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ABSTRACT

For Poisson particle processes in hyperbolic space we introduce and study concepts analogous to the intersection
density and the mean visible volume, which were originally considered in the analysis of Boolean models in Euclidean
space. In particular, we determine a necessary and sufficient condition for the finiteness of the mean visible volume
of a Boolean model in terms of the intensity and the mean surface area of the typical grain.

JEL Classification 52A22, 52A55, 60D05

1 | Introduction

The Boolean model is a foundational concept in stochastic geometry that describes random spatial structures formed by
the union of random shapes, called grains, which are placed at the points of a random point process. More precisely, the
construction of a Boolean model usually begins with a point process, typically a Poisson point process, which defines the
random locations in space where the grains are centered. Each grain, characterized by its shape, size, and orientation, is
independently and randomly distributed according to a specified probability law on the space of compact subsets of the
ambient space. By taking the union of all grains, the model generates a random set in space, capturing a rich variety of
spatial patterns and structures. The Boolean model is particularly valued for its mathematical tractability and flexibility.
Many key properties such as the probability of complete coverage or the mean volume fraction can be derived analytically.
These features make the Boolean model a powerful tool for both theoretical studies and practical applications. We refer
the reader to [1-3], for example.

This paper investigates the intersection density and the mean visible volume in a Boolean model. In this context, the
intersection density refers to the number of intersection points of the boundaries of any d distinct particles with a given
set, where d denotes the dimension of the space in which the Boolean model is constructed. On the other hand, the mean
visible volume is defined as the expected volume of the region that remains uncovered by the random grains and is visible
from a fixed observation point, such as the origin, conditioned on the event that this point is not covered. Both quantities
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FIGURE 1 | Simulation of a Boolean model in the hyperbolic plane whose grains are discs of random radius uniformly
distributed in [0,1]. The saturation of a point represents the number of grains by which it is covered.

have been extensively studied for Boolean models in a d-dimensional Euclidean space; see [3, section 4.6] and [4, sections
4-6]. In particular, the mean visible volume is always finite as soon as the grains are full-dimensional. In contrast, we
focus on the intersection density and the mean visible volume of Boolean models in a d-dimensional hyperbolic space H%
of constant curvature —1; see Figures 1 and 2 for simulations. Also, here the Boolean model can be derived from a Poisson
point process in H¢ with intensity y > 0, which is invariant under all isometries of H%, but the probabilistic construction
required for placing the grains at the points of the Poisson process is more involved. For this reason, alternative approaches
have been proposed in [5, sections 2.2 and 2.3] and will be further developed here. Boolean models in hyperbolic space
were studied in [5-9] and give rise to a number of new phenomena compared to their Euclidean counterparts. In addition,
the analysis of models in hyperbolic stochastic geometry often requires the development of new geometric tools, which
are of independent interest. We will see examples for both effects also in the present text.

It is known from [7] that the visibility properties of hyperbolic Boolean models exhibit a remarkable threshold
phenomenon, which cannot be observed in Euclidean space. To be precise, the paper [7] deals with Boolean models in
the d-dimensional hyperbolic space (and in fact more general spaces) whose grains are balls of fixed radius R > 0. In this
specific set-up, if we condition on the event that a fixed point p € H? is not covered by the grains of the Boolean model,
then there exists a critical intensity parameter y,, = y,(R, d) > 0 such that:

» fory < y, the grains are sparse enough so that, with positive probability, one can find infinite geodesic rays emanating
from p that remain unobstructed,

 for y > y, the grains become dense enough to almost surely obstruct all geodesics starting at p.

The value for y,, is known and will be discussed in Remark 6.5 below. More refined properties of the length of the geodesic
rays starting at p are studied in [9] (in dimension d = 2).

We build upon these findings by exploring the mean visible volume around a given point p. Our primary result in this
direction provides an explicit formula for the mean visible volume in terms of the intensity y and the mean surface content
v4—1 of the so-called typical grain. It applies to general space dimensions d and general random hyperbolically convex grain
shapes. A significant aspect of our result is the identification of a precise condition under which the mean visible volume
remains finite. Specifically, we prove that the mean visible volume is finite if and only if the product yvy_; exceeds the

threshold value (d — 1)7:1&, where x; denotes the volume of the j-dimensional Euclidean unit ball. This condition reveals

the interplay between the intensity of the underlying Poisson point process and the geometric properties of the grains that
must be satisfied for a finite mean visible volume. In addition, we present an explicit formula for the intersection density of
a d-dimensional hyperbolic Boolean model and establish a connection between this density and the mean visible volume.
In Euclidean space, the intersection densities of stationary processes of planes have been studied extensively, forming a
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FIGURE 2 | Simulations of Boolean models with intensity 0.5 (left), 0.9595 (middle), and 1.5 (right) in the hyperbolic
plane whose grains are discs of radius 1/2. The saturation of a point represents the number of grains by which it is covered.
The point p is located at the center.

rich area of research at the interface of integral geometry, integral transforms, and inverse problems. This line of work is
often motivated by applications in fields such as stereology. Since plane processes with anisotropic directional distributions
arise naturally in Euclidean space, a variety of related extremal problems have been investigated (see [3, section 4.4] and
[10]). Analogous questions were considered for surface and fiber processes (see [3, section 4.5]) and, more generally, for
processes of rectifiable sets [4]. Furthermore, for stationary Poisson processes of convex particles, the intersection density
is linked to the mean visible volume through a remarkable extremal problem concerning the distribution of the typical
grain (see [3, section 4.6]).

In hyperbolic space, however, corresponding results appear to be largely absent. This work contributes to filling this gap

by also investigating intersection densities in the hyperbolic setting. To place our results in a broader geometric context,
we compare them with related findings for the zero cell of a stationary Poisson hyperplane tessellation in hyperbolic space.

2 | Preliminaries

In this paper, we work in a d-dimensional hyperbolic space H of dimension d > 2 and with constant curvature ¥ = —1. In
what follows, we fix an arbitrary reference point p € H¢. We denote by dj( -, -) the hyperbolic distance, by C¢ the space
of nonempty compact subsets of H? and by K¢ the space of compact and (geodesically) convex subsets of H? (including
the empty set). The unimodular Lie group of isometries of H? is denoted by 7. It carries an (left and right) invariant Haar
measure A, which is unique up to normalization. We normalize A so that, for any x € H¢,

/ lox € -}A(de) = HA( ), M
14

where H¢ denotes the d-dimensional Hausdorff measure constructed with respect to dj,. More generally, for s > 0 we
denote by H* the s-dimensional Hausdorff measure with respect to the hyperbolic distance dj,. Instead of H¢, we often
use V4 to denote the volume functional on compact convex sets in H?. For A € €% and x € H%, we set dj(A,x) :=
min{dy(a, x) : a € A}. Moreover, we set dj,(Q, x) := .

For A € K% andr > 0,let B(A,r) = {x € H? : d;,(4, x) < r} be the parallel set of A at distance r. For j € {0,...,d — 1} and
r>0,let

laj(r) = (d;l) /0 cosh’(¢) sinh® 1~/ (1) dt.

