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Abstract

In this paper a new nonlinear 10-node tetrahedral element is described. A Hu—Washizu functional with independent displace-
ments, stresses and strains is the variational basis of the finite element formulation. The shape functions of the independent
quantities are specified. Elimination of the stress and strain parameters on element level leads to a mixed hybrid element.
The patch test is fulfilled in the common linear and also in a nonlinear version. The element is characterized by a remarkable
robustness with the possibility of very large load steps in nonlinear applications. The total number of iterations is signif-
icantly lower than that of the corresponding displacement element. This holds especially for thin structures subjected to
bending deformations. The performance of the new element in comparison to existing approaches is illustrated by means of

representative numerical simulations.

Keywords Hu—Washizu variational principle - 10-node tetrahedral element - Quasi incompressible material behavior - Large

load steps with few iterations

1 Introduction

Nonlinear numerical analysis of structures requires effective
and robust element formulations. Especially the possibility
of large solution steps and high accuracy when using rea-
sonable unstructured meshes are desired properties. In many
engineering fields finite elements meshes are generated with
commercial software tools. For complex three-dimensional
geometries these programs prefer tetrahedral elements rather
than brick elements. Additionally these elements facilitate
adaptive mesh refinement. Standard linear 4-node tetrahedral
and 8-node hexahedral displacement elements show rather
poor performance in finite element analysis involving bend-
ing dominated problems and locking response in the nearly
incompressible limit. It is well known that these difficulties
can be circumvented by application of high order elements.
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Within the p-method locking response disappears when suffi-
cient high order polynomials are used. Alternatively, element
formulations can be derived using mixed variational princi-
ples.

Mixed low order elements, like 4-node elements in the
2D case and 8-node elements in the 3D case, have been con-
sidered in early publications, e.g. [1, 2]. The elements are
mainly based on assumed stress hybrid formulations. The
basis for these methods are multi-field variational principles.
Especially for linear elasticity the Hellinger—Reissner func-
tional is adequate as a variational foundation, e.g. [3]. In
case of nonlinear material behavior a local iteration for the
determination of the physical strains is necessary [4]. Then
a Hu—Washizu functional with independent displacements,
stresses and strains is a proper alternative, e.g. [5-10]. In
[7, 8] it is shown that these type of mixed elements show
a superior convergence behavior in Newton’ s method in
comparison to standard displacement elements and standard
enhanced elements. Very large load steps with essentially less
iterations are possible. It should be noted that in this respect
also measures can be taken to improve the robustness of dis-
placement elements and enhanced strain elements, [11, 12].

Stabilization techniques based on a Taylor expansion of
the shape functions and assumed strains have been used by
Belytschko et al. [13, 14]. This initiated the development of a
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whole new class of under-integrated and hourglass stabilized
finite elements. The elements are convergent since the sta-
bilization forces are constructed orthogonal to the constant
strain modes including rigid body motion. The underlying
Hu-Washizu variational functional is applied in a special
form. The assumed stress field is chosen orthogonal to the
difference between the interpolated strain and the standard
strain.

Element formulations with incompatible displacement
modes have been introduced in [15, 16]. A variational foun-
dation for these type of elements was laid in [17, 18] and led
to the development of numerous so-called enhanced strain
elements, e.g. [19, 20]. In [22, 23] it was noticed that the
performance of mixed elements in large deformation prob-
lems is not always satisfactory. In particular, for compression
problems, enhanced elements may behave sensitively and
exhibit hourglass instabilities. Corresponding stabilization
techniques have been developed. In several cases the mea-
sures lead to reduced integrated elements with an additional
stabilization part. Further developments improved the ele-
ment behavior essentially for finite deformation problems,
e.g. [24-29]. Polytopal finite element formulations [30, 31]
are based on the scaled boundary parametrization and allow
the construction of interpolation functions on arbitrary polyg-
onal domains.

Complex structures are preferably discretized with tetra-
hedral elements. As standard four-node tetrahedral elements
lead to poor results for coarse meshes different techniques
have been developed to improve the element behavior. Nodal
averaging procedures are applied in [32-35]. Surface or volu-
metric bubble functions are added in the framework of mixed
principles, e.g. [36-38]. Stabilized elements with non-local
pressure are proposed in [39]. So called F-bar methods have
been developed in [40, 41]. A stabilized Petrov-Galerkin for-
mulation is basis of the element [42]. The alternative is to use
10-node tetrahedral elements, e.g. [43] for linear problems. In
[44-46] the elements consist of an ensemble of four-node lin-
ear tetrahedrons. The authors of [47] propose Cosserat point
elements for nonlinear isotropic materials. In the paper [48]
a quasi-smooth manifold element is developed and applied
to linear static problems. However, 10-node tetrahedra also
display some weaknesses: e.g. the elements behave relative
stiff in the analysis of thin structures subjected to bending
loads.

