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ABSTRACT 

For Poisson particle processes in hyperbolic space we introduce and study concepts analogous to the intersection 

density and the mean visible volume, which were originally considered in the analysis of Boolean models in Euclidean 

space. In particular, we determine a necessary and sufficient condition for the finiteness of the mean visible volume 
of a Boolean model in terms of the intensity and the mean surface area of the typical grain. 
JEL Classification 52A22, 52A55, 60D05 

1

T  

t  

c  

r  

i  

a  

s  

M  

T  

t
T  

i  

s  

v  

f  

T
m
©

M
h

 Introduction 

he Boolean model is a foundational concept in stochastic geometry that describes random spatial structures formed by
he union of random shapes, called grains, which are placed at the points of a random point process. More precisely, the
onstruction of a Boolean model usually begins with a point process, typically a Poisson point process, which defines the
andom locations in space where the grains are centered. Each grain, characterized by its shape, size, and orientation, is
ndependently and randomly distributed according to a specified probability law on the space of compact subsets of the
mbient space. By taking the union of all grains, the model generates a random set in space, capturing a rich variety of
patial patterns and structures. The Boolean model is particularly valued for its mathematical tractability and flexibility.
any key properties such as the probability of complete coverage or the mean volume fraction can be derived analytically.
hese features make the Boolean model a powerful tool for both theoretical studies and practical applications. We refer
he reader to [ 1–3 ], for example. 
his paper investigates the intersection density and the mean visible volume in a Boolean model. In this context, the
ntersection density refers to the number of intersection points of the boundaries of any 𝑑 distinct particles with a given
et, where 𝑑 denotes the dimension of the space in which the Boolean model is constructed. On the other hand, the mean
isible volume is defined as the expected volume of the region that remains uncovered by the random grains and is visible
rom a fixed observation point, such as the origin, conditioned on the event that this point is not covered. Both quantities
his is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any 
edium, provided the original work is properly cited. 
2026 The Author(s). Mathematische Nachrichten published by Wiley-VCH GmbH. 
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FIGURE 1 Simulation of a Boolean model in the hyperbolic plane whose grains are discs of random radius uniformly 
distributed in [0,1]. The saturation of a point represents the number of grains by which it is covered. 
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ave been extensively studied for Boolean models in a 𝑑-dimensional Euclidean space; see [ 3 , section 4.6] and [ 4 , sections
–6]. In particular, the mean visible volume is always finite as soon as the grains are full-dimensional. In contrast, we
ocus on the intersection density and the mean visible volume of Boolean models in a 𝑑-dimensional hyperbolic space ℍ𝑑 
f constant curvature − 1 ; see Figures 1 and 2 for simulations. Also, here the Boolean model can be derived from a Poisson
oint process in ℍ𝑑 with intensity 𝛾 > 0 , which is invariant under all isometries of ℍ𝑑 , but the probabilistic construction
equired for placing the grains at the points of the Poisson process is more involved. For this reason, alternative approaches
ave been proposed in [ 5 , sections 2.2 and 2.3] and will be further developed here. Boolean models in hyperbolic space
ere studied in [ 5–9 ] and give rise to a number of new phenomena compared to their Euclidean counterparts. In addition,
he analysis of models in hyperbolic stochastic geometry often requires the development of new geometric tools, which
re of independent interest. We will see examples for both effects also in the present text. 
t is known from [ 7 ] that the visibility properties of hyperbolic Boolean models exhibit a remarkable threshold
henomenon, which cannot be observed in Euclidean space. To be precise, the paper [ 7 ] deals with Boolean models in
he 𝑑-dimensional hyperbolic space (and in fact more general spaces) whose grains are balls of fixed radius 𝑅 > 0 . In this
pecific set-up, if we condition on the event that a fixed point 𝗉 ∈ ℍ𝑑 is not covered by the grains of the Boolean model,
hen there exists a critical intensity parameter 𝛾𝑣 = 𝛾𝑣 ( 𝑅 , 𝑑 ) > 0 such that: 

∙ for 𝛾 < 𝛾𝑣 the grains are sparse enough so that, with positive probability, one can find infinite geodesic rays emanating
from 𝗉 that remain unobstructed, 

∙ for 𝛾 > 𝛾𝑣 the grains become dense enough to almost surely obstruct all geodesics starting at 𝗉 . 

he value for 𝛾𝑣 is known and will be discussed in Remark 6.5 below. More refined properties of the length of the geodesic
ays starting at 𝗉 are studied in [ 9 ] (in dimension 𝑑 = 2 ). 
e build upon these findings by exploring the mean visible volume around a given point 𝗉 . Our primary result in this
irection provides an explicit formula for the mean visible volume in terms of the intensity 𝛾 and the mean surface content
𝑑− 1 of the so-called typical grain. It applies to general space dimensions 𝑑 and general random hyperbolically convex grain
hapes. A significant aspect of our result is the identification of a precise condition under which the mean visible volume
emains finite. Specifically, we prove that the mean visible volume is finite if and only if the product 𝛾𝑣𝑑− 1 exceeds the
hreshold value ( 𝑑 − 1)

𝑑𝜅𝑑 
𝜅𝑑− 1 

, where 𝜅𝑗 denotes the volume of the 𝑗-dimensional Euclidean unit ball. This condition reveals
he interplay between the intensity of the underlying Poisson point process and the geometric properties of the grains that
ust be satisfied for a finite mean visible volume. In addition, we present an explicit formula for the intersection density of

 𝑑-dimensional hyperbolic Boolean model and establish a connection between this density and the mean visible volume.
n Euclidean space, the intersection densities of stationary processes of planes have been studied extensively, forming a
of 24 Mathematische Nachrichten, 2026

ive C
om

m
ons L

icense



FIGURE 2 Simulations of Boolean models with intensity 0.5 (left), 0.9595 (middle), and 1.5 (right) in the hyperbolic 
plane whose grains are discs of radius 1∕2 . The saturation of a point represents the number of grains by which it is covered. 
The point 𝗉 is located at the center. 
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ich area of research at the interface of integral geometry, integral transforms, and inverse problems. This line of work is
ften motivated by applications in fields such as stereology. Since plane processes with anisotropic directional distributions
rise naturally in Euclidean space, a variety of related extremal problems have been investigated (see [ 3 , section 4.4] and
 10 ]). Analogous questions were considered for surface and fiber processes (see [ 3 , section 4.5]) and, more generally, for
rocesses of rectifiable sets [ 4 ]. Furthermore, for stationary Poisson processes of convex particles, the intersection density
s linked to the mean visible volume through a remarkable extremal problem concerning the distribution of the typical
rain (see [ 3 , section 4.6]). 
n hyperbolic space, however, corresponding results appear to be largely absent. This work contributes to filling this gap
y also investigating intersection densities in the hyperbolic setting. To place our results in a broader geometric context,
e compare them with related findings for the zero cell of a stationary Poisson hyperplane tessellation in hyperbolic space.

 Preliminaries 

n this paper, we work in a 𝑑-dimensional hyperbolic space ℍ𝑑 of dimension 𝑑 ≥ 2 and with constant curvature 𝜅 = − 1 . In
hat follows, we fix an arbitrary reference point 𝗉 ∈ ℍ𝑑 . We denote by 𝑑ℎ ( ⋅ , ⋅ ) the hyperbolic distance, by 𝑑 the space
f nonempty compact subsets of ℍ𝑑 and by 𝑑 the space of compact and (geodesically) convex subsets of ℍ𝑑 (including
he empty set). The unimodular Lie group of isometries of ℍ𝑑 is denoted by 𝑑 . It carries an (left and right) invariant Haar
easure 𝜆, which is unique up to normalization. We normalize 𝜆 so that, for any 𝑥 ∈ ℍ𝑑 , 

∫𝑑 
𝟏 { 𝜚𝑥 ∈ ⋅ } 𝜆(d 𝜚) = 𝑑 ( ⋅ ) , (1)

here 𝑑 denotes the 𝑑-dimensional Hausdorff measure constructed with respect to 𝑑ℎ . More generally, for 𝑠 ≥ 0 we
enote by 𝑠 the 𝑠-dimensional Hausdorff measure with respect to the hyperbolic distance 𝑑ℎ . Instead of 𝑑 , we often
se 𝑉𝑑 to denote the volume functional on compact convex sets in ℍ𝑑 . For 𝐴 ∈ 𝑑 and 𝑥 ∈ ℍ𝑑 , we set 𝑑ℎ ( 𝐴, 𝑥) ∶ =
in { 𝑑ℎ ( 𝑎, 𝑥) ∶ 𝑎 ∈ 𝐴} . Moreover, we set 𝑑ℎ (∅, 𝑥) ∶ = ∞. 
or 𝐴 ∈ 𝑑 and 𝑟 ≥ 0 , let 𝔹 ( 𝐴, 𝑟) = { 𝑥 ∈ ℍ𝑑 ∶ 𝑑ℎ ( 𝐴, 𝑥) ≤ 𝑟} be the parallel set of𝐴 at distance 𝑟. For 𝑗 ∈ {0 , . . . , 𝑑 − 1} and
 ≥ 0 , let 

𝑙𝑑,𝑗 ( 𝑟) ∶ =
(𝑑 − 1 

𝑗 

)
∫

𝑟 

0 

cosh 
𝑗 
( 𝑡 ) sinh 

𝑑− 1 − 𝑗 
( 𝑡 ) d 𝑡 . 

e note that the functions 𝑙𝑑, 0 , . . . , 𝑙𝑑 ,𝑑 − 1 are linearly independent in the real vector space of continuous functions on
0 , ∞) . The Steiner formula ( 2 ) involves the existence of (uniquely determined) continuous, isometry invariant, and
athematische Nachrichten, 2026 3 of 24
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dditive functionals 𝑉0 , . . . , 𝑉𝑑− 1 on 𝑑 such that 

𝑉𝑑 ( 𝔹 ( 𝐴, 𝑟)) = 𝑉𝑑 ( 𝐴) +
𝑑− 1 ∑
𝑗= 0 

𝑉𝑗 ( 𝐴) ⋅ 𝑙𝑑,𝑗 ( 𝑟) , 𝑟 ≥ 0; (2)

 more general (local) version of ( 2 ) is provided in [ 11 , Theorem 2.7] (note that the result in [ 11 ] is stated in ℍ𝑑+ 1 and
he coefficient functions are normalized differently). The normalization in ( 2 ) is chosen as in [ 5 , eq. (3.3)] and consistent
ith the normalization in [ 12 , eq. (4.12)] in the Euclidean framework. It is the natural choice of normalization, if 𝑉𝑗 ( 𝐴) is
onsidered as a curvature integral involving a normalized elementary symmetric function (of order 𝑑 − 1 − 𝑗) of principal
urvatures of 𝜕𝐴; see [ 13 , eq. (1.11)] for the case of parallel sets of smooth hypersurfaces in hyperbolic space. Note that
𝑗 (∅) = 0 for 𝑗 ∈ {0 , . . . , 𝑑} . 
f 𝐴 is convex and has nonempty interior, then 

𝑉𝑑− 1 ( 𝐴) = 𝑑− 1 ( 𝜕𝐴) . (3)

e note that in the Euclidean case the corresponding relation involves an additional factor 1∕2 on the right-hand side,
ue to the different normalization of 𝑉𝑑− 1 . However, if 𝐴 ⊂ ℍ𝑑 is compact, convex, and has dimension at most 𝑑 − 1 ,
hen 𝑉𝑑− 1 ( 𝐴) = 2 𝑑− 1 ( 𝜕𝐴) . If the dimension of 𝐴 is at most 𝑑 − 2 , then both sides of ( 3 ) vanish. Moreover, 𝑉0 ( 𝐴) is the
total) Gauss curvature integral of 𝐴 (which follows as a special case of [ 11 , Theorem 2.7 and (2.7)]). In Euclidean space the
ormalization of 𝑉0 is chosen such that 𝑉0 is equal to the Euler characteristic 𝜒, whereas in hyperbolic space the relation
etween 𝑉0 and the Euler characteristic 𝜒 is nontrivial and will be described below. 
 subset 𝐴 ⊆ ℍ𝑑 is said to be 𝑘-rectifiable, for some 𝑘 ∈ {0 , . . . , 𝑑} , if 𝑘 = 0 and 𝐴 is finite or if 𝑘 ≥ 1 and 𝐴 is the image
f a bounded subset of ℝ𝑘 under a Lipschitz map. We say that 𝐴 is Hausdorff 𝑘-rectifiable if 𝑘 ( 𝐴) < ∞ and there exist
-rectifiable subsets 𝐵1 , 𝐵2 , . . . of ℍ𝑑 such that 𝑘 

(
𝐴 ⧵

⋃
𝑖≥ 1 𝐵𝑖 

)
= 0 . For these definitions, see also [ 14 , section 3.2.14]

nd [ 15 , Definitions 5.12 and 5.13]. In particular, every bounded subset of ℍ𝑑 is 𝑑-rectifiable. 

