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ABSTRACT Accurate prediction of axis and spindle current signals is essential for model-based CNC
process monitoring. Although representative datasets are essential, high product diversity, short life
cycles, and varying process conditions lead to incrementally collected datasets with imbalanced or shifted
distributions. Therefore, this paper proposes Physics-informed Dataset Optimization (PiDO), a data-centric
PiML approach that enriches training datasets with physics-consistent samples before model retraining.
PiDO uses locally parameterized physical equations (PEs) for axis- and spindle-current dynamics, derived
from an energy-balance-based current model, to generate samples in a reduced discretized feature space.
Physical consistency is constrained by local PE parameterization, feature-space bounds, NC-code, machine-
kinematic information, and statistically observed ranges of unresolved variables. The approach is evaluated
on 11 POM-C impeller geometries on two three-axis CNC milling machines (DMC 60H and CMX 600V),
resulting in 22 validation datasets, using real-data-only training as baseline. The evaluation is based on
RMSE, R?, significance tests, and dataset-balance measures. Compared with a global PE, the proposed local
PE parameterization reduced RMSE by 43.0-74.8% and increased R* from 0.072-0.448 to 0.821-0.947.
In the downstream prediction task, PiDO improved dataset balance and achieved significant positive RMSE
effects in several validation scenarios, particularly in sparse data regimes, without significant deterioration
compared to the real-data baseline.

INDEX TERMS CNC machining, process monitoring, incremental learning, data-centric Al, dataset
balancing, physics-informed machine learning.

I. INTRODUCTION

The growing demand for customized products and shorter
product life cycles places greater demands on the flexibility
of industrial manufacturing processes [1]. Consequently,
production strategies are shifting towards single-item or low-
volume manufacturing. This shift requires rethinking conven-
tional process-monitoring methods to ensure cost-effective
manufacturing without compromising quality. Due to their
flexibility, CNC milling machines play a central role in the
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fast and precise manufacture of complex components in this
regime. Their performance critically depends on the precise
control of their axes. Therefore, their power supply enables
continuous data acquisition, providing essential signals for
modern process monitoring [2].

Traditional monitoring methods are based on statistical or
physical principles. Statistical approaches exploit structures
in historical data [3], but reach their limits when batch
sizes are small and product characteristics vary widely.
Physics-based models can provide simplified but robust
system descriptions [4]. However, in dynamic environments
where materials, workpieces, and tool conditions can vary
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considerably, the conditions for traditional approaches
become complex, making their limitations apparent [5].
Therefore, data-driven methods such as machine learning
(ML) have become increasingly important [6]. Although
ML models can identify complex patterns in extensive,
multidimensional datasets, the availability of sufficient
training data remains a limiting factor. In industrial practice,
data accumulate gradually as more parts are produced,
thus requiring incremental learning (IL) [7] approaches.
Especially in the early stages, IL often suffers from imbal-
anced or insufficiently representative datasets, which can
lead to biased model behavior. To address these limitations,
data-centric Al [8], [9] and dataset balancing [10] are
becoming increasingly important. These aim to improve
training robustness by optimizing the dataset’s composition.
Physics-informed machine learning (PiML) [11] can extend
this principle by incorporating physics into the dataset
optimization pipeline. In particular, physics can be used to
extend the dataset, thereby reducing the need for targeted data
collection, which would be impractical and uneconomical for
one-off or low-volume production.

We therefore introduce Physics-informed Dataset Opti-
mization (PiDO), a data-centric approach that uses a
Physical Equation (PE) to enrich training datasets with
physics-consistent samples prior to model retraining. Instead
of relying on additional targeted data collection, PiDO
improves the representation of process-relevant regions
within the available dataset. As a result, it can be integrated
into incremental learning pipelines as an additional dataset
optimization step. The main contributions are summarized as
follows:

o A data-centric physics-informed dataset optimization
framework, PiDO, is proposed.

e A locally parameterized physical equation for the
axis- and spindle-current dynamics is used to generate
physics-consistent samples in a reduced feature space.

e Two complementary data-generation mechanisms,
Physics-informed Augmentation (PiA) and Physics-
informed Extrapolation (PiE), are formulated. PiA
augments measured samples, while PiE generates
synthetic input-output samples to fill local gaps in
sparsely populated process regions.

o The approach is systematically validated across different
machines and process conditions using ablation-based
comparisons against real-data-only baselines.

The remainder of this paper is organized as follows.
Section II reviews the state of the art in IL, data-centric
Al, and PiML, and derives the research questions addressed
in this work. Section III presents the proposed PiDO
methodology, including the hybrid ML-model, feature-space
reduction, local PE parameterization, PiA and PiE data
generation, and the assumptions defining the scope of
applicability. Section IV describes the experimental design
used to analyze the methodological components, while
Section V reports the corresponding experimental results.
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Section VI interprets these results and consolidates them
into the final PiDO configuration. Section VII validates this
configuration on independent datasets across two machines
using an ablation-based evaluation and discusses the results,
limitations, and practical considerations. Finally, Section VIII
summarizes the main findings and outlines directions for
future work.

Il. STATE OF THE ART

Incrementally growing datasets often exhibit imbalanced
and locally sparse distributions, which can distort model
training and reduce prediction robustness. Addressing this
challenge requires combining insights from IL, data-centric
Al, and PiML. While IL focuses on model adaptation under
continuously changing datasets, data-centric Al emphasizes
the quality and representativeness of training datasets,
and PiML introduces physical knowledge into data-driven
models. The following sections discuss these perspectives
and identify the gap addressed by PiDO.

A. INCREMENTAL LEARNING

Incremental learning (IL) describes the gradual expansion
of a database, as well as the acquisition of new knowledge
from this non-stationary dataset. This approach is particularly
relevant in scenarios where new information is continuously
available [7], such as in industrial environments. A key
challenge in incremental learning is catastrophic forgetting.
This refers to the phenomenon by which a model forgets
previously acquired knowledge when trained on new data,
severely limiting its learning capability [7], [12].

IL can be categorized into three main types: Task-IL,
domain-IL, and class-IL [7]. These categories differ in terms
of how changing data interact with the model’s context and
task structure. Task-IL refers to the sequential learning of
distinct and clearly separable tasks. Reference [13] presents
a concept in which a neural network (NN) is used for
multiple tasks. To avoid catastrophic forgetting, the weights
of individual layers are modeled as linear combinations
of existing weights rather than being overwritten during
retraining. In Domain-IL, the overall task remains the same,
but the context and boundary conditions change over time.
A practical example can be found in [14], where a safety
warning system is used to predict unstable conditions. The
system is retrained using new data and loss functions that
reinforce existing knowledge. Class-IL addresses the gradual
learning of an increasing number of classes or objects. In [15],
a system learns new classes by combining new data with
stored exemplars of existing classes.

B. DATA-CENTRIC Al

In traditional model-centric training approaches, the dataset
used to train an ML model is assumed to be adequate.
However, a sufficient and balanced dataset is equally
important as an optimized model. The data-centric Al
paradigm, therefore, addresses the systematic preparation
and improvement of the underlying database [8]. This
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involves qualitative and quantitative improvements to the
training data using domain-specific knowledge. [16] argues
that data-centric approaches must be supplemented with
repetitive updates. In practice, this approach has been
demonstrated to outperform model-centric baselines [9].
Reference [17] presents a comprehensive survey focused on
dataset optimization.

In unbalanced datasets, certain classes or process states are
over- or under-represented, which distorts training and biases
model behavior. Targeted data augmentation offers a promis-
ing solution [18]. However, augmenting the total dataset fails
to correct dataset imbalances and can even exacerbate them.
Balancing methods address this by adjusting the compo-
sition of the dataset via oversampling/undersampling [19],
or the generation of synthetic data. For example, Geometric
SMOTE synthesizes samples in sparsely populated regions to
improve balance [10].

In summary, a data-centric approach prioritizes a diverse
and high-quality dataset over increased model complexity
or extensive hyperparameter tuning. However, conventional
balancing and augmentation methods typically focus on the
statistical structure of the dataset without explicitly consid-
ering whether generated samples are physically consistent
with the underlying process. This is particularly relevant
in CNC process monitoring, where sparsely represented
regions may correspond to specific tool engagement, feedrate
conditions, or machine-axis interactions. Consequently, data-
centric optimization alone cannot ensure that samples remain
physically meaningful. PIML can address this limitation by
contributing physical knowledge to dataset balancing and
enrichment.

C. PHYSICS-INFORMED ML

PiML combines data-driven approaches with physical knowl-
edge to improve the robustness and predictive power of ML
models, even when training data is limited [20], [21]. The
increasing prevalence of new concepts [21], [22], [23] has
resulted in the development of taxonomies [11], [21], [24].
The following three levels of increasing physical integration
can be distinguished according to [11]:

In observational bias, the model is trained on data
that reflects the underlying physics, allowing to learn
physical functions or vector fields. This can be achieved
through feature selection [25], [26], physically consistent
data augmentation [27], or by simulating synthetic data in
cases where it is sparse [28], [29] or difficult to observe [30].

Learning bias influences model training through the
selection of an appropriate loss function, which is composed
of data and physical loss terms £ = @dataldaa +
Wphysical Lphysical. This method promotes convergence to
solutions that correspond to the laws of physics. Although
flexible, it only provides an approximation. For example,
physical knowledge of Hamilton equations [31], fluid
flow [32], heat transfer [33], or fault characteristics [34] can
be integrated.
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Inductive bias is based on assumptions about physical
relationships that are incorporated into the design of a model.
Consequently, the model adheres to certain physical laws.
This often results in problem-specific implementations that
are difficult to transfer. For example, the integration of
physical knowledge was achieved in NN [35] in convolution
NN [36] or recurrent NN [37] structures.

