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ABSTRACT

Using a previous novel way of defining kernel functions for Laplacian integral operators on a compact p-adic analytic
manifold X, one such operator Af) with s € R is applied to hearing the Serre invariant i(X) by showing that a
wavelet eigenvalue (with the wavelet having small support) is always congruent to i(X) modulo q — 1, where q is
the cardinality of the residue field k attached to a p-adic number field K. It is shown how the number of k-rational
points of the special fiber of the Néron model of an elliptic curve defined over K relates to the wavelet spectrum of
A(S), and this then leads to the realization that the Serre invariant i(E(X)) in the case of an elliptic curve E with split
multiplicative reduction vanishes modulo g — 1.

1 | Introduction

The endeavor of enabling diffusion processes on p-adic domains other than K" or compact open subsets of K", where K
is a non-Archimedean local field, is undertaken since [1] by using an atlas on a compact p-adic analytic domain having a
connected nerve complex. That work is inspired by the various methods employed in the case of local fields K [2-4], the
n-dimensional vector space K" [5], finite-dimensional K-vector spaces [6], p-adic balls [7, 8], and finite disjoint unions of
p-adic discs [9]. These works all use more or less some variation of the Vladimirov-Taibleson operator from [2, 3]. The idea
for extending these to spaces which are locally an open piece of K" leads to the study of diffusion operators on Mumford
curves [10-12], also in such a way that topological and geometric properties of their underlying graphs can be extracted
from the spectrum of this operators. In [13], the graph can be reconstructed from such a spectrum.

The new idea of [1] is to use the local structure of a p-adic analytic manifold X coming from charts of an atlas on X.
This is forced by the fact that, e.g., the K-rational points of a projective algebraic variety form a compact subset of some
projective n-space which can only locally be embedded into some affine space over K. And if the underlying sets of the
charts of a given atlas of X form a covering such that the passage through overlaps of these sets is possible between any
two points on the manifold, i.e., when the nerve complex associated with the atlas is connected, then, under some mild
condition, a kernel function for a Laplacian integral operator can be defined which locally on small balls is a restricted
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Vladimirov-Taibleson operator. This allowed to extract the number of points of an elliptic curve with good reduction
from the spectrum of such an operator [1, Theorem 4.4]. A desideratum is the case of time-dependent diffusion on p-adic
manifolds, extending the cases of [14, 15], as well as the study of boundary problems as in [16].

The goal of this paper is to use a slight modification of the operator AS (s € R) from [1] in order to obtain the Serre invariant
of a compact p-adic manifold, and to apply this to elliptic curves over K. Of particular interest here is the manifold of K-
rational points of a Tate elliptic curve defined over K. These form a special class of elliptic curves with split multiplicative
reduction. The Serre invariant i(X) of a p-adic analytic manifold X is given as the volume of X with respect to the measure
obtained from a nowhere vanishing differential n-form on X, where n is the dimension of X. And the result by Serre in
[17] is that this invariant i(X) modulo g — 1 represents a minimal way of writing X as a disjoint union of i(X) copies of the
ball OI”<, and all other ways of doing this are congruent i(X) modulo q — 1. Here, the number q signifies the cardinality of
the residue field k associated with the local field K. The significance of being able to hear the Serre invariant is contained
in the task of the inferring structure from Laplacian diffusion or the spectra of Laplacian diffusion operators. In the case
of compact p-adic analytic manifolds, this means that the space looks like a p-adic ball with i(X) + 1 holes modulo g — 1.
The main result of this paper is that the wavelet eigenvalues for the operator A(S) are all congruent to the Serre invariant
i(X) modulo g — 1, if the wavelet has small support.

Section 2 introduces Serre’s result about his invariant for compact p-adic manifolds X and at the same time explains
integration on these with the help of the measure y, obtained from nowhere vanishing differential n-form w, where n
is the dimension of X. Section 3 introduces integral operators, as defined in [1], using the distance function obtained by
U, and an atlas having connected nerve complex in order to build kernel functions. The operator A(s) considered here is
different from A introduced in [1]. In this section, the eigenvalues associated with wavelets supported in a small ball in X
are calculated. Section 4 is devoted to hearing the Serre invariant i(X) of a compact p-adic analytic manifold from wavelet
eigenvalues 1, € Spec(Af)). The first result is

i(X)=4y modg-1,

stated as Theorem 4.2. Using the theory of Néron models, this is used to hear the Serre invariant of an elliptic curve E(K)
over a sufficiently large p-adic number field, as

[Eok)|
s (BUO) = (BOK) © Eo(K)'——

where Ey(K) consists of the subgroup of points in E(K) specializing to non-singular points in the reduction curve, E(k)is
the identity component of the special fiber of the Néron model &, and q is the cardinality of the residue field k of K. This
is Proposition 4.4, which is used to prove the final result:

Ay =0 modg-1

in the case of a Tate elliptic curve E(K) over K. This is Corollary 4.6.

