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Abstract. The two-point decomposition of the dissipation rates identifies the Laplacians of
the temperature variance θ2 and of the turbulent kinetic energy k with the inhomogeneous
parts of the respective dissipation rates, ∆xθ2 = 4εθ,ih/κ and ∆xk = 2εih/ν. By Green’s
third identity both fields are therefore represented exactly, in any flow domain, as boundary
terms plus Newtonian potentials of the inhomogeneous dissipations. At isothermal no-slip
boundaries the boundary terms vanish and the complete θ2 and k fields are potentials of
the inhomogeneous parts of their own dissipation rates. At boundaries with fluctuating
temperature the wall variance enters as boundary value. The representation is kinematic,
with no transport equation entering its derivation, and it contains no adjustable constant.
The dynamics of the variance transport, including the mechanism sustaining the turbulence,
acts on the variance fields only through the inhomogeneous dissipations. The representa-
tion is the exact, parameter-free counterpart of the elliptic-relaxation structure of near-wall
turbulence closures. Channel-flow direct numerical simulation data at Pr = 0.71, 0.025 and
0.01 under isothermal, imposed-flux, Robin and conjugate thermal conditions reproduce the
representation to 0.1% on wall-resolved data at isothermal walls, and to a few percent where
the wall variance enters as boundary value or the wall is not resolved. An a priori reconstruc-
tion from published variance profiles traces the sweep from shear-driven mixed convection
to the Rayleigh–Bénard limit, in which the bulk is harmonic. The inhomogeneous fractions
fθ = εθ,ih/εθ and fu = εih/ε measure the departure of the variance fields from harmonicity,
and the representation provides an exact consistency condition for turbulence closures and
data-driven models.

1 Introduction
The transport equations for the temperature variance θ2 and the turbulent kinetic energy k
are central to turbulent heat-transfer theory and modeling, see e.g. Corrsin [1], Launder [2].
In the preceding analysis [3] the two-point correlation technique of Chou [4] and Burgers [5],
applied to the kinetic-energy dissipation by Kolovandin and Vatutin [6] and Jovanović et al. [7],
was extended to the dissipation rate εθ of the temperature variance: the exact decomposition
εθ = εθ,h+εθ,ih, with the inhomogeneous part εθ,ih = 1

4κ∆xθ2 absorbed by molecular diffusion in
the variance transport equation, leaves the homogeneous part as the only dissipation quantity
requiring closure and yields exact near-wall results for the thermal-to-mechanical time-scale
ratio.

The present paper develops a direct consequence of those results. The defining relations
identify the Laplacians of θ2 and k with the inhomogeneous dissipation parts. Green’s third
identity then represents both fields exactly, in any flow domain, as boundary terms plus New-
tonian potentials of εθ,ih and εih (§2). At isothermal no-slip boundaries the boundary terms
vanish, and the complete variance fields are potentials of the inhomogeneous parts of their
own dissipation rates. At boundaries with fluctuating temperature the wall variance enters as
boundary value.
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The representation is kinematic. It follows from the two-point identities and from Green’s
identity alone, and no transport equation is used in its derivation. The dynamics of the variance
transport enters through the fields themselves: the transport equations and the mechanism
sustaining the turbulence determine the inhomogeneous dissipations, and the representation
expresses the variance fields as boundary terms plus potentials of these dissipations.

In this respect it stands with the Biot–Savart integral, which determines the velocity field
kinematically from the vorticity, and with the Poisson integral for the fluctuating pressure, which
underlies the nonlocal analysis of the redistribution by Chou [4]. Such kinematic statements lo-
cate the dynamical content of the transport. In this formulation it resides in the inhomogeneous
dissipations. The representation makes exact, for the variance fields, a structure long employed
in near-wall closure modeling. The elliptic relaxation of Durbin [8, 9] encodes the wall-induced
nonlocality of the pressure–strain redistribution through a modeled elliptic equation with a
prescribed length scale. The idea has been adopted in various forms, e.g. the elliptic-blending
closure of Manceau and Hanjalić [10], its extension to turbulent natural and mixed convection by
Kenjereš et al. [11], and the elliptic-blending model for near-wall, separated and buoyant flows
of Billard and Laurence [12]. The analogy concerns the structure, not the quantity represented.
The elliptic-relaxation equation is a model for the redistribution. The present representation is
an exact statement about the variance fields themselves, with a parameter-free kernel and the
inhomogeneous dissipation as source.

The result is general. It is most directly evaluated in statistically one-dimensional flows,
where the kernel is explicit. Section 3 performs this evaluation on channel-flow DNS data from
three independent codes at Pr = 0.71, 0.025 and 0.01, under isothermal, imposed-flux, Robin
and conjugate thermal conditions, and, as an a priori reconstruction from published variance
profiles, on mixed convection and on the Rayleigh–Bénard limit, tracing the approach to the
harmonic bulk. Section 4 collects the consequences: the inhomogeneous fractions [3, 6, 7] as
measures of the departure from harmonicity, an exact consistency condition for turbulence
closures and data-driven models.

