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1 | INTRODUCTION

In 1946, ErdGs [9] posed a deceptively simple question: What is the maximum number of
times the unit distance can occur among n points in the plane? He proved a lower bound of
nl+Q(1/loglogn) and conjectured that his lower bound is essentially optimal. See [27] for a his-
torical account of the conjecture. Contrary to long-standing belief, this conjecture was recently
disproved by an internal model of OpenAlI [19]. By generalizing Erd6s’s original construction, the
AI model established a lower bound of the form n!*¢, where ¢ > 0 is an absolute constant. See
also [5] for a simplified proof and further remarks. Shortly thereafter, Sawin [24] improved the
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constant to ¢ = 0.014. The pursuit of this problem has inspired substantial research and has also
led to the formulation of numerous related questions in combinatorial geometry, all revolving
around a common theme: determining the maximum number of certain geometric configura-
tions that can be found among n points in Euclidean space. In this paper, we address one such
problem.

The following question was raised repeatedly by Erdés and Purdy [11, 14-16]: Given d,n € N,
what is the maximum number T;(n) of equilateral triangles that can be determined by n points
in R9? There is a substantial body of work addressing this problem and its generalizations; see,
for example, [1-4, 6, 15, 21, 25]. Abrego and Ferndndez-Merchant [1] proved that T,(n) = ©(n?),
which also yields the lower bound T,(n) > T5(n) = Q(n?). For d = 5, Abrego and Ferndndez-
Merchant [1] established a better lower bound T'5s(n) = Q(n’/3). On the other hand, Sharir, Sheffer,
and Zahl [25] proved that T;(n) = O(n'>/7), and Agarwal, Apfelbaum, Purdy, and Sharir [2]
showed that T,(n) = O(n'?/°) and Ts(n) = O(n®/3).

The first nondegenerate case, that is, when liminf,,_,  T;(n)/ (g’) > 0, appears for d = 6. Erdds
and Purdy [15] showed that T¢(n) > n3/27 — O(n?) by placing n points evenly on three pairwise
orthogonal circles. Regarding the upper bound, Erdés and Purdy [15] said, “It would be interest-
ing even to show T¢(n) < (1/6 — €)n3.” In a later paper [12], Erd6s proposed the following more
precise conjecture.

Conjecture 1 (Erdés [12]). Any n points in R® can span at most n® /27 + o(n?) equilateral triangles,
that is, T¢(n) < n3/27 + o(n3).

We prove this conjecture in a more general form. For an integer k > 3, aregular (k — 1)-simplex
is a set of k vertices that are equidistant from one another. Let Sg(n) denote the maximum num-
ber of regular (k — 1)-simplices spanned by n points in R¢. Our first theorem determines the
asymptotic behavior of S’;(n) for all fixed d > 2k > 6.

Theorem 2. Letd > 2k > 6 be fixed integers and letr = |d/2]|. Then

skn) = (;) (%)k + o(n"),

Since Ty(n) = Sg(n), Theorem 2 implies Conjecture 1 upon taking d = 6 and k = 3. Our method
also yields a stronger version of Conjecture 1. That is, we are able to determine the exact value of
T 4(n) for every even integer d > 6 and sufficiently large n.

Theorem 3. Letr > 3 be a fixed integer. Let n € N be sufficiently large and p be the remainder of n
divided by 2r. Then

n; — p;
Ty (n) = Z ninime + Z <(ni — Tpgaz)(n—n) + l 3 -+ 1,58(Pi — 8)),
ielr]

1<i<j<ksgr
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 30f23

where (ny, ..., n,) with 3\, n; = n is chosen to be

(\n/r], ..., n/r], \n/r] +2,..., |n/r] +2) ifpel0,ryn2z,
r—p/2 p/2
(\n/r], ..., |n/r], \n/r| + 1, |n/r] +2,.., |n/r] +2) ifpelo,r)\ 2z,
(I’l n ) = r—(p+1)/2 (p—1)/2
Pt (In/r] = 1,..,|n/r] =1, |n/r] +1,.., |n/r] +1) ifp €lr,2r)n2z,
r—p/2 p/2
(\n/r] = 1,...,|\n/r] =1, |n/r], [n/r] +1,..,|n/r] +1) ifpe][r,2r)\2z,
L r—(p+1)/2 (p-1)/2

and p; is the remainder of n; divided by 12 for each i € [r].
In particular, when n divides nicely, Theorem 3 gives a simple and compact formula for T,,(n).

Corollary 4. Letr > 3 be a fixed integer. If n € N is sufficiently large and divisible by 12r, then

_1ya2
T,y(n) = (;) (2)+ =2,

Our next result is the counterpart of Theorem 3 for k > 4. Throughout this paper, whenever we
write a function, we assume that all its variables are nonnegative integers.

Theorem 5. Letr > k > 4 be fixed integers and n € N be sufficiently large. Then

Sk (m)= max ny,..,Nn,),
L=, max_ filny,...n)

where

e ony = Y TTal+] Y, X <H(nj—1]nj¢4z)> > Il

ZE([;;]) i€l 1<<k/2] ge([;]) jeJ Ze(ﬂ\z‘z) et

One can readily verify that max, ..., —, fi(n,...,n,) must be attained by some (n,;, ..., n,)
satistying |n; — n/r| = O(1) foralli € [r]. However, we make no attempt here to identify the exact
maximizer, as it appears to depend intricately on the values of r and k. Combining Theorems 3
and 5, we determine S’Z‘r(n) up to a constant in the lower-order term for all r > k > 3. Note that
this improves upon Theorem 2 in the even-dimensional case.

Corollary 6. Letr > k > 3 be fixed integers. Then

k
sk (n) = <£>(§) +0(nk 1),
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The main tool for obtaining the precise estimates in Theorems 3 and 5 is the following stability
result, which describes the structure of any almost-extremal point set. We say that two circles are
orthogonal if the affine spaces spanned by them are orthogonal.

Theorem 7. Letr > k > 3 be fixed integers. If a set X C R? of n points spans S’z‘r(n) — o(nk) regular
(k — 1)-simplices, then one can find a partition X = AjUA,U...UA, with |4y| = o(n) and |4;| =
n/r — o(n) for every i € [r], and pairwise orthogonal circles Cy, ...,C, C R?", such that

@) A; CC;foralli € [r];
(2) Cy,...,C, have the same center and the same radius.

The proof of Theorem 7 proceeds in two steps. First, we identify certain forbidden configu-
rations in the point set using linear algebra. Then we apply techniques from hypergraph Turan
theory to analyze its structure.