The essential features and new aspects of present formu-
lation are as follows:

(1) The variational formulation of present approach is based
on a nonlinear Hu—Washizu functional with independent
displacements, stresses and strains. The ansatz functions
for the independent fields for 10-node tetrahedral ele-
ments are specified. With elimination of stress and strain
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parameters on element level a mixed-hybrid element is
obtained.

(i) The linear element stiffness matrix possesses with 6 zero
eigenvalues the correct rank. The element fulfills the 3D
patch test in the common linear form. A constant stress
and strain state is also achieved for geometrical and mate-
rial nonlinearity.

(iii) Several examples demonstrate the effective performance
of the element in geometrical and material nonlin-
ear applications. Finite strain incompressible material
behavior, finite strain elasto-plasticity and thin structures
subjected to bending with very large deformations are
accounted for. The element is characterized by remark-
able robustness. Very large load steps are possible. The
number of iterations is much lower compared to stan-
dard displacement elements. This holds especially for
thin structures.

2 Hu-Washizu variational formulation

The body of interest in the reference configuration is denoted
by # C R3, parametrized in X = X; e; with the Cartesian
basis e; and the current configuration by . C R3, para-
metrized in X = x; e;. The displacement field u follows with
u = X — X. The nonlinear deformation map ¢, : # — .
at time ¢ € R maps points X € % onto points x € .7. The
deformation gradient F is defined by

F(X) := Grad ¢, (X) (D

with det F(X) > 0. The index notation of F reads F;; :=
3)6,' / X j-

The surface 0% of the body is partitioned into two dis-
joined parts 0.8 = 0%, U 0.9, with 0.8, N 0%, = @. The
structure is loaded statically by body forces f in 4 as well as
by surface tractions t on 3.%;. The loads are assumed to be
independent of the displacements. Hence, the displacement
boundary conditions and the stress boundary conditions read

u=1u on 3%, and t=t on 3%,. (2
Present finite element formulation (FE) is based on a Hu—
Washizu functional. Different pairs of work conjugate stress—
strain measures could be used, e.g. the pair {P, F}, where
P denotes the First Piola-Kirchhoff stress tensor. In present
case we use the pair Second Piola-Kirchhoff stress tensor and
Green-Lagrange strain tensor as the associated FE seems to

be simpler. Let
n(u,S,E) = f[W(E) +8S:(Eg(u) —E) —u-f]dV
B

—fu~fdA—>stat., 3)
0%,
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with the Green-Lagrange strain tensor
1 or
E;(u) = E(F F-1). 4)

The index g refers to geometrical strains E, as distin-
guished from the physical strains E, = E. The Second
Piola-Kirchhoff stresses S and the physical strains E are inde-
pendent quantities of the functional. Existence of a strain
energy density W as function of the physical strains E is
assumed. Large strain polyconvex elasticity could be con-
sidered with the alternative use of the kinematic strains
{F,H, J} and their corresponding dual stresses. Here, H
denotes the cofactor of F and J = detF, [49, 50].

Introducing 6 := [u, S, E]” and admissible variations
860 := [8u, 8S, SE]” the stationary condition associated with
functional (3) reads with 6E, = 1 (SF'F + F7 6F)

8IT := g(0, 50)
=/[8E:(8EW—S)+SS:(Eg—E)—I—SEg : 8] dv
2
+8ext =0 (5)
gext =—/3u-fd\/— f Su- tdA.
Vi 9B,

Application of the divergence theorem and standard
arguments of variational calculus yields the associated Euler—
Lagrange equations. These are the static and geometric field
equations, the constitutive equations in %, as well as the
stress boundary conditions on d.%;. The geometric boundary

conditions have to be fulfilled as constraints.

The associated finite element equations are iteratively
solved applying a Newton—Raphson iteration. For this pur-
pose the linearization of the stationary condition (5) is
expressed with D := 32g W as

Lig(8,80), AB] := g(6, 80) + Dg - AB
=gexr+/A8Eg :SdV +
B

(6)
SE, S 0 1 07][A4E,
/ 3 E,—E [+|1 0-1|| as [}dv.
2 | SE kW —S 0-1 D|| AE

Here, I denotes a fourth order unit tensor as well as AE, =
L(AFTF + FT AF) and ASE, = 1(5FT AF + AFTSF).

