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1 Introduction

Over the past decade, remarkable progress has been achieved in the analytic computation
of multi-loop, multi-leg scattering amplitudes. In particular, advances in the evaluation of
two-loop Feynman integrals, together with the formulation of their results in terms of iterated
integrals, have enabled precise predictions for increasingly complex collider processes. As
a result, analytic results for two-loop five-point integrals and amplitudes are by now well
established and have found widespread phenomenological applications [2-10]. Recent work
has pushed the multi-loop multi-leg frontier further in two complementary directions: major
progress has been achieved for massless planar three-loop five-point Feynman integrals [11-13];
on the other hand, this progress has been extended to planar massless two-loop six-point
scattering, where complete analytic solutions for the master integrals and their associated
function spaces, up to the transcendental weight four, have been obtained [1, 14-16]. The
corresponding function space is a key input for the recent breakthrough in the bootstrap
calculation of Wilson loop with Lagrangian insertion [17] and QCD amplitudes [18, 19].
These results on two-loop six-point integrals provide full control over the divergent and
finite parts of two-loop six-point amplitudes and are sufficient for evaluating scattering
amplitudes in four dimensions up to the finite part [15, 16]. However, this does not yet
exhaust the information carried by the corresponding master integrals. In more general
perturbative settings, two-loop six-point integrals will be used as lower-loop building blocks
inside higher-order studies of infrared structure, and in such situations higher orders in the

dimensional regulator € become relevant.



Therefore, a primary motivation for going beyond the finite part comes from future
analyses of planar three-loop six-point amplitudes. The infrared singularities of multi-leg
amplitudes are controlled by universal factorization formulae, in which singular operators
at higher loops multiply lower-loop building blocks [20, 21]. As a result, when analyzing
the infrared organization of three-loop six-point amplitudes, it is natural to expect that
higher-order terms in the e-expansion of the two-loop six-point master integrals will be used.
In particular, the weight-six part of these integrals is expected to enter as relevant input in
such analyses. From this perspective, extending the two-loop six-point integrals beyond the
finite part is a natural step toward six-particle scattering at higher perturbative orders.

Beyond this practical motivation, access to higher orders in the e-expansion of the two-loop
six-point integrals is also of intrinsic theoretical interest. Making these terms explicit gives
direct access to the corresponding higher-weight symbol and function space. This is especially
interesting in the six-point case, where cluster-algebraic structures have long been observed in
the study of scattering amplitudes. Early work identified the role of cluster coordinates and
cluster polylogarithms in planar amplitudes [22, 23], while subsequent analyses at six and
seven points clarified the organization of weight-four cluster functions and cluster adjacency
properties [24, 25]. Cluster-algebraic ideas were later extended to Feynman integrals and
related function spaces [26]. More recently, new studies have analyzed six-point symbol
alphabets and singularity structures from the perspective of partial flag varieties and flag
cluster algebras [27, 28]. Our results provide explicit higher-weight analytic data for the
two-loop six-point master integrals themselves, and therefore offer information complementary
to these structural analyses, beyond the previously known weight-four regime.

In this work, we extend the planar massless two-loop six-point master integrals to higher
orders in the dimensional regulator e, i.e., with higher transcendental weights. With modern
reconstruction methods, we analytically obtained all the previously not-yet-fitted off-diagonal
entries [16] of the differential equation for two-loop six-point integrals, which come from
the weight-six part of these integrals. Six genuinely new letters are identified in this work.
Together with the 18 letters from the diagonal block of the top-sector differential equation
of the double pentagon integral family [1], there are 24 more letters in addition to the 245
letters in [15, 16] for the up-to-weight-four part. The 269-letter alphabet is complete for
two-loop six-point planar massless integrals to all orders in e.

From the differential equation, we obtain the symbols for two-loop six-point planar
massless integrals up to the transcendental weight six, i.e., O(e?). In principle, with enough
RAM and computational time, it is possible to obtain the corresponding symbol to even
higher order. With the symbol expression, we studied the symbol for the higher-weight parts
of two-loop six-point planar massless integrals. This extends the available information beyond
the previously known finite part and provides more complete input for future higher-loop
applications.

To support this analysis, we also develop a new numerical approach for solving the
canonical differential equations up to weight six, based on Chebyshev pseudospectral transport.
The method provides a highly efficient and accurate way to transport boundary data and
to evaluate the master integrals numerically. To the best of our knowledge, this is the first
application of Chebyshev pseudospectral transport in this context. As a proof of concept,
we present explicit numerical solutions, through O(e?), in a part of the physical scattering



region, showing that the method provides a highly efficient and reliable tool for solving
the canonical differential equations. A more complete exploration of the physical 2 — 4
scattering region is left for future work.

The paper is organized as follows. In section 2, we introduce the kinematics and conven-
tions. Section 3 presents the canonical differential equations, including the pure basis, and
the reconstruction of the off-diagonal block. In section 4, we discuss the alphabet to all orders
in ¢, the dihedral group action and the corresponding symbology. In section 5, we present the
numerical evaluation of the differential equations, including the choice of kinematic regions
and boundary values and the Chebyshev pseudospectral transport of the canonical system.
We conclude in section 6 with a summary and outlook. Appendix A reviews the known
two-loop six-point alphabet up to weight-four order, while appendix B explains the conversion
between the previous 18-letter alphabet and the new alphabet.

The data of this work can be downloaded from

https://bitbucket.org/yzhphy/216p_complete_function_space/src/main
/version_2026/,

where a tutorial script is also included for readers to get familiar with two-loop six-point
kinematics and integrals.
2 Kinematics and conventions

We follow the kinematic conventions of ref. [1], as well as [16]. The six external momenta
are denoted by p; with ¢ = 1,...,6, and satisfy

6
pi=0, > pi=0. (2.1)
i=1
The Mandelstam variables are
sij = (pi+p;)%, sijp=Wi+pj+pe)?, 1<4,5,k<6. (2.2)

Moreover, the notation for the Gram determinant reads

V1 ... Up

G (ul u") = det(2u; - vj), (2.3)

where the right-hand side denotes the determinant of the n x n matrix with entries (2u;- vj),
1 <'i,j < n. Note that the Gram matrix normalization is different from that in [1]. Thus, the
related formulae in [1] are adopted with the new normalization in this work. For convenience,
we introduce the shorthand

G(’il,...,ik)EG Pir - - Pi s 1§i1,...,ik§6. (2.4)
Piy - Diy

We work in a scheme such that all external momenta are in four-dimensional Minkowski
space [1, 15, 16]. For other schemes such that external momenta are D-dimensional, there
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are nine independent Mandelstam invariants [29]. In our scheme, however, any set of five
momenta is linearly dependent, which implies the constraint

G(1,2,3,4,5) =0. (2.5)

Consequently, only eight Mandelstam invariants are independent in four dimensions.
In addition to scalar invariants, the pseudo scalars are defined as

€ijkl = 41€0, popuzpa p?lp?pgg’pf“ , 1<i4,5,k,1<6, (2.6)
where €, yopuspq is the four-dimensional Levi-Civita tensor. It follows that
eiim = G4, k, 1) . (2.7)
With the convention pual"“‘j‘ = \*)\%, the spinor products are defined as,
(i) = M Njar  [iJ] = Xia g (2.8)

with s;; = (ij)[ji]. It is then very useful to introduce momentum twistor variables for

i .
iz( “), i=1,...6. (2.9)
i g

The 4 x 6 = 24 components of the momentum twistors Z; can be parametrized in terms of

the kinematics

eight independent variables. Such a parametrization is called momentum twistor parametriza-
tion [30]. Various choices of parametrization are given in [1, 14, 15, 31, 32]. With momentum
twistor variables, all pseudo scalars and the spinor products are rationalized. Addition-
ally, the constraint (2.5) is automatically satisfied which enables us to work with eight
independent variables.

As shown in ref. [1], the genuine planar two-loop six-point topologies can be classified into
the double-pentagon (DP) and hexagon-box (HB) families. For these DP and HB families,
we introduce the following inverse propagators:

Dy =15,Dy=(l1—p1)*, D3 = (l1—p1—p2) >, Dy = (L —p1 —p2—p3) >,

Ds = (li+lg)? D =15, D7 = (la+p1+p2+p3+pa+ps) >, Ds = (la+p1+pa+p3+pa)°,

Dy = (la+p1+p2+p3)*, D10 = (li+ps+pe) %, D11 = (la+p1+p2) *. (2.10)
This allows us to treat all integrals in DP and HB families using one unified notation. For
example, the DP family corresponds to the sector (1,1,1,1,1,1,1,1,1,0,0), the HB family
corresponds to (1,1,1,1,1,1,1,1,0,1,0).

For the study of planar Feynman integrals, it is important to consider the corresponding

dihedral group. The dihedral group Dg, which is a subgroup of the permutation group Sg,
can be generated by the two permutations

T:1—-22—-533—>44—55—-66—1, (2.11)
R:1—6,2—53—>44—35—2,6—>1 (2.12)

with the rules 76 =7, R? =7 and RTR = T .



3 Canonical differential equations

In the recent papers [15] and [16], two-loop six-point planar massless integrals were calculated
up to transcendental weight four. More specifically, the corresponding pure integral basis,
with the normalization such that the e=% order has weight zero, is calculated to €. It is
shown in [15] and [16] that these results are sufficient for constructing two-loop amplitudes
for gauge theories in four dimensions to €.

However, in the future, for the infrared subtraction of three-loop six-point massless
amplitudes, higher orders in ¢, i.e., the parts of two-loop six-point pure integrals with
transcendental weight higher than four, will be needed. This motivates our computation of
two-loop six-point massless integrals to higher orders in €. Furthermore, as we will see, this
higher-order computation leads to new letters for two-loop six-point integrals. Theoretically,
our work thus provides interesting new data for the formal study of symbology and cluster
algebras.

In this section, we review the results obtained in [15, 16] and summarize the strategies
used to reconstruct the off-diagonal entries of the differential equation for the DP family.

