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Abstract

The generalised Lyon integral, derived here from the Favre-averaged energy equation without
the classical weak-property assumptions, yields three results for turbulent heat transfer to fluids
at supercritical pressure. First, the Prandtl and density correction ratios of conventional Nusselt
correlations are traced to the molecular and turbulent parts of the integrand, while the integrated
specific-heat ratio arises outside the integral, in the enthalpy-to-temperature conversion, and is
an eliminable artefact; ten classical correlations map onto this classification, and entanglement of
the artefact with the Prandtl correction through the modified Prandtl number produces spurious
behaviour near the pseudocritical point. Second, the radial sweep of the pseudocritical barrier
through the boundary layer resets the equilibrium underlying the fully developed Re/ lnRe
scaling, replacing it with the penetration-depth scaling Nu ∼

√
Re in the barrier-dominated

regime. Third, separating the integral at the barrier yields wall-side and bulk-side pathways,
each characterised by its own thermodynamic state; a two-point quadrature gives a linearised
pathway correlation depending only on the bulk Reynolds and Prandtl numbers and a bounded
wall-to-bulk Prandtl-number ratio, smooth across the pseudocritical transition and carrying
no fitted parameter. These results follow from a single transition: the constant-property Lyon
integral, a thermal resistance, becomes a thermal impedance, distinguished by capacitive storage
at the specific-heat peak, history dependence through the moving barrier, and response lag of the
perpetually developing thermal profile. Experimental validation is provided in the companion
paper.

Keywords: supercritical pressure; turbulent heat transfer; variable properties; Nusselt correla-
tion; pseudocritical; thermal resistance

∗Corresponding author: ivan.otic@kit.edu

1



Nomenclature
Roman symbols
a thermal diffusivity, λ/(ρcp) [m2 s−1]
C correlation prefactor [–]
cp isobaric specific heat [J kg−1 K−1]
c̄p integrated mean specific heat, (h̃w − h̃b)/(Tw − Tb) [J kg−1 K−1]
d pipe inner diameter [m]
f Darcy friction factor [–]
G mass flux [kg m−2 s−1]
g(Pr) pathway conductance function [–]
h specific enthalpy [J kg−1]
L heated length [m]
Nu Nusselt number [–]
Pr Prandtl number [–]
Pr modified Prandtl number, c̄pµ/λ [–]
Prt turbulent Prandtl number [–]
p, q, r exponents of the property-ratio corrections [–]
qw wall heat flux [Wm−2]
R pipe radius [m]
Re Reynolds number [–]
Reτ friction Reynolds number [–]
r radial coordinate [m]
T temperature [K]
Tpc pseudocritical temperature [K]
u axial velocity [m s−1]
uτ friction velocity [m s−1]
w pathway weight [–]
x axial coordinate [m]
y wall-normal distance [m]; y+ = y uτ/ν
Z thermal impedance [K m2 W−1]

Greek symbols
α heat transfer coefficient [W m−2 K−1]
β resistance exponent of the pathway conductance [–]
Γ effective enthalpy transport coefficient [kgm−1 s−1]
δpen penetration depth [m]
εh, εm eddy diffusivities of heat and momentum [m2 s−1]
η turbulent-to-molecular transport ratio [–]
θpc barrier position, (Tpc − Tb)/(Tw − Tb) [–]
κ von Kármán constant [–]
λ thermal conductivity [W m−1 K−1]
µ dynamic viscosity [Pa s]
ν kinematic viscosity [m2 s−1]
ξ logarithmic Prandtl ratio, ln(Prb/Prw) [–]
ρ density [kgm−3]
ϕ normalised cumulative mass-flux function [–]
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Subscripts and accents
b, w bulk, wall
pc pseudocritical
mol, turb, eff molecular, turbulent, effective
·̄, ·̃ Reynolds average, Favre average

Abbreviations
DB Dittus–Boelter correlation
LinP linearised pathway form
HTD heat transfer deterioration
TFD thermally fully developed
Q-mode, T-
mode

prediction from heat flux / from measured wall temperature

1 Introduction

1.1 The problem

For constant fluid properties, the Nusselt number for forced convection in a pipe depends only on the
Reynolds and Prandtl numbers, both evaluated at a single reference temperature. When properties
vary between the wall and the bulk, as they inevitably do under high heat loads or near the critical
point, additional multiplicative property-ratio correction factors are introduced in the correlation.
Over the past six decades, these factors have been proposed, refined, debated, and accumulated into
a substantial body of semi-empirical work: the survey of Vasic et al. [1] lists 194 correlations for heat
transfer to fluids at supercritical pressure alone (see also the reviews by Pioro et al. [2], Yoo [3]).
The correction factors are commonly constructed via the Buckingham Π-theorem – a dimensional,
not a physical, construction – and their physical status has remained largely empirical [2–8].

In engineering practice, one-dimensional system codes such as RELAP5 [9] or APROS [10] are
used in the design and safety analysis of supercritical power cycles, for example in the recent re-
search and development of the small modular supercritical-water-cooled reactor (SM-SCWR) within
the European–Canadian–Chinese joint project ECC-SMART [11–15]. These codes rely on Nusselt
correlations to predict wall temperatures. Near the pseudocritical temperature Tpc, the temperature
at which isobaric specific heat cp reaches its maximum at a given supercritical pressure, density,
viscosity, thermal conductivity, and specific heat can vary by up to an order of magnitude within
temperature intervals of 10–20 K. Figure 1a illustrates this for the Prandtl number of water, evalu-
ated using the CoolProp database [16]. In this range, the choice and form of the correction factors
control uncertainty in the wall temperature prediction.

Four structural problems are inherent in the way correlations are constructed and used.
(1) The circularity problem. When a correlation contains wall-evaluated properties such as

the wall Prandtl number Prw or wall density ρw, as nearly all do, the wall temperature Tw appears
on both sides of the prediction:

Tw −→ Prw(Tw), ρw(Tw) −→ Nu −→ Tw. (1)

The wall-anchored correlation of Swenson et al. [17], whose Prandtl and density factors are both
evaluated at the wall, is a representative case. Away from Tpc this iteration may converge stably.
However, near the pseudocritical point the extreme sensitivity of wall specific heat capacity cp,w,
ρw and Prw to small changes in Tw produces oscillatory or slowly converging iterations. This
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(a) Prandtl number of water at 23.5MPa as a func-
tion of temperature

(b) Predicted and experimental results for wall and
fluid temperatures along a heated pipe for water at
23.5 MPa (downflow case #104).

amplification is elementary and generic to any wall-evaluated property. For Nuw ∝ Prnw (0 < n < 1),
the heat transfer coefficient obeys α ∝ Prw(Tb + ∆T )n, where Tb denotes the mass-averaged bulk
temperature, and the flux balance qw = α∆T yields the circularity gain

d ln∆T

d ln qw
=

1

1 + nγ∆T/Tw
, γ ≡ d lnPrw

d lnTw
, (2)

close to unity far away from Tpc but departing sharply where |γ| is large, whereupon the iteration os-
cillates or fails to converge. This feedback (1) is irreducible while any wall property is retained. The
integrated-specific-heat factor (c̄p/cp,b)

n superimposes a second amplification: since c̄p = ∆h/∆T ,
it carries ∆T−n explicitly, giving, to leading order when the enthalpy rise is dominated by the
pseudocritical peak, the gain d ln∆T/d ln qw = 1/(1 − n) > 1. The factor later shown to be an
eliminable artefact (§ 3.1) is thus aggravating, not originating: removing it lowers the gain but does
not break the loop, whose root is the wall-property dependence Nu(Tw, Tb).

The problem is of increasing severity with increasing number of correction factors, creating a
fundamental tension between physical accuracy and numerical robustness. This tension is sharpened
by the distinction between the T-method, in which experimental Tw values are used directly to
evaluate properties and assess correlation accuracy, and the Q-method, in which the correlation
must predict Tw iteratively from a specified heat and mass flux1. The Q-method is the mode in
which the engineering system codes operate. Correlations that perform well under the T-method can
fail under the Q-method, and not only near Tpc. More fundamentally, circularity is not a deficiency
of any particular correlation but a structural property of the Nusselt number framework itself: any
formulation that predicts Tw from Nu(Tw) necessarily creates a feedback loop whose conditioning
deteriorates where properties are most sensitive to temperature.

(2) The spatial mismatch problem. In a heated pipe, for example, the wall and bulk
temperatures can traverse the pseudocritical region at different axial positions. Upstream, where
Tw ≈ Tpc but Tb is still well below it, the wall region experiences heat transfer deterioration (HTD)
driven by the pseudocritical property transition, while the bulk Prandtl number Prb remains stable
and Nusselt correlations based on bulk properties are blind to deterioration. Downstream, when Tb

1We adopt the terminology of the T- and Q-method introduced by [18–20].
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approaches Tpc while Tw is already well beyond it, Prb spikes sharply, and Dittus–Boelter (DB)-type
correlations (Nu ∝ Pr0.4b ) predict a significant increase in heat transfer, even though the wall is in a
thermodynamically stable region essentially unaffected by the pseudocritical transition in the bulk.
Figure 1b illustrates this case and presents wall and fluid temperature profiles along a heated 0.6 m
long pipe (D = 6.25mm) at 23.5 MPa, for forced convection in water at mass flux G = 509 kg/(m2 s)
and wall heat flux qw = 802 kW/m2 (downflow case #104, [21, 22]). The Tw profile is computed using
the Dittus–Boelter (DB) correlation using the Q-method (numerical approach which is independent
of the experimental results and which is described in Section 3 in the companion paper Otić and
Ertunç [23]). The DB prediction, anchored to the single bulk state, incurs the spatial mismatch
wherever wall and bulk traverse the pseudocritical region at different axial positions (Figure 1b), a
defect unavoidable for any correlation built on one thermodynamic state.

(3) The fragmentation problem. The result of six decades of independent work by different
groups on different fluids is more than 200 Nusselt correlations (see reviews by [1, 4, 18, 24]), the vast
majority of which encode different subsets of correction factors with different exponents, different
reference temperatures, and different degrees of entanglement between factors. This fragmentation is
itself a symptom of the underlying problem: if the correction factors followed from first principles,
the relationships between different architectures would be transparent, and the exponent values
would be constrained by theory. Instead, each correlation was commonly fitted independently
to a specific experimental dataset processed with a specific set of fluid property tables, and the
fitted coefficients absorbed not only the underlying physics but also the systematic errors of those
tables. As documented by Kurganov et al. [20], the transition from older property tables [25] to the
IAPWS-IF97 standard [26] “disabled practically all commonly used correlations” near Tpc, because
the empirical coefficients had absorbed the old property-table errors. Re-fitting became necessary,
but re-fitting is commonly performed in the less relevant T-mode, compounding the difficulty of
distinguishing physics from artefact within the existing correlation structure.

This is a principal reason why classical correlations such as the correlation by [27] are still
reported to perform as one of the best when used in Q-mode predictions in engineering system
codes, even for supercritical turbulent heat transfer, see e.g. [28–30].

(4) The scaling problem. Beyond the correction-factor mismatch, the experimental data
expose a deficiency of existing correlations that has received less attention: the Reynolds-number
dependence itself. As the experimental data used in this study show (Section 3.2 in the companion
paper Otić and Ertunç [23]), the bulk Reynolds number changes by up to a factor of three between
pipe inlet and outlet, driven by the large viscosity decrease as the fluid traverses the pseudocritical
region. Under power-plant conditions, this variation can be even stronger. A correlation calibrated
at a single Re must implicitly extrapolate across this range within a single pipe, and the fully
developed standard exponent n ≈ 0.8 may no longer be the appropriate scaling in the pseudocritical
crossing zone; the constant-property analysis of the Lyon integral [31] shows that even without a
pseudocritical crossing the exponent is not a universal constant but drifts with lnRe.

A closely related difficulty arises from the Prandtl-number dependence. The bulk Prandtl num-
ber can change by more than an order of magnitude along the heated length, and in some cases,
depending on fluid and boundary conditions, it may decrease downstream of the pseudocritical cross-
ing, whereas in other cases it increases, imposing qualitatively different property trajectories on any
single correlation. Many correlations accommodate this variation through a modified Prandtl num-
ber Prb = c̄p µb/λb, in which the local cp,b is replaced by the integrated mean c̄p = (hw−hb)/(Tw−Tb),
where hw and hb are wall and bulk enthalpy, respectively. This entangles the intrinsic Prandtl-ratio
correction with the eliminable c̄p/cp,b artefact discussed in Section 3.1, and the entanglement drives
spurious behaviour near Tpc: the physical sublayer–barrier balance is bounded, whereas Prb is not,
so a single exponent cannot simultaneously represent both. A pathway decomposition that evalu-
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ates each side of the pseudocritical isotherm at its own local Prandtl number, Prw and Prb, avoids
this entanglement by construction (introduced in Section 6).

