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Abstract

Classical worst-case analysis of algorithms derives strong theoretical guarantees by
assuming minimal constraints on the problem instance and considering any instance
of a given size. Unfortunately, such running time bounds are often pessimistic and
do not carry over to practice. For example, many problems appearing in practical
applications are NP-hard, which makes the existence of algorithms that efficiently
solve every possible instance unlikely. Despite this, practically occurring instances
can often be solved efficiently.

Several methods have been developed to resolve this discrepancy between benign
real-world instances and pessimistic worst-case bounds, each having individual
limitations. Average-case analysis highly depends on the assumed probability distri-
bution and the plausibility of the distribution’s connection to real-world instances.
Furthermore, average-case analysis only makes statements about the chosen prob-
ability distribution and not about individual problem instances. Parameterized
analysis requires small, sufficiently powerful, and ideally efficiently computable pa-
rameters. For many practically relevant problems at least one of these three criteria
fails. Additionally, it can be challenging to express the structure and complexity of
practical instances with a single numerical parameter.

In this thesis we propose a complementary approach for the analysis of algo-
rithms using deterministic structural properties, which subsume parameters but
extend to richer combinations of parameters and other structural assumptions.
We demonstrate the usefulness of this framework through multiple case studies
considering different problems and algorithms, across both hard and efficiently
solvable settings. We find that deterministic properties are a broadly applicable
tool that addresses disadvantages of both average-case and parameterized analysis.
Deterministic properties can be more flexible than univariate numerical parameters,
while giving more tangible results than average-case analysis. More concretely, we
find that our approach is useful to explain empirically observed algorithm efficiency,
to develop new algorithms for specific types of instances, and to complement pre-
viously established parameterized as well as probabilistic input models. Overall,
deterministic properties are a pragmatic approach that offers both theoretical in-
sights and practical algorithmic improvements, thus contributing towards bridging
the gap between the theoretical analysis of algorithms and practical algorithm
performance.
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] Introduction

A vast number of tasks and questions relevant in everyday life can be formulated
as computational problems. This gives computer science a tangible connection to
the real world, where actual computers are routinely used to solve such problems.
With this connection, theoretical computer science, the study of the mathematical
foundations of computation, takes a similar place as theoretical physics, combining
aspects of pure mathematics with aspects of natural science [Den07; DF13; Weg76].
From this perspective, one should expect progress in theoretical computer science to
not only come in the form of proved theorems and deeper understanding of abstract
computational structures. Rather, just like theoretical physics produces models that
aim to better describe physical phenomena, theoretical computer science ought to
produce better models of computational phenomena in the real world. A natural
context in which to evaluate such models is the question of how efficiently a
given problem can be solved. This touches upon core concepts within theoretical
computer science such as (asymptotic) running times, the analysis of algorithms,
and the (time-)complexity of problems.

The classical approach to these topics is motivated as follows. For the analysis
of an algorithm, it is desirable to be independent of specific implementation details
or the underlying hardware. Hence, for asymptotic running times, one studies the
scaling behavior of algorithms depending on the size of inputs while ignoring
constant factor differences using big-O notation. With this perspective, considering
an algorithm on inputs of constant size becomes meaningless, so it is necessary
to look at infinite families of inputs. Typically, when studying the performance of
an algorithm on such an infinite family of inputs, one tries to use as few further
assumptions as possible, bounding the running time only as a function of the
input size. The resulting worst-case analysis thus yields very strong mathematical
guarantees on the running time that are valid for every conceivable input. This
framework forms the basis for the theoretical analysis of algorithms and also for
computational complexity theory.

For many algorithms and problems, asymptotic running times derived via worst-
case analysis are helpful tools that work reasonably well for the three main goals of
algorithm analysis as identified by Roughgarden [Rou21]: predicting performance,
comparing approaches, and guiding the development of new algorithms. However,
like any model, worst-case analysis also has limitations. Consider for instance
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the theory of NP-completeness. Following seminal results by Cook, Levin and
Karp [Coo71; Kar72; Lev73] it was found that a large class of so-called NP-hard
problems are unlikely to admit correct algorithms that solve every conceivable
instance in polynomial time. This might seem discouraging, as many practically and
economically relevant combinatorial optimization problems are NP-hard [G]79].
However, it turns out that in many cases, typical real-world instances for these
problems are much easier to solve than comparatively adversarial worst-case in-
stances. Even though boolean satisfiability is perhaps the single most prominent
NP-hard problem, modern SAT solving algorithms can routinely solve instances
with millions of variables and clauses within reasonable time [GV21]. Similarly,
some NP-hard graph problems can be solved rather efficiently on many real-world
instances, see, e.g., [Del+18; DFH19]. Even among comparatively easy problems
that can be solved in polynomial time, there are many examples for algorithms
whose running time is highly instance-dependent and thus not reliably predicted
by worst-case analysis [BCT17; BEW21; Blo+08]. It follows that typical instances
from practice differ from worst-case instances in relevant ways that significantly
affect the running times of algorithms [BF24], and worst-case analysis is thus not
always a suitable model for predicting practical performance.

Consequently, in order to obtain more predictive models for the practical ef-
ficiency of algorithms, it is necessary to leverage additional assumptions about
their inputs. Doing so means modeling the characteristics of typical inputs and
tailoring the analysis of running times to take these characteristics into account.
The two most prominent approaches attempting this are average-case analysis
and parameterized analysis.! While both have proven fruitful, each comes with
individual limitations. In this thesis, we argue for a complementary perspective
based on deterministic properties, which we introduce after discussing these two
approaches in more detail.

1.1 Average Case Analysis

As highlighted above, worst-case analysis fails to predict real-world performance
of algorithms that are substantially slower on some inputs than on typical inputs
in practice. The central idea behind average-case analysis is to model such typical
inputs as random samples from an underlying probability distribution. Then, the
algorithm’s running time is a random variable with an expected value and concen-

1 Here, we focus on approaches that substantially aim to address the gap between theory and prac-
tice. For a broader collection of approaches going beyond the worst-case analysis of algorithms,
see the book by Roughgarden [Rou21].
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tration properties that can be analyzed asymptotically. Naturally, this approach
crucially depends on the chosen probability distribution. Ideally, there should be
reason to believe that this distribution accurately depicts the kinds of inputs that
are encountered in practice. At the same time the distribution needs to be mathe-
matically tractable, which often results in a conflict between richness allowing for
empirical grounding and simplicity that enables rigorous analysis.

In this context, we also want to mention smoothed analysis, which considers
worst-case instances under small random perturbations. One could thus see it as
an alternative to average-case analysis requiring fewer assumptions, while still
being able to explain the practically observed efficiency of algorithms, such as for
instance, the simplex algorithm [ST04]. Essentially, smoothed analysis interpolates
between worst-case and average-case analysis. This makes smoothed analysis most
useful for cases where the average case is easy and worst-case instances are fragile
outliers, while otherwise being less informative. Apart from that, like average-case
analysis, smoothed analysis also heavily depends on the chosen random distribution
and its plausibility.

The challenge of choosing a distribution that is both sufficiently tractable and
empirically grounded is particularly apparent in the context of graph algorithms,
where the choice of random model has been a subject of debate since the early days
of average-case analysis. Historically, the default choice has been the Erdés-Rényi
model [ER59; ER60; Gil59], where each edge exists independently with a fixed
probability.? The simplicity of this model affords tractability [Bol01a], but fails to
describe graphs that are meaningfully similar to typical real-world networks. As
Karp observed already in 1983 [Kar83] and later confirmed in 2020, results obtained
under such simplistic distributional assumptions tend to lack external validity,
i.e., the insights derived from the analysis do not reliably transfer to practical
instances [BF24].

One constructive response to this originates from a conversation between (the-
oretical) computer science, physics, and so-called network science, which has
systematically studied structural properties of real-world networks and developed
random network models that reflect them more faithfully. Roughly speaking,
network science posits that there exists a coherent class of so-called complex (real-
world) networks (also scale-free networks). These are sparse graphs that share three
main characteristics: locality, heterogeneity, and the small-world property. Locality
(sometimes also called: clustering or community structure) refers to non-random

2 Strictly speaking, this model was introduced by Gilbert [Gil59], while Erd6s and Rényi’s original
model [ER59; ER60] fixes the number of edges. However, both variants are commonly referred
to as the Erdés-Rényi model.

Section 1.1
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structural dependencies between vertices. For example, connected vertices are
more likely to have common neighbors than unconnected vertices. Heterogeneity
describes that complex networks often contain few vertices with disproportionately
high degree, commonly modeled as power-law distributed vertex degrees. The
small-world property states that most vertices have very low distance, typically
formalized as a (sub-)logarithmic diameter or average distance between vertices.
While there are exceptions and also other classes of networks (e.g., road networks),
an abundance of real-world networks from different domains follow these patterns.
Examples include social networks (e.g., citation networks, social media interac-
tions), biological networks (e.g., neuronal connections, protein interactions), and
technological networks (e.g., internet infrastructure, hyperlinks) [New03].

The Erdés-Rényi model indeed exhibits the small-world property [Bol01b], but
lacks both clustering and heterogeneity. This motivated the proposal of random
network models that capture these properties better. Models like the Watts-Strogatz
model [WS98] and the stochastic block model [HLL83] have clustering and small di-
ameters, but still result in homogeneous vertex degrees. The preferential-attachment
model [BA99] conversely produces networks with a power-law degree distribu-
tion [Bol+01] and logarithmic diameter [DHH10], but without clustering. The same
applies to inhomogeneous random graphs, Chung-Lu random graphs, and the (soft)
configuration model [BJR07; CL02a; Hof24]. While these models and were already
widely studied (see for example, [BJR07; Hof24]), it remained an open question
whether the three hallmark properties of complex real-world networks could be
achieved in a convincing and mathematically tractable model. While a number
of proposals tried to address this, by, e.g., tweaking the preferential-attachment
model or replacing individual vertices with small cliques [HK02; KE02; RB03], such
approaches seem contrived and result in structural artifacts. In contrast, Hyperbolic
random graphs (HRGs) are the first prominent network model that combines all
three properties in a natural and mathematically elegant way [Kri+10]. The model
is conceptually similar to geometric random graphs [Pen03], where vertices are
represented by unit disks that are distributed uniformly at random in some ground
space and edges are formed between each intersecting pair of disks. This directly
results in networks with high clustering, but does not lead to a heterogeneous
degree distribution and small distances. HRGs are essentially a (rather specific)
translation of geometric random graphs into the hyperbolic plane. By carefully
choosing the radius of the disks representing each vertex and the ground-space into
which they are placed, clustering, heterogeneous vertex degrees and small distances
emerge naturally via inherent properties of the hyperbolic plane [FK18; GPP12;
MS19]. Interestingly, a very similar network model can be defined by combining
geometric random graphs with vertex weights akin to the Chung-Lu model. The
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resulting geometric inhomogeneous random graphs (GIRGs) can roughly be seen as
generalizing HRGs [BKL19].

Encouragingly, more realistic models like GIRGs have been empirically validated
as good proxies for real-world networks, not only with respect to structural prop-
erties but with respect to algorithm performance. Blasius and Fischbeck [BF24]
conducted a case study comparing algorithm performance on real-world networks
and synthetic networks across multiple algorithmic problems. They identified
locality and heterogeneity of networks as two dimensions that influence algorithm
performance both on real-world networks as well as the tested network models.
This provides evidence for the external validity of GIRGs, where locality and het-
erogeneity can be controlled using two parameters. Restricted to networks with
low locality, this also extends to Chung-Lu random graphs. Moreover, thanks to an
efficient generator [Bla+22c], GIRGs are also well-suited for empirical study and
have been established as a viable testing ground for algorithm engineering [Wey23].

There are also several theoretical results that attempt to explain the real-world
performance of algorithms using average-case analysis on HRGs. For instance, it
has been shown that HRGs allow both NP-hard problems as well as problems in P
to be solved faster than on general graphs [BFK18; Bla+22b; Bla+23a]. Compared
to previous work studying Erdés-Rényi graphs (see, e.g., [BN19; Bol01a]) results
on HRGs are often more convincing, especially when the arguments involved
rely on empirically observed properties of real-world networks [Kat23]. In one
case, the study of approximation algorithms for an NP-hard problem on HRGs has
even led to the discovery of improvements to an existing algorithm for real-world
networks [BFK23].

Overall, we find that average-case analysis using models for real-world inputs is
a helpful tool to explain the practical tractability of both easy and hard problems.
However, the probabilistic perspective also has inherent limitations: the choice
of distribution is difficult to justify as each additional assumption about the input
requires independent motivation, and the assumption of randomness itself is a
strong one. Moreover, even using well-motivated models such as HRGs and GIRGs
one can only make statements about the random distribution of typical instances
and not about specific inputs. This makes it hard to transfer insights to individual
real-world instances. Average-case analysis does not make predictions about any
individual input, and it is often not clear whether the empirically observed perfor-
mance of an algorithm is due to the same structural reason as in the theoretical
analysis. There is also a risk of tailoring algorithms or analyses to quirks of the
chosen distribution leading to results that do not generalize much beyond the
studied model. These limitations motivate the search for approaches that do not
rely on probabilistic input assumptions, such as the ones discussed next.

Section 1.2
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1.2 Parameterized Analysis

A theoretician’s natural response upon finding that a computational problem is NP-
hard is to consider its complexity on instances with restricted structural properties.
This is often fruitful and has led to a wealth of results, especially in combination with
combinatorics and graph theory [Lov05; LT79; RS04]. Such endeavors, however,
arguably tend to be more about uncovering theoretical insights than about closing
the gap between theory and practice in algorithm analysis. The most systematic
attempt to bridge this gap using structural properties of inputs is parameterized
complexity [DF13]. Downey and Fellows went as far as formulating this as an
“aspiration and opportunity to engage mathematical science in algorithm design
for real datasets with useful outcomes” [DF13]. The idea is to not only consider the
asymptotic running time of an algorithm with respect to the size of the input, but
also with respect to other parameters that describe relevant properties of the input.

Formally, a parameterized problem has instances (x, k) consisting of the actual
input x and a parameter k. Then, a problem is fixed-parameter tractable (FPT) if it
can be solved in time f (k) - n¢, where n is the input size, k is the parameter, f is an
arbitrary computable function, and c is an independent constant. This definition is
useful especially for problems where no polynomial time algorithms are known,
as it confines all super-polynomial complexity to depend only on the parameter
instead of the input size. In fact, for constant k, the asymptotic complexity does
not even depend on k. Beyond the study of hard problems, parameterized analysis
can also be applied to polynomial time solvable problems [AVW16; GMN17].

Two examples for common parameters are the size of the solution or structural
properties of the input. For example, vertex cover and feedback vertex set are
NP-hard in general but become FPT when parameterized by solution size [Cyg+15;
DF13]. Structural parameters such as graph width measures are also widely studied.
For example, many hard graph problems are FPT with respect to treewidth [Cou90],
a parameter measuring the similarity of a given graph to a tree.

In their textbook on parameterized algorithms, Cygan, Fomin, Kowalik, Loksh-
tanov, Marx, Pilipczuk, Pilipczuk, and Saurabh [Cyg+15] state that for a successful
parameterization it is not only necessary that the studied problem admits an FPT
algorithm with respect to some parameter, but additionally, one should have reason
to believe that this parameter is typically small on relevant instances. It is unfor-
tunate that the second question receives far less attention compared to the first,
not only in the remainder of their book but also within the overall literature. This
is a problem because many widely studied parameters are often rather large in
practice. For instance, an experimental study found that the treewidth of real-world
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graphs is rarely below /n, which makes most algorithms with a 2¥ running time
infeasible [MS]19].

Even within the research community’s own testing ground, the gap between
theory and practice persists. The PACE challenge? is a yearly competition where
participants implement algorithms that are evaluated and ranked based on their
performance. While this competition has been successful in producing efficient
implementations and even led to the development of new algorithms, the techniques
used in the best solvers are often strikingly different from the ones that work well
in theory. For example, even though one of the leading solvers for the 2019 PACE
exact competition is based on interesting and deep combinatorial insights also
described in a subsequent publication [Tam17], its good performance is mostly due
to the use of effective heuristics in the pre-processing [Wil20]. Similarly, while the
winning implementation of the 2021 PACE challenge [Bla+21] used a branching
rule from the FPT literature [Boc+09; Boc12], its good performance is mostly due
to the surprising effectiveness of reduction rules and heuristic upper and lower
bounds [Bla+22a]. From a theoretical perspective, it is almost entirely opaque why
these heuristics work so well.

In conclusion, the field of parameterized algorithms has produced valuable in-
sights into why certain problems are hard, but its success in closing the gap between
theoretical analysis and practical performance is limited. One possible reason for
this could be that in many cases it is simply difficult to find a univariate parameter-
ization that provably encapsulates the difficulty of instances and also fits well to
practical algorithms and data.

1.3 Deterministic Properties for Algorithm Analysis

A major advantage of the structural perspective discussed above is that combina-
torially defined parameters and graph classes can at least in principle be verified
empirically. This is opposed to average-case analysis, where, due to their prob-
abilistic nature, assumptions are fundamentally difficult to verify, especially on
individual instances. This suggests a natural direction: searching for more empiri-
cally grounded structural assumptions as models for the efficiency of algorithms
in practice. It is generally difficult to find assumptions that are strong enough to
have provable algorithmic consequences, while still fitting plausibly to practically
observed inputs. To soften this trade-off, we argue that this search should not be
limited to single numerical parameters, but also allow multiple parameters and

3 https://pacechallenge.org

Section 1.3
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more complex assumptions in general. Coming from the perspective of comput-
ing as a natural science, theory ought to provide predictive models for practical
algorithm efficiency.

This thesis pursues exactly this direction: we seek deterministic structural as-
sumptions that model what makes practical instances easy, allowing for richer
descriptions than a single numerical parameter, while retaining per-instance guar-
antees that average-case analysis cannot provide. We use the term deterministic
properties for such assumptions, including parameters, other deterministic struc-
tural assumptions, and combinations thereof. Note that this subsumes (univariate)
parameterized analysis, but shifts the emphasis from complexity-theoretic aspects
towards predictive modeling of practical performance. Our perspective follows
related proposals such as axiomatic analysis [BCT17] and distribution-free mod-
els [Fox+20; Rou21]. The general idea has also been expressed within the context
of parameterized complexity. Both the aspiration of using parameterized analysis
to accurately predict practical algorithm performance and the use of more than
one parameter were already proposed by Downey and Fellows [DF13] who also
explicitly champion the term multivariate algorithmics. While our views regarding
this naming are held lightly, our choice avoids the word “axiom” which carries
connotations more related to the foundations of mathematics. It also frames the
non-dependence on a probabilistic model more affirmatively than “distribution-free”
does, while not strictly demanding multivariate parameterizations.

We briefly discuss the three most prominent previous examples that use deter-
ministic properties to explain the surprising algorithmic tractability of practical
instances. Interestingly, each of these can be seen as addressing one of three
hallmark properties of complex networks.

Brach, Cygan, Lacki, and Sankowski define a somewhat involved deterministic
condition for power-law bounded graphs [Bra+16] and show that such graphs allow
multiple problems including maximum matching, triangle counting, and maximum
clique to be solved faster than under worst-case assumptions. They complement
these theoretical results with experiments in which they verify their definition
of power-law boundedness on large heterogeneous real-world graphs. They also
explicitly discuss their approach as an alternative to average-case analysis. While
this certainly represents a valuable contribution, one critique is that the definition of
power-law bounded graphs gives more of an upper bound for the heterogeneity (and
also density) and does not seem to robustly capture the concept of heterogeneity
as it is observed in practice. Indeed, any graph with constant maximum degree
satisfies their definition, regardless of its actual degree distribution.

Borassi, Crescenzi, and Trevisan [BCT17] formulate a set of deterministic prop-
erties describing the metric structure of the graph, somewhat related to the small-
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world phenomenon observed in complex real-world networks. They use these
properties to analyze multiple practically relevant algorithms and heuristics for
computing the graph diameter and a few other problems. The assumptions are
validated both empirically and with an analysis on random graph models such as
Chung-Lu random graphs. One downside of the properties and their analysis is that
they essentially hinge on a property of random graphs with independently sampled
edges, somewhat contradicting the commonly observed clustering properties of
complex networks. To be a bit more concrete, the authors in [BCT17] roughly
formalize a birthday paradox argument, where in an Erdés-Rényi graph two vertex
sets of size n* are likely to be connected with an edge for x > 0.5, but not for smaller
x. Consequently, it is not clear whether the properties hold on, for example, graphs
with underlying geometry.

Fox, Roughgarden, Seshadhri, Wei, and Wein introduce (weak) c-closure as a
parameter that deterministically models networks with clustering [Fox+20], where
vertices incident to the same edge are much more likely to have common neighbors
than a random pair of vertices. They show the NP-hard problem of finding the
maximum clique is in FPT with respect to this parameter, by bounding the number of
inclusion-maximal cliques with respect to the parameter. Leveraging a polynomial
time algorithm that determines the parameter on a given graph, they additionally
conduct experiments showing that the parameter is often small on real-world graphs.
While this is a highly compelling example for a successful parameterization, Blasius
and Fischbeck [BF24] empirically found that on many real-world networks, the
parameter is largely uncorrelated with the number of maximal cliques, which is
often drastically lower than predicted based on the parameterized analysis.

Even though the above works demonstrate the potential of using deterministic
properties for the analysis of algorithms, they each only apply the idea to a specific
setting or problem. Roughgarden and Seshadhri [RS21] go further and survey them
alongside some related results as “distribution-free models for social networks”.
However, none of these treat deterministic properties as a distinct method for
algorithm analysis in general or explicitly situate this perspective relative to both
average-case and parameterized analysis.

1.4 Contribution and Qutline

In this thesis, we establish deterministic properties as a general methodology for
the analysis of algorithms. We demonstrate its usefulness and applicability through
four case studies that each address downsides of previous parameterized or average-
case approaches, and argue for its potential to close the gap between theoretical

Section 1.4
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analysis and practical algorithm performance. Our contributions are organized
across four chapters as follows.

Clique-Partitioned Treewidth. Chapter 3 stays within the setting of univariate
parameterized complexity and addresses the problem that in practice the
treewidth of many graphs is prohibitively large [MS]J19]. Concretely, it pro-
poses the new parameter clique-partitioned treewidth as a variant of treewidth
with the goal of achieving smaller parameter values in practice. The new
parameter adapts a technique previously used on geometric intersection
graphs [Ber+20; Kis20], where instead of measuring the size of separators,
one considers their structure via a weighted clique partition. The chapter
shows that the parameter is still algorithmically useful and presents multiple
exact and heuristic ways of computing such partitions and evaluates them on
a large set of networks. These experiments show that the new parameter can
indeed be notably smaller than treewidth in practice, especially on networks
with a high clustering coeflicient.

Overall, the chapter contributes to pushing parameterized analysis in a more
empirically grounded direction and shows the feasibility of such endeavors.

Hyperbolic Uniform Disk Graphs and Independent Set. Next, in Chapter 4
we give a deterministic perspective on an established probabilistic model.
Specifically, we study hyperbolic uniform disk graphs (HUDGs), a determinis-
tic generalization of hyperbolic random graphs. Parameterized by a radius r,
these graphs resemble Euclidean disk intersection graphs for small (sub-
constant) radii, but have very different structure for larger values of r. The
chapter examines one algorithmic implication of these structural proper-
ties by describing an algorithm for the NP-hard INDEPENDENT SET problem
that runs in polynomial time for r € Q(logn). As this regime also corre-
sponds to hyperbolic random graphs, this adds a valuable new perspective
to previous results showing polynomial-time average-case complexity on
HRGs [Bla+23a].

This way, the chapter shows how deterministic properties provide a way to
de-randomize a previously used random network model. Doing so, it exposes
fundamental properties and deeper algorithmic implications that are already
inherent to the probabilistic model.

On the Practical Efficiency of Bidirectional BFS. Chapter 5 uses determinis-
tic properties to explain the performance of the bidirectional breadth-first
search (BFS) algorithm on real-world networks, an algorithm used to find a
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shortest path between two vertices in a graph. Here, the bidirectional vari-
ant has been observed to sometimes yield an asymptotic speed-up over the
traditional unidirectional BFS, i.e., on some networks the bidirectional BFS
outperforms the unidirectional BFS by a factor that grows with the network
size. This chapter contrasts previous probabilistic explanations for this phe-
nomenon with an analysis leveraging deterministic properties. In particular,
it formulates a set of parameters capturing the exponential expansion of BFS
search spaces, gives theoretical conditions for provably sublinear running
times based on those parameters, and empirically validates the theory on a
large set of real-world networks. Specifically, the conditions are often fulfilled
in practice, and their fulfillment is correlated with faster running times.

The chapter shows deterministic properties as a method giving convincing
explanations for the practical performance of algorithms. The empirical
evaluation goes beyond those of previous studies [BCT17; Bra+16; Fox+20]
by not only confirming that the assumptions used for the running time
analysis often hold on real-world networks, but by also showing that they
are predictive, in the sense that networks satisfying the assumptions actually
exhibit faster running times.

Diameter Computation in (Random) Geometric Graphs. Chapter 6 consid-
ers the problem of computing the graph diameter, i.e., the largest distance
between any two vertices. Even though conditional lower bounds rule out
algorithms with subquadratic worst-case running time, the problem can often
be solved much faster on many real-world networks. One exception to this
practical tractability occurs on graphs with a toroidal or spherical geometric
structure [BF24]. To address this, we present a framework consisting of
deterministic properties and an algorithm that exploits them, thus enabling
more efficient diameter computation. The properties robustly formalize com-
binatorial features of graphs with underlying geometry and also extend to
torus-like geometry. We verify these properties on (torus-like) random ge-
ometric graphs and thus show that our algorithm achieves subquadratic
running times. This is the first average-case analysis of the diameter prob-
lem on geometric random graphs and also beats recent results for the more
general class of unit-disk graphs across a wide parameter regime [Cha+25].

These results demonstrate the usefulness of deterministic properties for the
design of new algorithms. The use of deterministic properties makes trans-
parent which structural properties of the input are algorithmically exploited,
a level of insight that a traditional average-case analysis does not provide.

11
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Overall, the four chapters demonstrate different facets of deterministic properties
as a methodology for algorithm analysis: pushing parameterized analysis in a more
empirically grounded direction, replacing probabilistic assumptions with deter-
ministic ones, and providing more transparent explanations of practical algorithm
performance. Together, the chapters show that pragmatically allowing more flexible
and complex deterministic assumptions, rather than insisting on a single parameter
or a probabilistic model, is a fruitful direction with largely unexplored potential for
closing the gap between theoretical analysis and practical algorithm performance.

The remainder of the thesis is organized as follows. Chapter 2 introduces notation
and definitions used throughout, while Chapters 3—-6 cover our technical contri-
butions across the four case studies described above. Finally, Chapter 7 concludes
with a broader discussion and directions for future work.



2 Preliminaries

We introduce basic definitions and notational conventions used throughout this
thesis. We write N for the natural numbers, i.e., the set of positive integers and N,
for the set of non-negative integers. Further, we write [n] = {1, ..., n} for the set of
first n natural numbers. For a set X we write 2X = {X’ | X C X} for the powerset
of X and ()k() ={X’"| |X’| =k, X’ C X} for the set of k-element subsets of X.

We assume 2 to be the default base of logarithms, i.e., we write log, x as log x.
For the natural logarithm, we use Inx =log, x.

In Chapters 5 and 6 we are interested in polynomial differences between running
times, e.g., O(n'™%) vs. O(n) (for constant ¢ > 0), and thus use O-notation to
suppress poly-logarithmic factors.

We write Pr[&] for the probability of an event &, and E[X] for the expected value
of a random variable X. In the context of a graph with n vertices, we say an event
occurs asymptotically almost surely (a.a.s.) if its probability is at least 1 — 0(1) and
with high probability if its probability is at least 1 — O(1/n).

Graphs and treewidth. A graph G = (V, E) consists of a (finite) set of vertices
V and edges E C (‘2/), i.e., we typically consider graphs to be simple and undirected.
If the graph in question is clear, we often use n and m to refer to the number of
vertices and edges, respectively. We also use V(G) and E(G) to refer to the vertex
and edge set of G. A graph H with V(H) € V(G) and E(H) C E(G) is a subgraph of
G. The subgraph H is induced by V(H) if for each u,v € V(H) with {u,v} € E(G)
we also have {u,v} € E(H). For a set of vertices X C V(G) we also write G[X] to
refer to the subgraph of G induced by X, i.e., G[X] is an induced subgraph of G
with V(G[X]) = X. Two vertices are adjacent if they appear together in the same
edge and an edge is incident to its vertices. The degree of a vertex is the number of
incident edges.

A cycle is a connected graph in which every vertex has degree 2. A complete
graph is a graph where all vertices are pairwise adjacent, i.e., it contains (g) edges.
A set of vertices X C V is called clique if it induces a complete subgraph.

A (simple) pathfromv tow in G is a non-repeating sequence of vertices (vy, . .., vx)
with v; = v and vy = w where each subsequent pair is adjacent. The length of such
a path is k — 1. The (hop-)distance between two vertices v,w € V(G), denoted by
dg(v,w), is the minimum length of a path from v to w. If there is no path between v
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and w, then dg (v,w) = co. Otherwise, v and w are connected. A set of vertices, and
by extension a (sub-)graph, is connected, if every pair of vertices is connected. A
connected component is a connected vertex set that is inclusion-wise maximal with
respect to being connected.

The (open) k-neighborhood of a vertex v is the set of vertices with distance exactly
k fromv. We write Ng (v, k) = {w € V(G) | dg(v,w) = k} for the k-neighborhood of
v. The closed k-neighborhood of a vertex v, written as Ng|[v, k], is the set of vertices
with distance at most k from v. The 1-neighborhood of v is also simply called
neighborhood of v, written as Ng (v). We omit the subscript G from the notation for
distance, neighborhoods, and similar concepts if the graph is clear from context.

A graph is called acyclic if no subgraph is a cycle. A connected acyclic graph is
called a tree. Equivalently, a connected or acyclic graph is a tree if it has n — 1 edges,
and a graph is a tree if there is exactly one path between every pair of vertices. A
rooted tree is a tree T together with a designated root r € V(T). We callv € V(T) a
descendant ofw € V(T) if w lies on the unique path from v to the root r. In this case,
we call w an ancestor of v. If v and w are adjacent, w is the parent of v, written as
parent(v) =w, and v is a child of w. A leafis a vertex without children. Forv € V(T)
we define the subtree belowv as the subgraph induced by v and the descendants
of v.

A vertex set S C V is a separatorif V can be partitioned into non-empty subsets S,
V1, and V; such that there is no edge between V; and V;. The separator is f-balanced
if V1], |V2| < Bn for some f < 1.

A tree decomposition of G is a pair (T, B), for a tree T and a function B mapping
vertices of T to subsets of V called bags, with the following three properties: (1) every
vertex v of G is contained in some bag, i.e., there is a node t € V(T) withv € B(?),
(2) for every edge e = {u,v} € E(G) of G, there is a bag containing both endpoints,
i.e., there is a node t € V(T) with {u,v} € B(t), and (3) for any vertex v of G, the
set of bags containing v forms a subtree of T, i.e., for t, = {t € V(T) | v € B(t)}
the subgraph T[t,] is connected. The width of a tree decomposition is the size of
the largest bag minus 1. The treewidth tw(G) is the smallest width of any tree
decomposition of G.



3 Partitioning the Bags of a Tree
Decomposition Into Cliques

The following chapter is based on joint work with Thomas Blasius and Maxim-
ilian Katzmann [BK'W23]. The project was motivated by the use of clique-based
separators on geometric intersection graphs [Ber+20; Kis20] and the question
of whether such techniques could be applied on real-world networks.

Beyond minor cosmetic improvements, this thesis extends the conference
version with a strengthened hardness result (Theorem 3.7) and a comparison
of our new parameter with treewidth (Theorem 3.2). The idea for the latter
result originated in a bachelor’s thesis by Sven Geifller [Gei23].

In this chapter we introduce a deterministic property capturing structural sim-
plicity in graphs with large cliques. The idea is that graphs with large cliques
inevitably have large treewidth, even though their separators might be covered
with few cliques. Concretely, we introduce clique-partitioned treewidth as a vari-
ant of treewidth. This new parameter is closely related to so-called P-flattened
treewidth, but has multiple advantages. We take a first step towards making this pa-
rameter practically usable by studying an underlying optimization problem related
to clique-partitioning and evaluating heuristic approaches on real-world networks.

3.1 Introduction

Recall that the treewidth, a measure for how tree-like a graph is in terms of its
separators, is defined via a tree decomposition, i.e., a collection of vertex separators
called bags that are arranged in a tree structure. The size of the largest bag deter-
mines the width of the decomposition and the treewidth of a graph is the minimum
width over all tree decompositions.

While treewidth has its origins in graph theory and is connected to deep structural
insights [Lov05; RS90], it also has important algorithmic implications. Intuitively
speaking, the separators of a tree decomposition split the graph into pieces that can
be solved independently except for minor dependencies at the separators. This can
be exploited using dynamic programming over the tree decomposition, and often
yields algorithm that are FPT with respect to the treewidth as a parameter [Cyg+15].
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As this is a versatile framework that can be applied to many problems, it comes
to no surprise that there has been quite a bit of effort to develop algorithms for
computing low-width tree decompositions (see, e.g., [Del+17; Del+18]).

A major obstruction for low treewidth are large cliques, which inevitably lead
to large separators. This is particularly true for so-called complex networks, i.e.,
graphs with strong community structure and heterogeneous degree distribution,
which appear in various domains such as communication networks, social networks,
or web-graphs. One could, however, hope for two aspects that together mitigate this
negative effect of large cliques. First, even though some separators are large, they
might be structurally simple, e.g., by forming a clique or allowing coverage with few
cliques. Second, separators that are large but structurally simple still let us solve the
separated pieces individually with low dependence between them. The first hope
is supported by structural results about hyperbolic random graphs [BFK16] and
related graph classes [Bla+25; Bla+26; Kis20], as also discussed in Chapter 4. This
indicates that cliques might indeed be a major obstruction for low treewidth in many
kinds of networks. The second hope is supported by results of De Berg, Bodlaender,
Kisfaludi-Bak, Marx, and Van der Zanden [Ber+20], who introduced the concept
P-flattened tree decompositions. There, the graph is partitioned into cliques and
the width of the tree decomposition is measured in terms of the (weighted) number
of cliques in a bag. Thus, the width does measure the complexity of separators
rather than their size. Based on this definition, the authors then show that these
structurally simple separators help to solve various problems more efficiently on
geometric intersection graphs.

To the best of our knowledge, these ideas have not yet been studied from a
practical perspective. In this chapter, we want to initiate this line of research by
addressing two questions. First, can such clique-partitioned tree decompositions
lead to substantially smaller parameter values than classical tree decompositions?
Second, how can such tree decompositions be computed? For the second question,
we design and evaluate different algorithmic strategies for computing a novel yet
closely related variant of tree decompositions. Our experiments yield some interest-
ing algorithmic insights and provide a good starting point for further development.
Especially on networks with strong clustering, the constructed tree decompositions
indeed have sufficiently low weight clique-partitions, to answer the first question
affirmatively.

We believe that there is plenty of room for improvement in our approaches,
which may yield even better insights into the applicability of the new parameter
or variants thereof. In the following, we discuss related work before stating our
contribution more precisely.
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3.1.1 Related Work

There are multiple lines of research that investigate variants of treewidth where
additional structural properties of separators are taken into account. As mentioned
above, the authors in [Ber+20] propose a variant of tree decompositions where the
initial graph is partitioned into cliques (or unions of constantly many connected
cliques) that are contracted into weighted vertices, where the weight of a clique
of size s is log(s + 1). They then consider the weighted treewidth of the resulting
weighted graph, where the weight of a bag is given by the sum of the vertex
weights. Using this technique, the authors give subexponential algorithms for a
range of problems on geometric intersection graphs, including INDEPENDENT SET,
STEINER TREE and FEEDBACK VERTEX SET. Kisfaludi-Bak [Kis20] applied the same
algorithmic framework to intersection graphs of constantly sized objects in the
hyperbolic plane, see also Chapter 4 for additional discussion.

A similar parameter called tree clique width has been proposed by Aronis [Aro21].
Here, the idea is to consider tree decompositions where each bag is annotated with
an edge clique cover and where the size of the cover determines the width of a bag.
The paper shows several hardness results and adapts common treewidth algorithms
to the newly proposed parameter.

Another approach to capture graph structures that lead to high treewidth despite
being structurally simple has been proposed by Dallard, Milani¢, and Storgel. They
define the independence number of a tree decomposition as the size of the largest
independent set of any of its bags and the tree-independence number of a graph as
the minimum independence number of any tree decomposition [DMS24a]. This
parameter connects to the more theoretical study of (tw, w)-bounded graphs, i.e.,
graph classes in which the treewidth depends only on the clique number [DMS21;
DMS24b]. This line of research is mostly concerned with the classification and
characterization of the considered graph classes both in terms of graph theory and
algorithmic exploitability. However, apart from a factor 8 approximation for the
tree-independence number with running time 20(K*) . 0 due to Dallard, Fomin,
Golovach, Korhonen, and Milani¢ [Dal+26], we are not aware of any work that tries
to actually design or even implement algorithms for this or related parameters.

3.1.2 Contribution & Chapter Outline

In this chapter, we propose clique-partitioned treewidth as a parameter that captures
structurally simple separators in graphs. It can be seen as a fractional and more
local variant of P-flattened treewidth [Ber+20], where we first compute a tree
decomposition and then determine clique partitions of the subgraphs induced by

Section 3.1
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the bags. Thus, instead of using a global clique partition of the whole graph, we
consider clique partitions that are local to a single bag.

The remainder of this chapter is structured as follows. In Section 3.2, we for-
malize our definition for clique-partitioned treewidth, demonstrate its algorithmic
usefulness and compare it with P-flattened treewidth. In Section 3.3, we present
multiple approaches to compute low-weight clique partitions for the bags of an
already computed tree decomposition. These include heuristic methods, as well as
an exact branch-and-bound algorithm for which we propose several adjustments
with the potential to improve its running time in practice. Afterwards, in Section 3.4
we combine an implementation of our approaches with existing methods for com-
puting tree decompositions and study the upper bounds on the clique-partitioned
treewidth of real-world networks. Furthermore, we evaluate the performance of
the exact and heuristic clique partition solvers proposed in Section 3.3.

3.2 Clique-partitioned treewidth

In the following we define our parameter, compare it with two related parameters.
Specifically, we show that clique-partitioned treewidth is upper bounded by the
parameter introduced in [Ber+20], while being exponentially smaller on some
instances. We additionally relate cp-treewidth to treewidth, showing that the two
parameters are within an exponential factor of each other, which implies that FPT
results transfer between them. Finally, we demonstrate that for independent set,
the exponential blowup can be avoided entirely (Lemma 3.3).