2 Exact integral representation
With the Reynolds decompositions Ui = Ui + ui, T = T + θ, the ξ → 0 limit of the two-point
correlation equations, with ξ the separation vector, gives the exact decompositions [3, 6, 7]

εθ = εθ,h + εθ,ih, εθ,ih = 1
4κ∆xθ2; ε = εh + εih, εih = 1

2ν∆xk, (1)

with ∆x the Laplacian, κ the thermal diffusivity and ν the kinematic viscosity. Green’s third
identity [see e.g. 13] then gives, for any point x of a flow domain V with boundary S, r = |x−x′|
and outward normal derivative ∂n,

θ2(x) =
1

4π

∮
S

[
1

r
∂nθ2 − θ2 ∂n

1

r

]
dS − 1

πκ

∫
V

εθ,ih(x
′)

r
dV ′, (2)

k(x) =
1

4π

∮
S

[
1

r
∂nk − k ∂n

1

r

]
dS − 1

2πν

∫
V

εih(x
′)

r
dV ′. (3)

Equations (2)–(3) hold without any assumption on the flow: the variance fields are boundary
terms plus the Newtonian potentials of the inhomogeneous dissipations. As mathematics the
representation is immediate, since (1) is a Poisson problem for the variance fields. Its content
is physical. The inhomogeneous dissipations are confined essentially to the wall layers [3],
so the representation states that the variance fields are set by the wall-layer inhomogeneous
dissipation and transmitted nonlocally by the kernel. At an isothermal no-slip boundary k =
0 = θ2. If the free-space kernel in (2)–(3) is replaced by the Green function of the domain
with homogeneous Dirichlet condition, the normal-derivative boundary terms are eliminated,
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and only the boundary values of θ2 and k remain in the representation. In a domain bounded
by isothermal no-slip walls these vanish, and

θ2(x) = −4

κ

∫
V
GD(x, x

′) εθ,ih(x
′) dV ′, k(x) = −2

ν

∫
V
GD(x, x

′) εih(x
′) dV ′, (4)

with GD the Dirichlet Green function of the domain: the θ2 and k fields are potentials of the
inhomogeneous parts of their own dissipation rates. At boundaries with fluctuating temperature
(imposed-flux, Robin, conjugate), θ2 does not vanish, and its boundary values enter (4) through
the standard boundary integral of the Dirichlet problem: the wall variance enters the repre-
sentation as boundary value, the same quantity that sets the singular near-wall amplitudes of
the time-scale ratios in [3]. Three consequences follow. (i) The inhomogeneous parts determine
the variance fields. Positivity of θ2 and k, together with the positivity of the Dirichlet kernel,
requires the kernel-weighted integrals of εθ,ih and εih in (4) to be negative at every point. The
inhomogeneous parts therefore cannot be single-signed. Their sign structure is a consequence
of the representation, not an incidental feature of the data. (ii) Every moment of the variance
fields is an integral of the inhomogeneous dissipations against a kernel. (iii) A modeled θ2 or
k field is fixed by its modeled dissipation decomposition together with the wall data, so that a
closure cannot prescribe profile and split independently.

In a statistically one-dimensional flow, as in fully developed channel flow or in Rayleigh–
Bénard convection, the representation reduces to an explicit form. On the normalized layer
0 ≤ x3 ≤ 1 between the walls, the Dirichlet Green function is GD(x3, x

′
3) = min(x3, x

′
3) [1 −

max(x3, x
′
3)], and for a symmetric half-layer 0 ≤ y ≤ h with symmetry at y = h, GD(y, y

′) =
min(y, y′). Between isothermal no-slip walls,

θ2(x3) = −4

κ

∫ 1

0
GD(x3, x

′
3) εθ,ih(x

′
3) dx

′
3, k(x3) = −2

ν

∫ 1

0
GD(x3, x

′
3) εih(x

′
3) dx

′
3, (5)

and at a wall with fluctuating temperature the boundary integral reduces to the additive con-
stant θ2w,

θ2(y) = θ2w − 4

κ

∫ h

0
min(y, y′) εθ,ih(y

′) dy′. (6)

Equations (5)–(6) are evaluated directly on channel-flow DNS data in §3.
The harmonic limit of (2)–(3) orders the flow regimes. On the set Mδ = {x : |fθ| <

