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Abstract

This thesis develops efficient time integration methods for semilinear wave equations with
damping and multiscale features. In particular, we study two promising schemes that
exploit the underlying structure of the equations: implicit—explicit (IMEX) schemes and
exponential integrators.

We analyze an IMEX scheme for semilinear wave equations with strong damping, prove
unconditional stability and derive error bounds for the fully discrete problem in a general
spatial discretization framework. As an application, we provide convergence results for
the heterogeneous multiscale method applied to wave equations with highly oscillatory
coefficients.

In addition, we study exponential integrators for semilinear damped wave equations,
which require the efficient approximation of matrix functions. We present a Chebyshev-
based method for approximating these matrix functions, which relies on a Faber expansion
over suitably chosen ellipses and includes both a residual error estimator and a novel,
efficient strategy for selecting the ellipse parameters.

Numerical experiments demonstrate the accuracy and efficiency of the proposed me-
thods.
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CHAPTER 1

Introduction

Motivation

Wave equations represent foundational models within the field of physics, employed for
the purpose of describing the propagation of diverse wave phenomena.

A particularly important class is given by semilinear wave equations, which include
nonlinear terms involving lower-order derivatives. Such equations arise in a wide range of
applications. In the area of nonlinear optics, semilinear wave equations serve to describe
the propagation of light waves through complex materials, such as optical fibers. Similarly,
in acoustics, they model sound waves traveling through different media, such as gases or
fluids, especially under conditions of high sound pressure. In addition, many physical
systems experience energy losses due to damping, which can be caused by mechanisms
such as viscosity, resistance, or friction. This leads to the class of semilinear damped
wave equations. In inhomogeneous materials, these equations may contain coefficients
that oscillate strongly, reflecting the microscopic properties of the underlying medium.
Such equations are referred to as multiscale problems, since they involve both microscopic
and macroscopic features.

From a mathematical perspective, these equations are particularly challenging, since
analytical solutions are generally not available. Consequently, numerical methods have
been developed to compute approximations, enabling accurate simulation of the corre-
sponding physical processes. These methods have in common that the solution is com-
puted only at a finite number of discrete points in space and time, where temporal and

spatial components are usually treated separately, in order to reduce computational effort
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and memory requirements. This approach also accounts for the fundamental theoretical
differences between these components.

This thesis primarily focuses on time integration methods while also providing a space
discretization error analysis, as well as applications of the abstract results to multiscale
problems for a class of semilinear damped wave equations. Numerical time integration of
such equations is particularly difficult due to their stiffness and nonlinearity. An equa-
tion is referred to as stiff if explicit methods (such as the explicit Euler method) require
extremely small time-step sizes to guarantee an accurate approximation. When using im-
plicit methods (such as the implicit Euler method), on the other hand, nonlinear systems
of equations have to be solved, which involves considerable computational effort. In the
case of a semilinear wave equation, we can split the equation into a linear, stiff part, and
a nonlinear, nonstiff part.

The overall goal of this thesis is to develop and analyze efficient and tailored numerical
methods that treat each component of the equation according to its specific properties.
In particular, we focus on two important approaches: implicit—explicit (IMEX) time in-

tegration schemes and exponential integrators.

Outline

The main contributions of this thesis are:

e An efficient IMEX method for semilinear damped wave equations together with a
rigorous error analysis for the full discretization within the abstract framework of
the unified error analysis, with application to multiscale problems with strongly

oscillating coefficients

e A novel and efficient implementation of exponential integrators, focusing on the ap-
proximation of the arising matrix functions using Chebyshev polynomials, together

with rigorous error bounds for the proposed method

The organization of this thesis is as follows.

First, in Chapter 2, we provide an overview and comparison of (one-step) time inte-
gration methods for discretized semilinear wave equations. We highlight that IMEX and
exponential integrators are well suited for this type of equation. Since the efficiency of ex-
ponential integrators relies on the computation of matrix functions, we discuss advantages

and disadvantages of different approaches in relation with the Chebyshev method.



In Chapter 3, we present the IMEX scheme, derive full discretization error bounds,
and apply the abstract results to a multiscale problem. In particular, we employ the
heterogeneous multiscale method (HMM) to tackle the numerical challenges arising from
the multiscale structure and establish convergence rates in both space and time for the
fully discrete problem. The content of this chapter is published in [52].

In Chapter 4, we study the Chebyshev method for approximating matrix functions. We
derive error bounds for a specific class of matrix functions when the field of values of the
matrix is contained in an ellipse. Furthermore, we present an algorithm for approximating
this ellipse from suitable Ritz values and propose a residual-based error estimator for
selecting the degree of the Chebyshev polynomial. Finally, we demonstrate the efficiency
of the method by applying it to a matrix resulting from the spatial discretization of
a semilinear damped wave equation. We compare the results with (rational) Krylov
subspace methods and present numerical experiments to illustrate the competitiveness of
the approach. The chapter contains the content of the preprint [51].

We emphasize that Chapter 3 and 4 aim to find efficient time integration methods for
semilinear damped wave equations, but address different aspects of the problem. While
Chapter 3 focuses on the analysis of the stability and convergence of the scheme considered
there, Chapter 4 deals more with the practical implementation and efficient computation

of the matrix functions required by exponential integrators.

Notation

In this thesis, (-,-) denotes an inner product with which the vector space C¥ has been
equipped, and || - || denotes the corresponding norm. The induced matrix norm is desig-
nated by the same symbol. For vectors v, w € CV, the Euclidean dot product is defined
by

v'w::va:v_lw1+~~—|—WwN.

The identity matrix in CV*¥ is denoted by I = Iy. The Kronecker symbol (or Kronecker
delta) is defined by d;; = 1 if i = j and d;; = 0 otherwise.
Lebesgue and Sobolev spaces

Let © C R% d € N, be an open and bounded domain. We write C(£2) for the space
of continuous functions on €2, and C*(Q), k € N, for the space of k-times continuously

differentiable functions on ).
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The classical Lebesgue spaces are given by LP(£2), where 1 < p < oco. The scalar
product on L?(QQ) is defined as (-, -)o.

Let a = (ay,...,aq) € Nd be a multi-index with
|Oé| :a1+"'+ad~

For a sufficiently smooth function f : Q@ — C, we define the (weak) partial derivative of
order av by 0“f = 0" --- 95 f. The Sobolev space of order k € Ny is defined by

HY Q) ={f: Q- C|o*f e L*(Q), |o| <k}. (1.0.1)

This space is equipped with the scalar product
(fr 0 = (f. 9 Z/aa 0 g ) da,
o<k
and the induced norm
17 = ey = (F £
In particular, H°(Q2) = L?(£2). We denote by HZ(Q) the subspace of H*(§2) consisting of

functions that are zero on the boundary 0f2 in the trace sense.

Operators

The gradient of a smooth function f is defined by

o1 f(x)
Vf(x)= : )
Oaf ()

and the Laplacian by
Af(z) =V -Vf(x Z 2 f(

for v = (xq,...,24) € S

Banach space valued functions

For a Banach space X and 7" > 0, we denote by C([0,7], X) the space of continuous
functions w : [0,7] — X. Moreover, for k¥ € N, we denote by C*([0,T], X) the space of
k-times continuously Fréchet differentiable functions from [0, 7] into X. For a function
u € C'([0,T],X) we denote the partial derivative with respect to the variable ¢ by dyu =

u = .



For 1 < p < oo, we denote by LP(]0,T]; X) the Bochner space of measurable functions
w: [0,T] — X equipped with the norm

T
lll oo o0 = ( [ e dt)

1/p
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CHAPTER 2

Discretization of semilinear wave equations

In this chapter, we provide a brief overview of methods for discretizing the semilinear
damped wave equation and outline the key concepts and steps involved in its numeri-
cal discretization. We focus primarily on the time integration aspect, discussing several
schemes available in the literature, and highlight the approaches considered in the follow-

ing chapters, which offer advantageous properties for semilinear wave equations.

2.1 Prototypical example

We begin by considering a prototypical equation, namely a semilinear, strongly damped

wave equation in a bounded Lipschitz domain Q C R%,d = 1,2, 3, given by

Opu(t,z) — Au(t,x) — Adwu(t, x) = G(u(t, r)), r e t>0,

(2.1.1)
u(0,z) = up(x), Ou(0, ) = vo(z), x € Q,

where G € C'(R) and u(t, z) = 0 on the boundary of 2. Further, let

Ug, Vo € H&(Q) N H2(Q)

Prominent examples of G that are frequently discussed in the literature (see, e.g., [14, 62,

65, 107, 141]) for semilinear strongly damped nonlinear wave equations include:

G(s) =|s""'s, for vy € (1,5),

(2.1.2)
G(s) = sins.
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Such nonlinearities also arise in the context of nonlinear Klein—Gordon equations or sine-
Gordon equations [35, 77|, which play a significant role in many scientific applications such
as nonlinear optics or quantum field theory, see, e.g., [58, 118] and references therein.

Under additional assumptions on G, the existence of a (weak) solution is guaranteed.

Theorem 2.1.1 ([142]). Let 6 be

5 400, d=1,2,
s, d=3.

If there exist positive constants ¢y, cq,c3,¢4 and p; € (1,0 — 1) and p € (0,0 — 2) such
that
G(s)| S citeafs|™,  |G'(s)] < 5+ culs]™, (2.1.3)

then there exists a unique (weak) solution
u € C([0, 71, Hy (2)) N CH([0,T], L*(€2)) N C*([0, 7], H(Q)), e € L*([0, T]; Hy (2)),

for (2.1.1) and some T > 0. This means that u satisfies the corresponding weak formula-
tion:

(Opu(t),w)o + (Vu(t), Vw)o + (Vou(t), Vw)y = (G(u(t)), w)o,
u(0) = wo, Oyu(0) = vy,

for all w € Hy(Q) and a.e. t € [0,T].

(2.1.4)

For better readability, we omit the argument = in (2.1.4). It can be easily seen that
the growth conditions in (2.1.3) are satisfied by the nonlinearities (2.1.2), and therefore a

weak solution exists for these cases.

Remark 2.1.2. A more general and abstract framework that covers a much wider range
of equations is developed in Chapter 3.

To discretize equation (2.1.1), we follow the method of lines (see, e.g., [75, Chapter
I.1]), which first uses spatial discretization to transform the equation into a system of

ordinary differential equations (ODEs), to which we later apply time integration schemes.

2.2 Space discretization

We consider a family of finite dimensional spaces (V},);, with dim(V}) = Nj < oco. For
example, if we have a simplicial partition 7, of {2, where we denote the elements of 7T, by

K, we can choose

Vi, = {’Uh S Hé(Q) | Up|x € Pp,VK S 771}
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Here PP, is the space of polynomials of maximal degree p, which is the space of conform-
ing finite elements of order p. The spatial parameter h denotes the mesh size, i.e., the
maximum diameter of all elements (see |28, 54| for more details).

We then seek a solution u;, € C?([0,T],V},) such that

(attuh(t), wh)o + (V’U,h(t), th)o -+ (V@tuh(t), th)o = (Qh(uh(t)), wh)o,

(2.2.1)
up(0) = up, 0u(0) = vpo,

for all w;, € Vj. Here, upp,vh0 € Vi and G are approximations to ug, vy and G. Er-
ror bounds for the spatial discretization can be derived using the unified error analysis
framework proposed in Chapter 3.

For practical computations, we aim to derive a system of ODEs. For this purpose, we

choose a basis ®4,...,®y, of V}, such that
N, H1
u(t, ) =Y wt)®i(x), p=
i=1
22,8

In conforming finite element methods, one usually chooses the basis functions ®; as nodal
basis functions. These are defined with respect to a set of nodal points {ay,...,an,} by
the property

Q;(a;) =0ij, 4,7=1,...,Np,

where 0;; is the Kronecker delta. In this case, the coefficient y;(t) corresponds to the
value of u,(t) at the nodal point a;. Inserting this into (2.2.1), and using the fact that it

suffices to test with the basis functions ®;, leads to

Nh
Zu (®;, ®; O+Zul (V;, VO, O+Zul (V@;, V&;)o = (Gn(un(t)), 25)o
=1
for j = 1,...,N,,. Thus, we obtain the following matrices M, A € R¥»*Nu which are
symmetric and positive definite, and a nonlinear vector field G, which is locally Lipschitz

continuous, defined by

M = (mij)xh:p mi; = ((Di, (Dj)o, (mass matrix),
A= (aij)i-\j]hzl, Q5 = (V(I)Z, V(I)j)o, (Stiffl’leSS matrix),

G(p) = (gi(“))z]'vzhlv gi() = (Gn(up), ®:)o, (nonlinear load vector).
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This leads to the following system of ODEs:

Mp"(t) + Ap(t) + Ap/'(t) = G(p()),

(2.2.2)
1(0) = po, '(0) = vy,

where po and vy denote the coefficient vectors corresponding to the initial data u;o and
Up0, Tespectively. Since we later aim to apply a time integration scheme designed for first-
order differential equations (in time), we reformulate (2.2.2) as follows: We set p’ = v,
and

o 0 1 0

x = , S= , F(x)= . (2.2.3)
“M'A —M'A M~'G(p)

AN

We end up with the following first-order formulation of (2.2.2):

/() — Sz(t) = F(z(t), t>0,

1o (2.2.4)

Ly

z(0) =z =

Remark 2.2.1. When using conforming finite elements, the mass matrix M is generally
not a diagonal matriz. This makes the direct calculation of the inverse matrix compu-
tationally very intensive. In practice, multiplication of a vector by M~ is performed
by solving a system of linear equations. Iterative solvers such as the conjugate gradient
method (CG) are often used for this purpose. Because the mass matriz has a condition
number that is independent of the mesh size h (cf. [54, Proposition 28.6]) preconditioning
1s generally not required. However, if these matriz-vector multiplications need to be per-
formed very frequently, preconditioning can be beneficial (see the discussion in Chapter 4).

An alternative approach is to approzimate the L*-inner product using an appropriate
quadrature formula, when working with first-order polynomials, such that mass matric M
becomes diagonal. This approach is called mass lumping (cf. [38]). For higher orders,
there are approaches to extend the conforming finite element domain Vj, using so-called
bubble functions (cf. [39, 64, 70]).

Another option is to use discontinuous finite elements instead of conforming finite
elements (see [}3]), which results in a block-diagonal mass matriz, where the block size
corresponds to the degrees of freedom of one element and is therefore easy to invert.
However, this approach is not pursued further in this thesis.

2.3 Time integration

We now discuss methods for approximating solutions to the equation (2.2.4). For sim-

plicity, we consider a general system of ODEs, where we seck a function x : [0, 7] — RV
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for some T" > 0, such that
#(0) = £2(0) .
xz(0) = x,
where f : R x RY — RN (t,2) — f(t, ) is nonlinear and locally Lipschitz continuous,
and ¢o € RY. We aim to approximate x at discrete time points ¢, = n7 for a time-step
size 7 > 0. This results in a set of approximations x,, ~ x(t,).

First, we will explain the difference between implicit and explicit methods. Further-
more, in Section 2.3.2.2; we discuss fully implicit Runge-Kutta methods, which allow large
time-step sizes but are also among the most computationally intensive methods. More
efficient are diagonal-implicit and related methods, which are discussed in Sections 2.3.2.3
and Section 2.3.3. Methods that utilize the structure of the discrete semilinear wave equa-
tion (2.2.4), in particular IMEX schemes and exponential integrators, are considered in
Sections 2.3.4-2.3.5.

This section is based primarily on |75, 76] for Section 2.3.3-2.3.4 [12, 25, 26| for Section
2.3.4 and [86, 87| for Section 2.3.5.

2.3.1 Explicit vs. implicit methods

A time integration scheme is called explicit, if @, 1 can be calculated directly from known
quantities as
Tpi1 =Vt T, @p, -+, Tt),
for n > k > 0 and some given function ¥. For k = 0, the method is called a one-step
method, where for k£ > 0, the scheme is called a multi-step method. A well-known example
is the explicit Euler scheme
Tni1 = Ty + 7f(tn, ).

The scheme is very simple, therefore often used, but suffers from stability issues. To
explain these phenomena for the problem (2.2.4), we choose S as in (2.2.3) and consider,

for the sake of simplicity, the case F = 0, such that
fly) =Sy, yeRY.
The exact solution of (2.3.1) is given by
x(t) = S'ag. (2.3.2)

We further define A := M~'A. Then A is symmetric, positive definite matrix w.r.t. the
scalar product

(v,w)y = v"Mw, v, weRY,
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and therefore diagonalizable. There exists an invertible matrix T € RY*Y such that

g 0 - 0
A-Tpr, D-|" ™ "1
0 0 - uy

where y; > 0 are the eigenvalues of A. Furthermore, A is similar to the symmetric

positive definite matrix w.r.t the Euclidean inner product
B=M'"2AM"'/2

Consequently, since the M-induced norm of A coincides with the spectral norm of B, we

get

Az = [IBl2 = enax i (2.3.3)

Let A be an eigenvalue of S. By [130, Theorem 3|, we obtain

I I o
0 = det o N — det <)\21N L AN A)

—-A -)Iy-A

= det(\’Iy + DA + D)
N

:H(/\2+:ui)‘+,ui)-

=1

The eigenvalues of the matrix S are then given by

—pi =/ 1 — A

)\(i) _
1,2 5

i=1,...,N. (2.3.4)

Now consider the case where A and M are the stiffness and mass matrices, respectively,
for linear conforming finite elements on the interval [0, 1] with a uniform mesh of width
h. By (2.3.3) it holds that ||A |y ~ h~2, see, e.g., [54, Example 28.2]. This implies that
there exists an eigenvalue of A with y; ~ h~2, which yields that, for sufficiently small

mesh sizes h, there exists an eigenvalue \; of S such that
Re(\;) < 0. (2.3.5)

If we assume that S is diagonalizable with a regular matrix P € C?V*2V_ then the
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system of equations (2.2.4) with F = 0 decouples

wy = |0 = O

where Px = u. The resulting equation for the eigenvalue A = ); is given by
u'(t) = Au(t). (2.3.6)

The solution to the differential equation decays exponentially since Re\ < 0. A good
numerical method should reproduce this behavior as well or should at least stay bounded.
However, this is only the case if we choose small time-step sizes when using explicit
methods, such as the explicit Euler method (see [76, Chapter IV.2]). Differential equations
for which this situation occurs are called stiff.

We will focus in the following on implicit methods, that is, methods where x,,; is

defined implicitly by an equation of the form
0= \I}(t’m TyLp41y--- awn—k)a

for n > k > 0 and some given function ¥. Many implicit methods have significantly
better stability properties and are therefore particularly well-suited for stiff differential
equations. For this reason, our focus will be on these methods.

In particular, we will focus on one-step methods. Although multi-step methods have
the advantage of requiring fewer function evaluations, they often require more memory.
Furthermore, the maximum order of multistep methods for which the numerical solution

remains bounded when applied to problems of the form (2.3.6), with
Re(A) <0,

and arbitrary constant step size 7, is at most two. For more details we refer to [76,
Chapter V.1| and [42].
In the following, we will study the class of Runge-Kutta methods.

2.3.2 Runge-Kutta methods

Runge—Kutta methods form a classical and widely used class of time integration schemes.

A historical overview can be found in [31]. They are based on the idea of writing the
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solution of the differential equation (2.3.1) in integral form by the fundamental theorem

of calculus

x(t, +7) =x(t,) +/ ftn +s,x(t, + s))ds, th=n1, n=0,1,2,....
0
Assume we have approximations
T, ~ x(t,), Y., ~xz(t,+c¢7), i=1,...,s.

Then the integral can be approximated using a suitable quadrature formula with weights

bi,...,bs and nodes cq, ..., ¢
Lp+1 = Ty + TZ bz .f(tn + GT, Yn,i)-
i=1

The intermediate values Y,,; are calculated by another quadrature formula with weights

a;; and the same nodes ¢;:

.’D(tn +Ci7-) ~ K’L,i =Ty +TZaij f(tn -+ C;T, Y;LJ), 1= 1, ..., S
j=1

In general, an s-stage Runge-Kutta method is defined as follows [75, Chapter IL.]:
Yn,i =Ty + 7 Z a/ij Y’;’]{,j?
j=1
Y, = fta+ 7 Y), (2.3.7)

s
/
Tpi1 =%p + T E bl }fn,i?

i=1

fori=1,...,s. Equation (2.3.7) is compactly represented by the Butcher tableau:

Ci|air -+ Qs
Cs | As1 =+ Qsg
bl e bs
or
C

bT
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If a;; = 0 for j > 4, then the corresponding method is explicit, otherwise implicit. The ex-
plicit Euler method presented in the previous section is an explicit Runge-Kutta method.

Its Butcher tableau is

2.3.2.1 Stability and convergence

The most important property for getting an accurate solution is the order of a Runge-
Kutta method (cf. [75, Definition 2.1]).

Definition 2.3.1. A one-step time integration scheme is of (classical) order p if, for suf-
ficiently smooth problems of the form (2.3.1), there exists a constant C' > 0, independent
of 7, such that

lz(to +7) — || < O,

where @7 is the approximation after one step with the method of size 7.

Order conditions, i.e., algebraic conditions on the coefficients a;;, b;, ¢; that determine
whether a scheme has order p, can be systematically derived using labelled trees (cf. |75,
Chapter I1.2]). For an explicit Runge-Kutta method, which has at least order p > 1, we
obtain the following convergence result [75, Chapter 11.3].

Theorem 2.3.2. Let f € C'P. If an explicit Runge-Kutta method is of order p, then the
global error satisfies

[&(tn) — 2|l < ATP,

where the constant A = %(eMT —1) is independent of n and T, and t, € [0,T). Here, C

and M are additional constants, where M depends on the Lipschitz constant of f.