3.1 Review of the pure integral basis

Recall that in [15] and [16], up to the transcendental weight four, the two-loop six-point
planar massless pure integrals contain 245 letters, which are closed under the dihedral group
action. For the HB family, these 245 letters are sufficient to reconstruct the corresponding
canonical differential equation. For the DP family, these letters are sufficient to reconstruct the
rows in the canonical differential equation for the sub-sector integrals with fewer-than-nine
propagators.

For the top sector of the DP family with nine propagators, ref. [15] proves that the top-
sector integrals up to the weight four can be reduced to linear combinations of lower-sector
integrals and evanescent integrals (vanishing up to the order O(e)). In [16], the pure integral
candidates for the DP top sector from [1] were confirmed from the numerical canonical
differential equation. Furthermore, those top-sector pure integrals, up to the weight four,
are explicitly reduced to linear combinations of lower-sector integrals. For these reasons, the
top sector integrals do not provide independent functions up to weight four, so the rows in
the canonical differential equation for the DP top sector were not analytically reconstructed
in [15] and [16]. Possible new letters from these rows, for the higher-order parts in € of the
DP top-sector integrals, were not identified either.

In this work, we first identify the complete alphabet for two-loop six-point planar massless
integrals to all orders in €. To achieve this, it is sufficient to determine the new letters for
the rows corresponding to the DP top-sector integrals in the canonical differential equation.
Recall that the DP family contains a pure integral basis with 267 integrals in total [16],

namely IZDP, 1=1,...,267. The top sector contains five pure integrals, which are denoted
as IPY i = 1,...,5, with the following integrand form [1]:
IDP _ / d4—25l1 d4—2€l2 NPP—a _ N}BP (3 1)
! im2—e  qmle Dy...Dg ’ '
IDP _ / d4—25l1 d4—2el2 N%DP _ N:?P (3 2)
2 it2=¢ im2=¢ Dy...Dy ’ '



1 p1 p2 3 D6
7DP 834506 / d=2¢l dA2€, l2 p1 P2 P3 P6

_ 3.3
3 T 8G(1,2,3,6) ) intc in2—c D...Dy (3:3)
d6*2€l1 d672€l2 1
PP = Fye? / A4
4 1€ ) =< Tixd—< Dy ... Dy’ (3.4)
l1 p1 P2 P3 D6
P _ / d*=21y d*=%1y | NPP 4 NPP N Fs l2 p1 p2 P3 Pe (3.5)
5 7 ) m?2< jm2< | Dy...Dyg 4G(1,2,3,6) D;...Dg ’ '
where
Ag = (12)[23](34)[45](56)[61] — [12](23)[34](45)[56](61), (3.6)
1
Fy= g(G(1, 2,3,6)s%; + G(1,2,3,5)s + G(1,2,3,4)s%
1/2
— 2€1235€1236545546 — 2€1234€1236545556 — 26123461235846356) (3.7)
1
= g\/A(S4561236, 546€1235, S56€1234), (3.8)
and A\ denotes the Kallén function
Ma, b, c) = a® + b* 4+ ¢ — 2ab — 2ac — 2be. (3.9)

We emphasize that Fj has a simple form in terms of the Ké&llén function. The explicit
expressions for the constant F5 and the chiral numerators NZ-DP, 1 =1,...,4 in terms of
momentum twistor variables, are given in [1].

Note that IPY and Igl?P are nonzero only starting at O(e!), i.e. weight five, due to the
dual conformal symmetry and evanescent Gram determinant numerator respectively. The
first nonzero component of integral IPY starts at O(€?), i.e. weight six, because of the absence
of infrared divergence. The nonzero parts of the remaining two integrals, IPT and T, 5DP , start
at O(e%), i.e. weight four, which means that they are finite.

In ref. [16], the pure integral basis for the DP family is confirmed by the e factorization
property in the differential equation [33] calculated on numerical points

267
APt =€y (d!lij>1fp. (3.10)

J=1

Rows 6 to 267 of the matrix /Lj were analytically reconstructed in [15, 16], in terms of the
logarithm of 245 letters defined in [15, 16], respectively. In [1], the top 5 x 5 diagonal block,
flij, 1<4i<5,1< 5 <5, was also analytically reconstructed. Furthermore, as pointed out
n [16], the 245 letters from [15, 16] can also be used to fit analytically the first, second, third
and the fifth rows, but not the fourth row of the off-diagonal block /~14j, 6 <j <267.
Thus, in this work, we analytically reconstruct the fourth row of the differential equation
for the DP family, to get the complete differential equation and the alphabet for two-loop
six-point planar massless Feynman integrals to all € orders. Figure 1 illustrates the block
structure of the differential equation for the DP family, emphasizing the new analytic

computation in this work.
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Figure 1. The block structure of the differential equation for the DP family. The light green
block represents the differential equation for the integrals with fewer than 9 propagators, which were
analytically reconstructed in [15] and [16]. Furthermore, the light blue area represents the first, second,
third and fifth row of the off-diagonal block, which were analytically reconstructed in [16]. The deep
blue block represents the cut differential equation for the top-sector integrals with 9 propagators, which
were reconstructed in [1]. In this work, we analytically reconstruct the fourth row of the off-diagonal
part, represented by the carnelian red block. The numbers in the figure show the corresponding
block sizes.

3.2 Reconstruction of the off-diagonal block

The goal is to analytically reconstruct the off-diagonal block to get the complete and analytic
differential equation of the DP family. To achieve this, we used a combination of modern
reconstruction strategies, which we summarize below:

1. We first obtain the complete differential equation at a number of numerical kinematic
points. Momentum twistor parametrization is used here to rationalize €;;; and Ag. The
derivatives of the pure integrals in the eight momentum twistor variables are calculated,
and then numerically reduced by standard IBP solvers like FIRE7 [34] or KIRA3 [35] to
produce the differential equation at a numerical point. Typically, on a workstation with



20 cores and 128GB RAM, it takes 2 ~ 4 hours to get a numerical differential equation
for the DP family in eight momentum twistor variables.

2. It is well known that before the reconstruction, it is helpful to identify the linear
relations between the matrix entries for the reconstruction [36-38]. An elementary
linear algebra exercise shows that, out of the fourth row’s entries of the off-diagonal
matrix, only three entries are linearly independent over @.

3. We use 245 letters from [15, 16] as well as the letters from the diagonal block in [1] to fit
the three entries in the previous step. Out of the three entries, one can be analytically
reconstructed in this way, but the two entries at positions (4,6) and (4,23) cannot. The
entry located at (4,23) is related to the entry (4,6) by the reflection transformation R.
The former one, which corresponds to the entry (4, 6) of the matrix, would be the hard
nut to crack.

4. The last entry to be computed is the off-diagonal one between the pure integral 1P

and an eight-propagator pure integral. This one contains a new letter. In order to

fit it analytically in the momentum twistor variables, a significantly larger number of
numerical points are needed. Traditional numerical IBP reduction in this situation
becomes inconvenient. We apply an octa-cut on the top sector which yields the off-
diagonal block containing the new letter. The cut increases the efficiency of numeric

IBP reduction significantly, since it sets to zero most of the sectors. For the reduction,

we use the Baikov representation, where the integration variables are the 11 generalized

denominators, and a cut is achieved simply by setting the cut denominators to zero.

The reduction identities and the derivative operators with respect to the momentum

twistor variables were then found, directly on the cut, using the CALICO package [39].

The reduction identities were thus solved with FiniteFlow [40], which was also used to

analytically reconstruct the matrix elements of the differential equation which depend

on the new letter, using the algorithms in [40, 41].

After these steps, we obtain the complete analytic differential equation for the DP family,
in terms of momentum twistor variables.

4 The alphabet to all orders in € and symbology

Starting from the complete analytic differential equation for the DP family, we are able to
determine the full alphabet of double pentagon integrals to all orders in e.

In this section, we provide the complete alphabet required to represent planar two-loop
six-point integrals at arbitrary order in €. We also describe how the dihedral group acts on
the new letters and discuss the implications for the symbology.

4.1 Alphabet

All the letters beyond the 245 letters in [15, 16], are associated with the pure integral IPT,
which is proportional to a square root Fy (3.8). Therefore, all those letters would be associated



with Fy. 18 such letters from the top 5 x 5 diagonal block have been found in [1], with the form

Fy+ R;
Fy—R;’

Fy, i=1,...,5, (4.1)

and their cyclic permutations. R;’s are rational functions in momentum twistor variables.
The ansatz for a new letter in the (4,6) entry of the differential equation of DP family is

-F
—1+ Qs ) (4.2)
Fyi+ Qs
(The names Q;, i = 1,...5 are reserved for later use). The dlog of this ansatz reads
2Q¢dFy — 2F,d
QedF), 1dQg (4.3)

Ff —Q§
We equate (4.3) with the analytic differential equation’s (4,6) entry and solve for Qg. The
result Qg is an analytic rational function in momentum twistor variables.

The dihedral group Dg acts on the analytic expression of the new letter (4.2) to generate
six independent letters in total. Recall that the other not-yet-fitted entry (4, 23) is related
to this new letter by the reflection. Therefore, we conclude that for all two-loop six-point
planar massless integrals, there are

245 4 18 + 6 = 269 (4.4)

independent letters. The linear independence is checked via the finite field packages
FiniteFlow [40] and Spasm [42]. The complete alphabet is one of the key results of this
work, which can be downloaded from

https://bitbucket.org/yzhphy/216p_complete_function_space/src/main
/version_2026/alphabet/Alphabet.txt.

The first 245 letters for the pure integrals up to weight four are defined in [16], and
we recall their definitions in the appendix A. Furthermore, the 18 letters given explicitly
in [1] are rewritten in a more convenient form.

