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Abstract

Chiral light-matter interactions underpin the spectroscopic characterization
of chiral molecular systems and are central to prospective all-optical imple-
mentations of enantioselective applications in chemistry and pharmacology.
This dissertation develops and applies theoretical and numerical methods to
describe chiral light-matter interactions across length scales, from micro-
scopic scatterers to macroscopic photonic structures, and in particular uses
them to design a highly helicity-biased chiral optical cavity.

As a theoretical foundation, we formulate linear optical media via constitu-
tive relations, discussing in particular the magnetic—electric cross-coupling
characterizing chirality, and we express electromagnetic waves in terms of
helicity eigenfunctions. Combining these formulations, we employ transition
and scattering matrix formalisms for chiral light-matter interactions with
localized and planar systems, respectively, including analytic expressions
for spherical scatterers and planar interfaces between chiral media.

Utilizing these formalisms, we investigate how different manifestations
of chirality contribute to the overall optical response. For finite scatterers
with chiral geometries and composed of chiral media, we show that circular
dichroism can be decomposed, to an excellent approximation, into separate
material and geometric contributions. We exploit the smallness of typical
material chirality parameters to devise an efficient approximation scheme for
chirality-dependent transition matrices and derived spectroscopic quantities.
For chiral arrangements of achiral plasmonic nanoparticles, we demonstrate
strongly enhanced, bisignate circular dichroism arising from the coupling
between the particles and analyze the role of higher multipoles in accurate
modeling.

Finally, we optimize an electromagnetically chiral silver helix, reaching
95 % of the ideal helicity selectivity, and use arrays of such helices to realize
a chiral optical cavity that supports eigenmodes of nearly pure helicity
and exhibits a helicity-selective contrast in resonant intensity enhancement
of three orders of magnitude. The resulting dissymmetry of up to 94 %
illustrates how microscopic chiral building blocks can imprint their response
onto macroscopic devices, providing a chiral electromagnetic environment
suitable for future enantioselective optical applications.






Kurzfassung

Chirale Licht-Materie-Wechselwirkungen bilden die Grundlage fiir die spek-
troskopische Charakterisierung chiraler Molekiile und spielen eine zentrale
Rolle bei der weiteren Entwicklung enantioselektiver Anwendungen in der
Chemie und Pharmakologie. In dieser Dissertation werden theoretische
und numerische Methoden entwickelt und angewendet, um chirale Licht-
Materie-Wechselwirkungen tiber verschiedene Langenskalen hinweg zu
beschreiben — von mikroskopischen Streuern bis hin zu makroskopischen
photonischen Strukturen. Diese Methoden werden insbesondere genutzt,
um einen chiralen optischen Resonator aus Spiegeln mit stark ausgepragter
Helizitatselektivitit zu entwerfen.

Die theoretische Grundlage bildet die Beschreibung linearer optischer
Medien mittels Konstitutivgleichungen. Hierbei wird insbesondere die fiir
chirale Medien charakteristische magnetoelektrische Kopplung diskutiert.
Des Weiteren werden elektromagnetische Wellen als Eigenfunktionen der
Helizitat dargestellt. Darauf aufbauend kommen T-Matrix- und Streumatrix-
formalismen bei der Beschreibung chiraler Licht-Materie-Wechselwirkungen
in lokalisierten beziehungsweise planaren Systemen zur Anwendung, ein-
schlieBlich analytischer Ausdriicke fiir spharische Streuer und planare Grenz-
flachen zwischen chiralen Medien.

Unter Verwendung dieser Formalismen wird untersucht, wie verschiede-
ne Ausprigungen von Chiralitit zur optischen Gesamtantwort beitragen.
Fir endliche Streuer mit chiralen Geometrien, die aus chiralen Medien be-
stehen, lasst sich der Zirkulardichroismus in ausgezeichneter Ndherung in
getrennte material- und geometriebezogene Beitrage zerlegen. Die geringe
Grofle typischer Materialchiralitdtsparameter erméglicht zudem die Ent-
wicklung eines effizienten Approximationsschemas fiir chiralititsabhangige
T-Matrizen und davon abgeleitete spektroskopische Grofien. Dariiber hinaus
zeigen chirale Anordnungen achiraler plasmonischer Nanopartikel einen
stark ausgepragten, bisignaten Zirkulardichroismus, der durch die Kopplung
zwischen den Partikeln hervorgerufen wird. Hierbei wird unter anderem
die Relevanz hoherer Multipole fiir eine genaue Modellierung analysiert.

Abschlieflend wird eine elektromagnetisch chirale Silberhelix optimiert,
wobei 95 % der maximal moglichen Helizitdtsselektivitit erreicht werden.
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Mit Gitteranordnungen solcher Helices lasst sich ein chiraler optischer Re-
sonator realisieren, der Eigenmoden nahezu reiner Helizitat unterstiitzt und
einen helizititsselektiven Kontrast der resonanten Intensitatsitberh6hung
von drei Groflenordnungen aufweist. Die daraus resultierende Dissymme-
trie von bis zu 94 % veranschaulicht, wie mikroskopische chirale Bausteine
ihr Ansprechverhalten auf makroskopische Strukturen tibertragen kénnen.
Dadurch wird eine chirale elektromagnetische Umgebung geschaffen, die
sich fiir zukiinftige enantioselektive optische Anwendungen eignet.
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1 Introduction

In 1811, French physicist Frangois Arago observed colors when he looked
through a polarizer at white light passing through a quartz crystal [1]. He
had just seen, for the first time, the effect of optical rotatory dispersion. An
explanation followed soon after, brought forward in 1812 by Jean-Baptiste
Biot. Biot also discovered that optical rotation could be observed in naturally
occurring liquids such as turpentines and solutions of camphor or cane
sugar [1]. This series of discoveries culminated in 1848, when Louis Pasteur
demonstrated that molecular chirality was the cause of optical rotation
and physically separated the mirror-image crystals of tartaric acid, thus
providing the first active separation of enantiomers of a chiral molecule [2].

These discoveries mark the beginnings of the concept of chirality, which
refers to objects—for instance, molecules—that cannot be brought to coincide
with their own mirror image, as in the example of a left and a right hand.
From its very conceptualization, chirality was innately manifested in the
interaction between light and matter, and, stated in summary, “[no natural
phenomenon] has had so profound an effect on chemical thought as that
of natural optical rotatory power.” [3] Subsequent investigations in the late
19th and the early 20th century revealed the vital importance of molecular
chirality for the biochemical reactions occurring in living organisms [4]. The
efficacy of these reactions often critically depends on matching enantiomers
[5-8], and adverse effects of a mismatch can be as harsh as toxicity, as vividly
demonstrated by the thalidomide scandal of the 1960s [9]. Optical rotation
and the closely related phenomenon of circular dichroism—which is the
contrast between the absorption of left-handed and right-handed circularly
polarized light—provide powerful tools to sense and detect the enantiomeric
composition of chiral molecular compounds, and thus enable the control
and quality assurance of medical drugs [10-14].

The vital importance of chirality in pharmaceutical and pharmacological
contexts, however, necessitates not only the detection but also the direct
manipulation of the enantiomeric composition of a medical drug. In the ideal
case, the active control of the enantiomeric composition happens directly
during the synthesis of the compound. The importance of controlling the
synthesis of enantiomers for contemporary societal needs was recognized
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with two Nobel prizes in chemistry, awarded in 2001 and 2021, respectively
[15, 16]. Current established techniques are based on asymmetric catalytic
reactions [17-19]. Despite the historic inseparability of chirality and light-
matter interactions, the potential of all-optical realizations for the active
manipulation of the enantiomeric composition of a chiral chemical com-
pound remains largely untapped. While the principal possibility of biasing
chemical synthesis toward one of the enantiomers, creating enantiomeric
excess, has been demonstrated, the extent of the effect remains extremely
small [20, 21]. Therefore, while conceptually proven, utilizing light-matter
interactions for these purposes is far from a practical implementation that
would support the purity and throughput needed for large-scale bulk synthe-
sis of medically active compounds. The reason can be seen in the typically
weak chiral optical response of molecules, which can be related to the small
spatial dimensions of chiral molecules as compared to the wavelength of
light, ranging from the ultraviolet to the infrared, that excites such molecules
[22—25]. However, a large-scale realization of optical technologies for these
endeavors, enabling asymmetric photocatalysis, offers unique advantages:
Conventional asymmetric synthesis requires complex chiral catalysts, often
metal complexes with chiral ligands, which themselves have to be prepared
enantiomerically pure, or sacrificial chiral auxiliaries, which must later be
separated and disposed of or regenerated for reuse [21, 26—28]. Utilizing
light for these purposes instead reduces the chemical footprint, offering a
green alternative [29-31].

Consolidating the chiral interaction between light and matter, to facilitate
not only a passive, observing role but to enact an active influence on vital
applications as the ones outlined above, requires overcoming the faintness
of effects due to the innate weakness of chiral molecular optical responses.
This challenge is faced on two sides: On the side of chemical reactions,
certain pathways hold promise in amplifying the influence of circularly
polarized light on enantiomeric excess. These pathways rely on autocatalytic
amplification, which means that a product of the reaction acts itself as a
catalyst for the reaction. Such reactions have been shown to amplify the
enantiomeric excess induced by circularly polarized light, which is usually
characterized by a single-digit percentage, up to more than 99 % [32, 33].
However, as such possibilities are inherently tied to the specific chemical
compound and pathway under consideration, these schemes do not yet



provide a universal solution to the challenge and may be out of reach for
many of the medically active substances of relevance.

On the other side stands our control of chiral light and its enhancement,
to overcome the small effects tied to weak responses by concentrating the
power of the light and thereby scaling the resulting outcome. Structures
exhibiting strong chiral near fields or configurations of superchiral light can
locally compensate the weak response by a high-powered stimulus [34, 35].
A particular technology to be highlighted in this context are chiral optical
cavities—optical devices that enable the resonant enhancement of light while
maintaining and enforcing a strong bias toward one helicity or circular
polarization handedness of light [36-39]. Such cavities have the potential to
extend the small volumes, to which the effect of near-field-based structures
or localized superchiral hot spots are confined, to electromagnetically large
volumes. With the further potential to process liquid-phase reactants inside
the cavity using microfluidic techniques [40, 41], chiral optical cavities have
the potential to be scaled to match the demands of commercial, large-scale
pharmaceutical applications.

All of these devices, from structures enhancing chiral near fields to chiral
optical cavities, hinge on our ever-increasing understanding of chiral light-
matter interactions. They rely on our ability to devise and manufacture
mesoscopic and macroscopic photonic structures—matter—to manipulate
light and tailor its chiral properties. These chiral properties in turn influence
chiral molecular matter, as in the outlined enantioselective applications.
All such approaches require a fundamental understanding of the chiral
interactions between light and matter, which, in turn, enables the rational
design of structures for enantioselective and other chiral applications.

Situated within this broader effort, this dissertation aims to deepen our
understanding of the chiral interaction between light and matter, and uses
these aspects, along with the formalisms introduced, to propose a chiral opti-
cal cavity. To this end, the results of several published investigations on these
topics—which were developed as part of the author’s doctoral research—are
presented and augmented and extended by previously unpublished original
contributions to this dissertation. In particular, this dissertation acknowl-
edges the different causes whose interplay determines the chiral optical
response of a given object: The chirality of a medium, which derives from
the chirality of its molecular constituents, as well as the chirality of the
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geometric shape of an object composed of this material, both contribute
to the object’s overall chiral response. Both causes of chirality—material
and geometric—are fundamentally linked to the absence of spatial inversion
and mirror symmetry in the entity in question. In physical reality, however,
these causes of chirality are separated from one another by the length scales
on which they manifest, and consequently, they are distinguished in the for-
malism by the concepts used to represent them. As one moves up the scales,
chirality may not be bound to a single object, or the medium of which it is
composed, at all: Assemblies of resonant metallic nanoparticles demonstrate
how strong chiral responses arise solely based on their spatially distributed,
chiral arrangement, even though the individual particles are achiral. In this
case, chirality is not represented by a dedicated concept at the level of for-
malism, but rather becomes an emergent feature of the description of the
interaction between the particles, thereby drawing attention to the coupling
of the responses of the individual objects. The research in this dissertation
focuses on systems subject to various influences of these causes of chirality
and investigates how these causes can be isolated under suitable conditions
and, in turn, utilized to tailor or optimize chiral optical responses. Finally, a
microscopic chiral object can influence the chirality in a macroscopic struc-
ture by imprinting its chiral optical response onto the electromagnetic waves
hosted inside the larger optical device. This principle underlies the specific
design of the chiral optical cavity that we propose here. Taken together, the
results presented in this dissertation provide insights into the interplay of
the causes of chirality on different length scales and propose a design for a
chiral optical cavity that might enable us to find all-optical solutions to the
challenges posed by vital enantioselective applications.

Outline - This thesis is structured in two parts. Chapters 2 to 4 introduce
the concepts used in our explanations and the formalisms employed in
our numerical modeling, thereby laying the foundation for the subsequent
investigations into chiral light-matter interactions across multiple length
scales. Chapters 5 and 6 primarily present and discuss the results of several
studies we have published on aspects of chiral light-matter interactions and
chiral optical cavities, as well as original contributions in this dissertation.
Although the dissertation follows a logical progression in the order in which
various aspects are presented, the first part (Chapters 2 to 4) may be regarded



as reference for the discussion of the results in the second part. This applies
in particular to Chapter 4, which contains detailed derivations for relevant
quantities in the introduced formalisms, formulated explicitly with chirality
in mind; a summary of the most important relations is included at the end
of that chapter as a reference. In our works in Chapters 5 and 6, we refer
as needed to the relations and discussions relevant for understanding the
subject matter. In the following, we provide a brief overview of the topics
covered in the individual chapters.

In Chapter 2, we introduce the fundamental description of linear optical
media in electrodynamics. We discuss the representation of linear media
using constitutive relations. We focus in particular on the origins of the
chirality parameter, which provides the effective description of the chirality
of a macroscopic medium resulting from its chiral molecular constituents.

In Chapter 3, we discuss monochromatic electromagnetic waves in chiral
media. We specify two types of wave solutions, namely vector spherical
waves and vector plane waves. These are used, respectively, in the subse-
quent description of the interaction of light with spatially localized and
planar systems. The structure of the equations governing electromagnetic
waves in chiral media reveals the significance of circular polarization in facil-
itating their solution. Therefore, we introduce helicity, which generalizes the
concept of the handedness of circular polarization—generally well-defined
only for vector plane waves—to arbitrary field configurations and, in partic-
ular, to vector spherical waves. Helicity is the appropriate representation of
the chirality of light.

In Chapter 4, we combine the descriptions of light and matter to char-
acterize their interaction. We consider the scattering of electromagnetic
waves by spatially localized, finite scatterers as well as by planar, infinitely
extended systems. For these cases, we introduce the transition matrix for-
malism and the scattering matrix formalism, respectively, which facilitate
our subsequent investigations. Spectroscopically relevant quantities, such
as cross-sections of finite scatterers and the power transmission and reflec-
tion coefficients of a planar system, are expressed within the framework of
the respective formalism, and their detailed derivations are provided. With
regard to chiral light-matter interactions, the derivations and discussions in
this chapter are formulated taking chirality and helicity into account.

In Chapter 5, we turn our attention to the chiral interaction between light
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and matter and begin by discussing the interaction with localized objects
on microscopic to mesoscopic length scales. We start with an introduction
to the geometric concept of chirality and the spectroscopic quantities used
in its analysis, namely, optical rotation and circular dichroism. Focusing on
circular dichroism, in Section 5.2 we discuss the interplay of material and
geometric chirality in shaping the chiral optical response of a scattering
object. We investigate the possibility of isolating contributions associated
with the two separate causes, and we propose an approximation scheme that
enables the efficient computation of transition matrices and spectroscopic
quantities for objects when their dispersive material chirality parameter is
varied. The results presented here include, in particular, our work published
in Ref. [P9] as well as original contributions to this dissertation, which
expand upon the scope of the previously published study.

In Section 5.3, we consider chirality as an emergent property of the dis-
tributed spatial arrangement of achiral metallic nanoparticles. Their strong
chiral optical response is related to plasmonic resonances supported by the
individual particles, and we identify the coupling between the particles,
which is the primary cause of the pronounced circular dichroism signals
observed in these systems. Results discussed here include those published
in Ref. [P3] and are refined and augmented by additional considerations.

The final section of Chapter 5, Section 5.4, addresses the optimization of
small chiral scatterers with the objective of maximizing their chiral optical
response. To this end, we introduce the concept of electromagnetic chirality,
which provides a holistic measure for the chirality of the optical response. Us-
ing electromagnetic chirality as the objective function, we obtain optimized
scatterers that exhibit a pronounced contrast between their interaction with
light of positive and negative helicity (e.g., left- and right-handed circularly
polarized light). These optimized scatterers are at the core of the proposed
design for a chiral optical cavity, and their optimization was discussed in
the corresponding publication, Ref. [P2].

In the concluding thematic chapter, Chapter 6, we present our design for
a chiral optical cavity. The results discussed there were largely published in
Ref. [P2]. First, we investigate planar mirrors consisting of a periodic array
of the optimized chiral scatterers placed on a substrate. We characterize their
reflection properties, evaluate their performance, and explain the underlying
physical effects. Next, we examine the cavity formed by these chiral mirrors



and analyze its eigenmodes. We demonstrate the preference for a specific
helicity induced by the optimized chiral scatterers, which could enable the
large-scale optical implementation of enantioselective applications in future
work.

We conclude with a summary of the most important aspects and results
of this dissertation and an outlook on possible future research directions in
Chapter 7.






2 Fundamentals of Classical Electrodynamics

In preparation for our study of chiral light-matter interactions, the first
chapters of this work introduce the concepts and formalisms that we rely on
in our analyses. At their foundation lies the description of electromagnetic
fields in optical media. In the subsequent chapters, the fundamentals intro-
duced here extend to the description light—electromagnetic waves—and its
scattering from systems made of chiral media.

In this chapter, we introduce the electromagnetic fields and their govern-
ing equations, Maxwell’s equations. We consider the linear optical properties
of media, leading to constitutive relations for the fields. Particular emphasis
is put on the properties and origins of chirality in the constitutive rela-
tions. Finally, we discuss the continuity of the electromagnetic fields at
interfaces between media, a prerequisite for our description of scattering of
electromagnetic waves.

At its core, classical electrodynamics deals with electric charges and
electric and magnetic fields. Formally, the charges constitute two related
quantities, the spatially distributed and time-dependent charge density p(r,t)
as well as the current density J(r,t) capturing the charges’ motion. As
total charge is conserved, the local change of the charge density is entirely
determined by the in- and outflow given by the current density. Formally,
these densities are related by the continuity equation

%p(r,t)+V-](r,t):0. (2.1)

The fields are represented by two more quantities, namely, the spatially and
time-dependent electric field strength E(r,t) as well as the magnetic flux
density B(r,t). The effects of the electric and magnetic fields are evident
in the forces they exert on charges. Particularly, an isolated particle at a
position r with electric charge ¢ moving with a velocity v = d%r in the
presence of electric and magnetic fields experiences the Lorentz force

F = g(E + v x B). (2.2)

Conversely, the charges source the electric and magnetic fields. This fact is
captured in Maxwell’s equations.
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2.1 Maxwell’s Equations

Maxwell’s equations read [42]

V-E(rD) = % p(r,1), (2.32)

V< B(.) - eopo 5 B 0) = o J0.) (23)
V X E(r,t) + a%B(r, =0, (2.30)
V-B(r,t) =0, (2.3d)

with the physical constants ¢,, the vacuum permittivity, and 1, the vacuum
permeability. Equations (2.3a) and (2.3b), the inhomogeneous equations,
describe how electric charges act as sources to the electric and magnetic
fields. These equations are complemented by the homogeneous equations,
Egs. (2.3¢) and (2.3d). In analogy to Eq. (2.3a), Eq. (2.3d) expresses the absence
of magnetic charges. Equation (2.3¢c) unveils the interdependence of electric
and magnetic fields independently of the presence of sources. It links the
electric and magnetic fields, which is why they are collectively referred to
as electromagnetic fields. We will expand on this notion in Chapter 3.

Combined with Newton’s second law of motion, Egs. (2.2) and (2.3) are
conceptually sufficient to describe the classical dynamics of electrically
charged particles and electromagnetic fields. However, in most material
systems, it is neither feasible nor useful to capture the entire dynamics of
numerous charges and the related fields. Instead, one tries to describe the
collective behavior of the charges contained in a material as a bulk property.
For this purpose, auxiliary fields are being introduced, which alter the ap-
pearance of Maxwell’s equations. Attesting the fact that an exact description
on the microscopic scale is given up in favor of a simpler description, the
resulting modified set of equations is also called the macroscopic Maxwell
equations.

2.1.1 External and induced charge and current densities

Following phenomenological considerations, we acknowledge that it is im-
practical to treat all charges the same; for example, the charges bound in

10
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molecules inside a material medium express themselves differently from
free ones. Therefore, it is convenient to separate the charge density into an
external and an induced part,

p(r,t) = pexi(rst) + pina(r,1). (2.4)

Above separation is chosen such that the external charge density, integrated

over a macroscopic volume, accounts for the total contained charge. Con-

versely, the induced part is restricted to have net zero charge. For instance, it

may account for the relative dislocation between opposite charges as a result

of being exposed to an electric field. To capture such contributions, we in-

troduce the electric polarization density P(r,t), with p,,q(r,t) = =V - P(r,1).
Similarly, the current density is separated as

Jrt) = Jexe (r, t) + ]ind(r» )+ ]mag(r’ t), (2.5)

including an external contribution related to external charges by Eq. (2.1)
and the contribution of induced currents, J4(r,t) = a%P(r, t), which also
satisfies the corresponding continuity relation with p; 4(r,t). The third term
on the right-hand side captures stationary' current loops, which, for exam-
ple, can describe the effect of magnetic moments in magnetic media. Using
that the divergence of such current density vanishes, we recast it by intro-
ducing the magnetization density M(r,t) satisfying ]mag(r, t) =V x M(r,1).
Generally, we use the magnetization density to describe the response of
magnetic media.

2.1.2 Macroscopic equations and auxiliary fields

To collectively account for the fields as well as their induced responses,
the auxiliary fields D and H are defined. The electric flux density or electric
displacement field is defined as

D(r,t) = gyE(r,t) + P(r,t) (2.6a)
and the magnetic field strength as
H(r,t) = ,uo_lB(r, t) — M(r,t). (2.6b)

11
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Adopting the auxiliary fields, Maxwell’s equations read

V-D(r,t) = pegi(r.t), (2.7a)

V x H(r, 1) — %D(r, D = o (D), (2.7b)
V x E(r,t) + %B(r, =0, (2.7¢)
V-B(r,t) = 0. (2.7d)

For a complete description, the macroscopic Maxwell equations, Egs. (2.7),
additionally require relations between the auxiliary fields and the fundamen-
tal electric and magnetic fields causing them or, equivalently, between the
polarization and magnetization densities and the fields. Explicitly, we seek
relations for D(E, B) and H(E, B) to complement Egs. (2.6). These relations
constitute the macroscopic description of continuous matter and are called
constitutive relations. We discuss constitutive relations that describe the
optical properties of linear media in the next section.

2.2 Linear Media

Below, we describe linear electromagnetic properties of media using suit-
able constitutive relations. We focus on constitutive relations exhibiting
magnetic—electric cross-coupling, a prerequisite for chiral media. Based on
the structure of the constitutive relations, we introduce a classification of
linear media.

2.2.1 Time domain response functions

To arrive at constitutive relations, the auxiliary fields are interpreted as
a medium’s response to the electromagnetic fields. We continue with the
following two assumptions. First, we assume the response to be linear in the
fields. Second, we restrict ourselves to a local response, that is, the auxiliary
fields at a position r depend only on the fields at that same position r. We will

12
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revisit the second assumption later. For now, however, these assumptions
allow us to write, for a homogeneous medium [43],

Dy(r,t) = e E(r,t) + J dt’ (RSt t)E{(r,t") + RE™(t,1)B(r. 1)) ,

(2.8a)
Hy(r,t) = iy ' B(r,t) + r dt’ (RBe(t,t')E;(r,t") + RI™(t,t)B(r,1)) .
- (2.8b)

R;j(t,") denote the media-dependent response functions, and i and j specify
Cartesian components of the vector fields, where summation over repeated
indices is implied.

Equations (2.8) describe the most general dependence of the auxiliary
fields in terms of local linear response functions. The functional dependence
of the response functions is simplified by further physical considerations.
Excluding an explicit time dependence of the medium (i.e., assuming time
homogeneity) restricts the temporal dependencies to be of the form (¢ —t’),
turning the integrals in Eqgs. (2.8) into convolutions. Furthermore, for a causal
relation, the response functions need to be zero for ¢’ > t. This restricts the
upper bound of integration to ¢, and the auxiliary fields depend on the past
but not the future of E and B. [44]

2.2.2 Frequency domain description

Temporal homogeneity turns Egs. (2.8) into convolutions between the re-
sponse functions and the fields. We define the Fourier transform of a time
dependent function f(¢) as

floy =T o)== | d e (2.92)
and the inverse Fourier transform as
(F 1)@ = \/%J do f(w)e et (2.9b)

where, for suitable functions,? f(¢) = (5’ -1 f) (t) by the Fourier inversion
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theorem, allowing the original function to be reconstructed from its Fourier
transform.

Applying the Fourier transform component-wise to Egs. (2.8) and using
the convolution theorem yields

Di(r,w) = [605ij + x/%liieje(w)] Ej(r, )+ mﬁfjm(w)éj(r, ), (2.10a)
H(r,0) = \/ﬁﬁgle(w)ﬁj(n ) + [ﬂ615ij + \@ﬁg‘m(w)] Bj(r, ®), (2.10b)

with the Kronecker delta ;. According to Egs. (2.10), the constitutive rela-
tions linking the auxiliary and the fundamental fields in frequency-domain
are algebraic. For some discussions, including the ones in this work, it is
useful to transform these relations into equivalent ones that relate (D, B)
with (E, H). These can be written concisely as

(Q(r,m):( () mg(@)(@(r,w)) 11
B0 0) = \Vams@  pon@) ) \ie0)- |

With these relations, we introduce and define the relative electric permittivity
tensor £(w) and the relative magnetic permeability tensor u(w), as well as
the magnetic—electric cross-coupling tensors &(w), {(w), all of which are
represented by 3 x 3 matrices. We will alternatively refer to these tensors
collectively as material parameters.

Under the stated restrictions to linear responses, locality, and spatial and
temporal homogeneity, Eq. (2.11) describes the most general constitutive
relations in frequency domain, which complete the macroscopic Maxwell
equations, Egs. (2.7), if the material parameters are known. The material
parameters are also the basis for the classification of linear media, which
we will discuss later. However, so far, little motivation has been given for
the origin of such constitutive relations and the magnetic—electric cross-
coupling terms contained in Egs. (2.8). For the remainder of this work, we
are concerned with chiral matter. We will introduce the concept of chirality
in more detail in Chapter 5; for now, we proceed with the notion that
chirality implies that spatial inversion and mirror symmetries are broken.
Considering fields of electric character, D and E, as vectors and magnetic
ones, B and H, as pseudovectors,? we see that precisely the cross-coupling
terms are responsible for breaking spatial inversion, as they relate fields
of opposite character and must, therefore, themselves be odd under spatial

14
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inversion. Hence, we recognize the cross-coupling terms as a prerequisite
for discussing chiral aspects of matter and its interaction with light, and
will illuminate this aspect first. Specifically, we highlight two perspectives
for motivating Egs. (2.8), one related to the derivation of the macroscopic
Maxwell equations from microscopic considerations, and the other as a
result of relaxing our previous assumption of purely local responses.

2.2.3 Microscopic origins of magnetic—electric cross-coupling

The aim of assuming a microscopic perspective on Maxwell’s equations
is to establish the macroscopic equations, Egs. (2.7), from a consideration
of the microscopic point charges that make up matter and their related
fields. Assuming this perspective, and following largely the discussion in
[42, Section 6.6], we postulate the microscopic Maxwell equations,

V-e(rt) = —n(r.), (2120)
&
V xb(r,t) — gy %e(r, 1) =y j@r,t), (2.12b)
Vxelr,0) + 2 b(r.0) = 0, (2120)
V -b(r,t) = 0. (2.12d)

The lowercase fields represent the microscopic electric and magnetic fields
and

n(r.t) = ) ¢80 (r —r(®), (2.13)

jlr,t) = Z qivl-5(3) (r - ri(t)), (2.13b)

are the microscopic charge and current densities, made up by point charges
g; located at positions r;(t), moving with velocities v(¢) = d%rl-(t). Further,
5(3)(r) denotes the (three-dimensional) delta distribution. We continue
by spatially averaging the quantities of interest over volumes that are
big enough to enclose the usual constituents of matter—atoms and mol-
ecules—but still small compared to the spatial variations in the fields.# The
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averaging is done by convolving the microscopic quantities with a smooth
test function, a Gaussian for instance, which smooths out the fine-scale
details. We apply such averaging to both sides of Egs. (2.12). Acknowledging
that the order of averaging and differentiation may be exchanged for suitable
test functions, Egs. (2.3) are obtained from Egs. (2.12) after the macroscopic
quantities have been identified according to

B = (b), E = (e), p=m, J =0

where (- ) denotes the spatial average.
Distinguishing between the charges that are bound in, say, molecules and
the free ones, we write

nr,t) = ne(r,t) + ) Y g8 (r —r,(6) — 1 (1) - (2.14)
n i(n)

1,7 t)

The first term on the right-hand side represents the free charges. The term
for the bound charges is expressed as a sum over molecules n, which have
been assigned a central location r,(t). For each molecule n, the inner sum
runs over all charges associated with that molecule, expressing their position
relative to the center of the molecule by r;,,(t) = r;(t) — r,,(t). The usual way
to continue from here consists of utilizing the smallness of r;, due to the
limited molecular extent and expanding (r,(r,t)) in a Taylor series around
r — r,(t). This procedure is well documented and we refer to Refs. [45, 46]
for details. Here, we restrict ourselves to highlighting the main points. As a
result, we find

(1a(r, 1)) = (0D (r = 1,(®)) = V- (o) (r — 1, (@)))
+ %8a8ﬂ<[qn(t)]aﬁ5(3)(r ~ M) + ..., (2.15)

where the shorthand notation 9, = % is used; a, f specify Cartesian com-
ponents and summation over repeated indices is implied. Furthermore, we
identify the molecular electric multipole moments

Gn = Z gi> Pa(t) = Z qirin(0), [4,(D]ep = Z qilrin®lalrin ],
i(n) i(n) i(n)
(2.16)
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that is, the electric monopole (charge), dipole, and quadrupole, respectively.
We count the monopole term to the external charges,> defining

Pest (D) = (D) + Y (g0 (r — 1, (@))). (2.17)

With the further definition of the macroscopic multipole densities, which
collect all molecular contributions,

P(r,t) = Z<pn(t)5(3)(r - rn(t))>, (2.18a)

n

Qupr.t) = I (g, (O] p0 D (r — 1, (®))), (2.18b)

n
inserting Eqs. (2.14) and (2.15) into Eq. (2.3a) yields
1
Pext (T, 1) = 3, <€0Ea(r, £) + Py(r,t) — EaﬁQ{xﬂ(r, D+ .. ) , (2.19)

which we may compare to Eq. (2.7a). After processing the microscopic
current density j(r,t) in a similar manner, we are able to reproduce Egs. (2.7)
and we define the auxiliary fields via their Cartesian components [47]

1
D,=¢E,+P,— EaﬁQaﬁ + . (2.20a)
Hy, =g 'By— My + ... (2.20b)

Equation (2.20b) contains the macroscopic magnetic dipole density,

M(r,t) = Y (m, )6 (r — r,®)), (2.21)
n
with the molecular magnetic dipole moment,
1
my(t) = - > girin(®) x vip(®), (2.22)
i(n)

which is obtained in the multipole decomposition (i.e., Taylor expansion) of
the molecular microscopic current densities.

A few notes are in order regarding Eqs. (2.20): First, as pointed out by
Raab and Lange [46], the fields D and H are not unique. To demonstrate, if
we modify

9
D— D+VxF, Hb—>H+a—tF (2.23)

17

5 The monopole term is
the only term in the
expansion that
contributes to a net
charge when
integrated over a
macroscopic volume.



6 The discussed pairing
of multipolar orders
and the corresponding
hierarchy appear
naturally in a
multipolar
decomposition of the
electromagnetic
potentials. [49]

FUNDAMENTALS OF CLASSICAL ELECTRODYNAMICS

for some vector field F(r,t), the left-hand sides of Egs. (2.7a) and (2.7b) are
unaffected. However, certain requirements regarding the physicality of the
fields, such as requiring them to be independent of the chosen molecular
central coordinates, restrict the possible choices [48]. We will see a useful
application of this freedom in the next subsection. Second, keeping only the
explicitly written terms in the right-hand side expansions of Egs. (2.20) cor-
responds to truncating the multipole decomposition at electric quadrupole
and magnetic dipole order. This is in line with a hierarchy of multipolar
terms, where a magnetic multipole of a given order is generally paired up
with the electric multipole of the respective next higher order.® The trun-
cation of both expansions may not be chosen independently, as it would
lead to nonphysical results [46]. Correspondingly, the often encountered
assumption that the electric quadrupole moment can be neglected, while
keeping magnetic dipolar terms, is generally to be seen as nonphysical. In
this context, it is important to note that the polarization density defined in
the discussion of Egs. (2.7) is not equal to the macroscopic electric dipole
density but rather to the sum of all terms on the right-hand side of Eq. (2.20a)
except the first one; the same applies to the magnetization density. We will
see that a truncation at electric quadrupole-magnetic dipole order retains
the lowest orders necessary for obtaining chiral material parameters.

In order to establish how D and H of Egs. (2.20) fully depend on the fields
E and B, that is, to derive the constitutive relations, one needs to know how
the macroscopic multipole densities are influenced by the fields. No general
solution is readily available as this step requires specifying the properties
of the medium and the interacting fields. For a monochromatic plane wave
(which we introduce in Chapter 3) in a linear, homogeneous, anisotropic, and
nonmagnetic medium, Ref. [50] derives the multipole densities [47, Egs. (10)

to (12)]

i

Py = appEg+ zaaﬁykyEﬁ + = iG;ﬁBﬁ + ., (2.24a)
Qup = dyapby + ..., (2.24b)
M, =iGp Eg+ ... (2.24c¢)

We will not concern ourselves with the prefactors in the equations above,
called the dynamic polarizability densities [47], but focus on the fact that the

18



LINEAR MEDIA

multipole densities depend on both the electric and magnetic fields.” The
different terms in Eqgs. (2.24) are themselves linked to the multipole orders.
Explicitly, &, 4, a5p,, and G, p appear in electric dipole, electric quadrupole,
and magnetic dipole order, respectively.

After inserting Eqs. (2.24), Egs. (2.20) turn into

D,\ _ Eﬁ
)-+(2)
with
K = 505aﬁ 0 n (Zaﬁ 0 " %(aaﬁy - aﬁa},)ky _iGt;,B N
0 1y byp 0 0 —iGj, 0 o
electric dipole  electric quadrupole-magnetic dipole
(2.26)

Finally, we found constitutive relations® with the cross-coupling terms
between electric and magnetic fields that we were after. Their appearance
requires including the electric quadrupole and magnetic dipole moments
in the multipolar expansion of the charge and current densities. For the
purpose of intuition, it should be noted that the polarizability densities G/, p
which facilitate such cross-coupling, depend on an interplay of the molecular
electric and magnetic dipoles, p, and m,,; the explicit expression can be found
in Eq. (16) of Ref. [47]. On a side note, we remark that K considered up to
electric quadrupole-magnetic dipole order does not include a modification of
the magnetic permeability, which is even found to be true for magnetic media
[48]. Instead, magnetic properties become apparent only upon including the
next order of the expansion. Having convinced ourselves of the appearance
of magnetic—electric cross-coupling from a microscopic consideration of
media, we highlight yet another perspective in the following.

2.2.4 Magnetic—electric cross-coupling as a result of nonlocality

Another perspective on the origin of cross-coupling terms is given in Ref.
[51], particularly in the discussion of artificial magnetism in metamaterials.
To this end, we revisit Egs. (2.10) for nonmagnetic materials, starting from an
exclusively electric response but relaxing the restriction of locality. For ho-
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mogeneous media, a nonlocal response is expressed as a spatial convolution.
Hence, we write

Di(r, w) = SOEi(r, w) + 21 J]] d3r Rfje(r -r, w)Ej(r’, ), (2.27a)
[RB
H(r,0) = ,uo_lﬁ(r, ). (2.27b)

A local response is recovered when restricting the spatial dependence of
ﬁf-"' to a delta distribution, 5@ —r"). Using a three-dimensional Fourier
transform for the spatial variable, choosing k as the conjugate variable to r,
the convolution can be expressed as a multiplication. Note that we choose
the opposite sign convention for the exponential functions in Egs. (2.9)
for the Fourier transform of spatial variables. We then expand the Fourier

transform of Iiff, which we denote by ije, in a Taylor series around k = 0,

)
ce ce
Bij (0, ) + kk—akkBij 0,0)+.... (2.28)

ce —

Bij (ka (")) -

Truncating at the linear contribution corresponds to allowing only short-

ranged nonlocal influences in the spatial convolution. It can be seen as a

first order nonlocal correction to the previously purely local relation. After
applying an inverse Fourier transform and defining

iRee(O, ), (2.29)

rij(w) = (21)2R°(0, w), sijk(w) = —i(2m)? ok i

X
Eq. (2.27a) turns into
Di(r,w) = (5051‘1‘ + rij(w)) Ej(r, ) + sijk(w)akﬁj(r, ); (2.30)

Eq. (2.27b) remains unchanged.

The downside of constitutive relations as given above becomes apparent
when considering the continuity of fields at media interfaces. We derive
the continuity relations in Section 2.3, valid for local constitutive relations
as given in Egs. (2.10). For continuity relations including derivatives of
the fields, the corresponding relations would turn out more complicated.
However, one can exploit the non-uniqueness of D and H discussed in the
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previous subsection to simplify the continuity relations in the case of weakly
nonlocal responses. To this end, we define?

w
wj = €kt (Sikt = Stk + Stk (2.31)

€ji; denoting the Levi-Civita symbol, and a vector field F with components

Fi = w71UjiE~j. (2.32)

Reciprocity [43] further requires that s;j; be antisymmetric in its first two
indices, s;jx = —sji [44, 51]. Upon using F to transform D, H according to
Eq. (2.23), replacing a% — —iw in frequency domain, Egs. (2.27b) and (2.30)
turn into

Dy(r, ) = (&0 + 1)) E(r, 0) - iu(0)B(r, ), (2.33a)
fJi(r, w) = —iuﬁ(w)Ej(r, ) + po_léi(r, ). (2.33b)

Equations (2.33) resemble Egs. (2.10) (with trivial permeability) and we
may understand the magnetic—electric cross-coupling as an effect of weak
spatial dispersion, recast into constitutive relations of local character for
convenience. With regard to chiral media, we can interpret the result above
as a statement that the geometric nature of chirality, that is, a broken spatial
inversion symmetry, cannot be appreciated at a single point without spatial
extent but requires knowledge of the local environment. That is, it requires
a (weakly) nonlocal response.

2.2.5 Constitutive relations and classification of linear media

We have seen how constitutive relations given in Egs. (2.10) or, equivalently,
Eq. (2.11) can be obtained from various considerations. Unsurprisingly, such
considerations were predated by phenomenological aspects, which mo-
tivated constitutive relations of the given form. In fact, in the mid-19th
century, Pasteur concluded that molecules of optically active'® substances
must break spatial inversion symmetry, that is, be chiral [52]. To explain this
phenomenon, Drude [53, p. 390ff.] considered helical oscillators, effectively
leading to constitutive relations [52, Eq. (2.5)]

D = gy¢E — fV x E, B = y,H. (2.34)
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Table 2.1: Classification of linear me- (5. e £¢
dia - The constitutive relations are -

used to classify linear media. The dif- IS.OFrOPIC _ <1 =0
ferent classes correspond to restric- ~ birisotropic <1 o<1

tions on the material parameters in ~ /Anisotropic Some 1 =0
Eq. (2.11) [cf. 43, Tab. 1.4]. Bi-anisotropic  All other cases

Many other suggestions for suitable constitutive relations have been made
and we refer for an overview as well as a discussion of the physical shortcom-
ings of above equations to Refs. [54, 55]. Tellegen [56], albeit in a different
context, first introduced the constitutive relations equivalent to Eq. (2.11).
We will henceforth choose these relations to work with. Based on the proper-
ties of the material parameter tensors, a classification of media is established
[43]. The different classes discussed below correspond to the restrictions on
the material parameters collected in Tab. 2.1.

Isotropic media - In the simplest case, we consider orientation independent,
that is, isotropic, media without cross-coupling terms, that is, £ = ¢ = 0.
The material parameters then assume the form

£=e¢l, u=y1, (2.35)

where 1 is the three-dimensional identity matrix.

Bi-isotropic media - Building on Eq. (2.35) but including isotropic cross-
coupling parameters,

§=¢£1, &=a, (2.36)

yields the description of bi-isotropic media. For £ = —(, we obtain chiral
isotropic media; a special case of bi-isotropic media, which is of particular
interest in this work. Below the current classification, we reformulate the
parameters £ and ¢ to better account for chiral media.

Anisotropic media - In the general case, where £ and p are not proportional
to 1, the response of the medium depends on its orientation, hence, it is
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anisotropic. Within the context of the currently discussed classification of
media, the term anisotropic medium is used when referring to such a medium
with no cross-coupling terms.

An interesting subgroup of anisotropic media is obtained when either
£ or p are not symmetric matrices. The corresponding skew-symmetric
contribution can be found in media that are exposed to an external static
magnetic field. In a simple representation, for instance, the permittivity is
given by

&g ig, O
e=|-ig, ¢ 0], (2:37)
0 0 &

where we assume the external magnetic field to be aligned to z. If the per-
mittivity reacts to an external field as shown above, the medium is referred
to as gyroelectric. Similarly, a medium with an analogous behavior of the
permeability is called gyromagnetic. Collectively, we speak of gyrotropic
media. While gyrotropic media break mirror symmetries with respect to any
plane that includes the direction of the external magnetic field, Eq. (2.37)
is still symmetric under z — —z, transforming the external field as a pseu-
dovector. Hence, while gyrotropic media can directionally act as if inversion
symmetry were broken, they are not, by themselves, chiral.

Bi-anisotropic media - Finally, orientation dependent media including cross-
coupling parameters are referred to as bi-anisotropic media. They correspond
to the full constitutive relations of Eq. (2.11) without further simplifications.
These are the constitutive relations introduced by Tellegen [56]. The name
“bi-anisotropic” was suggested by Cheng and Kong [57], who point out
another important aspect of such media: Even media that are isotropic in
their rest frame appear bi-anisotropic to an observer if moving relative to
the laboratory frame [57, 58]. Consequently, for a relativistically covariant
formulation, media should be described as bi-anisotropic such that the
structure of the constitutive relations does not change when changing frame.
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As a last modification to Eq. (2.11), we rewrite the constitutive relations as

(D:(r, a))) _ ( £(w) Veolo (x (@) + ix(w))) ( E(r, a)))
B(r.0))  \ e (x(o) — ix(w))T Ho(®) H(r,0))’
(2.38)
where [59]
x =5+, k= (-0, (239

Referring for a detailed discussion to Ref. [43], we note that the newly
introduced parameters are physically meaningful. It can be shown that a
nonzero y breaks reciprocity in the medium, while the parameter x describes
phenomena related to media made of chiral constituents; particularly, optical
rotation (oR) and circular dichroism (cp), which we discuss in Chapter 5. k¥
is correspondingly called the chirality parameter. In this work we restrict
ourselves to reciprocal media and set y = 0. We will further limit all media to
be either isotropic or bi-isotropic; correspondingly, all material parameters
are represented by scalar quantities. In the special case of chiral isotropic
(i-e., reciprocal bi-isotropic) media, the scalar chirality parameter k is also
referred to as Pasteur parameter, paying tribute to its historical roots.

2.2.6 Energy conservation

Below, we state the conditions obtained from considering the conservation
of energy in media, following Ref. [43]. We distinguish between lossless and
passive (i.e., lossless or absorptive) media.

Lossless media - For lossless media, the material tensors have to satisfy
e=¢l, y:yH, and K=kK", (2.40)

that is, £ and p are Hermitian, and x is real.

Passive media - We write the conditions for passive media for the simpler

case of bi-isotropic media. For positive frequencies, w > 0, these conditions
read

Ime >0, Imp>0, and (Imx)? <Imelmpy.  (2.41)
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For the general relations concerning bi-anisotropic media, we refer to Ref. [43].

From the condition on the chirality parameter, specifically, we see that the
assumption of nonmagnetic media (i.e., g = 1) restricts the chirality pa-
rameter to be real, lest the medium become active, thereby violating the
conservation of energy. However, for typical materials, Im ¢ exceeds Im k by
multiple orders of magnitude, consequently leading to relatively small lower
bound for Im p. Under such conditions, the approximation of nonmagnetic
media causes only negligible gain, which is further hidden by the absorption
predominant in most such materials. We will revisit the issue of nonphysical
gain, particularly in a numerical setting, at a later stage.

2.3 Continuity of Fields at Media Interfaces

So far, we have considered infinitely extended media, in which the relation
between the fundamental and the auxiliary fields is the same everywhere
in space. Arguably, not many interesting systems can be constructed con-
sidering a single infinite medium only. In this work, all systems of interest
feature bounded domains of media, posing interfaces between different
domains. While we might solve Maxwell’s equations individually in each
domain, constructing whole solutions in the entire space requires stitching
the fields together at the interfaces. The guidelines for how to do this are
the continuity relations for fields at media interfaces, which can be derived
from Maxwell’s equations. To this end, it is useful to turn Egs. (2.7), which
apply locally at every point (r, t), into integral form [42, Section L5].

