
The effective Reynolds exponent of turbulent pipe heat transfer and
the rigidity of the Dittus–Boelter correlation

Ivan Otić∗1 and Özgür Ertunç2

1Institute for Thermal Energy Technology and Safety, Karlsruhe Institute of Technology,
Eggenstein-Leopoldshafen, Germany

2Fluid Dynamics and Spray Laboratory, Mechanical Engineering, Özyeğin University, İstanbul, Türkiye

Abstract
The Lyon integral for fully developed turbulent pipe flow of a constant-property fluid is evalu-

ated with a closure containing no constant fitted to heat-transfer data: the Musker eddy viscosity
constrained by the velocity log law, the Reichardt outer factor, and the Kays–Crawford turbu-
lent Prandtl number. The bulk temperature takes the three-term form 𝜃+𝑏 = (Pr𝑡∞/𝜅) lnRe𝜏 +
𝛽(Pr) + 𝐶0, so that Nu = 2Re𝜏 Pr/𝜃

+
𝑏 , with the thermal log-law intercept 𝛽(Pr) and the core

constant 𝐶0 returned by the quadrature. The intercept agrees to within 4% with the recent
DNS-based expression of Pirozzoli over 0.5 ≤ Pr ≤ 16 and independently supports the small
coefficient of ln Pr against the classical Kader–Yaglom value. The Nusselt number lies within
±3.6% of isoflux pipe simulations at Pr = 0.71 and within −7 to +2% of isothermal-wall DNS
across the Prandtl range. The Reynolds dependence is a power law modulated by two loga-
rithms, that of the momentum log layer in the friction factor and that of the thermal log layer
in the resistance, and the effective exponent 𝑛eff = 𝜕 lnNu/𝜕 lnRe increases from 0.72 to 0.89
over 104 ≤ Re ≤ 106 and 0.7 ≤ Pr ≤ 14, between the asymptotes 1−2/ lnRe and 1−1/ lnRe; ex-
ponents from Pr = 1 DNS follow the predicted increase to within 0.03. A power law fitted to this
surface has one degree of freedom: prefactor and exponent are related by d ln𝐶/d𝑛 = − lnRe0
at the calibration Reynolds number Re0. The Dittus–Boelter pair (𝐶, 𝑛) = (0.023, 0.8) of
Nu = 𝐶 Re𝑛Pr𝑚 is the tangent to the surface at the classical calibration conditions, and the
coefficient pairs of two later correlations of the same form, calibrated on supercritical-water
experiments by Bishop and by Swenson, lie on the predicted locus at separations that recover
their calibration Reynolds numbers, Re0 ≈ 1.7× 105 and 4.9× 105. The prefactor is the struc-
tural compensation for the exponent: a power-law correlation cannot follow a flow whose bulk
Reynolds number varies along the pipe, nor be made to by adjusting the exponent.

1 Introduction
Turbulent heat transfer in a smooth pipe is described by two families of correlation that have co-
existed for ninety years. The first is logarithmic. It follows from the overlap-layer structure of the
mean velocity and temperature profiles and expresses the Nusselt number through additive resis-
tances, each carrying a logarithm of the Reynolds number [6, 10, 19, 20]. The second is the power
law Nu = 𝐶 Re𝑛 Pr𝑚, of which the Dittus–Boelter form [3] with (𝐶, 𝑛) = (0.023, 0.8) remains the
baseline of engineering practice: it is the default closure of the one-dimensional system codes used in
thermal-hydraulic design, see e.g. [15, 27], and the majority of the more than two hundred property-
corrected correlations proposed for fluids at supercritical pressure are multiplicative extensions of
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its Re𝑛 Pr𝑚 base, see e.g. [8, 21, 32]. The two forms are not mutually consistent. A logarithmic
expression has no constant Reynolds exponent. A power law does. The usual interpretation of this
discrepancy is practical: the power law is an approximation, adequate over the range across which
it was calibrated and inaccurate outside it. The interpretation is correct but incomplete, because it
treats 𝐶 and 𝑛 as independent parameters that happen to have been fitted together. The rigidity
it implies is inconsistent with the established description of turbulent thermal convection, in which
the leading-order exponent is an effective, range-dependent quantity and the prefactor a physically
determined one [1, 7, 12, 28]. 𝐶 and 𝑛 are not independent, and the constraint that relates them
is the subject of this paper.

Our approach is based on the Lyon integral [13], which is exact for fully developed constant-
property pipe flow. Its solution requires an eddy viscosity and a turbulent Prandtl number. We
apply the eddy viscosity of Musker [16], whose single constant is determined by the momentum log
law, attenuated in the core by the outer factor of Reichardt [26], and the turbulent Prandtl number
of Kays and Crawford [11].

The thermal log-law intercept 𝛽(Pr) returned by this closure is the quantity introduced by Kader
and Yaglom [10] and recently obtained in explicit algebraic form by Pirozzoli [23], who inferred
the eddy viscosity of Musker [16] and a constant of an algebraic eddy-diffusivity profile from direct
numerical simulation (DNS) at Re𝜏 = 1137.6 over 0.00625 ≤ Pr ≤ 16 [22] and integrated it under
the inner-layer approximation. The present formulation requires no additional information from
simulations or experiments, and the two determinations of 𝛽(Pr) agree to within 4% over more
than a decade in Prandtl number. They also agree on the coefficient of ln Pr, on which the classical
Kader–Yaglom expression differs (Section 2.1).

The solution of the Lyon integral yields a Nusselt number that is compared with results from
three simulation databases, all of which treat the temperature as a passive scalar: the isothermal-
wall pipe DNS of Pirozzoli [23] at Re𝜏 = 1137.6 across the Prandtl range 0.00625 ≤ Pr ≤ 16,
the Pr = 1 pipe DNS of Pirozzoli et al. [25] spanning Re𝜏 = 180–6000, and the pipe simulations
of Straub et al. [29] at Pr = 0.71 over Re = 5 300–37 700 with isoflux, isothermal and mixed-type
thermal boundary conditions. It is further compared with the correlations of Petukhov and Kirillov
[19, 20] and of Gnielinski [6], the two established engineering forms that retain the logarithmic
friction structure.