Remark: It is important to note that for inelastic mate-
rial behavior Eq. (3) does not hold, whereas the successive
ones are applicable. We keep the notation dg W for the Sec-
ond Piola-Kirchhoff stresses computed from the material law.
They are obtained with the respective inelastic material law.

3 Finite element equations

In this section the finite element equations for ten-node tetra-
hedral elements are specified. Within the FE approximation
the body is divided in element domains with Z = U1 3,
where numel is the total number of elements. In the follow-
ing component representations of vectors and tensors with
respect to the fixed Cartesian basis e; are specified. The
isoparametric mapping is applied for the initial geometry
X = X; e; and the displacements u = u; e;

10 10
X"=3"Ni®) X, =Y N@®vi. O
I=1 I=1

Here, X; and v; denote the vector of coordinates and dis-
placements of node I, respectively. The superscript & refers
to the characteristic size of the finite element discretization
and indicates the finite element approximation. The number-
ing of the element nodes in the parameter space is given in
Fig. 1. The shape functions N; are formulated in terms of the
natural coordinates 0 < & = {£,n,¢} < 1.

The virtual element displacements éu are interpolated
with the same shape functions

10
su” = Z Ni(&) vy, (®)

I=1

where §vj is the virtual element displacement vector of node
I.

Ny = k(2k—1)
Ny =E(28-1)
N3 =n(2n-1)
Ny ={(28-1)
Ns = 4&x
Ne = 4&n
N7 =4nk
N8:4CK
No =4&¢
Nip =4n¢
k=1-8-n-¢

Fig.1 Shape functions of the ten-node tetrahedron element
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Applying Voigt notation the FE approximation of the
Green-Lagrange strain tensor reads

CEN T (et Xt =D
E%, Ty Xy —1)
| B | _| 2hxt- ©
& 2E{’2 X}fl ~x}52
ZE?3 x}fl X}fg
L 2E§3 | L x"y x5
with
10
Xj=Y N Xi+v)  j=1273. (10)
=1

The shape function derivatives Ny, ; are computed in a stan-
dard way using the inverse of the Jacobian matrix J, where

Xffg -e] X}fn -e] X’f; -e]
J=| X" e X", 60 X112 (11)
X}fg ‘€3 X}fn ‘€3 X}f; €3

is obtained with X’fg = 2}0:1 Np,¢ Xy and analogous rela-
tions for Xff,, and Xh,;.

The finite element approximation of
80" := [SE", §S", SE"]T can be written as

5Eg B O 0 sv

8" | = ON, 0 86

SE! 0 0 N, 5é (12)
50" = Ny 80

L0V, ., 8V10]T. The submatrix of
., By, ...Bjo] for node I reads

with v = [§vy, ..
B=[By,..

_ WT _
Ny, x5
hT
Ni,o x"n

T
Ny,3 xITy
hT hT
Np,1 xX"2+Np,2 X'
hT hT
Nr,1 x"3+Np,3 X'

Ny x5 4Ny 5 %M

=z
I

(13)

The matrix N, for the interpolation of 8" = N, ¢ and
88" = N, 86 is chosen as

N, = [N;, N7 ] "

N! =16 N2 = M(é)
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with the unit matrix 1,, of order n and

Enc000000000000000
000£7nz000000000000
000000£7nc000000000
000000000£7nc000000
000000000000£1n¢000
000000000000000¢&n¢

M(§) = (15)

The vector ¢ = [61,62]" contains 6 parameters for the
constant part and 18 parameters for the varying part of the
stress approximation and analogously for 86

The matrix N, for the interpolation of the independent
strains E" = N, & and associated variation SE" = N, 8¢ is
chosen as

N: = [N,NZ]

(16)
N; =16 NZ =M(@).
For the parameter vector holds & = [&1, &,]7 with &; € RS,
&, € R'8, and analogously for 8&.

The finite element approximation of the virtual work of f
and t leads to

numel

ghy ==Y vt (17)
e=1

where f¢ corresponds to the load vector of a standard 10-node
tetrahedral element. Furthermore, it holds

numel

/A(SEZT §"dv =) sv'K,Av
B e=1
Kg:/KJ(Sh)dV. (18)

Be

LetK;x = N,TK S" 15 the submatrix of K, related to nodes
I,Kef{l,...,I,K,...10} with

[ Ni.1 Nk ] M st
Ni,2 Nk,2 522
Ni,3 Nk,3 $33
Nk = S"=1| .1n
Ny,1 Nk,o+Nj,2 Ng,i S
Ni,1 Nk,3+Nj,3 Nk.1 si3
| N1.2Nk,3+N1,3 Nk o2 | _S23_
(19)

