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Abstract
We study the extremal function 𝑆𝑘

𝑑
(𝑛), defined as the

maximum number of regular (𝑘 − 1)-simplices spanned
by 𝑛 points in ℝ𝑑. For any fixed 𝑑 ⩾ 2𝑘 ⩾ 6, we deter-
mine the asymptotic behavior of 𝑆𝑘

𝑑
(𝑛) up to a lower-

order term. In particular, when 𝑘 = 3, we determine the
exact value of 𝑆3

𝑑
(𝑛), for all even dimensions 𝑑 ⩾ 6 and

sufficiently large 𝑛. This resolves a conjecture of Erdős
in a stronger form. The proof leverages techniques from
hypergraph Turán theory and linear algebra.

MSC 2020
52C10, 05D99

1 INTRODUCTION

In 1946, Erdős [9] posed a deceptively simple question: What is the maximum number of
times the unit distance can occur among 𝑛 points in the plane? He proved a lower bound of
𝑛1+Ω(1∕ log log 𝑛) and conjectured that his lower bound is essentially optimal. See [27] for a his-
torical account of the conjecture. Contrary to long-standing belief, this conjecture was recently
disproved by an internal model of OpenAI [19]. By generalizing Erdős’s original construction, the
AI model established a lower bound of the form 𝑛1+𝑐, where 𝑐 > 0 is an absolute constant. See
also [5] for a simplified proof and further remarks. Shortly thereafter, Sawin [24] improved the
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constant to 𝑐 = 0.014. The pursuit of this problem has inspired substantial research and has also
led to the formulation of numerous related questions in combinatorial geometry, all revolving
around a common theme: determining the maximum number of certain geometric configura-
tions that can be found among 𝑛 points in Euclidean space. In this paper, we address one such
problem.
The following question was raised repeatedly by Erdős and Purdy [11, 14–16]: Given 𝑑, 𝑛 ∈ ℕ,

what is the maximum number 𝑇𝑑(𝑛) of equilateral triangles that can be determined by 𝑛 points
in ℝ𝑑? There is a substantial body of work addressing this problem and its generalizations; see,
for example, [1–4, 6, 15, 21, 25]. Ábrego and Fernández-Merchant [1] proved that 𝑇2(𝑛) = Θ(𝑛2),
which also yields the lower bound 𝑇4(𝑛) ⩾ 𝑇3(𝑛) = Ω(𝑛2). For 𝑑 = 5, Abrego and Fernández-
Merchant [1] established a better lower bound𝑇5(𝑛) = Ω(𝑛7∕3). On the other hand, Sharir, Sheffer,
and Zahl [25] proved that 𝑇3(𝑛) = 𝑂(𝑛15∕7), and Agarwal, Apfelbaum, Purdy, and Sharir [2]
showed that 𝑇4(𝑛) = 𝑂(𝑛12∕5) and 𝑇5(𝑛) = 𝑂(𝑛8∕3).
The first nondegenerate case, that is, when lim inf𝑛→∞ 𝑇𝑑(𝑛)∕

(𝑛
3

)
> 0, appears for 𝑑 = 6. Erdős

and Purdy [15] showed that 𝑇6(𝑛) ⩾ 𝑛3∕27 − 𝑂(𝑛2) by placing 𝑛 points evenly on three pairwise
orthogonal circles. Regarding the upper bound, Erdős and Purdy [15] said, “It would be interest-
ing even to show 𝑇6(𝑛) ⩽ (1∕6 − 𝜀)𝑛3.” In a later paper [12], Erdős proposed the following more
precise conjecture.

Conjecture 1 (Erdős [12]).Any 𝑛 points inℝ6 can span atmost 𝑛3∕27 + 𝑜(𝑛3) equilateral triangles,
that is, 𝑇6(𝑛) ⩽ 𝑛3∕27 + 𝑜(𝑛3).

Weprove this conjecture in amore general form. For an integer 𝑘 ⩾ 3, a regular (𝑘 − 1)-simplex
is a set of 𝑘 vertices that are equidistant from one another. Let 𝑆𝑘

𝑑
(𝑛) denote the maximum num-

ber of regular (𝑘 − 1)-simplices spanned by 𝑛 points in ℝ𝑑. Our first theorem determines the
asymptotic behavior of 𝑆𝑘

𝑑
(𝑛) for all fixed 𝑑 ⩾ 2𝑘 ⩾ 6.

Theorem 2. Let 𝑑 ⩾ 2𝑘 ⩾ 6 be fixed integers and let 𝑟 = ⌊𝑑∕2⌋. Then
𝑆𝑘
𝑑
(𝑛) =

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ 𝑜(𝑛𝑘).

Since𝑇𝑑(𝑛) = 𝑆3𝑑(𝑛), Theorem2 implies Conjecture 1 upon taking𝑑 = 6 and 𝑘 = 3. Ourmethod
also yields a stronger version of Conjecture 1. That is, we are able to determine the exact value of
𝑇𝑑(𝑛) for every even integer 𝑑 ⩾ 6 and sufficiently large 𝑛.

Theorem 3. Let 𝑟 ⩾ 3 be a fixed integer. Let 𝑛 ∈ ℕ be sufficiently large and 𝑝 be the remainder of 𝑛
divided by 2𝑟. Then

𝑇2𝑟(𝑛) =
∑

1⩽𝑖<𝑗<𝑘⩽𝑟

𝑛𝑖𝑛𝑗𝑛𝑘 +
∑
𝑖∈[𝑟]

(
(𝑛𝑖 − 𝟙𝑛𝑖∉4ℤ)(𝑛 − 𝑛𝑖) +

𝑛𝑖 − 𝑝𝑖
3

+ 𝟙𝑝𝑖>8(𝑝𝑖 − 8)
)
,
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where (𝑛1, … , 𝑛𝑟) with
∑𝑟
𝑖=1 𝑛𝑖 = 𝑛 is chosen to be

(𝑛1, … , 𝑛𝑟) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(⌊𝑛∕𝑟⌋, … , ⌊𝑛∕𝑟⌋
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

𝑟−𝑝∕2

, ⌊𝑛∕𝑟⌋ + 2,… , ⌊𝑛∕𝑟⌋ + 2
⏟⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⏟

𝑝∕2

) if 𝑝 ∈ [0, 𝑟) ∩ 2ℤ,

(⌊𝑛∕𝑟⌋, … , ⌊𝑛∕𝑟⌋
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

𝑟−(𝑝+1)∕2

, ⌊𝑛∕𝑟⌋ + 1, ⌊𝑛∕𝑟⌋ + 2,… , ⌊𝑛∕𝑟⌋ + 2
⏟⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⏟

(𝑝−1)∕2

) if 𝑝 ∈ [0, 𝑟) ⧵ 2ℤ,

(⌊𝑛∕𝑟⌋ − 1,… , ⌊𝑛∕𝑟⌋ − 1
⏟⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⏟

𝑟−𝑝∕2

, ⌊𝑛∕𝑟⌋ + 1,… , ⌊𝑛∕𝑟⌋ + 1
⏟⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⏟

𝑝∕2

) if 𝑝 ∈ [𝑟, 2𝑟) ∩ 2ℤ,

(⌊𝑛∕𝑟⌋ − 1,… , ⌊𝑛∕𝑟⌋ − 1
⏟⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⏟

𝑟−(𝑝+1)∕2

, ⌊𝑛∕𝑟⌋, ⌊𝑛∕𝑟⌋ + 1,… , ⌊𝑛∕𝑟⌋ + 1
⏟⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⏟

(𝑝−1)∕2

) if 𝑝 ∈ [𝑟, 2𝑟) ⧵ 2ℤ,

and 𝑝𝑖 is the remainder of 𝑛𝑖 divided by 12 for each 𝑖 ∈ [𝑟].

In particular, when 𝑛 divides nicely, Theorem 3 gives a simple and compact formula for 𝑇2𝑟(𝑛).

Corollary 4. Let 𝑟 ⩾ 3 be a fixed integer. If 𝑛 ∈ ℕ is sufficiently large and divisible by 12𝑟, then

𝑇2𝑟(𝑛) =

(
𝑟

3

)(
𝑛

𝑟

)3
+
(𝑟 − 1)𝑛2

𝑟
+
𝑛

3
.

Our next result is the counterpart of Theorem 3 for 𝑘 ⩾ 4. Throughout this paper, whenever we
write a function, we assume that all its variables are nonnegative integers.

Theorem 5. Let 𝑟 ⩾ 𝑘 ⩾ 4 be fixed integers and 𝑛 ∈ ℕ be sufficiently large. Then

𝑆𝑘2𝑟(𝑛) = max
𝑛1+⋯+𝑛𝑟=𝑛

𝑓𝑘(𝑛1, … , 𝑛𝑟),

where

𝑓𝑘(𝑛1, … , 𝑛𝑟) =

⎛⎜⎜⎜⎝
∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ +
⎛⎜⎜⎜⎝

∑
1⩽𝓁⩽⌊𝑘∕2⌋

∑
∈([𝑟]𝓁 )

(∏
𝑗∈

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠.

One can readily verify that max𝑛1+⋯+𝑛𝑟=𝑛 𝑓𝑘(𝑛1, … , 𝑛𝑟) must be attained by some (𝑛1, … , 𝑛𝑟)
satisfying |𝑛𝑖 − 𝑛∕𝑟| = 𝑂(1) for all 𝑖 ∈ [𝑟]. However, wemake no attempt here to identify the exact
maximizer, as it appears to depend intricately on the values of 𝑟 and 𝑘. Combining Theorems 3
and 5, we determine 𝑆𝑘

2𝑟
(𝑛) up to a constant in the lower-order term for all 𝑟 ⩾ 𝑘 ⩾ 3. Note that

this improves upon Theorem 2 in the even-dimensional case.

Corollary 6. Let 𝑟 ⩾ 𝑘 ⩾ 3 be fixed integers. Then

𝑆𝑘2𝑟(𝑛) =

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ Θ(𝑛𝑘−1).
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4 of 23 CLEMEN et al.

The main tool for obtaining the precise estimates in Theorems 3 and 5 is the following stability
result, which describes the structure of any almost-extremal point set. We say that two circles are
orthogonal if the affine spaces spanned by them are orthogonal.

Theorem 7. Let 𝑟 ⩾ 𝑘 ⩾ 3 be fixed integers. If a set𝑋 ⊆ ℝ2𝑟 of 𝑛 points spans 𝑆𝑘
2𝑟
(𝑛) − 𝑜(𝑛𝑘) regular

(𝑘 − 1)-simplices, then one can find a partition 𝑋 = 𝐴0∪̇𝐴1∪̇… ∪̇𝐴𝑟 with |𝐴0| = 𝑜(𝑛) and |𝐴𝑖| =
𝑛∕𝑟 − 𝑜(𝑛) for every 𝑖 ∈ [𝑟], and pairwise orthogonal circles 𝐶1, … , 𝐶𝑟 ⊆ ℝ2𝑟, such that

(1) 𝐴𝑖 ⊆ 𝐶𝑖 for all 𝑖 ∈ [𝑟];
(2) 𝐶1, … , 𝐶𝑟 have the same center and the same radius.

The proof of Theorem 7 proceeds in two steps. First, we identify certain forbidden configu-
rations in the point set using linear algebra. Then we apply techniques from hypergraph Turán
theory to analyze its structure.
The paper is organized as follows. In Section 2we introduce basic geometric notions andpresent

the lower bound constructions for 𝑆𝑘
𝑑
(𝑛) needed for Theorems 2, 3, and 5. In Section 3, we collect

known lemmas and establish additional ones concerning hypergraph theory and the orthogo-
nality of affine spaces. In Section 4 we give the proof of Theorem 2. In Section 5 we establish
Theorem 7. In Section 6 we prove Theorems 3 and 5 and derive Corollary 6. Section 7 contains
concluding remarks and discusses further consequences of our method.

