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ABSTRACT 

Quadratic air drag is a common dissipative mechanism at moderate to high velocities, yet in nonlinear one-degree- 
of-freedom systems, it typically blocks closed-form solutions and energy-based phase-plane partitions. We study the 
autonomous class 

𝑥̈ + 𝛼( 𝑥 ) |𝑥̇ | 𝑥̇ + 𝛽( 𝑥 ) sgn (𝑥̇ ) + 𝑉′( 𝑥 ) = 0 , 

and use a constructive alternative: on trajectory segments with fixed velocity sign, the squared-velocity substitution 

𝑝( 𝑥) = 𝑥̇2 converts the dynamics into a first-order linear equation for 𝑝 as a function of 𝑥. This yields explicit phase- 
plane branches that can be continued and matched across turning points, providing separatrix-type boundaries even 

when an explicit time parametrization is unavailable. 
For the cosine potential, we derive analytic saddle-separatrix branches and provide the critical-velocity thresholds, 
as well as the winding-number classification of rotations corresponding to each separatrix. Adding dry (Coulomb) 
friction introduces set-valued dynamics at 𝑥̇ = 0 , producing sticking intervals and ribbon-shaped regions of the 
initial conditions’ plane leading to sticking; their boundaries follow from the same branchwise construction for 
constant, spatially varying, and normal-force-dependent friction laws. For the tilted periodic (washboard) potential 
𝑈𝐹 ( 𝑥) = − cos 𝑥 − 𝐹𝑥, explicit separatrix formulae yield an escape-velocity criterion and a critical damping threshold 
separating unbounded transport from capture for |𝐹| < 1 . Analytical boundaries and thresholds are validated against 
direct time-domain simulations, and the resulting closed and semi-closed expressions provide benchmark cases for 
numerical basin-boundary and dynamical integrity computations in periodic settings. 
MSC2020 Classification: 34C15, 34A34, 37C29, 37N15, 70K44 
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 Introduction 

henever a mechanical system moves through a surrounding fluid, aerodynamic drag becomes an indispensable part
f a realistic model. In many practically important operating ranges, the dissipative force scales approximately with the
quare of the speed, which is why quadratic drag is routinely adopted in applications ranging from ship roll dynamics and
elated marine models [ 1–5 ] to pendulum experiments and large-amplitude oscillations [ 6, 7 ]. Even when fluid mechanics
s not modeled explicitly, it is common to represent external losses by a quadratic drag term 𝐷( 𝑣) = 𝑐2 |𝑣|𝑣 as a compact
issipative closure that captures the rapid growth of energy loss with speed and often matches measured decay envelopes;
ee, for example, the energy-balancing identification framework of Liang and Feeny [ 8 ] and a comparison of external
amping models in large-deformation settings [ 9 ]. At the same time, quadratic drag in oscillatory settings is still less
tandard in many textbook treatments than linear damping, and specialized laboratory and analysis papers continue to
larify its signatures and parameter identification [ 10 ]. 
n the present paper, we investigate autonomous one-degree-of-freedom motion in a potential under a combination of
uadratic air drag and dry (Coulomb) friction, 

𝑥̈ + 𝛼( 𝑥 ) |𝑥̇ | 𝑥̇ + 𝛽( 𝑥 ) sgn (𝑥̇ ) + 𝑉′( 𝑥 ) = 0 , 𝛼( 𝑥 ) ≥ 0 , 𝛽( 𝑥) ≥ 0 , (1)

nterpreted branchwise in the phase plane so that both dissipative terms oppose the motion. The coefficient 𝛼( 𝑥 ) may
epresent effective drag variations with position (geometry, density, projected area), while 𝛽( 𝑥) models Coulomb-type
riction, either as a constant level or as an effective spatially varying friction intensity. The presence of sgn (𝑥̇ ) makes the
ector field nonsmooth at 𝑥̇ = 0 , but away from rest the dynamics again decomposes naturally into branches with fixed
elocity sign. 
 key advantage of autonomous 1-DoF dynamics is that the flow can be recast in an energy-displacement form. On any
hase-plane branch where the velocity sign is fixed, 𝜎 = sgn (𝑥̇ ) , we introduce the squared velocity 𝑝( 𝑥) = 𝑥̇2 . With this
ubstitution, ( 1 ) reduces to a first-order differential equation for 𝑝 as a function of 𝑥; after accounting for 𝜎, the resulting
quation is linear on each branch. This representation yields explicit integral formulas and, for many potentials of interest,
losed-form or semi-closed-form expressions. Such squared-velocity (or energy-like) descriptions trace back to classical
ibration theory and have repeatedly been used to quantify cycle-to-cycle decay and turning-point sequences [ 11–13 ],
upported by standard asymptotic tools [ 14–16 ] as well as later exact and semi-exact treatments covering broad families
f restoring forces [ 17–19 ]. Modern analytic directions in the same spirit include solvability and integrability results for
uadratic-drag oscillators [ 20–22 ], as well as non-elementary explicit representations for the classical two-dimensional
rojectile problem with quadratic air resistance [ 23–26 ]. 
istorically, quadratic resistance in mechanics is closely tied to exterior ballistics and, more generally, to the classical
resisting medium” problem, with the canonical example being planar projectile motion under gravity with a drag force
pposing the velocity. In its standard formulation, one considers the coupled 2-DoF dynamics 

𝐫̈ = − 𝑔 𝐞𝑦 − 𝑘 |𝐫̇ | 𝐫̇ , 𝐫( 𝑡) = ( 𝑥( 𝑡) , 𝑦( 𝑡)) , (2)

here the dependence on the speed |𝐫̇ | links the horizontal and vertical components, so the motion does not reduce to
he kind of 1-DoF phase-plane construction used in the present paper. Models for resisting media go back to Newton’s
rincipia [ 27 ]. Johann Bernoulli later proposed a hodograph-based approach for quadratic resistance [ 28 ], and much
f the 18th-century literature developed the ballistic theory further via implicit formulas, series representations, and
pproximation schemes [ 29–32 ], with these developments subsequently summarized in 19th-century treatises such as
idion’s monograph [ 33 ]. A persistent theme throughout this tradition is that elementary closed-form solutions are
are, and analytical progress typically proceeds through implicit, parametric, or asymptotic descriptions. Early 20th-
entury accounts continued to catalogue approximations and special configurations [ 34 ], while modern historical reviews
mphasize how the quadratic-drag projectile problem repeatedly drove the invention and refinement of analytic methods
ver several centuries [ 35, 36 ]. By contrast, we study an autonomous 1-DoF oscillator in a potential well: the branchwise
ubstitution 𝑝( 𝑥) = 𝑥̇2 produces a linear first-order equation on each velocity branch, which in turn permits explicit
hase-space trajectory construction. 
espite this substantial body of work, most studies emphasize decay envelopes, frequency corrections, identification
f damping laws, forced-response phenomena, or projectile motion. Here, we target a different objective: explicitly
etermining basins of attraction and escape thresholds . Concretely, we derive separatrix-type curves in the ( 𝑥, 𝑥̇ ) plane
hat divide initial conditions according to their long-time outcome. The central question is therefore not how fast the
mplitude decays, but to which basin of attraction a given initial condition belongs. 
of 33 ZAMM - Journal of Applied Mathematics and Mechanics, 2026
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e focus on pendulum-related potentials, in particular the cosine potential and its tilted, spatially periodic variant, the
ashboard potential. The cosine potential is the standard potential for an angular (phase) variable: it governs the planar
endulum and, more generally, any model with a 2 𝜋-periodic, harmonic phase coordinate. Its conservative phase portrait
s organized by a separatrix through the unstable equilibrium (the upright position), which divides bounded oscillations
libration within a single well) from rotations (barrier crossing). Under purely viscous-type dissipation, such as quadratic
ir drag, trajectories generically lose energy and eventually settle at the bottom of a well; approaching the unstable
quilibrium is possible only as a limiting separatrix case and therefore has zero probability in the usual sense. Quadratic
rag in pendulum motion has been explored experimentally and analytically, including identification from turning-point
equences [ 7 ] and closed or semi-closed velocity–angle representations that explicitly exploit the autonomous structure
 37 ]. Instructional studies also discuss the coexistence of quadratic drag with constant-magnitude (Coulomb) friction in
scillatory motion [ 38 ]. However, these works primarily describe decay characteristics, whereas the explicit phase-plane
artition into distinct asymptotic outcomes is typically not the main output. 
oulomb friction changes the qualitative picture because the friction force has a nonzero magnitude even as 𝑥̇ → 0 (it
witches sign with the velocity and leads to set-valued behavior at 𝑥̇ = 0 ). In particular, this dry-friction law can create
dditional terminal behaviors beyond coming to rest in a stable well: depending on the friction level and the approach
irection, trajectories may become immobilized either on a finite sticking interval on the 𝑥̇ = 0 axis around the well’s
ottom, or by sticking near the unstable equilibrium (upright position), once the available driving force from − 𝑉′( 𝑥) can
o longer overcome the friction threshold 𝛽( 𝑥) . This makes the cosine potential with Coulomb friction a natural setting
n which basins of attraction are genuinely multi-outcome, and in which the boundaries between capture-in-well and
ticking-near-top become meaningful objects in their own right. 
ilting the cosine potential produces the washboard potential, a standard model for barrier-crossing and phase-slip
henomena. In superconducting electronics, for example, the resistively and capacitively shunted junction model maps
he gauge-invariant phase to an effective particle in a tilted washboard potential [ 39, 40 ]. Much of that literature addresses
witching statistics, diffusion, parameter identification, or driven response; quadratic damping also appears in more recent
osephson-related studies, often together with forcing [ 41 ]. Here, we instead restrict attention to autonomous dynamics
nd use the squared-velocity reduction to obtain explicit regime maps and the boundaries of safe basins, turning these
lassical potentials into analytically parameterized benchmark problems for basin geometry and robustness. 
ithin this framework, we analyze four representative cases: 

– cosine potential with pure quadratic air drag ( 𝛽 ≡ 0 ), 
– cosine potential with Coulomb friction with a constant coefficient ( 𝛽( 𝑥) ≡ 𝛽0 ), 
– cosine potential with Coulomb friction with a spatially varying coefficient (generalization of Equation ( 1 ) by allowing
𝛽 = 𝛽( 𝑥, 𝑥̇ ) ), 

– washboard potential with pure quadratic air drag ( 𝛽 ≡ 0 ). 
cross these cases, the objective is the same: derive explicit phase-plane boundaries that separate distinct outcome regions
nd thereby obtain threshold conditions for capture, sticking, barrier crossing, or runaway motion (where admissible).
elated studies do treat escape and basin geometry in dissipative dynamics, but commonly in forced oscillators or in
igher-dimensional settings [ 42, 43 ], or they focus on existence and classification without delivering explicit basins of
ttraction boundaries for prescribed potentials [ 44 ]. This leaves room for our current study analytically describing the
hase-plane partitioning of autonomous 1-DoF systems with pendulum-related potentials under quadratic drag and
oulomb friction. In this sense, we revisit partially classical problems from a complementary viewpoint: not primarily
o refine decay laws, but to expose basin geometry and to provide closed, reproducible separatrices. 
he analytically obtained boundaries are verified against time-domain simulations. Beyond their intrinsic value, closed
r semi-closed basins of attraction boundaries provide useful benchmark test cases for dynamical integrity algorithms,
here robustness is quantified from the geometry of safe basins [ 45–48 ]. Since in practice, integrity measures are
ypically estimated by gridding or sampling [ 49 ], analytically available boundaries offer rare ground truth for evaluating
omputational procedures, such as the efficient algorithms for the characterization of dynamic integrity of stable equilibria
eveloped in [ 50, 51 ]. 
 closely related constructive approach for autonomous 1-DoF systems with pure quadratic drag (without Coulomb
riction), including explicit basin boundaries and dynamic integrity analysis for polynomial potentials (quadratic-cubic
otential, double-well Duffing potential, softening quadratic-quartic Duffing potential), is developed in [ 52 ]. 
he remainder of the paper is organized as follows. In Section 2 , we derive the branchwise reduction 𝑝( 𝑥) = 𝑥̇2 and obtain
he integrating-factor solution for the resulting first-order linear ODE. In Section 3 , we apply this construction to the cosine
otential, derive explicit basin of attraction boundaries and winding-number (rotation) thresholds, and calculate the local
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ntegrity measure (LIM [ 47 ]) via a tangency condition together with practical analytic approximations. In Section 4 , we
nclude constant Coulomb friction and characterize the resulting sticking bands, sticking ribbons, and the corresponding
IM. In Section 5 , we treat normal-force-dependent Coulomb friction, derive a regionwise phase-plane representation
ith a numerically determined switching point, and compute the LIM over the ( 𝛼, 𝜇) parameter plane. In Section 6 , we
tudy the tilted (washboard) potential, obtain closed-form branch trajectories, and derive the critical damping separating
inned from running motion, including the LIM in the tilted well. Finally, Section 7 summarizes the main findings and
utlines directions for future work. 

 Branchwise Reduction to a first-Order Linear ODE 

onsider the autonomous 1-DoF system with quadratic air drag and (optional) Coulomb friction, 

𝑥̈ + 𝛼( 𝑥 ) |𝑥̇ | 𝑥̇ + 𝛽( 𝑥 ) sgn (𝑥̇ ) + 𝑉′( 𝑥 ) = 0 , (3)

here 𝛼( 𝑥 ) ≥ 0 and 𝛽( 𝑥) ≥ 0 are prescribed, and 𝑉( 𝑥) is a given potential. A convenient phase-space description is
btained by introducing the squared velocity 

𝑝( 𝑥) ∶ = 𝑥̇ 2 ≥ 0 , (4)

iewed as a function of position along any trajectory segment on which 𝑥̇ ≠ 0 . On such a segment, the velocity sign 

𝜎 ∶ = sgn (𝑥̇ ) ∈ { + 1 , − 1} (5)

s constant, so that |𝑥̇ |𝑥̇ = 𝜎 𝑝 and sgn (𝑥̇ ) = 𝜎. Moreover, 

d 𝑝 

d 𝑥 
=
d(𝑥̇2 )∕d 𝑡 

d 𝑥∕d 𝑡 
= 2𝑥̇ ̈𝑥 

𝑥̇ 
= 2𝑥̈ , (𝑥̇ ≠ 0) , (6)

nd substituting 𝑥̈ = 1 

2 
d 𝑝∕d 𝑥 into ( 1 ) yields, on each fixed- 𝜎 branch, the linear first-order ODE 

d 𝑝 

d 𝑥 
+ 2 𝜎 𝛼( 𝑥 ) 𝑝 = − 2 𝑉′( 𝑥 ) − 2 𝜎 𝛽( 𝑥 ) . (7)

hus, for prescribed 𝛼( 𝑥 ) , 𝛽( 𝑥 ) , and 𝑉( 𝑥 ) , the phase trajectories are obtained by solving Equation ( 7 ) separately for 𝜎 = ± 1

nd reconstructing the velocity as 

𝑥̇ = 𝜎
√
𝑝( 𝑥) on intervals where 𝑝( 𝑥) ≥ 0 . (8)

urning points correspond to 𝑝 = 0 , where 𝑥̇ changes sign and the governing branch switches; the global motion is formed
y concatenating the corresponding local solutions. 