Although these PIML approaches demonstrate the benefits
of incorporating physical knowledge, they predominantly
focus on model-centric integration through loss functions,
architectures, or feature representations, for example. In con-
trast, the role of physics in optimizing the composition
of an incrementally collected training dataset is less well
explored. Although existing physics-informed augmentation
and simulation approaches can generate physically meaning-
ful samples, they do not directly address the question of how
many samples should be generated for specific sparse and
process-relevant regions of a dataset.

D. SUMMARY AND RESEARCH QUESTIONS
Although the IL literature predominantly addresses continu-
ous dataset growth and model adaptation, it provides limited
guidance for phases in which data is scarce overall or sparse
in regions most relevant to upcoming production. In industrial
one-off or low-volume manufacturing, targeted data collec-
tion is impractical and uneconomical, making data-centric
strategies essential. Existing data-centric methods improve
dataset composition, while PIML methods incorporate phys-
ical knowledge into learning. However, the combination of
both perspectives for a systematic, physics-informed dataset
optimization remains insufficiently addressed. In particular,
the effective selection of representative training data remains
an open question for sampling-based PiML approaches [38].
To address this gap, we present PiDO, which involves two
complementary mechanisms to systematically add physically
consistent samples to a given dataset. The first, PiA,
generates target values based on the inputs of existing data
points. The second, PiE, generates physics-consistent input-
output samples aligned with the regime of the upcoming
part. In contrast to model-centric physics-informed or
hybrid modeling approaches, which typically embed physical
knowledge into the model architecture, loss function, or input
representation, PiDO operates at the dataset level by using
physical equations to optimize the training data prior to model
learning. Therefore, the main contribution of this paper lies
in the methodological formulation and systematic validation
of the PiDO approach. Consequently, we pose the following
research questions:

1) Can underlying physical equations be locally
parametrized for physics-informed dataset optimiza-
tion?

2) Can PiA and PiE sampling strategies be formulated to
enrich datasets with physics-consistent samples?

3) To what extent can PiDO improve dataset balance
and model performance by incorporating additional
physical knowledge?
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The novelty of this work lies in the PiDO framework,
a data-centric physics-informed approach that connects
observational bias and learning bias. It combines local
parameterization of an underlying physical equation with the
complementary data-generation mechanisms PiA and PiE.
The challenge of selecting representative training samples
is addressed through transferable sampling functions. The
approach is validated on two milling machines and a series
of parts with varying geometries, providing insight into the
effect of optimizing incrementally growing training datasets
with physically consistent samples.

Ill. METHODOLOGY

This section introduces the proposed PiDO methodology,
detailing the underlying physical models and local parame-
terization in a reduced feature space, as well as the dataset
optimization strategies.

A. SAMPLE APPLICATION AND SYSTEM OVERVIEW

The development of the proposed approach requires a ML
application. For this work, a residual-based monitoring
framework was chosen. In such a system, a hybrid ML-
model [2] predicts axis-specific current signals I; with the
axis i € {x,y, z, sp} of a CNC milling machine, which serve
as reference values and are continuously compared with the
measured current signal /;. The system is shown in Figure 1.

Process Monitoring

Process

deviation
|

Residual

FIGURE 1. Incremental learning approach (red) as part of a
residual-based process monitoring.

In line with the data-centric Al paradigm, the objective is
to efficiently curate and optimize the hybrid model’s training
dataset. Therefore, the approach is ML-model agnostic. This
ensures that PiDO is compatible with other IL approaches
that continuously refine a given model. A specific training
dataset is sampled for every new part produced, creating Dirain
in this scenario. It consists of all available measured samples
DReal and physically informed samples Dpipo, tailored to the
current process. The aim is to enrich and balance Dyp,in With
physical knowledge in order to achieve a more precise, axis-
specific current prediction I;.

The specific sequence of the sampling process is shown in
Figure 2. First, the Input of the upcoming part (NC-Code, tool
geometry, and raw part geometry) is analyzed with respect to
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the given dataset DReqal, ; by determining the relevant areas
of the feature space. Subsequently, PEs are parametrized for
all relevant areas. The dataset is then optimized with the
data generated using the PE (PiA and PiE). Finally, Dgeal, |
and Dpipo are combined to Dy, for model training. New
measured data becomes available after production, resulting
in an updated DRregl which serves as the basis for the
upcoming iterations.

n+172

FIGURE 2. PiDO procedure: The existing dataset is optimized based on
the input of the upcoming part (NC-Code, tool, and raw part geometry).

B. HYBRID AND PHYSICAL MODEL

The methodology of the hybrid model is based on the
axis-level current signal prediction framework presented
in [2]. It combines kinematic machine data, including axis
position, velocity, and acceleration, with a process simulation
(see Figure 3).

Hybrid Model

Axis
Position

Raw part,
Tool, NC-
Code...

Process Force

FIGURE 3. Hybrid model structure for reference signal prediction [2].

The simulation derives relevant signals that are difficult or
expensive to measure, such as cutting forces and the Material
Removal Rate (MRR). Analogously to [2], the process forces
are calculated based on the Kienzle force model [39], [40]
ViaFe, =b-hl% ket - K, Feng = b hl7™ - kp11 - K, and
Fp, =b- h,ln_y - kp1.1 - K. The parameters k¢1.1, kr1.1, kp1.1,
X, y, and z are material-specific values. The following [39], b
and h,, are calculated based on

and

114,6

Ps
To transform the forces into the machine coordinate
system, the rotation formulation from [2] is applied:

I =

ae .
~fz-5-sm/c.

FX FCZ
F=|F | =R®)- |Fen (1)
F, Fp,
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R_(¥) describes a rotation around the z-axis. The resulting
tangential spindle force Fyp, is given by

Fsp:\/F)%‘f‘F}%, 2

which must be multiplied by the tool radius to get M.

The voxel-based MRR is simulated as described in [2].
These signals then serve as inputs to axis-specific ML
models, which output the current signals from the drives.
In the case of a three-axis milling machine, the hybrid model
structure can be described by axis- and spindle-specific ML
models

M;(In) = fi, where i € {x,y, z, sp}, 3)

which map the input vector In to the respective target Iy,

A

Iy, I, and ISp The input vector is defined as
In=[x" %" ¢ § FT My, MRR]", 4)

where X,X € R3 denote the translational velocity and
acceleration vectors, ¢ and ¢ the angular velocity and
acceleration, F € R3 the force vector, and Mg, the spindle
moment.

A detailed derivation of the physical models M;(In) and the
resulting current-dynamics equations can be found in [2]. The
derivation relies on several simplifying assumptions that are
relevant for the present work: The axis system is described
by an energy balance, mass flows such as removed chips
or adhering coolant are neglected, the internal energy of
the axis system is assumed to be constant, and a constant
voltage approximation is used to relate power consumption to
current. Furthermore, coupling between axes and the spindle
is approximated by first-order perturbation terms. Based on
these assumptions and the following [2], PEs for axis-specific
current consumption are obtained. For a coupled axis system,
the exemplary approximate x-axis formulation derived in [2]
is given by

~

Iy = c1 - Xy - Xx - sgn(xx) + c2 - x - sgn(xy)
+ c3 - Fx - MRR + ¢4 - sgn(xx) + ¢
+ co - Xy - Xy - sgn(iy) + ¢7 x§ - sgn(Xy)
+cg- Fy-MRR +cg - sgn()'cy)
+ 10 - ¥, - &, - sgn,) + c1p - X7 - sgn(i,)
4+c12-F,- MRR 4¢3 - sgn(xz)
+ci @ ¢ sgnliy) + cis - @7 - sgn(g)
+ c16 - Mgp - MRR + 17 - sgn(¢) 5
Thus coupled PEs can be described by
17
M;(In) = ZCPJXP = j;, (6)
p=1

with X, listed in the appendix as formula 17. For the
application within PiDO, these physical equations are not
interpreted as globally exact descriptions across all operating
regimes. Instead, they are assumed to provide locally valid
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approximations within constrained regions and are therefore
parametrized accordingly.

C. INTEGRATION OF PIML FOR DATASET OPTIMIZATION
The approach aims to enrich an incrementally growing
dataset with physically consistent data, which can therefore
be classified as a combination of learning and observational
bias [11]. Learning biases integrate a loss function to which
an ML model M adapts during training, thus incorporating
physical knowledge. As the PE shown in formula 6 is
analytically solvable in the given case, there is no need for
numerical differentiation during model training. This has the
advantage that explicit data points can be generated from the
analytical solution instead of using a residual term in the loss
function to account for the physical equation. This can be
formalized by

L= Z J)cEchl:”M(Inc’k)—Ic’kuz]’ @)

ce{data, PE}

where @wqata and wpg are the weights used to balance the two
loss terms. Each base weight w, is scaled by the fraction of
data points in its category:

Ndata + Npg

Wc

D. FEATURE SPACE REDUCTION

As the identification of relevant target areas for PiDO
is computationally intensive in a high-dimensional feature
space, it must be reduced. To ensure clarity for a human inter-
preter, the resulting space should be representable through
three clear and understandable dimensions. As [2] identified
tree-based models as well suited the impurity-based feature
importance of a random forest regressor is used to evaluate
relevance. In addition, the widely used importance of
permutation can be applied. Figure 4 illustrates the feature
importance analysis of dataset DALG (aluminum) and DSTG
(steel) from [41]. The evenly distributed tool path direction
provides information about the relevance of individual input
features for the respective axis. For Ix, the feature xx has the
greatest influence. Iy is most influenced by xy. And for both
I, and Isp, MRR is highly influential.