2 LOWER BOUNDS: THE LENZ CONSTRUCTION

In this section, we present the Lenz construction of 𝑛 points inℝ𝑑, whichwas initially used to give
a tight lower bound on the number of unit distances in ℝ𝑑 for even 𝑑 ⩾ 4 (see, e.g., [26]). Here we
use refinements of this construction to obtain lower bounds on the number of regular simplices,
that is, the lower bounds for Theorems 2, 3, and 5.
We begin by introducing some basic notions used in the construction and throughout the paper.

2.1 Basic notions

We shall give the definitions of affine spaces, spheres, and orthogonality.
We say that a nonempty subset  ⊆ ℝ𝑑 is an affine space if there exists 𝑥 ∈ ℝ𝑑 and a linear

subspace  ⊆ ℝ𝑑, such that  = 𝑥 +  ∶= {𝑥 + 𝑠 ∶ 𝑠 ∈ }. Such an  is called the associated
linear space of . Observe that if  is an affine space with associated linear space  , then  =

 − 𝑎 ∶= {𝑎′ − 𝑎 ∶ 𝑎′ ∈ } for any 𝑎 ∈ . Hence, every affine space has a unique associated
linear space.
The dimension of an affine space ⊆ ℝ𝑑, denoted by dim, is defined as the dimension of its

associated linear space. Two affine spaces are said to be orthogonal if their associated linear spaces
are orthogonal. It follows from the definition that if1, … ,𝑟 ⊆ ℝ𝑑 are pairwise orthogonal affine
spaces, then

∑
𝑖∈[𝑟] dim𝑖 ⩽ dimℝ

𝑑 = 𝑑.
Given a nonempty subset 𝐴 ⊆ ℝ𝑑, let Aff (𝐴) denote the affine space spanned by 𝐴. That is,

Aff (𝐴) ∶= 𝑎 + Span(𝐴 − 𝑎) for any 𝑎 ∈ 𝐴,
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 5 of 23

where Span(𝐴 − 𝑎) represents the linear subspace ofℝ𝑑 spanned by𝐴 − 𝑎. For further definitions
concerning affine spaces, we refer the reader to the book by Roman [22].
For 𝑑 ∈ ℕ, a (𝑑 − 1)-dimensional sphere is defined as the set of all points in a 𝑑-dimensional

affine space  at some distance 𝛾 > 0 from a given point 𝑐 ∈ . The point 𝑐 and the distance 𝛾
are referred to as the center and the radius of the sphere, respectively. For example, a set of two
points is a zero-dimensional sphere, and a circle is a one-dimensional sphere. A sphere is called
unit if its radius is equal to 1. Two spheres are orthogonal if the affine spaces spanned by them
are orthogonal.

2.2 Lenz construction for even dimensions

Let 𝑟 ⩾ 𝑘 ⩾ 3 be integers. For 𝑛1, … , 𝑛𝑟 ∈ ℤ⩾0, we define the function

𝑓𝑘(𝑛1, … , 𝑛𝑟) ∶=

⎛⎜⎜⎜⎝
∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ +
⎛⎜⎜⎜⎝

∑
1⩽𝓁⩽⌊𝑘∕2⌋

∑
∈([𝑟]𝓁 )

(∏
𝑗∈

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

+ 𝟙𝑘=3

(∑
𝑖∈[𝑟]

𝑛𝑖 − 𝑝𝑖
3

+ 𝟙𝑝𝑖>8(𝑝𝑖 − 8)

)
,

where 𝑝𝑖 is the remainder of 𝑛𝑖 divided by 12 for each 𝑖 ∈ [𝑟]. We will show by construction that

𝑆𝑘2𝑟(𝑛) ⩾ max
𝑛1+⋯+𝑛𝑟=𝑛

𝑓𝑘(𝑛1, … , 𝑛𝑟).

Let 𝐶1, … , 𝐶𝑟 ⊆ ℝ2𝑟 be pairwise orthogonal unit circles with a common center. Such circles can
always be picked. For example, we can let 𝐶𝑖 be a unit circle in

{0} ×⋯ × {0}
⏟⎴⎴⎴⏟⎴⎴⎴⏟

2(𝑖−1)

×ℝ2 × {0} ×⋯ × {0}
⏟⎴⎴⎴⏟⎴⎴⎴⏟

2𝑟−2𝑖

centered at the origin (0, … , 0), for all 𝑖 ∈ [𝑟].
Let𝑛1, … , 𝑛𝑟 ∈ ℤ⩾0with𝑛1 +⋯ + 𝑛𝑟 = 𝑛maximizing𝑓(𝑛1, … , 𝑛𝑟), and for each 𝑖 ∈ [𝑟] let𝑝𝑖 be

the remainder of 𝑛𝑖 divided by 12. Let𝐹 = {𝑣1, … , 𝑣12} denote a configuration of 12 points arranged
on a unit circle to form a regular dodecagon, where 𝑣1, … , 𝑣12 are labeled clockwise, see Figure 1
for an illustration. Note that every point in 𝐹 is contained in an inscribed square of side length√
2 and an equilateral triangle of side length

√
3.

For any 𝑖 ∈ [𝑟], we place𝑛𝑖 points on the circle𝐶𝑖 in the followingway. Since𝑛𝑖 − 𝑝𝑖 is amultiple
of 12, we can place the first 𝑛𝑖 − 𝑝𝑖 points on 𝐶𝑖 by taking (𝑛𝑖 − 𝑝𝑖)∕12 pairwise disjoint copies of
𝐹. For the remaining 𝑝𝑖 points, we place them consecutively in a new copy of 𝐹, disjoint from the
previous ones, following the order 𝑣1, 𝑣4, 𝑣7, 𝑣10, 𝑣2, 𝑣5, 𝑣8, 𝑣11, 𝑣3, 𝑣6, 𝑣9, 𝑣12.
We now count the number of regular (𝑘 − 1)-simplices spanned by these 𝑛 points. There

are three possible types of simplices, each corresponding to one of the three summands in
𝑓𝑘(𝑛1, … , 𝑛𝑟):

(1) regular (𝑘 − 1)-simplices Δ1 with |Δ1 ∩ 𝐶𝑖| ⩽ 1 for all 𝑖 ∈ [𝑟];
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6 of 23 CLEMEN et al.

F IGURE 1 The point configuration of 𝐹 on a unit circle, where the blue segments are of length
√
2 and the

red segments are of length
√
3.

(2) regular (𝑘 − 1)-simplices Δ2 with |Δ2 ∩ 𝐶𝑖| = 2 for some 𝑖 ∈ [𝑟] and |Δ2 ∩ 𝐶𝑖| ⩽ 2 for others;
(3) regular (𝑘 − 1)-simplices Δ3 containing at least three vertices on the same circle.

Since 𝐶1, … , 𝐶𝑟 are pairwise orthogonal unit circles, the distance between any two points from
different circles is

√
2. Thus, Δ1 and Δ2 both have side length

√
2, while Δ3, if it exists, has side

length
√
3. The number of Δ1 is clearly

∑
∈([𝑟]𝑘 )

∏
𝑖∈ 𝑛𝑖 .

To enumerate the second-type simplices, we need to count the pairs of points on the same circle
at distance

√
2 apart, referred to as “good” pairs. For any 𝑖 ∈ [𝑟], observe that every good pair on

𝐶𝑖 consists of either two points from the first 𝑛𝑖 − 𝑝𝑖 points, or two points from the remaining 𝑝𝑖
points. For the first 𝑛𝑖 − 𝑝𝑖 points, since each of them is at distance

√
2 from two other points,

we have 𝑛𝑖 − 𝑝𝑖 good pairs. For the remaining 𝑝𝑖 points, due to the placement scheme, there are
𝑝𝑖 good pairs if 𝑝𝑖 is divisible by 4, otherwise we have 𝑝𝑖 − 1 good pairs. Hence, the number of
good pairs on 𝐶𝑖 is equal to 𝑛𝑖 − 𝟙𝑝𝑖∉4ℤ = 𝑛𝑖 − 𝟙𝑛𝑖∉4ℤ. Then for 1 ⩽ 𝓁 ⩽ ⌊𝑘∕2⌋, the number of Δ2
containing exactly 𝓁 good pairs, each pair on a different circle, is equal to

∑
∈([𝑟]𝓁 )

(∏
𝑗∈

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠.
Accordingly, the total number of Δ2 is equal to

∑
1⩽𝓁⩽⌊𝑘∕2⌋

∑
∈([𝑟]𝓁 )

(∏
𝑗∈

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠.
For the number ofΔ3, since there is no third-type simplexwhen 𝑘 ⩾ 4, we only consider the case

when 𝑘 = 3. In this case, Δ3 is an equilateral triangle with three vertices on the same circle. For
each circle 𝐶𝑖 , any equilateral triangle on 𝐶𝑖 is formed by either three points from the first 𝑛𝑖 − 𝑝𝑖
points or three points from the remaining 𝑝𝑖 points. Among the first 𝑛𝑖 − 𝑝𝑖 points, since each of
them is contained in one inscribed equilateral triangle, we have (𝑛𝑖 − 𝑝𝑖)∕3 third-type simplices.
Among the remaining 𝑝𝑖 points, there are 𝑝𝑖 − 8 third-type simplices if 𝑝𝑖 > 8, otherwise we have
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 7 of 23

no third-type simplices. Therefore, the number of Δ3 in our construction is at least

𝟙𝑘=3

(∑
𝑖∈[𝑟]

𝑛𝑖 − 𝑝𝑖
3

+ 𝟙𝑝𝑖>8(𝑝𝑖 − 8)

)
.

In total, the number of regular (𝑘 − 1)-simplices given by this construction is at least

⎛⎜⎜⎜⎝
∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ +
⎛⎜⎜⎜⎝

∑
1⩽𝓁⩽⌊𝑘∕2⌋

∑
∈([𝑟]𝓁 )

(∏
𝑗∈

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

+ 𝟙𝑘=3

(∑
𝑖∈[𝑟]

𝑛𝑖 − 𝑝𝑖
3

+ 𝟙𝑝𝑖>8(𝑝𝑖 − 8)

)
,

consequently,

𝑆𝑘2𝑟(𝑛) ⩾ max
𝑛1+⋯+𝑛𝑟=𝑛

𝑓𝑘(𝑛1, … , 𝑛𝑟). (1)

2.3 Lenz construction for odd dimensions

Let 𝑟 ⩾ 𝑘 ⩾ 3 be integers. Let 𝐶1, … , 𝐶𝑟 ⊆ ℝ2𝑟+1 be pairwise orthogonal unit spheres with a
common center, where 𝐶1, … , 𝐶𝑟−1 are circles and 𝐶𝑟 is a two-dimensional sphere.
We put 𝑛 points on 𝐶1, … , 𝐶𝑟 as evenly as possible, that is, each 𝐶𝑖 receives ⌊𝑛∕𝑟⌋ or ⌈𝑛∕𝑟⌉

points. Since the distance between any two points on different spheres is
√
2, the number

of regular (𝑘 − 1)-simplices spanned by 𝑘 points from pairwise distinct spheres is
(𝑟
𝑘

) (𝑛
𝑟

)𝑘
−

𝑂(𝑛𝑘−1).
Moreover, Erdős, Hickerson, and Pach [13] proved that there is a configuration of𝑚 points on a

two-dimensional unit sphere, such that the distance
√
2 occurs Ω(𝑚4∕3) times. The points on 𝐶𝑟

are arranged according to this configuration, which yieldsΩ(𝑛4∕3) pairs of points on𝐶𝑟 at distance√
2 apart. Note that every such pair forms a regular (𝑘 − 1)-simplex with any 𝑘 − 2 points from

pairwise distinct circles among 𝐶1, … , 𝐶𝑟−1. Hence, there are at least Ω(𝑛𝑘−2∕3) regular (𝑘 − 1)-
simplices spanned by 2 points from 𝐶𝑟 and 𝑘 − 2 points from 𝐶1, … , 𝐶𝑟−1. Overall we obtain that

𝑆𝑘2𝑟+1(𝑛) ⩾

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ Ω(𝑛𝑘−2∕3). (2)

3 PRELIMINARY RESULTS AND LEMMAS

3.1 Turán-type results for hypergraphs

Given an integer 𝑘 ⩾ 2, a 𝑘-uniform hypergraph 𝐻 is an ordered pair (𝑉(𝐻), 𝐸(𝐻)), where 𝑉(𝐻)
is the set of vertices and 𝐸(𝐻) ⊆

(𝑉(𝐻)
𝑘

)
is the set of hyperedges. Let 𝑣(𝐻) and 𝑒(𝐻) denote the

numbers of vertices and hyperedges in 𝐻, respectively.
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8 of 23 CLEMEN et al.

