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 A B S T R A C T

Martensitic transformation (MT) is a rapid displacive process characterized by lattice re-
configuration and transformation strain. While MT is commonly analyzed under quasi-static 
mechanical equilibrium assumptions, the abrupt lattice distortion inherent to the transformation 
acts as a dynamic mechanical source that emits transient stress waves. The role of these 
elastodynamic fields in regulating subsequent phase evolution in polycrystalline solids remains 
insufficiently understood. In this work, we develop a fully coupled phase-field-elastodynamic 
framework that integrates phase kinetics with explicit wave propagation resolved through 
a high-order orthogonal polynomial approximation. Within this formulation, transformation 
strains generate stress waves that propagate across grains and continuously reshape the local 
mechanical driving forces. The simulation results demonstrate that, compared with quasi-static 
conditions, inertia significantly alters the distribution of mechanical energy, thereby influencing 
nucleation behavior and variant growth dynamics. In polycrystalline systems, the phase-field-
elastodynamic model reproduces key microstructural features, including spatially alternating 
variant arrangements, block partitioning within grains, and characteristic variant width and 
growth directions. The results obtained with inertia effects are in close agreement with 
theoretical predictions and experimental observations. These findings extend the conventional 
understanding of MT in polycrystalline materials.

. Introduction

Martensitic transformation (MT) is a diffusionless, displacive phase transition central to the functional response of high-strength 
teels (Gong et al., 2025; Jiang et al., 2025; Wang et al., 2024; Yin et al., 2024) and shape memory alloys (Li et al., 2022, 2023; Zhang 
t al., 2023). In polycrystalline systems, martensitic nucleation preferentially occurs at stress concentrators, such as defects and grain 
oundaries (GB), and propagates via cooperative lattice shear, transforming austenite into martensite (Chen et al., 2024; Guo et al., 
024; P. Li et al., 2024). The associated transformation strain induces significant internal stresses and radiates transient mechanical 
aves, notably during the face-centered cubic (FCC) to body-centered cubic (BCC) transformation in steels (Chen et al., 2023; 
ehnert et al., 2021) and the B2 to B19′ and FCC to hexagonal close-packed (HCP) transformations in shape memory alloys (Asmaa 
t al., 2025; Nataf et al., 2020; Weidner et al., 2021). Blaysat et al. (2020)  reported that bursts of acoustic emission arise from the 
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transformation strain during MT, linked to the nucleation of phase domains and the advance of phase fronts. Lehnert et al. (2024) 
captured acoustic emission signals arising from the FCC to BCC MT using a broadband piezo sensor. Park et al. (2009) reported that 
the martensitic growth from FCC to BCC was completed within 100 ps for grains with a characteristic length scale of (10 nm), as 
observed using 4D electron microscopy. Using a nanosecond laser pulse and synchrotron diffraction, Schwabe et al. (2022) observed 
that the thermoelastic martensite-to-austenite transformation completed within 10 ns, and at least 80% of austenite transformed 
to martensite within 200 ns, with heat-dissipation constraints likely masking an even faster intrinsic rate. These experimentally 
observed acoustic bursts indicate that mechanical waves are intrinsically coupled with transformation kinetics. However, how these 
transformation generated stress waves subsequently influence martensitic nucleation, growth and variant selection has remained 
unclear.

Conventional understanding of MT emphasizes quasi-static driving forces arising from thermal undercooling and applied 
stress (Arohi et al., 2024; J. Liu et al., 2021; Yang et al., 2024). Qian et al. (2024) reported a stress-induced MT with an ultralow 
critical stress, aimed at biomedical applications. Tyc et al. (2024) investigated how applied stress affects the MT and the resulting 
superelastic behavior. Zhou et al. (2023) examined an atypical stress-induced MT and its plasticity implications.

Recent studies have reported MTs induced by laser shocks (Gong et al., 2023; Lian et al., 2021; Xiao et al., 2025), ultrasonic 
impact (Ghasemi & Vanini, 2023; Sebdani et al., 2024; Su et al., 2024), plate impact (Hong et al., 2024; Jiao et al., 2023; Zhang et al., 
2024), and terahertz-driven coherent lattice waves (Nagai et al., 2023; Zhou et al., 2021). However, these works primarily examine 
externally applied excitations. By contrast, stress waves generated almost instantaneously upon nucleation due to the abrupt lattice 
distortion, potent and transient mechanical pulses that propagate through the microstructure at the speed of sound, have received 
comparatively little attention. Although the roles of local stress states (Niessen et al., 2022; Zhang et al., 2025; Z. Zhang et al., 2023), 
crystallographic orientation (Liu & Wu, 2024; Sun et al., 2026; J. Wang et al., 2021), and GB constraints (Bauer et al., 2021; Li et al., 
2024; Shimokawa et al., 2024) in polycrystals are well established, their coupled interaction with transformation-generated stress 
waves, and the resulting feedback on transformation kinetics, remain insufficiently understood. Such waves can interact with the 
surrounding austenite, perturb ongoing transformation fronts, and trigger new nucleation at microstructural interfaces (e.g., GB), 
pointing to a dynamic interaction between mechanics and transformation that complements conventional views of MT.

Because stress waves exhibit intrinsic spatiotemporal complexity and simulating phase evolution is computationally demanding, 
capturing the dynamic coupling between rapid wave propagation and phase evolution remains challenging. Phase-field modeling 
is robust and widely developed for MT (Dong et al., 2023; Ohmer et al., 2022; Xiong et al., 2022) and powerful for describing 
microstructural evolution and interfacial dynamics (Ansari et al., 2021; Lu et al., 2023; Montes de Oca Zapiain et al., 2021). 
Traditionally, however, it relies on quasi-static or inertia-free mechanical-equilibrium assumptions (Liu et al., 2023; Rezaee-Hajidehi 
et al., 2022; Tang & Miao, 2024; Zambrano et al., 2024; T. Zhang et al., 2023), which suppress elastodynamic effects. In recent 
years, phase-field frameworks have been advanced to probe the coupling between stress waves and phase transformations, and to 
model dynamic crack propagation (Kannenberg et al., 2024; Schneider et al., 2016; Schöller et al., 2022). Using a weak-form finite-
element discretization with explicit time integration, Yao et al. (2024) examined how dynamic plasticity modulates phase-transition 
kinetics. With a first-order discontinuous Galerkin (DG) method to resolve elastic waves, Weinberg and Wieners (2022) investigated 
the initiation and evolution of dynamic fracture within a phase-field setting. Building on a space–time potential formulation and 
a time-discontinuous Galerkin scheme, Feutang et al. (2025) simulated the propagation of brittle cracks in an isotropic and elastic 
solid under dynamic loading. By coupling a phase-field perturbation model with Bloch–Floquet periodic boundary conditions, Zheng 
et al. (2025) elucidated the influence of 90◦ diffuse domain walls on Lamb-wave propagation in ferroelectric thin films.

In this work, we formulate a fully coupled phase-field-elastodynamic framework to resolve the dynamic interaction between 
transformation-strain-induced stress waves and stress-wave-driven MT in polycrystalline solids. By treating the transformation strain 
as a distributed mechanical source, the model captures both wave generation and wave-mediated modulation of phase kinetics in 
a unified manner. This approach enables the investigate of MT process in polycrystalline systems explicitly accounting for inertia 
effects. The simulation results show that elastodynamic effects do not merely accompany MT, but actively govern its spatiotemporal 
evolution in polycrystals. Compared with quasi-static simulations, inertia alters the distribution of mechanical energy, thereby 
influencing nucleation and variant distribution patterns. These findings extend conventional views of MT in polycrystals.