The constant A in Theorem 2.3.2 can grow rapidly when the Lipschitz constant of f
becomes large. To investigate this further, we consider again the test problem (2.3.6).
As explained in Section 2.3.1, the numerical solution (2.2.2) of this problem (for A\ with
Re(A) < 0) should remain bounded. We are particularly interested in methods for which
this property holds without any restriction on the time-step size 7. Such methods are
referred to as A-stable. Therefore, we apply a Runge-Kutta method to the test problem
(2.3.6), which yields the following

Tyl =T, + 2b"Y,, (2.3.9a)
Y, = 2,1+ 22Y,, (2.3.9b)
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with

Y,=Y,.)i, z=7\ 1=
1
Assuming that I — 22( is invertible, it can be shown (|76, Proposition 3.2]) that (2.3.9a)

can be rewritten as

. det(I — 220 + 21b"
Tni1 = R(z)x, with R(z) = (det(I Ty )

The function R is called the stability function. It is clear that the numerical solution stays

bounded if |R(z)| < 1. Therefore, we define the stability region as
S={ze€C| (- 22 invertible and |R(z)| < 1}.
Accordingly, a numerical method is A-stable if
C :={z€C|Re(z) <0} CS.

For an explicit method, it holds that det(I — z2() = 1. As a consequence, the stability
regions of such methods are bounded, implying that explicit methods cannot be A-stable.

A-stable methods which ensure that very stiff components decay rapidly to zero are
called L-stable.

Definition 2.3.3 (L-stability). A numerical method is called L-stable if it is A-stable
and, in addition, its stability function R(z) satisfies

lim R(z) = 0.

Z—00

Remark 2.3.4. Another important concept is B-stability, particularly in the context of
nonlinear right-hand sides. However, since we will assume that the nonlinear part of the
right-hand side is not stiff (see Section 2.5.4), we only refer to [76, Chapter 1V.12] for
further details.

2.3.2.2 Gauss and Radau methods

We aim to construct high-order A- and L-stable Runge-Kutta methods. One systematic
approach is based on collocation polynomials |75, Chapter I1.7|. A collocation polynomial
pn approximates the solution of an ODE by satisfying the collocation conditions at nodes

0<<--<cs <1

pn(tn) = Tp,
p'/n(tn_’_c'ﬂ—) :f(tn+Cva pn(tn+clT))7 1= 17"'a87
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where @, is the approximation at time ¢,,. We compute the new approximation by

Tpi1 = Poltn + 7).

The collocation polynomial is not computed explicitly. Instead, we use the fact that the

collocation approach is equivalent to an implicit Runge-Kutta method with coefficients

ci 1
Ai5 = / Ej(x) dﬂ?, bj :/ EJ(.’E) diL‘, Z,j = 1,...,8, (2310)
0 0
where
r — Ck
li(x) = 2.3.11
=11 =2 (23.11)
k=1
k#j
are the Lagrange interpolation polynomials at the collocation points ¢y, ..., ¢, (cf. [75,

Chapter I1.7 Theorem 7.7]). The order of the resulting Runge-Kutta method is the same
as the order of the corresponding quadrature rule (b, ¢;)i—1, s, see, e.g., in the proof of

[75, Chapter I1.7 Theorem 7.9]. Two important examples are presented below.

Example 2.3.5 (Gauss Methods). Gauss methods are collocation methods derived from
the nodes of Gaussian quadrature. The order of these methods is 2s. Moreover, they are
A-stable, but not L-stable. For s = 1, the Gauss method is the implicit midpoint rule:

T Tp+ fUn+1>
)

_ 2.3.12
apns (23.12)

Tpi :wn—i—Tf(tn—l—

which can equivalently be expressed in a two-stage form:
B Toefy o T
Ty =t 5 7 (bt 50,

; (2.3.13)
Tpi1 = mn+7f<tn+ §,mn+%>.

For s = 2, the Gauss method is defined by the following Butcher tableau:

V3

1
4 6

RO NO|—
_|_
cfelt
W~ =

+ =
s

N —
DO | [ [ =

Further details and examples can be found in |76, Chapters IV.3 and IV.5].
&

Example 2.3.6 (Radau Methods). Radau methods (or Radau ITA) are collocation meth-
ods of order 2s — 1 with the last node at the right endpoint (¢, = 1). They are both
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A-stable and L-stable. For s = 1, the Radau method coincides with the implicit Fuler
scheme. For s = 3, the fifth-order Radau method has the Butcher tableau:

4—/6 | 88—7v6  296—169v6 —2+3v6
10 360 1800 225
446 | 296+169v/6  88+7v6  —2—36
10 1800 360 225 (2 3.1 4)
1 16—v/6 3616-+1/6 16+v6 - -9
36 1296 36
16—6 3616+v6  16+6
36 1296 36

Again, details and more examples can be found in |76, Chapters IV.3 and IV.5|.
&

Remark 2.3.7. For stiff problems, in particular those arising from the discretization of
partial differential equations, Runge—Kutta methods often suffer from the phenomenon of
order reduction, even when the methods are A-stable or L-stable (see, e.g., [76, Chapter
1V.15]). Under additional assumptions, such as algebraic stability (see Definiton 12.5 in
[76, Chapter IV.12]), one can nevertheless derive rigorous bounds for the global error in
terms of the stage order q > 0, which is defined by the conditions

k
G
)

s 1 s
ZbiC?il = E, Z ClijC?il = E k= 1, o q. (2315)
=1 j=1

In contrast to Theorem 2.53.2, the constants appearing in these error bounds are, for stiff
problems, significantly smaller than the Lipschitz constant of f. Gauss and Radau methods
are algebraically stable and have stage order s. We refer to again to [76, Chapter IV.15-15]
for the details.

We will now turn to the details of the implementation of (fully) implicit methods, as
described in |76, Chapter IV.8]. A major drawback is their computational complexity,

particularly when dealing with nonlinear right-hand sides. In each time-step, one has to

solve a coupled nonlinear system of equations:
S
Zni=T Z aij ftn + 57, @0 + Zn ),
j=1

where we introduced the transformation
Zn,z' = }/n,i — Ly, Zn = (Zn,h BRI Zn,s)7

in order to reduce the influence of round-off errors. To solve this system, Newton’s method
is typically applied. In each Newton iteration, one has to solve a linear system with a
block matrix of the form

0
(IN —Ta,-jé(tnvLch, CUn—i-Zn’j))' - N. (2316)
,J=1;...
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The computational cost can be significantly reduced by using the simplified Newton
method. In this approach, the Jacobian matrices are all fixed at (¢, x, ) and approximated
by

of
J = %(tn, Q?n).

If we apply this approximation to (2.3.16), we can write it as follows using the Kronecker

product:

Ly —72A®J. (2.3.17)

This particular structure can be exploited in practice to decouple the linear system. In

particular, if A~! is diagonalizable, there exists an invertible matrix T € R*** such that
T AT = A = diag(\y, ..., \y), (2.3.18)
where \; are the eigenvalues of 2A7!. Multiplying (2.3.17) from the left by 771(2A~! ®

Iy), and transforming the resulting linear system using (2.3.18), we obtain an equivalent

system whose coefficient matrix has a block-diagonal structure given by

T INIy —J 0 0
;) 0 T NIy =T - 0
TTARIy -, ®] = ‘ ‘ ' ‘ . (2.3.19)
0 0 v TINIy =T

Thus, the original system decomposes into s independent linear systems, which can
be solved separately. The transformation (2.3.18) only needs to be computed once, since

2A~! depends only on the chosen method.

One technical difficulty is that complex eigenvalues frequently occur (e.g., in the three-
stage Radau method (2.3.14)), requiring complex arithmetic. If 207! is not diagonalizable,

only partial decoupling can be achieved.

2.3.2.3 Diagonally implicit Runge-Kutta methods

We now consider methods that are less complex than fully implicit schemes, namely

Diagonally Implicit Runge—Kutta (DIRK) methods. These methods are a subclass of
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implicit Runge-Kutta methods where the coefficient matrix 2 is a lower triangular matrix

C1 | a1 0 0

o

Co | Q21 A22

Cs | Qg1 Qg2 - QOgg

by by --- b,

The resulting nonlinear systems can be solved sequentially, starting from the first stage
and proceeding to the last. On parallel architectures, the same techniques as in the
previous section can be employed to decouple these systems, with the advantage that
no complex eigenvalues of A~! arise. In the special case of singly diagonally implicit
Runge-Kutta (SDIRK) methods, where a;; = v for all i = 1,...,s with v > 0, the
identical diagonal entries allow the reuse of a previously computed LU factorization of
771471y — J in each stage, which further reduces the computational effort.

Moreover, SDIRK methods can be constructed to be A-stable and even L-stable, which
makes them well suited for stiff problems. However, compared to fully implicit Runge—
Kutta methods with the same number of stages, they generally achieve a lower order of
accuracy. For A-stable SDIRK methods, the maximal order is p < s+ 1, with p = s+ 1
possible only for s < 5 and s # 4. For L-stable SDIRK methods, the maximal order is
further restricted to p < s. The choice of v plays a crucial role in the development of
these methods.

When it comes to stiff problems, DIRK and SDIRK methods are not well suited, since
they suffer heavily from order reduction due to their low stage order—two in the DIRK
case and one in the SDIRK case ([76, Chapter IV.15]). In addition, algebraically stable
DIRK methods have a highest possible order of four |73]. However, these methods form
the basis for the development of efficient schemes, whose low order is offset by the fact
that no nonlinear systems need to be solved.

We refer to |76, Chapter IV.6| for detailed discussions and concrete examples of DIRK
methods.

2.3.3 Rosenbrock-type methods

To avoid the computational cost of solving nonlinear systems, one can apply a linearization

technique to the implicit Runge-Kutta methods, which leads to the class of Rosenbrock
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methods (cf. [76, Chapter IV.8]). For simplification, we look at an autonomous system
z'(t) = f(z(t), 0<t<T, x(0) = x. (2.3.20)

Note that every non-autonomous system can be transformed into an autonomous system
by adding the equation ¢’ =1 (see [76, p.103]). When applying Runge-Kutta methods to

the autonomous systems, we assume the following simplifying assumption

S
Ci:E ai;, 1=1,...,s.
J=1

The idea is to linearize the nonlinear system arising from a DIRK method, which results

in a system of the form

i—1
/!
Wn,l‘ =X, +T E Q5 K@,j?
j=1

}/T:,i = flx, +7 Z Qjj Yn/,j) = f(Why+1a; Ynlz)
j=1

~f(W,:)+ Taiif/<Wn,z‘)1/7;,i-
As in the previous section, we would replace f'(W,, ;) by J = f'(x,) to reduce the com-

putational cost. A general s-stage Rosenbrock (or Rosenbrock-Wanner) (ROW) method

is defined as

i—1 7
Yn{,i = f(mn+TZainrZ7j) +JZ%']‘YZJ~, 1=1,...,s
T =t (2.3.21)
Tnt1 = Ty + T Z blYn/,z

i=1
These methods can be interpreted as DIRK methods, in which a single Newton itera-
tion is applied to the resulting nonlinear system. As with DIRK methods, a common
simplification is to set v; =~y foralli =1,...,s.

The method can then be described using the extended Butcher tableau

c| AT
bT
where A = (a;;);; and I' = (v;;):; are lower-triangular matrices. If we apply (2.3.21) to

the test problem (2.3.6), the method is equivalent to applying the s-stage SDIRK method

with the Butcher tableu
c|A+T

bT
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to the problem. Consequently, A- and L-stable Rosenbrock methods can also be derived.
In this case, the order p satisfies p < s+ 1 and p < s for A- and L-stable methods,
respectively. Methods of order p = 4 are explicitly given in |76, Chapter IV.7]. In general,
the stability for p > s is uniquely determined by ~, just as for the SDIRK methods.

A disadvantage of ROW methods is that they require computing the Jacobian at each
step. This motivated the idea of approximating the Jacobian instead of computing it
exactly, which leads to the so-called W-methods.

2.3.3.1 W-methods

W-methods are defined as in (2.3.21), with the Jacobian J replaced by an approximation
matrix J. This allows for the development of more efficient methods, for example by
keeping the Jacobian constant over several time-steps. However, in contrast to ROW
methods, the number of order conditions grows rapidly with the number of stages, making

it more difficult to construct schemes of higher order (see, e.g., |76, Chapter IV.11]).

Remark 2.3.8. In general, ROW and W-methods may partially lose nonlinear stability
properties (such as B-stability) by the linearization. We do not pursue this issue further
in this thesis and refer instead to [76, Chapter IV.15] and [133, Chapter 8.7] for more
details. In addition, similar to DIRK methods, the order of convergence for stiff problems
can only be two.

2.3.4 IMEX Runge-Kutta methods

For the discrete semilinear damped wave equation (2.2.2), the corresponding first-order
operator S (2.2.3) is stiff (see Section 2.3.1). This stiffness arises in particular from the
fact that S involves the discretization of differential operators. On the other hand, G(u)
is the discretization of a locally Lipschitz-continuous nonlinearity that does not depend
on (spatial) derivatives of the solution. This motivates treating the nonlinear term G (),
and consequently also F(x), as non-stiff.

In the following, we consider numerical methods that exploit a decomposition of the
differential equation into a stiff and a non-stiff part. In particular, we consider the au-

tonomous system (2.3.20) with decomposition f(z) = Sz + F(z),
x'(t) =Sx(t) + F(x(t)), 0<t<T, x(0) = o, (2.3.22)

where S € RN and F : RV — R¥ is a nonlinear, locally Lipschitz continuous function.
The stiff component is treated implicitly, whereas the non-stiff component is treated

explicitly. Methods of this type are known as implicit—explicit (IMEX) schemes [12, 26].
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For both construction and analysis, it is advantageous if one finds implicit and explicit
schemes that are closely related. Therefore, we revisit DIRK methods, which can be
regarded as implicit schemes that are as close as possible to explicit ones. A general
s-stage implicit—explicit Runge-Kutta (IMEX-RK) method applied to the autonomous
system (2.3.22) is defined as follows:

7 i—1
Yn,i:mn+7'zaij SYn7j+TZZL}jF(Yn,j)7 1=1,...,s,

— —
i j (2.3.23)
S S
Lpni1 = Ty, + T E bz Slfn’Z + 7 E bz F(}fn,z)
i1 =1
For intermediate nodes ¢ = (cy,...,cs)” and ¢ = (¢, ...,¢)7, we assume
7 i—1
C; — E A5, C; — Ay, 1= 1,...,8.
Jj=1 Jj=1

As for standard Runge-Kutta methods, the scheme can be written in compact form

using the same notation as in (2.3.8):
cl| c|l
b’ b7
where (2, ¢, b) is a DIRK method and (51, c, E) an explicit RK method.

2.3.4.1 Order conditions

The IMEX-RK schemes can be interpreted as W-methods (see Section 2.3.3.1) with J=s.
Therefore, the order conditions derived for W-methods can also be applied here. For
IMEX-RK schemes, this leads to the standard order conditions for each scheme, along
with additional coupling conditions. For first and second order, these are (cf. |26, Chapter
2.2]):

e First order:

dhi=1, Y b=1 (2.3.24)

e Second order:

~_ 1 1
Zbici = 5, Z b,‘Ci = 5, (2325&)
1 1
= = 2.3.25b
5 5 (2.3.25b)
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For higher orders, the number of order conditions increases rapidly, which makes the use
of simplifying assumptions necessary. We refer again to [26, Chapter 2.2| for details.
The simplest example of an IMEX scheme is the IMEX FEuler method, with separate

Butcher tableaus:

0(0 O 0(0 O
1|1 oo
‘ , or equivalently, 110 1 111 0 .
1 ‘ 1
0 1 10

This is an IMEX scheme of first order. It applies the implicit and explicit Euler methods
to the corresponding terms.

A second example is the IMEX midpoint rule, which is of second order:

0

)
o
)

0
0

DO [ =
N |

0
0 .
1

= (N
N

0 0

In particular, applying the implicit midpoint rule to autonomous system (2.3.20) gives

T, + Ln41 >

This can be reformulated in a half-step formulation:

Tpi1 = T, —|-7'f<

-
.’BnJr% =x, + Ef(wnJr%),
Tpyl = Ty + Tf(mn+%).

Accordingly, the IMEX midpoint rule for (2.3.22) can be formulated as

T T
Fred T g ) (2.3.26)
Ty = Ty + 7S, 1+ TF(zanr%).

2.3.4.2 An IMEX scheme for second-order problems

In [83], an IMEX scheme for second-order problems is considered, based on applying the
Crank-Nicolson method to (2.3.22):

Tuss = T+ 2 (S(@n + Tsr) + Fl@n) + Flaner) ).

We consider the following second-order problem:

p'(t) + Ap(t) + Bp'(t) = G(u(t)),

(2.3.27)
p(0) = po, p'(0) = vy,
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where A,B € R¥¥ and G : R¥ — R" is a nonlinear, locally Lipschitz continuous
function. As discussed in Section 2.2, (2.3.27) can be reformulated as a first-order system
of the form (2.3.22).

The Crank—Nicolson scheme can equivalently be written in a full-half-step formulation

(see [83, Lemma 2.5]):

2
Vn+§ — Vn o %A“n . T_Ay”+§ _ %Byn+§ + %(G(Mn) + G(Mn+1)>,

4
p™tt =+ Tt (2.3.28)
2
Vn+1 — Vn+% . ZAMnJrl 4 T_AVnJr% _ ZBynJr% + Z(G([,l,n) 4 G(/'Ln+1>>-

2 4 2 4
By replacing the trapezoidal rule for the nonlinear term with the left- and right-rectangular

rule, the authors of [83] obtained the following IMEX scheme
2
vtz =" — %Au" - TZAV’”? - %BI/”JFE + %G(u"),

ptt =t 4t (2.3.29)

2
Vn-‘rl —pnts _ %A'u’n-i-l =+ TZAVn—&-% _ %Byn-i-% + %G(un-i—l)

This scheme can be interpreted as a combination of the Crank-Nicolson method for the
linear part and the leap-frog method (see, e.g., [74]) for the nonlinear part. By exploiting
the second-order structure, the scheme can be highly efficient (see discussion in [83]).
However, this scheme is tailored specifically the equation (2.3.27). If, for instance, G
depends not only on g but also on g/, the efficiency is lost. In that case, the scheme
becomes essentially as expensive as a fully implicit Crank—Nicolson method, since the

nonlinear system must be solved at each time-step.

2.3.4.3 Error analysis

As we will discuss the error analysis in more detail later, we only provide some references
here. In Chapter 3, we consider the IMEX midpoint rule for the semilinear damped wave
equation, prove second-order convergence, and derive error bounds for the fully discrete
scheme, including the spatial discretization, within an abstract framework. Similar results
can be found in [83] for the IMEX scheme (2.3.29).

For ODEs, regarding error analysis, we refer to [26, Theorems 2.2.10 and 2.2.13|, which
establish convergence with respect to the order p for a large class of IMEX schemes, where
p denotes the order of the explicit part.

For stiff problems, the IMEX-RK methods suffer from similar order reduction effects
as the DIRK and Rosenbrock methods if the classical order is greater than two [25].
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2.3.5 Exponential integrators

We revisit the autonomous system (2.3.22). The main idea of exponential integrators
is to treat the stiff part of the equation exactly. Consequently, the resulting scheme
reproduces the stability properties of the exact solution associated with this part. Only
the remaining, non-stiff part is then approximated.

For the construction, we use the variation-of-constants formula
t
(t) = ¢S xo + / IS F(a(s)) ds, (2.3.30)
0

where

s e (1S)*
F=> il

k=0
denotes the matrix exponential. In the following, we construct a particular class of expo-
nential integrators based on (2.3.30), namely exponential Runge-Kutta methods, which
are closely related to classical Runge-Kutta methods of Section 2.3.2.
As presented there, we consider 0 < ¢; < --- < ¢ < 1 to be nodes at which we
approximate the solution.
We approximate the integral in (2.3.30) by a quadrature formula in which only F is

approximated, while the matrix function is treated exactly.

Y= w, 7 Z a;;(1S) F (Y,.;),
= (2.3.31)
X1 =€ @, +7 Z bi(TS) F(Y,,).
i=1
The Runge-Kutta method with coefficients a;;(0), b;(0), and ¢; is called the underlying
Runge—Kutta method. An exponential Runge-Kutta method can be represented by the

tableau

with
AU(z) = (aij(z))f,j:h b(z) = (bi(2))i=1, = (ci)iz1;

where the coefficients are analytic functions evaluated at the linear operator 7S. Since
we assume that the nonlinear part is non-stiff (see Section 2.3.4), we restrict ourselves to

explicit methods, i.e., a;;(2) = 0 for i < j.
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Further, the following simplifying assumptions should hold

s

ij(z) = p1(2), Zaij(z):cicpl(ciz), i=1,...,s,

j=1

where the function ¢ is defined by

1 e
)= [ o
0

For z = 0, the simplifying assumptions reduce to

Zbi(m =1, Zaij(())

Hence, the underlying Runge-Kutta scheme automatically has order p > 1.

—1
> .

Example 2.3.9. We rewrite the variation-of-constants formula and approximate the in-
tegral as follows:

x(ths1) = S x(t,) + / elr=o)S F(z(t, +0))do
0
~ e x(ty) + 71 (TS) F(x(tn)),
where we freeze F at x(t,,). This yields the exponential Euler method

Tpi1 =€ x, + 7 (1S) F(mn)

71 (78) (S -+ F(22)), (2:3.32)

which is a first-order exponential Runge-Kutta method with s = 1 and b;(2) = ¢1(2).
<&

2.3.5.1 Order and convergence

We present the order conditions and convergence results for exponential Runge-Kutta
methods. Further details can be found in [44, 86, 87|, where the analysis is presented
in a more general framework for evolution equations. In addition, [44] also provides
error bounds for the fully discrete scheme, including the spatial discretization, within
an abstract framework. Here, we restrict ourselves to the case of a system of ordinary
differential equations (2.3.22).

We begin with the order conditions for exponential Runge-Kutta methods. These are

summarized in Table 2.1 and involve the functions

¥j(TS) = ¢;(78) Zb (18) (2.3.33)
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No. | Order || Condition

1 1 Y1(18) =0
2 2 || ¥(rS) =0
3 2 || Yi(rS) =0
4 3 P3(TS) =0

5 3 || D bi(rS) Jha(7S) = 0
i=1
6 4 Py(7S) =0

7 4| D bi(r8) Jhs(7S) = 0
=1

s i—1
8 4 [ D bi(r8) T ay(rS) T (r8) =0
=1

=2

9 4 zs: bl(TS) C; K¢27¢(TS) =0

=1

Table 2.1: Conditions for explicit exponential Runge-Kutta methods (cf. [87, Table 2.2]).
Here J,K € RY*YN denote arbitrary matrices. The functions 1; and 1y, are defined in
(2.3.33) and (2.3.34), respectively.

and . -

0;4(rS) = p(eS) ¢l =3 au(rS) ( % (2.3.34)
— j—1)!
The pi-functions are defined for £ > 0 by
1 k—1
wo(z) = €7, or(z) = /0 e(l_e)z(k — o, k>1, (2.3.35)
or, equivalently, by the recursion formula

Yp1(2) = m, k> 0. (2.3.36)

The order conditions arise by inserting the exact solution into (2.3.31) and analyzing
the so-called defect terms.