We insert 80" = Ny 50 according to Eq. (12) and the
corresponding equation A0 =Ny A0 along with Egs. (17)
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and (18) into the linearized variational Eq. (6) and obtain

L[g(0", 50", A"
numel | 8V T fi—fa Kg GT 0 Av
= > |s £ +| G o L7 A6
=1 88 |, £e 0 L H A& ),
with

ffszTsh av =GTs L:—/NZNU av
2, 2,

fsszgEng+LTé G:/NgBdV
B Be

feszZaEW dv +Lé H:/NSTDNg av..
B, Be

2D

For all integrals, an 11-point modified Newton Cotes inte-
gration scheme with strictly positive weights and an order
of accuracy of four is employed, [51]. The integration points
are the 10 nodes and the center of gravity with coordinates
&1 = {1/4,1/4,1/4}. The associated weights are w; =
1/360, i =1-4; w; = 4/360, i =5-10 and w1 = 32/360.
Further integration schemes can be found e.g. in [52, 53]
among others.

Let L[g(8", 50™), A0"] = 0 with [v, 86,8817 # 0.
One obtains for each element the set of equations

K, GT o AV fi —fa r
G 0 L” A6 |+ £s =0 (22)
0 L H A& fe 0

At equilibrium states holds f* = f¢ = 0. The vector of
element nodal forces r cancels out with the assembly.

Since the stresses and strains are interpolated discontin-
uously across the element boundaries the parameter vectors
A& and A6 can be eliminated from the set of equations

AG = —L71 (H A& +£9)

(23)
Aé = —L7 T (G Av+1).

Inserting (23) into (22) leads to K% Av + f = r and thus
the tangential element stiffness matrix K% and the element

residual vector f

K{ =G HG + K,
f=GT (6 +Hf  —L ') -t (24)
H=L'HL 7’

Table 1 Used element labels

H27 27-node hexahedral displacement element
with quadratic displacements

T10 10-node tetrahedral displacement element
with quadratic displacements

HWTI10 Present 10-node Hu-Washizu tetrahedral element

The linear element stiffness matrix possesses with six zero
eigenvalues the correct rank. The update of the parameter
vectors 6 < 6 + A6 with A6 = [A6, AG2]T and & «
&+ Aé with Aé = [A&, Aé>]T is performed using Eq. (23).
For this purpose the necessary matrices have to be stored or
to be recomputed.

4 Examples

The derived element formulation is implemented in an
extended version of the general purpose finite element pro-
gram FEAP [51]. In the tables and diagrams below the
solutions are labeled with abbreviations according to Table 1.

4.1 The patch test

The patch test, as is defined in Ref. [37], is considered first.
Figure 2 shows a distorted hexahedral patch composed of 6
ten-noded tetrahedral elements. The coordinates of the nodes
1 to 27 are specified below. Linear, elastic isotropic material
behavior with Young’s modulus £ = 1000 N/mm? and Pois-
son’s ratio v = 0.3 is assumed.

According to Ref. [54] the test is performed in two parts.
In the first part (Test A) displacements
Uy = Ex X Uy =€y Y U, =¢6;2. (25)
are applied at all nodes with the nodal coordinates x, y, z,
except the central node 14. They are obtained with the strains
via the material law and o, = 2 N/mmz, oy=0,0,=0

= Loy~ vioy +0.) = % = 0.002
EX—EGX v(oy + 0y =5 =V
1 o
ey = (o) —v(0x +02) = —v E" = —0.0006 (26)

1
e = £ (0e —v(oy +0y) = —v %‘ = —0.0006..

For the linear patch test the symbols ¢ and o replace the
nonlinear strains £ and stresses S. Hence, the remaining dis-
placements of node 14 are computed. The subsequent stress
computation leads at all Gauss points the constant stress state
oy = 2N/mm?, 0, = 0,0, = 0, see Fig.3 for o,. Addi-
tional, the nodal forces F, obtained from the finite element
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Fig.2 Distorted hexahedral
patch, nodal coordinates,
displacements and forces

Fig.3 Patch test: displacements
u, and stresses oy

calculation are summarized in Fig. 2. The other components
Fy, F; are zero.

In the second part (Test C) the displacements u, of nodes
1-9 are set to zero, nodes 1 and 3 are bounded in x-direction
and node 3 in y-direction with values uy, u, according to
Fig. 2. Furthermore, forces Fy are prescribed at the remaining
nodes. With this loading the displacements and stresses are
computed. The components u, and o, are plotted in Fig. 3.
The obtained constant stress state o, = 2 N/mm?, oy =
0,0, = 0 confirms that present element fulfills the patch
test.