Integrating Egs. (2.7a) and (2.7d) spatially over a volume V and using
the divergence theorem, which equates the divergence of a vector field
integrated over a bounded volume to its flux through the enclosing surface,
the boundary of the volume S = 9V, we obtain

#s ds - D(r,t) = ﬂ]vdf‘r Pest (75 1),

# dS - B(r,t) = 0.
S

Here, dS = dSn is the area element dS oriented along the outwards pointing
surface normal f1. Equation (2.42a) states that the flux of D out of a volume is

(2.42a)

(2.42b)
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Figure 2.1: Domains of integration

for continuity relations at media in-
terfaces - To derive the continu-

ity relations, special domains for 1
the integration located at the in-
terface between two media (“1”
and “2”) are chosen. For the diver-
gence equations, the volume of in-
tegration is a cylinder that is inter-
sected by the media interface (up- C
per panel). In the limit of vanishing T

height, only the fluxes through the 1
circular surfaces remain relevant. 2

For the curl equations, a rectangu-

lar contour crossing the interface

is considered (lower panel).

given by the total charge inside; it is known as Gauss’s law. Equation (2.42b) is
its magnetic counterpart, explicitly stating the absence of magnetic charges.

Similarly, we integrate Egs. (2.7b) and (2.7¢) over an open oriented surface
S’ and use Stokes’ theorem, which relates the surface integral of a vector
field’s curl to the line integral of the vector field around the boundary of the
surface, C = 05’. Doing so yields the Ampere-Maxwell equation,

d
ﬂg dl -H(r,t) = J] ds’ - (]ext(r, f)+ &D(r, t)) , (2.42¢)
C '’
and Faraday’s law of induction,

i‘ dl - E(r,t) = — H / ds’ - %B(r, 1), (2.42d)

where dI denotes a line element of the contour C.

After choosing suitable volumes and surfaces, involving the interface
between two media, the integral equations above allow us to relate differ-
ent field components across the interface. Such choices are illustrated in
Fig. 2.1. Considering Egs. (2.42a) and (2.42b), we let the height of the depicted
cylindrical volume shrink rapidly as compared to its diameter. If we further
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consider the diameter small as compared to variations in the fields, such
that they may be regarded constant on each circular surface, then only the
contributions from those surfaces matter. Consequently, we find

n-(Dy — Dy) = oy, (2.432)
- (B, - By) = 0. (2.43)
Here, oy,.r denotes the surface charge density on the idealized abrupt inter-
face. In the absence of external sources, Egs. (2.43) determine the components
normal to the interface of both electric and magnetic flux densities as con-
tinuous.
Analogous considerations for the rectangular contour in Fig. 2.1 yield

1 x (Hl - HZ) = Kurf (2.442)
nx(E —E) =0, (2.44b)

with K¢ being the surface current density. The time derivatives of the
fields on the right-hand sides of Eqs. (2.42¢) and (2.42d) are considered finite
and hence do not contribute to Eqs. (2.44) in the limit of a vanishing area S’.
Excluding surface currents, Eqgs. (2.44) state the continuity of the tangential
components of the electric and magnetic field strengths across the interface.

Chapter summary - Above, we introduced Maxwell’s equations and the con-
stitutive relations capturing the linear optical properties of media, with
a focus on chiral media. Together, these relations govern the electric and
magnetic fields and are used in the next chapter to describe electromagnetic
waves in chiral isotropic media. This discussion is expanded in Chapter 4
to describe scattering of electromagnetic waves from systems incorporat-
ing chiral media. There, the continuity relations for the fields, Eqs. (2.43)
and (2.44), provide necessary restrictions to relate the waves illuminating
an object to its scattering response.
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3 Electromagnetic Waves in Chiral Media

Maxwell’s equations, particularly, Egs. (2.3b) and (2.3c¢), tell us about the
interdependence of electric and magnetic fields, irrespective of the presence
of sources. Combining them yields the wave equation, which governs the
behavior of electromagnetic waves—light—in free space. In media, a similar
analysis has to be done based on Egs. (2.7b) and (2.7¢), taking into account
the constitutive relations between the fields.

In this chapter, we consider electromagnetic waves in media, particularly
allowing for chiral media. We work in frequency domain, where the wave
equation is replaced by the Helmholtz equation. First, we show how the
Helmbholtz equation follows from the Maxwell equations and the consti-
tutive relations. Afterwards, we discuss specific classes of solutions to the
Helmbholtz equation, which aids us in describing the systems considered
in the following chapters. Finally, we discuss helicity, a concept of electro-
magnetic waves closely related to the notion of chirality. Complementing
the description of linear media established in the previous chapter, the dis-
cussion of electromagnetic waves prepares us for the remainder of this
work, where we consider the interaction of electromagnetic waves with
various systems. The aspect of helicity turns out to be particularly useful
for studying interactions with chiral systems.

3.1 Helmholtz Equation for Electromagnetic Waves

The Helmholtz equation, determining the behavior of electromagnetic waves,
is obtained from a joint consideration of Maxwell’s equations and the con-
stitutive relations for matter. In chiral media, the magnetic—electric cross-
coupling couples the equations for electric and magnetic fields. To resolve
the coupling, we define linear combinations of the fields that lead to un-
coupled equations. We show that these combined fields are of particular
interest when considering electromagnetic helicity, the concept introduced
in Section 3.2. We proceed by discussing selected general solutions to the
Helmholtz equation and describe how to use them to construct monochro-
matic (i.e., oscillating in time with a single frequency) waves. The presented
solutions serve as suitable basis sets for describing electromagnetic waves
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in their interaction with planar and localized systems in the subsequent
chapter.

3.1.1 Diagonalization of the curl equations

Equations (2.7b) and (2.7¢) can be jointly written—in frequency domain and
in absence of external currents—as

Vx 0)\[EQr ) (0w D(r,w) (3.1)
0 Vx)\H(r, o)) \-io 0)\Brw)) 3
Using Eq. (2.38) for chiral isotropic media to replace (ﬁ(r, w), B(r, w))T on
the right-hand side yields

(w 0>(€(r,w))_w _ K@) g u) (@(r,w))
0 Vx/\H@r w)) 0Ho —i\/;j(;g(w) x() H(r,0))

=K

(3.2)
FH is diagonalizable as long as k(w)? # &(w)u(w),* allowing us to factorize
Eq. (3.2) [52]. To this end, similar to Bohren [61], we use a linear transfor-

mation of the fields,
E(r,0)\ _ g1 (Gi(r.»)
(I:I(r, w)) =y (G(r,a)) ’ (33)
with

1 1
z - % <\/€0£(w) i\/ﬂoﬂ(w) ) gl 1 (m W) . (3.4)

Jeoe(@)  —ifpop() V2 m m

The given transformation diagonalizes & and we find

1 k(w) + Je(w)p(w) 0 )
gare = (T K@) —Jeom@) Y

With ky = w,/efy, 1y (0) = Je(w)p(w) = k(w), and ky. := kyn, (o), Eq. (3.2)
finally yields two independent equations after inserting Eq. (3.3), conjointly
expressed as

VxG,(r,o)= ikiéi(r, ). (3.6a)

30



HELMHOLTZ EQUATION FOR ELECTROMAGNETIC WAVES

We furthermore note that the fields éi (r, w) are divergence-free,
V-G.(r,w)=0, (3.6b)

which follows from the divergence equations, (2.7a) and (2.7d), in absence
of external charges, together with Egs. (2.38) and (3.3).> Equation (3.6a)
states that the curl of the field G, is everywhere parallel to G, itself. Such
vector fields are known as Beltrami fields [52, 62]. The transformation in
Eq. (3.3), defining the fields G, is furthermore closely related to that of the
Riemann-Silberstein [63] or Weber vector [64][65, § 138].

Taking the curl of Eq. (3.6a) and using Eq. (3.6b), we arrive at

(V2 +k2)Go(r,0) =0, (3.7)

which we recognize as the vector Helmholtz equation, with the vector
Laplacian of a vector field F defined as V?F := V(V - F) — V x (V¥ x F) and
wavenumbers k..

Before moving on, we remark the following: In vacuum, the quantities
defined leading up to Eq. (3.6a) are n, (w) = 1, identically, and k, = k.
We refer to k; as the vacuum wavenumber. The proportionality constant
¢o = w/ky = 1/ J& [y between the angular frequency w and the vacuum
wavenumber is the speed of light in vacuum. Inside a medium, the wavenum-
bers k. are related to k, by the proportionality factor n, (), the medium’s
refractive index. For a nonvanishing chirality parameter «, there are two
distinct wavenumbers for a given angular frequency, k. # k_, following
from different refractive indices; we will understand this effect as circular
birefringence, a phenomenon of chiral media. In achiral isotropic media, n,
become degenerate and only a single wavenumber enters Eq. (3.7). We now
turn our attention to solutions to the Helmholtz equation.

3.1.2 Solutions to the scalar Helmholtz equation

In order to find solutions to Eq. (3.7), let us first look at the simpler problem
given by the scalar Helmholtz equation. The solutions to the scalar Helmholtz
equation will allow us to construct solutions to the vector Helmholtz equa-
tion. The Helmholtz equation for a scalar field f(r) reads

(V2+ k%) f(r) =0, (3:8)
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Chapter 4.

ELECTROMAGNETIC WAVES IN CHIRAL MEDIA

for a nonzero wavenumber k and with the (scalar) Laplacian V2 f == V - (V f).

When constructing solutions to the Helmholtz equation, it is useful to
consider the coordinate system in which the spatial dependence is expressed.
For suitable coordinate systems, solutions can be found following a sep-
aration ansatz with respect to the coordinates. Naturally, such solutions
conform to the geometry that is inherent to the coordinate system and are
best suited when describing systems of similar geometric properties. Here,
we highlight two sets of solutions obtained following these considerations.
[66, Chapter 5]

Plane waves - Considering the Helmholtz equation in Cartesian coordinates,
we find the set of solutions

fir) = ek (3.9)

for an arbitrary direction k satisfying k-k = 1. Since the surfaces of constant

complex phase of f;(r) are planes normal to k, we call such solutions plane
waves.

Spherical waves - For spherical coordinates, a separation ansatz with respect
to the coordinates leads to solutions

i (1) = 2 (k)Y (6. 0) (3.10)
for a pair of indices ¢ € Ny and m € Z, |m| < €. Yy, are the spherical harmon-

ics and z,gn) is a stand-in for the spherical Bessel function j; (for n = 1), the
spherical Neumann function y; (for n = 2), or the spherical Hankel functions
of first, hgl) = j; +1iy; (n = 3), or second kind, hgz) = jp — iy, (n = 4). Their
definitions and useful relations are collected in Appendix A. In correspon-
dence with the separation of the radial from the angular dependence, the
solutions in Eq. (3.10) are called spherical waves.

3.1.3 Solutions to the vector Helmholtz equation

We can construct solutions to the vector Helmholtz equation,

(V2 +k*F(r) =0, (3.11)
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with the vector Laplacian as defined below Eq. (3.7), from the solutions to
the scalar equation introduced above [67, Chapter 13]. Various coordinate
systems, including Cartesian and spherical, permit the same procedure;
hence we will briefly discuss it jointly.

Given a solution of the scalar Helmholtz equation f,(r), where the com-
posite index v represents either kor (¢, m, (n)), solutions to Eq. (3.11) can be
constructed as

L(r) =V f/r), (3.12a)
M,(r) =V x [vf(r)], (3.12b)
N(@r) = %V x M,(r). (3.12¢)

For M,(r), we have introduced a steering vector v that depends on the
chosen coordinate system. By construction, M,(r) is orthogonal to v and
hence tangential to surfaces normal to v. We can choose these surfaces to
conform to the geometries imprinted in the respective coordinate system.
These are naturally represented by isosurfaces of (one of) the coordinates.
The specific choices for the two considered coordinate systems are discussed
below.

We note that L, constructed as a gradient field, is curl-free and hence
longitudinal. Since we are ultimately interested in fields satisfying Eq. (3.6b),
these solutions will not be of further interest. In contrast, both M, and
N, are divergence-free, that is, transverse. However, while fields given by
Egs. (3.12b) and (3.12¢) would be valid solutions to Eq. (3.7) subject to the
constraint in Eq. (3.6b), they are not Beltrami fields and violate Eq. (3.6a). In
order to obtain suitable solutions, we make use of the fact that

LV XN = M), (313)

This can be seen from M, being free of divergence and a solution to Eq. (3.11),
using its definition in Eq. (3.12¢) to identify N,. We define the linear combi-
nations .

V2

which—by virtue of the Helmholtz equation being linear—are themselves

A, (r) = —=[N/r) £ M(r)], (3.14)
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solutions to Eq. (3.11). Using Egs. (3.12c) and (3.13), we see that A, , are
Beltrami fields,
VxA,, =%kA,,. (3.15)

Equivalently, A, . are eigenfunctions of the differential operator k~Vx with
eigenvalues 1. In Section 3.2, we recognize this operator as representation
of the helicity operator in the frequency domain and note that the functions
defined in Eq. (3.14) are, accordingly, the eigenfunctions of helicity.

3.1.4 Vector plane waves

We will now apply the general procedure outlined in the previous subsection
to the specific solutions given earlier, first to plane waves and, in the next
subsection, to spherical waves. To this end, we insert the scalar solutions of
Eq. (3.9) into Egs. (3.12). As discussed above, we further need to choose a
suitable steering vector v. For Cartesian coordinates, the three coordinates x,
¥, and z are equivalent and their corresponding isosurfaces are planes; hence
the choice of coordinate is arbitrary. We define the wave vector k := kk with
Cartesian components k;, i € {x, y, z}, and the unit vectors

y ifzxk=0, R .
O =1 _sxk otherwise, and 0 == @y x k. (3.16)

lk§+k§

Together, k, ék, and ¢y span a spherical coordinate system for k. Choosing
v = —0;/k, we arrive at

Mic(r) = —i(i)keik'r, (3.17a)
Nic(r) = —ékeik" ) (3.17b)

For real k, Egs. (3.17) describe linearly polarized vector plane waves (VvPWs)
of unit amplitude. We further note that M; L Z. In the context of the inter-
action of vPws with a planar interface parallel to the xy-plane, it allows us
to identify M; and N as s- and p-polarized plane waves,3 respectively.
Finally, we follow Eq. (3.14) to obtain the Beltrami fields
-1

Aic)i(r) = N5l (ék + i(i)k) elkr —; éi(k)eik'r. (3.18)
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For real k, these are circularly polarized vpPws and we have defined the
circular polarization vectors é, (k), which obey the orthogonality and nor-
malization relations

éi(k)-éx(k)=0, ei(k)-é.(k)=1, (3.19)
and further satisfy
ik x é, (k) = +é, (k). (3.20)

Specifically, €, (k) corresponds to left-handed and é_(k) to right-handed
circular polarization.

3.1.5 Vector spherical waves

Applying Eqgs. (3.12) to the spherical waves of Eq. (3.10) yields vector spheri-
cal waves (vsws). The geometry inherent in spherical coordinates is illus-
trated by concentric spheres that form the isosurfaces of the radial coordinate
r. We set v = ir /\/2(£ + 1), with the prefactor chosen for a convenient scaling
of the resulting vector solutions. Correspondingly,
M,Z(")(r) = z(")(kr);V x [rYy,, (0, 9)] = z(")(kr)X 6,9), (3.21a)
m t tm\Y> 4 tm\Y> ¥ />

Jie+1)

where we define the vector spherical harmonic (vsH) X, and

My 1

N®G) = (2 *r) | 752§")(kr) P % X0, 0)

kr | kdr 1b)
3.21

z(n)(kr)
+ e+ 1) p i, (0, p)F.
r

Further details and useful relations for the vsws are collected in Appendix A.

Equations (3.21) are valid for £ > 1. Since the vector fields Mg:;) and N{,(,Z)
appear in the description of the electric fields radiated by magnetic or electric
multipolar sources [42, Section 9.7], they are referred to as magnetic and
electric vsws, respectively. For the purpose of finding valid solutions to
Eq. (3.7), we are particularly interested in the Beltrami fields

1

A =

(N{(,Z)(r) + Mg:l)(r)) ) (3.22)
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While the polarization of the vsws Agfn) 4 is not as readily interpreted as for
their plane wave counterpart, they are, again, the even and odd eigenfunc-

tions of the helicity operator. Appendix A further shows that, in the far field
(n)

(i-e., considering their asymptotic behavior far away from the origin), A, ,

appear locally circularly polarized as well.

3.1.6 Monochromatic fields

Before we use the vsws A, , to express the fields G.., we start with a note on
monochromatic fields. The Fourier transforms of the fields, such as E(r, ),
are functions of the angular frequency w, the conjugate variable to time.
In the Helmholtz equation, we introduced the wavenumber k, which, as
inspired by the discussion leading up to Eq. (3.7), is related to the angular
frequency. However, in solving the Helmholtz equation, we treat k as a
given parameter. This further manifests in our notation of solutions to the
Helmbholtz equation, which endows them with a functional dependence on
the spatial variable r only. While the dependence on kin Egs. (3.17) and (3.21)
and Eqgs. (3.18) and (3.22) would allow us to treat the solutions as continuous
functions of k, there is also another way to consolidate these considerations.
To this end, we consider that the relevant equations, Eq. (3.2) and, accordingly,
Egs. (3.6a) and (3.7), treat separate values of w independently—a consequence
of Maxwell’s equations as well as the constitutive relations for the considered
media being linear. Hence, we can consider monochromatic fields for a fixed
parameter w, given by

E(r,t) = Re{Ew(r)e_i"’t}. (3.23)

The Fourier transform of such a field, allowing for distributional terms, is
given by

E(r,o) = \/g [6(w” — W)E,(r) + 8(w’ + w)E}5(r)] . (3.24)

We can further simplify our treatment by acknowledging that the electric and
magnetic fields in time domain as observable quantities are real-valued.* The
Fourier transform of any real-valued function f(¢) is a Hermitian function,
that is, it obeys conjugate symmetry,

f(-0) = f(a). (3-25)
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As a consequence, all physical information about the fields is entirely con-
tained in both the positive and negative frequency half of its Fourier trans-
form, or spectrum. We, therefore, disregard negative w and restrict our anal-
ysis to positive frequencies. It allows us to associate the Fourier transforms,
such as E(r,’) in Eq. (3.24), directly with the monochromatic field am-
plitudes, E, (). The relations derived in Subsection 3.1.1 then yield corre-
sponding relations for the monochromatic field amplitudes which we strip
of the common frequency distribution §(w — w’). We note that a more gen-
eral frequency dependence of a field can be reconstructed as a (continuous)
superposition of monochromatic contributions.

Following these considerations, we express the fields G, represented by
their monochromatic amplitudes G(r), as linear combinations of solutions
to the vector Helmholtz equation. Because of Eq. (3.6a), only the fields of
Egs. (3.18) and (3.22) are suitable, and we write

GLr) = V2eye(©) ) s Ay (3.26)

with k,. as introduced right before Eq. (3.6a). Equation (3.3) yields the corre-
sponding electric and magnetic fields,

E (r)= Z Z a, A‘/’/l(r)‘k:k/1 , (3.27a)

v Ae{+,—}

H,(r) = _i\[g e(w) Z Z Aav,/l AV,A(r)|k:kA' (3-27b)

to \| 1(@) 4 Pl

The prefactor in Eq. (3.26) was chosen to simplify Eq. (3.27a). As a con-
sequence, the coefficients a, ; are measured in units of the electric field

strength, V m~L.

3.2 Helicity of the Electromagnetic Field

When discussing light in the context of its interaction with chiral matter,
there appears a useful concept called the helicity of light. Helicity emerged
first in the field of fluid dynamics, but became a fundamental aspect of
electrodynamics as it is linked to an underlying symmetry of Maxwell’s
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equations. In the following, we discuss the helicity of electromagnetic fields
and find that we may consider it a generalization of the notion of circular
polarization handedness. We consider two separate perspectives on helicity,
and demonstrate that they yield equivalent results.

3.2.1 Helicity density and duality symmetry

The helicity of a vector field Fis determined by

hp = ﬂJ-Vd3rF(r) [V x F(r)]. (3.28)

Since helicity is obtained as a volume integral, the integrand is identified as
the helicity density. The above given definition of helicity has its origins in
fluid dynamics. Considering F to be the flow velocity, V x Fis its vorticity,
which describes how the motion of the flow spins locally [69]. Projecting
the vorticity onto the velocity retrieves the particular motion, where the
flow twists around its axis of motion while advancing; a motion resembling
a corkscrew or helix. Related to the considerations of vorticity in the works
of Helmholtz and Kelvin, the helicity of a fluid is of relevance as it is an
invariant of ideal fluid flow [71].

Realizing the resemblance of the differential equations governing the
magnetic field in conducting fluids to those of the vorticity, Elsasser [72]
introduced the magnetic helicity, which he and, independently, Woltjer [73]
showed to be an ideal invariant of magnetohydrodynamics. Evoking the
circular motion of charges in the presence of a magnetic field B captured in
Eq. (2.2) may help us understand the likeness of the magnetic field and the
vorticity of a fluid. Completing the analogy, the vector potential A, related
to the magnetic field as V x A = B, takes the place of velocity, and we
find the magnetic helicity h4 by inserting A in Eq. (3.28). However, even in
the absence of matter, we find the concept of helicity to be relevant when
describing free electromagnetic fields [74]:

Helicity is strongly related to a symmetry of Maxwell’s equations in the
absence of sources [75].5 Looking at Egs. (2.3), we see that the transformation

Ew— E’ = Ecosa —¢yBsina,

2
B|—>B’:Bcosa+c61Esina, (3.29)
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for an arbitrary angle «, leaves Maxwell’s equations without sources in-
variant. That is, if (E, B) is a valid set of solutions, then so is (E’, B"). This
symmetry of Maxwell’s equations and the related transformation, that struc-
turally resembles a rotation, are referred to as duality.

The conserved charge associated with the duality transformation by Noe-
ther’s theorem works out to [77]

B, = %0 J ﬂw &r (qA(r.1) - B(r.t) — ¢ 1C(r. 1) - E(r. 1))

. (3-30)
= EO (COhA + Co_lhc) 5

which we recognize in the second line as the helicity, according to Eq. (3.28),
of the vector potential A, with B =V x A, and the dual, or electric, vector
potential C, with E = —V x C. The electromagnetic helicity h.,, has units
of angular momentum. Reference [76] identifies the integral in Eq. (3.30)
as the generator of the duality transformation, see Eq. (2.17b) therein. To
this end, the fields are treated as operators and the duality transformation
follows from their canonical commutation relation. An interpretation of the
conserved charge is given in Ref. [78], where it is shown to be proportional
to the difference in the number of right and left circularly polarized photons
in the field. While the vector potentials in Eq. (3.30) are not unique as they
allow for gauge transformations, the conserved charge is gauge-independent.
This can be seen as a consequence of projecting the vector potentials onto
their curl—the fields—which isolates their transverse components, while a
gauge transformation only introduces longitudinal, curl-free components.

We note here that by means of a Helmholtz decomposition, we can express
the vector potentials in Coulomb gauge as

A(r,t) = 1 J]] d3r w, (3.31a)
4t J))gs |r —r’|
-1 V' x E(r’

C(r,t) = — [[[ B XD r ’t). (3.31b)
ar Mg |r —r’|

The primed curl acts with respect to the primed variable r’. The Helmholtz
decomposition is usually stated to be valid for fields that decay faster than
1/rasr — o [79]. However, it can also be shown to hold for radiation fields
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[80]. Inserting the expressions for A(r,t) and C(r,t) into Eq. (3.30), we obtain

hegy = é% I Lv & J J J}Ra e (00 B(r.1) -|£\7_' :,|B(r’,t)]

et E(r,t)- [V x E(r',1)]

) - (332)

Ir—r'|
When expressing the helicity density using only the fields and their curl,
we find that it is not a purely local expression anymore as per the inner
integral over space. This aspect is hidden in Eq. (3.30), involving the vector
potentials. We make use of the expression above in Appendix B to show

its equivalence to another expression for the electromagnetic helicity, the
origins of which we discuss in the next subsection.

3.2.2 Helicity operator and polarization handedness

Another way to introduce helicity adopts a dynamical perspective. In this
context, helicity is defined as the projection of angular momentum Jonto
the direction of propagation as indicated by linear momentum p [81, Sec-

tion 8.4.1],

A=g.- £ (3-33)
Ipl

This ties into the notion of translation with simultaneous rotation around
the axis of translation, evoking the image of a helix. When applied to vector
fields in frequency domain, helicity is represented by the operator

_V><

A
k 3

(3-34)
where k is the frequency-dependent wavenumber. We recognize this dif-
ferential operator from Subsection 3.1.1, where it naturally arose in the
diagonalization of the curl equations. It leads us to understand Eq. (3.6)
as defining G,.(r, ») to be divergence-free eigenfunctions of the helicity
operator with eigenvalues +1. Equation (3.34) emphasizes a strong relation
between Beltrami fields and the concept of helicity [52]. We also observe a
close relationship between helicity and the polarization of an electromag-
netic wave, which is best illustrated using plane waves. The field vector of
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a circularly polarized wave twists around its axis of propagation, which is
given by the wave vector k, spatially tracing the threads of a helix. Fittingly,
we find left-handed (resp. right-handed) circularly polarized plane waves
(Eq. (3.18)) to be the even (resp. odd) eigenfunctions of the helicity operator,
as per Eq. (3.15). In this light, we intuit helicity as the generalization of
circular polarization handedness to field configurations other than plane
waves, and the eigenvalues of the helicity operator the equivalent of polar-
ization handedness. Considering the possible eigenvalues, we further refer
to fields that are eigenfunctions of the helicity operator as having positive
or negative helicity.

The action of the helicity operator in Eq. (3.34) on the electric and mag-
netic (frequency domain) fields exchanges them, following from Maxwell’s
equations,

. A~
E < icyB, (3.35)

and we can relate this exchange to the abstract rotation between the fields
that is the duality transformation in (3.29). Specifically,

el?AF = Ecosa — coBsina. (3.36)

Combined with the analog expression for the magnetic field, we recover
precisely the transformation of Eq. (3.29). Using the language of group theory,
we find A to be the generator of the duality transformation.

To hint at the importance of helicity when discussing the interaction
of light with chiral matter, we turn to Eq. (3.34) to find that the helicity
operator and the parity operator, defined by the action of spatial inver-
sion, r = —r, anticommute. After being subjected to the parity operator,
an eigenfunction of the helicity operator becomes an eigenfunction with
opposite eigenvalue; consistently, we find the action of spatial inversion
to G, (r, ) = —G(~r, ®). We say that parity, or spatial inversion, flips the
helicity of a field.

The helicity operator can be used in conjunction with the scalar product
for free electromagnetic fields introduced in Ref. [82] to arrive at another
expression for the electromagnetic helicity. By applying the helicity operator
to a field, represented by the combinations G,, and evaluating its scalar
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product with the original field, we obtain an expectation value of the helicity
operator. It reads [83, Egs. (9) and (10)]:

=3y mw :j”z' G; (k) - [ik x Gy (k)|

A=+1
B MR ijll; (KGR AGRR

G, (k) are the plane wave components of the fields defined in Eq. (3.3), further
discussed in Appendix B. As discussed in Section 5.1 of Ref. [84], the norm
induced by the scalar product used here is proportional to the number of
photons of the radiation fields. Hence, the second line of Eq. (3.37) relates
helicity to the difference between the number of right- and left-handed
photons, tying back to the interpretation mentioned above. Ultimately, it can
be shown that the expectation value of the helicity operator, Eq. (3.37), and
the integrated helicity density obtained as the Noether charge associated
with duality symmetry, Egs. (3.30) and (3.32), are equivalent.® We do so in
Appendix B.

(3-37)

3.2.3 Optical chirality density

The helicity density of electromagnetic fields is related to another concept
termed optical chirality density [69],

1
XZ—B~(V><B)+E—OE~(V><E). (3-38)
2o 2

Lipkin [85] introduced it as one of the “zilches,” a group of ten quantities that
he showed to be invariants of free electromagnetic fields; yet, he assigned
no physical significance to this term. Tang and Cohen [86] provided such
significance in showing that the dissymmetry in the excitation of a chiral
dipolar particle when interacting with monochromatic light—how differently
it is excited by left-handed as compared to right-handed circularly polarized
light—is proportional to the ratio of the light’s optical chirality density
divided by its energy density. Subsequently, they coined the term superchiral
light to refer to such light fields where said ratio (locally) exceeds that of a
circularly polarized plane wave.

42



HELICITY OF THE ELECTROMAGNETIC FIELD

For monochromatic fields, helicity density and optical chirality density are
proportional to each other with the proportionality factor being primarily
determined by the square of the angular frequency w. In this case, we can
obtain a common expression for the chirality density by expressing the fields
according to Eq. (3.23) and using Maxwell’s equations, which yields”

o) = =20 I{Ej(r) - B,(r)}. (3.39)

2
For polychromatic fields, Refs. [69, 88] discuss that the optical chirality
density becomes harder to interpret. Conversely, the discussion of helicity
(density) does not require a restriction to monochromatic fields.

Chapter summary - In this chapter, we derived the equations governing
electromagnetic waves in chiral isotropic media by combining Maxwell’s
equations with the appropriate constitutive relations. In contrast to achiral
media, where these equations can be reformulated as separate wave equa-
tions for the electric and magnetic fields, chiral media cause an additional
coupling between the fields. This coupling is resolved by introducing suit-
able linear combinations of the fields, which leads to the Helmholtz equation
for electromagnetic waves in chiral media. Importantly, these combinations
correspond to eigenfunctions of the helicity operator, showing that electro-
magnetic waves in chiral media are naturally described in terms of circular
polarization, or more generally, their helicity eigenvalue.

In the next chapter, we turn to the scattering of electromagnetic waves
from localized and planar systems. The two sets of solutions to the Helmholtz
equation introduced above—vsws and vpPws—provide well-suited bases to
express the electromagnetic waves, conforming to the geometries inherent to
such systems. The helicity-based formulation employed here readily allows
chiral media to be incorporated in the scattering formalism established in
the next chapter.
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4 Scattering from Localized Objects and Planar
Systems

In the preceding chapters, we discussed the electrodynamical description
of chiral media via constitutive relations and electromagnetic waves in
such media. We now turn toward the interaction between monochromatic
electromagnetic waves and objects made from chiral media. Two setups
are important in the following chapters: First, we discuss scattering from
spatially localized objects with sizes comparable to or smaller than the
illuminating wavelength. We introduce scattering from spherical particles
and the transition matrix formalism to handle arbitrarily shaped scatterers.
The transition matrix formalism extends to periodic arrays of scatterers,
leading our discussion to planar (i.e., infinitely extended in two dimensions)
systems. Next, we discuss scattering at a planar interface between media, and
we conclude by introducing the scattering matrix formalism for a general
treatment of planar and stratified systems.

The transition and scattering matrix formalisms, as well as the quanti-
ties derived from them, supply us with the tools we use in our in-depth
investigations of aspects of chiral light-matter interactions in Chapter 5
and Chapter 6. Here, we provide the detailed derivations and explanations
underlying these tools. They serve as reference for the results we discuss in
the following chapters. An overview of the key relations can be found in
the summary at the end of the chapter.

4.1 Scattering from Localized Objects

In this section, we consider the scattering of monochromatic electromagnetic
waves from localized objects. First, we describe scattering from a general
spherical multilayered core-shell particle made of chiral media in a chiral
embedding. We also introduce explicit expressions in the form of Mie co-
efficients for the basic cases of spheres made from chiral or achiral media
in an achiral embedding. Examining these coefficients, we comment on
the appearance of resonances in the scattering response. Afterwards, we
introduce the transition matrix formalism for the description of arbitrarily
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Cross-sectional view of
a multilayered
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1 Here, r, = 0 and
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shaped scatterers. We introduce cross-sections as the primary observable
quantities and discuss the extension of the transition matrix formalism to
clusters and periodic arrays of scatterers. Finally, we introduce a numerical
scheme to ensure the passivity of numerically obtained transition matrices.

Transition matrices and derived cross-sections constitute the core formal-
ism for our discussion of cD and electromagnetic chirality in Chapter 5. The
purpose of this section is to provide the detailed derivations and explana-
tions of this formalism. An overview of the main relations is given at the
end of the chapter.

4.1.1 Multilayered spherical core-shell scatterers

We consider a monochromatic wave scattering off a spherical particle. As
the expressions for a single sphere (e.g., [89, Section 9.25]) can easily be
derived from the general case of a multilayered core-shell particles [9o], we
first discuss the general setup. To this end, we consider a particle defined
by a sequence of N increasing radii r;, i € {1,..., N}, and isotropic material
parameters (g, (4, k;), omitting the common angular frequency dependence
for brevity, where i € {1,..., N + 1}. These parameters specify a core-shell
particle, consisting of a core with radius r; and the given material parameters
for index i = 1, and concentric shells with inner radii ,_; and outer radii
r; with corresponding material parameters for i € {2, ..., N}. The last set of
material parameters, fori = N + 1, defines the embedding, which is assumed
to fill all of space outside the largest shell, where |r| > ry.

We represent the monochromatic fields according to Eq. (3.23). We expand
the monochromatic field amplitudes in vsws, naturally conforming to the
spherical geometry of the system, separately in each region (i.e., core, shell,
or embedding) i. Following Egs. (3.27), the general ansatz for the fields reads

ELr) = 3 g Aa @) 2 Pl éim\ (4.12)
Lm,A m,A
H;(r) = (ZAWA%A * 2 Wi A“h(r)l )
£Lm,
(4.1b)

for r,_; < |r| < r;.* The sums run over the multipolar degrees ¢ € Z*, mul-
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tipolar orders m € {—t, ..., £}, and helicity eigenvalues A € {+1,—1}. To ex-
press H. (r), we have introduced the impedance of free space, Z, = \/1ty/
and the relative impedances of the different media, Z; = /y;/¢;. Further,
ki) = g (V&R + Ax;) is the helicity- and material-dependent wavenum-
ber as introduced right before Eq. (3.6a).

As discussed in Appendix A, the vsws with superscript (3) describe
outwards radiating fields. Hence, the expansion coefficients pﬁ&l outside
the scatterer specify the scattered field radiating away from the core-shell
particle. On the other hand, the coefficients aé\r’n +/11 describe the field incident
onto the particle. In order to solve the scattering problem, we search for
relations between the incident and the scattered expansion coefficients. As
derived in Section 2.3, the tangential components of E and H are continuous
across interfaces, which relates the coefficients in neighboring regions. At
every interface, specified by |r| = r;, the fields have to satisty (cf. Egs. (2.44))

Fx E,(r) = F x E;f (), FxHy(r) =FxH ' (). (a2)

We multiply both sides of Eqgs. (4.2) by the vsHs X;;,(6, ¢) or Vi, (6, ¢) and
integrate over the solid angle. Inserting Eqs. (4.1) and using the orthogonality
relations for the vsHs, Egs. (A.27), we find four relations for the expansion
coeflicients, jointly expressed as

i+1

i
O ® \| O o [ m
i+1 i
Voivti Yoirri || 9om- | _ (Yeii Yeii || %m— (4.3)
=(1) =(3) pitl =0 5O ] pi ‘
Sl it ffgr"i+ Seii S tm,+
1 1
Pem,— Pem,—

Here, we mostly align our notation with the one used in Section 2.2 of

[91]. The matrices ‘I’,((;’)l and & ;; follow from the continuity of E and H,

respectively, and read

w7 Uen) =" (kn)
Wf,j,i = {((n),(k/,ﬂ"i) l(n),(kj,—ri) 5 (443)
k;4m; kjr;
1 (3" (n) 2" (K n)
Egi= 7 | k) &) | (4.4b)
! j+Ti kj1;
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where we have introduced the Riccati-Bessel functions,
B =@ = xig(x)  and &) =P = xh{V (@), (4.5)

denoting their derivatives with a prime, Q,(")'(x) = %g (”)(x). Note that
Egs. (4.4) are independent of the multipolar order m. Solving Eq. (4.3) for the
outer coefficients, we define

-1

(D (3 1 B
M. = Yo Yot Yeii Yo
ti =D =) =) =)
Seitli o St Seii S
3,1 3,1 33 33
myy WMy My, My (4.6a)
3,1 3,1 3.3 33
_o_y mEs om3o mzy m2
= 11 1.1 13 13 |
-my, -mi_ o -myg, -mg
—mbL —mbl o —ml —ml3
where?
Zy + Ao Z £ (kpyam)
nw _ Zit+1 04 k 2[5 i+1,47) _(w) k
mys = 27 ( i+1,)Lri) K 7"( i,a’"i)
i i+1,A%
(w)r k
(n) O ( i,ari)
— Aoz, (kl-ﬂ,/m)ik . (4.6b)
it

In deriving Eq. (4.6b), we used the Wronskian of the spherical Bessel func-
tions, particularly, [92, Eq. (10.50.1)]

{0, KV = i) S - KO S = L )

Finally, we can use Egs. (4.6) and Eq. (4.3) iteratively to relate the expansion
coeflicients in the exterior embedding to the ones in the core to find

N+1

1

G, + A, +
N+1 1
a a
tm,— | _ tm,—
N+1 | = Mf,N“‘Mf,l 0 . (48)
pfm,+
N+1
p[m,— 0
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On the right-hand side, we have set the expansion coefficients of the singular
vsws in the core region, p}m’ +» to zero because the radiating vsws are
singular at the origin, but the fields must be finite. As a result, the internal
field coefficients in the core region, al}m, 4 are related to the incident field
coefficients by the upper two rows of Eq. (4.8) and to the scattered field
coefficients by the lower two rows. By inverting the upper two rows, the
internal coefficients can be eliminated, yielding the final relations between
the incident and the scattered field coefficients. We derive such relations
explicitly for the simplified setup of a single achiral sphere below.

Mie coefficients for an achiral sphere - While Eq. (4.8) is general and useful,
it is insightful to connect it to other known expressions for the scattering
coefficients. Particularly, we recover the scattering coefficients for a single
achiral sphere (N = 1 and x; = 0 identically) given by Bohren and Huffman
[93, Section 4.4]. To this end, we consider a sphere of radius r; made from an
achiral isotropic medium with material parameters ¢, and y;, embedded in
an infinitely extended medium specified by ¢ and . Here, we drop the index
N + 1 = 2 when referring to quantities in the embedding. For this setup,
we only have one matrix on the right-hand side of Eq. (4.8), namely M, ,,
and we can ignore its two rightmost columns as they are multiplied by zero.
Inverting the upper two rows of the remaining 4 x 2 matrix to eliminate the
internal coefficients, we find

1,1 1,1 3,1 3,11
(Pem,+) (M M) (M My (al’m,+) (4.9)
pfm,— ml}+ ml_’l_ m3_1+ m3_’1_ Am,—
We define the relative refractive index v := n; /n, where n¢;y = [&yH(1), and
the size parameter x = kry, with k = w,/g,fiyn denoting the wavenumber in
the embedding.

In Ref. [93], the fields are expressed not in terms of the helicity eigen-
function vsws but the parity ones. Using the fact that, in achiral media, the
wavenumbers for both helicities are the same, k, = k_ = k, we use the defi-
nition in Eq. (3.22) to restate the fields in terms of the parity eigenfunctions

N((:l) and Me(,r,;l) For instance, the incident electric field reads

B5r) = X (NG 0+ M0 ). (420)

tLm
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where the new expansion coefficients are related to the previous ones by

agrln _ 1 1 1 aEm,Jr

a% NG (1 _1) (atm,_) . (4.11)
Analogous expressions hold for the scattered electric field and the corre-
sponding expansion coefficients. The magnetic fields follow accordingly.
Transforming Eq. (4.9) based on Eq. (4.11) and inserting the explicit ex-
pressions from Eq. (4.6b), we find that the right-hand side matrix becomes

diagonal, that is, we find separate relations between the scattered and inci-
dent coefficients with regard to the vsw type N or M:

N N
p(m) _ (—le 0 ) (at’m) (
= , 4.12)
(p?,ﬁ 0 b/ \apy,

ap = Hvz.je(VX)% 0= H1{§§x)%'(vx) ) (4.13a)
w2 jp(vx)E (x) — prhy (Y (vx)
b, = e vy (x) — pje ()Y (vax)

e () — phD GOy (vx)

with

(4.13b)

Equations (4.13) are precisely the coefficients for scattering off an achiral
sphere given in Egs. (4.53) of Ref. [93], called the Mie coefficients. The negative
sign with which they enter Eq. (4.12) is due to differences in the definitions
of the scattered and incident fields.3

Resonances of the Mie coefficients - If we analyze Egs. (4.13), we find that
the scattering response of a sphere becomes large for configurations of the
media and the radius that lead to small values of the denominators. We
recast the denominators to find that such resonant scattering appears when

[cf. 93, Egs. (4.54) and (4.55)]

GG _ Y (vx)
&(x) Hv Yp(vx) ’

(4-142)
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in the case of a;, or

GO gw)
&(x)  py delvx)

for b,. For passive media, equality in the equations above is only reached at
complex frequencies [93]; hence, at real frequencies, the Mie coefficients re-
main finite. Nevertheless, the scattering response can be strongly dominated
by one of the coefficients, namely if the considered frequency approaches the
real part of the corresponding complex resonant frequency. In Chapter 3, we

remarked on the electric and magnetic character of the vsws I\Ie(,':l) and Mg;),
respectively. Considering that such a resonant response generally appears
at different frequencies for different multipolar degrees ¢, resonances of
a given a, (resp. by) are referred to as electric (resp. magnetic) multipolar

resonances.

(4.14b)

Frohlich resonance - For spheres that are small relative to the illuminating
wavelength, that is, for small size parameters x, we analyze the asymptotic
behavior of the Mie coefficients. Using Eqs. (A.10a) and (A.10b) for the
spherical Bessel and Neumann functions, we obtain (cf. [94, Eq. (47)], [42,

Eq. (10.69)])

O+ D+ g =6 gy
T 0), .
YT e DI e + %gx (asx - 0) (4.152)
0+ 1)(20+1 -
b, ~ e+ 1)( ) M —H 22 (a5 x > 0). (4.15b)

1
e+ DN gy + By

Here, we have used uv? = &1 /¢ to reveal the dependence of the electric
and magnetic Mie coefficients on the contrast in the electric permittivity and
magnetic permeability, respectively. As y; — pis typically small, a, dominates
the interaction. Furthermore, due to the powers in x, the interaction is
mostly mediated by the contribution for the smallest ¢, that is, the dipolar
term, £ = 1.

Examining the denominator of a;, a strong response is caused when
& = —2¢. As this condition requires a negative real part of ¢;, such response
is for instance found in small metallic particles. This resonance, called the
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Frohlich resonance, predominantly determines the response of the metallic
particles that we consider in Section 5.3.

Mie coefficients for chiral spheres - The more involved case of scattering
by a chiral sphere was treated by Bohren [61, 93]. We will show that we
obtain the same results from the general procedure introduced before. To
this end, we allow for a nonzero chirality parameter x; for the medium
of the sphere. Other than that, we keep the setup from the achiral case
discussed earlier (particularly, the embedding is considered achiral). Inside
the medium of the sphere, we now have the helicity-dependent refractive
indices ny . = \f&1 i + k1, for which we introduce the relative quantities
v, = ny . /n, with n being the refractive index of the embedding. We further
introduce
vt+vep Z
2w Z

(4.16)

the mean of the helicity-dependent refractive indices scaled by the perme-
ability ratio,> which in total equals the ratio between the relative impedances
of the embedding and the sphere. Computing Eq. (4.9) with Eq. (4.6b) and
using the transformation Eq. (4.11), we find

N . N
() (o ) (%) o
pom)  \i0 —be) \apy,
with
ATV + A7V
ap =ttt Lt L, (4.18a)
ViWy VW
Bf Wy + By w
o e e (413
e { {
] _ AW AW
VAW +vowt
e £ e
(4.18¢)

 BiVe —B VY
VW + VW
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where we have introduced

AF = W (v )Y (%) — Yo ()Y (v %), (4.192)
Bf = (v )P (x) = ()Y (7). (4.19b)
Vit = (v )& (x) = vE (g (vex), (4.19¢)
Wi 5= (v 0 () — ECOY (2. (4-19d)

Equations (4.18) and (4.19) are equivalent to the scattering coefficients given
in Section 8.3 of Ref. [93]. Comparing to the discussion of the achiral sphere
above, if we set k; = 0, then v, =v_ =vand v = vy/yy, with v introduced
below Eq. (4.9). From this, it follows immediately that Eqs. (4.18a) and (4.18b)
reduce to Egs. (4.13), while ¢, vanishes identically.

4.1.2 Transition matrix formalism

The use of vsws to describe scattering from a spherical object appears as a
natural choice due to the considered spherical geometry. However, even for
non-spherical scatterers they prove to be useful, as long as the scatterer is
finite in size and, for numerical purposes, not too large. This fact is used in
the transition matrix, or T-matrix, formalism, which we discuss next. The
T-matrix was introduced by Waterman [95, 96] and describes the linear
optical response of a scatterer, thereby entirely capturing an object’s linear
optical properties. Furthermore, the formalism can be extended to clusters
of particles [97, 98] or periodic arrays of scatterers arranged on a lattice
[99]. In the following, we introduce the underlying idea and describe the
extension to more than a single scatterer. As this work makes extensive
use of a particular implementation of the T-matrix formalism for numerical
studies, treams [100], our description follows the related Refs. [99, 101, 102].

We consider a scattering scenario of a finite object, localized close to the
origin of the coordinate system, interacting with an incident monochro-
matic electromagnetic wave. We consider the object to be embedded in an
otherwise infinitely extended, homogeneous, isotropic, and lossless medium,
specified by the material parameters (¢, g, k). The total electric and magnetic
fields outside of the region occupied by the object are split into incident and
scattered fields,

E,(r) = EP(r) + ESC3(r), H,(r) = H™(r) + H(r). (4.20)
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In turn, the incident and scattered fields are expanded in vsws, following
Egs. (3.27) and Eq. (A.33). Considering the incident field to be finite (regular)
everywhere in space, we choose regular vsws (denoted by the superscript
n = 1) to expand EI"°. In Appendix A, specifically in Eq. (A.66), we see that
such fields are appropriate for expressing, for instance, an illumination by
a plane wave. Conversely, the scattered field originates from the localized
scatterer and must appear as outgoing radiation towards the far field. We
discuss the outgoing radiation condition, which is satisfied by the singular
(n =3) vsws, in Appendix A. Therefore, the electric field is given as the
sum of

00 {
Emc(r = Z Z Z A 2 Agrln)’/l(r)‘ (4.21a)
=1 m=—t Ae{+,-} k=ky
and
Esca(r)_z Z > pima AY) A(r)| (4.21b)

=1m=—t Ae{+,—}

where k) are the helicity-dependent wavenumbers in the embedding.
The linear optical response of the given object, that is, the mapping of an
incident field to its corresponding scattered field can be represented by a

matrix—vector product,
T T, \ (a
()- () @) 422

_— . S—
P T a
where all expansion coefficients in Egs. (4.21) for a given helicity A € {+1, -1}
are collected in column vectors a; and p,. The linear operator T, mapping
between the incident and scattered field coefficients, is called the transition
matrix (T-matrix). Above, we have further expressed the full T-matrix as
a combination of four submatrices, each specified by the helicity of the
incident vsws (right index) and the scattered vsws (left index), between
which it maps. Such helicity-resolved representation proves useful when
discussing chiral aspects of light-matter interaction, such as in Chapter 5.
The field expansions in Egs. (4.21) include infinitely many terms. Cor-
respondingly, the coefficient vectors as well as the T-matrix are infinite-
dimensional. The usefulness of the T-matrix formalism, however, is due
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to the fact that the series of terms can be truncated with vanishing error,
allowing for efficient numerical computations. In this regard, we consider
that a strong response to a large multipolar degree { requires an optically
large particle. For the simple case of a sphere, for instance, we can evaluate
Egs. (4.13) for a given x to find that past a certain value for ¢ the coefficients
become negligible. Similar observations are made for non-spherical scat-
terers as well. Particularly, if the size of the particle is small relative to the
wavelength in the embedding, the summation over ¢ in Egs. (4.21) can be
truncated at some small upper bound ¢, , resulting in a finite T-matrix of
dimension 2¢,,, (Lnax + 2) X 2805 (Bax + 2).