.1 Integrating-Factor Form 

ntroducing the integrating factor 

𝜇𝜎( 𝑥) = exp 

( 

2 𝜎 ∫
𝑥 

𝑥∗ 

𝛼( 𝜉) d 𝜉

) 

, (9)

quation ( 7 ) can be written as 

d 

d 𝑥 
( 𝑝( 𝑥 ) 𝜇𝜎( 𝑥 )) = − 2

(
𝑉′( 𝑥) + 𝜎𝛽( 𝑥)

)
𝜇𝜎( 𝑥) . (10)
of 33 ZAMM - Journal of Applied Mathematics and Mechanics, 2026
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FIGURE 1 Periodic potential 𝑉( 𝑥) = − cos 𝑥 with saddles at (2 𝑘 + 1) 𝜋. 
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herefore, for a reference point ( 𝑥0 , 𝑣0 ) with 𝑣0 ≠ 0 and 𝜎 = sgn ( 𝑣0 ) , 

𝑝𝜎( 𝑥) =
1 

𝜇𝜎( 𝑥) 

[ 

𝑣2 
0 
𝜇𝜎( 𝑥0 ) − 2∫

𝑥 

𝑥0 

(
𝑉′( 𝑠) + 𝜎𝛽( 𝑠)

)
𝜇𝜎( 𝑠 ) d 𝑠

] 

. (11)

his representation is exact and requires only a single quadrature once 𝛼 and 𝛽 are specified; where the integral can be
valuated in closed form, it yields explicit analytic phase-plane curves. 

 Cosine Potential 

.1 Model, Equilibria, and Branchwise Reduction 

onsider the 2 𝜋-periodic potential, depicted in Figure 1 

𝑉( 𝑥) = − cos 𝑥, 𝑉′( 𝑥) = sin 𝑥, (12)

ogether with the autonomous equation of motion 

𝑥̈ + 𝛼 |𝑥̇ | 𝑥̇ + 𝑉′( 𝑥) = 0 , 𝛼 > 0 . (13)

n the conservative limit 𝛼 = 0 , this reduces to the classical pendulum equation. The equilibria consist of the minima
𝑚,𝑘 = 2 𝑘𝜋 and the saddles 𝑥𝑠,𝑘 = (2 𝑘 + 1) 𝜋, 𝑘 ∈ ℤ . The phase portrait inherits the spatial periodicity, so it suffices to
tudy the reference cell around 𝑥𝑚, 0 = 0 and its neighboring saddles at ± 𝜋. 
o obtain explicit phase trajectories, we apply the squared-velocity substitution 𝑝( 𝑥) = 𝑥̇2 on any phase-plane branch with
ixed velocity sign 𝜎 = sgn (𝑥̇ ) ∈ { + 1 , − 1} . As summarized in Section 2 , this transforms Equation ( 13 ) into a first-order
inear equation for 𝑝 on each fixed-sign branch, 

d 𝑝 

d 𝑥 
+ 2 𝛼𝜎 𝑝 = − 2 sin 𝑥 , 𝑝( 𝑥 ) = 𝑥̇2 , (14)

hich should be interpreted only on intervals where the sign 𝜎 remains constant. Using the integrating factor 𝜇𝜎( 𝑥) =
2 𝛼𝜎𝑥 , the trajectory passing through ( 𝑥0 , 𝑣0 ) with 𝑣0 ≠ 0 admits the exact integral representation 

𝑝𝜎( 𝑥; 𝑥0 , 𝑣0 ) = 𝑒− 2 𝛼𝜎𝑥 

[ 

𝑣2 
0 
𝑒2 𝛼𝜎𝑥0 − 2∫

𝑥 

𝑥0 

sin 𝑠 𝑒2 𝛼𝜎𝑠 d 𝑠

] 

. (15)
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valuating the integral yields the closed form 

𝑝𝜎( 𝑥; 𝑥0 , 𝑣0 ) = 𝐴
(0) 
𝜎 ( 𝑥) + 𝑒− 2 𝛼𝜎( 𝑥 − 𝑥0 ) 

[
𝑣2 
0 
− 𝐴

(0) 
𝜎 ( 𝑥0 )

]
, (16)

here 

𝐴
(0) 
𝜎 ( 𝑥 ) ∶ =

2 

4 𝛼2 + 1 
( cos 𝑥 − 2 𝛼𝜎 sin 𝑥) . (17)

n any interval where 𝑝𝜎( 𝑥) ≥ 0 , the corresponding phase-plane branch is given by 𝑥̇ = 𝜎
√
𝑝𝜎( 𝑥) . 

.2 Basin of Attraction Boundaries and Winding-Number Classification 

e now translate the explicit branchwise formula into basin-of-attraction boundaries. Fix the reference well around 𝑥𝑚, 0 =
 and consider rightward transport towards the neighboring saddle 𝑥𝑠, 0 = 𝜋. The boundary separating trajectories that
emain captured in the reference well from those that cross into the next well is characterized by a critical orbit that
eaches the saddle with zero velocity. Since the approach to 𝜋 is right-going, this boundary is defined by 

𝑝+ 

( 𝜋; 𝑥0 , 𝑣0 ) = 0 , 𝑥0 ∈ ( −∞, 𝜋) , (18)

here the subscript + indicates the branch 𝜎 = + 1 . Substituting Equation ( 16 ) and solving for the launch velocity gives 

𝑣2 
crit 
( 𝑥0 ; 𝛼) = 𝐴

(0) 
+ 

( 𝑥0 ) − 𝑒2 𝛼( 𝜋− 𝑥0 ) 𝐴
(0) 
+ 

( 𝜋) 

= 2 

4 𝛼2 + 1 

(
cos 𝑥0 − 2 𝛼 sin 𝑥0 + 𝑒2 𝛼( 𝜋− 𝑥0 ) 

)
, 𝑥0 ∈ ( −∞, 𝜋) , (19)

nd therefore the right boundary branch in the ( 𝑥, 𝑥̇ ) plane becomes 

𝑥̇ = +
√ 

𝑣2 
crit 
( 𝑥 ; 𝛼) . (20)

he left boundary follows analogously by symmetry. 
or transport across multiple wells, it is natural to classify trajectories by the number of crossed saddles 𝑥𝑠,𝑛 = (2 𝑛 + 1) 𝜋,
 ≥ 0 . The threshold for reaching 𝑥𝑠,𝑛 with zero velocity is again obtained by imposing 𝑝+ 

( 𝑥𝑠,𝑛 ; 𝑥0 , 𝑣0 ) = 0 . This yields the
ntegral form 

𝑣2 
crit ,𝑛 

( 𝑥0 ; 𝛼) = 𝑒− 2 𝛼𝑥0 𝐽+ 

( 𝑥𝑠,𝑛 ; 𝑥0 ) , 𝐽+ 

( 𝑥; 𝑥0 ) ∶ = 2∫
𝑥 

𝑥0 

sin 𝑠 𝑒2 𝛼𝑠 d 𝑠, 𝑛 = 0 , 1 , 2 , . . . (21)

nd, using Equation ( 17 ), the closed form 

𝑣2 
crit ,𝑛 

( 𝑥0 ; 𝛼) = 𝐴
(0) 
+ 

( 𝑥0 ) − 𝑒2 𝛼( 𝑥𝑠,𝑛 − 𝑥0 ) 𝐴
(0) 
+ 

( 𝑥𝑠,𝑛 ) =
2 

4 𝛼2 + 1 

(
cos 𝑥0 − 2 𝛼 sin 𝑥0 + 𝑒2 𝛼( 𝑥𝑠,𝑛 − 𝑥0 ) 

)
. (22)

ccordingly, the winding number (number of completed rotations) is determined by the stripe condition 

𝑁 = #
{ 

𝑛 ≥ 0 ∶ 𝑣2 
0 
≥ 𝑣2 

crit ,𝑛 
( 𝑥0 ; 𝛼)

} 

. (23)

he critical velocities 𝑣crit ,𝑛 ( 𝑥0 ; 𝛼 = 0 . 05) , which are also basin boundaries at the same time, are shown in Figure 2 for
= 0 . 05 . The critical velocities 𝑣crit ,𝑛 ( 𝑥0 = 2 𝑘 𝜋; 𝛼) for rotations started at the bottom of the well, are shown in Figure 3
or the range of 𝛼 = [0 , 0 . 1] . 
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tive C
om

m
ons L

icense



FIGURE 2 Analytical basin-of-attraction boundary for 𝑉( 𝑥) = − cos 𝑥 with quadratic drag, compared to time-domain 

simulations for 𝛼 = 0 . 05 . 

FIGURE 3 Critical velocities for 𝑁 complete rotations as a function of 𝛼 for motion starting at 𝑥0 = 2 𝑘𝜋. 
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.3 Local Integrity Measure of the Equilibrium at the Origin 

he LIM associated with the attractor at (0 , 0) is defined as the largest radius 𝑟loc ( 𝛼) for which the closed disk 𝑥2 + 𝑥̇2 ≤ 𝑟2 
loc

ies entirely inside the basin of attraction of (0 , 0) . Equivalently, 𝑟loc ( 𝛼) is the minimum Euclidean distance from the origin
o the basin boundary. For the cosine potential, this boundary is given by the saddle separatrix passing through 𝑥 = 𝜋, that
s, the branch satisfying 𝑝 ( 𝜋) = 0 . To measure this distance, it is convenient to describe the relevant separatrix segment in
olar coordinates centered at the origin, 

𝑥 = 𝑟 cos 𝜃, 𝑥̇ = 𝑟 sin 𝜃, 𝑟 ≥ 0 , (24)

nd focus on the upper-right portion of the basin boundary ( 𝑥̇ ≥ 0 ) that approaches the saddle at 𝑥 = 𝜋. Along this
eparatrix, one may write 

𝑥̇ = +
√ 

𝑝+ 

( 𝑥; 𝜋, 0) , 𝑥 ∈ [0 , 𝜋] , (25)

here 𝑝+ 

( 𝑥; 𝜋, 0) denotes the 𝜎 = + 1 solution of Equation ( 14 ) with the saddle condition 𝑝 ( 𝜋) = 0 . Using Equation ( 16 )
ith 𝑥0 = 𝜋 and 𝑣0 = 0 yields the explicit phase trajectory 

𝑝+ 

( 𝑥; 𝜋, 0) = 2 

4 𝛼2 + 1 

(
cos 𝑥 − 2 𝛼 sin 𝑥 + 𝑒2 𝛼( 𝜋− 𝑥 ) 

)
, 𝑝+ 

( 𝜋; 𝜋, 0) = 0 . (26)
AMM - Journal of Applied Mathematics and Mechanics, 2026 7 of 33
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onsequently, the separatrix admits the polar parametrization 

𝑟( 𝑥) =
√ 

𝑥2 + 𝑝+ 

( 𝑥; 𝜋, 0) , 𝜃( 𝑥) = atan2 
( √ 

𝑝+ 

( 𝑥; 𝜋, 0) , 𝑥

) 

, (27)

nd, equivalently, the implicit polar relation 

𝑟 ( 𝜃)2 sin 
2 
𝜃 = 𝑝+ 

( 𝑟 ( 𝜃) cos 𝜃; 𝜋, 0) , 𝜃 ∈ [0 , 𝜋∕2] . (28)

he LIM is the minimum radius attained along this boundary, 

𝑟loc ( 𝛼) = min 𝑟( 𝜃) = min 
𝑥∈[0 ,𝜋] 

𝑟( 𝑥) = min 
𝑥∈[0 ,𝜋] 

√ 

𝑥2 + 𝑝+ 

( 𝑥; 𝜋, 0) . (29)

ince 

d 

d 𝑥 

(
𝑥2 + 𝑝+ 

( 𝑥; 𝜋, 0)
)|||𝑥= 0 

= 𝑝′+ 

(0; 𝜋, 0) = 2 

4 𝛼2 + 1 

(
− 2 𝛼 − 2 𝛼𝑒2 𝛼𝜋

)
< 0 (30)

nd 

d 

d 𝑥 

(
𝑥2 + 𝑝+ 

( 𝑥; 𝜋, 0)
)|||𝑥= 𝜋

= 2 𝜋 + 𝑝′+ 

( 𝜋; 𝜋, 0) = 2 𝜋 > 0 , (31)

he minimizer occurs at an interior tangency point 𝑥 = 𝑥int ( 𝛼) ∈ (0 , 𝜋) determined by stationarity of 𝑟2 ( 𝑥) , 

d 

d 𝑥 

(
𝑥2 + 𝑝+ 

( 𝑥; 𝜋, 0)
)
= 0 ⟺ 2 𝑥 + 𝑝′+ 

( 𝑥; 𝜋, 0) = 0 . (32)

sing the branch Equation ( 14 ) for 𝜎 = + 1 , 𝑝′+ 

( 𝑥; 𝜋, 0) + 2 𝛼 𝑝+ 

( 𝑥; 𝜋, 0) = − 2 sin 𝑥, the stationarity condition becomes 

𝑥 = 𝛼 𝑝+ 

( 𝑥; 𝜋, 0) + sin 𝑥. (33)

ubstituting Equation ( 26 ) yields the explicit transcendental equation for 𝑥int ( 𝛼) , 

(4 𝛼2 + 1) 𝑥 = sin 𝑥 + 2 𝛼 cos 𝑥 + 2 𝛼 𝑒2 𝛼( 𝜋− 𝑥 ) , 𝑥 ∈ (0 , 𝜋) . (34)

oreover, defining 

𝐹( 𝑥) ∶ = (4 𝛼2 + 1) 𝑥 − sin 𝑥 − 2 𝛼 cos 𝑥 − 2 𝛼𝑒2 𝛼( 𝜋− 𝑥 ) , (35)

ne finds 

𝐹′( 𝑥) = 4 𝛼2 + 1 − cos 𝑥 + 2 𝛼 sin 𝑥 + 4 𝛼2 𝑒2 𝛼( 𝜋− 𝑥 ) 
> 0 , 𝑥 ∈ [0 , 𝜋] , (36)

o Equation ( 34 ) possesses a unique solution in (0 , 𝜋) . Finally, the LIM follows from the minimizing point 𝑥int ( 𝛼) as 

𝑟loc ( 𝛼) =
√ 

𝑥int ( 𝛼)2 + 𝑝+ 

( 𝑥int ( 𝛼); 𝜋, 0) , (37)

here 𝑥int ( 𝛼) ∈ (0 , 𝜋) is the unique solution of the tangency Equation ( 34 ). 
losed-form solutions are not available for Equation ( 34 ); however, analytic approximations can be obtained. We
ummarize four practical options that cover the regimes 𝛼 → 0+ and 𝛼 → ∞, and provide convenient closed expressions
or intermediate 𝛼. 
i) Small- 𝛼 expansion . As 𝛼 → 0+ , the tangency point satisfies 𝑥int ( 𝛼) → 0 . Subtracting 𝑥 from both sides of Equation ( 34 )
ives 

𝑥 − sin 𝑥 = 2 𝛼 cos 𝑥 + 2 𝛼𝑒2 𝛼( 𝜋− 𝑥 ) − 4 𝛼2 𝑥, (38)
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FIGURE 4 Numerically calculated LIM ( 𝑟loc ( 𝛼) ) versus different approximations. 