 Hyperbolic Intrinsic Volumes 

t is a well-known fact that the Euclidean intrinsic volumes are intrinsic in the sense that they do not depend on the
imension of the ambient space. That is, if 1 ≤ 𝑘 ≤ 𝑑, 𝐴 ⊂ ℝ𝑘 is a compact convex set and 𝜄 ∶ ℝ𝑘 → ℝ𝑑 is an isometric
mbedding of ℝ𝑘 into ℝ𝑑 (such as the one mapping 𝑥 ∈ ℝ𝑘 to ( 𝑥, 0 , . . . , 0) in ℝ𝑑 ), then 

𝑉ℝ
𝑑 

𝑗 
( 𝜄( 𝐴)) =

{ 

𝑉ℝ
𝑘 

𝑗 
( 𝐴) , 𝑗 = 0 , . . . , 𝑘, 

0 , 𝑗 = 𝑘 + 1 , . . . , 𝑑, 

here 𝑉ℝ
𝑑 

𝑗 
and 𝑉ℝ

𝑘 

𝑗 
denote the 𝑗-th intrinsic volume of a set measured in ℝ𝑑 and ℝ𝑘 , respectively. For this reason, they

re called intrinsic volumes, and the ambient space is usually omitted in the notation (for details, see [ 12 , eqs. (4.1) and
4.22)] or [ 16 , pp. 106–108]). 
ith a different normalization, the same property holds for the hyperbolic intrinsic volumes as well. Define for 𝑗 =

 , . . . , 𝑑 − 1 the functions 𝓁𝑑,𝑗 by 

𝓁𝑑,𝑗 ( 𝑟) ∶ = 𝜔𝑑− 𝑗 ∫
𝑟 

0 

cosh 
𝑗 
( 𝑡 ) sinh 

𝑑− 1 − 𝑗 
( 𝑡 ) d 𝑡 , 𝑟 ≥ 0 , 

here 𝜔𝑖 = 2 𝜋𝑖∕2 ∕Γ( 𝑖∕2) = 𝑖𝜅𝑖 denotes the surface area of the 𝑖-dimensional Euclidean unit ball for 𝑖 ∈ ℕ . For 𝐴 ∈ 𝑑
ut 𝑉ℍ

𝑑 

𝑑 
( 𝐴) ∶ = 𝑑 ( 𝐴) and define the intrinsic volumes 𝑉ℍ

𝑑 

0 
, . . . , 𝑉ℍ

𝑑 

𝑑− 1 
as the coefficients in the Steiner formula 

𝑑 ( 𝔹 ( 𝐴, 𝑟)) = 𝑑 ( 𝐴) +
𝑑− 1 ∑
𝑗= 0 

𝑉ℍ
𝑑 

𝑗 
( 𝐴) ⋅ 𝓁𝑑,𝑗 ( 𝑟) , 𝑟 ≥ 0 . (4)

ote that ( 4 ) remains true for 𝑑 = 1 with 𝑉ℍ
1 

0 
( 𝐴) = 1 if 𝐴 ∈ 1 satisfies 𝐴 ≠ ∅. 
of 24 Mathematische Nachrichten, 2026
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n the following, a 𝑘-dimensional totally geodesic subspace of ℍ𝑑 is called a 𝑘-plane for 1 ≤ 𝑘 ≤ 𝑑 − 1 . We denote the
pace of all 𝑘-planes by 𝐴ℎ ( 𝑑, 𝑘) . 

roposition 3.1. Let 1 ≤ 𝑘 ≤ 𝑑 − 1 and identify ℍ𝑘 with an arbitrary 𝐿𝑘 ∈ 𝐴ℎ ( 𝑑, 𝑘) via an isometry 𝜄 ∶ ℍ𝑘 → ℍ𝑑 such
hat 𝜄( ℍ𝑘 ) = 𝐿𝑘 . If 𝐴 ∈ 𝑘 , then 

𝑉ℍ
𝑑 

𝑗 
( 𝜄( 𝐴)) =

{ 

𝑉ℍ
𝑘 

𝑗 
( 𝐴) , 𝑗 = 0 , . . . , 𝑘, 

0 , 𝑗 ≥ 𝑘 + 1 . 

emark 3.2. For 𝐴 ∈ 𝑑 and 𝑑 ≥ 1 , a comparison of ( 2 ) and ( 4 ) yields that 

𝜔𝑑− 𝑗 𝑉
ℍ𝑑 

𝑗 
( 𝐴) =

(𝑑 − 1 

𝑗 

)
𝑉𝑗 ( 𝐴) , 𝑗 = 0 , . . . , 𝑑 − 1 , 

nd 𝑉ℍ
𝑑 

𝑑 
( 𝐴) = 𝑉𝑑 ( 𝐴) . If 𝐼 ⊂ 𝑑 is a geodesic segment, then Proposition 3.1 implies that 

𝑉ℍ
𝑑 

0 
( 𝐼) = 1 , 𝑉ℍ

𝑑 

1 
( 𝐼) = 1 ( 𝐼) , 

nd therefore 

𝑉0 ( 𝐼) = 𝜔𝑑 , 𝑉1 ( 𝐼) = 𝜅𝑑− 1 1 ( 𝐼) . 

n addition to the Steiner formula, the proof of Proposition 3.1 requires two integration formulas in hyperbolic space: an
rthogonal disintegration formula that can be seen as a hyperbolic analogue of Fubini’s theorem and the hyperbolic polar
ntegration formula. 

emma 3.3. 
(a) If 1 ≤ 𝑘 ≤ 𝑑 − 1 and 𝐿𝑘 ∈ 𝐴ℎ ( 𝑑, 𝑘 ) is a f ixed 𝑘 -plane, then 

∫
ℍ𝑑 
𝑓( 𝑥 ) 𝑑 (d 𝑥 ) = ∫

𝐿𝑘 
∫
𝐿⟂
𝑘 
( 𝑦) 

𝑓( 𝑧 ) cosh 
𝑘 
( 𝑑ℎ ( 𝑧 , 𝐿𝑘 )) 𝑑− 𝑘 (d 𝑧) 𝑘 (d 𝑦) , 

for any measurable function 𝑓 ∶ ℍ𝑑 → [0 , ∞] , where 𝐿⟂
𝑘 
( 𝑦) is the unique ( 𝑑 − 𝑘) -plane orthogonal to 𝐿𝑘 that intersects

𝐿𝑘 in 𝑦 and 𝑑ℎ ( 𝑧, 𝐿𝑘 ) = 𝑑ℎ ( 𝑧, 𝑦) stands for the geodesic distance of 𝑧 to 𝐿𝑘 . 
(b) If 𝑑 ≥ 1 and 𝑓 ∶ ℍ𝑑 → [0 , ∞] is measurable, then 

∫
ℍ𝑑 
𝑓( 𝑥 ) 𝑑 (d 𝑥 ) = ∫

𝕊𝑑− 1 
𝗉 

∫
∞

0 

𝑓(exp 𝗉 ( 𝑡𝑢 )) sinh 
𝑑 − 1 

( 𝑡) d 𝑡 𝑑 − 1 
𝗉 (d 𝑢 ) , 

where 𝕊𝑑− 1 
𝗉 and 𝑑− 1 

𝗉 refer to the unit sphere and the ( 𝑑 − 1) -dimensional Hausdorff measure in the tangent space of
ℍ𝑑 at 𝗉 , respectively. 

roof. To derive part (a) we use the method established in section 5 of [ 17 ] and translate the problem into a problem in
uclidean space. For that purpose we work with the Beltrami–Klein (projective) model of ℍ𝑑 , which is given by the open
-dimensional Euclidean unit ball 𝖡𝑑 . Applying [ 17 , Lemma 5.1] with 𝑘 = 𝑑 there gives 

∫ℍ𝑑 𝑓( 𝑥 ) 
𝑑 (d 𝑥 ) = ∫𝖡𝑑 𝑓( 𝑥)(1 − ‖𝑥‖2 ) −𝑑+ 1 

2 𝑑 

ℝ𝑑 
(d 𝑥) , 

here ‖ ⋅ ‖ stands for the Euclidean norm and 𝑑 

ℝ𝑑 
for the 𝑑-dimensional Hausdorff measure in ℝ𝑑 . Since we are working

ith the projective model of ℍ𝑑 , a 𝑘-dimensional totally geodesic subspace 𝐿𝑘 ⊆ ℍ𝑑 is the intersection 𝐿̃𝑘 ∩ 𝖡
𝑑 of a 𝑘-

imensional aff ine subspace ̃𝐿 ⊆ ℝ𝑑 with 𝖡𝑑 . Since each 𝑘-dimensional totally geodesic subspace of ℍ𝑑 can be mapped
𝑘 
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o any other by an isometry of ℍ𝑑 , we may assume without loss of generality that ̃𝐿𝑘 passes through the center of 𝖡𝑑 . Then,
sing Fubini’s theorem and denoting by ̃𝐿⟂

𝑘 
the ( 𝑑 − 𝑘) -dimensional Euclidean orthogonal complement of ̃𝐿𝑘 , it follows

hat 

∫
𝖡𝑑 
𝑓( 𝑥)(1 − ‖𝑥‖2 ) −𝑑+ 1 

2 𝑑 

ℝ𝑑 
(d 𝑥) = ∫

𝐿̃𝑘 ∩𝖡
𝑑 ∫(𝐿̃⟂

𝑘 
+ 𝑦)∩𝖡𝑑 

𝑓 ( 𝑧)(1 − ‖𝑧‖2 ) −𝑑+ 1 
2 𝑑− 𝑘 

ℝ𝑑 
(d 𝑧) 𝑘 

ℝ𝑑 
(d 𝑦 ) . 

o the inner integral we now apply [ 17 , Lemma 5.1] again to see that the last expression is the same as 

∫
𝐿̃𝑘 ∩𝖡

𝑑 ∫𝐿⟂
𝑘 
( 𝑦) 

𝑓 ( 𝑧)(1 − ‖𝑧‖2 ) −𝑑+ 1 
2 (1 − ‖𝑧‖2 ) 𝑑− 𝑘+ 1 

2 (1 − ‖𝑦‖2 ) − 1 2 𝑑− 𝑘 (d 𝑧) 𝑘 

ℝ𝑑 
(d 𝑦 ) 

= ∫𝐿̃𝑘 ∩𝖡𝑑 ∫𝐿⟂𝑘 ( 𝑦) 
𝑓 ( 𝑧)(1 − ‖𝑧‖2 ) −𝑘 2 (1 − ‖𝑦‖2 ) − 1 2 𝑑− 𝑘 (d 𝑧) 𝑘 

ℝ𝑑 
(d 𝑦 ) , 

here we also used the fact that ̃𝐿𝑘 + 𝑦 has Euclidean distance ‖𝑦‖ from the center of 𝖡𝑑 ; see also the argument in the
econd paragraph of the proof of [ 17 , Lemma 5.3] concerning orthogonality of subspaces in the Beltrami–Klein model.
riting ∙ for the Euclidean scalar product in ℝ𝑑 and using [ 18 , Theorem 6.1.1], we obtain 

cosh 
2 
𝑑ℎ ( 𝑧, 𝐿𝑘 ) = cosh 

2 
𝑑ℎ ( 𝑧, 𝑦) =

(1 − 𝑧 ∙ 𝑦)2 

(1 − ‖𝑧‖2 )(1 − ‖𝑦‖2 ) = 1 − ‖𝑦‖2 
1 − ‖𝑧‖2 . 

lugging this into the last integral expression and applying once more [ 17 , Lemma 5.1] to the outer integral, we arrive at 

∫
ℍ𝑑 
𝑓( 𝑥 ) 𝑑 (d 𝑥 ) = ∫

𝐿̃𝑘 ∩𝖡
𝑑 ∫𝐿⟂

𝑘 
( 𝑦) 

𝑓( 𝑧 ) cosh 
𝑘 
( 𝑑ℎ ( 𝑧 , 𝐿𝑘 )) 𝑑− 𝑘 (d 𝑧) (1 − ‖𝑦‖2 ) −𝑘+ 1 

2 𝑘 

ℝ𝑑 
(d 𝑦) 

= ∫
𝐿𝑘 

∫
𝐿⟂
𝑘 
( 𝑦) 

𝑓( 𝑧 ) cosh 
𝑘 
( 𝑑ℎ ( 𝑧 , 𝐿𝑘 )) 𝑑− 𝑘 (d 𝑧) 𝑘 (d 𝑦) , 

hich concludes the proof of part (a). Part (b) is a consequence of eqs. (3.16) and (3.22) in [ 19 ]. □

emark 3.4. The special case 𝑘 = 1 of Lemma 3.3 can be found as Lemma 2.1 in [ 20 ]. It was derived there using different
ethods such as the coarea formula. 

e also need the following identity. 

emma 3.5. If 0 ≤ 𝑗 < 𝑘 ≤ 𝑑 − 1 , then 

∫
𝑟 

0 

𝓁𝑑,𝑘 

( 

arcosh 

( 

cosh ( 𝑟) 

cosh ( 𝑠) 

) ) 

𝓁′
𝑘,𝑗 
( 𝑠 ) d 𝑠 = 𝓁𝑑,𝑗 ( 𝑟 ) , 𝑟 ≥ 0 . (5)

roof. We start by collecting some auxiliary facts. The beta function, which is defined by 𝐵 ( 𝑎 , 𝑏 ) ∶ = ∫ 1 
0 
𝑡𝑎− 1 (1 − 𝑡 )𝑏− 1 d 𝑡

or 𝑎, 𝑏 > 0 , can be expressed in terms of the gamma function as 𝐵( 𝑎, 𝑏) = Γ( 𝑎)Γ( 𝑏)∕Γ( 𝑎 + 𝑏) , hence 

1 

2 
𝐵

( 

𝑗 

2 
,
𝑘 

2 

) 

=
𝜔𝑗+ 𝑘 

𝜔𝑗 𝜔𝑘 
, (6)

or 𝑗, 𝑘 ∈ ℕ . We will also make use of the integral identity 

∫
1 

0 

𝑡𝑎− 1 (1 − 𝑡)𝑏− 1 

(1 + 𝑐𝑡)𝑎+ 𝑏 
d 𝑡 = (1 + 𝑐 )− 𝑎 𝐵 ( 𝑎 , 𝑏 ) , (7)
of 24 Mathematische Nachrichten, 2026
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hich holds for 𝑎, 𝑏 > 0 and 𝑐 > − 1 . This can be seen by rewriting the integral as 

∫
1 

0 

(1 + 𝑐)− 𝑎 

( 

(1 + 𝑐) 𝑡 

1 + 𝑐𝑡 

) 𝑎− 1 ( 

1 − 𝑡 

1 + 𝑐𝑡 

) 𝑏− 1 
1 + 𝑐 

(1 + 𝑐𝑡)2 
d 𝑡, 

nd substituting 𝑦 = (1 + 𝑐) 𝑡∕(1 + 𝑐𝑡) . 
e now turn to the proof of the statement of the lemma. For this, let 𝑓( 𝑟 , 𝑠 ) denote the integrand on the left-hand side of ( 5 ),
here ( 𝑟 , 𝑠 ) ∈ [0 , ∞)2 with 𝑠 ≤ 𝑟 , and let 𝐹( 𝑟 ) ∶ = ∫ 𝑟 

0 
𝑓( 𝑟 , 𝑠 ) d 𝑠 for 𝑟 ≥ 0 . Both sides of ( 5 ) are zero for 𝑟 = 0 . We show that

hey are continuous as functions of 𝑟 ≥ 0 and that their right derivatives agree, which yields the assertion of the lemma.
e first consider 𝐹. Let 𝑟 ≥ 0 be fixed. If ℎ ∈ (0 , 1] , then 