Furthermore, the convergence and validity of the vsw-expansion of the
scattered field Eq. (4.21b) is generally only guaranteed outside the small-
est circumscribed sphere of the scatterer [103, 104]. Hence, the question if
Eq. (4.21b) properly describes the near field depends on the given scatterer.
For spheroids, for instance, the expansion diverges inside the sphere enclos-
ing the focal points [103]. Depending on the spheroid’s aspect ratio, the near
field is described correctly inside some parts of the circumscribed sphere but
not necessarily up to the surface of the scatterer. For spherical scatterers,
the argument becomes trivial, as the object coincides with its circumscribed
sphere.

4.1.3 Computation of transition matrices

In the following, we discuss how to obtain the T-matrix for a given scatterer.
We distinguish between the case of spherical scatterers and non-spherical
scatterers. In the former case, we find the T-matrix analytically, following
our previous discussion of Mie scattering. In the non-spherical case, we
outline the procedure by which the T-matrix of a general object can be
obtained from numerical scattering simulations.

Spherical scatterer - We have discussed the scattering coefficients of a general
multilayered spherical core-shell particle before. These results can immedi-
ately be cast into a T-matrix describing the spherical scatterer. For instance,
in the case of a single chiral sphere in an achiral embedding, we found
Eq. (4.17) relating the incident to the scattered vsw coefficients. Transform-
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ing Eq. (4.17) accroding to Eq. (4.11) and using the orthogonality of vsHs
for different multipolar degree ¢ or order m, the entries of the T-matrix read

T Dy m = Tem v gma = <—m + 5/1/1'7UC4:> S O > (4-23)
in terms of the chiral Mie coefficients introduced in Egs. (4.18). Importantly,
for any scatterer with spherical symmetry, the scattered coefficients py,, ;
only ever depend on the incident coefficients for matching multipolar degree
¢ and order m. As visible from Eq. (4.8), the mapping is further independent
of the explicit value of m. Hence, the T-matrix associated with any general
multilayered spherical core-shell particle is diagonal with respect to £ and
m, with entries for same ¢ but different m being degenerate.

General non-spherical scatterer - For non-spherical scatterers, we fall back
to numerical scattering simulations to obtain the T-matrix [105, 106]. In
this work, in particular, we use finite element method (FEM) simulations
[107-112]. Here, we follow the argument of Ref. [91]. To obtain the T-matrix
up to a chosen £, at least N = 2, (¢, + 2) independent scattering
simulations are necessary. The resulting scattered electric fields for each
simulation i are expanded in outgoing vsws, procuring a corresponding
coefficient vector p;. Likewise, the incident fields for each scattering sim-
ulation correspond to a coeflicient vector, @;. The T-matrix is found after
solving the system of linear equations

p=Ta, ief{l,..,N}, (4.24)

for T. Writing the coefficient vectors as columns of matrices A and P, for in-
stance P = (p; - py), the solution is T = PA™!. The notion of independent
scattering simulations above refers to the invertibility of the incident coeffi-
cient matrix, requiring the coefficient vectors g; to be linearly independent.
In the FEM simulations used in this work, we directly choose vsws of unit
amplitude as incident fields. In that case, A = 1 and its inversion becomes
trivial; each vector of scattered field coefficients p; directly determines one
column of the T-matrix. Another option is to use plane waves, choosing
different illumination directions and polarizations [113]. As shown in Ref.
[113], it can also be beneficial to perform more simulations than the dimen-
sion of T, solving the resulting overdetermined system of linear equations
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to obtain a better numerical approximation of the T-matrix. An overview
over multiple numerical methods as well as their implementation used to
compute T-matrices can be found in Ref. [106]. It includes the FEmM-based
procedure used in this work using the simulation software JCMsuite [114,
115], hence we refer to this work for implementation details.

In order to expand the scattered electric fields into expansion coefficients,
we can utilize the orthogonality of the vsHs, as given in Egs. (A.27). Choosing
a spherical surface with a radius R whose center lies at the origin and which
surrounds the scatterer, we find [cf. 91, Eq. (2.47)]

Pem+\ _ N X;,(0,0) - ES(r)
(Pim,—> =) H 4@ (vﬁ%n(e, qo)'EEfa(r))’ (429

where r is given by the spherical coordinates (R, 8, ¢) and the matrix ‘1’,6(3)
is given in Eq. (4.42), replacing k; ) by the embedding wavenumbers k; and
r; by R. Instead of projecting onto vsHs, it is also possible to directly use
vsws for the decomposition. In that case, it is further possible to perform
the decomposition on an arbitrary surface surrounding the scatterer [116].

4.1.4 Extinction, scattering, and absorption cross-sections

The electromagnetic response of an object is frequently quantified in the
form of cross-sections. In the following, we mostly provide the formulas
for the cross-sections in terms of an object’s T-matrix. We give a detailed
derivation in Appendix C. First, we consider the power absorbed by the
scatterer, Wy, which has to equal the net energy flux of the electromagnetic
field across a surface surrounding the scatterer. The energy flux is given
by the time-averaged Poynting vector [42, Section 6.9] and we choose the
integration surface to be a sphere enclosing the scatterer;

Wy, = - ﬂ d0F () = —% ﬂ dOF -Re(E, x H'}.  (426)

Since no power is absorbed in the lossless embedding, W, is fully deter-
mined by the absorption of the scatterer [93]. Consequently, the precise
shape of the integration surface is arbitrary, as long as the surface encloses
the scatterer.
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Separating the total fields into incident and scattered parts according to
Eq. (4.20), we find that W, is given by the sum of four terms (cf. Eq. (C.5)):
the energy flux across the surface of the incident field, the energy flux of
the scattered field, and two mixed terms. The incident energy flux is found
to vanish identically, expressing the fact that the energy transported by the
incident wave enters and leaves any volume at the same rate. For another
way to see this, one can interpret the regular vsws (superscript n = 1) used
to expand the incident fields as balanced superpositions of outwards (n = 3)
and inwards (n = 4) radiating vsws, providing the same energy flux into and
out of the volume enclosing the scatterer. This leaves the integrated energy
flux associated with the scattered field, which we denote W, and the mixed
terms. We identify the mixed terms as the extinction power, W,,;, and find,
after rewriting Eq. (4.26), that it is determined by the sum of scattered and
absorbed power,

W,

ext —

W,

abs

+ Wsca- (4-27)
All power terms scale with the power delivered to the scatterer by the
incident wave. The power of the incident wave is best expressed via its
intensity I,., which is the energy flux per unit area in the direction of
propagation associated with the incident wave. As we are mostly interested
in the ratio of the scattered and absorbed powers to the incident one, we
define the relative quantities

W, 1
Coeg = —22 = T ATy, (4.28a)
e Iinc 2ZOZImc M N kz
w. -1 1
C t = ext Re aHTM,a)V s (4.28b)
ex Iinc 2ZOZImc /%:/ k% { A }
Wab
Caps == Ia : = Cext = Coca- (4.28¢)

mc

The explicit expressions on the right-hand sides are obtained after inserting
Egs. (4.21), the field expansions in vsws, see Appendix C. The quantities
defined in Egs. (4.28) have dimensions of area and provide a relative measure
for how strongly an object absorbs and scatters, independent of the total
scaling of the incident power. Interpreting them as an effective size of the
scatterer with regard to its electromagnetic interaction, we call them cross-
sections.
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Directional cross-sections - We are frequently interested in the cross-sections
of a scatterer with respect to a given direction of illumination. The incident
field is then expressed via vpws for a fixed direction k,

EX(r) = Gt Aic,+(r) - +o Aic,i(r) k—k’ (4.29)
=k, =k_

and the corresponding H'™. In an achiral embedding, such superposition
of a left-handed (A = +1) and right-handed (A = —1) circularly polarized
vPw describes a general elliptically polarized plane wave propagating in
the direction of k. The intensity of the wave in Eq. (4.29) works out to (see
Eq. (C.18))

1 2
Line = @ §|c]}j‘ . (4.30)

To expand E"°(r) in vsws, we use Eq. (A.66) and find the expansion coeffi-
cients

agm (k) = ¢, 4" (X0, Ok 01) + 1AX0, O 00)) (4.31)

With the help of Egs. (4.30) and (4.31), Egs. (4.28) can be evaluated to obtain
the directional cross-sections of a scatterer.

Directionally averaged cross-sections - Often, the orientation of a scatterer
relative to the incident light cannot be controlled, for instance, when con-
sidering scatterers suspended in a liquid. To account for such situations,
we average the directional cross-sections with respect to the illumination
direction k to obtain directionally averaged cross-sections. Denoting the
directional average by (- ) i and choosing a specific helicity A for the incident
field, we obtain the helicity-dependent directionally averaged cross-sections
(see Egs. (C.21))

47
<Csca,/1>jc = Z kT”TA’/l”IZ{S, (4.32a)

PRt

—4m
(Conly = g RelteTy): (4320
A
and

<Cabs,/1>iC = <Cext,/1>fc - <Csca,/1>ic' (4.32¢)
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1Ty 5l = tr(T/{,I ,Ty) is the squared Hilbert-Schmidt norm of T}, and
equal to the sum of squared moduli of all entries of T}, . Finally, to elimi-
nate the dependency on the incident helicity, we consider the helicity- and
direction-averaged cross sections,

1 27
<Csca>jC = 5 Z(Csca,/1>,‘c = Z kT”TA')L”]Z-IS, (4-332)
A AN
1 —2n
(Cext>f€ = 5 ZAXCCXL)OIAC = g E Re{tr(T),)}. (4.33b)

As discussed in Appendix C, these relations become equivalent to Egs. (42)
and (43) of Ref. [117] when considering an achiral embedding.

4.1.5 Clusters of scatterers

Suppose we have a composite particle, consisting of N scatterers with T-
matrices Tj, i € {1, ..., N}located at positions r;. Correspondingly, we express
the total field as the sum of the incident and N particle-related scattered
fields E; ™', each expressed as a sum over vsws according to Eqgs. (4.21) with
r; serving as the origin for the vsws [117].° Each Ej ™ is represented by a
vector of expansion coefficients p;.

When considering a scatterer i, it is most convenient to expand the incident
field E" into vsws centered on the location of that scatterer, r;. Hence, we
construct N equivalent descriptions of the incident field, each represented
by the coefficient vector g;. Every scatterer i is illuminated not just by the
incident field but also by the fields scattered off the other particles [91, 97],

hence,
n= 1w S en-r)s). (43

J#i

j
radiating vsws centered around r; into regular vsws at r;, converting the

scattered field of scatterer jinto an incident field for scatterer i. Its definition
is given in Eq. (A.46). We rewrite Eq. (4.34) as [101]

where the matrix C(g)(ri - r-) is responsible for expanding the outward

Pioc = Tdiag (aloc + C(3)Ploc) > (435)
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where pjo. = (p], ..., p\)' (and, analogously, aj,.) combines all scattered
(resp. incident) expansion coefficients in a single column vector. Ty, is the
corresponding block-diagonal matrix of the individual T-matrices,

T, « 0
Tggg =\ = [ (4.36)
0 -« Ty

and C®) is responsible for the translation of vsws between the locations of
the scatterers,

3 3
(()3) CiZ) C%’B%]
c®=|Cr 0 G, (437)
(3) (3)
CN,I CN,Z 0

using the shorthand notation CE?) = CO(r, - r;). Solving for py,, we obtain

-1
Ploc = (1 - TdiagC(3)) Tdiag oc- (4-38)

The T-matrix of the cluster of scatterers, Tj,., describes the scattering re-
sponse of the composite particles, taking a similar form as in the case of
the description of a single scatterer, Eq. (4.22). We refer to such T-matrix as
well as the expansion coefficient vectors as local, accounting for the multiple
expansion centers r; (defining the origins of the vsws), one per scatterer.

Often, the description of clusters of scatterers as given above is stated to be
restricted to arrangements where the smallest circumscribed spheres of the
scatterers do not overlap. Arguments for such restriction concern the region
of validity of the scattered field expansion for a single scatterer mentioned
before [103, 104] as well as mathematical properties of the translation coeffi-
cients for vsws [97]. However, the exclusion of overlapping circumscribed
spheres is a sufficient but not a necessary condition [118] and the overall
validity again depends on the specific properties of the arrangement and the
scatterers.

With the help of the translation coefficients for vsws, the expansion
coefficients g; of the incident field with respect to an expansion center r;
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can be expressed via the coefficients a of an expansion with respect to the
global origin of the coordinate system 7 [100],

a=CO(r —r)a= Ci(’(l))a. (4-39)

The total scattered field, the sum of all scattered fields represented by the
coeflicient vectors p;, can also be expressed as a single expansion in vsws
centered at the global origin, yielding the coefficient vector

p= Z CD(ry —r)p,. (4.40)

In combination, we obtain another representation of the T-matrix of the
cluster of scatterers with respect to a single global origin,

T T\T
T= (C(()ll) C(()llzl) Tloc <C§10) Cl(\},)o ) . (4'41)

Such a global T-matrix is formally entirely equivalent to the T-matrix in-
troduced for a single scatterer; hence, the previous discussions of Subsec-
tion 4.1.2 apply. In particular, we recover Eq. (4.22), relating the expansion
coefficients of the incident and the total scattered wave with regard to expan-
sions around common origin r,. Conceptually, the global description of the
T-matrix corresponds to interpreting the cluster of individual scatterers i as a
single composite object and representing it via a “single-scatterer” T-matrix.
For clusters of numerous closely packed scatterers, the global T-matrix often
provides a more efficient description than the local one. On the other hand,
the total scattered field expressed as a single expansion around the origin
might lose validity inside the circumscribed sphere of the entire composite
object as compared to the sum of individual scattered fields in the local
description, particularly in the space between individual scatterers.

Directional cross-sections from the local T-matrix - The directional cross-
sections for a cluster of scatterers can also be evaluated using the local T-
matrix, see Appendix C. The scattered fields in the derivation in Appendix C
are now given by sums over the scattered fields from each scatterer i. Using
the translation formulas for vsws and utilizing that the integration surface
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can be chosen arbitrarily as long as it encloses the cluster of scatterers, the
directional cross-sections follow as

= 1 Lo A
Coca = m Z k2 22 Ploc, 1G4 Ploc. 2 (4.42a)
-1
Cext = ZZOZImc Z k2 {aloc 2 Ploc, /1} (4.42b)

(1)
G’
defined in Appendix A. As given in Eq. (A.49), ) is Hermitian and its

where the matrix C™) contains the translation coefficient matrices

diagonal entries are Ci(l-l) = Cc(1(0) = 1. For Egs. (4.42), we implicitly define
the submatrices and -vectors corresponding to specific helicity eigenvalues
A

Equation (4.38) can be inserted into Eqs. (4.42) to express the cross-sections
via T}, and a,.; the explicit expressions are given in Egs. (C.36). As an
alternative, it is possible to obtain the cross-sections, both directional and
directionally averaged, using the global T-matrix of the composite scatterer
in Eq. (4.41), directly applying the formulas given in Subsection 4.1.4.

4.1.6 Periodic arrays of scatterers

Another setup considered in this work is scattering off planar (i.e., infinitely
extended in two dimensions) periodic arrays of scatterers. Such an array is
formed by identical copies of a given scatterer located at every position of
a two-dimensional lattice L, = {na; + nya, | ny,ny, € Z}. Here, we choose
the plane of the lattice, spanned by the basis vectors ¢, to coincide with
the xy-plane. Such setup is equivalent to considering the scattering off an
object with imposed periodic boundary conditions in two dimensions.
Each unit cell of the lattice contains one copy of the scatterer, represented
by its T-matrix T. Complex unit cells, comprising multiple different scatter-
ers, can be accommodated as well, describing each unit cell as a cluster of
scatterers as in the previous subsection [101, 102]. Here, we restrict our-
selves to the simpler case. To satisfy the periodic boundary conditions, each
unit cell has to experience the same illumination. By the same arguments
underlying the Bloch theorem [cf. 119, Chapter 7], the illumination may
only differ by a fixed phase difference between unit cells, expressed via the
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phase factor kIR for every lattice vector R € L,. Such a relation is satisfied
if we, for example, consider illumination via plane waves, where the wave
vector component tangential to the lattice determines k;.

The scattered field at each lattice site R is represented by the expan-
sion coeflicients pg and, analogously, satisfy pgp = poeikH'R. Considering the
multi-scattering, where each unit cell’s scattered field poses another incident
field for all other unit cells, we write

Po = T(ao + D, C(3)(_R)PR> ; (4-43)

ReL,\{0}

in analogy to Eq. (4.34). Solving for p,, we obtain [99]

-1
ReL,\{0}

= TLZ’kH

The scattering scenario is fully described by the lattice T-matrix T,k yield-
ing the scattered expansion coefficients p, in the unit cell at R = 0. We
emphasize that only a uniform illumination satisfying ap = aoeik“'R may be
considered. The scattered field from every other unit cell only differs by the
phase factor introduced above and the total scattered field is given by the
lattice sum

3 ik~
ES)= 3 3 P Aar =R _ " (4.45)
ReL, tm,A =Ky

We revisit the expression above in Section 4.2, where we introduce another
formalism to describe scattering off planar systems. There, such lattice sums
are converted to vPws better suited for the inherent geometry. The inter-
ference of the contributions from every unit cell causes the scattered field
to radiate energy only into certain directions, specified by kj up to integer
multiples of the reciprocal lattice vectors. These directions correspond to
the diffraction orders of the lattice.

The numerical usability of the expressions above requires efficient com-
putations of the infinite lattice sums contained in Ty j, and E}. To this
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end, Ewald’s method [120, 121] is used [101]. The lattice sum is split into a
short-range (small distances) and a long-range part, each of which results in
an exponentially convergent series [102].

4.1.7 Reactance matrix and passivation of numerically obtained transition
matrices

When numerically computing T-matrices, the limited precision can intro-
duce gain even when all materials considered are passive. While typically
negligible, such spurious gain has the potential to become harmful in a
multi-scattering scenario, building up over consecutive scattering events.
To mitigate such errors, we introduce a passivation scheme, ensuring the
passivity of a given numerically obtained T-matrix.

While the utility of the T-matrix for describing electromagnetic scattering
is apparent in the discussions above, aspects concerning the conservation or
absorption of energy are not as readily accessible. For instance, a scatterer
made from lossless media has to exhibit C,;,; = 0 for all illuminations a.
From the equivalent condition C, = C,,; and Egs. (4.28), we find that the
corresponding T-matrix has to satisfy the condition [cf. 117, Eq. (45)]

2T +T+TH = 0. (4-46)

For the general passive case, an even less insightful condition follows: The
left-hand side above has to be Hermitian negative semidefinite [122]. Instead,
we make use of a concept closely related to the T-matrix, namely, the reac-
tance matrix or K-matrix [122, 123]. In Eq. (4.20), we split the total field into
incident and scattered parts, which we subsequently expanded in regular
(n = 1) and outwards radiating (n = 3) vsws, respectively. Alternatively, we
can separate the regular and irregular (n = 2) parts of the total field, the
latter isolating the singular behavior of the vsws at the position of the

scatterer. With A%;o’n) 1= Agrln) At iAgfﬂ) 1 we find
1 . 2
E,= Z (ai’m,/l + pfm,/l) Agnia k + Z 1Dem A Agm)’/l o (4-47)
Lm,A A emA A

Similar to before, we define the K-matrix as a mapping between coefficients,
particularly,
ip=-K(a+p). (4.48)
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It may be interpreted as relating the coefficients of the regular field—the
incident field and the non-divergent part of the scattered field generated by
the scatterer at its own position [122]—to the irregular field or directly to
the scattered field, in either case up to a factor, —1 or i, respectively. From
Eq. (4.48) and Eq. (4.22), we find [122, Eq. (12)]

K =—-iTa+T). (4-49)

The benefit of using the K-matrix formalism for the purpose at hand lies
in the fact that conditions for passive or lossless systems are more simply
expressed (and numerically enforced) in terms of K than they are in terms
of T. Considering the lossless case, Eq. (4.46) is equivalent to the formally
simpler condition

K =K", (4.50)

that is, the K-matrix is Hermitian. The general case of passivity corresponds
to K being a dissipative matrix, that is, (iK H_ iK), which is proportional to
the skew-Hermitian part of K, is a Hermitian positive semidefinite matrix.

To passivate a numerically obtained T-matrix, we use Eq. (4.49) and obtain
its corresponding K-matrix, which we decompose into its Hermitian and
skew-Hermitian part,

K=1@+Kk")+1 (KM -iK). (4.51)
2 2. ,
=K,

Passivity is satisfied if the term on the right, K, is positive semidefinite.”
In the next step, we perform an eigendecomposition of K and eliminate all
negative eigenvalues, replacing them by 0. Reassembling K, from the positive
clipped eigenvalues yields its passive, energy-conserving counterpart. We
insert it into Eq. (4.51) and combine it with the unaltered Hermitian part of K
to obtain the dissipative matrix Kj,,. Finally, we reconstruct the passivated

T-matrix using [122, Eq. (14)]
Tiass = 1 (1K, )711( (4.52)

pass pass pass*

The use of T, ensures that subsequent computations are not affected by
artificial gain resulting from the limited precision of numerically obtained
T-matrices.
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4.2 Scattering from Planar Systems

In this section, we introduce the formalism to describe the interaction of
monochromatic electromagnetic waves with planar systems. First, we con-
sider a plane wave impinging on a planar interface between two chiral
media. We derive the reflection and transmission coefficients that relate the
amplitudes of the waves in the two media. We further derive the expres-
sions for transmittance and reflectance, which describe the transmission
and reflection of power at the interface. Afterward, we introduce scattering
matrices as a general formalism for planar systems. It enables the joint
analysis of homogeneous planar and stratified systems, such as the interface
between media, as well as two-dimensional periodic arrays of scatterers that
introduce diffraction.

The scattering matrix formalism facilitates our investigation of chiral
optical cavities in Chapter 6, which combine extended media and arrays of
electromagnetically chiral scatterers. The following subsections provide a de-
tailed explanation of the formalism and serve as reference for the subsequent
chapters. The main results are summarized at the end of the chapter.

4.2.1 Transmission and reflection at a planar interface between chiral media

We consider a planar, infinitely extended interface between two media, lo-
cated in the xy-plane. We label the medium occupying the lower halfspace,
z <0, “1” and the medium in the upper halfspace “2”. We now consider a
monochromatic plane wave of a given helicity A (i.e., circular polarization
handedness) in medium “1” incident onto the planar interface. As a conse-
quence of the incident wave, there are reflected waves in medium “1” and
transmitted waves in medium “2”, each propagating away from the interface,
see Fig. 4.1.

The wave vector components parallel (i.e., tangential) to the interface,
k| = (k. ky)T, suffice to specify the setup together with the material pa-
rameters, the incident helicity A, and the angular frequency . Both w as
well as k” are conserved in the interaction, which results from time homo-
geneity and the translational invariance within the xy-plane, respectively.
Hence, only waves sharing these quantities need to be considered. Since the
helicity-dependent wavenumbers in the two media are fixed to k; , = kon; ;.
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Figure 4.1: Reflection and trans- ki

- . ki
mission at a planar interface be-

1

tween chiral media - A monochro- z ‘
. . !
matic plane wave of a given he- !
licity incident on a planar inter- |
€5 MK |

face between two media gives rise

to two reflected and transmitted £, Iy, Ky
plane waves in the separate media,
one of each helicity. All waves ex-
hibit the same wave vector compo-
nents parallel to the interface. In

chiral media, the wave vectors of
different helicity are, consequently,
not parallel, resulting in circular
birefringence.

for o € {+1,-1} and j € {1, 2},® we can find the remaining z-components
to fully determine the involved wave vectors. To this end, we define ka, o
satisfying

2
s

(k}fg)z = (kj,(r)Z — |k argkf, € [0,m). (4-53)

In the simple case of a lossless medium, kj,a € R, hence, kf o is either purely
real or purely imaginary. In the real case (if ‘k”‘ < kj ), the overall real wave
vector describes an undamped plane wave propagating in the corresponding
direction. If ‘k”‘ > ki ka’ . becomes purely imaginary and the corresponding
plane wave changes its phase only in the xy-plane, while exponentially
decaying in the z-direction; such waves are called evanescent. In general,
ka - has both an imaginary and a real part. In passive media, the restriction
of its argument narrows to [0, 7], that is, both real and imaginary part of
k7, are nonnegative, representing propagation and decay in the direction of
positive z, respectively. As the direction of propagation (normal to planes
of equal phase), given by the real part of the wave vector, is generally not
the same as the direction of decay (normal to planes of equal amplitude),
the corresponding plane waves are sometimes referred to as inhomogeneous
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[89]. Since we consider the infinitely extended interface, we always restrict
k. and k,, to be real.

Considering the incident (resp. reflected and transmitted) wave as prop-
agating or decaying towards (resp. away from) the interface, we find the
wave vectors

ki = (kx’ ky’ kil)—r > kr,o = (kx’ ky’ _kia)T > kt,O' = (kx’ ky’ kf,g)T . (4-54)

The wave vectors depicted in Fig. 4.1 only represent the direction of prop-
agation. In the case of absorptive media, the imaginary parts of the wave
vectors are all parallel to z. With regard to chirality of the involved media,
we remark the following: First, in chiral media, that is, if Kj # 0, the wave
vectors for different helicity are not parallel and hence the wave fronts prop-
agate in different directions. Hence, we find circular birefringence. Second,
if x; # 0 specifically, the common notion of the angle of incidence (i.e., the
angle between k; and the interface normal z) and the angle of reflection (i.e.,
the analogue for k; ;) being equal only holds for the co-polarized reflected
wave, matching the incident helicity, o = A.

Ultimately, we are interested in the amplitudes of the reflected and trans-
mitted waves given a specific incident wave. To this end, we use Egs. (3.27)
to represent the monochromatic fields in terms of the vpws, Eq. (3.18). For
the electric field, omitting the r-dependence for brevity, we have

E, = A; +a ’+A

a/\
ki’)' i kl,/\ T, +

+a; Aic“ _‘ , (4.55a)

ry—)_ =
ky s ky -

>

koot
for z < 0, and

+ ai(t,—’_ Ai‘t

ks

, (4-55b)

@ Akt ,,—‘
t+ t+ " k2,—
for z > 0. The corresponding H,, follows according to Eq. (3.27b).

In Section 2.3, we discussed the continuity of the tangential components
of E and H across media interfaces. Consequently, we demand the continuity
of Zzx E, and z x H, at z = 0, which allows us to determine the coefficients
of the reflected and transmitted waves. Normalizing all coefficients by the
incident one, we define 1, , := %, . / %, and t; ; = aicm/ % which we

call the reflection and transmission coefficients, respectively. Inserting the
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explicit form of the vPws from Eq. (3.18) into Egs. (4.55), we find that the
exponential factor reduces to eI7 in the plane given by z = 0. Since the
parallel wave vector is the same for all terms, we eliminate it from the
equations. The continuity of the tangential field components requires

Ex [e3(k) + 1416, (ke y) + 16 (Ky )] w560
=zx[ty 6 (ky )+t 6 (k)]

1. R . N
Z—z X [/Ie/l(ki) +1, €, (kr,+) —1_j€_ (kr,_)]
! (4.56b)

1. . N
=5 [t+,Ae+ (ket) =t pé- (kt,—)] )
2

where Z; = |[y;/¢; denotes the relative impedance of medium j and the
circular polarization vectors were defined in Eq. (3.18). The first equation
corresponds to the continuity of the tangential components of E,, the second
one to that of H,,. We further use that

o -1, ~ . . —1(k zxk k
zxi(k>=ﬁ(zx9kilzx<pk)=ﬁ(,j ¢1”), (457)

where k| /|kj| and 2 x k; /|k;| serve as two mutually orthogonal unit vectors.
Splitting Egs. (4.56) into two parts each by projecting onto these unit vectors,
we find a system of linear equations for the reflection and transmission
coeflicients:

A+vr -t =t -ty

z z Z z zZ
1,1 ki + ki_ k3. kz,—

-1 ’Ai—t,’lizt ,/17’+t,,/1 s
kl,/l ! k1,+ kl,— i k2,+ k =
14 (4.58)
Z (1 +r, )+ r_’A) = t+’/1 + t_’A,
Z ( i kit ki k34 5
= A-= Tt =t+/1 > _t—/l —
Zy \ kia kv Tk - "kt Tk -

Solving for the reflection and transmission coefficients, we find
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oky, Bf AZ, — Bj AT,

1) = by ATA A4 (4-592)
t 40').Z2k2)0-k§ AA:i b
)T ATAT - Azar (459D
where
A? = (2 £ 02y) (kZ,J_rkiz,a x O'kl,akg,i) ’ (4.60a)
BE = (2, £ 12)) (ky o kZ , 7 Ak K5 ) (4.60b)

The reflection and transmission coeflicients derived above are generally
applicable to planar interfaces between chiral media. We consider a few
special cases in the following.

Normal incidence - In the special case of normal incidence (i.e., k, = ky =0),
the expressions for the transmission and reflection coefficients simplify
considerably. As |kj| = 0, the z-components in the media are equal to the
wavenumbers, kf . = k; .. Adjusting Eqs. (4.59) or directly considering the

simplified systerri_of linear equations, we obtain

7, —Z
Ty ) =0 g, Zi n Zj , (4.61a)
2Z.
2 (4.61b)

to’,/l = SU,Am .

Hence, at normal incidence, only the helicity-preserving (i.e., co-polarized)
transmitted wave and only the helicity-converting (i.e., cross-polarized)
reflected wave persist. Notably, the coefficients do not depend on the chi-
rality parameters of either medium, as the impedances only involve the
permittivities and permeabilities.

Media with matching impedance - For an interface between two media satis-
fying Z, = Z,, we find that both A7 and By are proportional to &, , (resp.
. 3)- As a consequence, we find 1, 3, t, ) o &, 5. Only the co-polarized coef-
ficients are nonzero, that is, helicity is conserved in both transmission and
reflection. For the special case of normal incidence, we findt, , =t__ =1
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and all other coefficients vanish, which directly follows from Egs. (4.61).
Hence, no reflection occurs, and an incident wave of a given helicity simply
propagates through the interface without change of amplitude, phase, or
helicity, even though the wavenumbers in the two media may vary.

Grazing incidence - We consider grazing incidence, that is, the limiting case
where the z-component of the incident wave goes to zero, ki 5 — 0. This
corresponds to the angle between the incident wave vector and the surface
normal z approaching 90°. Note that such consideration requires medium

17 to be lossless (at least for the incident helicity), such that k; ; € R. From
Egs. (4.59) and (4.60) follow

L2 s _50,1’ tJ,A - 0. (4.62)

In the limiting case of grazing incidence, the wave is fully reflected and
helicity is conserved, picking up only a phase factor of —1. As k; and k; »
are equal when their z-component is zero, above result simply leads to
E, = H, = 0 identically everywhere when ‘k”‘ matches the wavenumber
k ; exactly. Consequently, the case of grazing incidence and the limiting
behavior of the reflection and transmission coefficients is only meaningful
when approaching this case, that is, for incidence angles close to but smaller
than 90°. Note that this result is derived without any restrictions on the
material parameters of medium “2”, nor on the wavenumber of the off-
helicity in the incidence medium. Particularly, if medium “1” is chiral, x; # 0,
grazing incidence does not correspond to the same k| for the two helicities.

4.2.2 Transmittance and reflectance

The reflection and transmission coefficients of Eqgs. (4.59) relate the complex
amplitudes of reflected and transmitted vpws to that of an incident vPws
of a given helicity 1. Relatedly, we can derive the power transmission coeffi-
cient, or transmittance, and the power reflection coeflicient, or reflectance,
which describe the relative transmitted and reflected energy flux across the
interface. To this end, we consider the temporally averaged Poynting vector.
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Due to the infinite extension of the system, we only consider the normal
component by projecting onto the interface normal Z,

(5.0 = - Re{E, < HJ} - 2. (4:63)

Only the tangential components of the fields contribute to Eq. (4.63). There-
fore, (S,) is continuous, which means that the energy flux across the interface
is conserved.

Using the representation of E,, and H,, as weigthed sums over vPws
according to Eqs. (3.27) and (4.55), we write

. *
1 —io”’ .
<SZ>|z:0 =3 Z Z Reja, AV’J|k-g x 77 Z_av,,g/ Ay o - -z
ooV ’ 0j ” z=0
_. * J
=: Z Z aV,,U,Zv,G,)Wav,U,
o', oV,

(4.64)

where, for brevity, v, v’ represent indices that relate to the wave vector. The
second line has the structure of a matrix—vector product, with the matrix

oz ()

X 5 : (4.652)
where X’/ has the entries
) ic” *
/] _ ~
Z“v’cr’,vcr = ZZOZj* [AV’G|kj,g X (Av’,o“ |kj,a’> ] 4 (4.65b)

z=0

The Hermitian matrix %/ in Eq. (4.65a) is defined for convenience, accounting
for taking the real part in Eq. (4.64).

For the following discussion, we slightly adjust our notation: In the equa-
tions above, the index v (resp. v’) represents the normalized wave vector l}g.
Since the tangential components of the wave vector k are conserved and
the z-component of the wave vector satisfies Eq. (4.53), the only degree of
freedom left is the sign of the z-component, which determines if the direction
of propagation (or decay) is towards positive or negative z. Consequently,
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we denote the z-component as dka, » Where the sign d € {+1, -1} is the only
relevant information contained in the index v. Moving on, we replace v by d
and use the symbolic representation d € {1, |}, with t = +1,] = —1. With
this adjustment, we find explicit representations for the matrix entries of

1 dk? d'k .\
Siodo = 177 [ =+ oo’ ( = (4.662)
and
; dkj 'K \"
J * J:0 * J,0
Xiorde = [(Z +o00’'Z; ) A + (ZJ +00"Zj)( M ) ] ,
T

(4.66b)

after inserting the formulas for the vPws.

We apply the developed formalism to the interface considered before.
Assuming a unit amplitude of the incident wave, the other coefficients are
directly given by the reflection and transmission coefficients of Egs. (4.59).
Evaluating Eq. (4.64) for z — 0 in the lower halfspace yields

(Sl = /1M+ Z”a 2 Zlor sotont Z( o 0/1+r0/12laM)
<S>

=S, =2,
(4.672)
and in the upper halfspace
S g = Do te 152 aoter = (S, (4.67b)
o’,0
The continuity of the tangential field components yields
<Sz>i + <SZ>ir - <Sz>r = <Sz>t' (4-68)

To interpret the different terms of Egs. (4.67), we observe that for cross-
polarized terms

Zég dr —0 & Im{Z}}r (469a)
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while the co-polarized co- and counter-propagating matrix elements are

. - Re Z; K
Jj o __y o
Ztote = oo = {} ’ (4-69b)
ZZO| | o
—iRe Z k?
J J ],0
ZTU lo = Zia to = 07 | | {k]o'} : (4-69¢)
A :

The term associated with the incident field, (S ) directly follows from
Eq. (4.69b). For the term associated with the reflected field, (S ) the in-
volved sums give rise to a co-polarized (o = ¢’ = A) and cross- polarized
(0 = 0’ = =) term, each proportional to Eq. (4.69b) and [t 112 Additionally,
there are the mixed terms (o = —o”), proportional to Eq. (4.692). As Im Z;
vanishes in a lossless medium, the terms of mixed helicity only contribute
in an absorbing medium. The same observations hold true for the term
associated with the transmitted field, (S,) p as it is structurally equivalent to

(S2),-

Finally, the interference term between the incident and reflected fields,
(S ) also vanishes if medium “1” is lossless: It contains a cross-polarized
term (for o = —4) that vanishes as Im Z; = 0 (cf. Eq. (4.69a)). Additionally, it
contains a co-polarized term (for o = 1), proportional to Eq. (4.69¢). Since
we consider the incident wave to be propagating, k7 ; € R, hence, the co-
polarized term vanishes as well. In an absorbing medlum the interference
term can enter the energy balance in Eq. (4.68) as a positive or negative
contribution. For instance, it can reduce the effective absorption in an ab-
sorbing medium close to an interface to a lossless medium [124]. As the
interference term is conceptually equally related to both the incident and
the reflected fields, its allocation is ambiguous. In Ref. [125], it is treated as
its own entity, modifying the usual relations of energy conservation. Since
in the following chapters we consider lossless media when treating planar
systems, such discussion is outside of the scope of this work. We follow the
convention used in the software treams [100], which adds the interference
term to the incident energy flux. Accordingly, we define the reflectance and
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transmittance as the relative energy flux associated with the reflected and
transmitted waves, respectively:

(S2)
Ryi= o (4.702)
(Sz>i + <Sz>ir
(S2)
Ty =t (4.70b)
AT (S,
Following this convention, the relation
R+, =1, (4.71)

an expression of the conservation of energy, holds generally. For lossless
media, we obtain the explicit expressions

vA
2 ki Reki_, 2
R, = [yl Yt kL el =R+ R (4.722)
1A K-
Zyky  Reks o Z k,Reki_
= ARA 2 P LA =2, 42, (a72b
A Z2 kf}L k2)+ |+,/1| ZZ kf/l k2’7 | ,/1| +,A A (47 )

In lossless media, the transmittances and reflectances are entirely given by
terms proportional to the squared moduli of the transmission and reflection
coefficients. The proportionality constants account for the different propa-
gation (and, hence, energy flow) directions and, in case of the transmittance,
for the contrast in impedance. Note that the adjustment for different propa-
gation directions also affects the cross-polarized reflectance, in line with the
discussion of circular birefringence above. Only for an achiral medium “1”
(or for normal incidence) is the prefactor equal unity, and the reflectance
simplifies to the sum of squared moduli of the reflection coefficient for both
helicities.

Total internal reflection - For lossless media, the real parts of k7 ; involved
in Eqs. (4.72) distinguish between propagating (|k||| < kj ;) and evanescent
(Iky| > k; ;) waves. Only propagating waves contribute to the energy flux.
If the medium of incidence “1” is optically denser than medium “2”, that
is, k; + < kq, and the angle of incidence is sufficiently large, such that
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ky. < |kH| < ky 5, we find that ¥, ; = 0. Hence, all power is reflected. Such
situation is referred to as total internal reflection (TIR). On a sidenote, we
find that a similar observation can be made for the reflectance in a chiral
medium: When considering the medium to be denser for the chosen incident
helicity, that is, ky j > k; _, then only the incident helicity is propagating for
incidence angles in the range k; _, < [kj| < k; ;. Consequently, all reflected
power resides in the co-polarized reflectance, Ry = R ;,and R_, ; = 0.

4.2.3 Scattering matrix for planar and stratified systems

In the following, we introduce a general formalism for treating the inter-
action of planar (i.e., infinitely extended in two dimensions) systems with
monochromatic plane waves. The formalism further allows to consider
stratified systems, formed by multiple planar systems stacked on top of
one another. Without loss of generality, we assume the planar systems to
coincide with the xy-plane.

Similar to our discussion of the planar interface before, we separately
expand the fields in the halfspaces above and below the planar system (filled
with media “2” and “1”, respectively) in vPw s introduced in Section 3.1. In the
case of a homogeneous planar system, such as the interface discussed before,
the continuous in-plane translational invariance leads to conservation of the
in-plane wave vector component k. We also consider two-dimensionally
periodic structures, that is, lattices, for which the continuous translational
invariance is reduced to a discrete one. Considering a system with the pe-
riodicity of a two-dimensional lattice L, = {nya; + nya, |ny,ny € Z} with
basis vectors ¢; in the xy-plane, the parallel wave vector components are
conserved up to integer multiples of the reciprocal lattice vectors. Accord-
ingly, waves with in-plane wave vector component k| + G for G € L3, where
L3 denotes the reciprocal lattice, have to be considered collectively.

As discussed earlier, the wave vector of a vPW is uniquely determined by
the in-plane wave vector components (k,, k,,) and the sign of its z-component,
d. In what follows, we use the in-plane components and d as indices when
expressing the fields as superpositions of vPws according to Egs. (3.27). We
separate the total fields into incoming and outgoing parts with respect to
the planar system,

B,=ER+ER,  H,HP4HML ()
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The incoming part accounts for all vPws that propagate or decay towards
the xy-plane (d = 1 forz < 0and d = | for z > 0), while the outgoing part
accounts for the ones propagating or decaying away fromit(d = | forz < 0
and d = 1 for z > 0). Correspondingly, we write

) Z Z e +G.1.A Ak”+G’T’A‘kfk for z < 0,
£y = o (4.742)
1 GeL; | % +G.iA AklﬁGJJ‘k*k A forz >0,
k
b+6,0.1 1‘\1<H+G,T,A|k:kM for z <o, o)
’ 4.74

ZEEY)
A

ceLs | br+caa AkH+G,L,/1|k_k forz > 0.
=12

Collecting all expansion coefficients for a given direction d in a column vector,
we write the mapping between the incoming and outgoing coefficients as

b S S a
1 = (St Su)(ar) (.75)
(bi) (Sw Su) (“i)
S

The matrix consisting of the four submatrices S;.; represents the interaction
between the planar system and the incoming waves, and we call it the
scattering matrix or S-matrix. The indices d’ and d determine the direction
of the outgoing and incoming vsws, respectively. Entries mapping between
the same in-plane wave vector components represent relative reflection (in
S|+ and S; ) and transmission (in Sy and S| |) coefficients for the incoming
waves. Entries mapping between k| + G and kj + G” where G # G’ represent
diffraction. We now discuss the explicit appearance of the S-matrix for a few
types of systems.

Planar interface between media - The S-matrix for a planar interface between
two media j € {1, 2} can be readily written down using the results of the
previous discussion. Specifically, we obtain the entries

(STT)’C”+G’,/V;ICH+G,A = 6G’,G tA,’/1|k”+G > (4763)

(Su)k”JrG,’ ik = 906 )l k4G (4.76b)
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which are given by Egs. (4.59). The ka, , contained in the reflection and
transmission coefficients follow from Eq. (4.53), replacing kj — k + G. The
remaining submatrices S| | and Sy correspond to incoming waves from the
upper halfspace. Their entries are obtained accordingly, accounting for the
reversed roles of media “1” and “2”. Explicitly, exchanging all media related
indices 1 < 2 in Eqgs. (4.59) and (4.60),

(Sil)kH+G',/1';kH+G,/1 = 5G’,G tA/’A|k”+G;1<—>2 > (476C)
(STi)k“+G’,/1’;k”+G,)L = 6G’,G r”’l|k“+G;1<—>2 . (476d)

All submatrices are diagonal with respect to the in-plane wave vector compo-
nent due to continuous translational invariance, indicated by the Kronecker
delta. That is, no diffraction occurs at a homogeneous interface.

Propagation in a medium - The simple relation between the expansion coeffi-
cients of the fields at two different planes of reference, both parallel to the
xy-plane and relatively dislocated by a vector R, can as well be expressed
by an S-matrix. In this case, the only nonzero entries stem from the phase
factors that the vPws pick up as they traverse the space enclosed between
the two reference planes. Hence,

i(ky+G+k? A£)~R,

(Sﬁ)k”m,’ wikgrca = 90 conae (4.772)

i —k%.2)(—
(Su)k“+G’,)L’;k”+G,/1 = 6G’,G5,1',,1€1(k”+G kj,AZ)( R)’ (3.77b)
and ;| and S|4 are null matrices. Note that, conceptually, the propagation
S-matrix reduces the space between the two reference planes to a two-
dimensional system, wherein the passage between them is represented
as a phase shift of the considered vpws. The halfspaces z > 0 and z < 0
correspond to the spaces above and below the two reference planes, both
of which simultaneously correspond to z = 0. Alternatively, such S-matrix
can be understood as a translation between two different origins of the
coordinate system.

Two-dimensionally periodic arrays of scatterers - In Section 4.1, we represented
a periodic array of scatterers arranged on a lattice by the lattice T-matrix
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TLszu for a given k. An incident field, expanded in regular vsws with

expansion coefficients a, interacts with every scatterer in the lattice with a
relative phase specified by k. The total scattered electric field is given by a

lattice sum,
3
3 Al - RFIE,
¢,m,AREL,

E,(r) = (4.78)

and the vector collecting the expansion coefficients p?m , is obtained as

Po =T, k- (4.79)

Using Eq. (A.66), we obtain the expansion coefficients ae A(k” +G,d, 1),
describing a vPw spec1ﬁed by (k” + G, d, 4). Equation (4.79) ylelds the scat-
tered field coefficients pi,m, 1k + G, d, 2). We note that the lattice T-matrix
Ty, g s the same for all k + G, G € L3, since the phase relation between
different lattice sites is unaffected by linear combinations of the reciprocal
lattice vectors. Equation (A.63) finally relates lattice sums of vsws back to
vpws. Together, these relations complete the mapping between incoming
and outgoing vpws coeflicients, constituting an S-matrix. As a last step,
an identity matrix has to be added to both $;; and S| to account for the
unaltered contribution of the incident field to the total field.