1.2 Scope and contribution

This paper shows that the property-ratio correction factors, the developing-flow scaling, and the
structural limitations of the Nusselt framework all follow from a single transition: the constant-
property Lyon integral, which is a thermal resistance, becomes a thermal impedance when properties
vary strongly between wall and bulk. The generalised Lyon integral is derived from the Favre-
averaged energy equation without the restrictive assumptions of the classical Petukhov derivation
(Section 2.2). Three contributions are established.

(1) The generalised Lyon impedance integral and a unified classification of the correction factors.
Based on the derivation for nearly incompressible flows by [32], we derive the generalised Lyon in-
tegral (21) for turbulent supercritical flows (Section 2.2). For constant fluid properties, the integral
reduces to the classical [33] integral, which is a thermal resistance, a thermal-history-independent
quantity evaluated once for a given (Re, Pr) pair. When properties vary strongly, the wall-to-
bulk thermal transport develops three features absent from the constant-property case: capacitive
thermal storage around the cp peak in the vicinity of the pseudocritical point, history dependence
through the axially sweeping pseudocritical barrier, and response lag of the perpetually develop-
ing thermal profile; the generalised Lyon integral that describes it becomes a thermal impedance
(Section 3).

Each correction factor in Nusselt correlations arises from a different term in the impedance
integrand. The Prandtl ratio (Prb/Prw)

p arises from the balance between the Pr-dependent molec-
ular sublayer and the Pr-independent thermal barrier impedance at the pseudocritical isotherm
(Section 3.2). The density ratio (ρw/ρb)

r arises from the modification of the turbulent diffusivity
εh(r, T ) through momentum–energy coupling (Section 3.3) and the integrated specific heat ratio
(c̄p/cp,b)

q is an artefact of converting enthalpy differences to temperature differences in the global
energy balance (Section 3.1). This classification (Table 2) provides a basis to distinguish intrinsic
corrections from eliminable ones.

We show in Section 5 that the classical correlations of [34], [35], [36], [37], [38], [24], [27], [17],
[39] and [40] all map onto the general structure of Eq. (55) as approximations to the impedance
integral under specific assumptions, differing in the choice of reference temperature, the values of
the exponents and the degree to which the three corrections are entangled. The analysis reveals
that the entanglement of the c̄p/cp,b artefact with the Prandtl-ratio correction through the modified
Prandtl number Prb = c̄p µb/λb is one mechanism responsible for the spurious prediction of heat
transfer near the pseudocritical temperature.

(2) The pseudocritical barrier as the source of the impedance character and the developing-flow
scaling. When the pseudocritical isotherm lies within the boundary layer, the zone of sharply
elevated thermal impedance sweeps radially as the bulk temperature rises along the pipe. At each
axial location, the enthalpy shape function inherited from upstream is no longer in equilibrium with
the local impedance distribution, and the thermal profile must re-develop from the barrier position
outward. This re-development is an internal thermal effect, renewed at every axial location where
the barrier position shifts, so that the thermal profile never reaches the fully developed equilibrium
underlying the classical Re/ lnRe scaling of the constant-property Lyon integral [31] (Section 6.1.3).

The penetration depth of the thermal disturbance growing from the barrier into the turbulent
core yields the developing-flow scaling Nu ∼

√
Re (Section 6.1.4), replacing the fully developed

exponent n ≈ 0.8–0.9 with n = 1/2 in the barrier-dominated regime. A 1/2 exponent of this
kind, arising when the thermal boundary layer does not reach its fully developed equilibrium, has
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precedent in turbulent thermal convection [41–44]; here it emerges for forced flow in a pipe from
the continual axial re-development induced by the moving barrier (Section 6.1.4).

For the Dittus–Boelter correlation (Nub = 0.023Re0.8b Pr0.4b ), the prefactor 0.023 is structurally
entangled with the Re0.8 scaling and is not simply a consequence of data-based calibration, as
established in the companion analysis of the constant-property Lyon integral [31]. Verification
against experimental data is presented in Section 2 of the companion paper.

(3) A pathway decomposition of the impedance integral. The thermal barrier regime identified in
the impedance integral is approximated by a two-point quadrature that decomposes the boundary
layer into wall-side and bulk-side pathways, each characterised by its local Prandtl number (Sec-
tion 6). In the linearised limit, the pathway decomposition yields a Nusselt form that combines√
Reb, the bulk Prandtl number Pr−β

b with the resistance exponent β = 1/2, and the bounded
ratio Prb/Prw raised to the power wβ, where the symmetric pathway weight w = 1/2 follows
as the unique unbiased assignment of the two-point quadrature (Eq. (84)). The expression uses
only standard Prandtl numbers Prb and Prw, avoids the artefact c̄p/cp,b, and is smooth across the
pseudocritical transition. It serves as the simplest testable consequence of the analysis.

The linearised pathway form is tested in the companion paper [23] against an eighteen-case subset
drawn from four experimental databases spanning supercritical water at 23.5–24.5MPa and CO2 at
9 MPa, covering Reynolds numbers from 7× 104 to 2× 106 and upward, downward and horizontal
pipe configurations. The companion paper [23] establishes that the uncalibrated linearised pathway
correlation (Eq. (84)) carries the lowest mean Q-mode wall-temperature error across the database,
resolves the spatial mismatch problem introduced in §1.1(2) through the symmetric pathway weight
w = 1/2, and identifies the pathway-resolved ρw/ρb correction as the missing ingredient required to
extend the linearised form to the strongest-contrast supercritical conditions and to the buoyancy-
modified downflow regime.

2 The global energy balance and the local thermal impedance

The derivation rests on two exact statements: the global (inlet–outlet) energy balance and the local
(wall–bulk) thermal impedance integral. The first relates the wall heat flux to the bulk enthalpy
rise; the second determines the heat transfer coefficient at each axial position. We show that every
Nusselt correlation is an approximation to the impedance integral under specific assumptions about
the property distribution.

2.1 The global energy balance

Consider steady, fully developed turbulent flow through a uniformly heated circular tube of inner
diameter d and heated length L. The following is assumed: (1) high Péclet number Pe = Re·Pr ≫ 1,
(2) low Mach number, and (3) no internal heat generation. No assumption on fluid properties is
made.

The integral energy balance equates the total wall heat transfer to the bulk enthalpy rise:

Q̇ = qw πdL = ṁ (hout − hin) = ṁ∆h, (3)

where qw is the mean wall heat flux, ṁ = ρ̄b ũb (πd
2/4) is the mass flow rate, and ρ̄b and ũb are the

mean bulk density and velocity, respectively. Equation (3) requires no property evaluation at any
reference temperature. The wall heat flux is expressed through Newton’s law of cooling:

qw = α (Tw − Tb), (4)
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where α is the convective heat transfer coefficient and Tb is the bulk (mass-averaged) temperature.
Throughout this paper Tb denotes the mass-averaged bulk temperature. Some correlations (e.g.
[35], [36]) use the film temperature Tf = (Tb + Tw)/2; where relevant, this is explicitly noted.

2.2 The local wall-to-bulk heat transfer: From thermal resistance to thermal
impedance

The classical derivation of the resistance integral is due to [32], who obtained it (his Eqs. 34–
41) under three assumptions that are well justified for low property variations but systematically
violated near the pseudocritical temperature:

P1. Weak property fluctuations. “Physical properties change weakly over the range of temperature
fluctuations (i.e., from T to T + T ′, where T is the averaged temperature value, T ′ is the
temperature fluctuation); therefore, the physical properties at a given point can be considered
constant and equal to the physical properties at the averaged temperature”, [32].

P2. Weak density variation. In particular the density field is assumed to be sufficiently uniform
such that Reynolds-averaged and Favre-averaged velocities coincide, ū ≈ ũ, and the density-
velocity correlations ρ′ u′ ≈ 0.

P3. Local cp approximation. The enthalpy gradient can be replaced by ∂h/∂r ≈ cp(T ) ∂T/∂r at
every radial position.

Near Tpc, all three assumptions fail simultaneously: cp can change by an order of magnitude
within the range of turbulent temperature fluctuations (P1); ρw/ρb can change almost by an order
of magnitude in the small temperature range violating (P2); and the nonlinearity of h(T ) and cp(T )
makes P3 inaccurate.

The derivation below shows that the structural form of the impedance integral, and hence the
classification of correction factors, does not depend on assumptions P1–P3. By starting from the
Favre-averaged enthalpy equation we derive the impedance integral with an effective transport
coefficient Γeff which accounts for the property-fluctuation correlations. Petukhov’s classical result
is recovered as the limiting case where P1–P3 hold.

The heat transfer coefficient α at each axial position is determined by the local thermal impedance
between the wall and the bulk fluid. For variable-density turbulent flow, the appropriate averaging
is the mass-weighted, Favre, decomposition:

f = f̃ + f ′′, f̃ =
ρ f

ρ̄
, (5)

where ·̄ denotes the Reynolds time average and ·̃ the Favre average. When density variations are
weak (ρ′/ρ̄ ≪ 1), f̃ ≈ f̄ , and Favre averaging reduces to Reynolds averaging. Near Tpc, where ρ′/ρ̄
can be of order unity, the distinction matters.

In the following, ũ(r) is the Favre-averaged axial velocity, h̃(r, x) is the Favre-averaged specific
enthalpy, ρ̄(r) is the Reynolds-averaged density, and T̄ (r) is the Reynolds-averaged temperature.
The thermophysical properties λ, cp, µ are understood to depend on the local temperature T (r)
and pressure. The turbulent thermal diffusivity εh is written as εh(r, T ) to indicate its dependence
on both the radial position and the local temperature.
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2.2.1 The Favre-averaged energy equation

For steady, axisymmetric, fully developed turbulent flow in a circular tube of radius R = d/2, the
Favre-averaged energy equation in cylindrical coordinates (r, x), with r measured from the pipe
centre, reads:

ρ̄ ũ(r)
∂h̃

∂x
=

1

r

∂

∂r

[
r q̃(r)

]
, (6)

where ũ(r) is the Favre-averaged axial velocity and q̃(r) is the total (or effective, i.e. molecular plus
turbulent) radial heat flux:

q̃(r) = λ
∂T

∂r
− ρ̄ ũ′′r h

′′. (7)

Note that Petukhov’s energy equation (his Eq. (1), [32]) is written in Reynolds-averaged form
with the molecular conduction approximated as λ̄ ∂T̄ /∂r (assumption P1) and the turbulent flux
as −ρ u′r h

′ without density weighting (assumption P2).
To integrate (6) we multiply it by 2πr dr and integrate over the cross section from r = 0 to

r = R
2π

[
r q̃(r)

]R
0
= 2πR qw,

since q̃(0) = 0 by symmetry and q̃(R) = qw.
We adopt the assumption that the axial enthalpy gradient is independent of the radius r, which

is valid for low-Mach conditions where axial property changes are gradual. It is the only Petukhov
assumption (his Eq. (27)) retained in the present derivation and it is physically justified by the fact
that the enthalpy shape profile relaxes toward its local equilibrium on an axial length scale much
larger than the scale over which the axial property variation changes for the conditions considered
here. Therefore,

∂h̃

∂x

∫ R

0
ρ̄ ũ 2πr dr =

∂h̃

∂x
· πR2 ρ̄b ũb,

where the bulk mass-flux velocity is defined by

ρ̄b ũb =
2

R2

∫ R

0
ρ̄(r) ũ(r) r dr. (8)

Note that this is the Favre-averaged mass flux, not the Reynolds-averaged velocity ūb; the two differ
when ρ′/ρ̄ is not negligible. Equating and using d = 2R yields

∂h̃

∂x
=

4 qw
d ρ̄b ũb

. (9)

This equation is equivalent to Petukhov’s Eq. (29) written in Favre variables; its form is iden-
tical because the cross-section integration produces the same mass-flux identity regardless of the
averaging.

2.2.2 The radial heat flux profile

Integrate (6) from the centreline to an arbitrary radius r:

r q̃(r) =
∂h̃

∂x

∫ r

0
ρ̄(r′) ũ(r′) r′ dr′.
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Substituting (9):
q̃(r)

qw
=

R

r
ϕ(r), (10)

where the normalised cumulative mass-flux function is

ϕ(r) =

∫ r

0
ρ̄(r′) ũ(r′) r′ dr′∫ R

0
ρ̄(r′) ũ(r′) r′ dr′

, (11)

satisfying ϕ(0) = 0 and ϕ(R) = 1. Note that ϕ(r) is defined entirely through the mass flux ρ̄ ũ and
is independent of cp.