Recall the definition of tree decompositions from Chapter 2. We define a clique-
partitioned tree decomposition of a graph G as a tree decomposition (T, B) where for
every t € V(T) we have a partition #; of the subgraph induced by the corresponding
bag (i.e., the graph G[B(t)]) into cliques. Following the authors in [Ber+20], we
define the weight of a clique C as log(|C| + 1) and the weight of a bag B(t) as the
sum of weights of the cliques in its partition #, i.e., X.cep, log(|C| + 1). The weight
of a clique-partitioned tree decomposition is the maximum weight of any of its
bags and the clique-partitioned treewidth (short: cp-treewidth) of G, denoted by
cptw(G), is the minimum weight of any clique-partitioned tree decomposition.

As mentioned before, the clique-partitioned treewidth is closely related to the
parameter defined in [Ber+20]. For a clique partition £ of G, we say that a #-
flattened tree decomposition is a tree decomposition of the weighted graph obtained
by contracting each clique C of # into a vertex v with weight log(|C| + 1). The
weight of such a tree decomposition is then given by the sum of vertex weights for
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each bag. In reference to the authors [Ber+20], we call the minimum weight over
all clique partitions  and #-flattened tree decompositions the BBKMZ-treewidth.

Roughly speaking, BBKMZ-treewidth and cp-treewidth rely on the same two
central building blocks: a tree decomposition and a weighted clique partitioning.
The difference is the order in which they are applied: while BBKMZ-treewidth first
considers a partitioning and then a tree decomposition of the contracted graph,
cp-treewidth first considers a tree decomposition and then a partitioning of each
bag. There are two main advantages of cp-treewidth over BBKMZ-treewidth. First,
with cp-treewidth the problem of finding a low weight clique partition is more
independent from the problem of finding a tree decomposition. This makes it easy
to develop heuristic upper bounds for the parameter, see Section 3.3. Second, cp-
treewidth can be seen as a fractional and local variant of BBKMZ-treewidth, in the
sense that a global clique partition # also induces local clique partitions for each
bag, but BBKMZ-treewidth enforces that cliques of ¥ are either fully contained
in a bag or not, while cp-treewidth allows them to be split across multiple bags.
Thus, the cp-treewidth of a graph is at most its BBKMZ-treewidth. Additionally,
the cp-treewidth can also be substantially smaller than the BBKMZ-treewidth, as
shown in the following lemma.

> Lemma 3.1. There is an infinite family of graphs G where each G € G with n
vertices has clique-partitioned treewidth in O(loglogn) and BBKMZ-treewidth
in Q(logn). <

Proof. The family G contains for every h € N one graph Gj. The graph Gy, is a
complete binary tree of height h, where additionally for every leaf £ we connect all
h vertices that lie on a path between the root r and ¢ into a clique. Note that we
have h € ©(logn).

Let Py, be a clique partition of Gj,. Then, via a simple induction over h, it is
easy to see that in G, there is a path between the root r and some leaf ¢ of Gy,
such that every vertex on the path belongs to a different partition class. Thus after
contracting each partition, these vertices still form a path of length h. As they
additionally form a clique, they are present in some bag of any #,-flattened tree
decomposition of Gy (see also [Bod98, Lemma 4]). This bag thus contains all h
partition classes on the path and has weight at least h - log(1 + 1) € Q(logn).

At the same time we can construct a clique-partitioned tree decomposition (T, o),
that has one bag for every path between the root r and each leaf ¢. Then, T forms a
path. As every bag consists of a single clique on h vertices, there is a clique partition
of this tree decomposition with weighted width log(h + 1) € O(loglogn). ]

In addition to showing that cp-treewidth is smaller than related parameters, we
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show that it remains useful by enabling fixed-parameter tractability of NP-hard
problems. To this end, we compare cp-treewidth with treewidth, obtaining both a
lower and an upper bound.

> Theorem 3.2 (See also [Gei23]). For any graph G we have cptw(G) — 1 <
tw(G) < 2°PtV(0), <

Proof. For the first inequality consider a bag X of a tree decomposition of G with
width w. A trivial partitioning of X into cliques of size 1 has weight |X|-log(1+1) =
|X|. As the width of a tree decomposition is the size of the largest bag minus 1, we
have |X| < w + 1. Thus G has a clique-partitioned tree decomposition with weight
at most tw(G) + 1.

For the second inequality we consider the largest bag X of a minimum weight
clique-partitioned tree decomposition of G. Then, X has a clique-partition Px with
weight at most cptw(G). We derive a bound on |X]| as follows. First, we have

X]= > 1cl< Y (Cl+1).

CePx CePx

Now, for two integers x, y larger than 1, we have x + y < x - y, so we get

x| < [ ]dcr+,

CePx
< 9108(Meer (1C1+D)) _ o (Sceny log(ichn)

Here, the exponent is exactly the weight of the clique partition Py, which is at
most cptw(G). Consequently,

1X| < chtw(G).

As X is the largest bag of a tree decomposition, we have tw(G) < |X| -1 <
chtw(G). [ |

Thus, an algorithm’s running time of O(f(tw(G)) - n) can also be expressed as
O(f(2P™(9)).n¢), while a running time in O(g(cptw(G))-n¢) is also in O(g(tw(G))-
n¢). Informally speaking, this means that a graph problem is FPT with respect to
treewidth if and only if it is FPT with respect to cp-treewidth.

For some problems, the exponential increase of the running time’s dependency
on the parameter can be avoided. To show this, we consider the independent set
problem that asks to find a subset of mutually non-adjacent vertices in a graph.



The weighted clique partition problem

The following result, originally shown for BBKMZ-treewidth in [Ber+20], carries
over to cp-treewidth.

> Lemma 3.3. Let G be a graph with a clique-partitioned tree decomposition (T, o)
of weight 7. Then a maximum independent set of G can be found in O(27 - poly(n))
time. <

Proof. We use a standard dynamic programming approach on tree decompositions
based on introduce, forget, and join nodes (see for example [Cyg+15]). For each node
t € V(T), we store a number of partial solutions for the subgraph of G induced by
the bags of nodes in the subtree below ¢.

A partial solution consists of a subset of the vertices in the current bag as well as
the size of the total partial independent set for the subgraph induced by the subtree
below the current bag. This makes it easy to initialize partial solutions for leaf
nodes in the tree decomposition.

In an introduce node, two new partial solutions are created, one where the new
vertex is in the independent set and one where it is not. In a forget node, the
removed vertex is removed from each partial solution. In a join node, compatible
partial solutions from the child-nodes are combined by taking their union.

In a traditional tree decomposition of width k, this leads to at most 2¥ partial
solutions per bag. In a clique-partitioned tree decomposition, this is even smaller, as
there are only k + 1 ways an independent set can intersect a clique of size k. Thus,
assuming {#; | t € V(T)} denotes the clique partition of weight 7, the number of
partial solutions that need to be considered per bag t are at most

[Ticl+ 1) = 2Zeenloxiclsn e,
CeP,

As the number of bags as well as the time spent per partial solution are both
polynomial, this concludes the proof. ]

3.3 The weighted clique partition problem

Having established that cp-treewidth is a useful parameter, we now turn to the
question of computing it. In this section we give a heuristic upper bound as follows.
We split the task of computing a clique-partitioned tree decomposition in two
phases. First, we compute a tree decomposition, minimizing the traditional tree
width. Secondly, fixing the structure and bags of this decomposition, we compute
a clique partition for every bag. We note that this separation is already heuristic

Section 3.3

21



Chapter 3

22

Partitioning the Bags of a Tree Decomposition Into Cliques

as optimal solutions for the two subproblems do not guarantee an optimal clique-
partitioned tree decomposition. However, we expect that small bags should also
allow for low-weight clique partitions.

In the first phase, we use established algorithms for the computation of tree
decompositions. Consequently, we focus on the second step in this section. To this
end, we define the WEIGHTED CLIQUE PARTITION problem, short CLIQUE PARTITION.
For a given graph G and an integer w, decide if there is a partition of V(G) into
cliques Pj, ..., Py such that [];cx(|P:| + 1) < w. Note that this function differs
from the one in the definition of clique-partitioned treewidth, but is equivalent, as
2ierky log(|Pi| + 1) =log(I11<i<k(|Pi| + 1)) and the logarithm is monotonic.

In the following, we prove some technical lemmas that are useful throughout
the section, before showing that WEIGHTED CLIQUE PARTITION is NP-complete
(Section 3.3.1). Afterwards, we give different heuristic approaches (Section 3.3.2) and
an optimal branch-and-bound algorithm in (Section 3.3.3). We start with following
lemma, which intuitively states that the weight of a partition is smaller the more
imbalanced the individual weights are, i.e., moving a vertex from a smaller to a
larger clique reduces the total weight.

> Lemma 3.4. Leta,b,c,d € Ngsuchthata+b=c+danda>b,c>d, d > b.
Then (a+ 1)(b+1) < (c+1)(d+1). <

Proof. There is an x > 0 such thatc =a—-xandd =b + x. Asc > d, x can be at
most (a — b) /2. We derive

(c+1)d+1)=(a-x+1)(b+x+1)

—ab-bx+b+ax—x*+x+a-x+1

=(ab+a+b+1)+ax —bx —x*

=(a+1)(b+1)+x(a—b—-x).
We have x(a —b—x) > 0,as 0 < x < % and thus the claimed strict inequality
follows. ]

With the above lemma (i.e., repeated applications thereof) we can compare the
weight of two partitions.

> Lemma 3.5. Let (s;,...,s¢) and (ry,...,r,) be two different non-increasing
sequences of natural numbers such that 2 < k < ¢, };c(x) $i = Zice) 1i> and s; > 1
foralli € [k —1]. Then [[;e)(si + 1) < [Liepe (ri + 1). <

Proof. This follows from repeatedly applying Lemma 3.4 to go from R = (ry, ..., re)
to S = (s1,...,Sk) while reducing the product in each step. To make this precise
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let i be the first index where s; > r;. We adjust R by adding 1 to r; and subtracting
1 from r,. Note that this maintains the sum. We apply Lemma 3.4 witha =r; + 1,
b=r,—1,c=rjandd =r,. Then, we have (a+1)(b+1) < (c+1)(d + 1), ie., the
product of the adjusted sequence is smaller than that of the original sequence R.
Moreover, after a finite number of steps, we reach S and thus the product for S is
smaller than the product for R. ]

In the remainder of this section, we show that WEIGHTED CLIQUE PARTITION
is NP-complete and further give different heuristic and exact ways of solving the
optimization variant of WEIGHTED CLIQUE PARTITION.

For our algorithmic approaches, we make use of the fact that enumerating all
(inclusion-)maximal cliques of a graph is not only output polynomial [JPY88], but
also highly feasible in practice as shown by Eppstein, Loffler, and Strash [ELS13].
We use an implementation of their algorithm from the igraph* library. We also
address this in our hardness proof, by showing that the problem remains hard even
on graphs with few maximal cliques.

3.3.1 Hardness

We prove that WEIGHTED CLIQUE PARTITION is NP-complete and in particular
remains NP-hard even on graphs with a polynomial number of maximal cliques.
For this we reduce from Exact CovERr BY 3-SETs (X3C) as defined by Garey and
Johnson [G]79]: given a set X of |X| = 3q elements and a collection C of 3-element
subsets of X, decide if there is an exact cover, i.e., a subcollection C’ C C such that
every x € X is contained in exactly one member of C’. By Garey and Johnson, this
problem remains NP-hard even if no element x € X occurs in more than three
subsets.

The rough idea for our reduction is to construct a graph with a vertex for every
element of X and a sufficiently large clique for each element of C. By extending
each of these large cliques to the respective 3-element subsets of the X3C-instance,
we create a correspondence between exact covers and low-weight clique partitions.

We first show an inequality that later helps us exclude wayward clique partitions
that do not correspond to exact covers.

> Lemma 3.6. For positive integers k,c € N we have (k + 4)° < (k+ 1)¢- 2 if
k> 25 ~ 4.33c. <

4 https://igraph.org/
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Proof. From the above inequality we derive

k+4<(k+1)-2Y¢
k + 4 <k2'/c 4+ 21/
k(1 —2'°¢) <2l ¢

4 _ 21/6‘

k>—21/c_1.

It remains to show that gl_/fl_/i < 1}%1_02 holds for ¢ > 0. To that end, we set t := 1“72 > 0,
then 21/¢ = ¢!, and so
4-2'¢ 4-¢" 3+1-¢ 3

21/ -1 et —1 el — 1 et — 1

Now use the standard inequality e’ > 1 + ¢ for ¢ > 0. This implies

et—1>t,
hence
3 3 3
—-1<-=-1< -,
el —1 t t

Substituting back t = 1’“72, we obtain

T In2’

4 — 2l 3 3 3¢
21/e =1 ¢t

. . . _ol/c . .
To conclude, if k > 1?1—02, then in particular k > %, which yields

(k+4)° <2(k+1)". |
With this inequality established, we prove the main hardness result.

> Theorem 3.7. WEIGHTED CLIQUE PARTITION is NP-complete and remains NP-
hard even on graphs with a polynomial number of maximal cliques. <

Proof. Membership in NP is easy to see as polynomial time verification of a solu-
tion is straightforward. For hardness, we reduce from X3C to WEIGHTED CLIQUE
ParTITION. To that end, let I = (X, C) be an instance of X3C where no element
occurs in more than three subsets. We construct a graph Gy as follows. For each
x € X we include a vertex v, and call these vertices Vx. For each ¢ = {x,y,z} € C



The weighted clique partition problem

we include vertices V, = {v},...,v¥} for k =5 - |C| that form a clique together with
Vx, Uy and v,. In the following we show that I has an exact cover if and only if Gy
has a clique partition with weight at most w = (k + 4)X1/3 . (k + 1)I€I=IX1/3,

First, suppose that I has an exact cover C’ € C. We find a clique partition
P =Pi,..., P as follows. For every ¢ € C’ containing three elements x,y,z € X,
the vertices vy, vy, and v, together with V, form a clique that we select as a partition
class. For every ¢’ € C \ C’, we select the clique V. as a partition class. Thus, # has
weight exactly (k + 4)X173 . (k + 1)IC1=IX1/3,

For the other direction, suppose that G; has a clique partition with weight at most
w and among such partitions let  be one with minimum weight. We can assume
that |C| > |X]/3 and that every x € X is contained in some ¢ € C, as otherwise
there clearly is no exact cover of I and instead of constructing G; we could have
returned a trivial no-instance.

First, we note that each k-Clique V; is contained in exactly one partition class of
P, as each vertex of V, has the same neighbors in Vx and so two partition classes
with vertices of V. could be merged to achieve lower weight. Also, Gy contains no
clique larger than k + 3.

Next, we show that  contains exactly |C| partition classes. Since every x € X is
contained in some ¢ € C, we can assign each v to a partition class containing V, for
some ¢ € C with x € c. This yields a partition with exactly |C| classes, each of size
at most k + 3, and thus weight at most (k + 4)!°l. Now suppose that # contains an
additional partition class p beyond the |C| classes containing the V.’s. Then p has
size at least 1, contributing a factor of at least 2 to the weight, while the remaining
|C| classes each have size at least k, contributing a factor of at least k + 1 each. Thus

3|C|

the weight of P is at least (k + 1)I°! - 2. Using Lemma 3.6 and k =5 - |C| > T e

have (k+4)/°! < (k+1)I€!- 2, so P does not have minimum weight, a contradiction.

This means that # contains exactly |C| partition classes of size between k and
k + 3. If fewer than |X|/3 partition classes have size k + 3, then there are also
partition classes of size k + 2 or k + 1. In this case, weight of P is larger than w
by iterative application of Lemma 3.4. It follows that # contains exactly |X|/3
partition classes with exactly three vertices of Vx. This directly translates to an
exact cover of I.

It remains to show that Gy only contains a polynomial number of maximal cliques.
To that end we first consider the subgraph G;[Vx]. Here, as each x € X is only
contained in at most three subsets, each v, € Vx is contained in at most three
triangles and has no other edges. Thus, G;[Vx] has maximum degree 6, which
implies a polynomial number of maximal cliques. All additional maximal cliques
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in Gy consist of a triangle in Vx together with a clique V, for ¢ € C. In total the
number of maximal cliques in Gy is polynomial in |X| + |C]. [ |

3.3.2 Heuristic approaches

We now present different heuristic approaches for computing low weight clique
partitions.

Maximal clique heuristic. Recall from Lemma 3.4 that the weight function
favors imbalanced clique sizes over more balanced ones. It therefore makes sense
to try to find few large cliques that cover all vertices. A basic greedy heuristic that
tries to achieve this works as follows. First, we enumerate all maximal cliques C of
the graph. Then we iteratively add one clique to the partition by greedily selecting
the clique with the largest number of remaining uncovered vertices. We call this
the maximal clique heuristic.

In order to efficiently implement this heuristic, we use a priority queue to fetch
the largest clique and keep track of the cliques C, € C that a vertex v is part of.
This way, after choosing the remaining vertices of a clique C € C as a partition, we
have to update the sizes of O(}},cc |C)|) cliques. The total number of such updates
throughout the whole algorithm is at most the sum of clique sizes in C. Thus, using
a Fibonacci Heap, a total running time of O(|V|log |C| + X ccc |C|) can be achieved.
In our implementation we use a binary heap due to it being faster in practice. This
costs an additional factor of log |C| for the second term.

Repeated maximal clique heuristic. Note that the MC heuristic does not
recompute the maximal cliques of the remaining graph after selecting a clique. As
deleting the vertices of one clique can have the effect that a non-maximal clique
becomes maximal, the MC heuristic might miss a clique we would want to select.
The repeated maximal clique heuristic recomputes the set of maximal cliques after
each decision, i.e., it selects a maximum clique of the remaining graph in each step.

Set Cover heuristics. Observe that for the WEIGHTED CLIQUE PARTITION
problem, we have to choose a set of cliques of minimum weight that cover all
vertices. Thus, we essentially have to solve a weighted SET COVER problem. As
there are reasonably efficient solvers for SET COVER (or the equivalent HITTING
SET problem), it seems like a promising approach to use those. However, this has
the disadvantage, that we would need to list all cliques and not only the maximal
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(a) Unweighted set cover. (b) Weighted set cover.

Figure 3.1: Counter-examples for the optimality of the set cover heuristics.

cliques. Nonetheless, it seems like a good heuristic to just consider maximal cliques
and find a minimum set cover (unweighted or weighted).

The heuristic consists of two steps. First, we compute a minimum set cover, using
the maximum cliques as sets and the vertices as elements. We consider two variants
for this steps; weighted (a set of size k has weight log(k + 1)) and unweighted
(each set has weight 1). Afterwards, in the second step, we convert the cover into
a partition by assigning the overlap between selected cliques to only one clique.
We call the resulting two approaches the (maximal clique) set cover and (maximal
clique) weighted set cover heuristics.

For the first step, i.e., solving SET COVER, we use a state of the art branch-and-
bound solver [Blda+22d] for the unweighted case. Additionally, for the weighted
case, we use the straight-forward formulation of set cover as an ILP and solve it
with Gurobi [Gur23]. To the best of our knowledge, ILP solvers are currently the
state-of-the-art for weighted set cover.

For the second step, we have to compute clique partitions from the resulting set
covers by assigning each vertex that is covered by multiple cliques to a single one
of these cliques. The goal is to minimize the weight of the resulting cliques, i.e.,
by Lemma 3.4, we want to distribute them as unevenly as possible. We employ a
simple greedy heuristic, assigning each vertex to the largest clique it is part of and
braking ties arbitrarily in case of ambiguity.

At a first glance it seems possible that doing both steps optimally (solving set
cover and resolving the overlaps) could yield an overall optimal solution. However,
this is not the case, as shown by the following two counter examples.

> Observation 3.8. There are graphs on which the minimum size clique cover
cannot give an optimal clique partition. <

Proof. Consider a clique on k vertices for even k where half of the vertices are
connected to one additional vertex and the other half to another additional vertex,
as illustrated in Figure 3.1 (a). Then, for k > 6 the partition into three cliques of
sizes 1, 1, and k has lower weight than the partition into two cliques of size % +1,
which corresponds to the optimal solution of the set cover instance. ]
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For the minimum weight set cover, we can use the fact that the weights of the
set cover instance correspond to the size of the whole clique and do not reflect the
potential overlap between multiple selected cliques.

> Observation 3.9. There are graphs on which the minimum weight clique cover
cannot give an optimal clique partition. <

Proof. For the weighted approach, consider the instance depicted in Figure 3.1 (b).
The small circles represent the vertices of a graph and the regions mark maximal
cliques. The optimal clique partitioning uses cliques of sizes 6, 2, and 1 (the dotted
clique plus the remainders of the two solid cliques). In the set cover instance these
cliques have (partly overlapping) sizes 6, 4, and 4, which is more expensive than
the set cover solution with sizes 5, 4, and 4 (using the dashed clique instead of the
dotted one), which results in a solution with sizes 5, 3, 1. [

The above problem could be avoided by extending the set cover instance to also
include all non-maximal subsets of each clique that can be obtained by removing
vertices shared with some subset of overlapping cliques. This would, however, lead
to an exponential blowup of the set cover instances, which is not feasible even with
state of the art solvers.

3.3.3 Exact branch-and-bound solver

Next, we present an exact branch-and-bound algorithm. The idea is to iteratively
add cliques to a potential solution partition and to branch on the decision of which
clique to select next. In the following, we first explain the branching, before
introducing two different lower bounds as well as an additional reduction rule.

Branching. The following lemma enables us to branch on the maximal cliques.

> Lemma 3.10. Let £ be a minimum weight clique partition of a graph G and let
C € P be a maximum size clique of . Then C is a maximal clique in G. <

Proof. Assume that C is a non-maximal clique. That is, there is a vertexv € V(G)\C
with C € N(v). Let C" € P be the clique containing v. We construct a clique
partition #’ by removing v from C” and adding it to C. As C was a largest clique in
P, via Lemma 3.4 we have (|C| + 2)(|C’|) < (|C| + 1)(|C’| + 1), contradicting the
optimality of P. |

Thus, even though not all cliques of an optimal solution might be maximal, we
at least know that the largest one is. We can use the decision of which maximal
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clique to select as the largest one as the branching decision of our algorithm. This
way, we can solve the optimization variant of WEIGHTED CLIQUE PARTITION, i.e.,
the algorithm takes a graph G and finds a minimum weight clique partitioning.

After a clique C has been selected as the largest one, the remaining problem is to
find a clique partition of G[V \ C] that does not use any clique larger than C. This
means that we can view our algorithm as a simple recursive subroutine that solves
the same problem at every node of the recursion tree. As input it gets the graph G
and the cliques (Cy, . .., C;) that have already been selected by previous recursive
calls. It then tries to compute an optimal clique partition of the remaining graph
G’ := G\ Uje[;) Cj- This is done by either returning a trivial solution if G’ can be
covered with a single clique or by branching on the decision of which maximal
clique to select as the largest one for the partition of G’. Note that for this decision,
only maximal cliques that are at most as large as any of the previously selected
cliques (Cy,...,C;) need to be considered. The result of the subroutine call is then
the cheapest solution found in any of the branches.

In order to quickly obtain a good upper bound, we explore branches correspond-
ing to larger cliques first. This way, the first leaf of the search tree constructs the
same solution as the repeated maximal clique heuristic.

Lower bounds. The size lower bound given by following lemma.

> Lemma 3.11. Let G be a graph with n vertices and # be a clique partition of G
consisting of cliques of size at most s. Then P has weight at least (s + 1)"/*] . ((n
mod s) + 1). <

Proof. The stated minimum weight is achieved by a partitioning #’ that uses as
many cliques of size s as possible and one clique with all remaining vertices. Any
other partitioning ¥ using only cliques of size at most s is at least as expensive, as
it can be transformed into £’ by Lemma 3.5. ]

The size lower bound can trivially be evaluated in constant time. Even though it
is rather basic, we expect this lower bound to be effective at pruning branches in
which very small cliques are selected early on.

Note that the size lower bound optimistically assumes that there are |n/s] non-
overlapping cliques of size s. This yields a bad lower bound if, e.g., there is only
one clique of size s while all other cliques are much smaller. In the following, we
describe an improved bound based on this observation. We note that we have to be
careful when considering what clique sizes are available for the following reason.
Assume the branching has already picked a clique of size s, i.e., subsequent selected
cliques have to have size at most s. Then it seems natural to derive a lower bound
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by summing over the sizes of all maximal cliques of size at most s. However, we
have to account for the fact that selecting (and deleting) one clique can shrink a
maximal clique that was larger than s to become a clique of size s. Thus, there
might be more cliques of size s available than initially thought. In order to formalize
this, we first introduce a different problem that considers only sizes of the cliques
without making any assumptions on the overlap between the cliques.

In the VALUABLE SEQUENCE problem, we are given a multi-set A of natural num-
bers and a natural number n. The task is to construct a sequence of total value
n and minimum weight. Such a sequence S = (s, sz, . .., Sk) consists of elements
s; € A such that each number is repeated at most as often as it appears in A. In
the following, we define value and weight of a sequence and give additional re-
strictions to what constitutes a valid sequence. To this end, let S; = (sy, ..., s;) for
i < k denote a prefix of S. We define a value val(s;) for each s; in the sequence as
follows. The first element s; has value val(s;) = s;. For subsequent elements s;41,
we have val(s;+1) = min{s;;1, val(s;), n — val(S;) }, where val(S;) = X ;¢[;) val(s;)
is the total value of the prefix S;.5 If val(s;) = s;, we say that the element con-
tributes fully to the sequence. Otherwise, it contributes partially. The weight of S is
[Ticfx) (val(s;) + 1). For the subsequence S;, we call the next element s;4; eligible if
si+1 — val(S;) < val(s;); s1 is always eligible. The sequence S is valid if each element
is eligible.

To make the connection back to WEIGHTED CLIQUE PARTITION, interpret the
numbers in A as the clique sizes. The total value n corresponds to the number
of vertices that have to be covered. The value val(s;) corresponds to the number
of vertices from the maximal clique of size s; in G that have not been covered by
previous cliques, i.e., the number of vertices that are newly covered in step i. Note
that in step i + 1, at least s; — val(S;) new vertices are covered as only val(S;) have
been covered previously. Thus, the eligibility requirement ensures that the number
of vertices covered in step i + 1 is not larger than the number of vertices covered
in step i (recall, that we can assume the chosen cliques to form a non-increasing
sequence). Moreover, for the definition of val(s;41), note that the minimum with
val(s;) ensures that the sequence of values is non-increasing and the minimum
with n — val(S;) ensures that the total value is n.

The following two lemmas formalize this connection between VALUABLE SE-
QUENCE and WEIGHTED CLIQUE PARTITION. Afterwards, we discuss how VALUABLE
SEQUENCE can be solved optimally.

5 Note that val(s;;) only depends on values of previous elements in S, i.e., the definition is not
cyclic.
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> Lemma 3.12. Let £ be a minimum weight clique partition of a graph G and let
C be the set of maximal cliques in G. Then, any mapping f : # — C with P C f(P)
for each P € P is injective and there exists at least one such mapping. <

Proof. There are mappings from # to C, because each clique P € % is either a
maximal clique or a subset of a larger maximal clique. Assume that a mapping
f P — C is not injective. Then, there are two partition classes P and P’ that are
mapped to the same clique C € C. Thus, these partition classes could be merged
into a single clique of lower weight, contradicting the optimality of #. ]

> Lemma 3.13. Let G be a graph with maximal cliques C = {Cy,...,C¢} and

let (A,n) with A = {|C1|,...,|Ck|} and n = |V(G)| be an instance of VALUABLE
SEQUENCE. The weight of a minimum solution of (A, n) is a lower bound for the
weight of every clique partition of G. <

Proof. We now show that for a minimum clique partition # of G, we find a solution
S of (A, n) whose weight is at most the weight of .

Let P;, ..., P be the cliques of # sorted by size in decreasing order. We can
think of # as constructed iteratively in that order, so that each P; is a maximal
clique in G[V'\ (Ujefi—11 P 1-

We construct S iteratively until val(S) = n. For each element s; in the sequence,
we prove by induction that val(s;) > |P;| except for the last element. This then lets
us use Lemma 3.5 to obtain that the weight of S is at most the weight of #. For
i = 1, we simply choose s; = |P;| € A. Since the first element always contributes
fully, we have val(s;) = |P4].

Assuming we constructed the sequence until i, we continue with step i + 1 as
follows. If P;;4 is one of the initial maximal cliques in C, then we can simply choose
si+1 = |Pi+1] € A. Note that s;.1 is eligible, as s;+1 = |Pi+1| < |Pi| < val(s;), which
in particular implies s;;; — val(S;) < val(s;). In this case, s;;; contributes fully, i.e.,
val(si+1) = |Pi+1], which implies the claim.

Otherwise, if P;41 is not in C, it is at least a subset of some clique C € C such
that P;,; =C\ Uje[i] P;. We choose s;;; = |C|. The eligibility of s;,; follows from
the facts that the cliques in P are ordered non-increasingly, i.e. |P;| > |P;4+1|, and
that val(s;) > |P;| holds by induction for all j < i+ 1:

val(s) 2 [P 2 [Pl =|C\ | 2| 2 1€1- ) 1P|

Jelil Jelil

> i1 = ) val(s)) = sie1 = val($).
jeli]
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Note that s;;; contributes partially, i.e., val(s;+1) = val(s;) unless this is the last
item in S. As we just argued, we have val(s;) > |P;;1| and thus val(sj+1) > |Pi1],
proving the claim.

To conclude, observe that our construction of S implicitly defines a mapping
from P to C as in Lemma 3.12. As such a mapping is injective, no number in A is
chosen twice. Moreover as we have val(s;) > |P;| for i < k, but both sum to n, the
weight of P is at least the weight of S by Lemma 3.5. ]

VALUABLE SEQUENCE can be solved optimally with a simple greedy algorithm.
We call the resulting lower bound the valuable sequence bound.

> Theorem 3.14. An instance (A, n) of VALUABLE SEQUENCE can be solved in
O(]A| + n) time. <

Proof. We construct a solution S = sy, .. ., s; by iteratively choosing an eligible and
not yet chosen number a € A with maximum value, until the value of the sum
reaches n.

We note that this greedy strategy maximizes how many numbers in A are eligible,
as the corresponding upper bound val(S) + val(s;) decreases as slowly as possible.
The optimality of the produced sequence S = sy, . . ., s; follows, again, via Lemma 3.5
as for j € [i], the value val(s;) is at least as large as the value of any other number
that can be chosen in round ;.

Regarding the running time, the greedy strategy can be implemented by sorting
the numbers in A (in O(|A| + n) time) and keeping track of the largest unchosen
number that is eligible and contributes fully, as well as the smallest unchosen num-
ber that can contribute partially (which is larger than the ones that can contribute
fully). Both of these values can be updated in constant time each time a number
has been chosen. ]

Sufficient weight reduction. To speed-up the computation of clique partitions
for all bags of a tree decomposition, we additionally apply the sufficient weight
reduction. Here, we immediately accept the first solution that is lighter or equally
light as the largest weight of any of the already considered bags.

3.4 Evaluation

With our evaluation, we aim to answer the following questions.

1. How do the different algorithms compare in regards to run time and quality?
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2. How do the algorithms scale?

3. What is the impact of the lower bounds and the reduction rules on the
performance of the exact branch-and-bound solver?

4. How do different network properties influence the performance of the algo-
rithms?

5. How do the resulting upper bounds on the clique-partitioned treewidth
compare to traditional treewidth?

Experimental setup. Our implementation is written in Python. The source
code along with all evaluation scripts and results is available on our public GitHub
repository.® The experiments were run with Python 3.10.1 on a Gigabyte R282-793
(rev. 100) server (2250MHz) with 1024GB DDR4 (3200MHz) memory.

For each input graph, we perform the following two steps. First, we compute a
tree decomposition using the heuristics implemented in the HTD library [AMW17].
Specifically, we use the min-fill-in heuristic, which is known to provide a good
tradeoff between run time and solution quality [MS]19]. Secondly, we solve the
WEIGHTED CLIQUE PARTITION problem for each bag of the tree decomposition using
all algorithms proposed in Section 3.3.

We use a time limit of five minutes for the heuristic computation of low-weight
tree decompositions with the HTD library. For the WEIGHTED CLIQUE PARTITION
algorithms, we set a time limit of three minutes per bag and five minutes in total.

To discern the different solvers from Sections 3.3.2 and 3.3.3, in our plots, we use
the following abbreviations: branch and bound solver (B&B), maximal clique set
cover heuristic (SC), maximal clique weighted set cover heuristic (WSC), maximal
clique heuristic (MC), and repeated maximal clique heuristic (RMC).

Input instances. As input, we use a large collection of real-world networks
as well as generated networks. For the latter, we use geometric inhomogeneous
random graphs (GIRGs) [BKL19], which resemble real-world networks in regards
to important properties and have been shown to be well suited for the evaluation of
algorithms [BF24]. GIRGs can be generated efficiently [Bla+22c] and allow to vary
the power-law exponent (ple) of the degree distribution controlling its heterogeneity,
as well as a parameter a controlling the locality by either strengthening the influence
of the geometry (high values of ) or increasing the probability for random edges

6 https://github.com/marcwil/cptw_code
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Figure 3.2: Comparison of run time and solution quality of the different exact (red), greedy
(green, blue) and set cover based (violet) solvers for the WEIGHTED CLIQUE PARTITION
problem on GIRGs.

not based on the geometry (low values of @). We mainly use the following two
datasets, where each graph has been reduced to its largest connected component.

« A collection of 2967 real-world networks derived from the dataset of [BF22] by
removing 39 graphs that are isomorphic duplicates; the dataset essentially con-
sists of all networks with at most 1 M edges from Network Repository [RA15],
see also [BF24] for details.

« GIRGs with n € {500,5000,50000} vertices, expected average degree 10,
dimension 1, ple € {2.1,2.3,2.5,2.7,2.9}, and a € {1.25,2.5,5, c0}. For each
parameter configuration, we generate ten networks with different random
seeds, to smooth out random variations.

3.4.1 Performance comparison

Here, we evaluate the performance of our CLIQUE PARTITION approaches on the
two datasets.

Generated instances. In Figure 3.2, we compare the run times as well as the
solution quality of the different considered CLIQUE PARTITION algorithms on the
dataset of generated networks. In Figure 3.2 (a), we show how many of the 600
instances were solved within the time limit by each solver. While the greedy
heuristics are able to finish on almost all instances, the set cover heuristic and the
branch-and-bound solver get timed on some of the larger networks with 5k and
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__ter0i Table 3.1: Distribution of obtained cp-
\Ei 03 4 treewidth relative to optimum clique partition
2 on our set of real-world networks.
ER I l Measure MC RMC SC
le+00 &7 . : : Mean 1.008 1.009 1.002
B&B MC RMC SC .
Partition Solver Median 1 1 1
90th percentile 1.035 1.036 1.000
Figure 3.3: Distribution of run time rela- 99th percentile 1.108 1.121  1.046
tive to fastest solver within time limit on Maximum 1.254 1.192 1.113

our set of real-world networks.

50k vertices. The weighted set cover heuristic performs much worse, finishing
only on few networks. We therefore exclude it from the other comparisons.

In Figures 3.2 (b) and 3.2 (c), we compare the performance for all instances that
were solved within the time limit by all other algorithms. Figure 3.2 (b) shows the
run time of each algorithm relative to the fastest one on each instance. Figure 3.2 (c)
shows the obtained upper bound on the cp-treewidth relative to the optimal solution
computed by the branch-and-bound solver.

Our findings are as follows. The branch-and-bound solver solves the fewest
instances of the four considered algorithms, but is quick on most of the instances it
is able to solve within the time limit. Both greedy heuristics (MC and RMC) are
similarly fast, significantly outcompeting the other approaches. In terms of quality,
all three heuristics perform well, achieving solutions within few percent of the
optimum. The set cover heuristic slightly outperforms the greedy heuristics in
terms of quality, but pays for this with substantially higher running time.

Real-world networks. We complement the above evaluation of our CLIQUE
PArTITION algorithms, by comparing their performance on the collection of real-
world networks. As above, we exclude the weighted set cover heuristic. The other
four approaches were able to finish on 1243 (B&B), 2619 (MC), 2622 (RMC), and
2204 (SC) of the 2967 networks within the time limit. We compare our algorithms
on the 1237 networks that were solved by all four approaches. Figure 3.3 shows the
run time of each solver relative to the fastest solver on each instance. In Table 3.1
we describe the distribution of the obtained upper bounds on the cp-treewidth
relative to the optimal solution found by the branch-and-bound solver.

Our results are the following. In general, our observations on generated networks
are replicated on the real-world networks. Even though the branch-and-bound
algorithm solved fewer instances than the set cover heuristic, it is comparatively
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Figure 3.4: Scaling behavior of CLIQUE PARTITION algorithms on GIRGs with different
parameters.

faster on the networks it is able to solve. Both approaches are, however, considerably
slower than the greedy heuristics and this difference is more pronounced than on
the generated networks. Regarding the solution quality, all three heuristic solvers
perform even better than on the generated networks, with only a tiny fraction of
instances not being solved almost optimally.

Discussion. We find that the proposed algorithms show good performance
both on generated and real-world instances. Although, the branch-and-bound
solver was only able to solve about half of the considered networks, its run time
typically beats the set cover heuristic on the networks it can solve. In addition, it is
a valuable tool for evaluating the solution quality of the other approaches. We find
that especially the set cover heuristic, but also the greedy heuristics (MC and RMC)
often find close to optimal clique partitions. Due to their excellent trade-off between
speed and solution quality, the greedy heuristics are probably the best approach
in most practical settings. In general, we do not expect that there is substantial
room for improvement in the engineering of CLIQUE PARTITION solvers for the
computation of cp-treewidth. Instead, in order to achieve better upper bounds, we
suggest future research to optimize the tree decomposition and the partition into
cliques at the same time.

3.4.2 Run time scaling

Next, we consider the scaling behavior of our solvers. For this, we generated GIRGs
of varying sizes up to around 50 k vertices for various parameters. As in Section 3.4.1,
we did not evaluate the weighted set cover heuristic. Figure 3.4 shows the run times
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Figure 3.5: Run time of different variants of the branch-and-bound solver on GIRGs with
5k vertices and different values for the power-law exponent (left to right) and « (top /
bottom).

for GIRGs with two different parameter configurations. On the networks with high
locality (« = inf), all four approaches seem to have close to linear run time, despite
enumerating all maximal cliques present in each bag of the tree decomposition.
However, as we decrease the locality (¢ = 5) the performance of the branch-and-
bound solver deteriorates while the greedy heuristics and especially the set cover
heuristic are only slightly affected. In the logarithmic plot, we observe clearly
super-polynomial scaling behavior only for the branch-and-bound solver. Further
experiments on a larger grid of parameter settings confirm the above findings.

3.4.3 Branch-and-bound: lower bounds and reduction rule

In the following, we evaluate the effectiveness of the lower bounds and the reduction
rule in speeding up our branch-and-bound solver. For this, we use the dataset of
generated networks. As the performance without lower bounds does not allow
for the timely evaluation on larger instances, we consider only graphs generated
with 5k vertices. Figure 3.5 shows the average run time without lower bounds
(none), with only the size lower bound (S) and with the valuable sequence bound in
addition to the size bound (S+V) as well as with and without the sufficient weight
reduction for different network parameters. We only show « € {5, oo}, as for lower
values the variant without lower bounds did not finish within the time limit.