FIGURE 5 Phase-plane separatrices for 𝛼 = 0 . 15 and LIM circles (centered at the origin): 𝑟num 

loc 
= 2 . 19618 , 𝑟s − α

loc 
= 2 . 19685 , 

𝑟3W 

loc 
= 2 . 19708 . 
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o the dominant balance is 𝑥 − sin 𝑥 ∼ 𝑥3 ∕6 against the 𝑂( 𝛼) forcing 2 𝛼 cos 𝑥 + 2 𝛼𝑒2 𝛼( 𝜋− 𝑥 ) ∼ 4 𝛼, which implies 𝑥int ( 𝛼) =
( 𝛼1∕3 ) . Accordingly, introduce 𝜀 = 𝛼1∕3 and seek a Puiseux-type expansion 

𝑥int ( 𝛼) = 𝐴𝜀 + 𝐵 𝜀3 + 𝐶𝜀4 + 𝐷𝜀5 + 𝑂( 𝜀6 )
(
𝜀3 = 𝛼

)
, (39)

nd insert this ansatz together with the Taylor series of sin 𝑥 , cos 𝑥 , and the exponential factor 𝑒2 𝛼( 𝜋− 𝑥 ) into Equation ( 34 ).
atching coefficients order by order yields 

𝑥int ( 𝛼) = (24 𝛼)1∕3 − 8 
5 
𝛼 + 8 𝜋

242∕3 
𝛼4∕3 − 169 

350 
242∕3 𝛼5∕3 + 𝑂( 𝛼2 ) , 𝛼 → 0+ . (40)

n computations, the corresponding small- 𝛼 approximation for the LIM is obtained by evaluating the exact separatrix
ormula ( 26 ) at 𝑥sa ( 𝛼) from Equation ( 40 ) and then inserting into Equation ( 37 ), that is, 

𝑟loc ( 𝛼) ≈

√ 

𝑥sa ( 𝛼)2 + 𝑝+ 

( 𝑥sa ( 𝛼); 𝜋, 0) . (41)

his keeps the small- 𝛼 asymptotics in the minimizing location, while avoiding an additional truncation error in 𝑝+ 

. The
mall- 𝛼 approximation Equation ( 40 ) is depicted in Figure 4 . For 𝛼 = 0 . 15 , the corresponding LIM value shows exact
greement up to visualization accuracy (cf. Figure 5 ). 
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ii) First-order Lambert- 𝑊 approximation . Replacing sin 𝑥 ≈ 𝑥 and cos 𝑥 ≈ 1 in Equation ( 34 ) gives (2 𝛼𝑥 − 1) 𝑒2 𝛼𝑥 = 𝑒2 𝛼𝜋,
ence 

𝑥int ( 𝛼) ≈ 𝑥𝑊 

( 𝛼) ∶ =
1 + 𝑊0 

(
𝑒2 𝛼𝜋− 1 

)
2 𝛼

, 𝛼 > 0 , (42)

here 𝑊0 denotes the principal branch of the Lambert 𝑊 function. The associated LIM approximation is again obtained
rom Equation ( 37 ) by inserting 𝑥𝑊 

( 𝛼) . This approximation is mainly useful for moderate and large 𝛼; for sufficiently
mall 𝛼, it may fall outside the physically relevant interval 𝑥 ∈ (0 , 𝜋) . 

iii) Third-order truncation and generalized Lambert 𝑊. Using sin 𝑥 ≈ 𝑥 − 𝑥3 

6 
and cos 𝑥 ≈ 1 − 𝑥2 

2 
in Equation ( 34 ) yields

he polynomial-exponential equation (
𝑢3 + 12 𝛼2 𝑢2 + 96 𝛼4 𝑢 − 96 𝛼4 

)
𝑒𝑢 = 96 𝛼4 𝑒2 𝛼𝜋, 𝑢 ∶ = 2 𝛼𝑥 . (43)

et 𝑢1 ( 𝛼) , 𝑢2 ( 𝛼) , 𝑢3 ( 𝛼) denote the roots of the cubic in Equation ( 43 ). Then, Equation ( 43 ) can be written in the canonical
orm 𝑒𝑢 

∏3 
𝑗= 1 ( 𝑢 − 𝑢𝑗 ) = 96 𝛼4 𝑒2 𝛼𝜋, so that 𝑢 can be represented by the generalized Lambert- 𝑊 function in the sense of

ezö and Baricz [ 53, 54 ], 

𝑢 ≈ 𝑊
(
𝑢1 ( 𝛼) , 𝑢2 ( 𝛼) , 𝑢3 ( 𝛼); 96 𝛼

4 𝑒2 𝛼𝜋
)
, 𝑥int ( 𝛼) ≈ 𝑥gW 

( 𝛼) ∶ = 𝑢 

2 𝛼
. (44)

he physically relevant approximation corresponds to the smallest positive real solution 𝑥gW 

( 𝛼) ∈ (0 , 𝜋) , and 𝑟loc ( 𝛼)
ollows from Equation ( 37 ). 
iv) Large- 𝛼 asymptotics . To derive an explicit asymptotic expansion for the tangency point, we set 𝑥int ( 𝛼) = 𝜋 − 𝛿( 𝛼) with
 < 𝛿 ≪ 1 and introduce the stretched variable 

𝑢 ∶ = 2 𝛼 𝛿. (45)

sing sin ( 𝜋 − 𝛿) = sin 𝛿, cos ( 𝜋 − 𝛿) = − cos 𝛿, and the Taylor expansions 

sin 𝛿 = 𝛿 − 𝛿
3 

6 
+ 𝑂( 𝛿5 ) , cos 𝛿 = 1 − 𝛿

2 

2 
+ 𝑂( 𝛿4 ) , (46)

he tangency Equation ( 34 ) can be rewritten as 

𝑒𝑢 = 2 𝜋𝛼 − 𝑢 + 1 + 𝜋

2 𝛼
+ 𝑂

( 

(ln 𝛼)2 

𝛼2 

) 

, 𝛼 → ∞, (47)

here 𝑢 = 𝑂(ln 𝛼) has been used. Writing 𝐿 ∶ = ln (2 𝜋𝛼) and solving Equation ( 47 ) by logarithmic iteration yields the
xpansion 

𝑢 = 𝐿 + 1 − 𝐿 

2 𝜋𝛼
+
𝜋2 + ( 𝐿 − 1) − 1 

2 
( 𝐿 − 1)2 

(2 𝜋𝛼)2 
+ 𝑂

( 

(ln 𝛼)3 

𝛼3 

) 

, 𝛼 → ∞. (48)

ince 𝛿 = 𝑢∕(2 𝛼) , this gives 

𝑥int ( 𝛼) = 𝜋 − 𝐿 

2 𝛼
+ 𝐿 − 1 

4 𝜋𝛼2 
− 1 

8 𝛼3 
+ ( 𝐿 − 1)2 

16 𝜋2 𝛼3 
− 𝐿 − 1 

8 𝜋2 𝛼3 
+ 𝑂

( 

(ln 𝛼)3 

𝛼4 

) 

, 𝐿 = ln (2 𝜋𝛼) . (49)

or the LIM, one has 𝑟loc ( 𝛼) =
√ 

𝑥2 
int 

+ 𝑝+ 

( 𝑥int ; 𝜋, 0) . Using the closed-form expression of 𝑝+ 

for the cosine potential
and constant 𝛼) and expanding at 𝑥int = 𝜋 − 𝛿 gives 𝑝+ 

( 𝑥int ; 𝜋, 0) = 𝜋∕𝛼 − 𝑢∕𝛼2 + 𝑂((ln 𝛼)2 ∕𝛼3 ) . A consistent Taylor
xpansion of the square root then yields 

𝑟loc ( 𝛼) = 𝜋 + 1 − 𝐿 

2 𝛼
− 3 

8 𝜋𝛼2 
− 1 

8 𝛼3 
+ 2 − 𝐿 − 𝐿2 

16 𝜋2 𝛼3 
+ 𝑂

( 

(ln 𝛼)3 

𝛼4 

) 

, 𝐿 = ln (2 𝜋𝛼) . (50)
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 Cosine Potential with Constant Coulomb Friction 

.1 Model and Branchwise Phase-Plane Representation 

e now supplement quadratic air drag by a constant Coulomb friction level. This is a standard idealization for pendulum-
ype devices in which aerodynamic drag dominates at moderate and large angular velocities (well described by a quadratic
aw), while the bearing contributes an approximately constant resisting torque. The coexistence of quadratic drag and dry
riction in oscillatory motion, and its influence on decay and turning-point sequences, is discussed, for example, in [ 7,
8 ], and explicit velocity-angle representations for quadratic drag that exploit the autonomous structure are given in [ 37 ].
n addition, the normal force in the bearing contains a centrifugal contribution proportional to 𝑥̇2 , so even a nominal
oulomb mechanism can acquire an effective speed dependence at high velocities. First, we intentionally keep the friction
agnitude constant, 𝛽( 𝑥) ≡ 𝛽 ≥ 0 , to isolate the nonsmooth sticking effect and its impact on the partition of basins of
ttraction and integrity measures. 
ccordingly, we consider the cosine potential 𝑉( 𝑥) = − cos 𝑥 and the autonomous dynamics 

𝑥̈ + 𝛼|𝑥̇ | 𝑥̇ + 𝛽 sgn (𝑥̇ ) + sin 𝑥 = 0 , 𝛼 > 0 , 𝛽 ≥ 0 . (51)

n any trajectory segment with fixed velocity sign 𝜎 = sgn (𝑥̇ ) ∈ { + 1 , − 1} , introduce the squared velocity 𝑝( 𝑥) = 𝑥̇2 . Then,
 51 ) reduces to the linear first-order ODE 

d 𝑝 

d 𝑥 
+ 2 𝛼𝜎 𝑝 = − 2 sin 𝑥 − 2 𝛽𝜎, 𝑝 ( 𝑥) = 𝑥̇2 , (52)

alid away from rest ( 𝑥̇ ≠ 0 ). With integrating factor 𝜇𝜎( 𝑥) = 𝑒2 𝛼𝜎𝑥 , the trajectory through ( 𝑥0 , 𝑣0 ) , 𝑣0 ≠ 0 admits the
losed form 

𝑝𝜎( 𝑥; 𝑥0 , 𝑣0 ) = 𝐴𝜎( 𝑥) + 𝑒− 2 𝛼𝜎( 𝑥 − 𝑥0 ) 
[
𝑣2 
0 
− 𝐴𝜎( 𝑥0 )

]
, (53)

here 

𝐴𝜎( 𝑥 ) ∶ =
2 

4 𝛼2 + 1 
( cos 𝑥 − 2 𝛼𝜎 sin 𝑥) −

𝛽

𝛼
. (54)

n intervals where 𝑝𝜎( 𝑥) ≥ 0 , the velocity is 𝑥̇ = 𝜎
√
𝑝𝜎( 𝑥) . Turning points satisfy 𝑝𝜎 = 0 and trigger a branch switch. 

.2 Basins of Attraction, Rotations, and Sticking Ribbons 

he saddle points remain at 𝑥𝑠,𝑛 = (2 𝑛 + 1) 𝜋. For right-going initial motion ( 𝑣0 > 0 ) starting in the reference cell 𝑥0 ∈
 − 𝜋, 𝜋) , the critical condition for reaching the saddle 𝑥𝑠,𝑛 with zero velocity is 𝑝+ 

( 𝑥𝑠,𝑛 ; 𝑥0 , 𝑣0 ) = 0 , which gives 

𝑣2 
crit ,𝑛 

( 𝑥0 ) = 𝐴+ 

( 𝑥0 ) − 𝑒2 𝛼( 𝑥𝑠,𝑛 − 𝑥0 ) 𝐴+ 

( 𝑥𝑠,𝑛 ) , 𝑛 = 0 , 1 , 2 , . . . , (55)

ith 𝐴+ 

( 𝑥) from Equation ( 54 ). As in the purely quadratic case, these curves form ordered “stripes” and determine the
otation count via 

𝑁 = #
{ 

𝑛 ≥ 0 ∶ 𝑣2 
0 
≥ 𝑣2 

crit ,𝑛 
( 𝑥0 )

} 

. (56)

igures 6 and 7 compare the analytically constructed boundaries (dashed lines) with time-domain simulations (colored
reas). 
 qualitative novelty is sticking. At 𝑥̇ = 0 , the friction term is set-valued, and a static equilibrium is admissible whenever
he restoring torque can be balanced by a friction force of magnitude at most 𝛽, that is, 

| sin 𝑥| ≤ 𝛽. (57)
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FIGURE 6 Ribbon-shaped domains of the phase space that correspond to a pendulum motion stopping around the 
upper equilibrium position for 𝛼 = 0 . 05 and 𝛽 = 0 . 5 . 