To obtain the enthalpy profile by integration, we introduce an effective enthalpy transport
coefficient Γeff(r) defined as:

q̃(r) ≡ Γeff(r)
∂h̃

∂r
. (12)

At every radial position where ∂h̃/∂r ̸= 0, Γeff is uniquely determined by the ratio of the total flux
to the enthalpy gradient. As in (7), Γeff is decomposed as:

Γeff(r) = Γmol(r)︸ ︷︷ ︸
molecular

+Γturb(r)︸ ︷︷ ︸
turbulent

, (13)

where

Γmol(r) =
λ∂T/∂r

∂h̃/∂r
, (14)

Γturb(r) =
−ρ̄ ũ′′r h

′′

∂h̃/∂r
. (15)

The effective coefficient Γeff accounts for three classes of effects which are neglected in the P1–P3
framework:

(i) Property-fluctuation correlations in the molecular term arise when temperature fluctuations
T ′ are large enough that λ(T ) and cp(T ) vary significantly within the fluctuation range. Near
Tpc, where cp has a sharp peak, these correlations can be of order unity relative to the mean
terms.

(ii) Density-velocity correlations in the turbulent term: the difference between the Favre turbulent
flux ρ̄ ũ′′r h

′′ and the Reynolds turbulent flux ρ̄ u′r h
′. These may become significant near Tpc

where ρ decrease sharply.

(iii) Turbulent Prandtl number variation Prt(r, T ): the ratio of turbulent momentum to turbulent
enthalpy transport, which departs from the standard value (Prt ≈ 0.9) under strong property
gradients. Direct Numerical Simulations (DNS) of supercritical heat transfer in a pipe by Bae
et al. [45], with a subsequent assessment of the radial Prt distribution by Bae [46], have
documented Prt variations of order unity in the near-wall region.
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Integrating (12) for the enthalpy gradient from any radial position r to the wall yields:

h̃w − h̃(r) =

∫ R

r

q̃(r′)

Γeff(r′)
dr′. (16)

Substituting the heat flux profile (10) yields

h̃w − h̃(r) = qw R

∫ R

r

ϕ(r′)/r′

Γeff(r′)
dr′. (17)

This is the variable-property enthalpy profile. Setting r = 0 gives the enthalpy difference between
wall and centreline; however, the heat transfer coefficient requires the bulk enthalpy, not the cen-
treline value.

The wall-to-bulk enthalpy difference is obtained by mass-flow averaging (17):

h̃w − h̃b =
2

R2

∫ R

0

(
h̃w − h̃(r)

) ρ̄(r) ũ(r)
ρ̄b ũb

r dr. (18)

The squared-integral form (19) is obtained from (18) by substituting the enthalpy profile (17) and
exchanging the order of integration. Because this step is central to the structure of the generalised
Lyon integral, the intermediate steps are given explicitly in Appendix A.

h̃w − h̃b = qw R

∫ R

0

[
ϕ(r)

]2
Γeff(r) r

dr, ϕ(r) =
2

R2

∫ r

0

ρ̄(r′) ũ(r′)

ρ̄b ũb
r′ dr′. (19)

The physical origin of the squared integral is now transparent. The enthalpy profile (17) contains
a factor of the cumulative mass flux (through the heat flux profile q̃ ∝ ϕ), and the mass-flow
averaging (18) introduces a second factor of the same cumulative mass flux (through weighting
ρ̄ ũ r). The integration-order exchange brings these two factors to the same integration variable,
producing the square [ϕ(r)]2 in the integrand. This structure, a squared mass-flux weighting divided
by the local transport coefficient, is the defining feature of the Lyon integral and its generalisations:
it ensures that the near-wall region, where both ϕ is large and Γeff is small, dominates the total
impedance.

2.2.3 The generalised Lyon integral

Define the heat transfer coefficient and the integrated specific heat:

α =
qw

Tw − Tb
=

qw c̄p

h̃w − h̃b
, c̄p =

h̃w − h̃b
Tw − Tb

. (20)

The Nusselt number based on the wall conductivity is Nuw = αd/λw, so that, with d = 2R,
1/Nuw = λw (h̃w − h̃b)/(2Rqw c̄p). Substituting (19):

1

Nuw
=

λw

2 c̄p

∫ R

0

[
ϕ(r)

]2
Γeff(r) r

dr. (21)

This equation is the generalised Lyon integral for variable properties. It has the structural form of
Petukhov’s Eq. (41). For constant properties, ρ̄ ũ/(ρ̄b ũb) reduces to ū/ūb, Γeff becomes uniform,
all property ratios become unity, cp = c̄p, and (21) reduces to the classical Lyon integral ([33]); the
reduction is verified against the exact constant-flux limits in Appendix A.

11



The factor c̄p in the pre-factor carries the enthalpy–temperature conversion discussed in Sec-
tion 3.1.

To make the correspondence with Petukhov’s Eq. (41) explicit, equation (21) can be written,
with Γw = Γeff(R) the effective transport coefficient evaluated on the wall, as:

1

Nuw
=

cp,w
2 c̄p

∫ R

0

[
ϕ(r)

]2/[
Γeff(r)

Γw

Γw cp,w
λw

r

]
dr. (22)

In Petukhov’s limit, Γeff/Γw = [λ cp,w/(cp λw)] · [(1+ Pr
Prt

εm
ν )/(1+ Prw

Prt

εm,w

ν )], and the property ratios
λ/λw and cp,w/cp from Petukhov’s Eq. (41) reappear explicitly. Here εm is eddy viscosity; εh is
eddy diffusivity; and Prt = εm/εh is turbulent Prandtl number.

3 The thermal impedance integral

Having derived the generalised Lyon integral (21), we now examine the form it takes when properties
vary strongly across the boundary layer. The central result of this section is that the constant-
property thermal resistance becomes a thermal impedance, and that this single transition is the
common origin of the property-ratio correction factors and the developing-flow scaling derived in
the remainder of the paper. The impedance integral has two aspects. Its radial structure, the
form of the integrand across the pipe section, determines the property-ratio correction factors and
is developed in this section. Its transient character – the capacitive storage, history dependence,
and response lag that arise as the pseudocritical barrier sweeps the boundary layer along the pipe
– governs the Reynolds-number scaling and is quantified in Section 6.1.4.

For constant fluid properties, the generalised Lyon integral (21) reduces to the classical Lyon
integral, in which the integrand depends only on the turbulence structure εm(r/R) and is indepen-
dent of the temperature field. The resulting quantity 1/α is a thermal resistance in the strict sense:
a thermal-history-independent ratio ∆T/qw evaluated once for a given pair (Re, Pr) and applying
at every axial position of a fully developed flow.

When properties vary strongly between wall and bulk, and in particular when the pseudocritical
isotherm lies within the boundary layer, the integrand of (21) acquires three features absent from
the constant-property case that together transform the integral from a resistance into a thermal
impedance2. These three features are the physical origin of the impedance character and motivate
the terminology adopted here. All three are transient in the Lagrangian frame t = x/ũb of a fluid
element advected along the pipe; at a fixed axial position the problem remains steady, and the
features express themselves as axial structure of the wall-to-bulk transport. Their quantitative
consequences are developed in Section 6.1.3 and Section 6.1.4. The correction-factor derivations of
Sections 3.1–3.3 depend only on the radial structure of the impedance integrand, independently of
these transient features.

Capacitive thermal storage: the sharp cp peak at Tpc creates a narrow zone of very large thermal
capacitance per unit volume (ρ cp), so that the local heat flux reaching radius r is partly transmitted
and partly stored, the partition depending on the rate at which the barrier moves; in the constant-
property limit, by contrast, cp enters only through the Prandtl number as a transport ratio and
does not independently affect the total transport. History dependence: the enthalpy shape function
at axial position x reflects the cumulative effect of the upstream impedance distribution, not merely

2The term “impedance” parallels the electrical generalisation of resistance to impedance; see, e.g. Carslaw and
Jaeger [47]. Here it denotes a transport quantity that generalises resistance by incorporating reactive thermal capac-
itance and history-dependent contributions, analogous to the generalisation of electrical resistance when capacitive
elements are present. The quantity remains real-valued, with no explicit reactance; the analogy is structural.
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Feature Physical origin Quantified in

Capacitive storage cp peak: flux partly transmitted, partly stored § 6.1.3
History dependence enthalpy profile inherited from upstream § 6.1.3
Response lag perpetually developing profile;

√
Re replaces Re/ lnRe § 6.1.4

Table 1: The three features that transform the generalised Lyon integral from a thermal resistance
into a thermal impedance.

the local property values – the fully developed assumption of Section 2.2.1 is precisely the condition
under which the integral reduces to a memoryless resistance, and the barrier sweep disrupts this
equilibrium at every axial position where the barrier position shifts. Response lag: the thermal
profile is perpetually developing and never reaches the state that would make the response quasi-
steady, so the wall temperature at x reflects the impedance distribution over a finite upstream
interval; the penetration scaling Nu ∼

√
Re is the quantitative expression of this lag, the turbulent

counterpart of the Lévêque–Graetz mechanism [48, 49], driven here by internal re-development at
every axial position where the barrier moves rather than by the pipe inlet. Table 1 summarises the
three features.

Accordingly, throughout the remainder of this paper the quantity 1/α obtained from the variable-
property integral (21) is referred to as the thermal impedance, and the integral itself as the thermal
impedance integral. The term thermal resistance is reserved for the constant-property limit, for
the classical derivations of Petukhov [32] and Lyon [33], where assumptions P1–P3 eliminate the
reactive and history-dependent contributions, and for local sub-components of the integral, such as
the barrier resistance derived in Section 3.2.3, whose leading-order behaviour is memoryless. The
notation Z denotes the thermal impedance throughout.

The derivation of the Nusselt-number correction factors requires equation (21) to be rewritten in
impedance form. When the turbulent core is nearly isothermal, so that h̃b ≈ h̃(0), the wall-to-bulk
enthalpy difference (19) reduces to the wall-to-centreline profile (17) evaluated at r = 0; dividing
by qw and converting the enthalpy drop through the local specific heat cp

(
T (r)

)
yields the thermal

impedance

Ztotal =

∫ R

0

Rϕ(r)/r

Γeff(r) cp
(
T (r)

) dr, (23)

where the local specific heat cp(T (r)) converts the enthalpy-based transport coefficient Γeff , of units
kgm−1 s−1, to the temperature-based effective conductivity. Since Γmol = λ/cp carries the same
local cp, the conversion is exact,

Γeff(r) cp
(
T (r)

)
= λ

(
T (r)

)
+ ρ

(
T (r)

)
cp
(
T (r)

)
εh(r) ≡ λeff(r), (24)

the local effective thermal conductivity. The quantity Ztotal carries the units of a thermal impedance,
Km2W−1, consistent with its role as ∆T/qw; the wall-unit form used in Section 6.1.1 follows directly.
The integrand of (23) has a clear physical meaning: at each radial position, the local heat flux q̃(r)
must be transported across an infinitesimal shell dr by the combined action of effective molecular
and turbulent transport. The total enthalpy drop from wall to bulk is the cumulative effect of these
local impedances, weighted by the local heat flux that must pass through each shell. The weighting
by ϕ(r) ensures that the near-wall region dominates the integral. Two classes of property effects
modify this integral, each entering through a different term in the effective transport coefficient:

• Molecular property variation (λ, ρ, cp in Γmol): origin of the Prandtl-ratio correction (Sec-
tion 3.2).
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• Turbulent transport modification (εh in Γturb, modified by density-driven velocity redistribu-
tion): origin of the density-ratio correction (Section 3.3).

In general, Γturb depends on the temperature through the Favre-averaged turbulent enthalpy
flux. This temperature dependence arises from two physically distinct mechanisms:

(a) Indirect dependence: density-modified velocity field. When ρ varies across the
boundary layer, mass conservation requires redistribution of the velocity field (thermal acceleration,
buoyancy), which modifies the mean shear |∂ũ/∂r| and hence the turbulent mixing. This effect is
captured by the density-ratio correction (ρw/ρb)

r derived in Section 3.3.
(b) Direct dependence: turbulent Prandtl number variation and property-fluctuation

correlations. The ratio of turbulent momentum to turbulent enthalpy transport, Prt(r, T ), departs
from its constant-property value under strong property gradients. Additionally, property-fluctuation
correlations modify the effective molecular transport. Both effects are absorbed into Γeff but are
not captured by any of the three classical correction factors. They are the principal open problem
identified in Section 7.

When all properties are independent of temperature, Γeff reduces to a function of r/R determined
solely by the turbulence structure, and the generalised Lyon integral (21) can be evaluated once a
turbulence closure εm(r) is specified.