Ix
10*1 4
| (TR P (1T | u|I| |
Al | I P R .ol HRRN
T e
100 4
10*1 4
ST 0T {IT T
o J J 1 B F II
S A ar el X s

<7'|T|T|Z NW‘I%W‘I

SR
8

xxl_

l -
X X
9 9

°

ddIN

EEl Permutation N Impurety

FIGURE 4. Feature importance on DALG and DSTG.
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The MRR depends significantly on the components X,
Xy, and X,. In order to establish an orthogonally independent
feature space M from the three most relevant features, MRR
is normalized with the feedrate ||x||. This results in the area
removal AR at a given time to

MRR
= = = de-dp- 8y,
[ET I
where gy describes the geometric filling degree, g, € (0, 1]
(see figure 5). As AR represents a geometric quantity, it is
easy to understand. The resulting feature space M is given by
the dimensions Xx, Xy, and AR. It should be noted that it is
used exclusively for the generation of PiDO data points. The
ML models M; still operate on the 13 features.

Milling Milling
tool tool

.

Milling
tool

Qe

FIGURE 5. Visualization of AR and gy.

The velocities xx and Xy and the area removal AR are used
to identify the input process of the upcoming part. To check
where a process is located in M, it is divided into individual
areas Bjj

ix € [&, &ir1),
Xy € [nj, mjt1)s g, (8)
AR € [&k, Ck+1)

Bji = { (i, %y, AR) € R’

where &;, n;, and ¢, denote the respective interval limits.

By focusing on dominant kinematic and geometric quan-
tities, M enables the identification of consistent process
states across varying operating conditions, allowing the
parameterization of locally valid PEs. The smaller the bins,
the more accurately the data points can be generated.
However, since computational effort also increases, a suitable
compromise must be found.

E. PE PARAMETERIZATION

To explicitly enforce locality, the PE-parameterization is
adapted to the toolpath and process parameters within each
relevant region By, of the reduced feature space. As local
data points are more similar to each other than to globally
distributed data points, a range-specific PE is created for each
range Bjj in which the new process is located. To give more
weight to local data points than to global data, the weighting
function wg, is introduced. The euclidean distance |lg — pll2
between two vectors g, p € R”" is a suitable metric to
distinguish between different areas within the feature space
M. To determine the minimum distance between individual
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areas of M, the respective area center

& + v
nj + Nj+1 9
Sk + Ck+1

is used. The PE is parameterized on the basis of the
entire measured dataset Drea. To weight local data points
with respect to the spatial structure, a modified Gaussian
weighting function based on [42] is used

bjjx = mid(Bjj) = =

gt) —./\/< p™ )szk’a diag(1, 1 a_zl))—i-,B (10)

N represents a gaussian and bb) describes the n-th data
point (n = 1, ,N) of Dieqal located in range Bjj;. The
parameters are to be interpreted as follows:

o a: Scales the dimension AR relative to Xx and Xy.
This parameter determines how a change in the
cross-sectional area of the milling tool affects the fit.

o f: Offset that ensures a minimum weight. This param-
eter determines how much the PE fit is affected by data
points recorded under significantly different conditions
and component geometries.

« o: Controls the width of the weighting function, and thus
balances local and global influences. A small o results
in a focus on data recorded under similar conditions.
As o increases, data from different components is given
greater weight in the parameterization.

The coefficients ¢, p; of the PEs are determined for each
range By containing data for the new component using a
weighted least squares approach. For each range and each
axis i € {x, y, z, sp}, a linear model of

“(n)
Iy, = Zcsz,,kX g (11)

is set up. The vector ji(,lgijk represents the current calculated
by the PE for i, with one entry for each of the N data
points located in the range Bjj. The p entries of X, " q
listed in formula (17) in the appendix. The coefflclents to
be optimized for the range B;j; are described by ¢ ;, B The
optimal coefficients ¢y ; 5, are determined by minimizing the
weighted quadratic deviation

N

2
() | 7(m) (@)
Cpi Bj = argmin Zijk [Ii,B,-jk - Ii,B,;,-k] , (12)
Cp ¢ Bl/k ER =1

where w B) denotes the weighting factor of the n-th real data

point. Ii(rllf?),,'k are the real values, which are compared with the

calculated values i(yll;)zjk from formula 11. Given the optimal
coefficients ¢ ; g, , the physically consistent currents

tB,/k E CptB,/k D>

for a region Bijk can be calculated. To use this approach,
the optimal parameters «, 8, and o for scaling the weighting

VX, € Bji (13)
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function must be determined experimentally. Figure 6
visualizes the feature space M and the weighting of the data
points for exemplary ranges Bij.

AR

weighting

0.4

0.0

FIGURE 6. Exemplary weighting within the reduced feature space.

F. DATASET OPTIMIZATION
By checking the areas Bjj; of the characteristic space in which
a process is located, it is possible to determine the number
of real data points ey, Bk Based on this, the dataset can be
balanced with n PiDO data points in each area according to
two methods.

PiA is the generation of augmented data points 1 within a
defined target range. In contrast to PiE, measurement data X’
are used as input for the PE.

PE(X) — 1

PiE is the generation of physics-consistent input-output
samples X and / within a defined target range. Therefore,
simulated parameters X are used as the PE input.

PE(X) — 1

Figure 7 illustrates the balancing via PiA and PiE for
Areal,Bijk with 30% and 70% of a given target density
exemplarily.

AR(k +1)

Sli + 1) i+ 1Y)

[[® PE@0% © PiA(S%) % Real(30%)| [ @ PE@0%) © PiA(10%)  * Real (70%)]

FIGURE 7. Areas Biik with different proportions of real, PiA, and PiE data.
Data is exemplarily added for A'eal’Bijk = 30%'A'eal’8iik = 70% relative

to a targed density.

The optimal ratio of npija and npijg data points must be
determined experimentally. To achieve a generally applicable

116938

approach across varying conditions, the sampling strategy
must depend on the amount of real data available in the area
Bij.. The complementary approaches are introduced below.

1) PIA

To generate PiA data Dpia, the real data Dy, is used as input
for the PE to calculate the current ip. For each range B;jz ¢ M
in which the new component Gyey is located (Gnew € Bijk),
a sample of size npja is generated from the associated real
data Drea) C Bjjx via an equally distributed random selection
without replacement. Let the total number of real data points
available in this range be denoted by ngeal = |Dreal]- The
selected sample Dpip C Dyeq) 1S given by

DPiA = {zls "~7znpiA}a Zi NZ/[(Dreal)7
fori=1,...,npia,
.. T .
where the vectors z; = [xx,xy, AR] are interpreted as

independent and identically distributed realizations of a
uniform distribution ¢/ on the discrete set Diey. No further
calculations of features are necessary since z; refers to all
relevant input parameters of In.

2) PIE

By contrast, generating PiE data Dp;ig is more complex. Here,
only the range limits of %y, Xy, and AR are given for Bjj;. The
components of the input vector In are not given and must be
determined. Therefore, np;g data points

Drig = {Zl’ e ’z"PiE} . Zi ~ UBjjk),

fori=1,..., npg,

are generated within a given range Bjjx, where U(Bj)
denotes a continuous uniform distribution. Thus, the points
are uniformly distributed in the reduced feature space M and
the features iy, Xy and AR can be determined. The process
forces Fp for i € {x,y, z, sp} are given by formula 1 and 2.
The acceleration ; for i € {x,y,z} cannot be specified
unambiguously within Bjj, and X, is subject to fluctuations
in the passive force. To ensure robustness under varying
operating conditions, these are approximated statistically
based on the given training data. The mean u and the
variance o2 within the 5%-95%-quantile are used to enable a
robust determination of the relevant velocity and acceleration
components. For x;, ¥x, Xy and X; all X = {x1, x2, ..., xu}
within the 5%-95%-quantile Qpos and Qpgs are used.
The input parameters are approximated by x;, Xy, Xy, X, ~
N(u, o?) with

1 2 1 2
n=-—-— E x;i and o = — E (i — w)~.
Xol & Xl —1 &=
i€XQ xi€Xp

A normal approximation is used as a pragmatic represen-
tation of the empirical variability within the selected quantile
range. The spindle speed ¢, is given by the NC code, which
is controlled during the milling process. Thus, V(1 = 0, o2)
is applied to approximate the acceleration ¢;. This statistical
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representation reflects the physically admissible variability
observed in previous measurements and avoids imposing
deterministic trajectories that would reduce generalization.

PiE conducts a controlled exploration in sparsely populated
regions relevant to the upcoming part, within the bounds
of physics. Although this constitutes local extrapolation in
M, it remains constrained by analytically derived physical
relationships, locality, machine kinematics, and information
relating to the upcoming process.

G. ASSUMPTIONS AND SCOPE OF APPLICABILITY

The proposed PiDO-framework is based on the following
assumptions, which determine its intended scope of applica-
tion:

o Reduced feature space: The reduced feature space M =
(%x, Xy, AR) is assumed to capture the dominant kine-
matic and geometric influences needed to characterize
the local data distribution with respect to the upcoming
process. Itis used to identify process-relevant regions for
PiDO-based enrichment, while the ML models continue
to operate on the full input space to ensure that no
predictive information is lost.

o Local validity: The PEs describing the axis-specific
current dynamics are assumed to provide locally
valid approximations within constrained regions of the
reduced feature space M, rather than globally exact
descriptions across all operating regimes. This locality
is enforced by partitioning M into regions B;j and
by weighting nearby data more strongly during PE
parametrization.