2. Methods

In this section, we provide a brief overview of the numerical methods, including the phase-field model for phase evolution 
(Section 2.1), the elastodynamic mechanical formulation (Section 2.2) and the quasi-static mechanical formulation (Section 2.3).

2.1. Phase-field model

In a multiphase system, the 𝑁-tuple 𝝓 = {𝜙𝛼 , 𝜙𝛽 ,… , 𝜙𝑁} is introduced as the set of order parameters, where 𝜙𝛼 represents the 
local volume fraction of phase 𝛼. Specifically, 𝜙𝛼 = 1 in the bulk regions of phase 𝛼 and 𝜙𝛼 = 0 in the bulk regions of all other 
phases, whereas 0 < 𝜙𝛼 < 1 in diffuse interface regions involving phase 𝛼. The Gibbs simplex constraint, ∑𝑁

𝛼 𝜙𝛼 = 1 with 0 ≤ 𝜙𝛼 ≤ 1, 
is enforced through projection to ensure that the order parameters retain their physical meaning as local phase fractions (Daubner 
et al., 2023). Thus, the Ginzburg–Landau free energy functional  over the domain 𝑉  can be expressed as the sum of the interfacial 
contribution   and the bulk contribution   (Ginzburg & Landau, 2009):
intf bulk
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 = ∫𝑉

(

𝜖𝑎(∇𝝓) + 1
𝜖
𝜔(𝝓)

)

d𝑉
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

intf

+∫𝑉

(

𝑓chem(𝝓) + 𝑓mech(𝝓, 𝜺, 𝒗)
)

d𝑉
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

bulk

, (1)

where 𝜖 is the interface width parameter.
The gradient energy density is defined as Cahn and Hilliard (1958): 

𝑎 (∇𝝓) = −
∑

𝛼,𝛽>𝛼
𝛾𝛼𝛽∇𝜙𝛼 ⋅ ∇𝜙𝛽 , (2)

with 𝛾𝛼𝛽 denoting the interfacial energy between phases 𝛼 and 𝛽.
The potential energy density is given by Cahn and Hilliard (1958): 

𝜔 (𝝓) = 16
𝜋2

∑

𝛼,𝛽>𝛼
𝛾𝛼𝛽𝜙𝛼𝜙𝛽 . (3)

Let 𝑓 𝛼
chem denote the bulk chemical potential of phase 𝛼, which is constant at a fixed temperature, and let ℎ(𝜙𝛼) = 𝜙𝛼 be an 

interpolation function satisfying: 
∑

𝛼
ℎ(𝜙𝛼) = 1 0 ≤ ℎ(𝜙𝛼) ≤ 1. (4)

The chemical energy density is then: 
𝑓chem(𝝓) =

∑

𝛼
𝑓 𝛼
chemℎ(𝜙𝛼). (5)

Assuming 𝜺 denotes the strain tensor in Voigt notation and 𝒗 the material particle velocity vector, the mechanical energy density 
𝑓mech(𝝓, 𝜺, 𝒗) in Eq. (1) consists of two contributions, the elastic energy density 𝑓𝜀(𝝓, 𝜺) and the kinetic energy density 𝑓𝑣(𝝓, 𝒗): 

𝑓mech(𝝓, 𝜺, 𝒗) =
∑

𝛼
𝑓 𝛼
𝜀 (𝜺

𝛼)ℎ(𝜙𝛼)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑓𝜀(𝝓,𝜺)

+
∑

𝛼
𝑓 𝛼
𝑣 (𝒗

𝛼)ℎ(𝜙𝛼)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑓𝑣(𝝓,𝒗)

. (6)

Suppose 𝐿𝛼𝛽 denotes the mobility of the 𝛼-𝛽 interface. For each computational cell with 𝑁̃ active phases, the phase evolution of 
𝜙𝛼 is governed by the following equation (Steinbach, 2009): 

𝜕𝜙𝛼
𝜕𝑡

= − 1
𝑁̃

𝑁̃
∑

𝛽=1
𝛽≠𝛼

𝐿𝛼𝛽

[

𝛿intf
𝛿𝜙𝛼

−
𝛿intf
𝛿𝜙𝛽

+
8
√

𝜙𝛼𝜙𝛽

𝜋

(

𝛿bulk
𝛿𝜙𝛼

−
𝛿bulk
𝛿𝜙𝛽

)

+ 𝜖𝛥𝑎̂𝛼𝛽

]

+ 𝜁𝛼 , (7)

where 
𝛿𝑖𝑛𝑡𝑓

𝛿𝜙𝛼
=
(

𝜕
𝜕𝜙𝛼

− ∇ ⋅
𝜕

𝜕∇𝜙𝛼

)

(

𝜖𝑎 (𝛁𝝓) + 1
𝜖
𝜔 (𝝓)

)

, (8)

is the variational derivative of the interfacial free energy functional 𝑖𝑛𝑡𝑓 .
For non-curvature-driven phenomena such as MT, the influence of curvature 𝜅 = ∇ ⋅

(

∇𝜙𝛼∕ ||∇𝜙𝛼
|

|

) should be minimized. To 
achieve this, an additional term 𝜖𝛥𝑎̂𝛼𝛽 is incorporated into the evolution equation, whereby the curvature contribution ||∇𝜙𝛼

|

|

𝜅 is 
subtracted from the variational derivative of the gradient energy density (Schoof, 2021; Selzer, 2014): 

𝛥𝑎̂𝛼𝛽 = 𝛾𝑐𝛼
(

∇2𝜙𝛼 − |∇𝜙𝛼|𝜅
)

. (9)

To ensure a consistent interplay between the gradient and potential energy densities, the interfacial energy in Eq. (3) is modified 
as follows: 

𝛾̂𝛼𝛽 = 𝛾𝛼𝛽 + 𝛾𝑐𝛼 . (10)

A condition of 𝛾𝑐𝛼 ≫ 𝛾𝛼𝛽 is required to establish a sufficient energy barrier between austenite and martensite, thereby stabilizing the 
diffuse interface under undercooling conditions (Chen et al., 2014; Schoof et al., 2018). It is worth noting that Eqs.  (9) and (10) do 
not introduce any additional energetic contributions to the equilibrium state.

To enable the nucleation and growth of new martensitic variants, a seeding term 𝜁𝛼 with amplitude 𝐴𝜁  is introduced at the 
interfaces: 

𝜁𝛼 =

⎧

⎪

⎨

⎪

⎩

∑

𝛽,𝜂>𝛽
𝜙𝛽𝜙𝜂𝐴𝜁 (𝑡 mod 𝑡𝜁 = 0 and 𝜙𝛼 = 0)

0 (otherwise),
(11)

where 𝑡𝜁  is the time interval for the application of seeding. It is noted that the seeding term 𝜁𝛼 is applied only when 𝜙𝛼 = 0, 
thereby enabling Eq. (7) to be activated for phase 𝛼 in the subsequent time step. This is necessary because the evolution equation 
3 



X. Liu et al. International Journal of Engineering Science 228 (2026) 104626 
is evaluated only for active phases at the interface. Unlike conventional Langevin-type thermal noise, which is commonly used to 
introduce stochastic fluctuations and is particularly suitable for studying thermally activated and statistically distributed nucleation 
events, Eq. (11) is employed as a deterministic seeding term. It introduces only a tiny fraction of new phases at diffuse interfaces 
in a controlled and reproducible manner, allowing the subsequent mechanically driven nucleation and evolution to be investigated 
and compared. To ensure that the nucleation and growth of martensitic variants are governed by the underlying energetics rather 
than numerical artifacts, the amplitude 𝐴𝜁  must be sufficiently small, while the time interval 𝑡𝜁  must be sufficiently large. Under 
this condition, the phase perturbations introduced by the seeding term 𝜁𝛼 decay if the formation of the corresponding martensitic 
variants is not energetically favorable. A more detailed quantitative sensitivity analysis with respect to the amplitude 𝐴𝜁  and time 
interval 𝑡𝜁  is provided in Section 3.1.