The Lyon integral for constant fluid properties and the resulting Nusselt number scaling are
derived in detail in [31], where the Dittus–Boelter correlation (25) is shown to be a power-law
representation of the thin-sublayer approximation to the constant-property Lyon integral,

Nu0 = 0.023Re 0.8 Pr 0.4, (25)

no correction factors are needed because there is only one thermodynamic state.
The central question is: what happens to the generalised Lyon integral (21) and the resulting

correlation (25) when the property values at the wall and in the bulk are different?
When Tw and Tb span a region of strong property variation, the energy balance (3) remains

exact, but the temperature field cannot be evaluated by evaluating properties at a single reference
temperature. This is reflected by the generalised Lyon integral (21) and becomes obvious from the
integrand of the impedance form (23). The local thermal impedance 1/[Γeff(r) cp(T (r))] = 1/λeff(r)
varies across the pipe cross section through the temperature field T (r). When the pseudocritical
isotherm Tpc falls between Tb and Tw, a sharp peak develops at the radial position where T (r) = Tpc:
there λ passes through its steepest decrease and cp through its maximum, producing a zone of locally
high impedance. Additionally, in this region, the property-fluctuation correlations absorbed by Γeff

are at their most intense, further modifying the local transport. This is the mechanism of the spatial
mismatch problem introduced in the Introduction.

From the above follows that a single reference-temperature evaluation cannot simultaneously
capture:
(i) the near-wall molecular transport (dominated by Γmol,w),
(ii) the pseudocritical barrier zone (where both Γmol and Γturb change rapidly) and
(iii) the bulk transport (dominated by Γmol,b and Γturb,b).
Approximating this structured integral requires at minimum two evaluation points: one character-
ising the near-wall region and one the bulk. Note that this requirement is already implicit in the
generalised Lyon integral (21) through the pre-factor λw/c̄p, which involves both the wall and the
wall-to-bulk averaged thermodynamic states.

In terms of correlations, this means that representing the generalised Lyon integral by a power-
law correlation of the Dittus–Boelter type (25) requires the property variation to be absorbed into
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multiplicative correction factors, formed as ratios of properties evaluated at two reference temper-
atures. The following three subsections derive these factors from the structure of the generalised
Lyon integral and classify them by their origin.

3.1 Correction I: the specific heat ratio c̄p/cp,b is an artefact

The first correction factor does not arise from the structure of the impedance integral, but from
the conversion between the enthalpy-based and temperature-based definitions of the heat-transfer
coefficient. It can therefore be isolated before the integral itself is analysed.

The generalised Lyon integral (21) expresses 1/Nuw in terms of h̃w − h̃b (through the definition
α = qw c̄p/(h̃w − h̃b)). The resulting pre-factor cp,w/c̄p of the transparent form (22) involves the
integrated specific heat

c̄p ≡
h̃w − h̃b
Tw − Tb

=
1

Tw − Tb

∫ Tw

Tb

cp(T ) dT. (26)

This quantity is not a physical property at any single temperature, it is a conversion factor between
∆h and ∆T . If one defines the Nusselt number directly in terms of enthalpy, c̄p never appears.
Crucially, this factor is independent of the averaging convention (Favre or Reynolds) and of the
effective transport coefficient Γeff : it arises purely from the definition of α in (20).

To make the origin of the c̄p/cp,b factor explicit, we non-dimensionalise the generalised Lyon
integral (21) with bulk properties. From the definition Nub = αd/λb = qw d/[λb (Tw − Tb)] using
α = qw c̄p/(h̃w − h̃b) yields

Nub =
λw

λb

c̄p
cp,w

1

λw

2 cp,w

∫ R

0

[
ϕ(r)

]2
Γeff(r) r

dr

. (27)

Separating the factors that depend on the wall-to-bulk properties from the integral yields

Nub =
c̄p
cp,b︸︷︷︸

enthalpy–temperature
conversion

× λw

λb

cp,b
cp,w︸ ︷︷ ︸

reference-temperature
shift

× 1

λw

2 cp,w

∫ R

0

[ϕ]2

Γeff r
dr︸ ︷︷ ︸

impedance integral

. (28)

The first factor, c̄p/cp,b, arises solely because we chose to express the energy balance in terms of
∆T rather than ∆h. It is independent of the molecular transport, the turbulent transport, and the
property-fluctuation correlations. It is entirely a consequence of global energy-balance bookkeeping
when ∆h is converted to ∆T .

3.2 Correction II: the Prandtl ratio Prb/Prw from the thermal impedance inte-
gral

The Prandtl-ratio correction arises from the variation of the molecular component of the effective
transport coefficient, Γmol(r), across the integrand of the impedance integral (23). In the Reynolds-
averaged limit, Γmol = λ/cp and its variation is controlled by λ(T ), ρ(T ), cp(T ) evaluated at the local
mean temperature. In the general framework, Γmol additionally absorbs the property-fluctuation
correlations λ′ ∂T ′/∂r, but the structural dependence on the local Prandtl number is the same.
Unlike the c̄p/cp,b factor, which is a pre-factor outside the integral, the Prandtl ratio emerges from
the integrand itself and is intrinsic to the heat transfer problem.
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The derivation below identifies the Prandtl-number dependence directly from the integrand
of (23) in three steps: factorisation of the integrand to isolate Γmol, identification of the molecular-
dominated zone and its Pr-dependent extent, and evaluation in the two limiting regimes.

3.2.1 Factorisation of the integrand

(23) and (24) yield

Ztotal =

∫ R

0

Rϕ(r)/r

λ
(
T (r)

)
+ ρ

(
T (r)

)
cp
(
T (r)

)
εh(r, T )

dr. (29)

The denominator of (29) is the local effective thermal conductivity λeff(r) = Γeff(r) cp(T (r)) =
λ+ ρ cp εh of (24), in which both the molecular conductivity and the turbulent contribution ρ cp εh
vary strongly with temperature across the wall–bulk interval; it is this variation that the constant-
property derivation suppresses. In order to derive simplified dimensionless correlations from the
impedance integral (29) further simplification is required. The thin-sublayer impedance integral
assumes ϕ ≈ 1, r ≈ R and for the wall-normal coordinate y = R− r, reads:

Ztotal =

∫ δ

0

1

λ
(
T (y)

)
+ ρ

(
T (y)

)
cp
(
T (y)

)
εh(y, T )

dy, (30)

where δ is an outer limit beyond which the turbulent core is effectively isothermal and contributes
negligibly to the impedance. Factoring λ(T ) out gives

Ztotal =

∫ δ

0

1

λ
(
T (y)

) 1

1 + η(y, T )
dy, (31)

where

η(y, T ) ≡ ρ cp εh
λ

=
εh(y)

a(T (y))
=

εh(y) Pr
(
T (y)

)
ν
(
T (y)

) (32)

is the local ratio of turbulent to molecular transport. Here a = λ/(ρ cp) = ν/Pr is the local
thermal diffusivity. All quantities, including dimensionless ones, are local and temperature and
pressure dependent. The factorisation (31) makes explicit that the local Prandtl number enters the
impedance integral through two distinct roles:

1. The prefactor 1/λ(T ) sets the molecular impedance scale at each radial position.

2. The transport ratio η ∝ Pr ·εh/ν determines where the transition from molecular to turbulent
transport occurs, and therefore which radial zone dominates the integral.

3.2.2 The molecular-dominated zone and its Pr-dependent thickness

The integrand in (31) has two asymptotic behaviours:

• For η ≪ 1 (near the wall): the factor 1/(1 + η) ≈ 1, and the local impedance is 1/λ(T ).
Molecular conduction controls the transport.

• For η ≫ 1 (in the turbulent core): the factor 1/(1 + η) ≈ 1/η, and the impedance drops to
ν/(εh Pr).
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We define the outer edge of this zone, yc, by the crossover condition η(yc) = 1:

εh(yc) = a
(
T (yc)

)
=

ν
(
T (yc)

)
Pr

(
T (yc)

) . (33)

The near-wall asymptotic behaviour of the turbulent thermal diffusivity follows the classical cubic
law εh ∼ (νw/Prt) (y

+)3 for y+ → 0, where y+ = y uτ/νw is the wall-normal distance in viscous
units and uτ is the friction velocity, see e.g. Schlichting and Gersten [50]. Substituting into (33)
and evaluating the molecular properties at the wall temperature (since T ≈ Tw throughout this thin
layer):

νw
Prt

(y+c )
3 ∼ νw

Prw
, =⇒ y+c ∼

(
Prt
Prw

)1/3

. (34)

Therefore, the radial extent of the molecular-dominated zone, and hence the portion of the integrand
that samples 1/λ rather than the turbulent bypass, is set by Prw. Higher Prw shrinks y+c , moving
the crossover closer to the wall.

3.2.3 Two regimes of the impedance integral

The behaviour of (31) within the molecular-dominated zone (0 ≤ y ≤ yc) depends qualitatively
on how 1/λ(T ) varies across that zone. This variation is controlled by whether the pseudocritical
isotherm Tpc falls within the boundary layer.

Standard regime (Tpc outside the boundary layer). When Tpc lies outside the range
[Tb, Tw], properties vary smoothly across the molecular zone. The thermal conductivity is approxi-
mately constant at λw throughout y < yc, and the impedance integral is controlled by the thickness
of the molecular zone:

Zmol =

∫ yc

0

1

λ(T (y))

dy

1 + η
≈ yc

λw
. (35)

Converting to wall units using yc = y+c νw/uτ and substituting (34):

Zmol ∼
νw

λw uτ

(
Prt
Prw

)1/3

. (36)

To make the Prw-dependence explicit, we rewrite the prefactor νw/λw using the definitions Prw =
νw/aw = µwcp,w/λw and aw = λw/(ρwcp,w):

νw
λw

=
νw
aw

aw
λw

=
Prw

ρw cp,w
. (37)

Substituting (37) into (36) yields:

Zmol ∼
Prw

ρw cp,w uτ
Pr−1/3

w Pr
1/3
t =

Pr
2/3
w Pr

1/3
t

ρw cp,w uτ
. (38)

The corresponding conductance (inverse resistance) is therefore:

gstd = Z−1
mol ∝ Pr−2/3

w . (39)

Two competing effects produce this scaling. The prefactor νw/λw ∝ Prw means that higher Prw
increases the molecular impedance at each point within the sublayer. Simultaneously, the sublayer
thickness y+c ∝ Pr

−1/3
w shrinks, reducing the path length over which that impedance acts. The net
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conductance scales as Pr
−2/3
w . This is the sublayer-thinning effect: the geometric narrowing of the

molecular zone partially, but not fully, compensates for the higher pointwise impedance.
Thermal barrier regime (Tpc inside the boundary layer). When Tpc falls between Tb and

Tw, the factor 1/λ
(
T (y)

)
in the integrand (31) develops a sharp peak at the radial position ypc

where T (ypc) = Tpc: there λ passes through its steepest decrease and cp through its maximum. In
this regime, the integral is no longer controlled by the geometric thickness yc of the molecular zone;
instead, it is dominated by the peak value of the integrand.

We now show that, in contrast to the standard regime, the barrier resistance is to leading order
independent of the local Prandtl number, a cancellation that has direct consequences for the form
of the Prandtl-ratio correction in the Nusselt correlations.

Consider the impedance integral (31) evaluated over the barrier zone centred on ypc. Within this
zone the transport ratio η need not be small: the barrier is not in general confined to the viscous
sublayer. The local effective thermal conductivity is λeff = λ(1 + η), and the integrand takes the
form [λ(1 + η)]−1.

The temperature gradient within the barrier zone is set by the local energy balance:

dT

dy
∼ qw

λeff
=

qw
λ(1 + η)

. (40)

The radial extent of the zone over which properties deviate significantly from their far-field values
is set by the temperature interval ∆Tpc characterising the cp peak. From (40), this radial extent is:

∆ypc ∼
λmin(1 + ηpc)∆Tpc

qw
, (41)

where λmin ≡ λ(Tpc) and ηpc ≡ η(ypc, Tpc). Note that ∆ypc depends on the local transport: both
the molecular conductivity λmin and the turbulent bypass factor (1 + ηpc) set the radial width.

The barrier resistance is the product of the local impedance and the zone width:

Zbarrier =

∫
peak

1

λ(1 + η)
dy ∼ 1

λmin(1 + ηpc)
∆ypc. (42)

Substituting (41):

Zbarrier ∼ 1

λmin(1 + ηpc)
· λmin(1 + ηpc)∆Tpc

qw
=

∆Tpc

qw
. (43)

The cancellation is exact to leading order: the same effective conductivity λmin(1+ ηpc) that deter-
mines the pointwise impedance also sets the temperature gradient and hence the radial extent of the
barrier zone. The product (impedance × width) is independent of both the molecular conductivity
and the turbulent bypass factor. The physical content of (43) is that ∆Tpc is a thermodynamic
constant of the fluid at the given pressure, set by the width of the cp peak and independent of the
transport: the barrier resistance is fixed by the fluid state, not by the flow. Crucially, the barrier
resistance (43) depends only on the thermodynamic width ∆Tpc of the cp peak and the imposed
heat flux qw; it is, to leading order, independent of Pr.