A 𝑘-uniform hypergraph 𝐻 is called 𝑟-partite for some integer 𝑟 ⩾ 𝑘 if there exists a partition
𝑉(𝐻) = 𝑉1∪̇𝑉2∪̇ … ∪̇𝑉𝑟, such that every hyperedge in𝐻 has at most one vertex from each part𝑉𝑖 .
For a 𝑘-uniform hypergraph 𝐻, the extremal number ex(𝑛,𝐻) is the largest number of hyper-

edges in an 𝑛-vertex 𝑘-uniform hypergraph containing no copy of 𝐻. Given an integer 𝑡 ⩾ 1,
the 𝑡-blowup of 𝐻, denoted by 𝐻(𝑡), is a 𝑘-uniform hypergraph obtained from 𝐻 by replac-
ing every vertex 𝑣 ∈ 𝑉(𝐻) with an independent set 𝐼𝑣 of size 𝑡 and replacing every hyperedge
𝑒 = {𝑣1, … , 𝑣𝑘} ∈ 𝐸(𝐻) with a complete 𝑘-partite 𝑘-uniform hypergraph spanned by 𝐼𝑣1 ∪̇ … ∪̇𝐼𝑣𝑘 .
The independent set 𝐼𝑣 is referred to as the blowup of the vertex 𝑣.

Definition 8. Given integers 𝑟 ⩾ 𝑘 ⩾ 3,𝐻(𝑘)
𝑟+1

is defined as a 𝑘-uniform hypergraph obtained from
a complete graph 𝐾𝑟+1 by enlarging each edge with 𝑘 − 2 new vertices.

Note that by definition𝐻(𝑘)
𝑟+1

contains (𝑟 + 1) +
(𝑟+1
2

)
(𝑘 − 2) vertices and

(𝑟+1
2

)
hyperedges.

Lemma 9 (Mubayi [18]). For any fixed integers 𝑟 ⩾ 𝑘 ⩾ 3, ex(𝑛,𝐻(𝑘)
𝑟+1
) =

(𝑟
𝑘

) (𝑛
𝑟

)𝑘
+ 𝑜(𝑛𝑘).

For any 𝑘-uniform hypergraph𝐻 and 𝑡 ∈ ℕ, it is well-known (see, e.g., [17]) that

ex(𝑛,𝐻(𝑡)) = ex(𝑛,𝐻) + 𝑜(𝑛𝑘).

Thus, by Lemma 9 we have

ex(𝑛,𝐻
(𝑘)
𝑟+1
(𝑡)) = ex(𝑛,𝐻

(𝑘)
𝑟+1
) + 𝑜(𝑛𝑘) =

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ 𝑜(𝑛𝑘). (3)

Furthermore, we shall prove the following stability lemma for𝐻(𝑘)
𝑟+1
(𝑡).

Lemma 10. Let 𝑟 ⩾ 𝑘 ⩾ 3 and 𝑡 ⩾ 1 be fixed integers. If 𝐺 is an 𝑛-vertex 𝐻(𝑘)
𝑟+1
(𝑡)-free 𝑘-uniform

hypergraph with ex(𝑛,𝐻(𝑘)
𝑟+1
(𝑡)) − 𝑜(𝑛𝑘) hyperedges, then 𝐺 contains an 𝑟-partite subhypergraph

with
(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 − 𝑜(𝑛𝑘) hyperedges.

We deduce Lemma 10 by a standard argument, using a stability lemma for 𝐻(𝑘)
𝑟+1

and the
hypergraph removal lemma.

Lemma 11 (Pikhurko [20]). Let 𝑟 ⩾ 𝑘 ⩾ 3 be fixed integers. Every 𝑛-vertex 𝐻(𝑘)
𝑟+1

-free 𝑘-
uniform hypergraph with ex(𝑛,𝐻(𝑘)

𝑟+1
) − 𝑜(𝑛𝑘) hyperedges contains an 𝑟-partite subhypergraph with(𝑟

𝑘

)
(𝑛∕𝑟)𝑘 − 𝑜(𝑛𝑘) hyperedges.

Lemma 12 (Rödl–Nagle–Skokan–Schach [23]). Let 𝑘 ⩾ 2 be an integer and𝐻 be a fixed 𝑘-uniform
hypergraph. If an 𝑛-vertex 𝑘-uniform hypergraph 𝐺 contains 𝑜(𝑛𝑣(𝐻)) copies of 𝐻, then one can
remove all the copies of𝐻 in 𝐺 by deleting 𝑜(𝑛𝑘) hyperedges.

Proof of Lemma 10. Let𝐺 be an 𝑛-vertex𝐻(𝑘)
𝑟+1
(𝑡)-free 𝑘-uniform hypergraphwith ex(𝑛,𝐻(𝑘)

𝑟+1
(𝑡)) −

𝑜(𝑛𝑘) hyperedges. By (3) we have 𝑒(𝐺) = ex(𝑛,𝐻(𝑘)
𝑟+1
) − 𝑜(𝑛𝑘). Note that the hypergraph 𝐺 cannot
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 9 of 23

containΩ(𝑛𝑣(𝐻
(𝑘)
𝑟+1
)) copies of𝐻(𝑘)

𝑟+1
, as otherwise it would contain a copy of𝐻(𝑘)

𝑟+1
(𝑡). Now that the

number of copies of𝐻(𝑘)
𝑟+1

in𝐺 is 𝑜(𝑛𝑣(𝐻
(𝑘)
𝑟+1
)), by Lemma 12 there exists an𝐻(𝑘)

𝑟+1
-free subhypergraph

𝐺′ of 𝐺 with

𝑒(𝐺′) = 𝑒(𝐺) − 𝑜(𝑛𝑘) = ex(𝑛,𝐻
(𝑘)
𝑟+1
) − 𝑜(𝑛𝑘)

hyperedges. The statement then follows from Lemma 11 applied to 𝐺′. □

The following fact has been used implicitly in the literature (see, e.g., [18, 20]), and we include
a proof here for completeness.

Lemma 13. Let 𝑟 ⩾ 𝑘 ⩾ 2 be fixed integers. If an 𝑛-vertex 𝑟-partite 𝑘-uniform hypergraph has(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 − 𝑜(𝑛𝑘) hyperedges, then each part must be of size 𝑛∕𝑟 − 𝑜(𝑛).

Proof of Lemma 13. Let 𝐺 be such a hypergraph and let 𝑛1 ⩽⋯ ⩽ 𝑛𝑟 denote the part sizes of 𝐺.
For each 𝑖 ∈ [𝑟] let 𝛼𝑖 = 𝑛𝑖∕𝑛 be the scaled part size. Note that 𝛼1 +⋯ + 𝛼𝑟 = 1. Then

𝑒(𝐺) ⩽
∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖 = 𝑛
𝑘

∑
∈([𝑟]𝑘 )

∏
𝑖∈

𝛼𝑖

By Maclaurin’s inequality, see [7],

∑
∈([𝑟]𝑘 )

∏
𝑖∈

𝛼𝑖 ⩽

(
𝑟

𝑘

)(
1

𝑟

)𝑘
(4)

holds for all 𝛼1, … , 𝛼𝑟 ⩾ 0 with 𝛼1 +⋯ + 𝛼𝑟 = 1. Moreover, the equality in (4) holds if and only if
𝛼1 =⋯ = 𝛼𝑟 = 1∕𝑟.
Suppose for contradiction that𝑛𝑟 ⩾ 𝑛∕𝑟 + 𝛿𝑛with some constant 𝛿 > 0. Since𝛼𝑟 ⩾ 1∕𝑟 + 𝛿, the

inequality in (4) is strict. Thus, there exists some constant 𝜀 > 0 such that 𝑒(𝐺) ⩽
(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 − 𝜀𝑛𝑘,

a contradiction. □

3.2 Orthogonality of affine spaces

Let || ⋅ || denote the Euclidean norm. For𝑃,𝑄 ⊆ ℝ𝑑, wewrite𝑃 → 𝑄 if for every𝑝 ∈ 𝑃, ||𝑝 − 𝑞|| =||𝑝 − 𝑞′|| holds for all 𝑞, 𝑞′ ∈ 𝑄. In other words, 𝑃 → 𝑄 if every point in 𝑃 is equidistant to all
points in 𝑄. We write 𝑃 ↔ 𝑄 if 𝑃 → 𝑄 and 𝑄 → 𝑃. Recall that Aff (𝑃) denotes the affine space
spanned by 𝑃.

Lemma 14. Let 𝑑 ∈ ℕ and let 𝑃,𝑄 ⊆ ℝ𝑑 be nonempty subsets with |𝑄| ⩾ 2 such that 𝑃 → 𝑄. Then
Aff (𝑃) and Aff (𝑄) are orthogonal. Moreover, 𝑄 is contained in a sphere in Aff (𝑄).

Proof. For the first part of Lemma 14, if |𝑃| = 1, thenAff (𝑃) andAff (𝑄) are clearly orthogonal as
Aff (𝑃) consists of a single point. If |𝑃| ⩾ 2, let {𝑝1, 𝑝2, … } ⊆ 𝑃 and {𝑞1, 𝑞2, … } ⊆ 𝑄 be finite subsets
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10 of 23 CLEMEN et al.

that span the affine spaces Aff (𝑃) and Aff (𝑄), respectively. Then we have

Aff (𝑃) = 𝑝1 + Span(𝑝2 − 𝑝1, … ) and Aff (𝑄) = 𝑞1 + Span(𝑞2 − 𝑞1, … ).

To show that Aff (𝑃) and Aff (𝑄) are orthogonal, it suffices to check ⟨𝑝𝑖 − 𝑝1, 𝑞𝑗 − 𝑞1⟩ = 0 for
𝑖, 𝑗 ⩾ 2. Due to 𝑃 → 𝑄, we have ‖𝑝1 − 𝑞1‖2 = ‖𝑝1 − 𝑞𝑗‖2 and ‖𝑝𝑖 − 𝑞1‖2 = ‖𝑝𝑖 − 𝑞𝑗‖2. Then

⟨𝑝𝑖 − 𝑝1, 𝑞𝑗 − 𝑞1⟩ = ⟨𝑝𝑖, 𝑞𝑗⟩ − ⟨𝑝𝑖, 𝑞1⟩ − ⟨𝑝1, 𝑞𝑗⟩ + ⟨𝑝1, 𝑞1⟩
=

‖𝑝𝑖‖2 + ‖𝑞𝑗‖2 − ‖𝑝𝑖 − 𝑞𝑗‖2
2

−
‖𝑝𝑖‖2 + ‖𝑞1‖2 − ‖𝑝𝑖 − 𝑞1‖2

2

−
‖𝑝1‖2 + ‖𝑞𝑗‖2 − ‖𝑝1 − 𝑞𝑗‖2

2
+

‖𝑝1‖2 + ‖𝑞1‖2 − ‖𝑝1 − 𝑞1‖2
2

= 0.

Now we prove the second part of Lemma 14. Provided that Aff (𝑃) and Aff (𝑄) are orthogonal,
the projection of Aff (𝑃) onto Aff (𝑄) has dimension 0, which is a point, denoted by 𝑐. Since each
point of 𝑃 is equidistant to all points in 𝑄, its projection 𝑐 is also equidistant to all points in 𝑄.
Thus, the points in 𝑄 all lie on a sphere in Aff (𝑄) centered at 𝑐. □

The following lemma is a direct consequence of Lemma 14.