The paper is organized as follows. In Section 2 we introduce basic geometric notions and present
the lower bound constructions for SZ(n) needed for Theorems 2, 3, and 5. In Section 3, we collect
known lemmas and establish additional ones concerning hypergraph theory and the orthogo-
nality of affine spaces. In Section 4 we give the proof of Theorem 2. In Section 5 we establish
Theorem 7. In Section 6 we prove Theorems 3 and 5 and derive Corollary 6. Section 7 contains
concluding remarks and discusses further consequences of our method.

2 | LOWER BOUNDS: THE LENZ CONSTRUCTION

In this section, we present the Lenz construction of n points in R%, which was initially used to give
a tight lower bound on the number of unit distances in R? for even d > 4 (see, e.g., [26]). Here we
use refinements of this construction to obtain lower bounds on the number of regular simplices,
that is, the lower bounds for Theorems 2, 3, and 5.

‘We begin by introducing some basic notions used in the construction and throughout the paper.

2.1 | Basic notions

We shall give the definitions of affine spaces, spheres, and orthogonality.

We say that a nonempty subset A C RY is an affine space if there exists x € R¢ and a linear
subspace S C R?, such that A =x+S :={x+s : s € S}. Such an S is called the associated
linear space of A. Observe that if A is an affine space with associated linear space S, then S =
A—a:={d" —a: a € A} for any a € A. Hence, every affine space has a unique associated
linear space.

The dimension of an affine space A C RY, denoted by dim A, is defined as the dimension of its
associated linear space. Two affine spaces are said to be orthogonal if their associated linear spaces
are orthogonal. It follows from the definition thatif A1, ..., A, C R? are pairwise orthogonal affine
spaces, then Y, dim A; < dimR? = d.

Given a nonempty subset A C RY, let Aff(A) denote the affine space spanned by A. That is,

Aff(A) :=a+Span(A —a) foranya € A,

A ‘8 ‘9202 ‘02TZ69YT

wouy

dny) suonipuod pue swie 1 841 88S *[9202/80/TT] U0 ARiqITauIUO A8|1M ‘91B0j0uyde L Ind INIsU| JBynss| e Aq 250, SWIA/ZTTT OT/I0p/wod A3 |im Aeiqipul|

foum

85US0 17 SUOLUWOD BAREID 3|qeat|dde ayy Ag peusenob a8 sajoite YO ‘&SN JO 3| 1oy ARiq1T U1juQ 431 UO (SUORIPUCO-PLR



THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS | 50f23

where Span(A — a) represents the linear subspace of R¢ spanned by A — a. For further definitions
concerning affine spaces, we refer the reader to the book by Roman [22].

For d € N, a (d — 1)-dimensional sphere is defined as the set of all points in a d-dimensional
affine space A at some distance y > 0 from a given point ¢ € A. The point c and the distance y
are referred to as the center and the radius of the sphere, respectively. For example, a set of two
points is a zero-dimensional sphere, and a circle is a one-dimensional sphere. A sphere is called
unit if its radius is equal to 1. Two spheres are orthogonal if the affine spaces spanned by them
are orthogonal.

2.2 | Lenz construction for even dimensions

Letr > k > 3 be integers. For n,, ..., n, € 7y, We define the function

fe oy = Y TTwl+] D 2 <H(nj—unj¢4z)) > I

re(h i€t 1<e<lk/2) gty \ieJ re(I\7y i€t
+“k:3<2 d 3 L+ 155D —8)),
i€(r]

where p; is the remainder of n; divided by 12 for each i € [r]. We will show by construction that

Sk () > max ny,...,N,.).
Lz max  fi(n,..n,)

LetCy,...,C, C R2" be pairwise orthogonal unit circles with a common center. Such circles can
always be picked. For example, we can let C; be a unit circle in

{0} X -+ X {0} XR? X {0} X - X {0}

2(i-1) 2r—2i

centered at the origin (0, ...,0), for all i € [r].

Letny,...,n, € Z,ywithn; + --- + n, = nmaximizing f(n,, ..., n,),and foreach i € [r]let p; be
the remainder of n; divided by 12. Let F = {v, ..., U;,} denote a configuration of 12 points arranged
on a unit circle to form a regular dodecagon, where vy, ..., U;, are labeled clockwise, see Figure 1
for an illustration. Note that every point in F is contained in an inscribed square of side length
\/E and an equilateral triangle of side length \/E

Foranyi € [r], we place n; points on the circle C; in the following way. Since n; — p; isamultiple
of 12, we can place the first n; — p; points on C; by taking (n; — p;)/12 pairwise disjoint copies of
F. For the remaining p; points, we place them consecutively in a new copy of F, disjoint from the
previous ones, following the order vy, v4, U7, U, Us, Us, Ug, U171, U3, Ug, Ug, V12

We now count the number of regular (k — 1)-simplices spanned by these n points. There
are three possible types of simplices, each corresponding to one of the three summands in

fr(ng,...,n,):
(1) regular (k — 1)-simplices A; with |A; N C;| < 1foralli € [r];
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Vg

FIGURE 1 The point configuration of F on a unit circle, where the blue segments are of length \/5 and the
red segments are of length \/§

(2) regular (k — 1)-simplices A, with |A, N C;| = 2 for some i € [r] and |A, N C;| < 2 for others;
(3) regular (k — 1)-simplices A; containing at least three vertices on the same circle.

Since Cy, ..., C, are pairwise orthogonal unit circles, the distance between any two points from
different circles is \/E Thus, A; and A, both have side length \/E while A, if it exists, has side
length \/5 The number of A, is clearly ZIE([V]) [Ticr i

k

To enumerate the second-type simplices, we need to count the pairs of points on the same circle
at distance /2 apart, referred to as “good” pairs. For any i € [r], observe that every good pair on
C; consists of either two points from the first n; — p; points, or two points from the remaining p;
points. For the first n; — p; points, since each of them is at distance \/5 from two other points,
we have n; — p; good pairs. For the remaining p; points, due to the placement scheme, there are
p; good pairs if p; is divisible by 4, otherwise we have p; — 1 good pairs. Hence, the number of
good pairs on C; is equal to n; — 1, ¢4, = n; — 1, ¢45. Then for 1 < # < |k/2], the number of A,
containing exactly £ good pairs, each pair on a different circle, is equal to

Z <H(”j—“nj¢4z)) > I~}

7 N7 re(fhy)

Accordingly, the total number of A, is equal to

H(”j—”nj@z)) 2 In|

1</<Ik/2] gl (jey re(\7y i€l

For the number of A, since there is no third-type simplex when k > 4, we only consider the case
when k = 3. In this case, A; is an equilateral triangle with three vertices on the same circle. For
each circle C;, any equilateral triangle on C; is formed by either three points from the first n; — p;
points or three points from the remaining p; points. Among the first n; — p; points, since each of
them is contained in one inscribed equilateral triangle, we have (n; — p;)/3 third-type simplices.
Among the remaining p; points, there are p; — 8 third-type simplices if p; > 8, otherwise we have
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS 7 of 23

no third-type simplices. Therefore, the number of A; in our construction is at least

“k—3< 2 5 (e 8)>-

i€[r]

In total, the number of regular (k — 1)-simplices given by this construction is at least

> IInl+| X X2 (H(nj—ﬂnj¢4z)> S IIn

Ie([l';]) iel 1< k/2] Je([;]) JET IE(E:]\ZZ) iel
+ 1]k=3< Z l 3 -+ 1,58(p; — 8)),
i€lr]
consequently,
k
Sy > max_ filn,...n). )
2.3 | Lenz construction for odd dimensions

Let r > k > 3 be integers. Let Cy,...,C, C R**! be pairwise orthogonal unit spheres with a
common center, where Cy, ..., C,_; are circles and C, is a two-dimensional sphere.