This cancellation has a precise interpretation within the resistance–impedance distinction intro-
duced above. The thermal impedance of the barrier zone has, in general, both a resistive compo-
nent (the steady-state transport through the local effective conductivity) and a reactive (capacitive)
component (the enthalpy storage associated with the large ρ cp at Tpc). In the product (pointwise
impedance) × (zone width) (43), both components scale with λmin(1 + ηpc): the resistive part
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through the pointwise impedance, the capacitive part through the temperature gradient that sets
the zone width. The product therefore cancels to ∆Tpc/qw, a thermal-history-independent quantity,
that is, a pure resistance. The barrier zone, taken in isolation, is memoryless to leading order. The
impedance character of the total wall-to-bulk transport arises not from the barrier itself but from its
interaction with the rest of the boundary layer: the barrier sweeps radially as Tb rises, continuously
resetting the thermal profile on either side (discussed in detail later in the Section 6.1.3), so that
the upstream thermal history enters the integral at every axial position. The local resistance of the
barrier and the global impedance of the wall-to-bulk path are therefore distinct quantities, and the
Pr-independence of (43) is a property of the former, not the latter.

This cancellation holds as long as η is approximately constant across the narrow barrier zone.
Near Tpc, where Pr has a sharp peak, η itself varies rapidly across the barrier, introducing higher-
order Pr-dependent corrections. These corrections are absorbed into the empirical exponent p in
the power-law parameterisation derived below, but the leading-order Pr-independence remains.

Origin of the Prandtl-ratio correction from the impedance balance.
The Prandtl-ratio correction factor arises not from the barrier resistance itself (which is Pr-

independent to leading order) but from the balance between the barrier resistance and the Pr-
dependent sublayer resistance.

The total impedance between wall and bulk is the sum of the sublayer contribution and the
barrier contribution:

Ztotal = Zsublayer + Zbarrier. (44)

From (38), the sublayer resistance scales as Zsublayer ∝ Pr
2/3
w . From (43), the barrier resistance is

Zbarrier ∼ ∆Tpc/qw, independent of Pr to leading order.
The constant-property reference resistance, evaluated at bulk conditions, scales as Z0 ∝ Pr

2/3
b .

The Nusselt number ratio is therefore:

Nu

Nu0
=

Z0

Ztotal
=

APr
2/3
b

B Pr
2/3
w + Zbarrier

, (45)

where A and B contain the non-Pr prefactors.
Limit 1: No barrier (Zbarrier ≪ Zsublayer).

Nu

Nu0
≈ A

B

(
Prb
Prw

)2/3

. (46)

Limit 2: Barrier-dominated (Zbarrier ≫ Zsublayer).

Nu

Nu0
≈

APr
2/3
b

Zbarrier
, (47)

which is independent of Prw.
In the intermediate regime, the power-law parameterisation

Nu

Nu0
≈

(
Prb
Prw

)p

, 0 < p < 2
3 , (48)

approximates (45) with an effective exponent p that encodes the fractional importance of the barrier.
The direction of the Prandtl ratio, (Prb/Prw)

p with p > 0, is uniquely determined by the
physics of the impedance integral. When Prw > Prb, the near-wall molecular impedance exceeds
the baseline; the Nusselt number must be reduced. Therefore,

Nu

Nu0
= G(Prw, Prb) ≈

(
Prb
Prw

)p

, (49)
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where p > 0 captures the net effect of the property variation across the integrand. The formulation
of G is inconsistent in the literature, sometimes introducing entanglement that induces prediction
errors in the Q-mode. This is discussed in detail in Section 4.

3.3 Correction III: the density ratio ρw/ρb from momentum–energy coupling

The density-ratio correction enters the impedance integral through a different factor in the integrand
than the Prandtl-ratio correction. Recall the factored form (31):

Ztotal =

∫ δ

0

1

λ
(
T (y)

)︸ ︷︷ ︸
molecular impedance

· dy

1 + η(y, T )︸ ︷︷ ︸
turbulent bypass

, (50)

The two corrections are structurally distinct in the integrand: one acts on the molecular impedance,
the other on the turbulent bypass efficiency. When the two factors are perturbed independently
about their constant-property values a0, b0,

Z =

∫
a b dy ≈

(∫
a b0 dy

)
·

∫
a0 b dy∫
a0 b0 dy

, (51)

which factorises into the product of two independent corrections, provided the mixed perturba-
tion

∫
δa δb dy is small. This condition is well satisfied when the property variation is moderate.

Near Tpc, however, both perturbations are simultaneously large and spatially correlated, and the
multiplicative independence degrades.

When ρw ̸= ρb, mass conservation requires velocity redistribution (thermal acceleration, buoy-
ancy), which modifies the mean shear |∂ũ/∂r| and modifies the transport ratio η(y). In the mixing-
length framework, the turbulent thermal diffusivity scales with the mean shear as:

εh(y) ∼
ℓ2 |∂ũ/∂y|

Prt
. (52)

The density-modified turbulent diffusivity is parameterised as:

εh,eff(y) ∼ εh,0(y) · F
(
y,

ρw
ρb

)
. (53)

Since the density modification enters the integral multiplicatively through η, parameterising the
functional F in power-law form:

Nu

Nu0
∝

(
ρw
ρb

)r

, (54)

where the exponent r absorbs both the radial structure of F and the flow-configuration dependence.
The quantitative prediction of r from first principles requires solving the coupled momentum–energy
problem; this is deferred to a separate study.
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Factor Exponent Component of Γeff Origin

C Renb Prmb n, m entire Γeff (uniform) constant-property Lyon integral

(Prb/Prw)
p p ∈ (0, 2/3) Γmol sublayer–barrier resistance balance

(c̄p/cp,b)
q q ≈ 0.4–0.7 none (pre-factor) ∆h ↔ ∆T conversion

(ρw/ρb)
r r ≈ 0.3–0.4 Γturb density-driven velocity redistribution

(unresolved) — Γeff − ΓPetukhov property-fluctuation correlations,
Prt(r, T ) variation,
Pr–ρ cross-coupling near Tpc

Table 2: Origin and classification of the correction factors by their role in the generalised Lyon
integral (21) and the effective transport coefficient Γeff (Eq. (13)).

4 The general correlation structure

Combining the results of Sections 3.1–3.3, the variable-property Nusselt number takes the form:

Nub = C Renb Prmb

(
Prb
Prw

)p

︸ ︷︷ ︸
sublayer–barrier

balance
(Γmol in integrand)

·
(

c̄p
cp,b

)q

︸ ︷︷ ︸
enthalpy–temperature

conversion
(pre-factor)

·
(
ρw
ρb

)r

︸ ︷︷ ︸
momentum–energy

coupling
(Γturb in integrand)

(55)

Each factor is now traced to a specific component of the generalised Lyon integral (21) and the
effective transport coefficient decomposition Γeff = Γmol + Γturb:

• The baseline C Renb Pr
m
b represents the constant-property Lyon integral, where Γeff is uniform

and the impedance scales as Pr
2/3
b .

• The Prandtl ratio (Prb/Prw)
p captures the balance between the Prw-dependent sublayer re-

sistance and the Pr-independent barrier resistance. The exponent p encodes the fractional
importance of the barrier: p → 2/3 when the barrier is negligible, p → 0 when the barrier
dominates.

• The specific heat ratio (c̄p/cp,b)
q is the pre-factor from the enthalpy-to-temperature conversion.

It is external to Γeff entirely and eliminable: in an enthalpy-based formulation, q = 0.

• The density ratio (ρw/ρb)
r captures the modification of Γturb through density-driven velocity

redistribution.

Of the three correction factors, only the c̄p/cp,b ratio is fully resolved by the present analysis: it
is an artefact, eliminable by reformulation. The Prandtl ratio and density ratio are intrinsic, and
their origins in the impedance integral are established, but the exponents still require empirical or
computational input.

The contribution of the framework is not to eliminate empiricism but to confine it to physically
meaningful parameters and to identify the regime where each correction is active: p is bounded
by the sublayer–barrier balance (0 < p < 2/3), and r is set by the momentum–energy coupling
strength. Each factor is now traced to a specific component of the generalised Lyon integral (21)
and the effective transport coefficient decomposition Γeff = Γmol +Γturb, as summarised in Table 2.

What the framework does not capture The property-fluctuation correlations and turbulent
Prandtl number variation absorbed by Γeff do not map cleanly onto any of the three classical correc-
tion factors. Additionally, the multiplicative independence of the Prandtl and density corrections
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degrades near Tpc, where both perturbations are simultaneously large. Resolving these effects, e.g.
through DNS-based parameterisations of Prt(r, T ), is an open problem identified in Section 7.

The principal physical limitation is the fully developed flow assumption, which is violated at
higher heat loads and under supercritical conditions, as discussed in Section 1.

5 Standard correlations

We now demonstrate that classical semi-empirical Nusselt correlations in the literature map onto
the general form (55). Table 3 provides the mapping overview. Three correlations are examined in
more detail below: Dittus–Boelter as the uncorrected baseline, Bishop et al. as a representative of
formulation using modified Prandtl number, and Swenson et al. correlation as the principal example
of wall evaluated corrections. The remaining correlations are summarised afterwards.

5.1 Dittus–Boelter (1930)

The constant-property baseline correlation by [34],

Nu = 0.023Re0.8 Pr0.4, (56)

evaluates all properties at the bulk temperature Tb and uses no correction factors: p = q = r = 0.
This is the baseline of (55) with all corrections set to unity. It is valid only when Prw ≈ Prb and
ρw ≈ ρb.

Note that the exponent n = 0.8 is not a first-principles result. As shown in [31], the Lyon
integral combined with the Prandtl–von Kármán log-law friction factor yields Nu ∼ Re/ lnRe,
whose local power-law exponent neff = 1− 1/ lnRe lies in the range 0.89–0.93 for 104 ≤ Re ≤ 106.
The lower empirical value n = 0.8 absorbs thermal development effects and Re–Pr coupling present
in the original calibration datasets into a single power-law fit. The correlation by [32, 51] avoids
this compression by retaining the logarithmic friction structure.

Near Tpc, the positive Prandtl exponent (m = 0.4) is the source of the significant enhancement
in predicted Nu whereas in reality the wall heat transfer is unaffected by the bulk property peak.
The framework explains this immediately: without the thermal barrier correction (p = 0), the
correlation has no mechanism to sense the wall-side thermal impedance.

5.2 Bishop et al. (1964)

The correlation by [27],

Nub = 0.0069Re 0.9b Pr
0.66
b

(
ρw
ρb

)0.43(
1 + 2.4

d

x

)
, (57)

was developed from experiments in 2.54 and 5.08 mm tubes and the data-based calibration provided:
r = 0.43, with q and p entangled through Prb. The higher density-ratio exponent (versus Jackson’s
0.3) reflects stronger momentum–energy coupling in small-diameter geometries. The increased ex-
ponent m = 0.66 on Prb compensates for the c̄p artefact embedded in the modified Prandtl number.
The factor (1+2.4 d/x) is an empirical entrance correction, accounting for the thermally developing
region near the tube inlet, where the boundary layer has not yet reached the fully developed state.
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Correlation Tref C n m p q r

[34] Tb 0.023 0.8 0.4 0 0 0
[37] Tb 0.023 0.8 0.8 † 0 0
[35] Tf 0.0277Cl 0.8 0.36 0.11 0 0
[27] Tb 0.0069 0.9 0.66‡ 0‡ ‡ 0.43
[17] Tw 0.00459 0.923 0.613‡ (abs.) ‡ 0.231
[38]¶ Tb (P–K) ∗ ∗ 0¶ n(T ) 0.3–0.4
[39] Tb 0.65 0.5 0.34 0.25 0 0
[36] Tf (P–K) ∗ ∗ 0.11 0 0
[24] Tb 0.0183 0.82 0.5‡ 0‡ n(T ) 0.3
[40] Tb (P–K) ∗ ∗ 0 0 0.4§

(P–K) = Petukhov–Kirillov base; ∗ = implicit in P–K structure; † = see §5.4;
‡ = entangled with c̄p through use of Prb = c̄p µb/λb; (abs.) = absorbed by wall evaluation; § = in friction law.
¶ = shows p = 0 explicitly, but the thermal barrier effect is partially entangled into the regime-dependent

exponent q = n(T ) with the c̄p/cp,b factor.

Table 3: Unified mapping of empirical correlations onto the general form (55). Columns p, q, r are
the exponents on (Prb/Prw), (c̄p/cp,b), and (ρw/ρb) respectively.

