pattern occurrences using less space and orders of magnitude less time
than the r-index when performing pattern matching on repetitive DNA collections. Beyond this, our
contributions are twofold: (i) unlike Suffixient Arrays, our technique supports most standard suffix
tree operations in O(r) space on top of the text while matching the I/O complexity of uncompressed
suffix trees; and (ii) we establish a general framework where any valid path decomposition induces
a Suffix Array sampling whose size is a new strong repetitiveness measure; we provide a universal
mechanism for locating all pattern occurrences for each such path decomposition.
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1 Introduction

In this paper, we describe a new elegant and very efficient paradigm to solve the well-studied
problem of compressing suffix trees. Suffix trees were introduced in 1973 by Weiner [48]
and revisited (in their modern form) in 1976 by McCreight [36] to solve string processing
problems such as finding longest common substrings and matching patterns on indexed text
in linear time. The latter problem (indexed string matching) asks to build a data structure
on a text T of length n over alphabet of size σ so that later (at query time), given a string
P (the pattern) of length m ≤ n, the following can be returned: (1) one exact occurrence
T [i, j] = P of P in T if any exists (find queries), (2) all exact occurrences of P in T (locate
queries), or (3) the number of exact occurrences of P in T (count queries). While being
extremely fast due to excellent query-time cache locality, suffix trees require a linear number
of words to be stored in memory regardless of the input compressibility and are therefore not
suitable to nowadays massive-data scenarios such as pan-genome indexing (where one aims at
indexing terabytes of data in the form of repetitive collections of thousands of genomes). This
problem was later mitigated by Suffix Arrays [22, 34, 35], which use only a constant fraction
of the space of suffix trees while supporting (cache-efficiently) a subset of their functionality,
still sufficient to support pattern matching queries.

Subsequent research succeeded (spectacularly) in reducing the space usage of suffix trees
and Suffix Arrays to the bare minimum needed to store the compressed text. Notable
contributions in this direction include the compressed Suffix Array (CSA) [23], FM-index [18],
run-length compressed Suffix Array [33], run-length FM-index [32], r-index [21], Lempel-
Ziv-based [29] and indexes based on straight-line programs (SLPs) [14] (and their variants),
and the more recent δ-SA [26]. See the survey of Navarro [39] for an extensive treatment
of the subject. While the first line of work (CSA and FM-index) focused on entropy
compression, the subsequent works mentioned above switched to text compressors capable
of exploiting the repetitiveness of the underlying text sequence (a source of redundancy
that entropy compression is not able to exploit). Among those, the r-index [20,21] and its
improvements [7,41,51] stood out for its optimal linear-time pattern matching query time and
its size – linear in the number r of equal-letter runs in the Burrows-Wheeler transform (BWT)
of the text. These works on repetition-aware compressed text indexes spurred a very fruitful
line of research on compressibility measures (the survey of Navarro [38] covers the subject in
detail), culminating in recent breakthroughs [25, 27] which showed that r is a strong and
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universal repetitiveness measure, being equivalent to all other known compressibility measures
(such as the size of the Lempel-Ziv factorization [31], normalized substring complexity [28],
and straight-line programs) up to a multiplicative polylogarithmic factor. Altogether, these
results laid the theoretical foundations for subsequent works in computational pan-genomics
that showed how the run-length encoded BWT can successfully be used to index very large
collections of related genomes in compressed space [1, 2, 16,44,45,46].

1.1 Are repetition-aware data structures just a theoretical tool?
Modern compressed indexes such as the δ-SA of Kempa and Kociumaka [26] support random
access and pattern matching queries, but their time complexities depend on a high polynomial
of the logarithm of the text’s length, which makes them hardly practical. Indexes based
on the Lempel-Ziv factorization or on grammar compression mitigate this problem (even
reaching optimal search time [13]), but rely on complex and cache-inefficient data structures
that, again, make them orders of magnitude slower than simple suffix trees in practice. The
r-index (in its modern version [41]) uses O(r) words of space and solves find, locate, and
count queries in O(m) time (assuming constant alphabet for simplicity), plus the number
of occurrences to be reported (if any). While this is essentially the end of the story in the
word RAM model, it does not take into account caching effects. As a matter of fact, each of
the O(m) steps of the backward search algorithm of the r-index and of its predecessor (the
FM-index [18]) triggers I/O operations (that is, likely cache misses). While this issue was
later partially addressed by the move structure of Nishimoto and Tabei [41], that solution
still triggers O(m) cache misses. This does not happen with the suffix tree:

▶ Remark 1. The suffix tree of Weiner [48] and McCreight [36] uses O(n) words on top of
the plain text (n log σ bits) and allows locating all the occ occurrences of any pattern P of
length m with O(d + m/B + occ) I/O complexity, where d is the node depth of P in the
suffix tree and B is the number of integers fitting in an I/O block.

To see this, observe that path compression makes it possible to compare (a substring
of) the pattern with the label of an edge of length ℓ with O(ℓ/B + 1) I/O complexity. In
particular, each of the d edge traversals triggers at least one I/O operation in the worst case.
The additive term d is negligible in practice as in most interesting scenarios the suffix tree
tends to branch mostly in the highest levels (we investigate this effect in the full version of
this paper [4]). For instance, if the text is uniform then d ∈ Θ(log n) with high probability
since the longest repeated substring’s length is Θ(log n) w.h.p.

The performance gap in the I/O model between compressed indexes and the suffix tree
shows up dramatically in practice: a simple experiment (see [4]) shows that, while the r-index
is orders of magnitude smaller than the suffix tree on very repetitive inputs, it also solves
queries orders of magnitude slower. The same holds true for all the existing compressed
indexes using a space close to that of the r-index. This reality gap highlights that Big-O
complexity in the RAM model has become a misleading predictor of real-world performance
in the context of compressed data structures, leaving a critical question unanswered:

Can compressed indexes be efficient in the I/O model of computation?

1.2 Our contributions
We answer this question in the affirmative by introducing a novel compressed sampling of the
Prefix Array. In one configuration, our sampling requires at most r samples to resolve pattern
matching queries via a simple binary search strategy, assuming random access to the text is
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24:4 Compressing Suffix Trees by Path Decompositions

available. Since random access in compressed space is a well-studied problem [6, 8, 29, 30]
(see also [38] for a survey on the topic), this requirement does not limit our strategy. On the
contrary, unlike existing compressed indexes, our approach is flexible enough to utilize any
random access compressed data structure.

By incorporating additional data structures, we achieve our main result: a compressed
suffix tree topology occupying only O(r) words of space on top of a (potentially compressed)
text oracle that still efficiently supports most standard navigation queries:

▶ Theorem 2. Let T be a text of length n over an integer alphabet of size σ. Assume we have
access to an oracle supporting longest common extension (lce) and random access queries
(extraction of one character) on T in O(t) time. Then, there is a representation of T ’s suffix
tree using O(r) words on top of the text oracle and supporting these queries:

root() in O(1) time: the suffix tree root.
child(u, a) in O(t log r + log σ) time: the child of node u by letter a.
first(u) in O(log σ) time: the alphabetically-smallest label among the outgoing edges of u.
succ(u, a) in O(log σ) time: given node u and a character a labeling one of the outgoing
edges of u, return the successor of a (in alphabetic order) among the characters labeling
outgoing edges of u (return ⊥ if no such label exists).
label(u, v) in O(1) time: given an edge (u, v), return (i, j) ∈ [n]2 such that the edge’s label
is T [i, j].
lleaf (u), rleaf (u) in O(1) time: the leftmost/rightmost leaves of the subtree rooted in a
given node u.
next(u): if u is a leaf, return the next leaf in lexicographic order; we support following a
sequence of k leaf pointers in O(log log(n/r) + k) time.
locate(u) in O(1) time: the text position i of a given leaf (representing suffix T [i, n]).
sdepth(u) in O(1) time: the string depth of node u.
ancestor(u, v) in O(t) time: whether u is an ancestor of v.

If the text oracle also supports computing a collision-free (on text substrings) hash κ(T [i, j])
of any text substring in O(h) time (an operation we call fingerprinting), then child(u, a) can
be supported in O(t + h log n + log σ) time within the same asymptotic space.

The same asymptotic bounds apply to I/O complexity if t and h represent I/O costs rather
than time.