𝐹( 𝑟 + ℎ) − 𝐹( 𝑟) = ∫
𝑟 

0 

𝑓( 𝑟 + ℎ, 𝑠) − 𝑓( 𝑟, 𝑠) d 𝑠 + ∫
𝑟+ ℎ 

𝑟 

𝑓( 𝑟 + ℎ, 𝑠) d 𝑠. 

ince for any given 𝜀 > 0 , we have |𝑓( 𝑟 + ℎ, 𝑠) | ≤ 𝜀 if 𝑠 ∈ [ 𝑟, 𝑟 + ℎ] and ℎ > 0 is small enough (recall that 𝑟 ≥ 0 is fixed), it
ollows that 

lim 

ℎ↓0 

1 

ℎ ∫
𝑟+ ℎ 

𝑟 

𝑓( 𝑟 + ℎ, 𝑠) d 𝑠 = 0 . 

oreover, there are 𝜃 = 𝜃𝑟 ,𝑠 ,ℎ ∈ (0 , 1) such that 

∫
𝑟 

0 

𝑓( 𝑟 + ℎ, 𝑠) − 𝑓( 𝑟 , 𝑠 ) 

ℎ 
d 𝑠 = ∫

𝑟 

0 

𝜕𝑟 𝑓( 𝑟 + 𝜃ℎ, 𝑠) d 𝑠, 

here we write 𝜕𝑟 𝑓 for the partial derivative of 𝑓 with respect to the first argument and 

𝜕𝑟 𝑓( 𝑡, 𝑠) = 𝜔𝑑− 𝑘 𝜔𝑘− 𝑗 cosh 
𝑘 
( 𝑡) sinh ( 𝑡)

sinh 
𝑘− 1 − 𝑗 

( 𝑠) 

cosh 
𝑑− 1 − 𝑗 

( 𝑠) 
(sinh 

2 
( 𝑡) − sinh 2 ( 𝑠))

𝑑− 2 − 𝑘 
2 , 0 ≤ 𝑠 < 𝑡. 

ecall that 0 < ℎ ≤ 1 . If 𝑘 ≤ 𝑑 − 2 , then |𝜕𝑟 𝑓( 𝑟 + 𝜃ℎ, 𝑠) | is bounded from above as a function of 𝑠 ∈ (0 , 𝑟) by a constant
hat depends only on 𝑟 and is independent of ℎ. If 𝑘 = 𝑑 − 1 , then 

|𝜕𝑟 𝑓( 𝑟 + 𝜃ℎ, 𝑠) | ≤ 𝜔𝑑− 𝑘 𝜔𝑘− 𝑗 cosh 
𝑘 
( 𝑟 + 1) sinh 

𝑘− 𝑗 
( 𝑟 + 1)

(
sinh 

2 
( 𝑟 ) − sinh 2 ( 𝑠 )

)− 1 
2 
, 0 < 𝑠 < 𝑟. 

he subsequent calculation shows that as a function of 𝑠 ∈ (0 , 𝑟) , the right-hand side is integrable (and independent of ℎ).
ence, we can interchange the order of the limit ℎ ↓ 0 and the integration to get, for the right derivative 𝜕+ 

𝑟 𝐹( 𝑟) of 𝐹 at 𝑟, 

𝜕+ 

𝑟 𝐹( 𝑟) = ∫
𝑟 

0 

lim 

ℎ↓0 
𝜕𝑟 𝑓( 𝑟 + 𝜃ℎ, 𝑠) d 𝑠 

= 𝜔𝑑− 𝑘 𝜔𝑘− 𝑗 cosh 
𝑘 
( 𝑟 )sinh ( 𝑟 )∫

𝑟 

0 

sinh 
𝑘− 1 − 𝑗 

( 𝑠 ) 

cosh 
𝑑− 1 − 𝑗 

( 𝑠 ) 
(sinh 

2 
( 𝑟 ) − sinh 2 ( 𝑠)) 

𝑑− 2 − 𝑘 
2 d 𝑠 

= 𝜔𝑑− 𝑘 𝜔𝑘− 𝑗 cosh 
𝑘 
( 𝑟 )sinh 

2 
( 𝑟 )∫

1 

0 

( 𝑥sinh ( 𝑟 )) 
𝑘− 1 − 𝑗 

(1 + 𝑥2 sinh 
2 
( 𝑟)) 

𝑑− 𝑗 
2 

(sinh 
2 
( 𝑟 ) − 𝑥2 sinh 

2 
( 𝑟)) 

𝑑− 2 − 𝑘 
2 d 𝑥 

= 𝜔𝑑− 𝑘 𝜔𝑘− 𝑗 cosh 
𝑘 
( 𝑟 )sinh 

𝑑− 1 − 𝑗 
( 𝑟 )∫

1 

0 

𝑥𝑘− 1 − 𝑗 

(1 + 𝑥2 sinh 
2 
( 𝑟)) 

𝑑− 𝑗 
2 

(1 − 𝑥2 ) 
𝑑− 2 − 𝑘 
2 d 𝑥 
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= 𝜔𝑑− 𝑘 𝜔𝑘− 𝑗 cosh 
𝑘 
( 𝑟 )sinh 

𝑑− 1 − 𝑗 
( 𝑟 )
1 

2 ∫
1 

0 

𝑡
𝑘− 𝑗 
2 

− 1 
(1 − 𝑡) 

𝑑− 𝑘 
2 

− 1 

(1 + 𝑡sinh 
2 
( 𝑟)) 

𝑑− 𝑗 
2 

d 𝑡 

= 𝜔𝑑− 𝑘 𝜔𝑘− 𝑗 cosh 
𝑘 
( 𝑟 )sinh 

𝑑− 1 − 𝑗 
( 𝑟 )

1 

(1 + sinh 2 ( 𝑟)) 
𝑘− 𝑗 
2 

1 

2 
𝐵

( 

𝑘 − 𝑗 

2 
,
𝑑 − 𝑘 

2 

) 

= 𝜔𝑑− 𝑗 cosh 
𝑗 
( 𝑟 )sinh 

𝑑− 1 − 𝑗 
( 𝑟 ) , 

here we used the substitution sinh ( 𝑠) = 𝑥 sinh ( 𝑟) in the third line, the substitution 𝑡 = 𝑥2 in the fifth line, ( 7 ) in the
ixth line, and ( 6 ) in the last line. We also used the identity cosh 2 ( 𝑢) − sinh 2 ( 𝑢) = 1 for 𝑢 ∈ ℝ repeatedly. This shows in
articular that 𝐹 is continuous from the right. Continuity from the left is seen from the decomposition 

𝐹( 𝑟 + ℎ) − 𝐹( 𝑟) = ∫
𝑟+ ℎ 

0 

𝑓( 𝑟 + ℎ, 𝑠) − 𝑓( 𝑟, 𝑠) d 𝑠 − ∫
𝑟 

𝑟+ ℎ 

𝑓( 𝑟, 𝑠) d 𝑠 

or ℎ < 0 and 𝑟 + ℎ ≥ 0 . 
ifferentiating the right-hand side gives 

𝓁′
𝑑,𝑗 
( 𝑟) = 𝜔𝑑− 𝑗 cosh 

𝑗 
( 𝑟) sinh 

𝑑− 1 − 𝑗 
( 𝑟) , 

s well. This concludes the proof. □

e can now turn to the proof of the main statement of this section. 

roof of Proposition 3.1. Let 1 ≤ 𝑘 ≤ 𝑑 − 1 . We fix some nonempty 𝐴 ∈ 𝑘 . For 𝑥 ∈ ℍ𝑑 , let 𝜋𝐿𝑘 ( 𝑥) be the orthogonal
rojection of 𝑥 onto 𝐿𝑘 . By the Pythagorean theorem of hyperbolic geometry (compare, e.g., [ 18 , Theorem 3.5.3]), it holds
hat 

cosh ( 𝑑ℎ ( 𝑥, 𝜄( 𝐴))) = cosh ( 𝑑ℎ ( 𝑥 , 𝜋𝐿𝑘 ( 𝑥 ))) ⋅ cosh ( 𝜋𝐿𝑘 ( 𝑥) , 𝜄( 𝐴)) . (8)

ince 𝜋𝐿𝑘 ( 𝑧) = 𝑦 for all 𝑧 ∈ 𝐿⟂
𝑘 
( 𝑦) , it follows from ( 8 ), Lemma 3.3 (a) and Lemma 3.3 (b) (with 𝐿⟂

𝑘 
( 𝑦) ≅ ℍ𝑑− 𝑘 ) that, for

 ≥ 0 , 

𝑑 ( 𝔹 ( 𝜄( 𝐴) , 𝑟)) = ∫
ℍ𝑑 
𝟏 { 𝑑ℎ ( 𝑥, 𝜄( 𝐴)) ≤ 𝑟} 𝑑 (d 𝑥) 

= ∫𝐿𝑘 ∫𝐿⟂𝑘 ( 𝑦) 
cosh 

𝑘 
( 𝑑ℎ ( 𝑦, 𝑧)) 𝟏 {cosh ( 𝑑ℎ ( 𝑧, 𝑦)) ⋅ cosh ( 𝑑ℎ ( 𝑦, 𝜄( 𝐴))) ≤ cosh ( 𝑟)} 𝑑− 𝑘 (d 𝑧) 𝑘 (d 𝑦) 

= ∫
𝐿𝑘 

𝜔𝑑− 𝑘 ∫
∞

0 

sinh 
𝑑− 𝑘− 1 

( 𝑡 ) cosh 
𝑘 
( 𝑡 ) 𝟏 {cosh ( 𝑡 ) ⋅ cosh ( 𝑑ℎ ( 𝑦, 𝜄( 𝐴))) ≤ cosh ( 𝑟)} d 𝑡 𝑘 (d 𝑦) 

= ∫
ℍ𝑘 
𝜔𝑑− 𝑘 ∫

∞

0 

sinh 
𝑑− 𝑘− 1 

( 𝑡 ) cosh 
𝑘 
( 𝑡 ) 𝟏 {cosh ( 𝑡 ) ⋅ cosh ( 𝑑ℎ ( 𝑦, 𝐴)) ≤ cosh ( 𝑟)} d 𝑡 𝑘 (d 𝑦) , 

here we used in the last step the fact that 𝜄 ∶ ℍ𝑘 → ℍ𝑑 is an isometry with 𝜄( ℍ𝑘 ) = 𝐿𝑘 . We write the integrand as
 ( 𝑑ℎ ( 𝑦 , 𝐴)) , where 

𝑓( 𝑠) ∶ = 𝜔𝑑− 𝑘 ∫
∞

0 

sinh 
𝑑− 𝑘− 1 

( 𝑡 ) cosh 
𝑘 
( 𝑡 ) 𝟏 {cosh ( 𝑡 ) ⋅ cosh ( 𝑠) ≤ cosh ( 𝑟)} d 𝑡, 𝑠 ≥ 0 . 

ote that 𝑓( 𝑠) = 𝓁𝑑,𝑘 (arcosh ( cosh ( 𝑟) ∕cosh ( 𝑠) ) ) for 𝑠 ≤ 𝑟 and 𝑓( 𝑠) = 0 otherwise. Consequently, 

𝑑 ( 𝔹 ( 𝜄( 𝐴) , 𝑟)) = ∫𝐴 

𝑓 (0) 𝑘 (d 𝑦 ) + ∫𝔹 ( 𝐴,𝑟) ⧵𝐴 

𝑓 ( 𝑑ℎ ( 𝑦 , 𝐴)) 𝑘 (d 𝑦 ) . (9)
of 24 Mathematische Nachrichten, 2026
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reat
he first integral is equal to 

∫
𝐴 

𝑓 (0) 𝑘 (d 𝑦 ) = 𝑘 ( 𝐴) 𝓁𝑑,𝑘 ( 𝑟) = 𝑉ℍ
𝑘 

𝑘 
( 𝐴) 𝓁𝑑,𝑘 ( 𝑟) . (10)

o evaluate the second integral, define 𝑔( 𝑠) ∶ = 𝑘 ( 𝔹 ( 𝐴, 𝑠)) , 𝑠 ≥ 0 , where 𝔹 ( 𝐴, 𝑠) is the parallel set of 𝐴 in ℍ𝑘 . By the
teiner formula, 𝑔 is continuously differentiable with derivative given by 

𝑔′( 𝑠) =
𝑘− 1 ∑
𝑗= 0 

𝓁′
𝑘,𝑗 
( 𝑠) 𝑉ℍ

𝑘 

𝑗 
( 𝐴) . (11)

e claim that 

∫𝔹 ( 𝐴,𝑟) ⧵𝐴 

𝑓 ( 𝑑ℎ ( 𝑦 , 𝐴)) 𝑘 (d 𝑦) = ∫
𝑟 

0 

𝑓( 𝑠 ) 𝑔′( 𝑠 ) d 𝑠 . (12)

o see this, take an arbitrary partition 𝑠0 = 0 , . . . , 𝑠𝑛 = 𝑟 of [0 , 𝑟 ] and pick 𝜉𝑖 ∈ ( 𝑠𝑖− 1 , 𝑠𝑖 ) , so that 𝑔( 𝑠𝑖 ) − 𝑔( 𝑠𝑖− 1 ) = 𝑔′( 𝜉𝑖 )( 𝑠𝑖 −
𝑖− 1 ) , 𝑖 = 1 , . . . , 𝑛. We can now write 

∫𝔹 ( 𝐴,𝑟) ⧵𝐴 

𝑓 ( 𝑑ℎ ( 𝑦 , 𝐴)) 𝑘 (d 𝑦) =
𝑛 ∑
𝑖= 1 

∫𝔹 ( 𝐴,𝑠𝑖 ) ⧵𝔹 ( 𝐴,𝑠𝑖− 1 ) 

𝑓 ( 𝑑ℎ ( 𝑦 , 𝐴)) 𝑘 (d 𝑦) 

=
𝑛 ∑
𝑖= 1 

𝑓( 𝜉𝑖 )( 𝑔( 𝑠𝑖 ) − 𝑔( 𝑠𝑖− 1 )) +
𝑛 ∑
𝑖= 1 

∫
𝔹 ( 𝐴,𝑠𝑖 ) ⧵𝔹 ( 𝐴,𝑠𝑖− 1 ) 

𝑓 ( 𝑑ℎ ( 𝑦 , 𝐴)) − 𝑓 ( 𝜉𝑖 ) 𝑘 (d 𝑦 ) 