Under suitable regularity assumptions on & and F, the following convergence result
can be established.
Theorem 2.3.10 (|44, 86]). We assume that F is differentiable in a strip along the exact

solution. Then there exist 1o > 0 and C > 0 such that for all T < 1y the numerical
solution of the exponential Euler method (2.3.32) satisfies the error bound

|len —x(t,)]| < CT.
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For higher order methods with 2 < p < 4, the following convergence result holds.

Theorem 2.3.11 (|44, 86]). We assume that the solution x of (2.3.22) is sufficiently
smooth and that F is sufficiently often differentiable in a strip along the exact solution.
For 2 < p < 4, assume that the order conditions of Table 2.1 hold up to order p. Then
there exist 79 > 0 and C' > 0 such that for all T < 19 the numerical solution x,, obtained
from (2.3.31) satisfies the error bound

|z, —x(t,)]| < C7P.

Remark 2.3.12. In [}4/], an abstract spatial discretization framework is employed. In
particular, the authors consider an evolution equation of the form (2.3.22) in a Hilbert
space X together with a discrete version of this equation in a family of finite-dimensional
spaces Xy, and establish error bounds for the fully discrete scheme, including the spatial
discretization error. In our setting, however, we have X = X, = R, so that the error
terms associated with the spatial discretization vanish.

Remark 2.3.13. For parabolic problems, smoothness can be used to slightly relax the
order conditions. For details, see [86, 87| and the references therein.

The implementation of exponential integrators requires the calculation of products of
matrix functions with a vector. This can be computationally expensive, especially for
large-scale problems, and efficient algorithms are therefore essential. We will discuss this

issue in more details in Section 2.4.

2.3.6 Conclusion

The time integration methods presented in the last sections involve different trade-offs
between accuracy, stability, and computational cost.

Fully implicit methods, such as Gauss and Radau methods, combine high order with
excellent stability properties, making them well suited for stiff problems. However, they
are difficult to implement, as they require multiple (simplified) Newton iterations per
time-step and the solution of (possibly coupled) systems of nonlinear equations.

DIRK and SDIRK methods are computationally cheaper than fully implicit methods.
However, they still require a nonlinear solve at each stage and achieve lower classical order
compared to Gauss and Radau methods, and suffer significantly from order reduction
when applied to stiff problems.

Rosenbrock methods require only the solution of linear systems. They are easier to
implement than fully implicit methods and are particularly efficient when the Jacobian of
the nonlinearity can be computed or approximated efficiently. However, they are gener-
ally less stable for nonlinear problems than DIRK methods, and constructing high-order

schemes is more challenging.
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IMEX-RK methods are especially useful for problems that can be split into stiff and
non-stiff components. They retain good stability properties by treating the stiff part
implicitly while remaining efficient through the explicit treatment of the non-stiff (often
nonlinear) terms. However, if the splitting is poorly chosen, the method may fail.

For stiff problems, IMEX-RK and Rosenbrock methods suffer from order reduction
effects when the classical order is greater than two.

FExponential integrators, as well as IMEX schemes, are well suited for problems that
can be decomposed into linear stiff and nonlinear non-stiff parts. They preserve stability
properties of the exact solution while avoiding nonlinear solves. However, the efficient
computation and implementation of products of matrix functions with vectors is chal-
lenging.

For semilinear damped wave equations, IMEX methods and exponential integrators
are particularly attractive because they exploit the underlying problem structure. This

leads to computational efficiency while maintaining very good stability properties.

Bibliographical notes for IMEX and exponential integrator schemes for semi-
linear wave equations. IMEX-RK schemes for semilinear wave equations are studied
in [11, 52|. Crank—Nicolson/leapfrog (CNLF) schemes are analyzed in [30, 83, 98|, while
f-scheme/leapfrog combinations are considered in [106].

Exponential integrators are well understood in the context of semilinear wave equations.
In [61], spatially discretized semilinear wave equations with periodic boundary conditions
are investigated, while [78| studies exponential splitting methods for abstract semilinear
evolution equations. Full discretization error bounds for explicit exponential Runge-Kutta
methods combined with an abstract spatial discretization are derived in [44]. A class of
second-order exponential integrators for low-regularity solutions is investigated in [29].

Semilinear wave problems with highly oscillatory solutions in time are studied in [16].

2.4 The matrix ¢;-functions

As discussed in Section 2.3.5, exponential integrators require the efficient evaluation of

matrix og-functions applied to a vector v € CV, that is,
er(S)v,  SeC™¥ k>0,

where the pp-function are defined in (2.3.35). For large-scale problems, the direct com-

putation of these quantities is generally infeasible. Therefore, efficient approximation
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techniques are required. In the following, we present several methods for approximating

matrix-function—vector products of this form. The section is based on [66, 71, 79, 84, 123|.

2.4.1 Definition of matrix functions

Let ¢ : C — C be a function that is analytic on an open set A C C, which contains the
spectrum of S. Then there are three equivalent ways to define matrix functions ¢(S).

The first approach relies on the Jordan canonical form of S:
T'ST = J = diag(Jy,...,J,),

with the

where T is nonsingular and ny +--- +n, = V.
Definition 2.4.1. The matrix function ¢(S) is defined as
¢(S) := Top(N)T =T diag(d(J1),...,6(J,)) T,

where

¢'(Xs)
d(Xs)

Let Nj denote the size of the largest Jordan block corresponding to the eigenvalue
Mg, for k= 1,...,n, where n is the number of distinct eigenvalues of S. Then we can

alternatively define the matrix function using interpolation.
Definition 2.4.2. The matrix function ¢(S) is defined as
¢(8) == p(8),

where p denotes the Hermite interpolation polynomial of degree at most Ny + --- + N,
which satisfies

PPO) =0"(), =0 N1, s=1...n
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The third definition is obtained from Cauchy’s integral formula (see, e.g. [6, Chapter
4]). Let T be a closed, positively oriented, rectifiable curve in A and A € C be enclosed by
I' with winding number one. The function ¢, which is analytic in A, can be represented
by

1
A) = — —A)tan.
o) = 5= [ =)

This motivates the following definition.
Definition 2.4.3. The matrix function ¢(S) is defined as

1

" 2mi

o8) = 5= [ GOT-8)" ax

where I is a closed, positively oriented, rectifiable curve in A which has winding number
one about all eigenvalues of S.

An important result is that all three definitions are equivalent. A proof of this can be
found in [79, Theorem 1.12].

2.4.2 Krylov subspace methods

As explained in the introduction, the focus lies on computing the action of ¢.(S) on a
vector v, rather than forming ¢, (S) explicitly. In particular, constructing ¢x(S) can be
very memory-intensive, since it is generally dense even when S itself is sparse.

Since matrix functions can be represented in terms of matrix polynomials, the (stan-
dard or polynomial) Krylov subspace is considered. This subspace consists of all vectors
generated by applying successive powers of S to v up to a certain degree.

Definition 2.4.4. For m > 1, the m-th Krylov subspace of the matrix S and the vector
v € CV is defined by

Kn(S,v) :=span{v,Sv,...,S" v} = {p(S)v:p € Pn_1}.

As seen in Definition 2.4.2, matrix functions can be represented by a polynomial p of
sufficiently large degree such that ¢, (S) = p(S). This motivates seeking an approximation
of the form

Ok(S)V = pr(S)v € K, (S, v), Pm € Pr1. (2.4.1)

There are two common approaches to construct such approximations:
One approach is to construct an orthonormal basis of K, and use it to compute the
matrix function of a suitable projection of S onto the Krylov subspace, which will be

presented in Section 2.4.2.1.
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Alternatively, by [40], we have

ler(S) <C sup [or(2)], (2.4.2)
zeW(8)
for C = (1 + v/2), where
W(S) = {(Sv,v) |veC", |v]| =1} (2.4.3)

denotes the field-of-values of S with respect to a given inner product (-,-), which induces
the norm || -||. Therefore, as a second approach to approximating the matrix function, we
seek a suitable compact set K that contains W(S), as well as a sequence of polynomials
such that the scalar ¢,-function is well approximated on K. This is discussed in Section
2.4.2.3.

2.4.2.1 Arnoldi method

We construct an orthonormal basis
Vo =[vivy - vy e CVxm

of the Krylov subspace K,,(S,v;) using a stabilized Gram—Schmidt procedure, the so-

called Arnoldi process. In this process, a new basis vector is obtained via

1

herl,m

m
i7771—‘,—1 = Svm - Z hj,mvjy V41 = vm—i—la hm—i—l,m = ||vm+1||
j=1

By applying the orthogonality conditions (v;, Vy41) = 0 for j = 1,...,m, we obtain
Bjm = (SVm, V;), j=1,...,m.

This leads to the Arnoldi recurrence
SV,. = V.. H,, + hpi1m V1€, (2.4.4)

where H,, = (hy;)i%—; € C™*™ is an upper Hessenberg matrix, i.e., hy; = 0 for i > j+ 1,
and e,, denotes the mth unit vector in C™.

In the following, we assume that V,, is orthonormal with respect to the standard
Euclidean inner product for the sake of presentation. However, the inner product used
within the Arnoldi method should be chosen according to the application. Adapting the

algorithm and the results stated here to other inner products is straightforward.
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Using the orthonormality condition VEV, = I, we multiply the Arnoldi relation from
the left by VI and obtain
VISV, = H,,.

A key property is that the field-of-values of H,, is contained in the field-of-values of S.
For an arbitrary y € C™ with ||y|| = 1, it holds that:

y-H,y=vy VISV, y=x SxcW(S),
by setting © := V,,y € CV, where ||z| = ||V,»y| = |ly|| = 1. This implies
W(H,,) € W(S). (2.4.5)
It is easy to see that for each p € P,,_1
p(S)v = V,.p(VESV, \Viv = ||v|| V,.p(H,, e

Motivated by this consideration and (2.4.1), the Arnoldi approximation of order m is
defined by
er(S)v = V]| Vi (Hyn)er. (2.4.6)

Since in practice m < N, the matrix function ¢x(H,,) can be computed by diagonalizing
H,, or approximated using the Padé approximation. An alternative approach, leading
to the same result, is presented in [84], where the deep connection between computing

matrix functions and solving linear systems of the form
(ML —S)x(A\) = v, (2.4.7)
is demonstrated. In the following, we will use the identity
Kn(S,v) =K,,(A\I -8, v)
for all A € C, which implies
(M —S)V,, = V,,(AI - H,,) = hyns1mVmsi1€s.
The Galerkin approximation to the solution @ () of (2.4.7) is defined by
Tm(A) = Vo ym(A) € Ku(S,v), (2.4.8)
for some y,,(\) € C™ such that the residual

r(\) = v — (AL = S)z,n(\)
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is orthogonal to the Krylov subspace IC,,,(S, v), i.e.,
0=Vir,(\)=Viv - VIO - S)x,,(\) = ||v]e1 — (AT — H,,)ym(N). (2.4.9)

If A ¢ W(S), then the matrices \I — S and, by (2.4.5), A\I — H,, are invertible, and (2.4.9)
yields
AN —-S)'v=x=~x, =V, -H,) v|es,

which is the approximation obtained by the Full Orthogonalization Method (FOM) (cf.,
e.g., [121]) applied to (2.4.7). Using this relation in Definition 2.4.3 leads to the Arnoldi
approximation (2.4.6)

or(S)v = L : 0N —S) v dA

- 2mi
1
= [IVIVimor(Him e,

where I" be a closed contour in C surrounding the field-of-values W (S) > W (H,,).

2.4.2.2 Quasi-optimality of Krylov subspace approximations

We recall that a direct consequence of the estimate (2.4.2) is that for any bounded set
K D W(S), we get the estimate

lor(S)|| < € sup |pk(2)| < C sup |pi(2)], (2.4.10)
zeK z€0K

where the last inequality follows from the maximum principle for holomorphic functions
(cf. e.g, [6, Chapter 3.4]). This enables us to bound the error arising from the Arnoldi

approximation in the following way.

Theorem 2.4.5 (Theorem 4.16 in [66]). Let H,, = VESV,, be the compression of S onto
the Krylov subspace K,,,(S,v). Then, for any set K O W (S), we have

ler(S)v — Vi (Hu) Vi v < 2€C]v] JIin sup |o(2) — p(2)].

m—1ze K

Remark 2.4.6. Error bounds can be derived w.r.t. to m, for instance, using Chebyshev
or Faber polynomials [17, 19, 84, 132], as well as truncated Taylor series [123]. These
bounds depend on the field of values W (S), in particular on its extent in the complex
plane. If, e.g., W(S) contains points with large magnitude, this typically leads to worse
approzimation properties and therefore slower convergence.
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For normal matrices, this estimate holds with C = 1. Moreover, in this case it suffices
that K contains the convex hull of the eigenvalues of S (cf. [66, p.51]).

This result demonstrates the near-optimality of Krylov subspace methods, namely that
the approximation error is reduced to that of the best possible polynomial approximation
of degree m for the complex ,-function, up to a constant factor. A major advantage
of the Arnoldi method is that this quasi-optimality can be achieved without explicit
knowledge of the field-of-values. However, this requires long recurrences to compute new
basis vectors, see (2.4.2.1). In addition, the entire basis matrix V,, must be stored in
order to approximate the matrix function in /C,,.

This drawback can be partially avoided by using the Lanczos algorithm, proposed in
1950 by [96]. In this approach, an auxiliary basis W, = [wy Wy -+ W,,] is constructed,
spanning the Krylov subspace associated with S.

The Lanczos vectors v; and w; are constructed to satisfy a biorthogonality condition
and can be computed via short recursions. For non-symmetric matrices, however, these
recursions may break down or become numerically unstable due to occurrence of (near)
zero denominators. Such instabilities can be avoided by employing look-ahead strategies,
which skip over problematic steps (see, e.g., [57]).

In the context of linear systems, the Lanczos process is used to construct the biconju-
gate gradient (BiCG) method [126, Chapter 7|. In this method it is possible to efficiently
update the approximation of the solution in K,, from the previous iteration in &C,,_;. To
the best of our knowledge, no equally efficient and generally applicable update strategy
is known for matrix functions. Consequently, the entire basis matrix V,, must also be
stored for the Lanczos method. We refer to |84, Chapter 4| for more details.

In the following, we therefore study a method that, under the assumption that a
set containing the field-of-values is known, avoids the storage of this basis and achieves

superlinear convergence.

2.4.2.3 Chebychev approximations

We consider the Chebyshev polynomials 7}, of degree m, which for z € C can be efficiently

computed using the three-term recurrence relation
Toa1(2) = 22T (2) — Tr1(2), To(z) =1, Ti(z) ==z (2.4.11)

These polynomials play a central role in approximation theory, in particular due to
their characterization as solutions of a min—max problem on [—1, 1], see, e.g., [104, 120]

for further details.
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Figure 2.1: Ellipse 83‘75 with linear eccentricity e

For (skew-)Hermitian matrices, the field of values coincides with the convex hull of
the spectrum, and all eigenvalues are contained in a bounded interval on either the real
or imaginary axis. After an appropriate affine transformation mapping this interval to
[—1, 1], Chebyshev polynomial approximations can be applied effectively. In this setting,
they have been used to derive practical methods for approximating the matrix ¢,-functions
as motivated by (2.4.10), see, for example, [100, Chapter I11.2.1].

In general, S may have complex eigenvalues, so its field-of-values is not contained in
the real or the imaginary axis. We therefore seek a simple and small geometric shape that

enclose the field-of-values. In this thesis, we consider ellipses of the form
5;"’5 ={z=acosp+ifsinp+~| ¢ €[-n,x|]} CC, a, >0, veR, (24.12)

with linear eccentricity e = \/m . The center is given by ~, and the foci are located
at v £ € (see Figure 2.1). Note that these ellipses are symmetric with respect to the real
axis, since in application we consider only matrices S € R¥*¥ whose field-of-values is
symmetric with respect to the real axis, since A € W(S) if and only if A € W (S) = W (S).

A key reason for considering ellipses is that Chebyshev polynomials provide nearly
optimal polynomial approximations in these regions (see [63]), analogous to the interval
case. Therefore, we aim to enclose the field-of-values by a suitable ellipse of the form
(2.4.12) and derive a Chebyshev approximation of the scalar y,-functions on this ellipse.
This will be done in Chapter 4 using a general approach based on Faber polynomials,
which coincide with shifted and scaled Chebyshev polynomials in the case of ellipses. In
the following, however, we present a more elementary derivation, illustrating how the
results for the interval case naturally extend to ellipses.

Before constructing this approximation, we first present two technical lemmas. We

begin by showing how ellipses can be parametrized in terms of their linear eccentricity,
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center and a (complex) parameter w.

Lemma 2.4.7. Let a, 8 >0 and v € R and
z=qacosy+ifsiny +v € 53’6, Y€ (—m, 7.

Then it holds that if o #

-
€

= cos ), = coshw cosy) + isinhwsin,

where 0 = 1) — ilog(w) with

B we OML?' (2.4.13)
-

Remark 2.4.8. We work with the branches of the complex square root and the logarithm,
so that /—1 =1 and log(i) = i7.

Proof of Lemma 2.4.7. Set § = log(w). It follows by the complex representation of the
cosine function that

1 . .
cos(@l“;) = 5(6””‘S + e’“""s)

= %((cosw +isin)) e +(costp —isine) e_a)

= cosh d cos ¢ + isinh dsin .
We get

1
cosh d cos ) + isinh dsiny = 5((66 + e %) costp +i(e’ —e%)sin 1/})
acost +ifsingy 2 —v

Ja :

]

If a function g is even and 27-periodic, then multiplying it by the sine function produces
a function that is odd and 27-periodic. As a result, the integral of this product over one
full period vanishes (see, e.g. [129, Chapter 1]). We show that in our case, this extends

in an analogous way to the complex setting.

Lemma 2.4.9. Using the notation and assumptions of Lemma 2.4.7, we obtain for all
j € N that

/ sin(j6y)or (€ cos 0 + ) dy = 0.

—T
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Proof. First, we assume a > 5. We set 0 = log(w) € R, and ¢(¢) = ¢x(ecosy + ). Let
I" be the closed curve that is the boundary of the complex square [—m, 7| 4+1[—d,0]. Then,
by the Cauchy integral theorem, we have

0= / sin(jeh )i (elcos ) + ) dp
-/ sn(jla(e) do+ [ sin()g(w) v
[—m—i6,m—id]

[7r7_7r]

o[ e v [ sinGee(w) v
Since g is an even and 2m-periodic function, it holds that
| sin(ilgte) d =
Further, we obtain

/5Sin(j(7r +iy))g(7r +iy) dy

-5
= —/0 sin(j (=7 +1y))g(—7 +1iy) dy.

Therefore, we conclude that
o= [ sinllgv) dv.
[-7m—id,m—i14]
Substitution gives the result. If a < 3, then log(w) = log|w| 4 i% and therefore 6 =

01;11 = 9#' for n € (-3, 7] Hence, by the same arguments as in the previous case, the
2

result follows. O

We are now able to construct Chebyshev polynomial approximations of the ¢,-functions
on ellipses. We do this by generalizing the approach used in the simpler case of approxi-

mations on an interval (see [100, Chapter II1.2.1]).

Theorem 2.4.10. Let 5,?’6 be an ellipse with o # (8 and z € Eva’ﬁ. We obtain

o( —Co +2Z v <a+6>1}(2)’

(2.4.14)
w _ L7

=5 e Y pp(acosth +1Bsiny + ) di,

— 7 with e = a? — (B2

oz
where z =
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Proof. The Fourier series of the smooth and periodic function

9() = pr(acosy +ifsing +7)
= pr(ecosby 4+ 7)

with w and 6 as in Lemma 2.4.7, is given by

1
> e o) = — [ ) dv,

j_—OO

and converges uniformly (see, e.g. [129, Corollary 10.4.]) towards g. Therefore, we obtain

g<,¢) — Z C(k) eijz/}—log(w)j-i-log(w)j
J
j=—00
= Z c§k)w_j %
j=—o00
By Lemma 2.4.9 it holds
(k) —wj __ 1 " —ij60%
Cj € - % € v g(w) dw
I N
— 5 | (eos(y83) ~ isin(i62))g(0) dv

— 5 [ costio)atv) av.

Therefore, we get

g(¢ —co —1—220 ~log(w Jcos(j@i).

Substituting z = € cos 8 + v and using Tj(cos(ﬁfz)) = cos(jfy), which is true also for the
complex ¢ argument (cf. [111, p.433]) proves the claim. O

The theorem motivates approximating the product ¢ (S)v by truncation

gok(S)vwcov+Qch) (Q_i_g)zlﬂj(g) V. (2.4.15)

This representation can be computed efficiently using the three terms recursion of the
Chebychev polynomials (2.4.11), whereby only the last three vectors need to be stored to
compute the polynomial of the next order. The coefficients can be computed using a fast
Fourier transform (FFT). In Chapter 4, we prove that (2.4.15) converges uniformly for

m — oo and derive error bounds in an arbitrary matrix norm induced by a vector norm.
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Moreover, we present an algorithm for computing a small ellipse enclosing the convex
hull of the spectrum for S € RV*¥_ This construction can be used when S is normal or a
small perturbation of a normal matrix, since in this case the field-of-values coincides with
the convex hull of the spectrum or differs from it only slightly. In addition, we introduce
a stopping criterion for the method that is based on an estimator for the residual error

and can be efficiently computed using short-term recursion.

2.4.3 Rational Krylov subspace methods

We recall that in standard Krylov subspace methods, we seek a polynomial approximation

for the pi-function of the matrix of the form
gpk(S)V ~ p(S)V S Km(sv V)7 pE 7)m—lu

where p approximates ¢, on a superset of the field-of-value of S. If this is large, high-
degree polynomials are required to obtain a sufficient approximation. Rational functions,
however, can often achieve comparable accuracy much more efficiently. In particular, they
are able to capture the asymptotic behavior of the ¢,-functions significantly better than
polynomial approximations.