A subset of the above queries suffices to navigate the suffix tree (a task at the core of several
string-processing algorithms) and to solve pattern matching queries. For example, using the
cache-efficient text representation of Prezza [42], supporting lce with O(t) = O(log n) I/O
complexity, fingerprinting with O(h) = O(1) I/O complexity, and extraction of ℓ contiguous
characters with O(1 + ℓ/B) I/O complexity on polynomial alphabets, we obtain the following:

▶ Corollary 3. Let T be a text of length n over an integer alphabet of size σ. The topology
of T ’s suffix tree can be compressed in O(r) words on top of a text representation [42] of
n log σ + O(log n) bits so that all the occ occurrences of any pattern P of length m can be
located with O(d log n + m/B + occ) I/O complexity, where d is the node depth of P in the
suffix tree and B is the number of integers fitting in an I/O block.

That is, the same I/O complexity of Weiner and McCreight’s suffix tree up to a logarithmic
factor multiplying d (see Remark 1). At the same time, the space usage on top of the text is
reduced from O(n) to O(r) words (r is orders of magnitude smaller than n on very repetitive
inputs [21]). Furthermore, the term d log n can be replaced by d log m with a different
technique (Theorem 40; this is important since in typical applications, m≪ n holds).
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Using up-to-date cache-efficient compressed data structures, we show experimentally that
an optimized implementation of our fully-compressed index is simultaneously smaller and
orders of magnitude faster than the r-index on the task of locating all pattern occurrences
on a highly repetitive collection of genomes.

1.3 Improvements over related techniques
Suffixient Array. Our approach is most closely related to the Suffixient Array [10], another
recent compressed sampling of the Prefix Array. We strictly improve upon the Suffixient
Array in three dimensions:

Space Bounds. The Suffixient Array requires up to 2r samples [40], a bound recently
proven to be worst-case tight up to a small additive constant [17]. Our technique
demonstrates that r samples are sufficient for pattern matching.
Functionality. Unlike Suffixient Arrays, which are limited to pattern matching, our
sampling retains the topological structure of the suffix tree. Consequently, we support a
much broader range of suffix tree operations efficiently.
Locating Efficiency. Suffixient Arrays return an arbitrary pattern occurrence, offering
no control over which one is found. To locate all occurrences starting from an arbitrary
position SA[i], one requires bidirectional navigation (both SA[i − 1] and SA[i + 1]),
costing about 4r words of auxiliary space [21]. In contrast, one of the configurations of
our index guarantees returning the first pattern occurrence in Suffix Array order. This
allows us to locate all remaining occurrences using only unidirectional successor Suffix
Array queries (i.e., retrieving SA[i + 1] given SA[i]) with 2r words of auxiliary space [21].

Compressed Suffix Trees. Gagie et al. [21] previously addressed compressed suffix trees in
space bounded by a function of r, showing that full functionality is possible in O(r log(n/r))
space with logarithmic operation time. When augmented with a I/O efficient text oracle,
their theoretical I/O complexity for pattern matching matches our Corollary 3; however, their
approach consumes significantly more space on top of the oracle (O(r log(n/r)) vs O(r)).
Furthermore, their structure relies on complex machinery atop a grammar-compressed Suffix
Array; to our knowledge, it has never been implemented, likely due to the practical reality
that Suffix Arrays do not compress as effectively as the text itself via grammar compression.

Other I/O Efficient Solutions. Other works in the literature addressed the I/O-efficiency
of full-text indexes. Chien et al. [12] introduced the Geometric Burrows-Wheeler Transform,
which connects range searching with text indexing to provide compressed indexing techniques
and theoretical lower bounds within the I/O model. Their solution, however, achieves I/O-
efficient performance only in the uncompressed setting. Similarly, Ferragina and Venturini [19]
proposed a compressed version of the string B-tree, adapting classical external-memory string
structures to use compressed space while remaining efficient across memory hierarchies.
While their compressed cache-oblivious string B-Tree supports I/O-efficient prefix search and
enumeration, its space for locate queries remains proportional to the number of suffixes.

As far as fully-compressed space is concerned, several recent works have targeted the I/O
bottleneck of the r-index. The Move structure of Nishimoto and Tabei [41] reduces the I/O
operations of the r-index by a log log n factor by replacing predecessor queries with pointers.
However, it retains a worst-case complexity of O(m + occ) I/O operations. While practical
implementations [7, 51] are roughly an order of magnitude faster than the standard r-index,
they require significantly more space. Similarly, Puglisi and Zhukova [43] applied relative
Lempel-Ziv compression to a transformed Suffix Array. While this yields good memory
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24:6 Compressing Suffix Trees by Path Decompositions

locality and query speeds in practice, it lacks formal guarantees and increases the space
usage of the r-index by an order of magnitude, again suffering from the poor compressibility
of the Suffix Array relative to the text.

2 Order-preserving Suffix Tree Path Decompositions

Due to space limitations, we assume the reader to be already familiar with the following
standard concepts: right-maximal strings, lexicographic and colexicographic order, longest
common suffix/prefix function lcp(α, β) / lcs(α, β) between strings, Suffix Array, suffix tree,
and Burrows-Wheeler transform. See the full version [4] for the formal definitions.

▶ Definition 4 (rlce, llce, and lce). Let S be a string of length n. The right (left) longest
common extension function S.rlce (S.llce) is the function that, for two distinct integers
i, j ∈ [n], returns S.rlce(i, j) = lcp(S[i, n],S[j, n]) (S.llce(i, j) = lcs(S[1, i],S[1, j])). A
longest common extension (lce) oracle is an oracle that supports both S.rlce and S.llce
queries for the string S.

When clear from the context, we simply write rlce and llce instead of S.rlce and S.llce.
Our work can be interpreted as a generalization of suffix sorting: by sorting the text’s

suffixes according to any priority function (permutation) π : [n]→ [n] satisfying a natural
and desirable order-preserving property (see Definition 5), we obtain a compressed index that
keeps track of the pattern occurrence T [i, j] minimizing π(i) among all pattern occurrences.
Figure 1 broadly introduces our solution. Intuitively, we (i) sort the suffix tree’s leaves
according to π, (ii) we build a suffix tree path decomposition (STPD for brevity) prioritizing
the paths with smaller π, and (iii) we path-compress the STPD paths by just recording their
starting position in the text. At this point, we show that the colexicographically-sorted Path
Decomposition Array PDA of those positions (a sample of the Prefix Array) can be used to
obtain a new elegant, simple, and remarkably efficient compressed suffix tree.

As introduced above, the starting point of our technique is the choice of a priority function
(permutation) π : [n]→ [n] that we use to generalize suffix sorting. In this paper, we focus
on permutations possessing the following natural property.

▶ Definition 5 (Order-preserving permutation). Let S ∈ Σn be a string and π : [n] → [n]
be a permutation. The permutation π is said to be order-preserving for S if and only if
π(i) < π(j) ∧ S[i, i + 1] = S[j, j + 1] implies π(i + 1) < π(j + 1) for all i, j ∈ [n− 1].

The above property is sufficient and necessary to guarantee the following desirable
universal minimization property: if S[i, j] = S[i′, j′] are two pattern occurrences, then
π(i + k) < π(i′ + k) either holds for all k ∈ [0, j − i] or for none. In Lemmas 15 and 41 we
will show that the lexicographic rank of suffixes, the colexicographic rank of prefixes, and
the identity function are order-preserving permutations (but not the only ones).