2 | Compact p-Adic Analytic Manifolds

Let K be a non-Archimedean local field, i.e., K is a locally compact field w.r.t. an absolute value |-| coming from a discrete
valuation. The residue field of K is finite, and its number of elements is written as g, and is of the form
q=p/

with p being a prime number and f a positive natural number. In the case that K = Q,, the field of p-adic numbers, it
follows that g = p,i.e., f = 1. In the following, we will speak of p-adic analytic manifolds, instead of K-analytic ones, just
like Serre himself did in [17]. An introduction to p-adic analytic manifolds can be found, e.g., in [18-21].

In order to fix notation, denote the ring of integers of K as

Ok ={x K| |x| <1},
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and whose maximal ideal 7Oy is generated by a uniformizer 7 € Og with absolute value || = g~!. Balls and spheres
centered in x € K with radius g=* are denoted as

Bix)={zeK||x—z|<qgF}, Ss(x)={zeK | |x—z|=q7F},

and if the radius of a ball is not exactly specified, it is dropped from the notation, like B(x) and S(x).

From [21, Chapters 7 and 8], learn that a p-adic chart for a Hausdorff topological space M is a triple (U, ¢, K") such that
U C M is open, and ¢ : U — K" is a homeomorphism onto its image ¢(U), and this image is open in K". Two charts
(U, ¢p,K™), (V,3,K™) are compatible, if the maps

0—1

dUNV) LH YU NV)
¢oyp~?

are both locally analytic. An atlas of M is a family of compatible charts whose underlying sets form a cover of M. Two
atlantes A, B of M are equivalent, if A U B is an atlas of M. An atlas .4 of M is maximal, if any atlas equivalent with A is
contained in .4. One observes that equivalence of atlantes is an equivalence relation, and that each equivalence class of
atlantes of M contains a maximal atlas [21, Remark 7.2]. A p-adic analytic manifold is a Hausdorff space X equipped with
a maximal atlas A. If all charts in A are of equal dimension n, then X is called a p-adic analytic n-manifold.

Notice that here, the p-adic n-manifold X is assumed to be compact and non-empty. Recall the following results by Serre
whose detailed proofs can be found in Igusa’s book [20, Chapter 7.5], and named Theorems 2.1 and 2.3.

Theorem 2.1 (Serre). The following statements hold true:

1. Every compact p-adic analytic n-manifold X is isomorphic to the disjoint union r.OI’é of r copies of OI’} for some integer
r>1.

2. The manifolds r.O}, and r'.O%, are isomorphic, if and only if
/

r=r modg-1,

where q is the cardinality of the residue field of K.

Proof. [17, Théoréme (1)]. O
The residue class r mod g — 1 associated with a compact p-adic analytic manifold X is called the Serre invariant of X,
and is denoted as i(X).

Denote the Haar measure on K" as

ldx| = |dxi[ A - A fdxy]

with coordinate Haar measures |dx;|, and normalize it by setting

/ |dxl~| =1
Ok

fori =1,...,n. Given an analytic differential n-form w on an analytic n-manifold X, it can locally on a chart ¢ : U - K"
be written in a sloppy way as

wly 1=¢w = fydxy A--- Adxy = fydx ®

for some analytic function f; : $(U) — K.
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Remark 2.2. More or less sloppy notations for (1) are these:

wly(x) = [sloppy notation]
= ¢.w(x) [good notation]
= wy(d(x)) [meaningful notation]
= fu(p(x))dx; A... Adxy, [better understandable notation]
= fu(p(x))dx [understandable shorthand notation]
= fu(x)dx [other sloppy notation],

where one should notice that wy; is the differential form on ¢(U) C K" locally representing w on the chart (U, ¢). That is
the forerunner to the idea of a sheaf in action!

This now yields a measure
@lol@) = [ IfpGolid @
$(A)

for A C U such that ¢(A) C K" is measurable w.r.t. |dx|. Notice that in (2), the expression f;(x) is less sloppy than one
would believe from the above, because now the variable x runs through ¢(A). But of course, one can sloppify the integral
to

/ o @lldx],
A

if one is not able to refrain from the urge to do so.