Section 3.4
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Figure 3.6: Total clique count (number of maximal cliques) per network, and highest clique
count in any bag of a greedy tree decomposition as well in the lowest weight clique partition
of any bag, and clique-partitioned treewidth (lowest upper bound) of the entire instance on
GIRGs with 5k vertices and varying parameters. Note the logarithmic y-axes on all except
the first plot.

We find that especially for smaller power-law exponents, the lower bounds bring
large speed-ups of up to multiple orders of magnitude. The additional gain of
using the size lower bound is much larger than that of the much simpler valuable
sequence bound. The sufficient weight reduction yields similar speed-ups for all
settings. Overall, we conclude that the lower bounds are effective in speeding up
the branch-and-bound solver. On a more general note, it is striking how strongly
all variants of the solver are affected by lower values of «, especially also below
the values shown in Figure 3.5. In additional experiments we found that the above
observations also apply to the remainder of the dataset, even though for 50 k vertices
the time limit is reached even more frequently.

3.4.4 Impact of network properties

At multiple points throughout the last sections, we found that, especially for the
branch-and-bound algorithm, the performance strongly depended on the parameter
a controlling the locality of the generated networks.

In order to better understand this, we study the structure of cliques in the gen-
erated networks depending on their parameters. Specifically, for each network
we count the number of maximal cliques in the graph, we count the number of
maximal cliques in each bag of the tree decomposition and take the maximum, we
count the number of cliques used per bag in the clique-partitioned tree decom-
position and take the maximum, and consider the width of the clique-partitioned

38



Evaluation
Clustering coeff. “ count “
0.000.250.500.75 1248 32 128
1.00 4

< [
=
= 10000
g 3
§ s = 0.75
= 1000 +
S r ~— 0.50 1
£ 10 ~
= 3 B
2 5

[} 25 =
o 10 0-25
= E
g
=
(&) .

1 |= |= PR lnnul 2 2 lnnul 0.00 T T T T T
1 10 100 1000 0.00 0.25 0.50 0.75 1.00
treewidth Clustering coeff. (global)

(a) Dependency between clustering coeffi- (b) Dependency between clustering coeffi-
cient and heuristic upper bounds on clique- cient and relative difference between clique-
partitioned treewidth and treewidth. partitioned treewidth and treewidth.

Figure 3.7: Upper bounds for clique-partitioned treewidth on large real-world networks.

tree decomposition. The clique-partitioned tree decompositions are obtained using
the MC and MCR heuristic. Figure 3.6 shows these values for GIRGs with varying
power-law exponent and a.

We see that with decreasing values of «, all considered measures increase. How-
ever, while the total number of maximal cliques in the network only increases by a
factor of roughly 4 to 10, the highest number of cliques intersecting some bag of
the tree decomposition as well as the highest number of cliques in a lowest-weight
clique partition increase by multiple orders of magnitude. Intuitively, this can be
explained by cliques starting to fray if the locality is too low. This explains, why
the CLIQUE PARTITION problem is harder on GIRGs with lower values of «, which
slows down the branch-and-bound algorithm. We also observe, that the obtained
upper bounds on the cp-treewidth are not much lower than the highest number

of cliques per bag of a solution, explaining the good performance of the set cover
heuristic.

3.4.5 Comparing cp-treewidth to traditional treewidth

Here we consider the data set of real-world networks. As we have seen in Sec-
tion 3.4.1, the maximal clique and repeated maximal clique heuristics are efficient
and tend to perform well in terms of quality. Thus, we use these two heuristics to
find an upper bound on the clique-partitioned treewidth.

Section 3.4
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In Figure 3.7 (a) we compare the obtained upper bounds for the weighted
treewidth and the treewidth. Even though the parameter does not decrease much
for the majority networks, there are some networks on which substantial reductions
are achieved. This is particularly true for networks with high clustering coefficient,
where for some instances our clique-partitioned tree decomposition has width
10 while the corresponding traditional tree decomposition has width above 100.
This correspondence with the clustering coefficient fits well to the observations in
Section 3.4.4. For the networks for which we do not yet see a big improvement, it
would be interesting to see whether adjusting the computation of the initial tree
decomposition can yield better bounds; see also the discussion in Section 3.4.1.

3.5 Conclusion and Open Problems

In this chapter we introduced clique-partitioned tree decompositions, investigated
the weighted clique partition problem and used heuristic upper bounds to study
the new parameter on real-world instances. In the following, we outline several
directions for future work, in addition to the open questions regarding heuristic
solvers mentioned in Section 3.4.

First, in Section 3.2 we showed that FPT membership is equivalent for treewidth
and cp-treewidth, but the translation between the two parameters might incur
an exponential blowup in the parameter dependency. Consequently, it would be
interesting to characterize the complexity landscape for problems parameterized
by cp-treewidth not only with respect to membership in FPT, but also with respect
to the dependency on the parameter. For instance, we showed that INDEPENDENT
SET admits an FPT algorithm with a single-exponential dependency on the cp-
treewidth. Can the class of problems with this property be classified? Furthermore,
it would also be interesting to consider parameterization with cp-treewidth (or other
treewidth variants) for problems that are already solvable in polynomial time, such
as the radius and diameter problems which can be solved in 20(tW(G)logtw(G)) 1+0(1)
time [AVW16].

Moreover, besides the algorithm engineering side, it would be interesting to
develop algorithms for computing clique-partitioned tree decompositions with good
worst-case guarantees. Is it possible to compute or approximate the cp-treewidth
in FPT time when parameterizing by the cp-treewidth itself, or, equivalently, by
the treewidth? This is especially interesting in light of related results for tree-
independence number, a smaller parameter. There, it is already NP-hard to decide
whether the tree-independence number is at most k for constant k > 4, ruling out
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FPT algorithms under P#NP [Dal+26]. On the other hand, it is an open question
whether the tree-independence number is FPT with respect to treewidth.

Finally, it would be interesting to compare clique-partitioned treewidth (and sim-
ilar treewidth variants) with other approaches that exploit structural simplicity be-
yond small separators. For instance, clique width [CER93] and twin-width [Bon+22]
are other parameter that can be small on graphs even if they contain large cliques.
It would be interesting to compare the complexity landscapes across these param-
eters as well as graph classes on which they are low. For example, hyperbolic
random graphs and related geometric intersection graphs are known to have poly-
logarithmic cp-treewidth (see Chapter 4), but it is unclear whether they also have
low clique-width or twin-width and how these parameters behave on other models
of real-world networks.
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4 Hyperbolic Uniform Disk
Graphs and Independent Set

This chapter is based on joint work with Thomas Blésius, Jean-Pierre von der
Heydt, Sandor Kisfaludi-Bak, and Geert van Wordragen [Bld+25]. The paper
originated during a research visit at Aalto University and was motivated by
previous studies of related graph classes (e.g., [Bla+23b; Kis20]).

While most basic ideas underlying the paper were developed jointly, the write-
up was divided among the authors, with the author of this thesis contributing
the description of the exact algorithm for INDEPENDENT SET. This chapter
focuses on that algorithm, while providing an overview of the other results.

In this chapter, we present a deterministic generalization of a probabilistic network
model and demonstrate its usefulness by showing that the previously established
polynomial time average-case complexity of a generally NP-hard problem can
already be achieved in the more general non-random setting. More specifically,
we study hyperbolic uniform disk graphs (HUDGs) as a parameterized graph class
that generalizes hyperbolic random graphs and consider the vertex cover problem.
We then leverage structural properties of independent sets to give a polynomial
time algorithm for hyperbolic uniform disk graphs, placing the known polynomial
time algorithm for vertex cover on hyperbolic random graphs [Bla+23a] in new
context. This demonstrates that finding deterministic alternatives to probabilistic
assumptions is not only possible, but can give valuable new perspectives on results
from average-case analysis.

4.1 Introduction

Recall from the introduction to this thesis (see, e.g., Page 4) that Hyperbolic random
graphs (HRGs) are a popular network model that combines important features of
complex real-world networks via it’s inherent geometry, while being mathemati-
cally simple enough to enable their rigorous analysis. In particular, HRGs have been
studied from a number of structural as well as algorithmic perspectives. To give a
brief overview, it has been proved that HRGs exhibit locality (clustering) [GPP12],
heterogeneity (power-law degree distribution) [GPP12], and the small-world prop-
erty (logarithmic diameter) [FK18; MS19]. Other studies have established bounds
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on the size of balanced separators [BFK16], the size of the maximum clique [BFK18],
and the chromatic number [MR26]. Algorithmically, it was proved that the balanced
bidirectional search (see also Chapter 5) runs in sublinear time [Bld+22b] and that
a number of generally NP-hard problems such as VERTEx COVER and MAXIMUM
CLIQUE admit polynomial time algorithms [BFK18; Bla+23a].

In this chapter we consider the vertex cover problem more closely. A set of
vertices in a graph is called a vertex cover if it includes at least one endpoint of
every edge. The optimization variant of VERTEX COVER asks to find a minimum
size vertex cover, while the decision variant asks whether there exists a vertex
cover of a given size.

We call a graph a hyperbolic uniform disk graph with radius r, if it has a repre-
sentation as the intersection graph of disks with radius r in the hyperbolic plane,
i.e., each vertex can be associated with a disk such that these disks intersect exactly
for adjacent pairs of vertices. Every hyperbolic random graph is also a hyperbolic
uniform disk graph for some radius r € ©(logn). Thus HUDGs can be seen as a
deterministic generalization of HRGs, which means that insights about HUDGs
also translate to HRGs. We use this to show that the randomization inherent to
HRGs is actually not needed in order to solve VERTEX COVER in polynomial time.
For this, we take a detour to a different related problem. An independent set is
a set of pairwise non-adjacent vertices and the independent set problem asks to
find a maximum size independent set in a given graph, or whether there exists an
independent set of a given size. Note that the complement of an independent set is a
vertex cover and vice versa, so a graph with n vertices contains a vertex cover of size
k if and only if it has an independent set of size n — k. This means that a polynomial
time algorithm for one of these problem directly translates into a polynomial time
algorithm for the other one. We show that on HUDGs the independent set problem
can be solved as follows.

> Theorem 4.1. Let G be a hyperbolic uniform disk graph with radius r and let

k > 0. Then we can decide if there is an independent set of size k in G in nO(H% log k)

time. <

Observe that this running time is polynomial for r € Q(logn) (or in fact r €
Q(log k)), which includes the regime of hyperbolic random graphs. Due to the
connection between VERTEX COVER and INDEPENDENT SET the above algorithm for
HUDGs can be seen as a deterministic generalization of the average-case result for
VERTEX CoVER on HRGs. This showcases the use of deterministic assumptions as
an alternative to probabilistic network models.

The key insight behind the algorithm is that the disk center representing vertices
of an independent set have pairwise distance more than 2r. We then consider these
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(a) Small r enable large grids.  (b) Only small stars possible (c) Large r enable large stars.
for small r.

Figure 4.1: The structure of hyperbolic uniform disk graphs depends on the radius: large
grids are only possible for small radii, while large radii enable hierarchical structures such
as large stars.

centers as sites of a Voronoi diagram and find that when viewing the Voronoi dia-
gram as a plane graph, the minimum pairwise distance implies low outerplanarity,
especially for larger radii. This allows us to implicitly compute the maximum inde-
pendent set using a dynamic programming approach. Roughly speaking, we show
that any independent set can be hierarchically decomposed into simple polygons
and that these polygons can be enumerated and combined in order to find the
maximum independent set. Note that this also means that our algorithm requires a
geometric representation of the HUDG. This is different to the algorithm for the
average-case setting on HRGs, which is oblivious to the geometry and only needs
a combinatorial representation of the graph.

In addition to the connection to hyperbolic random graphs, HUDGs are also
interesting from the perspective of computational geometry and the study of ge-
ometric intersection graphs. HUDGs can be seen as a hyperbolic equivalent of
(Euclidean) unit-disk graphs (UDGs), i.e., intersection graphs of unit-disks in the Eu-
clidean plane. In fact, every unit-disk graph is also a hyperbolic uniform disk graph,
as shown by Blasius, Friedrich, Katzmann, and Stephan [Bla+23b]. Additionally,
every HUDG is also a (Euclidean) disk graph, an intersection graph of arbitrarily
individually sized disks. One major difference to UDGs or other intersection graphs
of uniformly Euclidean sized disks is that with the radius HUDGs have a parameter
strongly influencing the resulting graph structure, see also Figure 4.1. For instance,
every Cartesian grid can be represented as a HUDG with radius r = n™3, while for
r =logn no grid with side-length at least 5 can be represented as a HUDG [Bla+24,
Theorem 7]. Roughly speaking larger — or rather more quickly growing — radii
allow for more hierarchical structures, while smaller radii behave more Euclidean
and grid-like.

Section 4.1
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As a graph class, HUDGs were originally introduced by Blasius, Friedrich, Katz-
mann, and Stephan [Bld+23b] as hyperbolic unit disk graphs. Beyond proving that
Euclidean unit disk graphs are also HUDGs, they further define strongly hyperbolic
unit disk graphs as HUDGs with a maximum distance of 2r between vertices. In the
sparse setting, this results in graphs very similar to HUDGs with radius in ©(log n).
One interesting application demonstrated in [Bl4+23b] is that these graphs enable
low-stretch greedy routing. A second previously studied graph class related to
HUDGsS are hyperbolic uniform ball graphs, a d-dimensional variant of HUDGs with
constant radius. They were introduced in a paper by Kisfaludi-Bak [Kis20], which
also contains a separator theorem with far-reaching algorithmic applications, as
well as a framework for lower bounds. Here, it should be noted that the restriction
to constant radii is substantial, as the structure of HUDGs changes qualitatively
when allowing r to grow with the size of the network [Bla+26]. Prior to our joint
work in [Bla+25], however, the dependence of structural and algorithmic properties
of HUDGS on the radius r had not been systematically studied.

The remainder of this chapter is organized as follows. In Section 4.2 we introduce
the necessary background on hyperbolic geometry and Voronoi diagrams. In
Section 4.3, we state and discuss the outerplanarity result for hyperbolic Delaunay
complexes from [Bla+25], which underlies our algorithm. We then present the
exact algorithm for INDEPENDENT SET in Section 4.4. Finally, Section 4.5 discusses
further results and open questions.

4.2 Preliminaries

In this section we give a basic introduction to hyperbolic geometry and introduce
fundamental definitions needed for our algorithm and the underlying structural
results.

Hyperbolic geometry. Coming from an axiomatic as well as a historical angle,
hyperbolic geometry is one of several geometries that arise from modifying or
removing axioms of Euclidean geometry, in this case Euclid’s fifth postulate, the
parallel postulate. Specifically, one defining difference between Euclidean geometry
and hyperbolic geometry is that for a straight line £ and a point P not on ¢ there
are infinitely many straight lines that go through P but do not intersect £. We refer
to the book by Ramsay and Richtmyer [RR95] for a more thorough introduction
covering the axiomatic angle as well as other natural angles, such as Gaussian
curvature, from which the topic can be approached.

For our purposes, it suffices to present the Poincaré disk as a model for hyperbolic
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geometry. Here, the entire hyperbolic plane H? is mapped into the interior of a
Euclidean unit disk, see also Figure 4.2. Without going into the exact details of this
mapping, we want to highlight two main properties.

The first one is that the Poincaré disk model is conformal, i.e., angle preserving,
and consequently, hyperbolic circles are represented as Euclidean circles. However,
due to the natural distortion, the center of the hyperbolic circle is further from
the origin than the Euclidean center of its representation; see Figure 4.2. For some
intuition, think of the center of the Poincaré disk as the origin of the hyperbolic
plane. Then, the model depicts the hyperbolic plane with a distortion that gets
stronger as one goes further from the origin and approaches the boundary of
the Poincaré disk. Note that the boundary of the Poincaré disk is not part of the
hyperbolic plane but instead represents so called ideal points at infinite distance
from the origin. Note also how the distortion of the Poincaré disk illustrates the
claim about the radius dependent structure of HUDGs, as depicted in Figure 4.1. To
aid the intuitive understanding of the distortion depicted in the Poincaré disk, it is
further helpful to know that the area and circumference of a radius r circle grow as
O(e") for large r, while being ©(r?) and ©(r), respectively, for small r.

The second core property of the Poincaré disk is that straight lines in H? are
represented as either circular arcs that intersect the Poincaré disk at a right angle
or as chords of the Poincaré disk that go through its center; see Figure 4.2. One
consequence of this is that the sum of inner angles of triangles is strictly smaller
than 7. Additionally, this allows us to confirm the (negated) parallel postulate.
For one straight line ¢ and a point p not on ¢ there are infinitely many other
straight lines through p that do not intersect ¢. In Figure 4.2 (b), we depict ¢ and p
together with the two limiting parallels that do not intersect ¢ itself, but each share
one ideal point with ¢. The angle between these two straight lines and the line
segment pq with g € ¢ such that it intersects ¢ perpendicularly, is called the angle
of parallelism and only depends on the distance between p and g. Importantly, it
shrinks exponentially in |pq|.

Planarity, embeddings and polygons. A drawing I" of a graph G maps its
vertices to different points in R? and its edges to curves between its endpoints, i.e.,
I'(v) € R? and I'({u,v}) is a curve from I"(u) to I'(v). We sometimes also identify
a vertex with its position, i.e., v is used to refer to the vertex as well as to the point
I'(v). A drawing is planar if no two edges intersect except at a common endpoint
and the graph G is planar if it has a planar drawing. Two planar drawings I3 and
I; are combinatorially equivalent if there is a homeomorphism of the plane onto
itself that maps I to I;. The equivalence classes with respect to this equivalence

Section 4.2
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: - FEN (7
(a) Poincaré disk. (b) Angle of parallelism. (c) Generalized polygons.

Figure 4.2: Part (a) shows a visualization of the Poincaré disk including (parallel) straight
lines, a triangle, and three circles of equal radius with their centers. Part (b) depicts the two
limiting parallels of a straight line ¢ through a point p ¢ ¢, showing additionally the point
q where the gray line segment through p intersects ¢ perpendicularly and highlighting the
angle of parallelism in blue. Part (c) three generalized polygons including one consisting of
only two vertices.

relation are called (planar) embeddings and the drawings within such a class are
said to realize the embedding. A planar graph together with a fixed embedding is
also called a plane graph.

Consider a graph G with a planar drawing I". Removing all edges (i.e., their
drawing) from R? potentially disconnects R? into several connected components,
which are called faces. Exactly one of these faces is unbounded. It is called the outer
face; all other faces are inner faces. The boundary of each face is a cyclic sequence
of vertices and edges. For different drawings realizing the same embedding, these
sequences are the same. Thus, to talk about faces and their boundaries, we do not
require a drawing but only an embedding. Vertices and edges on this boundary
are incident to the face. If a vertex appears multiple times on the boundary, it has
multiple incidences to the face. An edge can also have two incidences to the same
face, which is the case if and only if it is a bridge, i.e., removing it increases the
number of connected components of the graph. In a plane graph, a vertex incident
to the outer face is called outer vertex; other vertices are inner vertices. A plane graph
is called outerplanar or 1-outerplanar if all of its vertices are on the unbounded face.
A plane graph is called k-outerplanar if deleting the vertices of the unbounded face
(and all edges incident to them) yields a (k — 1)-outerplanar graph.

Given a plane graph G, the dual G* has one vertex for each face of G. For every
edge e in G, the dual G* contains the dual edge e* that connects the two faces
incident to e (which results in a loop, if e is a bridge). The dual G* is itself a
plane graph and its dual is G** = G. The weak dual of G is G* without the vertex
representing the outer face of G.
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(a) Voronoi Diagram (gray). (b) Delaunay Complex (black).  (c) Combined drawing.

Figure 4.3: A set of sites S C H? in the Poincaré disk model, together with their Voronoi
diagram V(S) (gray), with Voronoi vertices drawn as filled squares and ideal Voronoi
vertices as empty squares, the Delaunay complex D(S) (black), and a combined drawing
where each edge of D(S) intersects only its dual edge in V(S).

A polygon is a cycle together with a planar drawing in which all edges are drawn
as line segments. Note that this enables the use of graph notation, e.g., using V(P)
to refer to the vertices of polygon P.

Specifically on the Poincaré disk we also allow polygons containing points on
the boundary of the Poincaré disk, i.e., ideal points. An ideal arc between two ideal
points q; and g is the set of ideal points between g; and g, when moving clockwise
on the boundary of the Poincaré disk. A generalized polygon is a cycle together

with a planar drawing that maps each vertex to a point in H? or to an ideal point.

Each edge is either a line segments between points, a ray from a point to an ideal

point, a line between two ideal points, or an ideal arc between two ideal points.

Note that the vertices do not completely determine the generalized polygon, as
two ideal points can be connected via a line or an ideal arc. Moreover, a two vertex
cycle can yield a generalized polygon by mapping both vertices to ideal points and
one edge to the line and the other to the ideal arc between the two. Figure 4.2 (c)
shows generalized polygons with their interior shaded in blue.

Delaunay complexes and Voronoi diagrams. Let S be a set of sites, i.e., a
set of designated points in H2. The Voronoi cell of a site s € S is the set of points that
are closer to s than to any other site. When considered in the Poincaré disk, the
boundary of each Voronoi cell is a generalized polygon.” The non-ideal segments
are part of the perpendicular bisector of two sites and are called Voronoi edges;
they are illustrated in gray in Figures 4.3 (a) and 4.3 (c). The points in which

7 We note that Voronoi cells containing ideal points in their boundary are actually unbounded in
the hyperbolic plane.
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three or more Voronoi edges meet are called Voronoi vertices. The ideal points in
which unbounded Voronoi edges end are called ideal Voronoi vertices. We define
the Voronoi diagram V(S) of S as the following plane graph. Its vertex set is the
set of all (ideal) Voronoi vertices. The edge set of V(S) is comprised of the Voronoi
edges and the set of ideal arcs connecting consecutive ideal vertices (empty squares
in Figures 4.3 (a) and 4.3 (c)).

The weak dual of the Voronoi diagram is called Delaunay complex and denoted
by D(S); it is illustrated in black in Figures 4.3 (b) and 4.3 (c). The edges of D(S)
are exactly the edges dual to the Voronoi edges, i.e., the edges of V(S) that are not
ideal arcs. Thus, sites s; € S and s; € S are connected in D(S) if and only if their
Voronoi cells share a boundary. In contrast to the Euclidean case, the outer face of
D(S) is not the convex hull of S. In fact, its boundary is not necessarily a simple
cycle; see Figures 4.3 (b) and 4.3 (c). A site is an outer vertex of D(S) if and only if
the corresponding Voronoi cell is unbounded.

Let f. denote the outer face of the Delaunay complex D (S). For each incidence
of an edge e of D(S) to fu, the dual edge e* has one ideal vertex as endpoint. If
e is not a bridge, e* is a ray connecting a Voronoi vertex with an ideal Voronoi
vertex. If e is a bridge e* is a line connecting two ideal Voronoi vertices; one for
each incidence of e to f.

The Voronoi cells are convex, i.e., for any two points p, q in the cell or on its
boundary, the line segment pgq is fully contained in the cell. Thus, drawing each
edge {u,v} of the Delaunay complex D (S) by choosing an internal point p on the
Voronoi edge dual to {u,v} and then connecting u via p to v using the two line
segments up and pv yields a planar drawing of D(S); see Figure 4.3 (c). It has the
property that each edge of D(S) intersects its dual Voronoi edge in exactly one
point and it intersects no other Voronoi edges.

4.3 Outerplanarity of Delaunay Complex

In this section we discuss the following result about the outerplanarity of the
Delaunay complex of a set of well-separated sites, which is a key ingredient for our
independent set algorithm.

> Theorem 4.2 (Theorem 4 in [Bli+25]). Let S be a set of n sites (points) in H?
logn)
r

with pairwise distance at least 2r. Then the Delaunay complex D(S) is 1+ O
outerplanar. <

For r € ©(1) this gives O(log n)-outerplanarity, while r € Q(log n) even results
in O(1)-outerplanarity. Additionally, there is a constant ¢ such that any set of n
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(a) Three enclosing cells. (b) Seven enclosing cells. (c) Unbounded Voronoi cells.

Figure 4.4: Voronoi diagrams of sites with increasing pairwise distance in the Poincaré
disk model. Part (a) shows a bounded inner Voronoi cell surrounded by three cells. Part (b)
shows that with increased pairwise distances more sites are needed to surround the inner
cell. Part (c) shows that for sufficiently large pairwise distances no bounded Voronoi cells
exist. Additionally, part (c) illustrates the angle of parallelism argument: the blue ray from
p to the ideal point represents the limiting parallel through p with respect to the Voronoi
edge through g; see also Figure 4.2 (b).

sites with pairwise distance at least clogn is outerplanar. This is very different
to the Euclidean setting where a Delaunay-triangulation can have outerplanarity
Q(n) [Bla+25].

On plane graphs, the outerplanarity, its dual graph’s outerplanarity, and their
treewidth are within a constant multiplicative factor of each other [BMT03; Bod98].
Thus a bound of O(1 + k’#) also transfers to the outerplanarity (and treewidth) of
the Voronoi diagram.

For the proof of Theorem 4.2, see [Bld+24; Bla+25]. For a rough intuition recall
that a vertex of the Delaunay complex is on the outer face, if and only if the
corresponding Voronoi cell is unbounded. If the Voronoi sites have large pairwise
distance, then an inner cell in the Voronoi diagram needs to be surrounded by many
neighbors, see also Figure 4.4. If r is sufficiently large, the angle of parallelism can
be used to show that an unbounded Voronoi cell needs more than seven neighbors.
As planar graphs have an average degree of less than 6, it follows that a constant
fraction of the vertices of the Delaunay complex are outer cells. For small r this
argument does however not work. The proof in [Bld+24] instead considers layers
of cells in the Delaunay complex and shows that their area grows exponentially,
which implies that there cannot be too many layers.
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4.4 Exact Algorithm for Independent Set

In the following, we use the outerplanarity bound from Section 4.3 in order to
give an algorithm for the independent set problem. We assume that a hyperbolic
uniform disk graph G of radius r is given via its geometric realization. Let S be
an independent set of G. As there are no edges between vertices in S, they have
pairwise distance at least 2r. Thus, Theorem 4.2 gives us an upper bound on the
outerplanarity of the Delaunay complex D (S), which implies that D (S) has small
treewidth and thereby small balanced separators. In a nutshell, our algorithm first
lists all relevant separators of the Delaunay complexes of all possible independent
sets. We then use a dynamic program to combine these candidate separators into a
hierarchy of separators, maximizing the number of vertices of the corresponding
Delaunay complex and thereby the size of the independent set S.

A crucial tool for dealing with these separators are sphere cut decompositions.
They are closely related to tree decompositions but represent the separators as
closed curves called nooses. We introduce sphere cut decompositions in Section 4.4.1.
Afterwards, in Section 4.4.2 we define normalized geometric realizations of nooses
for sphere cut decompositions of Delaunay complexes. In Section 4.4.3, we prove
that there are not too many candidate nooses and that selecting a subset of can-
didate nooses that can be combined into a hierarchy of separators actually yields
an independent set. Finally, in Section 4.4.4, we describe the dynamic program
for computing the independent set, which follows almost immediately from the
previous sections.

4.4.1 Sphere Cut Decompositions

A branch decomposition [RS91] of a graph G is an unrooted binary tree T, i.e., each
non-leaf node has degree exactly 3, and there is a bijection between the leaves of T
and the edges of G. Observe that removing an edge er € E(T) separates T into two
subtrees and thereby separates its leaves and thus the edges of G in two subsets.
Let E; € E(G) and E, C E(G) be these two edge sets and let G[E;]| and G[E;] be
their induced subgraphs. The vertices shared by G[E;] and G[E;], i.e., vertices that
appear in edges of E; and of Ej, are called the middle set of er. The width of the
branch decomposition T is the size of the largest middle set over all edges of T.
The branch-width of G is the minimum width of all branch decompositions of G.
Robertson and Seymour [RS91] showed that the branch-width of a graph is within
a constant factor of its treewidth.

If G is a plane graph, results by Seymour and Thomas [ST94] imply that we
can wish for some additional structure without increasing the width of the branch
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Figure 4.5: A branch decomposition T of a graph G with a highlighted edge er of T and
the corresponding noose in G, that separates the two parts of E(G).

decomposition [Dor+10; MP22]. Specifically, a sphere cut decomposition of a plane
graph G is a branch decomposition T such that every tree edge er € E(T) is
associated with a so-called noose. The noose O of er is a simple closed curve that
intersects the vertices of G exactly in the middle set of e; and separates G[E]
from G[E;]; see also Figure 4.5. Moreover, removing the vertices of the middle set
from O separates O into noose segments such that each segment lies entirely in the
interior of a face of G and every face contains at most one noose segment, except if
E; or E, contains just a bridge of G. In the latter case, the noose consists of two
noose segments through the face incident to the bridge. It should be mentioned
that this differs from the original definition by Dorn, Penninkx, Bodlaender and
Fomin [Dor+10]. Here, a noose may intersect any face at most once and thus the
graph cannot have bridges, as discussed by Marx and Pilipczuk [MP22]. With our
relaxed definition of nooses however, we get the following theorem.

> Theorem 4.3 ([Dor+10; MP22]). Let G be a plane graph with branch-width b.
Then G has a sphere cut decomposition, where every noose intersects at most b
vertices of G. <

In the following, we assume sphere cut decompositions to be rooted at a leaf
node. Let ey € E(T) be a tree edge between ur € V(T) and vt € V(T) such that ur
is the parent of vr. Moreover, let G[E;]| and G[E;] be the two subgraphs defined by
er and assume that E; corresponds to the leaves that are descendants of the child vt
in T. Then, we call the side of the noose O of er that contains G[E;] its interior and
the side containing G[E,] its exterior. We note that, if the root of T is appropriately
chosen, this corresponds to the typical definition of interior and exterior of closed
curves in the plane. In the following, when specifying a noose (or a closed curve
that could be a noose), its interior and exterior is implicitly given by assuming a
clockwise orientation, i.e., we assume that the interior of a noose lies to its right
when traversing it in the given orientation.
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Figure 4.6: Part (a) visualizes the choice of the ideal point p, for a Voronoi ray, as needed
for the normalization of the green noose. Part (b) shows the normalized version of the
noose from part (b) alongside two other normalized nooses, each separating a single edge
of D(S). Observe that the depicted normalized nooses include zero, one, or two ideal arcs,
respectively. Part (c) shows a parent noose (blue) and its child nooses, with interiors colored
green and orange.

We note that rooting the sphere cut decomposition also defines a child-parent
relation on the nooses. Consider a non-leaf node vy € V(7). It has an edge ep to
the parent, and two edges e; and eg to the left and right child corresponding to the
nooses Op, O, and Og, respectively. We say that Op is the parent noose of the child
nooses O and Og. Note that the subgraph in the interior of Op is the union of the
subgraphs in the interior of Op and Og.

4.4.2 Geometric Nooses of Delaunay Complexes

In this section, we are interested in the sphere cut decomposition of the Delaunay
complex D(S) of a set of sites S. When working with a sphere cut decomposition,
the exact geometry of the nooses is often not relevant, i.e., it is sufficient to know
that there exists a closed curve with the desired topological properties. In our
case, however, the geometry is actually important. Our goal here is the following.
Given a noose O of a sphere cut decomposition of D(S), we define a normalized
geometric realization of O, i.e., a fixed closed curve satisfying the noose require-
ments. Afterwards, we will observe that this normalized realization has some nice
properties.

Our normalized nooses will be generalized polygons (recall the definition in
Section 5.2). We note that generalized polygons are technically not closed curves in
the hyperbolic plane. However, they are closed curves in the Poincaré disk when
perceived as a disk of the Euclidean plane. Thus, generalized polygons are suited
to represent nooses.
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To define the normalized nooses, let O be a noose and consider an individual
noose segment of O that goes from u to v (which are vertices of D(S)) through the
face f of D(S). If f is an inner face, then f corresponds to a vertex of the Voronoi
diagram V(S). Let ps be the position of this vertex. Then, the normalized noose
segment from u to v through f, consists of the two straight line segments from u to
pr and from py tov.

If f = fo is the outer face, u and v can have multiple incidences to f (in fact
u and v could be the same vertex). To make the situation more precise, assume
that we traverse the boundary of f, such that f, lies to the left and let e, be the
edge incident to f., that precedes the incidence of u where the noose enters f.; see
Figure 4.6 (a). Recall that the dual Voronoi edge e} is unbounded and ends in some
ideal point p,. Let e, and p, be defined analogously for v. Then, for the normalized
noose segment from u to v in f., we use the ray between u and p,, the ideal arc
from p, to p,, and the ray between p, and v.

Observe that combining the geometric noose segments as defined above yields a
generalized polygon for each noose; see Figure 4.6 (b). Also, note that this definition
also works in the special case where the noose goes only through one vertex with
two incidences to the outer face, in which case the noose consists of just two rays
and an ideal arc.

It is easy to observe that the above construction in fact yields geometric real-
izations of the nooses, i.e., the resulting curves have the desired combinatorial
properties in regards to which elements of D (S) lie inside, outside, or on a noose.
We call a sphere cut decomposition of D(S), with such normalized nooses a nor-
malized sphere cut decomposition. In the following, we summarize properties of
these nooses that we need in later arguments. The first lemma follows immediately
from the construction above.

> Lemma 4.4. Let S be a set of sites with Delaunay complex 9 (S) and Voronoi
diagram V(S). Let O be a noose of a normalized sphere cut decomposition of D(S).
Then O is a generalized polygon and each vertex of O is either a site, a vertex of
V(S), or an ideal vertex of V(S). Between any two subsequent sites visited by O,
there is either exactly one vertex of V(S) or two ideal vertices of V(S) in V(O).
In the latter case, the ideal vertices are connected via an ideal arc. <

The previous lemma summarizes the core properties of individual nooses. Next,
we describe additional properties of how nooses interact in their parent-child
relationships. See also Figure 4.6 (c).

> Lemma 4.5. Let S be a set of sites with Delaunay complex D(S). Let Op, Oy,
and Og be three nooses of a normalized sphere cut decomposition of O such that
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Op is the parent noose of O; and Og. Then Oy, Og and Op intersect in exactly two
points py, p2 and Op \ {p1, p2} is the symmetric difference of Oy and Og. Further,
the interiors of Or and Og are subsets of the interior of Op. <

Proof. Recall that a noose is a simple closed curve intersecting G precisely at its
associated vertex separator. It can be viewed as a sequence of segments, each
traversing a face by connecting two incident vertices. For the proof of the lemma,
we first take a step back from geometric perspective and define the combinatorial
representation of a noose as the (multi-)set of its vertex—face incidences. Note that
the combinatorial representation of noose O is already uniquely determined by its
interior and exterior edges.

We show that the combinatorial representation of Op is the symmetric difference
of the combinatorial representations of Or, and Og. For this, we partition the edges
of G into edges E; in the interior of Oy, Eg in the interior of O and E¢y in the
exterior of Op. Then the edges in the interior of Op are E; U Ez. We consider a
vertex—face incidence i = (v, f) of one of the child nooses, without loss of generality
Or. As Oy, separates E; from Eg U Ecy, next to i on the boundary of f there is an
edge e; € Er and an edge e; € Eg U E. If e; € Ep, then Og also enters f viav and
also contains the vertex—face incidence i, while Op does not contain i. If otherwise
e € Eex, then Op also visits f through the same vertex incidence, while Og does
not. All other cases are analogous and in particular any vertex—face incidence
of the parent noose occurs in exactly one of the child nooses. It follows that the
vertex—face incidences of Op are the symmetric difference of those of Or and Og.

The normalized geometric realization of a noose contains a line segment or ray
for every vertex—face incidence. This line segment or ray is uniquely determined
by the incidence’s vertex and face according to the construction of normalized
nooses. As Op, Oy, and Og are nooses of a normalized sphere cut decomposition,
it follows that E(Op) is the symmetric difference of E(Or) and E(Og).® Thus, Op
is the symmetric difference of Or and Og, except for exactly two points that are
visited by all three normalized nooses. These correspond either to a vertex of D(S)
at which all three nooses meet or to an (ideal) Voronoi vertex located in a face of
D(S) that is visited by all three nooses. As the nooses are simple closed curves, it
directly follows that the interiors of Op and Og are subsets of the interior of Op. m

Finally, our last lemma states that a normalized noose does not get too close to
sites not visited by that noose.

8 Recall that Op is a generalized polygon and thus E(Op) refers to the edges of a plane graph.
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> Lemma 4.6. Let S be a set of sites with pairwise distance at least 2r, let D(S) be
its Delaunay complex, and let O be a noose of a normalized sphere cut decomposition
of D(S). Then O has distance at least r from any site not visited by O. <

Proof. Let s1, s, € S be two consecutive sites visited by O and let O’ be the segment
of O between s; and s;. We first argue that O’ does not go through the interior of
any Voronoi cell of a site other than s; or s,. As O is a noose, O’ stays inside one
face f of D(S) with s; and s, on its boundary. If f is an inner face, then due to
Lemma 4.4, O’ is comprised of the two line segments from s; to the Voronoi vertex
corresponding to f and from there to s;. As Voronoi cells are convex, O’ does not
enter any other Voronoi cell. Similarly, if f is the outer face, then the line segment
of s; for i € {1,2} to an ideal vertex g; of V(S) on the boundary of the Voronoi cell
of s; does not leave the cell of s;. Also, the ideal arc between ¢; and ¢, does not
enter the interior of any Voronoi cell.

As this holds for any two consecutive sites visited by O, it follows that O goes
only through Voronoi cells of sites it visits. Let s € S be a site not visited by O.
As all other sites have pairwise distance at least 2r to s, the open disk of radius r
around s lies inside the Voronoi cell of s. As the noose does not enter the Voronoi
cell of s, it does not enter this open disk and thus has distance at least r froms. =

4.4.3 Candidate Nooses and Polygon Hierarchies

In this section, we come back to the initial problem of computing an independent set
of a hyperbolic uniform disk graph G. From the previous section, we know that any
independent set S C V(G) of G has a Delaunay complex D(S) with a sphere cut
decomposition in which all nooses satisfy the properties stated in Lemmas 4.4-4.6.
In the following, we show that these properties are also sufficient in the sense that a
collection of nooses satisfying them corresponds to an independent set of G. Thus,
instead of looking for an independent set itself, we can search for a hierarchy of
nooses that satisfy these properties.

To make this precise, we call a generalized polygon O a k-candidate noose for
G if there exists an independent set S of size |S| < k of G and a minimum width
normalized sphere cut decomposition of its Delaunay complex D (S) that has O as
a noose. The following lemma states that there are not too many candidate nooses
and that we can compute them efficiently. It in particular implies that even though
there may be exponentially many independent sets in G, the normalized sphere cut
decompositions of their Delaunay complexes contain substantially fewer different
nooses.
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>Lemma4.7. Let G be a hyperbolic uniform disk graph with radius r, let k < nand

logk
let C be the set of all k-candidate nooses for G. Then |C| € nO(+=55), Moreover, a
log k
set of generalized polygons that contains C can be computed in nO0+=5) time. <

Proof. Let S be aindependent set of G with |S| < k. As the vertices of S have pairwise

distance at least r, the Delaunay complex D(S) of Sis 1 + O(lofk)—outerplanar
by Theorem 4.2. The outerplanarity of a graph gives a linear upper bound on its

treewidth [Bod98, Theorem 83] and thus also its branchwidth [RS91, (5.1)]. Thus,
D(S) has branchwidth w € O(l + lofk), i.e., each noose of any minimum width
sphere cut decomposition of D(S) visits at most w sites. As candidate nooses are
required to be nooses in minimum width branch decompositions, each candidate
noose visits at most w vertices. Each visited vertex is one of n vertices of G and
thus there are at most n* different sequences in which a candidate noose can visit

at most w vertices of G.