We note that the functions lg ,...,1; 4—; are linearly independent in the real vector space of continuous functions on
[0, ). The Steiner formula (2) involves the existence of (uniquely determined) continuous, isometry invariant, and
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additive functionals V, ..., V4_; on K¢ such that
d-1

Va(B(A, 1) =Va(A) + D Vi(A) - 1g;(r), r>0; @)
Jj=0

a more general (local) version of (2) is provided in [11, Theorem 2.7] (note that the result in [11] is stated in HI+! and
the coefficient functions are normalized differently). The normalization in (2) is chosen as in [5, eq. (3.3)] and consistent
with the normalization in [12, eq. (4.12)] in the Euclidean framework. It is the natural choice of normalization, if V;(A) is
considered as a curvature integral involving a normalized elementary symmetric function (of order d — 1 — j) of principal
curvatures of dA; see [13, eq. (1.11)] for the case of parallel sets of smooth hypersurfaces in hyperbolic space. Note that
Vi(@)=0forje{0,...,d}

If A is convex and has nonempty interior, then

Vi_1(A) = HY71(0A). 3)

We note that in the Euclidean case the corresponding relation involves an additional factor 1/2 on the right-hand side,
due to the different normalization of V;_;. However, if A C HY is compact, convex, and has dimension at most d — 1,
then V4_1(A) = 2H971(3A). If the dimension of A is at most d — 2, then both sides of (3) vanish. Moreover, V(A) is the
(total) Gauss curvature integral of A (which follows as a special case of [11, Theorem 2.7 and (2.7)]). In Euclidean space the
normalization of V|, is chosen such that V|, is equal to the Euler characteristic y, whereas in hyperbolic space the relation
between V', and the Euler characteristic y is nontrivial and will be described below.

A subset A C MY is said to be k-rectifiable, for some k € {0,...,d}, if k = 0 and A is finite or if k > 1 and A is the image
of a bounded subset of R¥ under a Lipschitz map. We say that A is Hausdorff k-rectifiable if #¥(A) < oo and there exist

k-rectifiable subsets Bi, By, ... of H4 such that ¥ (A \ Ul.>1 Bi> = 0. For these definitions, see also [14, section 3.2.14]
and [15, Definitions 5.12 and 5.13]. In particular, every bounded subset of H is d-rectifiable.

3 | Hyperbolic Intrinsic Volumes

It is a well-known fact that the Euclidean intrinsic volumes are intrinsic in the sense that they do not depend on the
dimension of the ambient space. That is,if 1 <k <d, A C Rk isa compact convex set and ¢ : R¥ - R is an isometric
embedding of R¥ into R (such as the one mapping x € R* to (x,0,...,0) in Rd), then

k
d via), j=o,...k
VR ) =4 (A),
J 0, j=k+1,....d,

d k
where Vi and VR denote the j-th intrinsic volume of a set measured in R¢ and R, respectively. For this reason, they
are called intrinsic volumes, and the ambient space is usually omitted in the notation (for details, see [12, egs. (4.1) and
(4.22)] or [16, pp. 106-108]).

With a different normalization, the same property holds for the hyperbolic intrinsic volumes as well. Define for j =
0,...,d — 1 the functions fd,j by

p
Cq,j(r) := cud_j/ cosh’ (¢) sinhd_l_j(t) dt, r>0,
0
where w; = 277'/2 /T(i/2) = ix; denotes the surface area of the i-dimensional Euclidean unit ball for i € N. For A € K4
d d d
put Vg” (A) := H%(A) and define the intrinsic volumes Vg'" yeens Vfi'"_l as the coefficients in the Steiner formula
d-1

HAB(A, ) = HA(A) + 26 Vi@ £ . r2o. @
Jj=

1
Note that (4) remains true for d = 1 with VE)'” (A) =1if A € K! satisfies A # @.
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In the following, a k-dimensional totally geodesic subspace of H9 is called a k-plane for 1 < k < d — 1. We denote the
space of all k-planes by A;(d, k).

Proposition 3.1. Let 1 < k < d — 1 and identify HX with an arbitrary L, € Ap(d, k) via an isometry  : H* — H? such
that (H*) = L. If A € KK, then

k
d Vi), j=o0,...,k,
vEC ) =4 " (A),
J 0, jek+1.

Remark 3.2. ForAe K%andd > 1,a comparison of (2) and (4) yields that

d d-1 ,
wq-jV} (A)=( i )V,-(A), j=0,...,d—1,

d . . ‘s . .
and Vél"” (A) =V (A).IfI c klisa geodesic segment, then Proposition 3.1 implies that

vt =1, vi¥m =1,

and therefore

Vo) = wg, Vi) =xg_1H (D).

In addition to the Steiner formula, the proof of Proposition 3.1 requires two integration formulas in hyperbolic space: an
orthogonal disintegration formula that can be seen as a hyperbolic analogue of Fubini’s theorem and the hyperbolic polar
integration formula.

Lemma 3.3.
(a) If1 <k <d-1andLy € Ay(d, k) is a fixed k-plane, then

/ fOH(dx) = / / £(2) cosh(dy(z, Li)) HO—(dz) H*(dy),
Hd L W)

for any measurable function f : H% — [0, o], where Lé(y) is the unique (d — k)-plane orthogonal to Lj, that intersects
Ly iny and dy(z, L) = d,(z,y) stands for the geodesic distance of z to L.

(b) Ifd>1and f : HY = [0, oo] is measurable, then

/H . fx)HY(dx) = /S 41 /0 f(expp(tu))sinhd_l(t)dt Hg—l(du),

where Sg_l and Hg_l refer to the unit sphere and the (d — 1)-dimensional Hausdorff measure in the tangent space of
H? at p, respectively.

Proof. To derive part (a) we use the method established in section 5 of [17] and translate the problem into a problem in
Euclidean space. For that purpose we work with the Beltrami-Klein (projective) model of H4, which is given by the open
d-dimensional Euclidean unit ball B¢, Applying [17, Lemma 5.1] with k = d there gives

d+1

d(dy) = IV N e
/[H]d FOH (dx)—/Bd FOA =Xl 2 He ,(dx),

where || - || stands for the Euclidean norm and Hu‘i d for the d-dimensional Hausdorff measure in R9. Since we are working

with the projective model of H?, a k-dimensional totally geodesic subspace Ly C H? is the intersection L N B< of a k-
dimensional affine subspace I C R9 with BY. Since each k-dimensional totally geodesic subspace of H¢ can be mapped
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to any other by an isometry of H¢, we may assume without loss of generality that T, passes through the center of BZ. Then,
using Fubini’s theorem and denoting by "L'If the (d — k)-dimensional Euclidean orthogonal complement of Iy, it follows
that

-4 “H sk k
- 2y 2 = - 2y 2 -
/B T =) 2 H (@) /L - /@#y)nsdf(le 12122 1k 1 ().

To the inner integral we now apply [17, Lemma 5.1] again to see that the last expression is the same as

d+1 d—k+1

1
R e D R (R NP L O LY
;ned Lli‘(y) R

k 1
_ A2 201 — uli2Y" 2 yd—k k
-/Ekan /L;f(Y) F@QA - 1zI*) 2Q - Ilyll) 2 K (dz) HRd(dy),

where we also used the fact that L + y has Euclidean distance ||y|| from the center of BZ; see also the argument in the
second paragraph of the proof of [17, Lemma 5.3] concerning orthogonality of subspaces in the Beltrami-Klein model.
Writing « for the Euclidean scalar product in RY and using [18, Theorem 6.1.1], we obtain

(I-zey?  1-|yl?

cosh? dp(z,Ly) = cosh? dp(z,y) = = .
A=zl =1yi»  1-1zl?