« Statistical approximation of unresolved PiE variables:
For PiE, input variables that cannot be uniquely
specified from M, such as accelerations, are assumed
to be adequately represented by empirical distributions
estimated from prior measurements. Since the inverse
mapping from M to these variables is ill-posed, this
probabilistic representation captures physically admis-
sible variability while avoiding arbitrary deterministic
trajectory assumptions.

o Controlled, physics-bounded extrapolation: For PiE,
sparsely populated regions in M relevant for upcoming
production are assumed to remain physically meaningful
if the generated samples remain within the respective
region Bjj; and are constrained by machine kinematics,
NC-code information, locally parametrized PEs, and the
statistical ranges observed in prior measurements. Under
this assumption, PiE represents controlled local extrap-
olation rather than unconstrained model extrapolation.

Together, these assumptions define the scope within
which PiDO can generate physically consistent samples and
improve robustness across varying operating conditions.

IV. EXPERIMENTAL DESIGN
The scaling parameters «, B, and o of the weighting
functions, as well as the function to generate PiA and PiE
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data points, must be determined. Therefore, two experiments
are conducted. The first analyzes the parameterization of the
physical equations and the second investigates the effects of
different dataset optimization strategies.

A. DATASETS AND SETUP

Two workpiece geometries (Gear G and Plate P) are selected
from the dataset described in [41]. Both were recorded on a
DECKEL MAHO DMC 60H milling machine using a 10 mm
diameter end mill. Each dataset consists of three iterations:
three in the baseline configuration, or a low, a baseline,
and a high configuration. For g, and SF, the high value is
referred to as h and the low value as /. The baseline axial
cutting depth is @, = 6mm and the radial cutting depth
is a, = 10mm. For the steel material S235JR (ST), the
feedrate F = 576 mm/min and the spindle speed S =
3200 min~ !, while for the aluminum AL 2007 T4 (AL) F =
350mm/min and § = 3800min~' in the baseline setup.
In the datasets DAL /DSTxa,, a, ranges from 3 mm to 12 mm.
The feedrate F varies in DALpsF /GsF between 267 mm/min
and 442 mm/min, while S ranges between 2900 min~!
and 4800 min~'. For S235JR, the feedrate F varies in
DSTpsrGsr between 432 mm/min and 720 mm/min, while
S varies between 2400 min~! and 4000 min—!. The datasets
are listed in table 1.

TABLE 1. Datasets extracted from [41].

Machine Material Name of the datasets
DALg, DALp, DALgsr, DALpsr,
DMC 60H AL 2007 T4 DALg,,, DAL,
DSTg, DSTyn, DSTp, DSTgsr, DSTpsr,
S235JR DSTgy,, DSTpa,

To extract the tool engagement sections in the reduced
feature space M, 0 < AR < 200 and ||x|| # O is applied
to the datasets, which are down sampled to 50Hz. MRR and
the forces Fe;, Fen, and F; (see section 111-B) are calculated
based on [2] using the coefficients k.11 = 1990N/mm2,
z = 0.7019, k11 = 35IN/mm?, x = 0.4911 and kp1.1 =
247N/mm?, y = 0.2 for $235 JR and k.11 = 472N/mm?,
z = 1.08 kpyy = 20N/mm?, x = 0.75 and ky11 =
32N/mm?, y = 0.2 for AL 2007 T4.

In accordance [2], an extra tree model (estimators = 30,
max depth = 100, leafs = 5, nodes = 1000) is selected for the
X-, y-, and z-axes. Concurrently, a gradient boosting model
(estimators = 100, nodes = 6000) is selected for the main
spindle, with both operating at 50Hz.

B. EXPERIMENT 1: PE PARAMETERIZATION

The experiment aims to determine the optimal parameters

(o, B, and o) of the weighting function wf_;’i?k (formula 10).
The experimental design considers different characteris-

tics, including material, part geometry, feedrate v, spindle

speed ¢, and depth of cut a,. This configuration results in

four main experiments for DALg, DALp, DSTg, and DSTp.
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Algorithm 1 Setup for the Determination of «, 8, and o
1: for m =1 to 30 do
2: Dtest, Dtrain

3:  forall Bj € M do
4: if Bljk N Dtest then
5 PEjjx < Bijk N Diest
6 end if
mi;l,iﬁ%ize RMSE (5,,.. I;,)
subject to O0<ua <25,
0=<B=1,
0<o <5,
7: use Optuna with nopuna = 100 to solve the

optimization problem above for (o, 8, o)
WB,'jk <~ WB,'jk (av ﬂ7 0)

9: 8ng <~ e‘B,'jk (Dt_rain» WBl'jk)
10: IB,‘jk < IBijk (2‘31']‘/(7 Dtest,Bijk)
11:  end for
12: end for

A complex but almost evenly distributed component in the
Xx-Xy-plane is given by G. By contrast, P enables examination
of the parameters characteristics of a component that is not
uniformly distributed with respect to this plane. For each
experiment, a leave-one-out strategy is applied to the datasets
SF;, SFy, D;, and Dy, and one baseline iteration. Therefore,
one dataset is used as the test dataset Dieg; and the remaining
ones serve as the training dataset Dypi,. The variation of v,
and a, enables a differentiated analysis of the impact of all
relevant dimensions of the reduced feature space.

The predicted values jBijk are obtained using the corre-
sponding parameterized PEs, which can be compared to the
actual values IB,-,-k- For all currents signals Ix, Iy, I, and Igp,
RMSE is calculated according to

n

A 2

RMSE = % > (IBI,,(,, - IB,-ij) : (14)
=1

where n denotes the number of observations.

The range limits of B;j; are defined according to formula 8
over the feature space M = ()'cx, Xy, AR). The value ranges
are defined as xx, &y € {—15,—14, ,15} and AR €
{0, 2, 4, , 200}, according dataset limits. The grid size is
setto ;41 —§ = lmm/s, njpr —nj=1mm/s, {1 —
¢k = 10mm?. All areas Bjjx of Die; in M are determined, and
a separate PE is set up for every area. These are parameterized
on the res ectlve training data Dy,in with the weighting
function w (see formula 10).

The optlmlzatlon framework Optuna is used to optimize
a, B, and o in nepuna = 100 loops. To generate statistically
valid results, all trials are repeated 30 times. The procedure is
shown in algorithm 1.
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C. EXPERIMENT 2: DATASET OPTIMIZATION

The aim of this experiment is to derive a general sampling
strategy for PiA and PiE data, depending on the real data
proportion per range Bjj. Therefore, the influence of the PiA
proportion Apja and the PiE proportion Ap;g is investigated
for varying real data proportions Areq)-

DALgsr, is selected as test dataset because it contains
the highest number of data points per area and is evenly
distributed across the feature space. To obtain a universal
function, it must be as independent as possible from toolpath
directions, material, and technological parameters. There-
fore, the Wasserstein metric [43] is used to examine to what
extent different training datasets differ from DALgsr, (see
figure 33 in the appendix). To ensure uniform coverage and
thus a representative selection, a total of nine equidistantly
distributed datasets are selected (with Wasserstein distances
DALgny = 5.730, DSTgsr, = 14.803, DSTpp, = 32.948,
DSTpy = 52.602, DSTGgsr = 62.066, DSTpsp, = 76.161,
DSTgsr, = 83.051, DSTpp, = 113.471 and DSTgp, =
125.544). Each of these is used individually as training
dataset Dyrain, while DALGsE, serves as a constant test dataset
Drest = Diext-

To obtain the necessary training data within the areas of
the test dataset Dypext, a 70/30 train-test split is performed,
resulting in Dyext,train @nd Dpext test (see algorithm 3 in the
appendix). To ensure uniform training datasets Dyex¢, train and
Dirain, all areas must have the same number of data points
for Areal = 100 %. Therefore, an upper limit is introduced to
which the data within each area is randomly reduced. Figure 8
shows that this condition is satisfied with an upper limit of
40, resulting in 12 areas that form a complete circle in the
JXx-Xy-plane. The resulting areas are given by the range limits
&1 —& =2mm/s, nip1 —nj=2mm/s, fkp1— G =
2mm?. This is a compromise between the upper limits and
the area that can be covered.

Xy [mm/s]
°

-8 -6 -4 -2 0 2 4 6 8
Xy [mm/s]

10 15 18 20 30 40 50 60
Number of data points per area for DALgsr,

FIGURE 8. Analysis of dataset DALgsf, for selecting the upper limit of
data points per area Bjj in the reduced feature space. The left-hand plot
shows the number of avallable data points per area, and the right-hand
plot shows the resulting area distribution when an upper limit of 40 data
points is applied.

The varying real data proportions are achieved by reducing
Drext.train t0 @ proportion Arey of {0%, 10%, ..., 100 %}
resulting in Dyext,red- PE data points are generated for each
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area Bjji Of Dpexq,test With the weighting function WBjj, and «,
B, and o determined in Experiment 1.

A full factorial experimental design is carried out for all
real data proportions. Therefore, the percentage proportions
for PiA is set to {0, 3,5,8,10, 15,25} and for PiE to
{0, 3,5, 10, 15, 20, 35, 50, 65, 80, 95, 110} and combined in
all configurations. The range for PiA is set to a higher
resolution for lower proportions to capture finer effects.
Furthermore, the maximum amount is limited to 115% of
the target density, and the PiA proportion is limited to a
maximum of the size of the respective real data (1:1 ratio)
to avoid overrepresentation and structural distortions. This
results in a PiE proportion between 0 % and 110 %, and a PiA
proportion between 0 % and 25 %. Figure 9 visualizes the PiA
and PiE proportions.
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FIGURE 9. Examined PiA and PiE proportions as a function of the real
data proportion.