δ, |fu| < δ}, with fθ = εθ,ih/εθ and fu = εih/ε the inhomogeneous fractions, the volume terms
are smaller by O(δ) than the potentials of the full dissipations. The fields are harmonic to that
order and are determined by their values on ∂Mδ, the boundary-layer edge. The fractions are
thus quantitative measures of the departure from harmonicity. The production terms are not
such measures: harmonicity concerns the molecular diffusion of the variances, and vanishing
production does not imply vanishing Laplacians, nor does the converse hold. In a statisti-
cally one-dimensional configuration the harmonic solutions are linear profiles, and the solution
compatible with midplane symmetry is a constant, so the constancy of the bulk statistics ob-
served in strongly buoyancy-driven convection is not merely consistent with the harmonic limit
but is the harmonic solution itself. Rayleigh–Bénard convection is the limiting configuration
of this kind: the mean velocity vanishes identically, at sufficiently high Rayleigh number the
mean-temperature gradient vanishes in the bulk, the molecular diffusion of the variances is
negligible there, the fractions are small, and the variance fields are harmonic, determined by
the boundary-layer inhomogeneous contributions transmitted nonlocally, see e.g. Otić et al.
[14]. The coincidence of vanishing production and vanishing fractions is a property of this limit,
not of the representation, which covers the non-harmonic regimes evaluated next: the forced
channel is the strongly non-harmonic case, and mixed convection interpolates between the two.
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Figure 1: Potential representation (5) in isothermal channel flow, wall units: k+ and θ2
+

from the DNS (symbols) and the potentials of εih and εθ,ih (lines). (a) Pseudo-spectral data,
Pr = 0.01, Reτ = 590 [15]. (b) incompact3d data, Pr = 0.71, Reτ ' 150 [16]. (c) finite-
difference data, Pr = 0.71, Reτ = 640 [17].

3 Evaluation on channel-flow DNS data
Three channel-flow databases are used for the evaluation. The pseudo-spectral simulations of
Tiselj and Cizelj [15] cover Pr = 0.01 at Reτ = 180, 395 and 590 and store the wall point.
The sixth-order compact-finite-difference simulations with incompact3d of Flageul et al. [16]
cover Pr = 0.71 under Dirichlet, Neumann, Robin and conjugate thermal conditions. The
finite-difference simulations of Abe et al. [17] cover Pr = 0.71 and 0.025.

The inhomogeneous parts are taken from the dissipation and budget statistics of the databases.
These statistics are accumulated from the fluctuating gradient fields during the simulations and
are therefore independent of the variance profiles against which the representation is tested.
Equation (1) sets their wall-unit form, with primes denoting derivatives with respect to y+:
k′′ = 2εih and θ2

′′
= 4Pr εθ,ih.

For the isothermal cases, figure 1 compares the DNS profiles of k+ and θ2
+ with the poten-

tials (5). Agreement is quantified below by the core-median ratio, the median over the channel
core 30 ≤ y+ ≤ 0.8Reτ , of the pointwise ratio of the DNS profile to the representation.
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Figure 2: Representation (6) at walls with fluctuating temperature, wall units: θ2
+ from the

DNS (symbols) and the representation (lines). (a) Neumann, Robin and conjugate walls, Pr =
0.71 [16]. (b) imposed-flux walls, Pr = 0.01, Reτ = 180, 395 and 590 [15].

The representation reproduces both profiles with core-median ratios 0.999–1.001 in the spec-
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tral cases at all three Reynolds numbers and in the incompact3d case, within the statistical
quality of the data, and ≈ 0.98 in the finite-difference cases, whose first grid point lies at
y+ ≈ 0.15 and whose coarser budget resolution accounts for the residual.

For walls with fluctuating temperature, the form (6) is evaluated with θ2w taken from the
data. Figure 2 compares the DNS profiles with the representation for the Neumann, Robin
and conjugate cases of Flageul et al. [16] and for the imposed-flux cases of Tiselj and Cizelj
[15]. The core-median ratios are 0.998–1.002 for the Neumann, Robin and conjugate walls
and 0.957–1.000 for the imposed-flux walls at Reτ = 180–590. The larger deviations of the
imposed-flux cases reflect the wall variance θ2w, which enters as additive constant and carries
the statistical uncertainty of the wall statistics directly into the representation. The turbulent
kinetic energy satisfies the potential form (5) at all wall types, with ratios 0.995–1.003.

0.0 0.2 0.4 0.6 0.8 1.0
x3

10−6

10−5

10−4

10−3

10−2

10−1

100

w
al

l u
ni

ts

(a) mixed convection, Ra= 105, Reb = 104

j"+
µ; ih

j

j"+
ih

j

0.0 0.2 0.4 0.6 0.8 1.0
x3

10−4

10−2

100

102

gl
ob

al
 u

ni
ts

(b) Rayleigh–Bénard limit, Ra= 107

j"µ; ihj=
­
"µ
®

j"ihj=
­
"
®

Figure 3: A priori reconstruction of the inhomogeneous dissipation parts from the variance
profiles of Pirozzoli et al. [18]. (a) Mixed-convection case at Ra = 105, Reb = 104, wall units.
(b) Rayleigh–Bénard limit at Ra = 107, Pr = 1, normalized by the global dissipation rates from
the exact relations. Lower half of the layer, with x3 in units of the half height.