Stacking S-matrices for stratified systems - Multiple planar systems can be
combined into a single stratified system, described via a unified S-matrix.
Considering two systems with S-matrices S' and S, we define the operation

§=5" xS0, (4.80)

which yields the S-matrix describing system “II” stacked immediately on
top (i.e., at larger z) of system “I”, The operation in Eq. (4.80) is explicitly
defined via the submatrices [99]

Sip =St (1-81,8T) 7 sk (4812)
Sip =Sty + s (18t s )_1 sk, (4.81b)
Siu= Sty + Sy, (1 S?Ts%l) Sy (4.810)

s =], (1-sfhsh) sl (481d)
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The stratified system accounts for the multi-scattering between the two
planar systems, constituted by continual reflections between the two systems.
Formally, such continual reflections lead to geometric series. If the considered
systems are passive and the reflection from at least one of the systems is not
perfect, the series converge to the terms (1 — -)~! in the relations above.
As an example, the combination of S-matrices can be used to describe
a slab of medium “2” with a finite thickness D embedded in medium “1”.
Denoting by Si;y(;;) the S-matrix of an interface between media i (lower
halfspace) and j (upper halfspace) and by S, j) the propagation S-matrix
between two reference planes in medium j separated by R, the S-matrix

Sslab = Sint(1,2) * Sprop(R,Z) * Sint(2,1) (4-82)

describes the scattering response of the slab. Note that the stacking operation
*, also referred to as the Redheffer star product [126], is associative but
not commutative. This is consistent with the notion that a different order
of layers corresponds to a different system, while the sequence in which
adjacent layers are combined is irrelevant. Associativity allows us to write
Eq. (4.82) in the presented way.

Transmittance and reflectance in planar and stratified systems - Our previous
discussion of transmittance and reflectance can be readily transferred to any
system represented by an S-matrix. Considering illumination from only one
side, which, without loss of generality, we assume to be the lower halfspace
(ie., a = 0), we evaluate the reflectance and transmittance according to
Egs. (4.70), dropping the helicity subscript as we may consider mixed helicity
illumination. The individual terms follow from

_ ,Hyl _ pHy1 _ pHy2
(Sehy=ayZpar, (S, =biZ b, (S), = by 2y, (083)
(S, = b'Zjyay + a7’ Ey b

where we again label the medium in the lower (resp. upper) halfspace as “1”
(resp. “2”). The matrices X, 4 consist of the entries

Ej’ = ZJ/ ’ (S ’ . 8
( d d)k”+G’,/1’;kH+G,/1 d’A ’dA‘kH+G G'.G (4.84)
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The right-hand side is given by Eq. (4.66b) for the appropriate ka, 1k +G). As
indicated by the Kronecker delta, the matrix with entries given by Eq. (4.84)
is diagonal with respect to the in-plane wave vector components, which
follows from averaging the energy flux over a unit cell of the lattice L,.

For a general S-matrix, R and € do not necessarily add to unity. Hence,
we define the difference to be the absorptance,

A=1-NR-g. (4-85)

A note on numerical implementation - According to the field expansions
in Eqs. (4.74), the coefficient vectors a; and by, as well as the S-matrix, are
infinite-dimensional. We note that the number of vPws and, correspondingly,
the dimensionality of the S-matrix can be truncated, which enables numerical
evaluation: Following Eq. (4.53), the imaginary parts of the z-components
of the wave vectors get larger as |k + G| increases,” while the real parts
fade. Accordingly, the vPws decay faster in the out-of-plane direction and
contribute less to the energy flux towards and away from the system. Usually,
it is sufficient to only consider vPws up to some upper bound for |k + G|,
which is typically a small multiple of the real part of the wavenumber in the
medium.

Chapter summary - In this chapter, we have investigated the scattering of
monochromatic electromagnetic waves. We have separately considered the
scattering from localized (i.e., finite-sized) objects and from planar (infinitely
extended) systems. For both kinds of systems, this chapter introduces suitable
formalisms for their study in detail and derives spectroscopically relevant
quantities, laying the groundwork for our further analyses. Below, we briefly
review the main results and state their relevance for the following chapters.

For localized scatterers, the key concept is that of the transition matrix,
which we introduce in Subsection 4.1.2. The T-matrix of an object maps
the coefficients of an incident field expanded in vsws to the coefficients
of the corresponding scattered field, thus providing a representation of the
object’s linear optical properties. As such, it enables the computation of
derived spectroscopic quantities, specifically, the extinction, scattering, and
absorption cross-sections. We derive expressions for the helicity-dependent
cross-sections with respect to a given illumination direction Egs. (4.28) as
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well as their directional averages in Egs. (4.32). The T-matrix formalism
further extends to clusters of different scatterers (cf. Subsection 4.1.5) and
infinitely extended periodic arrays of scatterers (cf. Subsection 4.1.6).

The methods used to compute an object’s T-matrix depend on its shape.
For spherical particles, including multilayered core-shell geometries, the scat-
tering problem and the computation of T-matrices can be solved analytically.
The solution of the general multilayered case is derived in Subsection 4.1.1.
For basic spheres embedded in achiral media, the entries of the T-matrix
are frequently expressed in terms of Mie coefficients (cf. Eq. (4.23)), which
we derive in Egs. (4.13) and (4.18) for spheres made from achiral and chiral
media, respectively. Examining the structure of the Mie coefficients and of
their asymptotics for small size parameters gives insight into the optical
resonances of small dielectric and metallic particles. For arbitrarily shaped
scatterers, the T-matrix may be derived from numerical scattering simula-
tions, using simulation methods such as the FEM. The general procedure
including the decomposition of scattered fields into vsws is sketched in
Subsection 4.1.3. As a consequence of the limited precision of scattering
simulations, numerically obtained T-matrices can exhibit artificial gain vi-
olating energy conservation. In Subsection 4.1.7, we discuss a passivation
method for numerically obtained T-matrices that eliminates such artificial
gain, removing a potential source of error in subsequent computations.

In Subsection 4.2.3, we introduce the scattering matrix formalism to de-
scribe scattering of electromagnetic waves from planar and stratified systems
that are infinitely extended in two dimensions. In a similar manner to the T-
matrix, the S-matrix maps coefficients of incoming vPws to the coefficients
of outgoing ones, individually considering the halfspaces divided by the
planar system. Its entries represent reflection (within each halfspace) and
transmission (between the different halfspaces) coefficients, which relate
the amplitudes and phases of the vPws. For periodic systems, the S-matrix
further accounts for diffraction. Derived quantities of interest concern the
transmittance and reflectance, that is, the relative amounts of transmitted
and reflected power (cf. Eq. (4.83) and Egs. (4.70)).

Of particular importance are S-matrices representing the planar interface
between two media and the propagation inside a medium. The latter is
given in Egs. (4.77). S-matrices for planar interfaces are obtained from the
results of Subsection 4.2.1, where we analytically derive the corresponding
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transmission and reflection coefficients. Individual matrices can be combined
per Egs. (4.81) to describe composite systems. Hence, these S-matrices serve
as building blocks and enable the description of slabs and general stratified
media. Furthermore, S-matrices describing a periodic array of scatterers
can be obtained from the results derived within the T-matrix formalism,
Eq. (4.78). Combining all elements, systems such as periodic arrangements
of particles on substrates can be consistently treated within the formalism.

The key results of this chapter enable us, in the following chapters, to an-
alyze chiral light-matter interactions with localized objects as well as chiral
optical cavities. Chapter 5 makes extensive use of the T-matrix formalism
and the derived cross-sections to evaluate cD, a hallmark of chiral optical
properties. Furthermore, the T-matrix is used for optimizing the electromag-
netic chirality of scatterers. Periodic arrays of these optimized scatterers on
a substrate form chiral mirrors. Their investigation in Chapter 6 is facili-
tated by the S-matrix formalism, and the discussion of helicity-preserving
reflections at grazing incidence as well as TIR in Section 4.2 guides us in
their design. Finally, these mirrors are assembled into a chiral optical cavity
in Chapter 6.
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5 Chiral Light—Matter Interaction with Localized
Objects

In the previous chapters, we have laid the groundwork for our investigation
of the optical properties of chiral systems. In particular, our emphasis on
helicity-specific formalisms provides the most suitable framework for exam-
ining the chiral systems that will be the focus of this and the next chapter.
In this chapter, we make extensive use of the transition matrix formalism to
calculate chiral spectroscopic quantities.

First, we formally introduce the concept of chirality and the associated
spectroscopic quantities in the context of chiral light-matter interactions.
In particular, we consider circular dichroism (cp), which is the difference
in the absorption of light with opposite helicity. In the case of a scattering
object of finite size, both its geometric shape and the medium of which it is
composed can be a source of chirality. In Section 5.2, we investigate how the
chirality of the medium and the chirality of the geometric shape of a given
scatterer combine to form its total chiral optical response. We show that the
cD spectrum can be separated with regard to the two different origins of
chirality. Building on these findings, we discuss efficient approximations
of the cp as well as transition matrices for chiral scatterers, made possible
by the small chirality parameters of naturally occurring media. Afterward,
we consider the cD of chiral arrangements of small, achiral metallic objects.
In the final section, we introduce the concept of electromagnetic chirality,
which we in turn use to optimize scatterers for a strongly varying optical
response in dependence on the helicity of the illumination.

Many of the results discussed in this chapter are published in Refs. [Po,
P3, P2]. They expand our understanding of the chiral optical response of
microscopic and mesoscopic systems and provide insights and strategies
for their design and optimization. The approximation scheme discussed in
Section 5.2 builds on some of the published results, in particular those of
Ref. [P9], and presents an original contribution to this work. Finally, the
electromagnetically chiral scatterers optimized in Section 5.4 serve as build-
ing blocks for a chiral optical cavity designed in Chapter 6, extending our
discussion from the microscopic and mesoscopic scale to that of macroscopic
optical devices.
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notion of handedness.

CHIRAL LIGHT—MATTER INTERACTION WITH LOCALIZED OBJECTS

5.1 Chirality

The central concept around which this work revolves is chirality. We have
already touched on this concept in earlier chapters, for instance in the
nomenclature of media classes in Section 2.2, and it has guided our decision
to introduce electromagnetic waves and the formalisms for treating their
interaction with matter in a helicity-dependent manner. In this section, we
provide the formal definition of chirality and briefly discuss the history of
its significance for light-matter interactions. We discuss optical rotation
(or) and cb as two spectroscopically relevant manifestations of chiral light-
matter interactions. cD, in particular, will be the main quantity of interest
in the next to sections.

5.1.1 Geometric concept and molecular chirality

The concept of chirality is, fundamentally, a geometric one. It is easiest
understood from the examination of examples. In Fig. 5.1, we see the epony-
mous example of hands: The mirror image of a left hand is a right one,
and the two cannot be brought to coincide. Considering such objects, Lord
Kelvin introduced the term chirality' to refer to any shape or group of
points, which cannot be brought to coincide with its mirror image. Fig-
ure 5.1 shows another example by the group of points assuming a helical
shape. Much like our hands, the mirror images are distinctly different, and
we may use the sense of helical twistedness to assign a sense of left- and
right-handedness to one of the groups of points each. If we interpret the
points as carbon atoms and the lines connecting them as chemical bonds,
the shown molecule corresponds to helicene, one of countless examples of
chiral molecules of relevance for the study of chiral optical properties [127].
Much like the shown molecule, the shells of snails and correlations between
the directions in which spiral galaxies spin [128] constitute examples of
chirality, demonstrating its ubiquity in nature across the length scales.
The discovery of molecular chirality is due to the discovery of or of light
observed in organic liquids by Biot in the 19th century [52]. oR refers to the
rotation of the plane of polarization of linearly polarized light, schematically
depicted in Fig. 5.2; we discuss it in the next subsection. Molecules and media
that exhibit or are referred to as optically active. Shortly after, the discovery
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Figure 5.1: Examples of chirality - A shape or group of points is called chiral if
it cannot be brought to coincide with its own mirror image. The eponymous
example are our hands: In a mirror, our left hand turns into a right one,
the two of which are distinctly different. The shown helical arrangement
of points is another example. Interpreting the points as carbon atoms and
the lines as chemical bonds, the shown arrangement corresponds to the
organic molecule helicene, one of countless examples of chiral molecules.
The indicated color scheme is used in parts of this work to distinguish left-
and right-handed (i.e., positive and negative helicity) electromagnetic waves,
themselves an example of chirality.

of circularly polarized light by Fresnel enabled him to explain or via different
phase velocities for the two different circular polarization handedness (now,
more generally, expressed as helicity) [52]. Finally, while studying crystals
of sodium ammonium tartrate, Pasteur was able to separate them into two
types of crystals that appeared as mirror images of each other [2]. Dissolved
in water, these two types gave rise to or of equal magnitude but opposite
sign. It established the link between the chiral optical phenomenon and the
two different versions of the molecule, mirror images of each other, called

87



CHIRAL LIGHT—MATTER INTERACTION WITH LOCALIZED OBJECTS

enantiomers. The original crystal, an even mixture of the two enantiomers
(called a racemate or racemic mixture) was optically inactive, retrospectively
understood as a result of the cancellation of the two opposite effects [129].

The importance of chirality in molecules is undeniable: Most biochem-
ically relevant compounds are chiral, and the chemistry that enables life
exhibits exceptional homochirality, meaning that in living organisms, only
one of the two enantiomers of a given molecule is present. This applies to
amino acids, proteins, and nucleic acids, and the correct pairing of enan-
tiomers is crucial, as chemical reactions depend on the chiral nature of
the compounds involved [5, 8]. In enzymatic reactions, for example, the
enzyme and the substrate—the molecule on which it acts—must fit together,
a concept often referred to as the lock-and-key principle [6, 7]. Mismatched
enantiomers are just as hindered in their interaction as an attempt to shake
a right hand with a left hand. In other words: “Homochirality is essential for
an efficient biochemistry, rather like the universal adoption of right-handed
screws in engineering” [129, p. 4]. Homochirality directly transfers to re-
quirements for medical drugs, which interact with the chiral environment
of our biochemistry, rendering molecular chirality vital for pharmacology
and pharmacy [130, 131]. The adverse effects of exposure to the wrong enan-
tiomer of a drug can be as severe as toxicity, as drastically demonstrated
by the thalidomide scandal of the 1960s [9]. Hence, methods are needed
for the selective detection of enantiomers and for the targeted synthesis
of enantiomerically pure compounds. One central topic of interest in the
study of chiral light-matter interactions arises from the question, to which
extent such interactions can be utilized for the purposes stated above. This
question informs our motivation for the chiral optical cavity discussed in
Chapter 6. We now discuss oR and cD. The latter will be examined further
in the next sections.

5.1.2 Optical rotation and circular dichroism

oRr and cD are two phenomena of chiral light-matter interactions that can
be explained by examining the propagation of electromagnetic waves in
a chiral medium. In particular, we consider the role of helicity. To explain
OR, we consider a linearly polarized monochromatic plane wave of unit
amplitude in a lossless achiral medium. For simplicity, we consider k=z
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Figure 5.2: Schematic depiction of optical rotation - A linearly polarized plane
wave propagating through a chiral medium (gray box) exhibits a rotation
of the direction of linear polarization, called optical rotation. The linearly
polarized wave can be expressed as a superposition of a left- and a right-
handed circularly polarized plane wave. The difference in the phase velocities
of left- and right-handed waves in a chiral medium leads to a phase shift
between the two, accumulating over the propagation and resulting in the
optical rotation. The direction of rotation depends on the sign of the real
part of the chirality parameter .

and the polarization to be in the x-direction. We can express such linearly
polarized wave as a superposition of a left-handed (positive helicity) and
right-handed (negative helicity) circularly polarized wave. Using Eq. (3.18),

selkz = _T; (6.(2) +é_(2)) ez, (5.1)

with the wavenumber in the achiral medium, k, and é, () = —(x +iy)/+2.
These descriptions are equivalent, and the polarization direction is the
same for all z. Now, we consider the same wave to propagate through a
chiral medium, as schematically depicted in Fig. 5.2. For the purpose of
this discussion, we ignore any reflections at interfaces between media and
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simply focus on the evolution of the wave during its propagation in the
chiral medium. As explained in Chapter 3, the behavior of a plane wave of a
given helicity A in a chiral medium characterized by the Pasteur parameter
k is determined by the helicity-dependent refractive index n, = \fefi = k.
Correspondingly, the wavenumbers of the two circularly polarized plane
waves in Eq. (5.1), k, = kyn,, differ, yielding®

L oavaikz s (\aik. Lo o ik oo —ikgz) aik
NG (e+(z)e1 Z+e (z2)e Z) 3 ((x +1y)e" 0% + (x —iy)e™ 0“) elkoEpz
(x cos(kyxz) — y sin(kyxz)) elkoVerz,

(5-2)

After propagating a distance Az inside the chiral medium, we find that the
polarization direction has rotated around the axis of propagation by an
angle of k; Re{x}Az. The direction of the rotation of the polarization—the
oRrR— depends on the sign of Re k. Hence, the different enantiomers of a
chiral molecule, corresponding to different signs of k, manifest themselves
in opposite directions of the or.3

We have found that a nonvanishing real part of the chirality parameter
causes OR. We consider the effect of a nonvanishing imaginary part next.
To this end, we examine separately the evolution of the amplitudes of a left-
and a right-handed circularly polarized plane wave, propagating through
an absorbing chiral medium as depicted in Fig. 5.3. From Eq. (3.18), we find
that the electric field amplitude of a plane wave decreases as

Aic,i(r) o el Refk,fero—Imik. Yer (5.3)

Consequently, the wave’s intensity decays exponentially as well, which
is nothing but a statement of the Beer-Lambert law [132, 133]. Since the
intensity is proportional to the squared modulus of the field amplitude, its
decay rate is twice that of the amplitude, and we define the attenuation
coefficient

a, =2Imk, = 2kyImn,. (5-4)

Comparing the attenuation coefficients for different helicity, we find that
they differ by

a, —a_ = 4k, Imk. (5.5)
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Figure 5.3: Schematic depiction of circular dichroism - A chiral medium (gray
box) exhibits different attenuation coefficients for light of positive and neg-
ative helicity, such as left-handed (blue) and right-handed (red) circularly
polarized plane waves. The different attenuation coefficients lead to a dif-
ference of the amplitudes of the transmitted waves, which is called circular
dichroism. Which of the two polarization handedness is attenuated more
strongly depends on the sign of the imaginary part of the chirality parameter
K.

Hence, left- and right-handed circularly polarized light is absorbed differently
by a chiral medium with nonvanishing Im k. Which handedness is absorbed
more strongly depends on the sign of Im k.

This difference in absorption depending on the incident helicity is called
CD [134, 135]. Its measurement provides a powerful spectroscopic technique
for probing the chirality of an object. As such, it is crucial for applications
such as sensing [136-140] and imaging [141, 142] of chiral compounds.
The precise definition of cD in terms of the measured quantities can differ
depending on context. For instance, if an extended system or medium is
considered, one might measure and compare the absorbed intensity (i.e., the
absorptance, cf. Section 4.2) for left- and right-handed circularly polarized
light. The cD is then evaluated as their relative difference,

€A, — A

CD = ——r.
AL+ A

(5.6)
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In many experimental setups, however, the quantity being actually measured
is the transmitted power or transmittance. Accordingly, a transmission cp is

defined as
-

53
TCD = ~*——=. (5.7)
T, +2

Another occasionally used definition of transmission cp is

TCD = arctan(m)
E T -,
12 -2, 1 (s_—s+)3 ((s_—s+)5> >
=-———*F 4+ [T—F) +ol|=—=F) ),
2T+, 12\T_+Z, T_+I,
where in the second line we have expanded the expression for small relative
differences of the helicity-dependent transmission, showcasing that for small
differences, this definition is approximately equal to the one given before
with an additional prefactor of one half. The transmission cp of Eq. (5.8)
is usually expressed in units of millidegree, the corresponding value is
obtained by multiplying the right-hand side by (180/7) x 10° mdeg rad™!. To
distinguish the original definition of cp—which considers absorption—from
the transmission cD, the former is occasionally referred to retroactively as
absorption cp.
So far, we have discussed the cp considering the properties of bulk me-
dia. For localized scatterers, we consider cD as a property of the scatterer.

To compare its absorption of light of different helicity, we evaluate its di-
rectionally averaged absorption cross-section according to Egs. (4.32) and

define
_ <Cabs,+>fC - <Cabs,—>f<

<Cabs,+>fC + <Cabs,—>f< .
This is the definition that we work with in the next section. Considering
the chiral nature of a localized scatterer, we realize that the overall chiral
optical response can now be due to two causes. The chirality of the material,
characterized by «, causes a chiral response just as in the case of a bulk
medium. However, the shape of the scatterer itself may be chiral as well,
contributing to the overall chiral response. In the next section, we address
these two origins of a scatterer’s chiral response and discuss their separate
contribution to the cp.

CD:

(5.9)
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5.2 Geometric and Material Origins of Circular Dichroism

Different causes lead to an object’s chiral optical response. On the one hand,
an object can be made from chiral media, represented by a nonvanishing
chirality parameter k. On the other hand, the geometric shape of the object
itself can break inversion and mirror symmetries, causing a chiral optical
response as well. Hence, there can be a material and a geometric contribution
to the chiral response. These are alternatively referred to as constitutional
and configurational causes, respectively. An exemplary object combining
a chiral medium and chiral geometry is depicted in Fig. 5.4. The effect of
a chiral medium relies on its constituents—molecules—to be chiral [143].
The chirality parameter k provides an effective description for this aspect.
Therefore, both material and geometric contributions are fundamentally
related to geometry. While the chirality of the material is apparent on the
microscopic length scales of molecules, typically on the order of 107! to 1 nm,
the object’s geometric shape manifests on a mesoscopic scale on the order
of 102 to 10° nm. Thus, a separate consideration of material and geometric
contributions to an object’s chiral response corresponds essentially to a
separation of length scales.

In this section, we study the contributions of constitutional and configura-
tional chirality to the chiral optical response of an object, specifically, with
regard to its cD. First, we examine objects, whose overall optical response is
predominantly determined by their medium, which means that no consid-
erable resonances induced by the object’s finite size and the details of its
shape are present. We will henceforth refer to such geometrically induced
resonances as the optical resonances of an object. We demonstrate that the
cp of an object that exhibits no significant optical resonances is, within close
approximation, determined by the sum of two independent terms, which
separately account for the material and the geometric contribution, respec-
tively. Second, we address objects exhibiting optical resonances that strongly
influence their optical response. Particularly for shapes with mildly broken
symmetries, we demonstrate a similar separability of their cp. The main
results discussed in these subsections are published in Ref. [Pg]. We then go
further and explore efficient approximations of c¢D spectra and T-matrices
based on the smallness of k. We provide a summary of the main results and
discuss prospects in a final subsection.
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Figure 5.4: Object combining a chi- Chiral geometry/

ral geometry and a chiral medium -
Schematic depiction of an object
with a chiral geometry made from
a chiral medium. Its shape, a right-
handed helix, does not coincide
with its left-handed mirror image,
rendering the object geometrically
chiral. Simultaneously, the helix’
medium consists of the chiral or-
ganic molecule 120Az05Az0012.
Both geometric and material chi-
rality cause the object to exhibit
a chiral optical response. These
two causes of the overall chiral

response reside on length scales
that differ by orders of magnitude. W
Molecule and general layout repro-

duced with permission from Ref. Chiral material

[P9]. © 2024 American Chemical
Society.

100 nm
—

5.2.1 Separation in the absence of optical resonances

The geometry of the object in Fig. 5.4 is inspired by Ref. [P6], which studies
helical nanotubes forming from an organic thin film. The thin films are
formed by the organic molecule 120Az05Az0012, an aromatic azo dimer
that assembles into helically shaped ribbons and lends itself to the study of
chiral optical properties of thin films [144—147]. The molecule is depicted
in the lower part of Fig. 5.4 and on the side. Consequently, we use material
parameters modeling this compound for our analysis. To this end, the molec-
ular properties of 120Az05Az0012 are determined from quantum chemical
simulations, specifically, density functional theory and time-dependent den-
sity functional theory [148]. These simulations were performed by Marjan
Krsti¢. Afterward, the molecular properties are used to obtain effective ma-
terial parameters, representing a homogeneous, bi-isotropic medium formed
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Figure 5.5: Effective material param-
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(upper panel) and chirality parame-

%_/ ter (lower panel) model a medium

formed by the organic compound
120Az05Az0012, assuming a molec-
ular concentration of 3 x 102 m™3.
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by unordered (i.e., randomly oriented) molecules. Specifically, we obtain
a frequency-dependent scalar relative permittivity e(w) and chirality pa-
rameter k(w), determining the optical properties of the medium as per the
constitutive relations in Eq. (2.38). The effective material parameters de-
pend on the molecular concentration, which we choose to be 3 x 1026 m3,
This value is inspired by studies employing a similar multi-scale approach
involving an effective description of organic compounds and yields reason-
able material parameters [149, 150]. The effective material parameters were
computed by Benedikt Zerulla.

The frequency dependence of the relative permittivity and the chirality
parameter modeling 120Az05Az0012 are shown in Fig. 5.5. The considered
spectral range covers vacuum wavelengths from 300 to 700 nm, extending
from the edge of the ultraviolet to the visible. Notably, the relative permittiv-
ity exhibits a resonance centered around 440 nm, indicated by the maximum
of the imaginary part and a strong dispersion (i.e., a strong dependence
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on frequency) of the real part. The feature is due to the excitation of an
electronic state of the molecule. For further discussions, we refer to the
Supporting Information of Ref. [Pg]. The resonant response of the medium
predominantly determines the absorption properties of the helix, as we will
see below. The nonvanishing chirality parameter reveals the chiral nature
of the molecule 120Az05Az0012 and its corresponding medium, reaching
magnitudes on the order of 107.

We remark that by the same procedure, a relative permeability describ-
ing the medium is obtained. Its difference from unity is negligible as the
molecule exhibits no notable magnetic response. According to Eq. (2.41),
approximating the permeability as unity, and, hence, its imaginary part as
zero, breaks the conservation of energy, since the imaginary part of x(w)
is nonzero. However, since the imaginary part of the relative permittivity
exceeds that of the chirality parameter by four orders of magnitude, the gain
introduced by such approximation is imperceptible.4

With an effective description of the chiral medium via the material param-
eters available, we continue with the computation of the optical properties
of the helix. In [P9g], the entire multi-scale workflow is sketched out, in-
cluding the computation of molecular properties discussed above. Here,
we focus on the steps concerning the optical properties of the mesoscopic
helix as shown in Fig. 5.6. We compute the T-matrix of the helix separately
for each considered frequency. Four parameters specify the geometry of
the helix: The radius of the tube forming the helix is 7,y = 21.25 nm, the
helical windings themselves are specified by a radius r,;, = 41.25nm and
a pitch p = 100 nm, and the total number of turns described by the helix
is Nyyms = 5. These geometric parameters have been chosen in line with
experimental observations in Ref. [P6]. T-matrices of the helix are computed
from FEM scattering simulations following our discussion in Section 4.1. The
FEM simulations were performed using the software JCMsuite [115, 151].
The multipolar degree for truncation of the T-matrices has been chosen to be
£max = 8, which is amply sufficient for the convergence of the spectroscopic
quantities under consideration.

At each considered frequency, we evaluate the helix” absorption of light
of a given helicity A as given by the directionally averaged absorption cross-
sections in Egs. (4.32) from the respective T-matrix. Subsequently, we calcu-
late the cD as the relative difference of the absorption cross-sections with
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Material parameters FEM
Circular dichroism treams T(w)
CD(w)
T-matrix

WWWW

Figure 5.6: Simulation workflow for obtaining circular dichroism spectra -
The presented simulation workflow provides the optical response of the
helix made from a chiral organic material. Combining the material parame-
ters (detailed graphs shown in Fig. 5.5), which model the organic molecule
120Az05Az0012, and a description of the helical geometry in form of a
mesh, we compute transition matrices via full-wave scattering simulations
using the finite element method. Afterward, the in-house software treams
[100] allows for the efficient computation of spectroscopic quantities of in-
terest, such as the circular dichroism. Molecule reproduced with permission
from Ref. [P9]. © 2024 American Chemical Society.

regard to positive and negative helicity illumination as defined in Eq. (5.9).
All computations involving T-matrices were carried out using the in-house
software treams [100]. The cD for the chiral helix made from a chiral medium
is plotted in Fig. 5.7 represented by the indigo curve. As expected by the
connection between the helicity-dependent absorption and Imk, the main
features of the cD spectrum resemble those of the imaginary part of x(w)
(cf. Fig. 5.5).

We are interested in the interplay of geometric and material contributions
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Figure 5.7: Circular dichroism of the chiral helix and reference objects - The
indigo curve represents the circular dichroism spectrum of a helix made
from the chiral medium in Fig. 5.5. The total spectrum can be separated into
a geometric and a material contribution. The isolated geometric contribu-
tion CDyge, is computed from the same helix with xk = 0 identically (gray
curve). The isolated material contribution CD,,, is evaluated using a sphere
(light blue, solid). The sum of the geometric and the material contribution
(light blue, dashed) excellently matches the total circular dichroism spec-
trum. The attenuation coefficients of the chiral bulk medium yield another
approximation of the isolated material contribution (light green, solid). Its
superposition with the geometric contribution closely matches the total
circular dichroism as well (light green, dashed). Data originally published in
Ref. [P9].

to the overall chiral optical response. Thus, we compare the cb spectrum to
that of two reference objects that separately capture the two contributions.
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Figure 5.8: Schematic of the chiral
helix and reference objects - The
original helix combining a chiral
geometry and a chiral medium is
shown in the middle. The same
helix but with its chirality param-

eter k set to zero isolates the ef-
6 fect of the chiral geometry (right).

For an isolated consideration of
the medium’s chirality, a sphere
of matching volume is considered

(left).

Chiral medium Chiral geometry

The reference objects and their relation to the original helix are shown in
Fig. 5.8. To isolate the effect of the chiral geometry, we compute T-matrices
for the same helix, however, in these simulations we set k(w) = 0 identically
for all frequencies.> The cD spectrum obtained from these T-matrices is
represented by the solid gray curve in Fig. 5.7. As it is entirely caused by the
chiral geometry of the helix, we denote it CDy,,. It differs considerably from
the cp spectrum of the original helix (indigo), particularly toward lower
frequencies, and even assumes opposite signs. The observed difference high-
lights that the original cD spectrum is a joint effect of the chiral geometry
and the chiral medium.

To study the material contribution to the cp, we consider another ref-
erence object made from the same medium. The chosen reference object
needs to be geometrically achiral to isolate the chiral effect of the medium.
Here, we simply choose a sphere. The total absorption of light by a scat-
terer depends, in crude approximation, on the volume of the scatterer, as
it determines the amount of the absorbing medium that is present. For the
scatterers considered currently, such approximation is legitimized by the
absence of strong geometrically induced resonances, as we discuss below.
Consequently, we choose a reference sphere with a radius of 76.54 nm to
match the volume of the helix. T-matrices for the sphere made from the
chiral medium are readily obtained from the analytic expressions discussed
in Section 4.1, Eq. (4.23). The resulting cp spectrum is shown in Fig. 5.7
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by the solid light blue curve. Since it entirely depends on the chirality of
the medium, we denote it CD,,;. As in the case of the isolated geometric
contribution, we find it to differ considerably from the original spectrum.
Adding the isolated contributions CDyy,; and CDg, together yields the
dashed light blue curve in Fig. 5.7. It matches the original spectrum obtained
for the helix combining the medium’s and its geometry’s chirality to an excel-
lent degree. Hence, we find that the total cD is well approximated by a linear
superposition of an independent geometric and a material contribution,

CD(w) = CDgeo(a)) + CDpat(@). (5.10)

We intuitively relate the fact that these contributions show marginal inter-
ference to the difference in length scales on which both origins of chirality
manifest.

Absorption and circular dichroism of bulk chiral medium - As a consequence
of the approximate separability discussed above, we find that the medium’s
contribution to the cp spectra is nearly identical for the helix and the sphere.
Hence, the spectra are in good approximation independent of the geometric
shape of the considered object, even though the considered shapes differ
considerably. This approximate independence is due to the fact that the
overall absorption characteristic of both considered objects, the helix and
the sphere, are predominantly determined by the absorption characteristic of
the medium. To illustrate this aspect, we consider the attenuation coefficients
for plane waves inside of the bulk chiral medium. As given in Eq. (5.4), the
intensity decays at a rate of a, = 2k, Imn,, with the vacuum wavenumber
ko = ¢y ' and the helicity-dependent refractive index of the chiral medium
n, = Jeji + k. We further define the helicity-averaged attenuation coefficient

a ta

@ = = — = 2k Im{ e} (5.11)

To show that the absorption characteristics of the helix and the sphere are
predominantly due to the absorption characteristic of the chiral medium, we
compare the helicity-averaged attenuation coefficient of the bulk medium
with the helicity-averaged absorption cross-sections of both objects in
Fig. 5.9. The attenuation coefficient is represented by the solid green curve.
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Figure 5.9: Absorption spectra for the scatterers and bulk medium - The main
features of the directionally and helicity-averaged absorption cross-sections
of the helix (indigo) and the sphere (light blue) closely follow the absorption
characteristic of the bulk medium as given by its attenuation coefficient
(light green). No significant influence of optical resonances on the objects’
absorption spectra is observed. Data originally published in Ref. [Po].

In line with Eq. (5.11), its main features follow from the relative permittivity
of the medium, noticeable by the absorption peak related to the electronic
resonance visible in Fig. 5.5. The cross-sections have dimensions of area
while the attenuation coefficient has the dimension of inverse length; for a
comparison, we normalize the objects’ cross-sections to their volume. The
resulting absorption cross-sections per unit volume are shown by the indigo
and the light blue curve for the helix and the sphere, respectively. Indeed, the
absorption characteristic of both objects closely follows that of the medium.
Neither object exhibits features associated with optical (i.e., geometrically
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induced) resonances that would considerably alter their absorption spectra
in the examined frequency range. Such optical resonances are expected to
occur at higher frequencies for the considered objects.

Inspired by the observation that the scatterers’ absorption spectra are
in first approximation independent of their geometry, we consider the cp
associated with the chiral bulk medium. To this end, we define the cp of
bulk medium as the relative difference of the helicity-dependent attenuation
coefficients,

a () —a_(w) B Im{x(w)}

@ (@) +a (@) Im{Je(op@)]}

The definition of CD,, follows the same structure as Eq. (5.9) and is entirely
independent of geometric aspects. Evaluating CD,, for the given material
parameters yields the light green curve in Fig. 5.7. It closely matches the
cD spectrum of the sphere confirming the sphere’s spectrum to be directly
related to the medium’s chirality. Adding CD,, to the isolated geometry
contribution CDg, yields the dashed green curve, which again closely
matches the original total cp spectrum of the chiral helix made from the
chiral medium. Accordingly, we find that the entirely geometry-independent
term CD,, associated with the chiral bulk medium, is a viable approxima-
tion of the material-dependent contribution CD,,,;, allowing for a separate
consideration of the two contributions via Eq. (5.10).

CDy(w) = (5.12)

The influence of a finite volume - The superposition of the isolated geo-
metric contribution CDy, and the geometry-independent term based on
the attenuation coefficients CD,, provides a good approximation for the
helix combining the medium’s and its geometry’s chirality. The agreement
between the spectra is, however, slightly worse compared to the approxi-
mation using the sphere’s cD as the material contribution. Turning toward
the helicity-averaged absorption spectra in Fig. 5.9, on closer inspection, we
find that the cross-sections of the helix and the sphere exhibit a closer match
between themselves than compared to the mere attenuation coefficient. Note
that the volume of both objects was chosen to be the same, hence, the simi-
larity of the shown cross-sections is unaffected by the normalization. We
conclude that the restriction to a finite absorptive volume affects the material
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contribution to the cD, since it introduces optical resonances, which alter
an object’s response. However, as the effect of such resonances is not very
pronounced in the considered spectral range for the scatterers investigated
above, the details of their shapes appear virtually irrelevant.

The presence of optical resonances in objects modulates the material con-
tribution to their cD spectra as well as their absorption spectra in comparison
to the pure bulk attenuation coefficient. Hence, the material contribution
to the cp is only expected to match for objects that also share a similar
absorption characteristic. For the sphere and the helix, this condition is sat-
isfied due to their joint closeness to the medium’s absorption characteristic,
that is, due to the weak manifestation of optical resonances. When such
resonances are strongly present, however, the similarity of the absorption
spectra of two objects of different shape but same volume is far from guar-
anteed. Furthermore, the entirely geometry-independent approximation
CDyt = CDy is certainly no longer valid. In the next subsection, we extend
the current discussion to objects featuring pronounced optical resonances
in the considered spectral region.

5.2.2 Separation in the presence of optical resonances

To address the impact of optical resonances on the conclusions drawn in the
previous subsection, we consider objects supporting such resonances while
featuring both material-related and geometric chirality. As we show below,
the presence of optical resonances vastly changes an object’s absorption
characteristic, resulting in spectra that differ significantly from the pure
absorption spectrum of the medium. The optical resonances are inherent
properties of a given scatterer and are sensitive to the details of the scatterer’s
geometry. Hence, scatterers with fundamentally different shapes, such as
the sphere and the helix studied before, do generally not feature similar
optical resonances, and their absorption spectra differ accordingly.

The separate consideration of the material and the geometric contribu-
tion to the total cp spectrum of a scatterer requires us to evaluate both
contributions in isolation. This is easily done for the geometric contribu-
tion, simply by considering the same scatterer but using the material pa-
rameters of the achiral medium, that is, setting x(w) = 0 identically. Since
[x(w)] « ‘, Je(w) ,u(a))‘ for ordinary media in the infrared to ultraviolet spectral
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Figure 5.10: Schematic of tetrahe-
dral arrangements of spheres - On
the left, the geometrically achiral
tetrahedron (5 = 0) exhibits a
chiral response due to the chiral
medium (x # 0). On the right, the
distorted tetrahedron (6 = 0) made
from an achiral medium (x = 0)
is chiral due to its geometry. In
the middle, we find the fully chi-
ral tetrahedron combining both its
geometry’s and the medium’s chi-
rality (6 # 0 and k # 0). Connect-
ing rods between the spheres are
displayed for reference.

Chiral medium Chiral geometry

region, such change of the material parameters leaves the major (helicity-
averaged) features of the scatterer’s response intact. In particular, it results
in virtually identical optical resonances and resulting absorption spectra. By
contrast, the isolated material contribution is more difficult to obtain. Using a
simple reference object with achiral geometry, such as the sphere considered
before, is unworkable, as it does not feature similar optical resonance; as a
result, its overall optical properties differ greatly from those of a differently
shaped object.

The considerations above illustrate the importance of choosing suitable
object geometries to ensure the similarity of their material-related chiral
response. Our solution starts by considering a symmetric geometry, specifi-
cally, four identical spheres placed on the vertices of a regular tetrahedron.
This tetrahedral arrangement is mirror symmetric with respect to any plane
containing two of the vertices and the tetrahedron’s centroid. Hence, the
structure is geometrically achiral. By a continuous transformation that
breaks the symmetries, we obtain a related chiral geometry. To this end, we
pick one of the spheres as a reference point. Of the three center-to-center
lines connecting it to the other spheres, we leave one unchanged, while
the second (resp. third) is contracted (resp. stretched) by a relative factor
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Figure 5.11: Effective material pa-
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g - medium formed by the organic com-
< o4 Re L pound 120Az05Az0012. Compared
A | : to Fig. 5.5, the molecular concentra-
- tion was increased to 12 x 1026 m™3.
% P ' L The real and imaginary parts of the
£ parameters are represented by solid
) Im black and red lines, respectively. The
g oA - x-axis scales linearly with frequency;
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_Eﬂ’ sponding vacuum wavelength for
5 I I reference on a non-linear scale. Data
600 800 originally published in Ref. [Pg].
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of 1 — & (resp. 1 + &; cf. the sketch on the side). The relative orientation of
the connecting lines remains unchanged. The continuous transformation,
parametrized by the scaling factor §, breaks the mirror symmetries and re-
sults in a geometrically chiral, distorted tetrahedral arrangement of spheres.
We find that for reasonable yet considerable values of § (here, § = 20 %) the
absorption spectrum is only weakly perturbed. Hence, we have found a
suitable geometrically chiral (6 # 0) object and its achiral reference object
(6 = 0) that we examine in the following. The parameter ¢ represents the
geometry’s chirality, with § = 0 recovering the achiral arrangement. The dif-
ferent geometry and material combinations used in the following discussion
are shown in Fig. 5.10.

To ensure that the tetrahedral arrangements exhibit optical resonances
without having to increase their size compared to the wavelength signifi-
cantly, we adjust the material parameters. The material parameters used so
far model an organic compound, and the resulting refractive index is in a
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similar range to that of conventional polymers. Consequently, it does not
provide a strong refractive index contrast to the surrounding free space. For
the discussion below, we use material parameters corresponding to the same
molecule at a higher concentration of 12 x 102 m™>. The spectrally resolved
relative permittivity and chirality parameter are plotted in Fig. 5.11. As a
result of the higher concentration, both parameters exhibit strong disper-
sion and span ranges approximately one order of magnitude larger than
before. We stress that these parameters, while useful for obtaining resonant
scatterers, do not realistically represent the optical properties of the organic
compound as it would appear naturally, for instance, in the thin films of Ref.
[P6]. For the remainder of this subsection, they are merely used as model pa-
rameters. The qualitative results discussed below and the conclusion drawn
therefrom are independent of this particular choice of material parameters.

T-matrices for the tetrahedral arrangements of spheres are readily ob-
tained from the expressions for a single sphere, Eq. (4.23), together with
Eq. (4.38), describing the cluster of four spheres. To evaluate the direction-
ally averaged absorption cross-sections in Eq. (5.9), we utilize the global
description of the objects’ T-matrix as per Eq. (4.41). We choose the radius of
the spheres to r = 80 nm and the edge length of the regular tetrahedron—the
center-to-center distance between the spheres—to 220 nm. The truncation
multipolar degree is £, = 4 for the individual spheres and ¢, = 8 for the
global T-matrix of the tetrahedral arrangement, yielding sufficiently con-
verged quantities of interest. For the geometrically chiral arrangement, we
set = 20 %. This results in a minimum center-to-center distance of 176 nm,
ensuring that none of the spheres overlap.

The presence of optical resonances and the similarity of the absorption
spectra of the geometrically chiral (§ # 0) and achiral (§ = 0) tetrahedral
arrangement are demonstrated in Fig. 5.12. The helicity-averaged attenuation
coefficient of the bulk medium is shown for comparison, represented by
the green curve. The main features of the absorption cross-sections of the
chiral (indigo) and achiral (light blue) arrangements differ significantly from
the attenuation coefficient of the medium (green), unveiling the presence
of optical resonances. Conversely, both tetrahedral arrangements exhibit
similar spectra. As discussed above, the resonances innately depend on the
details of the scatterer. This includes the coupling between the spheres,
hence, the different geometries corresponding to different distances between
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Figure 5.12: Absorption spectra of tetrahedral arrangements and bulk medium -
The directionally and helicity-averaged absorption cross-sections for the
regular, achiral tetrahedral arrangement (6 = 0; light blue) and the distorted,
chiral arrangement (§ = 20 %; indigo) are plotted with reference to the left
y-axis. Both spectra exhibit distinct spectral features as compared to the
helicity-averaged attenuation coefficient of the medium (light green; right
y-axis) as a consequence of optical resonances. The cross-sections of both
tetrahedral arrangements are similar, slight differences hint at the geometric
origin of the observed features. Data originally published in Ref. [P9].

the spheres lead to slight deviations between the two spectra. Yet, the two
spectra are similar enough to merit a comparison of their cD spectra.

The cp spectra of the different arrangements are shown in Fig. 5.13. In
place of the helix made from a chiral medium before, we plot the cp spectrum
for the chiral arrangement made from a chiral medium (6 # 0 and x(«w) # 0),
shown as the indigo curve. The isolated geometric contribution is evaluated
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Figure 5.13: Circular dichroism of tetrahedral arrangements of spheres - The
total circular dichroism of a chiral arrangement made from a chiral medium
(6 # 0, k # 0) is displayed by the indigo curve. The spectrum for the chiral
arrangement with an achiral medium (8 # 0, k = 0; gray) represents the iso-
lated geometric contribution CDge,. For an achiral arrangement, we find the
material-related contribution CD,; caused by the nonvanishing chirality
of the medium (6 = 0, k # 0; light blue). The superposition of the isolated
geometric and material contribution (dashed light blue) closely matches the
total spectrum. Due to optical resonances, CD,,; differs significantly from
the bulk term CD,,. Data originally published in Ref. [P9].

for the chiral arrangement for an achiral medium (§ # 0 and x(w) = 0) and
shown in gray. Finally, the spectrum for the achiral arrangement with chiral
medium (6 = 0 and k(w) # 0) is shown in light blue. Since a nonvanishing
cD is necessarily due to the chirality of the medium in this latter case, we
interpret it as the medium’s contribution CD,;.
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We evaluate the superposition of the isolated material and geometric con-
tributions to postdict the total chiral response of the fully chiral arrangement.
The sum of the two spectra yields the dashed light blue curve, which we
find to excellently agree with the indigo curve. Hence, we recover Eq. (5.10):
The total cD of a chiral object is constituted by contributions associated
with the chirality of its geometry and the chirality of its medium, and these
contributions may be considered independently. Simply combining them
as CD = CDg¢, + CDyyy recovers the total chiral response in excellent ap-
proximation. This finding holds even in the presence of optical resonances.

Within the scope of this study, the presence of optical resonances mainly
causes the isolated material contribution to be less straightforward to ob-
tain. The approach presented here relies on finding a geometrically achiral
reference object that exhibits a similar absorption spectrum to the geometri-
cally chiral object. We demonstrate the importance of a similar absorption
characteristic by reintroducing CD,, from Eq. (5.12), representing the cp
of the bulk medium. It corresponds to the dotted green curve in Fig. 5.13.
Evidently, it does not align with the material contribution evaluated for the
tetrahedral arrangement at § = 0 (light blue). Hence, CD,, does not provide a
useful description of the medium’s contribution to the cb in the presence of
optical resonances. Relatedly, the slight deviations between the absorption
characteristics of the different tetrahedral arrangements observed in Fig. 5.12
limit the quality of the approximation as compared to the non-resonant case.
As an outlook, a fundamental consideration of the optical resonances of
objects [Sz] with a focus on their relation between geometrically chiral and
achiral shapes presents a promising opportunity to expand the scope of the
work presented here.

5.2.3 Efficient approximation of circular dichroism spectra for varying
chirality parameters

In the previous subsections, we have shown the separability of the medium’s
and the geometry’s contribution to the cp of chiral scatterers, valid even in
the presence of optical resonances. The isolated computation of the material
contribution, however, required finding a suitable reference object, compli-
cating the analysis in the presence of resonances. In the following, we show
how to exploit the separability to approximate the chiral optical response of
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scatterers for different dispersive chirality parameters. The proposed scheme
does not rely on finding a reference object and hence can be readily applied
to generic scatterers. We find that the quality of the approximation is related
to the smallness of the chirality parameter as compared to the other mate-
rial parameters and, hence, is expected to be excellent for ordinary media.
Provided that the optical response of an object for suitably chosen material
parameters, that is, its T-matrix, is known, approximating the response for
different chirality parameters is computationally cheap. In the next subsec-
tion, we expand the proposed approximation scheme and show that it can
be deployed directly on the level of the object’s T-matrix. This extends its
use to the entire linear optical response of the object. The results discussed
in this and the next subsection present original contributions that have not
yet been published. They present an extension to the work published in Ref.
[Po] that was covered in the previous subsections.