FIGURE 7 Ribbon-shaped domains of the phase space that correspond to a pendulum motion stopping around the 
upper equilibrium position for 𝛼 = 0 . 05 and 𝛽 = 1 . 
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round the saddle 𝑥𝑠 = 𝜋, this defines a sticking interval 

𝑥𝑠, − 

≤ 𝑥 ≤ 𝑥𝑠, + 

, 𝑥𝑠, ± 

∶ = 𝜋 ± 𝛿𝑠 , 𝛿𝑠 ∶ = arcsin 𝛽, 0 ≤ 𝛽 ≤ 1 . (58)

he phase portrait, therefore, contains ribbon-shaped sets of initial conditions whose first turning point falls inside
 𝑥𝑠, − 

, 𝑥𝑠, + 

] , after which the motion terminates in a stuck state near the top. For the upper-right quadrant ( 𝑥 ≥ 0 , 𝑥̇ ≥ 0 ),
he relevant ribbon boundary is obtained by requiring that the first turning point equals the left endpoint 

𝑥𝑇 ∶ = 𝑥𝑠, − 

= 𝜋 − 𝛿𝑠 . (59)

sing Equation ( 53 ) with 𝜎 = + 1 and imposing 𝑝rib ( 𝑥 ) ∶ = 𝑝+ 

( 𝑥𝑇 ; 𝑥 , 0) = 0 yields the boundary graph 

𝑥̇ = +
√
𝑝rib ( 𝑥) , 𝑝rib ( 𝑥) ∶ = 𝐴+ 

( 𝑥) − 𝑒2 𝛼( 𝑥𝑇 − 𝑥 ) 𝐴+ 

( 𝑥𝑇 ) , 𝑥 ∈ [0 , 𝑥𝑇 ] , (60)

here 𝐴+ 

( 𝑥) is given by Equation ( 54 ). We remind ourselves that 𝑝rib ( 𝑥 ; 𝛼, 𝛽) also depends on the parameters 𝛼 and 𝛽, but
or simplicity, we do not write them out unless necessary. Figures 6 and 7 illustrate these sticking ribbons for two friction
evels (continuous lines). 
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.3 LIM Determined by the Sticking-Ribbon Boundary 

e now extend the LIM construction of Section 3.3 to Equation ( 51 ). The LIM of the attractor at (0,0) is the largest radius
loc ( 𝛼, 𝛽) such that the closed disk 𝑥2 + 𝑥̇2 ≤ 𝑟2 

loc 
lies entirely inside the basin of attraction of (0,0), equivalently, the

inimum Euclidean distance from the origin to the basin boundary. 
or 𝛽 > 0 , the closest obstruction to attraction at (0,0) is the onset of sticking near the neighbouring saddle at 𝑥 = 𝜋: initial
onditions that lie above the upper-right ribbon boundary ( 60 ) can reach the saddle neighborhood with the first turning
oint inside [ 𝑥𝑠, − 

, 𝑥𝑠, + 

] and then terminate in a stuck state near the top. Consequently, the LIM of (0,0) is determined by
he distance from the origin to the ribbon boundary ( 60 ). We define the radial distance along the ribbon boundary by 

𝑟( 𝑥) ∶ =
√ 

𝑥2 + 𝑝rib ( 𝑥) , 𝑥 ∈ [0 , 𝑥𝑇 ] , (61)

ith 𝑝rib from Equation ( 60 ). Then 

𝑟loc ( 𝛼, 𝛽) = min 
𝑥∈[0 ,𝑥𝑇 ] 

𝑟( 𝑥; 𝛼, 𝛽) = min 
𝑥∈[0 ,𝑥𝑇 ] 

√ 

𝑥2 + 𝑝rib ( 𝑥; 𝛼, 𝛽) . (62)

he minimizer of 𝑟( 𝑥) over the compact interval [0 , 𝑥𝑇 ] is either an interior point 𝑥int ∈ (0 , 𝑥𝑇 ) (circle tangent to the
oundary) or the endpoint 𝑥 = 𝑥𝑇 (the turning location, which in saddle-shifted coordinates 𝜉 = 𝑥 − 𝜋 equals 𝜉 =
arcsin 𝛽). The standard tangency condition is therefore valid only if the minimum is attained in the interior. To decide
hich case holds, set 

𝑅( 𝑥) ∶ = 𝑟( 𝑥)2 = 𝑥2 + 𝑝rib ( 𝑥) . (63)

sing that 𝑝rib satisfies the branch equation ( 52 ) with 𝜎 = + 1 , 

𝑝′
rib 
( 𝑥) = − 2 𝛼𝑝rib ( 𝑥) − 2 sin 𝑥 − 2 𝛽, (64)

ne obtains 

𝑅′( 𝑥) = 2 𝑥 + 𝑝′
rib 
( 𝑥) = 2 𝑥 − 2 𝛼𝑝rib ( 𝑥) − 2 sin 𝑥 − 2 𝛽. (65)

 second derivative computation gives 

𝑅′′( 𝑥) = 2 − 2 𝛼𝑝′
rib 
( 𝑥) − 2 cos 𝑥 = 2 + 4 𝛼2 𝑝rib ( 𝑥) + 4 𝛼 sin 𝑥 + 4 𝛼𝛽 − 2 cos 𝑥. (66)

n the relevant interval 𝑥 ∈ [0 , 𝑥𝑇 ] ⊂ [0 , 𝜋] one has sin 𝑥 ≥ 0 , 𝑝rib ( 𝑥) ≥ 0 , and 2 − 2 cos 𝑥 ≥ 0 , hence 

𝑅′′( 𝑥) ≥ 0 for all 𝑥 ∈ [0 , 𝑥𝑇 ] . (67)

hus, 𝑅′( 𝑥) is increasing on [0 , 𝑥𝑇 ] , and 𝑅( 𝑥) has at most one stationary point in (0 , 𝑥𝑇 ) . Therefore the minimum of 𝑅 on
0 , 𝑥𝑇 ] is either an interior stationary point (if it exists) or the endpoint 𝑥𝑇 . 
t the endpoint 𝑥 = 𝑥𝑇 one has 𝑝rib ( 𝑥𝑇 ) = 0 and sin 𝑥𝑇 = sin ( 𝜋 − 𝛿𝑠 ) = sin 𝛿𝑠 = 𝛽. Therefore 

𝑝′
rib 
( 𝑥𝑇 ) = − 2 sin 𝑥𝑇 − 2 𝛽 = − 4 𝛽, 𝑅′( 𝑥𝑇 ) = 2 𝑥𝑇 + 𝑝′

rib 
( 𝑥𝑇 ) = 2 𝑥𝑇 − 4 𝛽. (68)

oreover, at 𝑥 = 0 , 

𝑅′(0) = − 2 𝛼𝑝rib (0) − 2 𝛽 < 0 . (69)

ecause 𝑅′ is increasing, an interior stationary point exists if and only if 𝑅′( 𝑥𝑇 ) > 0 , that is, if and only if 

𝑥𝑇 > 2 𝛽 ⟺ 𝜋 − arcsin 𝛽 > 2 𝛽. (70)
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efine 𝛽crit ∈ (0 , 1) as the unique solution of the threshold equation 

𝜋 − arcsin ( 𝛽crit ) = 2 𝛽crit , 𝛽crit ≈ 0 . 9477471335 . (71)

hen, the LIM is given by the piecewise formula 

𝑟loc ( 𝛼, 𝛽) =
⎧ ⎪ ⎨ ⎪ ⎩ 

min 𝑥∈(0 ,𝑥𝑇 ) 
√
𝑥2 + 𝑝rib ( 𝑥) , 0 < 𝛽 < 𝛽crit , √ 

𝑥2 𝑇 + 𝑝rib ( 𝑥𝑇 ) = 𝑥𝑇 = 𝜋 − arcsin 𝛽, 𝛽crit ≤ 𝛽 ≤ 1 . 
(72)

n particular, for 𝛽 ≥ 𝛽crit the closest point of the ribbon boundary to the origin is the endpoint ( 𝑥𝑇 , 0) , and the LIM is set
urely by the sticking band width. 
or 0 < 𝛽 < 𝛽crit , the minimizer is an interior point 𝑥 = 𝑥int ( 𝛼, 𝛽) ∈ (0 , 𝑥𝑇 ) , characterized by stationarity of 𝑅( 𝑥) ,
quivalently, tangency of the circle to the boundary 

d 

d 𝑥 

(
𝑥2 + 𝑝rib ( 𝑥)

)
= 0 ⟺ 2 𝑥 + 𝑝′

rib 
( 𝑥) = 0 . (73)

ince 𝑝rib satisfies the branch ODE ( 52 ) with 𝜎 = + 1 , one has 𝑝′
rib 
( 𝑥 ) = − 2 𝛼𝑝rib ( 𝑥 ) − 2 sin 𝑥 − 2 𝛽. Substituting into

quation ( 73 ) yields the convenient form 

𝑥 = 𝛼 𝑝rib ( 𝑥) + sin 𝑥 + 𝛽. (74)

ombining Equation ( 74 ) with the explicit boundary ( 60 ) gives a single scalar tangency equation for 𝑥int ( 𝛼, 𝛽) . 
o write it explicitly, set 𝛿𝑠 = arcsin 𝛽 and denote 

𝑐𝛽 ∶ = cos 𝛿𝑠 =
√ 

1 − 𝛽2 , 𝑥𝑇 = 𝜋 − 𝛿𝑠 . (75)

sing sin 𝑥𝑇 = 𝛽 and cos 𝑥𝑇 = − 𝑐𝛽 in 𝐴+ 

( 𝑥𝑇 ) gives 

𝐴+ 

( 𝑥𝑇 ) = − 2 

4 𝛼2 + 1 

(
𝑐𝛽 + 2 𝛼𝛽

)
−
𝛽

𝛼
. (76)

fter substitution into Equation ( 74 ) one obtains the explicit transcendental equation 

(4 𝛼2 + 1) 𝑥 = sin 𝑥 + 2 𝛼 cos 𝑥 +
(
𝛽 + 2 𝛼𝑐𝛽 + 8 𝛼2 𝛽

)
𝑒2 𝛼( 𝑥𝑇 − 𝑥 ) , 𝑥 ∈ (0 , 𝑥𝑇 ) , (77)

hose unique solution is 𝑥int ( 𝛼, 𝛽) . Indeed, defining 

𝐹( 𝑥) ∶ = (4 𝛼2 + 1) 𝑥 − sin 𝑥 − 2 𝛼 cos 𝑥 −
(
𝛽 + 2 𝛼𝑐𝛽 + 8 𝛼2 𝛽

)
𝑒2 𝛼( 𝑥𝑇 − 𝑥 ) , (78)

ne finds 

𝐹′( 𝑥) = 4 𝛼2 + 1 − cos 𝑥 + 2 𝛼 sin 𝑥 + 2 𝛼
(
𝛽 + 2 𝛼𝑐𝛽 + 8 𝛼2 𝛽

)
𝑒2 𝛼( 𝑥𝑇 − 𝑥 ) 

> 0 (79)

or all 𝑥 ∈ [0 , 𝑥𝑇 ] , so Equation ( 77 ) possesses exactly one root in (0 , 𝑥𝑇 ) . Finally, the LIM follows by evaluating the exact
oundary at this point: 

𝑟loc ( 𝛼, 𝛽) =
√ 

𝑥int ( 𝛼, 𝛽)2 + 𝑝rib ( 𝑥int ( 𝛼, 𝛽)) , 0 < 𝛽 < 𝛽crit . (80)

s in Section 3.3 , it is advantageous to use approximations only for 𝑥int and then evaluate 𝑝rib from the exact closed form
 60 ), to avoid additional truncation error in the boundary curve itself. 
i) Small- 𝛼 expansion (fixed 𝛽 ∈ (0 , 𝛽crit ) ) . For 𝛼 → 0+ with fixed 𝛽 ∈ (0 , 𝛽crit ) , 𝑥int ( 𝛼, 𝛽) admits a regular expansion 

𝑥 ( 𝛼, 𝛽) = 𝑥 + 𝛼𝑥 + 𝛼2 𝑥 +  ( 𝛼3 ) , (81)
int 0 1 2 
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here 𝑥0 ∈ (0 , 𝑥𝑇 ) is the unique root of the limiting equation 

𝑥0 − sin 𝑥0 = 𝛽, (82)

nd the next coefficients are 

𝑥1 =
2
(
cos 𝑥0 + 𝑐𝛽 + 𝛽( 𝑥𝑇 − 𝑥0 )

)
1 − cos 𝑥0 

, (83)

𝑥2 =
4 𝛽( 𝑥𝑇 − 𝑥0 )

2 + 16 𝛽 − 4 𝛽𝑥1 + 8 𝑐𝛽( 𝑥𝑇 − 𝑥0 ) − 8 𝑥0 − 4 sin 𝑥0 𝑥1 − sin 𝑥0 𝑥2 1 
2(1 − cos 𝑥0 ) 

. (84)

n computations, one may insert 𝑥sa ( 𝛼, 𝛽) ∶ = 𝑥0 + 𝛼𝑥1 + 𝛼2 𝑥2 into Equation ( 60 ) and then into Equation ( 80 ). 
ii) First-order Lambert 𝑊 approximation . Replacing sin 𝑥 ≈ 𝑥 and cos 𝑥 ≈ 1 in Equation ( 77 ) yields 

( 𝑢 − 1) 𝑒𝑢 =
𝛽 + 2 𝛼𝑐𝛽 + 8 𝛼2 𝛽

2 𝛼
𝑒2 𝛼𝑥𝑇 , 𝑢 ∶ = 2 𝛼𝑥 , (85)

ence 

𝑥int ( 𝛼, 𝛽) ≈ 𝑥𝑊 

( 𝛼, 𝛽) ∶ =
1 + 𝑊0 

(𝛽+ 2 𝛼𝑐𝛽+ 8 𝛼2 𝛽

2 𝛼
𝑒2 𝛼𝑥𝑇 − 1 

)
2 𝛼

, 𝛼 > 0 , 𝛽 ∈ (0 , 𝛽crit ) . (86)

he associated 𝑟loc approximation is obtained by inserting 𝑥𝑊 

( 𝛼, 𝛽) into the exact boundary ( 60 ) and then into
quation ( 80 ). This approximation is mainly useful for moderate and large 𝛼; for sufficiently small 𝛼, it may fall outside
he physically relevant interval 𝑥 ∈ (0 , 𝑥𝑇 ) . 

iii) Third-order truncation and generalized Lambert 𝑊 (valid for 𝛽 ∈ (0 , 𝛽crit ) ) . Using sin 𝑥 ≈ 𝑥 −
𝑥3 