Since the locally defined forms w|y; (on ¢(U)!) “glue” together to the given differential n-form w on X, one obtains a
measure |w| on X minus the vanishing set of w, locally on a chart given by (2). This construction can be found in [19,
Chapter 2.2] and [20, Chapter 7.4].

Theorem 2.3 (Serre). Let X be a compact p-adic analytic n-manifold. Then
1. There exists a nowhere vanishing analytic differential n-form on X.

2. If w is a nowhere vanishing analytic differential n-form on X, then
iX)=a= / |w(x)] modg-1,
X

where the identity

holds true for some a,b € N.

Proof. [17, Théoréme (2)]. O

An immediate consequence of Theorem 2.3 is that a compact p-adic analytic manifold X always has an everywhere defined

measure. Write this measure also as
uw<A)=/ |w|=/1A ol
A X
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for A C X measurable w.r.t. to the measure |w| given by a nowhere vanishing differential n-form w on X, and using the
indicator function 14 of A.

3 | Operators on Compact p-Adic Analytic Manifolds

The operators on a p-adic analytic manifold X constructed in [1] use a certain kind of atlas .A on X, for which the nerve
complex N(A) is connected, and the so-called equalizing property holds true. We will briefly explain these notions here.

The first thing to remark is that an analytic structure, i.e., an equivalence class of atlantes, does in general not produce
a unique metric on a manifold. This is well-known in the case of Riemannian manifolds. Another issue is given by
Theorem 2.1: namely, that any sufficiently fine atlas is a collection of disjoint charts. This makes it difficult to define a
transition rate function in a meaningful way. However, an atlas with sufficient overlaps produces a simplicial structure
with the connectedness property—the nerve complex N(.A) produced from the open sets in the charts covering X. The
following definition explains the notion of nerve complex of a covering:

Definition 3.1. The nerve complex N(U") of a covering U" of a topological space X is a simplicial complex defined as

follows:
U+0, UelU (vertices)
UnV 0, U#£VelU (edges)
Upn...nU#8, Up,...,Ur €U pairwise distinct (k-simplices)

where it is assumed that each U € U is a non-empty open subset of X.

Itis assumed that distinct charts (U, ¢yy), (V, ¢y) € A always have distinct open sets U # V. The nerve complex is defined
by saying that its k-simplices are given by the non-empty intersection of k open sets appearing in charts of .4. Another
requirement is that N(A) be a connected simplicial complex. The next observation is that the transition maps

T¢U,¢V : ¢U(U nv) - ¢V(U nv)

onintersections U NV # @ for charts (U, ¢r7), (V, ¢y) € A are bi-analytic, and any finite atlas on a compact p-adic analytic
manifold can be replaced by one such that all the sets occurring in its charts are the same, but the chart maps are such
that 74, 4, takes sufficiently small balls to balls of equal radius. This is the equalizing property of an atlas. Any compact
p-adic analytic manifold has a finite equalizing atlas, cf. [1, Theorem 2.6].

In this way, the notion of a ball on a compact p-adic analytic manifold, and also its radius, becomes well-defined. However,
the radius itself is not used, but it is the measure of a ball which is of interest. So, if two points x,y € X lie in a common
ball, the join

XAy = ﬂ B>x,y,
where B runs through all balls of X containing x and y, can be defined, as well as the simplex

o(x) = the highest-dimensional simplex in N(A) containing x € X

can be defined. From this, the distance dg(x, y) for x,y € X is given as

Uo(X AY), if there exists x A y
dg(x,y) = min  u,(U,(x,y)), otherwise,
yio(x)wo(y)
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where y runs through all simplicial paths in N(A) between x and y, and

Uy(x,y) = U cCX
o€y

is the union of the sets associated with the simplices o of N(A) along the path y : o(x) w o(y). The distance dy is called
the p-adic geodetic distance on X. It was used in [1] to construct the kernel function of an operator called p-adic Laplace-
Beltrami operator AS on the function space D(X) of locally constant functions X — C. Its definition is

A F(x) = /X dy(6,9)(F ) = FO)) dpta(y)

with s € R. Since the nerve complex N(A) is connected, the distance function dg can now be used in order to interpret
dg(x,y)™" as a transition rate for jumping between two points x, y € X.

For the purpose of this paper, a different kernel function will be used:

Po(x AY)™S, dxAyeX

ko : XXX, (x,y) ~
0 (.7) {1, otherwise

with the pair (x, y) taken from the manifold X x X. This kernel function can be viewed as a function of the p-adic geodetic
distance on X.