Three results follow. Section 4 introduces the effective Reynolds exponent, 𝑛eff = 𝜕 lnNu/𝜕 lnRe
at fixed Prandtl number: the local slope of the exact scaling, and hence the exponent that any
power law fitted over a narrow Reynolds window must adopt. Because the exact scaling carries two
logarithms, 𝑛eff is not constant. It is obtained in closed form as the product of a momentum deficit
and a thermal deficit, and drifts across the engineering range between the asymptote 1− 2/ lnRe,
reached when the momentum and thermal log layers contribute equally, and 1− 1/ lnRe, reached
when the conductive sublayer dominates; the separation of the two measures the thermal share of the
total resistance. The Pr = 1 simulations of Pirozzoli et al. [25] confirm the drift and its magnitude
over one and a half decades of Reynolds number. In Section 5 a power law fitted locally to this
surface is shown to have a prefactor and an exponent tied by a single differential relation, so that the
classical calibration pairs are coordinates of a tangency rather than independent choices; the Dittus–
Boelter, Bishop and Swenson pairs lie on the predicted locus. Section 6 states the consequence for
flows in which the bulk Reynolds number varies along the pipe. The clearest instance is heat transfer
at supercritical pressure, where the viscosity decrease across the pseudocritical region changes Re
severalfold along a single heated tube. The present paper is confined to the constant-property
problem, on which every correlation of the Dittus–Boelter family rests. The two-part study [17, 18]
carries the present result into the supercritical regime and tests it there against the experimental
database.
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2 The Lyon integral
Consider fully developed turbulent flow of a constant-property fluid in a smooth circular pipe of
radius 𝑅, heated at a uniform wall heat flux 𝑞𝑤, under axisymmetric and thermally fully developed
conditions. Let 𝑟* = 𝑟/𝑅, let 𝑦 = 𝑅 − 𝑟 be the wall distance, and wall units built on the friction
velocity 𝑢𝜏 =

√︀
𝜏𝑤/𝜌 and the friction temperature 𝑇𝜏 = 𝑞𝑤/(𝜌 𝑐𝑝 𝑢𝜏 ): 𝑦+ = 𝑦 𝑢𝜏/𝜈, 𝑢+ = 𝑢/𝑢𝜏 ,

𝜃+ = (𝑇𝑤 − 𝑇 )/𝑇𝜏 . The friction Reynolds number is Re𝜏 = 𝑢𝜏𝑅/𝜈 and the bulk Reynolds number
Re = 𝑢𝑏 𝑑/𝜈 = 2𝑢+𝑏 Re𝜏 , with 𝑢𝑏 the bulk velocity and 𝑑 = 2𝑅 the pipe diameter. Because the
axial temperature gradient is uniform across the section, the energy equation integrates once in the
radial direction and the local radial heat flux is set by the enthalpy convected inside radius 𝑟,

Φ(𝑟*) ≡ 𝑞(𝑟)

𝑞𝑤
=

2

𝑟*

∫︁ 𝑟*

0

𝑢

𝑢𝑏
𝑟′ d𝑟′, Φ(1) = 1. (1)

With the eddy diffusivity for momentum 𝜀𝑚 and the turbulent Prandtl number Pr𝑡, the flux–
gradient relation for the mean temperature reads

d𝜃+

d𝑦+
=

Φ

Pr−1 + 𝜀+𝑚/Pr𝑡
, 𝜀+𝑚 = 𝜀𝑚/𝜈. (2)

The bulk temperature 𝑇𝑏 is the velocity-weighted average of 𝑇 over the cross-section, and the
Nusselt number is defined on the wall-to-bulk temperature difference:

𝜃+𝑏 = 2

∫︁ 1

0

𝑢

𝑢𝑏
𝜃+ 𝑟* d𝑟*, Nu =

𝛼𝑑

𝜆
=

𝑞𝑤 𝑑

𝜆 (𝑇𝑤 − 𝑇𝑏)
=

2Re𝜏 Pr

𝜃+𝑏
. (3)

Equations (1)–(3) are the Lyon integral [13]. Eliminating 𝜃+ between (2) and (3) by one integration
by parts gives Lyon’s single expression, in which 𝜃+𝑏 is the radial integral of Re𝜏 Φ

2𝑟*2/(Pr−1 +
𝜀+𝑚/Pr𝑡). The two-step form is retained here because each step has a separate physical reading.
The entire radius enters: the velocity profile through Φ and through the weight 𝑢/𝑢𝑏 in (3), and the
core region through both. A wall-layer treatment replaces Φ by 1− 𝑦+/Re𝜏 and then by unity, and
must supply the core contribution to 𝜃+𝑏 as an external constant. Retaining Φ requires a quadrature
and returns that contribution as an output.

The closure requires 𝜀+𝑚(𝑦+) and Pr𝑡. It is constructed so that no constant is fitted to pipe
heat-transfer data or to any thermal simulation of this configuration: the eddy-viscosity constants
belong to the momentum problem, and the turbulent Prandtl number is taken as an independently
established transport ratio, cross-checked below against the momentum-to-thermal log-law slope
ratio of the pipe DNS.

For the smooth pipe we take 𝑢+ = 𝜅−1 ln 𝑦++𝐵 with 𝜅 = 0.387 and 𝐵 = 4.3 [14, 24] and apply
the algebraic eddy viscosity formulation of Musker [16],

𝜀+𝑖 =
𝜅 𝑦+

3

𝑦+2 + 𝜅/𝐶
, (4)

with the limits 𝜀+𝑖 → 𝐶 𝑦+
3 at the wall, as required by the continuity of the fluctuating velocity

at a solid boundary, and 𝜀+𝑖 → 𝜅 𝑦+ in the overlap layer. Following Musker, 𝐶 is not free: it is
determined by the requirement that the integrated constant-stress profile 𝑢+ =

∫︀ 𝑦+

0 d𝑦′+/(1 + 𝜀+𝑖 )
reproduce the log law (𝜅, 𝐵) above. This gives 𝐶 = 1.19× 10−3 (Musker’s own value, obtained for
𝜅 = 0.41, is 1.09× 10−3; the difference is the sensitivity of the constraint to the log-law constants).
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A single algebraic diffusivity is used across the whole radius, as is usual in eddy-viscosity
modelling, but it is built in two steps kept apart by notation: 𝜀+𝑖 denotes the inner (wall-layer) form
(4), which grows without bound as 𝜅𝑦+, whereas across the core the momentum eddy diffusivity
does not continue to grow linearly but levels off. The full-radius diffusivity 𝜀+𝑚 entering (2) therefore
follows from 𝜀+𝑖 by an outer attenuation. We take the outer factor of Reichardt [26],