We put n points on Cj,...,C, as evenly as possible, that is, each C; receives |n/r]| or [n/r]
points. Since the distance between any two points on different spheres is \/5 the number
of regular (k — 1)-simplices spanned by k points from pairwise distinct spheres is (Iz ) (%)k -
Oo(nk—1).

Moreover, Erdds, Hickerson, and Pach [13] proved that there is a configuration of m points on a
two-dimensional unit sphere, such that the distance \/5 occurs Q(m*/?) times. The points on C,
are arranged according to this configuration, which yields Q(n*/3) pairs of points on C, at distance
\/5 apart. Note that every such pair forms a regular (k — 1)-simplex with any k — 2 points from

pairwise distinct circles among C4, ..., C,_;. Hence, there are at least Q(nk—2/3) regular (k — 1)-
simplices spanned by 2 points from C, and k — 2 points from Cj, ..., C,_;. Overall we obtain that

500> (7)(2)"+ a0k, @

3 | PRELIMINARY RESULTS AND LEMMAS
3.1 | Turan-type results for hypergraphs

Given an integer k > 2, a k-uniform hypergraph H is an ordered pair (V(H), E(H)), where V(H)

is the set of vertices and E(H) C (V(f)) is the set of hyperedges. Let v(H) and e(H) denote the

numbers of vertices and hyperedges in H, respectively.
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80f23 | CLEMEN ET AL.

A k-uniform hypergraph H is called r-partite for some integer r > k if there exists a partition
V(H) = V,UV,U...UV,, such that every hyperedge in H has at most one vertex from each part V;.

For a k-uniform hypergraph H, the extremal number ex(n, H) is the largest number of hyper-
edges in an n-vertex k-uniform hypergraph containing no copy of H. Given an integer ¢ > 1,
the t-blowup of H, denoted by H(¢), is a k-uniform hypergraph obtained from H by replac-
ing every vertex v € V(H) with an independent set I,, of size ¢t and replacing every hyperedge
e ={vy,..., v} € E(H) with a complete k-partite k-uniform hypergraph spanned by I, U... UI,, .
The independent set I, is referred to as the blowup of the vertex v.

Definition 8. Given integersr > k > 3, Hﬁ’i)l is defined as a k-uniform hypergraph obtained from
a complete graph K, ; by enlarging each edge with k — 2 new vertices.

Note that by definition Hfi)l contains (r + 1) + (r“le)(k — 2) vertices and (rzl) hyperedges.

k
Lemma 9 (Mubayi [18]). For any fixed integersr > k > 3, ex(n,Hﬁ’i)l) = (]Z) (g) + o(nk).

For any k-uniform hypergraph H and t € N, it is well-known (see, e.g., [17]) that
ex(n, H(t)) = ex(n, H) + o(n").

Thus, by Lemma 9 we have

ex(n, HY, (1) = ex(n, HY) + o(n*) = <,';) (2)" + o0 3)

Furthermore, we shall prove the following stability lemma for Hyfr)l(t).

Lemma 10. Letr > k > 3 and t > 1 be fixed integers. If G is an n-vertex Hili)l(t)—free k-uniform
hypergraph with ex(n,Hﬁi)l(t)) — o(n*) hyperedges, then G contains an r-partite subhypergraph

with (]i)(n /¥ — o(n¥) hyperedges.

We deduce Lemma 10 by a standard argument, using a stability lemma for Hﬁlfr)l and the
hypergraph removal lemma.

Lemma 11 (Pikhurko [20]). Let r > k >3 be fixed integers. Every n-vertex Hyjr)l-free k-

uniform hypergraph with ex(n, H ;’i)l) — o(n*) hyperedges contains an r-partite subhypergraph with
(;)(n/r)k — o(n*) hyperedges.

Lemma 12 (R6d1-Nagle-Skokan-Schach [23]). Let k > 2 be an integer and H be a fixed k-uniform
hypergraph. If an n-vertex k-uniform hypergraph G contains o(n®™)) copies of H, then one can
remove all the copies of H in G by deleting o(n*) hyperedges.

Proof of Lemma 10. Let G be an n-vertex Hﬁl_?l(t)—free k-uniform hypergraph with ex(n, Hf’fr)l(t)) —

9]

1)~ o(n*). Note that the hypergraph G cannot

o(n*) hyperedges. By (3) we have e(G) = ex(n, H

A ‘8 ‘9202 ‘02TZ69YT
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS | 9 of 23

U(H(’fl)) . (k) .. . (k)
r+1’) copies of H, ", , as otherwise it would contain a copy of H,”, (). Now that the

oH) ; ()
r+17), by Lemma 12 there exists an H /| -free subhypergraph

contain Q(n

number of copies of Hﬁ’i)l inGiso(n
G’ of G with

e(G") = e(G) — o(n*) = ex(n,Hﬁ?l) —o(n)
hyperedges. The statement then follows from Lemma 11 applied to G'. 1

The following fact has been used implicitly in the literature (see, e.g., [18, 20]), and we include
a proof here for completeness.

Lemma 13. Let r > k > 2 be fixed integers. If an n-vertex r-partite k-uniform hypergraph has
(;)(n /1) — o(n¥) hyperedges, then each part must be of size n/r — o(n).

Proof of Lemma 13. Let G be such a hypergraph and let n; < -+ < n, denote the part sizes of G.
For eachi € [r] let a; = n;/n be the scaled part size. Note that o; + --- + @, = 1. Then

e(G) < Z Hniznk 2 Hocl-

le([]z]) iel Ie([;]) ie1

By Maclaurin’s inequality, see [7],

> < ()2 .