6 
and cos 𝑥 ≈ 1 − 𝑥2 

2 
n Equation ( 77 ) and setting 𝑢 = 2 𝛼𝑥 gives the cubic-exponential equation (

𝑢3 + 12 𝛼2 𝑢2 + 96 𝛼4 𝑢 − 96 𝛼4 
)
𝑒𝑢 = 48 𝛼3 

(
𝛽 + 2 𝛼𝑐𝛽 + 8 𝛼2 𝛽

)
𝑒2 𝛼𝑥𝑇 . (87)

et 𝑢1 ( 𝛼) , 𝑢2 ( 𝛼) , 𝑢3 ( 𝛼) denote the roots of the cubic in Equation ( 87 ). Then, Equation ( 87 ) can be represented by the
eneralized Lambert W function (in the sense of Mezö and Baricz [ 53, 54 ]) as 

𝑢 ≈ 𝑊
(
𝑢1 ( 𝛼) , 𝑢2 ( 𝛼) , 𝑢3 ( 𝛼); 48 𝛼

3 
(
𝛽 + 2 𝛼𝑐𝛽 + 8 𝛼2 𝛽

)
𝑒2 𝛼𝑥𝑇 

)
, 𝑥int ( 𝛼, 𝛽) ≈ 𝑥gW 

( 𝛼, 𝛽) ∶ = 𝑢 

2 𝛼
. (88)

he physically relevant approximation corresponds to the smallest positive real solution 𝑥gW 

( 𝛼, 𝛽) ∈ (0 , 𝑥𝑇 ) , and 𝑟loc again
ollows from the exact evaluation of Equation ( 80 ). 
iv) Large- 𝛼 asymptotics (f ixed 𝛽 ∈ (0 , 𝛽crit ) ) . For 𝛼 → ∞ and fixed 𝛽 ∈ (0 , 𝛽crit ) , the tangency point approaches the turning
ocation 𝑥𝑇 = 𝜋 − arcsin 𝛽. Set 

𝑥int ( 𝛼, 𝛽) = 𝑥𝑇 − 𝛿( 𝛼, 𝛽) , 𝑢 ∶ = 2 𝛼 𝛿. (89)

alancing the dominant terms in Equation ( 77 ) gives 𝑒𝑢 ∼ 𝑥𝑇 ∕(2 𝛽) , and a one-step refinement based on the next-order
alance yields 

𝑢 = ln 
(𝑥𝑇 
2 𝛽

)
+ 1 

𝛼

− 2 ln 
(𝑥𝑇 
2 𝛽

)
−
𝑐𝛽𝑥𝑇 

𝛽
+ 2 𝑐𝛽

4 𝑥𝑇 
+ 

( 

1 

𝛼2 

) 

, 𝛼 → ∞. (90)
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FIGURE 8 LIM and its approximations for small and large 𝛼 values 
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ince 𝛿 = 𝑢∕(2 𝛼) , this implies 

𝑥int ( 𝛼, 𝛽) = 𝑥𝑇 −
1 

2 𝛼
ln 
(𝑥𝑇 
2 𝛽

)
− 1 

2 𝛼2 

− 2 ln 
(𝑥𝑇 
2 𝛽

)
−
𝑐𝛽𝑥𝑇 

𝛽
+ 2 𝑐𝛽

4 𝑥𝑇 
+ 

( 

1 

𝛼3 

) 

, 𝛼 →∞. (91)

s before, the corresponding large- 𝛼 approximation of 𝑟loc ( 𝛼, 𝛽) is obtained by inserting 𝑥
( ∞) 
int 

from Equation ( 91 ) into the
xact boundary Equation ( 60 ) and then into Equation ( 80 ). 
ndpoint regime ( 𝛽crit ≤ 𝛽 ≤ 1 ) : In this case, the minimizer of 𝑟( 𝑥) on [0 , 𝑥𝑇 ] is attained at the endpoint 𝑥 = 𝑥𝑇 , so the
IM reduces to 

𝑟loc ( 𝛼, 𝛽) = 𝑥𝑇 = 𝜋 − arcsin 𝛽, 𝛽crit ≤ 𝛽 ≤ 1 , (92)

ndependently of 𝛼. Equivalently, in saddle-shifted coordinates 𝜉 = 𝑥 − 𝜋 the closest boundary point is 𝜉 = − arcsin 𝛽with
ero velocity. 
igure 8 shows the 𝛽-dependence of the LIM for representative small and large drag values, and compares the exact
valuation of Equation ( 80 ) with the approximations obtained from (i)–(iv) via the corresponding estimates of 𝑥int ( 𝛼, 𝛽) .
igure 9 shows the 𝛼-dependence at fixed 𝛽 = 0 . 5 , indicating how the same approximations track the numerical minimizer
cross the drag range. A representative phase-plane geometry of the LIM construction is shown in Figure 10 , where the
umerical value and the small- 𝛼 and generalized Lambert 𝑊 estimates are compared. 

 Cosine Potential With Normal-Force-Dependent Coulomb Friction 

.1 Model and Regionwise Phase-Plane Representation 

e consider a rigid pendulum in the periodic potential 𝑈( 𝑥) = − cos 𝑥 with quadratic air drag and bearing Coulomb
riction proportional to the instantaneous bearing normal force. In the standard nondimensionalization 𝑚 = 𝑙 = 𝑔 = 1 ,
he rod force is 

𝑇( 𝑥, 𝑥̇ ) = 𝑥̇2 + cos 𝑥, (93)

o that the normal-force magnitude at the bearing is 

𝑁( 𝑥, 𝑥̇ ) = |𝑇( 𝑥, 𝑥̇ ) | = |𝑥̇2 + cos 𝑥|. (94)
6 of 33 ZAMM - Journal of Applied Mathematics and Mechanics, 2026
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FIGURE 9 𝛼-dependency of the LIM and its estimates for 𝛽 = 0 . 5 . 

FIGURE 10 LIM for the cosine potential with quadratic drag and Coulomb friction at 𝛼 = 0 . 10 and 𝛽 = 0 . 3 . Values: 
numerical: 2.33633, small- 𝛼: 2.34086, third-order Lambert 𝑊: 2.33798. 
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re
he generic Equation ( 1 ) assumes a Coulomb level 𝛽( 𝑥) depending on position only. In the present problem, however, the
riction torque is proportional to the instantaneous normal force and therefore depends on both 𝑥 and 𝑥̇ . The effective
oulomb level becomes 

𝛽( 𝑥, 𝑥̇ ) = 𝜇 |𝑥̇2 + cos 𝑥|, 
hich cannot be written as a function of 𝑥 alone. Hence, this example constitutes an extension of Equation ( 1 ) in which 𝛽

epends on the phase variables ( 𝑥, 𝑥̇ ) (equivalently ( 𝑥, 𝑝) with 𝑝 = 𝑥̇2 ). As shown below, the branchwise reduction method
till applies after a suitable partition of the phase plane. 
ith quadratic air drag − 𝛼|𝑥̇ |𝑥̇ ( 𝛼 > 0 ) and Coulomb torque − 𝜇𝑁( 𝑥, 𝑥̇ ) sgn (𝑥̇ ) ( 𝜇 ≥ 0 ), the equation of motion reads 

𝑥̈ + 𝛼|𝑥̇ | 𝑥̇ + 𝜇 |𝑥̇2 + cos 𝑥| sgn (𝑥̇ ) + sin 𝑥 = 0 , 𝛼 > 0 , 𝜇 ≥ 0 . (95)

n any trajectory segment with fixed velocity sign 𝜎 = sgn (𝑥̇ ) ∈ { + 1 , − 1} , introduce the squared velocity 𝑝( 𝑥) = 𝑥̇2 . Then,
way from rest ( 𝑥̇ ≠ 0 ), 

d 𝑝 

d 𝑥 
= 2𝑥̈ = − 2 sin 𝑥 − 2 𝛼𝜎 𝑝 − 2 𝜇𝜎 |𝑝 + cos 𝑥|. (96)
AMM - Journal of Applied Mathematics and Mechanics, 2026 17 of 33
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FIGURE 11 Rigid pendulum of length 𝑙 and bob mass 𝑚 in a gravitational field. The angular coordinate 𝑥 is measured 
from the downward vertical. At the bearing, Coulomb friction is characterized by the coefficient 𝜇, while the normal load 
depends on the instantaneous rod force. 

FIGURE 12 Schematic partition of the ( 𝑥, 𝑝) plane with 𝑝 = 𝑥̇2 by the switching curve 𝑝 + cos 𝑥 = 0 . Region A 

corresponds to 𝑝 + cos 𝑥 ≥ 0 and Region B to 𝑝 + cos 𝑥 ≤ 0 . 
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re
he absolute value |𝑝 + cos 𝑥| reflects the switching of the loaded bearing side. It is convenient to split the phase plane
nto the two regions 

Region A: 𝑝 + cos 𝑥 > 0 , (97)

Region B: 𝑝 + cos 𝑥 < 0 . (98)

or a graphical representation of the two regions, see Figure 11 . The partitioning in the 𝑥–𝑝 plane is depicted in Figure 12 .
n each region, Equation ( 96 ) becomes linear. 
egion A ( 𝒑 + 𝐜𝐨𝐬 𝒙 ≥ 𝟎 ) Here |𝑝 + cos 𝑥| = 𝑝 + cos 𝑥, hence 

d 𝑝 

d 𝑥 
+ 2( 𝛼 + 𝜇) 𝜎 𝑝 = − 2 sin 𝑥 − 2 𝜇𝜎 cos 𝑥. (99)
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re
ith integrating factor 𝑒2( 𝛼+ 𝜇) 𝜎𝑥 , the branch through ( 𝑥0 , 𝑣0 ) , admits the closed form 

𝑝𝐴,𝜎( 𝑥; 𝑥0 , 𝑣0 ) = 𝐴𝐴,𝜎( 𝑥) + 𝑒− 2( 𝛼+ 𝜇) 𝜎( 𝑥 − 𝑥0 ) 
[
𝑣2 
0 
− 𝐴𝐴,𝜎( 𝑥0 )

]
, (100)

here 

𝐴𝐴,𝜎( 𝑥) ∶ =
2 

4( 𝛼 + 𝜇)2 + 1 
( cos 𝑥 − 2( 𝛼 + 𝜇) 𝜎 sin 𝑥) −

2 𝜇𝜎

4( 𝛼 + 𝜇)2 + 1 
( sin 𝑥 + 2( 𝛼 + 𝜇) 𝜎 cos 𝑥) . (101)

quation ( 100 ) is valid as long as 𝑝𝐴,𝜎( 𝑥) + cos 𝑥 ≥ 0 . 
egion B ( 𝒑 + 𝐜𝐨𝐬 𝒙 ≤ 𝟎 ) Here |𝑝 + cos 𝑥| = − ( 𝑝 + cos 𝑥) , hence 

d 𝑝 

d 𝑥 
+ 2( 𝛼 − 𝜇) 𝜎 𝑝 = − 2 sin 𝑥 + 2 𝜇𝜎 cos 𝑥. (102)

nalogously, 

𝑝𝐵,𝜎( 𝑥; 𝑥0 , 𝑣0 ) = 𝐴𝐵,𝜎( 𝑥) + 𝑒− 2( 𝛼− 𝜇) 𝜎( 𝑥 − 𝑥0 ) 
[
𝑣2 
0 
− 𝐴𝐵,𝜎( 𝑥0 )

]
, (103)

here 

𝐴𝐵,𝜎( 𝑥) ∶ =
2 

4( 𝛼 − 𝜇)2 + 1 
( cos 𝑥 − 2( 𝛼 − 𝜇) 𝜎 sin 𝑥) +

2 𝜇𝜎

4( 𝛼 − 𝜇)2 + 1 
( sin 𝑥 + 2( 𝛼 − 𝜇) 𝜎 cos 𝑥) . (104)

quation ( 103 ) is valid as long as 𝑝𝐵,𝜎( 𝑥) + cos 𝑥 ≤ 0 . For later use, we set 𝑘𝐴 

∶ = 𝛼 + 𝜇 and 𝑘𝐵 ∶ = 𝛼 − 𝜇. On any interval
here 𝑝( 𝑥) ≥ 0 , the velocity is 𝑥̇ = 𝜎

√
𝑝( 𝑥) . Turning points satisfy 𝑝 = 0 and trigger a branch switch 𝜎 ↦ − 𝜎. Crossings

f the curve 𝑝 + cos 𝑥 = 0 trigger a region switch between Equation ( 100 ) and Equation ( 103 ) with continuous matching
f 𝑝. 