For a fixed sequence of visited vertices, there is the additional choice of how the
candidate noose gets from one vertex to the next. Let u and v be two vertices that
are consecutive in this sequence of vertices. As candidate nooses have to be nooses
of normalized sphere cut decompositions, we can use that any such normalized
noose satisfies Lemma 4.4, i.e., the normalized noose is a generalized polygon and
between u and v there is either one Voronoi vertex of V(S) or two ideal Voronoi
vertices of V(S) with an ideal arc between them. Although we do not know S,
there are not too many choices for (ideal) Voronoi vertices. Each Voronoi vertex
of V(S) is the unique point that has equal distance from three vertices in S and is
thus determined by choosing three vertices of G. This mean that, although there
may be many independent sets S, there are only O(n®) positions where Voronoi
vertices of V(S) can be. Similarly, each ideal Voronoi vertex is the ideal endpoint
of a perpendicular bisector between two vertices of G. Thus, there are only O(n*)
ways to choose two ideal Voronoi vertices. As the noose visits at most w vertices,
there are up to w pairs of consecutive vertices u and v and for each we can choose
one of the n°)) ways to connect them, amounting to n°®) options in total.

To summarize, there are n* sequences of vertices of G that can be visited by
a candidate noose. For each of these sequences, there are n°®) ways of how a
candidate noose can connect these vertices. This gives the upper bound of n°®) for
the number of different nooses. Asw € O(1 + lofk
on |C|.

Observe that the above estimate is constructive, i.e., we can efficiently enumerate
all possible options and filter out sequences of points that do not give a generalized
polygon (e.g., as it would be self-intersecting). Note that not all options actually

), this gives the desired bound
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yield valid candidate nooses. However, we clearly get a superset of C in the desired
time. |

Next, we go from considering individual candidate nooses to how candidate
nooses can be combined into a sphere cut decomposition. To this end, let G be
a hyperbolic uniform disk graph with radius r. We define a polygon hierarchy
as a rooted full binary tree of generalized polygons that visit vertices of G (but
can also contain other (ideal) points). Each polygon in the hierarchy is either a
leaf or has two child polygons. Let Op be a parent polygon with children Oy and
Or and let S(Op, O1,Or) S V(G) be the set of vertices of G visited by at least
one of these generalized polygons. We say that this child—parent relation is valid
if Or, Og and Op meet in exactly two points pq, p2 such that Op \ {p1, p2} is the
symmetric difference of O; and Og and the interiors® of O; and Og are subsets of
the interior of Op. Moreover, the child—parent relation is well-spaced if the vertices
in S(Op, Or, Ogr) have pairwise distance at least 2r and, for each i € {P, L, R}, the
generalized polygon O; has distance at least r to each vertex of S(Op, Or, Og) that
is not visited by O;. We call the whole polygon hierarchy valid and well-spaced if
each child-parent relation is valid and well-spaced, respectively.

Now consider any independent set S of G with Delaunay complex D(S). Each
noose of a minimum width normalized sphere cut decomposition of D(S) is a gen-
eralized polygon and the nooses of such a sphere cut decomposition form a polygon
hierarchy. Observe that the above definition of being valid is directly derived from
the properties stated in Lemma 4.5 and thus this hierarchy is valid. Moreover,
due to Lemma 4.6, it is also well-spaced. Note that the statement of Lemma 4.6
is actually stronger, as it guarantees the distance requirements globally and not
only locally for every child-parent relation. Thus, the sphere cut decomposition
of D(S) yields a valid and well-spaced polygon hierarchy, leading directly to the
following corollary.

> Corollary 4.8. Let G be a hyperbolic uniform disk graph with radius r and
let S be an independent set of G. Then the nooses of a normalized sphere cut
decomposition of D(S) form a valid and well-spaced polygon hierarchy of G whose
generalized polygons visit all vertices of S. <

Next, we show the converse, i.e., that the vertices visited by generalized polygons
of a valid and well-spaced hierarchy form an independent set. Together with the
corollary, this shows that finding a size k independent set of G is equivalent to
finding a valid and well-spaced polygon hierarchy whose generalized polygons
visit k vertices.

9 As before, we assume that the region to the right of a closed curve is its interior.
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Figure 4.7: Visualization for the case distinction in the proof of Lemma 4.9: either (a) both
points are in S(Op) or v is visited by either (b) Og or (c) a descendant of Og. The dotted
gray line represents a distance of at least 2r, the dashed lines distances of at least r.

> Lemma 4.9. Let G be a hyperbolic uniform disk graph with radius r. The vertices
visited by generalized polygons of a valid and well-spaced polygon hierarchy form
an independent set of G. <

Proof. Consider a valid and well-spaced polygon hierarchy. Let O be a generalized
polygon in this hierarchy and let S(O) be the set of vertices of G that are visited by
O or by descendants of O. We prove the following claim by induction.

> Claim 4.10. The vertices in S(O) have pairwise distance 2r and each vertex in
So not visited by O lies in the interior of O and has distance at least r from O. <«

Note that the first part of the claim that the vertices in S(O) have pairwise
distance 2r already implies the lemma statement when choosing O to be the root
of the hierarchy. The second part of the claim is only there to enable the induction
over the tree structure. For the base case, O is a leaf and S(O) is exactly the set of
vertices visited by O. Moreover, as the hierarchy is well-spaced, all vertices visited
by O have pairwise distance 2r. Hence, the claim holds for leaves.

For the general case, let Op be a parent polygon with two children O, and Og.
To first get the simpler second part of the claim out of the way, letv € S(Op) be a
vertex not visited by Op. As the child—parent relation is valid, v is either visited by
Or and Og or by a descendant of one of the two. If v is visited by Oy and Oy, it lies
in the interior of Op and has distance at least r to Op as the child—parent relation
is well-spaced. Otherwise, if v is visited by neither O; nor Og but, without loss of
generality, by a descendant of Or. Then by induction, it lies in the interior of Or
and has distance at least r to Oy. As the interior of Oy is a subset of the interior of
Op, the same holds for Op.

It remains to show the first part of the claim, i.e., that any two vertices u,v € S(Op)
have distance at least 2r. If u and v are both visited by one of the polygons O; for
i € {P,L, R}, then this follows directly from the fact that the child—-parent relation
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is well-spaced. Otherwise, assume without loss of generality that u is not visited
by one of these three polygons, but is instead visited by a descendant of O;. We
distinguish the following three cases of where v lies; see also Figure 4.7. The first
case is that v is visited by Oy or a descendant of O;. The second case is that it is
not visited by O, but by Og and the third case is that it is visited by neither Oy nor
Or but by a descendant of Og. Clearly, this covers all possibilities.

In the first case, v is also visited by Or, or one if its descendants. Thus u,v € S(Or)
and they have pairwise distance at least 2r by induction. In the second case, v lies
on Og but not on Oy, and thus in the exterior of O;. As the hierarchy is well-spaced,
v has distance at least r from Or. Moreover, by induction, u lies in the interior of Or,
and has distance at least r from O;. Thus, u and v have distance at least 2r. For the
third and final case, v lies in the interior of Or and has distance at least r from Op
by induction. As the interiors of Oy and Og are disjoint, the line segment between u
and v has to cover the distance of at least r from u to Oy, and the distance of at least
r from Og to v. Thus, also in this final case, u and v have distance at least 2r. ]

4.4.4 Solving Independent Set

Lemma 4.9 tells us that for any hyperbolic uniform disk graph G, any valid and well-
spaced polygon hierarchy yields an independent set. Moreover, by Corollary 4.8,
we can obtain any independent set of G from such a hierarchy. Thus, finding an
independent set of size k is equivalent to finding a valid and well-spaced polygon
hierarchy that visit k vertices of G. This can be done using a straightforward
dynamic program on the set of all k-candidate nooses or, to be exact, on the not
too large superset due to Lemma 4.7.

The dynamic program processes all k-candidate nooses in an order such that
a noose O is processed after a noose O’ if the interior of O’ is a subset of the
interior of O. When processing a noose O, we compute a valid and well-spaced
polygon hierarchy with root O such that the number of vertices visited by nooses
in the hierarchy is maximized. We call this the partial solution for O. Note that
the maximum over the partial solutions of all nooses clearly yields a independent
set with at least k vertices if such an independent set exists. Also observe that
when processing O, we have already computed the partial solutions of all possible
child nooses of O as we are only interested in valid hierarchies. Thus, to compute
the partial solution for O, it suffices to consider all pairs of previously processed
candidate nooses as potential children of O. For two such child candidates Oy,
and Og, we only need to check whether a child—parent relation with O would be
valid and well-spaced, which can be easily checked by only considering O and
Ogr. Moreover, if this combination is valid, the number of vertices visited by the
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resulting hierarchy with O as root is the sum of the partial solutions for Or and Og
minus the vertices visited by Or and Og. Finally, note that the start of the dynamic
program is also easy, as each individual candidate noose by itself is a valid and
well-spaced polygon hierarchy (if all its visited vertices are sufficiently far apart).
This concludes the description of the dynamic program. Note that the number
of partial solutions and thus the running time increase excessively if r is chosen
sufficiently small depending on n. In this case, the algorithm is dominated by an
algorithm for Euclidean intersection graphs. We obtain the following theorem.

> Theorem 4.1. Let G be a hyperbolic uniform disk graph with radius r and let
k > 0. Then we can decide if there is an independent set of size k in G in nO(H% log)

time. <

Proof. The running time follows via the dynamic program described above. Here,
log k

we first enumerate all k-candidate nooses in n®*=7-) time (Lemma 4.7). Then, we
determine partial solutions in the form of a polygon hierarchy for each k-candidate
noose, by considering the partial solutions of all pairs of smaller polygons. In total,
this means that the dynamic program can be evaluated in time cubic in the number
of k-candidate nooses to find a valid and well-spaced polygon hierarchy maximizing
log k

the number of visited vertices in n°(+77") time. As the vertices visited by such a
hierarchy form an independent set by Lemma 4.9 and the enumerated nooses admit
a hierarchy corresponding to a size k independent set in G by Corollary 4.8 if such

an independent set exists, this concludes the proof. [

Thus we in particular get a polynomial time algorithm for r € Q(logn), con-
firming that the previously achieved polynomial average-case running time on
hyperbolic random graphs can even be achieved in the worst-case setting without
randomization. For r € ©(1) the running time evaluates to n°1°8%) which is tight
under the exponential time hypothesis (ETH) as shown by a conditional lower
bound of n®1°8™ [Kis20]. Further, for the Euclidean-like setting of r € ©(1/+/n)
we get a running time of nO(Vnlogk) \which is somewhat close to the ETH-tight
running time of 20" on Euclidean unit disk graphs [Ber+20]. Only for even
smaller radii, the running time deteriorates increasingly. However, as every HUDG
is also a Euclidean disk graph, one can instead switch to Euclidean algorithms,
which improves the running time as follows.

> Corollary 4.11. Let G be a hyperbolic uniform disk graph with radius r and
let k > 0. Then we can decide if there is an independent set of size k in G in
min{no(“%logk), 20(Vn), no(\@} time. <
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Proof. Recall that the uniformly sized hyperbolic disks representing the vertices of
G are represented as (differently sized) Euclidean disks in the Poincaré disk. This
means that the problem can also be solved with algorithms for (Euclidean) disk
graphs, such as the ones described by De Berg, Bodlaender, Kisfaludi-Bak, Marx,
and Van der Zanden [Ber+20, Corollary 2.4] and Marx and Pilipczuk [MP22]. These

run in 2009 time or nO(V®) time, respectively, which concludes the proof. ]

We note that the idea of considering the Voronoi diagram of a solution has already
been used by Har-Peled [Har14] and by Marx and Pilipczuk [MP22]. The latter in
particular also consider the sphere cut decomposition of such a Voronoi diagram
and exploit the fact that as a planar graph with k vertices the Voronoi diagram has
balanced separators of size Vk. Then, even though these separators are unknown,
a superset can be enumerated efficiently, which allows for a divide-and-conquer
approach with running time n°Vo | In our setting, such a divide-and-conquer
approach does not give a polynomial running time, as recurring on n® sub-problems
with ¢ € ©(1) gives a recurrence of the form T(n) = n® - T(n/2) which resolves to
T(n) € n®1°8"  This is the reason why we have to introduce the definitions for
candidate nooses and well-spaced and valid polygon hierarchies, as these allow us
to implicitly do dynamic programming on the unknown sphere cut decomposition
of low width.

4.5 Discussion and Outlook

In this chapter we introduced hyperbolic uniform disk graphs and leveraged proper-
ties of Voronoi diagrams in hyperbolic geometry in the development of an algorithm
for the independent set problem. This way, we used deterministic properties to
show that on hyperbolic random graphs the vertex cover can be solved in polyno-
mial time in the worst-case and not only in the average case, as was previously
known.

In the following we summarize further important results about HUDGs that were
presented in [Bla+25] and discuss open problems.

Separator theorem and algorithmic applications. The second main structural
result from [Bla+25], besides the outerplanarity bound discussed in Section 4.3,
concerns separators. Specifically, it shows that HUDGs contain balanced separators
that can be covered with a small number of cliques.

> Theorem 4.12 (Theorem 1 in [Bld+25]). Let G be a hyperbolic uniform disk
graph with radius r. Then G has a separator S that can be covered with O(logn -
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(1+ %)) cliques, such that all connected components of G — S have at most %n
vertices. The separator can be computed in O(nlog n) time. <

For r € Q(1), the separator can be covered by O(log n) cliques, while requiring a
number of cliques with linear dependence on 1/r for smaller radii. This generalizes
a previous separator theorem by Kisfaludi-Bak [Kis20], which cannot be applied to
HUDGs with non-constant radius. In the Euclidean-like setting of r = 1/+/n the
separator has O(+/n log n) cliques, thus almost matching the O(+/n) clique separator
for unit disk graphs proposed by De Berg, Bodlaender, Kisfaludi-Bak, Marx, and
Van der Zanden [Ber+20].

For the proof of Theorem 4.12, see [Bl4+24]. The rough idea is that the separator
consists of all vertices that are intersecting a carefully chosen line. We then divide
the region around this line that contains separator vertices into boxes that each
form a clique and bound the number of such boxes.

Note that each clique in the separator has at most n vertices, so a separator
consisting of k cliques has weight O(k log n) with the weight function from Chap-
ter 3. As the separator is %-balanced the theorem can be applied recursively to
obtain a tree decomposition with bags consisting of the union of O(logn) such
separators. This directly implies a clique-partitioned tree decomposition with
weight O(log” n(1 + 1/r)), which allows us to solve the independent set problem
in quasi-polynomial time for r € Q(1).

> Corollary 4.13. Let G be a hyperbolic uniform disk graph with radius r. Then a
maximum independent set of G can be computed in n®((1+1/7) log*n) time. <

Proof. Recall from Chapter 3 that by Lemma 3.3 a clique-partitioned tree decomposi-
tion with weight 7 allows to find a maximum independent set of G in O(27 - poly(n))

time. The claimed running time then follows as 20(log’ n(141/r)) = pO(log*(1+1/r))

For r € O(1) one can additionally consider regular hyperbolic tilings to show
that the clique-partitioned treewidth, or indeed also the $-flattened treewidth, is in
O((1 + 1/r) log® n) [Bli+25; Kis20]. We refer to [Bla+25, Corollary 3] and [Kis20]
for further algorithmic implications of such separators and clique-partitions for a
number of different problems.

Approximation algorithm. In [Bl4+25] we also present an approximation al-
gorithm for independent set. The algorithm is (1 — ¢)-approximate, i.e., it finds an
independent set with size at least (1 — ¢) times the size of a maximum independent
set. The algorithm is further parameterized by the ply ¢ of the intersection graph,
i.e., every point of H? is contained in at most ¢ disks.
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> Theorem 4.14 (See Theorem 6 in [Blia+25]). Let ¢ € (0,1) and let G be a
hyperbolic uniform disk graph of radius r and ply ¢. Then a (1 — ¢)-approximate
1log L
maximum independent set of G can be found in O(n*logn) + n - (f)O(H’ log )
time. <

Very roughly, the idea for this is similar to Lipton and Tarjan’s approach for
planar graphs [LT80]: partition the graph into small subgraphs, solve each subgraph
exactly (using Theorem 4.1), and ignore the vertices in the separators. For the
partition the algorithm uses a known separator [Ber+20]. The approximation
guarantee follows because on a HUDG of ply ¢, the maximum independent set has
size Q(n/f) and it can be ensured that the separator contains only O(en/?f) cliques,
each containing at most one vertex of a maximum independent set. Interestingly,
for ply ¢ = n and ¢ = 1/n the approximation algorithm recovers the asymptotic
running time of the exact algorithm.

Open problems. Several natural questions remain open. First, is there a poly-
nomial time algorithm for the independent set problem on HUDGs with radius
in Q(logn) that does not require a geometric representation of the graph? Such
an algorithm would fully generalize the known algorithm for hyperbolic random
graphs [Bla+23a]. This seems difficult, as our approach fundamentally relies on
enumerating candidate nooses, which are in terms of Voronoi vertices and perpen-
dicular bisectors and thus require the geometric representation.

Moreover, can the bound for the O((1 + 1/r) log? n) clique-partitioned treewidth
of HUDGs be generalized from the regime with (sub-)constant radius to larger radii?
The proof of Corollary 3 in [Bla+24] relies on properties of regular hyperbolic tilings
that break down for asymptotically growing radius. At least for hyperbolic random
graphs, such a bound should follow rather directly if recursive separators divide
their parent separator in a balanced way with respect to the number of cliques.
Alternatively, is there an infinite family of HUDGs with radius ©(log n) and clique-
partitioned treewidth in w(log? n)?

Finally, it would be interesting to consider other problems besides independent
set on HUDGs, especially for larger radii. Kisfaludi-Bak studied for instance Dom1-
NATING SET, FEEDBACK VERTEX SET, VERTEX COVER, connected variants of these
problems and more problems on HUDGs with constant radius. Can these problems
be solved faster if r € @(logn)? Apart from these NP-hard problems, another di-
rection could be to search for improvements to polynomial time solvable problems
such as MAXIMUM MATCHING, DIAMETER, or others.
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5 On the Practical Efficiency
of Bidirectional BFS

The following chapter is based on joint work with Thomas Blasius [BW23;
BW26]. The project was motivated by previous studies analyzing the bidirec-
tional BFS on random network models [Bla+22b; BN19] and the intuition that
exponentially expanding search spaces should already imply sublinear running
time. For this thesis, the evaluation on real-world networks has been restricted
to the set of networks also used in Chapter 3.

Having seen the use of deterministic properties in the context of two more general
parameterized and geometric frameworks, we now turn to the analysis of an
individual algorithm. Specifically, we consider the bidirectional breadth-first search
algorithm and formulate deterministic conditions that imply sublinear running
time for shortest path queries. This way, we give a deterministic explanation for
practically observed sublinear running times that were previously only studied
in probabilistic settings. The core challenge here is to find conditions that are
restrictive enough to allow the derivation of sublinear running time bounds, while
also being sufficiently permissive to fit to real-world networks. We achieve this
with deterministic properties describing the overlap of exponentially growing
neighborhood balls and analyze three increasingly refined settings, one of which
results in a necessary and sufficient condition for sublinear running time. We
validate these theoretical findings experimentally, confirming that our properties
capture the observed performance on a large set of real-world networks.

5.1 Introduction

A common way to speed up the search for a shortest path between two vertices is
to use a bidirectional search strategy instead of a unidirectional one. The idea is to
explore the graph from both, the start and the destination vertex, until a common
vertex somewhere in between is discovered. Even though this does not improve
upon the linear worst-case running time of the unidirectional search, it leads to
significant practical speedups on some classes of networks. Specifically, Borassi and
Natale [BN19] found that bidirectional search seems to run asymptotically faster
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than unidirectional search on scale-free real-world networks. This does, however,
not transfer to other types of networks like for example transportation networks,
where the speedup seems to be a constant factor [Bas+16].

There are several results aiming to explain the practical run times of the bidirec-
tional search, specifically of the balanced bidirectional breadth-first search (short:
bidirectional BFS). These results have in common that they analyze the bidirec-
tional BFS on probabilistic network models with different properties. Borassi and
Natale [BN19] show that it takes O(+/n) time on Erdés-Rényi-graphs [ER59] with
high probability. The same holds for slightly non-uniform random graphs as long
as the edge choices are independent and the second moment of the degree dis-
tribution is finite. For more heterogeneous power-law degree distributions with
power-law exponent in 7 € (2, 3), the running time is O(n°) for ¢ € [1/2,1). Note
that this covers a wide range of networks with varying properties in the sense
that it predicts sublinear running times for homogeneous as well as heterogeneous
degree distributions. However, the proof for these results heavily relies on the
independence of edges, which is not necessarily given in real-world networks. The
authors in [Bla+22b] further consider the bidirectional BFS on network models that
introduce dependence of edges via an underlying geometry. Specifically, they show
sublinear running time if the underlying geometry is the hyperbolic plane, yielding
networks with a heterogeneous power-law degree distribution. Moreover, if the
underlying geometry is the Euclidean plane, they show that the speedup is merely
a constant factor.

Summarizing these theoretical results, one can roughly say that the bidirectional
BFS has sublinear running time unless the network has dependent edges and a
homogeneous degree distribution. Note that this fits to the above observation
that bidirectional search works well on many real-world networks, while it only
achieves a constant speedup on transportation networks. However, these theoret-
ical results only give actual performance guarantees for networks following the
assumed probability distributions of the analyzed network models. Thus, the goal
of this chapter is to understand the efficiency of the bidirectional BFS in terms of
deterministic properties of the considered network.

Intuition. To present our technical contribution, we first give high-level argu-
ments and then discuss where these simple arguments fail. As noted above, the
bidirectional BFS is highly efficient unless the networks are homogeneous and have
edge dependencies. In the field of network science, it is common knowledge that
these are the networks with high diameter, while other networks typically have
the small-world property. This difference in diameter coincides with differences in
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the expansion of search spaces. To make this more specific, let v be a vertex in a
graph and let f,(d) be the number of vertices of distance at most d from v. In the
following, we consider two settings, namely the setting of polynomial expansion
with f,(d) ~ d? and that of exponential expansion with f,(d) ~ 2% for all vertices
v € V. Now assume we use a BFS to compute the shortest path between vertices s
and t with distance d.

To compare the unidirectional with the bidirectional BFS, note that the former
explores the f;(d) vertices at distance d from s, while the latter explores the f;(d/2)+
f:(d/2) vertices at distance d/2 from s and ¢. In the polynomial expansion setting,
f:(d/2)+f;(d]2) evaluates to 2(d/2)? = d*/2 = f;(d) /2, yielding a constant speedup
of 2. In the exponential expansion setting, f;(d/2) + f;(d/2) evaluates to 2 - 24/2 =
2+/f;(d), resulting in a polynomial speedup of the running time.

With these preliminary considerations, it seems like exponential expansion is
already the deterministic property explaining the asymptotic performance improve-
ment of the bidirectional BFS on many real-world networks. However, though this
property is strong enough to yield the desired theoretic result, it is too strong to
actually capture real-world networks. There are two main reasons for that. First,
the expansion in real-world networks is not that clean, i.e., the actual increase of
vertices varies from step to step. Second, and more importantly, the considered
graphs are finite and with exponential expansion, one quickly reaches the graph’s
boundary where the expansion slows down. Thus, even though search spaces in
real-world networks are typically expanding quickly, it is crucial to consider the
number of steps during which the expansion persists. To actually capture real-world
networks, weaker conditions are needed.

Contribution. The main contribution of this chapter is to solve this tension
between wanting conditions strong enough to imply sublinear running time and
wanting them to be sufficiently weak to still cover real-world networks. We solve
this by defining multiple parameters describing expansion properties of vertex
pairs. These parameters address the above issues by covering a varying amount of
expansion and stating requirements on how long the expansion lasts. We refer to
Section 5.2 and Section 5.3.1 for the exact technical definitions, but intuitively we
define the expansion overlap as the number of steps for which the exploration cost is
growing exponentially in both directions. Based on this, we give different parameter
settings in which the bidirectional search is sublinear. In particular, we show
sublinear running time for logarithmically sized expansion overlap (Theorem 5.4)
and for an expansion overlap linear in the distance between the queried vertices
(Theorem 5.6, the actual statement is stronger). For a slightly more general setting
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we also prove a tight criterion for sublinear running time in the sense that the
parameters either guarantee sublinear running time or that there exists a family of
graphs that require linear running time (Theorem 5.12). Note that the latter two
results also require the relative difference between the minimum and maximum
expansion to be constant. Finally, we demonstrate that our parameters do not only
allow for the derivation of sublinear worst-case guarantees for the running time,
but additionally capture the behavior actually observed in practice. For this, we
perform experiments on a data-set of roughly 3 k real-world networks. The results
of this evaluation are presented in Section 5.4.

5.2 Preliminaries

For i, j € Ny, we write [i, j] for the set {i,...,j}. In a (unidirectional) breadth-
first search (BFS) from a vertex s, the graph is explored layer by layer until the
target vertex t € V is discovered. More formally, for a vertex v € V, the i-th
BFS layer around v (short: layer), €5(v,i) = Ng(v,i), is the set of vertices that
have distance exactly i from v. Thus, the BFS starts with #;(s,0) = {s} and then
iteratively computes £; (s, i) from ¢5(s, i — 1) by iterating through the neighborhood
of £5(s,i — 1) and ignoring vertices contained in earlier layers. We call this the i-th
exploration step from s. We omit the subscript G from the above notation in cases
when it is clear from context.

In the bidirectional BFS, layers are explored both from s and ¢ until a common
vertex is discovered. This means that the algorithm maintains layers ¢(s, i) of a
forward search from s and layers £(t, j) of a backward search from t and iteratively
performs further exploration steps in one of the directions. The decision about
which search direction to progress in each step is determined according to an
alternation strategy. Note that we only allow the algorithm to switch between the
search directions after fully completed exploration steps. If the forward search
performs k exploration steps and the backward search the remaining d(s, t) — k,
then we say that the search meets at layer k.

The forward and backward search need to perform a total of d(s, t) exploration
steps. To ease the notation, we say that exploration step i (of the bidirectional
search between s and t) is either the step of finding ¢(s, i) from £(s,i — 1) in the
forward search or the step of finding £(t,d(s,t) + 1 — i) from £(t,d(s, t) — i) in the
backward search. For example, exploration step 1 is the step in which either the
forward search finds the neighbors of s or in which s is discovered by the backwards
search. Also, we identify the i-th exploration step with its index i, i.e., [d(s,t)] is
the set of all exploration steps. We often consider multiple consecutive exploration
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steps together. For this, we define the interval [i, j] C [d(s, t)] to be a sequence for
i, j € [d(s,t)]. The exploration cost of exploration step i from s equals the number
of visited edges with endpoints in £(s,i — 1)), i.e., ¢s(i) = Xyep(si-1) deg(v). The
exploration cost for exploration step i from t is ¢;(i) = Xyep(sd(sr)-i) deg(v). For
a sequence [i, j] and v € {s, ¢}, we define the cost ¢, ([i, j]) = Xefij) ¢ (k). Note
that the notion of exploration cost is an independent graph theoretic property and
also valid outside the context of a particular run of the bidirectional BFS in which
the considered layers are actually explored. Also on any particular graph the total
cost of the bidirectional BFS depends only on the number of layers explored by s
(or t, respectively), which is determined by the alternation strategy. In particular
the cost does not depend on the order in which the layers are explored.

We analyze a particular alternation strategy called the balanced alternation
strategy [BN19]. This strategy greedily chooses to continue with an exploration
step in either the forward or backward direction, depending on which is cheaper.
Comparing the anticipated cost of the next exploration step requires no asymptotic
overhead, as it only requires summing the degrees of vertices in the preceding layer.
The following lemma gives a running time guarantee for balanced BFS relative to
any other alternation strategy. It is a generalization of Theorem 3.2 from [Bla+22b].

> Lemma 5.1. Let G be a graph and (s, t) be a pair of vertices. Assume there exists
an alternation strategy such that the bidirectional BFS between s and t meets at
layer k and has cost f(n). If the balanced bidirectional search meets at layer k’,
then the balanced bidirectional search has cost at most (1 + |k — k’|) f(n). <

Proof. Let A be the algorithm that meets at layer k and explores f(n) edges. If
k =k’ both algorithms explore the same edges, so we assume k < k” without loss
of generality. Then, the first k exploration steps from s and also the first d(s, ) — k’
layers from ¢t are explored by both algorithms. Any difference in the number of
explored edges must thus come from the fact that A explores the sequence of
exploration steps [k + 1, k'] from t while the algorithm with the balanced strategy
explores these steps from s. Let i € [k + 1,k’] be one of these exploration steps. As
the balanced alternation strategy explores i from s instead of exploring some step
j € [K',d(s,t)] from t, we have c;(i) < ¢;(j). Moreover, we have ¢;(j) < f(n) as A
explores j from t. Consequently, the total cost for the balanced bidirectional search
is composed of cost at most f(n) for d(s,t) — |k — k’| layers also explored by A, and
additionally |k — k’| layers with cost at most f(n) each. ]

This lets us consider arbitrary alternation strategies in our mathematical analysis,
while only costing a factor of |k—k’| < d(s, t), which is typically at most logarithmic.
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For a vertex pair s, t we write cp;(s, t) for the cost of the bidirectional search with
start s and destination ¢, using the balanced alternation strategy.

5.3 Performance Guarantees for Expanding Search
Spaces

We now analyze the bidirectional BFS based on expansion properties. In Sec-
tion 5.3.1, we introduce expansion, including the concept of expansion overlap,
state some basic technical lemmas and give an overview of our results. In the
subsequent sections, we then prove our results for different cases of the expansion
overlap.

5.3.1 Expanding Search Spaces and Basic Properties

We define expansion as the relative growth of the search space between adjacent
layers. Let [i, j] be a sequence of exploration steps. We say that [i, j]| is b-expanding
froms if for every step k € [i, j) we have ¢;(k+1) > b-cs(k). Analogously, we define
[i, j] to be b-expanding from t if for every step k € (i, j] we have ¢;(k—1) > b-c;(k).
Note that the different definitions for s and t are completely symmetrical. With
this definition layed out, we investigate its relationship with logarithmic distances.

> Lemma 5.2. Let G = (V, E) be a graph and let s, € V be vertices such that the
sequence [1,c - d(s, t)] is b-expanding from s for constants b > 1 and ¢ > 0. Then
d(s,t) <log,(2m)/c. <

Proof. The cost of discovering the layer with distance c - d(s, t) from s is at least
b4 Thus we have b4 < 2m, which can be rearranged to ¢ - d(s,t) <
log, (2m). [ |

Note that this lemma uses s and ¢t symmetrically and also applies to expanding
sequences from t. Together with Lemma 5.1, this allows us to consider arbitrary
alternation strategies that are convenient for our proofs. Next, we show that the
total cost of a b-expanding sequence of exploration steps is constant in the cost of
the last step, which often simplifies calculations.

> Lemma 5.3. For b > 1let f : N — R be a function with f(i) > b- f(i — 1) and
f(1) = c for some constant c. Then f(n)/>\, f(i) > bb;l. <
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Figure 5.1: Visualization of cheap,, expan, and related concepts. Each line stands for an
exploration step between s and t. Additionally, certain steps and sequences relevant for
Theorem 5.4 and Theorem 5.6 are marked.
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We define four specific exploration steps depending on two constant parameters
0 < a < landb > 1. First, cheap, () is the latest step such that ¢;([1, cheap,(a)]) <
m®. Next, expan,(b) is the latest step such that the sequence [1, expan,(b)] is b-
expanding from s. Analogously, we define cheap, () and expan, () to be the small-
est exploration steps such that c¢;([cheap,(a), d(s, t)]) < m* and [expan,(b), d(s, t)]
is b-expanding from t, respectively. If expan, (b) < expan,(b), we say that the se-
quence [expan,(b), expan,(b)] is a b-expansion overlap. We define the size of the
expansion overlap dz\t’erlap(b) as expan,(b) — expan, (b) + 1. Note that dz\t’erlap(b) can
also be negative. See Figure 5.1 for a visualization of these concepts. Note that
the definition of expan, (reps. expan,) cannot be relaxed to only require expansion
behind cheap, (resp. cheap,). This is because in that case an existing expansion
overlap no longer implies logarithmic distance between s and ¢, which allows for
the construction of instances with linear running time (see Lemma 5.5). To simplify
notation, we often omit the parameters o and b as well as the subscript s and ¢ if they
are clear from the context. Note that cheap, or cheap, is undefined if ¢;(1) > m* or
c(d(s,t)) > m*. Moreover, in some cases expan, may be undefined forv € {s, ¢},
if the first exploration step of the corresponding sequence is not b-expanding. Such
cases are not relevant in the remainder of this chapter.

Overview of our Results. Now we are ready to state our results. Our first
result (Theorem 5.4) shows that for b > 1 we obtain sublinear running time if the
expansion overlap has size at least Q(log m). Note that this already motivates why
the two steps expan, and expan, and the resulting expansion overlap are of interest.

The logarithmic expansion overlap required for the above result is of course
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a rather strong requirement that does not apply in all cases where we expect
expanding search spaces to speed up bidirectional BFS. For instance, the expansion
overlap is at most the distance between s and ¢, which might already be too small.
This motivates our second result (Theorem 5.6), where we only require an expansion
overlap of sufficient relative size, as long as the maximum expansion is at most
a constant factor of the minimum expansion b. Additionally, we make use of the
fact that cheap, and cheap, can give us initial steps of the search that are cheap.
Formally, we define the (a-)relevant distance as d,(s, t) = cheap, — cheap, —1 and
require expansion overlap linear in d, (s, t), i.e., we obtain sublinear running time if
the expansion overlap is at least ¢ - d, (s, t) (see also Figure 5.1) for some constant c.
Finally, in our third main result (Theorem 5.12), we relax the condition of Theo-
rem 5.6 further by allowing expansion overlap that is sublinear in d,(s, t) or even
non-existent. The latter corresponds to an expansion overlap of negative size. Specif-
ically, we define S; = expan,, S, = cheap, — expan, —1, T; = d(s, t) —expan, +1, and
T, = expan, — cheap, —1 (see Figure 5.2). We then give a bound on the values of

_ max{S;, I}

= m, (5.1)

for which sublinear running time is guaranteed. We denote this as ps;(@, b) when
the parameters require clarification. This bound is tight (see Lemma 5.11), i.e., for
all larger values of p we give instances with linear running time.

5.3.2 Large Absolute Expansion Overlap

We start by proving sublinear running time for a logarithmic expansion overlap.

> Theorem 5.4. For parameter b > 1 let s,t € V be a start-destination pair
with a b-expansion overlap of size at least y log, (m) for a constant y > 0. Then

cbi(s, £) < 8log, (2m) - L - m1v/2, ;

Proof. We analyze bidirectional search when meeting in the middle k,;q (rounded
either up or down) of the expansion overlap. Using Lemma 5.1 for an upper bound
on the cost of the balanced bidirectional search under the assumed meeting point,
we get

chi(s,t) < d(s,t) - (cs([1, kmial) + ¢ ([kmia + 1, d(s,1)])).

For an upper bound on d(s, t), note that as there is an expansion overlap, expan, >
d(s,t)/2 or expan, < d(s,t)/2. This means that d(s,t) < 2log,(2m) by Lemma 5.2.
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Applying Lemma 5.3 we get

b
cbi(s, 1) < 2log, (2m) - o= (cs(kmia) + ci(kmia + 1)),

which, assuming without loss of generality cs(kmiq) > ¢;(kmig + 1), gives us

b
< 4logy (2m) - —¢;(kmia)-

At least I_%ylogb(m)J more b-expanding layers follow after layer £(s, ky;q). Count-
ing the edges in these layers, we get

Cs(kmld) . bl-%)/logb(m)J S zm’
which can be transformed to
cs(kmig) < 2m - b Lav1ogs(m],

Inserting this into the upper bound for cp;(s, t), we get

b 1
cbi(s, t) < 8log,(2m) - g pL3vlog,(m)]

< 8log,(2m) - %m . pzVlog, (m)+1
b2
b-1

b? 1
-m "2V, ]
b-1

< 8log,(2m) - m - b2V 1ogy(m)

< 8log,(2m) -

We briefly discuss why the definition of expan, (respectively expan,) cannot
be relaxed to ignore the expansion in the first cheap (a) (respectively d(s,t) —
cheap,(a) + 1) layers. To that end let expan] and expan; be defined as the lat-
est exploration step such that the sequences [cheap (a), expan,| (respectively
[expan,, cheap,(«)]) are b-expanding from s or ¢, respectively. Let [expan;], expan!]
be the relaxed expansion overlap of size expan, — expan; +1.

> Lemma 5.5. For parameters b > 1 and 0 < a < 1, there is an infinite family
of graphs with relaxed expansion overlap in ©(log m) on which the cost of the
bidirectional search is linear. <

Proof. We construct an instance as sketched below.
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We connect s to the rest of the graph via one layer with cost 1, a second layer with
cost m; — 1 and another m; layers of cost 1. Similarly, we connect ¢ via - layers
of cost 2. Thus, we formed cheap regions of cost m* around s and ¢. Behmd this,
we append the rest of the graph consisting of ©(log, m) b- expandmg layers with
cost up to - — 2 that are followed by ©(m'~%) layers of cost Z-

As the b- expandmg layers follow directly after the cheap reglons with cost m%,
they form a relaxed expansion overlap of logarithmic size. However, the balanced
alternation strategy will only perform one step in the forward direction and instead
explore the (individually) cheaper layers of cost 2 and - — 2. As there are O(m!~9)
layers of cost '"2 — 2, this results in linear cost. ]

5.3.3 Large Relative Expansion Overlap

Note that Theorem 5.4 cannot be applied if the size of the expansion overlap is
too small. We resolve this in the next theorem, in which the required size of the
expansion overlap is only relative to a-relevant distance between s and t, i.e., the
distance without the first few cheap steps around s and ¢. Additionally, we say that
b* is the highest expansion between s and 1 if it is the smallest number, such that
there is no sequence of exploration steps that is more than b*-expanding from s or
t.

> Theorem 5.6. For parameters 0 < o« < 1and b > 1, let s,t € V be a start-
destination pair with b-expansion overlap of size at least y - d,(s,t) for some
constant y > 0 and assume that b* > b is the highest expansion between s and t.

Then (s, t) € O(m'™) for ¢ = logyb(zT_f;)er > 0. <
Proof. We perform a case distinction on the size of the expansion overlap. In case
of a large expansion overlap we apply Theorem 5.4. Otherwise, the number of
layers is small enough that even if their cost grows with a factor b* per step, the
overall cost will be sublinear.