The basis for the following discussion is Eq. (5.10), the separability of an
object’s cD spectrum into a geometric and a material contribution. Here, we
define the material contribution to an object’s cD as

CDmat(w, K(a))) = CD(w, K(w)) — CD(w,0), (5.13)

where CD(w, k(w)) refers to the total cp of a given object made from a
medium featuring a dispersive chirality parameter x(w). CD(w, 0) denotes
the cp of the same object made from the achiral medium (racemate) that
is obtained by setting x(w) = 0 identically. This is precisely the isolated
geometry contribution CDy, discussed before. By definition, the material
contribution of Eq. (5.13) and the isolated geometry contribution sum up to
be exactly equal the total cp.

In what follows, we show that CD,,,,(w, k(w)) depends, within good ap-
proximation, linearly on the chirality parameter. This is a consequence of
the relative smallness of the chirality parameter (specifically, |«| < |/efl)
and is at the heart of the proposed approximation scheme. Accordingly, we
write

d
CDmat(a}, K(a))) = CD (@, 0) + Re{K(a))}aCDmat(w, 0)
M T
=0

+ (@)} CDyg(0,0),  (514)
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and expect the error incurred by the approximation to scale with the second
power of the chirality parameter.® The vanishing of the first term on the
right-hand side of Eq. (5.14) follows directly from the definition in Eq. (5.13).
The second and third term involve derivatives with respect to the real and
imaginary part of the chirality parameter, denoted as 9/9k, and 3/9x;, re-
spectively. Since CD,,;(w, k(w)) is a real-valued function of the complex
parameter k(w), we consider separately its dependence on the real and
imaginary parts. The expression above lends itself to numerical implementa-
tion; formally, Eq. (5.14) may be equivalently expressed using the Wirtinger
derivatives 3/0k, 9/9x™ [152, 153].

Together, Egs. (5.13) and (5.14) allow us to readily approximate the cp
spectrum of a given object for any reasonably sized dispersive chirality
parameter k(w), provided the geometry contribution CDgeo(w) = CD(w, 0)
and the derivatives with respect to k, and k; in Eq. (5.14) are known. We
illustrate the procedure with a numerical example. For simplicity, we adopt
the setup of the previous subsection, that is, we consider a distorted tetra-
hedral arrangement of spheres, made from the material parameters shown
in Fig. 5.11. As before, we choose the radius of the spheres to be 80 nm
and the side length of the reference tetrahedron to be 220 nm, with two of
the center-to-center distances scaled according to § = 20 %. The total cp
spectrum of this object, combining both the medium’s and its geometry’s
chirality, is shown as the indigo curve in the upper panel of Fig. 5.14. The
isolated geometric contribution is shown in gray. These two curves are the
same as in Fig. 5.13. If only the first term on the right-hand side of Eq. (5.14)
were to be considered, then CD,,,; = 0 and our approximation of the total
cp would be entirely determined by the isolated geometric contribution.
Hence, the geometric contribution CD(w, 0) represents the zeroth order
approximation within the proposed scheme.

We numerically determine the derivatives in Eq. (5.14) as finite differences.
To this end, we compute two additional T-matrices per considered angular
frequency w. For these T-matrices, we set the chirality parameter to two
constant (non-dispersive) values, namely,

T,0) = T@)),_, T() = T, - (5.15)
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Figure 5.14: Target and approximated circular dichroism spectra - Upper panel:
The target circular dichroism spectrum of a geometrically chiral scatterer
made from a chiral medium is shown by the indigo curve. The circular
dichroism of the same object made from the achiral medium (k = 0) provides
the zeroth order term of the approximation (gray). If the first order term is
included in the approximation, the resulting spectrum (yellow, dashed) is
visually indistinguishable from the target. Lower panel: Relative residuals
of the zeroth and first order approximations with respect to the target. The
solid (resp. dotted) reference lines correspond to the nth powers of the small
parameter [x| (resp. [/ /efi) for n € {1, 2, 3}. The relative residual of the first
order approximation appears upper-bounded by the second power of |x|.
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Here, we choose ¢, = 107 and ¢; = 107°i. Subsequently, we compute cD
spectra via Eq. (5.9),
CD(w,k = ¢,) = CD{T.(w)}, CD(w,k = ¢;) = CD{Ti(w)}.  (5.16)

From these, we obtain the finite differences

d CD(w, ¢,) — CD(w, 0)
a—CDmat(w, 0) = : , (5.172)
Kr Cr
9 CD(w, ¢;) — CD(w, 0)
—CD ,0) = ! . .17b
aKi mat(w ) ICI* (5 17 )

The spectrally resolved finite differences are shown in Fig. 5.15. In Section 5.1,
we discussed that the cp of a homogeneous chiral medium is determined by
the imaginary part of the chirality parameter, as the difference of the helicity-
dependent attenuation coefficients is proportional to Imx (cf. Eq. (5.5)). For
finite objects, their optical properties, particularly optical resonances, cause
a more complex dependence of the material properties. Hence, both real
and imaginary parts of k influence the full chiral optical response. This is
apparent by both finite difference curves in Fig. 5.15 exhibiting similar orders
of magnitude. Interestingly, the two derivatives do not behave uniformly,
which means that the cD reacts disproportionally to changes of either Re x
or Imk at different frequencies.
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Finally, we evaluate Eq. (5.14) for the dispersive chirality parameter x(w)
of Fig. 5.11 using the finite differences obtained above. Combining it with the
geometric contribution as per Eq. (5.13), we obtain a first order approxima-
tion of the total cD of the distorted tetrahedral arrangement. The resulting
spectrum, represented by the dashed yellow curve in the upper panel of
Fig. 5.14, is visually indistinguishable from the original spectrum, which
is the target of the approximation. The lower panel of Fig. 5.14 shows the
relative residuals between the approximated spectra and the target. The first
order approximation matches the target up to a relative residual on the order
of 1077 to 107 across the considered frequency range.” For comparison,
first, second, and third powers of the magnitude of k (resp. x/ /efi) are dis-
played as solid (resp. dotted) reference lines. The relative residual of the first
order approximation appears upper-bounded by [k(w)|?, roughly following
the shape of the reference line. Such relation is expected, since we neglected
quadratic and higher order terms in the approximation. The smallness of
the chirality parameter is responsible for the excellent agreement between
the approximation and the target spectrum.

The zeroth order term, which only accounts for the isolated geometric con-
tribution, yields a significantly worse approximation with relative deviations
on the order of one. In general, the error of a zeroth order approximation is
expected to scale with the first power of the small parameter. However, for
chiral optical properties such as the cp, the effect of the otherwise small chi-
rality parameter is disproportionately accentuated, leading to a contribution
to the total spectrum on the same order of magnitude as that of the chiral
geometry. Thus, taking the chirality parameter into account is indispensable
for the accurate prediction of chiral optical properties.

In summary, we have demonstrated that the cD spectrum of a chiral object
made from a dispersive chiral medium can be efficiently approximated by
exploiting the relative smallness of the chirality parameter. Per frequency,
three T-matrices need to be computed, one each for the constant values
k(w) € {0, ¢, ¢;}. If different dispersive chirality parameters are to be consid-
ered for a given object, the scheme described above can eliminate the need
for the costly computation of T-matrices for every frequency and material
parameter configuration. Instead, the cD spectrum is obtained directly from
Eq. (5.14) after substituting the fitting prefactors for the derivatives. In this
regard, we note that the tetrahedral arrangement was chosen for the dis-
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cussion above out of convenience, as the required T-matrices are easy to
compute. However, unlike before, there is no longer a need for a geometri-
cally achiral reference object, which was the main reason for the original
choice of this geometry. Consequently, any geometry can be considered,
such as the helix from the penultimate subsection. For such—more com-
plex—geometric shapes, the approximation scheme is particularly useful, as
it can reduce the amount of computationally expensive full-wave scattering
simulations.

Although the approximation of specific spectroscopic quantities is of prac-
tical interest, the underlying principle applies to the entire optical response
of the object. Therefore, in the next subsection, we discuss how the same
approximation scheme can be applied directly to T-matrices.

5.2.4 Direct approximation of transition matrices

In the following, we demonstrate that T-matrices for chiral objects made
from chiral dispersive media can be approximated using the same approach
described above. The scheme enables the efficient computation of all quanti-
ties related to the object’s linear optical response. Naturally, the approach is
particularly relevant when considering an object’s chiral optical response.
However, we find that the approximation also yields excellent results for
general quantities such as cross-sections.

Following the principles outlined in the previous subsection, we approxi-
mate the T-matrix of an object made from a dispersive chiral medium as

T(w, k(w)) = T(w,0) + Re{K(w)}a%T(w, 0) + Im{K(m)}%T(a), 0). (5.18)

We expect the residual to scale with the second power of the smallness of
the chirality parameter. For illustration, we consider the same tetrahedral
arrangement as in the previous subsection and obtain the derivatives of the
T-matrix entry-wise as finite differences with constants ¢, = 1073, G = 10754,
analogously to Egs. (5.17). We assess the quality of the approximation in
Fig. 5.16. The upper right panel shows the absolute values of the entries of
the original (target) T-matrix of the chiral arrangement of spheres with the
media parameters shown in Fig. 5.11, evaluated at an angular frequency of
© = 271 x 996 THz, and with €, = 8.% The four distinctly visible quadrants
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Figure 5.16: Comparison of target and approximated transition matrices - Up-
per left panel: moduli of entries of the target T-matrix. Entry-wise relative
residuals for the zeroth (upper right) and first order (lower left) approxima-
tion are jointly displayed in the histogram in the lower right panel. Note
the different data limits, as indicated by their respective colorbars. Solid
(resp. dotted) reference lines in the histogram show the first and second
power of the magnitude of the chirality parameter (resp. its ratio to the

helicity-averaged refractive index). Colormaps from Refs. [154, 155].
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of the T-matrix correspond to the helicity-dependent submatrices T, with
A’ (rows), A (columns) € {+1, —1}. Within each submatrix, entries are ordered
in blocks of increasing multipolar degree £ € {1, ..., £, }. The outlines of
these blocks are marked by the ticks on the right and upper axes. Within a
block for a given ¢, entries are ordered according to an increasing multipolar
order m € {—¢, ..., €}. The upper right and lower left panels of Fig. 5.16 show
the entry-wise relative residuals,

~ |TE’ o /1_T€' AR /1|
Ol prr 3 = m 2t mA A .1
om’ A’ gmA Te’m’l’,t’mﬂ (5-19)

between the target T-matrix T and T, denoting either the zeroth or first order
approximation obtained from Eq. (5.18). The zeroth order approximation
corresponds to the first term on the right-hand side of Eq. (5.18), T(w, 0).
With regard to chiral aspects of the optical response of a given object, it may
be interpreted as isolating the effects of a chiral geometry, in line with our
discussions before. The first order approximation corresponds to the full
right-hand side of Eq. (5.18). It closely matches the target, reaching relative
residuals predominantly on the order of 1077 to 107%. To compare the two
approximations, the entry-wise relative residuals are collected in a histogram
in the lower right panel. As expected, we find that the relative residuals
of the zeroth and first order approximation assume values complying with
the first and second power of the magnitude of the chirality parameter,
respectively. An interesting feature is observed in the zeroth order approxi-
mation, where the relative residuals of the co-polarized (i.e., the on-diagonal
quadrants) are significantly larger than those of the cross-polarized (i.e., the
off-diagonal quadrants) submatrices. The corresponding histogram (gray)
shows a bimodal distribution, suggesting that the co-polarized and cross-
polarized entries depend differently on the chirality parameter. We return
to this observation below.

The derivatives of the T-matrix with respect to the real and imaginary
parts of the chirality parameter are again calculated using finite differences.
As an example, we show the derivative with respect to the real part in
Fig. 5.17. Qualitatively, the derivative with respect to the imaginary part
appears similar; hence, we limit our discussion to one of the two terms.
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W Co-polarized
Cross-polarized
Combined
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1072 10° 10? 1072 10° 10%
Rel. finite difference Rel. finite difference

Figure 5.17: Relative finite differences of transition matrix entries - Left panel:
entry-wise magnitude of the entries of a%T(a), 0) relative to the entries of
T(w,0), corresponding to the relative instantaneous change of each entry
with respect to a change of the real part of x. The co-polarized (diagonal
quadrants) and cross-polarized (off-diagonal quadrants) submatrices depend
differently on such change, as apparent in the separate histograms in the
right panel. The combined histogram of all entries correspondingly exhibits
a bimodal distribution. Each histogram is displayed using 50 bins. The deriva-
tives of the matrix entries are approximated as a finite differences. Colormap
from Refs. [154, 155].

The left panel shows the absolute values of the entries of the derivative
normalized to the corresponding entries of the constant (zeroth order) term,

d
a_;chf’m’)V,Cm)L(w’ 0)
Tf’m'/l’ ,l’m/l(w’ 0)

>

approximating an entry-wise logarithmic derivative. It corresponds to the
relative instantaneous change of each entry with respect to a change of the
real part of k.
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Related to our observation before, the co-polarized entries exhibit a
stronger dependence on the chirality parameter than the cross-polarized
ones, apparent by the overall lighter and darker shades of the corresponding
quadrants. The histogram in the right panel of Fig. 5.17 shows the distri-
butions of the normalized derivatives for co-polarized and cross-polarized
entries separately. It confirms the observed difference and reveals an overall
bimodal distribution similar to that seen in the residuals of the zeroth order
approximation in Fig. 5.16. To gain intuition for this behavior, we consider
the T-matrix of a simple chiral sphere, Eq. (4.23), determined by the chiral
Mie coefficients. As follows from Egs. (4.18), the coefficients a, and b, are
symmetric with respect to an exchange of the helicity eigenvalues + < —.
Since the sphere is geometrically achiral, exchanging the eigenvalues of
helicity is equivalent to changing the sign of the chirality parameter. Con-
sequently, a; and b, cannot depend linearly on the chirality parameter. By
constrast, ¢, is antisymmetric with respect to a sign change in the chirality
parameter. Hence, within first order approximation, only ¢, depends on the
chirality parameter, with corrections for the other coefficients determined
by the second order. As per Eq. (4.23), ¢, only contributes to the co-polarized
parts of the T-matrix, while the cross-polarized parts depend only on a, and
b,. Therefore, only co-polarized entries depend linearly on «, resulting in a
contrast between the co-polarized and cross-polarized components similar
to that observed above.

An interesting question is to which types of objects this observation can
be generalized. In general, the cross-polarized parts of the T-matrix are
related by a reciprocity [117, Eq. (36)][106]. In connection with the fact
that, for a geometrically achiral scatterer, a sign change in « is equivalent
to an exchange of the helicity eigenvalues, a similar distinction between
co-polarized and cross-polarized T-matrix entries might arise with respect
to the parity (even or odd) of the powers of k on which they can depend.
However, we do not attempt to answer this question within the scope of the
present discussion.

The entry-wise comparison of the target and the approximated T-matrices
in Fig. 5.16 provides a detailed assessment of the validity of the approxima-
tion. For a similar assessment covering the entire spectral region, we directly
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The Hilbert-Schmidt norm is chosen as it directly relates to spectroscopi-
cally accessible quantities, namely the scattering cross-section. According to
Eq. (4.332), the directionally and helicity-averaged scattering cross-section
of an object in an achiral embedding is proportional to the squared Hilbert-
Schmidt norm of the T-matrix. Therefore, the squared norm quantifies an
object’s optical response and is occasionally referred to as the object’s inter-
action cross-section. Correspondingly, the squared numerator of Eq. (5.20) can
be interpreted as a spurious interaction cross-section, relating the residual
of the approximation to an erroneous optical response. In Fig. 5.18, we plot
the spectrally resolved relative residuals of the approximated T-matrices in
zeroth and first order. As expected, the residuals roughly follow the first
and second power of |k(w)|, respectively, corresponding to the higher or-
ders neglected in each approximation. Again, the smallness of k(w) permits
an excellent approximation of T-matrices in first order, matching the true
T-matrix up to relative residuals on the order of 10~/ to 107°.

(5.20)
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Figure 5.19: Extinction cross-section evaluated from approximated transition
matrices - Upper panel: directionally averaged extinction cross section for
positive helicity illumination, evaluated from the target T-matrices (indigo)
as well as from the zeroth (gray) and first order (yellow) approximations.
Lower panel: relative residuals for the zeroth and first order approximation.
Solid (resp. dotted) reference lines correspond to the first and second power
of the magnitude of k (resp. x/./efi).

The direct approximation of T-matrices is evidently even more powerful
than the approximation of c¢D spectra discussed in the previous subsection.
Comprising the full description of an object’s linear optical response, it
enables the subsequent evaluation of all other spectroscopically relevant
quantities. This includes the cp, which, if evaluated from the approximated T-
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matrices described above, yields virtually identical results to the ones shown
in the previous subsection. Other quantities are approximated equally well,
as shown in Fig. 5.19. There, we compare as an example the directionally av-
eraged extinction cross-section for positive helicity illumination. Unlike the
cD, the extinction cross-section is not a quantity that immediately highlights
an object’s chiral optical response. Accordingly, the spectra obtained from
the target (indigo) and approximated zeroth and first order T-matrices (gray
and yellow) are not easily distinguished in the upper panel of Fig. 5.19. Yet,
the quality of the approximation is consistent with our previous discussions,
as shown by the relative residuals in the lower panel. As remarked before,
the proposed scheme is arguably more relevant when dealing with chiral
optical properties; in case of the ¢, the necessity of including the first order
term became immediately apparent upon comparing resulting spectra in the
upper panel of Fig. 5.14. Nonetheless, the first order approximation achieves
excellent agreement for other quantities as well, such as the extinction cross-
section, and represents a significant improvement over the zeroth order
term, as illustrated by the relative residuals on the order of 1077 to 10~°
shown in the lower panel of Fig. 5.19.

In conclusion, we have found that the smallness of typical chiral material
parameters allows for an efficient and powerful approximation of T-matrices
for varying dispersive chiral media. It extends the applicability of the approx-
imation presented in the previous subsection to all spectroscopic quantities
of interest that are determined by the linear optical response of an object.
Below, we summarize our results and discuss their potential for further
applications.

5.2.5 Summary and outlook

In the preceding subsections, we employed a multiscale modeling approach
combining quantum chemical simulations of the optical properties of mol-
ecules with FEM based scattering simulations and the transition matrix
formalism. It allowed us to investigate and understand the origin of the
cD spectrum of objects exhibiting both a geometric and a medium-induced
chirality. In Subsections 5.2.1 and 5.2.2, we studied two different setups, con-
sidering separately scatterers that feature optical (geometrically induced)
resonances and those that do not. For both kinds of scatterers, we found
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that the total cp can be decomposed into two contributions, one attributed
to the chirality of the geometric shape and the other to the chiral medium.
These results were originally published in Ref. [P9].

In the absence of optical resonances, the material contribution to the
chiral response is, within good approximation, independent of the geometric
shape of the scatterer, as demonstrated by the comparison of a helix and
a sphere of equal volume in Subsection 5.2.1. In such cases, the material
contribution can even be well approximated from the properties of bulk
medium without any consideration of geometry; for this purpose, we defined
the cp of the medium in terms of its attenuation coefficients. For objects
that support optical resonances, the cp remains decomposable, however, the
isolated contribution of the medium is generally more difficult to obtain. It
required a suitable reference object that is geometrically achiral and exhibits
a similar overall absorption characteristic (i.e., similar optical resonances)
as the original object whose cD spectrum we want to decompose. In Subsec-
tion 5.2.2, we met this condition by considering a irregular, chiral tetrahedral
arrangement of spheres, which, through continuous deformations, yielded
the required achiral reference geometry. This choice allowed us to conclude
that, in both resonant and non-resonant cases, the total cD can be separated
into independent contributions due to the chiral geometry and the chiral
medium.

Our results suggest that the shape and the medium of a mesoscopic scat-
terer can be considered as separate factors influencing an object’s chiral
optical response, essentially differentiating the length scales on which chi-
rality manifests. Since full-wave simulations of an object’s response can be
costly, approximating the material contribution in a simpler object offers a
computationally cheaper alternative for obtaining spectra for different val-
ues of the material chirality. Such approximation is possible in the absence
of optical resonances or, in the resonant case, if a suitable achiral reference
object can be constructed. Apart from the potential savings in computational
time and effort, our results open up the prospect of tailoring chiral optical
responses. To this end, the geometry and the medium are treated as separate
degrees of freedom, enabling an optimization of the total chiral response.
Finally, the pairing of geometrically chiral and achiral reference objects used
in the resonant analysis could be reconsidered from the perspective of a
pole expansion of the T-matrix [S2]. Such poles of the T-matrix correspond
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directly to the resonances of an object, hence, the comparability of the ab-
sorption characteristic of separate objects could be evaluated on this basis.
Investigating how the resonances of an object depend on the chirality of its
medium promises an insightful continuation of the presented study.

Building on our insight that geometric and material-related contributions
can be separated, we discussed the approximation of cp as well as the direct
approximation of T-matrices in Subsections 5.2.3 and 5.2.4 made possible by
the small chirality parameters. The results and the discussion presented in
these subsections extends the work of Ref. [P9] and constitute an original
contribution of this thesis.

The approximation of cD spectra is based on the observation, that, in a
series expansion of the total spectrum with respect to the chirality parameter,
the isolated geometric contribution and the material contribution correspond
to the zeroth order term and the sum of all higher order terms, respectively.
Since the chirality parameter for naturally occurring media is small in the
ultraviolet to infrared range (relative to the helicity-averaged refractive
index, || < |\/ef]), the material contribution is, to a good approximation,
determined by the linear (first order) term of the series, with a residual on
the order of the square of the small chirality parameter. For the example
discussed above, this approximation reproduces the target spectrum with
a relative residual on the order of 107° to 107%. For a geometrically achiral
object, we expect the approximation to be even more accurate: Since the cp
spectrum is entirely due to the medium, it has to be odd with respect to a
sign change of k. Hence, only odd orders contribute, leading to even smaller
residuals determined by the third power of «.

Finally, we saw in Subsection 5.2.4 that the approximation of the chiral
medium’s influence can be applied directly to an object’s T-matrix. As the
relative residual of the approximation is again related to higher powers of the
chirality parameter, the approximation yields equally good results. Hence,
the proposed approximation scheme is applicable to any spectroscopic quan-
tity of interest and not limited to the evaluation of cD spectra. Evidently,
the scheme is mostly relevant when considering chiral or helicity-resolved
aspects of an object’s optical response.

If the T-matrix of an object with x = 0 and its derivatives with respect to
the chirality parameter are known, T-matrices for different values of k can be
approximated swiftly and cheaply. The ability to perform such rapid calcula-
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tions of (chiral) optical responses for varying dispersive chirality parameters
makes them well-suited for studies of media consisting of chiral molecules at
different enantiomeric ratios. In such case, the permittivity and permeability
are independent of the enantiomeric ratio, while the chirality parameter
varies continuously between the two extremal values determined by the
enantiomerically pure (i.e., containing only one of the enantiomers) media.
In a racemic mixture, that is, when both enantiomers are present in equal
concentrations, the chirality parameter vanishes identically. Consequently,
T-matrices for a given object made from a chiral medium can be easily cal-
culated as the enantiomeric ratio varies, using the proposed approximation.
Similarly, chiral inclusions consisting of chiral particles embedded in an
achiral host could be considered [156-161]. For such inclusions, the chirality
parameter depends entirely on the particles used in the inclusion, while
permittivity and permeability are firstly determined by the host medium
and may depend on the general presence of the inclusion than on its specific
properties. Therefore, at not too high concentrations, inclusions of different
particles in the same host medium could be modeled as a simple exchange
of the dispersive chirality parameter, while maintaining a similar modified
permittivity and permeability of the host medium. The optical properties of
objects made from different inclusions using the same host medium could
then be readily approximated according to the scheme developed above.

With regard to possible extensions of the results presented, we highlight
the differing behavior of co-polarized and cross-polarized submatrices of
the T-matrix, as observed in the approximation. For a simple sphere, we
have shown that such pattern results directly from the Mie coefficients,
with only the co-polarized submatrices depending linearly on the chirality
parameter. For more complex shapes, we suspect that the observed pattern
can be explained by reciprocity relating different submatrices [106, 117].

Furthermore, we approximated the derivatives of the T-matrix with re-
spect to the chirality parameter as finite differences. The use of automatic
differentiation when computing T-matrices [162-166] offers great potential
for the proposed approximation scheme. It would eliminate the need for
additional T-matrix computations used to assemble the derivatives as finite
differences, which would save additional computation time.
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5.3 Circular Dichroism of Helically Arranged Metallic
Nanoparticles

In this section, we consider chiral spatial arrangements of metallic nanopar-
ticles and their chiral optical response. In contrast to the systems considered
previously, all involved media are achiral, and the individual nanoparticles
are also achiral. Hence, the chiral optical response is entirely an emergent
feature of the spatially distributed particle cluster due to the geometric chi-
rality of its arrangement. We examine the optical response of individual
particles, which is characterized by plasmonic resonances. We investigate
the coupling between these resonances in the arrangement and demonstrate
that it is the decisive factor for the observed strongly pronounced cp and
its characteristic bisignate spectral shape.

Chiral optical responses of small metallic structures and assemblies thereof
have attracted considerable attention due to the strength they can exhibit,
as well as their potential to enhance the chiral response of molecules—both
of which are enabled by the presence of plasmonic resonances in these
systems [167-170]. The system we discuss below numerically models as-
semblies that were characterized in experiments conducted as part of a
collaborative project led by the group of Wiktor Lewandowski [P3]. In
these experiments, cD spectra of chiral arrangements of gold nanoparticles
were analyzed. The arrangements form in liquid-crystal thin films of an
organic oleylimine compound. A transmission electron micrograph of one
of the measured systems can be seen in the upper left corner of Fig. 5.20.
After doping the thin films with a chiral organic compound and thermal
treatment, the liquid-crystal molecules self-assemble into helically twisted
nanofilaments—morphologically chiral supramolecular structures. These
helical nanofilaments serve as guides for surface-activated gold nanoparti-
cles, which attach themselves to the edges of the nanofilaments, resulting
in the arrangement of nanoparticles along a helical curve. A stylized rep-
resentation of the system is shown in the lower left corner of Fig. 5.20. In
Ref. [P3], various configurations of nanoparticles and organic thin films are
investigated to explore the possibilities for engineering the system’s specific
chiral optical response.

In the following, we present results and conclusions from numerical mod-
eling of helical arrangements of nanoparticles, based on our results that were
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HELICALLY ARRANGED METALLIC NANOPARTICLES

Figure 5.20: Formation of helical arrangements of metallic nanoparticles and
the structure considered for modeling - Upper left: transmission electron mi-
crograph of an organic thin film forming helically twisted nanofilaments
with embedded gold nanoparticles. The gold nanoparticles accumulate at
the edges of the nanofilaments, arranging themselves into helical struc-
tures. The lower left shows a stylized representation of the helically twisted
nanofilaments with attached gold nanoparticles. Right panel: example of an
idealized helical arrangement considered for numerical modeling, consisting
of seven evenly distributed nanoparticles aligned tangentially to a helical
curve. In the modeling, the organic thin film is treated as a homogeneous
embedding; the morphology of the nanofilaments is considered negligible.
Transmission electron micrograph reproduced from Ref. [P3], cc BY 4.0.

originally published jointly with the experimental findings in Ref. [P3]. Our
model focuses on individual, idealized helical arrangements and a specific
parameter, namely the distance between adjacent nanoparticles, as this is
directly related to the coupling between the particles. Assuming that the
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response of the complete system investigated in the experiments is largely
determined by an ensemble average of the properties of various nanoparticle
arrangements, our modeling provides insight into their fundamental prop-
erties. An example of the modeled system is shown on the right in Fig. 5.20.
Since the optical response of such arrangements is predominantly due to the
response of nanoparticles, we treat the presence of the organic thin film as
a homogeneous background medium but consider its morphology to have
negligible effect (apart from providing the scaffold for the nanoparticles,
which determines the geometry of the arrangements). First, we study indi-
vidual gold nanoparticles and their resonant response. In this context, we
discuss the effect of small sizes on the optical response of small metallic
particles and introduce a correction to the permittivity of the medium to
account for this effect. We then examine the optical response of helical
arrangements of nanoparticles and its dependence on the distance between
adjacent nanoparticles. We highlight the coupling between the resonances
of the particles as the primary cause of the chiral optical response of the
arrangements. This emphasizes the nature of the chiral optical response as
an emergent feature of the composite system. We conclude with a note on
the importance of higher multipolar degrees when modeling systems such
as the one investigated here, followed by a summary and an outlook.

5.3.1 Single-particle response and size correction to permittivity

Physically, the permittivity of metals arises from the response of free elec-
trons with additional contributions from interband transitions [171]. The
free electron contribution is treated by the Drude model [172, 173]. In the
Drude model, the conductivity of metals is explained by the free movement
of electrons that is frequently interrupted when the electrons scatter from
the relatively stationary metal ions and from each other. The distance be-
tween successive scattering events corresponds to a mean free path length
for the electrons. When combined with the interband contributions, the
Drude model provides a sound estimate of the permittivity of bulk metals.
However, when the size of a given metallic particle becomes similar to the
electron mean free path length, collisions with the particle boundary play a
significant role, effectively limiting the distance between scattering events.
In gold, for instance, the mean free path of the electrons works out to ap-

128



HELICALLY ARRANGED METALLIC NANOPARTICLES

proximately 13 nm [cf. 171, Eq. (5) and Tab. 1]. For particles of comparable
dimensions, we take this finite-size effect into account as a correction to the
permittivity [171, Egs. (7) and (8)],

“p %
€(0) = (@) + 0 + il @ +ilo’ (5:212)
where
I'=Tuk + A (5.21b)

rp ’

Here, w,, and v are the plasma frequency and the Fermi velocity of the metal,
respectively. I} is the damping constant of the electron motion and is in-
versely proportional to the mean free path length. For gold, the explicit values
are w, = 13.8 x 101571, W = 1.39 x 10°ms™!, and Iuk = 1.08 x 101571
[119, 171, 174]. Equation (5.21b) gives the size-corrected damping constant,
where the radius r; characterizes the size of the particle and A is a constant
that depends on the shape of the particle and is usually close to unity. The
correction term scales with the inverse particle size, reflecting that the ra-
tio between the particle’s surface and its volume determines the relative
impact of additional collisions [175]. We follow Ref. [171] and set A = 1in
subsequent calculations.

Figure 5.21 shows the effect of the size correction for gold nanoparticles.
The permittivity for gold was determined experimentally in [176]. Next
to these values for bulk material, we show the result of the correction in
Egs. (5.21) for various particle radii r; ranging from 1 to 10 nm. As the ra-
dius increases, the curves gradually approach the original bulk permittivity,
consistent with the idea that the finite-size effect is insignificant for particle
sizes considerably larger than the mean free path length. The effect appears
generally more pronounced in the imaginary part of the permittivity, indicat-
ing that the increased rate of collisions results in an increase in absorption
losses.

We proceed with the computation of optical properties of the individ-
ual gold nanoparticles. We model the nanoparticle as a prolate spheroid
with semiaxes 6.5 nm and 16.5 nm; a visual representation is shown in the
lower panel of Fig. 5.22. Material parameters for gold are determined by
the permittivity shown in Fig. 5.21, corrected for a small particle radius of
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r; = 8.9 nm, which corresponds to the geometric mean of the three semi-
axes of the spheroid. Following a workflow similar to that described in the
previous section (cf. Fig. 5.6), we compute the T-matrix of the spheroid up to
ax = 4 at various frequencies in the visible to near-infrared region using
FEM simulations. The rotational symmetry of the spheroid about its major
axis, which we choose to be parallel to z, makes it possible to restrict the
FEM simulations to a two-dimensional mesh with appropriate boundary
conditions, thus reducing the computational effort. Furthermore, doing so
yields more accurate T-matrices: For an object with rotational symmetry
about the z-axis, the T-matrix is diagonal with respect to the multipolar
order m [117, Eq. (30)],

TE’m’/l’,EmA = 5mm’ TE’mA’,EmA . (5.22)

In T-matrices obtained from simulations considering the full three-dimen-
sional geometry, entries vanishing due to Eq. (5.22) are still affected by
numerical imprecision. By explicitly involving the rotational symmetry, this
source of error is eliminated. To account for the organic thin film in which
the particles are embedded in the experiment, we use a non-dispersive re-
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Figure 5.22: Cross-sections of a gold spheroid - The helicity- and direction-
averaged extinction (solid lines), scattering (dashed), and absorption (dotted)
cross-sections of a prolate gold spheroid (inset in the lower panel) are shown
in the upper panel. The spheroid is modeled with a permittivity as shown
in Fig. 5.21, separately with (gray) and without (black) size correction at
r; = 8.9nm. The embedding is modeled with a non-dispersive refractive
index of 1.6. The size correction visibly decreases and broadens the two
peaks observed in the spectra. The lower panel shows the total extinction
cross-section including size correction (black; identical to the solid black
curve in the upper panel), as well as individual electric dipolar contribu-
tions. The main peak located at around 430 THz is dominated by the dipolar
contribution with order m = 0 (green), which corresponds to an orientation
parallel to the major axis of the spheroid. The secondary peak at around
580 THz is due to the two-fold degenerate dipolar resonance parallel to the
spheroid’s equatorial plane (m = +1; purple).
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fractive index of 1.6 for the embedding in the simulations. Subsequently,
spectroscopic quantities are computed from the T-matrices using the soft-
ware treams [100, 101].

The upper panel of Fig. 5.22 shows the helicity- and direction-averaged
extinction, scattering, and absorption cross-sections for the spheroid (black
curves). The total optical response of the spheroid as represented by the
extinction cross-section is predominantly due to absorption, as is evident
from the nearly overlapping respective curves. Cross-sections computed
from T-matrices obtained for the same spheroid without size correction for
the permittivity are shown for comparison. As a result of the correction, the
two peaks observed in the spectra decrease and broaden, consistent with our
earlier comment regarding increased absorption losses. For the remainder of
this section, we only consider quantities computed with the size correction
applied.

The computed spectra exhibit two distinct peaks that qualitatively re-
produce the features of the extinction spectra experimentally recorded for
nanoparticles in Ref. [P3]. The origins of the two peaks can be traced back
to the particle’s electric dipolar resonances. To this end, we consider the av-
eraged extinction cross-section as given in Eq. (4.33b), which is determined
by the trace of the T-matrix. The trace corresponds to a sum over individual
contributions for each combination of multipolar degree ¢, order m, and he-
licity A. The particle shape and all involved media are achiral, which further
allows us to use Eq. (C.23) to represent the same expression in terms of mul-
tipolar contributions of well-defined parity, that is, multipolar contributions
of electric and magnetic character. Evaluating the individual contribution
associated with an electric dipole (¢ = 1) of order m = 0—which corresponds
to an orientation parallel to Z, the major axis of the spheroid—yields the
green curve of Fig. 5.22. It accounts for up to 99.4 % of the total extinction
cross-section and causes the main peak at around 430 THz. Similarly, the
electric dipolar contributions for m = +1 are responsible for the secondary
peak at around 580 THz. They correspond to linear combinations of dipolar
reponses parallel to the equatorial plane of the spheroid and are degener-
ate due to its rotational symmetry. Physically, these resonances are due to
collective oscillations of the free electrons in the particle and are referred
to as localized surface plasmon resonances. The spectral separation of the
two resonances is determined by the aspect ratio of the prolate spheroid:
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The nonspherical geometry results in different dimensions for the oscil-
lations and alters the restoring force exerted by the accumulated surface
charges, depending on whether the mode is excited along the major axis or
one of the minor axes [cf. 178, Chapter 7].? According to this orientation,
the resonances are frequently referred to as longitudinal and transverse
plasmon resonances, respectively. The coupling of the longitudinal plasmon
resonance between multiple nanoparticles is the primary cause of the chiral
optical response of the helically arranged nanoparticles, which we discuss
next.

5.3.2 Composite response and the influence of coupling between particles

As a model for the chiral clusters of nanoparticles, we assemble seven
nanoparticles on a helical curve with their major axes aligned tangentially
to the curve (cf. the right panel of Fig. 5.20). The parameters specifying
the helical curve are based on experimentally obtained geometric proper-
ties of the twisted organic nanofilaments that guide the formation of the
chiral clusters in Ref. [P3]. Specifically, these are a pitch of 230 nm and a
radius of 29 nm, equal to the sum of half the width of the nanofilaments
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and the semi-minor axis of the spheroids. The setup describes an idealized
arrangement of nanoparticles that are evenly attached to one edge of the
nanofilament. We consider several such arrangements for various distances
between the particles; Fig. 5.23 shows a few examples. To this end, we vary
the total number of turns of the helical curve between the centers of the out-
ermost nanoparticles from 0.79 to 2.0, corresponding to distances between
adjacent nanoparticles of 38.22 to 91.66 nm, center to center. In each helical
arrangement, the seven nanoparticles are spaced at equal intervals.

The optical properties of helical arrangements are obtained from Eq. (4.38),
describing the T-matrix of a cluster of particles. T-matrices for the individual
spheroids upon reorientation (for tangential alignment to the helical curve)
follow from the rotation of vsws, see Eq. (A.50). Subsequently, we compute
cross-sections from Eqs. (4.42) and obtain the resulting cp. To account for the
fact that the nanofilaments and the resulting chiral clusters of nanoparticles
observed in the experiments are oriented flat in the thin film, we consider
directional cross-sections with illumination directions oriented radially to
the helical curve. Furthermore, the azimuthal orientation of the helical ar-
rangement (i.e., the relative orientation w.r.t. to rotations around the central
axis of the helical curve) is not controlled in the experiment. Therefore, we
average the cross-sections for two orthogonal radial illumination directions,
namely, k = —% and k = —y, which is sufficient to eliminate any dependence
on the azimuthal orientation. Correspondingly, we also evaluate the cp from
the resulting helicity-dependent radially averaged directional absorption
cross-sections, by replacing the fully directionally averaged cross-sections
in Eq. (5.9) accordingly.

Figure 5.24 shows the helicity-averaged radial extinction cross-sections of
the helical arrangements at different distances between adjacent particles in
the spectral region focused on the longitudinal plasmon resonance of a single
particle. The spectra exhibit a similar resonance line shape arising from a
collective response of the coupled resonances of the individual particles. As
the particle distance decreases, the effect of the coupling between the reso-
nances becomes more evident, leading to a spectral shift accompanied by a
broadening and a decrease in amplitude of the resonant line shape. However,
we remark that even at the smallest particle distance considered—which
corresponds to a tip-to-tip distance of merely 5 nm, approximately—no split-
ting of the resonant feature is observable. Such splitting is often considered
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Figure 5.24: Extinction cross-section of helically arranged nanoparticles de-
pendent on particle distance - The left panel shows the line shapes of the
main resonance in the helicity-averaged extinction cross-section of helical
arrangements of nanoparticles for radial illumination at various distances
between adjacent particles. Across the considered distance range, a single
peak is observed. For small particle distances, the amplitude of the peak
decreases slightly and it broadens as it shifts toward lower frequencies. The
right panel displays a heatmap of the same data, which illustrates the tra-
jectory of the peak’s central position across varying distances. Colormaps
from Refs. [154, 155].

an experimental hallmark for the detection of the coupling of resonances.
Here, it is hidden by the broad nature of the single-particle resonance.®
Similarly, the spectral shift of the resonance position is considered as an-
other marker for coupling, yet the right panel of Fig. 5.24 unveils that the
spectral position of the resonance of the coupled nanoparticle arrangement
quickly approaches that of the single particle, differing only marginally
relative to the spectral linewidth for particle distances of approximately
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Figure 5.25: Circular dichroism of helically arranged nanoparticles dependent
on particle distance - The left panel shows the circular dichroism of helical
arrangements of nanoparticles for radial illumination at various distances
between adjacent particles. It exhibits a bisignate feature centered around
the main resonance of the arrangements’ optical response. For small particle
distances, the extent of the bisignate feature grows and it shifts toward
lower frequencies. The right panel displays a heatmap of the same data
with overlaid contours. The contours outline the strength of the circular
dichroism, which grows toward small distances. The central contour, which
marks the zero-crossing of the bisignate feature, illustrates the spectral
trajectory of the feature across varying distances. Colormaps from Refs.

[154, 155].

50 nm and upward. Even though both of these markers are hardly detectable
for the majority of the simulated arrangements, coupling between the parti-
cles’ resonances remains the primary cause for the chiral response of the
nanoparticle arrangements, as we will show below.

The cD spectra of the helical arrangements evaluated from the helicity-

136



HELICALLY ARRANGED METALLIC NANOPARTICLES

dependent absorption cross-sections for radial illumination are shown in
Fig. 5.25. They exhibit a strong bisignate feature with a zero-crossing located
near the central frequency of the resonance seen in the extinction cross-
sections of Fig. 5.24. The total extent of the feature—the difference between
its extremal values—increases for decreasing particle distances, hinting at
the relevance of the coupling between the particles’ resonances for the
general presence of the feature. As can be seen in the right panel of Fig. 5.25,
the zero-crossing follows a similar trajectory as the peak of the collective
resonance line shape in Fig. 5.24.

The bisignate line shape of the spectra resembles that of signatures found
in cD spectra of molecules near absorption bands. In that context, the emer-
gence of such bisignate features is referred to as the Cotton effect [179-
181] and is associated with the coupling of transition dipole moments ar-
ranged in a chiral fashion [182-184]. Much in the same way, we interpret
the Cotton-like signature in the spectra of Fig. 5.25 as a consequence of the
coupling of the dipolar resonances of the chirally arranged nanoparticles.
Similar conclusions were drawn in Refs. [185, 186]. Simply put, the coupling
between the resonances leads to spectrally separated absorption maxima
for the two helicities, depending on the chirality of the spatial arrangement
of the individual particles. As we scan the spectral region occupied by the
resonances, the absorption for one helicity dominates, leading to a nonzero
cD. As we approach the central frequency of the resonance feature, we pass
the maximum absorption for one helicity and approach that of the other. At
a certain point between the two maxima, the absorption is balanced, and
the cp exhibits a zero-crossing. From that point onward, the other helicity
is absorbed more strongly, which corresponds to a sign reversal of the cb.
Taken together, this produces the characteristic Cotton-like signature of the
cD spectrum. Evidently, dependencies on parameters such as the distance
between the particles are more readily apparent from the zero-crossing of
the cp than from the separation of the absorption maxima, whose direct
visibility may be obscured [187].

The experimental determination of the coupling between the particles
based on the observed extinction spectra depends on markers, which we have
seen to be either masked by the broad linewidths of the resonant response
or to be clearly pronounced only for small particle distances. Combined
with the fact that the experimentally observed spectra arise as a collective
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Figure 5.26: Cluster transition matrix and particle-wise singular value decom-
position - The left panel shows the modulus of entries of the T-matrix for
a helical arrangement of nanoparticles with a particle distance of 38.22 nm
at a frequency of 439 THz. The T-matrix is expressed in a local basis com-
prising particle-specific expansion centers. Labels on the right and upper
axis index the nanoparticles in order of appearance along the helical curve,
beginning at the particle with the lowest z-coordinate. Only dipolar (¢ = 1)
entries are shown. Every block for given particle indices, outlined by the
major axis ticks, is separated into four submatrices of size 3 x 3 by the minor
ticks, corresponding to the helicity-dependent submatrices. Entries in the
off-diagonal blocks represent the coupling between different particles. The
right panel shows the result of a particle-wise singular value decomposition
of the T-matrix, applied to the full T-matrix truncated at ¢,,,, = 4. Only the
six largest entries for each block on the diagonal are shown to match the
shape of the dipolar matrix on the left. Colormaps from Refs. [154, 155].

response of various arrangements with different configurations as well as
isolated particles (cf. the transmission electron micrograph in Fig. 5.20),
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observing a clear coupling signature in extinction spectra of the system
under consideration becomes a challenge. In our numerical modeling, on the
other hand, these aspects are directly accessible. Specifically, to evaluate the
coupling between particles, we examine the T-matrix T, of the cluster of
helically arranged nanoparticles. The left panel of Fig. 5.26 shows the dipolar
entries of the T-matrix at a frequency of 439 THz, close to the resonance peak
observed in the spectra, for the smallest particle distance considered. We
remind ourselves of the structure of a T-matrix described in a local basis (i.e.,
accounting for multiple vsw expansion centers centered on each particle) as
determined by Egs. (4.36) and (4.38). The blocks on the diagonal correspond
to the T-matrices of the individual particles, modified by the multi-scattering
between the particles. They represent each particle’s individual optical
response with the modification of the incident field due to the presence
of other particles and their scattered fields taken into account. Entries in
off-diagonal blocks, by contrast, determine the scattered field that originates
from a particle jas a result of a field incident onto a different particle i. These
entries arise purely as a consequence of sequential scattering from different
particles (specifically, any sequence of scattering events starting at particle
i and ending at particle j) and encode the coupling between the particles’
individual responses. Therefore, we use the information contained in the
off-diagonal entries to evaluate the coupling of the particles’ resonances.

We extract the coupling between the resonances of the individual particles
by employing a singular value decomposition (svD) of their T-matrices. As
can be seen in the left panel of Fig. 5.26, the T-matrices of the individual
particles are densely populated. One reason for this is the spatial orientation
of the particles in the helical arrangement; as a consequence, the longitudinal
resonance no longer corresponds to the pure electric dipolar contribution
for m = 0. An svD of an n x n matrix T factorizes it as

T=UxvH, (5-23)

where U and V are unitary matrices and X = diag(oy, ..., 0,,) is a diagonal
matrix containing the real, non-negative singular values o, of T in non-
increasing order: ¢; > -+ > 0, > 0. The columns of U and V form two sets of
orthonormal bases and are called left- and right-singular vectors, respectively.
Accordingly, the svD represents the matrix as a sequence of a unitary change
of basis (V!), followed by a scaling (X), and a final basis change, returning

139



CHIRAL LIGHT—MATTER INTERACTION WITH LOCALIZED OBJECTS

to the vsw basis used for scattered fields (U). The svD is a generalization
of the eigendecomposition and exists for any real or complex matrix [188].
In particular, for T-matrices, reciprocity establishes a relationship between
the left- and right-singular vectors (cf. Subsection S3.3 of Ref. [S2]), and the
modes defined by the svD are recognized as the proper modes of an object’s
optical response, with the singular values o; denoting their strength—or
significance—in the interaction [189].