The corresponding number of PiA and PiE data is
generated using the PE and combined with Dyeal red and Dirain
to form Dpogel. This dataset is used for model training,
whereby the predicted current values I; are compared with
the current values /; from Dieg test Using RMSE.

V. EXPERIMENTAL RESULTS

This section presents the experimental results for the
PE-parameterization and the sampling strategies, serving
as the empirical basis for the subsequent methodological
consolidation.

A. EXPERIMENT 1: PE PARAMETERIZATION

Figure 10 presents the KDE distributions of the scaling
parameters «, B, and o. The top row compares the two
materials aluminum and steel. The middle row further
differentiates this representation based on dataset D . . .g and
D. . .p. The bottom row shows the results of DALgG and DSTg
for each axis.

Table 2 shows the mean, the modal value, the median, and
the standard deviation of the distributions of «, B, and o
separated by axis.

All distributions show the same overall trend, particularly
in terms of part and material specifications. The values of «
and B are concentrated close to 0 with decreasing density,
while o is located in the range around 4.
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FIGURE 10. KDE distribution of «, 8, and ¢ for varying materials
(aluminum and steel) part geometries and axes (DALg and DSTg).

TABLE 2. Comparison of mean, modal value, median, and standard
deviation of the KDE distribution per axis for the parameters.

Parameter Axis Mean  Modal value Median Std.

x 0.7539 0.0976 0.4556  0.6848

o y 0.8078 0.0701 0.3336  0.7836
z 0.8758 0.1126 0.6269  0.7465

sp 0.8139 0.0826 0.3730  0.7769

X 0.2020 0.0200 0.0313 0.2364

y 0.2212 0.0170 0.0325 0.2471

A z 0.1641 0.0130 0.0133 0.2136
sp 0.2395 0.0170 0.0304  0.2704

3.3809 4.8381 3.7711 1.3052

3.1811 4.8086 35114 1.4255

7 z 3.2309 4.8327 3.5329 1.3410
sp 2.9423 4.7882 3.1845 1.5635

B. EXPERIMENT 2: DATASET OPTIMIZATION

The parameters for «, 8, and o determined in experiment
1 serve as the basis for the second experiment and for each
axis the respective modal value is selected.

Figure 11 and 12 show the mean PiA and PiE values for
the selected datasets and the varying real data ratios. For each
entry, the PiA and PiE proportion with the lowest RMSE is
determined 30 times and the mean is calculated. Figure 11
shows the axis-specific results for the PiA proportions. It is
noticeable that the PiA proportions of Iy, and I, tend to
be larger (up to 8%) than those of Ix and Iy (up to 3%).
Figure 12 presents the PiE proportions, which are generally
larger than the PiA proportions. Compared to PiA, higher
similarity emerges for the different axes, whereby the PiE
proportions tend to be slightly higher for I, Iy, and I, than
for Ip.

To identify a sampling function independent of a specific
axis configuration, it must be averaged. The resulting
proportions are shown in figure 13. The proportion of PiA
data increases with an increase in the amount of real data.
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FIGURE 11. Optimal PiA proportions as a function of the real data
proportion of the target density within a voxel across datasets with
varying Wasserstein distances.
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FIGURE 12. Optimal PiE proportions as a function of the real data
proportion of the target density within a voxel across datasets with
varying Wasserstein distances.

In contrast, the proportion of PiE starts low, rises, and finally
decreases as the proportion of real data increases. Figure 14
shows the distribution of the mean PiA and PiE proportions
of figure 13. It can be seen that the dispersion of the PiA
proportions is comparatively small, whereas the range of the
PiE proportions is higher.

V1. DISCUSSION AND METHOD CONSOLIDATION
This section interprets the experimental results and con-
solidates the PE parameterization and sampling strategies
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FIGURE 13. Mean PiA and PiE proportions as a function of the real data
proportion of the target density within a voxel across datasets with
varying Wasserstein distances.
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FIGURE 14. Mean PiA and PiE distributions across all axes.

into a final PiDO configuration. The discussion focuses on
explaining how the observed parameter distributions of the
weighting function and the PiA/PiE sampling proportions
support the configuration selected for validation.

A. EXPERIMENT 1: PE PARAMETERIZATION

The parameter distributions of «, B, and o follow the
multi-factorial patterns resulting from material, component
geometry, axis, feedrate, and cutting depth. Axis-specific
parameters are selected to obtain functions that are indepen-
dent of toolpath and technological parameters (see table 2).
The modal value is used since it represents the most frequent
value. This choice favors transferability over dataset-specific
optimization, which is essential for applying the same PiDO
configuration to varying geometries and process conditions
without re-identify the scaling parameters.
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Comparing materials, aluminum has lower values for «
and o than steel, which is related to the distributions of
the feedrate v. in the datasets. In the steel dataset, the
values of v, range from —12 to +12mm/s_1, while in the
aluminum dataset they vary between —8 and +8mm/s™'.
Figure 15 shows the feedrate distributions for aluminum and
steel for the G part. Since the range of AR is similar in both
datasets, a different « is required to weight the components
comparably. Lower § occurs for steel sugesting a reduced
weighting of distant data points.

Material
[ DSTG
103 A 1 DALG

102 4

log(counts)

0 2 4 6 8 10 12 14
Ve [mm/s]

FIGURE 15. Feedrate distribution v¢ for DALg and DSTg.

When comparing G and P for both materials, the param-
eters show similar distributions. This similarity supports
uniform parameterization for ¢, 8, and o. A deviation can
be seen in o, where slightly lower o values occur for P
than for G. This behavior can be explained by the density
in the feature space (see figure 16), where the accumulation
in the positive and negative Xy direction increases the local
influence, to which o responds with a lower value. This
observation confirms the use of G for the identification of
universal parameters based on an evenly distributed dataset.

The axis specific evaluation of the G dataset differentiates
the superimposed distributions.

B. EXPERIMENT 2: DATASET OPTIMIZATION

The difference in the axis-specific PiA proportions can be
explained by the fact that the interpolated feed axes x and
y exhibit more complex dynamics, resulting in a higher
information content of a given dataset. The z axis is passive
and influenced by its coupling to the other axes, resulting in a
higher benefit for augmented data and the resulting increased
variability. The qualitative progression of the PiE proportions
is largely similar for x, y, and z, whereas the sp axis shows
slightly lower PiE proportions. This suggests that PiE has a
similar effect on all axes. The distribution of the mean PiA
and PiE proportions over all axes is shown in Figure 17 based
on the real data proportion (left) and the Wasserstein distance
(right).

The distance correlation according to [44] is used as metric
to investigate the influences on the PiA and PiE proportions.
In contrast to other coefficients, the distance correlation
can capture nonlinear relationships. A value of 0 indicates
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FIGURE 17. Mean and 95% quantile of median PiA and PiE proportions.

no relationship, and values close to 1 indicate a strong
correlation. For the real data proportion, the correlations are
0.6832 and 0.4552 for PiA and PiE, respectively, while the
Wasserstein distances are 0.2830 and 0.2185, respectively.
Unified modeling based on the real data proportion to
reduce complexity is supported by the higher values. This
indicates that the real-data proportion is the dominant
practical indicator for determining the need for PiA and
PiE enrichment, whereas the Wasserstein distance provides
additional information but leads to a less compact and
transferable sampling rule.

Based on this, a general function for the PiA and PiE
proportions is determined. Table 3 shows the R> and RMSE

116943



IEEE Access

R. Strobel et al.: Physics-Informed Dataset Optimization for CNC Axis-Current Prediction

TABLE 3. R2 and RMSE for PiA and PiA with a polynomial fit of order n.

Order n RZ, .\ R RMSEp;p  RMSEpig
1 0.131068  0.036838 | 1.472389  13.312309
2 0.133493  0.192792 1.470333 12.186990
3 0.141676  0.230116 | 1.463374  11.901897
4 0.141752  0.234954 1.463309 11.864446
5 0.141753  0.235201 | 1.463309  11.862530
6 0.141822  0.235233 | 1.463249  11.862281
7 0.141827  0.236800 | 1.463246  11.850110
for a fit with polynomial degrees n = 1,...,7. The

low R? highlights the difficulty of deriving a universally
applicable sampling function due to the superposition
of axis-specific, geometric, and process-dependent effects.
Nevertheless, the gradual decrease in RMSE indicates that the
polynomial fit captures a relevant trend in the required PiA
and PiE proportions. Therefore, a fourth-order polynomial
function is used, as it provides a compromise between
flexibility, interpretability, and moderate model complexity.
Thus, the function is given by fpja/pie(x) = asxt + asx3 +
arx? + aix + ag, where a, with n € {0, 1,2, 3, 4} are the
coefficients, and x is the proportion of real data. A least-
squares fit results in

fria(x) = —5.908 - 10~8x* + 3.653 - 107043
+4.098-107*x% — 1.017 - 10" 2x
+1.768 - 1072 (15)

for PiA and

foie(x) = —1.119 - 107 %* +3.314 . 107%x3
—3.522-107%% +1.335 x
+ 1.766 (16)

for PiE. The regression curves of formula 15 and 16 are shown
in figure 18.
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FIGURE 18. Regression of the sampling proportions as a function of the
real data proportion of the target density within a voxel.

The resulting PiA and PiE functions are shown in Figure 19
in combination with the real data proportion. The upper figure
shows the absolute sampling proportions based on the given
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upper limit of 40. The lower figure shows the proportion
relative to the total amount of data in a given bin.
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FIGURE 19. Absolute proportions (top) and proportions relative to the
total data (PiA, PiE, and real) within a voxel (bottom).