Suffix tree path decomposition. A suffix tree path decomposition (STPD) is an edge-disjoint
collection of node-to-leaf paths covering all the suffix tree’s edges built as follows. Since we
will never start a path on an implicit suffix tree node, we can equivalently reason about
path decompositions of the suffix trie. We describe how to obtain the STPD associated with
a given order-preserving permutation π, as we believe this will help the reader to better
understand our technique. Then, we will make the construction fully formal. Let T ∈ Σn be
a text. Imagine the process of inserting T ’s suffixes T [i, n] (for i ∈ [n]) in a trie in order of
increasing π(i). The path associated with the first suffix T [π−1(1), n] in this order is the
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Figure 1 Overview of our technique. We sort T ’s suffixes T [i, n] (equivalently, suffix tree leaves)
by increasing π(i). In this example, π corresponds to the standard lexicographic order of the text’s
suffixes (but π can be more general). This induces a suffix tree path decomposition (an edge-disjoint
set of node-to-leaf paths covering all edges) obtained by always following the leftmost path. At
this point, we associate each path with the integer i such the path’s label is T [i, n] (in the figure,
we also color each path according to the color of the associated position i). In particular, the
label from the root to the first path’s edge is αi,k = T [i − k + 1, i], where k is the string depth of
the first path’s edge. Our indexing strategy essentially consists in implicitly colexicographically-
sorting strings αi,k in a subset of the Prefix Array called the Path Decomposition Array PDA: the
colexicographically-sorted array containing (without duplicates) the first position of each path (in
our example: PDA = [11, 10, 3, 7, 8]). Observe that, in this example, there are few (five) distinct
path labels: indeed, we show that |PDA| is bounded by universal compressibility measures and that
it can be used to support basic suffix tree navigation and pattern matching operations.

one starting in the root and continuing with characters T [π−1(1), n]. When inserting the
j-th (j > 1) suffix T [π−1(j), n], let k = maxj′<j rlce(π−1(j′), π−1(j)) be the longest common
prefix between the j-th suffix and all the previous suffixes in the order induced by π. The
corresponding new path in the decomposition is the one starting in the suffix tree locus of
string T [π−1(j), π−1(j) + k − 1] and labeled with string T [π−1(j) + k, n]. In other words,
the path associated with T [π−1(j), n] is its suffix that “diverges” from the trie containing
the previous suffixes in the order induced by π. See Figure 1, where leaves (suffixes) T [i, n]
are sorted left-to-right in order of increasing π(i) where π = ISA.

The core of our indexing strategy is to store in a colexicographically-sorted array PDA
all the distinct integers π−1(j) + k obtained in this process (that is, the starting positions
of paths in T ). We now formalize this intuition. Due to space limitations, most proofs are
deferred to the full version of this article [4].

LPF and PDA arrays. We first introduce the concept of the Generalized Longest Previous
Factor Array LPFπ. Intuitively, this array stores the lengths of the longest common prefixes
of a string’s suffixes in the order induced by π. It generalizes the well-known Permuted
Longest Common Prefix (PLCP) array (when taking π = ISA to be the lexicographic rank
of the text’s suffixes) and the LPF array (when taking π = id to be the identity function).

ICALP 2026



24:8 Compressing Suffix Trees by Path Decompositions

▶ Definition 6 (Generalized Longest Previous Factor Array LPFS,π). Let S ∈ Σn be a string and
π : [n]→ [n] be a permutation. The generalized Longest Previous Factor array LPFS,π[1, n]
associated with S and π is the integer array that, for i ∈ [n], is defined as:

LPFS,π[i] =
{

0 if π(i) = 1,

maxπ(j)<π(i) rlce(j, i) otherwise.

▶ Definition 7 (Path Decomposition Array PDAS,π). Let S ∈ Σn be a string and π : [n]→ [n]
be an order-preserving permutation. The (suffix tree) Path Decomposition Array PDAS,π

associated with S and π is the set {j = i + LPFS,π[i] : i ∈ [n]} sorted in colexicographic
order of the corresponding string’s prefixes S[1, j].

It will always be the case that the indexed string S is fixed in our discussion, so we will
simply write LPFπ and PDAπ instead of LPFS,π and PDAS,π, respectively. When also π is
clear from the context, we will write LPF and PDA.

▶ Example 8. Consider the STPD of Figure 1. In this example, π(i) is the rank of leaf i in
lexicographic order (in other words, π = ISA): π = (4, 5, 8, 11, 7, 10, 6, 9, 3, 2, 1). Then, the
LPF array corresponds to the PLCP array: LPF = PLCP = [2, 1, 4, 3, 2, 1, 0, 0, 1, 0, 0]. For
instance, LPF[1] = 2 because π(1) = 4 and the suffixes T [j, n] with π(j) < π(1) are those
starting in positions j ∈ {11, 10, 9}. Among those, the one with the longest common prefix
with T [1, n] is T [9, n], and their longest common prefix is 2 = LPF[1].

At this point, the sequence i+LPF[i] for i = 1, . . . , n is equal to(3, 3, 7, 7, 7, 7, 7, 8, 10, 10, 11).
The Path Decomposition Array is the array containing the distinct values in such a sequence,
sorted colexicographically: PDA = [11, 10, 3, 7, 8] (that is, j precedes j′ in the order if and
only if T [1, j] is colexicographically smaller than T [1, j′]).

The STPD associated with π and the corresponding array PDAπ are said to be order-
preserving if π is order-preserving.

The expert reader might have noticed that, for the permutation π used in Example 8,
the values in PDA are in a one-to-one correspondence with the irreducible LCP values. As a
matter of fact, our technique generalizes the notion of irreducible values to any array LPFπ

such that π is order-preserving. First, note that the array LPFπ is almost nondecreasing:

▶ Lemma 9. For any string S ∈ Σn, if π is order-preserving then LPFπ[i] ≥ LPFπ[i− 1]− 1
for every i > 1. In particular, the sequence i + LPFπ[i], for i = 1, · · · , n, is nondecreasing.

Values where the inequality of Lemma 9 is strict are of particular interest:

▶ Definition 10 (Irreducible LPFπ position). Let S ∈ Σn be a string and π : [n]→ [n] be an
order-preserving permutation. We say that i ∈ [n] is an irreducible LPFπ position if and
only if either i = 1 or LPFπ[i] ̸= LPFπ[i− 1]− 1.

It is a simple observation that LPFπ[i] = LPFπ[i−1]−1 is equivalent to (i−1)+LPFπ[i−
1] = i + LPFπ[i], from which we obtain:

▶ Remark 11. For any order-preserving permutation π : [n] → [n], {x ∈ PDAπ} = {i +
LPFπ[i] : i is an irreducible LPFπ position}, hence |PDAπ| is equal to the number of
irreducible LPFπ positions (since PDAπ contains distinct values).

The following lemma generalizes the well-known relation between irreducible PLCP values
and the Burrows-Wheeler transform [24, Lemma 4] in more general terms.
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▶ Lemma 12. Let S ∈ Σn be a string and π : [n]→ [n] be an order-preserving permutation.
Let moreover i > 1 be an irreducible LPFπ position. Then, for every j > 1 with π(j − 1) <

π(i− 1) and rlce(i, j) = LPFπ[i], it holds that S[i− 1] ̸= S[j − 1].

We will use Remark 11 and Lemma 12 to bound the size of our compressed suffix tree.
Lemma 13 formalizes the following intuitive fact about order-preserving STPDs. Consider

an STPD built on string S using order-preserving permutation π. If for a suffix tree node
u = locus(α), the three nodes parent(u), u, and child(u, a) belong to the same STPD path
(for some a ∈ Σ), then for any other outgoing label b ∈ Σ of node u, string α · b suffixes at
least one sampled prefix S[1, t], for some t ∈ PDAπ.

▶ Lemma 13. Let S ∈ Σn be a string and π : [n]→ [n] be an order-preserving permutation.
For α ∈ Σ∗ and a ∈ Σ such that α · a occurs in S, let π(α · a) = min{π(i − 1) :

S[1, i] is suffixed by α · a}. Then, for any characters a, b ∈ Σ such that both α · a and α · b
occur in S and π(α · a) < π(α · b), there exists t ∈ PDAπ such that S[1, t] is suffixed by α · b.

We conclude with the following result, implying that |PDAπ| is a reachable compressibility
measure for any order-preserving π.

▶ Theorem 14. Let S ∈ Σn be a string over integer alphabet Σ and let π : [n]→ [n] be an
order-preserving permutation. Then, S can be compressed in O(|PDAπ| log n) bits of space.

Proof. (Sketch) For each irreducible LPFπ position i, we store a quadruple (i, LPFπ[i], si,S[i+
LPFπ[i]]), where si ∈ [n] is the source of i, that is, any integer with π(si) < π(i) and
S[si, si+LPFπ[i]−1] = S[i, i+LPFπ[i]−1]. This set of quadruples takes O(|PDAπ| log(nσ)) =
O(|PDAπ| log n) bits of space by Remark 11, and we can reconstruct any character S[j] given
j ∈ [n] by recursively following the source position. ◀

We proceed as follows. First, we discuss the notable order-preserving permutation given
by the lexicographic rank of the text’s suffixes (Section 2.1). This permutation will enable
us to support most suffix tree operations in O(r) space on top of the text oracle. Then,
in Section 2.2 we describe a general locating mechanism working on any order-preserving
STPD. After that, we focus on the colexicographic rank of the text’s prefixes (Section 2.3).
This case is particularly interesting because it allows us to simplify the locating algorithm
of Section 2.2, and will lead to a practical solution. Finally, in Section 2.4 we consider yet
another remarkable order-preserving permutation: identity. This permutation will allow us
to locate efficiently the leftmost and rightmost pattern occurrences.