Plugging this into the last integral expression and applying once more [17, Lemma 5.1] to the outer integral, we arrive at

k+1

d _ k d—k o2y 3 gk
/H RIOEECOE /anBd /L,gy)f(z) cosh(dy(z, L) HAK(z) (1 = IlyI2) 2 HE ,(dy)

- / / £(2) cosh*(dn(z, L) HO~k(dz) H¥(dy),
L L)

which concludes the proof of part (a). Part (b) is a consequence of egs. (3.16) and (3.22) in [19]. O

Remark 3.4. The special case k = 1 of Lemma 3.3 can be found as Lemma 2.1 in [20]. It was derived there using different
methods such as the coarea formula.

We also need the following identity.

Lemma3.5. If0<j<k<d-1,then

/ Cur (arcosh <cosh(r) > >5L j(s) ds =¢g4,;(r), r>0. (5)
0 ,

cosh(s)

Proof. We start by collecting some auxiliary facts. The beta function, which is defined by B(a, b) := /01 19711 = b1 ds
for a,b > 0, can be expressed in terms of the gamma function as B(a, b) = I'(a)I'(b)/T'(a + b), hence

1 (]J k) Wjtk
-B(%,2) = , (6)
2 <2 2 ;Wi
for j, k € N. We will also make use of the integral identity
1 g -
t@ 1 1—t¢ b-1
/ ra-n dt = (1 +¢)"%B(a,b), ™)
0 (1 + Ct)a+b
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which holds for a, b > 0 and ¢ > —1. This can be seen by rewriting the integral as

! R AN S I L
1+0) > dt,
o 1+ct 1+ct A +ct)
and substituting y = (1 + ¢)t/(1 + ct).
We now turn to the proof of the statement of the lemma. For this, let f(r, s) denote the integrand on the left-hand side of (5),
where (7, s) € [0, c0)? with s < r, and let F(r) : = /Or f(r,s)ds for r > 0. Both sides of (5) are zero for r = 0. We show that

they are continuous as functions of r > 0 and that their right derivatives agree, which yields the assertion of the lemma.
We first consider F. Let r > 0 be fixed. If h € (0, 1], then

r r+h
F(r+h)—F(r):/ f(r+h,s)—f(r,s)ds+/ f(@r+ h,s)ds.

0

Since for any given € > 0, we have |f(r + h,s)| < eifs € [r,r + h] and h > 0 is small enough (recall that r > 0 is fixed), it
follows that

o1
lim

r+h
thE/r f(r+h,s)ds=0.

Moreover, there are © = 6, , € (0,1) such that

/r fr+h,s)— f(r,s)
0 h

,
ds =/ 0, f(r +6h,s)ds,
0

where we write 0, f for the partial derivative of f with respect to the first argument and

. k-1-j d—2-k
0, f(t,s) = wq_wk_j coshk(t) sinh(t)M(sinhZ(t) - sinhz(s)) 2, 0<s<t.

cosh? ™17/ (s)
Recall that 0 < h < 1. If k < d — 2, then |9, f(r + Oh, s)| is bounded from above as a function of s € (0,r) by a constant
that depends only on r and is independent of h. If k = d — 1, then

1
18, f(r +6h, 5)| < wg_gwi_jcosh(r +1)sinh* I (r + 1)<sinh2(r) - sinhz(s)> 2 0<s<r

The subsequent calculation shows that as a function of s € (0, r), the right-hand side is integrable (and independent of k).
Hence, we can interchange the order of the limit & | 0 and the integration to get, for the right derivative 8;" F(r) of F atr,

r

OFF(r) = / limd, f(r + 6h, s)ds

k r sinhk_l_j(s) a2k
= wg_wi—jcosh” (r)sinh(r) / T(Sinhz(r) - sinhz(s)) 2 ds
ocosh®™ 7/(s)

d-2-k

o (sinh®(r) — x2sinh?(r)) 2 dx
2

. k—1—j
h
= W(_ Wk j coshk(r)sinhz(r) (xsinh(r))

0 2
(1 + x2sinh”(r))

k—1—j d—-2-k
—(1-x)

(1 + x2sinh’(r)) 2

1
= W Wk coshk(r)sinhd_l_J (r)/
0
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Lkeio o dek
11— 2 1-1¢t) 2
=cod_kcok_jcoshk(r)sinhd ! J(r)% ! ( ) = dt
0 —
(1 + tsinh’(r)) 2
_ ' k . d—1—j 1 l k—j d-—k
= wg_k@k—jcosh” (r)sinh () Py 2B< )

(1 +sinh?(r)) 2
= wq_ J-coshj (r)sinhd_l_j ),
where we used the substitution sinh(s) = x sinh(r) in the third line, the substitution ¢ = x2 in the fifth line, (7) in the

sixth line, and (6) in the last line. We also used the identity Coshz(u) — sinhz(u) =1 for u € R repeatedly. This shows in
particular that F is continuous from the right. Continuity from the left is seen from the decomposition

r+h r
F(r+h)—F(r)=/ f(r+h,s)— f(r,s)ds — f(r,s)ds
0

r+h

forh <Oandr+h >0.
Differentiating the right-hand side gives

¢ :j’j (r) = wg_j cosh’/ () sinh 1~/ (1),
as well. This concludes the proof. O
We can now turn to the proof of the main statement of this section.
Proof of Proposition 3.1. Let1 < k < d — 1. We fix some nonempty A € KX. For x € HY, let 7, (x) be the orthogonal

projection of x onto Lj. By the Pythagorean theorem of hyperbolic geometry (compare, e.g., [18, Theorem 3.5.3]), it holds
that

cosh(d,(x,(A))) = cosh(dy(x, Ty (x))) - cosh(ﬂLk (x),1(A)). ®

Since T (z)=yforall z € Lf{'(y), it follows from (8), Lemma 3.3 (a) and Lemma 3.3 (b) (with Llf(y) =~ H9-k) that, for
r>0,

HAB((A), P) = /

1{dp,(x, ((A)) < ryH%(dx)
Hd

=/ / 1 cosh*(dy(y, 2))1{cosh(dy(z, y)) - cosh(d(y, (A))) < cosh(r)} HI~k(dz) 1¥(dy)
= / wd_k/ sinh®™*71(¢) cosh* ()1{cosh(¢) - cosh(d},(y, 1(A))) < cosh(r)} dt H¥(dy)
Ly 0

= /k Wd—k /00 sinhd_k_l(t) coshk(t)l{cosh(t) - cosh(dy,(y, A)) < cosh(r)}dt H*(dy),
H 0

where we used in the last step the fact that ¢ : H* — HY is an isometry with ((HX) = L. We write the integrand as
fdn(y,A)), where

f(s) 1= wg_i / sinhd_k_l(t) coshk(t)l{cosh(t) - cosh(s) < cosh(r)}dt, s> 0.
0

Note that f(s) = ¢ 4 x(arcosh (cosh(r)/cosh(s))) for s < r and f(s) = 0 otherwise. Consequently,