𝜀+𝑚 = 𝜀+𝑖
(1 + 𝑟*) (1 + 2 𝑟*2)

6
, 𝑟* = 1− 𝑦+

Re𝜏
, (5)

which is unity at the wall and gives 𝜀+𝑚 → 𝜅Re𝜏/6 on the axis. It contains no constant.
The closure is validated immediately against the pipe DNS of Pirozzoli et al. [25]. The full-

radius integration of the momentum balance, d𝑢+/d𝑦+ = (1 − 𝑦+/Re𝜏 )/(1 + 𝜀+𝑚), then returns
𝑢+𝑏 = 19.13 at Re𝜏 = 1137.6 against the simulated 19.34 [25], and 23.55 at Re𝜏 = 6019 against
23.67. The bulk Reynolds number is thus obtained from the same profile that enters (1) and (3),
and no external friction law is needed. Without the outer factor the same integration returns
𝑢+𝑏 = 17.6 at Re𝜏 = 1137.6, a centreline deficit of order 1/𝜅 that would propagate into Φ, into the
weight 𝑢/𝑢𝑏, and into the core resistance.

To complete the closure we use the turbulent Prandtl number correlation of Kays and Crawford
[11],

1

Pr𝑡
=

1

2Pr𝑡∞
+

𝑐Pe𝑡√
Pr𝑡∞

− (𝑐Pe𝑡)
2

[︂
1− exp

(︂
− 1

𝑐Pe𝑡
√
Pr𝑡∞

)︂]︂
, Pe𝑡 = Pr 𝜀+𝑚, (6)

with Pr𝑡∞ = 0.85 and 𝑐 = 0.3, which gives Pr𝑡 → 1.7 at the wall, 0.96 at 𝑦+ = 20 for Pr = 1,
and 0.85 wherever Pe𝑡 ≫ 1. The overlap-layer value 0.85 is consistent with the ratio 𝜅/𝑘𝜃 =
0.387/0.459 = 0.84 of the momentum and thermal log-law slopes measured in the pipe DNS [25].
The eddy diffusivity for heat follows as 𝜀+ℎ = 𝜀+𝑚/Pr𝑡.

Equations (1)–(6) are evaluated by quadrature on a logarithmically stretched wall-normal grid
(see Data availability).

2.1 The thermal log-law intercept 𝛽(Pr)

In the constant-flux layer (Φ → 1), (2) integrates to a temperature profile whose large-𝑦+ behaviour
is logarithmic. Writing

𝐹 (𝑌 ; Pr) =

∫︁ 𝑌

0

d𝑦+

Pr−1 + 𝜀+𝑖 /Pr𝑡
, 𝛽(Pr) ≡ lim

𝑌→∞

[︁
𝐹 (𝑌 ; Pr)− Pr𝑡∞

𝜅
ln𝑌

]︁
, (7)

both terms in the bracket diverge as 𝑌 → ∞ and their difference converges: with 𝜀+𝑖 → 𝜅𝑦+ and
Pr𝑡 → Pr𝑡∞ the derivative of the bracket is −(Pr2𝑡∞/Pr)/[𝜅𝑌 (𝜅𝑌 + Pr𝑡∞/Pr)] = 𝑂(𝑌 −2), which
is integrable. The subtraction removes exactly the non-integrable part of the tail. The Prandtl-
dependent physics of the conductive sublayer and buffer layer remains in the limit. Every decade
of 𝑦+ in the log layer contributes the same increment (Pr𝑡∞/𝜅) ln 10 to the thermal resistance,
so that the resistance of the inner layer separates exactly into a Prandtl-dependent, Reynolds-
independent intercept and a universal logarithmic growth: 𝜃+ = (Pr𝑡∞/𝜅) ln 𝑦+ + 𝛽(Pr) for large
𝑦+. Definition (7) is the thermal counterpart of the additive constant 𝐵 of the velocity log law,
𝐵 = lim𝑌→∞[𝑢+(𝑌 ) − 𝜅−1 ln𝑌 ] with 𝑢+(𝑌 ) =

∫︀ 𝑌
0 d𝑦+/(1 + 𝜀+𝑖 ). Setting Pr = 1 and Pr𝑡 ≡ 1

makes the two integrands identical, so that

𝛽(1)
⃒⃒
Pr𝑡≡1

= 𝐵 (8)
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identically. The quadrature returns 4.30. With the Kays–Crawford Pr𝑡, which departs from unity
near the wall, the intercept at Pr = 1 is instead 𝛽(1) = 6.15, not 𝐵.

Two limits characterise 𝛽. For sufficiently high Péclet number the resistance concentrates where
𝜀+𝑖 Pr/Pr𝑡 ∼ 1, inside the conductive sublayer, and the near-wall cubic behaviour of (4) gives

𝛽(Pr) → 2𝜋

3
√
3

(︂
Pr𝑡,𝑠
𝐶

)︂1/3

Pr2/3, (9)

the Pr2/3 law of the classical sublayer analyses, where Pr𝑡,𝑠 is the turbulent Prandtl number in
the conductive sublayer. The quadrature gives 𝛽/Pr2/3 → 11.6 for Pr → 103, corresponding
through (9) to Pr𝑡,𝑠 ≈ 1.06 in the Kays–Crawford model, and comparable to the constant 12.7
of the Petukhov–Kirillov formulation [19]. For Pr ∼ 1, 𝛽 is of order 𝐵 and the logarithmic term
dominates the resistance.

Pr 0.5 0.7 1 2 4 7 16

present 1.22 3.37 6.15 13.57 24.98 38.67 70.60
Pirozzoli [23] 1.17 3.35 6.19 13.88 25.79 40.13 73.62
Kader [9] 1.61 3.73 6.50 14.08 26.09 40.91 76.46
deviation +4.3% +0.7% −0.7% −2.2% −3.1% −3.6% −4.1%

Table 1: Thermal log-law intercept 𝛽(Pr) from Eq. (7), with 𝜀+𝑖 from (4) and Pr𝑡 from (6), against
the DNS-based expression 𝛽 = 12.2Pr2/3 + 0.726 lnPr − 6.03 of Pirozzoli [23, Eq. 3.16] and the
empirical profile of Kader [9], 𝛽 = (3.85Pr1/3 − 1.3)2 + 2.12 lnPr. Deviation: present relative to
Pirozzoli.