Finally, we perform the test considering geometrical
and material nonlinear behavior with the Neo-Hooke strain
energy density

wW(C) = %(trC—Z%—ln (det C))~I—%(detC—1—ln (det C)),
(27

where C = 2E + 1 is computed with the physical strains.
The Lamé parameters A and p are chosen such that they cor-
respond to the elasticity constants £ and v mentioned above.
The test is again performed in two steps in an analogues way.
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Node X y 4 Uy uy|[12-Fy
1 [1.5000(1.0000(0.0000([0.003
2 {3.0000(1.25000.0000 3.6
3 14.50001.50000.0000{|0.009 | —0.0009
4 |1.50002.00000.0000 —16.6
5 |2.8750(2.25000.0000
6 [4.2500(2.50000.0000 17.1
7 1.50003.00000.0000 —0.65
8 [2.7500|3.2500{0.0000 5.
9 4.00003.50000.0000 0.525
10 |1.75001.2500|1.0000 —82
11 |3.0625(1.4375|1.0000 6.
12 |4.3750(1.62501.0000 15.7
13 |1.7500{2.00001.1250 —27.
14 |2.9375(2.21881.1250
15 |4.1250(2.4375/1.1250 29.5
16 |1.7500(2.75001.2500 —20.6
17 |2.8125(3.00001.2500 —10.
18 |3.8750(3.2500(1.2500 11.6
19 {2.0000(1.5000|2.0000 0.275
20 |3.1250{1.6250{2.0000 3.
21 |4.2500{1.7500{2.0000 —0.65
22 2.0000{2.0000{2.2500 -9.6
23 |3.0000{2.1875(2.2500 1.5
24 14.0000(2.3750|2.2500 13.1
25 2.0000{2.5000{2.5000 0.775
26 |2.8750{2.7500{2.5000 —4.1
27 |3.7500{3.0000|2.5000 -0.3

Stresses S_x

Displacements X 2.000e+00

9.000e-03
[ 0.0075
- 0.0060

I» 0.0045
3.000e-03

2.00
= 2.00
—2.00
—2.00
— 200

2.00
2.00
2.00
2.000e+00

In both cases, with prescribed displacements and prescribed
associated nodal forces, a constant stress state is obtained.

4.2 Block under constant partial load: quasi
incompressible elastic solution

In this benchmark, a block with length / = 50 mm is sub-
ject to a load on part of its upper surface, see Fig.4. Only
one quarter is considered taking symmetry conditions into
account. The constant load ¢ = 9 N/mm? acts on the upper
surface in negative z-direction.

The displacement boundary conditions and symmetry
conditions are:

uz(x,y,0) =0
ux(x,y,0) =0

“x(O’ y’ Z) =O
uy(x,0,2) =0 (28)
uy(-xv )’»l) :O

The material behavior is described by a Neo-Hookean model
with the strain energy function (27). The material parameters
A = 499.92568 N/mm? and p = 1.61148 N/mm? are taken
from Ref. [55]. With A > u quasi incompressible material
behavior is accounted for. The shaded quarter of the struc-
ture is discretized with a regular N x N x N mesh, where



Computational Mechanics

L

Fig.4 Block under constant partial load

—HWT10

& 6.0 B HWTI0 large steps
]
E =-T10
2 /
S 4.0 4
=
<
=]
=

2.0 1

00 -/

0.0 5.0 100 150 200 250 30.0 350 40.0 450
displacement w [mm]

Fig.5 Load q versus displacement w

N denotes the number of hexahedral cells in the respective
direction. Each cell is discretized with 6 ten-noded tetrahe-
dral elements.

In Fig. 5 we compare the load deflection curves computed
with the elements HWT10 and T10 using a mesh density
N = 16. The applied load g is plotted versus the computed
displacement w = —u;(0, 0,7). The solutions of the two
elements agree with each other. With element T10 16 load
steps are necessary to apply the total load ¢ = 9 N/mm?.
In contrast, with present element HWT10 the load can be
applied in only 6 steps.

The deformed mesh with a plot of the displacements u,
is depicted in Fig. 6. The maximum compression amounts to
approximately 80%. Furthermore, in Fig.7 the stresses S,
are plotted on the deformed mesh.

4.3 Block under constant partial load: elasto-plastic
solution

In this example we investigate the behavior of the block
according to Fig.4, now for finite strain isotropic elasto-

Displacements u_z

-3.687e+00
E-7,3é

o

3
o

_— nuuiiii
N
N
~

~-4.048e+01

Fig.6 Deformed block with displacements u for ¢ = 9 N/mm?