=
𝑛 ∑
𝑖= 1 

𝑓( 𝜉𝑖 ) 𝑔
′( 𝜉𝑖 )( 𝑠𝑖 − 𝑠𝑖− 1 ) +

𝑛 ∑
𝑖= 1 

∫𝔹 ( 𝐴,𝑠𝑖 ) ⧵𝔹 ( 𝐴,𝑠𝑖− 1 ) 

𝑓 ( 𝑑ℎ ( 𝑦 , 𝐴)) − 𝑓 ( 𝜉𝑖 ) 𝑘 (d 𝑦 ) . 

s the mesh max 1 ≤ 𝑖≤ 𝑛 |𝑠𝑖 − 𝑠𝑖− 1 | of the partition goes to zero, the first sum converges to ∫ 𝑟 
0 
𝑓( 𝑠 ) 𝑔′( 𝑠 ) d 𝑠 and the second

um converges to zero, since 𝑓 is uniformly continuous on [0 , 𝑟] . This proves ( 12 ). Plugging ( 11 ) into ∫ 𝑟 
0 
𝑓( 𝑠 ) 𝑔′( 𝑠 ) d 𝑠 , we

btain 

∫
𝑟 

0 

𝑓( 𝑠 ) 𝑔′( 𝑠 ) d 𝑠 =
𝑘− 1 ∑
𝑗= 0 

𝑉ℍ
𝑘 

𝑗 
( 𝐴) ⋅ ∫

𝑟 

0 

𝑓( 𝑠 ) 𝓁′
𝑘,𝑗 
( 𝑠 ) d 𝑠 =

𝑘− 1 ∑
𝑗= 0 

𝑉ℍ
𝑘 

𝑗 
( 𝐴) ⋅ 𝓁𝑑,𝑗 ( 𝑟) , (13)

here we used Lemma 3.5 . Combining ( 9 ), ( 10 ), ( 12 ), and ( 13 ), we obtain 

𝑑 ( 𝔹 ( 𝜄( 𝐴) , 𝑟)) =
𝑘 ∑
𝑗= 0 

𝑉ℍ
𝑘 

𝑗 
( 𝐴) ⋅ 𝓁𝑑,𝑗 ( 𝑟) . 

n the other hand, applying the Steiner formula directly yields 

𝑑 ( 𝔹 ( 𝜄( 𝐴) , 𝑟)) = 𝑑 ( 𝜄( 𝐴)) +
𝑑− 1 ∑
𝑗= 0 

𝑉ℍ
𝑑 

𝑗 
( 𝜄( 𝐴)) ⋅ 𝓁𝑑,𝑗 ( 𝑟) . 

he claim now follows from the preceding two identities, since the functions 𝓁𝑑, 0 , . . . , 𝓁𝑑 ,𝑑 − 1 are linearly independent. □

 Stationary Poisson Particle Processes in Hyperbolic Space 

et 𝜂 be a stationary Poisson particle process on 𝑑 . In our set-up stationarity refers to the invariance of the distribution
f 𝜂 under isometries of ℍ𝑑 . We refer to [ 5 ] for an introduction to stationary Poisson particle processes in hyperbolic space
nd to stationary Boolean models derived from them. As in [ 5 ], we require 𝜂 to be locally finite in the sense that 𝜂({ 𝐾 ∈
athematische Nachrichten, 2026 9 of 24
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𝑑 ∶ 𝐾 ∩ 𝐶 ≠ ∅}) < ∞ almost surely for any 𝐶 ∈ 𝑑 . Since 𝜂 is a Poisson process, this ensures that the intensity measure
∶ = 𝐄 𝜂 of 𝜂 is locally finite, that is, Λ({ 𝐾 ∈ 𝑑 ∶ 𝐾 ∩ 𝐶 ≠ ∅}) < ∞ for any 𝐶 ∈ 𝑑 . By [ 5 , Lemma 2.4 and Theorem 2.3],
is then diffuse and hence 𝜂 is a simple particle process. 
et 𝑐 ∶ 𝑑 → ℍ𝑑 be an isometry covariant center function, where the condition of isometry covariance means that 𝑐( 𝜚𝐴) =
𝑐( 𝐴) for all 𝐴 ∈ 𝑑 and 𝜚 ∈ 𝑑 . By [ 5 , Lemma 2.4 and Theorem 2.3], the intensity 

𝛾 ∶ = 𝐄
∑
𝐾∈𝜂

𝟏 { 𝑐( 𝐾) ∈ 𝐵} , 𝐵 ⊂ ℍ𝑑 measurable with 𝑑 ( 𝐵) = 1 , 

s independent of the center function and finite. In addition, we suppose that 𝛾 is also positive. Moreover, it is shown in [ 5 ,
heorem 2.1] that there exists a unique probability measure 𝐐 on 𝑑 which is concentrated on 𝑑 𝗉 = { 𝐴 ∈ 𝑑 ∶ 𝑐( 𝐴) = 𝗉 } ,
nvariant under isometries fixing 𝗉 , and satisfies 

Λ( ⋅ ) = 𝛾 ∫𝑑 ∫𝑑 
𝟏 { 𝜚𝐾 ∈ ⋅ } 𝜆(d 𝜚) 𝐐 (d 𝐾) . (14)

he probability measure 𝐐 is called the distribution of the typical grain of 𝜂. 
e complement the introduction of stationary Poisson particle processes and Boolean models in [ 5 , section 2] by
xplaining how the marking of a stationary Poisson point process in ℍ𝑑 can be used for an alternative approach. Let 𝜉
e a stationary Poisson point process in ℍ𝑑 with intensity measure 𝛾 ⋅𝑑 , where 𝛾 > 0 . We adopt the notation from [ 5 ,
ection 2] and consider for each 𝑥 ∈ ℍ𝑑 the set 𝑑 ( 𝗉 , 𝑥) ∶ = { 𝜚 ∈ 𝑑 ∶ 𝜚𝗉 = 𝑥} and the probability kernel 𝜅 from ℍ𝑑 to 𝑑
ntroduced in [ 5 , eq. (2.6)]; see also Equation ( 16 ) below. For 𝑥 ∈ ℍ𝑑 , the probability measure 𝜅( 𝑥, ⋅ ) on 𝑑 is concentrated
n 𝑑 ( 𝗉 , 𝑥) , and the kernel 𝜅 disintegrates the Haar measure 𝜆 on 𝑑 so that 

∫ℍ𝑑 ∫𝑑 
𝟏 { 𝜚 ∈ ⋅ } 𝜅( 𝑥, d 𝜚) 𝑑 (d 𝑥) = 𝜆( ⋅ ) . (15)

e now define a kernel 𝛼 from ℍ𝑑 to 𝑑 (see [ 21 , p. 40]) by 

𝛼( 𝑥 , ⋅ ) ∶ = ∫𝑑 ∫𝑑 
𝟏 { 𝜚 𝐾 ∈ ⋅ } 𝜅( 𝑥, d 𝜚 ) 𝐐 (d 𝐾) , 𝑥 ∈ ℍ𝑑 . 

ince 𝐐 is concentrated on 𝑑 𝗉 and the center function is isometry covariant, the probability measure 𝛼( 𝑥 , ⋅) is concentrated
n 𝑑 𝑥 = { 𝐴 ∈ 𝑑 ∶ 𝑐( 𝐴) = 𝑥} . Let Ψ be an 𝛼-marking of 𝜉, as defined in [ 21 , Definition 5.3]. Then Ψ is a (marked) Poisson
rocess on ℍ𝑑 × 𝑑 with intensity measure 

( 𝐄 Ψ)( ⋅ ) = 𝛾 ∫
ℍ𝑑 

∫𝑑 ∫𝑑 
𝟏 {( 𝑥, 𝜚𝐾) ∈ ⋅ } 𝜅( 𝑥 , d 𝜚) 𝐐 (d 𝐾) 𝑑 (d 𝑥 ); 

ee the marking theorem [ 21 , Theorem 5.6]. The mapping lemma [ 21 , Theorem 5.1] for Poisson processes shows that 𝜂 =
( ℍ𝑑 × ⋅ ) is a Poisson process on 𝑑 with intensity measure 

( 𝐄𝜂)( ⋅ ) = 𝛾 ∫𝑑 ∫ℍ𝑑 ∫𝑑 
𝟏 { 𝜚𝐾 ∈ ⋅ } 𝜅( 𝑥, d 𝜚) 𝑑 (d 𝑥) 𝐐 (d 𝐾) 

= 𝛾 ∫𝑑 ∫𝑑 
𝟏 { 𝜚𝐾 ∈ ⋅ } 𝜆(d 𝜚) 𝐐 (d 𝐾) = Λ( ⋅ ) , 

here ( 15 ) was used in the last step. Thus, 𝜂
𝑑 
= 𝜂 can be obtained by (position dependent) marking with the kernel 𝛼 from

 stationary Poisson point process in ℍ𝑑 . 
here is yet another representation of a stationary Poisson particle process, which avoids the kernel 𝜅. To present it, for
ach 𝑥 ∈ ℍ𝑑 we select an isometry 𝜚 ∈  ( 𝗉 , 𝑥) in such a way that the mapping 𝑥 ↦ 𝜚 is measurable. Such an assignment
𝑥 𝑑 𝑥 
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xists as explained on page 121 of [ 18 ]. Then, the measure 𝜅( 𝑥, ⋅ ) can be represented as 

𝜅( 𝑥, ⋅ ) = ∫𝑑 ( 𝗉 , 𝗉 ) 
𝟏 { 𝜚𝑥 𝜚 ∈ ⋅ } 𝜅( 𝗉 , d 𝜚) . (16)

oreover, the kernel 𝛼 can then be rewritten as 

𝛼( 𝑥 , ⋅ ) = ∫𝑑 ∫𝑑 
𝟏 { 𝜚𝐾 ∈ ⋅ } 𝜅( 𝑥, d 𝜚) 𝐐 (d 𝐾) 

= ∫𝑑 ∫𝑑 ( 𝗉 , 𝗉 ) 
𝟏 { 𝜚𝑥 𝜚𝐾 ∈ ⋅ } 𝜅( 𝗉 , d 𝜚) 𝐐 (d 𝐾) 

= ∫𝑑 ( 𝗉 , 𝗉 ) ∫𝑑 
𝟏 { 𝜚𝑥 𝜚𝐾 ∈ ⋅ } 𝐐 (d 𝐾) 𝜅( 𝗉 , d 𝜚) 

= ∫𝑑 𝟏 { 𝜚𝑥 𝐾 ∈ ⋅ } 𝐐 (d 𝐾) , 

here the last equality follows since 𝐐 is invariant under isometries fixing 𝗉 and 𝜅( 𝗉 , ⋅ ) is a probability measure. Similarly,
he representation of the intensity measure 𝐄 Ψ simplifies to 

( 𝐄 Ψ)( ⋅ ) = 𝛾 ∫
ℍ𝑑 

∫𝑑 𝟏 {( 𝑥, 𝜚𝑥 𝐾) ∈ ⋅ } 𝐐 (d 𝐾) 𝑑 (d 𝑥) 

nd therefore 

( 𝐄 𝜂)( ⋅ ) = 𝛾 ∫
ℍ𝑑 

∫𝑑 𝟏 { 𝜚𝑥 𝐾 ∈ ⋅ } 𝐐 (d 𝐾) 𝑑 (d 𝑥) . 

 Intersection Density of a Hyperbolic Poisson Particle Process 

e adopt the set-up of the previous section and let 𝜂 be a stationary Poisson particle process on 𝑑 with positive intensity
nd intensity measure given by ( 14 ). We assume that the probability measure 𝐐 , the distribution of the typical grain of 𝜂,
s concentrated on the subset of 𝑑 𝗉 which only consists of sets whose boundaries are ( 𝑑 − 1) -rectifiable. We recall that a
ubset 𝐺 ⊂ ℍ𝑑 is called 𝑚-rectifiable, for some 𝑚 ∈ {0 , 1 , . . . , 𝑑} , if 𝐺 is the Lipschitz image of some bounded subset of ℝ𝑚 .
n particular, each compact 𝑚-dimensional 𝐶1 -submanifold of ℍ𝑑 is 𝑚-rectifiable. That this class of sets is a measurable
ubset of 𝑑 follows from the results of [ 22 , section 2] as explained in the remark on page 184 of [ 23 ]. 
e write 𝑠𝑑 ( 𝜂, 𝐵) for the number of intersection points of the boundaries of any 𝑑 distinct particles of 𝜂 within a bounded
easurable set 𝐵 ⊂ ℍ𝑑 , that is, 

𝑠𝑑 ( 𝜂, 𝐵 ) ∶ = 1 

𝑑 ! 