2.1 Lexicographic rank (st-lex): suffix tree navigation

Figure 1 depicts the STPD obtained by choosing π = ISA = SA−1 to be the Inverse Suffix
Array (in this subsection, π will always be equal to ISA). We denote with st-lex− = PDAπ

the path decomposition array associated with this permutation π. Similarly, st-lex+ denotes
the path decomposition array associated with the dual permutation π̄(i) = n− ISA[i] + 1.
The following properties hold:

▶ Lemma 15. Let T ∈ Σn be a text. The permutations π, π̄ defined as π(i) = ISA[i] and
π̄(i) = n − ISA[i] + 1 for i ∈ [n] are order-preserving for T . Furthermore, it holds that
|st-lex−| ≤ r and |st-lex+| ≤ r.
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2.1.1 Data structure
Let T ∈ Σn be a text. We describe a data structure of O(r) space supporting the suffix tree
queries of Theorem 2 on top of any text oracle supporting Longest Common Extension (and,
optionally, fingerprinting) queries on T . We store the following components.

(1) The array st-lex containing the integers {j = (i−1) : i ∈ st-lex−∪st-lex+∪{n+1}} ⊆
{0, . . . , n} sorted increasingly according to the colexicographic order of the corresponding
text prefixes T [1, j] (if j = 0, then T [1, j] is the empty string). Note that, by Lemma 15,
it holds that |st-lex| ≤ 2r + 1.

(2) Let # /∈ Σ be a new character not appearing in Σ (taken to be larger than all the
characters in Σ). We store a string L[1, |st-lex|] ∈ (Σ ∪ {#})|st-lex| defined as:

L[i] =
{

# if st-lex[i] = n,

T [st-lex[i] + 1] otherwise.

We store L with a wavelet tree [37], taking O(|st-lex|) space and supporting rank and
select operations in O(log σ) time.

(3) The string F [1, |st-lex|] ∈ (Σ ∪ {#})|st-lex| obtained by sorting lexicographically the
characters of L. We store F with a wavelet tree supporting rank and select operations
in O(log σ) time.

(4) Let LF and FL be the permutations of [|st-lex|] defined as follows. For any integers
i, j, k, if L[i] = a is the k-th occurrence of a in L and F [i] = a is the k-th occurrence of
a in F , then LF(i) = j and FL(j) = i (note that FL = FL−1). LF and FL can be
evaluated in O(log σ) time with O(1) rank and select operations on L and F .

▶ Definition 16. We denote with st-lex′ the permutation of st-lex defined as follows:
for any j ∈ [|st-lex|], st-lex′[j] = st-lex[FL(j)] or, equivalently (since FL and LF are
inverse of each other), st-lex[j] = st-lex′[LF(j)].

We store one Range Minimum and one Range Maximum data structure on the array
π(st-lex′), supporting queries in constant time in O(|st-lex|) bits of space (we do not need
to store st-lex′ explicitly).
▶ Remark 17. While this is not fundamental for our discussion below, it may be helpful
from an intuitive point of view to observe that string L, once removed character # from it,
is a subsequence of length |st-lex| − 1 of the colexicographic Burrows-Wheeler transform
(BWT). Similarly, permutations LF and FL are the counterpart of functions LF and FL

typically used with the BWT.

2.1.2 Node representation
Suffix tree navigation operations are supported on a particular representation of (explicit)
suffix tree nodes that we describe next. First, Lemma 13 immediately implies:

▶ Corollary 18. Let u be an explicit suffix tree node and α be such that u = locus(α). Then,
α suffixes T [1, j] for at least one value j ∈ st-lex.

In the Following, we describe our representation of suffix tree nodes.

▶ Definition 19 (Suffix tree node representation). We represent suffix tree node u = locus(α)
with the tuple of integers

Ru = (b, e, imin, imax, |α|), where
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st-lex[b, e] is the colexicographic range of α in st-lex (by Corollary 18, e ≥ b always
holds);
T [imin, imin + |α| − 1] = α is the occurrence of α minimizing π(imin), that is, T [imin, n]
is the lexicographically-smallest suffix prefixed by α;
T [imax, imax + |α|− 1] = α is the occurrence of α maximizing π(imax), that is, T [imax, n]
is the lexicographically-largest suffix prefixed by α; and
|α| is the string depth of u.

▶ Remark 20. Observe that n ∈ st-lex[1, 2]. In particular, if 1 ∈ st-lex− ∪ st-lex+ then
0 ∈ st-lex. Since 0 corresponds to the text’s prefix T [1, 0] (the empty string), in this case
st-lex[1] = 0 because the empty string is smaller than any other text prefix. In that case,
st-lex[2] = n because T [1, n] (ending with $) is the second colexicographically-smallest
sampled prefix. If, on the other hand, 1 /∈ st-lex− ∪ st-lex+, then st-lex[1] = n.

Based on the above remark:

▶ Definition 21. We denote with i∗ ∈ {1, 2} the integer such that st-lex[i∗] = n.

Letting u be a leaf, observe that α(u) ends with character $. It follows that the colexico-
graphic range of α(u) in st-lex is st-lex[i∗, i∗]. This will be used later.

2.1.3 Suffix tree operations
Next, we show how to support a useful subset of suffix tree operations on our data structure.
This will prove Theorem 2. In the description below, suffix tree operations will take as input
node representations (Ru) instead of nodes themselves (u). Recall that we are assuming we
have access to a text oracle supporting longest common extension (lce) and random access
queries on T in O(t) time and fingerprinting queries in O(h) time.

Root. Let u = locus(ϵ) be the suffix tree root. root() returns Ru = (1, |st-lex|, imin, imax, 0)
in O(1) time, where T [imin, n] is the lexicographically-smallest text suffix and T [imax, n] is
the lexicographically-largest text suffix (in other words, imin = SA[1] = n and imax = SA[n]).

String depth. Let Ru = (b, e, imin, imax, ℓ). Then, sdepth(Ru) returns ℓ in O(1) time.

Ancestor Let Ru = (b, e, imin, imax, ℓ) and Ru′ = (b′, e′, i′
min, i′

max, ℓ′). If ℓ > ℓ′, u cannot
be an ancestor of u′ so ancestor(Ru, Ru′) returns false. Otherwise, ancestor(Ru, Ru′) returns
true if and only if rlce(imin, i′

min) ≥ ℓ, that is, if and only if the string α = T [imin, imin +ℓ−1]
with u = locus(α) is a prefix of α′ = T [i′

min, i′
min +ℓ′−1] with u′ = locus(α′). This operation

runs in O(t) time.

Is leaf. Let Ru = (b, e, imin, imax, ℓ). Then, isleaf (Ru) returns true (in O(1) time) if and
only if imin = imax, if and only if b = e = i∗ (see Definition 21), if and only if the string
α = T [imin, imin +ℓ−1] with u = locus(α) ends with $, that is, imin +ℓ−1 = n (equivalently,
T [imin + ℓ− 1] = $).

Locate leaf. Let Ru = (b, e, imin, imax, ℓ). The output of locate(Ru) is defined only if
isleaf (Ru) is true. In that case, locate(Ru) returns imin (= imax) in O(1) time.
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Leftmost/rightmost leaves. Let Ru = (b, e, imin, imax, ℓ). Then, in O(1) time we can
compute l leaf (Ru) = (i∗, i∗, imin, imin, n− imin + 1) and rleaf (Ru) = (i∗, i∗, imax, imax, n−
imax + 1).

Edge label. Let (u, u′) be a suffix tree edge, with Ru = (b, e, imin, imax, ℓ) and Ru′ =
(b′, e′, i′

min, i′
max, ℓ′). Then, label(Ru, Ru′) returns (i′

min + ℓ, i′
min + ℓ′ − 1) in O(1) time.

Next leaf. Nishimoto and Tabei [41] showed that, starting from i ∈ [n], k consecutive
applications ϕ̄(i), ϕ̄2(i), . . . , ϕ̄k(i) of the permutation defined below1 can be computed in
O(log log(n/r) + k) time with a data structure using O(r) words of space.

▶ Definition 22 (ϕ-function). Let ϕ̄ : [n]→ [n] be defined as

ϕ̄(i) =
{

SA[ISA[i] + 1] if ISA[i] < n,

SA[1] if ISA[i] = n.