Stresses S_zz
-4.749e+01

E0.000

923

185,

277,
-3.218e+02

Fig. 7 Deformed block with stresses S., (not averaged) for ¢ =
9 N/mm?

plasticity. The model of Simo [56], based on a multiplicative
elasto-plastic split, a Hencky elastic law and von Mises yield
condition with nonlinear isotropic hardening, is applied. The
elasticity data A and p and the parameters of the hardening
function Y (o) = Yoo+ (Yo—Yo) exp[—§ o]+ H « according
to Ref. [26] are given in Eq. (29). In this context, o denotes
the equivalent plastic strains.

Yo = 0.45 N/mm?

Yoo = 0.715 N/mm?
H = 0.129 N/mm?
§ = 16.93

2 = 110.8 N/mm?

w= 802 N/mm?
(29)

The computations are performed with regular 8 x 8 x 8
meshes, where again each cell is discretized with 6 ten-noded
tetrahedral elements. We apply the arc length method with
displacement control and step size Aw = 1 mm. To cap-
ture the start of plastification, four steps with increments
Aw = 0.25 mm are calculated first. The loading path is
computed up to w = 25 mm. Subsequently the structure is
unloaded. In Fig. 8 the load displacement curves are depicted.
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1.8
b M‘Jz—rﬁ'

1.4 E,I'QM J
& 1.2
E J‘
Z 1.0 4
08 1
'§ O H27
= 061 —HWTIO i

04 4 < T10

B HWTI10 large steps
0.2 1 { ‘ g P j
0.0 W ; .
0.0 5.0 10.0 15.0 20.0 25.0

displacement w [mm]

Fig.8 Load q versus displacement w

Displacements u_z
1.829e+00

E-é]]

13.4

E—20. 1
-2.500e+01

By

i

|

-

Fig.9 Deformed block with displacements u, at w = 25 mm

Stresses S_v/Y0
1.798e+00

—

1.47

(o)

0.826

oSBT

5.017e-01

Fig. 10 Deformed block with o, /Y (not averaged) at w = 25 mm

As can be seen there is agreement between the results of the
elements H27, T10 and HWT10. Present element HWT10
allows a solution with very large load steps. The loading and
unloading path can be traced with 6 steps in total. The final
deformed mesh with a plot of the displacements u, is shown
inFig. 9. The normalized von Mises stresses o, / Y( are shown
in Fig. 10.
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Table2 Load ¢ (w = 25 mm)

Mesh Fig. 11 (top) Fig. 11 (bottom) Regular

1.726* 1.722 1.724

*averaged from 5 random discretizations

q [N/mm?]

We also consider distorted 8 x 8 x 8 meshes. In Fig. 11
(top), modified coordinates X;; < X;x+2-(rix—0.5)-1/50 of
anode k are computed using random numbers r;;. These are
obtained with the Fortran routine random_number() which
returns for every run new random numbers from the uniform
distribution over the range 0 < rjx < 1. The upper surface
of the block is meshed regularly to allow for the loading.
In Fig. 11 (bottom), the marked diagonally opposite nodes
of the vertical edges are shifted to X3 = //3 and X3 =
21/3 respectively. The coordinates of the remaining nodes
follow with the applied quadratic mapping. The coordinates
X1 and X5 remain unchanged. With the distorted meshes the
load deflection behavior is examined with element HWT10
again. The computed loads ¢ for a prescribed displacement
w = 25 mm are listed in Table 2. The associated curves are
not displayed in Fig. 8 as differences in comparison with the
results of the regular mesh are not visible.

4.4 Conical shell

This example is selected to demonstrate the ability of the
developed finite element to deal with strongly nonlinear sit-
uations. The geometrical data are taken from Bagar and Itskov
[57]. There, the authors take with Ogden’s material law elas-
tic material behavior into account. Here, elasto-plasticity
with nonlinear isotropic hardening is considered. Again the
above mentioned finite strain model [56] is applied. All nec-
essary material and geometrical data are depicted in Fig 12.