By discretizing the computational domain into cubic cells on an equidistant grid, Eq. (7) is solved using a finite difference 
algorithm. The explicit Euler method is employed for time integration, in which the order parameters are updated using their 
spatially discretized values from the previous time step. To ensure numerical stability of this explicit scheme, the time step size 
𝛥𝑡 is chosen according to a Courant–Friedrichs–Lewy (CFL) type stability condition (Courant et al., 1928). Accordingly, 𝛥𝑡 must be 
sufficiently small to resolve the interface evolution and to prevent changes in the order parameters from advancing over more than 
one computational cell within a single time step.

After the phase field is updated at each time step, the corresponding mechanical calculations are performed using the same 
uniform spatial grid and time step 𝛥𝑡. Therefore, the spatial and temporal discretizations introduced here are used consistently in 
the subsequent dynamic and static mechanical calculations and are not redefined in the following sections.

2.2. Elastodynamic mechanical formulation

This section presents the high-order DG method for stress-wave propagation (Section 2.2.1) and the formulation of transformation-
strain-induced stress and velocity fields (Section 2.2.2) in the dynamic computations.

2.2.1. Governing equations for stress wave propagation
The governing equations for mechanical wave propagation, expressed in terms of the Voigt-vector representation of the stress 

tensor 𝝈V and the velocity vector 𝒗, are given as Dumbser and Käser (2006) and Käser and Dumbser (2006): 

𝒘̇ = 𝑪1 𝜕𝒘
𝜕𝑥1

+ 𝑪2 𝜕𝒘
𝜕𝑥2

+ 𝑪3 𝜕𝒘
𝜕𝑥3

+ 𝒔, (12)

where 𝒘̇ = 𝜕𝒘∕𝜕𝑡 and 𝒘 = {𝝈V, 𝒗}𝖳, the coefficient matrices 𝑪 𝑖 (𝑖 = 1, 2, 3) are determined by the effective stiffness tensor and the 
effective density as given in Appendix, 𝒙 = {𝑥1, 𝑥2, 𝑥3}𝖳 denotes the Cartesian coordinate system, and 𝒔 represents the source term. 
It is worth noting that the stress–velocity form of mechanical wave governing equation, i.e., Eq. (12), is a first-order formulation 
equivalent to the conventional displacement-based wave equation together with the standard constitutive relation.

To ensure numerical accuracy in mechanical fields with complex temporal and spatial variations, each component of 𝒘, 
i.e., 𝑤𝑖 (𝑖 = 1, 2,… , 9), is approximated using orthogonal polynomials as: 

𝑤𝑖(𝒙, 𝑡) =
∑

𝑗,𝑘,𝑙≥0
𝑗+𝑘+𝑙≤𝑞

𝑐𝑗𝑘𝑙𝑖 (𝑡)𝑝𝑗 (𝑥1)𝑝𝑘(𝑥2)𝑝𝑙(𝑥3), (13)

where 𝑐𝑗𝑘𝑙𝑖 (𝑡) denotes the unknown coefficients at each time step, and 𝑝𝑗 (𝑥) are orthogonal polynomials satisfying: 

∫

𝑥𝑒

𝑥𝑠
𝑝𝑗 (𝑥)𝑝𝑘(𝑥)d𝑥 =

{

1 (𝑗 = 𝑘)
0 (𝑗 ≠ 𝑘),

(14)

within each computational cell bounded by [𝑥𝑠, 𝑥𝑒]. Previous studies have demonstrated that high numerical accuracy and stability 
of the mechanical fields can be achieved with a polynomial order of 𝑞 = 3 (Delcourte & Glinsky, 2015; X. Liu et al., 2021; Wilcox 
et al., 2010). Accordingly, the orthogonal polynomials 𝑝(𝑥) are constructed as: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑝0(𝑥) = 1
𝑝1(𝑥) = 𝑥 − 1

2 (𝑥𝑠 + 𝑥𝑒)
𝑝2(𝑥) = 𝑥2 − (𝑥𝑠 + 𝑥𝑒)𝑥 + 1

6 (𝑥
2
𝑠 + 𝑥2𝑒 + 4𝑥𝑠𝑥𝑒)

𝑝3(𝑥) = 𝑥3 − 3
2 (𝑥𝑠 + 𝑥𝑒)𝑥2 +

3
5 (𝑥

2
𝑠 + 𝑥2𝑒 + 3𝑥𝑠𝑥𝑒)𝑥 − 1

20 (𝑥𝑠 + 𝑥𝑒)(𝑥2𝑠 + 𝑥2𝑒 + 8𝑥𝑠𝑥𝑒).

(15)

With these high-order orthogonal polynomials, the weak form of Eq. (12) is explicitly solved at each time step for each cell over the 
entire computational domain, including both bulk and diffuse interface regions. As a result, the coefficient 𝑐𝑖𝑗𝑘 for 𝑤  is calculated 
𝑖 𝑖

4 
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as Käser and Dumbser (2006) and X. Liu et al. (2021): 
𝑐𝑗𝑘𝑙𝑖 (𝑡 + 𝛥𝑡) = 𝑐𝑗𝑘𝑙𝑖 (𝑡)+

𝛥𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
2 ∫𝑆

3
∑

𝑚=1

⎛

⎜

⎜

⎜

⎝

(𝐶𝑚
𝑖𝑛 −𝐷𝑚

𝑖𝑛)

⎛

⎜

⎜

⎜

⎝

∑

𝑎,𝑏,𝑒≥0
𝑎+𝑏+𝑒≤𝑞

𝑐𝑎𝑏𝑒𝑛 (𝑡)𝑝𝑎(𝑥1)𝑝𝑏(𝑥2)𝑝𝑒(𝑥3)

⎞

⎟

⎟

⎟

⎠

𝑝𝑗 (𝑥1)𝑝𝑘(𝑥2)𝑝𝑙(𝑥3)

⎞

⎟

⎟

⎟

⎠

d𝑆

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
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where 𝑆 and 𝑉  denote the surface and volume of the current computational cell, respectively, and 𝑐𝑎𝑏𝑒,𝑆𝑛 (𝑡) is the expansion 
coefficient of the neighboring cell sharing the surface 𝑆 with the current cell. 𝐷𝑚

𝑖𝑛 is the element of the matrix 𝑫𝑚 = 𝑮𝑚𝑯𝑚(𝑮𝑚)𝖳, 
with 𝑮𝑚 = (𝒈𝑚1 , 𝒈

𝑚
2 ,… , 𝒈𝑚9 ) and 𝑯𝑚 = diag(|ℎ𝑚1 |, |ℎ

𝑚
2 |,… , |ℎ𝑚9 |). Here, the column vector 𝒈𝑚𝑖  is the eigenvector corresponding to the 

eigenvalue ℎ𝑚𝑖  of the coefficient matrix 𝑪𝑚, with the eigenvalues sorted as ℎ𝑚𝑖 ≤ ℎ𝑚𝑗  for 𝑖 < 𝑗. The source term is given by 𝑠𝑗𝑘𝑙𝑖 = 𝑤̇MT
𝑖

for 𝑗 = 𝑘 = 𝑙 = 0, and 𝑠𝑗𝑘𝑙𝑖 = 0 otherwise. The calculation of 𝑤̇MT
𝑖 , which represents the MT-induced stress and velocity contributions, 

is introduced in Section 2.2.2.
In the present work, non-reflective boundary conditions are used for the elastodynamic simulations in Section 3. Under these 

conditions, the incoming flux in Eq. (16) is set to zero at the non-reflective boundary surfaces.