Lemma 15. Let 𝑑, 𝑘 ∈ ℕ with 𝑘 ⩾ 3. Let 𝐴1,… ,𝐴𝑘 ⊆ ℝ𝑑 with |𝐴𝑖| ⩾ 3 for all 𝑖 ∈ [𝑘]. If every
𝑘-tuple (𝑎1, … , 𝑎𝑘) ∈

∏
𝑖∈[𝑘] 𝐴𝑖 forms a regular (𝑘 − 1)-simplex, thenAff (𝐴1), … , Af f (𝐴𝑘) are pair-

wise orthogonal affine spaces of dimension at least 2. Furthermore,𝐴1,… ,𝐴𝑘 are subsets of 𝑘 spheres
in Aff (𝐴1), … , Af f (𝐴𝑘), respectively.

Proof of Lemma 15. First observe that ||𝑎1 − 𝑎2|| = ||𝑎1 − 𝑎′2||holds for every𝑎1 ∈ 𝐴1 and𝑎2, 𝑎′2 ∈
𝐴2. Otherwise for any (𝑎3, … , 𝑎𝑘) ∈

∏𝑘
𝑖=3 𝐴𝑖 , either (𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑘) or (𝑎1, 𝑎

′
2
, 𝑎3, … , 𝑎𝑘)does not

form a regular (𝑘 − 1)-simplex, a contradiction. Thus, 𝐴1 → 𝐴2. Due to symmetry, we conclude
that 𝐴𝑖 ↔ 𝐴𝑗 for all distinct 𝑖, 𝑗 ∈ [𝑘].
Then by Lemma 14, the affine spaces Aff (𝐴1), … , Af f (𝐴𝑘) are pairwise orthogonal and

𝐴1,… ,𝐴𝑘 are subsets of 𝑘 spheres in Aff (𝐴1), … , Af f (𝐴𝑘), respectively. Moreover, since each 𝐴𝑖
is a subset of a sphere and |𝐴𝑖| ⩾ 3, the points in 𝐴𝑖 are noncollinear, which implies that the
dimension of Aff (𝐴𝑖) is at least 2. □

We also need the following lemma concerning the geometric properties of a collection of
pairwise orthogonal spheres.

Lemma 16. Let 𝑑, 𝑘 ∈ ℕ with 𝑘 ⩾ 3. Let 𝐶1, … , 𝐶𝑘 ⊆ ℝ𝑑 be a collection of pairwise orthogonal
spheres. For each 𝑖 ∈ [𝑘] let 𝐴𝑖 ⊆ 𝐶𝑖 be such that Aff (𝐴𝑖) = Af f (𝐶𝑖).

(i) If every 𝑘-tuple in
∏
𝑖∈[𝑘] 𝐴𝑖 forms a regular (𝑘 − 1)-simplex, then every 𝑘-tuple in

∏
𝑖∈[𝑘] 𝐶𝑖

forms a regular (𝑘 − 1)-simplex.
(ii) If every 𝑘-tuple in

∏
𝑖∈[𝑘] 𝐶𝑖 forms a regular (𝑘 − 1)-simplex and

∑
𝑖∈[𝑘] dimAff (𝐶𝑖) = 𝑑, then

𝐶1, … , 𝐶𝑘 have the same center.

Proof of Lemma 16. Let 𝑐1, … , 𝑐𝑟 denote the centers of 𝐶1, … , 𝐶𝑟, respectively.
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 11 of 23

We first prove item (i). Fix any distinct 𝑖, 𝑗 ∈ [𝑘] and let (𝑥, 𝑦) ∈ 𝐶𝑖 × 𝐶𝑗 . Let (𝑎𝑖, 𝑎𝑗) ∈ 𝐴𝑖 ×
𝐴𝑗 . Since every 𝑘-tuple in

∏
𝓁∈[𝑘] 𝐴𝓁 forms a regular (𝑘 − 1)-simplex, it suffices to show that||𝑥 − 𝑦|| = ||𝑎𝑖 − 𝑎𝑗||. Note that every 𝑘-tuple in ∏

𝓁∈[𝑘] 𝐴𝓁 forming a regular (𝑘 − 1)-simplex
also implies that 𝐴𝑖 ↔ 𝐴𝑗 , from which it follows that the projection of Aff (𝐴𝑖) = Af f (𝐶𝑖) onto
Aff (𝐴𝑗) = Af f (𝐶𝑗) is the center of a sphere inAff (𝐴𝑗) containing𝐴𝑗 . Due toAff (𝐴𝑗) = Af f (𝐶𝑗),
this sphere is exactly 𝐶𝑗 . Hence, the projection of Aff (𝐶𝑖) onto Aff (𝐶𝑗) is the center 𝑐𝑗 of 𝐶𝑗 .
Similarly, the projection of Aff (𝐶𝑗) onto Aff (𝐶𝑖) is the center 𝑐𝑖 of 𝐶𝑖 . Then we have that

||𝑥 − 𝑦||2 = ||𝑥 − 𝑐𝑖||2 + ||𝑐𝑖 − 𝑐𝑗||2 + ||𝑦 − 𝑐𝑗||2 = ||𝑎𝑖 − 𝑐𝑖||2 + ||𝑐𝑖 − 𝑐𝑗||2 + ||𝑎𝑗 − 𝑐𝑗||2
= ||𝑎𝑖 − 𝑎𝑗||2,

which completes the proof of item (i).
For item (ii), since Aff (𝐶1), … , Af f (𝐶𝑘) are pairwise orthogonal and their dimensions sum to

𝑑, we can equip ℝ𝑑 with an orthonormal basis given by the union of 𝐵1, … , 𝐵𝑘, where each 𝐵𝑖 is
an orthonormal basis of the linear subspace Aff (𝐶𝑖) − 𝑐𝑖 and |𝐵𝑖| = dimAff (𝐶𝑖) ⩾ 1. Under this
basis of ℝ𝑑, we can assume that

Aff (𝐶𝑖) = 𝑐𝑖 + {0} ×⋯ × {0}
⏟⎴⎴⎴⏟⎴⎴⎴⏟∑
𝑗<𝑖 dimAff (𝐶𝑗)

×ℝdimAff (𝐶𝑖) × {0} ×⋯ × {0}
⏟⎴⎴⎴⏟⎴⎴⎴⏟∑
𝑗>𝑖 dimAff (𝐶𝑗)

for all 𝑖 ∈ [𝑘]. Fix any distinct 𝑖, 𝑗 ∈ [𝑘]. It suffices to show that 𝑐𝑖 = 𝑐𝑗 . Since every 𝑘-tuple in∏
𝓁∈[𝑘] 𝐶𝓁 forms a regular (𝑘 − 1)-simplex, the projections of 𝑐𝑖 and 𝑐𝑗 onto Aff (𝐶1) are both 𝑐1.

Consequently, the first dimAff (𝐶1) coordinates of 𝑐𝑖 and 𝑐𝑗must coincide. By the same reasoning,
the remaining coordinates of 𝑐𝑖 and 𝑐𝑗 must also coincide, and therefore 𝑐𝑖 = 𝑐𝑗 . □

4 THE ASYMPTOTICS OF 𝑺𝒌
𝒅
(𝒏)

In this section, we present a short proof of Theorem 2, which also serves as a warm-up for the
arguments in the next section. Our key observation is the following lemma.

Lemma 17. Let 𝑑 ⩾ 2𝑘 ⩾ 3 be integers and let 𝑟 = ⌊𝑑∕2⌋. Let 𝐺 be a 𝑘-uniform hypergraph, whose
vertices are points in ℝ𝑑 and whose hyperedges are the regular (𝑘 − 1)-simplices spanned by its
vertices. Then 𝐺 is𝐻(𝑘)

𝑟+1
(3)-free.

Proof of Lemma 17. Suppose that 𝐺 contains a copy of𝐻(𝑘)
𝑟+1
(3) and let

𝑈1,… ,𝑈𝑟+1,𝑊1, … ,𝑊(𝑟+12 )(𝑘−2)

be the blowups of the vertices, where 𝑈1,… ,𝑈𝑟+1 correspond to the vertices of the original 𝐾𝑟+1.
Then for any distinct 𝑖, 𝑗 ∈ [𝑟 + 1], there exist some𝑊𝓁1

, … ,𝑊𝓁𝑘−2
, such that every

(𝑢𝑖, 𝑢𝑗, 𝑤𝓁1
, … , 𝑤𝓁𝑘−2

) ∈ 𝑈𝑖 × 𝑈𝑗 ×𝑊𝓁1
×⋯ ×𝑊𝓁𝑘−2
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12 of 23 CLEMEN et al.

appears as a hyperedge in 𝐺, namely, (𝑢𝑖, 𝑢𝑗, 𝑤𝓁1
, … , 𝑤𝓁𝑘−2

) determines a regular (𝑘 − 1)-
simplex. Then by Lemma 15, in particular Aff (𝑈𝑖) and Aff (𝑈𝑗) are orthogonal affine spaces of
dimension at least 2. Applying the same argument to all distinct 𝑖, 𝑗 ∈ [𝑟 + 1], we obtain that
Aff (𝑈1), … , Af f (𝑈𝑟+1) are pairwise orthogonal and all have dimension at least 2. But then we
have

2(𝑟 + 1) ⩽
∑
𝑖∈[𝑟+1]

dimAff (𝑈𝑖) ⩽ dimℝ
𝑑 = 𝑑 < 2(𝑟 + 1), (5)

a contradiction. □

Proof of Theorem 2. Let 𝑟 = ⌊𝑑∕2⌋ ⩾ 𝑘 ⩾ 6 be fixed integers and 𝑋 ⊆ ℝ𝑑 be a set of 𝑛 points that
spans 𝑆𝑘

𝑑
(𝑛) regular (𝑘 − 1)-simplices. We define a 𝑘-uniform hypergraph 𝐺, whose vertex set is

𝑋 and whose hyperedges correspond to regular (𝑘 − 1)-simplices spanned by 𝑋.
By Lemma 17 we know that 𝐺 is𝐻(𝑘)

𝑟+1
(3)-free. Then by (3) we have that

𝑆𝑘
𝑑
(𝑛) = 𝑒(𝐺) ⩽

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ 𝑜(𝑛𝑘).

The lower bound on 𝑆𝑘
𝑑
(𝑛) follows from the construction described in Section 2, where we take

𝑟 pairwise orthogonal unit circles centered at the origin and place 𝑛 points on them as evenly as
possible. This completes the proof. □

5 THE STABILITY PROPERTY OF AN ALMOST-EXTREMAL POINT
SET

In this section we prove our stability result.

Proof of Theorem 7. Let 𝑟 ⩾ 𝑘 ⩾ 3 be fixed integers and let 𝑋 ⊆ ℝ2𝑟 be a set of 𝑛 points that spans
at least 𝑆𝑘

2𝑟
(𝑛) − 𝑜(𝑛𝑘) regular (𝑘 − 1)-simplices. Since 𝑆𝑘

2𝑟
(𝑛) =

(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 + 𝑜(𝑛𝑘) by Theorem 2,

𝑋 spans at least
(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 − 𝑜(𝑛𝑘) regular (𝑘 − 1)-simplices. Let 𝐺 be a 𝑘-uniform hypergraph on

the vertex set 𝑋, where 𝐸(𝐺) consists of all regular (𝑘 − 1)-simplices spanned by 𝑋.
By Lemma 17, 𝐺 is𝐻(𝑘)

𝑟+1
(3)-free. Moreover, by (3) we have that

𝑒(𝐺) ⩾

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
− 𝑜(𝑛𝑘) ⩾ ex(𝑛,𝐻

(𝑘)
𝑟+1
(3)) − 𝑜(𝑛𝑘).

It then follows from Lemma 10 that 𝐺 contains an 𝑟-partite subhypergraph𝑀 with vertex classes
𝑉1∪̇… ∪̇𝑉𝑟 and

(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 − 𝑜(𝑛𝑘) hyperedges. Note that by Lemma 13 we have |𝑉𝑖| = 𝑛∕𝑟 − 𝑜(𝑛)

for all 𝑖 ∈ [𝑟].
We shall prove two claims that establish the structure of 𝑋 described in Theorem 7.

Claim 18. For each 𝑖 ∈ [𝑟] the following holds.