∑
( 𝐾1 ,. . . ,𝐾𝑑 )∈𝜂

𝑑 ≠
0 ( 𝐵 ∩ 𝜕𝐾1 ∩ . . . ∩ 𝜕𝐾𝑑 ) , 

here 𝜂𝑑 ≠ denotes the 𝑑-th factorial measure of 𝜂 (see [ 21 , section 4.2]). In Theorem 5.1 we show that 𝑠𝑑 ( 𝜂, 𝐵) < ∞ holds
lmost surely. Since 𝜂 is stationary, 𝐄 [ 𝑠𝑑 ( 𝜂, ⋅ )] defines an isometry invariant measure on Borel sets in ℍ𝑑 . If this measure
s locally finite, it is a multiple of the 𝑑-dimensional Hausdorff measure. The following theorem provides more precise
nformation and shows that the multiplicity can be expressed in terms of the mean ( 𝑑 − 1) -dimensional Hausdorff measure
f the boundary of the typical grain and the intensity 𝛾 of 𝜂. Recall that 𝜅𝑑 = 𝜋𝑑∕2 ∕Γ(1 + 𝑑 ∕2) , 𝑑 ∈ ℕ0 , and 𝜔𝑑 = 𝑑 𝜅𝑑 for
 ∈ ℕ . 

heorem 5.1. Let 𝜂 be a stationary Poisson particle process in 𝑑 whose particles almost surely have ( 𝑑 − 1) -rectifiable
oundaries, with positive intensity 𝛾 and distribution 𝐐 of the typical grain. If 𝐵 ⊂ ℍ𝑑 is a bounded Borel set, then 𝑠 ( 𝜂, 𝐵) < ∞
𝑑 
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olds almost surely and 

𝐄 [ 𝑠𝑑 ( 𝜂, 𝐵)] = 𝜅𝑑 

⎛ ⎜ ⎜ ⎝ 
𝜅𝑑− 1 

𝑑𝜅𝑑 
⋅ 𝛾 ∫𝑑 𝗉 

𝑑− 1 ( 𝜕𝐺 ) 𝐐 (d 𝐺 )
⎞ ⎟ ⎟ ⎠ 
𝑑 

𝑑 ( 𝐵) . 

he factor in front of 𝑑 ( 𝐵) is called the intersection density 𝛾𝑑 ( 𝜂) of 𝜂, that is, 

𝛾𝑑 ( 𝜂) = 𝜅𝑑 

⎛ ⎜ ⎜ ⎝ 
𝜅𝑑− 1 

𝜔𝑑 
⋅ 𝛾 ∫𝑑 𝗉 

𝑑− 1 ( 𝜕𝐺 ) 𝐐 (d 𝐺 )
⎞ ⎟ ⎟ ⎠ 
𝑑 

∈ [0 , ∞] . 

f 𝜂 has almost surely convex grains, then 𝛾𝑑 ( 𝜂) < ∞, since Λ is locally finite. In fact, this follows from [ 5 , Theorem 2.3]
nd the Steiner formula. 

emark 5.2. Theorem 5.1 holds in all space forms (with proper definitions of the required concepts). The Euclidean case
s analyzed in [ 3 , section 4.6], especially on pages 153–154, also for anisotropic particle processes. Although the analysis in
 4 ] (which is described in [ 3 ]) applies to general particles, it relies crucially on the Euclidean structure, as its arguments are
ased on translative integral geometry, associated zonoids, and mixed volumes. In compact Riemannian homogeneous
pace, such as the sphere, a probabilistic intersection theory has recently been developed in [ 24 ] which builds on geometric
aluation theory and associated zonoids. 

ur proof of Theorem 5.1 is based on a general version of Poincaré’s formula in hyperbolic space, which is provided in
 15 ]; see Theorem 5.15 in combination with Definition 2.13 and Remarks 5.9 and 8.6. For smooth compact submanifolds,
ersions and extensions of this result are contained in [ 25 ]; see Theorem 3.8, Corollary 3.9, formula (3–16), and the first
isplayed formula on page 19. We will need the following special case, which we state as a lemma. If 𝑘 ∈ {0 , 𝑑} or 𝑙 ∈ {0 , 𝑑} ,
hen the assertion of the lemma follows from Fubini’s theorem and ( 1 ). 

emma 5.3. If 𝐴 ⊂ ℍ𝑑 is a Hausdorff 𝑘 -rectif iable Borel set and 𝐶 ⊂ ℍ𝑑 is an 𝑙 -rectif iable Borel set with 𝑘, 𝑙 ∈ {0 , . . . , 𝑑}
nd 𝑘 + 𝑙 ≥ 𝑑, then 

∫𝑑 
𝑘 + 𝑙 − 𝑑 ( 𝐴 ∩ 𝜚 𝐶) 𝜆(d 𝜚 ) = 𝛾( 𝑑 , 𝑘 , 𝑙 ) 𝑘 ( 𝐴) 𝑙 ( 𝐶) , 

here 

𝛾( 𝑑 , 𝑘, 𝑙) =
𝑘! 𝜅𝑘 𝑙! 𝜅𝑙 

𝑑! 𝜅𝑑 ( 𝑘 + 𝑙 − 𝑑)! 𝜅𝑘 + 𝑙 − 𝑑 
. 

oreover, for 𝜆-almost all 𝜚 ∈ 𝑑 the intersection 𝐴 ∩ 𝜚𝐶 is a Hausdorff ( 𝑘 + 𝑙 − 𝑑) -rectifiable Borel set. 

roof. The second statement follows from [ 15 , Theorem 4.4 (4) (iii)] (see also the statement about transversal intersections
n [ 25 , Theorem 3.8]) and the proof of Theorem 5.15 in [ 15 ]. □

e need the following iterated version. 

emma 5.4. Let 𝑖 ∈ {1 , . . . , 𝑑} . If 𝐵 ⊂ ℍ𝑑 is a bounded Borel set and 𝐶1 , . . . , 𝐶𝑖 ⊂ ℍ𝑑 are ( 𝑑 − 1) -rectifiable Borel sets, then

∫
(𝑑 )𝑖 

𝑑− 𝑖 ( 𝐵 ∩ 𝜚1 𝐶1 ∩ . . . ∩ 𝜚𝑖 𝐶𝑖 ) 𝜆
𝑖 (d( 𝜚1 , . . . , 𝜚𝑖 )) 

=
𝑑! 𝜅𝑑 

( 𝑑 − 𝑖)! 𝜅𝑑− 𝑖 

( 

𝜅𝑑− 1 

𝑑𝜅𝑑 

) 𝑖 

𝑑 ( 𝐵) 𝑑− 1 ( 𝐶1 ) ⋯ 𝑑− 1 ( 𝐶𝑖 ) . (17)
2 of 24 Mathematische Nachrichten, 2026
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oreover, for 𝜆𝑖 -almost all ( 𝜚1 , . . . , 𝜚𝑖 ) ∈ (𝑑 )𝑖 the intersection 𝐵 ∩ 𝜚1 𝐶1 ∩ . . . ∩ 𝜚𝑖 𝐶𝑖 is a Hausdorff ( 𝑑 − 𝑖) -rectifiable Borel set.

roof. Note that 𝐵 is 𝑑-rectifiable. We proceed by induction over 𝑖 ∈ {1 , . . . , 𝑑} . For 𝑖 = 1 the assertion is the special case
 𝑘 , 𝑙 ) = ( 𝑑, 𝑑 − 1) with 𝛾( 𝑑 , 𝑑 , 𝑑 − 1) = 1 of Lemma 5.3 . Assume that the assertion has been proved for 𝑖 ∈ {1 , . . . , 𝑑 − 1} .
hen 𝐵 ∩ 𝜚1 𝐶1 ∩ . . . ∩ 𝜚𝑖− 1 𝐶𝑖− 1 is a Hausdorff ( 𝑑 − 𝑖 + 1) -rectifiable Borel set for 𝜆𝑖− 1 -almost all ( 𝜚1 , . . . , 𝜚𝑖− 1 ) ∈ (𝑑 )𝑖− 1 .
ince 𝐶𝑖 is a ( 𝑑 − 1) -rectifiable Borel set, the rectifiability statement for 𝐵 ∩ 𝜚1 𝐶1 ∩ . . . ∩ 𝜚𝑖 𝐶𝑖 follows from the rectifiability
tatement of Lemma 5.3 and Fubini’s theorem. 
o verify the integral geometric formula, we apply for 𝜆𝑖− 1 -almost all ( 𝜚1 , . . . , 𝜚𝑖− 1 ) ∈ (𝑑 )𝑖− 1 , Lemma 5.3 with the
ausdorff ( 𝑑 − 𝑖 + 1) -rectifiable Borel set 𝐵 ∩ 𝜚1 𝐶1 ∩ . . . ∩ 𝜚𝑖− 1 𝐶𝑖− 1 , and the ( 𝑑 − 1) -rectifiable Borel set 𝐶𝑖 . By means of
ubini’s theorem we obtain 

∫
(𝑑 )𝑖 

𝑑− 𝑖 ( 𝐵 ∩ 𝜚1 𝐶1 ∩ . . . ∩ 𝜚𝑖 𝐶𝑖 ) 𝜆
𝑖 (d( 𝜚1 , . . . , 𝜚𝑖 )) 

= ∫(𝑑 )𝑖− 1 ∫𝑑 
𝑑− 𝑖 ([ 𝐵 ∩ 𝜚1 𝐶1 ∩ . . . 𝜚𝑖− 1 𝐶𝑖− 1 ] ∩ 𝜚𝑖 𝐶𝑖 ) 𝜆(d 𝜚𝑖 ) 𝜆

𝑖− 1 (d( 𝜚1 , . . . , 𝜚𝑖− 1 )) 

= 𝛾( 𝑑 , 𝑑 − 𝑖 + 1 , 𝑑 − 1) 

× ∫
(𝑑 )𝑖− 1 

𝑑− 𝑖+ 1 ( 𝐵 ∩ 𝜚1 𝐶1 ∩ . . . ∩ 𝜚𝑖− 1 𝐶𝑖− 1 ) 𝜆
𝑖− 1 (d( 𝜚1 , . . . , 𝜚𝑖− 1 )) 𝑑− 1 ( 𝐶𝑖 ) 

= 𝛾( 𝑑 , 𝑑 − 𝑖 + 1 , 𝑑 − 1)
𝑑! 𝜅𝑑 

( 𝑑 − 𝑖 + 1)! 𝜅𝑑− 𝑖+ 1 

( 

𝜅𝑑− 1 

𝑑𝜅𝑑 

) 𝑖− 1 

𝑑 ( 𝐵) 𝑑− 1 ( 𝐶1 ) ⋯ 𝑑− 1 ( 𝐶𝑖 ) , 

here in the last step the induction hypothesis has been used. The assertion follows after simplification of the
onstants. □

emark 5.5. Relation ( 17 ) remains true for an arbitrary Borel set 𝐵 ⊆ ℍ𝑑 and for sets 𝐶1 , . . . , 𝐶𝑖 ⊂ ℍ𝑑 such that 𝐶𝑖 ∩𝑊 is
 ( 𝑑 − 1) -rectifiable Borel set whenever 𝑊 ⊂ ℍ𝑑 is a bounded Borel set. This follows from Lemma 5.4 via the monotone
onvergence theorem. 

roof of Theorem 5.1. Starting from the definition of 𝑠𝑑 ( 𝜂, 𝐵) , we use the multivariate Mecke formula, [ 21 , Theorem 4.4],
nd finally Lemma 5.4 . Using also ( 14 ), we obtain 

𝐄 [ 𝑠𝑑 ( 𝜂, 𝐵)] = 𝐄

[ 

1 

𝑑! 

∑
( 𝐾1 ,. . . ,𝐾𝑑 )∈𝜂

𝑑 ≠
0 ( 𝐵 ∩ 𝜕𝐾1 ∩ . . . ∩ 𝜕𝐾𝑑 )

] 

=
𝛾𝑑 

𝑑! ∫( 𝑑 𝗉 )𝑑 ∫(𝑑 )𝑑 
0 ( 𝐵 ∩ 𝜚1 𝜕𝐺1 ∩ . . . ∩ 𝜚𝑑 𝜕𝐺𝑑 ) 𝜆

𝑑 (d( 𝜚1 , . . . , 𝜚𝑑 )) 𝐐
𝑑 (d( 𝐺1 , . . . , 𝐺𝑑 )) 

=
𝛾𝑑 

𝑑! ∫( 𝑑 𝗉 )𝑑 
𝑑 ! 𝜅𝑑 

( 

𝜅𝑑− 1 

𝑑 𝜅𝑑 

) 𝑑 

𝑑 ( 𝐵 ) 𝑑− 1 ( 𝜕𝐺1 ) ⋯ 𝑑− 1 ( 𝜕𝐺𝑑 ) 𝐐
𝑑 (d( 𝐺1 , . . . , 𝐺𝑑 )) 

= 𝜅𝑑 

( 

𝜅𝑑− 1 

𝑑𝜅𝑑 

) 𝑑 

𝑑 ( 𝐵)
⎛ ⎜ ⎜ ⎝ 𝛾 ∫𝑑 𝗉 𝑑− 1 ( 𝜕𝐺 ) 𝐐 (d 𝐺 )

⎞ ⎟ ⎟ ⎠ 
𝑑 

, 

y another application of Fubini’s theorem in the last step. 
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 articles are governed by the applicable C
reati
n order to verify that 𝑠𝑑 ( 𝜂, 𝐵) < ∞ holds almost surely, we consider 

𝐄

[ ∑
( 𝐾1 ,. . . ,𝐾𝑑 )∈𝜂

𝑑 ≠
𝟏
{0 ( 𝐵 ∩ 𝜕𝐾1 ∩ . . . ∩ 𝜕𝐾𝑑 ) = ∞

}] 

(18)

= 𝛾𝑑 ∫
( 𝑑 𝗉 )𝑑 ∫(𝑑 )𝑑 

𝟏
{0 ( 𝐵 ∩ 𝜚1 𝜕𝐺1 ∩ . . . ∩ 𝜚𝑑 𝜕𝐺𝑑 ) = ∞

}
𝜆𝑑 (d( 𝜚1 , . . . , 𝜚𝑑 )) 𝐐

𝑑 (d( 𝐺1 , . . . , 𝐺𝑑 )) . 

or given ( 𝑑 − 1) -rectifiable sets 𝜕𝐺1 , . . . , 𝜕𝐺𝑑 , Lemma 5.4 implies that 

0 ( 𝐵 ∩ 𝜚1 𝜕𝐺1 ∩ . . . ∩ 𝜚𝑑 𝜕𝐺𝑑 ) < ∞ for 𝜆𝑑 -a.a. ( 𝜚1 , . . . , 𝜚𝑑 ) ∈ (𝑑 )𝑑 , 
ince the right-hand side of ( 17 ) is finite in this situation. Hence we conclude that for 𝐐𝑑 -a.e. ( 𝐺1 , . . . , 𝐺𝑑 ) ∈ ( 𝑑 𝗉 )𝑑 , the
nner integral on the right-hand side of ( 18 ) is zero. This shows that almost surely ∑

( 𝐾1 ,. . . ,𝐾𝑑 )∈𝜂
𝑑 ≠
𝟏
{0 ( 𝐵 ∩ 𝜕𝐾1 ∩ . . . ∩ 𝜕𝐾𝑑 ) = ∞

}
= 0 , 

hat is, almost surely 0 ( 𝐵 ∩ 𝜕𝐾1 ∩ . . . ∩ 𝜕𝐾𝑑 ) < ∞ for ( 𝐾1 , . . . , 𝐾𝑑 ) ∈ 𝜂𝑑 ≠. Since 𝜂 is locally finite, almost surely we also
ave 𝐵 ∩ 𝜕𝐾1 ∩ . . . ∩ 𝜕𝐾𝑑 ≠ ∅ for at most finitely many ( 𝐾1 , . . . , 𝐾𝑑 ) ∈ 𝜂𝑑 ≠. Thus we conclude that 𝑠𝑑 ( 𝜂, 𝐵) < ∞ holds
lmost surely. □

 Mean Visible Volume in a Hyperbolic Boolean Model 

n this section, we assume that 𝜂 is a stationary Poisson particle process on 𝑑 , concentrated on 𝑑 . The associated union
et 