For our purposes, we perform a particle-wise svb of the local T-matrix of
the helical arrangement. For each on-diagonal block i € {1, ..., 7} of the local
T-matrix Tj,., which corresponds to the T-matrix of particle i including its
modification due to multi-scattering, we compute the svD and obtain the
unitary matrices U; and V;. We then evaluate

Sioe = diag(U;, ..., U)T,, . diag(Vy, ..., V;), (5.24)

multiplying the local T-matrix by block-diagonal matrices composed of the
individual unitary matrices U; and V;. The on-diagonal blocks of X are the
diagonal matrices X;, which contain the individual singular values of each
particle. Each particle’s singular values correspond to the singular modes of
the respective particle in the coupled cluster. The entries of X . are shown
in the right panel of Fig. 5.26. For each particle, only the first six rows and
columns are shown, which contain the six largest singular values of each
T-matrix in non-increasing order. The off-diagonal blocks, whose entries
are ordered accordingly, now represent the coupling due to multi-scattering
between the singular modes of each particle.

Since rotations, translations, and the change between helicity- and parity-
based descriptions of the T-matrix are represented by unitary transforma-
tions, the svD may be interpreted as a combination including these transfor-
mations. The singular modes are linear combinations of the vsws that form
the bases of the original T-matrix. As we perform the svD per particle, its
singular modes only combine vsws centered on that particle. An analysis
of the singular vectors of the unitary matrices U; and V; shows that the three
singular modes of each particle with the largest singular values correspond
to linear combinations of electric dipolar (i.e., £ = 1) contributions to the
T-matrix, with insignificant contributions from higher multipolar degrees.
These modes recover the dipolar resonances of each particle, with the largest
singular value corresponding to the longitudinal plasmon resonance as it
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occurs in the coupled system. The next three smaller singular values shown
for each matrix are predominantly mixtures of magnetic dipolar and electric
quadrupolar contributions.’! As is evident from the diagonal entries shown
in Fig. 5.26, they contribute very little to the total response.

Inspecting the off-diagonal blocks of X, in Fig. 5.26, we see that each
block exhibits one significant entry in its upper-left corner. For each pair
of particles (i, j), this entry in the respective off-diagonal block represents
the strength of the coupling between the longitudinal resonances of the
two particles. To evaluate the overall coupling in the arrangement, we
focus on the entries relating adjacent particles, which are found in the
blocks on the first off-diagonal. As a measure of the coupling strength,
we calculate the average of the absolute values of the entries relating the
longitudinal resonances of adjacent particles and normalize it to the average
of the largest singular value of each particle—the strength of its longitudinal
resonance. Doing so for all considered helical arrangements with varying
particle distances, at a fixed frequency of 439 THz near the longitudinal
resonance of the arrangement, yields the black curve in Fig. 5.27. Notably, it
increases as the distance decreases, indicating that the coupling between
particles depends on the distance between them.

To relate the normalized coupling between adjacent particles to the emer-
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gence of the observed bisignate feature in the cD spectra, we evaluate the
total contrast of the cD signals, which we define as the difference between
the maximum and minimum values (i.e., the peak-to-peak range). The re-
sulting curve, which shows the cp contrast as a function of distance, is also
shown in Fig. 5.27. The cD contrast correlates strongly with the coupling
strength and increases nonlinearly as the particle distance decreases. The
trajectory of the two curves differ slightly, suggesting a different functional
dependence of both quantities on the particle distance. We conclude that
the coupling between achiral nanoparticles in chiral spatial arrangements is
a crucial aspect for evaluating and tailoring the chiral optical response of
plasmonic systems such as the one investigated here, and that the coupling
between plasmonic resonances is the primary cause of the strong cp signal
and its Cotton-like appearance observed in the experiments of Ref. [P3].

5.3.3 A note on multipolar degree and truncation

In our analysis above, we have mentioned that the dipolar resonances of the
nanoparticles present the major contribution to the overall optical response
of the coupled chiral arrangements. This is consistent with the single-particle
spectra, which are dominated by the plasmonic resonances of dipolar char-
acter shown in Fig. 5.22, as well as with the leading singular mode of the
particles in the coupled arrangement, which correspond to the same res-
onance, as discussed in connection with Fig. 5.26. The predominance of
dipolar responses in plasmonic nanoparticles is frequently noted in the
literature and is often the focus of theoretical considerations [167, 190—193].

In the following, we use the results discussed above to highlight a subtlety
of the dipolar nature of the response of coupled plasmonic systems. In partic-
ular, we note that while the resulting response of a coupled arrangement of
nanoparticles is well approximated by the dipolar response of the nanoparti-
cles, the accurate modeling of the overall response and the coupling between
the particles requires the inclusion of higher multipolar degrees in the anal-
ysis. To illustrate this aspect, we compare the spectroscopic quantities of
interest of a helical arrangement of gold nanoparticles—namely, the extinc-
tion cross-section and the cp—obtained from three separate calculations.
The helical arrangement is identical to the one presented in the previous
subsection, with a particle distance of 38.22 nm. We consider the quantities
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Figure 5.28: Effect of transition matrix truncation on spectroscopic quantities -
The helicity-averaged radial extinction cross-section and the circular dichro-
ism of a helical arrangement of gold nanoparticles at a particle distance of
38.22 nm are shown in the upper and the lower panel, respectively. Spectra
derived from a local T-matrix, which was computed from a single-particle
T-matrix truncated at €,,,, = 4, are represented by solid gray curves. The
same spectra, derived from a local T-matrix computed using a single-particle
T-matrix truncated at £, = 1, are represented by dotted red curves (labeled
“early truncation”). They differ significantly from the spectra calculated from
the full T-matrix. If the full local T-matrix is truncated at £,,,, = 1 after the
interaction between particles has been calculated (labeled “late truncation”),
the full spectra are still recovered with excellent approximation (dashed
green).
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evaluated from the arrangement’s full local T-matrix—which was derived
from the T-matrices of the individual particles, truncated at £,, = 4—to
be the most accurate description provided by our modeling. The resulting
spectra, which are identical to those shown for the same particle distance in
Figs. 5.24 and 5.25, are represented by the dark gray curves in Fig. 5.28. We
compare it with the spectra from two different calculations: First, we further
truncate the single-particle T-matrix by discarding all entries except the dipo-
lar ones (£ = 1), before we compute the local T-matrix of the particle cluster,
thus only taking dipolar contributions into account for the multi-scattering
(hereafter referred to as early truncation). Second, we compute the local
T-matrix of the cluster from the full single-particle T-matrices up to £,,, = 4
and then truncate the resulting local T-matrix at ¢ = 1, again discarding
everything except dipolar entries. In this second case, the multi-scattering
considers the full available information about the particles’ isolated response,
and only the final T-matrix of the cluster is truncated (we refer to this as
late truncation).

The spectra evaluated from the respective T-matrices of both approaches,
together with the original spectra obtained from the full T-matrix, are shown
in Fig. 5.28. The dotted red and dashed green curves represent the results of
early and late truncation, respectively. As is apparent from a comparison
of the curves, early truncation, in which only dipolar terms are considered
throughout the analysis, introduces considerable errors. The curves for late
truncation agree notably better with the most accurate spectra. Hence, the
assumption that the response of each particle in the coupled arrangement
is predominantly dipolar is evidently a valid approximation. However, for
the computation of the particle response in the coupled arrangement, the
consideration of higher-degree contributions is far more important.'* The
spectra obtained with early truncation not only underestimate the strength
of the chiral optical response of the nanoparticle composite, but also predict
an inaccurate spectral position of the resonance, as indicated in the upper
panel of Fig. 5.28. Overall, limiting the analysis to dipolar responses of
individual particles and their interaction leads to an underestimation of the
coupling between the particles. The effect becomes more pronounced the
closer the particles are to each other. From a physical perspective, a smaller
distance between the particles confines the strong near-fields resulting from
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the particles’ resonant response to smaller volumes, which in turn requires
higher-degree vsws for an accurate representation.

In summary, we emphasize that while the overall response of the investi-
gated chiral plasmonic arrangement can be well represented as collective
dipolar responses of the individual particles, the full picture requires a differ-
entiated view, as higher-degree contributions contribute disproportionately
to the coupling between the modes. We presume that these results are not
specific to the system under consideration and also apply to other composite
plasmonic systems. We conclude this section with a brief overview of the
main results presented so far.

5.3.4 Summary and outlook

In the preceding subsections, we modeled the chiral optical response of chiral
arrangements of plasmonic nanoparticles using the formalisms introduced
in the previous chapters. Our results provide fundamental insights into
the optical properties of the system under consideration and highlight the
potential of chirality as an emergent feature in a mesoscopic structure. Below,
we summarize the key findings, highlight possible continuations, and place
the study within the context of the investigation of chiral aspects in this
thesis.

We investigated the optical response of individual nanoparticles, taking
their microscopic size into account. Their spectra are dominated by two
plasmonic resonances, which are spectrally separated due to the geometric
anisotropy of the prolate spheroidal nanoparticles. Afterward, we exam-
ined the optical response of helical arrangements of these nanoparticles,
focusing in particular on cp. Based on the T-matrix description in local
basis, we evaluated the coupling between the resonances of the particles,
employing an svD to determine the contributions of the proper resonances
in the coupled arrangement. We find that the singular modes follow a hi-
erarchy similar to that discussed in the microscopic treatment of media
in electrodynamics in Section 2.2. The strength of the cp response scales
inversely to the distance between adjacent particles, as does the coupling
between the particles. Finally, we noted the significance of higher-degree
contributions to the T-matrix for accurate modeling, which contrasts with
the initial observation that the particles’ response is predominantly dipolar.
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This apparent contradiction is resolved by the fact that higher-degree contri-
butions disproportionately affect the calculation of the multi-scattering and
thus the coupling between particles, while the resulting response ultimately
manifests itself largely in dipolar contributions.

Our modeling shows good qualitative agreement with the spectra ob-
served in spectroscopic experiments on organic thin films containing chi-
rally assembled plasmonic nanoparticles. Importantly, the coupling between
particles is highlighted as the primary cause of the large cD response found
in chiral plasmonic assemblies, as well as of the characteristic bisignate line
shape in the spectra, akin to the Cotton effect observed in chiral molecules.
It arises as a consequence of the spectrally separated absorption maxima
for light of opposite helicity, resulting from the coupling of resonances. We
demonstrated that while typical markers of resonance coupling in the mea-
sured spectroscopic quantities are masked or easily missed, the characteristic
and strong response is nevertheless to be understood as a consequence of
coupling. This finding is consistent with earlier models that predict the cp of
plasmonic systems. In this context, the significance of higher-degree contri-
butions is of particular interest, since the dipolar part, although predominant
in the response of individual particles, is generally insufficient to accurately
predict the optical response. Accordingly, our modeling approach based on
the transition matrix formalism appears well-suited for the investigation of
systems such as the one presented in this section.

With a view to possible continuation of the work presented here, we
examine the shape of cD spectra in closer detail. It appears that the asym-
metry of the bisignate line shape, which can be appreciated in Fig. 5.25,
depends on the dimensions of the chiral system under study [195]. At the
time of writing, an in-depth investigation of this aspect is in progress. A
particular question concerns whether this relationship can be utilized as
a gauge for determining the dimensions of the assembly. Another topic of
interest is the study of binary assemblies in which different nanoparticles
are combined to tailor the chiral optical response. Experimental results were
already included in Ref. [P3]. Measurements show the appearance of more
detailed cD spectra, which offer further degrees of freedom for tailoring the
system response—a finding also confirmed by preliminary results derived
from our modeling approach applied to these systems. A joint research effort
guided by experimental possibilities and leveraging the predictive power
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of the modeling approach holds promise for the tailoring of chiral optical
responses and the continuation of this work.

The central conclusion of the preceding study in the context of this dis-
sertation is that chiral optical properties can arise solely from mesoscopic
arrangement, even when no intrinsic chirality is present at smaller length
scales. This leads to a key question for the remainder of this the thesis,
namely how chiral properties of individual constituents translate into the
optical response of the composite system. In the next section, we examine
metallic particles with an intrinsically chiral shape and optimize their geom-
etry for a maximized chiral optical response. In Chapter 6, these optimized
scatterers are then incorporated into a chiral optical cavity, where the col-
lective behavior of the microscopic constituents gives rise to chirality at
the macroscopic level. Taken together, these results demonstrate how chiral
optical functionality can be generated and propagated across length scales
through the design of the overall arrangement.

5.4 Electromagnetic Chirality

So far, in this chapter, we have examined the material and geometric influ-
ences on the chiral optical response of an object and investigated the strong
chiral response of clusters of small metallic particles, arising purely from
their chiral spatial arrangement. The final section is devoted to optimizing
a single scatterer to achieve the most chiral response possible within the
limits of the system under consideration. To this end, we introduce the
electromagnetic chirality, which holistically quantifies an object’s differential
response to light of opposite helicity. The electromagnetic chirality serves as
the objective function for our optimization. The resulting optimized scatterer
provides the building block that we use in Chapter 6 to construct a chiral
optical cavity. Main results regarding the chiral scatterer were originally
published in Ref. [P2].

5.4.1 Definition of electromagnetic chirality

We discussed the geometric concept of chirality in Section 5.1. A related
question concerns whether the chirality of a particular geometry or object
can be quantified. This question proves to be surprisingly difficult and cannot
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be answered in a universally applicable way [196]. Proposed measures of
chirality face fundamental difficulties: For instance, when attempting to
quantify the chirality of irregular tetrahedra, one can construct equivalent
measures that identify any given chiral tetrahedron as the most chiral one,
regardless of how close it is to an achiral configuration [197]. Furthermore,
if one attempts to construct bisignate measures of chirality that distinguish
enantiomers of molecules or mirror images of the same object by values
with opposite signs—which can be interpreted as a notion of left- and right-
handedness—another challenge arises in the form of chiral connectedness:
Chiral three-dimensional shapes can be continuously deformed into their
respective mirror images without having to pass through a geometrically
achiral configuration. Any continuous real-valued function that assigns
opposite values to the two mirror images must necessarily cross zero during
the continuous deformation and thus assigns the value 0 to a chiral object,
thereby incorrectly labeling it as achiral.

In this work, we focus on the chiral interaction between light and mat-
ter; therefore, we do not attempt to quantify an object’s chirality based
on geometrical considerations, but rather examine the chirality of its op-
tical response. Although spectroscopic quantities such as the previously
discussed cp and or provide information about an object’s chiral response,
they capture only certain aspects and do not consider the chiral response
holistically. In Ref. [198], a different measure of an object’s chiral optical
response was proposed, namely the electromagnetic chirality. It quantifies
the difference in an object’s interaction with light of positive and negative
helicity and is formulated in terms of the object’s T-matrix, taking into
account the object’s complete linear optical response. Let &), be the column
vector containing the singular values of the submatrix T),, of an object’s T-
matrix (cf. Eq. (4.22)) in non-increasing order. The electromagnetic chirality,
or em-chirality in short, is then defined as'3

Yem = Iy — 0B+ lo — o, (525)

By comparing the singular values of the T-matrix for positive and negative
incident helicity, in both the co-polarized and cross-polarized parts, the em-
chirality is sensitive to any differences in an object’s chiral optical response
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as a function of incident helicity. The em-chirality is non-negative and upper-
bounded by the square root of the object’s total interaction cross-section,

0< Yem < ”T”HS (5-26)

For achiral objects, the em-chirality assumes the value 0. The upper bound
may be intuitively understood as follows: The imbalance of an objects inter-
action with light of positive and negative helicity can at most encompass the
entirety of its interaction. As discussed in Ref. [198], if a reciprocal object
reaches the maximal value y., = |T|gs, it responds exclusively to light of
one helicity, while being completely transparent to the opposite helicity.

In Refs. [199, 200], a different, equivalent expression for the em-chirality
is given, which allows the quantity to be related back to a geometric inter-
pretation. To this end, it was shown that [cf. 199, Eq. (59)]

lo,, —o__|, = %1{/1 IT,, — UT__VH||HS, (5.27)

and the analogue for the second term on the right-hand side of Eq. (5.25),
where the minimization runs over all pairs of unitary matrices U and V.
Since rotations and translations acting on the T-matrix are represented by
unitary matrices, they, as well as their combinations, are included in the
minimization. Therefore, the em-chirality computes the minimal difference
in an object’s interaction cross-section with respect to the incident helicity,
which in turn represents the intrinsic chirality of its optical response. In the
next subsection, we use the em-chirality normalized to || T|gg as an objective
function to optimize the chiral optical response of a scatterer.

5.4.2 Optimizing electromagnetically chiral scatterers

Below, we optimize the geometry of a scatterer to achieve a strongly chiral
optical response. We have previously discussed the potential of small metal-
lic structures to exhibit a strong chiral optical response. Accordingly, we
select a small metallic scatterer for our optimization. As a prime example of
the concept of chirality, we choose a scatterer in the form of a helix. The po-
tential of small metallic helices for strong chiral responses has already been
demonstrated numerically [201], and their fabrication and experimental
characterization is the subject of numerous recent studies [202-206].
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Figure 5.29: Optimization of an electromagnetically chiral helix - Left panel:
representation of a silver helix with the four parameters that specify its
geometry. Right panel: normalized electromagnetic chirality of silver helices
considered in each iteration of the optimization. The green curve repre-
sents the cumulative maximum of the electromagnetic chirality throughout
the optimization. The optimal configuration is found for the parameters
Thelix = 183.0nm, 15 = 53.30nm, p = 168.6 nm, and ny,; = 1.407, achiev-
ing a normalized electromagnetic chirality of 0.955 at the target frequency.
Helix reproduced from Ref. [P2], cc BY 4.0.

For our optimization of em-chiral helices, we follow a procedure simi-
lar to that described in Refs. [201, 207]. To this end, we consider a silver
helix embedded in a homogeneous embedding with relative permittivity
€emb = 1.8912. The permittivity of silver is interpolated from the measure-
ment data in [208, 209] as provided by [177]. The geometry of the helix is
specified by four parameter: the radius r,j;,, the pitch p, and the total num-
ber of turns ny,,,¢ of the helical windings, as well as the radius of the silver
wire forming the helix, ;.. The silver wire terminates in hemispherical
end caps. A schematic example can be seen on the left side of Fig. 5.29.

The objective of our optimization is to find the parameter configuration
that maximizes the em-chirality of the helix, specifically at a target fre-
quency of 44.21 THz. The target frequency and the relative permittivity of
the embedding are chosen with regard to the integration of the helices into
a chiral cavity in Chapter 6 and are addressed there. Following Ref. [201],
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Figure 5.30: Helix parameters sampled during optimization - The objective
value (i.e., the normalized electromagnetic chirality) and the geometric
parameters of each sample of the optimization are plotted, separately for the
four parameters that specify the geometry of the helix. The clusters of data
points visible at the top of each plot provide an estimate of the sensitivity
of the electromagnetic chirality to variations in the geometric parameters.
Adapted from Ref. [P2], cc BY 4.0.

we use Bayesian optimization with Gaussian processes as implemented in
the “Analysis and Optimization Toolkit” of JCMsuite [114], which has been
shown to be a favorable optimization approach for tasks such as the one
considered here [210]. At each iteration of the optimization, a parameter
tuple that specifies the helix geometry is suggested. Using FEM simulations,
the T-matrix of the corresponding helix is computed. From this T-matrix,
we evaluate the em-chirality, as defined in Eq. (5.25), using the software
treams [100]. The em-chirality is then fed back into the optimization and
influences the next suggestion for the geometric parameters. We terminate
the optimization after 1 ooo iterations; the maximal em-chirality found dur-
ing the optimization is shown in Fig. 5.29. High values for the normalized
em-chirality are reached early on, with occasional minor improvements
occurring after the first few hundred iterations. The most em-chiral helix
resulting from the optimization exhibits y.,, = 0.955 at the target frequency,
that is, close to 96 % of the theoretical maximum. The corresponding param-
eters are rpejix = 183.0 nm, 1. = 53.30nm, p = 168.6 nm, and ny,s = 1.407.
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The representation of a helix depicted on the left in Fig. 5.29 matches these
proportions.

Figure 5.30 shows the normalized em-chirality of all samples considered
in the optimization, plotted against each of the four geometric parameters.
While the samples generally differ simultaneously across all parameters, the
dome-like shape resulting from the data points clustered at higher values
provides an estimate of the sensitivity of the em-chirality to variations in the
individual parameters. Since these regions are rather broad, we conclude that
the em-chirality of the optimized silver helix is quite stable against parameter
variations—an important observation in view of a potential fabrication. For
the helix radius, wire radius, and pitch, a single maximum is observed in
the data; for the number of turns, a secondary, smaller maximum appears
at values slightly greater than 2. However, it corresponds to smaller values
of the em-chirality and appears to be less stable against variations in the
parameter, making it less desirable for our purposes.

The optimization targets a single frequency. To assess the response of
the helix in a broader spectral region, we evaluate the em-chirality for fre-
quencies around the target value. To this end, we compute T-matrices for
the optimized silver-helix in a frequency range surrounding the target fre-
quency, up to sufficiently high £, = 4. We evaluate the em-chirality at each
frequency, as well as the helicity- and direction-averaged cross-sections,
which quantify the optical response of the helix. The data are presented
in Fig. 5.31. The green curve shows that the em-chirality of the helix is a
relatively broad spectral feature. Although its value decreases when the fre-
quency deviates from the target, this occurs at a moderate pace; for example,
values of y.,, > 0.8 are achieved in a spectral window spanning 5.25 THz.
This property is beneficial for the use of the optimized helix in the chiral
cavity discussed in Chapter 6, as it provides a considerable spectral window
in which the strongly chiral response of the helices can be utilized. The
cross-sections reveal that the helix exhibits an optical resonance centered
on the target optimization frequency, and hence the high em-chirality is
a resonant feature of the helix. The helix is strongly absorptive, with the
absorption cross-section exceeding the scattering cross-section by a factor
of approximately 3 across most of the considered frequency range. Overall,
the response of the helix is largely dipolar in character, as can be seen from
an individual examination of the multipolar contributions to its extinction
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Figure 5.31: Electromagnetic chirality and cross-sections of the optimized helix -
The normalized electromagnetic chirality of the optimized helix is repre-
sented by the green curve (left axis). The helicity- and direction-averaged
cross-sections (black; right axis) show that the high electromagnetic chirality
is related to a resonance of the helix. Across most of the shown spectral
range, the absorption cross-section considerably exceeds the scattering cross-
section.

cross-section in Eq. (4.33b) (cf. our discussion in the previous section). Across
the frequency range under consideration, dipolar contributions (i.e., £ = 1)
account for > 99.7 % of the total extinction cross-section, which is to be
expected given the small dimensions of the helix relative to the illumination
wavelength. Upon closer examination, the resonance at the target frequency
manifests itself predominantly in the dipolar contribution for positive helic-
ity and multipolar order m = 0, which corresponds to a dipolar orientation
parallel to the z-axis. At the target frequency, this contribution alone ac-
counts for 98.5 % of the total extinction cross-section. These observations are
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Figure 5.32: Field lines of the electromagnetically chiral helix at resonance -
Near field data obtained from a resonant state computation of the electro-
magnetically chiral helix using the finite element method. Upper row: side,
top, and diagonal views of the magnetic field lines, showing that the helix
acts as an electrical coil. Lower row: side, top, and diagonal views of the
electric field lines, evaluated one quarter of an oscillation cycle later, illus-
trating the capacitive effect of adjacent windings. Near-field data computed
using code kindly provided by Jan David Fischbach.

consistent with an analysis of the helix’s resonances using a pole expansion,
a method discussed in [S2].

The response of the helix can be intuitively understood as that of a coupled
system consisting of an electric dipole antenna and an electrical coil with
a winding number of n,,;. Charges moving from one tip to the other
give rise to an electric dipolar response. As they move from one tip to the
other, they follow the helical windings of the coil, thereby generating a
magnetic dipolar response. The phase relation between the electric and
magnetic dipolar response is determined by the handedness of the helix and
is optimally near +7t/2. In that case, the response of the helix approaches that
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of a helical dipole, an idealized source consisting of an electric and a magnetic
dipole moment, d and m, respectively, located at the same point in space
and satisfying the relation m = FiZ,Zd [52, Chapter 6]. A helical dipole
radiates waves of pure helicity.'4 Accordingly, the optimization yields the
geometric parameters for which the helix’s response most closely matches
this idealized configuration. Figure 5.32 shows the magnetic and electric field
lines associated with the helix’s resonance, which are determined from a
resonant state computation using FEM simulations. The magnetic field lines
shown in the upper row demonstrate that the helix acts as an electrical coil,
giving rise to a magnetic dipolar response. The electric field lines, evaluated
one quarter of an oscillation cycle later and shown in the lower row, illustrate
the capacitive effect of the helix, and field lines that begin and end at the
hemispherical end caps highlight its electric dipolar response.

The resulting contrast in the helix’s response to light with opposite helicity
is demonstrated in Fig. 5.33. Blue and red curves represent the directionally
averaged extinction, scattering, and absorption cross-sections of the helix
for positive and negative helicity illumination, respectively. Cross-sections
for both helicity eigenvalues exhibit the resonance at the target frequency,
showing that the helix’s resonance is not perfectly matched to only one
helicity. However, the values of the cross-sections for illumination with
positive and negative helicity differ substantially, as is to be expected for the
highly em-chiral helix: For a perfectly em-chiral scatterer, transparency to
one helicity would mean that the cross-sections for that helicity would vanish
entirely. For our scatterer at the target frequency, the contrast between
the cross-sections for positive and negative helicity exceeds two orders of
magnitude.

Due to the strong helicity-dependent contrast in the response of the helix,
and since it is strongly absorbing, it exhibits strong cp. We evaluate the cp in
Fig. 5.34, which allows us to represent the helix’s chiral optical response by
an experimentally accessible spectroscopic quantity. As expected, the cp of
the optimized helix is strongly pronounced and reaches nearly perfect values
of up to 0.988 close to the target frequency. As already suggested in [201], the
strong helicity-dependent absorption contrast makes the optimized helices
suitable for application as direction-independent circular polarization filters
in the form of a solid suspension of randomly oriented helices.

Since the strong chiral response of the helix is largely related to a dipolar
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Figure 5.33: Helicity-dependent cross-sections of the optimized helix - The
directionally averaged cross-sections for positive (blue curves) and negative
(red) helicity demonstrate how strongly the response of the optimized helix
depends on the helicity of the illumination. The contrast between the cross-
sections for positive and negative helicity reaches two orders of magnitude
in the vicinity of the target frequency of the optimization.

response oriented along the z-axis, the response exhibits a corresponding
directionality. This directionality is illustrated in Fig. 5.35, where the direc-
tional extinction cross-section is shown for positive and negative helicity
illumination. The upper and lower panel of Fig. 5.35 show the extinction
cross-section for illumination directions k sampled over the entire unit
sphere in a Mollweide projection. The data on the equator represent il-
lumination of the helix along the radial direction, while the data for axial
illumination are shown at the poles. The strong contrast in the cross-sections
between positive and negative helicity illumination is highlighted by the
markedly different shades of the data in the two panels. In particular, for
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data corresponding to positive helicity, it is evident that the response is
stronger under radial illumination than under axial illumination. This is
consistent with the idea that the oscillations of charges in the helix—which,
as previously explained, cause it to act as an antenna and coil—are excited
by an electric field oriented parallel to the axis of the helix. Such a field
orientation occurs when the illuminating circularly polarized plane wave
propagates in radial direction. When illuminated along axial direction, the
electric field oscillates in the xy-plane, thereby diminishing the resulting
response of the helix. This directional dependence of the helix’s response is
considered in Chapter 6 for its orientation in the chiral optical cavity.

As for directions of illumination within the xy-plane (i.e., radial illumi-
nation), the helix’s response varies only mildly, as can be seen primarily
in the differently shaded areas in the plot for negative helicity in Fig. 5.35.
To mitigate the effect of such a dependence even further, structures with
(discrete) rotational symmetry about the z-axis can be considered. An ex-
ample in the form of a three-stranded silver helix and its corresponding
spectra are shown in Fig. 5.36. It exhibits an overall optical response similar
to that of the single-stranded helix considered so far, although a secondary
resonance occurs in the spectral range at higher frequencies. At the target
frequency of 44.21 THz, the three-stranded helix exhibits an em-chirality
normalized to its total interaction cross-section of 0.949, thus performing
comparably well to the single-stranded helix. For the results presented in
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Figure 5.35: Directional helicity-dependent extinction cross-section of the opti-
mized helix - Extinction cross-section for positive (upper panel) and negative
(lower panel) helicity depending on the illumination direction. The data is
shown in a Mollweide projection, with lines of equal latitude corresponding
to the azimuthal angle and lines of equal longitude corresponding to the
polar angle of the illumination direction kina spherical coordinate system.
Data on the equator corresponds to radial illumination of the helix, and
data at the poles corresponds to axial illumination of the helix. For positive
helicity, the helix responds more strongly to radial illumination, as seen in
the upper panel. Overall, the extinction cross-section for positive helicity
exceeds that for negative helicity by two orders of magnitude. Colormap
from Refs. [154, 155].
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Figure 5.36: Electromagnetic chirality and cross-sections of a three-stranded he-
lix - The green curve (left axis) shows the normalized electromagnetic chiral-
ity of a three-stranded silver helix. Black curves (right axis) show the helicity-
and direction-averaged cross-sections. The scatterer consists of three in-
tertwined helices, which are specified by the parameters r,.j;; = 194.8 nm,
Twire = 35.70nm, p = 257.1nm, and ny,,c = 0.989, which were determined

by optimization. At the target frequency of 44.21 THz, the three-stranded
helix exhibits a normalized electromagnetic chirality of 0.949.

Chapter 6, the mild directional dependence for radial illumination of the
single-stranded helix does not appear to be detrimental, which is why we
use the single-stranded version in that context. In particular, the larger wire
radius of the single-stranded helix should make the proposed structure more
feasible for potential fabrication.

In summary, we have presented the results of a shape optimization of
small silver helices, with the objective of maximizing their chiral optical
response, quantified by the em-chirality at a given target frequency. We
have found that the helix resulting from the optimization exhibits a strongly
chiral response, facilitated by a resonance that combines both an electric
and a magnetic dipolar response into a nearly perfect helical response.
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The resulting contrast in the helicity-dependent cross-sections exceeds two
orders of magnitude. With regard to the potential fabrication of the scatterers
discussed here, we remark that helices of comparable sizes as well as lattices
made from them have been fabricated and characterized in the literature
[201-206]. With regard to potential applications, we note that the optimized
helices discussed above, adapted to a different embedding, were also used
in [P1, P4] for considerations regarding chiral thermal emissions. In the
context of the present work, the optimized helix serves as a highly chiral
building block for the design of a chiral optical cavity in the next chapter.

Chapter summary - In this chapter, we have investigated chiral interactions
between light and localized objects. We have explored fundamental aspects
of the origin of chiral optical responses and demonstrated how the shape of
a scatterer can be optimized to maximize its chiral optical response. Below,
we briefly summarize the most important findings.

Following an initial introduction to the geometric concept of chirality
and the spectroscopic quantities used to determine it, we focused on the
cD of scatterers. In particular, we investigated how the chirality of a scat-
terer’s geometric shape and the chirality of its medium combine to form its
cD. We found that the total spectrum can be expressed as the sum of two
contributions, attributed to the geometry of the scatterer and its medium,
respectively. This insight led us to an approximation scheme that enables
the efficient computation of a scatterer’s linear optical response, represented
by its T-matrix, as well as of derived spectroscopic quantities for variations
of the dispersive chirality parameter of the scatterer’s medium. The scheme
lends itself well to the analysis of scatterers made from chiral media, where
different enantiomeric ratios of the molecular constituents are to be consid-
ered, or for chiral inclusions within the same host material. The analysis of
the derivatives of an object’s T-matrix with respect to the chirality parame-
ter further follows a pattern that distinguishes between co-polarized and
cross-polarized entries, which appears to be a promising starting point for
continuing the work discussed in that section.

In Section 5.3, we studied the optical response of chiral spatial arrange-
ments of small, achiral metallic particles. Our modeling of these systems
complements experimental studies on such systems and provides funda-
mental insights into the spectral features observed in the experiments. In
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particular, we emphasize the significance of the coupling between the plas-
monic resonances of the scatterers for the emergence of a strong cp and
its characteristic bisignate line shape. Accordingly, the chiral response is
entirely an emergent feature of the assembly of scatterers, arising from
their chiral spatial arrangement. With regard to the numerical modeling
of systems such as the one considered in Section 5.3, we have highlighted
the importance of higher multipolar contributions to the object’s optical re-
sponse, in contrast to the observation that the individual particles can be well
described within dipolar approximation. While the response of the particles
in the coupled arrangement, in turn, manifests itself largely in their dipolar
contributions, the accurate computation of these contributions, accounting
for the multi-scattering between the particles, depends disproportionately
on the inclusion of higher-degree contributions. Prospects for continuing
the work presented in Section 5.3 are outlined in the corresponding outlook
and include a thorough investigation of the length-dependent asymmetry
of the bisignate cD signature.

Finally, we discussed the optimization of a silver helix with the objective
of maximizing its chiral optical response. To this end, we introduced the
electromagnetic chirality as a holistic measure of an object’s linear chiral
optical response. The optimization yields scatterers with an electromagnetic
chirality that is close to its theoretical upper bound. We discussed the optical
properties of the helix and explained the origin of the strong chiral response
in terms of a resonance that largely corresponds to a helical dipole radiating
nearly pure helicity.

In the final thematic chapter of this dissertation, we discuss a chiral optical
cavity that utilizes the optimized electromagnetically chiral silver helices
described earlier. The macroscopic electromagnetic environment inside the
cavity, which strongly favors one helicity of light, is enabled by the chiral
properties of the optimized microscopic scatterers. This demonstrates the
propagation of chiral properties across length scales.
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6 Chiral Optical Cavities

In the previous chapter, we discussed various aspects of chiral interactions
between light and localized objects. It led us to the shape optimization of
a silver helix to maximize its chiral optical response. Below, we utilize the
strongly chiral response of these helices to design a chiral optical cavity
that supports modes of nearly pure helicity, with one helicity being strongly
favored.

In Section 5.1, we mentioned the vital importance of molecular chirality,
particularly in a pharmaceutical and pharmacological context. It teaches us
about the necessity of sensing and selecting the enantiomeric composition
of a given chiral compound. In the study of chiral light-matter interactions,
the development of solutions to these tasks by optical means is an active area
of research, for instance with the goal of separating the two enantiomers
in a mixture of chiral molecules [211-214] or larger chiral objects [215,
216]. Chiral optical cavities can provide the chiral electromagnetic environ-
ment—resonant modes with a preference for a given helicity—on which
such applications depend [37, 217]. In particular, given the inherently weak
chiral optical response of molecules [22, 23], the resonant enhancement of
the chiral light with which these molecules can interact appears to be an
indispensable advantage of such devices. Moreover, experimentally observed
changes in chemical reactivity within optical cavities [218-220] suggest the
use of chiral optical cavities to induce a bias toward one of the enantiomers
already during their chemical synthesis [39]. While establishing a theoret-
ical framework to explain and predict such chemical reactivities remains
challenging [221, 222], we expect such effects to depend on how pronounced
the chirality of the electromagnetic environment provided by the cavity is.
Other applications for chiral optical cavities involve the manipulation of
the helicity of radiation, for instance in circularly polarized lasers [223, 224]
or for the enhancement of chiral luminescent emissions [225]. Again, their
performance appears to be intrinsically related to the degree of chirality of
the optical cavity.

In the following, we consider a cavity formed by two planar mirrors into
which the optimized electromagnetically chiral silver helices discussed in
the previous chapter are integrated. Our aim is to utilize the strong chiral
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response of the helices to achieve a similarly pronounced chirality in the
electromagnetic environment inside the cavity by imprinting the helicity-
selective interaction of the scatterers onto the large-scale properties of the
cavity. Throughout our analysis, we make extensive use of the scattering
matrix formalism that we introduced in Section 4.2. First, we examine the
planar mirrors constructed using a diffractive array of electromagnetically
chiral scatterers. We then proceed with the description of the chiral cavity
formed by two such mirrors and analyze the eigenmodes supported in its
interior. The main results discussed in this chapter were originally published
in [P2], and our discussion in this chapter largely follows the one presented
therein.

6.1 Mirrors Made from Electromagnetically Chiral Scatterers

Various designs of chiral optical cavities have been described in the literature
[36,226—231]. Such cavities are based on helicity-preserving or chiral mirrors,
for which several variants have likewise been proposed [232-236]. Often,
the aim is helicity-preserving reflection at normal incidence, which enables
cavity modes of nearly pure helicity in a typical Fabry-Perot setup.

In Section 4.2, we discussed that planar systems exhibit perfect helicity-
preserving reflection in the limiting case of grazing incidence. The effective-
ness of utilizing the helicity-preserving reflection at large oblique angles of
incidence for helicity-preserving cavities was demonstrated in Refs. [237,
238]. The experimental realization and characterization of such cavities for
enhanced chiral spectroscopy is actively being researched [161, 239]. We
follow a similar principle in the design of our cavity. However, the cavities
reported in Refs. [161, 237] are themselves achiral so as not interfere with
the chiral signal of a molecular analyte that the cavity is intended to amplify.
By contrast, our aim is to maximize the chirality of the cavity itself, which in
turn may be used to actively manipulate chiral compounds injected into the
cavity. With a view toward potential enantioselective applications, we have
chosen the target frequency of 44.21 THz for our optimization in Section 5.4:
In particular, this frequency corresponds to a vibronic resonance of the chiral
organic compound BINOL—a common representative of chiral molecules for
studies such as the present one [161]. The results discussed below primarily
illustrate the working principles of the chiral cavity. For studies targeting
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Figure 6.1: Schematic representation
of the chiral mirror - Schematic rep-
resentation of a chiral mirror con-
sisting of a hexagonal periodic ar-
ray of electromagnetically chiral
helices on a substrate. The system
is considered to be infinitely ex-
tended in the xy-plane. The sub-
strate thickness d, the lattice con-
stant a of the hexagonal array, and
the silver helices are not shown
to scale. Adapted from Ref. [P2],
CC BY 4.0.

other chiral molecules, our proposed design can be adjusted by optimizing
the helix for a particular frequency of interest.

The mirrors used for our cavity are constructed as follows: A single
mirror consists of a periodic array of the em-chiral silver helices optimized
in Section 5.4 arranged on a hexagonal lattice on a thin substrate. For our
modeling, the mirror is considered to be infinitely extended in the xy-plane.
A schematic representation can be seen in Fig. 6.1. The space above the mirror
(i-e., the upper halfspace), which will later correspond to the interior of the
cavity, is occupied by a non-dispersive medium with a relative permittivity
of ¢ = 1.8912. We choose a permittivity different from that of vacuum, as the
cavity is designed with potential applications in mind where the interior of
the cavity is filled, for example, with a solution of chiral molecules; hence,
the relative permittivity of the cavity interior can be interpreted to represent
the solvent of the analyte. As discussed in Section 5.4, we have already
taken this relative permittivity into account during the optimization of the
em-chiral helices.

The substrate on which the array of helices is situated has a thickness d,
which we choose as to ensure an optimal helicity-preserving reflection, as
explained below. For simplicity, we choose a substrate whose refractive index
is matched to the interior of the cavity and model it with the same relative
permittivity as specified above. By matching the refractive index of the cavity
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1 The sixfold rotational
symmetry of the lattice
is broken by the silver
helices, which are not
rotationally symmetric.
However, because the
helices respond nearly
uniformly with respect
to rotations around
their own axis (cf.

Fig. 5.35), the response
of the lattice
nonetheless largely
follows the sixfold
rotational symmetry.
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interior to that of the substrate, the influence of the upper interface of the
substrate directly beneath the array of helices is suppressed. We emphasize,
however, that refractive index matching is not strictly necessary, provided
that the refractive index of the cavity interior does not exceed that of the
substrates; otherwise, TIR (cf. Section 4.2) occurs at the interface between the
substrate and the interior, which in turn affects our analysis of the cavity’s
working principles. The halfspace below the substrate is modeled as vacuum.

The array of helices is constructed with a hexagonal geometry for two
reasons: First, a hexagonal lattice allows for the densest packing of the em-
chiral helices for a fixed lattice constant, thereby accentuating the chiral
interaction of light with the helices. Second, the high degree of rotational
symmetry' mitigates the effect of a possible directional dependence of the
response of the mirror. The distance between the helices, the lattice constant
a, determines the wave vector components of the plane waves diffracted at
the lattice and thus the angle at which these waves propagate. To take advan-
tage of the nearly helicity-preserving reflection at large oblique angles, we
choose the lattice constant accordingly: For a = 5.74 pm, the first diffraction
orders relative to normal incidence enclose an angle of 83° with the surface
normal at 44.21 THz in the halfspace above the mirror. We stress that the
lattice is only diffracting within cavity interior, since the lattice constant is
subwavelength relative to the vacuum wavelength, rendering all diffraction
orders in the lower halfspace evanescent. Similar to the design of a helicity-
preserving cavity in Ref. [237], this construction enables the coupling of
plane waves incident normally onto the mirror to plane waves propagating
with a large in-plane wave vector component, which is associated with a
reflection with high degree of helicity-preservation.

To determine the optimal substrate thickness, we examine the helicity-
preserving (i.e., co-polarized) reflectance (cf. Egs. (4.72) and the discussion
of Eq. (4.83)) from the chiral mirror as a function of the substrate thickness.
For this purpose, we consider illumination with a plane wave from above
at 44.21 THz with an incidence angle of 83°, aligned with one of the first
diffraction orders. The overall dependence of the reflectance on the substrate
thickness is determined by the interference of the waves reflected from the
helix array and the bottom surface of the substrate. The effect is most
pronounced for positive helicity, to which the helices respond the most. The
highest helicity-preserving reflectance is obtained for negative helicity at a
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, , Figure 6.2: Co-polarized reflectance
for negative helicity as a function of
substrate thickness - The solid curve
shows the total helicity-preserving
= (i.e., co-polarized) reflectance from
the chiral mirror at 44.21 THz as a
function of the substrate thickness.

0.990

0.985

Co-polarized reflectance

\
0980 Total \\\ i The incident plane wave has nega-
==~ Specular 9 tive helicity and propagates at an

0 ; :1 angle of 83° to the surface normal,

aligned with one of the first diffrac-
tion orders. The dashed line repre-
sents the contribution of specular re-
flection, the non-diffraction-related
part of the reflectance.

Substrate thickness (um)

substrate thickness of d = 0.9 um, as shown in Fig. 6.2. The dashed curve
shows the specular reflectance, that is, the fraction of reflected power that
preserves the in-plane wave vector. The solid curve shows the total helicity-
preserving reflectance, including the power reflected into other diffraction
orders. Both quantities reach their maximum at approximately the same
substrate thickness of 0.9 um.

In accordance with the maximum of the total helicity-preserving re-
flectance, we choose d = 0.9 um in the following. For the resulting mirror,
we examine the helicity-preserving reflectance as a function of the incidence
angle to obtain a comprehensive picture of the directionality of the mirror’s
performance. To this end, we consider wave vectors in the k k,-plane with
k, = 0. Although the mirror is not rotationally symmetric (the mirror ex-
hibits approximately sixfold discrete rotational symmetry), the resulting
reflectance characteristic, shown in Fig. 6.3, does not depend substantially
on the direction of the illumination within the xy-plane. The reflectances
shown can be considered representative for any azimuthal angle of illumina-
tion. Larger angles of incidence are of particular interest, as they represent
the mirror’s ability to sustain cavity modes with large in-plane wave vectors
through successive reflections, harnessing the nearly helicity-preserving
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Reflectance

Incidence angle

Figure 6.3: Angle-dependent reflectance of the chiral mirror - Co-polarized
(solid curves) and cross-polarized (dotted) reflectance for illumination with
positive (blue) and negative (red) helicity at 44.21 THz as a function of the
incidence angle. An incidence angle of approximately 46.6° marks the onset
of the total internal reflection at the lower interface between the substrate
and vacuum. For larger incidence angles, a high degree of helicity-preserving
reflectance is maintained for incident waves with negative helicity. In con-
trast, the reflectance for positive helicity is suppressed, an effect of the array
of electromagnetically chiral helices. The dotted gray vertical line indicates
an incidence angle of 83°. Adapted from Ref. [P2], cc BY 4.0.

nature of these reflections. The helicity-preserving reflectances shown by
the solid curves in Fig. 6.3 exhibit a sudden increase at approximately 45°.
This behavior is due to the onset of TIr at the lower interface of the substrate
to vacuum. Specifically, TIR occurs at an angle of arcsin(1/4/¢) =~ 46.6". For
incidence angles greater than this value, a high degree of helicity-preserving
reflectance is maintained. Crucially for our purposes, a significant contrast
arises between the reflectances for positive and negative helicity, spanning
the entire angle range between the onset of TIr and grazing incidence. This
contrast is a manifestation of the array of em-chiral helices: For light of
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positive helicity, with which the helices strongly interact, the absorptive
nature of the helices takes effect. Furthermore, light incident on the array
at oblique angles greater than the TIr threshold of the substrate-vacuum
interface is partially diffracted into waves that propagate at smaller an-
gles of incidence, thus bypassing the TIr. Since the em-chiral helices—and,
consequently, the entire diffracting lattice—interact much less with light
of negative helicity, these effects barely impact the reflection of negative
helicity light. Thus, the array of helices introduces a loss channel that is
highly helicity-selective. It reduces the helicity-preserving reflectance for
positive helicity, in the most extreme case to values below 60 %, as seen in
Fig. 6.3. At the same time, the helicity-preserving reflectance for negative
helicity remains above 90 % across the entire range. The significance of TIr
for the mirror’s response is the reason for our earlier statement that the
refractive index of the cavity interior should not exceed that of the substrate.
Otherwise, the upper interface of the substrate would act as an additional
cause of TIR, which would significantly affect the response of the mirror
and render the previously performed optimization of the substrate thickness
ineffective. Helicity-converting, or cross-polarized, reflectances are small
for all incidence angles. Together, these characteristics enable the build-up
of resonant modes of nearly pure helicity supported by continual reflections
off the mirrors in the chiral cavity. We proceed with that discussion in the
next section.