Observe that, by the definition of ϕ̄, leaf locus(T [ϕ̄(i), n]) is the next leaf in lexicographic
order after leaf locus(T [i, n]) (unless the latter is the suffix tree’s rightmost leaf).

Let u be a leaf, with Ru = (i∗, i∗, i, i, n− i + 1) (see Definition 21 for the definition of i∗).
Then, unless u is the rightmost leaf, next(Ru) = (i∗, i∗, ϕ̄(i), ϕ̄(i), n− ϕ̄(i) + 1). It follows
that the structure of Nishimoto and Tabei can be used to evaluate k consecutive applications
of next(·) in O(log log(n/r) + k) time.

Smallest children label and successor child. Let u be a node with Ru = (b, e, imin, imax, ℓ).
Operation first(Ru) returns the alphabetically-smallest label in L[b, e] (i.e., in out(u)).
Operation succ(Ru, a) returns the alphabetically-smallest label in L[b, e] (out(u)) being
larger than a. Both queries reduce to an orthogonal range successor (also known as range
next value) query in the range L[b, e], an operation that can be solved in O(log σ) time on
wavelet trees [37]. In both queries, if # ∈ L[b, e] then we simply ignore it.

Child by letter. The function child(Ru, a) is the most technically-interesting operation. Let
u be a node with Ru = (b, e, imin, imax, ℓ) and a ∈ Σ be a letter. Let α = T [imin, imin +ℓ−1]
be such that u = locus(α). Lemma 13 implies the following corollary:

▶ Corollary 23. Let u = locus(α), and let st-lex[b, e] be the range containing the text
positions j ∈ st-lex such that T [1, j] is suffixed by α. All (and only) the letters labeling the
outgoing edges from node u appear in L[b, e]\{#}, that is, out(u) = {c : c ∈ L[b, e]∧c ̸= #}.

Following Corollary 23, if a /∈ L[b, e] (a test taking O(log σ) time using rank and select
operations on L), then we can return child(Ru, a) = (0, 0, 0, 0, 0), signaling that no outgoing
edge from u is labeled with a.

Otherwise, we first show how to compute i′
min and i′

max such that T [i′
min, n] and T [i′

max, n]
are the lexicographically-smallest and lexicographically-largest suffixes being prefixed by α ·a,
respectively. After that, we show how to use this information to compute child(Ru, a).

Due to space constraints, we provide only the outlines here. The detailed description can
be found in the full version [4].

1 This permutation is usually denoted as ϕ−1. Here we instead use the symbol ϕ̄.
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Observe that |out(u)| ≥ 2, since u is an explicit suffix tree node. We distinguish three
cases. (i) a is neither the alphabetically-largest nor the alphabetically-smallest label in
L[b, e] \ {#}, i.e. a ≠ min{c ∈ L[b, e] \ {#}} and a ̸= max{c ∈ L[b, e] \ {#}} hold; (ii) a is
the alphabetically-smallest label in L[b, e] \ {#}, i.e., a = min{c ∈ L[b, e] \ {#}}; (iii) a is
the alphabetically-largest label in L[b, e] \ {#}, i.e., a = max{c ∈ L[b, e] \ {#}}.

To simplify the discussion below, we rephrase Lemma 13 to the particular STPDs we are
using in this section (i.e. those derived from π = ISA and π̄[i] = n− ISA[i] + 1):

▶ Corollary 24. Let α be right-maximal, and let st-lex[b, e] be the range containing the
text positions i ∈ st-lex such that T [1, i] is suffixed by α. Let moreover C = {c ∈ Σ :
α · c occurs in T } be the set of all the characters extending α in the text. Then:
(a) Let c ∈ (C \ min C), and let T [j − |α| + 1, n] be the lexicographically-smallest suffix

being prefixed by α · c = T [j − |α|+ 1, j + 1]. Then, j ∈ st-lex[b, e].
(b) Let c ∈ (C \ max C), and let T [j − |α|+ 1, n] be the lexicographically-largest suffix being

prefixed by α · c = T [j − |α|+ 1, j + 1]. Then, j ∈ st-lex[b, e].

We now show how to compute i′
min and i′

max. The three cases are considered as follows:
(i) By Corollary 24, i′′

min, i′′
max ∈ st-lex[b, e], where T [i′′

min−ℓ+1, n] and T [i′′
max−ℓ+1, n]

are the lexicographically smallest and largest suffixes being prefixed by α ·a, respectively.
We locate the leftmost and rightmost occurrences of letter a in L[b, e] using rank/select
operations on L, in O(log σ) time. We apply LF to locate corresponding a’s in F . Range
minimum/maximum queries in range π(st-lex′)[b′, e′] followed by applying FL, i′′

min

and i′′
max can be retrieved. Then we obtain i′

min = i′′
min− ℓ + 1 and i′

max = i′′
max− ℓ + 1.

(ii) We can find i′′
max following the same procedure described in (i) above (resorting to

Range Maximum Queries). And since T [imin, n] is the lexicographically-smallest suffix
being prefixed by α · a, we have i′

min = imin and i′
max = i′′

max − ℓ + 1.
(iii) Symmetric to (ii).

If i′
min = i′

max, child(Ru, a) is a leaf, thus we simply return the tuple child(Ru, a) =
(i∗, i∗, i′

max, i′
max, n − i′

max + 1). If i′
min ̸= i′

max (i.e., child(Ru, a) is not a leaf), note that
ℓ′ = rlce(i′

min, i′
max) is the string depth of child(u, a). In particular, child(u, a) = locus(α′),

where α′ = T [i′
min, i′

min + ℓ′ − 1].
Simple binary search can compute [b′′, e′′] such that for all j ∈ [b′′, e′′], α′ is a suffix of

T [1, st-lex[j]], with O(ℓ′ log |st-lex|) random access queries. If the text oracle supports lce
queries in O(t) time, this process can be done in time O(t · log |st-lex|) ⊆ O(t · log r). With
z-fast tries [5, 9] on {T [1, st-lex[i]] : i ∈ [|st-lex|]}, we can find [b′′, e′′] in O(h log n) time
(I/O operations, resp.) where O(h) is the time (I/O complexity, resp.) for fingerprinting.

We finally have all ingredients to return our result: child(Ru, a) = (b′′, e′′, i′
min, i′

max, ℓ′).

Putting everything together. To sum up, our data structure uses O(|st-lex|+ r) = O(r)
space on top of the text oracle. Taking into account the complexity of all queries discussed
above, this proves Theorem 2. By plugging the random access oracle in [42], we obtain:

▶ Corollary 3. Let T be a text of length n over an integer alphabet of size σ. The topology
of T ’s suffix tree can be compressed in O(r) words on top of a text representation [42] of
n log σ + O(log n) bits so that all the occ occurrences of any pattern P of length m can be
located with O(d log n + m/B + occ) I/O complexity, where d is the node depth of P in the
suffix tree and B is the number of integers fitting in an I/O block.
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2.2 General locating mechanism for order-preserving STPDs
In this subsection we provide a general locating mechanism working on any order-preserving
STPD. First, we show how to locate the pattern occurrence P = T [i, j] minimizing π(i)
among all pattern occurrences. We call this occurrence primary. Then we show that, starting
from the (unique) primary occurrence, we can locate the remaining ones (called secondary)
by resorting to orthogonal point enclosure. As a matter of fact, this technique generalizes the
r-index’ ϕ function (Definition 22, cases π = ISA and π = IPA) to arbitrary order-preserving
permutations. This increased generality with respect to Section 2.1, comes at the price of
not being able to support suffix tree queries (only pattern matching).

After this section, we will tackle the particular case π = IPA (colexicographic order of
the text’s prefixes), for which the locating algorithm that we describe here can be simplified.
That particular case will lead to our optimized implementation able to beat the r-index both
in query time (by orders of magnitude) and space usage.

For the remainder of the section, we assume T ∈ Σn is a text and π is any order-preserving
permutation on T . We start by classifying the occurrences of a pattern P ∈ Σ+ as follows.

▶ Definition 25 (Primary/Secondary occurrence). For a string P ∈ Σ+, an occurrence
T [i, i + |P | − 1] = P is said to be a primary occurrence if and only if LPFπ[i] < |P |. All the
other occurrences are called secondary occurrences.

▶ Lemma 26. For any string P ∈ Σ+ that occurs in T there exists exactly one primary
occurrence P = T [i, i + |P | − 1]. Furthermore, such occurrence is the one minimizing π(i).