5.3 Swenson et al. (1965)

The correlation by [17],

Nuw = 0.00459Re 0.923w Pr
0.613
w

(
ρw
ρb

)0.231

, (58)

evaluates dimensionless groups at Tw.
The thermal barrier could be better approximated because Pr is evaluated as Prw =

c̄p µw

λw
. The

price is increased circularity: quantities mainly depend on the unknown Tw, and when Tw ≈ Tpc

all wall-based properties lie in the region of maximum sensitivity. [20] documented the resulting
“outbursts” in predicted values, a direct manifestation of the Q-method convergence pathology
identified in Section 1. However, when the region of maximum property sensitivity is narrow relative
to the axial discretisation, the Swenson-type formulation can yield reasonable predictions provided
the mesh spacing allows stable stepping across the pseudocritical zone without resolving its internal
structure. The iteration then effectively averages over the sharp property gradients rather than
tracking them pointwise, suppressing the Q-method convergence pathology by under-resolution.
The trade-off is that any heat transfer deterioration associated with the pseudocritical crossing is
necessarily smoothed out: the model cannot predict HTD, but the integrated wall temperature may
remain qualitatively acceptable outside the deterioration zone.

It is worth noting that Rew is commonly obtained from Reb (µb/µw), so the viscosity ratio
(µw/µb)

n is already implicit in any Q-mode calculation. Correlations that carry an explicit viscosity-
ratio factor, such as the [52] type, therefore share with the Swenson formulation the same approx-
imation of the momentum-field modification by near-wall property variation; the two approaches
differ only in whether this modification is absorbed into the Reynolds-number exponent or retained
as a separate multiplicative correction.

5.4 Summary of the remaining correlations

The remaining correlations in Table 3 confirm and extend the classification. [37] (Nub = 0.023Re0.8b Pr0.8min)
selects Prmin discretely between wall and bulk with no intermediate values; the elevated exponent
m = 0.8 absorbs what would otherwise appear as a separate Prandtl-ratio correction, and the re-
sulting kink at Prw = Prb produces discontinuities in Q-method iteration. [35] (p = 0.11, q = 0,
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r = 0, m = 0.36) and [36], who extended the Petukhov–Kirillov base to lower Reynolds numbers
with an identical film-temperature correction structure, independently confirm the same correction
architecture under subcritical conditions, the reduced Prandtl exponent being consistent with high-
Pr sublayer thinning. The Mikheev–Žukauskas external-flow correlation [39, 53] carries C = 0.65,
n = 0.5, m = 0.34 and p = 0.25, estimated from crossflow data for air, water, and transformer
oil [39, 54, 55]. The [38] and [56] formulation uses p = 0, q = n(T ), r = 0.3–0.4: the c̄p/cp,b fac-
tor does double duty as both the enthalpy–temperature conversion and a partial surrogate for the
wall-side property mismatch, forcing the exponent n to vary from 0.4 to 0.7 across five sub-regimes.
The Petukhov–Kurganov Reynolds-analogy formulation by [40], expressed directly as an enthalpy
Stanton number Sth, avoids the c̄p/cp,b artefact by construction.

Correlations built on the modified Prandtl number Prb = c̄p µb/λb, among them [27] and [24],
absorb the c̄p/cp,b factor into the Prandtl number:

Pr
m
b =

(
c̄p
cp,b

)m

Prmb . (59)

The exponent m then simultaneously controls the physical Prandtl dependence from the impedance
integral and the bookkeeping conversion c̄p/cp,b, two unrelated effects forced into a single parameter.
This is the structural reason why these correlations require regime-dependent exponents near Tpc:
the bookkeeping factor diverges where cp peaks, but the integral physics does not.

The impedance integral and the analysis in the previous sections suggest that the impedance
should be separated along the pseudocritical isotherm to better account for separate thermodynamic
states. This is developed in the next section.

6 The pathway model as two-point quadrature of the impedance
integral

When the pseudocritical isotherm lies at radial position rpc within the boundary layer, the impedance
integral (23) can be split into wall-side and bulk-side contributions:

Ztotal =

∫ rpc

0

Rϕ(r)/r

Γeff(r) cp
(
T (r)

) dr︸ ︷︷ ︸
Zwall-side

+

∫ R

rpc

Rϕ(r)/r

Γeff(r) cp
(
T (r)

) dr︸ ︷︷ ︸
Zbulk-side

. (60)

In each sub-integral, the effective transport coefficient is dominated by one thermodynamic state:
Γeff evaluated near Tw for the wall-side and near Tb for the bulk-side. The thermal barrier zone,
centred on rpc where T (r) = Tpc, straddles the split point; its integrated impedance is distributed
across both sub-integrals. The two-point quadrature introduced below replaces the continuous
integral by endpoint evaluations and thereby absorbs the barrier’s contribution into the pathway
conductances.

Applying the thin-sublayer approximations ϕ(r) ≈ 1 and R/r ≈ 1 within the impedance-
controlling region, and evaluating Γeff at the respective endpoint temperatures, the two sub-integrals
yield two pathway impedances Zw and Zb.

For the conditions considered here, the total conductance is approximated as a weighted sum of
two pathway conductances:

Gtotal = w g(Prw) + (1− w) g(Prb), (61)
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where g(Pr) is the conductance function for each pathway and w ∈ [0, 1] is a weight representing
the fractional conductance contribution of the wall-side pathway.

In the limit of pure molecular transport (no turbulent bypass), the zones would be strictly in
series with G = 1/(Zw+Zb) ≤ w gw+(1−w) gb, the series (harmonic) composition representing the
model lower bound. The choice of composition rule matters only beyond first order: the weighted
harmonic (series), geometric and arithmetic (parallel) means of the two endpoint conductances
coincide to first order in ξ = ln(Prb/Prw), so the linearised form derived below is composition-
independent. The parallel (arithmetic) form (61) is adopted deliberately as the upper envelope of
the admissible compositions; the envelope-exceedance diagnostic of the companion paper (Section 2)
is therefore a conservative test.

Based on the experimental data, the bounds of (61) are analysed and evaluated against the true
conductance in Section 2 of the companion paper [23].

6.1 The Re-dependence and the pathway Nusselt number

In the Dittus–Boelter correlation the exponents n and m emerge together from the coupled 0.023RenPrm

factorisation and are not independently derivable; see [31] for the detailed derivation and discussion.
The pathway construction instead separates the two dependences, writing the conductance of each
pathway as a product

Gi = f(Re) g(Pri), i ∈ {w, b}, (62)

in which f(Re) carries the turbulent mixing contribution, common to both pathways, and g(Pri)
carries the Prandtl-number dependence of the wall- and bulk-side near-wall resistances separately.
The Reynolds dependence thus enters through the single factor f(Re), whose form is set by the flow
regime: f(Re) ∼ Re/ lnRe in the fully developed regime (Section 6.1.1) and f(Re) = C

√
Re in the

barrier-dominated, thermally developing regime (Section 6.1.4).

6.1.1 The fully developed result: Nu ∼ Reτ after pathway absorption

We start from the thin-sublayer impedance integral (30) and convert to wall units. Introduce the
friction velocity uτ =

√
τw/ρ̄w and the wall coordinate y+ = y uτ/νw, so that dy = (νw/uτ ) dy

+.
The impedance becomes

Ztotal =
νw

uτ λw

∫ δ+

0

λw/λ
(
T (y+)

)
1 + η(y+, T )

dy+. (63)

The dimensionless impedance integral is I =
∫ δ+

0 [λw/λ(T (y
+))] [1 + η(y+, T )]−1 dy+, and the

Nusselt number based on bulk conductivity is

Nub = Reτ,w
λw

λb

1

I
, (64)

where Reτ,w = uτ d/νw. No friction-factor model has been assumed; the result is exact within the
thin-sublayer approximation.

The pathway model replaces 1/I by the parallel conductance (61):

Nub = Reτ,w
λw

λb

[
wPr−β

w + (1− w) Pr−β
b

]
. (65)

All Pr-dependent physics is now in the bracket.
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6.1.2 The friction Reynolds number without empirical friction laws

From the momentum balance,

Reτ,w = Reb
µb

µw

√
f

8

√
ρw
ρb

, (66)

and the Prandtl–von Kármán relation for fully developed turbulent pipe flow,

1√
f
=

1

2κ
ln
(
Reb

√
f
)
+B, (67)

where κ ≈ 0.41 and B is a constant, it follows that in the limit of large Re, where
√
f/8 ∼ 1/ lnReb,

Nuf.d. ∼ Re

lnRe

[
w g(Prw) + (1− w) g(Prb)

]
. (68)

This scaling is nearly linear in Re, with an effective exponent neff = 1−1/ lnRe that increases from
the Dittus–Boelter value n ≈ 0.8 toward n → 1 as Re → ∞, consistent with the higher exponents
used by [27] (n = 0.9) and [17] (n = 0.923); see Table 3; the detailed derivation and discussion are
given in [31].

6.1.3 Breakdown of the fully developed assumption at the pseudocritical barrier

The capacitive, history-dependent, and lagging features of the impedance integral anticipated in
Section 3 are made quantitative here and in Section 6.1.4.

A remark on the domain of validity is in order, since the impedance integral (21) is derived
under the fully developed assumption whose breakdown this subsection establishes. The resolution
is as follows: the radial structure of the integrand is retained quasi-locally – frozen at each axial
position – and this fixes the Prandtl-number structure of Sections 3.2 and 6, which depends only on
the instantaneous property distribution across the boundary layer. The Reynolds-number scaling,
by contrast, encodes the axial equilibrium of the thermal profile and cannot be taken from the
integral once that equilibrium is lost; it is re-derived independently from the penetration argument
of Section 6.1.4.

The fully developed scaling (68) rests on the assumption that the axial enthalpy gradient is
uniform across the pipe radius. When the pseudocritical isotherm lies within the boundary layer
(0 < θpc < 1), where

θpc = (Tpc − Tb)/(Tw − Tb) (69)

is the barrier position which locates the pseudocritical isotherm within the wall-to-bulk interval,
the fully developed assumption is violated locally.

The barrier creates a zone of sharply elevated thermal impedance. As the bulk temperature rises
along the pipe, θpc moves continuously and the barrier sweeps radially through the boundary layer.
At each axial position where θpc transitions through the interval [0, 1], the temperature profile must
re-develop from the barrier position outward. This re-development is an internal thermal effect
induced by the moving pseudocritical barrier. Unlike the classical entrance region, which occurs
once at the pipe inlet, the barrier-induced re-development is renewed at every axial position where
the barrier position shifts. The thermal profile never reaches the fully developed equilibrium that
underlies (68).

Two features of the experimental data used in Section 2 of the companion paper Otić and Ertunç
[23] show this directly: (1) the bulk Reynolds number changes by up to a factor of three between
pipe inlet and outlet; (2) the wall-temperature peaks associated with HTD occur precisely in the
axial zone where θpc passes through the interval [0, 1].
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Since the fully developed assumption is violated in the barrier-dominated regime, the Re-scaling
in this regime cannot be derived from the integral. We therefore derive an independent scaling esti-
mate based on the penetration depth of the thermal disturbance. The impedance integral remains
the origin of the Pr-dependence, only the Re-scaling requires a different physical argument.

6.1.4 The penetration scaling in the barrier-dominated regime

In the barrier-dominated regime the equilibrium logarithmic layer that underlies the fully developed
relation Reτ,w ∼ Re/ lnRe is absent, and the common factor f(Re) of (62) is governed by the
factored impedance integral (31). In the following we show that the penetration of the thermal
front across the barrier sets the Reynolds exponent, while the Nusselt number and its Prandtl
dependence follow, as throughout this work, from the impedance integral (64).

When the thermal profile is locally developing, the appropriate scaling is the penetration-depth
estimate for the thermal boundary layer growing from the barrier into the turbulent core. Consider
an advected fluid element past an axial location at which the pseudocritical barrier, at the radial
position rpc of (69), lies within the boundary layer. The fluid element resides at a position for
a convective time tres ∼ d/ũb and the disturbance diffuses the barrier penetration depth over the
convective time as δpen ∼ (εh,barrier tres)

1/2,

δpen ∼

√
εh,barrier

d

ũb
. (70)

The ratio of advective to diffusive transport across the barrier defines the barrier Péclet number

Pet ≡
ũb d

εh,barrier
. (71)

A single-scale penetration estimate of this kind cannot be read directly as a Nusselt number, since
every dimensionally consistent version of it retains a Prandtl number. The conductance density of
the factored integrand (31) is λ(1 + η), with η = εh Pr/ν from (32), and the admissible pairings
of diffusivity scale and conductance establish the point. At the barrier the sharp property peak
damps the turbulent transport, but it does not extinguish it: the turbulent momentum diffusivity
is reduced toward its kinematic floor, εm,barrier ∼ ν, and with Prt = O(1) the same holds for the
turbulent thermal diffusivity, consistent with the DNS evidence of strong turbulent heat-flux damp-
ing across the pseudocritical layer [45, 46]. Were the barrier transport genuinely molecular (η ≪ 1),
the front would diffuse with the thermal diffusivity, δpen ∼ (αd/ũb)

1/2, and the molecular conduc-
tance would yield Nu ∼ (RePr)1/2, the constant-property plug-flow result of Appendix B. Were it
instead governed by the kinematic scale, εh,barrier ∼ ν and δpen ∼ (ν d/ũb)

1/2, the accompanying
enhancement (1 + η) ∼ (1 + Pr) would reappear in the conductance and return Nu ∼ PrRe1/2, see
Appendix B.