Table 1 compares 𝛽(Pr) evaluated from (7) with the explicit expression of Pirozzoli [23, Eq. 3.16],
obtained by integrating an algebraic eddy-diffusivity profile of the same Musker structure whose
single constant was fitted to the diffusivity inferred from DNS at Re𝜏 = 1140, and with the empirical
profile of Kader [9]. Present and DNS-based values agree to within 4% over 0.5 ≤ Pr ≤ 16, the
present ones lying systematically below at Pr > 1. The inputs are disjoint: here 𝜅, 𝐵 and 𝐶
belong to the momentum problem and Pr𝑡∞ is a quantity established across many wall flows;
there the profile constant was inferred from the thermal fields themselves. Agreement between two
determinations with disjoint inputs supports both.

The two determinations also agree on a structural point on which the classical result differs.
A least-squares fit of the present 𝛽(Pr) to the functional form of Kader and Yaglom [10], 𝛽 =
𝑐1Pr

2/3+ 𝑐2 ln Pr+ 𝑐3, over 0.5 ≤ Pr ≤ 16 gives (𝑐1, 𝑐2, 𝑐3) = (11.59, 0.89, −5.45) with a maximum
residual of 0.02; Pirozzoli [23] obtains (12.20, 0.726, −6.03) analytically and Kader and Yaglom
[10] give (12.5, 2.12, −5.3). The leading coefficient does not discriminate: by (9) it is set by the
near-wall cubic coefficient of the eddy diffusivity alone, and the present 𝐶 = 1.19 × 10−3 and the
DNS-fitted 𝑘3𝜃/𝐶

2
𝜃 = 0.97 × 10−3 of Pirozzoli [23] place it within a few per cent of one another.

The coefficient of ln Pr does discriminate. Pirozzoli [23] obtains 1/(3𝑘𝜃) = 0.726 where Kader and
Yaglom [10] have 1/𝑘𝜃 = 2.12, and identifies that difference as the source of the failure of the
classical expression at low Prandtl number. The present construction, whose inputs contain no
thermal simulation and no heat-transfer measurement, returns 0.89.
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3 The Reynolds scaling of the Nusselt number

3.1 The three-term form

In the limit 𝑦+/Re𝜏 → 0, where Φ → 1, Eq. (2) integrates to 𝜃+ → (Pr𝑡∞/𝜅) ln 𝑦+ + 𝛽(Pr), and
because the log layer extends to a fixed fraction of the radius, the bulk temperature takes the
three-term form

𝜃+𝑏 =
Pr𝑡∞
𝜅

lnRe𝜏 + 𝛽(Pr) + 𝐶0, Nu =
2Re𝜏 Pr

𝛽(Pr) + (Pr𝑡∞/𝜅) lnRe𝜏 + 𝐶0
, (10)

in which 𝐶0 collects the contribution of the core: the departure of the temperature profile from the
log law in the outer region and the velocity weighting in (3). The Reynolds number enters (10)
twice – through the prefactor Re𝜏 = Re/(2𝑢+𝑏 ), governed by the momentum log layer through the
friction law, and through lnRe𝜏 in the denominator, the resistance of the thermal log layer. This
double entry is the structural content of the result.

The constant 𝐶0 is an output of the quadrature, not an input. At Pr ≤ 1 it drifts from −1.2
to −2.0 over 150 ≤ Re𝜏 ≤ 3× 104; at higher Prandtl number, where the log layer is short and the
sublayer resistance has not reached its asymptotic value, it starts closer to zero (−0.7 at Pr = 14,
Re𝜏 = 400) and converges to the same −2.0 by Re𝜏 = 3× 104. The residual drift is the part of the
core contribution that the three-term form does not represent. A wall-layer treatment must supply
this constant from outside, and the standard means of doing so is the Reynolds analogy: at Pr = 1
with Pr𝑡 ≡ 1 the thermal problem (2) is the momentum problem with Φ in place of 1− 𝑦+/Re𝜏 , so
that 𝜃+𝑏 ≈ 𝑢+𝑏 and Nu ≈ (𝑓/8)RePr, which fixes 𝐶0 through the friction law.

The full-radius quadrature quantifies the approximation: at Pr = Pr𝑡 = 1 it returns 𝜃+𝑏 /𝑢
+
𝑏 =

1.10, 1.07, 1.04 and 1.03 at Re𝜏 = 500, 1140, 6000 and 3× 104, the departure of the pipe from the
exact Reynolds analogy being produced by Φ and by the weight 𝑢/𝑢𝑏 and decreasing with Reynolds
number. Retaining Φ makes this departure an output rather than an assumption.

3.2 Comparison with simulation

Pr 0.5 1 2 4 16

Nu (DNS) 81.7 119.9 168.0 233.3 421.2
Nu (present) 76.1 114.1 166.0 234.0 429.8
deviation −6.9% −4.8% −1.2% +0.3% +2.1%

Table 2: Nusselt number from the Lyon integral (1)–(3) with the closure of Section 2, against the
isothermal-wall pipe DNS of Pirozzoli [23, Table 1] at Re𝜏 = 1137.6.

Table 2 compares the Nusselt number from the full quadrature with the isothermal-wall pipe
DNS of Pirozzoli [23] at Re𝜏 = 1137.6 (Re = 44 000). At this Reynolds number the momentum
closure returns 𝑢+𝑏 = 19.13 against the simulated 19.34 and Re = 43 500. The Nusselt number lies
within −7 to +2% of the DNS across 0.5 ≤ Pr ≤ 16, below at low and above at high Prandtl
number, with the crossing near Pr = 3. The Prandtl trend of the residual reflects the core: at
Pr . 1 a substantial part of 𝜃+𝑏 accumulates outside the log layer, where the closure consists of the
outer factor and Pr𝑡∞ alone, whereas at Pr ≫ 1 the resistance is confined to the sublayer and the
residual is that of 𝛽(Pr) in Table 1.