2.2.1 Finding the primary occurrence
The idea to locate the primary pattern occurrence is simple and can be visualized as a
process of walking along the paths of the STPD, starting from the root. Whenever we find a
mismatch between the pattern P and the current STPD path, we change path by running a
suffix search (e.g. binary search) on PDAπ. We first provide an intuition through an example
(Example 27). Our algorithm is formalized in Algorithm 1. Then, we prove the algorithm’s
complexity, correctness, and completeness.

▶ Example 27. Consider the STPD of Figure 1, and let P = CGCGAA be the query
pattern. We start by matching P with the characters of the path T [11, 11] = $ starting at
the root. The longest pattern prefix matching the path is ϵ (the empty string). To continue
matching P , we need to change path. We binary search PDAπ = st-lex− looking for a
sampled text prefix being suffixed by ϵ · P [1] = C (i.e. the concatenation of the pattern’s
prefix matched so far and the first unmatched pattern’s character). Two sampled prefixes
(elements in st-lex−) satisfy this requirement: T [1, 3] and T [1, 7]. By definition of our
STPD, among them we need to choose the one T [1, i] minimizing π(i) = ISA[i]. This
choice can be performed in constant time with the aid of a Range Minimum Query data
structure built on top of π(st-lex−). Such prefix minimizing π(i) is T [1, 7]. This means
that we choose an STPD path labeled with T [7, 11]. Observe that this also means that T [7]
is the lexicographically-smallest occurrence of P [1]. We repeat the process, matching the
remaining characters P [1, 6] of P . As can be seen in Figure 1 characters P [1, 2] = CG match
(purple path starting below the root). Then, the path continues with A and the pattern
with P [3] = C. As done above, we binary search PDAπ = st-lex− looking for a sampled
text prefix being suffixed by P [1, 2] · P [3] = CGC. Now, only one sampled prefix matches:
T [1, 7], corresponding to an STPD path labeled with T [7, 11]. Observe that this means
that T [7] is the lexicographically-smallest occurrence of P [3] being preceded by P [1, 2]; in
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other words, T [7− 2, 7] = T [5, 7] is the lexicographically-smallest occurrence of P [1, 3]. We
therefore continue matching the remaining pattern’s suffix P [3, 6] on T [7, 11]. This time, the
whole pattern’s suffix matches, hence we are done. Since the last binary search returned the
sampled text’s prefix T [1, 7], and before running the search we already matched P [1, 2], we
return pattern occurrence T [7− 2, (7− 2) + |P | − 1] = T [5, 10] which, by construction of our
STPD and by the order-preserving property of π, is the lexicographically-smallest one (in
this example, also the only one).

Data structures and search algorithm. We show that, interestingly, a small modification
of the search algorithm of Suffixient Arrays [10] (see Appendix A in the full version [4])
allows locating the primary pattern occurrence on any order-preserving STPD. The search
algorithm is sketched in Example 27 and formalized in Algorithm 1. We need the following
data structures:

(i) A Range Minimum Data structure on π(PDAπ), requiring just O(|PDAπ|) bits and
answering queries in constant time. In Algorithm 1, this data structure allows finding
the arg min at Line 6 in constant time.

(ii) A data structure supporting suffix searches on the text’s prefixes {T [1, PDAπ[t]] : t ∈
[|PDAπ|]}. Given (i, j, c) ∈ [n]× [n]× Σ, sufsearch(i, j, c) returns the maximal range
[b, e] ⊆ [|PDAπ|] such that T [1, PDAπ[t]] is suffixed by T [i, j] · c for all t ∈ [b, e]. This
structure is used in Line 5 of Algorithm 1. We discuss different possible implementations
for this structure below.

(iii) A text oracle supporting random access on T . To speed up sufsearch we may also
require the oracle to support lce and/or fingerprinting queries on T (we obtain different
performance depending on which queries are available, read below).

Algorithm 1 Locating the primary pattern occurrence.

Input: Pattern P ∈ (Σ \ {$})m.
Output: Primary occurrence of P , i.e. position i ∈ [n] such that (1)

T [i, i + m− 1] = P and (2) i minimizes π(i) among all the occurrences of
P . If P does not occur in T , return NOT_FOUND.

1 i← π−1(1);
2 j ← 1 ; /* Invariant: P [1, j − 1] = T [i− j + 1, i− 1] minimizes π(i− j + 1) */
3 while j ≤ m do
4 if T [i] ̸= P [j] then
5 [b, e]← sufsearch(i− j + 1, i− 1, P [j]);
6 i′ ← arg mini′∈[b,e]{π(PDAπ[i′])};
7 i← PDAπ[i′];
8 i← i + 1; j ← j + 1;
9 if T [i−m, i− 1] = P then

10 return i−m;
11 else
12 return NOT_FOUND;

Complexity. As observed above, the arg min operation in Line 6 takes just O(1) time using
a Range Minimum data structure built over π(PDAπ). For the analysis of sufsearch(i, j, c),
we provide only the summarized result here due to space constraints. The detailed analysis
is available in the full version [4]. If we use binary search on PDAπ and a random access
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oracle on T that supports the extraction of ℓ contiguous text characters with O(1 + ℓ/B)
I/O complexity, then sufsearch(i, j, c) can be solved with O((1 + m/B) log n) I/O complexity.
If the random access oracle supports llce, this can be done in O(t · log |PDAπ|) ⊆ O(t log n)
time (respectively, I/O complexity), where t is the time complexity (respectively, I/O
complexity) of llce and random access queries. With z-fast tries [5, 9] built on the text
prefixes {T [1, i− 1] : i ∈ PDAπ ∧ T [i] = c} for each c ∈ Σ, we obtain the following:

▶ Lemma 28. Let T ∈ Σn be a text and π : [n] → [n] be an order-preserving permuta-
tion. Suppose we have access to an oracle supporting fingerprinting queries on T in O(h)
time (respectively, I/O complexity) and extraction of ℓ contiguous text characters in e(ℓ)
time (respectively, I/O complexity). Then, Algorithm 1 runs in O(d · h log m + e(m)) time
(respectively, I/O complexity), where d is the node depth of locus(P ) in the suffix tree of T .

▶ Lemma 29. Algorithm 1 is correct and complete.

Proof (Sketch). The invariant maintained by the while loop is: if P occurs in T , then
P [1, j − 1] = T [i− j + 1, i− 1] is the occurrence of P [1, j − 1] minimizing π(i− j + 1). ◀

2.2.2 Locating the secondary occurrences
We now describe how to locate the secondary occurrences. This subsection is devoted to
proving the following lemma.

▶ Lemma 30. Let T ∈ Σn be a text and π : [n]→ [n] be an order-preserving permutation.
Let P ∈ Σm occur in T . There exists a data structure that takes O(|PDAπ|) words of space
and that, given the primary occurrence of P , finds all the occ− 1 secondary occurrences in
O(occ · log |PDAπ|) ⊆ O(occ · log n) time (equivalently, I/O complexity).

We start by covering T with |PDAπ| (possibly overlapping) phrases (that is, substrings
of T ), as follows:

▶ Definition 31 (Phrase cover of T ). (Type-1 phrases) we associate phrase T [i] (one
character) to each position i ∈ [n] such that LPFπ[i] = 0.
(Type-2 phrases) We associate phrase T [i, i + LPFπ[i] − 1] to each irreducible LPFπ

position i such that LPFπ[i] > 0.

Observe that there are at most |PDAπ| type-2 phrases. By definition, our cover of T into
phrases satisfies the following properties:

▶ Remark 32. Any pattern occurrence T [i′, i′ + m − 1] crossing a type-1 phrase T [i] (i.e.
i ∈ [i′, i′ + m− 1]) is primary. To see this observe that, due to LPFπ[i] = 0, we know that
c = T [i] is the occurrence of c minimizing π(i), hence by the order-preserving property of π,
T [i′, i′ + m− 1] = P is the occurrence of P minimizing π(i′).

▶ Remark 33. For each secondary occurrence T [i′, i′ + m− 1], there exists a type-2 phrase
T [i, i + LPFπ[i]− 1] containing it, i.e. [i′, i′ + m− 1] ⊆ [i, i + LPFπ[i]− 1]. This immediately
follows from the definition of secondary occurrence.