The corresponding integral operator on the space D(X) of locally constant functions X — C:

B0 = | Kory)ux) ~ u) )
X

for u € D(X) is called a Viladimirov-Ziiviiga operator. Observe that when restricted to the space D(B) for B C X a ball, the
operators AS, Ag coincide with the Taibleson operator as defined in [2] which in turn is a generalization of the Vladimirov
operator from [3].

A Koyzrev wavelet on K" is a locally constant function of the form

1
Vp(a),j () = u(B(@) " 2 x (797 1n(j)x)15a)(x) ,

n
where u denotes the product Haar measure on K", a € K", B(a) C K" is a ball centered in a, j € [(OK / (7r)OK)>< ,

"t (Og/m0g)" - K
a lift of the canonical projection Oy — Ok /7 Ok, where 7 is the uniformizer of K, and
x K"—> st

a fixed complex-valued unitary additive character of K. In [1, Definition 3.7], the notion of wavelet is extended to a p-adic
analytic manifold X by a function supported on a ball B(a) C X centered in a € X and requiring it to be a Kozyrev wavelet
supported on the ball ¢;(B(a)) C K" centered in ¢;(a) for any chart (U, ¢y) € A whose set U contains B(a).

Convention 1. In order to distinguish balls from sets associated with faces in N(A), the term ball will always refer to a
ball-shaped set which is not of the form U, for a face o of the nerve complex N(A). By convention, wavelets are always
supported on a ball in this sense.

Remark 3.2. In contrast to the case of K", it can happen in general p-adic manifolds that distinct ball-shaped simplices of
a nerve complex have a genuine overlap, i.e., they are neither disjoint nor one contained in the other. For example, if X is
the projective line, then it is the union of the unit disc with a copy of itself given by the map z + z~!, and their intersection
is the unit sphere. Convention 1 thus guarantees that any two balls are either disjoint or one contained in the other.
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Proposition 3.3. The wavelets 1 of X with sufficiently small support are eigenfunctions of Ag with eigenvalue

Ay = / dpte + / Ho(X A Y)Y it (¥) + pes(B)* /"
X\U(x) U(X)\B

with x € supp(y) = B C U(x) C X, where U(x) is the largest ball in X containing x € X, and with s € R.

Proof. First, observe the well-definedness of balls: a point x € X is given first by a family of points ¢(a) € K" associated
with a family of charts (U, ¢) such that x € U, since the transition maps on overlapping charts (U, ¢), (V, %) containing
x take ¢(x) to (x), and the equalizing property of the atlas .A guarantees the well-definedness of ball radii.

/zpdyw=o,
X

is shown by elaborating the argument in the proof of [1, Lemma 3.8]: since w is, by construction, a nowhere vanishing
analytic differential n-form, it can locally on a chart (U, ¢) containing B be written in less sloppy notation as

The important vanishing of the oscillatory integral

wly(x) = gu(¢(x)) dz

with analytic function gy;(z) defined over Og. Its absolute value coincides with that of a polynomial, non-vanishing
everywhere in U:

lgu(2)| = [P(2)]

with a polynomial P € K[z] = K|[z;,..., z,] vanishing outside ¢(U). Notice that, by the strict triangle inequality, this
implies that z — |P(z)| defines a locally constant function on ¢(U). Hence, if the p-adic ball $(B) C ¢(U) is sufficiently
small, then |P(z)| is constant on ¢(B). In this case, with B = B(a) C U C X:

/ P () dita(y) = / by, @lgu@ ldz] = C / Bacaa, (@) ldz]
X o(U) $U)

for some C > 0. The vanishing of the Kozyrev wavelet on any measurable set containing its support is well known, for
example, cf. [22, Theorem 2.3.9].

The eigenvalue calculation is now as follows: first observe that the independence of the choice of x € B(a) is immediate.
Next, it suffices that d is an ultrametric inside B(a). Indeed, in this case, if x ¢ B(a), then

sy, () = /X o, )@@ () — By ) At )

NS /X ko (e, ) dpt(v) — ko(x, B(@)) /X B0 dia(y).

where the second term makes sense, because dy(x, y) is locally an ultrametric. Clearly, both terms above vanish, as x &
B(a). If x € B(a), then

A3 (00 (X) = P01, 1) /X o )i

+ / Meo(X A V) ($p(ay,j(X) = ¥B(a),j ) dpe(¥)
B(a)
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The latter integral equals