.2 Basins of Attraction, Rotations, and Sticking Ribbons 

he saddles remain at 𝑥𝑠,𝑛 = (2 𝑛 + 1) 𝜋. For right-going initial motion ( 𝑣0 > 0 ) starting in the reference cell 𝑥0 ∈ ( − 𝜋, 𝜋) ,
he critical condition for reaching the saddle 𝑥𝑠,𝑛 with zero velocity is again 

𝑝( 𝑥𝑠,𝑛 ; 𝑥0 , 𝑣0 ) = 0 , (105)

ut now 𝑝( ⋅) is constructed by concatenating Region-A and Region-B pieces, with matching across 𝑝 + cos 𝑥 = 0 if such a
rossing occurs along the path to 𝑥𝑠,𝑛 . The resulting critical curves 𝑣2 crit ,𝑛 ( 𝑥0 ; 𝛼, 𝜇) still form ordered stripes and determine
he rotation count via 

𝑁 = #
{ 

𝑛 ≥ 0 ∶ 𝑣2 
0 
≥ 𝑣2 

crit ,𝑛 
( 𝑥0 ; 𝛼, 𝜇)

} 

. (106)

here is also a sticking interval in this case. At 𝑥̇ = 0 , one has 𝑁( 𝑥, 0) = | cos 𝑥|. A static equilibrium is admissible
henever the restoring torque can be balanced by a friction torque of magnitude at most 𝜇| cos 𝑥|, that is, 

| sin 𝑥| ≤ 𝜇| cos 𝑥| ⟺ | tan 𝑥| ≤ 𝜇. (107)

round the saddle 𝑥𝑠 = 𝜋, this defines the sticking interval 

𝑥𝑠, − 

≤ 𝑥 ≤ 𝑥𝑠, + 

, 𝑥𝑠, ± 

∶ = 𝜋 ± 𝛿𝑠 , 𝛿𝑠 ∶ = arctan 𝜇, 𝜇 ≥ 0 . (108)

s before, the phase portrait contains ribbon-shaped sets of initial conditions whose first turning point falls inside
 𝑥𝑠, − 

, 𝑥𝑠, + 

] , after which the motion terminates in a stuck state near the top. For the upper-right quadrant ( 𝑥 ≥ 0 , 𝑥̇ ≥ 0 ), the
elevant ribbon boundary, closer to the origin, is obtained by requiring that the first turning point equals the left endpoint

𝑥𝑇 ∶ = 𝑥𝑠, − 

= 𝜋 − 𝛿𝑠 = 𝜋 − arctan 𝜇. (109)
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FIGURE 13 Sticking ribbons for 𝛼 = 0 . 03 and 𝜇 = 0 . 3 . 
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rea
e define 𝑝rib ( 𝑥 ; 𝛼, 𝜇) as the unique nonnegative solution of Equation ( 96 ) on 𝑥 ∈ [0 , 𝑥𝑇 ] satisfying the turning condition

𝑝rib ( 𝑥𝑇 ; 𝛼, 𝜇) = 0 , 𝑥̇ = +
√
𝑝rib ( 𝑥 ; 𝛼, 𝜇) . (110)

ince cos 𝑥𝑇 < 0 , the turning point lies in Region B. Hence, near 𝑥𝑇 the boundary is given by the Region-B formula with
= + 1 and initial condition ( 𝑥0 , 𝑝0 ) = ( 𝑥𝑇 , 0) : 

𝑝
( 𝑇) 
𝐵 ( 𝑥 ; 𝛼, 𝜇) ∶ = 𝐴𝐵, + 

( 𝑥) − 𝑒2( 𝛼− 𝜇)( 𝑥𝑇 − 𝑥 ) 𝐴𝐵, + 

( 𝑥𝑇 ) , 𝑥 ≤ 𝑥𝑇 , (111)

here 𝐴𝐵, + 

is given by Equation ( 104 ) with 𝜎 = + 1 . 
et 𝑥𝑐 = 𝑥𝑐 ( 𝛼, 𝜇) ∈ (0 , 𝑥𝑇 ) denote the unique crossing point where the boundary meets the region-separating curve 𝑝 +
os 𝑥 = 0 , defined by 

𝑝
( 𝑇) 
𝐵 ( 𝑥𝑐 ; 𝛼, 𝜇) + cos 𝑥𝑐 = 0 . (112)

n [ 𝑥𝑐 , 𝑥𝑇 ] one has 𝑝rib = 𝑝
( 𝑇) 
𝐵 (Region B). For 𝑥 < 𝑥𝑐 , the boundary continues in Region A, obtained by matching at

 𝑥𝑐 , 𝑝𝑐 ) with 𝑝𝑐 = 𝑝rib ( 𝑥𝑐 ) = − cos 𝑥𝑐 , and using the Region-A explicit solution: 

𝑝
( 𝑇) 
𝐴 

( 𝑥 ; 𝛼, 𝜇) ∶ = 𝐴𝐴, + 

( 𝑥) + 𝑒− 2( 𝛼+ 𝜇)( 𝑥 − 𝑥𝑐 ) 
[
( − cos 𝑥𝑐 ) − 𝐴𝐴, + 

( 𝑥𝑐 )
]
, 0 ≤ 𝑥 ≤ 𝑥𝑐 , (113)

ith 𝐴𝐴, + 

from Equation ( 101 ) at 𝜎 = + 1 . In summary, 

𝑝rib ( 𝑥 ; 𝛼, 𝜇) =

{ 

𝑝
( 𝑇) 
𝐴 

( 𝑥 ; 𝛼, 𝜇) , 𝑥 ≤ 𝑥𝑐 ( 𝛼, 𝜇) , 

𝑝
( 𝑇) 
𝐵 ( 𝑥 ; 𝛼, 𝜇) , 𝑥𝑐 ( 𝛼, 𝜇) ≤ 𝑥 ≤ 𝑥𝑇 . 

(114)

igures 13 and 14 illustrate the resulting sticking ribbons. Unfortunately, the concatenation condition at the region
oundary, that is, the implicit equation defining the switch point 𝑥𝑐 via Equation ( 112 ) (and the associated matching of
he pieces), does not admit a closed-form analytic solution in general. Therefore, we proceed to a numerical analysis in
he following. 

.3 LIM Determined by the Sticking-Ribbon Boundary 

e define the LIM with respect to the attracting regime in the lower part of the potential, using (0,0) as its center.
pecifically, 𝑟loc ( 𝛼, 𝜇) is the largest radius such that the closed disk 𝑥2 + 𝑥̇2 ≤ 𝑟2 

loc 
lies entirely inside the set of initial

onditions whose trajectories eventually come to rest within this lower-well attracting regime (not necessarily at (0,0)).
quivalently, 𝑟 ( 𝛼, 𝜇) is the minimum Euclidean distance from the origin to the boundary of this attracting set. For 𝜇 > 0 ,
loc 
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FIGURE 14 Sticking ribbons for 𝛼 = 0 . 05 and 𝜇 = 0 . 3 . 
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he closest obstruction is sticking near the neighboring saddle at 𝑥 = 𝜋, hence the LIM is determined by the distance to
he upper-right sticking-ribbon boundary 𝑝rib ( 𝑥 ; 𝛼, 𝜇) from Equation ( 114 ). We define along the boundary 

𝑟( 𝑥 ; 𝛼, 𝜇) ∶ =
√ 

𝑥2 + 𝑝rib ( 𝑥 ; 𝛼, 𝜇) , 𝑥 ∈ [0 , 𝑥𝑇 ] , (115)

o that 

𝑟loc ( 𝛼, 𝜇) = min 
𝑥∈[0 ,𝑥𝑇 ] 

𝑟( 𝑥; 𝛼, 𝜇) = min 
𝑥∈[0 ,𝑥𝑇 ] 

√ 

𝑥2 + 𝑝rib ( 𝑥; 𝛼, 𝜇) . (116)

he relevant turning endpoint is 𝑥𝑇 ( 𝜇) from Equation ( 109 ), hence it is independent of 𝛼. The ribbon boundary pieces
( 𝑇) 
𝐵 , the region-switch point 𝑥𝑐 , the matched continuation 𝑝

( 𝑇) 
𝐴 

, and so, the piecewise graph 𝑝rib are already defined by
quations ( 111 )–( 114 ), respectively. 
ecause 𝑝rib is continuous and piecewise smooth, the minimizer of 𝑟( 𝑥) over [0 , 𝑥𝑇 ] is among: 

– a stationary point in Region A, solving 𝑅′( 𝑥) = 0 on (0 , 𝑥𝑐 ) , 
– at the boundary region 𝑥𝑐 solving 𝑅′( 𝑥) = 0 , 
– a stationary point in Region B, solving 𝑅′( 𝑥) = 0 on ( 𝑥𝑐 , 𝑥𝑇 ) , 
– the endpoint 𝑥 = 𝑥𝑇 . 

ere 

𝑅( 𝑥) ∶ = 𝑟( 𝑥)2 = 𝑥2 + 𝑝rib ( 𝑥) , 𝑅′( 𝑥) = 2 𝑥 + 𝑝′
rib 
( 𝑥) . (117)

n Region A, 𝑝rib satisfies Equation ( 99 ) with 𝜎 = + 1 , hence 

𝑝′
rib 
( 𝑥) = − 2 sin 𝑥 − 2 𝜇 cos 𝑥 − 2( 𝛼 + 𝜇) 𝑝rib ( 𝑥) = − 2 sin 𝑥 − 2 𝜇 cos 𝑥 − 2 𝑘𝐴 

𝑝rib ( 𝑥) , (118)

nd 𝑅′( 𝑥) = 0 becomes 

𝑥 = 𝑘𝐴 

𝑝rib ( 𝑥 ; 𝛼, 𝜇) + sin 𝑥 + 𝜇 cos 𝑥, 𝑥 ∈ (0 , 𝑥𝑐 ) . (119)

n Region B, 𝑝rib satisfies Equation ( 102 ) with 𝜎 = + 1 , hence 

𝑝′
rib 
( 𝑥) = − 2 sin 𝑥 + 2 𝜇 cos 𝑥 − 2( 𝛼 − 𝜇) 𝑝rib ( 𝑥) = − 2 sin 𝑥 + 2 𝜇 cos 𝑥 − 2 𝑘𝐵 𝑝rib ( 𝑥) , (120)

nd 𝑅′( 𝑥) = 0 becomes 

𝑥 = 𝑘𝐵 𝑝rib ( 𝑥 ; 𝛼, 𝜇) + sin 𝑥 − 𝜇 cos 𝑥, 𝑥 ∈ ( 𝑥𝑐 , 𝑥𝑇 ) . (121)
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FIGURE 15 LIM (given by the color scale) depending on 𝛼 and 𝜇. The pink line shows the region boundary regarding 
the tangency point of the LIM circle and the ribbon boundary. On the left of the line, tangency occurs in Region A; on the 
right of the line, it occurs in Region B. 
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nce a candidate 𝑥∗ is found numerically, the LIM value follows from 

𝑟loc ( 𝛼, 𝜇) =
√ 

𝑥2 ∗ + 𝑝rib ( 𝑥∗ ; 𝛼, 𝜇) . (122)

omparing all (existing) candidate values, the LIM is determined. In Figure 15 , the numerically found values of the LIM
re depicted depending on the values of 𝛼 and 𝜇. Interestingly, the function is monotonically increasing in 𝛼; however, in
, it first increases, then decreases. It is also interesting to note in which regime the minimizer 𝑥∗ is located. In Figure 15 ,
he region located to the left of the pink line corresponds to tangency of the LIM circle to the sticking ribbon in Region A,
nd only for sufficiently large 𝛼 it moves to Region B, located to the right of the pink curve. The pink curve corresponds
o the case where the tangency point lies exactly on the boundary of the region defined by 𝑝 + cos ( 𝑥) = 0 . 

 Washboard Potential 

.1 Model, Equilibria, Branchwise Reduction, and Closed-Form Phase Trajectories 

e now replace the cosine potential with the tilted periodic (washboard) potential 

𝑈𝐹 ( 𝑥) = − cos 𝑥 − 𝐹𝑥, 𝐹 ∈ ℝ , (123)

hich is the standard way to include a constant bias (force or torque) in an otherwise periodic potential (see Figure 16 ).
losely related reduced pendulum-type models arise in the context of capture into resonance, while driven pendulum
odels also play a central role in autoresonance [ 55–58 ]. A direct example is a pendulum subject to a constant external
orque (e.g., a motor torque or a constant load torque), where 𝐹 is proportional to the applied torque. Differentiating
quation ( 123 ) yields 

𝑈′𝐹 ( 𝑥) = sin 𝑥 − 𝐹, (124)

o that with quadratic air drag, the autonomous equation of motion becomes 

𝑥̈ + 𝛼|𝑥̇ | 𝑥̇ + sin 𝑥 − 𝐹 = 0 , 𝛼 > 0 . (125)

ntroduce the velocity sign 𝜎 = sgn (𝑥̇ ) ∈ { + 1 , − 1} . On any sliding branch with fixed 𝜎, we have |𝑥̇ | 𝑥̇ = 𝜎𝑥̇2 and therefore 

𝑥̈ = 𝐹 − sin 𝑥 − 𝛼𝜎 𝑥̇2 . (126)
2 of 33 ZAMM - Journal of Applied Mathematics and Mechanics, 2026

ative C
om

m
ons L

icense



FIGURE 16 Tilted periodic (washboard) potential 𝑈𝐹 ( 𝑥) = − cos 𝑥 − 𝐹𝑥 for a representative tilt 𝐹 = 0 . 3 . For |𝐹| < 1 , the 
potential retains local minima 𝑥𝑚,𝑘 = 𝛿 + 2 𝑘𝜋 and saddles 𝑥𝑠,𝑘 = 𝜋 − 𝛿 + 2 𝑘𝜋, where 𝛿 = arcsin 𝐹. 
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rea
or |𝐹| < 1 , the washboard retains equilibria (local wells) given by sin 𝑥 = 𝐹. Writing 

𝛿 ∶ = arcsin 𝐹 ∈
(
−𝜋
2 
,
𝜋

2 

)
, (127)

he stable minima and unstable saddles are 

𝑥𝑚,𝑘 = 𝛿 + 2 𝑘𝜋, 𝑥𝑠,𝑘 = 𝜋 − 𝛿 + 2 𝑘𝜋, 𝑘 ∈ ℤ , (128)

ith cos 𝑥𝑚,𝑘 =
√
1 − 𝐹2 > 0 and cos 𝑥𝑠,𝑘 = −

√
1 − 𝐹2 < 0 . For |𝐹| ≥ 1 , the potential is monotone, and no equilibria exist;

n that regime, the outcomes are transport-type only. 
s before, on any branch where 𝑥̇ ≠ 0 we introduce 

𝑝( 𝑥) ∶ = 𝑥̇2 ≥ 0 . (129)

sing d 𝑝∕d 𝑥 = 2𝑥̈ and Equation ( 126 ), the squared-velocity equation on a fixed- 𝜎 branch becomes 

d 𝑝 

d 𝑥 
+ 2 𝛼𝜎 𝑝 = 2

(
𝐹 − sin 𝑥

)
, 𝑝( 𝑥) = 𝑥̇2 . (130)

urning points satisfy 𝑝 = 0 and require switching to the opposite sign branch − 𝜎. We now solve Equation ( 130 ) explicitly
o obtain closed-form phase trajectories on each fixed- 𝜎 branch. Equation ( 130 ) is linear and differs from the untilted cosine
ase only by the constant forcing term 2 𝐹. For initial data ( 𝑥0 , 𝑣0 ) with 𝑣0 ≠ 0 and 𝜎 = sgn ( 𝑣0 ) , solving Equation ( 130 ) gives

𝑝𝜎( 𝑥; 𝑥0 , 𝑣0 ) = 𝐴
( 𝐹) 
𝜎 ( 𝑥) + 𝑒− 2 𝛼𝜎( 𝑥 − 𝑥0 ) 

[
𝑣2 
0 
− 𝐴

( 𝐹) 
𝜎 ( 𝑥0 )

]
, (131)

here the particular solution is 

𝐴
( 𝐹) 
𝜎 ( 𝑥 ) ∶ = 2 

4 𝛼2 + 1 
( cos 𝑥 − 2 𝛼𝜎 sin 𝑥) + 𝐹 

𝛼𝜎
. (132)

n any interval where 𝑝𝜎( 𝑥) ≥ 0 the velocity is 𝑥̇ = 𝜎
√
𝑝𝜎( 𝑥) . 