Table 3 makes the same comparison at Pr = 0.71 against the pipe simulations of Straub et al.
[29] (DNS at Re = 5 300, wall-resolved LES above), which realise the uniform-flux, thermally fully

6



Re𝜏 Re (sim.) Re (present) NuIF NuMBC NuIT Nu (present) dev. IF dev. MBC

181 5 300 4 950 18.38 18.29 17.57 18.95 +3.1% +3.6%
361 11 700 11 460 34.74 34.55 33.57 34.29 −1.3% −0.7%
550 19 000 18 800 50.47 50.20 48.95 49.47 −2.0% −1.4%
999 37 700 37 500 85.27 85.35 83.45 83.57 −2.0% −2.1%

Table 3: Nusselt number at Pr = 0.71 from the Lyon integral at the friction Reynolds numbers of
the pipe simulations of Straub et al. [29] (dataset [30]; Re𝜏 converted from their diameter-based
value), against the simulated values for the isoflux (IF), mixed (MBC) and isothermal (IT) thermal
boundary conditions. Re (present) is the bulk Reynolds number returned by the momentum closure
at the same Re𝜏 ; deviations refer to IF and MBC.

developed configuration assumed by the Lyon integral and report the Nusselt number for three
thermal boundary conditions on the same velocity field: isoflux (IF), isothermal (IT), and the
mixed-type condition (MBC), in which the mean profile is of isoflux type while the fluctuations
satisfy an isothermal wall condition. Against the isoflux and mixed-type conditions the present
quadrature lies within ±3.6% over Re = 5 300–37 700, and within 2% for Re ≥ 11 700. The
isothermal Nusselt numbers are 2–4.5% lower, which is the size of the boundary-condition effect
at this Prandtl number. The bulk Reynolds number returned by the momentum closure at the
simulated Re𝜏 is within 2% of the simulated one for Re ≥ 11 700 and 6.5% at Re = 5 300, where
the log layer is barely established, see Eggels et al. [4].

Table 4 extends the comparison over Reynolds number at Pr = 1, against the pipe DNS of
Pirozzoli et al. [25] between Re𝜏 = 180 and 6019 (Re = 5 300–285 000).

Re𝜏 Re 𝑢+
𝑏 𝑢+

𝑏 Nu Nu dev. 𝑛 𝑛eff

(DNS) (DNS) (present) (DNS) (present) (DNS) (present)

180.3 5 300 14.70 13.66 24.8 22.0 −11.3%
0.761 0.742

495.3 17 000 17.16 16.80 60.2 54.1 −10.2%
0.761 0.777

1136.6 44 000 19.36 19.12 124.2 114.0 −8.2%
0.779 0.794

1976.0 82 500 20.88 20.61 202.7 187.7 −7.4%
0.797 0.804

3028.1 133 000 21.96 21.74 296.5 276.2 −6.8%
0.787 0.814

6019.4 285 000 23.67 23.55 540.0 515.5 −4.5%

Table 4: Reynolds sweep at Pr = 1: Lyon integral at the friction Reynolds numbers of the pipe
DNS of Pirozzoli et al. [25, Table 1], isothermal wall with constant-mean-temperature forcing. 𝑢+𝑏
and Re (present) are returned by the momentum closure at the same Re𝜏 . The last column is the
secant exponent ΔlnNu/ΔlnRe between consecutive DNS entries, placed at the geometric-mean
Reynolds number, against the present 𝑛eff of Eq. (14) at that Reynolds number.

The momentum closure follows the simulated bulk velocity to within 1–2% for Re𝜏 ≥ 495. The
Nusselt number lies 4.5–11% below the DNS, the deficit decreasing monotonically with Reynolds
number. Two circumstances bear on this deficit. First, the thermal forcing of these simulations is an
isothermal wall with a spatially uniform, time-dependent source term (constant-mean-temperature
forcing), which Pirozzoli et al. [25] note “tends to slightly overpredict the heat flux” relative to
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the uniform-flux configuration. The isoflux–isothermal difference measured by Straub et al. [29] at
Pr = 0.71 is 2–4.5% in the direction opposite to the present deficit, and the isothermal-wall Nusselt
number of Pirozzoli [23] at the same Re𝜏 = 1137.6 is 3.5% below the value in Table 4. Second,
the same DNS lie 4–7% above the Gnielinski correlation and 11–13% above the Petukhov–Kirillov
correlation over the whole sweep, whereas the isoflux simulations of Straub et al. [29] lie within
1–4% of Gnielinski. The present quadrature is consistent with the latter two. The comparison of
Table 4 is therefore used for the quantity to which a uniform offset of the level is relevant: the slope
of lnNu against lnRe, which is the subject of Section 4.

3.3 Comparison with the logarithmic correlations

Equation (10) has the structure of the two established engineering formulations that retain the
friction factor: the correlation of Petukhov and Kirillov [19, 20],

NuPK =
(𝑓/8)RePr

1.07 + 12.7
√︀
𝑓/8

(︀
Pr2/3 − 1

)︀ , (11)

and that of Gnielinski [6],

NuG =
(𝑓/8) (Re− 1000)Pr

1 + 12.7
√︀
𝑓/8

(︀
Pr2/3 − 1

)︀ , (12)

both evaluated as published with the Filonenko friction factor 𝑓 = (0.790 lnRe − 1.64)−2 [5].
Rewriting the denominator of (11) in the present normalisation,

NuPK =
2Re𝜏 Pr

12.7 (Pr2/3 − 1) + 1.07𝑢+𝑏
, (13)

exhibits the correspondence term by term: the first term of the denominator is the sublayer intercept
(9), and the second, through the friction law 𝑢+𝑏 = 𝜅−1 lnRe𝜏 +const, is the lnRe𝜏 resistance of the
thermal log layer with an effective slope 1.07/𝜅 in place of Pr𝑡∞/𝜅. The present derivation obtains
the same structure from the Lyon integral and the closure chain alone. Numerically (Table 5), the
quadrature exceeds (11) by 0–9% over 104 ≤ Re ≤ 106 and 0.7 ≤ Pr ≤ 14, the excess growing with
Reynolds number at low Prandtl number, and lies within ±4% of (12) for Re ≥ 105. The larger
positive deviation from Gnielinski at Re = 104 and high Prandtl number reflects the (Re − 1000)
shift introduced in (12) for the transitional range.