HAB(A), ) = / FO) HE(dy) + / Fdn(y, A)) HEy). ©
A B

(A;r\A
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The first integral is equal to

/ FO HK(dy) = HK (A (1) = VI (A 41 (1. 10)
A

To evaluate the second integral, define g(s) := H¥(B(A, 5)), s > 0, where B(A, s) is the parallel set of A in HE. By the
Steiner formula, g is continuously differentiable with derivative given by

k—1
g(s) = ; £ VI (), an)
We claim that
/ F(dn(y A)) H¥(dy) = / F©)g'(5)ds. 12)
B(A,r)\A 0

To see this, take an arbitrary partition sy = 0, ..., s, = r of [0, 7] and pick &; € (si_1, 5;), so that g(s;) — g(s;_1) = g’(&;)(s; —
si—1),i=1,...,n. We can now write

n

dy(y, A) Hk(dy) =
/B o S A =,

/ F(dn(ys ) HE(dy)
i=1 B(A’sl)\B(Assl—l)

= Y fENEE) - glsic)) + F(dn(y, A)) - F(&) 1 (dy)
i=1 i=1

= ~/B(A,Sl' )\B(A,Si_l)

=Y FEIEEN s —si)+ Y, / Fdp(y, A)) — F(E) HE(d).
i=1 i=1

B(A,Si)\B(A,Si_l)

As the mesh max;<;<, |s; — s;_1| of the partition goes to zero, the first sum converges to for f(s)g’(s)ds and the second

sum converges to zero, since f is uniformly continuous on [0, 7]. This proves (12). Plugging (11) into for f(9)g'(s)ds, we
obtain

r k-1 r k-1
' _ HK ’ _ Hk _
/0 f©)g')ds =Y VT (A / F©t S ds= Y VIT(A) - £q,0), (13)
j=0 0 j=0
where we used Lemma 3.5. Combining (9), (10), (12), and (13), we obtain
k k
HABWA), M) = Y,V (A)- €40,
j=0
On the other hand, applying the Steiner formula directly yields
d-1 d
HAB(A), ) = HAWA) + )] Vg-ﬂ ((A)) - Cq,; ().
j=0

The claim now follows from the preceding two identities, since the functions € 4 o, ..., ¢ g 4—1 are linearly independent. []

4 | Stationary Poisson Particle Processes in Hyperbolic Space

Let 7 be a stationary Poisson particle process on C<. In our set-up stationarity refers to the invariance of the distribution
of  under isometries of HZ. We refer to [5] for an introduction to stationary Poisson particle processes in hyperbolic space
and to stationary Boolean models derived from them. As in [5], we require 7 to be locally finite in the sense that n({K €
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C? 1 KN C # @} < o almost surely for any C € C. Since 7 is a Poisson process, this ensures that the intensity measure
A := En of 5 is locally finite, that is, AGK € C? : KN C # #}) < oo for any C € C¢. By [5, Lemma 2.4 and Theorem 2.3],
A is then diffuse and hence 7 is a simple particle process.

Letc : €% — HY be an isometry covariant center function, where the condition of isometry covariance means that c(¢A) =
oc(A) forall A € % and ¢ € 7,. By [5, Lemma 2.4 and Theorem 2.3], the intensity

y :=E Z 1{c(K) € B}, B c HY measurable with H4(B) = 1,
Ken

is independent of the center function and finite. In addition, we suppose that y is also positive. Moreover, it is shown in [5,
Theorem 2.1] that there exists a unique probability measure Q on ¢4 which is concentrated on Cg ={Aect: )= P},
invariant under isometries fixing p, and satisfies

AC) =7 /C ) /Z 1{eK € -}A(de) Q). (14)

d

The probability measure Q is called the distribution of the typical grain of 7.

We complement the introduction of stationary Poisson particle processes and Boolean models in [5, section 2] by
explaining how the marking of a stationary Poisson point process in H? can be used for an alternative approach. Let £
be a stationary Poisson point process in H¢ with intensity measure y - H%, where y > 0. We adopt the notation from [5,
section 2] and consider for each x € HY the set T4(p,x) :={¢ € I : ¢p = x} and the probability kernel « from H% to 7
introduced in [5, eq. (2.6)]; see also Equation (16) below. For x € HY, the probability measure x(x, - ) on 7, is concentrated
on Z4(p, x), and the kernel x disintegrates the Haar measure 1 on Z; so that

[ [ ttee pxt oy =i 15)
wd J1,4
We now define a kernel « from H? to ¢ (see [21, p. 40]) by

) = . d
a(x, ) : /Cd/ldl{gKe tr(x,de) Q(dK), x € H4.

Since Q is concentrated on Cg and the center function is isometry covariant, the probability measure a(x, -) is concentrated

on Cff ={A e : c(A) = x}. Let ¥ be an a-marking of &, as defined in [21, Definition 5.3]. Then W is a (marked) Poisson
process on H? x ¢? with intensity measure

(E‘I‘)(~)=V/

Hd

/ / 1{(x, eK) € -}x(x, d) Q(dK) HA(dx);
cdJ1y

see the marking theorem [21, Theorem 5.6]. The mapping lemma [21, Theorem 5.1] for Poisson processes shows that 7 =
W(H x -) is a Poisson process on C¢ with intensity measure

E() =7 /C ) /H ) /Z K € e dg) (0 QUIK)

- y/cd /Zd 1{eK € -}A(de) QAK) = A(-),

d
where (15) was used in the last step. Thus, 7 = # can be obtained by (position dependent) marking with the kernel « from
a stationary Poisson point process in He.

There is yet another representation of a stationary Poisson particle process, which avoids the kernel x. To present it, for
each x € H? we select an isometry g, € Z4(p, x) in such a way that the mapping x — ¢, is measurable. Such an assignment
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exists as explained on page 121 of [18]. Then, the measure x(x, - ) can be represented as
x(x, ) = / Loxe € -}x(p,d). (16)
Iq(p.p)

Moreover, the kernel « can then be rewritten as

alx, ) = /c ) /1 Tk € Jxx.09) QUK)

_ / / 1o,k € -}x(p,dg) Q(dK)
cd J140p,p)

= / / 1{exeK € -} Q(dK) x(p,de)
Ly(p.p) J cd

_ / Lok € -}QUK),
Cd

where the last equality follows since Q is invariant under isometries fixing p and x(p, - ) is a probability measure. Similarly,
the representation of the intensity measure E¥ simplifies to

EBWY(-) =y / / H(rg.K) € 1QUE) ()

Hd Je

and therefore

EN(-) =7 /H ) /C MoK € }QUK) 1)

5 | Intersection Density of a Hyperbolic Poisson Particle Process

We adopt the set-up of the previous section and let  be a stationary Poisson particle process on C¢ with positive intensity
and intensity measure given by (14). We assume that the probability measure Q, the distribution of the typical grain of »,
is concentrated on the subset of Cg which only consists of sets whose boundaries are (d — 1)-rectifiable. We recall that a
subset G c HY is called m-rectifiable, for some m € {0,1,...,d}, if G is the Lipschitz image of some bounded subset of R"™.
In particular, each compact m-dimensional C!-submanifold of H¢ is m-rectifiable. That this class of sets is a measurable
subset of C¢ follows from the results of [22, section 2] as explained in the remark on page 184 of [23].