.2 Trapping Versus Escape: Critical Damping 

 qualitative novelty of the washboard is the possibility of indefinite transport even in the autonomous setting, because
𝐹 ( 𝑥) → −∞ as 𝑥 → +∞ for 𝐹 > 0 . Fix |𝐹| < 1 and consider right-going motion ( 𝜎 = + 1 ), so that 𝑥̇ > 0 and the quadratic
rag reads 𝛼𝑥̇2 . From Equation ( 131 ) the transient term 𝑒− 2 𝛼( 𝑥 − 𝑥0 ) 

[
𝑣2 
0 
− 𝐴

( 𝐹) 
+ 

( 𝑥0 )
]
decays as 𝑥 → +∞, hence the long- 𝑥

ehavior is governed by the particular function 𝐴
( 𝐹) 
( 𝑥) . 
+ 

AMM - Journal of Applied Mathematics and Mechanics, 2026 23 of 33

tive C
om

m
ons L

icense



FIGURE 17 Verification of the analytically found basin-of-attraction boundary against numerical simulation data for 
𝛼 = 0 . 05 and 𝐹 = 0 . 2 . Gray and rose domains depict safe basins, while the green regions correspond to initial conditions 
with escaping trajectories. 
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f 𝐴( 𝐹) + 

( 𝑥) > 0 for all 𝑥, then 𝑝( 𝑥) → 𝐴
( 𝐹) 
+ 

( 𝑥) and a right-going running attractor exists with asymptotically periodic

elocity profile 𝑥̇ ( 𝑥) =
√ 

𝐴
( 𝐹) 
+ 

( 𝑥) . Trajectories in its basin cross infinitely many barriers (an infinite number of rotations),

hich is the mechanism behind the green escape set in Figure 17 . Conversely, if 𝐴( 𝐹) + 

attains a nonpositive value, then the
ecaying transient cannot prevent 𝑝 from reaching 0 on the right-going branch, so a turning point occurs and capture into
 local well becomes possible. Thus, a sharp criterion for the existence of running motion is 

min 
𝑥∈ℝ 

𝐴
( 𝐹) 
+ 

( 𝑥) > 0 . (133)

o evaluate the minimum, write 

𝐴
( 𝐹) 
+ 

( 𝑥 ) = 𝐹 

𝛼
+ 2 

4 𝛼2 + 1 
( cos 𝑥 − 2 𝛼 sin 𝑥) , (134)

hose oscillatory part has amplitude 

2 

4 𝛼2 + 1 

√
1 + 4 𝛼2 = 2 √

4 𝛼2 + 1 
. (135)

ence 

min 
𝑥 
𝐴
( 𝐹) 
+ 

( 𝑥 ) = 𝐹 

𝛼
− 2 √

4 𝛼2 + 1 
. (136)

ondition ( 133 ) is therefore equivalent to 

𝐹 

𝛼
>

2 √
4 𝛼2 + 1 

. (137)

or 0 < 𝐹 < 1 , the boundary case defines an explicit critical damping level 

𝛼crit ( 𝐹) ∶ =
𝐹 

2
√
1 − 𝐹2 

, 0 < 𝐹 < 1 . (138)

 graphical representation of Equation ( 138 ) is given in Figure 18 . The result agrees with Figure 17 for 𝛼 = 0 . 05 and 𝐹 = 0 . 2 ,
ince for this 𝐹 value 𝛼 (0 . 2) ≈ 0 . 102 , thus escaping solutions exist. 
crit 
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FIGURE 18 Critical damping 𝛼crit ( 𝐹) =
𝐹 

2
√
1 − 𝐹2 

as a function of 𝐹. 
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t is also useful to identify where the minimum of 𝐴( 𝐹) + 

is attained. Since 

cos 𝑥 − 2 𝛼 sin 𝑥 =
√
1 + 4 𝛼2 cos 

(
𝑥 + arctan (2 𝛼)

)
, (139)

he minimum of 𝐴( 𝐹) + 

occurs at 

𝑥min = 𝜋 − arctan (2 𝛼) + 2 𝑘𝜋, 𝑘 ∈ ℤ , (140)

nd Equation ( 136 ) follows immediately. 

he value of 𝐴( 𝐹) + 

at the saddle is nevertheless of special interest. Using sin 𝑥𝑠, 0 = 𝐹 and cos 𝑥𝑠, 0 = −
√
1 − 𝐹2 , one finds 

𝐴
( 𝐹) 
+ 

( 𝑥𝑠, 0 ) =
𝐹 − 2 𝛼

√
1 − 𝐹2 

𝛼(4 𝛼2 + 1) 
. (141)

ence, 𝐴( 𝐹) + 

( 𝑥𝑠, 0 ) > 0 is equivalent to 𝛼 < 𝛼crit ( 𝐹) . 
inally, the curves obtained from the condition 

𝑝( 𝑥𝑠,𝑛 ) = 0 , 𝑥𝑠,𝑛 = 𝜋 − 𝛿 + 2 𝑛𝜋, (142)

escribe stable-manifold type basin boundaries associated with pinned outcomes (capture in a well after finitely many
rossings). When 𝛼 < 𝛼crit ( 𝐹) , these boundaries coexist with a running basin leading to infinite barrier crossings; they do
ot preclude it. 
or 𝐹 < 0 , the same transport criterion holds after left–right symmetry, with running motion occurring to the left on the
= − 1 branch. It is therefore convenient to write the threshold in the symmetric form 

𝛼± 

crit 
( 𝐹 ) ∶ = |𝐹 |

2
√
1 − 𝐹2 

, 0 < |𝐹 | < 1 , (143)

here right-going transport corresponds to 𝐹 > 0 and left-going transport to 𝐹 < 0 . For |𝐹| ≥ 1 , there are no wells and the
otion is necessarily transport-type. 

.3 LIM of the Stable Equilibrium in the Tilted Well 

n this section, we assume 0 ≤ 𝐹 < 1 , so that the downhill direction is to the right and the relevant neighboring saddle is
𝑠, 0 = 𝜋 − 𝛿. The attractor in the reference well is the stable equilibrium 𝑥𝑚, 0 = 𝛿 with 𝛿 = arcsin 𝐹. The LIM is defined
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s the largest radius 𝑟loc ( 𝛼, 𝐹) for which the closed disk centered at the equilibrium, 

( 𝑥 − 𝛿)2 + 𝑥̇2 ≤ 𝑟2 
loc 
, (144)

s entirely contained in the basin of attraction of ( 𝛿, 0) . Equivalently, 𝑟loc ( 𝛼, 𝐹) is the minimum Euclidean distance from
 𝛿, 0) to the basin boundary. 
he relevant basin-boundary segment is the saddle separatrix on the right-going branch ( 𝜎 = + 1 ) that approaches the
eighboring saddle 𝑥𝑠, 0 = 𝜋 − 𝛿 from the left. For − 1 < 𝐹 < 0 , the completely symmetric construction uses the left-going
ranch 𝜎 = − 1 and the neighboring saddle 𝑥𝑠, − 1 = − 𝜋 − 𝛿; equivalently, one may obtain the corresponding formulas by
he transformation 

𝑥 ↦ − 𝑥, 𝐹 ↦ − 𝐹. (145)

he separatrix is characterized by the saddle condition 𝑝( 𝑥𝑠, 0 ) = 0 and follows from Equation ( 131 ) with ( 𝑥0 , 𝑣0 ) = ( 𝑥𝑠, 0 , 0) :

𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) = 𝐴
( 𝐹) 
+ 

( 𝑥) − 𝑒2 𝛼( 𝑥𝑠, 0 − 𝑥 ) 𝐴
( 𝐹) 
+ 

( 𝑥𝑠, 0 ) , 𝑥 ≤ 𝑥𝑠, 0 . (146)

n the portion where 𝑝+ 

≥ 0 the basin boundary is 

𝑥̇ = +
√ 

𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) . (147)

f 𝛼 < 𝛼crit ( 𝐹) , then 𝐴
( 𝐹) 
+ 

( 𝑥𝑠, 0 ) > 0 and 𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) admits a second root 𝑥𝑇 < 𝑥𝑚, 0 = 𝛿 (a turning point) in addition to 𝑥𝑠, 0 .
f 𝛼 ≥ 𝛼crit ( 𝐹) , then 𝐴

( 𝐹) 
+ 

( 𝑥𝑠, 0 ) ≤ 0 and no turning point exists, so the 𝜎 = + 1 branch stays strictly positive for all 𝑥 < 𝑥𝑠, 0 .
o measure distance from ( 𝛿, 0) we shift by the equilibrium and introduce 

𝑅( 𝑥) ∶ = ( 𝑥 − 𝛿)2 + 𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) , 𝑟( 𝑥) ∶ =
√
𝑅( 𝑥) . (148)

ccordingly, the LIM is given by 

𝑟loc ( 𝛼, 𝐹) =

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

min 
𝑥∈[ 𝑥𝑇 ,𝑥𝑠, 0 ] 

√ 

( 𝑥 − 𝛿)2 + 𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) , 𝛼 < 𝛼crit ( 𝐹) , 

inf 
𝑥≤ 𝑥𝑠, 0 

√ 

( 𝑥 − 𝛿)2 + 𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) , 𝛼 ≥ 𝛼crit ( 𝐹) . 
(149)

emma 1 (Turning point cannot be a minimizer). Assume 𝛼 < 𝛼crit ( 𝐹) so that the turning point 𝑥𝑇 exists and satisfies
+ 

( 𝑥𝑇 ; 𝑥𝑠, 0 ) = 0 . Then, 𝑅 is strictly decreasing at 𝑥𝑇 . In particular, 

min 
𝑥∈[ 𝑥𝑇 ,𝑥𝑠, 0 ] 

𝑅( 𝑥) < 𝑅( 𝑥𝑇 ) = ( 𝑥𝑇 − 𝛿)2 , (150)

nd therefore the minimizer defining the LIM cannot occur at the turning point. 

roof. On the 𝜎 = + 1 branch, the phase-plane equation reads 

𝑝′+ 

( 𝑥; 𝑥𝑠, 0 ) + 2 𝛼 𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) = 2( 𝐹 − sin 𝑥) . (151)

ince 𝑝+ 

( 𝑥𝑇 ; 𝑥𝑠, 0 ) = 0 , evaluating at 𝑥 = 𝑥𝑇 gives 

𝑝′+ 

( 𝑥𝑇 ; 𝑥𝑠, 0 ) = 2( 𝐹 − sin 𝑥𝑇 ) . (152)

onsequently, 

𝑅′( 𝑥𝑇 ) = 2( 𝑥𝑇 − 𝛿) + 𝑝′+ 

( 𝑥𝑇 ; 𝑥𝑠, 0 ) = 2( 𝑥𝑇 − 𝛿) + 2( 𝐹 − sin 𝑥𝑇 ) . (153)
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sing 𝐹 = sin 𝛿 and applying the mean value theorem to sin ( ⋅) on the interval ( 𝑥𝑇 , 𝛿) , there exists 𝜉 ∈ ( 𝑥𝑇 , 𝛿) such that 

𝐹 − sin 𝑥𝑇 = sin 𝛿 − sin 𝑥𝑇 = cos 𝜉 ( 𝛿 − 𝑥𝑇 ) . (154)

herefore, 

1 

2 
𝑅′( 𝑥𝑇 ) = ( 𝑥𝑇 − 𝛿) + ( 𝐹 − sin 𝑥𝑇 ) = − ( 𝛿 − 𝑥𝑇 ) + cos 𝜉 ( 𝛿 − 𝑥𝑇 ) = − (1 − cos 𝜉)( 𝛿 − 𝑥𝑇 ) < 0 , (155)

ecause 𝛿 − 𝑥𝑇 > 0 and cos 𝜉 < 1 . Hence, 𝑅 is strictly decreasing at 𝑥𝑇 , which proves the claim. □

t remains to exclude the other endpoint possibilities. At the saddle endpoint 𝑥 = 𝑥𝑠, 0 , one has 𝑝+ 

( 𝑥𝑠, 0 ; 𝑥𝑠, 0 ) = 0 and
in 𝑥𝑠, 0 = 𝐹, hence 

𝑅′( 𝑥𝑠, 0 ) = 2( 𝑥𝑠, 0 − 𝛿) + 𝑝′+ 

( 𝑥𝑠, 0 ; 𝑥𝑠, 0 ) (156)

= 2( 𝑥𝑠, 0 − 𝛿) + 2( 𝐹 − sin 𝑥𝑠, 0 ) (157)

= 2( 𝜋 − 2 𝛿) > 0 . (158)

herefore, 𝑥𝑠, 0 cannot be a minimizer of 𝑅. If 𝛼 < 𝛼crit ( 𝐹) , the only remaining endpoint is the turning point 𝑥𝑇 , and
he lemma excludes it. If 𝛼 ≥ 𝛼crit ( 𝐹) , then there is no turning point and the admissible branch extends to 𝑥 → −∞. In
hat case, 𝑅( 𝑥) → ∞ as 𝑥 → −∞, since either the exponential term in 𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) is unbounded or, in the borderline case
( 𝐹) 
+ 

( 𝑥𝑠, 0 ) = 0 , one still has ( 𝑥 − 𝛿)2 → ∞. Hence, the minimum cannot occur at infinity. 
onsequently, the LIM is attained at an interior tangency point 𝑥 = 𝑥int ( 𝛼, 𝐹) satisfying stationarity of 𝑅: 

𝑑 

𝑑𝑥 

(
( 𝑥 − 𝛿)2 + 𝑝+ 

( 𝑥; 𝑥𝑠, 0 )
)
= 0 ⟺ 2( 𝑥 − 𝛿) + 𝑝′+ 

( 𝑥; 𝑥𝑠, 0 ) = 0 . (159)

sing again 𝑝′+ 

( 𝑥; 𝑥𝑠, 0 ) + 2 𝛼 𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) = 2( 𝐹 − sin 𝑥) , Equation ( 159 ) becomes the tangency relation 

𝑥 − 𝛿 = 𝛼 𝑝+ 

( 𝑥; 𝑥𝑠, 0 ) + sin 𝑥 − 𝐹. (160)

ubstituting Equation ( 146 ) into Equation ( 160 ) and using (4 𝛼2 + 1) 𝛼𝐴
( 𝐹) 
+ 

( 𝑥𝑠, 0 ) = 𝐹 − 2 𝛼
√
1 − 𝐹2 yields the transcenden-

al equation for 𝑥int ( 𝛼, 𝐹) : 