16([’2]) iel

holds for all «y, ..., @, > 0 with a; + -+ + «, = 1. Moreover, the equality in (4) holds if and only if
a=-=a =1/r

Suppose for contradiction thatn, > n/r + dn with some constant§ > 0.Sincea, > 1/r + J, the
inequality in (4) is strict. Thus, there exists some constant ¢ > 0 such that e(G) < (lr{) (n/r)k —enk,
a contradiction. O

3.2 | Orthogonality of affine spaces

Let || - || denote the Euclidean norm. For P, Q C R%, we write P — Qifforeveryp € P, ||p —q|| =
||lp — q’|| holds for all g,q" € Q. In other words, P — Q if every point in P is equidistant to all
points in Q. We write P < Q if P — Q and Q — P. Recall that Aff(P) denotes the affine space
spanned by P.

Lemma 14. Letd € N and let P,Q C RY be nonempty subsets with |Q| > 2 such that P — Q. Then
Aff(P) and Aff(Q) are orthogonal. Moreover, Q is contained in a sphere in Aff(Q).

Proof. For the first part of Lemma 14, if |P| = 1, then Aff(P) and Aff(Q) are clearly orthogonal as
Aff(P) consists of a single point. If |P| > 2, let{p,, p,,...} C Pand {q;,q,, ...} C Q be finite subsets
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10 of 23 | CLEMEN ET AL.

that span the affine spaces Aff(P) and Aff(Q), respectively. Then we have

Aff(P) = p; + Span(p, — p;,...) and Aff(Q) = q, + Span(g, — qy, ... )

To show that Aff(P) and Aff(Q) are orthogonal, it suffices to check (p; — p;,q; — ;) =0 for
i,j > 2 DuetoP — Q,we have ||p; — q;|I* = lp; — g;II* and [|p; — q; 11> = lIp; — g;II>. Then
(Pi —P1:95 — q1) =<Pi-q;) — (P> q1) — {P1,9;) + (P1- %)

_ PP+ gy 1P = Dl = g lipyl> + Ny I = 11y — g P
2 2

P+ 091 = ey = g eI+l I = llpy - @l _
2 2

0.

Now we prove the second part of Lemma 14. Provided that Aff(P) and Aff(Q) are orthogonal,
the projection of Aff(P) onto Aff(Q) has dimension 0, which is a point, denoted by c. Since each
point of P is equidistant to all points in Q, its projection c is also equidistant to all points in Q.
Thus, the points in Q all lie on a sphere in Aff(Q) centered at c. O

The following lemma is a direct consequence of Lemma 14.

Lemma 15. Let d,k € N with k > 3. Let A;,..., Ay C R with |A;| >3 for all i € [k]. If every
k-tuple(ay,...,a;) € Hie[k] A, forms a regular (k — 1)-simplex, then Aff(A,), ..., Aff(A}) are pair-
wise orthogonal affine spaces of dimension at least 2. Furthermore, A, ..., A, are subsets of k spheres
in Aff(A,), ..., Aff(A,), respectively.

Proofof Lemma 15. Firstobserve that ||a; — a,|| = ||a; — a; || holds for everya, € A, and a,, aé S
A,. Otherwise for any (as, ..., ;) € Hf:s A;,either (a;, a,, a3, ..., @) or (a;, ), as, ..., a; ) does not
form a regular (k — 1)-simplex, a contradiction. Thus, A; — A,. Due to symmetry, we conclude
that 4; < A; for all distinct i, j € [k].

Then by Lemma 14, the affine spaces Aff(A,),...,Aff(A;) are pairwise orthogonal and
A, ..., Ay are subsets of k spheres in Aff(A,), ..., Aff(A;), respectively. Moreover, since each A;
is a subset of a sphere and |A;| > 3, the points in A; are noncollinear, which implies that the
dimension of Aff(A4;) is at least 2. O

We also need the following lemma concerning the geometric properties of a collection of
pairwise orthogonal spheres.

Lemma 16. Let d,k € N with k > 3. Let Cy,...,C} C R be a collection of pairwise orthogonal
spheres. Foreach i € [k] let A; C C; be such that Aff(A;) = Aff(C)).

(i) If every k-tuple in Hie[k] A; forms a regular (k — 1)-simplex, then every k-tuple in Hie[k] C;
forms a regular (k — 1)-simplex.

(ii) If every k-tuple in Hie[k] C, forms a regular (k — 1)-simplex and Zie[k] dim Aff(C;) = d, then
C, ..., Cy have the same center.

Proof of Lemma 16. Let cy, ..., ¢, denote the centers of Cy, ..., C,, respectively.
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THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS | 11 of 23

We first prove item (i). Fix any distinct i, j € [k] and let (x,y) € C; X C;. Let (g;,a;) € A; X
Aj;. Since every k-tuple in er[k] A, forms a regular (k — 1)-simplex, it suffices to show that
llx — yIl = lla; — a;||. Note that every k-tuple in er[k] A, forming a regular (k — 1)-simplex
also implies that A; < A;, from which it follows that the projection of Aff(A;) = Aff(C;) onto
Aff(Aj) = Aff(Cj) is the center of a sphere in Aff(Aj) containing A;. Due to Aff(Aj) = Aff(Cj),
this sphere is exactly C;. Hence, the projection of Aff(C;) onto Aff(C;) is the center c; of C;.
Similarly, the projection of Aff(C;) onto Aff(C;) is the center ¢; of C;. Then we have that

x = yI12 = llx = > + e — ¢ 117 + 1y = ¢ 117 = llay = | + lle; — ¢;112 + la; — ;11
= |lg; —aj||2,
which completes the proof of item (i).
For item (ii), since Aff(C,), ..., Aff(C}) are pairwise orthogonal and their dimensions sum to
d, we can equip R? with an orthonormal basis given by the union of By, ..., B, where each B, is

an orthonormal basis of the linear subspace Aff(C;) — ¢; and |B;| = dim Aff(C;) > 1. Under this
basis of R%, we can assume that

Aff(C)) = ¢; + {0} X -+ x {0} xRIMALC) 5 £01 5 ... x {0}

| —— | S ————

¥ j<i dim AFf(C;) ¥ j>i dim AFF(C;)
for all i € [k]. Fix any distinct i, j € [k]. It suffices to show that ¢; = c;. Since every k-tuple in
[k Cr forms a regular (k — 1)-simplex, the projections of ¢; and c; onto Aff(C;) are both c;.

Consequently, the first dim Aff(C, ) coordinates of ¢; and ¢; must coincide. By the same reasoning,

the remaining coordinates of ¢; and ¢; must also coincide, and therefore ¢; = c;. O

4 | THE ASYMPTOTICS OF S’;(n)

In this section, we present a short proof of Theorem 2, which also serves as a warm-up for the
arguments in the next section. Our key observation is the following lemma.

Lemma 17. Letd > 2k > 3 be integers and let r = |d/2]. Let G be a k-uniform hypergraph, whose

vertices are points in R and whose hyperedges are the regular (k — 1)-simplices spanned by its
vertices. Then G is Hyfr)l(3)-free.