We write s4(1, B) for the number of intersection points of the boundaries of any d distinct particles of 7 within a bounded
measurable set B ¢ HY, that s,

s4(n,B) :=% Z H(BNAK;N... N3Ky),
K1 Kt

where ni denotes the d-th factorial measure of 7 (see [21, section 4.2]). In Theorem 5.1 we show that s;(#, B) < o holds

almost surely. Since 7 is stationary, E[s4(5, - )] defines an isometry invariant measure on Borel sets in H9. If this measure
is locally finite, it is a multiple of the d-dimensional Hausdorff measure. The following theorem provides more precise
information and shows that the multiplicity can be expressed in terms of the mean (d — 1)-dimensional Hausdorff measure
of the boundary of the typical grain and the intensity y of 7. Recall that x4 = 7%/2/)T(1 +d/2),d € Ny, and wy = dxg for
deN.

Theorem 5.1. Let 7 be a stationary Poisson particle process in C% whose particles almost surely have (d — 1)-rectifiable
boundaries, with positive intensity y and distribution Q of the typical grain. If B ¢ H is a bounded Borel set, then s4(1, B) < oo
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holds almost surely and
d

Kd-1 d-1 d
E ,B)| = _— H 0G)Q(dG) | HY(B).
R e /cg (96)QUG) | H(B)

The factor in front of H%(B) is called the intersection density y4(n) of 1, that is,
d

Kd-1 d-1
= —_— H 0G) Q(dG 0, c0].
Yal) = o] " V/cg (96)QG) | €[0,]

If » has almost surely convex grains, then y (%) < oo, since A is locally finite. In fact, this follows from [5, Theorem 2.3]
and the Steiner formula.

Remark 5.2. Theorem 5.1 holds in all space forms (with proper definitions of the required concepts). The Euclidean case
is analyzed in [3, section 4.6], especially on pages 153-154, also for anisotropic particle processes. Although the analysis in
[4] (which is described in [3]) applies to general particles, it relies crucially on the Euclidean structure, as its arguments are
based on translative integral geometry, associated zonoids, and mixed volumes. In compact Riemannian homogeneous
space, such as the sphere, a probabilistic intersection theory has recently been developed in [24] which builds on geometric
valuation theory and associated zonoids.

Our proof of Theorem 5.1 is based on a general version of Poincaré’s formula in hyperbolic space, which is provided in
[15]; see Theorem 5.15 in combination with Definition 2.13 and Remarks 5.9 and 8.6. For smooth compact submanifolds,
versions and extensions of this result are contained in [25]; see Theorem 3.8, Corollary 3.9, formula (3-16), and the first
displayed formula on page 19. We will need the following special case, which we state as alemma. If k € {0,d} or [ € {0, d},
then the assertion of the lemma follows from Fubini’s theorem and (1).

Lemma 5.3. If A c H¢ is a Hausdorff k-rectifiable Borel set and C C H is an l-rectifiable Borel set with k,1 € {0, ..., d}
and k +1 > d, then

/ HKH=d(A 0 oC) A(de) = y(d, k, DH¥(A)H'(C),
Iq
where

k!‘Kkl!Kl
dixg(k +1—d)xgyi_g ’

y(d, k, 1) =

Moreover, for A-almost all ¢ € 1 the intersection A N ¢C is a Hausdorff (k + | — d)-rectifiable Borel set.

Proof. The second statement follows from [15, Theorem 4.4 (4) (iii)] (see also the statement about transversal intersections
in [25, Theorem 3.8]) and the proof of Theorem 5.15 in [15]. O

We need the following iterated version.

Lemma 5.4. Leti € {1,...,d}. If B C H% is a bounded Borel set and C1, ..., C; C H¢ are (d — 1)-rectifiable Borel sets, then

( )i Hd_i(B N 91C1 Nn...N Qici)/li(d@l’ ceey Ql))
L4

d!Kd <Kd—1

— d d-1 oyd-1o.
= b dxd>H(B)H (€1)-HIL(C). (7)
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Moreover, for A'-almost all (g1, ..., ;) € (I4)! theintersection B N ¢1C; N ... N ¢;C; is a Hausdorff(d — i)-rectifiable Borel set.

Proof. Note that B is d-rectifiable. We proceed by induction over i € {1,...,d}. For i = 1 the assertion is the special case
(k,1) =(d,d — 1) with y(d,d,d — 1) = 1 of Lemma 5.3. Assume that the assertion has been proved for i € {1,...,d — 1}.
Then BN g;Cy N... Ng;_1C;_; is a Hausdorff (d — i + 1)-rectifiable Borel set for A'~!-almost all (¢;,...,9;_1) € (I4)' '
Since C; is a (d — 1)-rectifiable Borel set, the rectifiability statement for B N ¢;C; N ... N ¢;C; follows from the rectifiability
statement of Lemma 5.3 and Fubini’s theorem.

To verify the integral geometric formula, we apply for A"l-almost all (g1,...,0;_1) € (I5)'"!, Lemma 5.3 with the
Hausdorff (d — i + 1)-rectifiable Borel set BN ¢;C1 N ... N¢;_1C;_1, and the (d — 1)-rectifiable Borel set C;. By means of
Fubini’s theorem we obtain

; Hd_i(B N 91C1 Nn...N Qici)li(d(el’ ceey 91))
(Ig)

= [ [ B AeCi .Gl naC) A A e 01-1)
(Id)l—l Id
—yd,d—i+1,d-1)

X / - HETH (BN CrN... Nei1Ci) A Hd(er, ..., 0-1)) HETH(C))
Tt=

d! _
—y(d,d—i+1,d—1) *d <"d 1

i—1
HYBYHEL(Cy) - HIL(CY),
(d—i+Dxg_i4 de) ®) ) )

where in the last step the induction hypothesis has been used. The assertion follows after simplification of the
constants. |

Remark 5.5. Relation (17) remains true for an arbitrary Borel set B C HY and for sets Cy, ..., C; € H? such that C; n W is
a (d — 1)-rectifiable Borel set whenever W c H¢ is a bounded Borel set. This follows from Lemma 5.4 via the monotone
convergence theorem.