𝑍 ∶ =
⋃
𝐾∈𝜂

𝐾 

s called a stationary Boolean model . As in the previous section, we write 𝐐 for the distribution of the typical grain. For
 , 𝑦 ∈ ℍ𝑑 , let [ 𝑥 , 𝑦] denote the geodesic segment connecting 𝑥 and 𝑦. The visibility from 𝗉 in direction 𝑢 ∈ 𝕊𝑑− 1 

𝗉 , the unit
phere in the tangent space of ℍ𝑑 at 𝗉 , within ℍ𝑑 ⧵ 𝑍 is described by the random variable 

𝑠𝗉 ,𝑢 ( 𝑍) ∶ = sup { 𝑠 ≥ 0 ∶ [ 𝗉 , exp 𝗉 ( 𝑠𝑢)] ∩ 𝑍 = ∅} , (19)

here exp 𝗉 stands for the exponential map at 𝗉 , which maps a point 𝑠𝑢, with 𝑠 ≥ 0 and 𝑢 ∈ 𝕊𝑑− 1 
𝗉 , in the tangent space of ℍ𝑑

t 𝗉 to the point in ℍ𝑑 at hyperbolic distance 𝑠 on the geodesic through 𝗉 in direction 𝑢. We call 𝑠𝗉 ,𝑢 ( 𝑍) the visibility range
rom 𝗉 in direction 𝑢. The mean visible volume from 𝗉 outside 𝑍 is the quantity defined by the (elementary) conditional
xpectation value 

V 𝑠 ( 𝑍) ∶ = 𝐄 [ 𝑑 ( 𝑆𝗉 ( 𝑍)) ∣ 𝑝 ∉ 𝑍] , 

here the open and star-shaped set, 

𝑆𝗉 ( 𝑍) ∶ = { 𝑦 ∈ ℍ𝑑 ∶ [ 𝗉 , 𝑦] ∩ 𝑍 = ∅} , 

s the visible region seen from 𝗉 . For an introduction to these quantities in Euclidean space (and the proof of basic
easurability statements), we refer to [ 3 , section 4.6, pp. 150–153]. We aim at determining the mean visible volume V 𝑠 ( 𝑍)

f a Boolean model in hyperbolic space. As a first step, we consider the conditional distribution of 𝑠𝗉 ,𝑢 ( 𝑍) given that 𝗉 ∉ 𝑍.
4 of 24 Mathematische Nachrichten, 2026
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 articles are governed by the applicable C
reati
or a set 𝐴 ⊂ ℍ𝑑 , we denote—as usual—by 𝐴 

the collection of all closed subsets of ℍ𝑑 having nonempty intersection
ith 𝐴. Using this notation, let 𝑟 ≥ 0 and observe that 

𝐏 ( 𝑠𝗉 ,𝑢 ( 𝑍) ≤ 𝑟 ∣ 𝗉 ∉ 𝑍) = 1 − 𝐏 ( 𝗉 ∉ 𝑍)− 1 ⋅ 𝐏
(
𝑍 ∩ [ 𝗉 , exp 𝗉 ( 𝑟𝑢)] = ∅

)
= 1 − 𝐏 ( 𝗉 ∉ 𝑍)− 1 ⋅ 𝐏

(
𝜂
([ 𝗉 ,exp 𝗉 ( 𝑟𝑢)] ) = 0

)
= 1 − 𝐏 ( 𝗉 ∉ 𝑍)− 1 ⋅ exp 

(
− Λ

([ 𝗉 ,exp 𝗉 ( 𝑟𝑢)] ))
= 1 − 𝐏 ( 𝗉 ∉ 𝑍)− 1 ⋅ exp 

⎛ ⎜ ⎜ ⎝ − 𝛾 ∫𝑑 𝗉 ∫𝑑 
𝜒
(
[ 𝗉 , exp 𝗉 ( 𝑟𝑢)] ∩ 𝜚𝐺

)
𝜆(d 𝜚) 𝐐 (d 𝐺)

⎞ ⎟ ⎟ ⎠ . (20)

n order to determine the integral in the last expression, we apply the principal kinematic formula for the Euler
haracteristic 𝜒 in hyperbolic space. As in [ 5 , section 3], for 𝑑 ≥ 2 we use the normalized functionals 

𝑉0 
𝑘 
( 𝐴) ∶ =

𝜔𝑑+ 1 

𝜔𝑘+ 1 𝜔𝑑− 𝑘 

(𝑑 − 1 

𝑘 

)
𝑉𝑘 ( 𝐴) =

𝜔𝑑+ 1 

𝜔𝑘+ 1 
𝑉ℍ

𝑑 

𝑘 
( 𝐴) , 𝑘 ∈ {0 , . . . , 𝑑 − 1} , (21)

nd set 𝑉0 
𝑑 
( 𝐴) ∶ = 𝑉𝑑 ( 𝐴) = 𝑉ℍ

𝑑 

𝑑 
( 𝐴) for 𝐴 ∈ 𝑑 . Note that 

𝑉0 
1 
( 𝐴) = 𝑉1 ( 𝐴) , 𝑉0 

𝑑− 1 
( 𝐴) =

𝜔𝑑+ 1 

2 𝜔𝑑 
𝑉𝑑− 1 ( 𝐴) , and 𝑉0 

0 
( 𝐴) =

𝜔𝑑+ 1 

2 𝜔𝑑 
𝑉0 ( 𝐴) . (22)

n particular, for 𝑑 = 2 we get 𝑉0 
𝑖 
= 𝑉𝑖 for all possible choices of 𝑖 ∈ {0 , 1 , 2} . In arbitrary dimension 𝑑 ≥ 1 and for 𝐴 ∈ 𝑑

the set of all finite unions of compact convex sets), the relation between the Euler characteristic and the intrinsic volumes
an be expressed in the form 

𝜒( 𝐴) = 2 

𝜔𝑑+ 1 

⌊𝑑 
2 
⌋∑

𝑙= 0 

( − 1)𝑙 𝑉0 
2 𝑙 
( 𝐴); (23)

ee [ 5 , eq. (3.11)], [ 26 , Théorème 1.2], and the references provided there. (For 𝑑 = 1 , this follows from 𝜒 = 1 

2 
𝑉0 together

ith 𝑉0 
0 
∶ = 𝜋

2 
𝑉0 .) In terms of the modified functionals 𝑉0 

𝑘 
, the principal kinematic formulas turn into 

∫ 𝑉0 
𝑘 
( 𝐴 ∩ 𝜚 𝐵) 𝜆(d 𝜚 ) =

∑
𝑖 + 𝑗 = 𝑑+ 𝑘 

𝑉0 
𝑖 
( 𝐴) 𝑉0 

𝑗 
( 𝐵) , 𝑘 ∈ {0 , . . . , 𝑑} , (24)

here the summation extends over all 𝑖, 𝑗 ∈ {0 , . . . , 𝑑} such that 𝑖 + 𝑗 = 𝑑 + 𝑘; see [ 5 , eq. (3.11)], [ 26 , Théorème 4.4], and
he references provided there. In the following, we use that 𝑉0 

𝑗 
( 𝐴) = 0 if 𝑗 > dim 𝐴, which is implied by Proposition 3.1 . 

ext, we consider the inner integral in ( 20 ), first apply ( 23 ), and then ( 24 ). Using also Proposition 3.1 and ( 22 ), we get 

∫𝑑 
𝜒
(
[ 𝗉 , exp 𝗉 ( 𝑟𝑢)] ∩ 𝜚𝐺

)
𝜆(d 𝜚) = 2 

𝜔𝑑+ 1 

⌊𝑑 
2 
⌋∑

𝑙= 0 

( − 1)𝑙 ∫𝑑 
𝑉0 
2 𝑙 
([ 𝗉 , exp 𝗉 ( 𝑟𝑢)] ∩ 𝜚 𝐺) 𝜆(d 𝜚 ) 

= 2 

𝜔𝑑+ 1 

⌊𝑑 
2 
⌋∑

𝑙= 0 

( − 1)𝑙 
∑

𝑖 + 𝑗 = 𝑑+ 2 𝑙 

𝑉0 
𝑖 
( 𝐺 ) 𝑉0 

𝑗 
([ 𝗉 , exp 𝗉 ( 𝑟𝑢)]) 

= 2 

𝜔𝑑+ 1 

⌊𝑑 
2 
⌋∑

𝑙= 0 

( − 1)𝑙 
(
𝑉0 
𝑑+ 2 𝑙 

( 𝐺 ) 𝑉0 
0 
([ 𝗉 , exp 𝗉 ( 𝑟𝑢)]) + 𝑉0 

𝑑+ 2 𝑙− 1 
( 𝐺 ) 𝑉0 

1 
([ 𝗉 , exp 𝗉 ( 𝑟𝑢)])

)
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= 2 

𝜔𝑑+ 1 

(
𝑉0 
𝑑 
( 𝐺 ) 𝑉0 

0 
([ 𝗉 , exp 𝗉 ( 𝑟𝑢)]) + 𝑉0 

𝑑− 1 
( 𝐺 ) 𝑉0 

1 
([ 𝗉 , exp 𝗉 ( 𝑟𝑢)])

)
= 2 

𝜔𝑑+ 1 

( 

𝑉𝑑 ( 𝐺)
𝜔𝑑+ 1 

2 𝜔𝑑 
𝑉0 ([ 𝗉 , exp 𝗉 ( 𝑟𝑢 )]) +

𝜔𝑑 + 1 

2 𝜔𝑑 
𝑉𝑑 − 1 ( 𝐺) 𝑉1 ([ 𝗉 , exp 𝗉 ( 𝑟𝑢 )])

) 

= 1 

𝜔𝑑 

(
𝑉𝑑 ( 𝐺) 𝑉0 ([ 𝗉 , exp 𝗉 ( 𝑟𝑢)]) + 𝑉𝑑− 1 ( 𝐺) 𝑉1 ([ 𝗉 , exp 𝗉 ( 𝑟𝑢)])

)
= 1 

𝜔𝑑 
( 𝜔𝑑 𝑉𝑑 ( 𝐺) + 𝜅𝑑− 1 𝑟𝑉𝑑− 1 ( 𝐺)) 

= 𝑉𝑑 ( 𝐺 ) +
𝜅𝑑− 1 

𝑑𝜅𝑑 
𝑟𝑉𝑑− 1 ( 𝐺 ) , (25)

here we used that [ 𝗉 , exp 𝗉 ( 𝑟𝑢)] is a one-dimensional geodesic segment, so that Remark 3.2 implies 𝑉0 ([ 𝗉 , exp 𝗉 ( 𝑟𝑢)]) =
𝑑 and 

𝑉1 ([ 𝗉 , exp 𝗉 ( 𝑟𝑢)]) = 𝜅𝑑− 1 1 ([ 𝗉 , exp 𝗉 ( 𝑟𝑢)]) = 𝜅𝑑− 1 𝑟. 

ext, we plug ( 25 ) back into ( 20 ) to deduce that 

𝐏 ( 𝑠𝗉 ,𝑢 ( 𝑍) ≤ 𝑟 ∣ 𝗉 ∉ 𝑍) = 1 − 𝐏 ( 𝗉 ∉ 𝑍 )− 1 exp 
⎛ ⎜ ⎜ ⎝ − 𝛾 ∫𝑑 𝗉 

( 

𝑉𝑑 ( 𝐺 ) +
𝜅𝑑− 1 

𝑑𝜅𝑑 
𝑟𝑉𝑑− 1 ( 𝐺 )

) 

𝐐 (d 𝐺 )
⎞ ⎟ ⎟ ⎠ . 

etting 𝑟 = 0 in the preceding equation, we conclude that 

𝐏 ( 𝗉 ∉ 𝑍) = 𝐏
(
𝑍 ∩ [ 𝗉 , exp 𝗉 (0 ⋅ 𝑢)] = ∅

)
= exp 

⎛ ⎜ ⎜ ⎝ − 𝛾 ∫𝑑 𝗉 
𝑉𝑑 ( 𝐺) 𝐐 (d 𝐺)

⎞ ⎟ ⎟ ⎠ , 
nd hence we finally obtain 

𝐏 ( 𝑠𝗉 ,𝑢 ( 𝑍) ≤ 𝑟 ∣ 𝗉 ∉ 𝑍) = 1 − exp 
⎛ ⎜ ⎜ ⎝ − 𝑟

𝜅𝑑− 1 

𝑑𝜅𝑑 
𝛾 ∫𝑑 𝗉 

𝑉𝑑− 1 ( 𝐺) 𝐐 (d 𝐺)
⎞ ⎟ ⎟ ⎠ . 

efining 

𝑣𝑑− 1 ∶ = ∫𝑑 𝗉 
𝑉𝑑− 1 ( 𝐺 ) 𝐐 (d 𝐺 ) ∈ [0 , ∞) and 𝑣∗ 

𝑑− 1 
∶ =

𝜅𝑑− 1 

𝑑𝜅𝑑 
𝑣𝑑− 1 , (26)

e have thus proved the following result. 

roposition 6.1. Consider a Boolean model with compact convex grains and positive intensity 𝛾. The conditional
istribution of the visible range 𝑠𝗉 ,𝑢 ( 𝑍) , given 𝗉 ∉ 𝑍, is an exponential distribution with parameter 𝑣∗ 𝑑− 1 

𝛾, independently
f 𝑢 ∈ 𝕊𝑑− 1 

𝗉 , where 𝑣∗ 
𝑑− 1 

is given by ( 26 ). 

ext we consider the mean visible volume. 

heorem 6.2. The mean visible volume V 𝑠 ( 𝑍) of a stationary Boolean model 𝑍 with compact convex grains and positive
ntensity 𝛾 is finite if and only if 

𝑣∗ 
𝑑− 1 

𝛾 > 𝑑 − 1 , or equivalently, 𝑣𝑑− 1 𝛾 > ( 𝑑 − 1)
𝑑𝜅𝑑 
𝜅𝑑− 1 

. 
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rea
n this case, 

V 𝑠 ( 𝑍) =
𝑑! 𝜅𝑑 

2𝑑 

Γ

( 

𝑣∗ 
𝑑− 1 

𝛾− 𝑑 + 1 

2 

) 

Γ

( 

𝑣∗ 
𝑑− 1 

𝛾+ 𝑑 + 1 

2 

) 

. 

roof. Using Lemma 3.3 (b), Proposition 6.1 , and by an application of Fubini’s theorem, we deduce that 