In this work, the 18 + 6 letters are chosen to be

Wago = Fy,  Wagr =T (Wago), Waga = T*(Wago) , (4.5)
Wags = m, Wags i = T (Wags), i=1,2, (4.6)
Wage = m Wageti = T (Wags), i=1,2, (4.7)
Wagg = m, Waggri = T'(Wagg), i=1,2, (4.8)
Wigo = m Wioo4i = T (Wae2), i=1,2, (4.9)
W05 = m, Waos i = T (Waos), i=1,2, (4.10)
W30s = m Wios4i = T (Waes), i=1,...,5, (4.11)
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2 5
PP
~F,+0 )
308 = —F:+ QZ 1 6 R(W3os) = Wago W11
| / \x |
3 4
5 2
2 IA)P 5 IBP
1 6 ;
6 1
523G Lo pi ps po s $45G li p3 P2 P1 Pa
l ps ps pPe D3 li p3s p2 P1 P4

€4563 €3214

Figure 2. The origin of the genuinely new letters W3ps and Ws3q11. The differential equation matrix

entry (4,6) is the coefficient of derivative of IPY over IPY, which provides a new letter Wsgs. Note

that IPY is reflection invariant and the coefficient on reflected integral of IPY, IDF should be

dlog(R(W30s)). It is determined that R(Wsos) = WaggW311, where Wiy is also a new letter. The
numerators for the pure integrals IPY and IDF are listed.
where @);’s, 1 = 1,...,6 are rational functions in momentum twistor variables. The letters
Wago, - . ., W3p7 span the same letter space as the 188th~205th letters defined in ref. [1].
The conversion between the two choices is given in the appendix B. Wigs, ..., W313 are
the genuinely new letters found in this work. The origin of the letters W3pg and Ws3qq is
shown in figure 2.

Since Fj has the symmetry 73(Fy) = F}, the 24 letters associated with Fy can also be
classified into three sets: the first set reads

—Fy+ Q1 —Fi+Qs  —Fi+ T3(Qs)
Fy+Q17 7 Fa+ Qs Fu+T3(Qs)
and the other two sets are generated by the action 7 and 72 on the first set. 7 odd letters

are associated with each of the three roots, Fy, T(Fy) and T2(Fy).
Note that the logarithms of the letters Wags ~ W33 change sign under the Galois

45 (4.12)

transformation Fy — —Fy, so they are called odd letters associated with Fy. An interesting
phenomenon is the factorization property of odd letters discussed in ref. [43]. It is expected
that an odd letter like (—Fy + Q)/(F4 + Q) factorizes as

Ff—Q*=c][w;% (4.13)
J

where ¢ is a rational number, W;’s are even letters under this Galois transformation and
e;j’s are integers. This factorization property can be used to determine the polynomials

,10,



from the knowledge of the even alphabet and the definition of a square root [44]. We used
a modified version of Effortless [45] to explicitly construct polynomials @); such that this
factorization is satisfied, for instance:

1 1
Fi-Qi= —EW7W31W123W128 = g 5123546€1234€6123 (4.14)
1 1
Ff— Q3= _TGWIWQW4W5W28W31 = g 512523513545546556 » (4.15)
1 1
Ff— Q3= EW4W5W123W128 = g S45556€1234€6123 (4.16)
F2_ Q% = iW1W2W7?/28W1226 _ 1 5125135235123€%561 (4.17)
16 Wi 16 (s12+513)°
F2_ Q= iW1W2W7ZV28W1225 _ 1 5125135235123€3456 (4.18)
16 Wis 16 (s13 + 523)?
1 1
Ff — Q= T6W1W28W125W132 = 1§ 51251363456 €4562 - (4.19)

Recently, the six-point symbol alphabet has been analyzed from the perspective of partial
flag varieties and flag cluster algebras [27, 28]. With complete two-loop six-point alphabet
at hand, it would be interesting to see whether the new letters can be described in the
same manner. Additionally, during the preparation stage of this manuscript, a paper on
cluster-algebraic letters for five- and six-point QCD processes [46] has appeared. The authors
predict new letters for six-point scattering in QCD by breaking dual conformal invariance
of nine-point amplitudes in N' = 4 super Yang-Mills theory. However, it appears that the
genuinely new letters in this work are not included in ref. [46].

The complete alphabet for two-loop six-point integrals to all orders in € consisting of
these 269 letters, is denoted by A. In other words, the A matrix for the canonical differential
equation for the double pentagon family reads

A= Z ayw log(W), (4.20)
WeA

where each ayy is a 267 x 267 constant matrix. The analytic A matrix is given at the
following link:

https://bitbucket.org/yzhphy/216p_complete_function_space/src/main
/version_2026/DE/

4.2 Dihedral group action

The alphabet A, consisting of 269 letters, is closed under the action of the dihedral group
Dg. The dihedral group action on the 245 letters is given in ref. [16], so here we give the
actions of the letters associated with Fy only.

Under the translation 7, the letters transform as:

log(Wagp) —log(Wag1), log(Wag1)—log(Waga), log(Wags)—log(Wagp),

log(W305)

1
log(Wag3) —log(Waga), log(Wags) —log(Wags), 10g(W295)—>—§10g(W302)— 5 ;
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log(Wage) —log(Wagr), log(Wagr) —log(Wags), log(Wagg) —log(Wags),

log(Wis02) log(Wios)
2 2 ’

log(Wagg) —log(W3n), log(Wsoo) —log(Wso1), log(Wsg1)—

log(W302) —1og(W303), log(W303) —log(W30s), log(W3oa) —log(Wagg) —log(Was),
log(Ws05) —log(Wsp6), log(Wsps) —log(Wsp7), log(Wsgr) — —log(Wags) —log(Wagg),
log(Wsps) —log(Wsg9), log(Wsp9) —log(Ws1p), log(Wsi1p) — log(Ws11),

log(Ws11) —log(W312), log(Ws12) —log(Ws13), log(Ws13) — log(Wsps), (4.21)

while under the reflection R, the letters transform as:

log(Wago) —log(Wago), log(Wag1)—1log(Wags), log(Waga)—log(Wag1),

log(Ws05)
2

1
log(WQQS)%—ilog(W%Q)— , log(Wags) —log(Wags), log(Wags)—log(Waga),

log(Wage) —log(Wage), log(Wagr) —1og(Wags), log(Wags)—log(Wagr),

. log(W305) _ log(W302)
2 2 ’

log(W302) — —log(Wagsz) —log(Wagg), log(Wso3) —+log(Wso7), log(Wszoa)—1log(Wsoe),

log(Wag9) log(W309) = —log(W3g1), log(Ws01) — —log(Ws00),

log(W3gs5) — log(Wagg) —log(Wagz), log(Waps) —+log(Waos), log(Wsgr) —1og(Wsps3),
log(W304) _ log(W307)

log(Ws0s) — log(Wagg)+log(Ws11), log(Wsgg) — 5 5 +log(W310),

log(W- log(W: log(W- log(W-
log(W319) — 8 5 303) _ Log 5 306) +log(W309),log(Ws11) — 8 5 20z) _ log( 5 205) +log(Wos),
IOg(ngg)—>10g(W301)+10g<W313), IOg(ngg)—}10g(W300)+10g<W312). (422)

Thus the closure of the alphabet A under the Dg group action is evident.

We further explore the Dg action on these 24 letters associated with Fy. Recall that the
dihedral group Dg has six different representations: four one-dimensional representations and
two two-dimensional representations. For the one-dimensional representations, the generators
T and R effectively become two numbers o7 and og, so such a representation has the
notation 1, ,. The two-dimensional irreducible representations are denoted by 2; and

29, which have the explicit representation matrices:

3 3 10

2, T |2 %), 'Rl—)( (4.23)
33 0-1
13 10

2: T—| 2 %], R (4.24)
—3 73 0-1

With standard techniques of group representation theory, the decomposition reads

span{log(ngo), ceey log(W313)} =4 1++ ) 1_+ D ]_+_ ©21__ D321 D52s. (425)
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4.3 Symbology

With the alphabet and the analytic canonical differential equation, we can compute the
symbols of the pure basis for the DP and HB families, to higher weights.

Recall that the symbol is defined as follows: for a pure function F(™) of weight n, the
symbol is defined recursively by

aF®W =S F' VdlogR, = S(FM) =Y S(F" V) e R, (4.26)
k k

Applied to the canonical differential equation system

N
dI(e,7) =€ (Z a; dlog Wi(£)> [(e,7),  I(e,@)=¢* > emI™(7), (4.27)

i=1 m=0
this gives
N
S(ﬂm)> = Z Qg s Oy ﬂO)S[Wil,WiQ,...,Wim] , m> 0 (4.28)
i15eeeyim=1
with

S(f(‘))) =10 (4.29)

where S[W;,,...,W; ] = Wi, ® --- @ W;, . In other words, once the constant matrices
a;’s and the weight-zero values are known, the symbol of every pure master integral is
generated algebraically.

Using the full differential equation in this work and the weight-zero values in [16], we
determine the symbols of the DP and HB families through weight six. In principle, with
more RAM and computational time, these integrals’ symbols can be evaluated at any weight.

We confirm the validity of the extended Steinmann relations [47] for all integrals in the
basis of DP and HB families. These relations state that double discontinuities in partially
overlapping channels vanish [48, 49] and require that the letters corresponding to s123, s234 and
S345 never appear next to each other in the symbol. Physically, they reflect the incompatibility
of the different three-particle cuts on all possible Riemann sheets. The differential equation
matrices A ensure that the Steinmann relations hold at any order in € at any depth into

the symbol [26, 36]
aw, -aw, =0, j#k, jk=7809. (4.30)

In practice, these adjacency conditions imply that any two letters W; and W}, for which this
identity holds will never appear as consecutive letters in the symbol. From the canonical
differential equation systems obtained via the dihedral group action, we observe that 22433
pairs of letters can never be adjacent in the symbol at any weight.

For the DP family’s top sector pure integrals IZ-DP, i = 1,...5, nonzero symbols start
to appear at weight five, four, five, six, and four, respectively. This is expected from the
numerator’s infrared structure and dual conformal symmetry.
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The double pentagon integral in D = 6 — 2¢, IPF starts from weight six. The weight-six
part contains the following letters which are associated with Fjy

Wags, Wags, Wagg, W3on2, Wsos, Wsos, W31t . (4.31)

Note that the weight-six part of I }BP does not contain the letter Wygg = Fy, because Wagg
only appears in the diagonal entry (4,4) of the differential equation. Since the weight-five
part of IPY is zero, the weight-six part cannot contain Wagg. The weight-6 symbol of 1P
is available at

https://bitbucket.org/yzhphy/216p_complete_function_space/src/main
/version_2026/symbol/DP-I4w6.tar.xz.