Therefore, we consider rational Krylov subspaces based on rational functions with m—1
poles that are not contained in the spectrum o(A). Since these methods are not explored
further in this thesis, we restrict ourselves to a brief overview and refer to [66, 71| for
more details.

Definition 2.4.11. Assume that the polynomial ¢,_1 € P,,_1 has no roots in o(S).
Then, for m > 1, the rational Krylov subspace is defined by

qm—1

O (S, V) := gr-1(S) K (S, V) = {T(S)V e Do }

where we denote by

Pt — {pml (2)

C Pm-1 € Pm_1 ¢ -
mel(z) Pm—1 1}

qm—1
When approximating the matrix ¢, function using rational Krylov subspaces, we seek
an approximation of the form
pmfl

qm—1

ok(S)v = r(S)v € 9, (S,v), r e

Similar to standard Krylov subspace methods, rational Krylov methods exhibit a near-

optimal approximation property.
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Theorem 2.4.12 (Corollary 3.4 in [72]). Let V,,, be an orthonormal basis of the rational
Krylov subspace Q,,(S,v) and H,, = VISV, be the compression of S onto Q,,(S,v).
Then, for any set K 2 W(S), we have

lor(S)V = Viupr(Hy) Viiv] < 2€C|lv]| min Sup [pr(2) = r(2)];
Teq"n; zEe

m—1

where C is the Crouzeix constant in (2.4.2).

Since there are many possible choices of g,,_1, there is, in contrast to standard Krylov
subspace methods, no unique rational Krylov method. In the following, we focus on the
shift-and-invert method [138], also known as the restricted-denominator rational Arnoldi
method [108, 110, 115] or the resolvent Krylov subspace method [69], where ¢,,(z) =
(u—2)™ with p € C and p ¢ o(S). Note that, for example, if W(S) is contained in the
left half-plane, then choosing p such that Re(u) > 0 ensures that ¢,,(S) is not singular.

It is well known that for the shift-and-invert method, one can apply the standard

-1

Arnoldi algorithm to the matrix (uI — S)~! in order to obtain an orthonormal basis V,,

(see, e.g., [66, p. 45 fI.]). The corresponding Krylov relation then reads
(I —8)"'V,, = V., H, + My tmVin 16 (2.4.16)

An approximation of the matrix function is then calculated using (2.4.6) and replacing
H,, by ﬁm, which is defined by

H, = VISV, =yl —H.' — hypi1m VISV, el H! (2.4.17)

m m )

cf. [69, eq.(5.6)]. A different approach, leading to a similar matrix H,,, was proposed in
[138], where S is a symmetric negative semi-definite matrix and the function ¢g(z) = €* is
considered. Motivated by the observation that e4v is primarily determined by eigenvalues

of S with the smallest absolute values, we define

fult) = e,
such that
fu((MI - S)_l) = €.
This leads to the approximation

eSV ~ ||U|| Vm f,LL(Hm)el - ||UH Vm eHmel,

where
H,, = p1—H,,



2.4. The matrix ypp-functions 43

and H,, is the matrix from the relation (2.4.16). Comparing H,, to (2.4.17), one can see
that it is only a rank-one modification of ﬁm and therefore yields a similar approximation.

Rational Krylov methods require the solution of a linear system in each iteration,
which makes each step significantly more expensive than in polynomial Krylov subspace
methods. However, since rational functions may provide better approximation properties
than polynomials, the number of iterations required in rational Krylov methods is often
significantly lower than in polynomial methods, assuming that the poles have been chosen
appropriately. In particular, the convergence is, in contrast to polynomial approaches
(see Remark 2.4.6), independent of the size of the field-of-values, as can be seen from the

following error result.
Theorem 2.4.13 (Corollary 5.1 in [69]). Let S be a matriz satisfying
W(S) C {z € C| Re(z) < 0}.

Then there exists a constant C, depending only on k and p > 0, such that the approxima-
tion of ¢r(S)v obtained by the shift-and-invert method satisfies

xSy~ Vagr B e < vl

m 2

where H,, is defined in (2.4.17).

A drawback of shift-and-invert methods is that their implementation is significantly
more complex and their performance depends heavily on the choice of the shift u, as well
as on whether the resulting linear systems can be solved efficiently. In [66, Section 5.4],
a discussion and numerical experiments regarding the choice of shift in connection with
the approximation of the (pg-functions are presented.

For more details and further rational Krylov methods, we refer to [20, 22, 67, 68, 71, 72|.

2.4.4 Conclusion

Krylov subspace methods provide a powerful and computationally efficient framework for
approximating the product of matrix function with a vector.

Polynomial Krylov subspace methods are characterized by their simplicity, which makes
them highly scalable for large sparse systems. The Arnoldi and Lanczos algorithms pro-
vide efficient and numerically stable procedures for constructing an orthonormal basis of
the Krylov subspace, while also ensuring quasi-optimal convergence properties. To re-

duce memory requirements, Chebyshev-based methods can be very effective when a priori
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spectral information is available. These approaches are based on three-term recursions,
which significantly reduce storage demands and exhibit superlinear convergence.
Rational Krylov subspace methods extend this approach by incorporating rational func-
tions, resulting in significantly richer approximation spaces. These methods can sub-
stantially improve convergence for matrix functions, particularly when appropriate pole-
selection strategies are applied and efficient solvers for systems of linear equations are

available.

Bibliographical notes on Krylov approximations for matrix functions. Foun-
dational convergence analyses for polynomial Krylov methods were carried out, for in-
stance, by [46-48, 84, 124|. The approximation of matrix functions by rational Krylov
subspace methods has also been extensively investigated, see, for example, [21, 67—
69, 108, 110, 115, 138|. Beckermann and Reichel [17] proved, using Faber transformations,
the near-optimal approximation of standard and rational Arnoldi processes, as well as of
Chebyshev and Faber series of matrix functions. Stopping criteria and adaptive error
estimation for Krylov subspace approximations of the matrix p,-functions have been in-
vestigated, by |27, 85, 90, 91]. Applications to systems of ordinary differential equations
and partial differential equations, as well as practical implementation details and soft-
ware aspects, can be found in [33, 114, 119, 136]. For further surveys on Krylov subspace

approximations for matrix functions, we refer to [66, 71, 72, 87].
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CHAPTER 3

An Implicit-Explicit Time Discretization Scheme for Semilinear
Wave Equations

The content of the following chapter was published in the IMA Journal of Numerical
Analysis, cf. [52]. The authors of this paper are Daniel Eckhardt, Marlis Hochbruck and
Barbara Verfiirth !.

In this chapter we present an implicit-explicit (IMEX) scheme for semilinear wave equa-
tions with strong damping. By treating the nonlinear, nonstiff term explicitly and the
linear, stiff part implicitly, we obtain a method which is not only unconditionally stable but
also highly efficient. Our main results are error bounds of the full discretization in space
and time for the IMEX scheme combined with a general abstract space discretization. As
an application, we consider the heterogeneous multiscale method for wave equations with
highly oscillating coefficients in space for which we show spatial and temporal convergence

rates by using the abstract result.

BV acknowledges funding by the Deutsche Forschungsgemeinschaft (DFG, German Research Foun-
dation) under project number 496556642 and under Germany’s Excellence Strategy — EXC-2047/1 —
390685813.
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3.1 Introduction

For numerically solving partial differential equations (PDEs) in time, a variety of dif-
ferent methods have been investigated in the literature, broadly categorized as implicit
or explicit schemes. Explicit schemes are popular since they are simple to implement,
computationally efficient, but they suffer from step-size restrictions, so-called CFL con-
ditions. On the other hand, implicit schemes involve solving a system of nonlinear equa-
tions at each time step, resulting in improved stability and allowing for larger time steps
compared to explicit methods. However, they require a higher computational effort.
To combine the advantages of both strategies, we construct and numerically analyze an
implicit-explicit (IMEX) method in which the CFL condition only depends on non-stiff
terms. Besides many applications, e.g., air pollution models [139], hydrodynamics and
atmospheric dynamics [60, 92|, fluid-structure interaction [117], there is a well-developed
theory of IMEX-Runge Kutta (IMEX-RK) [12, 25, 95, 97, 99] and IMEX multistep meth-
ods [7, 13, 88, 89] for ordinary differential equations and parabolic problems. For the wave
equation IMEX-RK [11], Crank-Nicolson/Leapfrog (CNLF) schemes [83, 98| (note that
these are not equivalent) and a 6-scheme/Leapfrog combination [106] are considered. As
in [83], we consider numerical solutions of semilinear wave equations in a general Hilbert

space H of the following form
u" 4+ Au + Bu' = G(u,u') + f. (3.1.1)

Here, A and B are linear, possibly unbounded operators, representing the wave propa-
gation and (strong) linear damping of the system, respectively. The nonlinear operator
G and the function f denote additional (nonlinear) source and damping terms. In [83] a
rigorous error analysis for the CNLF applied to (3.1.1) was presented if G(u,u') = G(u).
However, if G depends on «/, this scheme is not very attractive, as it leads to a system
of nonlinear equations. In addition, [83] requires boundedness conditions on B which are
not fulfilled in our application. We therefore propose a different method based on the im-
plicit and explicit midpoint rule applied to the first-order system of (3.1.1). Our scheme
leads to a system of linear equations also in the general case, where G depends on both
u and u' and can be formulated for a larger class of operators B. Even with these greater
application possibilities, the computational effort of the implicit/explicit midpoint rule is
about the same as for the CNLF in the case G(u,u’) = G(u) (see the discussion in Section
3.5). Although the scheme has already been considered in the literature [13], to the best

of our knowledge there is no error analysis for (nonlinear) wave equations. We provide a
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proof of second-order convergence, which requires significantly different arguments than
in [83]. A central aspect of the proof is to consider the first-order formulation and to
interpret the scheme as a perturbation of the implicit midpoint rule. This view allows us
to bound the error terms of the IMEX method by terms of the implicit midpoint rule.
Building on the unified error analysis from [80], our main result is a full discretization
bound for the IMEX scheme combined with an abstract space discretization method.

As an application we consider the semilinear wave equation with damping
Opu® — V- (a°(x)Vu®) = V- (B(x) Vo) = G(z, 0u’) + f (3.1.2)

in a bounded Lipschitz domain €2 and with Dirichlet boundary conditions and initial
values. The parameter ¢ describes small scale effects, e.g., fast oscillations, which appear
in the coefficient a® and therefore also in the solution w®. This in connection with Finite
Elements (FE) can lead to a high computational effort, since a grid width in the order
of magnitude of € must be chosen. On the other hand, in applications we are often only
interested in the macroscopic behavior of u. We therefore propose a multiscale method
based on the Heterogeneous Multiscale Method (HMM) introduced in [2].

The idea of the HMM is to derive a model related to (3.1.2), which is independent
of €. Missing microscopic data is collected by solving microscopic problems on small
subdomains and only where the data is needed.

Here we make use of a convergence result for ¢ — 0 (see [113]) which leads to a
homogenized version of (3.1.2) with an e-independent coefficient a"™. This coefficient
can be calculated explicitly if scale separation and e-periodicity of a® is assumed, by solving
so-called cell problems. For the space discretization we consider FE for the homogenized
problem of (3.1.2), where we can now choose a much coarser mesh than if we would apply
FE directly for (3.1.2), since the homogenized problem does not contain any microscopic
features. We show that the HMM fits into the abstract framework and thus the error
estimates can be applied, which extends the known results for the HMM discretization
from linear [3, 4] to semilinear wave equations.

This chapter is organized as follows. In Section 3.2 we introduce the abstract setting,
present a wellposedness result, the time integration scheme, and the error result for the
semidiscrete equation. The full discretization error is investigated in Section 3.3 where
we combine the IMEX scheme with an abstract space discretization. Finally, we derive
the fully discrete finite element heterogeneous multiscale methode for semilinear wave
equations with damping in Section 3.4 and prove convergence rates using the abstract

results.
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These theoretical findings are demonstrated by numerical results presented in Section
3.5.

3.2 Time Integration

In this section, we consider time-integration methods for the first-order model equation
(3.1.1). We start with the general framework and the wellposedness result. Secondly, we
construct an IMEX scheme motivated by the observation that the operator G is often

non-stiff in practice.

3.2.1 Wellposedness of the continuous problem

Let H be a Hilbert space with inner product (-,-)g and V C H be a densely embedded
subspace. The corresponding norm is denoted by || - ||m. We consider the variational

problem
(u", w) gy + d(u, w) + b(u', w) = (G(u, w), w)a + (f(1), w)y
(3.2.1)
u(0) = u°, u'(0) = 2°
for all w € V, t > 0, and impose the following conditions on d,b, G and f :
Assumption 3.2.1 (Forms, nonlinearity, source term).

(i) The bilinear form d : V x V — R is symmetric and continuous. In addition, there
exist constants cq and Cu v such that

(v )v=d() +cal,)m
15 an inner product on 'V and the embedding V — H is continuous, i.e.,

lvlla < Cuvlvilv for allve V.

(i) The bilinear form b : V. x V. — R is continuous and quasi-monotone, i.e., there
exists a constant cqm > 0 such that:

b(v,v) = —Cqm|v]lFr-

(i1i) The nonlinearity G : V. x H — H is locally Lipschitz continuous , i.e, for all p >0
there exists a Lipschitz constant L, such that for all vi,vo € V and wy, ws € H with
max{[|[v1, wr][[vcxt, |[v2, wsll[var} < p it holds

1G(v1,w1) = Glvz, wo) [l < Ly(llvr — vallv + [Jwr — w2llm),
(iv) The right-hand side f :[0,00) — H satisfies

f € Wige (0, 00); H). S

loc
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By (i), (+,)v induces a norm || - ||y. The product space V x H will be equipped with
the norm || - ||[vxua == || - |lv + || - |[m- Moreover, we identify H with its dual space H*,

resulting in the following Gelfand triple:
V—H=H"— V"~

We define the operators A, B € L(V, V*) associated to d,b :

Problem (3.2.1) can thus be written as the following evolution equation

u" + Au+ Bu' = G(u,u') + f (3.2.2)
u(0) =u" ,u/(0) =",

3.2.2 First-order formulation

In order to derive a first-order formulation of (3.2.2), we set: u' = v,

U v 0 0 u?
xr = ) Sx - 5 F(ZE) — s xr =
v —Au—Bv Glu,v)+f v°

Then (3.2.2) reads as follows:
Seek r € Y :=V x V, such that

¥ — Sz = F(x)
(3.2.3)
z(0) = 2°.

To obtain an evolution equation in X := V x H we consider the following restriction of

the operator S:

S:D(S)— X, y—Sy=8y onDS)={yeY|SyeX}
={(u,v) € VXV | Au+ Bv € H}.
Lemma 3.2.2. The operator S : D(S) — X is the generator of Cy-semigroup, which

satisfies
e [[xex < ecim!

g S .1
with cg,, = 5¢aCH,V + Cqm.-

Proof.  This follows by a combination of Lemma 4.2 (with o = 1), Lemma 2.3 and
Theorem 2.4 in [80] and [116, Section 1.3. and 4.2]. O
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The well-posedness result can be found in [82, Lemma 3.2

Corollary 3.2.3. Let Assumption 3.2.1 be satisfied and u°, v° € V with Au® + Bv® € H.
Then there exist a mazimal existence time t*(u’,v%) € (0,00] such that for all T <
t*(u®,0Y), (3.2.2) has a unique solution u € W2*([0,T]; H)NC'([0,T], V) which satisfies
Au+ Bu' € C([0,T]; H).

3.2.3 The IMEX scheme

The implicit midpoint scheme applied to (3.2.3) can be written in a half step formulation

as
s — g + %anJr% + %F(anr%), (3.2.4a)
AL S + TSmn—i—% + TF($”+%), (3.2.4b)

while explicit midpoint rule uses

™t =" 4 %Sm"—i—%F(m”) (3.2.5)
instead of (3.2.4a). Combining (3.2.4a) and (3.2.5) leads to the following linearly implicit
scheme:

1 T 1 T
gjn+2 :xn+§sxn+2 —|-§F(gjn)’ (326&)
e g s genth TF(x"J“%). (3.2.6b)

Hence the S operator is treated implicitly and the nonlinear operator F' explicitly. This

results in second-order error bounds for the IMEX scheme.

Theorem 3.2.4. Let v € C*([0,T];H) N C3([0,T]; V) be the solution of (3.2.2) with
Au + Bu' € C*([0,T];H) and z" = [u™,v"|T, t, = mn € [0,T], be the approzimations
obtained by the IMEX scheme (3.2.6). For

p =2
there exists T > 0 such that for all T < 7 and all t,, € [0,T]

|ul| oo 0,77:v) + [/ [| Lo 0,778 )

" < " < p.
max[lu"llv <p and  max|v"|u <p

Furthermore, the error bound
= u(t)llv + 0" = o (6 sx < Cty oSt i35 )t 22

holds true with a constant C which depends on derivatives of u and L,, T' but is indepen-
dent of n and T.

Since the proof works similarly as the more complicated proof of Theorem 3.3.6 of the

full discretization, we omit it here, cf. Remark 3.3.13 for more details.
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3.3 Full discretization

In this section we analyze the full discretization of (3.2.2) using the IMEX scheme (3.2.6)
as time stepping method and an abstract space discretization. We first recall some results
from [82].

3.3.1 Space discretization

Let (Hy)g C V be a family of finite-dimensional spaces, e.g., a finite element space. For

these subspaces we can formulate a discrete version of (3.2.2) as

(Wi, wi)a, + dg(ug, wy) + b (uy, wy)

(3.3.1)
+ (gH(uH’ UIH)7 wH)HH = (fH(t)’ wH)HH

for t > 0, wy € Hy with ug(0) = u%,vg(0) = v%. Here, (-, )u,, du, by, G, uly, vYy
are approximations to (-,-)u,d,b,G,u’ v°. Similar to the continuous case in Assump-

tion 3.2.1, we assume the following conditions:
Assumption 3.3.1 (Discrete setting).
(i) The bilinear form dy : Hy x Hy — R is symmetric and continuous, and
(‘7 ')VH = dH(7 ) + Cd<'7 ')HH

15 a scalar product on Hy. The approximation space equipped with the scalar product
(+,)vy will be denoted by Vy with induced norm || - ||v,. In addition, we assume
that there is a constant Cu,, v, > 0 such that

||UH”HH < CHH,VHHUH”VH fOT’ all vy € VH

(1) The bilinear form by : Vi x Vg — R is continuous and quasi-monotone w.r.t. the
| - ||m,, -norm with constant Cyy,.

(i1i) The nonlinearity Gy : Vg xHy — Hy is locally Lipschitz continuous with Lipschitz
constant L,,, and w.r.t. the || - ||v, xu, -norm.

(iv) The right-hand side fy : [0,00) = Hpy satisfies

fu € W5H([0,00); Hy). O

In (i), we take the Garding constant ¢, from the Assumptions 3.2.1. Note that a differ-
ent constant could also be chosen. Then ¢; must be set as the maximum of the constants
from the Assumptions 3.2.1 and the Assumptions 3.3.1 so that the same constants are

used for (-, )y and (-, )v,-
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The discrete associated operators Ay, By € L(Vy, V) are defined via

(AHUa w)HH = dH(Uv U)),

(Bv,w)n,, = bu(v,w).
This yields the following evolution equation, which is the discrete counterpart of (3.2.2):

u/},I—i‘AHuH—i‘BHU}{ :gH(uH,U/H)—i‘fH n VH7

. (3.3.2)

un(0) = ugy  ujy(0) = v

To derive error bounds for the abstract spatial discretization, we need interpolation and

projection operators for which the following assumptions hold.

Assumption 3.3.2 (Operators).

(i) Projection operator: There exist linear operators Py : V — Vg and PR - H — Hy
such that:

(PII__IIU,QUH)HH = (U, wH)H fOT’ allv € H, wy € Hy

(PYv, wg)v, = (v,wg)y  forallve V,wy € Vg

(ii) Interpolation operator: There exists an interpolation operator Iy € L(ZY,Vy)
defined on a dense subspace (ZV .|| - ||zv) of V with

1Zr|lvyzv < Cgv.

(i1i) Embedding: There exist constants Cy, Cy such that
lvrlla < Callvalla,, lvrllv < Cvllvallv,
for all vg € Vg. O

Remark 3.3.3. In [82] lift operators are introduced that are not needed here, as we assume
that (Hy)y C V.

In addition, we have to measure the error between the scalar products (-,)v, (-, )u

and the corresponding discrete counterparts.

Definition 3.3.4. For vy, wy € Vg we define the following errors by the differences of
the scalar product:

(UHawH)AH = (UH7U7H)H - (UHawH)HH

(UH,UJH)AV = (UHawH)V - (UH7U)H)VH-
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Analogously to the continuous case, we now want to write the discrete equation (3.3.2)
in first-order formulation. This allows us to transfer the error result from [82].

For the semidiscrete equation we set: vy = vy

Uy Vg O
TH = ) Surp = ) FH(xH) =
Vg —AHUH—BHUH gH(quvH) +fH
and
0
0 _ Up
Ty =
U

We can write the discrete equation as follows: Seek xy € Xy := Vg x Hy, such that

r(0) = 2.

Local well-posedness for the first-order formulation (3.3.3) and therefore local well-posedness
for (3.3.2) follows from the Picard-Lindel6f theorem with maximal existence time of the
solution % (2%).

Since the assumptions in the discrete case are similar to those in the continuous case, a
discrete version of Lemma 3.2.2 holds true with constant

1 ~
c;ﬁ = chC’HH,VH + Cym.- (3.3.4)

Then, using the operators from Assumption 3.3.2, the operators for the first-order formu-

lation (3.3.3) are given by the following definition.

Definition 3.3.5. We set Z = V x ZV and define the first-order reference operator
Jy : Z — Xy and first-order projection operator Py : X — Xy by

v Py v PYv
= , P = )
jH[w} Iyw H{w} PHw
By Assumption 3.3.2 we have
|Tillxyez < Cqy = Cv+Cgv,  |Paulxyex < Cx :=Cv + Ca.