The Reynolds scaling of the penetration width is most transparent in outer variables. A front
carried across the barrier by transport of kinematic scale εh,barrier ∼ ν over the residence time
tres ∼ d/ũb reaches

δpen
d

∼
(

ν

ũb d

)1/2

= Re−1/2, (72)

the growth law of a thermal layer developing under uniform advection over a streamwise length of
order the pipe diameter. The exponent is that of the uniform-advection branch of Appendix B and
is insensitive to the precise development length: replacing d by an axial scale L rescales δpen/d by
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(L/d)1/2, which is absorbed into the constant C and leaves the exponent unchanged. In wall units
the same statement reads δ+pen ∼ (f/8)1/2Re1/2, in which the friction factor enters only through the
viscous length ν/uτ that non-dimensionalises the wall-normal coordinate. It cancels identically
against the friction factor in Reτ,w = (f/8)1/2Re when the Reynolds factor of the impedance
integral (64) is formed,

f(Re) =
Reτ,w

δ+pen
=

d

δpen
∼ Re1/2. (73)

Unlike the fully developed branch, which requires the Prandtl–von Kármán relation (67) to convert
Reτ,w into Re/ lnRe, the barrier branch invokes no friction correlation. The friction factor is a
bookkeeping quantity that enters and leaves with the choice of variables, and the penetration form
f(Re) = C

√
Re therefore carries no Prandtl number by construction. The Prandtl dependence of the

pathway Nusselt number originates instead in the molecular sublayer, whose wall-referenced thick-
ness y+c ∼ (Prt/Prw)

1/3 of (34) sets the near-wall conductance g(Pri) recombined in Section 6.1.5.
It is distinct in both origin and sign from the (RePr)1/2 of the plug-flow limit.

The physical picture is transparent. In the fully developed regime the entire wall-to-centre
turbulent diffusivity participates, εh ∼ ν Reτ , the impedance accumulates over the full logarithmic
layer, and f(Re) takes the equilibrium form Re/ lnRe of (68). When the pseudocritical barrier
damps turbulent transport and continuously resets the thermal profile, the logarithmic contribution
is truncated, the effective penetration diffusivity collapses from εh ∼ ν Reτ toward its kinematic
floor ν, and f(Re) reverts to the developing-flow

√
Re. This is the uniform-advection (plug-flow)

counterpart of the Lévêque–Graetz mechanism [48, 49], which yields the penetration exponent 1/2
rather than the shear-driven 1/3, driven here by internal thermal re-development rather than by
the classical pipe inlet. The solvable constant-property limit is given in Appendix B.

That a 1/2 exponent should arise when the thermal boundary layer does not reach its fully de-
veloped equilibrium is not peculiar to the present problem. Kraichnan [41] predicted an asymptotic
Nu ∼ Ra1/2(lnRa)−3/2 for turbulent free convection, the ultimate regime in which the boundary lay-
ers themselves become turbulent; more recently, Zhu et al. [42] showed by direct numerical simulation
that multiscale wall roughness holds the thermal boundary layer in a transitional state, successively
smaller roughness scales protruding through it as the Rayleigh number rises, and sustains an effective
Nu ∼ Ra1/2 over three decades of Ra, a state distinguished from the asymptotic ultimate regime.
The forcing, the perturbing structure and the resulting boundary-layer state all differ from the
Rayleigh–Bénard case. The operative principle is nonetheless shared: once the molecular-diffusive
boundary resistance is bypassed, whether by turbulent boundary layers, by roughness protrusion or
by continual axial re-development, transport follows a square-root law, with exponent 1/2 in place
of the fully developed Re/ lnRe.

Closer to the present forced-convection setting, the dependence of the heat-transfer exponent on
the state of the boundary layer recurs in wall-bounded flow: for rough-wall turbulent channel flow
with a logarithmic boundary layer, MacDonald et al. [57] report an effective exponent β ≈ 0.42, well
away from the smooth-wall value. The control parameter and the mechanism differ from the present
penetration regime, but the theory holds across the free and forced branches alike: the leading-order
exponent is set by the state of the thermal boundary layer, not fixed at its fully developed value.

What the quadrature captures and what it neglects. The two-point approximation (61)
captures the variation of Γmol between wall and bulk. It does not separately resolve the property-
fluctuation correlations or the turbulent Prandtl number variation absorbed by Γeff .

The two scalings are limiting regimes of the same physics:
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Regime Effective n Condition

Fully developed (no barrier) n → 1−O(1/lnRe) θpc /∈ [0, 1]

Barrier-dominated (developing) n → 1/2 θpc ∈ [0, 1], strong barrier

This regime dependence is confirmed by the extended validation database (Section 3.4 (companion
paper)) to show that the effective exponent neff = ∂ lnNu/∂ lnRe decreases systematically from the
no-crossing cases to the strong-barrier cases (where Reb varies by up to a factor of three along the
pipe and n = 0.5 is clearly preferred).

The Prandtl–von Kármán relation (67) rather than a Blasius-type power-law friction factor
is used throughout: a fixed-exponent friction law cannot distinguish the fully developed regime
(neff ≈ 0.9) from the barrier-dominated regime (n = 0.5) identified above, and the conditions
considered here lie beyond the Blasius validity range; the argument is given in [31]. A full parametric
analysis of neff(θpc) is deferred to a separate study.

The present results establish that
√
Re is the appropriate leading-order description in the barrier-

dominated regime.

6.1.5 The pathway Nusselt number

In the barrier-dominated, thermally developing regime the factor f(Re) of (62) takes the penetration
form C

√
Re derived in Section 6.1.4. The conductivity ratio λw/λb carried by (64) is of order unity

across the conditions considered here and is absorbed into the pathway conductances g(Pri); it is
not retained as a separate factor. The pathway conductance retains the power-law form

g(Pr) = Pr−β, β > 0, (74)

already introduced in (65), in which the resistance exponent β measures the sensitivity of the
near-wall conductance to the Prandtl number. Substituting into the parallel-conductance approxi-
mation (61) gives the parallel pathway Nusselt number,

Nu = C
√
Re

[
wPr−β

w + (1− w) Pr−β
b

]
, (75)

which uses only the standard Prandtl numbers Prb and Prw and avoids the c̄p/cp,b artefact. The
expression contains two parameters, the pathway weight w and the resistance exponent β, which
are the subject of the next two paragraphs. The exponent n = 1/2 on Re, by contrast, is not a
parameter to be determined: it is the limiting value in the barrier-dominated regime, derived in
Section 6.1.4. In the absence of a pseudocritical crossing the fully developed scaling (68) applies
and the correlation literature recovers n ≈ 0.8–0.9.

Pathway weight. The two-point quadrature evaluates the conductance at the wall and bulk
endpoints, Prw and Prb, which locate the two thermodynamic states bounding the boundary layer.
Alongside the bulk-referenced barrier position (69) one can introduce its wall-referenced counterpart,

θwpc =
Tpc − Tw

Tw − Tb
= θpc − 1, (76)

so that θpc = 0 marks the bulk crossing (Tb = Tpc) and θwpc = 0 marks the wall crossing (Tw = Tpc).
These are the two zero crossings between which the pseudocritical barrier sweeps through the
boundary layer.

Within the two-point quadrature the wall and bulk endpoints enter through the same conduc-
tance function g(Pr), and the barrier resistance spanning the pseudocritical region is, to leading
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order, Pr-independent (Eq. (43)). Once the barrier is Pr-independent, the quadrature contains
no internal information that distinguishes the two endpoints, and the weight assignment must not
favour either of them. To make this indifference requirement explicit it is convenient to write the
conductance bracket in terms of the logarithmic Prandtl ratio ξ = ln(Prb/Prw). Factoring Pr−β

b out
of (75) and using the identity Pr−β

w = Pr−β
b eβξ yields

Nub = C
√

Reb Pr
−β
b

[
w eβξ + (1− w)

]︸ ︷︷ ︸
F(ξ;w)

, (77)

where, with ξ = ln(Prb/Prw), the identity Pr−β
w = Pr−β

b eβξ is immediate. The endpoint interchange
reverses the sign of ξ and simultaneously exchanges the weights of the two pathways, inducing the
mapping

F(ξ; w) 7−→ e−βξ F(ξ; 1− w). (78)

A weight assignment indifferent to the endpoint labelling requires the bracket to be form-invariant
under this mapping, which demands w = 1− w, that is,

w = 1
2 . (79)

The equal-weight choice is the unique unbiased assignment available to the quadrature once the
barrier has been shown to contribute a Pr-independent resistance. It is an indifference argument, not
a symmetry of the physical configuration: the squared mass-flux weighting in the generalised Lyon
integral (21) and the molecular sublayer at the wall are not wall/bulk-symmetric, and any systematic
departure from (79) must originate there. The assignment is therefore confirmed empirically: the
data-based evaluation in Section 2 of the companion paper recovers (79) at the bulk crossing θpc = 0
across all fluids and Reynolds numbers and characterises the controlled departure from w = 1/2 as
the barrier sweeps through the boundary layer.

Resistance exponent. The two asymptotic regimes derived in Section 3.2.3 bound β:

Regime Conductance Effective β

Classical sublayer (no barrier) g ∝ Pr−2/3 β = 2/3

Barrier-dominated (Zbarrier ≫ Zsublayer) g ∝ Pr 0 β → 0

These bounds are derived under the fully developed assumption of the generalised Lyon integral;
they constrain β to the open interval (0, 2/3) but do not select a specific value. The selection is taken
from the empirical correlation tradition that shares the linearised structure Pr−β

b (Prb/Prw)
p and

whose exponents were calibrated under conditions of moderate, approximately symmetric property
variation, for which the unbiased weight w = 1/2 holds independently of the conductance function:
the Mikheev correlation and its external-flow refinement by Žukauskas [39, 53] adopt p = 0.25.
Inverting p = wβ at w = 1/2 gives

β =
p

w
=

0.25

0.50
= 0.50. (80)

This value lies within the theoretical interval (0, 2/3) derived in §3.2.3, closer to the barrier-
dominated end than to the sublayer end, consistent with the regime in which the linearised form is
intended to apply. It is fixed a priori from this external-empirical prior and is not adjusted anywhere
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in the present work; the impedance-ratio test of Section 2 in the companion paper provides the pri-
mary, database-wide support for the choice. The Prandtl-ratio exponent in the general form (55) is
therefore

p = wβ = 1
4 . (81)

The retention of β = 1/2 in the strongly variable-property, barrier-dominated regime is a non-trivial
prediction of the framework rather than a fit, and is tested as such in §2 of the companion paper
through the impedance-ratio comparison.

The linearised pathway form. With w = 1/2 derived and β = 1/2 fixed, the parallel pathway
Nusselt number (75) reduces to the linearised pathway form. To exhibit this reduction, we expand
the bracket function F(ξ; 1/2) for property variation ξ:

F(ξ; 1
2) =

1
2e

βξ + 1
2 = 1 + 1

2β ξ + 1
4β

2 ξ2 +O(ξ3). (82)

The first-order term is precisely the linear part of ewβξ at w = 1/2. Replacing the bracket function
by its first-order exponential approximation,

F(ξ; 1
2) ≈ ewβξ =

(
Prb
Prw

)wβ

=

(
Prb
Prw

)1/4

, (83)

substituting back into (77), and writing the result with the bulk-referenced Reynolds and Prandtl
numbers, yields the linearised pathway form

Nub = C
√
Reb Pr

−1/2
b

(
Prb
Prw

)1/4

(84)

with C of order unity by construction; C = 1 is adopted and tested uncalibrated in the companion
paper. We refer to this expression as LinP throughout. It carries no modified Prandtl number, no
c̄p/cp,b factor, no fitted coefficient, and no density-ratio correction.

The linearisation (83) is the source of the LinP designation: it replaces the parallel-conductance
bracket (77) by its first-order exponential approximation and is exact in the limit ξ → 0. The
quality of this approximation across the full range of property variation encountered in supercritical
conditions is quantified in Section 2 of the companion paper through the bracket function Fexp

extracted from the experimental database. The departure of Fexp from FLinP in the strongly con-
trasted regime, identified there, motivates the extension of the linearised form by a pathway-resolved
density correction, which is left to a separate work.

7 Summary and open problems

7.1 Summary

When the pseudocritical barrier lies within the boundary layer, its radial sweep transforms the
constant-property Lyon integral from a thermal resistance into a thermal impedance. This struc-
tural change, derived from the Favre-averaged energy equation, accounts for the property-ratio
correction factors that six decades of correlation development have introduced empirically: the
Prandtl, density, and integrated specific-heat ratios arise from distinct terms of one impedance
integrand. Three principal results were established.