(i) There exists 𝐴𝑖 ⊆ 𝑉𝑖 with |𝐴𝑖| = 𝑛∕𝑟 − 𝑜(𝑛), such that dimAff (𝐴𝑖) = 2.
(ii) There is a circle 𝐶𝑖 such that 𝐴𝑖 ⊆ 𝐶𝑖 ⊆ Af f (𝐴𝑖).
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 13 of 23

Proof of Claim 18. It suffices to prove the statement for the case 𝑖 = 𝑟, as the remaining cases
followby the same argument. Fix a sufficiently small constant 𝜀 > 0. For any distinct𝓁1, … ,𝓁𝑘−1 ∈
[𝑟 − 1], a (𝑘 − 1)-tuple (𝑣𝓁1 , … , 𝑣𝓁𝑘−1) ∈

∏
𝑖∈[𝑘−1] 𝑉𝓁𝑖

is called “good” if there are at least |𝑉𝑟| − 𝜀𝑛
vertices 𝑣𝑟 ∈ 𝑉𝑟 such that 𝑣𝓁1 … 𝑣𝓁𝑘−1𝑣𝑟 is a hyperedge in𝑀, otherwise it is “bad”. The total number
of bad tuples is at most 𝜀𝑛𝑘−1, because otherwise

𝑒(𝑀) ⩽

⎛⎜⎜⎜⎝
∑

∈([𝑟]𝑘 )

∏
𝑖∈

|𝑉𝑖|⎞⎟⎟⎟⎠ − 𝜀𝑛
𝑘−1 ⋅ 𝜀𝑛 ⩽

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
− 𝜀2𝑛𝑘 + 𝑜(𝑛𝑘),

a contradiction. So if we take a (𝑘 − 1)-tuple (𝑣𝓁1 , … , 𝑣𝓁𝑘−1) ∈
∏
𝑖∈[𝑘−1] 𝑉𝓁𝑖

uniformly at random,
the probability that (𝑣𝓁1 , … , 𝑣𝓁𝑘−1) is bad is at most

ℙbad ⩽
𝜀𝑛𝑘−1∏

𝑖∈[𝑘−1] |𝑉𝓁𝑖
| ⩽ 𝑟𝑘−1𝜀 + 𝑜(1).

Now for each 𝑖 ∈ [𝑟 − 1] we take a subset 𝑉′
𝑖
⊆ 𝑉𝑖 of size 3 uniformly at random. Then by the

union bound

ℙ

(
∀ ∈

(
[𝑟 − 1]

𝑘 − 1

)
∶ all the (𝑘 − 1)-tuples in

∏
𝑖∈ 𝑉

′
𝑖
are good

)
⩾ 1 −

(
𝑟 − 1

𝑘 − 1

)
3𝑘−1ℙbad > 0,

provided that 𝜀 is sufficiently small. Accordingly, there exists𝑉′
𝑖
⊆ 𝑉𝑖 of size 3 for each 𝑖 ∈ [𝑟 − 1],

such that all (𝑘 − 1)-tuples among them are good. Let 𝐴𝑟 ⊆ 𝑉𝑟 be the common neighborhood of
the (𝑘 − 1)-tuples in

⋃
∈([𝑟−1]𝑘−1 )

∏
𝑖∈ 𝑉

′
𝑖
. Then

|𝐴𝑟| ⩾ |𝑉𝑟| −(
𝑟 − 1

𝑘 − 1

)
3𝑘−1𝜀𝑛 ⩾

𝑛

𝑟
− (3𝑟)𝑘−1𝜀𝑛 − 𝑜(𝑛).

In particular, for any  ∈
([𝑟−1]
𝑘−1

)
, it holds that every 𝑘-tuple in

(∏
𝑖∈ 𝑉

′
𝑖

)
× 𝐴𝑟 appears

as a hyperedge in 𝑀, that is, a regular (𝑘 − 1)-simplex. By Lemma 15 we have that
Aff (𝑉′

1
), … , Af f (𝑉′

𝑟−1
), Af f (𝐴𝑟) are pairwise orthogonal affine spaces of dimension at least 2.

Since

2𝑟 ⩽ dimAff (𝑉′1) +⋯ + dimAff (𝑉′𝑟−1) + dimAff (𝐴𝑟) ⩽ dimℝ
2𝑟 = 2𝑟,

it further holds that dimAff (𝑉′
1
) =⋯ = dimAff (𝑉′

𝑟−1
) = dimAff (𝐴𝑟) = 2. Moreover, by

Lemma 15 the points of 𝐴𝑟 all lie on some circle 𝐶𝑟 ⊆ Aff (𝐴𝑟).
We complete the proof by noting that 𝜀 can be chosen arbitrarily small. □

Let 𝐴1,… ,𝐴𝑟 and 𝐶1, … , 𝐶𝑟 be given by Claim 18.

Claim 19. We have that

(i) 𝐶1, … , 𝐶𝑟 are pairwise orthogonal circles;
(ii) 𝐶1, … , 𝐶𝑟 have the same center and the same radius.
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14 of 23 CLEMEN et al.

Proof of Claim 19. To prove item (i), it suffices to show that the affine planes Aff (𝐶1) = Af f (𝐴1)
and Aff (𝐶2) = Af f (𝐴2) are orthogonal, as then by symmetry we have that Aff (𝐶1), … , Af f (𝐶𝑟)
are pairwise orthogonal. Since 𝐴𝑖 ⊆ 𝑉𝑖 with |𝐴𝑖| = 𝑛∕𝑟 − 𝑜(𝑛) for all 𝑖 ∈ [𝑟], we have that

𝑒(𝑀[𝐴1, … ,𝐴𝑟]) = 𝑒(𝑀) − 𝑜(𝑛
𝑘) =

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
− 𝑜(𝑛𝑘),

where 𝑀[𝐴1,… ,𝐴𝑟] denotes the induced subhypergraph of 𝑀 on 𝐴1∪̇… ∪̇𝐴𝑟. In particular, the
number of hyperedgeswith one endpoint in each𝐴𝑖 for 𝑖 ∈ [𝑘] is at least (𝑛∕𝑟)𝑘 − 𝑜(𝑛𝑘). Let𝐾

(𝑘)
3,…,3

denote a complete 𝑘-partite 𝑘-uniform hypergraph with each part of size 3. A classical result of
Erdős [10] shows that

ex(𝑛, 𝐾
(𝑘)

3, … , 3
⏟⏟⏟

𝑘

) = 𝑜(𝑛𝑘),

which implies that there exists 𝐴′
𝑖
⊆ 𝐴𝑖 of size 3 for each 𝑖 ∈ [𝑘], such that every 𝑘-tuple in∏

𝑖∈[𝑘] 𝐴
′
𝑖
forms a hyperedge, that is, a regular (𝑘 − 1)-simplex. Then by Lemma 15, Aff (𝐴′

1
) and

Aff (𝐴′
2
) are orthogonal affine spaces of dimension at least 2. Since dimAff (𝐴1) = dimAff (𝐴2) =

2, we have that Aff (𝐴′
1
) = Af f (𝐴1) and Aff (𝐴′2) = Af f (𝐴2). Thus Aff (𝐴1) and Aff (𝐴2) are

orthogonal. This proves item (i).
We now prove item (ii).
First, we show that every 𝑟-tuple in

∏
𝑖∈[𝑟] 𝐶𝑖 forms a regular (𝑟 − 1)-simplex. In fact, it suffices

to prove that for any  ∈
([𝑟]
𝑘

)
, every 𝑘-tuple in

∏
𝑖∈ 𝐶𝑖 forms a regular (𝑘 − 1)-simplex. Here we

only consider the case  = [𝑘], as the remaining cases follow by symmetry. In the above proof
of item (i) we already showed that there exists 𝐴′

𝑖
⊆ 𝐴𝑖 ⊆ 𝐶𝑖 with Aff (𝐴′𝑖 ) = Af f (𝐴𝑖) = Af f (𝐶𝑖)

for each 𝑖 ∈ [𝑘], such that every 𝑘-tuple in
∏
𝑖∈[𝑘] 𝐴

′
𝑖
forms a regular (𝑘 − 1)-simplex. Then by

Lemma 16 (i) we can conclude that every 𝑘-tuple in
∏
𝑖∈[𝑘] 𝐶𝑖 forms a regular (𝑘 − 1)-simplex.

Next, we show that 𝐶1, … , 𝐶𝑟 have the same center. From item (i) we know that 𝐶1, … , 𝐶𝑟 are
pairwise orthogonal circles with

∑
𝑖∈[𝑟] dimAff (𝐶𝑖) = 2𝑟. Since every 𝑟-tuple in

∏
𝑖∈[𝑟] 𝐶𝑖 forms a

regular (𝑟 − 1)-simplex, by Lemma 16 (ii), 𝐶1, … , 𝐶𝑟 have the same center.
Finally, we prove that 𝐶1, … , 𝐶𝑟 have the same radius. For any distinct 𝑖, 𝑗,𝓁 ∈ [𝑟], let 𝛾𝑖, 𝛾𝑗, 𝛾𝓁

denote the radii of 𝐶𝑖, 𝐶𝑗, 𝐶𝓁 , respectively. Since 𝐶𝑖, 𝐶𝑗, 𝐶𝓁 are pairwise orthogonal with the same
center and every 𝑟-tuple in

∏
𝑖∈[𝑟] 𝐶𝑖 forms a regular (𝑟 − 1)-simplex, we have that 𝛾2𝑖 + 𝛾

2
𝓁 = 𝛾

2
𝑗
+

𝛾2𝓁 , yielding that 𝛾𝑖 = 𝛾𝑗 . This completes the proof of item (ii). □

Let𝐴0 ⊆ 𝑋 be the set of points that are not in
⋃
𝑖∈[𝑟] 𝐴𝑖 . In summary, we have shown that there

exists a partition𝑋 = 𝐴0∪̇𝐴1∪̇… ∪̇𝐴𝑟 with |𝐴0| = 𝑜(𝑛) and |𝐴𝑖| = 𝑛∕𝑟 − 𝑜(𝑛) for every 𝑖 ∈ [𝑟] (see
Claim 18 (i)), and pairwise orthogonal circles 𝐶1, … , 𝐶𝑟 ⊆ ℝ𝑑 (see Claim 19 (i)), such that 𝐴𝑖 ⊆ 𝐶𝑖
for all 𝑖 ∈ [𝑟] (see Claim 18 (ii)) and 𝐶1, … , 𝐶𝑟 have the same center and the same radius (see
Claim 19 (ii)). This completes the proof of Theorem 7. □

6 THE NUMBER OF REGULAR (𝒌 − 𝟏)-SIMPLICES IN EVEN
DIMENSIONS

In this section, we prove Theorems 3 and 5 and derive Corollary 6 from them. We shall prove
Theorem 5 first. The proof of Theorem 3 then follows with an additional optimization step.
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 15 of 23

6.1 The general case

Proof of Theorem 5. Let 𝑟 ⩾ 𝑘 ⩾ 3 be fixed integers. Let 𝑋 ⊆ ℝ2𝑟 be a set of 𝑛 points that attains
𝑆𝑘
2𝑟
(𝑛), where 𝑛 is sufficiently large. In order to establish Theorem 5,we shall first apply Theorem 7

to get a coarse structure of 𝑋, and then further examine this structure using the extremality of 𝑋.
By Theorem 7 we have a partition 𝑋 = 𝐴0∪̇𝐴1∪̇… ∪̇𝐴𝑟 with |𝐴0| = 𝑜(𝑛) and |𝐴𝑖| = 𝑛∕𝑟 − 𝑜(𝑛)

for every 𝑖 ∈ [𝑟], and pairwise orthogonal circles 𝐶1, … , 𝐶𝑟 ⊆ ℝ2𝑟 with𝐴𝑖 ⊆ 𝐶𝑖 for all 𝑖 ∈ [𝑟], such
that 𝐶1, … , 𝐶𝑟 have the same center and the same radius 𝛾 > 0. In particular, we can assume that
𝐴0 = 𝑋 ⧵ (

⋃
𝑖∈[𝑟] 𝐶𝑖).