Pr

Re 0.7 1 3 7 14

Nu/NuPK

104 1.010 1.002 1.011 1.032 1.050
105 1.067 1.053 1.038 1.042 1.050
106 1.093 1.078 1.054 1.050 1.052

Nu/NuG
104 1.035 1.041 1.083 1.121 1.150
105 0.997 0.994 1.006 1.025 1.042
106 1.015 1.009 1.008 1.020 1.032

Table 5: Ratio of the Nusselt number from the Lyon integral to the Petukhov–Kirillov correlation
(11) and to the Gnielinski correlation (12), both evaluated with the Filonenko friction factor.
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4 The effective Reynolds exponent

4.1 Closed form and asymptotes

The scaling (10) is not a power law. Over any finite Reynolds range it is locally approximated
by Re𝑛eff with the effective exponent 𝑛eff = 𝜕 lnNu/𝜕 lnRe at fixed Prandtl number. Logarithmic
differentiation of (3) through Re = 2𝑢+𝑏 Re𝜏 , with d𝑢+𝑏 /d lnRe𝜏 = 1/𝜅 from the friction law and
d𝜃+𝑏 /d lnRe𝜏 = Pr𝑡∞/𝜅 from (10), gives

𝑛eff(Re, Pr) ≡
𝜕 lnNu

𝜕 lnRe

⃒⃒⃒⃒
Pr

=
𝑢+𝑏

𝑢+𝑏 + 1/𝜅⏟  ⏞  
momentum

×
(︂
1− Pr𝑡∞/𝜅

𝜃+𝑏

)︂
⏟  ⏞  

thermal

. (14)

Each factor is a deficit from unity produced by one of the two logarithms of the problem: the first
is the contribution of the momentum log layer, contained in the friction law and independent of the
Prandtl number; the second is that of the thermal log layer, Prandtl-dependent through 𝛽(Pr) in
𝜃+𝑏 . Evaluated with the log-law constants 1/𝜅 and Pr𝑡∞/𝜅, (14) reproduces the exponent obtained
by direct differentiation of the quadrature to within 0.008 over 104 ≤ Re ≤ 106; with the derivatives
themselves taken from the quadrature the two agree to 10−4. A power law holds 𝑛eff constant by
construction; (14) therefore quantifies the departure of any power law from the exact behaviour as
a function of Re and Pr.

Writing 𝐿 = lnRe𝜏 , 𝑢+𝑏 ≃ 𝐿/𝜅 and 𝜃+𝑏 ≃ (Pr𝑡∞/𝜅)(𝐿+ 𝜅𝛽/Pr𝑡∞) to leading order,

𝑛eff ≃ 1− 1

𝐿
− 1

𝐿+ 𝜅𝛽(Pr)/Pr𝑡∞
+𝑂(𝐿−2), (15)

with two limits. For Pr of order unity the thermal intercept is small against the thermal logarithm,
the two deficits are equal, and

𝑛eff → 1− 2

lnRe
, (16)

the Reynolds-analogy result Nu ∼ (𝑓/8)RePr ∼ Re/(lnRe)2, in which both logarithms belong
to one and the same profile, once in the momentum problem and once in the thermal one. For
𝛽(Pr) ≫ 𝐿Pr𝑡∞/𝜅 the thermal resistance is dominated by the conductive sublayer, the second
deficit vanishes, and

𝑛eff → 1− 1

lnRe
, (17)

the result of a sublayer-only analysis: the resistance lies below the thermal log layer, 𝜃+𝑏 becomes
Reynolds-independent, and the entire Reynolds dependence enters through the prefactor Re𝜏 , i.e.
through the momentum log layer alone. Since 𝛽 ∼ Pr2/3 grows algebraically while 𝐿 grows log-
arithmically, (17) is approached from below as Pr increases at fixed Re, and (16) is recovered as
Pr → 1. Equations (16) and (17) are leading-order asymptotes, not bounds. At finite Reynolds
number the difference between lnRe and lnRe𝜏 and the additive constants of the two log laws shift
the exact exponent by a few hundredths in either direction.

4.2 The exponent surface

Table 6 and Fig. 1(a) give the exponent from the full quadrature. Over 104 ≤ Re ≤ 106 and
0.7 ≤ Pr ≤ 14 the effective exponent increases monotonically in both arguments from 0.72 to 0.89;
its variation per decade of Reynolds number is 0.02–0.05 throughout. The value 0.8 is a contour
of this surface: it passes through (Pr, Re) ≈ (0.7, 1.7 × 105), (1, 8 × 104) and (3, 1.3 × 104), and
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Pr

Re 0.7 1 3 7 14

104 0.723 0.745 0.792 0.814 0.825
5× 104 0.775 0.791 0.828 0.847 0.858
105 0.790 0.803 0.837 0.856 0.867
5× 105 0.817 0.827 0.855 0.872 0.883
106 0.827 0.836 0.862 0.878 0.888

Table 6: Effective Reynolds exponent 𝑛eff(Re, Pr) from the full quadrature, Eq. (14).

lies below Re = 104 for Pr ≥ 7. The Reynolds sweep of Pirozzoli et al. [25] tests the drift directly
at Pr = 1. The secant exponents between consecutive simulations, listed in Table 4 and plotted in
Fig. 1(a), increase from 0.76 at Re ≈ 104 to 0.80 at Re ≈ 105 and agree with the predicted curve
to within 0.03; the predicted values at the same Reynolds numbers are 0.74, 0.78, 0.79, 0.80 and
0.81. The DNS confirms both the magnitude of the exponent – well below the sublayer asymptote
(17), which gives 0.89–0.92 over this range, and close to the Reynolds-analogy asymptote (16) –
and its increase by 0.04 over one and a half decades. The last secant, between Re = 1.33× 105 and
2.85 × 105, lies 0.01 below its predecessor where the prediction continues to increase; a change of
one per cent in either of the two Nusselt numbers concerned displaces that secant by 0.013, so that
the decrease is within the resolution of the comparison. Whether the drift saturates or continues
at higher Reynolds numbers requires simulations beyond Re𝜏 = 6000.