The reference operator Jy is needed to obtain optimal error bounds w.r.t H.
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3.3.2 Error bounds for the full discretization

For the fully discrete scheme, we apply the IMEX scheme to (3.3.3). This yields

P . ZSH e FH( n, (3.3.52)
1
et = ot 4 TSy 2 Ty TFH(.Z'H+2). (3.3.5b)

We now present the main result, i.e., error bounds for the fully discrete IMEX scheme.

Theorem 3.3.6. Let u € C*([0,T];H) N C3([0,T]; V) be the solution of (3.2.2) with
u, v u” € L2([0,T);ZV) and Au+Bu' € C*([0,T); H). Further, let x% = [u% vy]T be the

approzimations obtained by the fully discrete IMEX scheme (3.2.6) at time t, € [0,T].
We set

PH ‘= max{(Cv + CZV)H[% ul]HLOO([O,T];VxZV)a {HEDTC ||‘/L‘7;I||VH><HH}

and assume that T satisfies the step size restriction

2
T< 5. (3.3.6)
Carm
Then, the error bound
[ufy = u(tn)llv + [0 — o' (tn) |l < Ctyy ™ (7% + Eny) (3.3.7)

holds true with M := cgfr{ + Ly, (2+5L,,) and a constant C which depends on derivatives
of u, the constants of section 3.2 , 3.8 and L,, but is independent of n and 7. Here,

Ey = EH(U, f) = EH71 + EH’Q + EH,3 + EH74 (338&)
contains the abstract space discretization error terms Ey; = En,(u, f) given by
Eny = |[uy — Pru®llvy + v — Zut®llay + IPiF = fll s o
Eps = max |(Zyu,du)avirepr + max |!(IHU7¢H)AHHL00[0,T]
l¢rllv =1 lYmlla,=

* polex_ NTatd, $m)avllmpn + | max_ NZatd's Ym)asllz=pom (3.3.8h)
Ens = [[0=Zu)ull r=qorivy + 1T =Ze)u'|[ oo o,mp:v) + [T =Z)u" || oo o, rym)
Ena = |[PiG(u,u') — Gu(Pyu, Zyu')| Lo o,1):81,)

+ [Py By — BrZut|| o< (o/r)1,)-

Remark 3.3.7. The constant py depends on the discrete solution. Under additional

assumptions, however, this can be replaced by a constant independent of x%,. See Theorem
3.3.12 for more details.

In order to prove the theorem, we first define the remainder term, which is an essential
part of the error.
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Definition 3.3.8. In the following let 2z = [u,v]T € X.

(i) The remainder of the linear monotone operator is given by

Ry : ZN D(S) = Xy,
PI\-I/U —IHU :|

fnz = Pudz = Suduz = { Pit (Au+ Bv) — (AuPut+BuZyv)

(ii)) The remainder of the Lipschitz continuous nonlinearity is given by

TH(Z) 7 — XH : TH(Z) L= PHF(Z) — FH<jH(Z>)

0
a [ PHG(u,v)—Gu(Pyu, Iyv) + Pitf — fu ] '

The next lemma provides an error bound for the remainder term. The proof can be
found in [80, Lemma 4.7]. Note that the reference uses additional lift operators Q) , Q¥

which are here the identity.
Lemma 3.3.9. For z(t) = [u(t),v(t)]" € (ZY x ZV) N D(S) we have

‘|RHZ<t)HXH < CR( max H(IHU, (bH)AV”L‘x’[O,T} + max ||<IHU, wH)AHHLOO[O,T]
lorllv =1 m I =1

+ max ||(ZHU, ¢H>AV||LO<:[0,T} + ||7)II;IBU — BHIHUHLOO([O,T};HH)
lrllv g =1

=T Yulli=gomv) + 10 =)ol o) )

for allt € [0,T], where Cr only depends on constants, which appear in Section 3.2.1 and
Assumptions 3.3.1, 3.3.2.

1
In order to provide error bounds, we start by defining defects D;;EEQX y and 5{‘1;[]%)(’  of

the IMEX scheme (3.3.5) via

_n+i ~ T _n+i T = T _n+i
A §SHxH+2 + 5 F + §DIJE2X’H, (3.3.9a)
nal ~pgl
T =@ 4TSyl P A TEy T (3.3.9b)
Here, we used the short notation
P =aty), By =Jgi",  Fp= F(@h). (3.3.10)

Bounds on the defects are given in the following Lemma in terms of the constants
M; = [[&D]| oo o113 Mg = ||S2"|| L= ((0,11:x) (3.3.11)

and Ep defined in (3.3.8a).
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Lemma 3.3.10. Let Assumptions of Theorem 3.3.6 hold true. Then the defects defined
in (3.3.9) satisfy

2

T, gl
§HDH\—/;5X,H Ixy < CX(Mz + L, Ml) 1 + = CHEH, (3.3.12a)
-3
TH51MEXH xy < CXMs By +7C B, (3.3.12b)
-3
T nal
§HAD1;1§;<HHXH < Cx(Ms + Ms) = 5 +7CnEm, (3.3.12¢)

nti n+s n—1i
where ADMZBZXH = DH\J/;]%XH — Diypx. g and Cp = max{1, Cu, Cr}.
A key idea of the proof is to interpret the IMEX scheme (3.3.5) as a perturbation of
the implicit midpoint rule.
Proof. (a) Set F™ = F(z(t,)) and we get
nt3 ~nty ~n T ~nty mn
2DIMEXH =Ty * — Ty — §(SH37H + Fp)

— Py (Emt — 3 — %(S;z-“% +F™) + (Tu — Pu) (@7 — 37

+ g(PHSaé"*% _ SuEmE) 4 Z(PHf” )
_ ng (D”+2 +E"E P 4 d"+2 (3.3.13)
where
1 ~ t, 1
%D;‘;f =Gt g g(s;z%% + ) = / () ds — %x’(tmr%)
tn

is the projected defect arising in the first stage of the implicit midpoint rule (3.2.4a)
applied to (3.2.3) and

Tn—‘,—

2 (._7]-1 — PH)( +3 i’n) -+ §(RHZZ‘H+§ + T’H(i’n))

- 1 - ) (3.3.14)
== ((jH — PH)/ o' (t, + =s) ds + Rgz" "z + TH(§:”)>.
2 . 2

1
Since %DnM;Q is the error of the rectangular rule applied to =’ on [t,, ¢, 1 |, we can bound

it by
2
—||DnJr2 [x < —||95 | o= (f0,77:%) (3.3.15)

Thus, (3.3.13) and the Lipschitz continuity (Assumption 3.2.1) yield

n+3 2 T ot
o 1 Pmigx arllxs < C’Xz(HfE'/HLW([o,T];X) + Lo 12 | 2o o,11:%)) + S llde *llx
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Moreover, by Lemma 3.3.9 and [80, Lemma 2.11| we get

n+3 T ! T ~n+ ~n
145 I < 51 [ = P+ 5) s+ Ru™+) + @)
0

IN

-
= <CHH (I - IH)U”HLOO([O,T];H) + max H (IHU”, wH)AHHLoo[o,T]
2 lYulla, =1 (3.3.16)

IR s + PG (') = Gar (P, Tt | oy

< %max{l, Cu, Cr}Eq.

(b) Next we bound the defect djypx 5 defined in (3.3.9b). We obtain

T(SIMEXH = f?frl T — 5(81{55%2 + FHZ)
= TPyt + 765, (3.3.17)

where
1 ~ 1 tnt1
o = @ — " — (ST 4 e = / a'(s) ds — 72/ (t,41)
tn

is the projected defect arising in the second stage of the implicit midpoint rule (3.2.4b)
applied to (3.2.3) and

7’5”+1 (jH_PH)(~n+1 ~ )+T(RH( n+2)+TH(fn+%)).
Analogously to (3.3.16) we conclude
7l|05 I,y < 7max{l,Cu, Cr}Epr. (3.3.18)

The quadrature error of the midpoint rule satisfies

Tllowp lIx < 24||93 2o o.11:%)-

This, (3.3.17), and (3.3.18) yield

n+1 7'3
T”%\EX,HHXH < Cx ﬂHIMHLW([O,T};X) + 7max{1, Cu, Cr} En, (3.3.19)

1
c¢) Finally, we consider AD! 2 From (3.3.13) we get
IMEX, H

n-‘rf 2 n n—L1 Sn—
_ADIMEXH = 7)H<AD + (F - ) (F"~z — F" 1)) (3.3.20)

n+2

+(dy 2 —dy ?).

Analogously to (3.3.15), the defect AD;;P5 is bounded by

3
HAD "k < —Ha: N oo (0,113 (3.3.21)
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Using (3.2.3) and Taylor expansion, one can easily verify that
T
5|

- 1 ~7’l ~n—l ~7’l— T 2
SIEE =) = (=3 = ) x < (5) 7 (2 ey + 182 o).

From this, the space error estimate (3.3.16) and the relation (3.3.20), it follows that:

T i+% 7_3 " " T n+%
S 1Ay rllxm < CX§(3||$ Lo (o.11%) + 20182" || o< 0,11%)) + §(||dH 1%

1
+ 1y llx)

3
.
< Cx;(llfﬂ”’l!m([o,T];X) + |S2" || oo (jo.17:%)) + T max{1, Cu, Cr} Ey

This completes the proof. O

Next we introduce the operators

The following properties of ﬁi can be shown similarly to the continuous case [83, Lemma
2.4]:

Lemma 3.3.11. Let cfg be as defined in (3.3.4). Then, if chsg < 2, the following
assertions hold true:

a) R_ is invertible with |R~"x, cx, <1
b) R:=RyR satisfying || Rl|x,cx, < €.

The main theorem can now be proved as follows.

Proof of Theorem 3.3.6. We start by splitting the error into two parts
v —x(t,) = e +e (3.3.23)

where
ey =z — Tna(tn),
e = Jur(ty) — x(t,).

As in [83, equation (27)] we have
le7, lIx < C(Ema+ Eng). (3.3.24)

Hence, it remains to bound eY,.
(a) Error recursion. By subtracting (3.3.9) from (3.3.5) we obtain the error recursion

nal T n+l T T _n+i
eH+2 = ey + §SH6H+2 + §AF}} - §Dn\j1rE2X,Ha (3.3.25a)

nt+i n+3
et = e + TSHGHJF2 + TAFH+2 — TONEX - (3.3.25b)
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where AF? = Fr — F7=1. We rewrite (3.3.25a) using the operators defined in (3.3.22) as

ntg S5—1(_n T n n+ty
e * =R el + §(AFH — Divex,i))- (3.3.26)

Plugging (3.3.26) into (3.3.25b) and using 75y = 'ﬁ+ — R_ vields

e T n n+y n
i Rel + 5 (R —1)(AFp — Dyygx ) + TAF > — 7oty o (3.3.27)

(b) Stability. Solving the error recursion (3.3.27) and using Lemma 3.3.11 yields
- n—1 s
n sn TC ﬂI;I n—1—1 5 %
lefllxy = IR e?quHJrgZe DN TR |x x| AFg |13
_HZ Rn Z Rn " 1)DIMEXHHXH

n—1
S . i1 S . .
T Z oTCam (n—1-4) ”AF;Iﬂ Ix, + 7 Z e Cam (n—1-1) \IéfﬁEX,HHXH-

=0 =0

S
Multiplying by e ~men ™ on both sides, using the Lipschitz continuity and summation by
parts for Df\ipx  terms results in

n—1

s T s o
I e, < Dol + Lpug(e™H A1) 3 e ey,
=0

T 1/2 n—1/2
+ §(||DH\//[EX,H||XH + HDIMEé(,HHXH + Z HADIMEX HHXH) (3-3-28)
+7 Z ||6§1—\FA}EX,HHXH + Loy T Z e et ||6 ;e 1% -
i=0
Next, we need to estimate the error of the half step in terms of the full step. By (3.3.26),

the Lipschitz continuity and Lemma 3.3.11, we derive

T +1
leh 2 llx, < (1+ LpH)H@HHxH QHD?MEQ)X,HHXH‘

Using this estimate in (3.3.28) and et < 1 yields

n—1

—chs,l,'{n n <L 2 ZL chsmz
e lefillxn < LoaT(2+ 5Lp) D e et
=0

+ HG%HXH +Ey-1+ Euqro+ Euss,



60 Chapter 3. An IMEX scheme for semilinear wave equations

where
n—1 - 41
itl
Eyry = Ly, T Z §||DIM]251X,H||XH
i=0
- n—1 41
1/2 —~1/2 its
Ehge = §<||DH\//IEX,H||XH + ||D?ME§(H||XH + Z ||ADIM]23X,H||XH> (3-3-29)
i=1
n—1
Eyr3s=T Z ||6%I\J;[}EX,H||XH'
=0

By the Gronwall’s inequality and ||e%||x, < Fu1, we get

. s
lefllxy < C(Euy+ Egry + Enro + Engrg) e<L"H (25 Lo Yin+estt tn) : (3.3.30)
Overall, we get by Lemma 3.3.10, (3.3.24), (3.3.30), and

lufy = u(tn)llv + v — o' (ta) [l < oz — 2(tn)l|x,

the error bound (3.3.7). O

Under additional assumptions, the existence of u}, and v}, on [0,7] can be proved

analogously to |83, Corollary 3.5] by the following Theorem.

Theorem 3.3.12. Let Assumption of Theorem 3.3.6 be fulfilled. Further we assume that
the spatial error Ey defined in (3.3.8) satisfies Ey — 0 for H — 0 and set

p = 3(Cv|ull L=(o,r1:v) + Cullv || L= (o,11:80)) + Czv |10]] oo (0,177,227 -

Then, there exist 7%, H* > 0 such that for all h < H*, T < 7* the approzimation [u}; v}]
obtained by the fully discrete IMEX scheme satisfies

max [|ufllv, <p and  max v, < p

and therefore the error bound (3.3.7) is valid with py = p.
Remark 3.3.13.

(i) Theorem 3.2.4 can be proved in a similar way as above by replacing the discrete
expressions with the continuous ones, since the assumptions are almost identical in
both cases. The error terms in space vanish in the semidiscrete case.

(i1) Analogously, one can obtain that Theorems 3.3.6 and 3.3.12 are also valid for the

Loy
1-5 Loy

implicit midpoint rule iof T < min{c;%g, ﬁ} with M = cgnh{ +
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3.4 Application: Semilinear wave equations with highly
oscillatory coefficients

In this section, we illustrate the theory of the previous sections using a specific nonlinear
model problem. In particular, we are interested in wave problems with nonlinear damping
terms and a coefficient which is oscillating fast in space. Using G-convergence results we

derive a homogenized version, for which we apply the heterogeneous multiscale method.

3.4.1 Notations

Let Q C R% d < 3, be a bounded domain with a Lipschitz boundary 9Q. With W*?(Q)
we denote the standard Sobolev space and with W (€2) the space consisting of functions
of W#P(€2) which are zero on 0f2 in the trace sense. If p = 2 we use the notation H*(2)
and H(Q). In addition, let

H(Y) = {wEH;€T|/Yw:O},

where H® (V') is the closure of C2 (V') in the H*-norm on a hypercube Y C €. In the

per per

following, we denote Y, as the hypercube with side length ¢ and Y as the unit hypercube.
Further, there exists a constant cq > 0, such that the Poincare inequality is fulfilled for
all w € H} ().

[wl[L2() < calVwllz@)-
For a Banach space B we denote by LP(]0,T]; B) the Bochner space of functions u :
[0,7] — B equipped with the norm

1

T
o = ([ el at)"
0

In the following, we set
V=Hy(Q) and H=L*Q).

3.4.2 Model problem and G-convergence
We consider the semilinear wave equation with damping:
Opu® — V- (a°(x)Vu) = V- (B(x)Vouu) = G(z,0u’) + f in (0,T) x Q,
u*=0 on (0,7) x 0Q, (3.4.1)
w (0)=u’ O (0) =" in .
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Oyu® and Jyu® are time derivatives of u, which we denoted in Section 3.2 and 3.3 as v’ and

u” | respectively. However, since the index ¢ occurs here, we have changed the notation

for better readability. For the coefficient a®, f and the nonlinear operator G we assume

the following
Assumption 3.4.1. Let \, A, Cg, cg be positive constants.
(i) a* € (Wh2(Q)2d and AE|* > & - a*(2)€ > N|EP?, a.e. in Q for all§ € R™, £ # 0.
(ii) B € C(Q) and cs < B(z) < Cp.
(iii) G(-,m) is Lebesque measurable for alln € R and
G(z,-) + L*([0, T]|; H) — L*([0, T}; H)
maps bounded sets to bounded sets for almost all x € 2.
(iv) 16(-+v) — G(.w)lex < Lyllo — wllss for all v,w € H

(v) For all sequences {w®} with w® — w in L*([0,T);H) for ¢ — 0 there exists a
subsequence which we still denote by {w®} with

G(w) = G(w)
in L2([0,T); H).
(vi)
fewhh0,00); H*(Q)) and 0" € H*(Q)NV O

The weak formulation of (3.4.1) reads as follows

(O, ®) ¢y + & (uF, ®) + b(VOu®, V) = (G(-, 8, ®)ex + (f, D)y, (3.4.2)

where
d*(u®, @) := (aEVUE,V(I))H,
b(us, @) := (BVu, VP) .
for all ® € V. Next we check whether (3.4.2) fits into the abstract setting.

(3.4.3)

Lemma 3.4.2. Let Assumption 3.4.1 be satisfied. Then the weak formulation (3.4.2) is
of the form (3.2.1). Further Assumption 3.2.1 is satisfied with cq = 1 and ¢y, = 0.

Proof. This is a direct consequence of Assumption 3.4.1 and (3.4.3). O]
By Lemma 3.4.2 and Corollary 3.2.3 (3.4.1) is locally wellposed.

Next we give an example inspired by [8] for which the Assumptions 3.4.1(iii),(iv) are
satisfied.
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Example 3.4.3. We set

G(a,n) = 0(x)((In] + )" — a7) sgn(n), (3.4.4)
0<y<lando >0andf € L®(Q). Let w® with w® — w in L*([0,T]; H). We have to
show that, if ¢ — 0,

(G(x,w*) = G(z,w))p| — 0 (3.4.5)

| (0,7)xQ

for all ¢ € L?([0,T]; H). We know that there is a subsequence, which we also denote by
{w*}, such that for almost all ¢

w(t) - w(t) in H.

According to the Theorem of Yegorov there exist a sequence {Q,} C (0,7) x 2 with
1
1((0,T) x )\ Q| <= and w” —w uniformin Q,.
n

Further if € is small enough

|G (2, w)pl = [0]((Jw*| +0)” = a7)l¢]
< 10[((lwl + 1+ 0)" = 07)¢l € L1 (Qn)-

By dominated convergence we obtain

Gz, w)p = | Gx,w)e.
QTL Q’IL
If we now let n — oo it follows that (3.4.5) converges to zero. If o > 0, then G(x,-) €
CH(R) for almost all z € Q. Then G is Lipschitz continuous with respect to the H-norm,
since

1G(v) = G(w)]m < ||9/0 G(z,v +&(v —w))(v —w)llu

Y110]] oo
)1_,\/|‘L°°(R)H(U_w)HH < ol HU—UJHH

N
< HGHLOO”W

By the assumptions we obtain the following convergence result.

Theorem 3.4.4. [113, Theorem 8.3] Consider the sequence of damped hyperbolic problems
(3.4.1) under the Assumptions 3.4.1. Then,

ut — yhom in L*([0,T]; V)
afVuf — a"mvum i L2([0,T); H)
G(Ou®) — Q(@tu}wm) mn LZ([O, T|;H),
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where u™ is the solution of (3.4.6).

attuhom . v (ahomvuhom)
—V - (BVOu™Y = GO + fin (0,T) x Q
u"™ =0 on (0,T) x 0Q

u"m(0) =u® , Gu"™(0) = in Q.

(3.4.6)

Remark 3.4.5. In [113], the authors assumed § =1 and G as in the example 3.4.3 for
o =0 and 6 > 0. However, it is straightforward to extend the proof of the theorem to the
more general assumptions, where essentially only constants change.

Remark 3.4.6. It can be seen in the proof that the homogenized coefficient a"™ coincides
with the homogenized coefficient from an auxiliary parabolic problem. Therefore, we know
that the coefficient satisfies Assumption 3.4.1(i) by parabolic compactness [135, Theorem
3.1]. Lemma 3.4.2 shows that also the weak formation of the homogenized equation (3.4.6)
fulfills Assumption 3.2.1.

3.4.3 Heterogeneous multiscale method

We formulate the Finite element heterogeneous multiscale method (FE-HMM). For the
macroscopic model we take the homogeneous equation (3.4.6) which we derived in Section
3.4.2. Based on this model, we want to compute an approximation of u"*™ by discretiza-
tion in space. We start with the macroscopic problem. We use a partition Ty into
simplicial or quadrilateral elements, where we denote the elements of 75 by K. As the

finite element space we choose
Wy = {UH ev ‘ VH|x € PpavK S TH}?

where P, is the space of polynomials of maximal degree p. Next we want to approximate
the homogenized coefficient a"™. Theorem 3.4.4 does not provide an explicit representa-
tion a"™. However, if we assume more structure on the microscopic scale, i.e.,

a‘(z) = a(az‘, E), (3.4.7)

€

and a(x,y) is Y-periodic w.r.t y, we can derive the same well-known formula for the
homogenized coefficient as in the elliptic case [18, Chapter 1, Eq. 2.20] with the help of
Remark 3.4.6 and [135, Theorem 8.1|

d j

0
af™(x) = | Y am(z,y) (Om + a—;(%y)) dy,

Y k=1
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where d;;, are the Kronecker delta and y’ are the solutions of the following cell problems
onY :
Find x7 € Hy(Y):

/Y ale,y)(& + Vi (,y)) - Valy) dy = 0 (3.48)

for all z € Hy(Y). To approximate the resulting bilinear form we use a suitable quadrature

formula {w}, 2%} with positive weights w. in the following:

J
A"y, V) = Y / "M@V VU~ Y Y whalPVOy -V (3.4.9)
K

KeTy KeTg j=1
with the coefficient

) 1 Y
ai§ Vi VW 1= ) V- Vi = o /y (k. z)%@:) V() da,

where ¢;,1); are the solutions of the shifted cell problems on Y, x ; = ij + Y.
Find ¢, — @%’}KJ € H#(}Q’K’j):

T
/ a(mJK, —)ng)j(x) -Vz(z)de =0 (3.4.10)
Ys,K,j €
for all z € Hj (Y- k ;), with
Oy ;(7) = Qu(al) + (x — o) - VOu ().