2.2.2. Transformation-strain-induced stress and velocity
In this phase-field-elastodynamic framework, the transformation strain is treated as the source of mechanical waves. Accordingly, 

the stress and velocity fields induced by MT are incorporated into Eq. (12) through the source term 𝒔.
Because MT is completed on the timescale of (ps) to (ns), it is assumed that the change of total strain 𝜺𝑉  (in Voigt notation) 

due to MT is zero within each time step, i.e., (𝜺̇𝑉 )MT = ( ̇̄𝜺𝑉 )MT + ̇̂𝜺𝑉 = 𝟎, where 𝜺̄𝑉  and 𝜺̂𝑉  respectively denote the elastic strain and 
the analogous transformation strain in Voigt notation. Therefore, the stress evolution 𝝈̇𝑉  caused by MT is derived as: 

(𝝈̇𝑉 )MT = −𝑲(𝝓) ̇̂𝜺𝑉 (𝝓). (17)

Here, 𝑲(𝝓) denotes the effective stiffness tensor, which coincides with the stiffness tensor of phase 𝛼 in the bulk 𝛼 regions. In 
diffuse interface regions, it is derived based on displacement continuity and mechanical equilibrium conditions at the corresponding 
sharp interface. Specifically, the tangential components of the strain tensor remain continuous across the sharp interface due 
to displacement compatibility, while the normal components of the stress tensor are continuous as required by force balance. 
Accordingly, the elastic energy is formulated in terms of these continuous stress and strain components, together with the phase-field 
variable 𝝓, thereby avoiding nonphysical accumulation of elastic energy within the diffuse interface. On this basis, the effective 
stiffness tensor in diffuse interface regions can be directly obtained (Schneider et al., 2018, 2015). It is worth noting that 𝑲(𝝓)
evolves with the phase field and is updated from the current order parameter values at each time step. The temporal evolution of 
analogous transformation strain ̇̂𝜺𝑉  is expressed as: 

̇̂𝜺𝑉 (𝝓) =

(

∑

𝛼 𝜺̃𝛼𝑛 ℎ̇(𝜙𝛼) + 𝑪−1
𝑛𝑛𝑪𝑛𝑡

∑

𝛼 𝜺̃𝛼𝑡 ℎ̇(𝜙𝛼)

(𝑪 𝑡𝑡 − 𝑪 𝑡𝑛𝑪−1
𝑛𝑛𝑪𝑛𝑡)

∑

𝛼 𝜺̃𝛼𝑡 ℎ̇(𝜙𝛼)

)

, (18)

where 𝜺̃𝛼𝑛 and 𝜺̃𝛼𝑡  denote, respectively, the normal and tangential components of the transformation strain of phase 𝛼. 𝑪𝑛𝑛, 𝑪𝑛𝑡, 𝑪 𝑡𝑛
and 𝑪 𝑡𝑡 are the four 3 × 3 submatrices of the stiffness tensor in its normal–tangential representation (Schneider et al., 2015).

In this phase-field-elastodynamic model, the transformation strain associated with MT induces not only stress fields but also 
velocity fields because inertia effects are explicitly considered. For the MT-induced velocity fields, it is essential to account for the 
propagation direction of the transformation front and that of the associated stress waves. Let 𝒏 = (𝑛1, 𝑛2, 𝑛3) denote the outward unit 
normal of the austenite–martensite interface. The temporal evolution of the velocity field due to MT is calculated as Achenbach 
(2012): 

𝑣̇MT
𝑖 = 𝑉𝑃 ̇̄𝜀MT

𝑛𝑛 𝑛𝑖 + 2𝑉𝑆

( 3
∑

̇̄𝜀MT
𝑖𝑗 𝑛𝑗 − ̇̄𝜀MT

𝑛𝑛 𝑛𝑖

)

, (19)

𝑗=1
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where the first term on the right-hand side represents the contribution of the longitudinal (𝑃 ) wave, with 𝑉𝑃  denoting the 𝑃 -wave 
velocity, while the second term corresponds to the contribution of the shear (𝑆) wave, with 𝑉𝑆 denoting the 𝑆-wave velocity. 
̇̄𝜀MT
𝑖𝑗 = − ̇̂𝜀𝑖𝑗 , and ̇̄𝜀MT

𝑛𝑛  represents the temporal evolution of the elastic strain normal to the austenite–martensite interface resulting 
from MT: 

̇̄𝜀MT
𝑛𝑛 = −

3
∑

𝑖=1

3
∑

𝑗=1
𝑛𝑖 ̇̂𝜀𝑖𝑗𝑛𝑗 . (20)

The contributions given by Eqs.  (17) and (19) are incorporated into the right-hand side of Eq. (16) through the source term 𝑠𝑗𝑘𝑙𝑖 .

2.3. Quasi-static mechanical formulation

For completeness, the quasi-static mechanical formulation is briefly introduced in this section. In the quasi-static case, the 
equilibrium condition: 

∇ ⋅ 𝝈 = 𝟎, (21)

the constitutive relation: 
𝝈𝑉 = 𝑲(𝝓)(𝜺𝑉 − 𝜺̂𝑉 ), (22)

and the strain–displacement relation: 

𝜺 = 1
2
(

∇𝒖 + (∇𝒖)𝖳
)

, (23)

are satisfied at each time step, where 𝒖 denotes the displacement vector. After substituting Eqs.  (22) and (23) into Eq. (21), the 
resulting equilibrium equation is solved implicitly using the finite element method. At each iteration, the residual vector 𝒓 is 
evaluated as: 

𝒓 = ∇ ⋅ 𝝈. (24)

The iteration continues until the 𝐿2-norm of the residual satisfies ‖𝒓‖2 < 10−6, which is sufficiently small to ensure that quasi-static 
mechanical equilibrium is reached at each time step.

In the present work, roller supports are used as the boundary conditions for the quasi-static simulations. They are implemented 
by imposing 𝑢𝑛 = 0 on the boundary surfaces, where 𝑢𝑛 denotes the displacement component normal to the boundary.

3. Results

The MT process is investigated in this section. Section 3.1 presents a 1D benchmark study, comparing dynamic and quasi-
static simulations for single- and two-grain systems. Section 3.2 examines a 2D domain consisting of two grains with different 
crystallographic orientations. Finally, Section 3.3 applies the proposed phase-field-elastodynamic model to polycrystalline systems 
and compares the results with those from quasi-static simulations.