Considering symmetry conditions, only a quarter of the
shell is discretized with a regular 8 x 8 x 1 mesh of hexahe-
dral cells. Each cell is subdivided by 6 ten-noded tetrahedral
elements. That is, the structure can only snap through sym-
metrically. The load deflection curves are computed using
the arc length method with control of the vertical displace-
ments w of the loading point, see Fig. 13. At a displacement
w = 0.04 afirst limit point is reached. Then a rolling process
starts at the top edge of the shell. Further stability points are
traced at w = 0.49 (minimum) and w = 1.26 (maximum). A
further local minimum of the load deflection curve is attained
atw = 1.77. Subsequently a stable path with increasing loads
arises. Finally, a total snap through of the shell is attained.
There is good agreement between the solutions obtained with
the elements HWT10 and T10. The element HWT10 allows
a solution with very large load steps, which is also included
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Fig. 11 Distorted 8 x 8 x 8 meshes: distorsion with random numbers
(top) and distorsion with nodal shift (bottom)

in Fig. 13. The deformed meshes at characteristic points are
shown in Fig. 14.

This example could also be computed using 8-node solid
shell elements. For example, in Ref. [8] this is done with
one element in thickness direction and eccentric boundary
conditions.

4.5 Annular plate

This example, which is shown in Fig.15, has been intro-
duced by Basar and Ding [58], see also Buechter and Ramm
[59]. The annular plate is clamped at the slit. At the oppo-
site surface of the slit acts a uniformly distributed load with
a resultant p through the thickness. The material behavior
of the homogeneous plate is described by the Saint Venant-
Kirchhoff model with elasticity constants E and v.

Geometry Material

r=1 A=1108 Yy= 045
R=2 u= 802 Y.= 0715
L=1 H= 0.129
r=0.1 5= 1693

Fig. 12 Finite element mesh with geometrical and material data
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Fig. 13 Load deflection curves for a 8 x 8 x 1 mesh

The plate is very thin with the ratio R»/h = 333. The
analysis is based on N x 8 N x 1 meshes, where N denotes
the number of hexahedral cells in radial direction and 8 N
in circumferential direction. Each cell is discretized with 6
ten-noded tetrahedral elements (Fig. 16).

The convergence behavior of the displacement u.p =
u; (R, 0, h/2) for the total load p = 6 versus N using the
elements T10 and HWT10 is depicted in Fig. 17. One can see
that present element yields a faster convergence behavior.
With N = 20 one obtains practically the converged solu-
tion. Figure 18 shows that the load deflection curves of both
elements agree with each other for the finest mesh density.
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w=1.77 w=2.25

Fig. 14 Deformed meshes with a plot of the equivalent plastic strains (not averaged)

Fig. 15 Annular plate (not to scale): geometrical and material data

A comparative solution is computed with a 8§ x 64 mesh of
4-node shell elements [60]. The associated load deflection
curve is not plotted in Fig. 18 as differences to the depicted
curves are not visible.

The following investigations are performed with the mesh
density N = 20. The iteration behavior of displacement ele-
ment T10 is documented in Table 3. When choosing 10 load
steps of different step sizes Ap, then n iterations are neces-
sary for convergence in the respective load step, hence in total
141 iterations. In contrast to that present element HWT10
allows the application of one single load step Ap = 6 with 10
iterations. This is proved by means of the norm of the global
residual vector [|R|| in Table 4 and Fig. 18. The deformed
plate with a plot of the displacements u, for the final load
p = 6using a 8 x 64 x 1 mesh is depicted in Fig. 19.

@ Springer

Table 3 Iteration behavior of

element T10

Table 4 Iteration behavior of
element HWT10 for one single

load step Ap =6

w=1.26
Eq. pl. strain
5.600e-01
I: 0.500
- 0.400
—0.300
— 0.200
0.100
0.000e+00
load step Ap n
1 0.3 15
2 0.3 15
3 0.3 16
4 0.3 13
5 0.6 22
6 0.6 13
7 0.6 10
8 1.0 12
9 1.0 12
10 1.0 13
> 6 141
iteration |IR]|
1 2.8142495E+00
2 7.8760257E+09
3 1.1019768E+09
4 1.5273548E+08
5 2.3918283E+07
6 2.3673903E+06
7 1.0798975E+05
8 7.2162681E+03
9 1.5324197E+01
10 4.0388697E-04
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Fig. 16 Annular plate: mesh with 768 ten-node tetrahedral elements
(N=4)

16.0 —% =3
14.0

12.0 A1

10.0 ‘

8.0 +HWT10

6.0 =-T10

displacement u,g

4.0

2.0 A

0.0 T T
2 4 6 8 10 12 14 16 18 20
number of cells N

Fig. 17 Displacements u,p(p = 6) versus N
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Fig. 18 Load deflection curves of the converged solutions
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Fig.20 Twisted beam (not to scale): geometrical and material data

4.6 Twisted beam: Dynamics

The cantilever with a 90° twist according to Fig. 20 consists of
linear elastic material. This test example applying static loads
was introduced in Ref. [61]. In present case the thickness is
reduced by a factor 10. Hence, with a length-to-thickness
ratio L /h = 375, it is a very thin structure. A time-constant
load with a resultant F,(#) = 0.1 is uniformly distributed at
the free end. The analysis is based on meshes with N x6 N x 1
hexahedral cells, where N denotes the number of cells in
transverse direction and 6 N in length direction, see Fig.20
fora?2 x 12 x 1 mesh along with the geometrical and material
data. Each cell is discretized with 6 ten-noded tetrahedral
elements.