Proof of Theorem 5.1. Starting from the definition of s;(7, B), we use the multivariate Mecke formula, [21, Theorem 4.4],
and finally Lemma 5.4. Using also (14), we obtain

Elsy(7,B)] = E l% Y HBAK ... Ky
' (Kl,...,Kd)eni

d
=—z,/d / HO(B N 180G N... N948Gq) A4(d(e1, ..., 0a)) QUA(GY, ..., Gg))
€y J(1y)d
p

d d
. / diieg [ K421} HaBYHA-1(3G,) - HO"1(8G ) QUd(Gy, ..., Gy))

d
d

=xd<@> H4B)|y /  HNE6)QuEe) |
C

de
p

by another application of Fubini’s theorem in the last step.
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In order to verify that s;4(7, B) < o holds almost surely, we consider

El Y {H°BnKN...N3Ky) = oo} (18)
(Kl,.,.,Kd)Eni

:yd/ / 1{H(BNg18G; N... Ng40Gy) = o}
(cthd J(zgd

24(d(ey,---,04)) Q*((Gy, -, Ga)).
For given (d — 1)-rectifiable sets Gy, ...,0G4, Lemma 5.4 implies that
HO(BNg18G1 N ... Ngg8Gy) < o for A%-a.a. (gq,...,04) € ()4,

since the right-hand side of (17) is finite in this situation. Hence we conclude that for Q4-ae. (Gy,...,Gy) € (Cg)d , the
inner integral on the right-hand side of (18) is zero. This shows that almost surely

> 1{H(BNOK;N...NdKy) = oo} =0,
(Kl,---,Kd)Evi

that is, almost surely H(B N dK; N ... N dKy) < oo for (K1,...,Ky) € ni. Since 7 is locally finite, almost surely we also

have BN oKy N ... N0K, # @ for at most finitely many (Kj,...,Kg) € ni. Thus we conclude that s;(, B) < oo holds
almost surely. O

6 | Mean Visible Volume in a Hyperbolic Boolean Model

In this section, we assume that 7 is a stationary Poisson particle process on €, concentrated on X%. The associated union
set
z:=|Jk
Ken

is called a stationary Boolean model. As in the previous section, we write Q for the distribution of the typical grain. For
x,y € He, let [x, y] denote the geodesic segment connecting x and y. The visibility from p in direction u € Sg_l, the unit

sphere in the tangent space of HY at p, within H¢ \ Z is described by the random variable
Spu(Z) 1=sup{s 2 0 : [p,exp,(su)| N Z = &}, (19)

where expy, stands for the exponential map at p, which maps a point su, with s > Oandu € Sg_l, in the tangent space of H¢

at p to the point in H? at hyperbolic distance s on the geodesic through p in direction u. We call Sp,u(Z) the visibility range
from p in direction u. The mean visible volume from p outside Z is the quantity defined by the (elementary) conditional
expectation value

Vy(Z) 1= E[HYS)(2)) | p & Z],
where the open and star-shaped set,
Sp(Z2) :={y e Wl : [p,y]lnZ =g},
is the visible region seen from p. For an introduction to these quantities in Euclidean space (and the proof of basic

measurability statements), we refer to [3, section 4.6, pp. 150-153]. We aim at determining the mean visible volume V ((Z)
of a Boolean model in hyperbolic space. As a first step, we consider the conditional distribution of s, ,(Z) given thatp & Z.
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For a set A C HY, we denote—as usual—by F, the collection of all closed subsets of H? having nonempty intersection
with A. Using this notation, let r > 0 and observe that

P(spu(2) <7 P& 2)=1-P(p g 2)7 - P(Z [p,exp,(rv)] = B
=1-P(pg2)" P(U(”Ip,expp(mﬂ) = 0)

=1-P(p ¢ Z)_l - €Xp <_A<F[p,expp(ru)]>)
~1-rp e ep| - | ; |, x(pesprolnge)acpoeo|  eo

In order to determine the integral in the last expression, we apply the principal kinematic formula for the Euler
characteristic y in hyperbolic space. As in [5, section 3], for d > 2 we use the normalized functionals

0 . @d41 d- Wd+1 . ,qd _
Vk(A)'_—wkde_k( Vi =2 SVE@, ke,d-1, 1)

d
and set V)(A) 1= V4(A) = V" (A) for A € k9. Note that

d+1

V9(A) =V,(A), A= Vd 14),  and V(A= g V0A): (22)

In particular, for d = 2 we get V? = V; for all possible choices of i € {0, 1, 2}. In arbitrary dimension d > 1 and for A € R¢
(the set of all finite unions of compact convex sets), the relation between the Euler characteristic and the intrinsic volumes
can be expressed in the form

d
13
X(A) = 2 D'V A); (23)

see [5, eq. (3.11)], [26, Théoréeme 1.2], and the references provided there. (For d = 1, this follows from y = %VO together

with Vg 1= %VO.) In terms of the modified functionals V', the principal kinematic formulas turn into

/ ViAneB)Ade) = Y, VIAVIB),  ke{o,....d} (24)
i+j=d+k

where the summation extends over all i, j € {0,...,d} such that i + j = d + k; see [5, eq. (3.11)], [26, Théoréme 4.4], and
the references provided there. In the following, we use that V;)(A) = 0if j > dim A, which is implied by Proposition 3.1.

Next, we consider the inner integral in (20), first apply (23), and then (24). Using also Proposition 3.1 and (22), we get

d
5]
2
/ X([p,eXPp(ru)]neG>/1(de)— (-1 / V3 ([p, exp,(rw)] N ¢G) A(dg)
14 =0
, L%J
=—— D" Y VIGVI(p.exp,(rw)])
d+1 15 i+j=d+2l
, 12
= o 1_0<—1>l( V8, GV p.exp, (D + V3, (GIV(Ip,exp,(rw)))
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2
= (Vg(G)Vg([p, exp, (r)]) + V9_ (G)VY(p, expp(ru)]))

@d+1
LY (fpexpy i) +

= L(‘/d(G)

Wd+1 C;dﬂ Va_1(G)V1([p, epr(ru)])>

@d
= wid (Vd(G)Vo([p, exp,(r]) + Va-1(G)V1([p, expp(ru)]))

= COi(ded(G) +x4-11V4-1(G))
d

Kd—
= Va(G) + 51V 1(G), (25)
Xd
where we used that [p, expp(ru)] is a one-dimensional geodesic segment, so that Remark 3.2 implies V([p, expp(ru)]) =
wq and

Vi(lp, exp,(rw)]) = xq_1 1 ([p, exp,(rw)]) = kg7

Next, we plug (25) back into (20) to deduce that

P(s, (Z)<r|pgZ)=1-P(p & Z) 'exp —V/d (Vd(G) + %MH(@) Q(dG) |
Kp d

Setting r = 0 in the preceding equation, we conclude that

P(pg2)= P(Z N [p, exp,(0-w)] = ®) = exp —V/d Va(G)Q(dG) |,
K
p

and hence we finally obtain

Kd—
P(spu(2) <r1pE2Z)=1-exp|-r=—ty / Va-1(6)QWG) |
K4 ]Ccpi
Defining
Kd-1
1= V4-1(G)Q(dG 0, d = ——= Vg1, 26
Ud-1 /lCd d-1(G)QG) € [0,00)  an Dg-1 7= Gy Vi1 (26)

p
we have thus proved the following result.

Proposition 6.1. Consider a Boolean model with compact convex grains and positive intensity y. The conditional
distribution of the visible range s, ,(Z), given p & Z, is an exponential distribution with parameter 02—17’ independently

ofu e Sg_l, where v;_l is given by (26).
Next we consider the mean visible volume.