V 𝑠 ( 𝑍) = 𝐄 [ 𝑑 ( 𝑆𝗉 ( 𝑍)) ∣ 𝑝 ∉ 𝑍] = 𝐄

[ 

∫
𝕊𝑑− 1 
𝗉 

∫
𝑠𝗉 ,𝑢 ( 𝑍) 

0 

sinh 
𝑑− 1 

( 𝑠) d 𝑠 𝑑− 1 
𝗉 (d 𝑢) ∣ 𝗉 ∉ 𝑍

] 

= 𝐄

[ 

∫
𝕊𝑑− 1 
𝗉 

∫
∞

0 

𝟏 { 𝑠 ≤ 𝑠𝗉 ,𝑢 ( 𝑍)} sinh 
𝑑− 1 

( 𝑠) d 𝑠 𝑑− 1 
𝗉 (d 𝑢) ∣ 𝗉 ∉ 𝑍

] 

= ∫
𝕊𝑑− 1 
𝗉 

∫
∞

0 

𝐏 ( 𝑠 ≤ 𝑠𝗉 ,𝑢 ( 𝑍) |𝑝 ∉ 𝑍) sinh 
𝑑− 1 

( 𝑠) d 𝑠 𝑑− 1 
𝗉 (d 𝑢) 

= 𝜔𝑑 ∫
∞

0 

𝑒
− 𝑣∗ 
𝑑− 1 

𝛾 𝑠 
sinh 

𝑑− 1 
( 𝑠 ) d 𝑠 . 

ote that the application of Fubini’s theorem was justified, since the integrand is nonnegative. 
o evaluate this integral, let 𝑎 > 𝑑 − 1 and apply the substitution 𝑒− 𝑠 =

√
𝑢 to see that 

∫
∞

0 

sinh 
𝑑− 1 

( 𝑠 ) 𝑒− 𝑎𝑠 d 𝑠 = 1 

2𝑑− 1 ∫
∞

0 

( 𝑒𝑠 − 𝑒− 𝑠 )𝑑− 1 𝑒− 𝑎𝑠 d 𝑠 

= 1 

2𝑑− 1 ∫
1 

0 

( 

1 √
𝑢 
−
√
𝑢 

) 𝑑− 1 

(
√
𝑢 )𝑎− 1 d 𝑢 

2
√
𝑢 

= 1 

2𝑑 ∫
1 

0 

𝑢
𝑎 − 𝑑 + 1 
2 

− 1 
(1 − 𝑢 )𝑑 − 1 d 𝑢 . 

he last integral can be expressed in terms of a beta function, and hence by gamma functions (as in the proof of
roposition 3.5 ), which finally implies that 

∫
∞

0 

sinh 
𝑑− 1 

( 𝑠 ) 𝑒− 𝑎𝑠 d 𝑠 = ( 𝑑 − 1)! 

2𝑑 

Γ
(
𝑎 − 𝑑 + 1 

2 

)
Γ
(
𝑎 + 𝑑 + 1 

2 

) , (27)

rovided that 𝑎 > 𝑑 − 1 . Using this identity with 𝑎 = 𝑣∗ 
𝑑− 1 

𝛾 yields the final result. □

emark 6.3. Writing the result of Theorem 6.2 in the form 

V 𝑠 ( 𝑍) =
𝑑! 𝜅𝑑 

2𝑑 

Γ

( 

𝑣∗ 
𝑑− 1 

𝛾− 𝑑 + 1 

2 

) 

Γ

( 

𝑣∗ 
𝑑− 1 

𝛾− 𝑑 + 1 

2 
+ 𝑑

) 

, 
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TABLE 1 Mean visible volume in small space dimensions. 

𝒅 = 𝟐 𝒅 = 𝟑 𝒅 = 𝟒 

V 𝑠 ( 𝑍) =
2 𝜋3 

𝛾2 𝑣2 
1 
− 𝜋2 

V 𝑠 ( 𝑍) =
512 𝜋

𝛾𝑣2 ( 𝛾2 𝑣
2 
2 
− 64) 

V 𝑠 ( 𝑍) =
972 𝜋6 

(9 𝜋2 − 4 𝛾2 𝑣2 
3 
)(81 𝜋2 − 4 𝛾2 𝑣2 

3 
) 

if 𝛾𝑣1 > 𝜋 if 𝛾𝑣2 > 8 if 𝛾𝑣3 > 9 𝜋∕2 
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e obtain 

V 𝑠 ( 𝑍) 

𝑑! 𝜅𝑑 
=

⎧ ⎪ ⎨ ⎪ ⎩ 

((
( 𝛾𝑣∗ 

𝑑− 1 
)2 − ( 𝑑 − 1)2 

)(
( 𝛾𝑣∗ 

𝑑− 1 
)2 − ( 𝑑 − 3)2 

)
⋯

(
( 𝛾𝑣∗ 

𝑑− 1 
)2 − 12 

))− 1 

∶ 𝑑 even, ((
( 𝛾𝑣∗ 

𝑑− 1 
)2 − ( 𝑑 − 1)2 

)(
( 𝛾𝑣∗ 

𝑑− 1 
)2 − ( 𝑑 − 3)2 

)
⋯

(
( 𝛾𝑣∗ 

𝑑− 1 
)2 − 22 

)
𝛾𝑣∗ 
𝑑− 1 

)− 1 

∶ 𝑑 odd. 

or small vales of 𝑑, this is illustrated in Table 1 . 

emark 6.4. Note that 𝑉𝑑− 1 = 2 𝑉ℍ
𝑑 

𝑑− 1 
by Remark 3.2 , where the functional 𝑉ℍ

𝑑 

𝑑− 1 
has the advantage of being normalized

n an “intrinsic way.” Thus, replacing correspondingly 𝑣𝑑− 1 by 2 𝑣ℍ
𝑑 

𝑑− 1 
, we obtain that the mean visible volume V 𝑠 ( 𝑍) is

inite if and only if 

𝛾𝑣ℍ
𝑑 

𝑑− 1 
> ( 𝑑 − 1)

𝑑 𝜅𝑑 
2 𝜅𝑑− 1 

. 

emark 6.5. Consider a Boolean model 𝑍 generated by a stationary Poisson point process 𝜉 of intensity 𝛾 > 0 in ℍ𝑑 

hose grains are balls with a fixed radius 𝑅 > 0 , recall the construction from Section 4 . In this special case, the threshold
f Theorem 6.2 may be compared to the one of [ 7 ] considering the absence or presence of infinite geodesic rays starting at
 not hitting the Boolean model as discussed in the introduction. It has been shown on page 447 of [ 7 ] that such geodesic
ays exist with positive probability if the intensity 𝛾 satisfies 

𝛾 <
𝑑 − 1 

𝜅𝑑− 1 sinh 
𝑑− 1 

( 𝑅) 
= ∶ 𝛽𝑐 ( 𝑑 , 𝑅 ) , 

hereas for 𝛾 > 𝛽𝑐 ( 𝑑 , 𝑅 ) such rays do almost surely not exist; in the language of [ 7 ] one has to take 𝑎 = 1 and to note that
1 there is the same as our 𝜅𝑑− 1 . On the other hand, Theorem 6.2 shows that the mean visible volume 𝑉 𝑠 ( 𝑍) is infinite if
nd only if 

𝛾 ≤ ( 𝑑 − 1) 𝑑𝜅𝑑 
𝜅𝑑− 1 𝑣𝑑− 1 

. 

ince 𝑣𝑑− 1 = 𝜔𝑑 sinh 
𝑑− 1 

( 𝑅) in our case, we arrive at precisely the same threshold 𝛽𝑐 ( 𝑑 , 𝑅 ) . In this very special set-up, this
an alternatively be concluded as follows. Using Lemma 3.3 (b) and writing 𝑥𝑡 for a point with 𝑑ℎ ( 𝗉 , 𝑥𝑡 ) = 𝑡 we have 

V 𝑠 ( 𝑍) = 𝜔𝑑 ∫
∞

0 

𝐏 ([ 𝗉 , 𝑥𝑡 ] ∩ 𝑍 = ∅ | 𝗉 ∉ 𝑍) sinh 𝑑− 1 
𝑡 d 𝑡. 

ow, observe that 

𝐏 ([ 𝗉 , 𝑥𝑡 ] ∩ 𝑍 = ∅ | 𝗉 ∉ 𝑍) = 𝐏 ( 𝜉( 𝔹 ([ 𝗉 , 𝑥𝑡 ] , 𝑅)) = 0) 

𝐏 ( 𝜉( 𝔹 ( 𝗉 , 𝑅)) = 0) 
= 𝑒− 𝛾𝑉𝑑 ( 𝔹 ([ 𝗉 ,𝑥𝑡 ] ,𝑅 )) 

𝑒− 𝛾𝑉𝑑 ( 𝔹 ( 𝗉 ,𝑅 )) 
. 

sing ( 4 ) and Remark 3.2 we see that 

𝑒− 𝛾𝑉𝑑 ( 𝔹 ([ 𝗉 ,𝑥𝑡 ] ,𝑅 )) = 𝑒
− 𝛾

(
𝑉𝑑 ( 𝔹 ( 𝗉 ,𝑅 )) + 𝑡𝜅𝑑 − 1 sinh 

𝑑 − 1 ( 𝑅 )
)
= 𝑒

− 𝛾

( 

𝑉𝑑 ( 𝔹 ( 𝗉 ,𝑅 )) +
( 𝑑 − 1) 𝑡 
𝛽𝑐 ( 𝑑 ,𝑅 ) 

) 

, 
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reat
here in the last equality we applied the definition of 𝛽𝑐 ( 𝑑 , 𝑅 ) . Thus, 

V 𝑠 ( 𝑍) = 𝜔𝑑 ∫
∞

0 

𝑒
− 𝛾

( 𝑑− 1) 𝑡 
𝛽𝑐 ( 𝑑 ,𝑅 ) sinh 

𝑑− 1 
𝑡 d 𝑡. 

ince sinh 𝑡 is bounded from above and below by a constant multiple of 𝑒𝑡 for sufficiently large 𝑡, the last integral is finite
f and only if 1 − 𝛾

𝛽𝑐 ( 𝑑 ,𝑅 ) 
< 0 , or equivalently, 𝛾 > 𝛽𝑐 ( 𝑑 , 𝑅 ) . 

n view of Theorem 5.1 , we also arrive at the following corollary of Theorem 6.2 . 

orollary 6.6. The mean visible volume of the Boolean model 𝑍 with positive intensity and almost surely full-dimensional
ompact convex grains is finite if and only if the intersection density of the underlying Poisson particle process 𝜂 satisfies
𝑑 ( 𝜂) > ( 𝑑 − 1)𝑑 𝜅𝑑 . 

inally, we consider the behavior of the mean visible volume near the critical threshold. Our next result shows that there
s a universal scaling law. In particular, the divergence of V 𝑠 ( 𝑍) at criticality is polynomial (rather than exponential), with
ritical exponent one, independent of the dimension 𝑑. In what follows, we write 𝑓( 𝑥) ∼ 𝑔( 𝑥) as 𝑥 → 𝑥0 if 𝑓( 𝑥)∕ 𝑔( 𝑥) → 1

s 𝑥 → 𝑥0 . 

orollary 6.7. Let 𝑍 be a stationary Boolean model in ℍ𝑑 with compact convex grains and intensity 𝛾 > 0 , and set 𝑎 ∶ =
∗ 
𝑑− 1 

𝛾. Assume that 𝑎 > 𝑑 − 1 and define 𝛿 ∶ = 𝑎 − ( 𝑑 − 1) > 0 . Then 

V 𝑠 ( 𝑍) ∼
𝜔𝑑 

2𝑑− 1 
⋅
1 

𝛿
as 𝛿 ↓ 0 . (28)

roof. By Theorem 6.2 we may write, for 𝑎 > 𝑑 − 1 , 

V 𝑠 ( 𝑍) =
𝑑! 𝜅𝑑 

2𝑑 

Γ
(
𝑎 − 𝑑 + 1 

2 

)
Γ
(
𝑎 + 𝑑 + 1 

2 

) . (29)

ince 𝛿 ∶ = 𝑎 − ( 𝑑 − 1) > 0 , we have 

𝑎 − 𝑑 + 1 

2 
= 𝛿

2 
and 𝑎 + 𝑑 + 1 

2 
= 𝑑 + 𝛿

2 
. 

sing the asymptotics Γ( 𝜀) ∼ 𝜀− 1 as 𝜀 ↓ 0 and the continuity of the gamma function at 𝑑, we obtain 

Γ

( 

𝛿

2 

) 

∼
2 

𝛿
and Γ

( 

𝑑 + 𝛿

2 

) 

→ Γ( 𝑑) = ( 𝑑 − 1)! as 𝛿 ↓ 0 . 

nserting this into ( 29 ) yields 

V 𝑠 ( 𝑍) ∼
𝑑! 𝜅𝑑 

2𝑑 
⋅

2∕ 𝛿

( 𝑑 − 1)! 
=
𝑑𝜅𝑑 

2𝑑− 1 
⋅
1 

𝛿
. 

ince 𝜔𝑑 = 𝑑𝜅𝑑 , this proves ( 28 ). □

 next natural question is to quantify the divergence of the mean visible volume at the critical threshold in a more refined
ay. Since V 𝑠 ( 𝑍) = ∞when 𝑣∗ 

𝑑− 1 
𝛾 = 𝑑 − 1 , it is natural to localize the visible region and to study how the expected visible

olume grows with the observation radius. To this end, for 𝑅 > 0 we consider the truncated mean visible volume 

V 𝑠,𝑅 ( 𝑍 ) ∶ = 𝐄
[𝑑 

(
𝑆𝗉 ( 𝑍 ) ∩ 𝔹 ( 𝗉 , 𝑅)

)
∣ 𝗉 ∉ 𝑍

]
. 

ur next result shows that the divergence is governed by a universal constant, independent of the concrete shapes of the
articles, and is of a mild order: At criticality the truncated mean visible volume grows only linearly in 𝑅. For completeness,
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 articles are governed by the applicable C
rea
e also consider the asymptotics of the mean visible volume below and above criticality, which in these cases is of
xponential order and depends on 𝛾𝑣∗ 

𝑑− 1 
. 

orollary 6.8. Let 𝑍 be a stationary Boolean model in ℍ𝑑 with compact convex grains and intensity 𝛾 > 0 , and set 𝑎 ∶ =
∗ 
𝑑− 1 