3.1. 1D benchmark study

In Fig.  1, simulation results obtained from a two-grain domain are compared with those from a single-grain domain. In both cases, 
a 2 μm long computational domain is discretized into 200 uniform cells. For the two-grain configuration, the domain is divided into 
two austenite grains, denoted as A1 and A2. In contrast, the single-grain configuration consists entirely of a homogeneous austenitic 
phase, represented by A1. In both configurations, a martensitic variant M11 is initialized at the left boundary within A1 to investigate 
the influence of mechanical waves and GB upon the martensitic variant nucleation and growth. During the simulations, each 
austenite grain can transform into two martensitic variants, M𝑖1 and M𝑖2, where 𝑖 denotes the parent austenite grain. Non-reflective 
boundary conditions are applied at both the left and right boundaries.

The material properties for each phase and numerical parameters are summarized in Table  1. The density 𝜌 and Young’s modulus 
𝐸 are set as a representative for steels (Ball et al., 2024; Hilding & Schedin, 2002). During the FCC to BCC MT in steels, the process 
proceeds under rapid quenching in a diffusionless manner (Salama et al., 2025). The transformation occurs on the timescale of 
(ps) to (ns), which is much shorter than thermal equilibration (Park et al., 2009). Therefore, temperature evolution is neglected 
in the model. According to Eqs.  (1) and (7), the chemical free energy provides the thermodynamic driving force for the phase 
transformation from austenite to martensite, while the mechanical energy governs the selection among competing martensitic 
variants. For a physically meaningful description of variant selection, the chemical and mechanical energy contributions should 
be of comparable magnitude, such that neither term overwhelmingly dominates the free-energy landscape. Based on the material 
parameters listed in Table  1, together with the typical strength and elastic properties of martensitic steels (Tian et al., 2025; Wang 
et al., 2021), the chemical driving force is set to 𝑓M

chem−𝑓
A
chem = −6×106 J∕m3. This value is smaller than the thermodynamic estimates 

(107 to 108 J∕m3) (Behjati & Najafizadeh, 2011; Moallemi et al., 2016). This reduction is motivated by the fact that the phase-field 
model resolves microstructural evolution at the micrometer scale and does not explicitly account for plastic relaxation, dislocation 
activity, lattice defects, or other dissipative mechanisms. As a consequence, the chemical driving force is treated as an effective 
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Fig. 1. MT in a 1D domain with and without a GB: (a) evolution of martensitic variants for the two-grain and single-grain cases at selected 
times; (b) comparison of energy density profiles between the two cases at corresponding times.

mesoscale parameter, representing only the portion of the thermodynamic driving force that contributes to interface motion and 
elastic interactions. The chosen value ensures that the elastic energy remains sufficiently influential to bias variant selection, while 
preserving the correct qualitative transformation behavior. Since this is a 1D simulation, the Poisson’s ratio 𝜈 is set to zero, and 
only the transformation strains of the martensitic variants in the 𝑥-direction, i.e., 𝜀̃11, are non-zero. In the process of MT, part of 
the transformation strain is accommodated by plastic mechanisms, while only a fraction remains elastically stored. Accordingly, the 
transformation strain in the present model is interpreted as an effective eigenstrain. This reduced magnitude captures the elastic 
contribution of the transformation to stress wave generation and microstructural evolution (Chen & Shu, 2013). The mobility 𝐿AM
between austenite and martensite is set to ensure numerical stability and a well resolved diffuse interface, following established 
multiphase-field practice (Schoof et al., 2018; Steinbach, 2009). The transformation between martensitic variants is suppressed by 
setting 𝐿M1M2

= 0. For MT in steels, interfacial energies in the range of 0.05 J∕m2 to 0.4 J∕m2 have been reported (Raabe et al., 2013; 
Salama et al., 2024; Zhang et al., 2020). In the present 1D model, an interfacial energy of 𝛾̂ = 0.09 J∕m2 is adopted to ensure stable 
𝛼𝛽
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Table 1
Simulation setup.
 Phase 𝜌 𝐸 𝑓 𝛼

chem 𝜀̃11 𝐿AM 𝛾̂𝛼𝛽 𝛥𝑡 𝐴𝜁 𝑡𝜁  
 (kg∕m3) (GPa) (J∕m3) (10−3 m4∕(J s)) (J∕m2) (ps) (ps) 
 A 7800 200 0 0

1.18 0.09 0.1 0.02 5
 

 M1 7800 200 −6 × 106 0.003  
 M2 7800 200 −6 × 106 −0.003  

Fig. 2. Transformation pathways under different elastic strain conditions: (a) free energy density profiles along the transformation pathway 
from austenite to the representative martensitic variant M1 under different strain states, referenced to the corresponding austenite energy, the 
horizontal dashed line indicates the austenite reference energy and the vertical dashed line at 𝜙M1

= 0.005 denotes the maximum martensitic 
fraction introduced by the seeding term; (b) enlarged view of the early transformation stage (0 ≤ 𝜙M1

≤ 0.3).

numerical evolution of the diffuse interface. For numerical accuracy and stability in both the phase-field evolution and mechanical 
calculations, a time step size of 𝛥𝑡 = 0.1 ps is used.

During the simulations, the seeding amplitude is fixed at 0.02, ensuring that the resulting local volume fraction of the newly 
introduced martensitic variant remains small, satisfying 𝜙Mx

≤ 0.005. Under different elastic strain conditions, the transformation 
pathways from austenite to one representative martensitic variant M1 are shown in Fig.  2(a), since the two martensitic variants are 
energetically symmetric. As the austenite free energy depends on the applied strain state, each transformation pathway is referenced 
to its corresponding austenite energy. Consequently, all energy profiles start from zero, enabling a direct comparison of the relative 
energy barriers and transformation pathways under different strain conditions. The horizontal dashed line represents the austenite 
reference energy, while the vertical dashed line at 𝜙M1

= 0.005 denotes the maximum martensitic fraction introduced by the seeding 
term. For clearer visualization of the early transformation stage, Fig.  2(b) presents an enlarged view of the pathways in Fig.  2(a) for 
0 ≤ 𝜙M1

≤ 0.3. The peak value along each transformation pathway is marked by a red cross. It is observed that the martensitic fraction 
introduced by seeding is confined to the very early stage of the transformation. This seeding introduction enables the implementation 
of Eq. (7), according to which the martensitic fraction increases only if the transformation is energetically favorable and decreases 
otherwise. In the simulations, the seeding term is applied at the interfaces every 50 time steps, corresponding to a time interval 
of 𝑡𝜁 = 5 ps. Moreover, the small martensitic phase perturbation introduced by the seeding term vanishes within approximately 10 
time steps if martensitic growth is not energetically favored. Therefore, the influence of seeding on the transformation energetics is 
negligible.