Proof of Lemma 17. Suppose that G contains a copy of Hﬁ’i)l(S) and let
Uy, Uty Wy oo u, W
1 r+1 1 ( *2'1)(k—2)

be the blowups of the vertices, where Uy, ..., U, correspond to the vertices of the original K, ;.
Then for any distinct i, j € [r + 1], there exist some Weuis We s such that every

(ui,uj, Wy, s ...,wfkiz) EUXU; X Wy X XW, |
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12 0f 23 | CLEMEN ET AL.

appears as a hyperedge in G, namely, (u;,u jr Wy s wfk_z) determines a regular (k — 1)-
simplex. Then by Lemma 15, in particular Aff(U;) and Aff(U;) are orthogonal affine spaces of
dimension at least 2. Applying the same argument to all distinct i, j € [r + 1], we obtain that
Aff(U,), ..., Aff(U, ) are pairwise orthogonal and all have dimension at least 2. But then we
have

2r+1)< ) dimAff(U) <dimR? =d <2(r + 1), (5)

ie[r+1]
a contradiction. O

Proof of Theorem 2. Letr = |d/2| > k > 6 be fixed integers and X C R be a set of n points that
spans SZ(n) regular (k — 1)-simplices. We define a k-uniform hypergraph G, whose vertex set is
X and whose hyperedges correspond to regular (k — 1)-simplices spanned by X.

By Lemma 17 we know that G is H fi)1(3)-free. Then by (3) we have that

k
Sk(n) = e(G) < <r> (2) +o0n").
k)\r
The lower bound on S 5 (n) follows from the construction described in Section 2, where we take
r pairwise orthogonal unit circles centered at the origin and place n points on them as evenly as
possible. This completes the proof. O

5 | THE STABILITY PROPERTY OF AN ALMOST-EXTREMAL POINT
SET

In this section we prove our stability result.

Proof of Theorem 7. Letr > k > 3 be fixed integers and let X C R?" be a set of n points that spans
at least SX (n) — o(n*) regular (k — 1)-simplices. Since S¥ (n) = (lr{)(n/r)k + o(n*) by Theorem 2,
X spans at least ( Ir()(n /1)¥ — o(n*) regular (k — 1)-simplices. Let G be a k-uniform hypergraph on
the vertex set X, where E(G) consists of all regular (k — 1)-simplices spanned by X.

By Lemma 17, G is Hﬁl_?l (3)-free. Moreover, by (3) we have that

@ (1) (2) =00 > extu 1 () - o0
It then follows from Lemma 10 that G contains an r-partite subhypergraph M with vertex classes
V,U...UV, and (;)(n/r)k — 0(n*) hyperedges. Note that by Lemma 13 we have |V;| = n/r — o(n)
foralli € [r].

We shall prove two claims that establish the structure of X described in Theorem 7.

Claim 18. For each i € [r] the following holds.

(i) There exists A; C V; with |A;| = n/r — o(n), such that dim Aff(4,;) = 2.
(ii) There is a circle C; such that A; C C; C Aff(A,).

A ‘8 ‘9202 ‘02TZ69YT

wouy

dny) suonipuod pue swie 1 841 88S *[9202/80/TT] U0 ARiqITauIUO A8|1M ‘91B0j0uyde L Ind INIsU| JBynss| e Aq 250, SWIA/ZTTT OT/I0p/wod A3 |im Aeiqipul|

foum

85US0 17 SUOLUWOD BAREID 3|qeat|dde ayy Ag peusenob a8 sajoite YO ‘&SN JO 3| 1oy ARiq1T U1juQ 431 UO (SUORIPUCO-PLR



THE NUMBER OF REGULAR SIMPLICES IN HIGHER DIMENSIONS | 13 of 23

Proof of Claim 18. It suffices to prove the statement for the case i = r, as the remaining cases
follow by the same argument. Fix a sufficiently small constant € > 0. For any distinctZ,, ..., £_; €
[r —1],a(k — 1)-tuple (v, .., Vs, ) € [Ticr—1) Ve, is called “good” if there are at least |V| — en
verticesv, € V, suchthatv, ..v, v, isahyperedgein M, otherwiseitis“bad”. The total number
of bad tuples is at most en*=1, because otherwise

e <| Y [[vil|-en* en< (i)(%)k—szn’w()(nk),

le([z]) ieT

a contradiction. So if we take a (k — 1)-tuple (v, ..., vz, _ ) € [];gx—1] V¢, uniformly at random,
the probability that (vf1 sees Vg ) is bad is at most
k-1

Praa < 7 = < e +o(1).

ietk=1] Ve,

Now for each i € [r — 1] we take a subset V! C V; of size 3 uniformly at random. Then by the
union bound

[P’(VI € <[;;_ ?) : all the (k — 1)-tuples in [];c; V/ are good) >1-— (l};_ 1)3"1Pbad >0,

provided that ¢ is sufficiently small. Accordingly, there exists Vl.’ C V;ofsize 3foreachi € [r — 1],
such that all (k — 1)-tuples among them are good. Let A, C V, be the common neighborhood of
the (k — 1)-tuples in Ule([rq]) [lic; V] Then

k-1

r—1

_ n _
A = |V,|— (k— 1>3k len > P (3r)len — o(n).

In particular, for any I € ([]Zj]), it holds that every k-tuple in (];c;V/) X A, appears
as a hyperedge in M, that is, a regular (k —1)-simplex. By Lemma 15 we have that
Aff(V{),... ,Aff(V; _1), Aff(A,) are pairwise orthogonal affine spaces of dimension at least 2.

Since

2r < dim Aff(V]) + - + dim Aff(V/_)) + dim Aff(A,) < dimR*" = 2r,

it further holds that dimAff(V])= .- = dim Aff(V]_ ) = dim Aff(A,) = 2. Moreover, by
Lemma 15 the points of A, all lie on some circle C, C Aff(A,).
‘We complete the proof by noting that € can be chosen arbitrarily small. O

Let A;,...,A, and Cy, ..., C, be given by Claim 18.