For the same reason, the dependence of all other integrals, IZDP, 1 # 4, on Wagg ~ Ws13
can only come from the differential equation matrix elements (i,4), ¢ # 4. Therefore, up to
weight six, these integrals are free of the letters Wagg ~ Wsis.

Furthermore, both the integrand of I, EP and the constant Fy factor have a Zy X Zs
symmetry, i.e., left-right and up-down flips. In our notation, the generator R in the dihedral
group Dg corresponds to the left-right flip of the DP diagram, namely p; — p7_;, while the
element RT3 is the up-down flip p; <> p3 and ps < ps. What we have explicitly checked
is that the weight-six symbol of IPY respects this Zo x Zo symmetry.

Finally, we observe that the weight-six components of two-loop six-point integrals, with
the dihedral group action, contain all the 245 letters defined in [15, 16], as well as 21 new
letters Wags ~ W33 in (4.11). As a comparison, up to the weight-four, two-loop six-point
integrals with the dihedral group action, contain only a subset (167 letters) out of the 245
letters from [15, 16].

5 Numerical evaluation of the differential equation

With the complete analytic differential equations, we can use them to numerically evaluate
the master integrals at different kinematic points. As a proof of concept for fast numerical
evaluation, we use the method of Chebyshev pseudospectral transport to numerically evaluate
DP integrals up to the weight six in the physical scattering region.

5.1 Kinematic regions and boundary values

After determining the complete set of genuine letters, the canonical system of differential
equations is fully specified. A natural reference sheet for six-point kinematics is the Euclidean
region [14]. In the all-outgoing convention, and using the parity-even variables

§ = {s12, 523, 534, 545, S56, 561, 5123, 5234, 5345 } (5.1)

we define the Euclidean region by

512, 523, 34, S45, S56, S61, S123, 5234, S345 < 0. (5'2)

For four-dimensional external kinematics, this should be understood as the connected com-
ponent of the real Gram surface,

G(1,2,3,4,5) = det(2p;i- p;) 0, (5.3)

1<i,j<5 —
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that contains the symmetric point
Sg={-1,...,—1}. (5.4)

In this domain, dimensionally regulated Feynman integrals are real-valued. The differential-
equation matrices may nevertheless exhibit spurious singular hypersurfaces at zeros of alphabet
letters, which are not branch points of the integrals themselves but must be avoided when
choosing numerical contours [6, 14]. The boundary values and the evaluation of the two-loop
six-point integrals’ differential equation, up to the weight four were discussed in [14, 15].
Thus, in this section we take the physical region as an example of how to evaluate the
two-loop six-point planar massless integrals up to weight six, since the physical region is
directly associated with the particle scattering processes.

In order to specify a physical scattering region, consider the scattering channel 12 — 3456.
In the all-outgoing convention and with Minkowski signature, the on-shell kinematics require

512, 834, 535, 536, 545, 546, 556 > 0, 513, 514, 515, 516, 523, 524, 525, 526 < 0. (5.5)
The physical scattering region also requires:

G(1,2,3,4,5) =0, G(i,7,k,1) <0, distinct 4, j, k, [, G(i,j,k) > 0, distinct 1, j, k.
(5.6)
Hence the physical 12 — 3456 region is defined by the constraints (5.5) and (5.6) which
contains the sample points Zy and 7.
In this work, we choose two kinematic points in this physical region, with the help of

a private version of momentum twistor parametrization’

(5, 116010 10, 10 15)
167 168’487 167 16" 8 |’

St

41202613 433189109 5365589 403880939 57623740097

L { 1969920 37696000 ~ 634880 * 152668800’ 24427008000
1115291 10965881791 2160073789 30049703}

8

(5.7)

10368007 1526688000 ° 301568000 1969920

High-precision boundary values at Zy are obtained using AMFlow, with about 200-digit
numerical accuracy. The AMFlow run is accelerated by choosing a scheme in which all external
legs are four-dimensional, as suggested in ref. [50]. However, this step is still computationally
expensive and requires approximately 72 hrs, but it is performed only once. The essential
point is that, once a single seed point in the physical region is known, the canonical system
should transport all master integrals rapidly to nearby points.

In this work, we demonstrate the correctness of the analytic canonical differential equation
using a new numerical solver. The new solver, powered by Chebyshev pseudospectral transport,
is extremely fast and capable of reaching a high precision. We also remark that the singularity
analysis of the 2 — 4 scattering region is complicated and is left for future work. In this
work, the points Zy and 77 are in close proximity to one another, and the path can be
chosen to be free of singularities.

"We thank Dmitry Chicherin for sharing his private parametrization. In this parametrization, when the
eight independent variables are real numbers, with a high probability, the kinematic point is in the physical
scattering region. The constraint G(1,2,3,4,5) = 0 holds automatically and all pseudo-scalars are rationalized.
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5.2 Chebyshev pseudospectral transport of the canonical system

Our new implementation replaces the traditional contour integration by a global Chebyshev
pseudospectral solve [51, 52]. After choosing a contour v : [0,1] — C? with v(0) = % and
v(1) = Z1, and a coordinate ¢ for [0,1], the multivariate canonical system reduces to the
one-dimensional equation
d - > d
Clen =cAnTen), A=Y aw, TloaWilx(). (5.8)
W;eA

where the matrices ayy, are rational constants and all kinematic dependence is encoded in
the letters. Expanding the master integrals in a Laurent series around € = 0

I(e,t) =€ f: e I(¢), (5.9)
r=0

one obtains the triangular hierarchy

%f@“) ) =AD" V@), r=1,...,6, (5.10)

with I19(t) constant along the contour.
It is convenient to collect the seven transported Laurent coefficients into the block vector

Y(t) = , (5.11)

so that the full transport problem becomes a single linear system

0 0 -0
A) 0 - 0
Y'(t) = AD)Y(t), AW =| o Aw) . 1. (5.12)
: .0
0 - At)0

This sparse block-subdiagonal operator is exactly the object constructed by the Mathematica
routine RecursiveOperatorMatrix in the file oneline_CL.wl, which is available at,

https://bitbucket.org/yzhphy/216p_complete_function_space/src/main
/version_2026/evaluation/

We then approximate Y (¢) on the full interval [0, 1] by its degree-m Chebyshev interpolant
through the Chebyshev-Lobatto nodes

m

1 .
tj:2<1—cosj7r), 7=0,....m. (5.13)
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If Y denotes the approximation to Y (¢;), the derivative of the interpolant at the nodes is
represented by the Chebyshev differentiation matrix D

m
Y'(t;)~> DjeYy. (5.14)
=0

The initial condition is imposed exactly at the left endpoint
Yo =Y(0), (5.15)

while at the remaining nodes we enforce the differential equation

m
> Dy Y,— Alt;) Y; =0, j=1,...,m. (5.16)
£=0

This produces a single sparse linear system of dimension (m + 1) Ngtate, where Ngiate is the
dimension of Y (¢). Solving that system yields the transported solution simultaneously at
all collocation nodes and, in particular, at the endpoint ¢ = 1. In the implementation,
ChebyshevLobattoData constructs the mapped Lobatto grid and the differentiation matrix,
while SpectralPropagate assembles the sparse collocation equations and solves them with
LinearSolve.

In practice, our Mathematica implementation oneline_CL. w1 follows exactly this strategy.
For the benchmark considered here, the transport from &y to &1 reaches the accuracy levels
summarized in table 1. This comparison should therefore be viewed as more than a numerical
cross-check: once a single high-precision seed point on the correct physical sheet has been
fixed, the canonical differential equation itself becomes a fast, systematically improvable,
and very high-precision numerical representation of the master integrals in the physical
region, see table 2.

5.3 Error estimation and discussion

The crucial advantage of this approach is spectral convergence. As long as the contour stays
away from zeros of the letters, the one-dimensional connection A(t) and the transported
solution are analytic in a neighborhood of the interval, and the collocation error decreases
exponentially with the number of nodes. In contrast to local step-by-step integration, the
pseudospectral method exploits the global smoothness of the canonical system along the
entire contour. This is especially effective here because the nontrivial kinematic dependence
enters only through the scalar functions 0; log W,, whereas the matrices ayy, are constant and
the coupling in Laurent-coefficient space is strictly lower triangular. The resulting numerical
problem is therefore reduced to sparse linear algebra at a small number of collocation points.

We briefly comment on the behavior of the Chebyshev propagation near singularities of the
differential equation. After restricting the canonical differential equation to a one-dimensional
contour 7 : [0,1] — K, the system takes the form

d

FYO=AOYD, A0 =T L log Wi(y(1), (5.17)
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Integral ~Weight AMFlow value at 7 Al
no L satorttrouTor T TOTASO2OIS05088 < 102
6 7%232;&222{;323;23 6.2828281332144624 x 10~
S
T

Iy ° —1.603910516396771692 1.7246063953181861 x 10~
6 75?35:?2;3228?;;8;%?? 1.8115956417466913 x 1056

I 5 ) 264970209178792362 6.4064814821730773 x 10~ 112
‘ 0.2267554063178985717 21 00SO09863411872 X 107
Lo i sanniogrorotongs;  >HOSISIOSSS0 10
6 10.3500603199039786  3590461307302542 x 10-34

—44.9314387523581872 ¢

max. absolute discrepancy shown 2.3520461307392542 x 10734

Table 1. Benchmark comparison between the (24 nodes) Chebyshev pseudospectral transport method

and AMFlow for the weight-five and weight-six coefficients of the five top-sector master integrals at ;.