104 105 106

Re

0.70

0.75
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0.85

0.90

0.95

n e
ff

1 1/lnRe

1 2/lnRe

n = 0.8

(a) Pr = 0.7
Pr = 1

Pr = 3
Pr = 7

Pr = 14
DNS, Pr = 1

104 105 106

Re

0.8

0.9

1.0

1.1

1.2

1.3

1.4

1.5

1.6

Nu
/(0

.0
23

Re
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8 Pr
0.

4 )

±10%

(b)

Figure 1: (a) Effective Reynolds exponent 𝑛eff(Re, Pr) from the Lyon integral (solid), with the
asymptotes (16) and (17) (dashed); circles mark the crossings of the 𝑛 = 0.8 contour; open squares
are the secant exponents of the Pr = 1 pipe DNS of Pirozzoli et al. [25], Table 4. (b) Ratio of
the Nusselt number from the Lyon integral to the Dittus–Boelter correlation 0.023Re0.8Pr0.4; the
shaded band marks ±10%. The rigid pair (0.023, 0.8) is tangent to the surface over the classical
calibration window and detaches monotonically outside it.

The surface locates the classical power-law calibrations. The 𝑛 = 0.8 contour passes through
the conditions of the classical calibration databases and along that contour the Nusselt number of
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the Lyon integral is within about ten per cent of 0.023Re0.8Pr0.4 (Fig. 1(b): ratios of 0.89, 0.96
and 1.09 at the three crossings). The Dittus–Boelter pair (0.023, 0.8) is therefore the tangent-
plane approximation to the Lyon-integral surface at the conditions of its calibration: an accurate
local approximation, and a structurally rigid one. Away from the tangency the pair detaches
monotonically. By Re = 106 the surface exceeds it by 43–51% at Pr = 7–14; at Pr ≈ 0.7 and
Re ∼ 2 × 105 it exceeds the surface by 12%. These are the two directions in which the local
(Re, Pr) of a supercritical-pressure flow moves along a heated pipe [17, 18].

The choice of friction law matters for this reading. The Blasius correlation 𝑓 = 0.316Re−1/4 is a
power-law approximation to the log-law friction factor, valid for Re . 105 in isothermal, constant-
property flow. Substituting it for the momentum factor of (14) would freeze that factor at 7/8; the
thermal factor would still vary, so that even then the exponent is not constant, but the momentum
half of the structure would be concealed. The full friction law is therefore retained throughout. That
a turbulent transport law carries logarithmic factors, so that its effective exponent varies slowly
rather than taking a constant value, is not peculiar to forced convection: Kraichnan [12], analysing
turbulent free convection, obtained the analogous form Nu ∼ Ra1/2(lnRa)−3/2; the mechanism and
the power of the logarithm differ, but the structural point is the same.

5 Rigidity of the calibrated pair

5.1 The tangency constraint

Let a power law Nu = 𝐶 Re𝑛 be fitted to the surface (3) over a calibration window centred on Re0
at fixed Pr. Matching value and slope at the centroid, which differs from a least-squares fit in lnNu
only at second order in the window width, gives

𝑛 = 𝑛eff(Re0, Pr), ln𝐶 = lnNu(Re0, Pr)− 𝑛 lnRe0. (18)

The pair (𝐶, 𝑛) has one degree of freedom, not two: both coordinates are functions of the single
tangency location Re0. Differentiating the second of (18) along the surface and using the first to
eliminate d lnNu = 𝑛 d lnRe0 gives

d ln𝐶

d𝑛
= − lnRe0, (19)

which is the constraint. Prefactor and exponent trade against one another at a rate set by the
logarithm of the calibration Reynolds number: a correlation with a larger exponent must carry a
proportionately smaller prefactor, and the proportionality is set. Equation (19) contains no fitted
quantity and no property of the fluid; it holds for any smooth Nu(Re) that is not itself a power
law. The Lyon integral supplies the surface on which the tangency lies, and hence the value of 𝑛
associated with a given Re0 and Pr.

This is the analytical form of the entanglement of prefactor and exponent. The Dittus–Boelter
prefactor 0.023 is not an independent empirical constant: it is the value that places 𝐶 Re0.8 on
the surface at the point where the local exponent equals 0.8, i.e. the structural compensation for
the Re0.8 growth over the calibration window. Adjusting the exponent of a power-law correlation
while retaining its prefactor, or comparing two correlations by their exponents alone, is therefore
not admissible. Displacement along the locus (19) does not produce a different correlation but
the same tangent expressed at a different calibration point. Similar structure is established in
turbulent natural convection: there the leading-order exponent is an effective, range-dependent
quantity rather than a universal constant [1, 7, 12], and the prefactor can be estimated from the
flow structure rather than fitted to heat-transfer data [12]. Equation (19) is the forced-convection
expression of that entanglement.
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Equation (19) is testable without any data, using only published correlation coefficients. Taking
Dittus–Boelter (𝐶, 𝑛) = (0.023, 0.8) as reference and reading the implied Re0 from the finite
difference lnRe0 = −Δln𝐶/Δ𝑛 gives Table 7.

correlation 𝐶 𝑛 implied Re0

Dittus–Boelter [3] 0.023 0.8 reference
Bishop [2] 0.0069 0.90 1.7× 105

Swenson [31] 0.00459 0.923 4.9× 105

Table 7: Calibration Reynolds numbers implied by the locus (19), taking Dittus–Boelter as refer-
ence. Coefficients as tabulated in the sources cited.

Both implied values fall inside the Reynolds-number range of the supercritical-water experiments
against which those correlations were calibrated [2, 18, 31]. This is the test of (19): three correlation
pairs, obtained independently over three decades with different fluids and different apparatus, are
displaced along the predicted locus rather than scattered about it, and the displacement recovers
their calibration conditions. No property of the fluid enters the calculation. The Bishop and
Swenson correlations carry, beyond the (𝐶, 𝑛) pair, property-ratio factors and Prandtl exponents
that differ from the Dittus–Boelter form; the locus (19) concerns only the Reynolds pair, which
those multiplicative factors leave untouched, and the comparison is made at that level. Figure 2
places the three pairs in the (𝑛, ln𝐶) plane against the family of lines (19).