Claim 19. We have that

(i) Cy,...,C, are pairwise orthogonal circles;
(ii) Cj,...,C, have the same center and the same radius.
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Proof of Claim 19. To prove item (i), it suffices to show that the affine planes Aff(C,) = Aff(4,)
and Aff(C,) = Aff(A,) are orthogonal, as then by symmetry we have that Aff(C,), ..., Aff(C,)
are pairwise orthogonal. Since A4; C V; with |A;| = n/r — o(n) for all i € [r], we have that

k
e(M[A,, ..., A]) = e(M) — o(n*) = (Z) (%) —o(n"),

where M[A,, ..., A,] denotes the induced subhypergraph of M on A,U...UA,. In particular, the
number of hyperedges with one endpoint in each 4; fori € [k]is atleast (n/r)* — o(n*). Let ng) 3
denote a complete k-partite k-uniform hypergraph with each part of size 3. A classical result of

Erdés [10] shows that

(k) _ ok
ex(n,K3, n 3) =o(n"),

N——
k

which implies that there exists Alf C A, of size 3 for each i € [k], such that every k-tuple in
Hie[k ] Alf forms a hyperedge, that is, a regular (k — 1)-simplex. Then by Lemma 15, Aff(A;) and
Aff (A;) are orthogonal affine spaces of dimension at least 2. Since dim Aff(A,) = dim Aff(4,) =
2, we have that Aff(A’l) = Aff(A,) and Aff(A;) = Aff(A,). Thus Aff(A,) and Aff(A,) are
orthogonal. This proves item (i).

We now prove item (ii).

First, we show that every r-tuple in Hie[r] C, forms a regular (r — 1)-simplex. In fact, it suffices
to prove that for any 7 € ([IZ]), every k-tuple in [];.; C; forms a regular (k — 1)-simplex. Here we
only consider the case T = [k], as the remaining cases follow by symmetry. In the above proof
of item (i) we already showed that there exists A’ C A; C C; with Aff(A) = Aff(A4;) = Aff(C;)
for each i € [k], such that every k-tuple in Hie[k ! Alf forms a regular (k — 1)-simplex. Then by
Lemma 16 (i) we can conclude that every k-tuple in Hie[ 1 Ci forms a regular (k — 1)-simplex.

Next, we show that Cy, ..., C, have the same center. From item (i) we know that Cy, ..., C, are
pairwise orthogonal circles with ¥, dim Aff(C;) = 2r. Since every r-tuple in [ ]|, C; forms a
regular (r — 1)-simplex, by Lemma 16 (ii), Cy, ..., C, have the same center.

Finally, we prove that Cy, ..., C, have the same radius. For any distinct i, j,Z € [r], lety;, ¥ Ve
denote the radii of C;,C It C,, respectively. Since C;, C i C, are pairwise orthogonal with the same
center and every r-tuple in [, C; forms a regular (r — 1)-simplex, we have that y; +y2 = y}z. +
y?, yielding that y; = y;. This completes the proof of item (ii). O

Let A C X be the set of points that are not in J;,| A;- In summary, we have shown that there
exists a partition X = AjUA,U...UA, with |4,| = o(n) and |4;| = n/r — o(n) foreveryi € [r] (see
Claim 18 (i)), and pairwise orthogonal circles Cy, ..., C, C R4 (see Claim 19 (i)), such that A; CC;
for all i € [r] (see Claim 18 (ii)) and Cj, ..., C, have the same center and the same radius (see
Claim 19 (ii)). This completes the proof of Theorem 7. O

6 | THE NUMBER OF REGULAR (k — 1)-SIMPLICES IN EVEN
DIMENSIONS

In this section, we prove Theorems 3 and 5 and derive Corollary 6 from them. We shall prove
Theorem 5 first. The proof of Theorem 3 then follows with an additional optimization step.
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6.1 | The general case

Proof of Theorem 5. Let r > k > 3 be fixed integers. Let X C R?" be a set of n points that attains
S’z‘r(n), where 7 is sufficiently large. In order to establish Theorem 5, we shall first apply Theorem 7
to get a coarse structure of X, and then further examine this structure using the extremality of X.

By Theorem 7 we have a partition X = AjUA,U...UA, with |Ay| = o(n) and |4;| = n/r —o(n)
for every i € [r], and pairwise orthogonal circles Cy, ..., C, € R? with A; C C; for alli € [r], such
that Cy, ..., C, have the same center and the same radius y > 0. In particular, we can assume that
Ay =X\ Uigrr C0-

Since Aff(C,),...,Aff(C,) are pairwise orthogonal and intersect at the common center of
C;,...,C,, we can further assume, without loss of generality, that the common center is the origin
and

Aff(C;) = {0} X -+ X {0} XR* X {0} X -+ x {0}

2(i-1) 2r—2i

foralli € [r].

Claim 20. We have X C |J,,1C;, thatis, A, = 0.

ie[r]
Proof of Claim 20. Suppose there existsv € A; = X \ Uiem C;.Let I(v) C [r] be the set of indices
i € [r], such that the projection of v onto Aff(C;) is the center of C;, that is, the origin. Observe

that the distance between v and any point in {J;cz(,) C; is VI[v||? + y2.
Let N, N,, and N; denote the number of regular (k — 1)-simplices spanned by X that

* contain v and at least another point from A,
+ are formed by v and at least two points on C; for some i € [r],
+ are formed by v and k — 1 points from pairwise distinct circles,

respectively. The number of regular (k — 1)-simplices containing v is then at most N; + N, + N;.

Since |Ay| = o(n), we have N; = o(n*1).

For each i € [r], observe that the number of pairs of points in X n C; that can form a regular
(k — 1)-simplex with v is at most |X N C;| < n. Indeed, for any point x € C; there are at most two
other points in C; at distance ||v — x|| from x. Consequently, each point in X N C; is contained in
at most two such pairs, and hence the total number of such pairsis at most |X N C;| < n. It follows
that N, = O(n*—2).

To bound N3, first note that the distance between any two points on different circles is W
Hence, Nj is upper bounded by the number of (k — 1)-tuples (xy,...,x;_1) € Cp X - XCp,
with [[v — x| = - = [[v — X,_, || = V22, over all distinct 71, .., 7, € [r].

If ||v|| # ¥, then the following holds. For any i € [r], either i € Z(v), which means that all
points on C; have distance \/||v]|? + y2 # \/2_;/2 tov,ori ¢ I(v), implying that there are at most
2 points on C; at distance W to v. So in this case we have N; = O(1).

If |Z(v)| < r —2, since for each j € [r] \ I(v) there are at most 2 points in C; with distance

y/2y? from v, we have

N3

VA

> TIxnci|+ow=< (f21)(2) +ows.

TS
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If||v|]| =y > 0and |I(v)| > r — 1, then v is not the origin and thus |Z(v)| = r — 1. Let j € [r] be
such that Z(v) = [r] \ {j}. Then v € Aff(C;) and ||v|| = y, implying that v € C}, a contradiction.
Therefore, v is contained in at most

_ k-1
N, +N, +N; < <£ _i) (%) +o(nk 1)

regular (k — 1)-simplices. Now we take an arbitrary point v’ € C, \ X. Since v’ is contained in at
least

> JIxnci= <£:i>(%)k_l —o(m*1)> N, +N, + N,

e(ih7e7

regular (k — 1)-simplices, X U {v'} \ {v} spans more regular (k — 1)-simplices than X, contradict-
ing the extremality of X. O

We finalize the proof by bounding the number of regular (k — 1)-simplices in X. There are three
types of simplices:

(1) regular (k — 1)-simplices A; with |A; N C;| < 1foralli € [r];
(2) regular (k — 1)-simplices A, with |A, N C;| = 2 for some i € [r] and |A, N C;| < 2 for others;
(3) regular (k — 1)-simplices A, containing at least three vertices on the same circle.