6.2 Eigenmodes of the Chiral Optical Cavity

Finally, we consider a cavity constructed from two of the chiral mirrors
composed of an array of helices on a substrate, which we discussed in the
previous section, facing each other. A schematic representation of the cavity
is shown Fig. 6.4. As before, the mirrors—and thus the cavity—are considered
to be infinitely extended in the xy-plane. The cavity interior is modeled using
the relative permittivity of ¢ = 1.8912 introduced above, with the prospect
of a cavity filled with, for example, an aqueous solution of molecules. The
space above and below the cavity is considered as free space. We refer to
the distance between the two mirrors as measured between the midplanes
of the helix arrays, which determines the height of the cavity interior, as
the cavity length L.
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Figure 6.4: Schematic representation
of the chiral optical cavity - Chi-
ral optical cavity formed by two
facing planar chiral mirrors. Each
mirror consists of an array of elec-
tromagnetically chiral helices on a
substrate and is considered to be
infinitely extended in the xy-plane,
see Fig. 6.1. The mirrors are sep-
arated by a distance L, measured
between the midplanes of the he-
lix arrays, which we call the cavity
length. We vary the cavity length
to tune different eigenmodes of the
cavity into and out of resonance.
Adapted from Ref. [P2], cc BY 4.0.

To model the cavity, we leverage the S-matrix formalism of Section 4.2.
Specifically, we consider three different elements forming the cavity: The
first two, namely, the upper and lower mirror, correspond to one S-matrix
each, which we denote by S"P* and S™7, respectively. Each S-matrix is
computed as a stack of the elemental S-matrices introduced in Section 4.2,
which represent the optical properties of the periodic array of helices and
the substrate. The resulting combined S-matrix, as described in Eq. (4.80)
and the related discussion, represents the chiral mirror. We used such S-
matrices already for the computation of the reflectance of the single mirror
in the previous section. The third S-matrix represents the cavity interior.
It accounts for the phases picked up by the plane waves as they propagate
across the space between the two mirrors, see Egs. (4.77), and we denote it
by SPT°P,

Using the S-matrices that represent the mirrors and the cavity interior,
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we can describe a roundtrip of an electromagnetic wave inside the cavity.
We recall that an S-matrix maps the amplitudes and phases of a set of vPws
between the halfspaces surrounding the planar system it represents. As
discussed in Section 4.2, the in-plane (i.e., parallel to the planar structure)
wave vector components of vPws interacting with the infinitely extended
cavity are conserved up to multiples of the reciprocal unit vectors of the
hexagonal lattice, that is, up to diffraction by the array of helices. In what
follows, we consider an initial in-plane vector of k, = k), = 0, equivalent to
normal incidence, and the vPws corresponding to the associated diffraction
orders. We further truncate this set, since vPws with an in-plane vector
exceeding the wavenumber become evanescent. For the helix arrays in Sec-
tion 6.1, we chose a lattice constant close to the wavelength in the medium;
as a result, the first diffraction orders associated with normal incidence at
44.21 THz propagate at an angle of 83° to the surface normal. Consequently,
already the second diffraction orders are strongly evanescent and, hence,
negligible in the interaction between the upper and lower mirror which
will be separated by cavity lengths on the order of tens of microns in the
following. Therefore, we consider only vPws that are propagating in the
cavity interior for modeling a roundtrip inside the cavity.” At a frequency of
44.21 THz, which we consider first, this corresponds to seven different wave
vectors (one for normal incidence plus six for the associated first diffraction
orders of the hexagonal lattice). For each wave vector, two circularly polar-
ized vPws are included in the analysis, one with positive helicity and one
with negative helicity. Accordingly, the matrices that we work with below
are of dimension 14 x 14.

The S-matrix based representation of a cavity roundtrip is given by the

term
rt . glwr gPTOP QUpT oprop
St =SS TS Y S (6.1)

The subscripts of the S-matrices on the right-hand side indicate the common
propagation direction of the considered vPws before (right index; incoming
waves) and after (left index; outgoing waves) the interaction with the respec-
tive element of the cavity (cf. Eq. (4.75)). Starting at the lower mirror, the
right-hand side of Eq. (6.1) (read from right to left) represents: propagation
of the vpws through the cavity interior toward the upper mirror, reflection
from the upper mirror, propagation downward through the interior, and
reflection from the lower mirror, completing one full roundtrip.
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We obtain the eigenmodes of the chiral cavity from an eigendecompo-
sition of the roundtrip matrix S™. Each eigenvector v specifies a linear
combination of the 14 vpPws whose composition remains unchanged after a
roundtrip (i.e., an eigenmode), and the associated eigenvalue w; represents
the relative change of the common amplitude and phase of the eigenmode
after one roundtrip. An excited eigenmode experiences an indefinite series of
consecutive roundtrips as a result of the waves being reflected back and forth
between the two mirrors. Formally, this process corresponds to a geometric
series in the roundtrip matrix st

3 (s = (1 -5y (62)
r=0

where convergence to the term on the right-hand side is guaranteed since the
chiral mirrors are passive and exhibit nonvanishing (absorptive and radiative)
losses. Equation (6.2) describes the resonant enhancement (resp. suppres-
sion) of eigenmodes due to the constructive (resp. destructive) interference
of the contributions after each roundtrip. Importantly, the eigenvectors v; of
S are also eigenvectors of Eq. (6.2), and the geometric series can be evalu-
ated directly on the level of the eigenvalues w;. Thus, the relative (internal)
enhancement of a given eigenmode’s amplitude and its relative phase are
determined by 1/(1 — w;). The corresponding internal intensity enhance-
ment, proportional to the squared modulus of the eigenmode amplitude, is
given by

2
IE; :=

1

‘ ! (63)

1—w

We consider the internal intensity enhancement as a measure for how well
the various eigenmodes are supported by the cavity.

The internal intensity enhancement of the cavity eigenmodes is shown
in Fig. 6.5, evaluated as a function of the cavity length. Varying the cavity
length changes the phases accumulated by the waves during a roundtrip
and thus influences if the contributions of consecutive roundtrips in Eq. (6.2)
interfere constructively or destructively. It allows us to tune the various
eigenmodes of the cavity into and out of resonance, thereby providing a
comprehensive picture of the modal landscape of the cavity.
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Figure 6.5: Internal intensity enhancement of cavity eigenmodes as a function
of cavity length - Curves in the upper panel show the internal intensity
enhancement of the eigenmodes of the chiral cavity at 44.21 THz. Different
eigenmodes are tuned into and out of resonance as the cavity length changes.
The curves are colored according to the helicity of the respective eigenmode,
individually for every cavity length. Since the eigenmode helicity varies
only very little as a function of the cavity length, the curves appear uni-
formly colored. Two eigenmodes stand out as being of nearly pure helicity.
Compared at their respective resonance, the negative helicity eigenmode
exhibits a substantially larger intensity enhancement. Taken together, the
cavity exhibits a high dissymmetry, up to —0.94 at a cavity length of 16.34 um
(lower panel). Adapted from Ref. [P2], cc BY 4.0.
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Since our goal is to create a chiral cavity that is biased with regard to
helicity, we evaluate the helicity of the eigenmodes. To this end, we use
that each eigenmode is represented via their eigenvector v; by a linear
combination of the basis vPws, which we chose to be of well-defined helicity.
Therefore, we evaluate the helicity of an eigenmode as the average of the
vpws’ helicity weighted by the squared moduli of the respective coefficients
contained in v;,

i RS

2
2

A(v) = (6.4)
Here, A; € {+1, -1} denotes the helicity of the vPws j. Due to the normal-
ization, Eq. (6.4) is limited to —1 < A(v;) < 1, where the extreme values
correspond to an eigenmode composed of waves of a specific helicity, that is,
the eigenmode itself is an eigenfunction of helicity. A value of A(v;) =0, on
the other hand, indicates a balanced composition of positive and negative
helicity vpw, hence, the eigenmode is not biased toward either handedness.
To display the helicity of each eigenmode as given by Eq. (6.4), we color the
curves representing the modes’ intensity enhancements in Fig. 6.5 according
to the colormap shown on the side. The eigenmode helicity is evaluated
separately at every considered cavity length, however, it varies only neg-
ligibly as a function of the cavity length, resulting in a uniformly colored
appearance of the curves.

Two eigenmodes stand out as being of almost pure helicity, and the maxi-
mal intensity enhancements reached on resonance of the two modes differs
substantially. The first of these modes, represented by the red curve in Fig. 6.5,
evaluates to A = —0.987 and exhibits an internal intensity enhancement of
up to 6.6 x 10° on resonance at a cavity length of L =~ 16.34 um, while the
mode represented by the blue curve, with A = 0.987, exhibits an intensity
enhancement of 3.1 on resonance at L = 19.49 pm. To probe the chiral nature
of the fields associated with the two eigenmodes, we evaluate the optical
chirality density (or, equivalently for the monochromatic fields, the helicity
density) as given in Eq. (3.39). Figure 6.6 shows the optical chirality density
for the negative helicity eigenmode (left panel) and the positive helicity
eigenmode (right panel) in the cavity interior. The shown slice extends from
the helix array of the lower mirror (situated at z = 0) to the array of the
upper mirror (at z = L). In the direction parallel to the mirrors, the fields
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Figure 6.6: Optical chirality density inside the cavity - Both panels show a
slice (y = 0) of the optical chirality density of the resonantly enhanced fields
of an eigenmode, evaluated inside the cavity at 44.21 THz. The left and right
panels show the negative and positive helicity eigenmodes, respectively. Both
modes are tuned into resonance, corresponding to cavity lengths of 16.34 pm
and 19.49 ym, respectively, and are excited with unit amplitude. Note the
contrast of four orders of magnitude between the optical chirality densities
in each plot, indicated by the limits of their associated colorbar, which
demonstrates the substantially different resonant intensity enhancements
of both modes (cf. Fig. 6.5). Data originally published in Ref. [P2].

conform to the periodicity of the array. The optical chirality density is calcu-
lated using the resonantly enhanced fields of each eigenmode arising from
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3 Data shown in

Figs. 6.5 and 6.6 were
computed using a
passivated T-matrix as

well.

CHIRAL OPTICAL CAVITIES

an excitation with a unit amplitude from within the cavity. Both modes are
evaluated on resonance, that is, for cavity lengths of 16.34 pm and 19.49 um,
respectively. Nevertheless, the resulting values for the two modes are sep-
arated by four orders of magnitude, as indicated by the different colorbar
limits of the respective plots, which demonstrates the bias of the chiral cavity
toward negative helicity. Importantly, the resonant cavity lengths of the two
modes are separated, allowing us to choose the resonant cavity length of
the negative helicity eigenmode to maximize the bias.

To express the bias of the cavity toward one helicity—its chirality—which
is seen across the properties of its eigenmodes, by a single quantity, we
compute a weighted average of the helicity of all eigenmodes, where the
intensity enhancements act as weights. This quantity represents the helicity
bias arising in the combination of all resonantly enhanced eigenmodes,
assuming for simplicity that they are all excited equally. We refer to it as
the dissymmetry,

v 2 AIE; . 6.5)

Zi IEl
The dissymmetry is limited as —1 < y < 1, where, similar to before, extremal
values indicate a chiral cavity that exclusively supports eigenmodes of a
given helicity. Its dependence on the cavity length is shown in the lower
panel of Fig. 6.5. Related to the resonance of the negative helicity eigenmode,
the dissymmetry assumes large values; at L = 16.34 pm, it reaches y = 0.94.

Choosing the cavity length at 16.34 um, we consider the frequency de-
pendence of the cavity next. So far, we have considered a frequency of
44.21 THz, corresponding to the target frequency of the optimization of
the silver helices in Section 5.4. Since the silver helices exhibit their most
chiral and overall strongest response at that frequency (cf. Fig. 5.31), we
can also expect the cavity to be most chiral there. T-matrices of the helix
used to model the periodic arrays of the mirrors are interpolated from the
T-matrices evaluated at various frequencies, which were used in Section 5.4.
The interpolation is based on a pole expansion of the T-matrices of the helix
[S2] and allows us to sample the T-matrix at finely spaced frequencies at
relatively low computational cost. The pole expansion itself was carried out
by Jan David Fischbach. The interpolated T-matrices are passivated follow-
ing the procedure explained in Subsection 4.1.7.3 Although the passivation
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Figure 6.7: Internal intensity enhancement of cavity eigenmodes as a function of
frequency - Upper panel: internal intensity enhancement of the eigenmodes
of the chiral cavity with L = 16.34 pm as a function of frequency, showing
multiple resonances. The curves are colored according to the helicity of the
respective eigenmode, individually for every frequency. Below 43.88 THz,
the first diffraction orders of the helix array become evanescent. As we
move away from the optimization frequency of 44.21 THz toward higher
frequencies, the response of the silver helix becomes less chiral (cf. Fig. 5.31).
Accordingly, the contrast between the resonant intensity enhancements
of the negative and positive helicity eigenmodes decreases to one order of
magnitude. The dissymmetry of the cavity (lower panel) exhibits broader
features with less extreme values for higher frequencies.
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alters the T-matrices relatively on an order of 1072 to 1073, evaluated as per
Eq. (5.20), it considerably affects the intensity enhancements. For example,
the intensity enhancement of the negative helicity eigenmode on resonance
at 44.21 THz is approximately twice as large if evaluated using a T-matrix
without passivation.

The chiral cavity exhibits resonances of the eigenmodes with preference
for a given helicity at multiple frequencies, as can be seen in Fig. 6.7. Toward
lower frequencies, the first diffraction orders of the helix array propagate
at ever larger angles to the surface normal, until they become evanescent
at frequencies below 43.88 THz, rendering the array non-diffractive. The
eigenmodes with strong helicity preference can be seen to vanish at that
point, since they largely rely on the first diffraction orders, associated with
near-grazing incidence angles and their reflection with a high degree of
helicity-preservation. Toward higher frequencies, the contrast between the
peak intensity enhancements of the positive and negative helicity eigen-
modes decreases to about one order of magnitude. Simultaneously, the
helicity preferences of both modes as given by Eq. (6.4) decrease, from ap-
proximately +0.989 at the onset of diffraction down to —0.696 and 0.697,
respectively, at a frequency of 47.30 THz. This can be seen by the colors of
the two respective curves in Fig. 6.7, which fade toward higher frequencies.
Consequently, the dissymmetry, shown in the lower panel, reaches less
extreme negative values and is shaped by broader features resulting from
the broader resonances of the negative helicity eigenmode. This behavior is
consistent with our expectation based on the properties of the silver helices,
namely, that they respond more weakly and less chiral at frequencies away
from the target frequency at which they have been optimized, which in turn
affects the performance of the chiral mirrors.

Although the effect of the decreasing electromagnetic chirality of the
helices for higher frequencies is discernible in the data shown in Fig. 6.7, the
cavity eigenmodes remain collectively biased toward negative helicity in
the considered range. To demonstrate this fact and to connect the analyses
of Figs. 6.5 and 6.7, we evaluate the dissymmetry as a function of both the
cavity length and frequency. The data is shown in Fig. 6.8. Dotted lines
mark the parameter ranges considered in Figs. 6.5 and 6.7, respectively.
Repeated lines of pronounced positive and negative dissymmetry are visible,
following the trajectory of the positive and negative helicity eigenmodes.
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Figure 6.8: Dissymmetry of the cavity eigenmodes - Dissymmetry of the eigen-
modes of the chiral optical cavity under variation of the cavity length and the
frequency. High and low values of the dissymmetry follow the resonances
of the eigenmodes with largely positive and negative helicity. The dashed
horizontal line at 43.88 THz marks the onset of diffraction. The dotted hori-
zontal and vertical lines indicate the parameter ranges presented in Figs. 6.5
and 6.7, respectively. Arrowheads on the colorbar show the minimum and
maximum dissymmetry in the investigated parameter space. Colormap from

[154, 155].

The inverse relationship between the frequency and the cavity length of the
resonances is consistent with the resonance condition for the first diffraction
order inside a planar cavity or slab; for details, we refer to Eq. (7) and the
related discussion in [237]. For large cavity lengths, the curves asymptotically
approach the onset of diffraction, marked by the black dashed line. Markers
on the colorbar indicate the largest dissymmetries of either sign encountered
in the considered parameter space. They demonstrate the overall bias of
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the chiral optical cavity toward negative helicity. If targeting a narrow
frequency range, the cavity length can be tuned to utilize the maximum
possible dissymmetry.

Chapter summary - In this chapter, we have discussed the design of a chi-
ral optical cavity, which was originally published in Ref. [P2]. The cavity
combines helices optimized for a strongly chiral optical response with the
preservation of helicity associated with reflections at large angles of inci-
dence. Together, this combination gives rise to cavity eigenmodes that are
approximately eigenfunctions of helicity and biases the cavity toward one
sign of helicity. Below, we briefly summarize and discuss the most important
results.

First, we discussed mirrors composed of arrays of optimized electromag-
netically chiral helices on a substrate. TIR at the bottom of the substrate
results in a strong, helicity-preserving reflectance, and the helix arrays cre-
ate a significant contrast between the reflectances for positive and negative
helicity by introducing a helicity-selective loss channel. By using diffractive
arrays of chiral helices, the cavity targets modes with large in-plane wave
vector components, whose potential in terms of helicity preservation has
been discussed in previous publications. This choice distinguishes the cavity
from other planar chiral cavities discussed in the literature, which are often
designed for normal incidence.

We then examined the cavity formed by two of the chiral mirrors facing
each other. We utilized the S-matrix formalism to model the resonant build-
up of waves inside the cavity and analyzed the resulting eigenmodes of the
cavity. In particular, we calculated the internal intensity enhancement of
the fields associated with the eigenmodes, as well as their composition in
terms of helicity. The cavity supports eigenmodes with nearly pure helicity
and is strongly biased toward negative helicity, resulting in a contrast of
three orders of magnitude between the intensity enhancements of the two
modes at their respective resonance. Near the resonance of the negative
helicity eigenmode, the chiral cavity is characterized by a dissymmetry that
reaches 94 % of its theoretical limit, where 100 % corresponds to a perfect
preference for negative helicity. We presume that this strong dissymmetry
will be advantageous for potential enantioselective applications or for the
manipulation of chiral light.
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With regard to future work building on the results presented here, we
first point out aspects to be considered in the theoretical modeling: First, the
free-space excitation of the cavity’s eigenmodes is hindered, which we found
to be a consequence of the absorptive properties of the electromagnetically
chiral helices. This does not pose a limitation for applications that do not rely
on external excitation, such as when considering emitters within the cavity
that directly excite the cavity modes. For applications that rely on external
excitation, we propose excitation via evanescent coupling, or frustrated TIR.
Second, the analysis of the eigenmodes presented above considers waves
incident normally to the mirrors, as well as the associated diffraction orders.
An extension to other propagation directions and an investigation of the
angular dependence of the cavity provide a natural continuation of the
presented analysis.

In a next step, solutions of chiral molecules injected into the cavity and
their interaction with the cavity eigenmodes could be incorporated in the
modeling, with the goal of developing enantioselective applications. A com-
bination of our representation of the macroscopic cavity with quantum
chemical simulations of chiral molecules in a multiscale approach similar
to that in Section 5.2 holds promise for a comprehensive description of
such systems. Finally, verifying the applicability of the proposed design
requires experimental realization and characterization of the cavity. Regard-
ing feasibility, we again refer to the fabrication of helices with comparable
dimensions described in the literature [201-206], as well as to the ongoing
experimental characterization of a structurally similar, helicity-preserving
cavity [161, 239]. Additionally, Ref. [240] discusses the free-form optimiza-
tion of electromagnetically chiral scatterers, and objects with an em-chirality
comparable to that of the helices, with larger dimensions, have been iden-
tified. Such objects could ease the fabrication of the chiral optical cavity,
which in turn would enable the experimental testing of the cavity’s potential
for enantioselective applications.

In the final chapter of this dissertation, we recapitulate the most important
aspects of our various investigations into chirality in the interaction between
light and matter, in which we examined microscopic and mesoscopic objects
with different causes for their chiral response, extending up to a macroscopic
optical device in the form of a chiral optical cavity.
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7 Conclusions and Outlook

In this dissertation, we explored chirality in the interaction between light
and matter through theoretical and numerical analysis. We collected the
results of investigations of various chiral aspects, part of which we previ-
ously published in the literature, and we provided the fundamental concepts
enabling their explanation and the formalisms used for their modeling. Orig-
inal contributions to this thesis augment and extend these investigations.
Here, in the concluding chapter of this dissertation, we take the opportunity
to revisit our central findings and their implications, and to comment on
possible future work extending the scope of this thesis.

Summary - In Chapter 2, we introduce the description of linear optical media
in electrodynamics via constitutive relations. The constitutive relations link
the auxiliary fields to the fundamental electromagnetic fields, providing an
effective representation of the macroscopic properties of a medium arising
from the properties of its microscopic, molecular constituents. The structure
of the constitutive relations is used for a classification of linear media. The
chirality of a medium, which derives from its chiral molecular compounds, in
particular is represented by a designated chirality parameter that is related
to the cross-coupling between electric and magnetic fields in the medium.
We present two perspectives to motivate such cross-coupling, one related to
the microscopic origins of Maxwell’s equations, and a second considering
an effective description of nonlocal optical responses. The latter of these
perspectives emphasizes the finite spatial extent that electromagnetic fields
need to resolve to possibly appreciate the chirality of a microscopic object.

In Chapter 3, we discuss electromagnetic waves in chiral media. The
magnetic—electric cross-coupling affects the wave equations, which can no
longer be decoupled for electric and magnetic fields as is the case in achiral
media. Instead, the equations are decoupled for appropriate linear combi-
nations of the fields, which turn out to be the eigenfunctions of helicity—a
generalization of circular polarization handedness. Vector spherical waves
and vector plane waves of well-defined helicity are discussed as two sets
of solutions to the resulting Helmholtz equation. These solutions conform
to the geometries of spatially localized and planar, infinitely extended sys-
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tems, respectively, and facilitate the formalisms that we use to model such
systems. We recognize the relevance of considering electromagnetic waves
in the presence of chiral media with helicity in mind, linking the concepts
of helicity and chirality.

Chapter 4 introduces the formalisms that combine our formulation of
chiral media and that of electromagnetic waves and helicity presented in
the preceding two chapters to describe their interaction. The study of waves
scattering from spatially localized objects is facilitated by the transition
matrix formalism, which provides a full representation of the objects linear
optical response. For spherical particles, the scattering is solved analytically,
and for particles with arbitrary shape, we resort to scattering simulations
based on the finite element method. For the latter case, we introduce a
passivation scheme that eliminates artificial gain arising from the limited
precision of numerical simulations. Relations for the cross-sections enable
us to evaluate spectroscopically relevant quantities from the transition ma-
trix. For scattering from planar systems, we introduce scattering matrices,
which can represent elements such as interfaces between media or periodic
arrays of localized scatterers. When representing an interface, the entries
of the scattering matrix correspond to the reflection and transmission co-
efficients characterizing the interaction of a plane electromagnetic wave
impinging on the interface. We derive these coefficients for the general
case of an interface between two chiral media analytically, as well as the
related power transmission and reflection coefficients—the transmittance
and reflectance—which also represent spectroscopically relevant quantities.
Different scattering matrices can be combined to model complex stratified
media including periodic arrays of scatterers. Together, these formalisms
enable our various investigations of chiral light-matter interactions.

The chiral optical response of microscopic and mesoscopic systems is
the central theme of Chapter 5. Our focus lies in particular on the different
causes of the chiral optical response of such systems and their interplay. In
this regard, we first consider scatterers with a chiral geometry and made
of chiral media, and we illustrate using circular dichroism that the chiral
response of such scatterers arises from a combination of the two causes [P9].
We demonstrate that the total circular dichroism is correspondingly given,
within excellent approximation, by a superposition of two independent
terms, which separately represent a material and a geometric contribution.
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We discuss the isolation of these two contributions, where we particularly
take optical resonances of the objects into account. Pronounced optical res-
onances require particular consideration as they affect how the chirality
of the medium manifests in the response of the finite scatterer. Our results
highlight an intriguing realization: Fundamentally, the chirality of a geo-
metric shape and of the molecules constituting a chiral medium is in either
case just a symptom of the lack of spatial inversion and mirror symmetries.
Nevertheless, the contrast in the length scales associated with these two
aspects and their different representation within our formalism enables a
meaningful separation of their contributions to the total chiral response.
Taken a step further, this realization proposes the utilization of geometric
and material contributions as individual degrees of freedom to tailor chiral
optical responses.

Extending these findings, we demonstrate the efficient approximation of
transition matrices and of derived spectroscopic quantities for scatterers
under variation of the material chirality parameter. The results and their
discussion present a major original contribution to this dissertation. The
approximation is made feasible by the relative smallness of the chirality pa-
rameters of naturally occurring media. Despite this smallness, spectroscopic
quantities such as the circular dichroism strongly depend on the chirality
parameter: In our earlier investigation of the separate causes of a chiral
response, the medium and the geometry give rise to contributions on the
same order of magnitude. This renders the approximation of chiral quantities
disproportionately effective. Although we consider the possibility of such
approximation most useful for chirality-related spectroscopic quantities, the
approximation of quantities such as cross-sections yields equally excellent
results. For example, in scenarios where different ratios of the enantiomeric
composition of a chiral medium are considered, the approximation can
substantially reduce the amount of costly transition matrix computations
necessary. The evaluation of derivatives of the transition matrix with respect
to the chirality parameter as part of the approximation leads to another
interesting observation: We observe a pattern that distinguishes co-polarized
from cross-polarized entries of the transition matrix. This pattern hints at
intricacies of how chiral causes manifest themselves in the transition matrix
and, thus, the chiral optical response, suggesting an avenue for promising
future work.
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Next, we consider the chiral response of arrangements of small, achiral
metallic nanoparticles. The results of our modeling accompany the exper-
imental investigation of corresponding systems [P3]. They lead us to the
consideration of chirality as an emergent feature on mesoscopic scales,
arising solely from the chiral spatial arrangement of inherently achiral con-
stituents. At the same time, the chiral response exhibited by such systems
can be highly pronounced: Coupling between plasmonic resonances of the
nanoparticles facilitates strong circular dichroism signals and further lends
it a characteristic, bisignate spectral shape, akin to the signature of the
Cotton effect. We illustrate these aspects using helical arrangements of
nanoparticles, considering various distances between the particles. Chang-
ing the distance between the particles changes the coupling between their
resonances, the effect of which we not only see in our analysis of spec-
troscopic quantities but that we also evaluate directly based on a singular
value decomposition of the transition matrix. The strong chiral response
and its dependence on the configuration of the spatial arrangement provide
yet another promising platform for tailoring chiral optical responses. With
regard to the accurate numerical modeling of these and similar systems, we
demonstrate the significance of contributions of higher multipolar degrees
of the individual particles. Although the response of the nanoparticles in
isolation, as well as in the coupled arrangement, predominantly manifests in
dipolar contributions, the inclusion of higher multipolar degrees is essential
for computing the multi-scattering between the particles and, thus, for the
accurate prediction of the response in the coupled arrangement.

In the final section of Chapter 5, we demonstrate the optimization of a
small silver helix to maximize its chiral optical response. With a remark
on fundamental difficulties in quantifying chirality, we introduce the con-
cept of electromagnetic chirality, which represents a holistic measure of
an object’s chiral optical response and serves as an objective function for
the optimization. We explain the chiral response of the silver helix by its
simultaneous action as an electric dipole antenna and an electrical coil. A
perfectly electromagnetically chiral scatterer is characterized by being fully
transparent to light of one helicity and interacting exclusively with the other
helicity. Our optimized helix exhibits an electromagnetic chirality of 95 %
of this theoretical upper limit, providing us with a strongly chiral building
block for our next and final investigation treated in this dissertation.
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In Chapter 6, the final thematic chapter, we leverage the optimized electro-
magnetically chiral helices to design a chiral cavity, imprinting their strongly
chiral response onto the properties of a macroscopic optical device. The
cavity is formed by planar mirrors consisting of a diffractive array of these
helices on a substrate. Total internal reflection at near grazing incidence by
the substrate facilitates a high, helicity-preserving reflectance, and diffrac-
tion and absorption by the helix array introduce a helicity-selective loss
channel. As a result, the chiral cavity supports eigenmodes of nearly pure
helicity, but is strongly biased toward a specific helicity, characterized by a
contrast of three orders of magnitude between the intensity enhancements
experienced by the two eigenmodes at their respective resonance. Expressed
as a comprehensive dissymmetry, the chiral cavity reaches values as large
as 94 %, where perfect dissymmetry corresponds to a total preference for a
specific helicity. The proposed chiral cavity demonstrates how the chiral
optical response of a macroscopic structure can be shaped by the deliberate
design of its constituents. It provides the chiral electromagnetic environment
that could facilitate the enantioselective processes relevant to pharmaceutic
applications.

Future work - The study of chiral light-matter interactions constitutes an
ongoing contemporary research effort. Our findings contribute in this effort
by illuminating how different causes of chirality—separated by length scales
in reality and distinguished by their conceptual representation within the
formalism—influence the total chiral response of a given object. Further-
more, they contribute by giving examples of how the chiral response of
microscopic objects and macroscopic devices can be maximized. Several
aspects highlighted throughout our various studies provide starting points
for an extension of our findings in future work. We discussed these aspects
in the dedicated concluding parts of each thematic segment. Below, we
consolidate the lines of continuation that we deem most worthwhile.

We have demonstrated the approximate independence of geometric and
material contributions to the circular dichroism of a given object, and inves-
tigated the strong chiral responses in chiral, resonant assemblies depending
on their spatial arrangement. Together, these findings propose individual
degrees of freedom to be utilized for tailoring chiral optical responses. With
regard to numerical modeling, such studies are expedited by the efficient
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approximation of transition matrices accounting for the effect of different
dispersive material chirality parameters. Future studies could explore the
limitations of such an approach and utilize it for the intentional design of
chiral systems, building, for instance, on the work on nanoparticle assem-
blies combining different shapes that was initiated in Ref. [P3]. A related
investigation, which—following the opposite direction—explores how to
interpret an observed chiral response to gain insights into the geometric
composition of certain systems, is in progress at the time of writing.

Focused on the approximation scheme, aspects for future work are twofold:
First, testing its limitations and exploring potential refinements pose a nat-
ural extension of the work conducted here. Automatic differentiation is
expected to yield a more precise evaluation of the derivatives with respect
to the chirality parameter, which we approximated as finite differences, and
could decrease the amount of necessary full-wave simulations even further.
Since the quality of the proposed approximation is tied to the smallness
of the material chirality parameter, an investigation of its applicability for
media and systems with large manufactured chirality could consolidate the
approach with the conceptual research on, among others, strongly chiral
metamaterials [241-244]. Second, our observation of a pattern distinguishing
co-polarized and cross-polarized entries with regard to their dependence to
the chirality parameter proposes a comprehensive analysis of how different
causes of chirality manifest themselves in the transition matrix and, thereby,
shape the optical response of an object.

Several ideas for future work arise when considering the pole expansion
of transition matrices introduced in [Sz]. The pole expansion provides direct
access to the resonances of an object and their properties. Enabled with such
explanatory power, we might revisit the isolation computation of material
and geometric contributions to an object’s circular dichroism, in particular
focusing on the influence of pronounced optical resonances. Doing so might
eliminate the need for a geometrically achiral reference object, which we
relied on in the respective part of the analysis, and is especially relevant
given the lack of a general constructive recipe to obtain such reference.
Moreover, the pole expansion allows us to characterize the resonance under-
lying the strong electromagnetically chiral response of the helices optimized
in Chapter 5. Preliminary findings in this regard—not included in this the-
sis—could be expanded to the fundamental explanation of resonant chiral
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optical responses and facilitate the rational design of scatterers such as the
ones investigated here. The design of such scatterers not only enables the
highly helicity-biased chiral cavity reported in Chapter 6, but also serves as
a chiral unit in other studies that lie outside the scope of this dissertation.
Two such studies, exploring, in particular, chiral thermal emissions were
already published in Refs. [P1, P4].

In Chapter 6, we focused on the conceptual development of a chiral optical
cavity that leverages the strong chiral response of the helices targeted in our
optimization. Accordingly, our discussion considered the bare cavity and a
fundamental investigation of the electromagnetic environment constituted
by the cavity’s eigenmodes. The natural next step includes an experimen-
tal realization and characterization of the proposed cavity. Although we
provided general considerations regarding the feasibility of fabrication by
referring to structurally comparable elements realized previously, the ac-
tual fabrication of the proposed cavity will certainly face challenges that
are not considered in the idealized numerical modeling. Overcoming these
challenges will necessarily be the objective of initial work following that
direction. If the cavity has been successfully realized, the clear goal is to
explore its real-world potential for enantioselective applications. Ultimately,
this provided the initial motivation for our investigation. To aid this goal in a
joint research effort combining experiments and numerical simulations, the
inclusion of chiral molecules inside the cavity and their interaction with the
cavity eigenmodes needs to be incorporated into the numerical model. In our
study of chiral organic helices in Chapter 5, we introduced a multi-scale ap-
proach that unifies the quantum chemical simulation of molecular properties
with the formalisms describing electromagnetic scattering of mesoscopic or
macroscopic structures, similar to the approach developed in [245]. Such
multi-scale modeling presents the natural approach for the comprehensive
numerical consideration of chiral molecular compounds interacting with
the chiral cavity, enabling the conceptual development of enantioselective
applications with relevance in pharmacy and pharmacology.

The works collected in this dissertation reflect an ongoing engagement
with chiral interactions between light and matter. Throughout the various
investigations into chiral aspects and the examination of their underlying
principles, a fascination remained for how an unassuming geometric concept
that is as easily explained as observing your own hands in a mirror can exert
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an influence as profound as shaping the chemistry of life itself. Curiosity and
vital applications—aimed, for example, at the manufacturing and control
of medical drugs—alike drive us in our continued effort to understand and
manipulate chiral light-matter interactions. It is my sincere hope that the
investigations presented in this dissertation will prove a lasting, meaningful
contribution to this collective effort, and that this work, in some measure,
reflects the impact that engaging with these research questions has had on
me.
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A Vector Spherical Waves and Related Functions

This appendix collects useful relations for vector spherical waves (Vsws)
and the related functions that constitute them. vsws arise as solutions to
the vector Helmholtz equation expressed in spherical coordinates. Following
Ref. [67], they can be derived from the solutions to the scalar Helmholtz
equation,

(VZ + kz)f(r) =0,

which, in spherical coordinates, reads

10 6] 1 0 . 6]
3 (P2 ) + g (s )
2
maa?f(r) R FG) = 0. (Aa)

The separation ansatz f(r) = R(r)0(0)P(¢) yields the differential equations

dfZZCD((p) +m?d(p) = 0, (A.2a)
de
1 d/. d m2 ~
THQEQ (Sln0@6(9)> + (f(f + 1) — mze) @(9) =0, (Azb)
d% ( 2G%R(r)) + (K*r® —t(t + 1)) R(r) = 0, (A.20)

where the separation constants £ and m have been introduced [93, Section 4.1].
Solutions to Eq. (A.2a) are readily found as

D, (@) = ™. (A3)

Solutions to Eq. (A.2b) are given by the associated Legendre polynomials,
and, together, O(6)P(¢p) form the spherical harmonics, see Section A.2. Equa-
tion (A.2c) is solved by spherical Bessel and Hankel functions, which are
discussed in Section A.1. Joining these parts, the separation ansatz yields
the solutions given in Eq. (3.10).
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() and y,(x) are
alternatively referred
to as spherical Bessel
functions of first and

second kind.

Equation (A.2c) turns
into Eq. (A.5) upon
change of variables;

kr = x.

VECTOR SPHERICAL WAVES AND RELATED FUNCTIONS

A.1 Spherical Bessel and Hankel Functions

The spherical Bessel and Neumann functions, given by [92, Eq. (10.49.14)]

T
W) = —xt (—}C i{)g (<=5). (A.4b)

for nonnegative integer ¢, are solutions to

’ d My —
— +2x— +x° =+ 1)|z (x)=0. (A.5)

dx?2 dx

For real x, jy(x) and y,(x) are real-valued. Their complex-valued combina-
tions, the spherical Hankel functions of first and second kind,

B = oG + i), (A.6a)
WP (x) = jy(x) — iy (), (A.6b)

also solve Eq. (A.5). For a joint notation, we define z{gn) as
Doy Aoy D0 O g

These functions satisfy the recurrence relation
2t+1
z§")1 (x) + zg?l (x) = Tz§")(x). (A.8)
Their derivative can be found to be

t+1
—zﬁ(x) =7 - ——1" (). (A92)

14
(n)(x) —zgfl (x) + }zgn)(x). (A.9b)
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SCALAR AND VECTOR SPHERICAL HARMONICS

The asymptotic behavior of the spherical Bessel and Neumann functions for
small (complex) arguments is given by

L

Je(x) ~ m (asx — 0), (A.10a)
Ye(x) ~ —% (as x = 0). (A.10b)

The asymptotic behavior of hgl) and hgz) for small arguments is dominated
by Eq. (A.10b). For large arguments,

el
hgl)(x)N( i) i
X

(as x — o0), (A.112)

) if+ .
hy”(x) ~ —e™  (as x — o). (A.11b)
x

A.2 Scalar and Vector Spherical Harmonics

In the following, we introduce the associated Legendre polynomials, which
are subsequently used to construct the (scalar) spherical harmonics as well
as the vector spherical harmonics (vsHs).

A.2.1 Associated Legendre polynomials

Definition - The associated Legendre polynomials P are solutions to the
associated Legendre equation,

2

d? d m

ix (A.12)

For m > 0, they can be written in terms of the (regular) Legendre polynomials
P, (solutions of Eq. (A.12) form = 0; P, = P,ZO) as

m m
2

- 2
P'(x) = (=1)" (1 - x?) dmee(x),
which, by using Rodrigues’ formula, leads to the explicit expression

dl’+m 0
P (x2 - 1) .

(A.13a)

o= CO (1)

Sl (A.13b)

193

Equation (A.2b) turns
into Eq. (A.12) for

x € [-1,1] upon
change of variables;
cosf = x.

Consistent with

[42, Eqgs. (3.49-50)],
[101, Eq. (B.2)],

[246, Eq. (A.3)],

(247, Eq. (15.80)],

[92, Egs. (14.7.8)

and (14.7.10)].

Differs by (—1)™ from
(89, p- 401],

[93. Eq. (4.25)].
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Consistent with

[42, Eq. (3.53)],
[101, Eq. (B.1)],
[246, Eq. (A.2)],
(247, Eq. (15.137)],
[92, Eq. (14.30.1)].
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Equation (A.13b) is valid for —¢ < m < . Above definition of the associ-
ated Legendre polynomials includes the Condon-Shortley phase (—1)™ [248,
Chapter 3]. While Eq. (A.12) is indifferent to the sign of m, Eq. (A.13b) estab-
lishes the proportionality between the solutions for negative and positive m
© (t—m)
&+ m)!

which also allows to obtain Py* for negative m from those for positive m.

Prm(x) = (~1)" PI(x), (A1)

Orthogonality and normalization - For a fixed m, P{" satisfy the orthogonality
and normalization relation

2 (+m)

1
m m —
J_l dx PP (x)P{M(x) = Tyt (A.15)
Parity - The symmetry of P{" with respect to x = 0 is given by
PP(—x) = (—1)(_’"P§”(x). (A.16)
A.2.2 Spherical harmonics
Definition - The spherical harmonics Y, are defined as
V) e LM e A7)
L) = cosB)e"™?. 1
tm' ¢ 4w (Lrm) 7
From Eq. (A.14), we find a relation between positive and negative m,
Yo m(6:0) = (=1)"Yg, (0, 9). (A18)

Orthogonality and normalization - The spherical harmonics satisfy the or-
thogonality and normalization relation

where we have introduced the shorthand notation [[ dQ = fozn de fg[ sin 6do
and §;; is the Kronecker delta.
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Completeness - The completeness relation for the spherical harmonics is

i Z{: Y (07,0 )Yy (8, 0) = 8(p — ¢")5(cos 8 — cos 6”). (A.20)
=0 m=—¢
Parity - From Eq. (A.16) follows the behavior of Y;,, under parity as
Yo (t — 0, ¢ + 1) = (—=1)!Y,,(0, 0). (A.21)
A.2.3 Vector spherical harmonics

Definition - In Eq. (3.21a), we defined, for £ > 1,

1 1
Xm0, ) == ———=~1xVY;,,(0,9)
e(e+1)! (A.22a)

=iy, (iﬂ{”(cos 9)9 —17"(cos 0)([)) elme.

We further define
i
Vi (0, 0) = ———=rVY,,,(0,0)
" Jievy " (A.22b)
=7 x Xy (0, 0),
and, for £ > 0,
Win(0.9) = Yy 0. 9. (A.220)

We recognize the right-hand sides of Egs. (A.22b) and (A.22c) in Eq. (3.21b).
For the second line of Eq. (A.22a), we introduced

] 2+l (t-m)
o™ \/47”’(1’ +1) (C+m)’ (A.23)
) = :7%(;:2)’ (A.24)

77 (x) = %Pf’(cos 0)

(A.25)

cosf=x

Collectively, X, Vi, and Wy, are called vsHas. On a given spherical surface,
parametrized by the angles (0, ¢), X;,, and Vj,,, are tangential to the surface
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Consistent with

[42, Eq. (9.119)],

[101, Eq. (118)];

X(m = Yl(m

[247, Eq. (16.88)];

X(m = .iY(mle’

Vim = 1Y€mBm€’

W(m = iy{m {(K + 1)Pml
[246, Egs. (C.16-18)].
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and mutually orthogonal, while W;,, is normal to the surface. Together, they
form a complete basis for vector fields on the unit sphere.
From Eq. (A.18) follow

Xo—m(0.0) = (-1 X560, ), (A.26a)
Vi-m(0.9) = (=1)"1V; (6, 9), (A.26b)
Wi (0. 9) = (=" 1W;,(6, ). (A.26¢)

Orthogonality and normalization - The vsHs satisfy the orthogonality and
normalization relations

J’J’ d.Q X;m/ (9, (p) . Xgm(g, (p) = 55{/ 5mm/ N (A27a)
JJ dQ Vé’:m; (9, ql)) . V(m(e, ql)) = 5{(/ 5mm/ s (A27b)
J dQ W;:m/ (9, q)) . me(e, (p) = 5({/ 5mm/ 5 (AZ’]C)
J] dQ X, (0,¢) - Vy,(6,0) =0, (A.27d)
and, identically for all (6, ¢), the even stricter
X;m/ . me = Xffm/ . W{m = 0, (A27e)
V;m/ . me = ‘/Elml . W{m = O, (A27f)

for all ¢,¢',m,m’. Equation (A.27c) follows immediately from Eq. (A.19);
Egs. (A.27€) and (A.27f) follow from the fact that X,,,, L rand V;,, L rby con-
struction, which also allows to derive Eq. (A.27b) directly from Egs. (A.27a)
and (A.27d).

Parity - From Eq. (A.21), we find that X,,, has opposite parity as compared
to the other two vsHs:

Xp (= 0,0 + 1) = (—1)'X,,,(6, ), (A.28a)

whereas
Vi (1t — 0,0 + 1) = (=1)1V,,,(6, 0), (A.28b)
Wy, (1t — 0,0 + 1) = (=)W, (0, 9). (A.28¢)
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Divergence and curl - For vector fields given by one of the vsHs scaled radially

with some scalar function f(r), their divergence is given by
V- [f (") Xm0, )] = 0,
. 1
V- [fVin(0. )] = =iVt + 1) f()Y (0. ).

V- OWon0.00] = 1 550+ 210 YO0
and their curl by
V% [fOXin @) = (5500 + 1 F0)) Venl0.)
4 D Wi 0.0),
V5 OVenl0.00] = = (55O + 20)) Xun©.).
VX[ FOWeu 0. 0)] = VD F0)Xen 0,0,

A.3 Vector Spherical Waves

(A.29a)

(A.29b)

(A.29¢)

(A.30a)

(A.30b)

(A.30¢)

In this section, we introduce the vsws, solutions to the vector Helmholtz
equation expressed in spherical coordinates, which feature the vsus dis-
cussed in the previous section. We also provide relations linking spherical

and plane waves.

A.3.1 Definition and useful relations

Definition - We define the vsws

ME(F) = 2 k1) X 6. 9),

zgn) (kr)
kr

1d
T\/'e(n?(r) = (k d—rz,gn)(kr) + ) Vim0, 0)

z(n)(kr)
+e+ 1) o Win(0.9),
r

(A.31a)

(A.31b)

197

Consistent with
[101, Egs. (11)].
Mf(ril) = iRgM£m>
3 .

M((m) = IM'Zm’
and analogous
relations for M(,',',)
[246, Eqs. (C.14-15)],
[117, Egs. (778‘)]‘~

m+|m|
M = ()" (M)

e|mle
+1i Sgn(m)M((JT,iu)iYumr
and analogous

relations for N,Z(,Z)
[93, p. 87fE].
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which solve the vector Helmholtz equation, (V2 + kz) F(r) = 0, conveniently
expressed in spherical coordinates. Additionally, we have the solutions

1
A0 = 7 (Ng? ) = M) (A32)
which are Beltrami fields,
VxAD (1) = kAL (r). (A.33)

Parity and helicity - Me(,r;l) and Nf(,')? are eigenfunctions of the parity operation,
or spatial inversion, and Eqgs. (A.28) yield

Mgrlz)(_’") = (‘DEM&)(V), (A.34a)
NI (-r) = (D IND ). (A34b)

As a consequence of Mg:l) having opposite parity from Nf(rrrll)’ the linear

combinations A,gzl) +and Agln)’_ are not eigenfunctions of parity, as spatial
inversion (r — —r) relates the two:
AP (1) = ~DFAD ). (A.35)

Instead, they are eigenfunctions of the helicity operator with eigenvalues
+1, which follows from Eq. (A.33) after division by k,

1

k
Accordingly, Eq. (A.35) demonstrates a result of spatial inversion and helicity
anticommuting.

Vx A" (1) = £AD (). (A.36)

m, tm,x+

A.3.2 Far field pattern and radiation condition

Far field - We use Eq. (A.11a) to derive the asymptotic behavior of the vsws
far from the origin, kr — oo.