VII. VALIDATION

This section validates the consolidated PiDO configuration in
an ablation-based evaluation on independent datasets across
two machines.

A. MACHINES AND DATASETS

The validation aims to identify the influence of PiDO on
dataset and model performance in a realistic production
scenario. Therefore, the series of impeller components
from [45] is used, which is characterized by highly variable
geometries. The series is manufactured from POM-C on a
DMC 60H [46] and a CMX 600V [47]. In comparison to
the datasets of the previous experiments, it contains different
toolpaths, machines, and materials, resulting in different
technological parameters, such as feedrate, spindle speed,
and cutting tool. A total of 12 geometries DPOMmyp; .12 are
available for the DMC 60H. CPOM\p4 was excluded for the
CMX 600V due to incomplete measurement data, resulting
in 11 usable datasets. To ensure comparability between both
machines, the 11 geometries available in both machines
are used for validation. Figure 20 visualizes exemplarily
POM;yp1, POMyp2, POMpyp3 and POMypi2.

The process forces and the MMR are calculated according
to section III-B. The forces were determined using a force
measurement platform. The coefficients for Fz, Fen, and Fp,
are obtained via an Optuna optimization, resulting in k.. =
260N /mm?, 7 = 0.246, ke = 320N /mm?, x = 0.23, and
y = 0.2. The coefficient kp1 1 is set to 1N /mm2 since it scales
within the parameterization of the PEs and the ML model.
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FIGURE 20. Geometries of exemplary POMp parts [45].

Algorithm 2 - Vall: Validation of the PE-Parametrization
1: Drest, Dirain
2: for alle Bijx € M do
3 if Bijk N Dtest then
4 PEjx < Bjjk N Dregt
50 endif
6
7
8

: end for
: 83,]-/( < PE(Dyain - WBjjk (a, B,0))
: | < PE;, (Desipy)

9: RMSE(I, 1)

10: RX(1, 1)

B. EXPERIMENTAL SETUP
The following describes the validation process for the PE
parameterization and the sampling strategy.

1) VALIDATION 1: PE PARAMETERIZATION

The aim is to evaluate the predictive performance of the
proposed approach for several PEs in comparison to a global
PE parameterized on the entire dataset. To create a challeng-
ing scenario, the datasets used for PE parameterization are
selected to have limited coverage of the test dataset areas.
Therefore, DPOM[MPOl, DPOMIMPOQ and DPOMIMpo3 are
combined to Dyain and DPOMvpi2 serves as test dataset
Diest (see [46]). Thus, Dynin does not cover all movement
directions of Dyegt.

For the benchmark (global PE), one PE is parameterized on
Durain- To validate approach presented (local PEs), a separate
PE is created for each area Bjj; of Dig. The coefficients
¢py; of the respective PE are determined via the weighting
function wp " and the parameters «, 8, and 0. The PEs of both
approaches are used to calculate the current value 1, which is
compared to the actual current values I using RMSE and R
Algorithm 2 describes the procedure schematically.

2) VALIDATION 2: ABLATION STUDY OF THE SAMPLING
STRATEGY

This experiment aims to verify the transferability of the
derived sampling functions and the impact of the PiDO
approach. The individual and combined effects are therefore
systematically assessed using the methodological principles
of an ablation study. Therefore, the performance of models
trained on optimized datasets are compared with that of
models trained solely on real data. The examined training data
configurations include:
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o Real data Dy, as baseline

« Real data enriched by PiA data Drea1+pia

« Real data enriched by PiE data Dyeq14pig

« Real data enriched by PiA and PiE data Dy, pia+PiE
To evaluate the impact on performance, the RMSEp;pop,; of
the respective axis { with i € {x,y,z, sp} is subtracted
from its baseline, thus ARMSEp;pp; = RMSEp,,; —
RMSEpD;ip,i- The mean over all axis ARMSEp;po is given
by 41; Zie{x,y,z,sp} ARMSEPiDO»i‘

The IMP datasets from both machines (DMC and CMX)
are used in identical validation protocols. These differ
from the development datasets in terms of toolpath and
technological parameters, and in case of the CMX dataset,
in terms of machine and axis configuration. Therefore,
they enable an evaluation of the robustness and cross-
machine generalisation. The investigation will consider two
scenarios:

Scenario 1 addresses the influence of data poverty.
Therefore, n = 1 resulting in one training file Dy,in, and
one test file Dig. Both are randomly selected for every
m = 30 iterations. Data of Dy, is added successively in
steps of 10 % to simulate incremental data avaliability.

In Scenario 2, a random sequence Dirain liss = POMvp; |
t € (NN[1, 12])\ {4} is generated based on the given datasets.
Initially, the first dataset of Dipain list 1S used for training and
the second for testing. To ensure comparability between both
scenarios, an identical initial dataset is used. Subsequently,
the first and second are combined and used for training while
the third is used for testing. Thus, the number of impellers
represented in Dy,in increases successively. To generate
statistically valid results, the procedure was repeated 30 times
with varying sequences Dirain list-

Scenario 1 focuses on evaluating robustness in the context
of limeted data and incremental dataset growth. In contrast,
Scenario 2 aims to assess generalization across different
part geometries and toolpaths. As scenario 2 progresses, the
amount of real data available for model training will increase.
This enables an investigation into whether the ML model
can continue to capture the complex relationships given by
real data, or whether it is biased towards the simplified PEs.
The use of unseen datasets, cross-machine evaluation, and
random sequences enables a statistically robust assessment.
A Shapiro—Wilk test is used to determine whether the
30 samples are normally distributed. If so, a two-tailed sample
test is performed to analyze significance. If the distribution
deviates from normal, a two-tailed Wilcoxon signed-rank test
is performed. The significance level is set to « = 0.05.
(48]

In both scenarios, the training data is reduced to the upper
limit prgrer = 40, and the areas By where the test data is
located are identified. For those, the sampling function is used
to calculate the respective proportion and thus the number
of PiA and PiE data to be generated. The PEs coefficients
¢py;, are derived from the training data via the weighting
function WBjj, and the identified «, B, 0. These are then used
to generate the additional PiA and PiE data.
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The IMP datasets show a high data density for a radius of
r = 8, while a lower density is given for r < 8. As can
be seen in figure 21, the distribution of data points along
the AR axis is not uniform. This allows for a differentiated
analysis in two spaces. Besides the entire feature space M
for which C := M applies, a subspace can be introduced as
D :={me M|12 <mar <30 A r(m) < 6}, representing
a cylindrical range with radius 6 in the interval 12 < AR <
30. Figure 21 illustrates D with its limits in the %x-%y-plane
on the left side. The boundaries of the AR interval are
defined as a symmetric band around the modal value of
the AR distribution. The modal value MaR is given by the
histogram bin with the highest frequency, and the band is
given by | MaAr — %UAR, MR + %UAR , where oaR denotes
the standard deviation of the AR distribution.

The validation procedure is described in Algorithm 5 in the
appendix.
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FIGURE 21. Illustration of D of DPOMyps | £ € (NN [T, 12]) \ {4).

C. VALIDATION RESULTS

1) VALIDATION 1: PE PARAMETERIZATION

Figure 22 shows the results for a global PE and multiple
local PEs for the axis currents Ix, Iy, I, and Isp. The proposed
approach consistently yields lower RMSE. If R? is used to
examine the variance described, the improvement becomes
even more evident (see table 4). The increased prediction
quality forms a necessary basis for the transfer of physical
knowledge via PiDO.

TABLE 4. RMSE and R2 for one global PE and the proposed approach.

Approach | Metric | x-axis y-axis z-axis  sp-axis
RMSE | 09726 09286 1.0053  3.0344

global PE 9
R 0.2077  0.1657 0.0718  0.4479
RMSE | 0.3029 0.2340 0.3378  1.7297

proposed N
R 0.9232  0.9470 0.8952  0.8206

2) VALIDATION 2: ABLATION STUDY OF THE SAMPLING
STRATEGY

Figure 23 (DMC) and 24 (CMX) show the standard
deviations o of the datasets in the target areas of the test parts.
These show the extent to which it is possible to balance the
data distribution. It can be seen that the standard deviation
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FIGURE 22. Comparison of a global and local PEs.

increases with increasing data volume. Overall, Dyey)+PiA+PiE
results in lower o than Dye,;. This effect can be seen on both
machines.
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FIGURE 23. Standard deviation o in Bjj C Dest for DMC.
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FIGURE 24. Standard deviation o in Bjj C Diest for CMX.

To investigate the overall benefit of PiDO, Table 5 shows
the averaged RMSE values and the corresponding standard
deviations o for both machines. Scenario 1 and 2 are
considered together within the entire feature space (C).
The analysis reveals axis-specific differences and machine-
dependent deviations in model quality. Overall, it can be
seen that the lowest RMSE values for both machine types
are achieved predominantly with Dieq14pia4pie- In addition,
the standard deviation o of the PiDO datasets is consistently
lower.