We begin with the first case. As there is an expansion overlap of size y-d,(s, t), we
can apply Theorem 5.4 if d, (s, t) is large enough. Assume that d,(s, t) > alog,(m)
for some constant a to be determined later. Then, by Theorem 5.4 we immediately
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get a sublinear upper bound

bz
cpis, t) < Slogb(Zm) . ﬁ ) ml—ya/Z’

if we can choose a suitably.

In the second case, we can assume d, (s, t) < alog, m. In this case, we can find
an upper bound for cp; (s, t) by considering the cost for an assumed meeting point
in the middle between cheap, and cheap,, i.e., after cheap, +[d,(s,t)/2] steps of
the forward search and (d(s, t) — cheap, +1) + | d, (s, t)/2] steps of the backward
search. Via Lemma 5.1 we thus get

chi(s, 1) <d(s,t) - (cs([l, cheap, +[d,(s,t)/2]])+
¢ ([cheap, —|du (s, t)/2],d(s, 1)])).

Pessimistically assuming ¢ (i + 1) = ¢5(i) - b* for i > cheap,, we can use Lemma 5.3
to obtain

+

bt -1

ct(cheap, —d, (s, t)/2))

<d(s,t)- (

+

bt -1

cs(cheap, +d,(s,t)/2 + 1)+

+2

=ds0: (Zé?:‘zcs(cheaps)- préclsnzy

+

bt -1

c¢(cheap,) - b+da(s,t)/2),

a

where we apply cs(cheap,) < c¢s([1,cheap,]) < m* and, symmetrically,

ct(cheap,) < ¢;([cheap,, d(s,t)]) < m* and d,(s,t) < alog, m to get
+2

bt -1

c O(d(s, ) - ma+alogb(b+)/2).

sd@n-@ mewme)

In order to find the optimal choice of a, we set the two exponents from the case
distinction to be equal

1-ya/2=a+alog,(b")/2
1-—a=alog,(b")/2 +ya/2
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o 2(1—a)
B log, (b*) +y

As there is an expansion overlap, we have expan, > d(s, t)/2 or expan, < d(s,t)/2
and thus d(s, t) < 2log,(2m) by Lemma 5.2. With this we finally obtain

-y ~ 1— Y-
chi(s,t) € Ofd(s, t) - m Te®+ | C O(m ler®H4r |,

Note that Theorem 5.6 does not require expan, > cheap, or expan; < cheap,,
i.e., the expansion overlap may intersect the cheap prefix and suffix. Also, note that
the condition is more general than the one in Theorem 5.4. Before extending this
result to an even wider regime, we want to briefly mention a simple corollary of
the theorem, in which we consider vertices with an expansion overlap region and
sublinear degree m® for constant 0 < § < 1.

> Corollary 5.7. For parameter b > 1, let s,t € V be a start-destination pair with
a b-expansion overlap of size at least y - d(s, t) for a constant 0 < y < 1. Further,
assume that deg(t) < deg(s) < m® for a constant § € (0,1) and that b* is the

. . ~ I Gl )
highest expansion between s and t. Then cy,; (s, ) € O(m logp, (6¥)+r || <

This follows directly from Theorem 5.6, using cheap (5) and cheap, (6).

5.3.4 Small or Non-Existent Expansion Overlap

Theorem 5.6 is already quite flexible, as it only requires an expansion overlap with
constant size relative to the distance between s and ¢, minus the lengths of a cheap
prefix and suffix. In this section, we weaken these conditions further, obtaining a
tight criterion for polynomially sublinear running time. In particular, we relax the
size requirement for the expansion overlap as far as possible. Intuitively, we consider
the case in which the cheap prefix and suffix cover almost all the distance between
start and destination. Then, the cost occurring between prefix and suffix can be
small enough to stay sublinear, regardless of whether there still is an expansion
overlap or not.

In the following we first examine the sublinear case. Afterwards, we construct a
family of graphs with linear running time for the other case and putting together
the complete dichotomy in Theorem 5.12. Note that while this extends the condition
given by Theorem 5.6 by relaxing the size requirement for the expansion overlap, it
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T
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Figure 5.2: Visualization of exploration steps and (lengths of) sequences relevant for
Lemmas 5.9 and 5.10

is not a strict generalization, as Theorem 5.6 is more flexible regarding the placement
of the expansion overlap.

We begin by giving an intuitive overview of our proof for the sublinear case. The
exact criterion depends on ps;(a, b) = % as defined in Section 5.3.1; see also
Figure 5.2. The intuition is that if p is small, there cannot be many exploration steps
after expan, until cheap, from s, or after expan, until cheap, from t, respectively.
Using this, we show that if p is small, we can give a sublinear upper bound for
the cost of exploring up to expan, from s or, up to expan, from t, respectively. Our
upper bound then follows by combining this with the previous theorems.

We begin by proving an upper bound for the length of low-cost sequences, such

as [1, cheap,] and [cheap,, d(s, t)].

> Lemma 5.8. Letv be a vertex with a b-expanding sequence S starting at v with

cost ¢,(S) < C. Then |S| <log,(C) + 1. <
Proof. We have
51 sl
C26(8) =) ()= ) b >
i=1 i=0
and thus get [S| < log, (C) + 1. ]

This means that ¢;([1, cheap,]) < m® implies cheap, < alog;,(m) + 1. This and
the symmetrical statement from the direction of t are used in the following technical
lemma. We show that if p;;(a, b) is sufficiently small, we find a sublinear upper
bound for the cost of exploring from s up to expan, and from ¢ up to expan,.

> Lemma 5.9. For parameters 0 < ¢« < 1and b > 1, let s,t € V be a start—
destination pair and assume that b™ is the highest expansion between s and ¢ and
1-a

psta,b) < Taralog, 7" There are constants ¢ > 0 and k such that if the size of the

b-expansion overlap is less than c - log;, (m) + k, then there is a constant x < 1 such
that ¢;([1, cheap, +T3]) < 2% - m* and ¢;([cheap, —=S,,d(s,1)]) < 2'* - m*. <«
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Proof. We use d°"*"2 for the size of the expansion overlap. With Figure 5.2 as
reference, it is easy to verify that d°V¢"® = §; — T, — cheap,. Note that this also
holds in the case of d°V*"12%P < 0. Without loss of generality assume S; > T;. Together
with the definition of p this implies S1p > Tip > max{S,, T,}. We use T; < S;p and
S > %‘W to obtain

doverlap — g _ T, — cheap,
> S1(1 = p) — cheap,

> P max{Sy, T} — cheap,,

which we rephrase as

max{S,;, T} < %(doverlap + cheap,). (5.2)
-p

This means that a small expansion overlap also implies small S; and T,.

We use this to derive a suitable upper bound on the expansion overlap that gives
an upper bound on T; and S, for which the desired sublinear cost follows. As no
exploration step is more than b*-expanding, we have

cs(cheap, +T) < m® - b1 (5.3)

if we pessimistically assume maximum expansion in every step. Note that under
the pessimistic assumption of b*-expansion, this is at least a constant fraction of
the cost in ¢([1, cheap, +T3]) and, by symmetry, also in ¢;([cheap, —S;,d(s, 1)]).
We use Equation (5.3) and derive

cs(cheap, +T;) < m“ - m 210, (b%)

= m%. ng-logm(b+)—(1—a)-logm2 . m1-a)log,, 2

—ol-a, ma+T2-logm(b+)—(1—oc)-logm2_

Clearly, this is sublinear if the exponent of m is smaller than 1. Investigating this,
we get

a+T; - log, (b¥)—(1-a)log, 2 <1
T;log, (b*) <1-a+ (1-a)log, 2
(1-a)(1+log,, 2)

T
25 T log, (0%
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T, < (1= a)logy.(2m).
Using T, < % (d°VerlaP + cheap, ) from above, we continue with a stricter inequality

1L(d°"erlgllo + cheap,) < (1 — a) log,+(2m)
-p
1- 1-
d°VaP 4 cheap, < (-a=-p log,,+ (2m)
p

and use o log;, (2m) + 1 as an upper bound from Lemma 5.8 for cheap, to derive a
sufficient upper bound on d°"e™2P as

1-a)(1-
doverlap (0()’# log,+(2m) — alog,(2m) — 1
doverlap < w -

olog, b* a | log,(2m) — 1.

Relying on the initial assumption on p, we verify that the factor before the logarithm
is a positive constant

(1-a)(1-p)
plog, b*
l-a  p(l-a) aplog,(b’)
plog,(b*)  plog,(b*)  plog,(b*)
1-a-p(1-a)—aplog,(b”)
plog, (0")
1-a-p(l—a)—aplog,(b™) >0
1—a>p((1-a)+alog,(b™))
l-«a
< .
1—a+alog,(b*)

-—a>0

>0

p

Thus the condition under which the considered sequences of exploration steps have
sublinear cost can be expressed as d°V¢"?P < ¢ - log, (m) + k for constants ¢ > 0 and

k. |
This lets us prove the sublinear upper bound.

> Lemma 5.10. For parameters 0 < @ < 1and b > 1, lets,t € V be a start-
destination pair and assume that b* is the highest expansion between s and ¢. If
psi(a,b) < l—rx+<§xg,,(b+)’ then cpi(s, ) € O(m'™*) for a constant ¢ > 0. <
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Proof. We make a case distinction on the size of the expansion overlap, similarly
to the proof of Theorem 5.6. First, we note that by Theorem 5.4, the bidirectional
search has sublinear running time if the b-expansion overlap has size Q(log m).

For the other case, we consider an expansion overlap of size less than c-log, (m)+k,
for constants ¢ > 0 and k as in Lemma 5.9. We analyze the cost of doing cheap, +T;
exploration steps in the forward search and, symmetrically, (d(s, t) —cheap, +1)+S;
in the backward search. By Lemma 5.9, these sequences have sublinear cost, as there
is an x < 1 such that ¢,([1, cheap, +T3]) < 2'°% - m* and ¢;([cheap, =S5, d(s, t)]) <
217% . m*. Without loss of generality, assume S; > T;. We again consider two cases.

If expan, > cheap, +T3, the expansion-overlap is reached after the considered
sequences of exploration steps. As the cost of these sequences is in O(m*), we
have cheap () + T, < cheap (x), cheap,(a) — S, > cheap,(x) and the size of
the expansion-overlap is at least the x-relevant distance between s and t. In this
situation we have sublinear running time according to Theorem 5.6.

In the other case we have expan, < cheap, +T>. Thus, the considered sequences
of exploration steps overlap, as cheap, +1;, + 1 > cheap, —S,. This means that if the
search meets at any layer between cheap, +7, and cheap, —S, we get running time in
O(m*). Consequently, it remains to consider meeting points after cheap, +7T or be-
fore cheap, —S,. By the definition of S; and T, we have cheap, +1; = expan, —1 and
cheap, —S, = expan, +1. Moreover, by Lemma 5.8, the sequences [1, expan,]| and
[expan,, d(s, t)] have length in O(log m). Thus, if the search meets after cheap, +T,
or before cheap, —S,, this meeting point differs from a meeting point with running
time in O(m*) only by a logarithmic number of steps. This results in a running
time in O(m*) by Lemma 5.1. [ |

The following lemma covers the other side of the dichotomy, by proving a
linear lower bound on the running time for the case where the conditions on p in
Lemma 5.10 are not met. The rough idea is the following. We construct symmetric
trees of depth d around s and ¢. The trees are b-expanding for (1 — p)d steps and
b*-expanding for subsequent pd steps and are connected at their deepest layers.

> Lemma 5.11. For any choice of the parameters 0 < & < 1,b* > b > 1, ps (a, b) >
HWIIW there is an infinite family of graphs with two designated vertices s and
t, such that in the limit cheap («), cheap,(«), expan,(b), and expan,(b) fit these

parameters, b* is the highest expansion between s and t and cy; (s, t) € ©(m). <

Proof. We construct such instances by taking two isomorphic trees T; and T; with
roots s and t and connecting their deepest leaves with a matching. Let d; + d, =d
be the depth of these trees, with d € ©(log m). The number of branches at each
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layer is chosen so that s and ¢ are b-expanding for d; steps and then b*-expanding
for the remaining d, steps.

In the following, we verify that this construction satisfies our requirements
asymptotically. First, note that ignoring constant factors for i < d; we have

cs(i) € ©(b') and for d; < i < d; +d we have ¢(i) € @(bdl - b+i). This means that

¢s(dq + dy) is linear in the total cost of Z?Sdz ¢s(i) and therefore also linear in the

total number of edges. This means that the most expensive layers are in the middle,
just before the two trees meet. As there are no shortcuts, both the bidirectional
search and the unidirectional search have to explore at least one of the two most
expensive layers, resulting in linear running time overall.

We now determine a suitable choice of d; and d,. The idea is that from s, we want
d (at least) b-expanding layers, followed by d, no longer expanding layers. Also, we
want the first d; layers to have cost at most m®. In other words, the goal is to have
expan,(a, b) = dy+d; and cheap, () = d;, and analogously expan, (a, b) = dy+dy+1
and cheap, = d; + 2d; + 1. In order to make the construction fit to the definitions,
we need to ensure that c;(cheap,) < m“ and the length S, = T, is sufficiently small
compared to S; = Ty, that is, d, < pd. As the construction is symmetrical, it suffices
to check this for s.

For the cost of the first d; steps we have c;(cheap,) € ©(cs(d1)) = G)(bdl).

Also we have m € O(c¢;(d; + dy)) = @(bdl . b+d2) = @(bd1+d2 logb(b+)). This means

that if the exponent of b%' is at most the exponent of po(ditdzlog, (b)) e get
cs(cheap,) € ©(m®). In order to also get c;(cheap,) < m*, we additionally need
pdi+d210g,(b") t6 be a sufficiently small fraction of m. We ensure this by appending a
sufficiently long (linear in the size of the construction) path to some vertex in layer
d. This does not asymptotically change the cost of any layer, but makes the number
of edges in layer d an arbitrarily small fraction of the total number of edges. It
remains to compare the exponents of b% and pa(ditd:log, (b)) which allows us to
derive the following requirement on «, b, and b* subject to d; and d,.

dy < ady + alog,(b¥)d,
di(1-a) < alog,(b)d,

d2 l1—-«

2> ——

d, = alog,(b")
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We now set d; = pd and d; = (1 — p)d. Then, this translates to

@_ P 1-«a
d 1-p = alog,(b*)’

It is easy to verify that ;= > y and x > % are equivalent. This means we get
(1-a)/(alog,(b%)) l1-a

pz = ,
1+ (1-a)/(alog,(b*)) 1—a+ alog,(b)

which matches exactly the claimed requirement for p. This means that for any set
of parameters with p > ﬁggb(lﬁ)’ we can construct an instance in which s and
t fulfil these parameters and in which the bidirectional search between s and ¢ has
linear cost. n

This lets us state a complete characterization of the worst case running time of
bidirectional BFS depending on ps;(a, b). It follows directly from Lemma 5.10 and
Lemma 5.11.

> Theorem 5.12. Let an instance (G, s, t) be a graph with two designated vertices,
let b* be the highest expansion between s and t and let 0 < @ < 1 and b > 1 be
parameters. For a family of instances we have c;(s, t) € O(m!™¢) for some constant

e>0if pss(a,b) < #ﬁ’gb(m and cp;(s, t) € ©(m) otherwise. <

5.4 Empirical Evaluation

A convincing explanation for why the bidirectional BES is so efficient in practice
requires two ingredients. First, we have to make assumptions on the input that are
strong enough to allow for a sublinear upper bound, which our theoretical analysis
in the previous section provides. Secondly, the assumptions must be justified, i.e.,
they should hold for many real-world inputs, in particular for those, where the
bidirectional BES is fast. Note that the latter can only be verified empirically. In
the following, we evaluate whether the conditions for our theorems are fulfilled on
practical instances and if so, to what extend the observed running times align with
the theoretical predictions.

This empirical evaluation involves multiple challenges. Very roughly speaking,
the theorems given in Section 5.3 are of the form “if condition X holds, then the
running time is bounded by Y”. Unfortunately, neither X nor Y are trivial to check
for any given instance. The difficulty with condition X is that it depends on certain
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constants like b (the lower bound for the basis of the exponential expansion). This
makes it important to not only select reasonable values for these constants, but to
also investigate the robustness with respect to this choice. Concerning the running
time Y, the theorems provide asymptotic bounds. However, observing asymptotic
behavior on any fixed real-world network is not feasible. To address this, we define
an estimated exponent for the running time and later validate this definition on a
family of generated instances, which allows us to scale the input size.

The remainder of this section is organized as follows. We begin by introducing
our dataset and methodology in Section 5.4.1. This includes our choice for the
constants as well as the definition of estimated exponent. Section 5.4.2 contains
our main results. There we demonstrate that the assumptions underlying our
theoretical results hold on many practical instances. Moreover, we show that the
observed running times align well with our theoretical predictions, underscoring the
practical utility of our analysis. Next, in Section 5.4.3, we consider synthetic input
data, which allows us to validate our methodology for distinguishing linear from
sub-linear running times. Finally, we conclude with a discussion in Section 5.4.4.

Our experiments are implemented in C+ and R. The code is available on a public
GitHub repository.!

5.4.1 Dataset and methodology

In this section we introduce the set of real-world networks used for the evaluation,
present the estimated exponent, as a way to evaluate the running times on these
instances, and explain how we evaluate the assumptions made in the theoretical
analysis.

Dataset. We use a collection of networks curated by Blasius and Fischbeck [BF24].
This collection contains 2967 networks with up to 1 M edges from Network Repos-
itory [RA15] and is available online [BF22], see also Section 3.4. The networks
come from a wide range of domains such as social-, biological-, and infrastructure-
networks and have a mean size of 12 166 vertices (median 539) with a mean average
degree of 21.8 (median: 5.7) and median clustering coefficient of 0.45. We refer to
Blasius and Fischbeck [BF24] for more details and an analysis of bidirectional BFS
performance depending on the locality and heterogeneity of the networks.

Estimated exponent. For each graph we sample 250 start—destination pairs
uniformly at random. For each pair we measure the cost of a bidirectional BFS as

10 https://github.com/marcwil/det_bfs_exp
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the sum of the degrees of explored vertices. This measure correlates directly with
the actual running time measured in seconds, but is much more robust and easier
to obtain. Then, assuming that the cost ¢ behaves asymptotically as ¢ = m*, we
compute x = log, ¢ as a normalization of the cost. We call x the estimated exponent.
While this measure is not exact, it serves as a practical proxy for asymptotic behavior
on individual networks of fixed size, where direct observation is infeasible. See
Section 5.4.3 for detailed experiments supporting the validity of this approach.

Properties of expanding search spaces. For each sampled vertex pair we
further compute all properties relevant for the evaluation of our theoretical results.
Most importantly, this includes the size of the b-expansion overlap, i.e., the number
of exploration steps with b-expanding cost in both the direction from s and ¢. In
the condition for sublinear running time given by Theorem 5.4, this is compared
with log, (m). In the condition given by Theorem 5.6 the size of the expansion
overlap is compared to the a-relevant distance, the distance between the vertex pair
without prefixes of cost up to m®. Finally, Theorem 5.12 considers ps;(a, b), the
ratio between the number of non-expanding steps before the opposite cheap region
and the number of expanding steps. We compute these values for b € {1.1,1.25,2,4}
and a € {0,0.1,0.2,0.3,0.4,0.5}.

5.4.2 Results

Here we present and discuss our main results, i.e., how well our theoretical insights
reflect the practical behavior of the bidirectional BFS. We do this in three parts. We
start by reporting some numbers on the expansion overlap, which is a fundamental
concept in all our theorems. We then give a detailed evaluation of the conditions
for sublinarity given by Theorems 5.6 and 5.12. In the last part, we evaluate the
specific running time bounds in Theorems 5.4 and 5.6, which go beyond just stating
sublinearity.

Expansion overlap. All our theoretical results rely, directly or indirectly, on the
b-expansion overlap. In fact a positive overlap is sufficient such that a constant
can be chosen such that Theorem 5.4 applies and an expansion overlap of at least a
constant fraction of the distance between the considered vertex pair means that
Theorems 5.6 and 5.12 can be applied. Table 5.1 shows the share of vertex pairs
for which this holds, split by their estimated exponents. Recall that we sample 250
start—destination pairs for each of the 2967 graphs, i.e., Table 5.1 is based on almost
750 k shortest-path computations.
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Table 5.1: Statistics for b-expansion overlap. We report the overall share of sampled vertex
pairs (s, t) with positive expansion overlap (i.e., d°**"® > 0) and with overlap at least half
the distance (i.e., d°Verl2P > @) among vertex pairs with estimated exponent below and
above, respectively, the median estimated exponent of 0.64.

estimated exponent b

by 1.1 1.25 1.5 2 4

Share of vertex pairs with d°V*"'2P > 0

x > 0.64 34.6% 22.6% 12.6% 6.9% 1.1%

x <0.64 96.9% 95.2% 91.7% 84.8% 65.1%
Share of vertex pairs (s, t) with d°"¢"2p > @

x > 0.64 18.2% 10.5% 5.4% 2.2% 0.2%

x <£0.64 89.4% 85.8% 79.7% 69.3% 41.5%

We see that the assumptions underlying our theoretical analysis are fulfilled on
many of the considered instances. Moreover, instances where a small estimated
exponent indicates sublinear running time exhibit positive or large expansion
overlap much more often. This fits well with the expectations arising from the
theoretical analysis.

Conditions for sublinearity of Theorems 5.6 and 5.12. Now we examine
the relationship between observed running times and the conditions for sublinear
running time as given by Theorems 5.6 and 5.12. For both theorems, we evaluate a
binary classifier and show the joint distribution between estimated exponent and
the theoretical condition.

For Theorem 5.6 we do the following. For every sampled vertex pair, we compute
the relative expansion overlap y = d°"*"%P /d, (s, t). We then take the average over all
pairs in the same graph, yielding one number for each graph, which we call average
relative expansion overlap and denote it by . Figure 5.3 (a) shows the relationship

between the relative expansion overlap and estimated exponent for b = 2 and « = 0.

We find that most networks fall into two groups. The first group has y around —0.5
and higher estimated exponent, while the second group has y around 0.7 and lower
estimated exponent. This indicates that the running time of the bidirectional search
is more evidently sublinear on networks where the average vertex pair fulfills the
condition of Theorem 5.6. To quantify this relationship, we create a simple binary
classifier that classifies networks as sublinear for positive y. To evaluate whether it
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Figure 5.3: Distribution of relative expansion overlap y from Theorem 5.6 for graphs with
different estimated exponents under b = 2 and @ = 0.

classifies a give graph correctly, we have to define a cutoff exponent x* below which
a graph counts as sublinear, i.e., a graph with estimated exponent x is counted
as sublinear if and only if x < x*. We pick this cutoff such that the F1-score is
maximized. For some values of b and a, this yields an F1-score as high as 0.954.
Figure 5.3 (b) shows the distribution of y for graphs with estimated exponent below
and above the cutoff.

Table 5.2 shows the F1-scores and optimal cutoff for a range of values for @ and
b. We find that the F1-score varies only slightly across different parameter values,
but we observe that the optimal cutoff systematically decreases for larger values of
b. This indicates that only networks with more strongly sublinear running times
exhibit b-expansion overlaps with large basis.

Next, we consider Theorem 5.12. Here, the condition for sublinear running time
is that ps¢(a, b) = % needs to be smaller than pyyesh = #oagb(bﬂ’
also Equation (5.1) and Figure 5.2. To measure how much slack this inequality has
(or how strongly it is not satisfied), we compute &, = log(pihresh) — log(ps(a, b)).
Note that positive 6, values indicate sublinearity. In p;;(a, b), both numerator and
denominator may be 0, which we handle by assuming log(a/0) = oo (for a > 0),
log(0) = log(0/0) = —co. This is consistent with the property that §, is positive
if and only if the conditions of Theorem 5.12 are satisfied. To aggregate over the
different vertex pairs for each graph, we take the median of the §, values. We call

see
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Table 5.2: Summary of F1-score for binary classifier predicting small (< cutoff) estimated
exponent based on positive expansion overlap for different values of « and b.

a F1-score, varying b Cutoff for est. exp., varying b

1.1 1.25 1.5 2 4 1.1 1.25 1.5 2 4

0 0.920 0.931 0.951 0.954 0.895 0.781 0.745 0.694 0.660 0.570
0.1 0.919 0.930 0.951 0.954 0.896 0.781 0.745 0.694 0.660 0.570
0.2 0920 0.930 0.951 0.953 0.898 0.781 0.745 0.694 0.660 0.570
0.3 0.920 0.929 0.950 0.954 0.902 0.781 0.745 0.694 0.660 0.570
0.4 0918 0.928 0.951 0.953 0.903 0.781 0.745 0.694 0.660 0.570
0.5 0.917 0.930 0.951 0.956 0.913 0.781 0.743 0.694 0.662 0.570

Table 5.3: Summary of F1-score for binary classifier predicting small (< cutoff) estimated
exponent based on positive median slack J,,.

a F1-score, varying b Cutoff for est. exp., varying b

1.1 1.25 1.5 2 4 1.1 1.25 1.5 2 4

0 0.913 0.940 0.941 0.927 0.798 0.704 0.671 0.641 0.621 0.529
0.1 0.875 0.898 0.921 0.921 0.804 0.619 0.632 0.636 0.615 0.529
0.2 0941 0930 0.922 0.905 0.813 0.622 0.632 0.636 0.614 0.529
0.3 0949 0.949 0.935 0914 0.828 0.646 0.632 0.631 0.614 0.529
0.4 0.951 0.952 0.955 0.947 0.863 0.663 0.632 0.636 0.614 0.529
0.5 0.955 0.961 0.966 0961 0.902 0.663 0.666 0.643 0.614 0.529

the resulting value the median slack and denote it with 5_,,. Figure 5.4 (a) shows the
relationship between the median slack Sp and the estimated exponent for b = 2 and
a=0.

We evaluate a binary classifier predicting sublinearity if and only if Sp > 0. As
before, we need a cutoff x* for the estimated exponent, below which a graph counts
as sublinear. We choose x* such that the F1-score is maximal. For b =2 and o = 0,
this results in an F1-score of 0.927 with x* = 0.621. We also include Table 5.3 with
results for a range of values for b. The performance of the classifier is similar to
the one for Theorem 5.6, with slightly larger variation depending on a.

Running time bounds of Theorems 5.4 and 5.6. In addition to giving a crite-
rion for sublinear running time, Theorems 5.4 and 5.6 also give closed formulas for
the exponent of the running time. We evaluate how these theoretical worst-case
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Figure 5.4: Distribution of the median slack &, for graphs with different estimated expo-
nents under b = 2 and a = 0. Networks where the median slack is infinite are shown next
to the distribution of finite values and marked in red.

guarantees for the exponent align with the estimated exponent. The exponents are
1- g for Theorem 5.4, where y is the size of the b-expansion overlap divided by

log,(m),and 1 — % for Theorem 5.6, where c is the size of the b-expansion

overlap divided by the d, (s, t). We compute both terms for all sampled (s, t)-pairs
using b = 2 and @ = 0 and set any value larger than 1 to 1. For each network, we
then compare the mean of these bounds for the exponent with the mean estimated
exponent.

For the bounds of Theorem 5.4 we observe a Pearson correlation of 0.860 and
a Spearman correlation of 0.903. For the bounds of Theorem 5.6 these values are
0.751 and 0.869. The high Spearman correlations strongly indicate a monotonic
relationship, while the Pearson correlations suggest a moderately linear relationship.
Table 5.4 shows correlation values for different values of @ and b. Figure 5.5 shows
the joint distribution of the mean estimated exponent and mean predicted exponents
across the dataset. Additionally, both plots also show a fitted linear model. The
models achieve a residual standard error of 0.090 (0.117) when applied to the data
of Theorem 5.4 (respectively Theorem 5.6). Further, 77.0% (respectively 66.4%) of
networks fall within 0.10 of the predicted values. This further supports a linear
relationship between the two variables. Interestingly, the bounds of Theorem 5.4 are
much more pessimistic than those of Theorem 5.6. At the same time, the observed
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Figure 5.5: Relationship between estimated exponents and theoretically upper bounds of
Theorem 5.4 (a) and Theorem 5.6 (b). The plots include the fitted linear model (red) and
versions of the model shifted up and down by 0.1 (black, thinner).

linear relationship between the bound and the estimated exponents is stronger for
Theorem 5.4.

As a final thought, we want to note that the bounds of the theorems are worst-
case bounds. Thus, even though they take the structure of the graph into account,
they are still pessimistic and one can see in Figure 5.5 that the practical running
times are indeed much better than our upper bounds. We think that this makes it
even more interesting that the pessimistic upper bounds are so strongly correlated
with the observed running times.

5.4.3 Scaling Experiments

In the previous experiments, we used the estimated exponent to identify networks
with supposedly sublinear running time for the bidirectional BFS. In the following
we do experiments on synthetic instances of varying size, that justify the use of
the estimated exponent for this purpose.

For this, we use geometric inhomogeneous random graphs (GIRGs) [BKL19;
Bla+22c]. GIRGs combine an underlying geometry facilitating community structure
with a power-law degree distribution. The heterogeneity of the degree distribution
can be adjusted by changing the power-law exponent 7. For 7 € (2, 3], the variance
of the degree distribution is unbounded. For 7 — oo, the degree distribution be-
comes uniform. For hyperbolic random graphs, a model closely related to GIRGs,
the bidirectional BFS is known to be sublinear for 7 € (2,3) with high probabil-
ity [Bla+22b]. Thus, varying 7 yields a diverse set of graphs in regards to the
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Table 5.4: Correlations between average estimated exponents and upper bounds of The-
orems 5.4 and 5.6 for different values of b (for Theorem 5.4), respectively « and b (for
Theorem 5.6).

a Pearson cor., varying b Spearman cor., varying b

1.1 1.25 1.5 2 4 1.1 1.25 1.5 2 4

Correlations for Theorem 5.4
0.00 0.722 0.792 0.838 0.860 0.808 0.826 0.884 0.905 0.903 0.847
Correlations for Theorem 5.6

0.00 0.453 0.606 0.698 0.751 0.340 0.583 0.775 0.854 0.869 0.692
0.10 0.470 0.618 0.704 0.754 0.316 0.602 0.786 0.857 0.870 0.693
0.20 0.480 0.624 0.706 0.752 0.314 0.611 0.790 0.858 0.869 0.703
0.30 0.446 0.604 0.698 0.755 0.305 0.565 0.762 0.849 0.873 0.711
0.40 0.436 0.597 0.695 0.756 0.287 0.559 0.752 0.842 0.869 0.726
0.50 0.422 0.590 0.693 0.757 0.256 0.539 0.744 0.841 0.869 0.731

performance of the bidirectional BFS. We generate GIRGs a varying number of ver-
tices n and with 8 different power-law exponents 7 € {2.1,2.3,2.5,2.7,3, 3.5, 6, 10}.
All other parameters of the model are kept constant (average degree 10, dimen-
sion 2, temperature 0). For each parameter configuration we sample five networks,
resulting in 880 synthetic graphs in total. As in Section 5.4.2, we 250 vertex pairs
for each graph.

Figure 5.6 shows the average estimated exponent for networks of growing size
across the different power-law exponents. To interpret this, recall that the esti-
mated exponent is based on the assumption that the cost ¢ behaves like ¢ = m*.
Rearranging for x is asymptotically robust with respect to constant factors (and
thus also lower order terms) in the following sense. If the actual running time was
not m* but ¢ = a - m* for some constant g, then x = log,, ¢ — log,, a. Aslog, a
converges to 0 for m — oo, x = log,, ¢ yields the correct exponent, assuming that
m is sufficiently large. Thus, when scaling the graph size as in Figure 5.6, we expect
the estimated exponent to converge to the correct exponent.

For small power-law exponents 7 € (2, 3], we can see in Figure 5.6 that, although
there is some random noise, the estimated exponent does not change much for
varying graph sizes. This indicates that the estimated exponent is already a good
approximation for small graphs. For 7 > 3, there appears to be less noise but the
convergence is slower, i.e., we need sufficiently large graphs to get an estimated
exponent x ~ 1 for graph families with linear running time. Nonetheless, there is
a clear gap between the families with sublinear running time (small 7) and linear
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Figure 5.6: Estimated exponent (mean) of GIRGs with different size and power-law expo-
nent.

running time (r > 3), even for small graphs. This justifies that the estimated
exponent is a reasonable measure to distinguish linear form sub-linear running
time. Moreover, it explains why our classifier yields cutoffs around x = 0.6, while
something like m*7 would, from a theoretical standpoint, clearly justify as being
sublinear.

5.4.4 Discussion

With the experiments in this section, we have seen that our criteria for sublinear
running time do not only yield theoretic upper bounds, but are also satisfied by
many real-world networks. In fact, we can use our criteria for a classification into
linear and sublinear, which very much agrees with the observed running times.
This indicates that our criteria are not only sufficient for a sublinear running time
(as asserted by the theorems) but additionally provide a good characterization of
the circumstances, under which the bidirectional BFS is efficient in practice.

The one downside of Theorems 5.6 and 5.12 is that they are somewhat technical.
We leave it as an open question, whether there are simpler criteria that capture
the behavior of the bidirectional BFS similarly well. In this regard, we want to
briefly discuss the diameter as well as locality and heterogeneity as considered by
Blasius and Fischbeck [BF24]. Roughly speaking, the bidirectional BFS performs
well except for graphs with high locality and low heterogeneity [BF24]. Similarly,
these tend to be the graphs with low (i.e., poly-logarithmic) diameter. However, we
want to stress that these observations are purely empirical. There are in particular
no performance guarantees and one can easily construct graph families with small
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diameter or high heterogeneity, for which the bidirectional BFS has linear running
time.

Nonetheless, we did experiments to evaluate whether locality and heterogeneity
or the diameter can be used to classify practical inputs. For this, we have to choose
a cutoff x* for the estimated exponent x to separate the graphs into linear (x > x*)
and sublinear (x < x*). Assume for now, that we have fixed this cutoff x*. For the
classification with locality and heterogeneity, we use linear regression to predict
whether x < x* based on the locality and heterogeneity values. For the diameter
d, we do not use d directly but normalize it, i.e., we do the classification based on
the parameter log, d, which is a constant if the diameter is large (e.g., log, d = 0.5
if d = v/n) and tends to 0 if the diameter is sub-polynomial (e.g., if d = log n). For
both cases, we choose the exponent cutoff x* € [0.4,0.75] such that it yields the
best F1 score.!!

This yields an F1-score of 0.869 for locality and heterogeneity, and 0.901 for
the diameter). Thus, not only are these parameter lacking provable performance
guarantees, but they also give worse predictions than our criteria. Nonetheless,
they are simple and closely related to the running time.

5.5 Conclusion and Open Problems

In this chapter, we defined the expansion overlap and other parameters related to the
exponential expansion of neighborhood balls and used them to give sufficient and
partly necessary conditions for sublinear running time of the balanced bidirectional
search. Our subsequent empirical evaluation shows that our theoretical conditions
also capture practically observed running times. We conclude this chapter with a
brief discussion of open questions.

First, can the perspective presented in this chapter be extended to settings with
super-exponential expansion of BFS layer costs? On a number of network models
such as Chung-Lu random graphs, HRGs, and GIRGs the average distance between
vertices is doubly-logarithmic [AFB17; BKL25; CL02b]. Thus on such networks
one can expect a constant growth rate to underestimate the expansion of neighbor-
hood balls. Note that only Theorem 5.4 applies to non-constant expansion while
Theorem 5.6 and Theorem 5.12 rely on an upper bound for the maximum growth
between two subsequent BES steps.

Moreover, our conditions for sublinear running time are formulated for instances
consisting of a graph and an (s, t) pair. Is it possible to give natural and empirically

11 This restriction to an interval is here to prevent choosing x* = 0 or x* = 1 and then just classify
all graphs as linear or all graphs as sublinear, respectively.
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grounded conditions that guarantee sublinear running time for all or at least most
pairs of vertices in a graph? Clearly, one can consider the conjunction of our
conditions over all pairs of vertices, but maybe more natural properties of a graph
can be specified? One relevant direction in this context are expander graphs, as for
example recently used by Alon, Grenlund, Jergensen, and Larsen [Alo+24].
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6 Diameter Computation in
(Random) Geometric Graphs

This chapter is based on joint work with Thomas Blasius and Annemarie
Schaub [BSW26]. The project was motivated by empirical results about the
performance of a practical algorithm for the diameter problem on real-world
networks with torus-like geometry [BF24]. The presented algorithm extends
upon a basic idea for a separator-based approach that Annemarie Schaub
analyzed on toroidal random geometric graphs in her bachelor’s thesis [Sch24].

We finally apply the deterministic properties methodology to the problem of com-
puting the graph diameter in a geometric setting. This way, we complement the
previous chapter’s analysis of a known algorithm with the design of a new algorith-
mic approach. Concretely, we define a set of deterministic properties formalizing
combinatorial features a graph plausibly inherits from an underlying geometry and
show that they can be exploited algorithmically. Roughly speaking, we specify the
size of (recursive) balanced separators that divide the graph into approximately
ball-shaped subgraphs in addition to some properties of highly distant vertex pairs.
We argue that our deterministic properties are well motivated on an intuitive level,
but additionally verify them probabilistically on random geometric graphs. This
way, our properties can be seen as forming an interface between an average-case
analysis and the algorithm itself, explicitly making it transparent which properties
of the underlying probability distribution are exploited.

Our analysis is motivated from two perspectives: complementing previous work
that focused on heterogeneous networks with a geometric viewpoint, and address-
ing the empirically observed difficulty of diameter computation on graphs with
torus-like geometry. We formulate our properties to capture both periodic and
aperiodic geometry and verify them on random geometric graphs in both settings.

6.1 Introduction

The diameter, i.e., the maximum distance between any pair of vertices, is one of
the most fundamental graph parameters. It is relevant for numerous applications
for example in network design [Chu86; PY00; XKY04], distributed systems [AMO5;
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Cha+07; LCWO05] and graph clustering [Sch07]. A simple algorithm to compute
the diameter of a graph is to perform a breadth-first search (BFS) from every
vertex, taking O(nm) time on a graph with n vertices and m edges. The iFUB
algorithm (short for iterative fringe upper bound) [Cre+13] constitutes a notable
improvement over this approach in practice. Despite a ®(nm) worst-case running
time, it is often much faster on real-world inputs, especially on complex scale-free
networks [BCT17] and graphs with underlying geometry [BF24].

The core intuition behind iFUB is that on many real-world networks there is
a meaningful notion of center and periphery (or fringe). More precisely, vertices
in the center have smaller distances to most other vertices than vertices in the
periphery. Moreover, distant pairs of vertices always lie in the periphery and their
shortest paths are (roughly) bisected by the center. The iFUB algorithm exploits this
structure by heuristically choosing a vertex in the center and then restricting the
search for diametric vertices to vertices that are sufficiently far from this center. As
a result, the algorithm only executes a constant number of breadth-first searches in
order to select a central vertex and afterwards only performs a BFS for vertices that
have distance at least half the diameter from this central vertex. On graphs with a
strong center—periphery structure, where diametric paths are indeed approximately
halved, this results in a low number of BFS runs.