We define A = [method _ AMFlow,

#Chebyshev nodes

Observed max-abs agreement at 3 Runtime  Memory

12
24
48
96
192

~ 7.58 x 10716
~1.36 x 1073¢
~ 1.96 x 10762
< 1x10~100
< 1x10~100

18.09s 29GB
144.76 s 26.1GB
228.42s 42.2GB
1895.34s  ~ 200GB
13739s  ~ 1400GB

Table 2. Performance of the Chebyshev pseudospectral transport from &y to 1. The quoted accuracy

refers to the maximum absolute discrepancy with respect to the independent AMFlow reference values

(100-digit precision) at #1. The cases with 12-48 nodes were evaluated using a single core of an Intel
13th Gen Core i9-13950HX with 128 GB memory, while 96 and 192 nodes evaluation were performed
on single core of an Intel Xeon Gold 6330 with 1.97 TB memory.
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where the matrices M; are constant and all singular behavior is contained in the pulled-
back letters W;(y(¢)). The exponential convergence of the Chebyshev approximation is a
consequence of analyticity, not merely of smoothness on the real interval. More precisely,
after mapping ¢ € [0,1] to x = 2t — 1 € [—1, 1], suppose that the functions W;(~v((z + 1)/2))
are analytic and non-vanishing in a Bernstein ellipse £, with parameter o > 1. Then A(t)
and the solution Y'(¢) are analytic in the corresponding complex neighborhood of the contour,
and the Chebyshev-Lobatto collocation solution Y;, satisfies an estimate of the form

1Y = Yllo < Cyn™, 1<n<o, (5.18)

up to the usual stability constant of the linear collocation problem. The asymptotic con-
vergence rate is therefore governed by the nearest complex singularity of the pulled-back
connection. If £g is such a singular point and x; = 2t; — 1, the Bernstein ellipse passing

s+ /22 —1 xs—\/:ng—l’}, (5.19)

and the relevant estimate is controlled by

through it has parameter

o(ts) = max {

i

0 =minolts), Y = Youl ~ O(0™). (5.20)

Thus, when a zero, pole, or branch point of a pulled-back letter approaches the contour, o,
approaches one, the dlog kernels in (5.17) become large, and the exponential advantage of the
Chebyshev approximation is correspondingly reduced. If a singularity lies on the integration
contour, the solution is no longer analytic on that contour and one should either deform
the contour according to the prescribed analytic continuation, or split the path into shorter
segments avoiding the singular point. In practice we monitor this behavior by increasing the
number of Chebyshev nodes and checking the stability of the transported boundary values.
For the present physical-region benchmark, alternative approaches based on explicit
one-fold or two-fold integral representations [11, 14] would require a more involved setup.
By contrast, the Chebyshev pseudospectral transport makes direct use of the reconstructed
269-letter canonical system and turns the evaluation problem into a sparse linear-algebra
problem on a small set of collocation nodes. In our tests, a direct use of the public code
DiffExp [53] did not lead to comparably stable high-precision results along the chosen contour,
which further underscores the advantage of the global spectral treatment for this system.

6 Summary and outlook

In this paper, we extended the analytic study of planar massless two-loop six-point Feyn-
man integrals beyond the previously known weight-four level and into higher orders in the
dimensional regulator €. The central new ingredient is the genuinely nine-propagator double-
pentagon sector. While this sector does not generate independent weight-four functions in
the four-dimensional analyses of refs. [15, 16], it plays an essential role beyond the finite
part. By analytically reconstructing the previously missing off-diagonal part of the canonical
differential equation, we obtained the canonical system needed for the higher-order analysis
of planar two-loop six-point integrals.

,19,



A main outcome of this work is the corresponding extension of the symbol alphabet.
Starting from the 245 letters relevant up to weight four in refs. [15, 16], and combining them
with the 18 letters associated with the diagonal block of the double-pentagon top sector,
we identified six genuinely new letters associated with the D = 6 — 2e¢ double-pentagon
master integral. Altogether, this yields 269 independent letters for planar massless two-loop
six-point integrals. Using this system, together with the weight-zero data of ref. [16], we
determined the symbols of the double-pentagon and hexagon-box families through weight six,
i.e. through O(e?), and demonstrated high-precision numerical evaluation in a representative
physical scattering region.

From the amplitude point of view, this higher-e¢ information is the type of input expected
to be relevant for future studies of the infrared structure and function space of planar three-
loop six-point scattering. In this sense, our results complement the finite-part constructions
of refs. [15, 16] by supplying data that are invisible at weight four but become useful in
higher-order applications. They should also provide concrete higher-weight input for studies
of symbology and cluster-algebraic structures.

In addition, we showed that once the canonical system is known, it can be turned
directly into an efficient numerical representation in physical kinematics. The Chebyshev
pseudospectral transport introduced here provides a robust alternative to more traditional
numeric differential equation methods, and appears well suited to large multi-scale systems.
The method offers an efficient approach to numerical integration: using only a single CPU core
for less than one minute, it obtains results for weight six at standard double-precision floating-
point accuracy, and by simply increasing the number of Chebyshev-Lobatto nodes, it can
deliver highly accurate numerical evaluations up to 10790 precision within five minutes. This
may provide a practical tool for future higher-loop calculations in nontrivial kinematic regions.

A natural next step is to combine the present canonical differential system with a
systematic analysis of the full 2 — 4 physical region and to lift the weight-six symbol
data to function-level representations. It will also be interesting to explore further how the
extended alphabet and higher-weight data obtained here can constrain bootstrap approaches
to six-point three-loop observables and sharpen the study of cluster-algebraic structures.
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A Two-loop six-point alphabet, up to the weight four

In this appendix, we recall the two-loop six-point alphabet from [16]. The alphabet consists
of 48 letters linear in Mandelstam variables s;; and 51 quadratic letters:

W1 =519, Wiy = (Wl), 1=1,...,9, (A.1)
Wr = 5123, Wisr=T'(Wr), i=1,2, (A.2)
Wio=—s12—523, Wir10=T (W), i=1,...,5, (A.3)
Wig=S12— 5123, Wit16=T'(Wis), i=1,..,5, (A.4)
Wag = 512—5345, Wigaa=T'(Waa), i=1,...,5, (A.5)
Wog =—5s12—523+5123, z+28—7-z(W28)7 1=1,...,9, (A.6)
W34=s12—534—5123, Wigsa=T'(Wss), i=1,...,5, (A7)
W0 = 812—556—5345, Wigao=T'(Wi), i=1,...,5, (A.8)
Wie=s12+545—5123— 5345, Wiras=T'(Wae), =12, (A.9)
Wag = —512545+51235345, Witao=T'(Wa), =12, (A.10)
W2 =s12556 —S125123 15345123, Wisso=T"(Ws2), i=1,....,5, (A.11)
Wis = —512845— 5235345+ 51235345, Wipss=T"'(Wss), i=1,...,5, (A.12)
W4 = —512845— 5345123+ 51235345, Wirea=T'(Wes), i=1,...,5, (A.13)
Wr0= 512556 —5123556 15345123, Witno=T'(Wro), i=1,...,5, (A.14)
W6 =s12(534+545) — (834 — 556 +5123) $345, Witre=T'(Wre), i=1,...,5, (A.15)
Wyo=(s12+523)545+5123(S61 — 523 —5345), Witso=T"(Wsa), i=1,...,5, (A.16)
Was = s12(—534+5345)+ (34— 556 —5345) 5345, Wigss=T ' (Wss), i=1,...,5, (A.17)
Wos=(531—512+5123) (512 — 534+ 5234) — 523556, Wiroa=T (Wos), i=1,...,5. (A.18)
Additionally, there are 18 cubic letters:
Wioo = 523556(—534 + 5345) — (561 — 5234)(512545 + 5345123 — 51235345),
Witi00 =T (Wio), i=1,...,5 (A.19)
Wios = —5123 (534 — 856) (556 — S234) — 512556 (523 + S56 — 5234) ,
Wit106 = T'(Wige), i=1,...,5 (A.20)
Witz = (s231 — S61) 553 — (856561 — S123561 + (S45 + S123) S234) S23 + 54551235234,
Witii2 = T"(Wh12), i=1,...,5. (A.21)
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The following five letters are square roots in both Mandelstam variables s;; and in momentum

twistor variables z;:

Wiig =r1 =

Wigg =13 =

Wit120 = rig3 = T'(Wiao),

A(S12, $34, 556,

Wiig = 12 = 1/ A(523, 545, S61),

(812, 536, 545,

where A\ denotes the Kéllén function defined in eq. (3.9).
Next, we have 34 letters involving pseudo-scalars. All of these letters are square roots in

Mandelstam variables, but become perfect squares in momentum twistor variables.

Wi23 = €1234,
Wigg = €1235,

Wiss = €1245,

Wisg = Ag

Wizg = s12€1456 + 5123€1256,

Wit123 = T (Wia3),
Wit120 = T (Wia),
Wit1ss = T (Wass),

1=1,.
1=1,.
1=1,2,

Witz = T'(Wiag),

1=1,2,

1=1,...,5,

Wias = Ss6€1234 — S34€1245 — (534 — 5234)€1345 — (S56 — S234)€2345,

Wigias = T'(Whas),

Wis1 = 5234€6123 — S61€1234,

i=1,...,5,

Wigis1 =T (Wis1),

1=1,...,5.