Observe that each type-2 phrase is copied from another text position with a smaller π.
We formalize this fact as follows:

▶ Definition 34 (Phrase source). Let T [i, i + LPFπ[i] − 1] be a type-2 phrase. We define
SRC[i] = j to be any position j with π(j) < π(i) and T [i, i+LPFπ[i]−1] = T [j, j+LPFπ[i]−1].
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i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

T [i] a b a a b b a a b a a b a a a b a b a b $
LPF[i] 0 0 1 2 1 4 3 5 6 5 4 3 2 4 3 2 4 3 2 1 0

SRC[i] − − 1 1 2 1 6 7 15 −
I1 3

I2 4 5

I3 6 7 8 9

I4 8 9 10 11 12

I5 9 10 11 12 13 14

I6 14 15 16 17

I7 17 18 19 20

Figure 2 Consider this particular string T and take π = id to be the identity function. Then,
LPFπ = LPF is the classic Longest Previous Factor array. In the third line, we put in boxes the
irreducible LPF positions i such that LPF[i] > 0; these are the beginnings of our phrases (7 phrases
in total). In Lines I1 – I7 in the figure, we show each type-2 phrase’s source as an interval containing
the phrase’s positions, colored according to its reducible prefix (in blue) and the remaining suffix (in
red). Boxes show how the occurrences of string ba intersect the phrases’ sources; the box is blue
when the occurrence intersects (the source of) the phrase’s reducible prefix, red otherwise. Only
occurrences in a blue box trigger the location of further secondary occurrences.

We also use the fact that each phrase can be split into a prefix containing strictly
decreasing LPFπ values and the remaining suffix. This will play a crucial role in our locating
algorithm, as it will allow us to report each secondary occurrence exactly once.

▶ Definition 35 (Reducible prefix). Let T [i, i + LPFπ[i]−1] be a type-2 phrase. The reducible
prefix of T [i, i + LPFπ[i]− 1] is its longest prefix T [i, i + ℓi − 1], with 1 ≤ ℓi ≤ LPFπ[i], such
that LPFπ[j] = LPFπ[j − 1]− 1 for each j ∈ [i + 1, i + ℓi − 1].

▶ Remark 36. All LPFπ positions in [i + 1, i + ℓi − 1] are reducible (that is, not irreducible).
The idea to locate secondary occurrences, is to associate every type-2 phrase T [i, i +

LPFπ[i]− 1] with a 2-dimensional rectangle whose coordinates reflect the source of the whole
phrase and of its reducible prefix:

▶ Definition 37 (Rectangle associated with a type-2 phrase). Let T [i, i+LPFπ[i]−1] be a type-2
phrase, si = SRC[i] be its source, and ℓi be the length of its reducible prefix. We associate with
T [i, i + LPFπ[i]− 1] the 2-dimensional rectangle [si, si + ℓi− 1]× [si, si + LPFπ[i]− 1] ⊆ [n]2,
and label it with position i.

▶ Example 38. In the running example of Figure 2, consider the phrase T [9, 14], let
s9 = SRC[9] = 6 be its source, and ℓ9 = 5 be the length of its reducible prefix. This phrase
is associated with rectangle [s9, s9 + ℓ9 − 1]× [s9, s9 + LPF[9]− 1] = [6, 10]× [6, 11].

Our locating algorithm relies on the following well-known data structure result on the
orthogonal point enclosure problem:

▶ Lemma 39 (Orthogonal point enclosure, [11, Theorem 6]). Let R be a collection of axis-
parallel two-dimensional rectangles in [n]2. There exists an O(|R|)-space data structure
supporting the following query: given a point (x, y), find all rectangles [a, b] × [c, d] ∈ R
containing (x, y), i.e. such that x ∈ [a, b] and y ∈ [c, d]. The query is answered in O(log |R|+k)
time, where k is the number of returned rectangles.

Let R be the set of rectangles in Definition 37. As noted above, |R| ≤ |PDAπ|. We build
the data structure of Lemma 39 on R. The structure uses O(|PDAπ|) words of space and
answers orthogonal point enclosure queries in O(log |PDAπ|+ k) ⊆ O(log n + k) time.
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Locating algorithm. Let T [j, j + m− 1] = P be the primary occurrence of P , found with
Algorithm 1. To locate the secondary occurrences, initialize a stack Q← {j}. While Q is
not empty:
1. Pop an element x from Q and report pattern occurrence x.
2. Locate all rectangles in R containing point (x, x + m− 1). For each retrieved rectangle

[si, si + ℓi − 1]× [si, si + LPFπ[i]− 1] labeled with position i, push i + x− si in Q.

Analysis. Due to space constraints, we defer the detailed analysis to the full version [4].
The time complexity can be derived from the observation that no occurrence is pushed more
than once into the stack. Combining this with Lemmas 28, 29, and 30 we obtain:

▶ Theorem 40. Let T ∈ Σn be a text and π : [n]→ [n] be an order-preserving permutation.
Suppose we have access to an oracle supporting fingerprinting queries on T in O(h) time
(respectively, I/O complexity) and the extraction of ℓ contiguous characters of T in e(ℓ) time
(respectively, I/O complexity). Then, there exists a data structure taking O(|PDAπ|) words
of space on top of the oracle and able to report the occ occurrences of any pattern P ∈ Σm in
O(d ·h log m + e(m) + occ · log |PDAπ|) ⊆ O(d ·h log m + e(m) + occ · log n) time (respectively,
I/O complexity), where d is the node depth of locus(P ) in the suffix tree of T .

For example, using the text oracle of Prezza [42], the I/O complexity of Theorem 40
becomes O(d log m + m/B + occ · log n). The resulting index uses O(|PDAπ|) memory words
on top of the oracle of n log σ + O(log n) bits.

2.3 Colexicographic rank (st-colex): smaller-space I/O-efficient pattern
matching

We now move to the particular case π = IPA, for which the algorithm described in the
previous section can be simplified, leading to a very space-efficient and fast implementation.

Figure 3 depicts the STPD obtained by choosing π = IPA to be the Inverse Prefix Array.
We denote with st-colex− = PDAπ the path decomposition array associated with this
permutation π. Similarly, st-colex+ denotes the path decomposition array associated with
the dual permutation π̄(i) = n− IPA[i] + 1. The following properties hold:

▶ Lemma 41. Let T ∈ Σn be a text. The permutations π, π̄ defined as π(i) = IPA[i] and
π̄(i) = n− IPA[i] + 1 for i ∈ [n] are order-preserving for T . Furthermore, |st-colex−| ≤ r̄

and |st-colex+| ≤ r̄ hold.

We now show how to locate the pattern’s occurrences with st-colex−. In this section,
we assume a text oracle supporting the extraction of ℓ contiguous text characters with
O(1 + ℓ/B) I/O complexity.

2.3.1 Finding the primary occurrence
For the particular order-preserving permutation π = IPA used in this section, the primary
occurrence P = T [i, j] of P is the one for which the text prefix T [1, j] is the colexicographically-
smallest being suffixed by P .

We use Algorithm 1 to locate the primary occurrence. Since π = IPA (colexicographic
rank) and PDAπ = st-colex− is sorted colexicographically, observe that π(PDAπ) =
π(st-colex−) is increasing. This means that, in Line 6 of Algorithm 1, it always holds
arg mini′∈[b,e]{π(PDAπ[i′])} = b and therefore we do not need a Range Minimum Data
structure over π(st-colex−).

By implementing sufsearch() by binary search and random access, we obtain:
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Figure 3 Example of the STPD obtained by taking π = IPA = [2, 3, 6, 9, 7, 10, 8, 11, 5, 4, 1]. Paths
T [j, n] are colored according to the color of j ∈ st-colex−.

▶ Lemma 42. Let T ∈ Σn be a text, and fix π = IPA. Suppose we have a text oracle supporting
extraction of ℓ contiguous characters with O(1+ℓ/B) I/O complexity. Algorithm 1 requires just
array st-colex−, fitting in |st-colex−| ≤ r̄ words, on top of the text oracle and locates the
primary occurrence of P ∈ Σm with O(d log |st-colex−| · (1+m/B)) ⊆ O(d log r̄ · (1+m/B))
I/O complexity, where d is the node depth of locus(P ) in the suffix tree of T .