An extensive empirical study confirms that many real-world networks exhibit a
sufficiently pronounced center—periphery structure for iFUB to achieve sublinear
running times in practice [BF24]. In particular, the study identifies two regimes
of such networks. The first consists of graphs with a strongly heterogeneous
degree distribution, i.e., scale-free networks. For this setting Borassi, Crescenzi,
and Trevisan [BCT17] prove running time bounds for iFUB under the assumption
of a power-law degree distribution together with independently sampled edges.
The second regime are graphs with a homogeneous degree distribution and high
locality, i.e., with an underlying geometric structure. While it might seem intuitive
that such graphs are benign for iFUB, the authors of [BF24] also identify some
notable exceptions. These are graphs with a clearly apparent geometric structure,
but a periodic geometric ground space, where distances “wrap around” like on
a flat torus or a spherical surface. Intuitively, such graphs have neither center
nor periphery, thus any chosen central vertex splits some diametric paths very
unevenly, and iFUB needs to explore a large portion of the graph in order to find
the diameter. To the best of our knowledge, the performance of iFUB on geometric
graphs has not yet been formally analyzed. In particular, the conjecture that it
benefits from aperiodic geometry but deteriorates on periodic geometry has not
been studied from a rigorous theoretical perspective.

In this work, we provide the first theoretical explanation of this behavior by



Introduction

— Naive
/ --- Seidel’s algorithm [Sei95]
—— UDG (no coords.) [Cha+25]
- -- UDG (coordinates) [Cha+25]
Theorem 6.2 (torus)
Theorem 6.2 (square)

exponent x of running time O(n*)

1.5 7

0 0.2 0.4 0.6 0.8 1
)

Figure 6.1: Running times on torus/square RGGs with expected average degree in ©(n°)
for constant § € (0, 1). Our algorithm is compared with the naive O(nm) running time,
Seidel’s matrix-multiplication based O(n®) approach, and the unit-disk graph algorithms
from [Cha+25] in both variants with a geometric representation and without.

analyzing iFUB’s performance on random geometric graphs (RGGs). We show that
on RGGs with a square ground space, iFUB achieves an asymptotic speed-up when
choosing a central vertex using the so-called 2-sweep heuristic and that this is not
the case on RGGs with a flat torus as ground space.

> Theorem 6.1. Let G ~ G(S,n,r) be a square random geometric graph with
expected average degree d € Q(log% n). Then, a.a.s., 2-sweep iFUB has running
time in O((nd_% +logn)m). IfG ~ G(7,n,r) is a torus RGG with expected average

degree in Q(log% n), then a.a.s. for every choice of the central vertex, the running
time of iFUB is in Q(nm). <

This raises the question of whether the resulting running time in Q(nm) is inher-
ent to graphs with a torus-like geometry or whether better algorithmic approaches
are possible. In the following theorem, we give a positive answer by showing that
a polynomial improvement to this is possible. Still, for square RGGs we achieve an
even better running time exponent.!?

> Theorem 6.2. On RGGs with expected average degree ©(n®) for constant § €
(0, 1), asymptotically almost surely the diameter can be computed in O( nz(1+0) 4

12 We use O-notation to hide poly-logarithmic factors in the running time and O* for n®(") factors.
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nz_%‘s) time for torus RGGs, respectively é(n%(”é) + nz—gé) time for square RGGs.
<

We note that in the above theorem the probabilistic statement only concerns
drawing the random geometric graph; the algorithm itself is fully deterministic
and always computes the diameter correctly. To the best of our knowledge these
are the first running time bounds for the diameter problem specifically on random
geometric graphs. For an overview of how they compare to known running times for
diameter computation on related graph classes, see Figure 6.1. Note that specifically
the class of unit disk graphs makes for a suitable comparison as it can be seen as a
deterministic worst-case variant of (square) random geometric graphs. Here, the
fastest known running time is in O*(n?"/13) as shown recently by Chan, Chang,
Gao, Kisfaludi-Bak, Le, and Zheng [Cha+25], with O*-notation hiding n°W factors.
Our running time on square RGGs gives a polynomial improvement upon this for
average degrees ©(n®) with constant § strictly between 1/30 ~ 0.033 and 8/27 ~
0.296. Even our running time on torus RGGs gives a polynomial improvement for
d strictly between 1/6 ~ 0.167 and 8/27 ~ 0.296. Additionally, we note that the
O*(n®~'/18) algorithm depends on a coordinate representation of the graphs, which
is AR-hard to obtain [KM12]. A variant of their algorithm that only requires the
graph as input runs in O(mn'~1/8) time [Cha+25]. Compared to this, our algorithm
on degree ©(n’) random geometric graphs is faster for § > > ~ 0.047 (square

= 64
RGGs), respectively § > = ~ 0.094 (torus RGGs). Concerning the requirements on

the input, we note that 01312r algorithm lies between these two variants. We only use
the coordinates implicitly in the sense that we require a hierarchy of separators that
is straightforward to compute given coordinates. But in principle, the separator
hierarchy could be computed in a different way without having the coordinates as
an intermediate step.

While the algorithms stated in Theorem 6.2 are interesting contributions on
their own, they are only an application of a more general framework. Our main
contribution is to distill a set of deterministic graph properties and to prove that they
enable efficient diameter computation. The running times on random geometric
graphs then follow, by proving that these graphs a.a.s. fit into our framework.

To introduce our framework and motivate the properties it is based on, we start
by making a few obvious observations about geometric ground spaces (specifically
square and flat torus) and distances therein; also see Figure 6.2. Observations 1
and 2 are related to diametric pairs, where a pair of points is diametric if the distance
between them is the diameter of the ground space. Moreover, a pair is x-diametric
if their distance is at most x smaller than the diameter. If two points p and g form
a (x)-diametric pair, we say that p is a (x)-diametric partner of q and vice versa.
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Figure 6.2: Visualization of the observations. Regarding Observation 1, Part (a) shows a
point P on the unit square, its unique diametric partner at distance V2 (black square); the
blue region of all x-diametric partners of P for x = V2/5 is clearly not much larger than x.
Part (b) shows an analogous situation on the torus; note that here, any point has a diametric
partner. Part (c) visualizes the second part of Observation 2: a point P’ sufficiently far from
any corner of the unit-square has no x-diametric partners for x = V2 /5; still, for a larger
x" > x the region of x’-diametric partners is non-empty. Regarding Observations 3-5, Part
(d) shows a hierarchical subdivision of the square/torus ground space and two differently
sized blue disks that intersect only few cells with similar diameter (marked in yellow).
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Observations 3-5 are based on partitioning the ground space like with a quad-tree
into a hierarchy of cells. Observe the following.

1. For every point on a torus or square and x > 0, the x-diametric partners lie
within a disk of radius O(x). (local diametric partners)

2. In a square, only the four corners have a diametric partner. Moreover, for
every x > 0 all points with x-diametric partners lie inside 4 disks of radius
O(x). (few corners)

3. The boundary of each cell is small compared to its area. ~ (small separators)

4. Cells with smaller area have smaller diameter and vice versa. (size-dependent

diameters)

5. Every disk in the ground space intersects only few cells that have diameter
similar to the disk. (low fragmentation)

We now translate these geometric observations into graph properties. For this,
the challenge is to strike a balance between introducing enough flexibility in order to
include a meaningful class of graphs and being strong enough to allow algorithmic
improvements. In the following, notions related to distances refer to graph distances,
e.g., a ball of radius r is the set of vertices with graph distance at most r from some
central vertex. To translate the hierarchical partitioning of the geometric ground
space, we introduce recursive partitions of a graph into blocks. We assume that
recursive partitions have constant branching factor, i.e., each block has only a
constant number of children. We first state the five properties and discuss them
below.

1. djocai-local diametric partners: For every vertex v and x > 0, the x-
diametric partners of v can be covered with O(1) balls of radius O(x + djoca1)-

2. dcorer-few corners: For every x > 0, all vertices with an x-diametric
partner can be covered with O(1) balls of radius O(x + dcorner)-

3. (a, f)-small separators: The separator of each block with k vertices has
size O(k%n#).

4. size-dependent diameters: For all blocks A and B with diameters D4 and
Dg, |A| € O(|B|) implies D4 € O(Dg), and vice versa.'®

13 We note that the intuitive interpretation of asymptotics is correct here: O-notation hides universal
constants that do not depend on individual instances. For Properties 3 and 4 it is also important
that the blocks are only compared per instance and not across instances. However, as this makes
the formal definitions slightly tricky, we provide a full explanation in Section 6.2.1.
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5. low fragmentation: Every ball of radius r intersects a constant number
of blocks of diameter ©(r).

Each property directly corresponds to the observation with the same number,
but differs in a few key ways. In Property 1 and Observation 1 we allow O(1) balls
and keep the linear dependency of their radius on x. Additionally we introduce
two parameters djoca; and deomer that allow slack for small x. Property 3 uses two
parameters to specify the size of separators depending not only on the block size,
but also on the size of the whole graph. This is important to also capture intersection
graphs of objects with size growing in n. Finally, Properties 4 and 5 are the same
as Observations 4 and 5, except that we require the bounds to only hold up to
constant factors. We call a recursive partition («, ff)-well-spaced, if Properties 3-5
hold and it is balanced, i.e., if for each block the size of any two children differs only
by a constant factor. Intuitively, a well-spaced recursive partition uses balanced
sublinear separators that divide the graph into roughly ball-shaped subgraphs.

We are almost ready to state our main theorem. We say that a recursive partition
has leaf-block size at most kie,f if every leaf-block has at most kjeo vertices. Further,
the degeneracy of a graph is the smallest d such that every subgraph has a vertex
with degree at most d.

> Theorem 6.3. Let G be a n-vertex graph with degeneracy d satisfying Property 1.

Let P be a (a, f)-well-spaced recursive partition with leaf-block size kjeof. For every
k > kiear such that k € o(n) and blocks of size ©(k) have diameter Q(djoca1), our
algorithm computes the diameter of G in time

é(n1+a+ﬂ ) d+min{nkd+ K21 +2B 4 p2a-1p14a3p kn1+a+/3})_

If also Property 2 holds and blocks of size ®(k) have diameter Q(dcorner), it runs in
time
é(n1+a+/3 d+ min{kzd FkI2ap2B y p2epav3f kzn‘”ﬁ}).

<

We note that the above bounds on the running time of our algorithm hold for
every k satisfying the requirements, i.e., our algorithm implicitly chooses k such
that the running time is minimized. Note that, unless o < 1/2, the running time is
monotone in k. It thus makes sense to think of k as small as possible such that the
diameter of size ©(k) block is still in Q(dcorner)-

Outline. The remainder of this chapter is structured as follows. We introduce
important definitions and notation in Section 6.2 and provide alternative verbose
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definitions of Properties 1-5 with explicitly spelled out asymptotics. Section 6.3 then
presents our algorithm, while Section 6.4 contains our analysis on random geometric
graphs. We finally discuss generalizations of our parameters and directions for
future work in Section 6.5.

6.2 Preliminaries

The eccentricity of a vertex v, written eccg (v), is the maximum distance between
v and any other vertex of G. The diameter of G, written diamg is the largest
eccentricity of any vertex. We write maxdistg (A, B) = max{dg(a,b) | a € A,b € B}
for the maximum distance between two vertex sets A,B C V(G). We call two
vertices (respectively, a path) diametric if their distance (respectively, its length) is
diamg. We also extend the notions of eccentricity and diameter to metric spaces
in general. For a metric space M consisting of a set of elements X and a distance
function dy;, we define the M-ball of radius r around an element e € X as the set
of elements e’ € X with dj(e, e’) < r. Note that on the metric space induced by
a graph this is equal to the closed neighborhood. We say that a set of elements
Y C X can be covered by a ball of radius r, if there is an element e € X such that Y
is contained in the ball of radius r around e.

Let G be connected. We define a recursive partition P = (T, {By }yev (1)) of G as
a rooted tree T where each nodev € V(T) is associated with a connected set of
vertices B, C V(G). Note that we call the vertices of T nodes to distinguish them
from vertices of G. The vertex sets {B, },cv(r) are called blocks, i.e., B, is the block
of v. We require the blocks of the leaves of T to form a partition of V/(G). Moreover,
for each non-leaf node u of T the block B, is equal to the union of the blocks of leaf
nodes in the subtree below u. Note that this implies B, = V(G) for the root node r
of T. We further require each non-leaf node has at least two children and at most a
constant number of children (constant branching factor).

Note that the tree T is uniquely defined by the set of blocks and we thus often
use P as a set of blocks and write B € P for a block B. We call a block B, € # a
parent of a block B, if v is a parent of w in T. This lets us also use the relations
of parent, descendant, ancestor, and leaf for blocks of . In particular, we write
parent(B,) = B, and parent(w) = v. We define the boundary S, of a block B,
as the subset of B, that has neighbors in V(G) \ B, in the graph G. The (inner)
separator of a block is the union of the boundaries of its children. Note that leaf
blocks have empty separators and the root block has an empty boundary. We call
P e-balanced, for ¢ > 0 if, for every node u € V(T) and children v and w of u, we
have |B,| < (1 + ¢)|By|. We call P balanced if it is e-balanced for € € O(1).
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6.2.1 Asymptotics of Properties 1-5

In order to talk about asymptotic running times of algorithms, one needs to consider
infinite families of inputs. As the definitions of Properties 1-5 in Section 6.1 do not
make their asymptotic interpretations explicit, we provide formal definitions of the
properties defined in Section 6.1 in this section. Let G = {G1, G, . .. } be an infinite
family of graphs.

For the first property, local diametric partners, the asymptotic interpretation is
straightforward. The only important detail is that the constants hidden by the big
O-notation may not depend on individual graphs.

> Property 6.4 (local diametric partners). We say that G has d,,-local diamet-
ric partners, if there exist positive integer constants a, b, ¢ such that for every graph
G € G, every vertexv € V(G), and every positive integer x, there exists at most
a verticeswy, . ..,w, € V(G) such that the union of their closed b - (x + djocal) + ¢
neighborhoods contains every x-diametric partner of v in G. <

The asymptotic interpretation of the second property, few corners, is analogous.

> Property 6.5 (few corners). We say that G has d.omer-few corners, if there exist
positive integer constants a, b, ¢ such that for every graph G € G and every positive

integer x there exist up to a verticeswy, ...,w, € V(G) such that the union of their
closed b - (x + dcorner) + ¢ neighborhoods contains every vertex with at least one
x-diametric partner in G. <

The remaining properties also depend on recursive partitions. For each graph
G; € G, let P; be a recursive partition. Then 7 = {(Gy, P1), (G2, P2), ... } forms an
infinite family of graphs together with recursive partitions. With this the asymptotic
interpretation of the third property is again straightforward, again with the only
important detail being that the constants hidden in the big O-notation must be
universal for the family of instances.

> Property 6.6 (small separators). We say that I has («, f)-small separators, if
there exist positive integer constants b, c such that for every (G, P) € I and every
block B induced by # on G, the separator of B has size at most b+ (n% - |B|f) +¢. <

For the fourth property it is important to only compare the sizes and diameters
of blocks of the same graph, as across graphs similarly sized blocks are allowed to
have different diameter.

> Property 6.7 (size-dependent diameters). We say that 7 has size-dependent
diameters, if there exist constants b, ¢, d, e > 1 such that for every (G, P) € I and
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every two blocks A, B induced by £ on G, we have |A| < b - |B| + ¢ if and only if
diamga] < d - diamgp) +e. <«

For the fifth property, the interpretation is again straightforward.

> Property 6.8 (low fragmentation). We say that 7 has low fragmentation if
there exist positive integer constants a, b such that for every (G, P) € 71, every
vertex v € V(G) and every integer x, the closed x neighborhood of v intersects at
most a blocks B of  with diameter diamg[p) between %x and bx. <

6.3 Diameter Algorithm

Let G = (V,E) be a graph and let # be a recursive partition of G. Our algorithm
roughly works as follows. We choose a flat partition, a set of similarly sized blocks
B C P that together form a partition of V. This can be easily achieved by choosing
some parameter k > kjeor and including a block B € # in 8 if it has size at most k
while its parent has size larger than k: 8 = {B € P | |B| < k and |parent(B)| > k}.

As B is a partition of V, computing maxdistg (A, B) for every pair of blocks
A, B € B (including A = B) yields the diameter of the graph. To save time, we ignore
a pair of blocks A, B € B if maxdistg (A, B) is obviously too small to be relevant
for the diameter. For this, we use an upper bound u(A, B) on maxdist;(A, B) and a
global lower bound ¢ on the diameter. If u(A, B) < ¢, we can safely skip the pair
(A, B). Otherwise, we call (A, B) a candidate pair and A a candidate partner for B
(and vice versa). With this, it remains to solve the following problems.

1. Efficiently compute the maxdist for each candidate pair.
2. Bound the number of candidate pairs and compute them efficiently.

3. Obtain a lower bound ?.

Regarding Point 1, we discuss in Section 6.3.1 how to compute maxdist(A, B)
efficiently for a candidate pair (A, B). For this, we introduce a pre-processing step
in which we construct a data structure that acts as an exact distance oracle and lets
us quickly compute the distance between arbitrary vertices.

For Point 2, the number of candidate pairs depends on the upper bound u(A, B).
We define u(A, B) in Section 6.3.2 and show how it can be efficiently evaluated using
the distance oracle from Section 6.3.1. Assuming that G has dj,c,-local diametric
partners (Property 1) (and optionally also dcomer-few corners, Property 2) and
that P is (a, f)-well-spaced (Properties 3-5) we then show that our definition of
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u(A, B) leads to a small number of candidate pairs. In fact, there can be much fewer
candidate pairs than pairs of blocks. In Section 6.3.4 we provide a way of computing
all candidate pairs that does not need to consider all pairs of blocks.

Finally, we address Point 3, by essentially performing a binary search on the
solution. For this, we treat ¢ not as a lower bound on the diameter, but simply as
a guess for the diameter. Then, using the approach outlined above, we can decide
whether ¢ is smaller, equal or larger than the diameter. Assuming ¢ > diamg, there
are only few candidate pairs and the algorithm terminates quickly (see also the
discussion of Point 2 above). Equivalently, if the algorithm does not terminate
quickly, this means that £ < diamg. This allows us to determine diamg in a binary
search. In Section 6.3.5 we discuss the details for this, including an additional
exponential search in order to choose k optimally.

6.3.1 Distance Oracle and Maxdist Computation

In the pre-processing step, we conduct breadth-first searches from separator vertices
in the blocks of the recursive partition. This allows us to construct an exact distance
oracle and compute vertex eccentricities in each block.

The rough idea for the distance oracle is very simple. If a vertex set S separates
two vertices v and w, then shortest paths between v and w cross S. Thus there exists
a vertex s € S such that the distance between v and w is distg (v, s) + distg (s, w) and
the distance between v and w can be found by checking the distances to v and w
from each s € S. We note that this is a standard approach and has already been used
for distance oracles and (directed) reachability oracles in other settings [Ari+96;
Ber23; FK14].

> Lemma 6.9. Let G be a graph with degeneracy d and a balanced recursive
partition P with (, f)-small separators (Property 3). Then, in O(n'*%*/ . d) time,
we can construct a data-structure D requiring O(n'***#) space that can

1. for any two vertices v, w compute distg (v, w) in O(n**#) time, unless v and w
are both non-boundary vertices of the same leaf-block of 7,

2. for each block B € P return a vertex b € B and eccg(p|(b) in O(1) time.
<

Proof. For each block B of  we perform a BFS restricted to G[B] from each vertex
s in the separator of B. We store the distances from s to each vertex b € G[B] in
an array Dg;. For the running time, note that a block B with k vertices has k - d
edges and an separator of size s; € O(k® - n?). Thus, the cost for the s; BFS runs on
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G[B] is in O(sk - kd). We write T (k) for the running time of these BFS runs plus
the running time in all descendant blocks of B. Each block B has ¢ € O(1) children
that form a partition of B, so this results in the recurrence

c
T(k) =k nf k-d+ ZT(bik),
i=1

where the b; € (0,1) are constants summing up to 1, >}7_; b; = 1. Then, T(n) €
O(n'***F . d) follows via induction over n or by applying the theorem of Akra and
Bazzi [AB98]. Similarly, for each size k block we need to store O(k) distances, so
total space needed is in O(n'***#). Note that these BFS runs allow us to store, for
each block B, the eccentricity of a vertex of G[B] without incurring any additional
asymptotic overhead. This implies statement (2).

It remains to discuss the distance queries. Let v and w be two vertices and let P
be a shortest path between them in G. Consider the smallest block B that contains
P. If B is a leaf-block, then both v and w are contained in B. Then, if without
loss of generality v is a boundary vertex of B, we have distgp) (v, w) = distg(v,w).
Furthermore, v is a separator vertex of the parent B’ of B and the distance between
v and w can be looked up in the pre-computed distance array Dp,. If v and w are
both non-boundary vertices of B, it P may not contain any separator vertices, so
we ignore this case.

If otherwise B is not a leaf-block, we claim that P contains a separator of B. To
see this consider two cases. If v and w lie in different child blocks of B, then a path
from v to w clearly needs to cross the separator of B. Otherwise, if v and w lie in the
same child block B’ of B, then by the choice of B the path P is not contained in B’.
This means that P crosses a boundary vertex b of B, which is a separator vertex of
B. Then, as P is contained in B we have distg (v, w) = distg (g (v, b) + distgz (b, w).
Again, these distances can be looked up in a pre-computed distance array Dgy,.

To summarize both cases, there exists a block B that is a common ancestor
of the leaf blocks containing v and w and a separator vertex s of B such that
distg (v, w) = distg(p) (v, s) +distg[p) (s,w). Thus, in order to answer distance queries,
we can proceed as follows. For a given pair of vertices v,w € V(G) we first identify
the leaf blocks B, and B, withv € B, and w € B,,. This can be done in O(1) time,
assuming that as an additional preprocessing step we iterate over all leaves of  in
O(n) time. Next, we find the lowest common ancestor B* of B, and B, in  in O(1)
time assuming some additional O(n) time preprocessing [BF00]. Let By = B*,..., By
be the sequence of ancestor blocks from B* to the root. For each block B; with
separator S; (for i € [£]) we iterate over each separator vertex s € S; and return the
minimum value of distg(p,j(s,v) + distg(p,](s,w). By the considerations above, this
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correctly gives the distance of v and w in G unless both v and w are non-boundary
vertices of the same leaf-block.

To analyze the running time recall that distances distg[p,} (s,v) and distg(p,} (s, v)
can be looked up in Dp; in O(1) time. Consequently, we need to bound the number
of the separator vertices S; U ... U S; of B* and its ancestors. Each block with k
vertices has a separator of size O(k“nﬁ ) and, for a constant ¢ < 1, each child block
has size at most c times the size of its parent. Using £ € O(logn), we have

14 logn logn
Z |Si| € Z O((n : Ci)anﬁ) = 0(n%n’) Z(C“)i = 0(n%nP),
i=1 i=0 i=0
so the oracle query can be answered in O(n%n”) time. ]

In addition to accelerating the upper bound evaluation (see Section 6.3.2), this
distance oracle allows us to efficiently compute the maximum distance between
any two blocks A and B of . We present two methods for doing so. The first one
simply computes maxdist(A, B) using |A| - | B| oracle calls.

> Lemma 6.10. Let G be a graph with degeneracy d and let # be a balanced
recursive partition with (a, f)-small separators (Property 3). After a pre-processing
step taking O(n'***#d) time, for any two distinct blocks A, B € P we can compute
maxdistg (A, B) in O(|JA]| - |B| - n®*F) time. <

Proof. The running time follows directly from Lemma 6.9, by calling the distance
oracle for each pair of vertices in A X B. ]

For the second method, we construct small auxiliary graphs on which distance
computations are faster than on the whole graph. This improves upon the simple
approach in some settings, especially on graphs with small separators.

Let A, B C V(G) be two sets of vertices. We define the overlay graph Hspy of A
and B as follows. Let S4 and Sp be the boundary of A and B. Then, we construct

H s p) by taking G[AU B] and inserting weighted edges between all vertices S4 U Sp.

Fors,s” € 54 U Sp the edge {s,s"} € E(H(4p)) has weight equal to the distance of s
and s" in G, i.e., d;(s,s”). The following lemma shows that distances in the overlay
graph are equal to distances in G.

> Lemma 6.11. Let A,B C V(G) be vertex subsets and let H = H(4p) be the
overlay graph of A and B. Then for any two vertices u,v € A U B their distance in
G is equal to their distance in H, i.e., dg(u,v) = dy(u,v). <
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Proof. We first show dp, , (u,v) < dG(u,v). For this, let P be a shortest path from
u tov in G. If P contains no vertices of V(G) \ V(H4p)), then P is also a path in
Ha p). For the other case, we first note that only boundary vertices of A or B can
have neighbors in V(G) \ V(H(p)). Now consider an inclusion-maximal subpath
P of P that contains only vertices of V(G) \ V(Hap)). Then, in H(4 ) the two
vertices that come before and after P; on P are connected by a weighted edge of
length |Ps|. Thus, by removing all maximal subpaths containing only vertices of
V(G) \ V(Hap)) from P we obtain an equally long path in H,4 ).

Next, we show dg(u,v) < dp,, (u,v). Suppose P is a shortest path between u
and v in H(4 p). Then, an equally long path in G can be obtained by replacing any
weighted shortcut edge of P with the shortest path between the endpoints of that
edge in G. [ ]

To compute the maximum distance of two blocks A and B of #, we can thus
compute it on H,4 p) instead. The running time then consists of the time for the
construction of H,4 p) plus the time for running Dijkstra’s algorithm |A| times. We
summarize this in the following lemma.

> Lemma 6.12. Let G be a graph with degeneracy d and let # be a balanced
recursive partition with (a, ff)-small separators (Property 3). After a pre-processing
step taking O(n'***#d) time, for any blocks A,B C P (including A = B) with
k = |A U B| we can compute maxdists (A, B) in time

O(k?logk + k*d + k'*2%n2P 4 [2ana+3p)
<

Proof. We rely on the pre-processing and distance oracle given in Lemma 6.9 and
construct the overlay graph H4 p). For this, we construct the subgraph G[A U B]
in O(kd) time and then look up all distances between boundary vertices using
the distance oracle. Each distance lookup takes O(n®*#) time. As the blocks have
O(k*nP) boundary vertices, this results in a total running time in

O(kd + (k*n?)?n®*P) = O(kd + K**n®*3F)

for the construction of H4 g). By Lemma 6.11, we can determine maxdists (A, B) by
running Dijkstra’s algorithm from every vertex a of A to find the vertex b € B most
distant from a. The overlay graph has O(k) vertices and O(kd + k**n?%) edges, so
Dijkstra’s algorithm runs in

O(klogk + kd + k**n?P)
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time and O(k) such queries take
O(k?log k + k2d + k'*2*n?P)

time. Together with the construction of Hg ), this yields the running time claimed
in the lemma statement. ]

6.3.2 Upper Bound

Recall that we want to avoid computing the maxdist of pairs of blocks that are too
close to possibly contain diametric vertex pairs. In this section we give the upper
bound used for this purpose and show that it can be evaluated efficiently.

> Lemma 6.13. Let G be a graph with degeneracy d and a balanced recursive
partition P with (&, f)-small separators. After an O(n'***#d) time pre-processing,
we can for any given blocks A, B € P (including A = B) compute a value u(A, B) in
time O(n®*?), such that

maxdistg (A, B) < u(A, B) < maxdistg (A, B) + 2 diamg[4] +2 diamg/3 .

<

Proof. As a pre-processing, we rely on the distance oracle from Lemma 6.9, which
is constructed in O(n'***#d) time. We consider blocks A, B € P.

If A = B we compute u(A, B) by selecting an arbitrary vertex a € A and looking
up the eccentricity eccga)(a) in O(1) time. Setting u(A, B) = 2 - eccgpaj(a), we
have maxdistg (A, B) = diamga] < u(A, B) < 2diamg[,). It remains to consider
the case A # B. We set

u(A, B) = 2eccga)(a) + 2eccgp)(b) + distg(a, b),

where a € A and b € B are chosen such that, using the distance oracle, we can look
up their eccentricities in O(1) time and compute dg(a, b) in O(n**#) time (see also
Lemma 6.9).

Regarding the claimed inequalities, we first show maxdists (A, B) < u(A, B). Con-
sider maximally distant vertices a* € Aand b* € B, i.e., distg(a*, b*) = maxdistg(A),
and let P be a shortest path between a* and b*. Then, any other path from a* to b*
is at least as long as P. We thus consider the path P’ obtained by concatenating a
shortest a*a path in G[A], a shortest ab path and a shortest bb* path in G[B]. Then
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we have

|P| = maxdistg (A, B) = distg(a®, b*)
< distg[a)(a*, a) + distg(a, b) + distgp) (b, b")
=|P'|.

We have distg(a*, a) < diamga) < 2eccgpaj(a). With an analogous estimate on
distg(b*, b), we thus obtain

maxdistg (A, B) < 2eccgia)(a) + distg(a’,b’) + 2 eccgp (b) = u(A, B).
For the other claimed inequality,
u(A, B) < maxdistg(A, B) + 2 diamg4] +2 diamgyp,

note that distg(a, b) < maxdistg(A, B) and additionally that any eccentricity in a
graph is at most the diameter. [ ]

This means that the u(A, B) overshoots maxdistg (A, B) by at most a constant mul-
tiple of the diameters of G[A] and G[B]. This helps us to analyze the effectiveness
of the pruning based on this upper bound in the next section.

6.3.3 Number of Candidate Pairs

Recall from the beginning of Section 6.3, that we consider a flat partition 8 C #,
i.e., a set of similarly sized blocks of # that partitions V. Moreover, we denote
B € B as a candidate partner for A under ¢, if u(A, B) > ¢. In the following, we give
upper bounds for the number of candidate pairs in 8 on graphs with local diametric
partners and, optionally, few corners. We begin by formalizing the intuition that
candidate pairs are located far from each other in the graph.

> Lemma 6.14. For £ > diamg, let A and B be two candidate pairs under ¢, i.e.,
u(A, B) > £. Then for every pair of vertices a € A and b € B we have

distg(a, b) > diamg —3 diamg4] —3 diamgp) .

<

Proof. Consider A and B with u(A, B) > ¢. Using ¢ > diamg and the maximum
value of u(A, B) from Lemma 6.13, this implies

maxdist(A, B) + 2 diamg[4] +2 diamg(p] > u(A, B) > £ > diamg .
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This means there are vertices a* € A and b* € B with
distg(a®, b*) > diamg —2 diamg[a] —2 diamgp) .
For a pair of vertices a € A and b € B, we have

distg(a*, b*) < distg(a”, a) + distg(a, b) + distg (b, b*)
< diamga) + distg(a, b) + diamgp .

Together, this implies distg(a, b) > diamg -3 diamg[4] —3 diamgg). [

Assume that G has dj,¢,-local diametric partners (Property 1) and P is (a, f)-
well-spaced. We show that among the similarly sized blocks B each block has only
few candidates. The idea for this is roughly as follows. By Lemma 6.14, vertices
of a candidate pair are almost diametrical. However, by Property 1 the almost
diametrical partners of any vertex are covered by few balls of bounded radius and
by Property 5 only few blocks with relevant diameters intersect any such ball. This
gives a bound on the number of candidates.

> Lemma 6.15. Let G be a graph with dj,¢,-local diametric partners and a («a, f)-
well-spaced recursive partition #. Let further £ > diamg, and let 8 € P be a
flat partition with similarly sized blocks of diameter in Q(djoca1). Then each block
A € B has only O(1) candidates in 5. <

Proof. Let A € B be a block that has a candidate B € B under ¢, i.e., u(A, B) > ¢.
Then, for any pair of vertices a € A and b € B we have

distg(a, b) > diamg —3 diamg4] —3 diamgp)

by Lemma 6.14. All blocks of B have roughly the same size and by Property 4
also roughly the same diameters, so this means distg(a, b) > diamg —x for x €
©(diamg[4]). Recall that we call vertices satisfying the above inequality x-diametric.
We have thus shown that the vertices of any candidate block B of A are among the
x-diametric partners of a € A.

Property 1 guarantees that all x-diametric partners of a lie in O(1) balls of
radius O(x + djoca1) = O(x). Moreover, due to Property 5, only a constant number
of blocks with diameter ©(diamg4)) = ©(diamg(p)) intersect any ball of radius
O(x) = O(diamgy(a)), i.e., the x-diametric partners of a lie in a constant number
of blocks with diameter ®(diamg(4]). Thus, A has only a constant number of
candidates in B. ]
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Now assume that G also has dcorner-few corners (Property 2). We show that
in a flat partition with blocks of sufficiently large diameter only few blocks have
candidates.

> Lemma 6.16. Let G be a graph with dcomer-few corners, let # be a (a, f)-well-
spaced recursive partition, let > diamg, and let 8 C P be a flat partition with
blocks of diameter in Q(dcorner). Then, only O(1) blocks of B have candidates in
B. <

Proof. Let A € B be a block that has a candidate B in 8, i.e., u(A,B) > ¢. By
Lemma 6.14, for any vertices a € A and b € B we have

distg(a, b) > diamg —3 diamg4] —3 diamgp) .

This means that b is in the x = (3 diamg[4] +3 diamg[p])-diametric set of a. Note
that diamg[a] € Q(dcorner) and thus x € Q(dcomer). We have thus shown that for
some x € Q(dcorner) every block A with a candidate in B has at least one x-diametric
partner. By Property 2, the set of vertices that have x-diametric partners can be
covered by O(1) balls of radius O(x + dcomer) = O(x) in G. By Property 5, any such
ball is intersected by only O(1) blocks with diameter in ®(x) = ©(diamg[4)). This
implies that only O(1) blocks of B contain vertices with x-diametric partners. m

Assuming that the diameter of blocks in B; is in Q(min{docal, deorner}) this im-
proves the bound on the number of candidate pairs given by Lemma 6.15. We get
that only O(1) blocks of B; have candidates and each only has O(1) candidates.
Thus, the total number of candidate pairs is also in O(1).

6.3.4 Efficient Candidate Enumeration

We have shown that within a flat partition B with blocks of sufficiently large
diameter, every block has only O(1) candidates (see Section 6.3.3). Additionally,
for each pair of blocks we can quickly test whether they form a candidate pair
(see Lemma 6.13). However, if the blocks of 8 consist of ©(k) vertices, there are
0 (n/k) many blocks and thus testing each of the O(n?/k?) pairs is pretty expensive,
especially for small k.

To improve upon this, the following observation is helpful. Consider two blocks
A and B that do not form a candidate pair, i.e., u(A,B) < f. Then we have
maxdistg (A, B) < ¢ and we can ignore all vertices a € A and b € B on the search
for the diameter. More generally, let A’ C A and B’ C B be descendants of A and
B, respectively. If A and B do not form a candidate pair, then maxdistg (A, B) < ¢
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and hence also maxdistg(A’, B’) < ¢. In this case we consider (A’, B’) to not be a
candidate pair regardless of the actual value of u(A’, B').

We thus go through the recursive partition in a top-down fashion, i.e., instead of
directly considering pairs of blocks in B, we first evaluate the upper bounds for
their ancestors in P, starting at the root. This way we can already exclude pairs of
blocks in B that have ancestors that do not form candidate pairs.

To make the approach more precise, we maintain an intermediate flat partition
B;. Initially, B, consists of the root block of P. Afterwards, in step i > 1, we obtain
B; from B;_; by replacing the largest block of B;_; with its children in $. At each
step, we keep track of all candidate pairs in 8B;. This means that when replacing
a block B € B,_; with its children B/, .. .,B; € B;, we compute the upper bound
between each child and each candidate for B in 8B;_;. We stop this process with a
final flat partition B; = B. In Section 6.3.5 we discuss how j is chosen in order to
minimize the running time. Before that, we summarize important properties of the
intermediate flat partitions.

Clearly, the balance and bounded branching factor of #’ implies that after each
step i, the blocks B; are similarly sized, i.e., for any A, B € B; we have |A| € ©(|B|).
With Property 4 (size-dependent diameters), this implies diamg4] € ©(diamgp)).
As B, forms a partition of V, it consists of ®(n/|A|) blocks for A € B;. By
Lemma 6.15, each block A € B; has only O(1) candidates in B; under lower bound
¢ > diamg, provided that diamg[a] € Q(djocal) (see Property 1). This allows us to
bound the running time needed to compute the candidate pairs in B;.

> Lemma 6.17. Assume that the flat partition $B; has blocks with diameter in
Q(docal) and £ > diamg. Then, in O(n'***#) time, we can compute By, ..., B; and
enumerate all candidate pairs in B; for all i € [0, j]. <

Proof. At each step i < j a block B from an intermediate flat partition B;_; is
replaced with its children and upper bounds are evaluated in order to maintain the
set of candidate pairs. However by Property 4, for i < j the diameters of blocks in
B; are asymptotically at least as large as the diameters of blocks in B; and thus by
Lemma 6.15 the replaced block B only has O(1) candidate blocks in B;_;. As each
block of a well-spaced recursive partition only has O(1) children, this means that
the splitting step leads to O(1) upper bound evaluations, which take O(n**#) time
(see Lemma 6.13).

It thus remains to bound the number of blocks across all considered flat partitions
By, ..., Bj. Assume the blocks in B; have size (k). Then it consists of O(7) blocks.
All other blocks that are part of an intermediate flat partition B; with i < j are
ancestors of a block of B;. Further, every block in # has at least 2 children. Thus,
the total number of unique blocks in any of the considered partitions is also in
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O(%)- This means that the total running time for all upper bound evaluations is in
n

O(%- n®*F). In particular this is dominated by the running time O(n!*%*#) for the
construction the distance oracle (see Lemmas 6.9 and 6.13). [ ]

6.3.5 Putting Everything Together

In this section we combine the components laid out above and complete the algo-
rithm. To recap the different steps, the fundamental approach expects a graph G, a
recursive partition # and a bound ¢ and proceeds as follows. First, construct the
distance oracle, then enumerate all candidate pairs in intermediate flat partitions B;
and, for the final flat partition 8;, compute the maxdist of each candidate pair. This
then yields the diameter of G or, if 8; contains no candidate pair, that diamg < ¢.

To analyze the algorithm, we assume that G has n vertices, degeneracy d, satisfies
Property 1, and that P is («, f)-well-spaced. We first consider the setting where
B, is chosen such that the blocks have some specified size ©(k). By Lemma 6.9 the
time needed to construct the distance oracle is in

o(n'***F . g4). (6.1)

Assuming the blocks in 8; have diameter in Q(djoca) and £ > diamg, enumerat-
ing all candidates in B; causes no asymptotic overhead (Lemma 6.17). Next, by
Lemma 6.12 the running time for one maxdist computation is in

O(K%d + k"% n?P 4 2o na+3h)y, (6.2)

Alternatively, by Lemma 6.10 the maxdist of a pair of distinct blocks can also be

computed in time )
O(K*n™*h). (6.3)

To guarantee that all candidate pairs consist of distinct blocks, it suffices to assume
k € o(n). Then, the diameters of the blocks in B; are in o(diamg) and thus the
upper bound of any block with itself is in o(diamg).