Fig.  1 at 150 ps shows that the microstructural evolutions in the two cases are identical until the transformation front reaches the 
interface between A1 and A2. The two martensitic variants nucleate and grow in an alternating manner. This behavior arises from 
the accumulation of mechanical energy during the growth of one variant, which eventually renders further growth energetically 
unfavorable. At this stage, the nucleation and initial growth of the other variant can release the accumulated mechanical energy, 
owing to their transformation strains having opposite signs. As the newly formed variant continues to grow, mechanical energy is 
re-accumulated, again suppressing its further growth and promoting the reactivation of the other variant. This cyclic process leads 
to the observed alternating growth behavior. At approximately 160 ps, the mechanical energy generated by the transformation strain 
of M11 reaches its maximum. This triggers the nucleation and growth of M12, leading to the release of the accumulated mechanical 
energy, as shown in Fig.  1 at 170 ps. When the transformation front reaches the A1–A2 interface, M22 nucleates and grows in the 
first case, whereas the growth of M12 continues in the second case, as illustrated in Fig.  1(a) at 180 ps. In both cases, the growth 
of M12 or M22 leads to the release of mechanical energy, as shown in Fig.  1(b) at 180 ps. As growth proceeds, mechanical energy 
is re-accumulated as demonstrated in Fig.  1 at 200 ps. This cyclic process continues in each case until the entire domain transforms 
into martensite, as shown in Fig.  1(a) at 350 ps. The resulting martensitic morphologies in both cases are similar if the parent-phase 
index is neglected.

The simulation results under quasi-static mechanical conditions are presented in Fig.  3 for two cases: one with a single austenite 
grain A  and another with two grains A  and A , using the same configurations as in the dynamic mechanical case. However, the 
1 1 2
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Fig. 3. MT in a 1D domain under quasi-static conditions: (a) single-grain domain; (b) two-grain domain.

boundary conditions in quasi-static case are set as roller supports in order to reach equilibrium. Since the mechanical energy is 
distributed throughout the entire domain in quasi-static case, the effective transformation strain must be increased to activate the 
MT. The first case, involving a single grain A1, is used to generate martensitic variants with lengths comparable to those in the 
dynamic case (approximately 0.3 μm), as shown in Figs.  3(a) and 1(a). Accordingly, the transformation strain is set to 0.013 for 
variant M1 and −0.013 for M2. The interfacial energy is fixed at 0.05 J∕m2 to ensure a stable diffuse interface.

For the MT in the two-grain domain shown in Fig.  3(b), it should be noted that the labels 𝑡1–𝑡5 indicate the transformation 
sequence rather than specific time values, as time is not explicitly considered under quasi-static mechanical conditions. In this case, 
the initial nucleation and growth of new variants occur at the A1–A2 interface, rather than at the transformation front as observed 
in the dynamic case, as illustrated in Fig.  3(b) at 𝑡1. This behavior arises because the total volume fraction introduced by the seeding 
term, i.e., 𝜙M12

+𝜙M22
, is higher at the A1–A2 interface than at the transformation front, where only 𝜙M12

 is present. Consequently, 
a lower energy barrier needs to be overcome at the A1–A2 interface. Since the mechanical energy is nearly uniformly distributed 
throughout the domain, the A1–A2 interface becomes a more favorable site for nucleation. Subsequently, new martensitic variants 
nucleate and grow alternately in both grains until the entire domain transforms into martensite, as illustrated in Fig.  3 from 𝑡2 to 
𝑡5. Under equilibrium conditions, the mechanical energy generated by local MT influences the nucleation and growth of variants 
throughout the entire domain. Consequently, the variant lengths vary depending on the MT processes occurring in both grains. As 
shown in Fig.  3(b) at 𝑡5, the variant lengths in grain A1 range from 0.08 to 0.58 μm, which deviates significantly from the well-defined 
lath structure typically observed in experiments (Krauss, 2017; Morito et al., 2006). After 𝑡4, MT proceeds only in grain A2, and the 
variants recover lengths of approximately 0.3 μm.

Therefore the proposed phase-field-elastodynamic model successfully reproduces the MT process in polycrystalline systems, 
capturing the spatially alternating distribution of martensitic variants and their evolution on a physically consistent time scale. 
Compared with quasi-static simulations, the dynamic formulation captures the concentration of mechanical energy associated with 
rapid displacive transformation, thereby ensuring well-structured variant distributions consistent with experimental observations.

3.2. 2D domain with two grains

Fig.  4 illustrates the MT process in a 2D domain of size 5 μm×5 μm, discretized into 500×500 cells and initially composed of two 
equally sized austenite grains. The grain located in the lower-left region is labeled as A1, while the one in the upper-right region is 
denoted as A2. Grain A2 is assigned three distinct crystallographic orientations, obtained by rotations of 𝜃𝑖 ∈ {0◦, 45◦, 90◦} about the 
𝑧-axis, hereafter referred to as Case I, Case II, and Case III, respectively. In each case, a M12 nucleus is predefined at the lower-left 
corner of the domain.

For this 2D domain, the material properties and numerical parameters that differ from those in Fig.  1 are summarized in Table 
2. Since this is a 2D simulation, the Poisson’s ratio 𝜈 is set to 0.3 as a representative for steels (Hilding & Schedin, 2002). In the 
full 3D crystallography of FCC to BCC MT with the Kurdjumov–Sachs orientation relationship, multiple martensitic variants exist. 
In the present 2D model, we adopt a reduced representation that retains the essential competition underlying variant selection by 
considering two variants with conjugate transformation strains. These strains correspond to a purely deviatoric shape change (zero 
trace), thereby emphasizing the shear dominated character of lattice reconfiguration in MT (Sreekala & Ananthakrishna, 2003). 
Similar to the 1D simulation in Section 3.1, the magnitude of transformation strains is set as an effective eigenstrain suitable for 
linear elastic coupling and for resolving variant competition without invoking additional inelastic accommodation mechanisms in a 
minimal model (Chen & Shu, 2013). The interfacial mobility 𝐿AM is slightly adjusted to ensure the interfacial stability and a near 
sound speed evolution (Park et al., 2009; Steinbach, 2009). The interfacial energy 𝛾̂𝛼𝛽 is also adjusted within the suggested range 
to ensure the interfacial stability (Raabe et al., 2013; Salama et al., 2024; Zhang et al., 2020).

Fig.  4(a) illustrates the evolution of martensitic variants, whereas Fig.  4(b) shows the corresponding distributions of mechanical 
energy density and stress components. It is observed that the morphology of the martensitic variants and the distribution of 
mechanical energy density are identical in all three cases before the transformation front reaches the A1–A2 interface. Within 
grain A , the variant–variant interface appears as a line inclined at 45◦ to the horizontal direction. This orientation is consistent 
1
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Fig. 4. Effect of grain orientation on MT: (a) time evolution of martensitic variants in a 2D domain containing two austenite grains, A1 and A2, 
where the orientation of A2 is set to 0◦, 45◦ and 90◦ in Cases I–III, respectively; (b) corresponding distributions of mechanical energy density 
(columns 1 and 3–5) and stress components prior to nucleation at the GB (𝜎22 − 𝜎11 for Cases I and III, and 2𝜎12 for Case II in column 2).
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Table 2
Modified material properties and numerical parameters.
 Phase 𝜈 (𝜀̃11 , 𝜀̃22 , 𝜀̃12) 𝐿AM 𝛾̂𝛼𝛽  
 A 0.3 (0, 0, 0) (10−3 m4∕(J s)) (J∕m2) 
 M1 0.3 (−0.003, 0.003, 0) 1.48 0.11  
 M2 0.3 (0.003, −0.003, 0)  

with theoretical prediction based on the kinematic compatibility condition for martensitic variants, as well as with experimental 
observations (Chapman et al., 2021; Shinohara et al., 2021, 2023). The directions of the variant–variant interfaces in other austenite 
grains with different rotation angles can be determined in the same manner.