1; solves a similar cell problem, using ¥ instead of ®.

Remark 3.4.7. To ensure the optimal convergence rates of the FE-HMM we have to use a
suitable quadrature formula {w}.,x%.} of sufficient order. A detailed discussion including
estimates of the quadrature error can be founded [2, Chp. 4.1].

In a next step we discretize the cell problems. Since in applications the finescale pa-
rameter ¢ may be unknown, we consider as cell domain Yj g ; with § > €. Further, let
T be a partition for each cell domain Y g ; D Y i ; consisting of simplicial or quadrilat-
eral elements and a microscopic finite element space consisting of piecewise polynomial
functions

V;?(Y:g’}(’j) = {Uh c W(Yé’KJ) | Up|,. € ]P)q,Vli c ’ﬁl},

where P, consist of all polynomials of order ¢ and W (Y} ;) is a subspace of the Sobolev
space H*(Ys ;). This space describes the coupling between the macroscopical and mi-

croscopical problem. Common choices are
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(1) periodic boundary conditions: W (Y5 x,;) := Hy (Y5 x.;5)
(2) Dirichlet boundary conditions: W (Y; ;) := Hy (Ysx.;)

(3) Neumann boundary conditions: W (Ysx ;) == Hy(Ysx,) ={u € H(Q)| [y, Vu=
0}.

We consider the discrete micro problems: find ¢, i ; — @?}fKJ e Vii(Ysk;) -
/ a*(2)Vonkj(x) Va(r) de =0 (3.4.11)
Ys K,j

for all z;, € V(Y5 k)

Using this, we formulate the discrete form of (3.4.9) as

J
M@y, Uy) = Y > whal Vo, -V, (3.4.12)

KeTy j=1
with the discrete coefficient

1

af;g’;}thm VU = 07

a*(x)Von i j(x) Vi i (z) de. (3.4.13)

Y5, K.

Remark 3.4.8. In the discrete formulation (3.4.11), (3.4.13) we replaced a(:z:]k, E) by
€
a®(x) since the structured form may be unknown in applications.

We now can formulate the semi-discrete equation of the homogenized problem (3.4.6).
We set v := Zyu® and 0% = Zyv°, where Zy is the interpolation operator mapping
from H?(Q) to Wg. Further let

Bu=Zup , bu()=Bu-)v ., Gu=IuG ., [fu=2Iuf. (3.4.14)
Let u%™ be the solution of the semi-discrete equation

(&tu?fm, <I>H)H + d"m (U™ B ) b (O™ D)

(3.4.15)
= (Gu(-, Ouy™), Pp)u + (fu(®), @H)H

for all ®y € Wy, with «™(0) = u% and d,ul¢™(0) = vY,.

3.4.4 Error bounds for the fully discrete FE-HMM

In this section we want to apply the abstract spatial error bounds to the discrete homog-

enized problem.
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Lemma 3.4.9. Let Assumption 3.4.1 hold true. Then the FE-HMM satisfies Assumptions
3.3.1 and 3.3.2.

Proof.  We set
('7')HH = (’)H , dy = dzom7 ('v')VH :dH('7')+('v')HH'

Hence, PH is the L2-projection on Hy = (Wg, (-, ")u,) with Cg = 1 and Vg =
(Wg, (+,-)vy)- Using |1, Lemma 5|, di*™ is coercive with constant Ay and bounded
w.r.t. || - ||v and therefore Assumption 3.3.1(i) is fulfilled, where ¢;,, = 0 and

CO

C1H Vg — —  —
H>;VH / 9 :
lJrc?Z

Then Py exists by the Theorem of Lax-Migram and Cy = vt Consequently, As-

sumption 3.3.2(i)(iii) is fulfilled. Assumption 3.3.2(ii) is fulfilled for a constant Czv due
to standard interpolation error estimates for each subspace ZVY of C°(Q). Assumption
3.3.1(ii),(iv) follows directly from Assumption 3.4.1 and boundedness of the interpolation
operator. In addition, for all vy, wy € Hy with |vg|la,, |wella, < px we obtain

1Gu (-, ve) — Gu (- wa)llay, < Lollve — wallay,

and therefore 3.3.1(iii) is fulfilled. O

Next, we specify the required regularity of the exact solution in order to derive a priori

error bounds.
Assumption 3.4.10.

(i) Let Cy,Cy > 0 be constants independent of € and §. For the small-scale parameter
we assume
e < 01(52 < C2H

(ii) For the discrete initial conditions we assume

luly — Zuu®|lv, + vy — Zyt® ||, < CHP.

(i1i) The right-hand side and the coefficients satisfy

f & L0, T H™ o Q). e (@), a € Whe(QWy™(Y).

(iv) LetT >0 andp > 1. Then we assume that the solution of the homogenized problem
(3.4.6) satisfies the following regularity assumptions

u"m e L2([0, T, HPTH(Q)),
dpum e L>([0, T);H (),
Ay e L([0, T]; H™ 2P ().
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We set

I A
p= 3max{1, E} <Huh0mHL°°([O,T];V) + ||atuhom”L°°([07T];H)>

+ CZV ||atuhom ”Loo([(LT];Hmax{Zp})
Further, for the nonlinearity we assume

G(x, O™y € L>=([0,T]; H*(Q) N C(Q)). O

We now estimate the error terms occurring in Theorem 3.3.6 in our specific setting.

Lemma 3.4.11. Under the Assumption 3.4.1 and 3.4.10, the spatial discretization error
bounds of FE-HMM defined in Theorem 3.3.6 can be bounded by

h 24
EH,i < O(Hp + (_> + emod)-
€
fori =1,...4, where p and q are the macroscopic and microscopic polynomial degree,

respectively, and €,.q s a modeling error. The constant C' does not depend on H, h, and
€.

Proof. The terms Ey; for ¢ = 1,3 can be bounded using standard interpolation bounds
(see ,e.g., [28, Corollary 4.4.20]) by

Ey, < CH?.
For the errors of the nonlinearity G we obtain by local Lipschitz continuity
1PHGOu"™) = G (Zudeu™) |y < G (Ou"™) — Ga (Opu"™) ||
+|Gr (0u™) — G (ZnOpu™) |l
< Cmax{1, L,}H?(||G(0pu" ™) | o + (|0 || v ).
Further, for the strong damping term we consider
1PiBu — BuZuv |, < C(I1(8 = Zub)llwreolv'l a2 + [[(ZeB) [lwros || (0 — Zugw) || 2)
< CHP(([|Bllwerrce + 1Bllwrce )1 || roe2).-
We obtain
Eys < CHP?.
It remains to bound the conformity error of the scalar products in Eg . Let &5, ¥y € V.
Then
|dh0m(‘1)H> Uy) — dzom(@H, Vgl < (emod + €mic + €qf) PwllvI|¥Ye|v,

where ||-||r is the Frobenius norm and ey is a quadrature error arising from the quadrature
in (3.4.9). The first term e,,0q represents the model error caused by the use of wrong cell
sizes or wrong boundary conditions. The second term e,;. represents the discretization
error of the cell problems and can be estimated as follows using [2, Lemma 4.7| and

Remark 3.4.7:
2
€mic S C<ﬁ> q-

€
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Remark 3.4.12. The model error e,,,q can be bounded depending on the type of boundary
conditions selected. If a® 1is sufficiently reqular

e <O {§,+ ) Zi'e N and periodic b.c.,

The proofs can be found in [1, Proposition 14] and []9, Theorem 3.4]. Note that
W (Q, W= (Y)) = CONQ, WL~ (Y))

(see [9, Theorem 5.2]).

We now apply the abstract time error bounds to the homogenized equation (3.4.6).

Theorem 3.4.13. Let Assumption 3.4.1 be fulfilled and assume that the solution u"™ of
(3.4.6) satisfies

u € C*H[0,T); H) N C*([0,T); V) N C%([0,T]; H*(2)).

(a) (Semi-discrete): There exists 7 > 0, such that for all T < T* the error of the IMEX
applied on (3.4.6) can be bounded by

Huhom,n o uhom(tn)HV 4+ H,Uhom,n . 8tuhom(tn)HH < Ctn eMtn 7_27
where M = (%)\CQ +L,(2+ %Lp)). The constant C depends only on the derivatives
of u"™ and L,, T.

(b) (Full-discrete): Let Assumption 3.4.10 be fulfilled. Then there exist 7%, h* > 0 such
that for all T < 7 and h < h* the errors of the fully discrete solution of the IMEX
and the FE-HMM satisfy the following bounds

om,n om om,n om h 2q
™ = k)l ™ = B () ot < Ct e (72 HP + (2) emon).

where M := (%)\HCQ—l—Lp(Z—i—%LP)). The constant C' depends only on the derivatives
of u"™ and L,, T.

3.5 Numerical Examples

In the following we present numerical results to demonstrate the accuracy of the error
estimates. For this, we use an implementation in the C'+ + FEM-library deal.II [5]. We
verify numerically the space and time convergence rates of Theorem 3.4.13 for periodic
coefficients. In the following we define the error function for all 7 > 0 as

[wy — utn) | + llvg — o' (tn) [l 220

E.(t,) =
[u(t) (@) + [0/ () | 220)

,  Wwhere t, = nr.

Note that in our example the denominator will never be zero.
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3.5.1 Implementation

To explain the implementation we first introduce some notation. We denote by p,v €
RY# the coefficient vector corresponding to the solution wy, vy € V. Furthermore, we
set M € RV#*NE a5 the mass matrix. We denote A, B € RV#*N# a5 the stiffness matrices
and G, f € RV# as the load vectors to the discrete quantities Ag, By and Gy, fr. In the
following, we set
G"(p",v") = G(p",v") + "
From (3.3.5a) we obtain for the half step the following second-order formation
2

My"*5 = My" — %Au” - TZA”M% - gBVM% * an(H"> V"), (3.5.1a)

Using this, we can calculate v"™! and p™*! for the full-step (3.3.5b) by

My = oMY — My" + 7 (G (e v ) — G, v")), (3.5.2a)
un+1 — /«l/n + TI/TH_%, (352b)

In total, we have to solve two linear systems (3.5.1a), (3.5.2a) in each time step with one
application of A, one of B and two evaluations of the nonlinearity G.
In the special case G"(u™, v"™") = G"(u") only one linear system, namely (3.5.1a), must

be solved, since we do not need to calculate v"*!, as only Mv™"! is required.

3.5.2 Setting

We set as our domain Q = (0,1)?, T = 1 and consider the homogenized nonlinear wave

equation

O™ — 7 - (a"™ () Vul™) — 0.01A(Qpu™) -
+ sgn (9™ (|0pu™ + 0.0001]"° — 0.0001°%) = f o

with homogeneous Dirichlet boundary conditions. For the microscopic problem we con-
sider periodic boundary conditions with ¢ = 27 and § = 2713, where we use P; linear

elements on a uniform microscopic mesh with grid width h. We set

a‘(xq, )

0.33 + 0.15(sin(27x;) + sin(27%)) 0
0 0.33 + 0.15(sin(27x;) + sin(27%))
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Figure 3.1: The error E, (1) of finite element heterogeneous multiscale method plotted
against the macroscopic mesh size H on the left and the time step-size 7 on the right.

as coefficient. According to [4, Chapter 5.3|, the homogenized coefficient can be calculated

exactly as

ahom(

X1, x?)

0.3-4/(1.1+ 0.5 - sin(2mz))2 — 0.25 0 (3.5.4)
0 0.3+ (1.1+0.5-sin(2rz1)) |

As an exact solution of the homogenized equation we choose

2 2

hom (¢, 21, 25) = €™ sin(wa?) sin(7z3)

u

with a corresponding right-hand side and initial conditions. For the macroscopic dis-

cretization we use finite elements on a uniform quadrilateral mesh with meshsizes H = 27%.

3.5.3 Results

In Figure 3.1a we consider the spatial error for different microscopic meshsizes for a fixed
time step-size 7 = 1073. Here we use finite elements of order p = 1 as macroscopic space
discretization. As predicted in Theorem 3.4.13, we obtain first order convergence till we
reach the plateau of the space discretization of the cell problems.

In Figure 3.1b we compare the implicit and explicit midpoint rule with the IMEX
scheme. For the macroscopic space discretization, we use piecewise quadratic elements
with a fixed H = 277, In addition, we use the formula (3.5.4) for the homogenized
coefficient here, since we are focusing on the time discretization error. One can observe the

predicted convergence rate for the IMEX scheme as well as the second-order convergence
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for the implicit midpoint rule until the spatial discretization error is reached. The explicit
midpoint rule is only stable under a strong CFL condition and the error immediately

reaches the plateau of the spatial discretization error.

Data availability The codes to reproduce the experiments are available on https:

//doi.org/10.35097/gkHSEiWVXPBKLPXL.


https://doi.org/10.35097/gkHSEiWVXPBkLPxL
https://doi.org/10.35097/gkHSEiWVXPBkLPxL
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CHAPTER 4

Matrix function approximation using a Chebyshev-based method

The content of the following chapter was published in [51]. The authors of this paper are
Daniel Eckhardt, Marlis Hochbruck and Volker Grimm.

We present a Chebyshev-based method for approximating matrix functions or products
of matrix functions with vectors. Our main interest is in matrix functions that arise in
exponential integrators. The approach builds upon the construction of a Faber expansion
of the function on an ellipse that encloses the field-of-values of the matrix. We derive
error bounds for the proposed approximations and provide an efficient residual-based er-
ror estimator for the product of a matrix function with a vector, that can be computed
efficiently using short recurrences. Since Faber polynomials rely on a priori knowledge
of the field-of-values of the matrix, we propose a novel algorithm to determine a suitable
ellipse from appropriate Ritz values. Numerical examples demonstrate the effectiveness

of the proposed method.



74 Chapter 4. Matrix function approximation using a Chebyshev-based method

4.1 Introduction

The numerical approximation of matrix functions
f(S) or f(S)v, where S e CVV  yeCV,

where f: C — C is analytic in a neighborhood of the field-of-values of S, plays a funda-
mental role in a wide range of scientific and engineering applications (e.g., Section 2 in
[79]). Our prime interest is in ¢g-functions defined as

Sk—l

wo(z) = €7, or(2) = /01 e(l’s)zm ds, k>1. (4.1.1)
These analytic functions arise in connection with exponential integrators, which are used
to solve large systems of ordinary differential equations [87|. Exponential integrators
are particularly effective in applications involving stiff or highly oscillatory problems.
A common way to approximate matrix functions is to first construct a projection of
the original matrix onto a lower-dimensional Krylov subspace. This is done by building
a suitable basis of this subspace using the Arnoldi or Lanczos algorithm. The matrix
function is then calculated using the significantly smaller projected matrix (cf., e.g., [72,
84, 114]). However, constructing such a basis is computationally expensive, particularly
when weighted inner products are required, as it is necessary for matrices resulting from
spatial discretizations of differential operators. In addition, even for the Lanczos method,
which uses short recurrence, memory requirements can be high, since the entire basis must
be stored.

To address these issues, we consider an approach for approximating matrix functions
in the spirit of semiiterative methods [53], which relies on approximations of the field-of-
values of the matrix. In particular, we employ Faber polynomials associated with suitable
ellipses. These polynomials can be computed efficiently via a three-term recurrence, lead-
ing to a significant reduction in both computational cost and memory requirements. Since,
for an ellipse with distinct semi-axes, Faber polynomials coincide with shifted and scaled
Chebyshev polynomials, we refer to the proposed approach as Chebyshev method.

Chebyshev and Faber polynomials are widely used for approximating matrix functions,
see, e.g., [87, 94, 100]. Error analyses, particularly for the matrix exponential, can be
found in [19, 4648, 84, 109, 119]. In this work, we obtain error bounds that apply
to the broader class of pg-functions. Our approach builds on the results of [17] and
extends them to general inner products and their corresponding norms. This extension is

motivated by applications in finite element discretization of partial differential equations,
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where discrete Sobolev norms naturally arise (see, e.g., [52, 83]). A popular alternative
to Krylov subspace approximations is interpolation at Leja points [32, 34, 93], which
provides superlinear convergence rates but also requires a prior information about the
field-of-values.

The main contribution of this work is the development of an efficient algorithm for ap-
proximating the matrix yg-functions using the Chebyshev method, focusing on two main
aspects: First, we provide a residual-based error estimator to terminate the Chebyshev
method. Second, we develop a method for constructing suitable ellipses by approximat-
ing the field-of-values with the convex hull of suitable Ritz values. Our approach employs
spectral preconditioning techniques in combination with the Arnoldi algorithm. This idea
was originally used to compute eigenvalues with the largest (or smallest) real part, see,
e.g., [50, 81, 105, 122]. In the context of exponential integrators, the proposed algorithm
can be viewed as a preprocessing step within an exponential integrator using a fixed lin-
earization, since the ellipse needs to be constructed only once and can then be reused
at each time step. In contrast to [119], which determines ellipses for specific problems
based on empirical results from numerical experiments, our approach is significantly more
general.

The paper is structured as follows. In Section 4.2, we present the Chebyshev method
for approximating matrix functions and derive the error estimates. In Section 4.3, we
introduce a residual-based strategy for selecting the degree of the approximating poly-
nomial. The algorithm for computing the enclosing ellipse is described in Section 4.4.
Finally, in Section 4.5, we apply the method to systems of spatially discretized partial
differential equations and report numerical results, illustrating its effectiveness compared
to other methods.

4.2 FError bounds for truncated Faber/Chebyshev se-
ries

We are interested in the approximation of matrix functions for matrices S whose field-of-

values satisfies

W(S) = {(Sv,v) [veC",|jv| =1} C K (4.2.1)

where K is a compact set bounded by an ellipse of the form

a,B __ _ : : 2 2
EY? ={z€C|z=acosntifsinn+y,n € [, 7]}, a,8 >0, a®+5° >0, and v € R.
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Here, || - || denotes a suitable norm in CV which is induced by an inner product (-,-). The
induced matrix norm is also designated by || - ||. Let ST be the adjoint matrix to S with
respect to (). If S is normal, i.e., STS = SST, then the field-of-values is the convex hull
of the eigenvalues of S. We will use Faber polynomials with respect to the set K in order
to approximate the function. For the convenience of the reader, we review some basic
facts about Faber polynomials and Faber series. For more detailed properties of Faber
polynomials, we refer to the book by Gaier [59], the survey by Suetin [134], and [53],
respectively. Let D, = {z € C | |z| < p} be the closed disk with radius p and center

zero. The mapping

w(w) = 258 4y 228

1
-, a,3>0, a*+p2>0, veER, (4.2.2a)
2 2w

maps the exterior of the unit disc D to the exterior of the ellipse 5;“’5 . The map is

holomorphic and one-to-one for |w| > /o — B|/(a+ B) (cf. page 582 in [41]). The
boundary of the unit circle is mapped to the ellipse 53"5 ,le., Es"ﬂ = 1(0D). The sets

K, =C\p(C\D,), p>1, (4.2.2b)

are compact sets with ellipses as boundaries. We also use the short notation D = ID; and
K = K. The coefficient (a4 3)/2 is commonly referred to as the logarithmic capacity
of K, p. 51 in [140]. The Faber polynomials F,, £ = 1,2, ..., for the set K are defined by

the generating function
wy' (w) S —0
———— =1+ Fy(z)w™",
TR
where z € K and |w| > 1. By equating the coefficients, one obtains the three-term

recursion

-
=2 F =2—
0 ) 1(2) O[—i_ﬁ,

z—y a—pf
ar g i®) - oplin),

It is well known that Faber polynomials for ellipses (« # [3) are shifted and scaled Cheby-

(4.2.3)

Fria(z) =2 (=1,2,...

shev polynomials (cf. [17, 41, 134]). More exactly, the Faber polynomials (4.2.3), are

given as

B a—f 2 z—" B

where Tj are the Chebyshev polynomials of the first kind. The branch of the square root

needs to be chosen appropriately. For circles, a = 3, the Faber polynomials are shifted
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and scaled monomials

Fy(z) = <2_7)£ . =12 . (4.2.5)

Q@
Functions holomorphic in a neighborhood of K can be given as a series of Faber poly-
nomials. The following theorem is inspired by Faber’s original ideas (cf. [55, 56]) and
Section 5 of [41].

Theorem 4.2.1. Let F; be the Faber polynomials for the set K = K defined in (4.2.2).
Let Q2 D K be an open set and f be holomorphic on ). Then there is a p* > 1 such that
K, CQ for1 < p < p*. The Faber series for the function f

f(z)=co+ Z coFu(2), o L f@(w)w " dw,
=1

271 oD

converges absolutely and uniformly on all sets K,, 1 < p < p*. For the truncated series

pm(z) = Cy + Z CgFg(Z) s
/=1

we have the estimate

o0
1f = Pt llzeey <2 led < 20 fllrex,) pr>p>1,

l=m

p
1—p 1V’
where
| fllzoo(xy == sup [ f(2)].
zEK

Proof. The existence of p* > 1 follows from the fact that €2 is open and K is compact.
Pick p such that 1 < p < p*. Let z be in the interior of K,. Then, the Cauchy integral
theorem gives

1 1 1 LA
1 =g [ HOgza= g [ i)

L W(w)) wwl(w) dw = L M (1 + i Fg(Z)’LU_£> dw .

" 2mi om, W Y(w)—z - 2mi op, W

Since the series is uniformly convergent on dD,, the series and the integral can be ex-
changed. This gives the series with the coefficients

1
= — f(w))w " dw.
27 D,
Since f o4 is holomorphic for p* > |w| > p., p. < 1, the contour can be changed to JD.
For a # 0 and 8 # 0, one might choose p. = v/|a — 3|/(a + B3), for the remaining cases,
one might choose p, = 1/p*. The coefficient ¢, can be estimated by

1

e 1
=13 pf(@/)(w))w “law| < EHfowHL"O(BDp) = E”JCHLOO(KP),
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where the last equality follows from the maximum modulus principle. By Bernstein’s
lemma (cf. Lemma 3.6.2 in [112]) and Theorem 2.1 in [17], we have that

[Fell e icy) < PN Fellmoy <265 p>1.