Since Aff (𝐶1), … , Af f (𝐶𝑟) are pairwise orthogonal and intersect at the common center of
𝐶1, … , 𝐶𝑟, we can further assume, without loss of generality, that the common center is the origin
and

Aff (𝐶𝑖) = {0} ×⋯ × {0}
⏟⎴⎴⎴⏟⎴⎴⎴⏟

2(𝑖−1)

×ℝ2 × {0} ×⋯ × {0}
⏟⎴⎴⎴⏟⎴⎴⎴⏟

2𝑟−2𝑖

for all 𝑖 ∈ [𝑟].

Claim 20. We have 𝑋 ⊆
⋃
𝑖∈[𝑟] 𝐶𝑖 , that is, 𝐴0 = ∅.

Proof of Claim 20. Suppose there exists 𝑣 ∈ 𝐴0 = 𝑋 ⧵
⋃
𝑖∈[𝑟] 𝐶𝑖 . Let (𝑣) ⊆ [𝑟] be the set of indices

𝑖 ∈ [𝑟], such that the projection of 𝑣 onto Aff (𝐶𝑖) is the center of 𝐶𝑖 , that is, the origin. Observe
that the distance between 𝑣 and any point in

⋃
𝑖∈(𝑣) 𝐶𝑖 is

√||𝑣||2 + 𝛾2.
Let 𝑁1, 𝑁2, and 𝑁3 denote the number of regular (𝑘 − 1)-simplices spanned by 𝑋 that

∙ contain 𝑣 and at least another point from 𝐴0,
∙ are formed by 𝑣 and at least two points on 𝐶𝑖 for some 𝑖 ∈ [𝑟],
∙ are formed by 𝑣 and 𝑘 − 1 points from pairwise distinct circles,

respectively. The number of regular (𝑘 − 1)-simplices containing 𝑣 is then at most𝑁1 + 𝑁2 + 𝑁3.
Since |𝐴0| = 𝑜(𝑛), we have 𝑁1 = 𝑜(𝑛𝑘−1).
For each 𝑖 ∈ [𝑟], observe that the number of pairs of points in 𝑋 ∩ 𝐶𝑖 that can form a regular

(𝑘 − 1)-simplex with 𝑣 is at most |𝑋 ∩ 𝐶𝑖| ⩽ 𝑛. Indeed, for any point 𝑥 ∈ 𝐶𝑖 there are at most two
other points in 𝐶𝑖 at distance ||𝑣 − 𝑥|| from 𝑥. Consequently, each point in 𝑋 ∩ 𝐶𝑖 is contained in
at most two such pairs, and hence the total number of such pairs is at most |𝑋 ∩ 𝐶𝑖| ⩽ 𝑛. It follows
that 𝑁2 = 𝑂(𝑛𝑘−2).
To bound 𝑁3, first note that the distance between any two points on different circles is

√
2𝛾2.

Hence, 𝑁3 is upper bounded by the number of (𝑘 − 1)-tuples (𝑥1, … , 𝑥𝑘−1) ∈ 𝐶𝓁1 ×⋯ × 𝐶𝓁𝑘−1
with ||𝑣 − 𝑥1|| = ⋯ = ||𝑣 − 𝑥𝑘−1|| =√

2𝛾2, over all distinct 𝓁1, … ,𝓁𝑘−1 ∈ [𝑟].
If ||𝑣|| ≠ 𝛾, then the following holds. For any 𝑖 ∈ [𝑟], either 𝑖 ∈ (𝑣), which means that all

points on 𝐶𝑖 have distance
√||𝑣||2 + 𝛾2 ≠ √

2𝛾2 to 𝑣, or 𝑖 ∉ (𝑣), implying that there are at most
2 points on 𝐶𝑖 at distance

√
2𝛾2 to 𝑣. So in this case we have 𝑁3 = 𝑂(1).

If |(𝑣)| ⩽ 𝑟 − 2, since for each 𝑗 ∈ [𝑟] ⧵ (𝑣) there are at most 2 points in 𝐶𝑗 with distance√
2𝛾2 from 𝑣, we have

𝑁3 ⩽

⎛⎜⎜⎜⎝
∑

∈((𝑣)𝑘−1)

∏
𝑗∈

|𝑋 ∩ 𝐶𝑗|⎞⎟⎟⎟⎠ + 𝑂(𝑛
𝑘−2) ⩽

(
𝑟 − 2

𝑘 − 1

)(
𝑛

𝑟

)𝑘−1
+ 𝑜(𝑛𝑘−1).

 14692120, 2026, 8, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70452 by K

arlsruher Institut Fur T
echnologie, W

iley O
nline L

ibrary on [11/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



16 of 23 CLEMEN et al.

If ||𝑣|| = 𝛾 > 0 and |(𝑣)| ⩾ 𝑟 − 1, then 𝑣 is not the origin and thus |(𝑣)| = 𝑟 − 1. Let 𝑗 ∈ [𝑟] be
such that (𝑣) = [𝑟] ⧵ {𝑗}. Then 𝑣 ∈ Aff (𝐶𝑗) and ||𝑣|| = 𝛾, implying that 𝑣 ∈ 𝐶𝑗 , a contradiction.
Therefore, 𝑣 is contained in at most

𝑁1 + 𝑁2 + 𝑁3 ⩽

(
𝑟 − 2

𝑘 − 1

)(
𝑛

𝑟

)𝑘−1
+ 𝑜(𝑛𝑘−1)

regular (𝑘 − 1)-simplices. Now we take an arbitrary point 𝑣′ ∈ 𝐶𝑟 ⧵ 𝑋. Since 𝑣′ is contained in at
least ∑

∈([𝑟−1]𝑘−1 )

∏
𝑗∈

|𝑋 ∩ 𝐶𝑗| = (
𝑟 − 1

𝑘 − 1

)(
𝑛

𝑟

)𝑘−1
− 𝑜(𝑛𝑘−1) > 𝑁1 + 𝑁2 + 𝑁3

regular (𝑘 − 1)-simplices, 𝑋 ∪ {𝑣′} ⧵ {𝑣} spans more regular (𝑘 − 1)-simplices than 𝑋, contradict-
ing the extremality of 𝑋. □

We finalize the proof by bounding the number of regular (𝑘 − 1)-simplices in𝑋. There are three
types of simplices:

(1) regular (𝑘 − 1)-simplices Δ1 with |Δ1 ∩ 𝐶𝑖| ⩽ 1 for all 𝑖 ∈ [𝑟];
(2) regular (𝑘 − 1)-simplices Δ2 with |Δ2 ∩ 𝐶𝑖| = 2 for some 𝑖 ∈ [𝑟] and |Δ2 ∩ 𝐶𝑖| ⩽ 2 for others;
(3) regular (𝑘 − 1)-simplices Δ3 containing at least three vertices on the same circle.

Note that Δ1 and Δ2 both have side length
√
2𝛾2, while Δ3, if exists, has side length

√
3𝛾2.

Recall that for 𝑘 ⩾ 3

𝑓𝑘(𝑛1, … , 𝑛𝑟) ∶=

⎛⎜⎜⎜⎝
∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ +
⎛⎜⎜⎜⎝

∑
1⩽𝓁⩽⌊𝑘∕2⌋

∑
∈([𝑟]𝓁 )

(∏
𝑗∈

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

+ 𝟙𝑘=3

(∑
𝑖∈[𝑟]

𝑛𝑖 − 𝑝𝑖
3

+ 𝟙𝑝𝑖>8(𝑝𝑖 − 8)

)
,

where 𝑝𝑖 is the remainder of 𝑛𝑖 divided by 12 for each 𝑖 ∈ [𝑟].

Claim 21. 𝑋 spans at mostmax𝑛1+⋯+𝑛𝑟=𝑛 𝑓𝑘(𝑛1, … , 𝑛𝑟) regular (𝑘 − 1)-simplices.

Proof of Claim 21. For every 𝑖 ∈ [𝑟], we let 𝑛𝑖 = |𝑋 ∩ 𝐶𝑖| and 𝑝𝑖 be the remainder of 𝑛𝑖 divided by
12. Note that

∑
𝑖∈[𝑟] 𝑛𝑖 = 𝑛 and 𝑛𝑖 = 𝑛∕𝑟 − 𝑜(𝑛) for all 𝑖 ∈ [𝑟]. The number of Δ1 is∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖.

We shall upper bound the number of Δ2 and Δ3 together as follows. Observe that the third-type
simplex Δ3 exists only when 𝑘 = 3. Indeed, when 𝑘 ⩾ 4, since a circle does not contain a regular
(𝑘 − 1)-simplex, there must be another point on a different circle, implying that

√
2𝛾2 and

√
3𝛾2

both appear as distances between vertices of Δ3, a contradiction. For each 𝑖 ∈ [𝑟], we let 𝑠𝑖 be the
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 17 of 23

number of pairs of points on 𝐶𝑖 at distance
√
2𝛾2 apart and let 𝑡𝑖 be the number of equilateral

triangles spanned by points on 𝐶𝑖 . Then for 1 ⩽ 𝓁 ⩽ ⌊𝑘∕2⌋, the number of Δ2 containing exactly
𝓁 pairs of points, each pair on a different circle, is

∑
∈([𝑟]𝓁 )

(∏
𝑗∈

𝑠𝑗

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠.
The number of Δ3, which only exists if 𝑘 = 3, is 𝟙𝑘=3

∑
𝑖∈[𝑟] 𝑡𝑖 . Hence, the number of Δ2 and Δ3

together is

⎛⎜⎜⎜⎝
∑

1⩽𝓁⩽⌊𝑘∕2⌋
∑

∈([𝑟]𝓁 )

(∏
𝑗∈

𝑠𝑗

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠ + 𝟙𝑘=3

(∑
𝑖∈[𝑟]

𝑡𝑖

)
.

Note that increasing 𝑠𝑖 by 1 increases the total number ofΔ2 andΔ3 byΩ(𝑛𝑘−2), while increasing
𝑡𝑖 by 1 only increases the total number of Δ2 and Δ3 by at most 1. In order to maximize the total
number of Δ2 and Δ3, on each circle 𝐶𝑖 the priority is to maximize 𝑠𝑖 , followed by 𝑡𝑖 . Observe that
𝑠𝑖 ⩽ 𝑛𝑖 and the equality can be attained only if 𝑛𝑖 ∈ 4ℤ. Accordingly, the optimal configuration
of 𝑛𝑖 points on 𝐶𝑖 is as described in Section 2.2, where 𝑠𝑖 = 𝑛𝑖 − 𝟙𝑛𝑖∉4ℤ is maximized and 𝑡𝑖 =
(𝑛𝑖 − 𝑝𝑖)∕3 + 𝟙𝑝𝑖>8(𝑝𝑖 − 8). Therefore, the number of Δ2 and Δ3 together is at most

⎛⎜⎜⎜⎝
∑

1⩽𝓁⩽⌊𝑘∕2⌋
∑

∈([𝑟]𝓁 )

(∏
𝑗∈

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠ + 𝟙𝑘=3

(∑
𝑖∈[𝑟]

𝑛𝑖 − 𝑝𝑖
3

+ 𝟙𝑝𝑖>8(𝑝𝑖 − 8)

)
.

Adding up the contributions from different types, we obtain that there are at most

⎛⎜⎜⎜⎝
∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ +
⎛⎜⎜⎜⎝

∑
1⩽𝓁⩽⌊𝑘∕2⌋

∑
∈([𝑟]𝓁 )

(∏
𝑗∈

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)

)⎛⎜⎜⎜⎝
∑

∈([𝑟]⧵𝑘−2𝓁)

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

+ 𝟙𝑘=3

(∑
𝑖∈[𝑟]

𝑛𝑖 − 𝑝𝑖
3

+ 𝟙𝑝𝑖>8(𝑝𝑖 − 8)

)
⩽ max
𝑛1+⋯+𝑛𝑟=𝑛

𝑓𝑘(𝑛1, … , 𝑛𝑟).

regular (𝑘 − 1)-simplices in 𝑋. □

Due to the extremality of 𝑋, Claim 21 gives an upper bound on 𝑆𝑘
2𝑟
(𝑛) when 𝑛 is sufficiently

large. Since the upper bound matches the lower bound (1), we have that

𝑆𝑘2𝑟(𝑛) = max
𝑛1+⋯+𝑛𝑟=𝑛

𝑓𝑘(𝑛1, … , 𝑛𝑟) for fixed 𝑟 ⩾ 𝑘 ⩾ 3 and sufficiently large 𝑛. (6)

The proof of Theorem 5 is completed by taking 𝑘 ⩾ 4. □
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18 of 23 CLEMEN et al.