The subfigures in the first column of Fig.  4(b) illustrate that the transformation-strain-induced mechanical wave propagates 
together with the transformation front, leading to a symmetric distribution of mechanical energy along the antidiagonal (from the 
lower left to the upper right corner) and a low mechanical energy density at the center of the domain. Consequently, no nucleation 
occurs when the martensitic variants located near the antidiagonal reach the A1–A2 interface, until approximately 0.53 ns or 0.51 ns, 
when the stress-wave peak arrives at the GB.

The central regions enclosed by the red squares in the first column of Fig.  4(a) are enlarged in the second column to illustrate 
the nucleation of new martensitic variants at the A1–A2 interface. The distribution maps of 𝜎22 − 𝜎11 in Cases I and III and 2𝜎12 in 
Case II at the time when nucleation begins are shown correspondingly in the second column of Fig.  4(b), where the locations of 
the M21 and M22 nuclei are marked by red circles. Based on the transformation strains listed in Table  2, it can be derived that the 
driving force contributed by mechanical energy for M21 is: 

𝛥mech
M21

= (𝜎22 − 𝜎11) ⋅ 0.03 cos 2𝜃 − 2𝜎12 ⋅ 0.03 sin 2𝜃, (25)

while 𝛥mech
M22

= −𝛥mech
M21

. Therefore, in Case I, variant M21 is energetically preferred if 𝜎22 > 𝜎11, whereas variant M22 is favored if 
𝜎22 < 𝜎11, since both variants share identical interfacial energies and chemical driving force. In Case III, this energetic preference 
is reversed, with M22 favored for 𝜎22 > 𝜎11 and M21 preferred for 𝜎22 < 𝜎11. In Case II, the variant selection is governed by the 
shear stress 2𝜎12: M22 is energetically favored for 2𝜎12 > 0, while M21 becomes preferred for 2𝜎12 < 0. Consequently, as shown in 
the second column of Fig.  4, when 𝜎22 − 𝜎11 reaches about −510MPa at 𝑡 = 0.525 ns at the A1–A2 interface, two M22 nuclei grow in 
Case I, whereas two M21 nuclei appear in Case III. In Case II, 2𝜎12 reaches 577MPa within the upper circle and −577MPa within the 
lower circle at 𝑡 = 0.505 ns. As a result, one M22 nucleus emerges within the upper circle, while one M21 nucleus grows within the 
lower circle. It is also observed that two M21 nuclei grow at the phase fronts of M11 in Case I, as they share the same transformation 
strains. In contrast, two M22 nuclei appear at the same positions in Case III, because the transformation strains of M21 and M22 are 
interchanged as the orientation of grain A2 is set to 90◦.

As the MT proceeds in grain A2, new martensitic nuclei form along the A1–A2 interface toward both corners, driven by the arrival 
of stress-wave peaks at the interface, as shown in the third column of Fig.  4. Meanwhile, the initially formed M21 and M22 nuclei 
grow not only into grain A2, but also toward the center of the domain, driven by the chemical potential. Accordingly, the martensitic 
variants in Cases I and III exhibit growth directions of approximately ±45◦ relative to the horizontal (fourth column of Fig.  4(a)), 
consistent with theoretical predictions based on the kinematic compatibility condition. In Case II, the variants are expected to form 
M21–M22 interfaces oriented at 0◦ and 90◦ relative to the horizontal direction. However, due to constraints imposed by the GB and 
the complex distribution of mechanical energy density, the growth directions of M21 and M22 deviate slightly, by approximately 5◦, 
from the theoretical prediction.

The mechanical wave front propagates in tandem with the transformation front, as shown in the fourth column of Fig.  4(b). 
The corresponding distribution maps of mechanical energy density become increasingly complex owing to the concurrent growth of 
martensitic nuclei and the overlap of stress waves. This interaction renders the MT behavior more intricate if additional austenitic 
interfaces are present, such as in the polycrystalline domain described in Section 3.3.

At 𝑡 = 1.2 ns, the entire domain has transformed from austenite to martensite, with the martensitic variants arranged alternately 
in space and clearly influenced by grain orientation, as demonstrated in the last column of Fig.  4(a). The mechanical wave continues 
to propagate outward from the domain boundaries due to the use of non-reflective boundary conditions, as shown in the last column 
of Fig.  4(b).

In summary, martensitic nucleation at GB occurs only if the local mechanical energy density is sufficiently high to overcome 
the energy barrier between the austenite and martensite phases. Variant selection is governed by the combined effects of stress 
components, transformation strain and grain orientation. Considering these factors, the variant that minimizes the mechanical energy 
can be identified, thereby completing the selection process. The simulation results are consistent with the theoretical derivation. 
Furthermore, the growth directions of martensitic variants obtained from simulations agree well with theoretical predictions based 
on the kinematic compatibility condition, as well as with available experimental observations.

3.3. Martensitic transformation in polycrystalline systems

Fig.  5 illustrates the MT process in a polycrystalline domain with dimensions of 20 μm × 20 μm, which is discretized into 
2000 × 2000 cells and initially consists of 12 austenite grains. The grains are grouped into four crystallographic orientation classes, 
11 
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Fig. 5. MT in a polycrystalline domain with multiple nuclei and irregular GB: (a) evolution of martensitic variants at 𝑡 = 0.1 ns, 1.1 ns and 1.6 ns
in a 12-grain system with four orientation classes (𝜃𝑖 ∈ 0◦, 22.5◦, 45◦ and 67.5◦); (b) mechanical energy density distribution at 𝑡 = 0.65 ns; (c–f) 
martensitic morphologies within austenite classes A1–A4, respectively.

i.e., 𝜃𝑖 ∈ {0◦, 22.5◦, 45◦, 67.5◦}. Each austenite grain is denoted as A𝑗
𝑖 , where 𝑖 indexes the orientation 𝜃𝑖 and 𝑗 enumerates the grains 

sharing that orientation. The martensitic variants within grain A𝑗
𝑖  are accordingly labeled as M

𝑗
𝑖1 and M

𝑗
𝑖2. Four martensitic nuclei 

are predefined at representative point sites: in grain A2
3 at a two-grain interface, in A2

4 at a triple junction, in A2
2 at the domain 

boundary, and in grain A4
1 at a corner. Hereafter, these four sites are denoted by N1, N2, N3, and N4, respectively. The numerical 

parameters and material properties are identical to those used in Section 3.2.
At 𝑡 = 0.1 ns in Fig.  5(a), new martensitic nuclei appear and begin to grow at N1 and N2, almost immediately following the 

expansion of the predefined nuclei. This occurs because the transformation-strain-induced mechanical waves propagate rapidly 
into the neighboring austenite grains once the predefined nuclei at N1 and N2 start to grow. At 𝑡 = 1.1 ns, as shown in Fig.  5(a), 
additional nuclei emerge at several sites along the GB (highlighted with red circles), driven by these propagating waves. This 
process significantly increases the complexity of the mechanical energy density distribution and leads to a correspondingly intricate 
martensitic morphology. By 𝑡 = 1.6 ns, the entire domain has transformed from austenite to martensite. The major impingement lines, 
where transformation fronts meet, are marked in red and gray. These impingement lines partition the original austenite grains into 
distinct blocks, each containing martensitic variants with different spatial distribution patterns.