Theorem 6.2. The mean visible volume V ((Z) of a stationary Boolean model Z with compact convex grains and positive
intensity y is finite if and only if

de

P

U; 7> d -1, orequivalently, vg_1y >(d—-1)—
} d-1
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In this case,

*
r Ud_ly—d+1
_ d!Kd 2

2d v¥ y+d+1
d-1

Proof. Using Lemma 3.3 (b), Proposition 6.1, and by an application of Fubini’s theorem, we deduce that

\7 spu(2)
VS(Z) = E[Hd(Sp(Z)) | p & Z]=E l/d . / Sil’lhd_l(g) ds Hg_l(du) e Z]
S Jo
=E l/;g_l ¢/() I{S < Sp,u(Z)}Sinhd_l(s) ds Hg—l(du) | p ¢ Z]

- ,/gg—l /0 P(s <spu(2)Ip & Z) sinh?(s) ds 14~ (du)

R d-1
-0 S . —
=wd/ e “d-1""sinh (s)ds.
0

Note that the application of Fubini’s theorem was justified, since the integrand is nonnegative.
To evaluate this integral, let a > d — 1 and apply the substitution e™ = \/ﬂ to see that

o0 1 o0
sinh? ™ !(s) e~ ds = —— (e5 —e%)d1emas gy
0 2d-1 /g

d-1
1
1 1 du
=31 — —Vu) wel—
2471 Jo 2y/u
1 a—d+1
L w7 la—wi

The last integral can be expressed in terms of a beta function, and hence by gamma functions (as in the proof of
Proposition 3.5), which finally implies that

- F( a—d+1 )
. d— d-1)!
/ sinh? Y(s)e @5 ds = ( ) 22 (27)
0 2d r < a+d+1 )
2
provided that a > d — 1. Using this identity with a = 02—17 yields the final result. O
Remark 6.3. Writing the result of Theorem 6.2 in the form
r v:;_ly—d+1 >
= d!Kd 2
VS(Z) B 2d ¥ y—d+1 ’
r( d-1 + >
2
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TABLE 1 | Mean visible volume in small space dimensions.

= 273 = 5127 = 9727°
Vs(@2) = ———— V(@)= ————— Vy(2) = 3 5
Y2 -m yua(y2v; — 64) (972 — 4y2v3)(8172 — 4y2v3)
ifyvy >« ifyv, > 8 ifyvs > 97/2
we obtain
-1
V2 (0052 - @=02)(Gui_ 2 - @=32) -~ (ovy_?-1%)) : deven,
d!Kd -

(oo p?=@=12) (0o ? = @=32) - (G 2 = 22 Jyoi_, )_1 : d odd.,

For small vales of d, this is illustrated in Table 1.

d d
Remark 6.4. Note that V_; = ZVEf_l by Remark 3.2, where the functional Vgﬂ_l has the advantage of being normalized

Hd

g1 We obtain that the mean visible volume VS(Z) is

in an “intrinsic way.” Thus, replacing correspondingly v _; by 2v
finite if and only if

dkd
2xg-1°

Hd
Y4, > d-1)

Remark 6.5. Consider a Boolean model Z generated by a stationary Poisson point process ¢ of intensity y > 0 in H¢
whose grains are balls with a fixed radius R > 0, recall the construction from Section 4. In this special case, the threshold
of Theorem 6.2 may be compared to the one of [7] considering the absence or presence of infinite geodesic rays starting at
p not hitting the Boolean model as discussed in the introduction. It has been shown on page 447 of [7] that such geodesic
rays exist with positive probability if the intensity y satisfies

d-1

I =P Bc(d, R),
x4—1 sinh™ "(R)

y <

whereas for y > f.(d, R) such rays do almost surely not exist; in the language of [7] one has to take a = 1 and to note that
y1 there is the same as our x4_;. On the other hand, Theorem 6.2 shows that the mean visible volume V(Z) is infinite if
and only if

< (d — 1)dxy
T Kg-1Ud-1

Since vg_1 = wg sinhd_l(R) in our case, we arrive at precisely the same threshold 3.(d, R). In this very special set-up, this
can alternatively be concluded as follows. Using Lemma 3.3 (b) and writing x; for a point with dj(p, x;) = t we have

(8]
V,(2) = cod/ P(lp.x INnZ=@|p & Z) sinh? ™1 ¢ dt.
0

Now, observe that

_ _ PEB(p, X1, R)=0)  e7VaBpxLR)
P(p,x ]NZ=@|pgZ)= PEBG.R)=0) oV aBoRy

Using (4) and Remark 3.2 we see that

) _ (d-1)t
e Va®(px1R) _ ;7 (Va@ER) gy sinh®T®) e_y<vd(B(p’R»+ﬁc<d’R)>

>
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where in the last equality we applied the definition of 5.(d, R). Thus,

_ o _, (d-11
V(2Z) = wy / e ' BedR) sinh? !t dt.
0

Since sinh ¢ is bounded from above and below by a constant multiple of e’ for sufficiently large ¢, the last integral is finite

ifand only if 1 — _ <0,or equivalently, y > .(d, R).
BC(d’R)

In view of Theorem 5.1, we also arrive at the following corollary of Theorem 6.2.

Corollary 6.6. The mean visible volume of the Boolean model Z with positive intensity and almost surely full-dimensional
compact convex grains is finite if and only if the intersection density of the underlying Poisson particle process 1) satisfies

Ya() > (d — 1)%x,.

Finally, we consider the behavior of the mean visible volume near the critical threshold. Our next result shows that there
is a universal scaling law. In particular, the divergence of V(Z) at criticality is polynomial (rather than exponential), with
critical exponent one, independent of the dimension d. In what follows, we write f(x) ~ g(x) as x — xg if f(x)/g(x) - 1
as x — Xxg.

Corollary 6.7. Let Z be a stationary Boolean model in HY with compact convex grains and intensity y > 0, and set a :=
vfl_ly. Assume thata > d — 1 and defined :=a—(d —1) > 0. Then

— [P 1
Proof. By Theorem 6.2 we may write, for a > d — 1,
—d+1
F a
= d'xg < 2 )
T
2
Since § :=a —(d —1) > 0, we have
a-d+1 ¢ a+d+1 é
— =3 and — = d+ 5

Using the asymptotics T'(e) ~ ¢! as ¢ | 0 and the continuity of the gamma function at d, we obtain

r(2)~2 and r(d+%)orW@=@-11 asslo.
2 o) 2
Inserting this into (29) yields
_ dixg  2/8  dig 1
V(2) ~ : = =
&) 2d  (d-1) 24-1 §
Since wy = dxg, this proves (28). O

A next natural question is to quantify the divergence of the mean visible volume at the critical threshold in a more refined
way. Since V(Z) = co when vz_ly = d — 1, itis natural to localize the visible region and to study how the expected visible
volume grows with the observation radius. To this end, for R > 0 we consider the truncated mean visible volume

Vir(Z) 1= E[HY(S,(Z) nB(p,R)) | p & Z].

Our next result shows that the divergence is governed by a universal constant, independent of the concrete shapes of the
particles, and is of a mild order: At criticality the truncated mean visible volume grows only linearly in R. For completeness,
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we also consider the asymptotics of the mean visible volume below and above criticality, which in these cases is of

exponential order and depends on yu;‘_l.