(A.22)
(A.23)

(A.24)

All of the letters listed so far, are so-called even letters since they are invariant under sign

flipping of square roots /r — —/r or parity transformation of pseudo-scalars €ijkl — —€ijki-

The remaining letters are so-called odd letters since they change sign under parity

transformations log(W;) — —log(W;). First, we have 25 letters which are odd with respect

to square roots r;:

Wis7 =

Wier =

Wiz =

Wiz =

812 + 834 — S56 — T'1

)
812 + 834 — S56 + 71
—S12 + 834 + S56 — 11

—S12+ S34 + S56 + 11

$12 — 834 + S56 — 25123 — T1

b
$12 — 834 + 856 — 25123 + 71
8123 + S345 — T3

)
5123 + S345 + T3
§123 — S345 — T'3

)
§123 — S345 + 13
5123 + S345 — 2812 — T3

b)
5123 + S345 — 2812 + 13
5123 — S345 + 2834 — 2856 — T3

)
5123 — S345 + 2834 — 2856 + T3

Wiss = T (Wisz),
Wieo = T (Wise),
Witi1 = T'(Wie1),
Wit = T (Waer),
Wit1r0 = T"(Wiro),
Witirs = T'(Whzs),

Witire = T'(Wizs),

— 922 —

1=1,...,5,
1=1,2,
1 =1,2,
1 =1,2,
1=1,2

(A.32)
(A.33)
(A.34)
(A.35)
(A.36)
(A.37)

(A.38)



8123 — 8345 — 2823 + 2561 — I3 ; .
Wirg = s Wigiro =T (Wirg), 1=1,2.
Jr
$123 — S345 — 2823 + 25861 + 13

scalars and Ag:

523 (556 —534)+5345123+512 (523 —5234) — 51235234 —€1234
523 (S56—534) 5345123+ 512 (23— 5234) — 51235234+ €1234
Wi+182:7-i(W182), 1=1,...,9,

512(8523—5234) —523(534+556) +5123(534+5234) —€1234
s12(523—5234) —523(534+556) +5123(534+5234) +€1234”
Wit1ss=T"'(Wiss), 1,...,5,

1=
s12(—s23+5234)+$ (834 +556) +5123(534—5234) —€1234
)+s

Wiga=

Wiggs =

Wiga=

s12(—s23+5234) +523 (534 +556) +5123 (534 —S234) +€1234
Wisi9a=T" (Wiga),  i=1,...,5,

512(523+5234) +523(—534+556) +5123(534—5234) —€1234
s12(523+5234) +523(—534+556) + 5123 (534 —5234) +€1234
Wi+200:7-1(W200) 1=1,...,5,

512(523+52314) —523(534+556 —25234) +5123(534—5234) —€1234
512(523+5234) —523(534+ 556 —25234) +5123(534— S234) +-€1234
Wi+206:Ti(W206), 1=1,...,9,

512(823 —5234) +523(— 534+ 556 —25123) +5123(—534+5234) —€1234
s12(523—5234) +523(— 5344556 —25123) +5123(—534+5234) +€1234
Wi+212:Ti(W212), 1=1,...,9,

$12(523+2556—25123— S234) + 523 (—S34+556) +5123 (534 —S234) —€1234

Wago =

Waoe =

Waia=

Waig=

Wi+218:7ﬂ£(W218) 1=1,...,5,

s12(523+2856 — 25123 —$234) +523(—S34+556) + 5123 (834 —S234) +€1234

2529 +512(823—2834—28123+8934) +523(— 534+ 856) + 5123 (834 — S234) —€1234

Wags=

Wisooa="T" (Wags), i=1,...,5,

Wso = — 512 (52312856 —5234) +523 (556 — 534) +5123 (834 — 2556 +5234) —€1234

Wi+230:7-i(W230), 1=1,...,5,
s12(823—5234) —S23(S34+556) — (2556 —S123) (534 —S5234) —€1234
s12 (523 —5234) — 523 (34 +556) — (2556 —5123) (534 —S234) +€1234
Wi+236:Ti(W236), 1=1,...,9,

Wase =

Waso =

)
2525+ 512(523— 2534 — 25123+ 5234) + 523 (— 534+ 856) +5123 (534 — S234) +€1234

$12(823+2856—5234) +523 (S56 — S34) + 5123 (834 — 2856+ S234) +€1234

(A.39)

Second, we have 93 letters that are odd with respect to parity transformation of pseudo-

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

—s12(845+561—5234) +523(534+ 56— S345) +5123(— 534+ 561 — 5234+ 5345) —€1235

Wi+242:7di(W242), 1=1,...,5,

P —e€ . .
Wagg = =280, Wigoag = T'(Waag), 1=1,2,
Pi + €1245

— 23 —

)
—s12(845+561—5234) +523(S534+ 56— S345) +5123(— 534+ 561 — 5234+ 5345) +€1235

(A.50)

(A.51)



Py — €1945
Was1 = ———

== )
Py + €1245
_ Ps— €045
Wasy = ———,
Ps + €1945
Py — €25
Was7 = P e
4+ €1245

Wigas1 = T'(Was1),

Wigosa = T'(Wasa),

Witasr = T'(Wasy),

where Py, P», P; and P; are polynomials defined as

P = 512545 + S23(—534 + 56 + S345) + S61(S34 — S56) + S123(S34 + S61 — S234)

+ 5345(856 — S123 — 5234),

1 =1,2,
1=1,2,
1 =1,2,

Py = 512545 — $34561 + S56561 — S345123 + S123(—S61 + S234 + S345)

+ 523(534 — S56 — S345) — S565345 + 52345345,

Py = 519545 + 5123(—534 + 5234) + 2555 + S03 (834 + 556 — 2(561 + 5123 + S234) + 5345)

+ s61(—534 — S56 + S123 + 25234) + S345(S56 — S123 — S234),

(A.52)
(A.53)

(A.54)

(A.55)

(A.56)

(A.57)

Py = 512545 + 523(534 — 856 — S345) + 2534 + 534(—2556 + 561 + 5123 — 2(5234 + 5345))

— 556561 + S615123 + 25565234 — S1235234 + S345(S56 — S123 + S234),

Wor — 5125455234 + 5345615123 + 5345(—523556 + 51235234) — D
260 = )
—5125455234 + 5345615123 + S345(—523556 + S1235234) + Ag

Witaso = T (Waeo),

i=1,2,

Worn — Ps — (s12€1456 + 5123€1256)
23 = — ,
Ps + (s12€1456 + S123€1256)

Wore — Ps — (s234€6123 — S61€1234)
29 = — ,

Ps + (5234€6123 — S61€1234)

Witoes = T'(Waes),

Witaeg = T'(Wagg),

here the polynomials P5 and Ps are defined as follows

Ps=512(523556— 5615561545 (5234 — 556) )+ 5123 (—S34561 — S2345345+ 556 (S61+5345) ) ,

i=1,...,5,

i=1,...,5,

(A.58)

(A.59)

(A.60)

(A.61)

(A.62)

Ps=1512(523(561—5234) +5455234) +5123 (52345345 — 534561 ) + 523 (534561 — 556561 — 52345345 ) -

(A.63)

Finally, we have 15 letters that transform non-trivially under the parity transformations.

They are even under simultaneous changes of the sign of a square root r; and a pseudo-scalar

€;jki, but odd under the sign change of just one of them.

P; —ri€1234

Wors = ————,
Pr +ri€1234

Py —ry€1934
Wagi = ————,
Pg + r4€1234

Py — r3e1945

Wogr = ————

)
Py + raeroas

Wigors = T'(Wars),

Wigog1 = T'(Wag1),

Wisosr = T (Wagr),

— 24 —

1=1,...,95,
1=1,...,5,
1=1,2,

(A.64)
(A.65)

(A.66)



where P;, P3 and Py are the following polynomials:

Pr = s15(s23 — s234) + S12 (—2523(834 + 556) + 534(—2856 + 5123) + S234(S34 + 556 + S123))

+ (534 — 856) (523(834 — 556) + S123(—534 + 5234)) (A.67)
Pg = 512 (523(2556 — 5123 + 5234) — 5234(5123 + 5234)) — 5123(534 — 5234) (5123 + 5234)

+ 2553556 + 523 (534(2856 + S123 — S234) — S56(S123 + S234) — 251235234) , (A.68)
Py = 512545 (2523 + 2534 + 2856 + 2561 — 5123 — 45234 — 5345) + (5123 + 5345)

(523(834 — 856 — 5345) — S61(534 — 556) — 5123(534 + S61 — S234) — 5345(556 — S123 — 5234)) -

(A.69)

Note that we used the subscript for ¢ = 1,...289 to list the alphabet with D-dimensional

external momenta. A subset of 245 letters that are independent for the four-dimensional
external momenta are selected via the following relations:

T (logWi91 =—logWig4—logWig7—logWigs), i=0,1,2, (A.70)
T (logWa14 =logWigs+logWigs +log Wigr +logWigs +logWaig), i=0,1,2, (A.71)
T (logWa17 =logWigs —logWigg +logWaor), i=0,1,2, (A.72)
T (logWao1 = —logWiga +log Wigs+log Wigr +log Wigs —log Wigg+logWigg
+logWigs—logWigr+logWais), i=0,1,2, (A.73)
T (logWays =logWiga +logWigs), i=0,1,2, (A.74)
T (logWas1 = —logWigs—logWigs —logWaig —logWaig), i=0,1, (A.75)

logWas3 =log Wig2 —log Wig3 —log Wig7 —log Wigs +log Wigg —log Wigg
—logWi94—logWigs —logWa1s—log Waso (A.76)

logWa54 =1ogW1gs—log Wig3 —log Wigs —log Wig7 —log Wigg —logWigg

—logW1igs—logWa1g—logWazg (A.77)

T" (logWass = —logWisa+log Wisz+log Wiss —log Wisg —logWig5 —log Waio+1logWazs),  i=0,1,

(A.78)

T (logWas7 =logWigs —log Wigg —logWigs —logWaig—logWagg), i=0,1, (A.79)
logWas9 =logWig2 —logWig3+logWigs+1logWigs +log Wigg —logWigo

—logWig4—logWa1g—log Waas (A.80)

T (logWaga =logWigs+logWigg), i=0,1, (A.81)

logWag1 = —log Wigs —logWigg, (A.82)

T (logWags =logWigr —logWasg), i=0,...,5, (A.83)

T (logWary =logWigg+logWayy), i=0,1,2, (A.84)

T (logWars = —logWigs—logWigr—logWigg+logWass), i=0,1,2, (A.85)

T (logWarg = —logWars —logWar7), i=0,1, (A.86)

T (logWagy = —logWagz —logWagg), i=0,1,2. (A.87)

,25,



Finally, the remaining 18 letters appearing beyond weight four are listed in equations (4.5)—
(4.11).

B Conversion between the previous 18 letters in ref. [1] and the new
alphabet

In this section of the appendix, we present the conversion table between the previous 18
letters, associated with Fj, defined in ref. [1] and the new alphabet A.