I= / o A 9) " B, ) — Baar O i)
3B(a)

- / 160) — 21~ Baaiay. ($CN) — Baaiay. j@lgu(@)l1dzl,
0¢(B(a))

where (U, ¢) € A is a chart containing B(a), and the differential n-form w takes on ¢(U) the form gy;(z) dz. Notice again,
as above, that |g;;(y)| is constant on the circle d¢(B(x)). Hence, assuming that B(x) = B(a) has radius g%, obtain

I=c / 1660 — 2]~
[lz—¢(x)l=qg—"

for some C > 0 and k € N. Points z € K" with
Iz = $Coll = g%
have the form
z=¢(x)+u+e
with u = (uy,...,u,) € 7€Og such that fori € {1,..., n}:
u; = 7kt (¢;), ¢; € Fgs

and?¢; € [F?; foratleastonei € {1,...,n},and withe € ﬂk“OI”{. The maps 7; : Fy — Ok are sections of the canonical map
Og — Ok /7m0 = Fyfori=1,...,n. Hence,

n
1=cY [ O+l W )
=1 f=(¢],...tp)e JmKtIOR

X

[qu. .. x[Fq

X... X[Fq
— Yg(Blay),j(X + T(€) + ©)]|de|

= Cg¥HD N G an, j (9 — Ye(s(a, (B0 + (£)))
fe[Fg\{O}

Q cgkntet) 3 (1= @ GG bosian, G
fe[FZ\{O}

(%) Cq¥=nD(gm — (1 + (= 1)")Pg(B(a)),; ($(X))

= Cup(B(@))" /(1 = (1 + (=1)")Pg(5(a), j($(X))

= 4o (B@))"S/"(1 = g7 (1 + (=1)")hp(a),j(X),

where y : K" — S! is the standard unitary character, T = (74,...,7,) : [F;’ — Og, and uy the Haar measure on K"
normalized such that ,uH(OI’é) = 1. Equality («) follows by inspection, and (#x*) from

Y =y =q" - A+ (-1,

CeFm\o}

as can be shown by induction on n € N. This now implies the asserted eigenvalue. O
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Remark 3.4. In [23, Lemma 4.9], a similar eigenvalue calculation based on the method of [24, Theorem 3] was used for a
measure coming from an algebraic differential 1-form on the p-adic points of a Mumford curve.

Remark 3.5. The operator Af) can be viewed as a Parisi-Zuiiiga-type operator on a finite complete graph, similar to the
operators in [25].

Remark 3.6. The wavelets $p(,), j with sufficiently small support are mutually orthogonal, as follows from the vanishing
oscillatory integral in the proof of Proposition 3.3. In L2(X, u,,), there are also other kinds of eigenfunctions which are not
wavelets, e.g., the indicator function 1y € LZ(X , Ug) 1s an eigenfunction of Af) with eigenvalue 0.

4 | Hearing the Serre Number

Let X be a compact p-adic manifold with a finite equitizing atlas .4, such that the nerve complex N(A) is connected,
as before.

4.1 | The Serre Invariant of Compact p-Adic Analytic Manifolds
First, calculate the Serre invariant of a sphere on K.

Lemma 4.1. The Serre invariant of a sphere in K" vanishes modulo q — 1.

Proof. The standard differential n-form dx is non-vanishing on a sphere S C K", and so y,, = |dx| is the normalized Haar
measure on K" restricted to S. Its measure is

q" -1
qn+€

Uo(S) = / x| = qf(1 - g™ =
S

for some ¢ € Z. By Theorem 2.3, the value i(S) mod g — 1 does not depend on the choice of a non-vanishing invariant
differential n-form, and so

i(S)=gq"-1=0 modg-1
as asserted. O
Using the operator Ag with s € R allows now to hear its Serre invariant of a compact p-adic analytic manifold X:

Theorem 4.2. Let X be a compact p-adic analytic manifold, s € R, and let ¢ be a Kozyrev wavelet supported in X with
sufficiently small support. Then, the corresponding eigenvalue 1, of A(s) satisfies

Ay =i(X) modg-1,

i.e., the Serre invariant i(X) of the (X, A) can be read off the wavelet eigenvalues of A(S).