As 8B, forms a partition of the vertices, it consists of O(n/k) blocks. Recall that
we assume that G has djy-local diametric partners and that the blocks in B;
have diameter in Q(djoca1). Consequently, by Lemma 6.15, each block has O(1)
candidate partners under ¢ > diamg. Thus, there are O(n/k) candidate pairs.
If G has dcorner-few corners and the blocks of 8B; have diameters in Q(dcorner),
then only O(1) blocks have candidate partners, by Lemma 6.16. This means that
there are only O(1) candidate pairs. The total running time is thus given by the
preprocessing (Equation (6.1)) and the maxdist computations for each candidate
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pair (Equation (6.2), respectively Equation (6.3)). We summarize the algorithm as
follows.

> Lemma 6.18 (Size-based algorithm). For G and ¥ as above, ¢ € [n], and
k € o(n), there is an algorithm A(G, P, ¢, k) that decides how diamg compares to
. If £ > diamg and P admits a flat partition into blocks of size ©(k) and diameter
Q(djocal) the running time of A(G, P, £, k) is in

é(n1+a+ﬂ ) d+min{nkd+ J2ap1+2B | j2a-1p 14a3p kn“‘”ﬂ}).

If additionally G has domner-few corners and the diameter of the blocks is in
Q(dcorner) the running time is in

é(n1+a+ﬂ d+ min{kzd t kl2ap2f y p2epat3f k2n“+ﬂ}).
<

Assume that for £ > n the above algorithm terminates T (n, k) time steps. Then, by
executing the algorithm for T'(n, k) steps, one can use a binary search to determine
diamg. In fact, this strategy can be extended to also find an optimal value for the
parameter k, such that the final algorithm only depends on G and #. With the
following lemma we describe this strategy in a generic way.

> Lemma 6.19. Let A(I, ¢, k) be an algorithm that takes as input some instance I
along with two integer parameters ¢, k € [n] and that decides how £ compares to a
numerical quantity D(I) with D(I) € [n]. Assume that

1. for ¢ > D(I), the algorithm runs in T'(n, k) time, and further that

2. there is a value k* € [n] such that every k € ©(k*) minimizes T(n, k) for
every n up to constant factors.

Then, there is an algorithm A’(I) that taking an instance I that computes D(I) in
time O(T(n, k*) - log® n). <

Proof. The core idea is that if k* and T(n, k*) are known, then a binary search on
¢ can be used to compute D(I) using O(logn) executions of A(I, £, k*). To see
this, note that by assumption D(s) takes a value between 1 and n and if A(I, ¢, k*)
terminates, it decides whether £ < D(I), £ = D(I), or £ > D(I). Otherwise, if
A1 ¢, k*) does not terminate within T(n, k*) time, then this implies £ < D(I) and
A can be halted.
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It remains to find k* and T(n, k*). For this, we use an exponential search, i.e.,
we find (up to a constant factor) the smallest time limit T and (up to a constant
factor) the smallest value for k, such that the binary search outlined above succeeds
in O(T) time. To be more precise, we start with a constant time limit T € O(1)
and iteratively increase it by a constant factor until a subroutine succeeds. In that
subroutine, we start with k = 1 and iteratively increase k by a constant factor
until either k > n or a second subroutine succeeds. The second subroutine tries
to determine D(I) using a binary search on ¢, by executing A (I, ¢, k) with a time
limit T. If k € O(k*) and T > T(n, k™), the binary search finds D(I) in O(T log n)
steps as discussed above. If otherwise k or T are too small, then the binary search
may wrongly conclude that a probed value of ¢ is smaller than D(I). In this case
the binary search fails and larger values for k are tested until either D(I) is found
or k > n. In the latter case, T is increased and the exponential search on k starts
again. This means that for each value of T, the subroutine tests O(log n) values for
k in O(T log n) time each. At some point, T reaches T(n, k*). Then, the exponential
search on k succeeds and the binary search identifies D(I). As T is increased by a
constant factor each time, the total running time is dominated by the last round
and thus in O(T(n, k*) log® n). [ |

We apply this to the size-based algorithm from Lemma 6.18 and obtain the
following.

> Theorem 6.3. Let G be a n-vertex graph with degeneracy d satisfying Property 1.
Let P be a («, f)-well-spaced recursive partition with leaf-block size kjeo¢. For every
k > kiear such that k € o(n) and blocks of size ©(k) have diameter Q(djycal), Our
algorithm computes the diameter of G in time

O(n1+a+ﬁ d+ min{nkd+ J20 142 201 lkak3f kn”‘“ﬂ}).

If also Property 2 holds and blocks of size ©(k) have diameter Q(dcorner), it runs in
time
é(n1+a+ﬁ d+ min{kzd + k12ap2B | 2o ot3p kzn‘”ﬁ}).

<

We note that in our case, the second logarithmic factor of Lemma 6.19 can be
avoided. To see how, note that the running time for the maxdist computations
only depends on a few quantities known to the algorithm, such as the number
of candidate pairs, the size of the blocks, and the size of their boundaries. This
means that for each intermediate flat partition B; the algorithm can make an (up
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to constant factors) tight estimate for the time needed to compute the maxdist of
all candidate pairs in B;. Thus, the algorithm can keep track of the elapsed time
until each step i and calculate the cost for computing the maxdist over all candidate
pairs of B;. If this estimate for the total running time is below the given time limit
t the algorithm computes the maxdists on 8; = 8B;. Otherwise it continues by
considering the next flat partition $;;. This continues until either the time limit is
up or until a flat partition is found for which the time limit is sufficient. If there
is some size k and a flat partition $B; with blocks of size roughly k such that the
size-based algorithm A (G, P, £, k) from Lemma 6.18 runs in time t*, then for any
given time limit ¢ > t* the above algorithm also finds a flat partition for which it
can calculate the maxdist in time ¢. This way only one logarithmic factor is added
by the binary search.

6.4 Analysis on Random Geometric Graphs

In order to apply the algorithm from Theorem 6.3 on random geometric graphs,
we show that Properties 1-5 hold asymptotically almost surely. We start with
an overview of the general proof ideas and also give the main intuitions for our
analysis of the iFUB algorithm.

Properties 1 and 2. Recall from the introduction that Properties 1 and 2 are
based on simple geometric observations (Observations 1 and 2) that intuitively
hold for the ground spaces of torus/square RGGs on a purely geometric level.
Consequently, the main task is to transfer these geometric intuitions to the graph
setting, i.e., it remains to show that the derived properties hold a.a.s. on the graphs.
As our main tool we extend known results on the graph—geometry stretch, i.e.,
the relation between geometric distance and graph distance [Dia+16]. Roughly
speaking, we use that for vertices with known geometric distance d on a RGG with
connection radius r, the graph distance likely lies within a narrow range around
d/r. This allows us to show that the almost diametric partners of a vertex v have
geometric distance close to the geometric diameter. They are thus contained in a
small geometric ball and therefore also in a small ball in the graph.

Properties 3, 4, and 5. Showing that the properties related to recursive parti-
tions likely hold on RGGs works similarly. Recall that these properties are derived
from Observations 3-5 which describe intuitive geometric properties. We thus
formally define a recursive partition based on the quadtree-like subdivision used
for these observations, see also Figure 6.2 (d). Then, geometrically each cell with
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side length s has perimeter 4s, area s2, and diameter V2s. As the number of vertices
within any polynomially sized region is highly concentrated, this gives us that the
recursive partition of the graph is balanced and has small separators. With the
bound on the graph—geometry stretch this also gives the claimed size-dependent
diameters. Here, we need slightly stronger guarantees than already shown [Dia+16],
because we need short paths that do not only exist in the whole graph, but also in
the subgraphs induced by the recursive partition. Finally, it is easy to formally prove
a variant of Observation 5, which directly implies Property 5 via the concentration
of the vertices.

Running Time of iFUB. For our analysis of the iFUB algorithm on random
geometric graphs, we consider the variant of iFUB that chooses a central vertex ¢
using the 2-sweep heuristic as follows. First, the algorithm performs a BFS from an
arbitrary vertex v and picks a vertex w in the last layer, i.e., with maximum distance
from v. Then, a second BFS is performed from w and the vertex c is chosen half the
way on a shortest path between w and a vertex w’ with maximum distance from w.
Subsequently, iFUB performs exactly one BFS from every vertex whose distance to
c is more than half the diameter of G. In the settings we consider, these vertices
also account for pretty much all BFS runs and thus directly determine the total
running time.

For the upper bound on square RGGs, we begin by showing that the vertex w
selected by the first BFS is likely located close to a corner of the square ground
space. Afterwards, we show that c is located in a small lens close to the geometric
center of the ground space, see also Figure 6.3 (a). Both of these steps use basic
geometric arguments and rely on the graph—geometry stretch, however bounding
the size of the lens in the second step is somewhat technical. Conditional on ¢
being located close to the geometric center, it is then easy to show that there are
not many vertices whose distance to c is at least half the diameter of G. This then
gives the running time in the first part of Theorem 6.1.

For the torus, any chosen center c results in more than half of all points having
distance more than half the diameter of G from c, see also Figure 6.3 (c). Combined
with the graph—geometry stretch this directly shows that iFUB performs a BFS
from Q(n) vertices, covering the second part of Theorem 6.1.

Outline. Inthe remainder of this section we start with our definition of random
geometric graphs and afterwards show the stretch bounds. In order to apply the
algorithmic framework from Section 6.3, we then first define the recursive partition
and show that Properties 3-5 are likely to hold, before considering Properties 1
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Figure 6.3: Visualization for the analysis of the iFUB algorithm. Part (a) concerns the
2-sweep heuristic on square RGGs: for any chosen vertex v, the highly distant vertex w lies
in a small region (blue) around a corner of the ground space and the central vertex c lies in
a small lens (also blue, not to scale) in the center. Only few vertices lie in the small regions
with distance at least half the diameter D from ¢ (Part (b), orange), giving an upper bound
on the running time on square RGGs. Part (c) shows the torus, a point c, and its antipodal
partner ¢’; it can be seen that most points (orange) have distance at least half the diameter
D from c.

and 2, and finally combining these results and apply Theorem 6.3 to get running
times for the algorithm. Afterwards, in Section 6.4.6 we analyze the running time
of iFUB.

6.4.1 Definitions

For a side length s € R, we define S; as the square [0, s)?> C R?. We write dg (u,v)
for the Euclidean distance between two points u,v € R2. Further, we define the
(flat) torus 7; = R%/(s - Z)? with side length s as the equivalence classes of points
in [0,s)?, i.e., we write v as a shorthand for [v] = {v +m | m € (s - Z)?} for
any v € R? The toroidal distance between two equivalence classes is defined as
the minimum Euclidean distance between points in the equivalence classes, i.e.,
dy:(u,v) := min{dg(z,w) | z € [u],w € [v]}. In the context of random geometric
graphs we write S (respectively 7°) for S, (respectively 7.r).

Then for a ground space X € {7, S} we define the random geometric graph
G € G(X,n,r) as follows. Throughout this chapter we assume r < n” for a constant

1

p < 3. The vertex set V(G) is obtained by drawing n points independently and

uniformly in X. We identify each vertex v with its geometric position (vy,v,) € R

Then, two vertices are adjacent exactly if their distance in X is at most r, i.e., E(G) =
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{{v,w} € (V(ZG)) | dx(v,w) < r}. Here, we let dx refer to the Euclidean distance
for G(S,n,r) and to the toroidal distance for G(7,n,r). We call G € G(S,n,r)
a square random geometric graph and G € G(7, n,r) a torus random geometric
graph.

We write Q(X ,n,r) for the related model of Poisson RGGs. Here, we first draw a
Poisson random variable N with mean n and then draw G ~ Q(X ,n,r) as a random
geometric graph with N vertices. Note that this is equivalent to setting V(G) as
the result of a Poisson point process with intensity 1 on X. The advantage of
G(X,n,r) over G(X, n,r) is that the number of vertices in any region A C X with
area measure a follows a Poisson random variable with mean a and is independent
from the number of vertices in a disjoint region A" C X \ A.

6.4.2 Graph-Geometry Stretch on RGGs

There is a tight relationship between the geometric distance and the graph distance
of vertices in a random geometric graph. For a lower bound on the graph distance,
note that in a random geometric graph with connection radius r, each edge connects
vertices of distance at most r. Thus, regardless of the underlying geometry X €
{8, T} for any pair of vertices u, v we have

dx(u,v)w

r

distg (u,v) >

(6.4)

Interestingly, on random geometric graphs we also get upper bounds for the
graph distance conditional on the geometric distance of vertices. Below, we slightly
adapt results by Diaz, Mitsche, Perarnau, and Pérez-Giménez [Dia+16] to also give
upper bounds for the graph distance within subgraphs induced by axis aligned
squares.

> Lemma 6.20 ([Dia+16], Theorem 1.1). Let G ~ G(S,n,r) be a square RGG
with connection radius r € (o(logS/ *n). Asymptotically almost surely, for every
pair of vertices u,v € V(G) with dg(u,v) > r, we have

distg (u,v) < [M(l + s)w

with

O(r=*3log n) if dg(u,v) <rlnn,

s =s(de(wv),r) €
O(r'4/3) if dg (u,v) > rlnn.
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Furthermore, every axis-aligned square containing u and v contains a (u,v)-path
of such length. For G € G(S,n,r), the same event holds with probability 1 —
o(n%/?). <

Proof. The upper bound on the graph distance between u and v is given in Statement
(ii) of Theorem 1.1 in [Dia+16] as distg(u,v) < [M(l + s)-‘ with

4
logn )2/3+ (\/logn) )

r2+r-de(u,v) r

s =s(dg(u,v),r) € O (

4

Vlogn
_rg ) < r 43

by the third one. For the first summand we have

logn 213 logn 23 431 2/3
=r %1 )
(r2+r-d[E(u,v)) <( re ) r SO

Forr > logs/ * n we have . Thus, the second summand is dominated

Additionally, for dg (u,v) > rInn the first summand is smaller than r4/3,

It remains to show that one (u,v) path of such length is contained in a square
bounding box of u and v. For this we need to consider some details made in the proof
of Corollary 2.1 [Dia+16]. This corollary considers a disk intersection graph of a
Poisson point process in the plane, where vertex u is planted at the origin and vertex
v at (t,0). The authors then consider the rectangle R = [1.01a,t — 1.01e] X [0, ]
for @ € ©(r) with a < 0.004r. Relying on further lemmas that we do not need to
discuss here, the authors show that with probability 1 — o(n~>/?) there exists a path
of the desired length from u to v that only uses vertices in R. The theorem then
follows with a de-Poissonization, reducing the probability to 1—o(n?), followed by
a union bound over all pairs of vertices in the random geometric graph G, reducing
the probability to 1 — o(1).

In order for the union bound to work, the authors show that the path within the
rectangle R implies a path within the [0, v/n] X [0, v/n] ground space of G, even if u
and v lie on the boundary of the ground space. The union bound afterwards does
not distinguish between vertices close to the boundary and the many more vertices
far from the boundary. Thus, the proof given in [Dia+16] also implies that for any
pair of vertices u and v in G there is a path of the desired length that does not leave
any axis aligned square containing u and v. ]

We use a coupling argument to show that Lemma 6.20 holds analogously on the
torus.
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Figure 6.4: Sketch of the coupling argument. The square S consists of four smaller squares
and vertex sets V4 to Vp are formed by rearranging the points of a Poisson point process
on S as depicted. This way the torus distance between points v and w in S is realized as
the Euclidean distance in one of the rearrangements.

> Lemma 6.21. Let G ~ G(7,n,r) be a torus-RGG with connection radius r €
(o(log3/ *n). Asymptotically almost surely, for every pair of vertices v,w € V(G)

with d7-(v,w) > r, we have distg (v,w) < [M(l +s(v,w, r))-‘ with the error term

s(d7(v,w),r) as in Lemma 6.20, and further, every minimal ' axis-aligned square
containing v and w contains a (v, w)-path of such length. <

Proof. Consider the torus-RGG G. Then, for any pair of vertices (v,w) the torus
7 can be mapped into the square S such that the distance between v and w is
preserved, i.e. such that the toroidal distance between v and w is equal to their
Euclidean distance in the mapping. In fact, four different mappings are sufficient
for all pairs of vertices, see also Figure 6.4.

More formally, we introduce a coupling between G(T,n,s) and G(S,n,s) as
follows. The rough idea is to define four coupled RGGs by suitably re-shuffling the
points sampled from a Poisson point process, such that the Torus distance between
vertices is realized by the minimum Euclidean distance in one of the four coupled
RGGs. By Lemma 6.20, in each of the four square RGGs graph distances are a.a.s.
not much longer than implied by the geometry, so the same holds on the torus
RGGs.

By restricting the Poisson point process IT on R? to S = [0, v/n)* we obtain the
vertex set V4 of a Poisson random geometric graph G4. We define vertex sets V3, V¢,

14 Requiring minimal squares is the main difference to the statement of Lemma 6.20. This difference
is necessary, because on the torus there are squares containing v and v that do not contain the
geodesic between u and v.
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and Vp, by translating the points sampled by IT N S as indicated in Figure 6.4. Let

S1, Sz, S3, and Sy be the four half-open squares of side length s = @ that tile S. For
i € [1,4] denote ITNS; as IT; and for a point p € R? write 7, : R* > R?, g > q+p
for the translation that maps the origin to p. We define

VB = 1(5,0)(IT1 U IT3) U 7(_5 0y (I, U I1})
Ve = 10,5 (IT3 U ITy) U 7(0—g) (1T} U I)
Vp = T—s,s(H4) U T(s.s) (H?)) U T(—s,~s) (HZ) U T(s,~s) (H1)§

see also Figure 6.4. Note that these vertex sets follow the distribution of the Poisson
point process [T restricted to S. Combining these vertex sets with the threshold
radius r we obtain geometric graphs Gg, G¢, Gp that are each uniform Poisson
random geometric graphs sampled from G (S, n, s).

Additionally, we define Gy ~ G(S, n,s) by connecting the vertices of V4 accord-
ing to the torus metric. For simplicity, we refer to vertices of the different graphs

asv; € V;, such that, for instance each vy € V4 has a copy vg € Vp that is shifted

along the x-axis by g either to the left or to the right. Then for any pair of vertices

va,wy € V4 we have

dr-(va,wa) = min  dg(v; —w;), and distg.(v4,w4) = min distg, (v, w;),
roawa) = min de(o;-w) 6rwawa) = min  dist,(o,,)
i.e., the torus distance of v4 and vp is the minimum Euclidean distance of any of
their copies in V4, Vg, V¢, and Vp. Asymptotically almost surely, the stretch event
Estretch of Lemma 6.20 holds on all four graphs. Thus a.a.s. for any two vertices
vr,wT of Gr we have

distg, (vr,wr) min  distg, (v;,w;)

ie{A,B,C,D}

distg (v, w;
< min [M(1+S(Unwi,r))w,
ie{A,B,C,D} r

[M(l + sonwr, r))},

where s(v;,w;, r) is the error term from Lemma 6.20. We also get that at least one
such path is contained in the smallest axis-aligned square containing u andv. =

We refer to events from Lemma 6.20, respectively Lemma 6.21, as the stretch
event and denote it with Egeren. Note in particular that conditioning on Egtretch
gives an upper bound on the graph distance of all pairs of vertices.
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P1 D2

p3 D4

vn
Figure 6.5: Four child parts p;, p,, p3, and p, of the root part p, of P.

6.4.3 Recursive partition

We now give a formal definition for our recursive partition and show that with
high probability it is balanced and Properties 3-5 hold. We first define the infinite
quadtree partition P as a recursive subdivision of the of the square S = [0, v/n) X
[0, v/n). We index parts using words o € {1,2,3,4}*. The root of P is p, = S, where
¢ stands for the empty word. For any p, = [x1,x2) X [y1,y2), let x" = xl—;xz and
Yy = &zyz Then, the children of p, (numbered from 1 to 4) are

Po1 = [x1,x") X [¢, y2), Doz =[x, x2) X [V, y2),
PJS = [X1,x,) X [yb y,): P04 = [xla x2) X [yl; y,)

Figure 6.5 shows p, and its children. Clearly, # has constant branching factor. We
define the level ¢ of a part as the length of its index, e.g., p, is on level 0 and p;3 on

level 2. Note that P contains 4/ level ¢ parts and each level ¢ part p € P has side
\/_

length z—f and area ;. For our algorithm we only need a finite subset of . For this,
we define P! as P restricted to parts of level at most £. We call P¢ the ¢-layered

quadtree partition.

For a geometric graph G with V(G) C [0, 4/n) X [0, v/n) the partition P induces a
recursive partition G[P?] of the vertices, via the intersection of V(G) with the parts
of P!. In the following, we show that for a (square or torus) random geometric
graph G the recursive partition G[P’] a.a.s. is balanced, has small separators,
size-dependent diameters, and bounded fragmentation.
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Balance and Separator Sizes

With respect to the area measures of its parts, the infinite quadtree partition #
already is balanced and has small separators, so it remains to show the same for the
induced recursive partition G[P?]. We use concentration bounds for the number
of vertices in regions of sufficient area to show that the induced recursive partition
of G is also balanced and has small separators.

>Lemma 6.22. LetG ~ G(X, n,r) be arandom geometric graph with ground space

X € {8,7 } and let R C X be a measurable subset of X with area A(R) € w(logn).

Then, for any constant ¢ the probability that the number of vertices of G that lie in
R is between A(R) - (1 — ,/312(12)") and A(R) - (1 + 32(1?{)") isatleast 1-0(n™¢). <«

Proof. Let ng = |V(G) N R| be the number of vertices in R. Using V(G) =vy,. .., 0y,
we define X; as a Bernoulli random variable that indicates whether the ith vertex
of G lies in R. Then we have ng = )" X; and E[ng] = A(R). Applying Chernoff
bounds (e.g., see Theorem 4.4 and 4.5 in [MU17]), for 0 < § < 1 we have

2
Pr[ng > E[ng](1 +9)] < e~ TElnz]
and

Pr[ng > Elng] (1 - 6)] < ¢~ 7El].

Weset § = %C[ITHJ. Then, we have § < 1 as by assumption E[np] = A(r) € w(logn)

and thus § € 0(1). The above probabilities simplify to
Pr[ng > E[ng](1 + 8)] <" € O(n™°)
and
Pr[ng > E[ng](1 - 8)] < e"2¢2" < ¢=¢In c O(n™¢). =
We apply this to derive bounds for the size of an individual block induced by P°.

> Lemma 6.23. Let G ~ G(X,n,r) be a random geometric graph with ground
space X € {8, 7} and connection radius r. For constant a € [0, 1] let £ = alog, n.
For every part P of the ¢-layered quadtree partition P’ with side length s at least 2r
it holds w.h.p. that the subgraph G[V(G) N P] induced by P contains s?(1 + 0(1))
vertices and at most 4(s — r)r(1 + o(1)) separator vertices. <
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Proof. Let P be a part of P! with side length s > 2r. Let G’ = G[V(G) N P] be the
subgraph of G induced by P and let S be the set of its separator vertices, i.e., the
subset of V(G’) with neighbors in G \ G’. The separator vertices are contained in a
strip of width r around the boundary of the square defined by P. With a side length s
the area of P is s? and the separator vertices are contained in a region of area 4r(s—r).

\/_

We have s > 2—? = n%_%, thus both areas are in w(log n). Thus, by Lemma 6.22 for
any constant ¢ we have |V (G’)| = s?(1+ o("‘ls#)) and |S| <4r(s—r)(1+ 0(45(1;‘_’;)))
with probability 1 — O(n™°).

The recursive partition P* contains O(4‘) = O(n%) parts. Thus we can apply
the union bound for the considered event over all P € P‘. We obtain that the
probability of the respective vertex sets being within the desired interval is at least
1—0(n*n~°). For ¢ > 1 + « the desired event occurs with high probability. ]

To show that P! induces a balanced recursive partition with has small separators,
we apply the above lemma to every part.

> Lemma 6.24. Let G ~ G(X,n,r) be a random geometric graph with ground
space X € {S,7 } and connection radius r. Further, let « € (0, 1) be a constant
such that r € o(n'/?7%/2), and let ¢ = alog,(n). Then, with high probability, the
partition G[P!] of G induced by P¢ is balanced, has (1/2, p)-small separators, and
the leaf blocks have ®(n!~%) vertices. <

Proof. We condition on the event of Lemma 6.23 that holds with high probability
and show the claims one by one.

Balance. Let G, be a subgraph induced by a level j = |o| part P, € P!, with j < ¢£.
Let G,» and G, be children of G, induced by P¢. By Lemma 6.23 G, has
17 (1£0(1)) vertices and G, and G,~ have 77 (1+0(1)) vertices. This means
that the relative size difference of G,» and G, tends to 1 and thus the entire
induced recursive partition in e-balanced for arbitrarily small constant ¢ > 0.

Small separators. Let G’ be a subgraph induced by a level i part P € P? with
side length s = n'/227" and let S be the separator of G’. Then by Lemma 6.23,
[V(G')| =s*(1£0(1)) and |S| < 4(s—r)r(1+0(1)). We have i < £ = alog, n
and thus s > n'/227%lo&n = p1/2-¢/2 By assumption r € o(n!/*"%/?), so

S| € O(ryIV(G))).

Leaf size. Let G’ be asubgraphinduced by aleafpart P, € P’. Then by Lemma 6.23
V(G| £ == (1+0(1)) =n'"*(1 + 0(1)). ]

galogyn



Analysis on Random Geometric Graphs

Diameters in the Recursive Partition

Next, we want to show that the recursive partition a.a.s. has size-dependent diame-
ters, i.e., that similarly sized blocks have similar diameters and these are smaller
for smaller blocks. Clearly this holds for the geometric diameters of squares, so it
remains to apply the stretch bounds from Section 6.4.2. Importantly, we that for
every block bounds on the diameter hold with sufficiently high probability, such
that they a.a.s. hold for all blocks of the recursive partition.

Conditional on the stretch event, for every pair of vertices the graph distance is
not much larger than necessary based on the geometric distance. With an upper
bound for the geometric diameter of each block, this directly translates to an upper
bound for the graph diameter. To also get a lower bound, we need to show that each
block also contains vertices with almost diametric geometric distance, i.e., there
are vertices close to two opposite corners of the block. To this end, we introduce
the following lemma, which shows that any region with sufficiently large area is
likely to contain at least one vertex.

> Lemma 6.25. Let G € G(X, n,r) be a random geometric graph with n vertices
and connection radius r on the ground space X € {S,7}. Let R € S be a region
with area a. We have Pr[|[V(G) NR| > 0] > 1—e7% <

Proof. Let X be a random variable for the number of vertices in R. We have

Pr[X > 0] =1 - Pr[X = 0] :1—Pr[ﬂu¢R
vev

These events are independent and for eachv € V we have Pr[v ¢ R] =1 - 2. Thus
we get
a\n
Pr[X > 0] :1—(1——) .
n
For any x we have 1+ x < e¢* and thus 1 - ¢ < e~%" and (1 — 2)" < e7?, which
concludes the proof. ]

Note that in particular a region with area c - In n is non-empty with probability
at least 1 — n~¢. We use this to show bounds on the diameter of individual blocks,
first considering square-RGGs.

> Lemma 6.26. Let G ~ G(S, n,r) be a random geometric graph with connection
radius r € w(log®* n). Further, let S C S be an axis-aligned square of side length
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s > rInn. Then, conditional on the stretch event, we have

. Vs _
dlamG[V(G)mS] < [T(l + @(r 4/3)) .

Further, for any constant C > 0 we have with probability at least 1 — n~¢

V2s

diamG[V(G)ms] > T - 1.
<

Proof. The upper bound directly follows via Lemma 6.20. Note that this is one of
the places where we need our slightly strengthened version of the lemma, as we
need a path using only vertices in S.

For the lower bound let x = VC - Inn + In 2. We consider two squares Cy, C; of
side length x located at two opposite corners of S. The area of these squares is
x? =C-Inn+In2. Thus, by Lemma 6.25 the probability that both C; and C, are
non-empty is at least 1 — 2e~C10m2 — 1 _ 4n=C 1n this case, letv; € V(G) N G
and v, € V(G) N C; be such vertices. Then the distance between these vertices is at
least dg(v1,v2) > V2s — 2x. With Equation (6.4) this means that

\/Es 2x

diamgv()ns) = do[v(c)ns) (V1,v2) = - -5
By assumption r € w(+/logn). Hence, 27’“ € 0(1), which concludes the proof. =

We obtain analogous bounds on the diameter of (square regions of) torus RGGs.

> Lemma 6.27. Let G ~ G(7,n,r) be a torus random geometric graph with
re (o(log3/ *n). Further, let S C 7~ be an axis aligned square of side length s such
that rInn < s < v/n. Then, conditional on the stretch event, we have

diamg < {%(1 + @(r_4/3))}
and

. Vas _
dlamG[V(G)ﬂS] < |VT(1 +O(r 4/3)) .
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Further, for any constant C > 0 we have with probability at least 1 — n~¢
diamg > Nt 1.
2r
and
. Vs
dlamG[V(G)ms] > T - 1.
<
L . N2n _ An .
Proof. The geometric diameter of 7 is 5~ = G and with the stretch bounds

on torus RGGs from Lemma 6.21, the bounds for diamg follow analogously to
Lemma 6.26. The subgraph G’ = G[V(G) N S] is equal in distribution an analogous
subgraph of a square random geometric graph, as with a side length s < v/n we
avoid paths or geodesics that wrap around the torus 7. Thus, the claimed bounds
follow directly from Lemma 6.26. ]

It remains to apply a union bound to show that the events from Lemma 6.26,
respectively Lemma 6.27, likely hold for each block. In the following lemma, we
summarize the result for both the square and torus setting. Note that the geometric
diameter of a side length s part P of a quadtree partition is V2s unless s = y/n and
the setting is on the torus. In that case the geometric diameter is %
> Lemma 6.28. Let G ~ G(X,n,r) be a random geometric graph with ground
space X € {8, 7 } and connection radius r € (o(log3/4 n). Further, let & € (0,1) be
a constant such that r € o(n'/27%/2), and let £ = alog,(n). Then, asymptotically
almost surely, for each subgraph G’ induced by a part P of the recursive partition
G[P!] we have

R

— —1<diamg <
.

-(1+5s),

where d is the geometric diameter of P in X and s € O(r_4/ 3). In particular, we
get that diamg: € O(|V(G')|Y%r™!), G[P’] has size-dependent diameters, and
leaf-blocks of G[P!] have diameter in ©(n'/2-*/2p71), <

Proof. The stretch event holds asymptotically almost surely on square and torus
random geometric graphs, by Lemma 6.20 and Lemma 6.21. Thus, by Lemma 6.26,
respectively Lemma 6.27, the diameter of the subgraph induced by a part P of P’
has diameter as claimed with probability 1 — n~C for any constant C > 0. As there
are only 4/ = n% such parts, a union bound gives that all diameters fall within the
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claimed range with high probability. To conclude, recall that w.h.p. every block with
side length x induced by a square has x(1 + 0(1)) vertices (Lemma 6.23). Thus, the
diameter of a block with k vertices is in ©(k/2r~"). Further with r € o(n!/?7%/2)
leaf blocks w.h.p. have O(n!~%) vertices, by Lemma 6.24. Thus their diameter is in
O(nl/2-a/2p-1y, n

Fragmentation

We show that the recursive partition G[P?] has bounded fragmentation. Again,
we start with the purely geometric setting and prove that a disk does not intersect
too many squares of a grid.

> Lemma 6.29. Consider an axis aligned grid tiling of R?* with squares of side
length s > 0 and a disk D of radius r > 0. Then the number of squares intersected

by D is atmostO(Z—j+1). <

Proof. Without loss of generality assume that D is centered at the origin. If a square

Q = [x1,x1 + 5] X [y1,y; + 1] intersects D, then it must be contained in the square

O* = [=(r +s),r +s] X [-(r +5),r + s]. The area of Q* is (2r + 25)?, while each
2

square only has area s®. This means that (zr:—z‘?s) € O(;—j + 1) non-intersecting

squares of the tiling can lie inside Q*. |

We translate this to the setting of the recursive partition of a random geometric
graph and obtain the following theorem about its fragmentation.

> Lemma 6.30. Let G ~ G(X,n,r) be a random geometric graph with ground
space X € {S,7 } and connection radius r € co(log3/ *n). Further, for a constant
a € (0,1) such that r € o(n'/27%/2) let ¢ = alog,(n). Then, asymptotically almost
surely, the recursive partition G[#’] has bounded-fragmentation. <

Proof. We consider a set of vertices A that is contained in a ball of radius k in G.
Further, let ¢; > 1 be a constant and denote by By the blocks of P! with diameter
between k/c; and kc;. We need to show that only a bounded number of blocks of
By intersect A.

We condition on the stretch event, which holds asymptotically almost surely

(Lemmas 6.20 and 6.21). Then, A is contained in a geometric ball B of radius O(kr).
(kr)?

52

By Lemma 6.29, B intersects only O( ) squares of side length s in any grid tiling

of R%. This upper bound also applies to the number of blocks intersecting B in each
level of P, as these can be extended into a tiling of R?. The blocks of B; come from
O(log c;) many different levels in . As they have diameter in ©(k), the geometric
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a < 2v/2x

pe- °
(a) (b) (o)

Figure 6.6: Part (a): visualization of point P in corner of the unit square S, with the set of
points Q C S with distance at least V2 — x from P shown in blue. Part (b): right triangle used
in the proof of Lemma 6.31. Part (c): analogous situation on the torus, see also Lemma 6.32.

diameter and thus also the side length of these blocks is a.a.s. in @(kr) (Lemma 6.28).

Thus, the number of blocks of By, intersecting B is in O( EZ:;Z log cl) = O(1), which

concludes the proof. ]

6.4.4 Local Diametric Partners and Few Corners

In this section we show that Property 1 holds a.a.s. on both square and torus RGGs
while Property 2 additionally holds on square RGGs. We begin by considering the
purely geometric setting and give a proof for Observation 1 on the unit square.

> Lemma 6.31. Let S be the unit square and p a point on S. For every x > 0, the
set of points with distance at least V2 — x from p can be covered by a disk of radius
O(X) <

Proof. Denote the set of points with distance at least V2 — x from p by Q and let
r = V2 — x. Without loss of generality, we assume that p is in the left and lower
quadrant of S. Note that moving p towards the bottom left corner only increases
Q inclusion-wise, so we can even assume that p is located in the corner. Then, Q
forms a region around the opposite corner p’ of p, see Figure 6.6 (a). To show that
Q is contained in a disk of radius O(x), we make a case distinction on x. We first
consider large x. For x > V2 — 1, any point on the square S has distance at most

\/ESx-% € O(x) from p’.

Otherwise, we have x < V2 — 1. Then, the boundary of Q consists of two line
segments and a circular arc, see also Figure 6.6 (a). Denote the length of these line
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segments by a. Every point q € Q is at distance at most a from the corner p’ of S
opposite to p, so it remains to find an upper bound on a. Applying the Pythagorean
theorem (see Figure 6.6 (b)), we obtain

(1-a)’+1%=(V2-x)?
and thus
a®—2a=x%- 2\/§x.

This quadratic equation has two solutions,

azl—\/x2—2\/§x+1 or a:1+\/x2—2\/§x+1.

We have a < 1 as S is a unit square, so only the first solution is relevant. We derive
an upper bound as follows. Let t = x* — 24/2x + 1. Then

_1_ _(1—‘/2)(1"'\/;)_ 1—-t _x(2\/§—x)
et \/g_ 1+\/Z _1+\/Z_ 1+\/¥ SZ\/EX.

To summarize, either x > V2 — 1 and any point on the square S has distance at most
O(x) from p’, or x < V2 — 1 and by the derivation above, the distance between Q
and p’ is at most 2V2x € O(x). In both cases, Q is contained in a disk of radius
O(x). [ |

The same argument works analogously on the torus, yielding the following.

> Lemma 6.32. Let T be the unit torus and P € T a point. For x > 0, the set of
\/_

points with distance at least 72 — x from P is contained in a disk of radius O(x) <
Proof. On the torus, the set of points with distance g
and scaled down copies of the analogous set on a square, see also Figure 6.6 (c).
The statement thus follows from Lemma 6.31. ]

is shaped like four mirrored

We can scale the distances considered in Lemma 6.31 by a factor of y/n and obtain
statements about the geometric ground space of square and torus RGGs. We get
that for any vertex v and x > 0, the set of points with distance from v at least the
geometric diameter minus x is contained in a geometric disk of radius O(x). By the
results of Section 6.4.2 the graph distance of vertices with geometric distance d is
between [d] and |—%-|(1 + O(r~4/3)). Together, this allows us to show the following.

r
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> Lemma 6.33. Asymptotically almost surely, a square or torus random geometric
graph G ~ G(X,n,r) with X € {S, 7} and connection radius r € co(log3/4 n) has
diocal-local diametric partners with djgcq) € O(nl/ 2p=713 4 1). <«

Proof. Letv € V(G) be a vertex and for x € N let w be a x-diametric partner of
v, i.e., distg(v,w) > diamg —x. If x € Q(diamg), all vertices V(G) have distance
O(x) from v and are thus contained in a ball of radius O(x). Otherwise, dg (v,w) €
Q(diamg). By Lemmas 6.26 and 6.27, the diameter of G is at least diamg > % -1,
where D € ©(+/n) is the geometric diameter of the ground space of G. This
means that a.a.s. distg(v,w) € Q(n'/?r7!) and in particular the geometric distance
d between v and w is at least rInn. Thus by Lemmas 6.20 and 6.21 we have
de(v,w) < %(1 +5) for s € O(r~*/). We thus get

d D
—(1+s)>——-1-x
r r

d(1+s)>D—r—xr

1

d>(D—-r-—
> ( r xr)1+s

With sg > 0 we have lst > 1 — sg. Hence,

d>(D—-r—-xr)(1-s)>D—r—xr—Ds+sr+sxr
>D —r —xr— Ds.

This means that the vertex w has distance from v at least the geometric diameter
of S, respectively 7, minus (r + xr + Ds). By Lemma 6.31, respectively Lemma 6.32,
points at this distance from v are contained in a geometric disk of radius O(r + xr +
Ds) = O(r + xr + n'/?r=4/3). By Lemma 6.25, G w.h.p. contains a vertex v, within
distance O(+/logn) of the center of this disk. Any vertex within the disk then has
graph distance at most O(1 + x + n!/2r=4/3) from v,. This means that all x-diametric
partners of v are contained in a G-ball of radius O(x + n!/%r74/3 4+ 1), u

We also show that square RGGs have few corners (Property 2).

> Lemma 6.34. There exists deomer € ©(n'/2r~7/3 + 1) such that a square random
geometric graph G ~ G(S8, n, r) with connection radius r € w(logS/ *1n) has deorner-
few corners, asymptotically almost surely. <

Proof. We consider four small regions around the corners of S that we call corner
squares. We show that for x > 0 all vertices outside these regions have no x-

diametric partners. Then, by contraposition any vertex with at least one x-diametric
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,,,,,,, o
T : :
P :

Figure 6.7: Visualization of square S with the four corner squares in gray; the points p
and g maximize the distance between a point in the lower left quadrant and any other point
and an upper bound for their distance is easily found by considering the detour via p’.

partner lies in a corner square. Like before, we show this by first making a purely
geometric argument and then applying the stretch bounds. Afterwards, it remains
to show that each corner square can be covered by a ball of radius O(x + dcorner)-

For the geometric argument, let £ > 0 be a length parameter to be determined
later. We define the corner squares with side length ¢ as follows, see also Figure 6.7.
Letcy, ..., cq be the four corners of S. Then, for i € [4] we define the corner square
C; as the subset of S that lies within the axis aligned square of side length 2¢ and
center ¢;, i.e.,

Ci={p € S| 3dy,dy with — £ < dy,dy < £ such that p = ¢; + (dx, d,)}.