Let now 1 < p < p, then

¢
p
leeFulietc < lealllFelliegi) < 2 (;) 1 llimcc

From this, the absolute and uniform convergence on K follows. For p = 1, the estimate
of the truncated series on K is deduced. O]

Theorem 4.2.1 can be transferred to matrix functions for matrices S with a field-of-
values contained in the set K, i.e. W(S) C K. The following result is a corollary of
Theorem 4.2.1 and of Theorem 2.1 in [17].

Corollary 4.2.2. Let Fy be the Faber polynomials for the set K, cf. (4.2.2b). Let Q D K
be an open set and f be holomorphic on Q). Further, let S be a matriz such that W(S) C K.
Then, the matrixz series

1

_ - _ —{—
F(S) = col + ;cm(s% =g F(w)w " dw,

converges in the operator norm. Here, I designates the identity matrix. For the truncated
series

Pm(S) = col + > e Fi(S),
=1

we have the estimate

1£(S) = pr—a(S) <2 Jedl

where the last series is convergent with the same bound as in Theorem 4.2.1.

Proof. By Theorem 2.1 in [17], we find the bound
| Fx(S)] < 2, (=1,2,...,

for the Euclidean inner product and its corresponding operator norm. The proof of
Theorem 2.1 in [17] can be extended straightforwardly to an arbitrary inner product in
C¥, by replacing AT in the proof with the complex conjugate of the adjoint matrix with
respect to the inner product, Af, and by replacing the Euclidean inner product with the
general one. Hence,

—m

p
1—p 1’

1£(S) = pma (S < Y leel | Fe(S) < 2 leel < 201 fllzoe e,
{=m {=m

where 1 < p < p* has been chosen according to Theorem 4.2.1. O]
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For the Faber series of the ¢,-functions, cf. (4.1.1), we obtain the following theorem.

Theorem 4.2.3. Let S satisfy (4.2.1) with K = K; defined in (4.2.2). Let F, be the
Faber polynomials for the set K, cf. (4.2.2b). Then, the matriz series

(k) K _ 1 o
er(S) = ¢ I+Zcz ), =5 8@%(1/)(@0))1” “ldw,

converges in the matriz norm. For the truncated series

pP(S) = c I—I—Zc (4.2.6)

we have the estimates

4y/m oml (a4 Ble\™
o) - i S) < ST e (LED Tz a s

Proof. For the exponential ¢, analogously to the proof of Corollary 4.1 in [17], we find

the bound ,
|CEO)|S\/%€CY+'Y (%) , €>a+ﬁ

With the representation of the coefficients of the Faber series for the ¢i-functions in
Example 4.3 in [17], we find for & > 1 the bounds

v 0 o ((atB)e)
oS O (Y s

The last formula is the correct estimate for k = 0, too. For k =0,1,2,... and m > a+ [,
we therefore obtain the estimate

e VT ml SN (et Be
> 1< Z( % )

el <

l=m l=m
00 l

< ﬁ m! ety Z em (Oé + ﬁ)

~ Vom (m+k)! = 2m

_vroml P (a+ Pe mip_e

V2m (m + k) 2m —
' m

<9 NZ ) oty (a+ P)e |

~ V2m (m+k)! 2m
where p = ﬁ > 2. Corollary 4.2.2 applied to the ¢,-functions now proves the statement
of Theorem 4.2.3. []

Theorem 4.2.3 is our main result for the error of the approximation of the (;-functions
by Faber polynomials. Note that the coefficients of the Faber series are Fourier coefficients
of the periodic smooth function ¢y (1 (exp(if))) = pr(acosf +ifsinf + ), 6 € [—m, 7],
which can be approximated efficiently by fast Fourier transforms (e.g. [137]). The evalu-

ation of the Faber polynomials is efficient due to the three-term recursion (4.2.3).
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4.3 Residual-based error estimator

To achieve the desired accuracy, we propose a strategy for estimating the degree m of the
Faber approximation p£,’§) defined in (4.2.6). Although the error bounds in Theorem 4.2.3
provide a theoretical estimate, they are not practical for determining the degree m in real
applications. Instead, we employ a residual-based approach, which is more suitable for
practical computations. Here, the matrix functions ¢ (7S) are considered for some time

step 7 > 0. Asin |27, 93], we consider the initial value problems

SY©(r), Y (©(0) if k=0,

— I,
(Y®Y(r) = )
SY®W(r)+ N1, YW(0) =0, ifk>1,
whose solutions are given by

Y(k)(T) = Tkgok(TS), k> 0.

For the corresponding Faber approximations Yn(@k)(T) = Tkpgf) (7S), k > 0 it can be shown
that the residuals defined by

R (7) = pl)(7) if k=0,
k-1
(k) () — (k) .
Ry(T) = p (T) + = if k>1, (4.3.1)
P (1) = SY (1) — (V) (7)

can be used to estimate the error ||V (1) — Y,P (7)]|, and it holds

d .
RY(T) = (Sp(8) = 2 p(78)). it =0,

m

(4.3.2)

R (r) = 77 (rRO(7) + —kp(rS)), k=1

(k—1)!
(cf. |27, 93]). To compute the required quantities, we use the fact that Faber polynomials
reduce to shifted and scaled Chebyshev polynomials when ellipses 570"5 with o # [ are
considered (cf. (4.2.4)). Consequently, the same technique as in [27] can be applied, where
Chebyshev polynomials of first and second kind are used. We define a weighted version

of these polynomials as

~ il Oé_@
Uj:ﬁ2Uj, 79:04+ﬁ’

where Uj is the standard jth Chebyshev polynomial of second kind (see |27, eq.(3.8)]). A

simple calculation shows that [7]- satisfies the three-term recurrence

(4.3.3)

Uj(2) = 22:V0U,;_1(2) — 0U,_5(2), j>2
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with
Ui(2) = 2V02, Up(2) =1, U_i(2) =0, U(z)=—1.

Moreover, the following relations can be shown.

Lemma 4.3.1. Let ,

Tj(z) = 92 Tj(2),
where Tj is the jth Chebyshev polynomial of first kind. For the weighted Chebyshev poly-
nomials the following identities hold true:

() () = VT, 1), (4342

Ty(2) = 5(&Ton(2) + ViTia(2)), (4:3.40)

0y(2) = (2505 (=) + VT, 1(2), (4.3.4¢)

T)(2) = 5(0(2) 90 (2)), (4.3.4d)

Proof. Follows directly from [27, eq.(3.4)(3.7)] and (4.3.3). 0

The following Lemma shows that the residual (4.3.2) can be efficiently approximated

using the short-term Chebyshev recurrences.
Lemma 4.3.2. Let pﬁ,]f) be defined as in Theorem 4.2.3 and

— TS — 1

TS = —— o :
—  O*f
Then, we have
p®(r8) = ¢! I~|—E c(k< —Oé_ﬁﬁ'—z(%)) (4.3.5)
0 a+p "’ o

Further, the residual terms in (4.3.2) can be expressed by

d N 2 5o By S
ng%s)_;c] i(08) + 50 8) + S 5008)), (43.0)
and
m (k) _ 5 _ -
7Sp)(rS) = c TS+Z ((a+ B)T541(78) +29(T5(7S) - mUj2<TS))
— B)2 ~ —
+ % Uj_g(Ts>).

(4.3.7)
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Proof. By (4.2.4) we have Qi(%) = F;(7S). Then, (4.3.5) follows directly from (4.3.4d).
To derive (4.3.6) we use (4.3.4a) and (4.3.4c):

m

d
d TS —Qchk 7'—T] TS

m
(k) 7S Al

= c (7S
22] WT)( )

j=1

- 1~ v o~ = 1 ~ —
= QZCSE)] <§UJ<TS) + mUj,1<TS) + éﬁUj,Q(TS)>.
j=1
We obtain (4.3.7) by writing

TSp,(ﬁ)(TS) = cék)TS + 2 B o — B2 — T
jzl J /a2 — 52
and using (4.3.4b) and (4.3.4d) to express

TS F(8) = ?sfj<?s> TR B Yo
042—52 a?_BQ

1 S T
Ty1(78) + —===T(78) + 5 VT, 1(75)

2\F Ve =
= i(\/l@NyH(TS) \/_UJ l(TS)>
+ ﬁ (T5(7S) - 9T, 5(78))
+ 5 (ViT,1(78) — 030, 4(79))
— 0 )+ 5 (T(78) — ,(75))

which leads to

j=1 ’ a? — (32
m (k) 1 - N ) R N B
9 JZI CJT 0z 52<_§U3+1(TS> + aj_ _ (Uj (79) ﬁU]_z(Ts)> i U]_3(75)>
(®) L L
— CJQ ((04+5) Uj1(1S) + 29(U;(7S) — - ng2( ) — (O(; +6ﬁ) U]73(78)>
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This completes the proof. n

In order to estimate the error of the Faber approximation to ¢x(7S)v for a vector
v € CV, we compute Rﬁ’,i)(T)v defined in (4.3.2) using the short-term recurrence of
Lemma 4.3.2. Note that although more vectors must be stored, the additional com-
putational effort increases only moderately, since these vectors can also be reused for the
evaluation of (4.3.5). Finally, [27]| provides pseudocode for a related but simpler case, in

which only the matrix exponential is considered and where S is (skew-)symmetric.

4.4 Efficient calculation of an optimal ellipse

We seek a best-fitting ellipse £ that encloses the field-of-values W (S) in order to provide a
reliable approximation, but which is also "small" enough to guarantee convergence with
optimal order. In this section we restrict ourselves to real matrices S. Since the field-
of-values is generally difficult to compute, we instead approximate it by the convex hull
of a few “outer” Ritz values which are computed by a preconditioned Arnoldi iteration.
Note that this is a preprocessing step which is necessary for all semiiterative methods, see,
e.g., [53]. If S is nearly normal, using an ellipse computed from appropriate Ritz values
in the method of Section 4.2 provides a reliable approximation, as demonstrated in the

numerical experiments in Section 4.5.

4.4.1 Construction of the best-fitting ellipse from a discrete com-
plex set

We begin by constructing a best-fitting ellipse for a finite set of points M in the complex
plane. Following the approach of [103], we assume w.l.o.g. that M C C, = {z € C |
Rez > 0}. Although our primary interest is in the case where all points lie in the left half-
plane, the method can be easily adapted by first reflecting the points across the imaginary
axis, computing the ellipse 53"5 in the right half-plane, and return 52’76 .

4.4.1.1 Notation and assumptions

We assume that M is symmetric with respect to the real axis. The linear eccentricity
of the ellipse éﬁ‘ﬁ is defined as € = \/a? — 2 € C. Typically, the linear eccentricity is
defined as a real quantity. However, in our setting we allow € to be complex in order to

distinguish between the two possible cases that may arise: the ellipse is horizontal, with
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Figure 4.1: Ellipses from F7, each uniquely determined by the corresponding A;. The
ellipse determined by A4 is the member of the family that passes through the origin.

the major semi-axis a parallel to the real axis, in which case € € R, or the ellipse is
vertical, with the major semi-axis  parallel to the imaginary axis, in which case € € i R..

Note that these ellipses can be parametrized either by the «, 5, and v or €,~, and an
arbitrary point A on the ellipse. Therefore, we define the family of ellipses (see Figure
4.1) with the same linear eccentricity and center as F5 = {570‘”3 e = \/M}

4.4.1.2 The Min-Max problem
As proposed in [103] we consider the map

(1= )+ (7= AP = )1

e (4.4.1)

s(e,y,\) =

Y

which satisfies the following properties: For two ellipses £1, &5 € F7 and two points A; € &
and Xy € & it holds that

s(e, 7, A1) > s(e,7,\a) <= & encloses &,
s(e, v, M) = s(e, 71, Ae) = & = &, (4.4.2)
s(e, v, A1) =1 — 0€&,

(cf. [103, eq. (2.13) and (3.1)]). These properties lead two important observations. First,
let € and ~ be fixed, and let s be maximized over A € M. Then the resulting ellipse
encloses all points in M.

Second, we can rewrite (4.4.1) as follows. Let £% € F be an ellipse with A € £ for
some A € M. Furthermore, let 53‘0’50 € F3 be the ellipse that passes through the origin,
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ie., 0 e &% (see Figure 4.1). By (4.4.2) and [81, Eq. (7)], we have

a+f

P, (4.4.3)

s(e,v,A) = s(e,v,a+7) =

where
B=vVai=2, a=hl fh=lai-e

Thus, minimizing (4.4.1) with respect to € and ~y leads, heuristically speaking, to an ellipse
with a small value of a+ 3 and a large value of ag+ fy. The latter means that the ellipse
is as far as possible into the right half-plane, while still keeping A on the ellipse.

This motivates the following definition of a best-fitting ellipse for M (cf. [103, Eq.

(3.2)])-

Definition 4.4.1 (Best-fitting ellipse). Let M be a finite set in Cy. Then a best-fitting
ellipse is a solution 8;1* = ]—";: of the min-max problem

. _ * * * * a*, B*
(er’rvl)lgR max s(e, 7, A) = s(e",9%, A7), forall " € L7, (4.4.4)

where R = ((Rzo UiRsg) X R) \ {(0,0)}.

Lemma 4.4.2. Let M be a finite set of points in C, for which the assumptions of Sec-
tion 4.4.1.1 hold. If there exists a solution 5,7*’6 of the min-max problem (4.4.4), then

570‘:’& encloses all points of M. Further, Sff:’ﬁ* C C. is optimal in the sense that no
ellipse enclosing all points of M attains a smaller value for (4.4.3).

Proof. By the assumption, there exist v > 0 and ¢ € C such that the ellipse £ € JF5 which
is contained in the right half-plane and encloses all points in M. We can assume that at
least one point A € M lies on the boundary of this ellipse. For all A € M there exists
Ex € F5 with A € &, given by (cf. Lemma 4.6.2),

o {ecoshwy cosy +iesinhwysinyy +v | wy € Rog, ¥y € 0,27}, if e € R,
g {|€| sinwy cos iy +1e| coshwy siny + v | wy € Rsg, ¥y € 0,27}, if e €iRR.

Since all \ are contained in € = &, it holds that wy < wy. Therefore, all £, are enclosed
by €. By (4.4.2) it follows that

s(e, 1, A) < s(6,7,4) < 1
for all A € M. Then, for 53:’6 " with eccentricity €* and center v* and \* € M with
X+ e 27 it holds
s(e, 75 A) < s(e,75, A7) < s(e,7,A) < 1 (4.4.5)
for all A € M. Using (4.4.2) again, 53:’5 " enclosed all A € M by the first inequality in
(4.4.5) and 53:’ﬁ " lies in the right half-plane.
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Finally, for any ellipse Ee J with ) € & that encloses M , we have

-~

s(e5, 7 N) < s(e,v, ") < s(e, v, A).

Since £ was arbitrary 5;“: A" is the ellipse with the smallest value (4.4.3) that enclose
M. O

In [103] it was shown that there exists a solution to the min—max problem (4.4.4) on
a compact set if we minimize with respect to R = {(e,7) € R| v > 0, 7% > €2} (sce also
[102, Chp. 4] for more details).

4.4.1.3 Finding the ellipse

In the following, we present how to construct the best-fitting ellipses by explicitly solving
the corresponding min-max problems. The calculations can be found in [102|. Because
the ellipses are symmetric with respect to the real axis, \ is contained in the ellipse if and
only if A is also contained in the ellipse. Consequently, the min-max problem reduces to

a minimization with respect to
M, ={\ e M | Im\ > 0}.
As described in [103], the following three cases must be considered.

Case 1: Ezxactly one point \* € M, is on the boundary of the best-fitting ellipse:

In this case, we have

min max s(e,y,A) = min s(e,y, \).
(ev)ERAEM ( 7 ) (e,Y)ER ( 7 )

The best-fitting (degenerate) ellipse is
a=0, B?=Im?\", ~=Re\"

(cf. [103]). This means that all points in M have the same real part and \* is the point

with the largest imaginary part.

Case 2: Ezactly two points A1, Ay € My are on the boundary of the best-fitting ellipse:
In this case, we have
min max s(e,y,A) = min s(e,v, A1) = min s(e, 7y, A2).
(e,y)ERAEM 1 ( i ) (e,7)ER ( " 1) (e,7)ER ( " 2)
We assume that ReA; < Re)\s. Further, we define
Re)\2 — Re)\1 B— Re)\g + Re)\1

A —
2 ’ 2 ’

V
2 ’ 2
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By the assumptions of this section, we have A, B, W > 0.

i) If V=0, according to [103], we obtain

’y = B7 62 = (447)

by inserting A\; and )\, into equation

Rel —~)2  Im2\
(Re v)+ m

2

= 1. (4.4.8)

«Q a? — 2

It remains to calculate o by minimizing the constraint function (4.4.1). By [103] we obtain

that o? is the only real root of ¢(z) with

q(z) = €11Z3 + 9222 + g3z + qu,

where the coefficient ¢;, i = 1...4 can be found in [103, eq.(4.8)].

i) Else if V' # 0, then using again (4.4.8) [103] obtained

o= (= (B-4) (- (B-%)),

2 (7_ (B+%))<’Y— (B - A—W))<7_ (B - AWV)> (4.4.9)
vy—B :

Note that there is a small typo in [103] in the last equation. It remains to minimize the

constraint function (4.4.1) with respect to . This leads to

_ - ](0,4) for V> 0,
z =~ — B is the root of ¢(z) in

(—A,0) for V<0,
where
0(2) = 2" + 2" + @27 + @2’ + 62 + g
Again the coefficients can be found in [103, eq.(4.9)].
Case 3: Three or more pairs in M, are on the boundary

We start with the case where we only have three points A, Ay, and A3, where the con-

struction from case 2 does not yield the best-fitting ellipse. In this case, we have

min max s(e,v,A\) = min s(e,y,A\1) = min s(e,7,A2) = min s(€,7y, A3).
(e,y)ERAEM 1 ( i ) (e,Y)ER ( i 1) (e,v)ER( " 2) (e,Y)ER ( i 3)
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We assume that ReA\; < Rely < Re); and
(Redy — Re)\l)(lm)\§ — Im)\f) < (ReAs — Re)\l)(Im)\g — Im)\%). (4.4.10)

Condition (4.4.10) ensures that there exists an ellipse such that A;, Ao, A3 lie on its bound-
ary. By inserting the three points into equation (4.4.8) we obtain a system of three equa-
tions with three unknowns a, €,y. The details can be found in [103, eq. (4.11) and (4.12)].
In the general case with more than three pairs, where the construction from Case 2 does
not yield the best-fitting ellipse, we must consider all combinations of three pairs of points
that satisfy (4.4.10) and selecting the ellipse that minimizes (4.4.1). The algorithm for
calculating the method for determining the best-fitting ellipse consists of the following

steps (see also [103] for more details).

Algorithm 1 Best-fitting ellipse
Input: Set of points M, = {\;}; with Im); >0
Output: ellipse parameters a, 5,y

1: Set P, = {Il € P(M,) | |I] = n} for n = 2,3 with P(My) ={U | U C M.}
2: if All pairs lie on a vertical line then

3: Set A = argmaxenr, |Im)\‘

4: Calculate «, 8,7 by Case 1 w.r.t A

5: return o, 5,y

6: end if

7. for {\i, \;} € P> do

8: Calculate «, 5,7 by Case 2 w.r.t {\;, \;}

9: if A\ € M, outside £ then

10: return o, 5,y

11: end if

12: end for

13: Set Spest = 00

14: for {>\17 /\j, )\l} € P3 do

15: if (4.4.10) is true for {\;, Aj, \;} then

16: Calculate a, 3,7, € by Case 3 w.r.t {\;, \;, \;} and set sy, = s(e, v, i)
17: if e M, outside Eﬁ’/” and Sy, < Spest then
18: Sbest = Stmp

19: abest = q, ﬂbest — 57 ,.ybest =7y

20: end if

21: end if

22: end for

23. return abest’ ﬁbest’ ,ybest

It is clear that, for the computation of a best-fitting ellipse for a set M, only the

outer points are relevant (see Figure 4.2). In the following, we therefore derive a method
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Figure 4.2: Best-fitting ellipse for a set M. For its calculation only A; and A, are required.

for approximating the best-fitting ellipse of the set of eigenvalues by approximating the

“outer” eigenvalues with suitable Ritz values.

4.4.2 Arnoldi method

The Arnoldi method is used to construct an orthonormal basis for the Krylov subspace
Kn(S,v) = span{v, Sv, 8*v,...,S™ v},

The basis vectors {v;}; of K,,,(S,v) are then stored columnwise in the matrix V;,,. The
eigenvalues of the projection matrix H,, = ((v;, Sl/j))i’j are Ritz values (w.r.t. IC,,,(S,v))
and approximate the eigenvalues of the original matrix S (see, e.g., [36, 127]). Here, (-,-)
denotes the scalar product used in the method (see Section 4.2). We are interested in
approximating eigenvalues, which lie on the outmost part of the spectrum (see Figure
4.2). The Arnoldi algorithm naturally approximates these eigenvalues (see, e.g. [127,
p.156 ff]). However, the convergence speed of the Arnoldi method strongly depends on
the distribution of the eigenvalues. If the eigenvalues are clustered, convergence can be
very slow. In addition, we are looking for a stopping criterion that will allow us to
determine whether we have found enough Ritz values for a good approximation of the

best-fitting ellipse. We will address this issues in the next sections.

4.4.3 Transformation of the spectrum

We follow [122] to improve the convergence of the Arnoldi method. Suppose we are given
an initial estimate of the best-fitting ellipse £ that encloses all eigenvalues of S except for
one eigenvalue X\. Our goal is to construct a polynomial p such that |p(\)| is large and |p|

is small on all other eigenvalues. We then apply the Arnoldi method to the polynomial
p(S).
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By the Arnoldi method w.r.t. p(S), we obtain a basis V,, = {0;}; of the Krylov subspace
K. (p(S), v) and an approximation of the corresponding eigenvalue of S from the projected
matrix

1,5’
to recompute £. A widely used polynomial in this context is the following (see, e.g.,
50, 81, 105, 122, 128]).