The martensitic morphologies within each austenite grain are shown in Fig.  5(c–f) for austenite classes A1–A4, respectively. 
Based on the transformation strain characteristics listed in Table  2 and the crystallographic orientations of the austenite classes, 
two theoretical martensitic growth directions are derived for each class according to the kinematic compatibility condition, as 
summarized in Table  3. These predicted growth directions are indicated by red and gray lines within each grain. The simulation 
results show that martensitic variants generally grow along these directions. Notably, these theoretical predictions do not account 
for additional factors that complicate the mechanical energy distribution, such as concurrent nucleation and growth at GB and 
12 
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Table 3
Martensitic growth directions.
 A1 A2 A3 A4  
 Martensitic growth direction −45◦ −22.5◦ 0◦ 22.5◦  
 45◦ 67.5◦ 90◦ −67.5◦ 

the impingement of transformation fronts within grains. Under the combined influence of these factors, the martensitic variants 
are subdivided into several blocks in most grains, and the actual growth directions exhibit slight deviations from the theoretical 
predictions, consistent with experimental observations (Nambu et al., 2013; Shinohara et al., 2021; Zhang et al., 2017).

To gain insight into the relationship between the transformation-strain-induced mechanical waves and the growth of martensitic 
variants, Fig.  5(b) presents the mechanical energy density at 𝑡 = 0.65 ns. The energy density exhibits a chaotic distribution in some 
regions due to the presence of multiple nuclei, such as in grain A1

3, at the bottom of grain A2
1 and at the top-left of grain A2

2. 
Consequently, the martensitic variants in these regions grow in directions that deviate from the theoretical ones, as shown in Fig. 
5(c–f). In contrast, regular distributions of mechanical energy are observed in grains such as A2

4, A4
1, and at the top-right of grain 

A2
2. As a result, the martensitic variants in these regions grow approximately along the theoretical directions. The multiple nuclei 

and impingement lines observed at 𝑡 = 1.1 ns and 1.6 ns in Fig.  5(a) indicate a complex interaction between the mechanical waves 
and the MT in grain A1

4. Consequently, the martensitic variants in this grain are discretized into multiple blocks, as shown in Fig. 
5(f).

The simulation results under quasi-static mechanical conditions are presented in Fig.  6. To obtain comparable variant widths, 
the effective transformation strains are set to (−0.01, 0.01, 0) for variant M1 and (0.01, −0.01, 0) for M2. The interfacial energy 
is fixed at 0.07 J∕m2 to ensure a stable diffuse interface. Roller boundary conditions are applied. All other numerical parameters 
are identical to those used in the dynamic case. Consistent with the 1D quasi-static case, nucleation initiates at GB prior to the 
arrival of the transformation fronts, as shown in Fig.  6(a) at 𝑡1. Nucleation preferentially occurs at triple junctions, where the total 
volume fraction introduced by the seeding term is higher, resulting in a lower energy barrier for nucleation, analogous to the 1D 
case. As the transformation proceeds, variant widths become irregular because nucleation and growth events throughout the domain 
influence the local transformation behavior, as illustrated in Fig.  6(a) at 𝑡2 and 𝑡3. Consequently, blocks with uniform variant width 
are unlikely to form under quasi-static mechanical conditions, particularly once multiple nucleation and growth sites are active. By 
𝑡3, the domain is fully transformed into martensite, with the majority of variant widths spanning a broad range of 0.08 to 0.83 μm. 
Fig.  6(b–e) demonstrate that the variant growth directions closely follow the theoretical predictions, exhibiting negligible deviation.

In summary, the proposed phase-field-elastodynamic model successfully reproduces the MT process in polycrystalline systems, 
explicitly accounting for inertia effects associated with rapid displacive transformations. The austenite grains are partitioned into 
distinct blocks characterized by different variant distribution patterns. The martensitic variants exhibit a spatially alternating 
arrangement and grow approximately along the theoretically predicted directions. Compared with quasi-static simulations, the 
dynamic formulation yields blocks with more uniform variant widths (around 0.3 μm), owing to the localized distribution of 
mechanical energy, in closer agreement with experimental observations.

4. Conclusion

In this work, a fully coupled phase-field–elastodynamic framework is employed to investigate MT in polycrystalline systems, 
explicitly accounting for inertia effects associated with rapid displacive transformations. In this formulation, transformation strains 
are treated as distributed dynamic sources, enabling simultaneous resolution of phase kinetics and stress wave propagation.

The results demonstrate that elastodynamic effects fundamentally alter the distribution of mechanical energy, thereby influencing 
the MT process. In contrast to quasi-static simulations, where mechanical energy is uniformly distributed throughout the domain 
and transformation events are globally coupled, the dynamic formulation produces localized energy concentrations that govern 
martensitic nucleation, variant selection and growth. Nucleation events at GB are triggered if stress waves reach the GB with 
sufficient mechanical energy. As a result, the initial austenite grains are partitioned into distinct blocks. Within each block, the 
martensitic variants exhibit a spatially alternating arrangement with characteristic widths of approximately 0.3 μm, whereas under 
quasi-static conditions the majority of variant widths span a broad range of 0.08 to 0.83 μm. The variant growth directions agree well 
with theoretical predictions based on kinematic compatibility, with slight deviations arising from complex interactions between stress 
waves and GB. Generally, the microstructural features reproduced by the coupled phase-field–elastodynamic framework are in good 
agreement with experimental observations. It should be noted, however, that quasi-static phase-field models remain appropriate 
when mechanical relaxation occurs on a much shorter timescale than phase evolution, such that the phase field responds primarily 
to the relaxed mechanical equilibrium state rather than to transient inertial fields. This may occur, for example, when elastic 
waves rapidly leave the relevant region or are sufficiently attenuated before they significantly affect nucleation, variant selection 
or interface motion.

Several limitations of the current model should be acknowledged. First, plastic deformation is not explicitly considered. In 
real materials, inelastic relaxation may attenuate stress waves and modify local driving forces. Second, the present simulations 
employ effective transformation strains and reduced crystallographic representations, which capture the essential features of variant 
competition but neglect the full multiplicity of variants in 3D systems. Incorporating plasticity and full crystallography therefore 
represents an important direction for future work.
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Fig. 6. MT in a polycrystalline domain under quasi-static conditions: (a) evolution of martensitic variants; (b–e) martensitic morphologies in 
austenite classes A1–A4, respectively.

Despite these simplifications, the simulations and analyses of wave-transformation interaction remain physically meaningful. 
Overall, the present work extends conventional quasi-static descriptions of MT by incorporating stress wave propagation as an 
intrinsic mechanical consequence of inelastic lattice reconfiguration in polycrystalline solids. The proposed framework highlights 
the fundamental role of transient stress fields in governing rapid microstructural evolution across grains and provides a foundation 
for future investigations of wave–transformation interactions in complex microstructures.
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Appendix

In the stress–velocity form of the governing equations for mechanical wave propagation, the coefficient matrices 𝑪1, 𝑪2 and 𝑪3

are constructed from the effective stiffness tensor 𝑲 and the effective density 𝜌̄ as follows: 

𝑪1 =

⎛
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0 0 0 0 0 0 𝐾11 0 0
0 0 0 0 0 0 𝐾21 0 0
0 0 0 0 0 0 𝐾31 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 𝐾55
0 0 0 0 0 0 0 𝐾66 0
1
𝜌̄ 0 0 0 0 0 0 0 0
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where 𝜌̄ = 𝜌𝛼 in the bulk regions of phase 𝛼, whereas in diffuse interface regions, 𝜌̄ is interpolated as 𝜌̄ =
∑

𝛼 𝜌
𝛼ℎ(𝜙𝛼) (X. Liu et al., 

2021).
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