Figure 25 provides a more concrete insight into the current
signal, exemplarily showing the axis-specific current curves
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TABLE 5. Axis-specific comparison for both machines.

axis  data DMC CMX
RMSE Std RMSE Std
Ix Real 0.26650  0.03795 0.12971  0.05017
Real PiA 0.26662  0.03862  0.13000  0.04959
Real PiIE 0.26428 0.03699 0.12947  0.04849
Real PIAPIE  0.26450  0.03696  0.12946  0.04721
Iy Real 0.17373  0.05053 0.13636  0.06196
Real PiA 0.17376 ~ 0.05069  0.13543  0.05934
Real PiE 0.17119  0.04879  0.13523  0.05936
Real PIAPIE  0.17124  0.04870  0.13504  0.05783
I, Real 0.05500  0.02300 0.12596  0.05564
Real PiA 0.05488  0.02291 0.12578  0.05556
Real PiE 0.05467  0.02280 0.12581  0.05532
Real PIAPIE  0.05450  0.02287  0.12532  0.05506
Isp Real 0.37285 0.04237 0.02527  0.00701
Real PiA 0.37265 0.04235 0.02522  0.00699
Real PIE 0.37099  0.04135 0.02509  0.00691
Real PPAPIE  0.37091  0.04130  0.02505  0.00687

for the first 500 data points for Dy,in = DPOMpvpos and
Dt = DPOMpvp11, which corresponds to m 1 and
n = 1 in Algorithm 5. Overall, it can be seen that the curves
are of high quality and that all approaches deliver similar
results. If the prediction is more complex, this is reflected
in all approaches, as can be seen in the z-axis. Differences
become apparent in the details.
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FIGURE 25. Current signal for the individual axes (DMC).
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Figure 26 shows excerpts from Digc = DPOMp\p11 and
the corresponding current curves Iy, illustrating the impact of
PiDO. It demonstrates the positive impact of PiDO, which
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shifts the predicted signal towards the true values. The
generated data points and their influence on the axes for
two exemplary voxels on the DMC are shown in Figure 27.
However, the effects of data points from other voxels on the
prediction accuracy in these two voxels must be considered.

RMSE - Iy
RMSE - I,
RMSE - I,
RMSE - s, | —
0.0 01 02 0.0 01 02 03
RMSE RMSE
*  Real O PiA @ PE @ PiA_PE

FIGURE 27. Exemplary DMC voxels and voxel-specific RMSE for
Areal,Bijk = 70% on the left (xx € [4, 6), Xy < [4, 6), AR € [18, 20)) and

Areal B, = 95% on the right (kx e [-2, 0), Xy € [-8, —6), AR € [20, 22)).

Figure 28 (DMC) and 29 (CMX) show the mean
ARMSEP,'DO for ARMSEDr5a1+PiA, ARMSEDreal+PiE and
ARMSED:¢q1+pia+piE- Scenario 1 (reduction of the training
file in 10 % steps) is shown on the left, while scenario 2
(gradual addition of further training files) is shown on the
right. The subspace D is shown at the top and the entire
feature space C at the bottom. It can be seen that a greater
improvement is achieved within the areas D than within C.
Significant improvement occurs more frequently on the DMC
than on the CMX. An improvement can also be achieved in
the entire feature space. This effect decreases as the amount
of training data increases.

Figures 30 (DMC) and 31 (CMX) show the impact of
ARMSEDp,,, i, On an axis-specific level. For the DMC i
{x,y, z, sp} and for the CMX i € {x,z} are shown. It can
be seen that the impact of PiDO on the DMC is driven by all
axes except the z axis, resulting in a similar trend if beneficial.
Thus, a stronger impact is achieved with a reduced amount of
training data, which continuously decreases. In contrast, the
added value of PiDO for the z axis of the CMX increases with
a larger dataset, resulting in significant improvements.

D. DISCUSSION OF THE VALIDATION RESULTS

The validation results are discussed with respect to three
aspects: The quality of the local PE parameterization, the
ability of PiDO to improve dataset balance, and the resulting
effect on prediction accuracy and robustness. This structure
enables the validation to be interpreted in terms not only of
model error, but also of how the generated samples alter the
distribution of the training data.
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The results show that the proposed approach for PE
parameterization consistently achieves lower RMSE and
higher R? across all axes. This improvement is due to local
parameterization. A separate PE is determined for each range
Bjj; and used exclusively for that range. This reduces the
influence of global effects and individual outliers on the
parameterization.

The balancing analysis in figure 23 and 24 shows a small
initial standard deviation o, which increases as the amount
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of data increases. At first, there are few data points in many
areas, resulting in a low o. When the total amount of data
increases, there will still be areas with comparatively few
data points, resulting in an increased standard deviation as
existing heterogeneities become more apparent. The results
show that the proposed sampling strategy achieves a more
balanced dataset during this transition. The addition of PiDO
data homogenizes the data distribution, resulting in a lower
standard deviation for Bjjy C Diest. o is not influenced by
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FIGURE 30. Axis-specific RMSE differences to D, | over reduction and number of training files (DMC).

PiDO from sequence 3 to 7. This is due to areas in which
little real data is added. According to the sampling strategy,
only a few PiA and PiE data points are generated, resulting in
limited effects. From sequence 9 onward, the approach shows
a reduced o, indicating that the threshold for generating a
relevant amount of data has been reached. It can be assumed
that this trend will continue. Overall, it can be demonstrated
that the sampling strategy leads to a more balanced dataset.

The RMSE values shown in Table 5 indicate that the
addition of PiDO data (PiE and the combination of real, PiA,
and PiE) consistently leads to lower RMSE on both machines,
while PiA alone already results in a slight improvement in
some cases. This illustrates that synthesized and augmented
data integrate explicit physical knowledge into the dataset,
which can improve a model’s prediction quality. This effect
can be attributed to more accurate predictions for specific
time periods. As shown in figure 26, the added PiDO data
is closer to the actual signal than using real data alone. At the
same time, the models become more robust, as reflected by
the consistently lower standard deviation.
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Investigations of the benefit of the supplementary PiA and
PiE data in figure 28 and 29 show that PiE in particular
has a significant positive effect. This effect intensifies with
a reduced amount of real data, such as when a new series
with significant changes is manufactured. This is supported
by the fact that the largest improvement is achieved with
PiE and PiA+PiE in D on the DMC. The effect decreases as
the amount of measured data increases since less PiDO data
is generated based on the sampling functions. Furthermore,
the influence of PiDO data decreases because measured data
contains higher-quality information. PiDO does not result
in a decline in model performance. Therefore, it can be
concluded that the ML model is still capable of identifying
the relationships within the measured data and that there is
no significant bias towards the PEs. Overall, PiA has no
significant influence due to its limited impact.

The higher impact of PiDO on the DMC can be explained
by the machine kinematics and the associated complexity of
the resulting axis-specific signals. Furthermore, as the DMC
dates from 1997, its axes are worn, resulting in an additional
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FIGURE 31. Axis-specific RMSE differences to D¢, over reduction and number of training files for the x and z axis (CMX).

layer of complexity. Therefore, it can be concluded that improvements are rarely significant. When the impact is
physical knowledge from PiDO is particularly advantageous compared across all axes, a clear picture of improvement
for predicting accuracy when the interaction to be mapped emerges. It can be summarized that model quality can be
is influenced by many superimposed effects. This is further significantly improved by PiDO and its use can be considered
confirmed by the slight improvements achieved on the z advantageous.
axis of the CMX, the most complex due to its kinematic
chain. E. LIMITATIONS AND PRACTICAL CONSIDERATIONS

An axis-specific evaluation shows that axes influenced by Although the validation results suggest that PiDO could
complex superimposed effects in particular benefit from the improve both predictive performance and dataset balance,

additional physical knowledge provided by PiDO. This is several limitations must be considered.

especially evident for the x, y, and sp axes of the DMC With respect to data availability, it should be noted that
and, to a limited extent, for the z axis of the CMX. If, improvements can only be achieved to a certain extent.
on the other hand, the axes are not influenced by complex In particular, the application of PiDO depends on the

effects, the data’s information content is sufficient with fewer availability of a minimum amount of real data within the
samples. This is the case for the z axis of the DMC. It stands relevant region of the reduced feature space. If very little

alone, does not form a kinematic chain with other axes, data is available, it may no longer be possible to perform
and has a high weight due to the workpiece it carries. For a sufficient PE fit. This limitation can be exacerbated by
the CMX, a reduced complexity is the case for all other drastic domain changes where operating conditions differ
axes. significantly from previously observed states. If a substantial
Overall, the validation results suggest that PiDO is amount of data exists for a given state but a new product is
most effective in prediction tasks involving complex axis produced under completely different conditions, the amount
interactions and sparse datasets. Its influence decreases of data generated and the impact of the approach will be
when sufficient real data covers the relevant operating limited (see figure 19).
regimes. Figure 32 provides a graphical summary, which In addition to limitations related to data availability, the
compares the number of improvements for both machines. use of simplified PEs introduces an inherent model-related
Scenario 1 and 2 are combined for clarity. The total amount limitation. The PE may introduce bias towards an abstract
of improvements (< 0) and deteriorations (> 0) is system description that cannot fully represent all process-
counted. Significant effects are highlighted as darker colored or machine-specific effects. However, this bias is explicitly
bars. Significant improvements predominate on the DMC, bounded by the sampling strategy, particularly for Areqy =

particularly for PiE and PiA+PiE, with frequent significant 100%, where limited PiDO data is generated. Closely related
increases and no significant deterioration. There is also a is the inherent limitation of synthetic data itself. The quality
tendency towards improvement on the CMX, although these of PiDO data is lower than of real data, as it approximates
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FIGURE 32. Summary of improvements and deteriorations for the DMC and the CMX during validation.

the underlying process based on simplified physical models.
Nevertheless, it can improve performance when used as a
complement to real data rather than as a replacement.

Further limitations arise from the choice of general
sampling functions. As these are defined independently of
the axis configuration and the dataset, they are subject to
superimposed effects. These cannot be resolved within the
current formulation, which reduces the fit of the sampling
functions (see table 3). The sampling quality can be
improved by introducing axis-specific or shift-dependent
functions. However, this would reduce the approach’s general
applicability and increase the effort required for a transfer
to other machines. Furthermore, the discretization affects
the quality of the generated PiDO data. Reducing the bin
size is expected to improve quality, but results in increased
computational effort.