Note that A; and A, both have side length 4/2y2, while A, if exists, has side length 4/3y2.
Recall that for k > 3

fe,ony =l Y T+ Y D (H(nj—unj¢4z)> > I

Ie(l,zj) ieT 1<k /2] Je([;J) JjeJ IE(E\Z‘;) iel

n; — p;
+ﬂk=3<z l3 l+ﬂpi>s(Pz—8)>,

i€[r]

where p; is the remainder of n; divided by 12 for each i € [r].
Claim 21. X spans at most max, ..., —, [ (1, ..., n,) regular (k — 1)-simplices.

Proof of Claim 21. For everyi € [r], we let n; = |X N C;| and p; be the remainder of n; divided by
12. Note that },,c(,;n; = nand n; = n/r —o(n) for all i € [r]. The number of A, is

> I

IE(I;I) iel

ielr

We shall upper bound the number of A, and A, together as follows. Observe that the third-type
simplex A; exists only when k = 3. Indeed, when k > 4, since a circle does not contain a regular
(k — 1)-simplex, there must be another point on a different circle, implying that \/2_;/2 and 4/3y?2
both appear as distances between vertices of A, a contradiction. For each i € [r], we let 5; be the
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number of pairs of points on C; at distance 1/2y? apart and let ¢; be the number of equilateral
triangles spanned by points on C;. Then for 1 £ ¢ < |k/2], the number of A, containing exactly
¢ pairs of points, each pair on a different circle, is

Z <Hsj> Z Hni.
Je([;]) jeJ ZE(EQ\Z‘Z)IEZ

The number of A;, which only exists if k = 3, is Tj_3 Y[, t;- Hence, the number of A, and A;
together is

2 <Hsj> > I +Hk=3<2ti>.

1<<k/2] Je([;]) jeJ 16(5:1\2?) iel ielr]

Note that increasing s; by 1increases the total number of A, and A; by Q(n*~2), while increasing
t; by 1 only increases the total number of A, and A; by at most 1. In order to maximize the total
number of A, and A, on each circle C; the priority is to maximize s;, followed by ¢;. Observe that
s5; < n; and the equality can be attained only if n; € 4Z. Accordingly, the optimal configuration
of n; points on C; is as described in Section 2.2, where 5; = n; — 1, 24, is maximized and ¢; =
(n; — p)/3 + 1,,55(p; — 8). Therefore, the number of A, and A; together is at most

(H(”J‘_“n,ﬂz)) Z H”i +“k:3(2 %+ﬂpi>s(pi—8)>.
1<£<k/2] Je([;]) JjeJ 16(5:1\2{) iel ielr]

Adding up the contributions from different types, we obtain that there are at most

2 IIml+| 2 X (H(nj—ﬂnj¢4z)> > IIn

16([/2]) ieT 1< k/2] Je([;]) JET le(["]\J) ie1

k—2¢
+ 1]k=3< Z l 3 -+ 1]pl->8(pi - 8))

i€lr]

< max Ny, ..., N, ).
\n1+---+n,=nfk( JERRR r)

regular (k — 1)-simplices in X. O

Due to the extremality of X, Claim 21 gives an upper bound on S’z‘r(n) when n is sufficiently
large. Since the upper bound matches the lower bound (1), we have that

S’z‘r(n) = max fx(ny,...,n,) forfixed r > k > 3 and sufficiently large n. (6)
ny+-+n,=n

The proof of Theorem 5 is completed by taking k > 4. 1
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6.2 | The special case: Equilateral triangles
In this subsection we prove Theorem 3.

Proof of Theorem 3. As shown in the proof of Theorem 5, see (6), for sufficiently large n we have
Ty (n) = S;(n) =max, ..y, -, f3(1,...,n,), Where

n. — .
fi(ny, . n) = < Z ”i"j"k) + (Z (n; = Tpga)(n — 1) + = 3 Piy Tp>8(Pi = 8))
i€[r]

1<i<j<k<r

and p; denotes the remainder of n; divided by 12. Thus, to prove Theorem 3, it suffices to find the
maximizer of f3(n;,...,n,) amongall (ny, ..., n,) with 3/ _, n; = n.

Let (ny,..,n,) be a maximizer of f3(n,..,n,) among all (n,..,n,) with Y n, =n.
Since S; (n) = (g)(n/r)3 +o(n?) by Theorem 2, we have that |n; —n/r| = o(n) for all i €
[r]. Otherwise by Lemma 13, the first term of f3(n,,...,n,) would be at most (})(n/r)’ -
en® for some constant ¢ > 0, yielding that f5(n,...,n,) < (;)(n/r)3 —en® +0(n?) < S3 (n), a
contradiction.

Claim 22. For any distinct i, j € [r], [n; — n;| < 2.

Proof of Claim 22. Suppose for contradiction that n; —n, > 3. Let n] = n; —2 and n, = n, + 2.
Then we have

f3(n],n),ns,...,n) — fi(ny, ny,ns, ..., n,)
r
> <Z(nin; - nlnz)nk> + (0, = D(n—n)) —ny(n—ny))
k=3

+ ((n} = D(n —n)) — ny(n — ny)) — 30
=2n;—-2n,—4)(n—-n, —ny)+(-3n+5n,—-6)+(n—-3n,—2)—30

=(2n-2n; +9)n, —(2n —2n, — 1)n, — 6n — 38.

Since n, < n; —3<n/2—-1and (2n — 2n, — 1)n, is increasing in n, for n, < n/2 — 1, it holds
that 2n — 2n, — 1)n, < (2n — 2n; — 7)(n; — 3) and thus

f3(n],n)yns,...,n) = f3(ny, ny,ns, ..., n,) > 100, — 59 > 0,
contradicting the maximality of f5(n,, ..., n,). O
Claim 23. For any distinct i, j € [r], if |n; — njl =2, then n;, n; € 2Z.

Proof of Claim 23. Suppose that n; = n, +2 and ny,n, ¢ 2Z. Let nj =n; —land n}, = n, + 1.
Since n, n, ¢ 47, we have
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f3(ny,n),ns, .. n) — f3(ny,ny,ns, ..., n,)
> (Z("i"; - ”1"2)”k> + () = D(n=n) = (n, = D(n —ny))
k=3

+ ((nh = D(n=nl) — (n, = D(n —ny)) — 30

=mn—-n,—ny)+(-n+2n -2)+m-2n,)—-30=n-2n,—-30>0,
a contradiction. O
Claim 24. There exists at most one i € [r], such that n; is odd.