Definition 4.4.3. Let 83‘75 be an ellipse and z € 53’5. For o # 8 and 2y # v we define

To(u(2))
Ty(1(20))”

Wz) = —1_ (4.4.12)

We obtain by [122] the following relation for efficiently computing {7

roP (2, 20) =

7"?451’7(2; %) = 2Ue+1b(2)7“?’5’7(2, 29) — 020@+17"?ﬁ’7(27 2), £>1,

1 1 z—

_ _ a,B,y _ a,By _ v

Opp1 = , o = , T z,20) = 1, r Z,20) = :
B B | = s S K (_41 13)

The contour lines of |r§"ﬁ (z,2)| are confocal and concentric ellipses, in particular, the
larger ellipses approach circles (see the discussion in [105, p. 307 ff.] and [103, p. 312
ff.]). The reference point zy in (4.4.12) determines the behavior of r?’ﬁ 7. in particular
whether |r§""7(z, 2)| is large or small for z € W(S). This leads to the following result,
(see again [105, p. 307 fL.]).

Lemma 4.4.4. Let 5,3"5 be an ellipse with zy € 8,‘;"5 and o, B > 0. Then,
> 1 if 2 1s outside of Sﬁ’ﬁ,

=1 ifze&P,
<1 if z is inside of 53’5,

57’7( 1/¢

lim |77 (2, zo)

L—00

for all z € C.

Remark 4.4.5. A similar result holds in the degenerate cases o« = 0 or [ = 0, which
means that z is outside of the degenerate ellipse if and only if 1(z) ¢ [—1,1]. We choose
2o such that 1(zy) € {—1,1}. Then

|T?,5,7(z’ 20)| = |Ty(e(2))| for all z € C.

It is well-known that Ty(z) = L(x(2)" + x(2)7"), where x is the (inverse) Joukowski

transformation [100, p.86 ff], which maps the exterior of [—1,1] to the exterior of the unit
disk. Consequently, limy_,o |17 (2, 20)|* > 1 if u(z) ¢ [—1,1], whereas [r*7(z, )] < 1
for all ¢ € N otherwise.
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4.4.4 Find best-fitting ellipse for eigenvalues of S

Using the ideas from Section 4.4.3, we propose the following algorithm for calculating
the best-fitting ellipse. We begin with an initial guess of the ellipse 5,7’5 . This can be
obtained by approximating a small set of eigenvalues, for example those with the largest
magnitude, by standard methods. If eigenvalues with small magnitudes are expected, the
origin can also be used to construct the ellipse.

Next, we apply the Arnoldi method to an initial vector v and r?’ﬁ (S, z), where z € 53"6
and ¢ € N and calculate the Ritz values of this matrix. To assess the convergence of the
Ritz values, we employ a standard residual-based error estimator [125, Proposition 6.8|.
Specifically, at each iteration, we check whether the residual of the Ritz pair corresponding
to the Ritz value of the largest magnitude is smaller than some tolerance. Additionally,
a maximum number of iterations is enforced.

Once the Arnoldi process terminates, we check whether the /th root of norm of the
Ritz value of the largest magnitude is less than one. If this condition is satisfied, the
current ellipse is accepted as the best-fitting ellipse.

Otherwise, we calculate the Ritz values of S w.r.t. K, (r0”7(S, z),v) by calculating
the eigenvalues of G, (see (4.4.11)) and determine whether they approximate eigenvalues
of S (see Algorithm 3 line 9). If so, these are added to the current set of approximated
eigenvalues, and a new ellipse is constructed based on the updated set. If no Ritz value
converges, we choose as new starting vector for the Arnoldi method the Ritz vector v

corresponding to the maximum Ritz value of this matrix with respect to the function

( (Rexo\;"y)2 4 HE?Q’ if a, 8 >0,
(Rez_;“Y)Q’ if =0 and Im\ =0,
o(\) = 2 (4.4.14)
%’ if « =0 and Re\ = v,
2, else,

which indicates how "far" a point A lies outside the ellipse 5?"5 . If two Ritz values have
the same value, we choose the one with the Ritz values of larger magnitude. Otherwise,
if some Ritz values converge, we choose a random initial vector that is orthogonal to all
converged Ritz vectors with respect to (-, ), see Algorithm 3, line 19. Since we consider
real matrix S, we can restart the Arnoldi algorithm with Re(v) (see [105, p. 303|). The
algorithm is summarized in Algorithm 2 and 3.

Remark 4.4.6. A more detailed discussion of implementation aspects, in particular the
choice of the parameter ¢, in Algorithm 3, and additional strategies for improving the
convergence speed can be found in Section 4.5.2.
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Algorithm 2 Arnoldi method with spectral preconditioning
Input: Matrix S € RV*Y and initial vector 7; € RY with ||| = 1,
Point z € R, degree ¢ € N, ellipse parameters «, 3,y
Maximum iterations muy.x € N, tolerance TOL, > 0
Output: ., and Ritz pairs (A, w;)

1: Initialize R=1,m=1
2: while R > TOL, and m < m,., do
3: Compute 7,, = r8%7(S, 2)0p, by (4.4.13)

4: for j=1,....,mdo
: hjm = (U, )

6: end for R

T U= — i By
8 Bungrn = 0]

9: if Appy1m = 0 then
10: break

11: end if

12: l//\m+1 - U/hm+1,m

S

13: Compute eigenpairs (u( ), yfm)), i=1,...,mof H,, = (

14: Select (uimk, yom)) such that |pimk| = max; ™|

w’)%ﬂ

15: R = /ﬁm—&-l,m |eg@yr(n7§2<\ and m <+ m+1
16: end while

17: Form V,, = (D1, ..., D)
18: Compute eigenpairs ()\Em )), i=1,...,mof G, = ((;,S7;)), .

4,7
19: return ur(nax and (>\ ™) Vm
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Algorithm 3 Method for calculating the ellipse

Input: Matrix S € RV*Y and initial vector v; € RY with ||v,]| =1,
degree ¢, € N, initial set M!, maximum iterations mmax; Nmax € N
Tolerance TOLgig, TOL,es > 0, user-defined parameter EPS > 0

Output: Ellipse 5;"”3

1: Compute 570‘11’51 with M1 and Algorithm 1

2: Set z; = max(EX7 NR) and n =1 and W' = {}

3: while n < ny,y do

4: JT ()\En), w§">) + Algorithm 2 with (S, Vs, 2u, £n, @, Bny Vs Minaz, TOLyes)
5. if [u,|"" <1 then

6: return 85“:’5"

7: end if

s for each (A" w™) do

9: if [A"w™ — Sw!™ | < TOLy, - [|Sw™|| then

10: M MU A

11: Wt wr U {w™)

12: end if

13: end for

14: Compute 5%":11’6%1 with M™*1 and Algorithm 1

15: if o117 = B,y then

16: Bni1 < Bny1 + EPS

17: end if

18 if |[M™*!| > |M"| then

19: Vpt1 is a tandom unit vector that is orthogonal to all w € W™ w.r.t. (-,-)
20: else
21: w=w" with i = argmax, |o(A"™)]
22: Vnt1 = Re(w)/|w]|
23: end if
24: Determine new ¢, and set 2,1 = max(é'%:jll’ﬁ"“ NR)and n <+ n+1

25: end while
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4.5 Application for discrete semilinear damped wave
equation

This section describes how the theory from the previous sections can be applied to systems
of ordinary differential equations (ODEs) arising from space discretizations of semilinear
damped wave equations. First, in Section 4.5.1, we introduce a second-order model prob-
lem. Rewriting this in first-order form leads to a system matrix S, to which we apply the
proposed methods to approximate the matrix ¢g-functions, as required when applying
exponential integrators to the model problem. We focus here on the matrix exponential.
In Section 4.5.2, we provide details of the implementation. Furthermore, we compare our
method with other approaches described in Section 4.5.3 and present numerical experi-

ments in Section 4.5.4.

4.5.1 Model problem

We consider the following semilinear damped wave equation in a domain Q C R? d =

1,2,3 with Dirichlet boundary conditions
Opu(t,x) — aAu(t, x) + Bowu(t,x) = G(u, Qu(t,x)), t >0, (45.1)
u(0) = wo, 0yu(0) = vy, a

where a > 0, B is a linear differential operator and G is nonlinear and locally Lipschitz
continuous form H*(Q) x L*(Q) — L*(Q2) and ug, vo sufficiently smooth. We consider two

different operators B in the following

B = —0A, (4.5.2a)
B=¢"-V (4.5.2b)

with 6 > 0 and b(z) € (C*(R%))?. The operator (4.5.2a) appears in, e.g., viscoelastic-
ity, structural mechanics, and thermoelasticity and represents strong/structural damping
(cf. |24, 101]). On the other hand (4.5.2b) arises in aeroacoustics [23, 37, 45|, and moving-
medium wave propagation [15]. Discretizing (4.5.1) using linear finite elements yields a
system of ODEs of the form

Mp"(t) + Ap(t) + Bp'(t) = G(u(t), w'(t), >0,
p(0) =’ p'(0) =",
where M, A,B € RV*¥ M, A are symmetric and positive definite, and G : RY x RV —

R¥ is locally Lipschitz continuous w.r.t both arguments. Rewriting (4.5.3) in first-order

(4.5.3)
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formulation gives

' — Sx =F(x),
(4.5.4)
z(0) = z°,
where
0 I
r = H 5 S = )
~-M~!A -M'B
- -
0
x’ = a : F(x) =
V0 M™'G(p,v)
Note that if B = 0 the matrix S is skew-symmetric w.r.t. the inner product
A 0
(5 )Aaxm = ( > (4.5.5)
0 M

where (-, -) denotes here the Euclidean inner product in C?V. This choice is natural, as it
represents a discrete analogue of the H! x L? inner product, which is commonly used in
this setting [52, 83].

When multiplying with S, we solve a linear system involving M using the CG method
with a tolerance of TOLg, = 0.01 - TOLg, where TOLp is a tolerance used for the error
estimator (Section 4.3). This tolerance should be determined by the ODE solver, for
example through local error estimators. We use an incomplete Cholesky factorization
without fill-in (IC(0)) factorization as a preconditioner (cf. [126, Chp. 10]). Although
the mass matrix M is generally well-conditioned, the frequent multiplications of S, when
applying our method, requires repeatedly solving such linear systems. It is therefore ad-
vantageous to compute the preconditioner once and reuse it throughout the computation.
In our numerical experiments, we find that the number of CG iterations is reduced to only
1 or 2 when using IC(0) factorization, whereas without preconditioning it ranges from 5

to 20 depending on the chosen tolerance.

4.5.2 Implementation details of Algorithms 2 and 3

We now describe the details of the Algorithms proposed in Section 4.4.4. We begin by
selecting a random initial vector 14 with ||v|| = 1, generated using a uniform distribution
on (0,1). As the first set M', we choose {\*,0}, where \* is an approximation of the
eigenvalue with the largest magnitude of S, calculated with the C++ library Spectra
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https://spectralib.org/. Based on this set, the initial ellipse is constructed using
Algorithm 1. We stop the algorithm if ‘ ,un|1/£” < 1+ TOLgtep (see Algorithm 3, line 5),
where TOLgop is a small tolerance that ensures numerical errors in computation do not
destabilize the algorithm.

In the following experiments we choose TOLgop = TOLegig = 10~*. The initial poly-
nomial degree is set to g = \/H , where € denotes the linear eccentricity of the initial
ellipse. Based on numerical experiments, this appears to be a good choice in many cases.

Nmax 18 set to 30.

Error estimator of Arnoldi method For the error estimator in the Arnoldi method,
we use a moderate tolerance TOL,.s = 1072 to keep the number of iterations low while still

achieving good convergence. We set the maximum number of iterations to my., = 200.

Degree ¢ of ry(z,-) We calculate the degree ¢, by the following procedure, which is
inspired by [128, eq.(23),(24)]. In the first steps, we take into account that our ellipses
may not be good, which means that there are eigenvalues that are likely to lie far outside.
Therefore, we do not need a high polynomial degree, as these converge relatively quickly.
This is because the convergence rate to an eigenvalue A outside of the current ellipse £
depends on the “gap” between £ and an ellipse, which passes through A and has the same
center and linear eccentricity as £ (see [105, Theorem 4.1]). A larger gap leads to better
convergence. Later, the polynomial degree must be increased to ensure good convergence

of eigenvalues that are not so far outside. We therefore choose
In(TOLstop)

21In(pn)
where p, is computed in Algorithm 3 line 5. Close to convergence, In(u,) can become

lpp1 = max{‘ + 10,&1}7

very small, causing ¢, to grow unnecessarily large. For this reason, we propose that if
ftr, — 1 < 100 - TOLgop then

s =1+ (0.1‘1D<HT“—SLW)] + 1)&1,

which ensures moderate growth while avoiding an excessive number of matrix-vector mul-
tiplications. We also set a maximum degree £,,,., to prevent excessive computational effort.

In the numerical experiments, we choose £, = 1000.

Further strategies To improve the convergence, we propose several strategies. Firstly,
if the maximum degree /£,,,, is reached and the algorithm has not yet converged, we reduce
the tolerance TOL, by the factor 0.1.
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In practice, the ellipse can become quite large when the eigenvalues lie close to the
imaginary axis. To avoid this, we shift all computed eigenvalues by 1. After completing
the calculation, we shift the resulting ellipse back.

Since numerical instabilities can arise when the semi-axes have nearly equal lengths,
we slightly increase one of the semi-axes in this case. In the numerical experiments, we

increase 3 by 1079 if ‘oz - B} < 10710,
4.5.3 Krylov subspace methods
We compare our method with two classical approaches for computing matrix functions:

the standard Krylov subspace method and the shift-and-invert method with shift s € R.

Standard Krylov subspace method Similar as in Section 4.4.2 we can use the
Arnoldi method to construct an orthonormal basis V,, € R2¥V*™ (w.r.t. (-,-)axm) and a

projection matrix H,, € R™*™ of the Krylov subspace K,,,(S, v), such that

A 0
Svm == VmHm + hm+17me+1€%, VT;Z; Vm —= Im
0 M

Here, e,, = (0,...,0,1)T € R™ and I, denotes the m x m identity matrix. An approxi-

mation of the exponential matrix function is computed by
exp(TS)v & ||v]|axm Vin exp(TH,p e (4.5.6)
(see e.g., |27, eq.(2.2)]). By |27, eq.(2.5)] we get the following expression for the residual
| R (7)] = ||¥]| Axcnt| P 1.mer, exp(THyp)er| < TOLg, (4.5.7)

which provides an error estimate controlled by a user-defined tolerance TOLpg.

Shift-and-Invert Arnoldi method Here the Krylov subspace is constructed with re-
spect to the matrix (I — sS)~! with s > 0 being the shift parameter. Then, the Krylov

relation reads

(I—5S) Wy = ViuHy, + My 1 Vi1 (4.5.8)

An approximation of the matrix function is then calculated using (4.5.6), where H,, is
defined by
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c.f. [138]. Using [27, eq.(2.10)] gives || R (7)||axnt = |8 (7)][[wmsr || axas < TOLg with

hm m T
B (T)| = [[0]| Axa ;l’ emHy exp(THy)er],  warr = (I— 8S)va,

which provides an error estimate controlled by a user-defined tolerance TOLg. Note, that

we never calculate the inverse (I — sS)™! explicitly. Instead we solve

A 0 0 A 1 A 0 (1
(I—SS)[L’:y@( -5 > =
0 M —-A B T 0 M| |y
1 n N . .
for x = and y = for x1,x2,y1,y2 € RY. This together with the Schur
) Y2

complement lead to following system of equations

Y1 = 21 + SY2,
Ty, = Mzy — sAx,

with T = M + s?A + sB. We solve this system using the CG method with tolerance
TOLgy = 0.01 - TOLRg if T is symmetric. Otherwise, we use the GMRES method with
the same tolerance TOLg,. In the symmetric case, we use the IC(0) as a preconditioner,

whereas in the nonsymmetric case, we employ the incomplete LU factorization without
fill-in (ILU(0)) (cf. [126, Chp. 10]).

4.5.4 Numerical examples

In this section we present numerical experiments for the model problem (4.5.3) using the
Chebyshev method from Section 4.2. All experiments are performed in the C++-library
deal.II [10] and run on an Intel i5-12500K CPU with 32 GB RAM.

Example 1 In order to show how the Arnoldi method with spectral preconditioning
(Algorithm 3) works in practice, we first consider a small-scale example. We set Q = (0, 1)
and B as in (4.5.2a) with § € {0.01,0.03,0.4} and a = 0.5. For the discretization we use
an uniform grid with grid width h = 2=* which lead to A, M, B € R!7*17,

We first compute the eigenvalues of the matrix S using a standard dense eigenvalue
solver from LAPACK++ (https://lapackpp.sourceforge.net/html/index.html) and
calculate the best-fitting ellipse &est containing all eigenvalues using the algorithm from

Section 4.4.1 for reference.
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Figure 4.3: Eigenvalues of S in Example 1, best-fitting reference ellipse, and the
calculated ellipse of the Arnoldi method with spectral preconditioning for each step and
for different coefficients 4.
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In Figure 4.3, we show &, and the eigenvalues of S together with the result of the
Arnoldi method with spectral preconditioning, which was applied to S for different 4.
Note that the axes are scaled differently for better visualization.

The first Figure 4.3a shows the case, where the method performed several steps to
find a best-fitting ellipse. Each detected eigenvalue is marked with a cross in the color
corresponding to the step in which it was found. It can be seen that after a few steps, the
method finds the best-fitting ellipse.

The second Figure 4.3b shows the case where the largest eigenvalue is sufficient to
obtain the best-fitting ellipse, so that the algorithm converges in one step.

The last Figure 4.3c shows the case where there are eigenvalues that lie slightly outside
the computed ellipse, as they were not found with the chosen tolerance and ¢y. Theoreti-
cally, this can lead to problems, but in practice we have not encountered any issues with
the selected tolerance and initial degree, as the computed ellipse differs relatively little

from the best-fitting ellipse.

Example 2 We set Q = (0,1)® and B with 6 € {0.1,0.01,0.001} and @ = 0.5 as in
(4.5.2a). We use a 2D-finite element discretization on a regular rectangular grid with grid
width A = 277, which lead to A,M,B € RY*" with N = 16641.

Further, we set v, as the coefficient vector that is obtained from the interpolation of

the function g(z,y) = sin(mz?) sin(7y?) on the grid. As initial vector we choose

151 . N
V= with v =1y, =1, € R".
2

In the following we compute the matrix function exp(7S)r with 7 = 0.1. We compare the
Chebyshev method with the standard Krylov subspace method and the shift-and-invert
method. Since the computational cost is dominated by sparse matrix—vector multiplica-
tions, we measure the computational cost in terms of matrix—vector multiplications with
A, B, M or similar matrices. In CG or GMRES with IC(0)/ILU(0) preconditioning, each
iteration requires one matrix—vector multiplication, and one forward and one backward
substitution with the triangular matrices obtained from the I1C(0)/ILU(0) factorization.
Since, for suitable sparse storage formats and memory layouts, the cost of these two sub-
stitutions is comparable to one sparse matrix—vector multiplication (see, e.g., [131] for
ILU(0)), we approximate the cost of one preconditioned CG/GMRES iteration by two

sparse matrix—vector multiplications.
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In Figure 4.4, we examine the error with respect to the number of matrix-vector mul-
tiplications for different § values and different tolerances TOLpg applied to the respective
residual error estimators.

We calculate a reference solution using the standard Krylov subspace method for the
matrix function with a very low tolerance 107! and the residual calculated by (4.5.7).
Furthermore, we set s = 3.

We observe that the Chebyshev method performs significantly better than the stan-
dard Krylov subspace method. Compared to the shift-and-invert method, the Chebyshev
method is less efficient for relatively large tolerances. However, for smaller tolerances, the
Chebyshev method benefits from the exponential decay of the error combined with the
low computational cost per iteration, which considerably improves its efficiency compared
to the shift-and-invert method. This advantage diminishes for larger ¢ (Figure 4.4b), so
that the shift-and-invert method performs slightly better (Figure 4.4c) if ¢ is sufficiently
large. This behavior can be explained by the fact that for small §, the eigenvalues are
clustered which is advantageous for the Chebyshev method because the ellipses stay rel-
atively small (see Figure 4.3). For larger ¢, the eigenvalues are more dispersed, which

makes the advantage of an ellipse-based approach less significant.

Example 3 We use the same setting as in Example 2, but B with § € {1.0,0.1,0.01}
and

0

b(ZE1, 5132) =

is defined as in (4.5.2b).

Again, we compute the matrix function exp(7S)r with 7 = 0.1. In Figure 4.5, we
examine the error with respect to the number of matrix-vector multiplications for different
0 values and different tolerances TOLg applied to the respective residual error estimators.
Again, we calculate a reference solution using the standard Krylov subspace method for
the matrix function with a very low tolerance 107!* and choose s = 5

We observe that the Chebyshev method performs significantly better than the standard
Krylov subspace method. Compared to the shift-and-invert method, it can be seen, as in
Example 2, that the shift-and-invert method is particularly efficient for relatively large

tolerances, while the Chebyshev method is more advantageous for smaller tolerances.

Data availability The codes to reproduce the experiments are available on https:

//github.com/danieleckhardt/chebychev


https://github.com/danieleckhardt/chebychev
https://github.com/danieleckhardt/chebychev
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Figure 4.4: Approximation error in || - ||axm of exp(7S)v with 7 = 0.1 in Example 2 for

different 9. The error is shown w.r.t. the number of matrix-vector multiplications, for
tol =107% k =1,...8 as tolerance for the residual error estimators.

4.6 Useful identities

Lemma 4.6.1. For 0 = —iw, ¥ € [0,27] and w > 0 it holds that
cos(f;)) = coshw cos ¥ + isinhwsiny.

Proof.

cos(0) = %(ew*“ +eVTY) = %((cosw +1isinv)e” +(cosy) —isin) e ™)

= coshw cos ¥ + isinhwsin .

Lemma 4.6.2. Let
z=acosY+ifsiny +v € Eﬁ’ﬁ.
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tol = 107%, k =1,...8 as tolerance for the residual error estimators.

Then it holds that if o #

where € = \/a? — (2 and

05" = — log( Z+5)

6 = — = —ilog( ﬂ) ife €iR
2 «Q

with ¢ € [—m, 7.

Proof. Follows directly from Lemma 4.6.1. [
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