Without loss of generality let C be the corner square in the bottom left corner.
We consider a point p € S\ and give an upper bound for the maximum distance
from p to any other point g € §. We can pessimistically assume that p lies at (0, )
and q lies at the top right corner of S, see also Figure 6.7. Choosing p’ = (¢,¢) as
the top right corner of C, we have

de(p,q) < de(p,p’) +de(p’,q) = £+ V2n — V2¢ < V2n - 0.4¢,

which concludes the geometric argument.

We condition on the stretch event of Lemma 6.20, which holds asymptotically
almost surely. This means that for any pair of vertices with geometric distance at
least d > rInn, the graph distance is at most [d/r - (1 + s)] for some s € O(r~*/3).
Thus for any vertexv € V(G) NS \ (C; U C, U C3 U Cy) located outside the corner
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squares and any other vertex w € V(G) we have

de (v,
dg(v,w) < {M(l +5)
r
de (p,
< de(p.q9) q)(1+s)+1
r
V2n — 0.4¢
< n—(l +5s)+1
r
V2n + V2ns — 0.4¢
< +1
r
By Lemma 6.26, we have w.h.p. diamg > @ — 1. Setting ¢ = %, we thus

have

2n
dg(v,w) < — — x — 1 < diamg —x.
r

In other words, no vertex of G has distance diamg —x or more from v, hence v has no
x-diametric partner. Note that we have £ € O(xr +n'/2s+r) = O(xr + n'/?=4/3 +r).

This means that for some deoner € ©(n'/277%" + 1) € Q(+/nsr™!) and any x > 0
we can choose £ € O(xr + dcornerr) such that any vertex outside the corner squares
of side length ¢ does not have x-diametric partners. This means that any vertex
with at least one x-diametric partner lies inside one of four squares of side length ¢.
It remains to show that each of these squares can be covered by O(1) G-balls of
radius O(x + dcorner)- To this end, consider without loss of generality the corner
square C in the bottom left corner. By Lemma 6.25, G w.h.p. contains a vertex
ve within geometric distance O(4/logn) of the geometric center of C. Any other
vertex we € V(G) N C then has geometric distance O(f) = O(xr + dcorer”) and
thus also graph distance at most O(£/r) = O(x + dcorner) from ve. Thus, V(G) N C
is contained in the closed O(x + dcorner) neighborhood of some vertex of G.

To conclude, we have shown that there is a deomer € ©(n/?r~7/3 + 1) and such
that for any x > 0 the set of vertices with at least one x-diametric partner can be
covered by a constant number of G-balls of radius O(x + dcorner)- [

6.4.5 Computing the Diameter

We are now ready to apply the diameter algorithm from Section 6.3. For a better
overview we first give a summary of the properties we have shown above. Let G
be a random geometric graph with connection radius r = n” for constant p € (0,1).
Then, asymptotically almost surely G has djycq-local diametric partners for digcy €
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O(n%_%f’ + 1) (see Lemma 6.33). Additionally, if G has a square ground space, it
a.a.s. has d.qmer-few corners with deormer € @(n%_%p + 1) (see Lemma 6.34).

Moreover, for a constant x € (0,1) with x > 2p, let £ = (1 — x) log, n. Then,
the recursive partition G[#!] a.a.s. is balanced (Lemma 6.24) and has (%, p)-small
separators (see Lemma 6.24), size-dependent diameters (see Lemma 6.28), and
bounded fragmentation (see Lemma 6.30). Moreover, the leaf blocks of G[#?] have
©(n*) vertices and each block of size k has diameter @(k%n_/’) (see Lemma 6.28)
and thus leaf blocks have diameter ®(n®) for some constant £ > 0.

To apply Theorem 6.3, we additionally need an upper bound on the degeneracy
of G. This is easily obtained using the concentration bounds on the number of
vertices inside a sufficiently large region.

> Lemma 6.35. A random geometric graph G ~ G(X, n, r) with ground space X €
{8, 7} and connection radius r = n* for constant x € (0, 1) has an expected average
degree in O(n**) and a maximum degree in O(n**) with high probability. <

Proof. Letv € V(G) be a vertex. Then the degree of v is equal to the number of
vertices falling into a region of radius r and hence area A, € O(n**) around v, i.e.,
the expected average degree is in O(n?*). With Lemma 6.22, this also means that

the degree of v is at most A, - (1 + ,/%) with probability at least 1 — O(n™°) for

any constant c. For a sufficiently high constant ¢, a union bound over all vertices
shows that all vertices have degree in O(n®*) with high probability. [

Applying Theorem 6.3, we thus get the following running times, depending on
the exponent of the connection radius p.

> Lemma 6.36. Let G be a torus or a square random geometric graph with connec-
tion radius r = n” for constant p € (0, %) Then, G admits a recursive partition #
such that asymptotically almost surely the algorithm from Theorem 6.3 computes

the diameter of G in time O~(nmax(3+3p’2_§p)). If the ground space of G is the square

.- 343p2-10
S, the running time is in O(r1max(2+3”’2 3 /’)). <

Proof. Asymptotically almost surely, we can rely on the properties summarized
above. The running time guarantee from Theorem 6.3 depends on a parameter k
such that the recursive partition contains a flat partition with blocks of size k and
diameter in Q(djocq1) and optionally in Q(dcorner). We have Q(djocal) = Q(deorner) =
Q(n%_%p + 1). This means that there is a phase transition at p = 1—34, above which
diocal and deorner are no longer growing in n. We thus consider the two cases p < %

and p > 13—4 separately.
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For the first case, we use the recursive partition G[P*] with £ = (1 — x) log, n

6
1 1.7

blocks of size k have diameter n273” € Q(djpcal) = Q(dcorner). Also, we have

1- %p >1- % -2 =& ‘and thus k € Q(n¥), i.e., P contains flat partitions of size

14 ~ 14°
O(k).

With this choice for the parameters, the running time for torus RGGs given by
Theorem 6.3 is in

) . 6 . 3_ _8
for x = i.e., leaves of P have size ni4 and diameter nii . Then, for k = n!~3”

é(n1+a+[j’ d +min{nkd+ J2ap 12 4 p2a-1p 1rar3p kn1+a+'g}),

with @ = 2, f = p, d = n*. Considering each term separately, we have
1 3
n1+a+ﬂ .d= n1+2+p . n2p — n2+3p,

8
nkd =n-n'"3P . n* = n*75P,

_8 _2
kZan1+2ﬁ — nl 3P . n1+2p — n2 5P

b

— 1 3
n1+a+3ﬂk2a 1_ n1+2+3pk0 — n2+3p’

kn1+a+ﬁ — nl—%p . n1+%+p — n%—%p_

For0 < p < 1—34 the term kn =n373P s always larger than the other terms in

the minimum. This means that the running time is in

1+a+f

é (nmax (%+3p,2—%p))

Square RGGs additionally have dcomer-few corners, so Theorem 6.3 gives a running
time in

é(n1+a+[j’ d+ min{kzd  kIr2ap2f o p2epat3f kzn“+ﬂ}),

with @ = %, B=p,d=n?,and k = nl=3P. We again consider each term separately.
We have

3
n1+a+ﬂ .d = n2+3p,

8 16 10
kd = n*03P)d = n?=5Pd = n> 3P

>

gl+2a,2f nz(l—gp) 2P — nz-%’p,

n(x+35k2a — n%+3p . nl—%p — n%+%p

b
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8 1 5_1
k2noth = p2(=350)  pate — pa=sp

Similar to the torus case, for 0 < p < 13—4 the term n2~3” is always larger than the

other terms in the minimum. This means that the running time is in

é(nmax(z—%p,%+3p) ) )

For the case p > 2, let ¢ < 1 — p be a positive constant.!® Then, p + ¢ < 3 and

2(p + €) < 1. We use a recursive partition G[P‘] with leaf size n?*% and subgraph
2p+e
sizes k = n?’*¢. Then, the diameter of size k blocks is dj € @(in_p) = 0(n‘'?)
and thus we have dy € Q(min{djocal, deorner}) = Q(1). Again, considering each
term of the running time separately, we have
pltatp g — n%+3p’
nkd =n - n2p+£ . n2p — nl+4p+8’
k2an1+2/3 — n2p+£ . n1+2p — n1+4p+£
plra+3fp2a-1 _ n1+%+3pk0 _ n%+3p,

k2na+ﬁ — n2(2p+£) . n%+p — n%+5p+25

3 )
for torus RGGs. However, we have p + ¢ < % thus nz*3” dominates n!*#"*¢ and

3

na¥sptee Together with the running time analysis for the case p < =7, this means

that for any value of p € (0, %), the running time on torus RGGs is in

é(nmax (%+3p,2—§p))

For square RGGs we have
plte+p g — n1+%+p . n2P = n%+3p’
kzd — n2(2p+€)d — n4p+2£n2p — n6p+2£’
k1+2an2ﬂ — k2n2p — n6p+2€,
1 1
na+3ﬁk2a — n2+3p . n2p+£ — n2+5p+£’

kzna+ﬂ — n%+5p+2£'

15 For the positivity, recall that we generally assume p < %, see Section 6.4.1.
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Again,withp+s<0.5wehave%+5p+£<%+3pand%+5p+2€<%+3p.

Together with the running time analysis for the case p < 1—34, this means that for

any value of p € (0, %), the running time on square RGGs is in
O(nmax(%+3p,2—1?0p))_ -

Equivalently the running times can be written as é(nmax(%”’l_%p)m) (torus) and

O(nmax(%w’l_l?ép)m) (square). The following theorem follows directly, as RGGs with
connection radius r = n” have expected average degree ©(n?) (see Lemma 6.35).

> Theorem 6.2. On RGGs with expected average degree ©(n®) for constant § €
(0, 1), asymptotically almost surely the diameter can be computed in é(n%(“‘s) +

nz_%‘s) time for torus RGGs, respectively é(n%(1+5) + n2—§5) time for square RGGs.

<

6.4.6 Analysis of iFUB

In this section we rely on the stretch bounds and the concentration of the vertices

to analyze the running time of the iFUB algorithm on random geometric graphs.

We consider iFUB with the 2-sweep heuristic, i.e., the algorithm chooses a central
vertex as follows. First, the algorithm performs a BFS from an arbitrary vertex v
and picks a vertex w in the last layer, i.e., with maximum distance from v. Then,
a second BFS is performed from w and the vertex c is chosen half the way on a
shortest path between w and a vertex with maximum distance from w.

In the following, we begin by showing that the vertex w selected by the first BFS
is likely located close to a corner of the square ground space.

Analysis of 2-sweep. We begin with a geometric argument showing that for
any point there is a corner that is further away than a second point not close to
any corner. See also Figure 6.8 for a visualization.

> Lemma 6.37. Let S be a square and let p and g be points on S, such that g has
distance at least x from every corner of S. Then, there is a corner ¢* of S such that
de(p, q) + 0.23x < dp(p,c”), i.e., the distance from p to c* is at least 0.23x longer
than the distance from p to gq. <

Proof. Without loss of generality we assume that S is the unit square [0, 1) X [0, 1).

Further, we can assume that p = (py, py) lies in the upper left diagonal half of the
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}m
Figure 6.8: Visualization of the setting in Lemma 6.37. Without loss of generality we
assume that p is located in the blue triangle. If q lies far from every corner, it is closer to

p than the furthest corner ¢*, additionally g* marks the position of g that maximizes the
distance to p. Without loss of generality we assume that p is located in the blue triangle.

upper right quadrant of S, i.e., px > % and py > py. See also Figure 6.8. We choose

¢* as the bottom left corner.

The permissive region for g is obtained from S by removing quarter circles of
radius x centered at the corners of S. We first consider the case x < 3. Then, with p
in the upper left diagonal half of the upper right quadrant of S, the furthest position
q" of q is at the intersection of the bottom side of S and the bottom left quarter
circle.

We have |pq| < |pg*| = \/(px — x) + p; and |pc*| = \[p% + p;. Thus we have

lpe’| = Ipgl 2 \/p?c + Py~ \/(Px = x)% + py.

This difference is increasing in p, and decreasing in p,. Therefore, it is minimized

at p = (4,1), giving us |pc’| ~ |pgl = £ ~ J§ - )2 + 1

We consider (\/75 — /(3 —x)? + 1) /x and find that it is decreasing in x. This

means that the expression has its minimum of V5-2atx = % We have thus shown

(Ipe| = Ipg"D/x = V5 -2 > 0.23,

which implies |pg| + 0.23x < |pc*| as claimed.

For x > 0.5 the worst-case position of g is at ¢* = (%, eSS %2) and the worst-
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case position of p is still (%, 1). We have

\/3 2 1
B_(1-fe-1] /
pe'l ~ Ipg’l ( . 4)_75‘” s

x x x
This is at least V5 — 2 for all x > % which concludes the proof. ]

We apply this to show that in a square RGG the furthest neighbor of every vertex
lies close to a corner of the square.

> Lemma 6.38. Let G ~ G(S,n,r) be a square random geometric graph with
re oa(log3/ *n). Consider a vertex v € V(G) N S and a maximally distant w €
N(v,ecc(v)) of v. Then, asymptotically almost surely, the geometric distance of w
to some corner of S is in O(n%r_% + +/logn). <

Proof. Without loss of generality, we assume v to be in the upper right quadrant of
S and we show thatw € N (v, ecc(v)) has geometric distance in O(n%r_%) from the
lower left corner c¢* of S located at the origin.

We condition on the stretch event of Lemma 6.20, which holds asymptotically
almost surely. Then every pair of vertices with geometric distance atleastd > rInn
has graph distance at most |—% (1 + s)] for some s € O(r‘g).

Assume towards a contradiction that w has distance more than ¢ = 5vV2ns+5VInn
from all corners of S. We show that then there is another vertex with higher graph
distance than w from v. By Lemma 6.25, there is a vertex w’ in G with distance from
the origin at most VIn n asymptotically almost surely.

It remains to show that w’ has higher distance from v than w in the graph. By
Lemma 6.37 we have

deg(v,w) < dg(v,c*) — 0.23¢.
Further, by the triangle inequality,
de (v, ¢*) < de(v,w’) + de (W', ¢*) < de(v,w’) + Vnn.
Combining these two inequalities we derive

dg(v,w) < dg(v,w’) + Vlnn — 0.23¢
=de(v,w’) + VInn - 0.23 - (5V2ns + 5VInn)

< dg(v,w") — 1.15 V2ns.
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As di(v,w’) is at most the diagonal of S, V2n, we further have
de(v,w) < dg(v,w”) — 1.15dg(v,w’) s = dg(v,w’) (1 — 1.155s).

We now compare the graph theoretic distance from v to w and to w’. By Equa-
tion (6.4) we get a lower bound

distg (v,w") >
-

d[E(v,w’)w

Applying the stretch bounds, we further get
[dE(v,w)
r
g ,
< M(1 ~ 1.155)(1 + 5)

r

_d[E(v,w’)w

r

distg (v,w) <

(1 +s)}

This means that distg (v,w”) > distg(v,w), contradicting the assumption that no
other vertex has higher distance from v as w. We conclude that asymptotically
almost surely for every vertex v, every vertexw € N (v, ecc(v)) has distance at most

¢ = 5v2ns + 5VIn n from c*. [

This means that a 2-sweep gives a good lower bound for the diameter of square
RGGs. Additionally, we show that on square RGGs a central vertex chosen this way
is located close to the geometric center of the square.

> Lemma 6.39. Let G ~ G(S,n,r) be a square random geometric graph with
r € co(logs/ “n) and let v, be the central vertex chosen after a 2-sweep. Then,

asymptotically almost surely, v, lies within a geometric distance of O(n%r'g +
ylog n) from the geometric center of S. <

Proof. Letv € V(G) be an arbitrary starting vertex, letw € Ng (v, ecc(v)) be a maxi-
mally distant vertex fromv, and letw’ € Ng(w, ecc(w)) be maximally distant from w.
Further let v, with | distg (w,v.) —distg(w’,v.)| < 1 and distg (w,v.) +distg(w’,v.) =
distg (w,w’) the central vertex chosen with the 2-sweep. We condition on the stretch
event, i.e., in the following for every pair of vertices u, v with geometric distance d
in w(rlogn) we can assume dg(u,v) < g(l +5s), with s € O(r_g). By Lemma 6.38,

w and w’ each lie within geometric distance of O(n2r s + v/log n) from some corner
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|

Figure 6.9: Visualization of lens and right triangle in proof of Lemma 6.39.

of S. As the opposite corners have geometric distance V2n and all other corners
have distance at most y/n it follows that w and w’ lie within geometric distance of
O(n%r'% + y/log n) from opposite corners of S. With the approximate location of
w and w’ known it remains to locate v,.

Denote the Euclidean midpoint of the segment ww’ by m and its length dr (w,w”)
as D. For x € {w,w’}, we have distg(x,v.) < [w-‘ < Qr(l +s) + 1. Using
Equation (6.4) this implies distg (x,v.) < %(1 +s)+2= % + O(Dr_%). Thus v, lies
in the lens formed by the intersection of circles of radius % + O(Dr_%) centered
atw and w’. Along the line through w and w’, the lens has length O(Dr=#/?). To
bound the width h in the orthogonal direction, we need the distance from m to

either of intersection point of the circles, see also Figure 6.9. Observe that x, m, and
either intersection point form a right triangle. By the Pythagorean theorem,

2 2
(§+O(Dr‘§)) = (g) + h?.

To bound h from above, set a = % and b = O(Dr_%). Then

h=+(a+b)?—a?=V2ab+b? = 2ab(1+2£) :V2abw/1+2£,
a a

and thus, using that V1 +x <1+ % holds for x > 0,

h < VZab(l + k)
4a
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We have V2ab € O(D - r‘g), ﬁ € O(r_%) and hence
h<D-r3(1+0(r3))

With D € O(+/n), it follows that v, lies within a Euclidean distance of O(D - r‘g)
from m. Asw andw’ are within O(n% 3 ++/log n) from the corners, m is also within
O(n% I+ ylog n) from the geometric center of S. Combining these bounds,

we conclude that v, is located within O(n% rTE 4 vlogn) from the geometric
center. u

Analysis of iFUB. We briefly explain how the algorithm proceeds after se-
lecting a central vertex c, see also [Cre+13]. Letvy,...,v, = ¢ be an ordering of
the vertices sorted in descending order of their distance to c. Such an ordering is
easily obtained after running a BFS from c. To find the diameter, the algorithm
computes ecc(v;) for each vertex v; in this sequence and maintains the largest
found eccentricity as a lower bound, i.e., L; = maxo<j<; ecc(v;). The algorithm stops
and reports L; as the diameter, once 2 - dist(c,v;) < L;. To see Why this is correct,
note that there exists a diametrical vertex s with dist(c,s) > [‘ha%-l and that the
stopping criterion ensures that such a vertex has been processed.

As discussed in the introduction of this chapter, the running time of iFUB depends
on the choice of the central vertex and the metric structure of the graph. To be exact,
the running time depends on the number of vertices with distance at least half the
diameter from c. This has already been observed and used in the literature [BCT17],
but to the best of our knowledge not formally proved. We consequently give a
complete argument below.

> Lemma 6.40. Let G be a graph with diameter D and let ¢ be the central vertex
for iFUB. Then, iFUB explores every vertex with distance at least [%‘l + 1 fromc
and every explored vertex has distance at least [12—)] from c. <

Proof. We begin with the first direction, i.e., we show that a vertex v with dist(c,v) >
[%] + 1is explored by iFUB. Let L; < D be the value of the lower bound at the time
when iFUB decides whether to explore v. Then we have 2 dist(w, ¢) > % +2>1;,
i.e., iFUB explores w.

For the other direction, letw be a vertex that is explored by iFUB. Then, at the time
when iFUB explores w, we have 2 dist(c,w) > L;. If L; = D, this concludes the proof,
as we have dist(v,w) > [D/2]. If otherwise L; < D, then no diametrical vertex has
been explored yet. However, there is a diametrical vertex x with dist(c, x) > [D/2].
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As x has not yet been explored when w is explored, we have dist(c,w) > dist(c, x)
and thus also dist(c,w) > [D/2]. ]

We already analyzed the 2-sweep and showed that the central vertex is likely to
be located close to the geometric center of the square. It remains to show that in
this case iFUB does not perform too many BFS.

> Lemma 6.41. Let G ~ G(S,n,r) be a square random geometric graph with
r € w(log**n) and let v, be a vertex with geometric distance h € o(+y/n) from
the geometric center of S. Then, with v, as central vertex iFUB performs at most
O(h* + nr‘g) BFS runs, asymptotically almost surely. <

Proof. With v, chosen as the central vertex, iFUB performs a BFS for every vertex
w with distg (v, w) > dla%. We show that vertices close to the geometric center of
S do not have graph distance at least dia%. Conversely, the vertices from which a
iFUB runs a BFS lie in regions far from the geometric center. We show that these
regions do not contain many vertices. We condition on the stretch event, which
holds a.a.s. (Lemma 6.20).

We choose d = % — x for some x > 0 to be specified later and consider a vertex
u with geometric distance at most d from the center of S. Then distg (v, u) <

% — x + h and thus distg(ve, u) < (% -x+ h)r_l(l +s) fors € O(r_%). By

Lemma 6.26 we have diamg > @ Thus, we can choose x € G)(h + \/ﬁs) such that

distg (v, u) < diame

2 - 4
By Lemma 6.40 iFUB only runs BFS from vertices with distance at least dla%

from v.. This means that any such vertex has distance at least % — x from the

geometric center of S. Comparing this with Lemma 6.31, we get that any such
vertex has distance at most O(h + y/ns) from a corner of S and thus lies in a region
with area O(h? + n - s%). The number of vertices in this region is in O(h? + n - s%)
with high probability by Lemma 6.22, which concludes the proof. ]

Together with Lemma 6.41 this results in the following running time bound,
which is (truly) subquadratic for (polynomially) growing r.

> Lemma 6.42. Let G ~ G(S,n,r) be a square random geometric graph with
re w(10g3/ *n). Then, asymptotically almost surely 2-sweep iFUB has running
time in O((nr™3 + logn)m). <

4
3

Proof. By Lemma 6.39, the central vertex v, chosen after the 2-sweep has distance at
1
most h € O(n%r‘g + log? n) from the geometric center of S, asymptotically almost
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surely. Thus by Lemma 6.41 iFUB performs only
Oh* +n- r_g) = O(nr_%1 + logn)
BFS runs, asymptotically almost surely. [

We also want to show a lower bound for the running time on torus RGGs. For
this, we use that the iFUB algorithm performs a BFS for all vertices with distance at
least [m%] + 1 from the central vertex v.. By observing that on torus RGGs there
are many vertices at such a distance from any chosen central vertex, this gives us a
linear lower bound for the number of BFS runs.

> Lemma 6.43. Let G ~ G(7,n,r) be a torus random geometric graph with
re (o(log3/ % n). Then, asymptotically almost surely, for every central vertex, iFUB
performs Q(n) BES runs. <

Proof. Let v be the central vertex for iFUB. Then iFUB performs a BFS for any
vertex w with distg (v, w) > I—(m%] + 1 (Lemma 6.40). By Lemma 6.27, we have

diamg < % (1+s) withs € O(r_%), asymptotically almost surely. By Equation (6.4),

\/_

n
distg (v, w) = ——=(1 + 1.1s) + 2r
2V2

for a vertex w with

n
2\/§r

vertices have such a distance fromv.. The geometric disk of radius % (1+1.1s)+2r

(1+1.1s)+2 > [‘iia%] +1. It remains to show that many

we have distg (ve, w) >

around v, has area

zn , 16r 32r?
—(1+22s+1.21s* + — (1 + 1.1s) + —|,
8 \V2n n

where s, 2, %, and r?/n are all in 0(1). The entire torus 7 has area n and thus the

region of 7~ where vertices are chosen as BFS sources by iFUB has area at least
(1-%)n(1-o0(1)) = 0.6n(1-0(1)). As the number of vertices within such a region
is sufficiently concentrated by Lemma 6.22, this means that iFUB performs Q(n)
BFS runs and thus has a running time in Q(nm). [ |

Together, the above two lemmas give the following.

> Theorem 6.1. Let G ~ G(S,n,r) be a square random geometric graph with
3
expected average degree d € Q(log? n). Then, a.a.s., 2-sweep iFUB has running
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time in O((nd_% +logn)m). IfG ~ G(7T,n,r) is a torus RGG with expected average

degree in Q(log% n), then a.a.s. for every choice of the central vertex, the running
time of iFUB is in Q(nm). <

6.5 Conclusion and Open Problems

In this chapter we gave a set of natural deterministic properties allowing for efficient
diameter computation and demonstrated that these properties a.a.s. hold on square
and torus RGGs. We note that our formulation of the properties is not the only
possible one, but represents a trade-off between simplicity and generality. To show
this, we point out multiple possible generalizations for the assumptions used in our
algorithm.

In Property 1 we demand that for all x > 0 and every vertex v, the x-diametric
partners lie in O(1) balls of radius O(x + djoca1). Here, the linear dependence on
x was mostly chosen for its simplicity. By considering how the property is used
(e.g. Lemma 6.15) one can see that this dependence can be significantly relaxed.
For instance, one could demand that the radius of the balls has some arbitrary
non-decreasing dependency f(x) on x, or even depends on n and x as f,,(x). Then
in Theorem 6.3, the new requirement is that blocks of size k need to have diameter
in Q(f,(x)). Similarly, instead of requiring a constant number of balls, one could
also specify the number of balls as a parameter, which then appears as an additional
factor in the running time of Theorem 6.3. Both of these generalizations apply
analogously to Property 2. Moreover, for Property 5 one could allow a non-constant
parameter for the number of intersecting blocks, which then appears as an additional
factor in the number of candidate pairs and thus the running time.

Regardless of such details about possible more general formulations of our proper-
ties, it would be interesting to complement our theoretical results with an empirical
evaluation of both the proposed algorithm as well as its underlying assumptions.
For the algorithm, it would be interesting whether an implementation using a
heuristically chosen recursive partition can outcompete other known approaches
on graphs with underlying geometry. Regarding the deterministic properties, it
would be interesting to verify to which degree generated and real-world networks
fulfill Properties 1-5.

We also want to point out some directions for improvement regarding the analysis
on random geometric graphs. For the application of our algorithm on RGGs we
assumed that the algorithm receives the graph along with a suitable recursive
partition, see Theorem 6.2. While Section 6.4 demonstrates that such a partition
is obtained very easily by subdividing the graph along its geometry, it would be
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interesting to also give an algorithm that finds a suitable partition using only a
combinatorial representation of the graph. We believe that a simple approach
based on graph Voronoi diagrams should already work. Unfortunately, the known
stretch bounds (Lemmas 6.20 and 6.21) do not give satisfying bounds for the size
of (recursive) graph Voronoi separators in random geometric graphs. Can this
challenge be overcome or is it maybe possible to find a different approach that is
easier to analyze? It would also be rewarding to strengthen our bounds on the
radius dependence of Property 1 beyond our analysis in Section 6.4.4 and to consider
generalizations to other settings like smaller average degrees, other ground spaces,
or higher dimensions. Conditional lower bounds rule out subquadratic algorithms
for 3-D unit-ball graphs [Bri+22], so extending our results to 3-D random geometric
graphs might show a separation between the worst-case and average-case setting.
Finally, our running time analysis for iFUB on square RGGs is likely pessimistic and
better stretch bounds or more generally a better understanding of the distribution
of graph distances can be expected to improve this.



7 Conclusions & Outlook

In this thesis we explored the use of deterministic properties as a method for
algorithm analysis. As outlined in Chapter 1, our motivation was to leverage
additional assumptions about the input of algorithms in order to construct better
models for their performance and explain the surprising tractability of practical
instances. Going beyond univariate parameterized analysis, we explicitly allow
more complex assumptions about the input and do not require the hardness of
practical instances to be encoded within a single parameter. In contrast to average-
case analysis, deterministic properties do not rely on an underlying probability
distribution and are already defined on individual inputs.

Overall, we demonstrated the usefulness and applicability of deterministic proper-
ties as a method for algorithm analysis across a wide range of settings. Throughout
Chapters 3-6 we showed how the method can be applied to both hard and efficiently
solvable problems, how it can be useful both for the analysis of known algorithms
as well as the design of new ones, and how it can further provide non-randomized
alternatives to probabilistic models and explanations for algorithm efficiency.

In the following, we conclude with a brief summary, discussion, and comparison
with other methods. Additionally, we discuss open problems and directions for
future work.

7.1 Discussion

In Chapter 3 we demonstrated that even within the setting of classical parameterized
complexity and FPT algorithms, an empirical mindset provides useful directions
for the design of new and practically relevant parameters. The proposed parameter
clique-partitioned treewidth can be smaller than treewidth in practice, while re-
taining algorithmic potential. It also connects naturally to the class of hyperbolic
uniform disk graphs considered in Chapter 4. On these graphs, separators can be
covered with few cliques, implying small clique-partitioned treewidth. Hyperbolic
uniform disk graphs also form a deterministic generalization of hyperbolic random
graphs, which allowed us to re-derive a previous average-case result about solving
the vertex cover problem in polynomial time, without relying on the randomization
of vertex positions. Next, in Chapter 5 we used deterministic properties to explain
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asymptotic speedups observed for the bidirectional BFS algorithm. Notably, we
experimentally showed that our theoretical conditions for sublinear running time
are not only fulfilled on many real-world graphs, but are also good predictors for
the algorithm’s performance. Finally, in Chapter 6 we gave deterministic properties
that capture certain combinatorial features of graphs with underlying geometry
and used these as an interface between our newly proposed diameter algorithm
and its average-case analysis on random geometric graphs.

One common thread present throughout this thesis is the trade-off between
weaker versus stronger assumptions for the analysis of algorithms. Worst-case
analysis sits on one end of the spectrum, considering all possible instances of a
problem. It thus gives the most general upper bounds for the performance of an
algorithm, at the cost of potentially being pessimistic. Parameterized analysis
still considers arbitrary inputs, but classifies the complexity of problem instances
according to a parameter. Thus, any parameterized attempt to explain the practical
performance of an algorithm crucially hinges on the plausibility of the considered
parameter being small. While parameterized complexity often brings valuable
structural insights, it is often difficult to find parameterizations that both capture
practical instances and enable algorithmic improvements. Average-case analy-
sis considers a weighted average of an algorithm’s performance, thus making
statements about what happens on typical instances as given by the probability dis-
tribution defining the weighting. This allows the definition of richer input models,
such as the random network models discussed in Chapter 1. At best, such models
combine properties of practical instances while being mathematically tractable,
thus enabling convincing explanations for the practically observed performance of
algorithms. One downside of average-case analysis is that it only makes statements
about the whole probability distribution or typical samples from it. Predictions
about individual problem instances are not possible and can at best be derived indi-
rectly. With deterministic properties for algorithm analysis, this thesis proposes a
way to combine the advantages of both parameterized analysis and average-case
analysis. Concretely, deterministic properties allow richer input models, while
still making statements about individual instances and avoiding the assumption of
randomness.

Of course, even though deterministic properties address some of the downsides of
average-case analysis and (univariate) parameterizations, any particular analysis of
an algorithm depends on the chosen assumptions used to restrict the input. Weaker
assumptions lead to stronger and more general mathematical statements, but may
fail to accurately reproduce practical observations. Stronger assumptions allow the
definition of richer input models, but require additional justification. Throughout
the different chapters, this thesis presents a range of different assumptions, roughly
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ordered by their complexity. Chapter 3 uses a single numerical parameter that can
be defined on any possible input. Chapter 4 also uses a single numerical parameter
(the radius r), but additionally makes assumptions about an underlying geometry.
Moreover, here the radius parameter is simply describing structural properties and
not trying to encapsulate algorithmic complexity. Despite the connection between
HUDGs and clique-partitioned treewidth, the algorithm for the independent set
problem developed in Chapter 4 does not fit into the framework of fixed-parameter
tractability, but instead depends on the parameter in a more complex way. Chap-
ters 5 and 6 go further by specifying more elaborate properties that rely on multiple
parameters and structural assumptions about the input. Overall, we find that such
more complex properties make it much easier to achieve both sufficient flexibility to
capture relevant practical inputs and rigidity with strong algorithmic consequences.
When picking assumptions from a larger space of more complex candidates, the
final choice needs careful justification. In the two case studies this is achieved with
an empirical validation and using an established random network model. In partic-
ular, the analysis of the bidirectional search algorithm shows that more complex
properties can give very specific, accurate, and predictive models for the practical
performance of algorithms.

A natural concern with this approach is that stronger and more complex struc-
tural assumptions might come at the cost of less elegant or less broadly applicable
theoretical results. While this thesis argues that this can be a worthwhile trade-off
considering the potential for better empirical grounding, our case studies also
suggest that this criticism need not hold in general. Chapter 5 shows that even
complex assumptions relying on multiple parameters have a potential for elegant
and satisfying theoretical results, by proving that the third condition for sublinear
running time is in fact tight. Moreover, while Chapter 6 presents an algorithm
for a restricted geometric setting, the use of deterministic properties makes the
result more portable, as shown by its application to multiple variants of random
geometric graphs. Overall, we argue that the ability of more complex assumptions
to define richer input models makes them sufficiently useful to overcome the bur-
den of needing additional justification. Importantly, even if specific assumptions
might be debatable, they can still be better and more informative than the implicit
assumptions behind a worst-case analysis.

Taken together, the preceding chapters argue for deterministic properties as a
useful method for the analysis of algorithms that addresses several shortcomings
of both average-case and classical parameterized methods. None of this implies,
however, that they should replace the other approaches. There are many algorithms
for which worst-case analysis without specific assumptions about the input already
represents an adequate model for algorithm performance. Likewise, random input
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models such as the ones for real-world networks discussed in Chapter 1 have
the advantage that they are generative and can produce instances amenable to
experimental study. Furthermore, even the analysis of univariate input parameters
often brings valuable theoretical insights, similar to, for instance, the study of
restricted graph classes.

To conclude, in this thesis we investigated the use of deterministic properties
as a method for algorithm analysis. We argued that this perspective complements
average-case analysis and classical parameterized approaches, and demonstrated
deterministic properties as a useful tool that can contribute towards narrowing the
gap between theory and practice. We believe that the technique offers significant
unexplored potential and we hope that it will inspire further progress and insights.

7.2 Outlook

Chapters 3-6 each end with a discussion of open problems and directions for future
research. In the following, we give pointers to a few more general directions that
go beyond those directly connected to the respective chapters.

Deterministic models for complex networks. First, while random models for
complex networks have proven highly successful at capturing structural properties
of real-world networks (see also Chapter 1, Page 3), deterministic models for com-
plex networks are still somewhat lacking. Such models should be able to explain
and advance algorithmic performance on similar real-world networks in a convinc-
ing way, ideally by allowing empirical verification of the underlying assumptions.
Even though hyperbolic uniform disk graphs Chapter 4 inherit some plausibility
through their connection to hyperbolic random graphs, they fall short on the latter
aspect. In fact, deciding whether a given graph is a HUDG is AR-Complete [Bie+23;
Jun24]. Thus even though the structural and algorithmic results from Chapter 4
are interesting on their own as well as in connection to hyperbolic random graphs,
it is very hard to verify the underlying assumptions on real-world networks.

It would thus be desirable to develop deterministic properties capturing complex
real-world networks that use easier to verify assumptions. Recall that Chapter 1
discussed three papers that use deterministic properties to formalize power-law
distributed degrees, clustering, or the small world property in order to derive algo-
rithmic results [BCT17; Bra+16; Fox+20]. Unfortunately, as discussed on Pages 8-9
each of these results comes with some disadvantages. Thus one first step towards
more convincing deterministic models for complex networks would be to address
some of these limitations. Concretely, this could involve the following directions.
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To expand upon [Bra+16], one could study conditions that capture power-law
degree distributions without including regular or similarly homogeneous graphs.
Going beyond [BCT17] it would be interesting to study the considered algorithms
and heuristics for metric properties of graphs also in geometric settings without a
power-law distribution. While Chapter 6 goes in this direction and also develops a
new algorithm, it otherwise only analyzes the iFUB algorithm on random geomet-
ric graphs. Finally, it remains to find explanations for the practical feasibility of
enumerating all maximal cliques in a graph that go beyond those of [Fox+20] and
also address the empirical observations of [BF24].

Further algorithmic applications. Beyond using deterministic properties to
formulate assumptions that capture specific types of practically occurring inputs
such as complex networks, we also want to motivate the study of concrete algorith-
mic problems. One natural starting point for this could be previous algorithmic
analyses on random input models such as HRGs. There, in addition to the bidirec-
tional BFS algorithm [Bla+22b] and the vertex cover problem [Bld+23a] which we
addressed in Chapters 4 and 5, recent studies have also considered vertex cover
approximation and the chromatic number [BFK23; MR26]. How fast can these prob-
lems be solved on other deterministic input models? It would also be interesting to
better understand the effectiveness of reduction rules for the vertex cover problem.

Beyond these examples of problems already studied on HRGs, a second direction
would be to consider algorithms and problems with well-known or large gaps
between theory and practice. First, consider the PACE-challenge.!* A common
pattern among successful implementations is that they make heavy use of heuristics
especially for data reduction or pruning [Bld+22a; HS18; Tam17; Wie24]. Is it
possible to identify deterministic properties that help explain the effectiveness of
such heuristics? One particularly intriguing case is treewidth, where compared
with earlier iterations of the PACE-challenge, subsequent advances brought very
large improvements [Tam17; Tam22]. At the same time, the effectiveness of even
basic heuristics remains elusive, despite some initial analysis [BHS03].

Another example of a wide gap between theory and practice is given by the
Louvain algorithm for community detection [Blo+08], a heuristic approach that
partitions a given graph into dense clusters with few edges between different clus-
ters. Based on a greedy local search, the Louvain algorithm has been observed to be
very efficient in practice despite the existence of worst-case instances with running
time in Q(n?) [BF24]. While there exists an average-case analysis that shows linear
running times on the stochastic block model with two communities [Coh+20], it

16 https://pacechallenge.org/
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remains open to transfer this to other (for instance geometric) settings. An analysis
using empirically verifiable deterministic properties, might provide an even clearer
explanation of the algorithm’s practical performance.

More speculatively, a natural long-term question is whether deterministic prop-
erties as a methodology can be successfully applied beyond graph algorithms. For
instance, boolean satisfiability features a large gap between worst-case theory
and practical algorithm performance, while also having natural graph-theoretic
structure. It is conceivable that deterministic structural properties of instances
could help to find explanations for the surprising performance of modern solvers on
practical instances. Overall, we hope that the case studies presented in this thesis
demonstrate the potential of deterministic properties as a methodology and serve
as a starting point for further progress towards a better theoretical understanding
of practical algorithm performance.
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