The extension of the finite element formulation for dynam-
ical loads is a standard procedure. The variation of the
Lagrange function L = T — V must be zero within the time
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Fig.21 Twisted beam: u_4(t = 0.04) — N
range
t

81:5/Ldf:0. (30)

0

Here, T denotes the kinetic energy and V is the total potential
energy according to Eq. (3). After variation and subsequent
partial integration with respect to the time the variational
form including the inertia terms follows. Introducing the
shape functions for displacements, stresses and strains as
well as the assembly, one ends up with a system of equa-
tions for the unknown discrete displacements, velocities and
accelerations. Out of the field of time integration schemes we
use Newmark’s method. A constant time step AT = 1-1073
is chosen.

The geometrical linear computations are performed using
present element HWT10 and the element T10. In Fig.21 the
displacements u, of point A at time = 0.04 are plotted ver-
sus the number of cells N in transverse direction. The mixed
element HWT10 reveals a faster convergence behavior. With
N = 8 one obtains practically the converged solution.
Figure 22 shows that the displacement time curves of both
elements agree with each other for a mesh density N = 8.
With standard parameters y = 1/2 and 8 = 1/4 as well as
geometrical linearity Newmark’s method is energy conserv-
ing. Thus the amplitude of the displacement is constant over
time, see Fig.22. In case of large deformation problems cor-
responding Hu-Washizu mixed variational formulations and
their conservation law counterparts in dynamics have been
developed e.g. in [62, 63].

4.7 Aluminum connector of a tensegrity tower
In the context of the last example, we examine an aluminum

connector of a tensegrity tower for the German Museum in
Munich. A detailed description of the project is presented in
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Fig.23 FE-discretization of a 3D-node of a Tensegrity tower

[64, 65]. The CAD model of a 3D-node at a high point of
the structure was kindly provided by Florian Oberhaidinger
and Martin Mensinger, co-authors of [64]. Our former col-
league Patrick Weber, now sbp se, Germany, subsequently
generated a corresponding 3D finite element discretization
for 10-node tetrahedra with 184657 nodes and 114146 ele-
ments, see Fig.23. We thank our colleagues for their kind
support.

Similar to Ref. [65], the following load case is defined and
investigated. For this, zero boundary conditions are set on
surfaces 1 and 7, see Fig. 23, while a load F; acts in normal
direction on surface 2. The material data for the powder-
based alloy Al1Si10Mg are chosen for a small strain von Mises
plasticity model with the elasticity constants £ and v and the
parameters of a linear hardening function Y («) = Yo+ H «
in Eq. (31). Here, @ denotes the equivalent plastic strain.

E = 70000 N/mm? Yo = 230 N/mm?

v= 033 [] H = 1000 N/mm? (3D
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Fig.24 Load deflection curve F> vs. uy for a 3D-node
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Fig.25 3D-node with displacements u,, at F, = 150 kN

Fig. 26 3D-node with normalized von Mises stresses o,/Yy at F, =
150 kN

Fig.24 shows the load deflection curves of both elements
for the applied normal load F, vs. the associated normal
displacement u5.

Since only small displacements occur in the present load
case, the robustness advantage of the HWZ10-element does
not come into play. With both elements, even the maximum
load can be reached in one single load step. However, this can
change quickly with a modified system or different loading.
Figure 25 depicts the resulting displacements u,, and Fig.26
shows the normalized von Mises stresses o, /Y0, both at F»
=150 kN.

5 Conclusions

A new 10-node mixed-hybrid tetrahedral element based on a
Hu-Washizu variational framework is presented. The fulfill-
ment of the 3D patch test is achieved in the common linear
version and also in a nonlinear version. The developed ele-
ment reveals high accuracy for coarse and distorted meshes in
static and dynamic problems. The main feature of the element
is the remarkable robustness in geometrical and material non-
linear problems. It allows very large load steps and in total
less iterations compared to standard displacement elements.
This holds especially for thin structures subjected to bend-
ing deformations. The element reveals an absolutely stable
behavior in the computed examples.

Funding Open Access funding enabled and organized by Projekt
DEAL.
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