Proof of Claim 24. Suppose that n; and n, are both odd. Then by Claims 22 and 23 we have that
ny =n,. Letn] =n; —landn) =n, +1.1fn; =n, =1 (mod 4), then we have n; =0 (mod 4)
and thus

f3(n],n),ns,..,n) — fi(ny,ny,ns, ..., n,)
r
> <2<n;n; - n1n2>nk> () —n)) = (n, = 1)(n —n))
k=3
+ () =D —n)) — (n, — 1)(n—ny)) — 30
=—(m-n-n)+m—-1)+mn-2n,)—30=2n, —n, —31>0,

a contradiction. If n; = n, = 3 (mod 4), then we have n/, € 47 and thus

fi(ny,nb,ns, . n) — f3(ny,ny,ns, . n,)

r
> (2("1”; - nlnz)nk) + ((ni -Dn-— ”li) —(n —1(n- nl))
k=3

+ (nb(n—n)) = (n, — (n —ny)) — 30

=—-(m—-n —ny)+(-n+2n,—-2)+2n—-3n,—-1)—30=3n, —2n, —33 >0,
a contradiction. O

Combining Claims 22, 23, and 24, we know that

* ifniseven, thenny,..,n, areallevenand |n; —n;| < 2foralli, j € [n];
* if nis odd, then there is exactly one odd n; and |n; —n;| = 1forall j € [r] \ {i}.

Such a partition of n is unique up to the ordering of n,, ..., n,, thus, (ny, ..., n,) is exactly the one
given in Theorem 3, up to a reordering. I
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6.3 | The lower-order term in S;‘r(n)

In this subsection we prove Corollary 6, which determines the magnitude of the lower-order term
in the asymptotic expression of Sé‘r(n). Recall that for any fixed integers r > k > 3, Corollary 6
asserts that

Sk (n) = <£> (%)k +0(n* ),

Proof of Corollary 6. We have shown in (6) that

k _ ) _
Szr(”) = nlﬁ}%r:n fx(ny,...,n,) forfixed r > k > 3 and sufficiently large n,

where

fk(nl"“’nr): 2 Hni + 2 z (nj_ﬂnj$4Z)Hni +O(nk_2)-

Ze([,';]) iel Jelr] Ze([rk]i{zj}) iel

Ignoring the last term above, which has a negligible effect for sufficiently large n, it suffices to
show that for fixed integersr > k > 3

n1+I~¥-1$§r=n 2 Hni + 2 Z (”j—“nj¢4Z)H”z :<I’;><$>k+®(nk_l)' 0

Ze([l';]) iel Jjelr] le([rk]i{zj}) ieT

The first term on the left-hand side of (7) is at most (Ir{) (n/r)* by Maclaurin’s inequality [7], while
the second term is O(n*~1). So the left-hand side of (7) is upper bounded by (I:) (n/r)k + o(n*1).

For the other direction, we let n; be either [n/r] or [n/r| foreachi € [r]sothatn, + --- + n, =
n.Letm* and m™~ denote the counts of indices i for which n; = [n/r] and n; = |n/r], respectively.
Note thata := m*([n/r] —n/r)+ m~(|n/r| — n/r) = 0. For this choice of n, ..., n,, the second
term on the left-hand side of (7) is Q(n*~1), while the first term is at least

()2 +a(z2) () o= () (2)' 0w

Therefore, the left-hand side of (7) is lower bounded by () (n/ Nk + Qnk1). O

7 | CONCLUDING REMARKS

In this paper, we settled a conjecture in combinatorial geometry. Assuming n being sufficiently
large, we obtained the exact value of T;(n), that is, the maximum number of equilateral triangles
spanned by n points in R¢, for all even dimensions d > 6. For odd d > 7, we determined T ;(n) up
to the lower-order term.
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Let T;nit(n) be the maximum number of unit equilateral triangles spanned by n points in R,
Our method also determines T:imit(n) for alleven d > 6.

Proposition 25. Letr > 3 be a fixed integer. For sufficiently large n € N we have

TSy = Y mnm+ Y (("i - ﬂniﬂz)("_""))’
i€(r]

1<i<j<ksr
where (ny, ..., n,) is chosen in the same manner as in Theorem 3.

The upper bound in Proposition 25 follows by an argument analogous to that of Theorems 3 and
5, except that the third-type simplices (triangles) need not be counted, as their side length differs
from that of the first two types. The lower bound is obtained by the same Lenz construction as in
Section 2.2, again excluding the third-type triangles.

We also considered a more general setting. Recall that Ss(n) denotes the maximum num-
ber of regular (k — 1)-simplices spanned by n points in RY. We determined the asymptotic
behavior of S’;(n) for all fixed d > 2k > 6. For even d, we are also able to determine the
magnitude of the lower-order term and reduce the problem of determining the exact value
of Ss(n) to an optimization problem. We remark that in the case when k >4 and d is
even, since the third-type simplices do not exist, our proof of Theorem 5 also implies the
following.

Proposition 26. For any fixed r > k > 4 and sufficiently large n € N, the maximum number of
. . . . 2 . . . . k

(k — 1)-simplices spanned by n points in R“", with a given side length, is equal to S} (n).

Regarding the function S’z‘r +1(n) with r > k > 3, it seems out of reach to determine its exact
value even for r = k = 3. The reason is that in the odd-dimensional case a linear proportion of the
points can lie on a two-dimensional sphere, and the exact maximum number of occurrences of a
fixed distance among points on a two-dimensional sphere is unknown. Nevertheless, we believe
that determining the magnitude of the lower-order term is plausible. As mentioned in Section 2.3,
a result of Erdés, Hickerson, and Pach [13] shows that there exists a configuration of m points
on a unit two-dimensional sphere in which the distance \/5 occurs Q(m*/3) times. Building on

2r+1
other hand, a classical result of Clarkson, Edelsbrunner, Guibas, Sharir, and Welzl [8] states that

the number of occurrences of any fixed distance among m points on a two-dimensional sphere is
at most O(m*/3). Using this bound, together with a further refinement of our method, it is possible
to prove that

k
this configuration, we obtained the lower bound S¥ __ (n) > ( Irc) (g) + Q(nk=2/3), see (2). On the

k
SMOR (;)(%) +0(n )

for r > k > 3. However, we expect the analysis to be more involved, since most of the
dimension arguments underlying the stability result (i.e., Theorem 7) no longer hold in the
odd-dimensional case.
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