The representation applies also to data sets that provide the variance profiles but no dissi-
pation statistics, as an a priori reconstruction in the sense of [3]: equation (1) determines the
inhomogeneous parts directly from the profiles.

The published profiles are differentiated on their original grids with a quintic smoothing
spline. The reconstruction is a diagnostic of the data and not a test of the representation,
since the source is here computed from the profile itself. Figure 3 shows this reconstruction
for two cases of Pirozzoli et al. [18], which span, in the same geometry, the sweep from shear-
driven to buoyancy-driven convection: a mixed-convection case at Ra = 105 and bulk Reynolds
number Reb = 104 (Reτ ' 300), and the Rayleigh–Bénard limit at Ra = 107, Pr = 1. Both
configurations have fixed wall temperatures, so the pure potential form (5) applies without
a wall-variance term. The Rayleigh–Bénard case is normalized by the exact global relations
〈ε〉 = (ν3/H4)Ra Pr−2(Nu − 1) and 〈εθ〉 = κ(∆T/H)2Nu − κ〈(dT/dx3)2〉 [19, 20], with 〈·〉
denoting the ensemble average and with Nu and the mean-gradient term evaluated from the
mean-temperature profile. The cited relation holds for the total temperature gradient, and the
subtracted term isolates the fluctuation dissipation εθ. These relations are restricted to the
Rayleigh–Bénard limit: in the mixed case the mean-shear production contributes to the global
kinetic-energy balance, and the case is therefore presented in wall units. In both cases the
inhomogeneous parts are confined to the boundary layers. In the Rayleigh–Bénard limit their
bulk values are 1.5–5.4 × 10−3 of the global dissipation rates: the bulk is harmonic to within
one percent, consistent with the vanishing mean-temperature gradient there.

In the mixed case the bulk values are 1.2 × 10−4 (εθ,ih) and 2.3 × 10−5 (εih) in wall units,
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three to four orders of magnitude below the wall-layer maxima. Referred to the mean fluc-
tuation dissipation obtained from the exact wall-units heat balance, the thermal bulk value
corresponds to 2–3× 10−3 of 〈εθ〉. This is the same order as in the Rayleigh–Bénard limit. At
these parameters the bulk is harmonic across the sweep from shear-driven to buoyancy-driven
convection.

4 Summary
The two-point decomposition of the dissipation rates implies, through Green’s third identity,
an exact integral representation of the temperature variance and the turbulent kinetic energy
in an arbitrary flow domain: boundary terms plus Newtonian potentials of the inhomogeneous
dissipation parts, with no adjustable constant and no reference to the mechanism sustaining
the turbulence, which affects the fields only through the dissipations themselves. At isothermal
no-slip boundaries the fields are potentials of the inhomogeneous parts of their own dissipation
rates, equation (4). At boundaries with fluctuating temperature the wall variance enters as
boundary value. The representation is the exact, parameter-free counterpart of the elliptic-
relaxation structure of near-wall closures [8–12]. Channel-flow DNS data from three independent
codes, at three Prandtl numbers and under four thermal boundary conditions, reproduce the
representation to 0.1% at isothermal walls where the data resolve the wall, and to a few percent
where the wall variance enters as boundary value or the wall is not resolved, and the a priori
reconstruction on the mixed and Rayleigh–Bénard cases traces the approach to the harmonic
bulk.

Three consequences follow. First, the representation is an exact consistency condition for
turbulence closures: a modeled variance field is fixed by its modeled dissipation decomposition
together with the wall data, a constraint of the same character as the invariance results of Pope
[21] employed in data-driven modeling by Ling et al. [22], and complementary to the constraints
[3, 23]. Second, the inhomogeneous fractions fθ and fu are quantitative measures of the depar-
ture from harmonicity. Along the sweep from forced channel flow through mixed convection
to the Rayleigh–Bénard limit the bulk fractions decrease, and in the limit the variance fields
are determined by boundary-layer-edge data alone. Third, because the representation connects
independently computed quantities without adjustable constants, it provides a parameter-free
consistency check for the processing and normalization of DNS data sets, and an a priori re-
construction of the inhomogeneous dissipation parts for data sets that report no dissipation
statistics. Ongoing work addresses the budget-resolved analysis of the buoyancy-driven limit on
the basis of dedicated wall-resolved simulations, and the extension to conjugate configurations,
in which the wall variance becomes a property of the wall material and thickness.
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