0.80 0.85 0.90 0.95 1.00
n

6.0

5.5

5.0

4.5

4.0

3.5

ln
C

lnRe0 = 11.5
lnRe0 = 12.5
lnRe0 = 13.5

Dittus Boelter

Bishop

Swenson

Figure 2: The classical correlation pairs in the (𝑛, ln𝐶) plane, against the family of tangency loci
(19) at fixed lnRe0 (grey). The three pairs are displaced along the locus rather than scattered off
it; their separations recover the calibration Reynolds numbers of Table 7.

The rigidity has an operational consequence. Consider a heated pipe along which the bulk
Reynolds number varies by a factor 𝑟 between inlet and outlet, as it does whenever the viscosity
or density of the fluid changes substantially along the pipe. A single power law is tangent to the
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true surface at one Re0, and by (18) its logarithmic error at Re = 𝑟Re0 is

ln
Nupower law

Nu
= −

∫︁ 𝑟Re0

Re0

[︀
𝑛eff(Re

′)− 𝑛
]︀
d lnRe′, (20)

which is a monotone function of 𝑟 because 𝑛eff is monotone in Re. The detachment is one-sided:
a correlation calibrated at the low-Reynolds end of its range over-predicts downstream, and one
calibrated at the high end under-predicts upstream. It cannot be centred by adjusting 𝑛, because
(19) displaces 𝐶 with it and merely relocates the tangency. Only a departure from the power-law
form removes it.

The magnitude of the constant-property detachment follows from Fig. 1(b). Because 𝑛eff varies
by only a few hundredths per decade, the error accumulated by a tangent pair over a factor of three
in Reynolds number is small – 1.3% for the Dittus–Boelter pair from its tangency at Re = 8× 104,
Pr = 1 – and becomes significant only over decades: the same pair, tangent at Re = 1.3 × 104

for Pr = 3, lies 4% below the surface at 105 and 17% at 106, and for Pr = 7 the surface departs
from it by 10% per decade above 104. The scope of this result is limited to constant-property flow,
and the detachment it predicts is present before any property variation is admitted. In flows with
strong property gradients, and in supercritical-pressure fluids in particular, a second and generally
larger source of correlation error is active – the property ratios that the multiplicative extensions
of the Dittus–Boelter base are intended to absorb – and the two contributions are not separable by
inspection. The present result establishes the base-line: the part of the departure that persists when
properties are uniform, and that no reparametrisation of the exponent removes. Its interaction with
the variable-property contribution is examined in Otić and Ertunç [17, 18], where the present result
is used and tested against supercritical-pressure experiments.

6 Conclusions
The first result is a closed form. The Lyon integral for fully developed constant-property pipe flow,
evaluated over the full radius with a closure containing no constant fitted to heat-transfer data,
gives Nu = 2Re𝜏 Pr/[𝛽(Pr) + (Pr𝑡∞/𝜅) lnRe𝜏 +𝐶0], with the thermal log-law intercept 𝛽(Pr) and
the core constant 𝐶0 both returned by the quadrature. The intercept agrees to within 4% with the
DNS-based expression of Pirozzoli [23] over 0.5 ≤ Pr ≤ 16 and, from disjoint inputs, confirms the
coefficient 0.7–0.9 of ln Pr against the Kader–Yaglom value 2.12. The Nusselt number lies within
±3.6% of the isoflux pipe simulations of Straub et al. [29] at Pr = 0.71, within −7 to +2% of the
isothermal-wall DNS of Pirozzoli [23] across the Prandtl range, and within ±4% of the Gnielinski
correlation for Re ≥ 105.

The second result is structural. The Reynolds dependence of the Nusselt number is a power
law modulated by two logarithms, that of the momentum log layer in the friction factor and
that of the thermal log layer in the resistance. The effective exponent factorises accordingly,
𝑛eff = [𝑢+𝑏 /(𝑢

+
𝑏 +1/𝜅)] [1− (Pr𝑡∞/𝜅)/𝜃+𝑏 ], and increases from 0.72 to 0.89 over 104 ≤ Re ≤ 106 and

0.7 ≤ Pr ≤ 14, between the asymptotes 1 − 2/ lnRe and 1 − 1/ lnRe; the Pr = 1 Reynolds sweep
of Pirozzoli et al. [25] confirms both the magnitude and the increase to within 0.03. A power law
fitted to this surface therefore has one degree of freedom, not two: prefactor and exponent are tied
by d ln𝐶/d𝑛 = − lnRe0. The Dittus–Boelter pair (0.023, 0.8) is the tangent to the surface along
the contour 𝑛eff = 0.8, which passes through the classical calibration conditions; its prefactor is the
structural compensation for its exponent, not an independent constant. The Bishop and Swenson
pairs are displaced along the predicted locus with separations that recover their calibration Reynolds
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numbers, 1.7×105 and 4.9×105. Where 𝐶 and 𝑛 have been treated as independent fitted constants,
they are coordinates of a single tangency.

The scope of both results is the smooth pipe with uniform properties, thermally fully developed,
over 0.5 ≤ Pr ≤ 16. The weakest element of the closure is the core at low Prandtl number, where
a substantial part of the resistance lies outside the log layer and is carried by the Reichardt factor
and Pr𝑡∞ alone. There the −7% deviation from the isothermal-wall DNS resides. The thermal
boundary condition contributes a further 2–4.5% spread at Pr ≈ 0.7. Whether the drift of the
exponent saturates above Re𝜏 = 6000 is open and requires simulation beyond the present databases.

The operational consequence follows from the rigidity. A power-law pair cannot follow a flow in
which the local Reynolds and Prandtl numbers depart from the calibration window, and cannot be
made to follow it by adjusting the exponent, since the prefactor is displaced with it. In constant-
property flow the resulting detachment is a few per cent per decade of Reynolds number and
constitutes the floor of the correlation error. Only a formulation that retains the logarithmic
structure, in the manner of Petukhov and Kirillov and of Gnielinski, or that derives the Reynolds
scaling anew for the regime concerned, removes it. Heat transfer at supercritical pressure, where
the bulk Reynolds number varies severalfold and the bulk Prandtl number by an order of magnitude
along one heated pipe, is the most demanding instance. The constant-property result established
here is used, and tested against experimental data-base, in the companion study of that regime
[17, 18].
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