With regard to transferability and practical deployment, the
general structure of the reduced feature space enables the PE
parameterization and the sampling functions to be transferred
to other three-axis milling machines. This was demonstrated
by the validation on two machines with different axis
configurations. When transferred to other machines and
processes, the general methodology can be applied, but the
parameters and functions must be appropriately adapted to
the new conditions.

From a computational standpoint, parameterizing multiple
local PEs is challenging and must be considered when
selecting the bin size. Larger bins reduce the number of
PEs that must be parametrized, whereas smaller bin sizes
improve modeling accuracy at a higher computational cost.
The computational cost of PiE and PiA is proportional
to the number of data points generated. This must be
taken into account in the model training strategy. Since
PiDO only interferes with the training process, the model
can be used for real-time monitoring once it has been
trained.
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VIIi. SUMMARY AND OUTLOOK

This study proposed and validated a PiDO data-generation
framework for physics-informed dataset optimization in
ML-based CNC process monitoring. The framework used
a physical equation to describe the axis-specific current
dynamics in order to generate targeted, physics-consistent
samples within a reduced feature space. By locally param-
eterizing the physical equation through Gaussian weighting
and introducing two complementary data-generation modes
(PiA and PiE), the approach was able to enrich incremen-
tally collected training datasets in a domain-specific way.
Furthermore, a transferable sampling strategy was developed
to determine the proportions of real, PiA and PiE samples
required for a given target density. Validation on multi-part
datasets across different machines demonstrated that PiDO
enhanced the balance of datasets and improved the predictive
performance and robustness of ML models.

Future work should focus on several actionable directions.
First, adaptive strategies for selecting bin sizes, target
densities, and PiA/PiE ratios should be investigated in order
to balance prediction quality, dataset balance, and computa-
tional effort. In this context, the use of the entire available
training dataset should be evaluated more systematically,
for example in combination with data-weighting strategies
similar to the PE-parameterization scheme. Additionally, the
impact of discrepancies between training and inference data
should be analyzed in greater detail. Second, PiDO should
be systematically compared with established data-centric
and learning-based approaches for handling data imbalance
and distribution shifts, such as SMOTE, time-series aug-
mentation, domain adaptation, and cost-sensitive learning.
Third, the interaction between data-centric optimization and
model-centric IL should be analyzed to determine how
PiDO can be combined with other IL methods. Fourth,
the approach should be transferred to additional machines
and evaluated with respect to cross-machine scalability
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under varying industrial conditions, including temporal drift,
tool-wear progression, different materials, and additional
machining operations. Finally, to better evaluate the practical
benefits of PiDO in industrial applications, future studies
should incorporate additional application-oriented metrics,
such as mean absolute error, peak-load prediction error,
transient accuracy, and robustness under load changes. The
proposed methodology could also be generalized beyond
current prediction to other physical signals, manufacturing
processes, and data-scarce industrial domains.

Overall, the results confirm that physics-informed samples
are most beneficial in data-sparse and extrapolative regions of
the feature space, as they can increase model robustness and
predictive accuracy in these areas. The proposed framework
complements existing model-centric approaches by provid-
ing a practical method for incorporating physically consistent
domain knowledge into manufacturing datasets. Therefore,
it offers a generalizable strategy for improving learning in
conditions involving sparse, imbalanced or drifting datasets.

APPENDIX
This section presents the PE, the Wasserstein distances of the
selected datasets, and several algorithms.
For the PE, the terms
X = Xx - Xx - sgn(xy)

Xo = (ix)? - sgnix)

X3 = Fx - MRR
X, = sgniiy)
Xs =1

Xe = Xy - Xy - sgn(xy)
X7 = (k)" - sgn(iy)
Xg = Fy - MRR
Xo = sgn(3y)
Xi0 =X, - % - Sgn(xz)
X1 = (&) - sgn(i,)
X12 = F; - MRR
X13 = sgn(xz)
X4 = (;ésp : (;bsp : Sgn(ﬁbsp)
X5 = (¢sp)2 : Sgn(ﬁbsp)
X16 = My, - MRR
X7 = Sgn(¢sp) (17
fori € {x,y, z, sp} with
o x;: Position
o Xi, @sp: Axis specific velocity
o Xj, ¢sp: Axis specific acceleration
o sgn(-): Sign function used to model the current direction
o Fj: Axis specific process force
« MRR: Material removal rate
o Mgp: Spindle torque
are given.

Algorithm 3 outlines the
the development experiment

schematic procedure of
designed to investigate
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Algorithm 3 Varying Proportions of Dre,1, Dpia and Dpig
1: form =1 to30do

2 Dnexta Dtrain
3: Dnext,train <= 0.7 - Dpext
4: Dnext,test < Dnext \ Dnext,train
5:
6: forall Bj € M do
7: Dirain < Dirain reduce to upper limit
8: Diext,train <= Dhext,train reduce to upper limit
9:  end for
10:
11:  proportion of next,train <— {0%, 10%, ..., 100%}
12:  for next proportion (Arear) in proportion of next,train
data do
13: Dhext,red <= Dnext,train * Areal
14: Dreal <= (Dirain A Dhext,red)
15: for all B;jz € M do
16: if Bjjx N Dyey) then
17: By < (Dreal) - Wy, Witha, B and o
18: end if
19: end for
20:
21: PiA proportion < {0%, ..., 25%}
22: PiE proportion <— {0%, ..., 110%}
23: for Ap;ja in proportion PiA data do
24: for Apig in proportion PiE data do
25: if (Areal + Apia + Apie) > 115% or (Apia >
Areal) then
26: Skip loop iteration
27: end if
28:
29: Number of PiA (Apja) < #target - Apja
30: Number of PiE (Apig) < #target - Apig
31: Dpipn <~ E‘Bijk . PEBijk
32: Dpip < GBijk . PEB,:/k
33: Dwodell <= Dreal A Dpia A Dpig
34
35: currents< {X, y, z, sp}
36: for current (i) in currents do
37: I; < ML — Modell(Dyiogel)
38: return RMSE(/;, fi)
39: end for
40:
41: end for
42: end for
43:  end for
44: end for

the influence of PiA and PiE data on the model
performance.

Figure 33 shows the Wasserstein distances of the individual
training datasets to the test dataset DALGgFj .

Algorithm 4 describes validation scenario 1 and 2.

In Algorithm 5, the general structure of the validation of
the sampling strategy is described.
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Algorithm 4 Validation Scenario 1 and 2

Algorithm 5 Validation Structure

: form =1to30do

1
2
3 Variant 1:

4 n=1

5:  Reduction rates < {10%, 20%, ..., 100%}
6 for n.eq in Reduction rates do

7 Dtest,m,n:l 5 Dtraining,m,n:l

8

9

Dtraining,m,n:l,red <~ Dtraining,m,n:l * Nred

Dtrain,m,n:l,taxget < Dtraining,m,n:l,red =< Prarget {#

Data reduction to target density}
10:  end for
11:
12:  Variant 2:
13:  forn=1to 10 do

14: Dtest,m,m Dtraining,m,n
15: Dtrain,m,n‘target < Dtraining,m,n =< ptarget {# Data
reduction to target density }
16:  end for
17:
18: end for
<
3
-8
g 8
5
120 E’
100 o
8 e g
% ¢ 5 8 5L
a 8 2 I
< §§§§gm
% 60 S 8
g B
2 o 3
2 2
S 4w §§2§
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2 2 g 3 28 32
g e &gz
8;;200-0“»*..
T 1 1]
Lz o L F O Z B S 8 &8 g 8 d a8 22 o5 %5 2 48 48 &£ £ 48 &8
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Dataset

FIGURE 33. Waserstein distances of a given Dy,i,, to DALGg;.
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1: for m =1 to 30 do

2. forn=1to10do
3: Variant 1: Duain,m,n:l,target, Drest,mn=1
4: Variant 2: Dirain, m,n, targets Drest,m,n
5:
6: for alle Bjx € M do
7: if Bljk N Dtest,m,n then
8: ARea,BUk = Dtrain,m,n,target//)target{# Propor-
tion of real data in regions of the test set}
9: Dreal,Bijk <~ Dtrain,m,n,target € Bijk {#Training
data in the region of the test workpiece}
10:
11: Computation of the proportion of PiA and
PiE samples using the sampling strategy:
12: Apia <« fp,-A(ARea,Bijk){#proportion of PiA
samples}
13: Apie < fpie (ARea,Bijk){#proportion of PiE
samples }
14: if Apia or Apig > O then
15: aB,yk <~ Dhrain, m,n, target
WBjj with «, 8 and &
16: Dpipn <~ a‘gijk . PEBUI(
17: Dpig <~ 8B,.jk . PEBljk
18: end if
19: end if
20:
21: Investigation of different data compositions:
22: Dreal < Dtrain,m,n,target
23: Drealpia < Dirrain, m,n, target N\ Dpia
24: Dreal+PiE < Dtrain,m,n,target A Dpig
25: Dreal+PiA+PiE <= Dirain,m,n, target A Dpia A Dpig
26:
27: for Dmodenn in {Dreat, DreaH—PiAa Dreal+PiEa
Drearpia+pie} do
28: currents< {X, y, z, sp}
29: for current (i) in currents do
30: I; < ML — Modell(Dyiogel)
31: return min RMSE(/;, fi)
32: end for
33:
34: end for
35: end for
36:  end for
37: end for
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