(4 𝛼2 + 1)( 𝑥 − 𝛿) = sin 𝑥 + 2 𝛼 cos 𝑥 −
(
𝐹 − 2 𝛼

√
1 − 𝐹2 

)
𝑒2 𝛼( 𝑥𝑠, 0 − 𝑥 ) . (161)

inally, 

𝑟loc ( 𝛼, 𝐹) =
√ 

( 𝑥int − 𝛿)2 + 𝑝+ 

(
𝑥int ; 𝑥𝑠, 0 

)
, (162)

ith 𝑝+ 

given by Equation ( 146 ). 
losed-form solutions are not available for 𝑥int . We therefore approximate Equation ( 161 ) by a third-order truncation about
 = 𝛿, followed by the generalized Lambert 𝑊 construction of Mezö and Baricz [ 53, 54 ]. 

e set 𝑥 = 𝛿 + 𝑦, 𝑢 ∶ = 2 𝛼𝑦, and 𝑐 ∶ =
√
1 − 𝐹2 . Using the third-order expansions of sin ( 𝛿 + 𝑦) and cos ( 𝛿 + 𝑦) in

quation ( 161 ), one obtains (
(2 𝛼𝐹 − 𝑐) 𝑢3 − 6 𝛼

(
𝐹 + 2 𝛼𝑐

)
𝑢2 + 24 𝛼2 

(
𝑐 − 2 𝛼𝐹 − 4 𝛼2 − 1

)
𝑢 + 48 𝛼3 

(
𝐹 + 2 𝛼𝑐

))
𝑒𝑢 = 48 𝛼3 

(
𝐹 − 2 𝛼𝑐

)
𝑒2 𝛼( 𝜋− 2 𝛿) . (163)

f 2 𝛼𝐹 ≠ 𝑐, division by 2 𝛼𝐹 − 𝑐 yields (
𝑢3 + 𝑎2 ( 𝛼, 𝐹) 𝑢

2 + 𝑎1 ( 𝛼, 𝐹) 𝑢 + 𝑎0 ( 𝛼, 𝐹)
)
𝑒𝑢 = 𝐾int ( 𝛼, 𝐹) , (164)

here 

𝑎2 ( 𝛼, 𝐹) = −
6 𝛼

(
𝐹 + 2 𝛼𝑐

)
2 𝛼𝐹 − 𝑐 

, (165)
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𝑎1 ( 𝛼, 𝐹) =
24 𝛼2 

(
𝑐 − 2 𝛼𝐹 − 4 𝛼2 − 1

)
2 𝛼𝐹 − 𝑐 

, (166)

𝑎0 ( 𝛼, 𝐹) =
48 𝛼3 

(
𝐹 + 2 𝛼𝑐

)
2 𝛼𝐹 − 𝑐 

, (167)

𝐾int ( 𝛼, 𝐹) =
48 𝛼3 

(
𝐹 − 2 𝛼𝑐

)
2 𝛼𝐹 − 𝑐 

𝑒2 𝛼( 𝜋− 2 𝛿) . (168)

et 𝑢1 , 𝑢2 , 𝑢3 denote the roots of 𝑢3 + 𝑎2 𝑢
2 + 𝑎1 𝑢 + 𝑎0 = 0 . Then, Equation ( 164 ) has the canonical form 𝑒𝑢 

∏3 
𝑗= 1 ( 𝑢 −

𝑗 ) = 𝐾int , hence 

𝑢int ≈ 𝑊( 𝑢1 , 𝑢2 , 𝑢3 ; 𝐾int ( 𝛼, 𝐹)) , 𝑥int ≈ 𝛿 +
𝑢int 
2 𝛼
, (169)

here the relevant approximation corresponds to the smallest positive real solution. 
he normalization above is singular on the exceptional curve 

2 𝛼𝐹 = 𝑐 =
√
1 − 𝐹2 , (170)

hich, for 0 ≤ 𝐹 < 1 , is equivalently parameterized by 

𝐹 = 𝐹exc ( 𝛼) ∶ =
1 √

1 + 4 𝛼2 
, 𝑐 = 𝑐exc ( 𝛼) ∶ =

2 𝛼√
1 + 4 𝛼2 

, (171)

𝛿 = 𝛿exc ( 𝛼) ∶ = arcsin 

( 

1 √
1 + 4 𝛼2 

) 

= arctan 
( 

1 

2 𝛼

) 

. (172)

n this curve, the cubic coefficient in Equation ( 163 ) vanishes, and the third-order reduction degenerates to the one-
arameter quadratic-exponential equation (

𝑢2 + 4 𝛼
√
1 + 4 𝛼2 𝑢 − 8 𝛼2 

)
𝑒𝑢 = 𝐾

(2) 
int 
( 𝛼) , (173)

here 

𝐾
(2) 
int 
( 𝛼) = −8 𝛼

2 (1 − 4 𝛼2 ) 

1 + 4 𝛼2 
exp ( 2 𝛼( 𝜋 − 2 𝛿exc ( 𝛼)) ) . (174)

et 𝑢+ 

( 𝛼) and 𝑢− 

( 𝛼) denote the roots of 

𝑢2 + 4 𝛼
√
1 + 4 𝛼2 𝑢 − 8 𝛼2 = 0 , (175)

amely 

𝑢± 

( 𝛼) = − 2 𝛼
√
1 + 4 𝛼2 ± 2 𝛼

√
3 + 4 𝛼2 . (176)

hen, Equation ( 173 ) has the canonical form 

𝑒𝑢 
(
𝑢 − 𝑢+ 

( 𝛼)
)(
𝑢 − 𝑢− 

( 𝛼)
)
= 𝐾

(2) 
int 
( 𝛼) , (177)

nd on the exceptional curve the corresponding approximation is 

𝑢int ≈ 𝑊
(
𝑢+ 

( 𝛼) , 𝑢− 

( 𝛼); 𝐾
(2) 
int 
( 𝛼)

)
, 𝑥int ≈ 𝛿exc ( 𝛼) +

𝑢int 
2 𝛼
. (178)

n analytic LIM approximation then follows from Equation ( 162 ) by evaluating 𝑝+ 

at the same point. Outside the
xceptional curve ( 170 ), this gives the third-order generalized Lambert 𝑊3 approximation; on the exceptional curve, the
orresponding quadratic degeneration is used instead. 
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FIGURE 19 Saddle separatrix and LIM in the tilted periodic potential for 𝛼 = 0 . 2 and 𝐹 = 0 . 5 . The solid black curve 
is the exact separatrix branch on the 𝜎 = + 1 segment approaching the neighboring saddle, while the dashed black curve 
shows its continuation after the turning point on the 𝜎 = − 1 segment. The blue circle is the numerically determined largest 
disk centered at the stable equilibrium that remains inside the basin (exact LIM), and the red dashed circle is the third- 
order generalized Lambert 𝑊3 approximation. Markers indicate the exact and approximate tangency points, the saddle, 
and the equilibrium. 

FIGURE 20 Numerically computed LIM 𝑟loc ( 𝛼, 𝐹) for the washboard potential ( |𝐹| < 1 ) over the ( 𝐹, 𝛼) parameter plane. 
The surface coloring shows the LIM magnitude and the contour lines indicate iso-levels of 𝑟loc . 
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n analytic LIM approximation then follows from Equation ( 162 ) by evaluating 𝑝+ 

at the same point. Figure 19 illustrates,
or a representative parameter set ( 𝛼, 𝐹) = (0 . 2 , 0 . 5) , the saddle separatrix that bounds the basin of attraction of the stable
quilibrium together with the corresponding LIM. The numerical LIM disk (blue) is obtained as the largest circle centered
t ( 𝛿, 0) that remains inside the basin and is tangent to the separatrix; the generalized Lambert 𝑊3 construction (red
ashed) provides a closed-form third-order approximation of the same tangency geometry and captures the LIM radius
ith good accuracy. 
o quantify how the basin robustness changes across parameters, Figure 20 reports the numerically computed LIM
loc ( 𝛼, 𝐹) over the ( 𝐹, 𝛼) plane for |𝐹| < 1 . As expected, the LIM decreases as the tilt 𝐹 increases (shallower barriers) and
rows with stronger quadratic damping 𝛼 (enhanced capture), with iso-contours providing a compact map of constant
obustness levels. 
he accuracy of the third-order generalized Lambert 𝑊3 approximation is summarized in Figure 21 , which shows the
igned relative error over the same ( 𝐹, 𝛼) domain. The plot identifies parameter regions in which the approximation
AMM - Journal of Applied Mathematics and Mechanics, 2026 29 of 33
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FIGURE 21 Signed relative error of the generalized Lambert 𝑊3 approximation for the LIM in the washboard potential, 
plotted over the ( 𝐹, 𝛼) parameter plane. The surface coloring encodes 

(
𝑟LW 

loc 
− 𝑟num 

loc 

)
∕𝑟num 

loc 
(in percent) and the contour lines 

indicate iso-levels of the error. 

s  

H

7

T  

a  

i  

c  

a  

s
F  

s  

n  

c  

r  

s  

p  

a  

f  

t
A  

c  

t  

f  

b  

s  

d
F  

i  

f  

p  

m  

3

 15214001, 2026, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/zam

m
.70532 by A

ttila G
enda - K

arlsruher Institut Fur T
echnologie , W

iley O
nline L

ibrary on [10/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

rea
lightly overestimates the true LIM, and it confirms that the approximation is most reliable when either 𝐹 or 𝛼 is large.
owever, even in the worst case, the inaccuracy is about 0 . 2% . 

 Conclusions 

his paper provides an explicit phase-plane description for autonomous one-degree-of-freedom systems with quadratic
ir drag and (possibly nonsmooth) Coulomb friction, with a focus on pendulum-type periodic potentials. The central tool
s the branchwise substitution 𝑝( 𝑥) = 𝑥̇2 on trajectory segments with fixed velocity sign, a standard transformation in this
lass of problems, which we apply here. On each such branch, the dynamics reduces to a first-order linear ODE for 𝑝 as
 function of 𝑥, yielding closed or semi-closed expressions for phase trajectories, turning points, and, most importantly,
eparatrix-type curves that partition initial conditions by their long-time outcome. 
or the cosine potential with pure quadratic drag, the branchwise construction yields analytic expressions for the
addle-separatrix branches. These curves act as sharp thresholds for barrier crossing, and they induce a winding-
umber classification of rotational outcomes through an ordered family of critical-velocity stripes in the space of initial
onditions (each stripe corresponding to a fixed number of full turns before capture). Moreover, the LIM of the attracting
egime around the stable equilibrium can be formulated as a distance-to-boundary problem and reduced to a single
calar tangency condition. Importantly, this reduced tangency equation is numerically easier to solve for the LIM than
erforming a brute-force computation in the original second-order system. While the tangency location does not admit
n elementary closed form, we derive several practical analytic approximations (small- 𝛼 asymptotics, Lambert 𝑊 type
ormulas, and large- 𝛼 expansion), and we benchmark their accuracy against the direct numerical root solution of the
angency condition. 
dding constant Coulomb friction changes the qualitative picture through set-valued behavior at 𝑥̇ = 0 . Besides the usual
apture in a well, trajectories can terminate by sticking near the saddle once the restoring torque falls below the friction
hreshold. This produces sticking intervals and corresponding sticking ribbons in the phase plane. Their boundaries follow
rom the same branchwise 𝑝-construction by prescribing the first turning point at the edge of the sticking band. The LIM
ecomes piecewise: for moderate friction, the closest boundary point is an interior tangency on the ribbon, whereas for
ufficiently large friction, the minimum is attained at the ribbon endpoint, yielding a simple closed-form expression that
epends only on the sticking band width. 
or normal-force-dependent Coulomb friction, the model remains amenable to the 𝑝( 𝑥) reduction, but the friction term
ntroduces an additional switching mechanism governed by the curve 𝑝 + cos 𝑥 = 0 . This necessitates a region-wise linear
ormulation and a piecewise explicit ribbon boundary with a numerically determined switch point. In this setting, we
rovided a numerical characterization of the LIM over the ( 𝛼, 𝜇) parameter plane and identified how the minimizer
igrates between the two regions as parameters vary. The outcome highlights a realistic limitation: once friction depends
0 of 33 ZAMM - Journal of Applied Mathematics and Mechanics, 2026
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n the state through the normal force, fully closed-form basin boundaries are generally unavailable, yet the construction
till organizes the problem into explicit pieces plus a single matching condition. 
inally, for the tilted periodic (washboard) potential with quadratic drag, we obtained closed-form branch trajectories and
n explicit criterion separating pinned (capture) dynamics from running (unbounded transport). The key quantity is the
inimum of the periodic particular solution 𝐴

( 𝐹) 
+ 

( 𝑥) , which yields a sharp critical damping level 𝛼crit ( 𝐹) = 𝐹∕(2
√
1 − 𝐹2 )

or 0 < 𝐹 < 1 . Below this threshold, a running attractor exists, and trajectories in its basin cross infinitely many barriers,
hile above it, turning points and capture become unavoidable. 
imitations and outlook . The branchwise reduction 𝑝( 𝑥) = 𝑥̇2 yields explicit phase-plane geometry, but it does not,
n general, provide an explicit time parametrization; time-to-event quantities therefore still require time quadratures
r numerical integration. For friction laws with additional state-dependent switching (e.g., normal-force-dependent
oulomb friction and sticking), the basin boundaries are only piecewise explicit, and the remaining matching conditions
ust be solved numerically. Natural extensions include: (i) unbounded potentials such as the Pöschl–Teller potential [ 59 ],
entral-field problems, and the Morse potential [ 60 ]; (ii) further spatially varying drag and friction laws with coefficients
( 𝑥 ) and/or 𝛽( 𝑥) , such as the modified Van der Pol oscillator or altitude dependent air drag in planetary atmospheres; (iii)
on-quadratic damping laws of the form 𝐷(𝑥̇ ) ∼ 𝛼 sgn (𝑥̇ ) |𝑥̇ |𝛾, for which the same substitution reduces the dynamics to a
irst-order (generally nonlinear) ODE that may remain analytically tractable; and (iv) clarifying whether analogous order-
eduction ideas extend to multi-degree-of-freedom systems, and, if so, identifying the classes of equations of motion for
hich the resulting reduced equations remain tractable. In these directions, the explicit autonomous results obtained here
rovide reference cases and building blocks for approximations, including forced or slowly time-varying settings where
eparatrix splitting becomes relevant. 
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