First, the generalised Lyon integral (21) and the decomposition of the effective transport coef-
ficient Γeff = Γmol + Γturb provide a classification of the correction factors by their physical origin
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(Table 2). The constant-property Lyon integral is a thermal resistance – a real-valued, history-
independent quantity evaluated once for a given (Re, Pr) pair; the variable-property generalisation
is a thermal impedance, distinguished by capacitive thermal storage at the cp peak, history de-
pendence through the axially sweeping pseudocritical barrier, and response lag in the perpetually
developing thermal profile.

(i) The integrated specific heat ratio (c̄p/cp,b)
q is an artefact of converting enthalpy differences

to temperature differences in the global energy balance; it is external to Γeff and eliminable
by working in an enthalpy-based formulation.

(ii) The Prandtl ratio (Prb/Prw)
p arises from the balance between two components of the impedance

integral: the molecular sublayer resistance, which scales as Pr
2/3
w , and the thermal barrier re-

sistance at the pseudocritical isotherm, which was shown to be independent of Pr to leading
order (Eq. (43)). The barrier zone is memoryless in isolation; the impedance character of
the total wall-to-bulk transport arises from the barrier’s radial sweep. The power-law param-
eterisation (Prb/Prw)

p approximates the transition from sublayer-dominated (p → 2/3) to
barrier-dominated (p → 0) regimes.

(iii) The density ratio (ρw/ρb)
r arises from the modification of Γturb through density-driven velocity

redistribution, which alters the turbulent bypass factor 1/(1 + η) in the integrand without
directly affecting the molecular impedance.

Ten classical correlations [17, 24, 27, 34–40] were shown to map onto a single general struc-
ture (55) differing only in the choice of reference temperature, exponent values, and degree of
entanglement between the factors (Table 3). The entanglement of the c̄p/cp,b artefact with the
Prandtl correction through the modified Prandtl number Prb = c̄p µb/λb was identified as a mech-
anism responsible for spurious behaviour near the pseudocritical temperature: the artefact factor
diverges at Tpc because c̄p inherits the cp peak, whereas the physical sublayer–barrier correction is
bounded because the barrier resistance is Pr-independent to leading order. A single exponent on
Prb cannot simultaneously represent a bounded physical effect and an unbounded artefact, which
is the structural reason why entangled correlations require regime-dependent exponent switching
adopted in many correlations.

Second, the pseudocritical barrier was identified as the source of the impedance character of the
generalised Lyon integral. When the pseudocritical isotherm lies within the boundary layer, the zone
of sharply elevated thermal impedance sweeps radially as the bulk temperature rises, continuously
resetting the thermal profile so that it never attains the fully developed state: the thermal field
is perpetually developing, and the equilibrium underlying the classical Re/ lnRe scaling is never
established. The resulting penetration-depth scaling replaces that dependence with Nu ∼

√
Re in

the barrier-dominated regime – a square-root law with precedent in turbulent thermal convection
wherever the molecular-diffusive sublayer ceases to control the wall-to-bulk flux [41, 42, 58], reached
here by continual axial re-development. The fully developed limit itself, and the structural rigidity
of the calibrated constant-property correlations – the locking of the prefactor 0.023 to the exponent
Re0.8, which property-ratio factors on Pr and ρ leave untouched – are established separately [31]; the
companion paper confirms the rigidity directly through the collapse of the uncalibrated Re0.8Pr0.4

baseline onto the bulk temperature (Section 3.3, Part II).
Third, a linearised pathway form was obtained by splitting the impedance integral at the pseu-

docritical isotherm and applying a two-point quadrature. The resulting expression (84),

Nub ≈ C
√
Reb Pr

−β
b

(
Prb
Prw

)wβ

,
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resolves the Prandtl correction through the ratio Prb/Prw with the symmetric pathway weight
w = 1/2, the unique unbiased assignment of the two-point quadrature, and the resistance exponent
β = 1/2 fixed a priori from the Mikheev–Žukauskas correlation family [39, 53], consistent with the
theoretical bounds β ∈ (0, 2/3) derived in Section 3.2.3 and confirmed by the impedance diagnostics
of the companion paper. No modified Prandtl number, no c̄p/cp,b factor, and no regime-dependent
switching rules are required. The expression is smooth across the pseudocritical transition by
construction and well-conditioned under Q-mode iteration.

The linearised pathway form is the simplest testable consequence of the framework: the Prandtl-
ratio exponent, the pathway weight, and the Re-scaling prefactor are predicted rather than fitted,
and the functional form is fixed by the derivation. Evaluated uncalibrated against 2201 measurement
stations spanning water and CO2, it carries the lowest case root-mean-square wall-temperature error
of the models tested, despite using no fitted parameters and no density correction (Section 3.3 of
the companion paper, Part II). The experimental validation, the scope of quantitative validity, and
the diagnostic tests of the pathway decomposition are developed in the companion paper ([23], see
§1).

7.2 Open problems

Two open problems arise within the framework itself, independent of whatever empirical scope limits
the validation will identify.

(i) Turbulent Prandtl number and property-fluctuation correlations. The property-fluctuation
correlations and the variation of the turbulent Prandtl number Prt(r, T ) under strong property gra-
dients are absorbed into Γeff but do not map onto any of the three classical correction factors. In
Petukhov’s limit these effects vanish; near Tpc they represent an additional source of uncertainty that
is partially absorbed into the empirical exponents of classical correlations but not independently
resolved. DNS-based parameterisations of Prt(r, T ), along the lines of Günseren et al. [59], would
allow this contribution to be isolated and, if significant, incorporated as a fourth correction factor or
absorbed into a refined conductance function g(Pr, Prt). The pointwise reference-temperature ar-
chitecture common to all correlations considered here cannot resolve axial turbulence structure that
arises on scales beyond the local thermal equilibrium, as exemplified by the axial wall-temperature
modulation documented in the companion paper ([23], see §1) for a long heated pipe at L/d = 400.

(ii) The circularity problem as a structural limitation. The circularity inherent in predicting Tw

from a correlation that depends on Tw through wall-evaluated properties is not a deficiency of any
particular correlation but a structural property of the Nusselt-number framework. The linearised
pathway form reduces the severity of this problem: the additive conductance structure is better
conditioned than multiplicative property-ratio chains, and the elimination of the c̄p/cp,b divergence
removes one feedback mechanism. But the circularity cannot be eliminated as long as the prediction
target is Nu(Tw). Near Tpc, where properties are maximally sensitive to temperature, this feedback
loop defines an inherent ceiling on the accuracy of any Nusselt-number-based prediction, regardless
of how the correction factors are structured. The path beyond this ceiling leads either to enthalpy-
based formulations (as the Kurganov–Petukhov Sth approach suggests) or to methods that avoid
the Tw-dependent iteration entirely.
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A Thermal resistance derivation

The squared-integral form (19) is obtained from (18) by substituting the enthalpy profile (17) and
exchanging the order of integration. The derivation is as follows. Substituting (17) into (18):

h̃w − h̃b =
2

R2

∫ R

0

[
qwR

∫ R

r

ϕ(r′)/r′

Γeff(r′)
dr′

]
︸ ︷︷ ︸

h̃w−h̃(r)

ρ̄(r) ũ(r)

ρ̄b ũb
r dr. (85)

This is a double integral over the domain

D =
{
(r, r′) : 0 ≤ r ≤ R, r ≤ r′ ≤ R

}
. (86)

Writing (85) as an iterated integral over D and interchanging the two integrations (justified by the
absolute integrability of the integrand, which is bounded and continuous for r > 0):

D =
{
(r, r′) : 0 ≤ r′ ≤ R, 0 ≤ r ≤ r′

}
, (87)

the expression becomes

h̃w − h̃b =
2 qw R

R2

∫ R

0

ϕ(r′)/r′

Γeff(r′)

[∫ r′

0

ρ̄(r) ũ(r)

ρ̄b ũb
r dr

]
︸ ︷︷ ︸

(⋆)

dr′. (88)

Note that the inner integral (⋆) is directly related to the cumulative mass-flux function ϕ. From
the definition (11) and the bulk mass-flux identity (8):∫ R

0
ρ̄(r) ũ(r) r dr = R2

2 ρ̄b ũb, (89)

so that, with J(r) ≡
∫ r
0 ρ̄ ũ r′ dr′ and ϕ(r′) = J(r′)/J(R) from (11), the inner integral in (88)

evaluates to

(⋆) =
1

ρ̄b ũb

∫ r′

0
ρ̄ ũ r dr =

J(r′)

ρ̄b ũb
=

R2

2
ϕ(r′). (90)

Substituting (90) into (88):

h̃w − h̃b =
2 qw R

R2

∫ R

0

ϕ(r′)/r′

Γeff(r′)
· R2

2
ϕ(r′) dr′

= qw R

∫ R

0

[ϕ(r′)]2

Γeff(r′) r′
dr′, (91)

which, with the identity ϕ(r) = (2/R2)
∫ r
0 (ρ̄ ũ/ρ̄b ũb) r

′ dr′ implied by (89), is the form stated in (19).
The result may be verified against two exact constant-property limits. For constant properties,

Γeff = (λ/cp) (1 + η) with the transport ratio η of (32), h̃w − h̃b = cp (Tw − Tb), and, in the
dimensionless radius r̂ = r/R with ϕ(r̂) = 2

∫ r̂
0 (ū/ūb) r̂

′ dr̂′, equation (91) combined with Nu =
2Rqw/[λ (Tw − Tb)] gives the classical Lyon integral

1

Nu
= 2

∫ 1

0

1

r̂
(
1 + η(r̂)

) (∫ r̂

0

ū

ūb
r̂′ dr̂′

)2

dr̂. (92)

With η = 0 (molecular conduction only) and constant wall heat flux, (92) yields Nu = 8 for slug
flow (ū = ūb) and Nu = 48/11 for laminar Poiseuille flow (ū/ūb = 2(1− r̂2)), the exact constant-flux
results.
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B The penetration scaling in a constant-property limit

The penetration estimate of Section 6.1.4 is a scaling argument. A constant-property limit renders
it exact, identifies which laminar branch the residence-time construction selects, and shows how the
diffusivity scale entering the penetration depth fixes the Prandtl exponent.

The exponent of a developing-layer Nusselt number is set by the velocity profile that the ad-
vancing thermal front samples as it grows, with x the distance from the developing position, a the
thermal diffusivity, and δT the layer thickness. When the front sits in the near-wall shear, u ≈ γ̇w y,
the balance γ̇w y ∂xT ∼ a ∂yyT gives the Lévêque–Graetz result [48, 49],

δT ∼
(
a x

γ̇w

)1/3

, Nu ∼ Gz1/3 =

(
RePr

d

x

)1/3

, (93)

with Gz = RePr d/x, where γ̇w is the wall shear rate. When instead the velocity across the layer is
nearly uniform, u ≈ U , the balance U ∂xT ∼ a ∂yyT gives

δT ∼
(a x
U

)1/2
, Nu ∼

(
Pe

d

x

)1/2

=

(
RePr

d

x

)1/2

, (94)

with Pe = U d/a. The residence-time construction of Section 6.1.4 advects the fluid element at the
bulk velocity ũb, not the wall shear, and therefore selects the uniform-advection branch (94), with
exponent 1/2 rather than 1/3.

Branch (94) is exact for a constant-property fluid in uniform motion at velocity U under a
constant wall flux qw, with the thermal layer thin enough that the medium is semi-infinite in y.
The Lagrangian substitution t = x/U maps the steady balance onto one-dimensional transient
conduction with constant surface flux,

∂T

∂t
= a

∂2T

∂y2
, −λ

∂T

∂y

∣∣∣∣
y=0

= qw, (95)

whose surface temperature is [47]

Tw(x)− T∞ =
2 qw
λ

√
a x

π U
, (96)

so that α = qw/(Tw − T∞) yields

Nux =
αd

λ
=

√
π

2

(
RePr

d

x

)1/2

, (97)

the plug penetration law.
The barrier regime follows by two substitutions: U → ũb, and a by the diffusivity governing

penetration across the barrier. The property peak damps, but does not extinguish, the turbulent
momentum transport, so that εm,barrier ∼ ν; with Prt = O(1) this implies εh,barrier ∼ ν, consistent
with the DNS evidence of turbulent heat-flux damping across the pseudocritical layer [45, 46]. The
penetration of the front across the barrier is therefore governed by the barrier Péclet number

Pet =
ũb d

εh,barrier
∼ ũb d

ν
= Re, (98)

and
Nu ∼ Pe

1/2
t ∼

√
Re, (99)
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recovering Eqs. (71)–(73). No Prandtl factor accompanies the exponent: the penetration is set by
the kinematic scale ν, not the thermal diffusivity a = ν/Pr, so (98) is a pure Reynolds number.
The molecular-Prandtl dependence enters instead through the impedance integral of Section 3.2, as
the factor Pr

−1/2
b (Prb/Prw)

1/4 of the linearised form (84).
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