Corollary 6.8. Let Z be a stationary Boolean model in HY with compact convex grains and intensity y > 0, and set a :=

vz_ly. Then, as R — oo, the following asymptotics hold.
(@) Ifa<d-—1,then

v @d d-1-a)R
Vp(Z)~m ————2 o . 30
B D~ S (30)
(b) Ifa=d-1, then
Vsr(Z) ~ 21 R. (31
(¢) Ifa>d—1, then
v v @q —(a—d+1)R
Vy(2) =V p(Z) ~ ——8—— ¢ (a=d+DR, 32
s( ) s,R( ) Zd—l(a —d+ 1) ( )
Proof. By Lemma 3.3 (b) and Proposition 6.1, the same computation as in the proof of Theorem 6.2 yields
_ R
Vir(Z) = wyg / ¢~ sinh? " !(s) ds. (33)
0
Moreover, if a > d — 1, then Theorem 6.2 implies that
_ _ oo
V(Z) = Vr(Z) = wgq / e s sinhd_l(s) ds. (34)
R
Using sinh(s) = %(es —e™%), for all s > 0 we have
— d—
¢~ sinh® 1 (s) = 27(d=De—(a=d+D)s(1 _ ¢=25) ' (35)
In particular,
e~ sinh? () ~ 27(@"De=(a=d+Ds 455 - co. (36)
(a) Assumea <d—1landsetf :=d—-1-a> 0. Let
R
IR) := / e~ sinh® ! (s) ds.
0
By (36) we have I(R) — oo and I(R) /eﬁR - %2‘(‘1_1) as R — oo, which can be seen by I'Hospital’s rule:
—aR .:1.d-1 .o d-1
lim @: lim le lim sinh (R)zl- ! s
R—o gfR  R—oo BePR B R—co e(d-DR B 2d-1
where in the last step we used that sinh(R) ~ %eR. Multiplying by w4 and using (33), we conclude (30).
(b) Assume a = d — 1. Then (35) gives
_ d-1
e~(@=Ds ginhd~1(5) = 27(@=D(1—e=2%)" ",
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Inserting this into (33) and using L’Hospital’s rule, we obtain

R
Vir@2)=—= [ (1-e*
§ 2d-1 0
which yields (31).
(c)Assumea >d—1landsetf :=a—-d+1>0.If

o0
J(R) :=/ e”as sinhd_l(s) ds,
R

then J(R) | 0 as R — oo. Again by L’Hospital’s rule and using (36), we get J(R)/e PR — %2_(‘1_1) as R — oo. Multiplying
by wy and using (34), we obtain (32). O

7 | Comparison With Hyperbolic Poisson Hyperplane Tessellations

We consider a Poisson process & of hyperplanes in H? with intensity y > 0. By this we mean that £ is a Poisson process in
the space Ay (d, d — 1) with intensity measure yu4_;, where

taoa(-) = / / cosh® ™ (dy(x, PHLH(L, X) € -} H(dx) vy (dL),
Gpd1 /L

is the isometry invariant measure on the space of hyperplanes in IH]d, normalized as in [17, 27]. Here, Gj(d, 1) is the space of
lines (i.e., 1-planes) containing p, v; denotes the unique Borel probability measure on G,(d, 1) invariant under isometries
fixing p, and H(L, x) is the hyperplane orthogonal to L at x. We refer to [17, 27-29] for more details. In this section, let

Z* = U H (37)

Heé

be the random closed set in H? induced by the union of all hyperplanes of . Since py_; is isometry invariant, the law of
the random set Z is also invariant under all isometries of H%. We call the closure of the almost surely unique connected
component in the complement of Z* containing p, that is, the cell in the tessellation generated by & that contains p, the
zero cell of the hyperbolic Poisson hyperplane tessellation with intensity y. By definition, the zero cell coincides with the
closure of the visible region S,(Z *) induced by the random closed set Z* defined via (37).

Defining the visibility range s, ,(Z*) induced by Z* from p in direction u € Sg_l as in (19), we can argue as in (20) to
deduce that

P(s, ,(Z*) <r) =1~ P(Z* N [p, expp(ru)] = @)
=1- P(§ (T[p,expp(run) = 0)

=1-exp (—J/ Hd—1 <P[p,expp<”‘)] ))

=1-exp <—7 / 1{[p, exp,(ru)| N H # Q}Md—l(dH)>-
Ap(d,d-1)

Next, we use that the geodesic segment [p, expp(ru)] can be intersected in at most one point by a generic hyperplane H €

Ap(d,d — 1), which implies that 1{[p, expp(ru)] NH # @} =HO(p, expp(ru)] N H) for py_q-almost all H € A,(d,d — 1).
Thus, by the Crofton formula (see, e.g., [27, Lemma 2] or [17, Lemma 2.1]), the integral in the exponent is equal to

@Wd+1%W1

2K4-1
—_— r
wqw;

H([p,exp, () = ==

[ w(lpexpyrul 0 #) s (@i =
Ap(d.d-1)
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2K4_
=d=1 We can now proceed

It follows that the random variable s, ,,(Z) has an exponential distribution with parameter y dd
kd

exactly as in the proof of Theorem 6.2 to obtain

_ spu(Z™) i1
V(Z*)=E / / sinh® ™' (s) ds Hg-l(du)
sd-1 /g

B /Sd—1/0 P(s < Sp,u(Z*))Sinhd_l(s)dng—l(du)

_ 0 . d-1 2Kd_1
= wy sinh™ “(s) exp | —y s | ds.
0 dxg

The last expression can be further simplified by means of relation (27). For example, if d = 2, we get V(Z*) =

273
4},2_”2 ’
which agrees with [30, egs. (6.4) and (6.6)], where we note that the authors of that paper use a different normalization for
the invariant measure yg_;. In particular, defining

2Kd-1

* .

7d = e

we see that the mean volume of the zero cell is finite if and only if
y;>d-1 (38)
We summarize these findings in the following result.

Theorem7.1. Consider the zero cell induced by a stationary Poisson process on Ap(d, d — 1) with intensity measurey - Uq_1,
y > 0. Its mean volume V ((Z*) is finite if and only if y:; > d — 1, and in this case it is given by

*
T yd—d+1
= _ d!Kd 2

We note that this result is in line with [31, Theorem 3.3] (and the references cited therein), which states that the random
set Sp(Z*) is bounded almost surely if y:; satisfies (38), while S;(Z*) is unbounded almost surely if y:; < d -1 (note the
difference by a factor 2 compared to [31], which is due to a slightly different normalization of the invariant measure ug_1).
If d = 2, then [31, Theorem 3.4] even ensures that in the critical case yj =1 (or equivalently y = %) the random set S,(Z*)

is bounded with probability one; in this situation, the expected value V(Z*) is still infinite, as follows from Theorem 7.1.

Remark 7.2. Theorem 7.1 yields the same near-critical scaling as in the Boolean model discussed in Corollaries 6.7 and
6.8. Writing § := 72 — (d — 1), we obtain

@ 1
d . - asd | 0.

v *
V@)~ 53

In particular, VS(Z*) = oo at y; = d — 1. Moreover, we can consider \_/S,R(Z*) :=E [Hd Z*n [EB(p,R))] for R > 0. Then
Vs, r(Z*) satisfies exactly the same large R asymptotics as the visibility set of the Boolean model in Corollary 6.8.
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