) eikr
Mf(l::’l)(r) ~ (D)™ X (6, (P)W (as kr — c0), (A.37a)
3) ~ eikr
N, (r) ~ (=1)"Vy, (6, qo)ﬁ (as kr — ). (A.37b)
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We call the angular dependence in front of the common e/ /kr factor the far
field pattern of the vector fields. For the helicity eigenfunctions, we obtain

A ID m 0, [ )( ‘9 (p as k’ — 090). ASE;

Xom = XQ 0+ Xm(p, (A.39a)
where
Xfm(ﬁ, ®) = —Yym7y (cos 0)elme, Xfm(Q, ¢) = —iyp, 17" (cos 0)elme,
and
Vem = Xe P — 9, (A.39b)
Eq. (A.38) reads

ikr
AD) () ~ T( £ i)~ (-iX0,0.0) £ X0,0.0)) T (as kr — o)

=é.(F)
(A.40)
and we recognize the circular polarization vectors defined in Eq. (3.18). Thus,

we find that, while the polarization of the helicity eigenfunctions Agnz !
not generally easily described, in the far field the waves appear mrcularly
polarized again, locally at every (6, ¢).

Radiation condition - Equations (A.37) and Eq. (A.38) allow us to verify that
the vsws satisfy the Silver-Miiller radiation condition [249, Eq. (7.90)]. For
a solution to the vector Helmholtz equation F(r), it reads

lim r[r x [V x F(r)] + ikF(r)] = 0, (A.41)
r—oo

or, equivalently, in little-o notation,
FX[VxF@r)]+ikF(r)=o(r™"). (A.42)

Recalling Egs. (3.12¢) and (3.13) and inserting Eqs. (A.37), which represent
the O(r_l) contributions to the fields, we find that all terms cancel out.
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Using the same arguments, we find that Mﬁ), M(ri), and Agfn)’ . satisfy the
modified radiation condition for incoming radiation, which is obtained by

replacing k — —kin Eq. (A.41) or Eq. (A.42).

A.3.3 Translation coefficients

A vsw can be expressed in terms of vsws evaluated at a different position,
expanding it in vsws centered around a different origin. For matching
superscript n [101, Eq. (C.2)],

) I
AR =Y Y (AN =) £ Bl 4 = 1)) AL, ().

v=1m=—t
(A.43)
Additionally, outwards radiating fields (n = 3) can be expanded in regular
(n = 1) fields by [101, Eq. (C.3)]

oo v
Ag?,i(’") = Z Z (AE?,)n,’fm(r -r’)+ Bg,g%,’fm(r - r’)) Ag,l,)n,,i(r’).

U=1m'=—v

(A.44)
Note that these expansions do not mix vsws of opposite helicity eigenvalues,
a consequence of the fact that helicity is invariant under translations. For

both relations, the translation coefficients for vsws [250, 251] are given in
Egs. (C1) of Ref. [101] as

200+1 20+1
v +1)et+1)

. T 4
X Z ir [2p + 1z§,")(kr)Yp,m_m/ 6, 9) (m —m _mﬁ m,) (A.452)

P

Agl,)n,,(m(r) = (—l)mig’_f\/n

e vop r(pr
x(o 0 0)[E(E+1)+{’({’+1)—p(p+1)],
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and

) mt—t | 2041 20+1
By, r)=(1)"1 M <
vme im(r) = (21) \/ ¢ +1) 6t + 1)

. 4 14
X ; iP [2p + IZ;")(kr)Yp,m—m’ 0, 9) (m , —mf— m') (A.45b)

—m

x(é g pgl)\/[(e+z'+1)2—p2] [p? - (- )?],

with the sums running over all values p for which the Wigner 3j symbols
[252][92, Section 34.2] are nonzero [101]. For convenience, we define the
translation matrices C((r) with entries

ot @ = 61 (AL ) + ABED, (1)) (A.46)
For n = 1, the translation coefficients in Egs. (A.45) satisfy

Ag’l%’,t’m(r = 0) = Spp: Sy BE},)”r,{m(r =0)=0. (A.47)
Hence, Eq. (A.43) is trivially satisfied for r = r’. Additionally, we find their
behavior with regard to parity for real wavenumbers k to

A (1) = (A (r)) Bl (1) = (Bl (1) - (A.8)

Equations (A.47) and (A.48) follow from the explicit expressions in Egs. (A.45)
using Egs. (A.18) and (A.21) for the spherical harmonics and Eq. (A.10a) for
the spherical Bessel functions, together with properties of the Wigner 3j
symbols found in Sections 34.2 and 34.3 of Ref. [92]. For the matrix C(l)(r),
Egs. (A.47) and (A.48) yield

O =0)=1, () = (CVM)". (Ago)

A.3.4 Rotations of vector spherical waves

Rotations of vsws are expressed in terms of Wigner-D-matrices [253, 254].
We represent a general rotation by the three Euler angles ¢, 5, and y. These
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correspond to three consecutive rotations around the axes of the unaffected
coordinate system (i.e., extrinsic rotations) following the sequence z-y-z.
Applied to a vsw, such rotation is represented by [91, Eq. (2.66)]

R, f.y)AG) (RN, B.y)r) = Z (@ B AN (), (As0)

where

R(a, f.y) = Ry (@)R(P)R,(y) (A.51a)

and

cosa —sina 0 cosf 0 —sinf
R(a)=|sina cosa 0], Rfa)=( 0 1 0 . (A.51b)
0 0 1 sinff 0 cospf

Note that the order in which the three elemental rotations are applied is
determined by Eq. (A.51a) from right to left, that is, the first rotation is about
an angle of y, the second about f, and the final one about . As can be seen
from Eq. (A.50), rotations only mix vsws of different multipolar order m,
while the multipolar degree € and the helicity eigenvalue remain invariant.

A.3.5 Conversions between spherical and plane waves

Integral representations of spherical waves - From Refs. [255, 256] we get the
integral representations for the regular vsws,

MOy = L ﬂ 4y X (B 1) (A.52a)

(1)( ) =

H A% Vin Ok, o )e* ™, (A.52b)

where k = kk, with k being the wavenumber implicit in the vsws (the
parameter appearing in the vector Helmholtz equation) and k the radial unit
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vector corresponding to (6, ¢¢). Recalling their definition in Egs. (3.17), we
can hence express the vsws in terms of the vector plane waves (VPWs),

4
M) = [[ ao ( ot ""”’“)Nk<r>+x‘”j;’$’f’§’”‘)M,;(r>), (55

_yt
N,Z(;l)(r) = JJ dQy (WN,‘C(V) + Xfm(ek’(mc)Mk(r)) . (A.53b)

4qrit—1 4qit

For the radiating vsws, the integral representations are given, for z > 0, as

M(s)( )= 1 dk, dk Y % 6 e N
2mit R? §k 1Ok Px)e (A.54a)
dk, dk
) = ! Xy ik-r
Ni (1) = 2mit~1 '”]RZ k Vi Ok o)™ (A.54b)

For z < 0, Egs. (A.34) may be used. Here, k = kk = (k, ky, sgn(z)?)" in Carte-
sian coordinates, where { :=  [k* — k% — k% with arg { € [0, 7). The angles
(6, ¢r.) are determined by

sgn(z
%)g s Ok = atan2(ky, kx>. (A.55)

cos O =
The combination sgn(z){ ensures that only waves, which exponentially decay
with increasing distance to the xy-plane, contribute in the respective half-
spaces z 2 0. For positive z, the integral measure of Egs. (A.54) is alternatively
expressed as

dk, dk,, i
H = sgn(z) J dey J sin 6. d6y , (A.56)
R2

k

with the integration contour for 6 shown on the side. For z < 0, the bounds
of integration for 6 are (7, 5 + ic0), the corresponding contour again passing
through 7. Note that functions depending on 6 have to be evaluated in terms
of their analytic continuation, since the angle is now generally complex. The
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unit vectors in Eq. (3.16) behave accordingly. Writing Eqgs. (A.54) in terms of
vPWs yields

dk, dk, (—x? (6 ¢ (6,
MO @) = HR ( XonCho 0y 1) Xfmi;_iw M,;<r>) ’

2mit 2
(A.572)
dky dky (X5 Ok 0k) ~ X ks 9)
(3¢, — x Ty [ Aem\k i) 5 tm\V Ok) 5
(A.57b)

for z 2 0. Figure A.1 shows the result and discusses the limitations of using
Eqgs. (A.57) to numerically approximate vsws by superpositions of vPws.
For their corresponding Beltrami fields, Eqs. (A.53) and (A.57) give

X‘P _ vy
AD . = ﬂ ko( o 01) XEm(‘?k,fﬂk)) AL (A58)

4mit-1 4qrit

and

) Ap (). (As9)

Atms = Ck 2mit-1 27t

For completeness, we also give the integral representation for the scalar
spherical waves, defined in Eq. (3.10), [256, Egs. (3) and (19)]

A® ﬂ' dk, dk, (Xfm(gkﬂﬁk) N -Xg (O o)
]RZ

1 .
Jom W) = oy J] A Yo (O o )e* T, (A.60a)

(3) 1 dky dky ik
fz (r)= Py J] ) Tng(ek, or)e™ T, z>0. (A.60b)
R

Two-dimensional lattice sums - We can expand the combined field of a two-
dimensional periodic arrangement of singular vsws in vPws based on
Egs. (A.57). As discussed in Fig. A.1, numerically approximating a single
vsw suffers from artifacts due to the discrete evaluation of the integrand in
Egs. (A.57). However, the naturally arising pattern of such discretization is
precisely that of periodically repeated vsws. The expressions given here
are equivalent to Egs. (34) and (E.5) of Ref. [101].
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Approximation Direct evaluation

Figure A.1: Approximation of a vector spherical wave using plane waves -

The plots show Re Nf(,i) - y, the real part of the out-of-plane component,
evaluated in the xz-plane for £ = 2 and m = —1. The bottom panel and the
detail view in the top left panel show the result of using Eq. (A.57b) to
numerically approximate the vector spherical wave. The integral is approxi-
mated as a Riemann sum, sampling the integrand at 10 201 points; 101 points
equidistantly distributed in the range [—2.15k, 2.15k] for k, and k, each. A
comparison with the directly evaluated vector spherical wave shown in the
top right panel highlights the excellent agreement of the fields obtained near
the origin. However, as a result of the equidistant sampling of k,, k,, the
approximated field repeats periodically in the xy-plane with periodicities
21t/ Ak;, where Ak;, i € {x, y}, are the sampling step sizes. Such an artifact of
the approximation is visible on the right of the extended bottom panel as
a perfect replica of the spherical wave pattern. Colormap from Refs. [154,
155].
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We consider a two-dimensional lattice L, = {n,a; + nya, |n{,n, € Z} with
basis vectors g; in the xy-plane. We denote its corresponding reciprocal
lattice as L;. The derivation makes use of the Poisson summation formula

[101, Eq. (E.3)],

T kR % T 50k - G), (A61)

ReL, GeL;

with A being the area of a unit cell. Lattice sums over periodically repeated
singular vsws then become

(3) ik R _ 27
Y My =Ryt =2 Y

1
. T (= XG0k, 0N (r)
ReL, (kok,)eLs+k}

+iXg, (O pOM(1)) .
(A.62a)

e 21 1 /.
Y N =R = 3 o (X N )
ReL, (kok,)eL;+{k}
- X0, O oM(P))
(A.62Db)
and
ik - 27 1
> AL r-ReR =Y %
ReL, (kx,ky)EL;*F{k”}

x (X Ok @) F X0 O 1)) AL (). (A63)

In the equations above, kj is a vector in the xy-plane, which determines the
relative phase between different unit cells by means of the exponential on
the left-hand side, akin to a Bloch phase. The sum for (kx, ky> runs over

Ly +{k} ={G+ k|G e L3} (A.64)

(kx, ky) determine k and { as defined right before Eq. (A.55).
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Spherical wave expansion of plane waves - Using the expansion coefficients
of plane waves given in Ref. [117, Egs. (16) and (17)] allows us to write the
vpws for real k in terms of vswss, after adjusting for differences in notation,

o £

M) =4y 3 it (<X, G NG, () + X (B oMy, (1))
=1 m=—t
(A.65a)

Ni(r) = 4nzl _Z_E (X0 G 0ING,) () = iXE, O M, () )
(A.65b)

Consequently, we find

k+(r>—4n2 3 (Xor O 1) 7 X0, G 00) A (), (A.66)

=1m=—t

which is equivalent to Eq. (31) of Ref. [101]. Note that the vPws are regular
everywhere and, accordingly, only the regular (superscript (1)) vsws are
suitable for the expansion.

For completeness, we add the expansion of a scalar plane wave, known
as the Rayleigh expansion,

00 £
r=an >N k)Y O k) Yom (6. 0)

=0 m——t’ (A.67)
= 4n Z Z 117, O 0 fD ().
=0 m=—¢
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B On Different Expressions of Electromagnetic
Helicity

In Section 3.2, we discuss the helicity of electromagnetic fields. Two dif-
ferent expressions for the electromagnetic helicity are given, one obtained
as the Noether charge associated with the duality symmetry of Maxwell’s
equations, Eq. (3.30), and the other obtained as the expectation value of the
helicity operator using the conformally invariant scalar product for free
electromagnetic fields, Eq. (3.37). Here, we derive the equivalence of the
two different expressions. Such equivalence was already reported in Ref.
[83], starting from the expression of the expectation value and considering
complex fields (i.e., their positive frequency restriction, or analytic signal)
in particular. The transition between fields and potentials followed after
introducing their relationship involving time derivatives. Here, we approach
the demonstration of equivalence the other way, starting from the Noether
charge involving real-valued fields. We relate the potentials to the fields via
their curl, the operator deeply embedded in the dynamical consideration of
helicity, and make use of the Helmholtz decomposition. The first step was
already made in Eq. (3.32) and we continue in Section B.2. In the process,
we identify the representation of the helicity operator acting on plane wave
components, which we introduce first. We consider the fields in vacuum
and note that a homogeneous, isotropic, achiral, nondispersive, and lossless
background medium can be accommodated for by replacing the constants
of vacuum, &, 14y, and ¢;, accordingly.

B.1 Preliminaries

Solutions to the vector Helmholtz equation can be represented by continuous
superpositions of monochromatic plane waves. We introduce such represen-
tation for real-valued solutions and define the plane wave components of
the fields. We briefly comment on complex-valued fields in Section B.2, for
which these considerations could be readily extended.
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1 For the spatial
Fourier transform, we
choose the opposite
sign convention for the
exponential functions
as compared to

Egs. (2.9).

2 The restriction
imposed by ¢;lk| = |o|
is called the on-shell
condition. For fixed w,
it restricts the domain
of integration in

Eq. (B.1) to a sphere of
radius w/c.

ON DIFFERENT EXPRESSIONS OF ELECTROMAGNETIC HELICITY

Plane wave components of real-valued solutions to the Helmholtz equation

We consider the Fourier transform F(r, w) of areal-valued field F(r, t), related
by Egs. (2.9). For suitable functions, we express such fields via their three-
dimensional Fourier transform with respect to the spatial variable r as’

. 1 .

For,v)= —= HJ- 43k Rk, w)elk”. (B.1)
NZaLe

For fields that satisfy the vector Helmholtz equation in free space, where

the wavenumber k = w/c, in Eq. (3.8), we have

AT, 1 3 2 @ ikr
0 T R3 0

Kk, w) may be nonzero only for ¢j|k| = |w|. Consequently, we restrict?

Flk,o) = E [6(0 — cokDE(R) + (0 + o kDF*(—K)],  (B.3)

where the prefactor has been chosen for convenience. The form of the right-
hand side above is fixed by the conjugate symmetry of F(r, ) with respect to
w, which is a consequence of the field being real-valued in time domain. After
applying the inverse Fourier transform to Eq. (B.1) and inserting Eq. (B.3),
we obtain the original field as

F(r.1) = ZJ;S I " o m K [8(0 - ¢ K F(k)
T —00 R3
+ 8(w + colkF* (k)] etfer—iot

1 3 icglklt o e paicoklty sk (B4)
N e

1 (1 3 Jﬂ d3kF(k)eik‘r_iCO‘k|t + c.c.) .
2\ 2" s

The shorthand notation “c.c.” is introduced to denote the complex conjugate
of the term preceding it and Re{-} = %( + c.c.). Without taking the real
part, the integral in the last line yields the analytic signal of F(r,t) [68,
Section 10.2]. Identifying the exponential as monochromatic plane waves
with wave vector k and nonnegative angular frequency cylk|, we call F(k)
the plane wave components of F(r,t).
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DEMONSTRATION OF EQUIVALENCE

B.2 Demonstration of Equivalence

Equations (3.30) and (3.32) give the helicity of the free electromagnetic field

=
|

2

E%)[ [[[RS Br J -UW B <co B(r,t) |£V_’ :/|B(r', 0] (B.s)

1 E(r.t)- [V x E(r’,1)]
+¢t " )

a ([ g I
- HLfl r (oA(r,1)- B(r,t) = g 'C(r, 1) - E(r.1))

To obtain the second line, we use the Helmholtz decomposition of the vector
potentials in Eqgs. (3.31). Focusing on the part of the integrand containing
B(r,t), we introduce the plane wave components using Eq. (B.4).

Bl ) [V =B 0] = 4(217[)3 J'J'J]Rz K I”m d3k'{ (B.6)
(B(k)eikr—ico\klt + C_C_) . (ik’ x B(kl)eik/.r’—icolk’h 4 C.C.) }

where we have applied the curl. In Eq. (B.5), h.,,, Was obtained as the con-
served Noether charge associated with the duality symmetry. As such, it is
time-independent, that is, d%hem = 0. This allows us to significantly simplify
the product inside the curly braces of Eq. (B.6), as only terms without the
time-dependent exponential may contribute. In the derivation this may be
enforced by averaging h.,, over time, which, for a constant, does not change
its value. The time average removes all time-dependent terms from the inte-
grand and only allows contributions for |k| = |k’|. Furthermore, only two of
the four terms obtained after expanding the dot product in the second line of
Eq. (B.6) are time-independent, and we find them to be complex conjugates
of one another. For the term inside the curly braces, this yields

{} — B*(k) . [ik' % B(k’)] eik’-r'—ik-r +eoc. (B7)

211



ON DIFFERENT EXPRESSIONS OF ELECTROMAGNETIC HELICITY

After inserting Egs. (B.6) and (B.7) and analogous terms for the E-part of the
integrand into Eq. (B.5) and changing the order of integration, we find that
hep, depends on

ik’-r’—ik-
[ o [ e <[ oo [ a2
wo W = T PR

(B.8)
where the right-hand side follows after a change of variables, r” =r" —r.
The first integral on the right-hand side yields (21)36®)(k — k’), and we
recognize the second one as the three-dimensional Fourier transform of the
function 1/|r| (up to prefactors), which can be readily solved in spherical
coordinates:

47 ,
M,KR |r| —W[l—COS(Ik IR)] . (B.9)

Inside Eq. (B.5), we let R — oo and use the Riemann-Lebesgue lemma to
drop the cosine term. Collecting all terms, we find

g s 5., 22183 (k - k)
fem = JCamyt Hw ek MRS ek Ik’ |2 {
coB* (k) - [ik” x B(k")] + g E* (k) - [ik’ x E(k")] } +ec.

_ ?MN Gj”z' { 2 (k) [|k| xB(k)] LB [|k| xE(k)]} +ee.
(B.10)

Finally, we express (N}t(r, w), the fields defined in Eq. (3.3), via their spatial
Fourier transforms according to Eq. (B.1). We use that B = pi,H in free space.
After expressing both B and E as given in Eq. (B.3), we find

Qi(k, w) = \/g [6(w — ¢ylk)GL (k) + 8(w + ¢y lk)GE(—K)] . (B.11a)
with

G, (k) = J% [E(k) + icyB(K)] . (B.11b)
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DEMONSTRATION OF EQUIVALENCE

Note that G_ (k, w) itself does not follow the structure given by Eq. (B.3), as

G..(r, ) by construction does not preserve the conjugate symmetry (w.r.t.

) of the Hermitian functions B and E. If needed, Eq. (B.4) has to be adjusted
accordingly. We find that

Y Gj(k) - [ik x Gy(ko)| = & (E*(k) - [k x E(k)| + 3 B* (k) - [ik x B(k)] ).

A=+1

. (B.12)
where k = k/|k|. All mixed terms involving both E(k) and B(k) cancel in
the sum over 1. Hence, we rewrite Eq. (B.10);

,1 1 J]]W m G*(k) ' [ik x G)L(k)] + c.c. (B.13)

Lastly, we recall Eq. (3.6a) and note
% X éi(r, w) = iéi(r, )
- 12)" %G, (k,0) = =G, (k,») (B.14)
— ik x G, (k) = +G_ (k).

We identify ikx as the representation of the helicity operator A, given in
Eq. (3.34), acting on plane wave components. We use the last line above to
transform Eq. (B.13) into

1 d3k
ey = = Jﬂ —— NG (k)[* + c.c.
n =5 2 W e

_ %m d"’; (I6. (0 - 16_(R)?) .

Going from the first to the second line, we notice that the integrand is
purely real and the addition of the complex conjugated term equates to a
multiplication by a factor of two. We retrospectively understand the same to
be true for the expression in Eq. (B.13). Hence, we find the expressions for
the electromagnetic helicity h.p, in Egs. (B.13) and (B.15) to be equivalent to
the first and second line of Eq. (3.37) with an additional prefactor of 1/4.

(B.15)
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ON DIFFERENT EXPRESSIONS OF ELECTROMAGNETIC HELICITY

Ultimately, we have recovered the equivalence between Eq. (3.30), the con-
served Noether charge associated with the duality symmetry of Maxwell’s
equations, and Eq. (3.37), the expectation value of the helicity operator de-
rived using the conformally invariant scalar product for free electromagnetic

fields.
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C  Cross-Sections in Electromagnetic Scattering

In the following, we derive the formulas for the extinction, scattering, and
absorption cross-sections of a scatterer represented by a transition matrix,
used in Section 4.1. We first derive the directional cross-sections for a given
illumination direction. Afterward, we average with respect to the illumi-
nation direction to obtain the formulas for orientationally averaged cross
sections. We provide explicit expressions for spheres in an achiral embed-
ding in terms of Mie coefficients and discuss directional cross-sections for
clusters of scatterers.

Extinction, scattering, and absorption cross-sections

Following the setup used to introduce the transition matrix (T-matrix) in
Subsection 4.1.2, we consider an object (scatterer) located near the origin
and its interaction with a monochromatic electromagnetic wave. The total
electric and magnetic fields outside of the region occupied by the scatterer
itself are given by the sum of the incident and the scattered fields,

E, = EM + E5®, H, = H + H5®?. (C.1)

The incident and scattered fields are expanded in vector spherical waves
(vsws) (cf. Egs. (3.27)),

(o8]

¢
E(r) = Z Z Z Ay 2 A A(r)‘ (C.2a)

=1 m=—¢ Ae{+ -}

H) = Z Z 3 gy Ag;),j(r)\kfk ., (Cab)
-2

L’ 1 m=—t \e{+,-}

and
=] £
ER® =3 > > pmaAg,@)| (C32)

t=1 m=—t Ac{+,-} k=k;
. o0 L
—1

HE0 =720 Y ¥ maAg|_ - (Cab
0% =1 m=—t \e{+,-}
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1 When specifying

helicity-related indices,

we interchangeably use
the eigenvalues of the
helicity operator, +1
and —1, or simply their

sign, + and —.

CROSS-SECTIONS IN ELECTROMAGNETIC SCATTERING

Here, k) is the helicity-dependent wavenumber in the generally chiral, ho-
mogeneous and isotropic embedding medium, which is considered to fill
all of space outside of the region occupied by the scatterer; Z is the cor-
responding relative impedance. We consider the embedding to be lossless,
restricting k) and Z to be real. In line with the incident field being finite
everywhere, the expansion uses regular vsws (n = 1). Conversely, the scat-
tered field describes a wave radiating away from the scatterer and has to
satisfy the outgoing radiation condition; hence, singular (n = 3) vsws are
used in the expansion. The incident (resp. scattered) fields are represented
by the expansion coefficients ay,, ; (resp. py, 1)- The coefficients for differ-
ent values of £ and m are frequently collected in column vectors, a; and
Py with A € {+1,—1}." As the scattered fields are due to the (assumed to
be linear) optical response of the scatterer upon being illuminated by the
incident fields, the scattered field coefficients are determined by the incident
ones and the properties of the scatterer. Hence, the linear mapping between
the incident and scattered field coefficients represents the (linear) optical
properties of the scatterer. It takes the form of a matrix—vector product,

Pema = Z Tt’m/LL”m’A’al”m’,/lU (C-4)

.m N

and we call the matrix (T 1) the scatterer’s T-matrix. The bounds for
the summation over ¢, m’, and A’ in the expression above are the same as
for the field expansions in Egs. (C.2) and (C.3). For the purposes of numerical
evaluation, the field expansions are truncated by setting an upper bound €,
for the summation over the multipolar degree ¢. Correspondingly, we work
with a truncated representation of the T-matrix, only containing entries
TEmA,E’m’A’ fore, ¢’ < BmaX'

We now consider the energy flux out of a volume enclosing the scatterer,
that is, the total power leaving the volume, which we call W. To this end, we
integrate the normal component of the temporally averaged Poynting vector
over the surface specified by |r| = R, a sphere with radius R centered around
the origin. We choose R large enough such that the scatterer is contained
inside the sphere. Inserting the fields according to Eq. (C.1), we find terms
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related exclusively to the incident and scattered fields as well as a mixed
contribution,

W= H R*dQF - (S) = % ﬂ R*dQ7 - Re{Ein° x Hine"}
1 *
+5 ﬂ R*dQF - Re{ES™ x HE"}
1 . . -
+3 H RZAQF - RefEI x H" + B x HI) (C.5)

We insert the expansion Egs. (C.2) and (C.3) and express W in terms of
matrix-vector products involving the coefficient vectors:

— * 11 * 33
w= Z Z (af’m/,)t’Z‘f/m//l’,(m/la*»’m,)t + pf’m’,/l’ Zf’m’/l’,l’m/lp(m,A
o.m’ A m,A

* a’i’m /l’zl”m 2 kmAPem At pf’m /I’Z{’m ' 7 tmA%m, /1) (C.6)
Here, we have introduced the matrices (we follow a similar procedure in
the discussion of transmittance and reflectance for a planar interface in
Section 4.2)

) Z/n’n + (Z/nn/)H

= 5 , (C7)

where X" has the entries

. iV
Tt tma = H RZer'[ Enm)a(r)‘ (Z Z A r )| ) ]

(C.8)
The real part of these entries corresponds to the energy flux through the
spherical surface for a given pair of unit amplitude vsws. Inserting the defi-
nitions of the vsws, Eq. (3.22) and Egs. (3.21), and utilizing the orthogonality
relations for the vector spherical harmonics (vsus), Egs. (A.27), we find

*

iR?
Z,n r/l/l' tmA 5@'&’5mm Z 7

o [
~ (2" B) (“’“R)HE”)’(MR)) ,

(n)

k /R 4

ANz (kR <U) +2" )’(kA,R)>
kArR

KR (C9)
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CROSS-SECTIONS IN ELECTROMAGNETIC SCATTERING

where z{g”)'(kAR) denotes the derivative of z{g")(kAR) with respect to its argu-
ment.

The construction of the matrix in Eq. (C.7) accounts for taking the real
parts in Eq. (C.5) and guarantees that the power Win Eq. (C.6) is real. It is
further simplified by the relation

m'n — 37 (ymn’ *
2me A m, = AL (mexl,l"m')v) , (C.10)

which follows from the right-hand side of Eq. (C.8), considering that Z is
real. Hence, the only nonzero entries of the Hermitian matrix 7'M are those
for matching helicity,

’ 1 + AA, ’ ’
om0 tma = 2 S tma

iRz Y] *

= Syt O O [Ztgn)(kaR) (Zgn ) (k/lR))
0 (C.11)

- (#R) A )]

iR?
47,7

= 8,1 W{zﬁ")(kAR), (2" (1) }

where we identify the Wronskian of spherical Bessel and Hankel functions

in the last line. Using (hgl))* = hgz) for real arguments and [92, Eq. (10.50.1)]

—2i
W{hgl)(x), hgz)(x)} =2W {je(x), hEZ)(x)} =W {hgl)(x), je(x)} =
(C.12)
we find
Zomarama = 0 (C.132)
1
X aramn = 2Zome v ma = 2w 20.ama. = Ovt S Op 27 ZeZ (C.13b)

04~

We insert these results into Eq. (C.6) and note the following: First, the power
associated with the incident field, the first term on the right-hand side of
Eq. (C.6), vanishes identically. Physically, it is a consequence of the fact
that the incident energy flux enters and leaves any volume surrounding the
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scatterer at the same rate. This conclusion can also be reached considering
that the regular vsws (n = 1) in a lossless medium can be written as balanced
superpositions of the outwards (n = 3) and inwards (n = 4) radiating vsws,
providing the same energy flux towards and away from the origin. Second,
there is no explicit dependence on the radius R of the spherical integration
surface. As the embedding is lossless, all energy radiated by the waves is
conserved outside the scatterer, hence, the energy flux out of any spherical
surface enclosing the scatterer has to be the same. Even further, the shape
of the enclosing surface is irrelevant, which we discuss later, considering
the divergence of the Poynting vector.

As the energy flux into the region occupied by the scatterer associated with
the incident field is net zero, the value of Win Eq. (C.6) is entirely determined
by the power that the scatterer absorbs. Hence, W < 0 and we define the
nonnegative® absorbed power as W, := —W. The case W, = 0 signifies a
lossless scatterer, where all energy contained in the electromagnetic fields is
conserved and only redistributed between the incident and the scattered field.
The second term on the right-hand side of Eq. (C.6) is the power radiated
by the scattered field; we denote it W_,. The remaining terms of Eq. (C.6)
are the mixed terms involving both scattered and incident coefficients. We
define the negative of their sum as the extinction power W,,,. Rewriting
Eq. (C.6) yields

Wext = Wsca + Waps> (C.19)

hence, extinction encapsulates all interaction of the scatterer with the in-
cident field with regard to power exchange, be it through scattering or
absorption.

Naturally, the power absorbed and scattered by a scatterer scales with
the energy contained in the incident field. As we are most interested in the
relation between the two, we define the relative quantities [93]

W, W, Wab
Cext = IeXt 8 Csea = %’ Cabs = %s (C.15)
inc inc inc
where L. is the intensity, the energy flux in direction of propagation per

unit area, of the incident field. Correspondingly, these relative quantities
have dimensions of area. We interpret them as a measure of a scatterer’s
ability to scatter or absorb light in the form of an effective size and call
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CROSS-SECTIONS IN ELECTROMAGNETIC SCATTERING

them cross-sections. Explicitly, after inserting Egs. (C.13) into Eq. (C.6), the
cross-sections read

1 1
Coca = TP; P )
2ZOZImc v Z/A/ k/p ms ’
1
= T ar o 2 Tprs A g A g A
ZZOZIlnCemlelm/l/f”ZAu k2 ’Zm/l ml,fm/lfmll,fmﬂ Em’A
1
= T TA/A//aA”,
ZZOZImc /1/121:/1" kz
(C.16a)
Coxt = 75— Zl(a* D1 tm2)
ext — ZZOZI 2k§ fm,Api’m,/l pfm,A tm,A
inc ¢
-1 1
=—— —Re{a* Toma v/ ms A+ G '/1'} (C.16b)
ZZOZIlnC Z Z k2 tm, A~ tmAY m m’, .
lfm/lf’m AT
-1
= Re{aHTM,aA,},
27071 A%: KA

and C,py = Coyt — Cyca- The last lines of Egs. (C.16) provide the formulas for
the cross-sections given in Egs. (4.28) of Section 4.1.

Plane wave illumination and directional cross-sections

We are frequently interested in the cross-sections of a scatterer with regard
to illumination from a given direction. That is, the incident field is given by
vector plane waves (vPws) for a fixed propagation direction k,

ENC(r) = Gt Afc,+(r)‘k:k+ +o Ai"_(r)‘k:k, , (C.17a)
inc — ;1 R N — Cc» N
H(r) = 77 (ck’+ Akﬁ(r)‘k:h G Ak’_(r)‘kzk) , (C.17b)

a superposition of a positive and a negative helicity vPw. In an achiral
embedding, such superposition corresponds to a general elliptically polarized
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plane wave. The intensity of the wave given in Egs. (C.17)—the energy flux
in the direction of propagation—is

- 1 . %y A
=(S)-k = ERe{EglcXJLI;;IC } -k

mc

/ iker(ky—kys
ﬂ Re Z Me cA 1k (€x(ky) x €y (k) e’ rlkik) (C.18)
Aé/lll

= ZZZZZA:‘c’;sA‘Z'

In the second line, we use the orthogonality of circular polarization vectors,
Eq. (3.19), which holds in a lossless chiral medium, and Eq. (3.20). We find
that the intensity is proportional to the sum of the squared magnitudes of
the coefficients G in an achiral medium, it corresponds to the squared
magnitude of the amplitude of the elliptically polarized wave.

To express the plane wave illumination in terms of vsws, matching
Egs. (C.2), we use the vsw-expansion of a vPw, given in Eq. (A.66), to obtain
the expansion coefficients

aem,)t(k) = ciwlélfti'Z (Xgn(ﬁk, oK) + i/lXeem(Qk, (pk)) . (C.19)

Finally, the directional cross-sections for a specified illumination direction
k (e.g., Cy,(k)) are obtained from evaluating Eqgs. (C.16) after inserting the
incident intensity, Eq. (C.18), and the expansion coefficients, Eq. (C.19).

Directionally averaged cross-sections

Averaging the directional cross-sections over all illumination directions k
yields the directionally averaged cross-sections. Since fixing the scatterer
and changing the illumination direction is entirely equivalent to rotating the
scatterer with respect to a fixed illumination direction, the same quantities
are also referred to as rotationally or orientationally averaged cross-sections.
We denote the directional average by (-);.

We further consider the incident field to be of well-defined helicity A,
that is, for all directions k only one of the vPw amplitudes, namely G is
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CROSS-SECTIONS IN ELECTROMAGNETIC SCATTERING

nonzero. We find that doing so yields directionally averaged cross-sections
that are independent of any specification of the illumination and are directly
expressed in terms of the scatterer’s T-matrix. To this end, we consider the
directional average of products of the expansion coefficients in Eq. (C.19),
which are the only direction-dependent quantities in the directional cross-
sections according to Egs. (C.16):

(G (Fatn (), = 5[] A2 (Kt ()

2 (475) J] ko {, L+ 1)LX, ) (ngn + i)tXfem)*

B ‘ kl‘ (C.20)

2

= ‘CI},)L’ 47000p: Sy -
In the second and third line above, all vsH-related terms depend on the argu-
ments (G, ¢x), which we have dropped for brevity. The fourth line follows
from the orthogonality relations of the vsus, Egs. (A.27). Using this result

and inserting the incident intensity, which now yields 22, ZL, . | |2, into

Egs. (C.16), we can derive the directionally averaged scattering cross section
for a given incident helicity A,

1 (@ma(R)aerme 2 (),
12 2

-
) Torm 22 emaTeme 2 0rme A

<Csca,/1>iC =

e m [I m/ A/ E” ml/ /1/ ‘c,::’A’
47[
= k m A, fm/lTE’m iy
tm o m’ )\
47
= k tI’(TA ,‘LTA /1)
A/
47
Z kz 1Ty /1"HS’
A

(C.21a)
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as well as the corresponding directionally averaged extinction cross-section,

<“§m,a (i‘)“f’m% (’A‘»,;

-1
<Cext,/1>iC = Z Z kiz Re

2 tmAL m’ A
Lmv,m A ’%,A‘
—4mn (C.21b)
= Z K2 Re{TfmA,Em/l}
tm A

—47
= l Reftr(T})}-

Again, we provide explicit formulas only for the extinction and scattering
cross-sections; the absorption cross-section is obtained as their difference.
We find that the directionally averaged scattering cross-section is given by
the sum of a co-polarized (A’ = A) and a cross-polarized term (A” = —1), each
of which is proportional to the square of the Hilbert-Schmidt norm of the
corresponding submatrix of T. In case of a truncated representation of the
T-matrix, it may be more appropriate to refer to the squared Frobenius or
Schur norm. It is given by the sum over squared moduli of all matrix entries.
Conversely, the directionally averaged extinction cross-section is entirely
determined by the corresponding co-polarized submatrix of the T-matrix.

Another set of useful quantities are the polarization- (i.e., helicity-) and
directionally averaged cross-sections, obtained after taking the average of
Egs. (C.21) with respect to the incident helicity A,

1 27
(Cocaly = 2 Z<Csca”1>ic = Z lelT,yAHIz{S, (C.22a)
A AN
1 —27
(Cexthip = 5 Do{Cexeali = 2. 2 Reftr(Ty)}: (C.22b)
A A A

In an achiral embedding, Egs. (C.22) recover Egs. (42) and (43) of Ref. [117].
Note that, therein, the T-matrix is written as the mapping between the
expansion coefficients of incident and scattered field using vsws of well-
defined parity, N((:l) and Mg;), instead of the vsws of well-defined helicity
used in Egs. (C.2) and (C.3). In an achiral embedding, k, = k_ = k, and

the relation between the expansion coefficients for different sets of vsws
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(i.e., parity or helicity eigenfunctions) is determined by the transformation
Eq. (4.11). Accordingly, the different T-matrices are related by

(TNN TNM) _ L (1 1 ) (T++ T+> 1 (1 1 ) (C.23)
Tw Twvm/ 2\l -1)\T_, T__)Jy2\1 -1)° 23
— 7

The symmetric, involutory transformation U = UT = U~ is without effect
in Egs. (C.22), hence, the expressions for the cross-sections using the helicity-
or parity-related formulations of the T-matrix in an achiral embedding are
equivalent. One advantage of the helicity-based description is the general
applicability allowing for chiral embedding media.

Independence of the cross-sections from the integration surface

Above, we noted the arbitrariness of the radius of the spherical surface used
in computing the energy flux leaving a volume enclosing the scatterer. We
further find that the shape of the enclosed volume is arbitrary as well. By
the divergence theorem, the outward flux of the time-averaged Poynting
vector across a closed surface is equal to the integral of its divergence over
the enclosed volume. The divergence of the time-averaged Poynting vector
in a chiral medium reads

1
V()= .V Re(E, x H}

1
S Re(H - (VX E,) ~ B, (V x H)}

1 . *
3 ReiH{f) -ky (kE, +iZypH,)) — E, - k, (KHw - ZlogE‘”> }

—k, _ *
— ({32 |H, [ + Im{e} 7 |E,|* + 2 Im{x} Im{E,, - H})
(C.24)

where the third line follows from Eq. (3.2). For brevity, we omit the frequency
dependence of the material parameters and the spatial dependence of the
monochromatic amplitudes. We find the divergence of the time-averaged
Poynting vector to be determined by the absorption properties of the medium.
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In a lossless isotropic medium, the material parameters are real (cf. Eq. (2.40))
and, hence, V - (S) = 0 identically.3 Correspondingly, the only possible non-
vanishing contribution to the outward energy flux Win Eq. (C.5) stems from
absorption by the scatterer, substantiating the argument for identifying
—W as the absorbed power. Additionally, as remarked above, the shape of
the integration surface can be chosen at will, provided that it encloses the
Scatterer.

Assuming another perspective, we may ignore the presence of the scatterer
and acknowledge that the expansion coefficients gy, ; via Egs. (C.2) (resp.
Pem 2 via Egs. (C.3)) uniquely determine a solution to the Helmholtz equation
with k = k; in all of space (resp. in R® \ {0}, subject to the outward radiation
condition). For these fields, V - (S) = 0 holds everywhere, with the exception
of the origin in the case of the scattered fields, where the spherical Hankel
functions are singular. Following this consideration, the incident energy
flux—the first term on the right-hand side of Eq. (C.5)—is immediately
found to be zero, aligning with our discussion in a previous subsection.
Any nonvanishing contribution is accounted for in the singular point of
the radiating vsws and any integration surface may be chosen as long as it
encloses the origin.

Cross-sections for chiral spheres in an achiral embedding

To obtain the cross-sections for a chiral sphere in an achiral embedding, we
insert the T-matrix of a sphere, expressed via Mie coefficients in Eq. (4.23),
into the formulas for the directionally averaged cross-sections, Egs. (C.21).
Note that, due to the spherical symmetry of the scatterer, the directional aver-
age is redundant. Hence, the directionally averaged cross-sections are equal
to directional cross-sections for any illumination direction k. Accordingly,

+ AN 2

<CscaA scaA Z Z 4T[

tLm ¢/ m’ /1’
27
=2 > (e+1) (|af| + |B{|2 + 2le|” — 22 Imf(a, + by) ;1) .
£
(C.25a)

5{8/ 5mm/
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3 Note that the
absorption associated
with the chirality
parameter, given by
Imk, is proportional to
a term closely related
to the optical chirality
density discussed in
Section 3.2.
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and

—4n a+b .
<Cext,/1>,; = Lextd = Z 7z Re{—% + /hcg}
o (C.25b)
= 7z (20 + D Refa, + by — 2}ics},

t

matching Egs. (8.17) of Ref. [93]. k = k;, = k_ is the wavenumber in the
achiral embedding. Averaging over the incident helicity A yields the direction-
and polarization-averaged cross-sections
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<Csca>fC =Csea = k7 Z(ZE +1) (|a£|2 + |be|2 + 2|C(|2) s (C.26a)
4
27
(Cexthi = Cext = 77 ;(28 + 1) Refay + by} (C.26b)

The appearance of the cross-sections above is further simplified in the case
of an achiral sphere due to ¢, = 0, matching Eqgs. (4.61) and (4.62) of Ref.

[93].

Approximation for small radii - For small achiral spheres (kr; « 1, with the
radius of the sphere ;) with a relative permeability closely matching that of
the embedding, y; = g, the scattering cross-section is in good approximation
determined by a;, which we further approximate according to Egs. (4.15) as

26 —¢€

al =~ —1—
3+ 2¢

(kry)3. (C.27)
Inserting into Eq. (C.26a), we obtain

8
c.. .~

sca
3

EI_E

2

61.4

r’k*, C.28
&+ 2¢ ! ( )

hence, recovering the Rayleigh scattering cross-section (cf. [258, Eq. (15.19)],
[93, Eq. (5.8)]) as the limiting behavior for small particles.

For directional illumination, we choose without loss of generality k=2
and the helicity of the incident wave to be positive, obtaining the expansion
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coefficients ay,, 5(2) = 236,18, ; from Eq. (C.19). The truncated T-matrix
(fmax = 1) is approximately given by (see Eq. (4.23))
a
T 2 ama = 21 S > (C.29)
and, hence, py, ) = =0 10,1011 + /2. With Cy, evaluated as a solid angle

integral, essentially the second line of Eq. (C.5), we consider the differential
cross-section

dC R?
~ (9 0) = TSR0, 9)
1mc
R? . .0 (1Y 3\ .
= o Re{pll,APII,A’All,A x ( 7 ZA11,/1' r
inc ) ) 0 r:(R,pr)
(C.30)

Using the far-field asymptotics of the vsws, Eq. (A.38), and the fact that R
may be chosen arbitrarily, the expression above comes out to

2
—¢
+2

d

Csca (9 P) = rok* (14 cos?0), (C.31)

expressing the directionality of the Rayleigh scattering cross-section (cf.

[258, Eq. (15.17)], [93, Eq. (5.6)]). € corresponds to the angle between the
direction of the energy flux and the illumination direction k, with 8 = 0
signifying forwards and 6 = © backwards scattering.

Directional cross-sections for clusters of scatterers

We consider electromagnetic scattering from a cluster of N scatterers located
at positions r; with T-matrices T;, i € {1, ..., N}. Reconsidering Eq. (C.1), the
scattered fields are now further split into contributions E;, **, Hy ™. Each
pair of fields for index i is expressed analogously to Egs. (C.3), with expansion
coefficients p{ , and the functional dependence of the vsws evaluated at
(r —r;). This corresponds to relocating the origin of the vsws to the position
of the scatterer r;. We are further free to choose the origin with respect to
which we expand the incident fields. Considering each scatterer, we construct

227

Angular distribution of
Eq. (C.31).
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N equivalent descriptions of the incident field, each following Egs. (C.2) with
expansion coefficients a; | , and the vsws evaluated at r —r;. The coefficients

afém’ , are related to the original ay,,, ; by Eq. (4.39). If we ignored the multi-
scattering between different scatterers, such scatterer-centered descriptions
of the fields would maintain the simple relations between the coefficients
p; = T;a;. The correct description including the multi-scattering gives rise
to Eq. (4.38), where pj,. (resp. aj,.) collects all scattered (resp. incident) field
coefficients pﬁm) 5 (resp. afém’ ») in a single column vector. Here, we further
use pjo. 2 and @y, ; to refer to the vectors containing only the coefficients
for a given helicity A.

Following Eq. (C.5) and choosing an integration surface enclosing all
scatterers, the scattered power now reads

1 . =%
Wea = D, 5 ﬂ R2dQ# - Re{Ejfa’l x Hy ™! } (C32)
i

with the sums for both i and j running over all scatterers. After inserting
the expansions in vsws centered around r; and rj, we find terms of similar
appearance as Eq. (C.8) but with the vsws depending on (r —r;) and (r —r;),
respectively. Using Eq. (A.43) to translate either one to the origin of the other
and acknowledging that the shape of the integration surface and, hence, the
common origin of the vsws leaves the expressions unchanged, we find

Wsea = Z Re{p]‘."Z'33C(1)(rj - ri)Pi}' (C.33)
Lj

With regard to the extinction cross-section, we find
1 . e . .
Wt = — Z 3 ﬂ R2dQ# - Re{E}UnC x HY*™ + EX7 x H;}m*}. (C34)
i

In each term, it is easiest to express the incident field via its expansion
centered around r;, immediately yielding expressions equivalent to Eq. (C.8).
As both vsws involved in these expressions are evaluated with respect to
the same origin r;, the same results follow. Hence, the extinction power
becomes

Wext = — Y Refal =13 p, + pH331q). (C.35)
i
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Following from the results derived before, we obtain the cross-sections

1 1
H A1)
Csca ZZ()ZImC Z kz PlOC,/IC)LA Ploc, 2>
. ! 0
a ’ T .G na ”,y
ZZOZImc A A’Z/P’ k2 loc, A’ *loc, AN = AN *loc,A1” @loc,A

-1
Cext 2Z()ZImc Z k2 Re{aloc Aploc )L}
-1

Re aH T  Q 7 (s
ZZOZImc ,1Z;V k% { loc,A " loc,AA" ®loc, A }

where C/(&) denotes the helicity-related submatrices of

1 1
- o
c — Cz 11 CN
D
Cyi Cnz — 1

(C.36a)

(C.36b)

(C37)

using the shorthand notation C](P = C(l)(rj - rl-). By Eq. (A.49), ™V as well

as its submatrices C/(&) are Hermitian.
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