Proof. Let x € B =supp(y) C U(x) C X, where U(x) is the largest ball in X containing x € X. According to
Proposition 3.3, it holds true that

Ay = i(X)—i(U(X))+/( \ Ho(x AY) ™S dpg, () +i(B)!
U(x)\B
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(X) - i(UGO) + / o A ) 1
U(x)\B

t
= i(X) — i(UG)) + iSO + 1
k=r

iX)—i(Ux)+0+1

i(X) modg-1,

where Sy (x) is a sphere of radius q‘k centered in x € X, withk =r,...,t € Z, such that these form a disjoint covering of
the annulus U(x) \ B, and because i(U(x)) =i(B) =1 mod g — 1. This proves the assertion. O

4.2 | The Serre Invariant of an Elliptic Curve
In order to compute the Serre invariant of the K-rational points E(K) of an elliptic curve E defined over the local field K,

some facts about Néron models are needed. These can be found, e.g., in [26, Chapter IV]. The difference to the article [1]
is that here, the operator Af) will be used, whereas it is the operator A’ in [1]

Recall from [26, Chapter IV.5]:
Definition 4.3. A Néron model for E/K is a (smooth) group scheme £/Og whose generic fiber is E/K, and which
satisfies the universal property: let X /R be a smooth Og-scheme with generic fiber X /K, and let ¢ : X — E be a rational
map defined over K. Then, there exists a unique Og-morphism ¢o, : & — £ extending ¢.
The universal property ensures that there is an injective map

L1 E(0g) = E(K),
and, after a sufficiently large extension of K, it may and will be assumed that ¢ is an isomorphism, i.e., that

£(0g) = E(K)

holds true. In this case, there is a reduction map

p : E(K) - E(k),

where E is the special fiber of £ defined over the residue field k = Og /7O of K, where 7 € O is the uniformizer of K.

Let w € QY(E/K) be a nowhere vanishing differential 1-form on E(K). Using the fact that E is projective algebraic curve
of genus 1, allows to take an algebraic differential 1-form for w, as they are non-vanishing. This then allows to produce a
measure

ug = |o|

on E(K) from w, cf. [20, Chapter 7.4].

Define

’

for E to a non-singular point

Eo(K) = {P € E(K)|

P reduces mod 7 in the Weierstrass equation}

and obtain the following result:
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Proposition 4.4. It holds true that

|Eo(k)|

ue(E(K)) = (E(K) @ Eo(K)) -

Jor K a sufficiently large p-adic number field, where E, is the (non-singular part of the) identity component of the special fiber
E over k.

Proof. First, one uses that the quotient E(K)/Ey(K) is a finite abelian group, cf. [26, Corollary 9.2(d)]. Then, Weil [19,
Theorem 2.2.5] shows that

‘Eo(k)’

up(Eo(K)) = ar

which now implies the assertion. O

Remark 4.5. We are not making a claim of originality for the statement of Theorem 4.4. It is simply needed as a reference
for the case of an elliptic curve with a certain type of bad reduction below. And it was observed that this general result
follows immediately from the theory of Néron models.

The following special case will now be made explicit: namely, the case of a Tate elliptic curve E over K. An introduction
to the theory of Tate elliptic curves can be found, e.g., in [26, 27]. A slightly different approach can be found in the book
[28] which, unfortunately, is out of print.

The K-rational points E,(K) of the Tate elliptic curve

Eg=Cp,/q”
with g € K such that 0 < |G| < 1and C,, the field of complex p-adic numbers form a p-adic analytic 1-manifold. Diffusion
operators induced by theta functions on E4(K) are introduced in [11]. There, it was used that any holomorphic 1-form on

Ej is nowhere vanishing by Riemann-Roch, and the measure || coming from the holomorphic differential

dx
W= ,
x+y

where x, y are local coordinates on Eq, is locally of the form

_|dx|
BRI

|eo]

and is invariant under the action of the abelian group E4(K) on itself, cf., for example, [11, Lemma 2.4]. The approach here
allows to hear its Serre invariant:

Corollary 4.6. The wavelet eigenvalue Ay, associated with the operator A® on E(K) for a Tate elliptic curve E defined over
K satisfies

Ay =U(EK))=0 modq-1,
where, by definition, K is assumed a sufficiently large p-adic number field.
Proof. This is an immediate consequence of Theorem 4.2 and Proposition 4.4, once one realizes that in the case of a Tate

curve, the connected components of the special fiber € are projective lines over k, and these have each g — 1 non-singular
points inside E(k). O
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Remark 4.7. Let us remark that the measure of the set of K-rational points of a Tate elliptic curve E over K can be given
explicitly as

up(B(K)) = @

where § = ¢"'u with u € O%, and m > 1 is the number of connected components of the special fiber of the Néron model
& of E, which in this case is an m-gon of projective lines over k.
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