2.3.2 Locating the secondary occurrences
Due to space constraints, here we describe only the outlines of how to locate secondary
occurrences. The full description can be found in the full version [4]. Briefly speaking, we
can exploit the locating mechanism of the r-index [21], with minor modifications. Differently
from the toehold lemma of the r-index, Algorithm 1 only allows to compute PA[b] (not
occ). If we use both st-colex− and st-colex+, we can apply ϕ̄ repeatedly starting from the
primary occurrence for st-colex− until we reach that for st-colex+, this will be exactly
occ− 1 applications of ϕ̄. On the other hand, we can compute the number occurrences using
just st-colex−. We can find i ≥ 1 such that (i− 1)⌈m/B⌉ ≤ occ < i⌈m/B⌉ by applying ϕ̄

recursively and comparing the text with the pattern for every ⌈m/B⌉ applications. Then,
we perform binary search to find occ. As far as the I/O complexity is concerned, the cost
of the first phase is O((1 + occ/⌈m/B⌉) · (1 + m/B)) ⊆ O(1 + occ + m/B), and that of the
second binary search phase is O((1 + m/B) · log⌈m/B⌉) ⊆ O((1 + m/B)⌈log(1 + m/B)⌉).

2.3.3 Putting everything together
Locating the occ− 1 secondary occurrences of P costs O((1 + m/B)⌈log(1 + m/B)⌉+ occ)
I/O complexity and requires O(1 + m/B) words of memory on top of the index at query
time. Combining this with Lemma 42, we obtain:

▶ Theorem 43. Let T ∈ Σn be a text. Assume we have access to a text oracle supporting
the extraction of ℓ contiguous characters of T with O(1 + ℓ/B) I/O complexity. Our data
structure locates all the occ occurrences of P ∈ Σm with I/O complexity

O ((d log r̄ + log(1 + m/B)) · (1 + m/B) + occ + log log(n/r̄))

and uses O(r̄) memory words on top of the oracle. At query time, O(m/B) further memory
words are used.
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Observe that the extra O(m/B) memory words of space are negligible; most compressed
indexes explicitly store (and/or receive as input) the full pattern at query time anyways, in
O(m) words. The remaining O(r̄) words of space are spent to store array st-colex− (at
most |st-colex−| ≤ r̄ words) and Nishimoto and Tabei’s data structure [41] storing function
ϕ̄ (less than 2r̄ words using the optimized implementation of [7]).

2.4 Identity (st-pos): leftmost pattern occurrence
Another notable STPD is obtained by using the identity function π(i) = i, trivially satisfying
the order-preserving property of Definition 5. We call the corresponding path decomposition
array st-pos−. Similarly, st-pos+ is the path decomposition array associated with the dual
permutation π̄(i) = n− i + 1.

The size of st-pos− is equal to the number of irreducible values in the Longest Previous
Factor array LPF, a new interesting repetitiveness measure that, to the best of our knowledge,
has never been studied before. While we could not prove a theoretical bound for |st-pos−|
and |st-pos+| in term of known repetitiveness measures, below we show that these measures
are worst-case optimal, meaning that for every p ≥ 1 we exhibit a family of strings with
p = Θ(|st-pos−|) requiring O(p) words to be stored in the worst case.

▶ Theorem 44. For any integers n ≥ 1 and p ∈ [n], there exists a family F of
(

n
p

)
strings over

an alphabet of size p+1 such that for every string S ∈ F it holds that |st-pos−(S)| = p+1 and
|S| ≤ np. In particular, no compressor can compress every individual S ∈ F in asymptotically
less than log2

(
n
p

)
= p log(n/p) + Θ(p) bits. The same holds for |st-pos+|.

Proof (Sketch). Consider any integer set {x1 > x2 > · · · > xp} ⊆ [n]. Encode the set
as the string S = 0x1 · 1 · 0x2 · 2 · · · 0xp · p. Then |st-pos−(S)| = p + 1. Fix n ≥ 1 and
p ∈ [n]. Then, the family Fn,p of such strings contains

(
n
p

)
elements. The proof for st-pos+

is symmetric. ◀

Theorem 44 proves that p = Θ(|st-pos−|) words of space are essentially worst-case
optimal as a function of n and p to compress the string (the same holds for p = |st-pos+|).
This result is similar to that obtained in [28] for the repetitiveness measure δ. Since by
Theorem 14, O(|st-pos−| log |S|) bits (in the theorem above, O(p log(np)) = O(p log n) bits)
are also sufficient to compress S (the same holds for |st-pos+|), this indicates that |st-pos−|
and |st-pos+| are two meaningful repetitiveness measures.

We conclude this section with the following discussion. More detailed explanations can
be found in the full version [4].

Application to taxonomic classification of DNA fragments. The taxonomic
classifiers Kraken [50] and Kraken 2 [49] index the genomes in a given phylogenetic tree
such that, given a pattern, they can map each substring of fixed length k to the root of
the smallest subtree of the phylogenetic tree containing all the genomes containing that
substring. A bottleneck is finding the leftmost and rightmost such genomes, which can
now be efficiently done using our st-pos− and st-pos+.
Relation to Ukkonen’s suffix tree construction algorithm. Ukkonen’s al-
gorithm [47] builds the suffix tree by inserting the suffixes from the longest (T [1, n]) to
the shortest (T [n, n]). Instead of inserting exactly one suffix (leaf) per iteration like
McCreight’s algorithm [36], it inserts a variable number (possibly none) of leaf nodes per
iteration. |st-pos−| can be interpreted as the number of iterations that insert at least
one leaf.
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Relation with PPM∗. Prediction by Partial Matching with unbounded context (PPM∗)
is a popular and effective compression algorithm that encodes each text’s symbol T [j] = c

according to the probability distribution of characters following the longest context
T [i′, j − 1] = α preceding it that already occurred before in the text followed by c. In
the simple version of PPM∗ [15], when all previous occurrences of α are never followed
by c, the algorithm outputs a special escape symbol ⊥ followed by character c. Then,
|st-pos−| is upper-bounded by the number of occurrences of ⊥ output by this algorithm.

3 Preliminary experimental results

Comparison with other repetitiveness measures. Table 1 compares the sizes (number
of samples) of the three notable suffix tree path decompositions discussed in this paper
with existing repetitiveness measures on three repetitive datasets downloaded from https:
//pizzachili.dcc.uchile.cl/repcorpus.html. Interestingly, on these datasets our new
repetitiveness measures are consistently smaller than the smallest suffixient set size (χ) and
the number of runs in the Burrows-Wheeler transform of the text (r) and its reverse (r̄).

Table 1 Experimental evaluation of Path Decomposition Array sizes on repetitive strings. All
numbers are in millions.

Data n |st-lex−| |st-colex−| |st-pos−| χ r r̄

Influenza 154.808 1.815 1.805 1.928 2.225 3.022 3.018
Cere 461.286 7.455 7.455 8.954 9.921 11.574 11.575
Escherichia 112.689 9.817 9.825 11.677 13.119 15.044 15.045

Compressed index. We implemented an optimized prototype of our st-colex− index
(Section 2.3) in C++ to evaluate its performance against the state-of-the-art: the r-index
[21], move-r [7], the suffixient array [10] and the suffix array. We used an ad-hoc
implementation of Relative Lempel Ziv [30] for the random access oracle in our index.
The evaluation focused on space usage and the efficiency of locating one or all pattern
occurrences in repetitive genomic data. See the full version of this paper [4] for the detailed
implementation choices and experimental results.

Experiments were conducted on an Intel(R) Xeon(R) W-2245 CPU @ 3.90GHz workstation
with 8 cores and 128 gigabytes of RAM running Ubuntu 18.04 LTS 64-bit. The input text
consisted of 19 variants of Human chromosome 19 (total length n ≈ 109) downloaded
from https://github.com/koeppl/phoni. We extracted 105 patterns of variable length
(m = 15, 150, 1500) from random locations in the text. For each pattern, we measured the
resources (peak memory and running time) used by all the indexes while finding one pattern
occurrence and locating all pattern occurrences.

In our experiments, our st-colex index was always smaller than the r-index, about
four times smaller than move-r, and orders of magnitude smaller than the suffix array. It
was moreover always slightly smaller than the suffixient array. Our index was always
orders of magnitude faster than the r-index on the task of locating one pattern occurrence,
and even faster than the suffix array. It was also one order of magnitude faster than
move-r on long patterns (m ≥ 150), and slightly faster on small patterns. As far as locating
all pattern occurrences was concerned, we observed similar performance as discussed above
for long patterns (m ≥ 150), due to the small number of reported occurrences per pattern
(occ ≤ 17.2 on average on those pattern lengths). On shorter patterns (m = 15), the number
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of reported pattern occurrences was much larger (occ = 6911.6 on average), and, as expected,
our index was slightly slower than move-r, slower than the suffix array by an order of
magnitude, and slightly faster than the r-index.
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