In [1], the old definition of letters also used the name “W?”. To avoid confusion, in this
work, we label the previous letters in [1] with the notation W. In this notation, the letters
Wiss ~ Waos in [1] are associated with Fy, and converted to the new alphabet A as

log(ngg) log(Wago), log(ngg) =log(Wag1), log(ngo) =log(Wae2),

log(W1g1) =log(Wags)+log(Wags) —log(Wagg), log(Wigz) =log(Wags)+log(Wagr) —log(Wsoo),
log(W193) log(Wags)+log(Wags ) —log(Wso1), log(W194) =log(Wag3) —log(Wags) —log(Wag9),
log(W1g5) =log(Wag4) —log(Wagr) —log(Wano), log(Wigg) =log(Wags) —log(Wags) —log(Wso1),
log(Wig7) =log(Wag3) —log(Wags ) +log(Wagg), log(Wigs) =log(Wags)—log(Wagr)+log(Wsgo),
log(Wigg) =log(Wags) —log( W298)+10g<W301)7

10g(W200) log(W302), log (W201) og(Wso3), log(sz) =log(W304),

log(Wao3) =1og(Wags), log(Waos) =1og(Wsgs), log(Waos)=1log(Wsor).

(B.1)

Data Availability Statement. This article has associated data in a data repository.
Available at: https://bitbucket.org/yzhphy/216p_complete_function_space/src/
main/version_2026/.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] J. Henn, T. Peraro, Y. Xu and Y. Zhang, A first look at the function space for planar two-loop
siz-particle Feynman integrals, JHEP 03 (2022) 056 [arXiv:2112.10605] [INSPIRE].

[2] T. Gehrmann, J.M. Henn and N.A. Lo Presti, Analytic form of the two-loop planar five-gluon
all-plus-helicity amplitude in QCD, Phys. Rev. Lett. 116 (2016) 062001 [Erratum ibid. 116 (2016)
189903] [arXiv:1511.05409] [iNSPIRE].

[3] T. Gehrmann, J.M. Henn and N.A. Lo Presti, Pentagon functions for massless planar scattering
amplitudes, JHEP 10 (2018) 103 [arXiv:1807.09812] [INSPIRE].

[4] S. Abreu et al., The two-loop five-point amplitude in N' = 4 super-Yang-Mills theory, Phys. Rev.
Lett. 122 (2019) 121603 [arXiv:1812.08941] [INSPIRE].

— 26 —


https://bitbucket.org/yzhphy/2l6p_complete_function_space/src/main/version_2026/
https://bitbucket.org/yzhphy/2l6p_complete_function_space/src/main/version_2026/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP03(2022)056
https://doi.org/10.48550/arXiv.2112.10605
https://inspirehep.net/literature/1994167
https://doi.org/10.1103/PhysRevLett.116.062001
https://doi.org/10.48550/arXiv.1511.05409
https://inspirehep.net/literature/1405119
https://doi.org/10.1007/JHEP10(2018)103
https://doi.org/10.48550/arXiv.1807.09812
https://inspirehep.net/literature/1683952
https://doi.org/10.1103/PhysRevLett.122.121603
https://doi.org/10.1103/PhysRevLett.122.121603
https://doi.org/10.48550/arXiv.1812.08941
https://inspirehep.net/literature/1711122

[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

D. Chicherin et al., All Master Integrals for Three-Jet Production at Next-to-Next-to-Leading
Order, Phys. Rev. Lett. 123 (2019) 041603 [arXiv:1812.11160] [INSPIRE].

D. Chicherin and V. Sotnikov, Pentagon Functions for Scattering of Five Massless Particles,
JHEP 12 (2020) 167 [arXiv:2009.07803] [iNSPIRE].

S. Abreu et al., Leading-color two-loop QCD corrections for three-jet production at hadron
colliders, JHEP 07 (2021) 095 [arXiv:2102.13609] [INSPIRE].

H.A. Chawdhry, M. Czakon, A. Mitov and R. Poncelet, Two-loop leading-colour QCD helicity
amplitudes for two-photon plus jet production at the LHC, JHEP 07 (2021) 164
[arXiv:2103.04319] [INSPIRE].

B. Agarwal, F. Buccioni, A. von Manteuffel and L. Tancredi, Two-Loop Helicity Amplitudes for
Diphoton Plus Jet Production in Full Color, Phys. Rev. Lett. 1277 (2021) 262001
[arXiv:2105.04585] [INSPIRE].

M. Czakon, A. Mitov and R. Poncelet, Next-to-Next-to-Leading Order Study of Three-Jet
Production at the LHC, Phys. Rev. Lett. 127 (2021) 152001 [Erratum ibid. 129 (2022) 119901]
[arXiv:2106.05331] [INSPIRE].

Y. Liu et al., Analytic computation of three-loop five-point Feynman integrals, Phys. Rev. D 112
(2025) 016021 [arXiv:2411.18697] [INSPIRE].

D. Chicherin et al., Complete computation of all three-loop five-point massless planar integrals,
arXiv:2512.17330 [INSPIRE].

D. Chicherin et al., Three-loop pentagonal Wilson loop with Lagrangian insertion,
arXiv:2512.17881 [INSPIRE].

J.M. Henn et al., A computation of two-loop siz-point Feynman integrals in dimensional
regularization, JHEP 08 (2024) 027 [arXiv:2403.19742] [InSPIRE].

S. Abreu, P.F. Monni, B. Page and J. Usovitsch, Planar siz-point Feynman integrals for
four-dimensional gauge theories, JHEP 06 (2025) 112 [arXiv:2412.19884] INSPIRE].

J. Henn et al., Complete Function Space for Planar Two-Loop Siz-Particle Scattering
Amplitudes, Phys. Rev. Lett. 135 (2025) 031601 [arXiv:2501.01847] INSPIRE].

S. Carrdlo et al., Hexagonal Wilson loop with Lagrangian insertion at two loops in N' = 4 super
Yang-Mills theory, JHEP 07 (2025) 214 [arXiv:2505.01245] INSPIRE].

S. Carrdlo et al., Bootstrapping Siz-Gluon QCD Amplitudes, Phys. Rev. Lett. 136 (2026) 181602
[arXiv:2510.20565] [INSPIRE].

S. Carrdlo et al., QCD Scattering Amplitudes and Prescriptive Unitarity, arXiv:2602.02783
[INSPIRE].

S. Catani, The singular behavior of QCD amplitudes at two loop order, Phys. Lett. B 427 (1998)
161 [hep-ph/9802439] [INSPIRE].

T. Becher and M. Neubert, On the Structure of Infrared Singularities of Gauge-Theory
Amplitudes, JHEP 06 (2009) 081 [Erratum dbid. 11 (2013) 024] [arXiv:0903.1126] INSPIRE].

J. Golden et al., Motivic Amplitudes and Cluster Coordinates, JHEP 01 (2014) 091
[arXiv:1305.1617] [INSPIRE].

J. Golden, M.F. Paulos, M. Spradlin and A. Volovich, Cluster Polylogarithms for Scattering
Amplitudes, J. Phys. A 47 (2014) 474005 [arXiv:1401.6446] InSPIRE].

— 27 —


https://doi.org/10.1103/PhysRevLett.123.041603
https://doi.org/10.48550/arXiv.1812.11160
https://inspirehep.net/literature/1711724
https://doi.org/10.1007/JHEP12(2020)167
https://doi.org/10.48550/arXiv.2009.07803
https://inspirehep.net/literature/1817507
https://doi.org/10.1007/JHEP07(2021)095
https://doi.org/10.48550/arXiv.2102.13609
https://inspirehep.net/literature/1849070
https://doi.org/10.1007/JHEP07(2021)164
https://doi.org/10.48550/arXiv.2103.04319
https://inspirehep.net/literature/1850624
https://doi.org/10.1103/PhysRevLett.127.262001
https://doi.org/10.48550/arXiv.2105.04585
https://inspirehep.net/literature/1862813
https://doi.org/10.1103/PhysRevLett.127.152001
https://doi.org/10.48550/arXiv.2106.05331
https://inspirehep.net/literature/1868437
https://doi.org/10.1103/qrk2-cym5
https://doi.org/10.1103/qrk2-cym5
https://doi.org/10.48550/arXiv.2411.18697
https://inspirehep.net/literature/2854061
https://doi.org/10.48550/arXiv.2512.17330
https://inspirehep.net/literature/3094422
https://doi.org/10.48550/arXiv.2512.17881
https://inspirehep.net/literature/3094504
https://doi.org/10.1007/JHEP08(2024)027
https://doi.org/10.48550/arXiv.2403.19742
https://inspirehep.net/literature/2772568
https://doi.org/10.1007/JHEP06(2025)112
https://doi.org/10.48550/arXiv.2412.19884
https://inspirehep.net/literature/2863793
https://doi.org/10.1103/zhzd-tj9p
https://doi.org/10.48550/arXiv.2501.01847
https://inspirehep.net/literature/2864844
https://doi.org/10.1007/JHEP07(2025)214
https://doi.org/10.48550/arXiv.2505.01245
https://inspirehep.net/literature/2917791
https://doi.org/10.1103/k237-8ccq
https://doi.org/10.48550/arXiv.2510.20565
https://inspirehep.net/literature/3072581
https://doi.org/10.48550/arXiv.2602.02783
https://inspirehep.net/literature/3115086
https://doi.org/10.1016/S0370-2693(98)00332-3
https://doi.org/10.1016/S0370-2693(98)00332-3
https://doi.org/10.48550/arXiv.hep-ph/9802439
https://inspirehep.net/literature/467612
https://doi.org/10.1088/1126-6708/2009/06/081
https://doi.org/10.48550/arXiv.0903.1126
https://inspirehep.net/literature/814859
https://doi.org/10.1007/JHEP01(2014)091
https://doi.org/10.48550/arXiv.1305.1617
https://inspirehep.net/literature/1232241
https://doi.org/10.1088/1751-8113/47/47/474005
https://doi.org/10.48550/arXiv.1401.6446
https://inspirehep.net/literature/1278755

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

T. Harrington and M. Spradlin, Cluster Functions and Scattering Amplitudes for Sixz and Seven
Points, JHEP 07 (2017) 016 [arXiv:1512.07910] [INSPIRE].