𝛾. Then, as 𝑅 → ∞, the following asymptotics hold. 
(a) If 𝑎 < 𝑑 − 1 , then 

V 𝑠,𝑅 ( 𝑍) ∼
𝜔𝑑 

2𝑑− 1 ( 𝑑 − 1 − 𝑎) 
𝑒( 𝑑 − 1 − 𝑎 ) 𝑅 . (30)

(b) If 𝑎 = 𝑑 − 1 , then 

V 𝑠,𝑅 ( 𝑍) ∼
𝜔𝑑 

2𝑑− 1 
𝑅. (31)

(c) If 𝑎 > 𝑑 − 1 , then 

V 𝑠 ( 𝑍) − V 𝑠,𝑅 ( 𝑍) ∼
𝜔𝑑 

2𝑑− 1 ( 𝑎 − 𝑑 + 1) 
𝑒− ( 𝑎 − 𝑑 + 1) 𝑅 . (32)

roof. By Lemma 3.3 (b) and Proposition 6.1 , the same computation as in the proof of Theorem 6.2 yields 

V 𝑠,𝑅 ( 𝑍) = 𝜔𝑑 ∫
𝑅 

0 

𝑒− 𝑎𝑠 sinh 
𝑑− 1 

( 𝑠 ) d 𝑠 . (33)

oreover, if 𝑎 > 𝑑 − 1 , then Theorem 6.2 implies that 

V 𝑠 ( 𝑍) − V 𝑠,𝑅 ( 𝑍) = 𝜔𝑑 ∫
∞

𝑅 

𝑒− 𝑎𝑠 sinh 
𝑑− 1 

( 𝑠 ) d 𝑠 . (34)

sing sinh ( 𝑠 ) = 1 

2 
( 𝑒𝑠 − 𝑒− 𝑠 ) , for all 𝑠 ≥ 0 we have 

𝑒− 𝑎𝑠 sinh 
𝑑− 1 

( 𝑠) = 2− ( 𝑑− 1) 𝑒− ( 𝑎 − 𝑑 + 1) 𝑠 
(
1 − 𝑒− 2 𝑠 

)𝑑− 1 
. (35)

n particular, 

𝑒− 𝑎𝑠 sinh 
𝑑− 1 

( 𝑠) ∼ 2− ( 𝑑− 1) 𝑒− ( 𝑎 − 𝑑 + 1) 𝑠 as 𝑠 → ∞. (36)

a) Assume 𝑎 < 𝑑 − 1 and set 𝛽 ∶ = 𝑑 − 1 − 𝑎 > 0 . Let 

𝐼( 𝑅 ) ∶ = ∫
𝑅 

0 

𝑒− 𝑎𝑠 sinh 
𝑑− 1 

( 𝑠 ) d 𝑠 . 

y ( 36 ) we have 𝐼( 𝑅) → ∞ and 𝐼( 𝑅 )∕ 𝑒𝛽𝑅 →
1 

𝛽
2− ( 𝑑− 1) as 𝑅 → ∞, which can be seen by l’Hospital’s rule: 

lim 

𝑅→∞
𝐼( 𝑅) 

𝑒𝛽𝑅 
= lim 

𝑅→∞
𝑒− 𝑎𝑅 sinh 

𝑑− 1 
( 𝑅) 

𝛽𝑒𝛽𝑅 
= 1 

𝛽
lim 

𝑅→∞
sinh 

𝑑− 1 
( 𝑅) 

𝑒( 𝑑− 1) 𝑅 
= 1 

𝛽
⋅
1 

2𝑑− 1 
, 

here in the last step we used that sinh ( 𝑅 ) ∼
1 

2 
𝑒𝑅 . Multiplying by 𝜔𝑑 and using ( 33 ), we conclude ( 30 ). 

b) Assume 𝑎 = 𝑑 − 1 . Then ( 35 ) gives 

𝑒− ( 𝑑− 1) 𝑠 sinh 
𝑑− 1 

( 𝑠) = 2− ( 𝑑− 1) 
(
1 − 𝑒− 2 𝑠 

)𝑑− 1 
. 
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nserting this into ( 33 ) and using L’Hospital’s rule, we obtain 

V 𝑠,𝑅 ( 𝑍) =
𝜔𝑑 

2𝑑− 1 ∫
𝑅 

0 

(
1 − 𝑒− 2 𝑠 

)𝑑− 1 
d 𝑠 ∼

𝜔𝑑 

2𝑑− 1 
𝑅, 

hich yields ( 31 ). 
c) Assume 𝑎 > 𝑑 − 1 and set 𝛽 ∶ = 𝑎 − 𝑑 + 1 > 0 . If 

𝐽( 𝑅 ) ∶ = ∫
∞

𝑅 

𝑒− 𝑎𝑠 sinh 
𝑑− 1 

( 𝑠 ) d 𝑠 , 

hen 𝐽( 𝑅) ↓ 0 as 𝑅 → ∞. Again by L’Hospital’s rule and using ( 36 ), we get 𝐽( 𝑅 )∕ 𝑒− 𝛽𝑅 →
1 

𝛽
2− ( 𝑑− 1) as 𝑅 →∞. Multiplying

y 𝜔𝑑 and using ( 34 ), we obtain ( 32 ). □

 Comparison With Hyperbolic Poisson Hyperplane Tessellations 

e consider a Poisson process 𝜉 of hyperplanes in ℍ𝑑 with intensity 𝛾 > 0 . By this we mean that 𝜉 is a Poisson process in
he space 𝐴ℎ ( 𝑑, 𝑑 − 1) with intensity measure 𝛾𝜇𝑑− 1 , where 

𝜇𝑑− 1 ( ⋅ ) = ∫𝐺ℎ ( 𝑑, 1) ∫𝐿 
cosh 

𝑑− 1 
( 𝑑ℎ ( 𝑥, 𝗉 )) 𝟏 { 𝐻( 𝐿, 𝑥) ∈ ⋅ } 1 (d 𝑥) 𝜈1 (d 𝐿) , 

s the isometry invariant measure on the space of hyperplanes in ℍ𝑑 , normalized as in [ 17, 27 ]. Here, 𝐺ℎ ( 𝑑, 1) is the space of
ines (i.e., 1-planes) containing 𝗉 , 𝜈1 denotes the unique Borel probability measure on 𝐺ℎ ( 𝑑, 1) invariant under isometries
ixing 𝗉 , and 𝐻( 𝐿, 𝑥) is the hyperplane orthogonal to 𝐿 at 𝑥. We refer to [ 17, 27–29 ] for more details. In this section, let 

𝑍∗ ∶ =
⋃
𝐻∈𝜉

𝐻 (37)

e the random closed set in ℍ𝑑 induced by the union of all hyperplanes of 𝜉. Since 𝜇𝑑− 1 is isometry invariant, the law of
he random set 𝑍 is also invariant under all isometries of ℍ𝑑 . We call the closure of the almost surely unique connected
omponent in the complement of 𝑍∗ containing 𝗉 , that is, the cell in the tessellation generated by 𝜉 that contains 𝗉 , the
ero cell of the hyperbolic Poisson hyperplane tessellation with intensity 𝛾. By definition, the zero cell coincides with the
losure of the visible region 𝑆𝗉 ( 𝑍

∗ ) induced by the random closed set 𝑍∗ defined via ( 37 ). 

efining the visibility range 𝑠𝗉 ,𝑢 ( 𝑍∗ ) induced by 𝑍∗ from 𝗉 in direction 𝑢 ∈ 𝕊𝑑− 1 
𝗉 as in ( 19 ), we can argue as in ( 20 ) to

educe that 

𝐏 ( 𝑠𝗉 ,𝑢 ( 𝑍
∗ ) ≤ 𝑟) = 1 − 𝐏

(
𝑍∗ ∩ [ 𝗉 , exp 𝗉 ( 𝑟𝑢)] = ∅

)
= 1 − 𝐏

(
𝜉
([ 𝗉 ,exp 𝗉 ( 𝑟𝑢)] ) = 0

)
= 1 − exp 

(
− 𝛾 ⋅ 𝜇𝑑− 1 

([ 𝗉 ,exp 𝗉 ( 𝑟𝑢)] ))
= 1 − exp 

( 

− 𝛾 ⋅ ∫
𝐴ℎ ( 𝑑 ,𝑑 − 1) 

𝟏
{ 

[ 𝗉 , exp 𝗉 ( 𝑟𝑢)] ∩ 𝐻 ≠ ∅} 

𝜇𝑑− 1 (d 𝐻)

) 

. 

ext, we use that the geodesic segment [ 𝗉 , exp 𝗉 ( 𝑟𝑢)] can be intersected in at most one point by a generic hyperplane 𝐻 ∈

ℎ ( 𝑑, 𝑑 − 1) , which implies that 𝟏 {[ 𝗉 , exp 𝗉 ( 𝑟𝑢)] ∩ 𝐻 ≠ ∅} = 0 ([ 𝗉 , exp 𝗉 ( 𝑟𝑢)] ∩ 𝐻) for 𝜇𝑑− 1 -almost all 𝐻 ∈ 𝐴ℎ ( 𝑑, 𝑑 − 1) .
hus, by the Crofton formula (see, e.g., [ 27 , Lemma 2] or [ 17 , Lemma 2.1]), the integral in the exponent is equal to 

∫
𝐴ℎ ( 𝑑 ,𝑑 − 1) 

0 
(
[ 𝗉 , exp 𝗉 ( 𝑟𝑢)] ∩ 𝐻

)
𝜇𝑑− 1 (d 𝐻) =

𝜔𝑑+ 1 𝜔1 
𝜔𝑑 𝜔2 

1 ([ 𝑝 , exp 𝑝 ( 𝑟 𝑢 )]) =
2 𝜅𝑑 − 1 

𝑑𝜅𝑑 
𝑟. 
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t follows that the random variable 𝑠𝗉 ,𝑢 ( 𝑍) has an exponential distribution with parameter 𝛾 2 𝜅𝑑− 1 
𝑑𝜅𝑑 

. We can now proceed
xactly as in the proof of Theorem 6.2 to obtain 

V 𝑠 ( 𝑍
∗ ) = 𝐄∫

𝕊𝑑− 1 
𝗉 

∫
𝑠𝗉 ,𝑢 ( 𝑍

∗ ) 

0 

sinh 
𝑑− 1 

( 𝑠) d 𝑠 𝑑− 1 
𝗉 (d 𝑢) 

= ∫
𝕊𝑑− 1 
𝗉 

∫
∞

0 

𝐏 ( 𝑠 ≤ 𝑠𝗉 ,𝑢 ( 𝑍
∗ )) sinh 

𝑑− 1 
( 𝑠) d 𝑠 𝑑− 1 

𝗉 (d 𝑢) 

= 𝜔𝑑 ∫
∞

0 

sinh 
𝑑− 1 

( 𝑠 ) exp 

( 

− 𝛾
2 𝜅𝑑− 1 

𝑑 𝜅𝑑 
𝑠

) 

d 𝑠 . 

he last expression can be further simplified by means of relation ( 27 ). For example, if 𝑑 = 2 , we get V 𝑠 ( 𝑍
∗ ) = 2 𝜋3 

4 𝛾2 − 𝜋2 
,

hich agrees with [ 30 , eqs. (6.4) and (6.6)], where we note that the authors of that paper use a different normalization for
he invariant measure 𝜇𝑑− 1 . In particular, defining 

𝛾∗ 
𝑑 
∶ =

2 𝜅𝑑− 1 

𝑑𝜅𝑑 
𝛾, 

e see that the mean volume of the zero cell is finite if and only if 

𝛾∗ 
𝑑 
> 𝑑 − 1 . (38)

e summarize these findings in the following result. 

heorem7.1. Consider the zero cell induced by a stationary Poisson process on 𝐴ℎ ( 𝑑, 𝑑 − 1) with intensity measure 𝛾 ⋅ 𝜇𝑑− 1 ,
> 0 . Its mean volume V 𝑠 ( 𝑍

∗ ) is finite if and only if 𝛾∗ 
𝑑 
> 𝑑 − 1 , and in this case it is given by 

V 𝑠 ( 𝑍
∗ ) =

𝑑! 𝜅𝑑 

2𝑑 

Γ

( 

𝛾∗ 
𝑑 
− 𝑑+ 1 

2 

) 

Γ

( 

𝛾∗ 
𝑑 
+ 𝑑+ 1 

2 

) 

. 

e note that this result is in line with [ 31 , Theorem 3.3] (and the references cited therein), which states that the random
et 𝑆𝗉 ( 𝑍∗ ) is bounded almost surely if 𝛾∗ 𝑑 satisfies ( 38 ), while 𝑆𝗉 ( 𝑍

∗ ) is unbounded almost surely if 𝛾∗ 
𝑑 
< 𝑑 − 1 (note the

ifference by a factor 2 compared to [ 31 ], which is due to a slightly different normalization of the invariant measure 𝜇𝑑− 1 ).
f 𝑑 = 2 , then [ 31 , Theorem 3.4] even ensures that in the critical case 𝛾∗ 

2 
= 1 (or equivalently 𝛾 = 𝜋

2 
) the random set 𝑆𝗉 ( 𝑍∗ )

s bounded with probability one; in this situation, the expected value V 𝑠 ( 𝑍
∗ ) is still infinite, as follows from Theorem 7.1 . 

emark 7.2. Theorem 7.1 yields the same near-critical scaling as in the Boolean model discussed in Corollaries 6.7 and
.8 . Writing 𝛿 ∶ = 𝛾∗ 

𝑑 
− ( 𝑑 − 1) , we obtain 

V 𝑠 ( 𝑍
∗ ) ∼

𝜔𝑑 

2𝑑− 1 
⋅
1 

𝛿
as 𝛿 ↓ 0 . 

n particular, V 𝑠 ( 𝑍
∗ ) = ∞ at 𝛾∗ 

𝑑 
= 𝑑 − 1 . Moreover, we can consider V 𝑠,𝑅 ( 𝑍

∗ ) ∶ = 𝐄
[𝑑 ( 𝑍∗ ∩ 𝔹 ( 𝗉 , 𝑅)) 

]
for 𝑅 > 0 . Then

 𝑠,𝑅 ( 𝑍
∗ ) satisfies exactly the same large 𝑅 asymptotics as the visibility set of the Boolean model in Corollary 6.8 . 
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