6.2 The special case: Equilateral triangles

In this subsection we prove Theorem 3.

Proof of Theorem 3. As shown in the proof of Theorem 5, see (6), for sufficiently large 𝑛 we have
𝑇2𝑟(𝑛) = 𝑆

3
2𝑟
(𝑛) = max𝑛1+⋯+𝑛𝑟=𝑛 𝑓3(𝑛1, … , 𝑛𝑟), where

𝑓3(𝑛1, … , 𝑛𝑟) =

( ∑
1⩽𝑖<𝑗<𝑘⩽𝑟

𝑛𝑖𝑛𝑗𝑛𝑘

)
+

(∑
𝑖∈[𝑟]

(𝑛𝑖 − 𝟙𝑛𝑖∉4ℤ)(𝑛 − 𝑛𝑖) +
𝑛𝑖 − 𝑝𝑖
3

+ 𝟙𝑝𝑖>8(𝑝𝑖 − 8)

)

and 𝑝𝑖 denotes the remainder of 𝑛𝑖 divided by 12. Thus, to prove Theorem 3, it suffices to find the
maximizer of 𝑓3(𝑛1, … , 𝑛𝑟) among all (𝑛1, … , 𝑛𝑟) with

∑𝑟
𝑖=1 𝑛𝑖 = 𝑛.

Let (𝑛1, … , 𝑛𝑟) be a maximizer of 𝑓3(𝑛1, … , 𝑛𝑟) among all (𝑛1, … , 𝑛𝑟) with
∑𝑟
𝑖=1 𝑛𝑖 = 𝑛.

Since 𝑆3
2𝑟
(𝑛) =

(𝑟
3

)
(𝑛∕𝑟)3 + 𝑜(𝑛3) by Theorem 2, we have that |𝑛𝑖 − 𝑛∕𝑟| = 𝑜(𝑛) for all 𝑖 ∈

[𝑟]. Otherwise by Lemma 13, the first term of 𝑓3(𝑛1, … , 𝑛𝑟) would be at most
(𝑟
3

)
(𝑛∕𝑟)3 −

𝜀𝑛3 for some constant 𝜀 > 0, yielding that 𝑓3(𝑛1, … , 𝑛𝑟) ⩽
(𝑟
3

)
(𝑛∕𝑟)3 − 𝜀𝑛3 + 𝑂(𝑛2) < 𝑆3

2𝑟
(𝑛), a

contradiction.

Claim 22. For any distinct 𝑖, 𝑗 ∈ [𝑟], |𝑛𝑖 − 𝑛𝑗| ⩽ 2.
Proof of Claim 22. Suppose for contradiction that 𝑛1 − 𝑛2 ⩾ 3. Let 𝑛′1 = 𝑛1 − 2 and 𝑛

′
2
= 𝑛2 + 2.

Then we have

𝑓3(𝑛
′
1, 𝑛

′
2, 𝑛3, … , 𝑛𝑟) − 𝑓3(𝑛1, 𝑛2, 𝑛3, … , 𝑛𝑟)

⩾

(
𝑟∑
𝑘=3

(𝑛′1𝑛
′
2 − 𝑛1𝑛2)𝑛𝑘

)
+
(
(𝑛′1 − 1)(𝑛 − 𝑛

′
1) − 𝑛1(𝑛 − 𝑛1)

)
+
(
(𝑛′2 − 1)(𝑛 − 𝑛

′
2) − 𝑛2(𝑛 − 𝑛2)

)
− 30

= (2𝑛1 − 2𝑛2 − 4)(𝑛 − 𝑛1 − 𝑛2) + (−3𝑛 + 5𝑛1 − 6) + (𝑛 − 3𝑛2 − 2) − 30

= (2𝑛 − 2𝑛1 + 9)𝑛1 − (2𝑛 − 2𝑛2 − 1)𝑛2 − 6𝑛 − 38.

Since 𝑛2 ⩽ 𝑛1 − 3 ⩽ 𝑛∕2 − 1 and (2𝑛 − 2𝑛2 − 1)𝑛2 is increasing in 𝑛2 for 𝑛2 ⩽ 𝑛∕2 − 1, it holds
that (2𝑛 − 2𝑛2 − 1)𝑛2 ⩽ (2𝑛 − 2𝑛1 − 7)(𝑛1 − 3) and thus

𝑓3(𝑛
′
1, 𝑛

′
2, 𝑛3, … , 𝑛𝑟) − 𝑓3(𝑛1, 𝑛2, 𝑛3, … , 𝑛𝑟) ⩾ 10𝑛1 − 59 > 0,

contradicting the maximality of 𝑓3(𝑛1, … , 𝑛𝑟). □

Claim 23. For any distinct 𝑖, 𝑗 ∈ [𝑟], if |𝑛𝑖 − 𝑛𝑗| = 2, then 𝑛𝑖, 𝑛𝑗 ∈ 2ℤ.
Proof of Claim 23. Suppose that 𝑛1 = 𝑛2 + 2 and 𝑛1, 𝑛2 ∉ 2ℤ. Let 𝑛′1 = 𝑛1 − 1 and 𝑛

′
2
= 𝑛2 + 1.

Since 𝑛1, 𝑛2 ∉ 4ℤ, we have
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 19 of 23

𝑓3(𝑛
′
1, 𝑛

′
2, 𝑛3, … , 𝑛𝑟) − 𝑓3(𝑛1, 𝑛2, 𝑛3, … , 𝑛𝑟)

⩾

(
𝑟∑
𝑘=3

(𝑛′1𝑛
′
2 − 𝑛1𝑛2)𝑛𝑘

)
+
(
(𝑛′1 − 1)(𝑛 − 𝑛

′
1) − (𝑛1 − 1)(𝑛 − 𝑛1)

)
+
(
(𝑛′2 − 1)(𝑛 − 𝑛

′
2) − (𝑛2 − 1)(𝑛 − 𝑛2)

)
− 30

= (𝑛 − 𝑛1 − 𝑛2) + (−𝑛 + 2𝑛1 − 2) + (𝑛 − 2𝑛2) − 30 = 𝑛 − 2𝑛2 − 30 > 0,

a contradiction. □

Claim 24. There exists at most one 𝑖 ∈ [𝑟], such that 𝑛𝑖 is odd.

Proof of Claim 24. Suppose that 𝑛1 and 𝑛2 are both odd. Then by Claims 22 and 23 we have that
𝑛1 = 𝑛2. Let 𝑛′1 = 𝑛1 − 1 and 𝑛

′
2
= 𝑛2 + 1. If 𝑛1 = 𝑛2 ≡ 1 (mod 4), then we have 𝑛′1 ≡ 0 (mod 4)

and thus

𝑓3(𝑛
′
1, 𝑛

′
2, 𝑛3, … , 𝑛𝑟) − 𝑓3(𝑛1, 𝑛2, 𝑛3, … , 𝑛𝑟)

⩾

(
𝑟∑
𝑘=3

(𝑛′1𝑛
′
2 − 𝑛1𝑛2)𝑛𝑘

)
+
(
𝑛′1(𝑛 − 𝑛

′
1) − (𝑛1 − 1)(𝑛 − 𝑛1)

)
+
(
(𝑛′2 − 1)(𝑛 − 𝑛

′
2) − (𝑛2 − 1)(𝑛 − 𝑛2)

)
− 30

= −(𝑛 − 𝑛1 − 𝑛2) + (𝑛1 − 1) + (𝑛 − 2𝑛2) − 30 = 2𝑛1 − 𝑛2 − 31 > 0,

a contradiction. If 𝑛1 = 𝑛2 ≡ 3 (mod 4), then we have 𝑛′2 ∈ 4ℤ and thus

𝑓3(𝑛
′
1, 𝑛

′
2, 𝑛3, … , 𝑛𝑟) − 𝑓3(𝑛1, 𝑛2, 𝑛3, … , 𝑛𝑟)

⩾

(
𝑟∑
𝑘=3

(𝑛′1𝑛
′
2 − 𝑛1𝑛2)𝑛𝑘

)
+
(
(𝑛′1 − 1)(𝑛 − 𝑛

′
1) − (𝑛1 − 1)(𝑛 − 𝑛1)

)
+
(
𝑛′2(𝑛 − 𝑛

′
2) − (𝑛2 − 1)(𝑛 − 𝑛2)

)
− 30

= −(𝑛 − 𝑛1 − 𝑛2) + (−𝑛 + 2𝑛1 − 2) + (2𝑛 − 3𝑛2 − 1) − 30 = 3𝑛1 − 2𝑛2 − 33 > 0,

a contradiction. □

Combining Claims 22, 23, and 24, we know that

∙ if 𝑛 is even, then 𝑛1, … , 𝑛𝑟 are all even and |𝑛𝑖 − 𝑛𝑗| ⩽ 2 for all 𝑖, 𝑗 ∈ [𝑛];
∙ if 𝑛 is odd, then there is exactly one odd 𝑛𝑖 and |𝑛𝑖 − 𝑛𝑗| = 1 for all 𝑗 ∈ [𝑟] ⧵ {𝑖}.
Such a partition of 𝑛 is unique up to the ordering of 𝑛1, … , 𝑛𝑟, thus, (𝑛1, … , 𝑛𝑟) is exactly the one
given in Theorem 3, up to a reordering. □
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20 of 23 CLEMEN et al.

6.3 The lower-order term in 𝑺𝒌
𝟐𝒓
(𝒏)

In this subsection we prove Corollary 6, which determines the magnitude of the lower-order term
in the asymptotic expression of 𝑆𝑘

2𝑟
(𝑛). Recall that for any fixed integers 𝑟 ⩾ 𝑘 ⩾ 3, Corollary 6

asserts that

𝑆𝑘2𝑟(𝑛) =

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ Θ(𝑛𝑘−1).

Proof of Corollary 6. We have shown in (6) that

𝑆𝑘2𝑟(𝑛) = max
𝑛1+⋯+𝑛𝑟=𝑛

𝑓𝑘(𝑛1, … , 𝑛𝑟) for fixed 𝑟 ⩾ 𝑘 ⩾ 3 and sufficiently large 𝑛,

where

𝑓𝑘(𝑛1, … , 𝑛𝑟) =

⎛⎜⎜⎜⎝
∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ +
⎛⎜⎜⎜⎝
∑
𝑗∈[𝑟]

∑
∈([𝑟]⧵{𝑗}𝑘−2 )

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)
∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ + 𝑂(𝑛
𝑘−2).

Ignoring the last term above, which has a negligible effect for sufficiently large 𝑛, it suffices to
show that for fixed integers 𝑟 ⩾ 𝑘 ⩾ 3

max
𝑛1+⋯+𝑛𝑟=𝑛

⎛⎜⎜⎜⎝
∑

∈([𝑟]𝑘 )

∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ +
⎛⎜⎜⎜⎝
∑
𝑗∈[𝑟]

∑
∈([𝑟]⧵{𝑗}𝑘−2 )

(𝑛𝑗 − 𝟙𝑛𝑗∉4ℤ)
∏
𝑖∈

𝑛𝑖

⎞⎟⎟⎟⎠ =
(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ Θ(𝑛𝑘−1). (7)

The first term on the left-hand side of (7) is at most
(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 by Maclaurin’s inequality [7], while

the second term is 𝑂(𝑛𝑘−1). So the left-hand side of (7) is upper bounded by
(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 + 𝑂(𝑛𝑘−1).