J. Golden, A.J. McLeod, M. Spradlin and A. Volovich, The Sklyanin Bracket and Cluster
Adjacency at All Multiplicity, JHEP 03 (2019) 195 [arXiv:1902.11286] [INSPIRE].

D. Chicherin, J.M. Henn and G. Papathanasiou, Cluster algebras for Feynman integrals, Phys.
Rev. Lett. 126 (2021) 091603 [arXiv:2012.12285] [INSPIRE].

L. Bossinger et al., Singularities of massless scattering and cluster algebras, arXiv:2507.01015
[INSPIRE].

A. Pokraka, M. Spradlin, A. Volovich and H.-C. Weng, Symbol alphabets in QCD and flag cluster
algebras, JHEP 03 (2026) 120 [arXiv:2506.11895] [INSPIRE].

R. Eden, P. Landshoff, D. Olive and J. Polkinghorne, The Analytic S-Matriz, Cambridge
University Press (2002) [ISBN 9780521523363]
[https://books.google.nl/books?id=VWTnlTyjwjMC].

A. Hodges, Eliminating spurious poles from gauge-theoretic amplitudes, JHEP 05 (2013) 135
[arXiv:0905.1473] [INSPIRE].

J.L. Bourjaily, Efficient Tree-Amplitudes in N = 4: Automatic BCFW Recursion in
Mathematica, arXiv:1011.2447 [INSPIRE].

S. Badger, H. Frellesvig and Y. Zhang, A Two-Loop Five-Gluon Helicity Amplitude in QCD,
JHEP 12 (2013) 045 [arXiv:1310.1051] [INSPIRE].

J.M. Henn, Multiloop integrals in dimensional regularization made simple, Phys. Rev. Lett. 110
(2013) 251601 [arXiv:1304.1806] INSPIRE].

A.V. Smirnov and M. Zeng, FIRE 7: Automatic Reduction with Modular Approach,
arXiv:2510.07150 [INSPIRE].

F. Lange, J. Usovitsch and Z. Wu, Kira 3: integral reduction with efficient seeding and optimized
equation selection, Comput. Phys. Commaun. 322 (2026) 109999 [arXiv:2505.20197] [InSPIRE].

S. Abreu et al., Two-Loop Integrals for Planar Five-Point One-Mass Processes, JHEP 11 (2020)
117 [arXiv:2005.04195] INSPIRE].

S. Badger et al., Virtual QCD corrections to gluon-initiated diphoton plus jet production at
hadron colliders, JHEP 11 (2021) 083 [arXiv:2106.08664] [INSPIRE].

X. Liu, Reconstruction of rational functions made simple, Phys. Lett. B 850 (2024) 138491
[arXiv:2306.12262] [INSPIRE].

G. Bertolini, G. Fontana and T. Peraro, CALICO: Computing Annihilators from Linear
Identities Constraining (differential) Operators, JHEP 10 (2025) 018 [arXiv:2506.13653]
[INSPIRE].

T. Peraro, FiniteFlow: multivariate functional reconstruction using finite fields and dataflow
graphs, JHEP 07 (2019) 031 [arXiv:1905.08019] InSPIRE].

T. Peraro, Scattering amplitudes over finite fields and multivariate functional reconstruction,
JHEP 12 (2016) 030 [arXiv:1608.01902] [INSPIRE].

C. Bouillaguet, SpaSM: a Sparse direct Solver Modulo p, v1.3 edition, (2023).

M. Heller, A. von Manteuffel and R.M. Schabinger, Multiple polylogarithms with algebraic
arguments and the two-loop EW-QCD Drell-Yan master integrals, Phys. Rev. D 102 (2020)
016025 [arXiv:1907.00491] INSPIRE].

— 28 —


https://doi.org/10.1007/JHEP07(2017)016
https://doi.org/10.48550/arXiv.1512.07910
https://inspirehep.net/literature/1411345
https://doi.org/10.1007/JHEP03(2019)195
https://doi.org/10.48550/arXiv.1902.11286
https://inspirehep.net/literature/1722534
https://doi.org/10.1103/PhysRevLett.126.091603
https://doi.org/10.1103/PhysRevLett.126.091603
https://doi.org/10.48550/arXiv.2012.12285
https://inspirehep.net/literature/1838094
https://doi.org/10.48550/arXiv.2507.01015
https://inspirehep.net/literature/2940902
https://doi.org/10.1007/JHEP03(2026)120
https://doi.org/10.48550/arXiv.2506.11895
https://inspirehep.net/literature/2934353
https://books.google.nl/books?id=VWTnlTyjwjMC
https://doi.org/10.1007/JHEP05(2013)135
https://doi.org/10.48550/arXiv.0905.1473
https://inspirehep.net/literature/819903
https://doi.org/10.48550/arXiv.1011.2447
https://inspirehep.net/literature/876682
https://doi.org/10.1007/JHEP12(2013)045
https://doi.org/10.48550/arXiv.1310.1051
https://inspirehep.net/literature/1256612
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.48550/arXiv.1304.1806
https://inspirehep.net/literature/1227527
https://doi.org/10.48550/arXiv.2510.07150
https://inspirehep.net/literature/3064801
https://doi.org/10.1016/j.cpc.2025.109999
https://doi.org/10.48550/arXiv.2505.20197
https://inspirehep.net/literature/2925601
https://doi.org/10.1007/JHEP11(2020)117
https://doi.org/10.1007/JHEP11(2020)117
https://doi.org/10.48550/arXiv.2005.04195
https://inspirehep.net/literature/1794952
https://doi.org/10.1007/JHEP11(2021)083
https://doi.org/10.48550/arXiv.2106.08664
https://inspirehep.net/literature/1868830
https://doi.org/10.1016/j.physletb.2024.138491
https://doi.org/10.48550/arXiv.2306.12262
https://inspirehep.net/literature/2670498
https://doi.org/10.1007/JHEP10(2025)018
https://doi.org/10.48550/arXiv.2506.13653
https://inspirehep.net/literature/2935130
https://doi.org/10.1007/JHEP07(2019)031
https://doi.org/10.48550/arXiv.1905.08019
https://inspirehep.net/literature/1735575
https://doi.org/10.1007/JHEP12(2016)030
https://doi.org/10.48550/arXiv.1608.01902
https://inspirehep.net/literature/1479771
https://doi.org/10.1103/PhysRevD.102.016025
https://doi.org/10.1103/PhysRevD.102.016025
https://doi.org/10.48550/arXiv.1907.00491
https://inspirehep.net/literature/1742126

[44]

[45]
[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

A. Matijasi¢, Singularity structure of Feynman integrals with applications to siz-particle
scattering processes, Ph.D. Thesis, Munich University, Germany (2024) [INSPIRE].

https://github.com/antonela-matijasic/Effortless.git.

R. Aliaj, G. Dian and G. Papathanasiou, Novel cluster-algebraic letters for 5- and 6-point QCD
processes, arXiv:2603.16743 [INSPIRE].

S. Caron-Huot et al., The Cosmic Galois Group and Ezxtended Steinmann Relations for Planar
N =4 SYM Amplitudes, JHEP 09 (2019) 061 [arXiv:1906.07116] [INSPIRE].

O. Steinmann, Uber den Zusammenhang zwischen den Wightmanfunktionen und den retardierten
Kommutatoren, Helv. Phys. Acta 33 (1960) 257.

O. Steinmann, Wightman-Funktionen und retardierte Kommutatoren. I1I, Helv. Phys. Acta 33
(1960) 347.

P. Bargiela and T.-Z. Yang, On the finite basis of two-loop ‘t Hooft- Veltman Feynman integrals,
JHEP 12 (2025) 171 [arXiv:2503.16299] [INSPIRE].

J.P. Boyd, Chebyshev and Fourier spectral methods, second ed., Dover Publications, Mineola, NY
(2001) [ISBN: 9780486411835].

S.C. Reddy and J.A.C. Weideman, The accuracy of the Chebyshev differencing method for
analytic functions, SIAM J. Numer. Anal. 42 (2005) 2176.

M. Hidding, DiffExp, a Mathematica package for computing Feynman integrals in terms of
one-dimensional series expansions, Comput. Phys. Commun. 269 (2021) 108125
[arXiv:2006.05510] [INSPIRE].

Y. Zhang et al., 2l6p complete function space, Bitbucket repository (2026) [https://bitbucket.
org/yzhphy/216p_complete_function_space/src/main/version_2026/].

— 29 —


https://inspirehep.net/literature/2837756
https://github.com/antonela-matijasic/Effortless.git
https://doi.org/10.48550/arXiv.2603.16743
https://inspirehep.net/literature/3130298
https://doi.org/10.1007/JHEP09(2019)061
https://doi.org/10.48550/arXiv.1906.07116
https://inspirehep.net/literature/1740164
https://doi.org/10.5169/seals-113076
https://doi.org/10.5169/seals-113079
https://doi.org/10.5169/seals-113079
https://doi.org/10.1007/JHEP12(2025)171
https://doi.org/10.48550/arXiv.2503.16299
https://inspirehep.net/literature/2902235
https://doi.org/10.1137/040603280
https://doi.org/10.1016/j.cpc.2021.108125
https://doi.org/10.48550/arXiv.2006.05510
https://inspirehep.net/literature/1800447
https://bitbucket.org/yzhphy/2l6p_complete_function_space/src/main/version_2026/
https://bitbucket.org/yzhphy/2l6p_complete_function_space/src/main/version_2026/

	Introduction
	Kinematics and conventions
	Canonical differential equations
	Review of the pure integral basis
	Reconstruction of the off-diagonal block

	The alphabet to all orders in epsilon and symbology
	Alphabet
	Dihedral group action
	Symbology

	Numerical evaluation of the differential equation
	Kinematic regions and boundary values
	Chebyshev pseudospectral transport of the canonical system
	Error estimation and discussion

	Summary and outlook
	Two-loop six-point alphabet, up to the weight four
	Conversion between the previous 18 letters in ref. [1] and the new alphabet