For the other direction, we let 𝑛𝑖 be either ⌈𝑛∕𝑟⌉ or ⌊𝑛∕𝑟⌋ for each 𝑖 ∈ [𝑟] so that 𝑛1 +⋯ + 𝑛𝑟 =
𝑛. Let𝑚+ and𝑚− denote the counts of indices 𝑖 forwhich𝑛𝑖 = ⌈𝑛∕𝑟⌉ and𝑛𝑖 = ⌊𝑛∕𝑟⌋, respectively.
Note that 𝛼 ∶= 𝑚+(⌈𝑛∕𝑟⌉ − 𝑛∕𝑟) + 𝑚−(⌊𝑛∕𝑟⌋ − 𝑛∕𝑟) = 0. For this choice of 𝑛1, … , 𝑛𝑟, the second
term on the left-hand side of (7) is Ω(𝑛𝑘−1), while the first term is at least(

𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ 𝛼

(
𝑟 − 1

𝑘 − 1

)(
𝑛

𝑟

)𝑘−1
− 𝑂(𝑛𝑘−2) =

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
− 𝑂(𝑛𝑘−2).

Therefore, the left-hand side of (7) is lower bounded by
(𝑟
𝑘

)
(𝑛∕𝑟)𝑘 + Ω(𝑛𝑘−1). □

7 CONCLUDING REMARKS

In this paper, we settled a conjecture in combinatorial geometry. Assuming 𝑛 being sufficiently
large, we obtained the exact value of 𝑇𝑑(𝑛), that is, the maximum number of equilateral triangles
spanned by 𝑛 points in ℝ𝑑, for all even dimensions 𝑑 ⩾ 6. For odd 𝑑 ⩾ 7, we determined 𝑇𝑑(𝑛) up
to the lower-order term.
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 21 of 23

Let 𝑇unit
𝑑
(𝑛) be the maximum number of unit equilateral triangles spanned by 𝑛 points in ℝ𝑑.

Our method also determines 𝑇unit
𝑑
(𝑛) for all even 𝑑 ⩾ 6.

Proposition 25. Let 𝑟 ⩾ 3 be a fixed integer. For sufficiently large 𝑛 ∈ ℕ we have

𝑇unit2𝑟 (𝑛) =
∑

1⩽𝑖<𝑗<𝑘⩽𝑟

𝑛𝑖𝑛𝑗𝑛𝑘 +
∑
𝑖∈[𝑟]

(
(𝑛𝑖 − 𝟙𝑛𝑖∉4ℤ)(𝑛 − 𝑛𝑖)

)
,

where (𝑛1, … , 𝑛𝑟) is chosen in the same manner as in Theorem 3.

The upper bound in Proposition 25 follows by an argument analogous to that of Theorems 3 and
5, except that the third-type simplices (triangles) need not be counted, as their side length differs
from that of the first two types. The lower bound is obtained by the same Lenz construction as in
Section 2.2, again excluding the third-type triangles.
We also considered a more general setting. Recall that 𝑆𝑘

𝑑
(𝑛) denotes the maximum num-

ber of regular (𝑘 − 1)-simplices spanned by 𝑛 points in ℝ𝑑. We determined the asymptotic
behavior of 𝑆𝑘

𝑑
(𝑛) for all fixed 𝑑 ⩾ 2𝑘 ⩾ 6. For even 𝑑, we are also able to determine the

magnitude of the lower-order term and reduce the problem of determining the exact value
of 𝑆𝑘

𝑑
(𝑛) to an optimization problem. We remark that in the case when 𝑘 ⩾ 4 and 𝑑 is

even, since the third-type simplices do not exist, our proof of Theorem 5 also implies the
following.

Proposition 26. For any fixed 𝑟 ⩾ 𝑘 ⩾ 4 and sufficiently large 𝑛 ∈ ℕ, the maximum number of
(𝑘 − 1)-simplices spanned by 𝑛 points in ℝ2𝑟, with a given side length, is equal to 𝑆𝑘

2𝑟
(𝑛).

Regarding the function 𝑆𝑘
2𝑟+1
(𝑛) with 𝑟 ⩾ 𝑘 ⩾ 3, it seems out of reach to determine its exact

value even for 𝑟 = 𝑘 = 3. The reason is that in the odd-dimensional case a linear proportion of the
points can lie on a two-dimensional sphere, and the exact maximum number of occurrences of a
fixed distance among points on a two-dimensional sphere is unknown. Nevertheless, we believe
that determining themagnitude of the lower-order term is plausible. Asmentioned in Section 2.3,
a result of Erdős, Hickerson, and Pach [13] shows that there exists a configuration of 𝑚 points
on a unit two-dimensional sphere in which the distance

√
2 occurs Ω(𝑚4∕3) times. Building on

this configuration, we obtained the lower bound 𝑆𝑘
2𝑟+1
(𝑛) ⩾

(𝑟
𝑘

) (𝑛
𝑟

)𝑘
+ Ω(𝑛𝑘−2∕3), see (2). On the

other hand, a classical result of Clarkson, Edelsbrunner, Guibas, Sharir, and Welzl [8] states that
the number of occurrences of any fixed distance among𝑚 points on a two-dimensional sphere is
atmost𝑂(𝑚4∕3). Using this bound, togetherwith a further refinement of ourmethod, it is possible
to prove that

𝑆𝑘2𝑟+1(𝑛) =

(
𝑟

𝑘

)(
𝑛

𝑟

)𝑘
+ Θ(𝑛𝑘−2∕3)

for 𝑟 ⩾ 𝑘 ⩾ 3. However, we expect the analysis to be more involved, since most of the
dimension arguments underlying the stability result (i.e., Theorem 7) no longer hold in the
odd-dimensional case.

 14692120, 2026, 8, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70452 by K

arlsruher Institut Fur T
echnologie, W

iley O
nline L

ibrary on [11/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



22 of 23 CLEMEN et al.

ACKNOWLEDGMENTS
Felix Christian Clemen is partially supported by a PIMS Postdoctoral Fellowship (PIMS-20250726-
PDF). The authors thank the anonymous referee for pointing out errors in earlier versions of the
manuscript and for many constructive comments that significantly improved the presentation.
Open access funding enabled and organized by Projekt DEAL.

JOURNAL INFORMATION
The Bulletin of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID
DingyuanLiu https://orcid.org/0009-0008-5439-5390

REFERENCES
1. B. Ábrego and S. Fernández-Merchant, On the maximum number of equilateral triangles. I, Discrete Comput.

Geom. 23 (2000), no. 1, 129–135.
2. P. K. Agarwal, R. Apfelbaum, G. Purdy, and M. Sharir, Similar simplices in a 𝑑-dimensional point set, Proc.

23rd Annu. Symp. Comput. Geom., Association for Computing Machinery, New York, 2007, pp. 232–238.
3. P. K. Agarwal and M. Sharir, The number of congruent simplices in a point set, Discrete Comput. Geom. 28

(2002), 123–150.
4. T. Akutsu, H. Tamaki, and T. Tokuyama, Distribution of distances and triangles in a point set and algorithms

for computing the largest common point sets, Discrete Comput. Geom. 20 (1998), 307–331.
5. N. Alon, T. F. Bloom, W. T. Gowers, D. Litt, W. Sawin, A. Shankar, J. Tsimerman, V. Wang, and M. M. Wood,

Remarks on the disproof of the unit distance conjecture, arXiv:2605.20695, 2026.
6. R. Apfelbaum and M. Sharir, Repeated angles in three and four dimensions, SIAM J. Discrete Math. 19 (2005),

no. 2, 294–300.
7. P. S. Bullen, Symmetric polynomial means, Handbook of Means and Their Inequalities, Springer, Dordrecht,

2003.
8. K. L. Clarkson, H. Edelsbrunner, L. J. Guibas, M. Sharir, and E. Welzl, Combinatorial complexity bounds for

arrangements of curves and spheres, Discrete Comput. Geom. 5 (1990), 99–160.
9. P. Erdős, On sets of distances of 𝑛 points, Amer. Math. Monthly 53 (1946), 248–250.
10. P. Erdős, On extremal problems of graphs and generalized graphs, Israel J. Math. 2 (1964), no. 3, 183–190.
11. P. Erdős, On some problems of elementary and combinatorial geometry, Ann. Mat. Pura Appl. (4) 103 (1975),

99–108.
12. P. Erdős, Some problems in number theory, combinatorics and combinatorial geometry, Math. Pannonica 5

(1994), 261–269.
13. P. Erdős, D. Hickerson, and J. Pach,Aproblem of LeoMoser about repeated distances on the sphere, Amer.Math.

Monthly 96 (1989), no. 7, 569–575.
14. P. Erdős and G. Purdy, Some extremal problems in geometry, J. Combin. Theory Ser. A 10 (1971), no. 3, 246–252.
15. P. Erdős and G. Purdy, Some extremal problems in geometry. III, Proc. 6th Southeastern Conf. Combinatorics,

Graph Theory Comput., Utilitas Mathematica Publishing, Winnipeg, 1975, pp. 291–308.
16. P. Erdős and G. Purdy, Some extremal problems in geometry IV, Proc. 7th Southeastern Conf. Combinatorics,

Graph Theory Comput., Utilitas Mathematica Publishing, Winnipeg, 1976, pp. 307–322.
17. P. Keevash, Hypergraph Turán problems, Surv. Comb. 392 (2011), 83–140.
18. D. Mubayi, A hypergraph extension of Turán’s theorem, J. Combin. Theory Ser. B 96 (2006), no. 1, 122–134.
19. OpenAI, Planar point sets with many unit distances. https://cdn.openai.com/pdf/74c24085-19b0-4534-9c90-

465b8e29ad73/unit-distance-proof.pdf, 2026.

 14692120, 2026, 8, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70452 by K

arlsruher Institut Fur T
echnologie, W

iley O
nline L

ibrary on [11/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://orcid.org/0009-0008-5439-5390
https://orcid.org/0009-0008-5439-5390
https://cdn.openai.com/pdf/74c24085-19b0-4534-9c90-465b8e29ad73/unit-distance-proof.pdf
https://cdn.openai.com/pdf/74c24085-19b0-4534-9c90-465b8e29ad73/unit-distance-proof.pdf


THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 23 of 23

20. O. Pikhurko, Exact computation of the hypergraph Turán function for expanded complete 2-graphs, J. Combin.
Theory Ser. B 103 (2013), no. 2, 220–225.

21. G. Purdy, Repeated angles in 𝐸4, Discrete Comput. Geom. 3 (1988), 73–75.
22. S. Roman, Advanced Linear Algebra, Springer, New York, 2005.
23. V. Rödl, B. Nagle, J. Skokan, M. Schacht, and Y. Kohayakawa, The hypergraph regularity method and its

applications, Proc. Natl. Acad. Sci. USA 102 (2005), no. 23, 8109–8113.
24. W. Sawin, An explicit lower bound for the unit distance problem, arXiv:2605.20579, 2026.
25. M. Sharir, A. Sheffer, and J. Zahl, Improved bounds for incidences between points and circles, Proc. 29th Annu.

Sympos. Comput. Geom., Association for Computing Machinery, New York, 2013, pp. 97–106.
26. K. Swanepoel,Unit distances and diameters in Euclidean spaces, Discrete Comput. Geom. 41 (1909), no. 1, 1–27.
27. E. Szemerédi, Erdős’s unit distance problem, Open Problems in Mathematics, Springer, Cham, 2016, pp. 459–

477.

 14692120, 2026, 8, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70452 by K

arlsruher Institut Fur T
echnologie, W

iley O
nline L

ibrary on [11/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense


	The number of regular simplices in higher dimensions
	Abstract
	1 | INTRODUCTION
	2 | LOWER BOUNDS: THE LENZ CONSTRUCTION
	2.1 | Basic notions
	2.2 | Lenz construction for even dimensions
	2.3 | Lenz construction for odd dimensions

	3 | PRELIMINARY RESULTS AND LEMMAS
	3.1 | Turán-type results for hypergraphs
	3.2 | Orthogonality of affine spaces

	4 | THE ASYMPTOTICS OF 
	5 | THE STABILITY PROPERTY OF AN ALMOST-EXTREMAL POINT SET
	6 | THE NUMBER OF REGULAR -SIMPLICES IN EVEN DIMENSIONS
	6.1 | The general case
	6.2 | The special case: Equilateral triangles
	6.3 | The lower-order term in 

	7 | CONCLUDING REMARKS
	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	ORCID
	REFERENCES


