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ABSTRACT 

Using a previous novel way of defining kernel functions for Laplacian integral operators on a compact 𝑝-adic analytic 
manifold 𝑋, one such operator Δ𝑠 

0 
with 𝑠 ∈ ℝ is applied to hearing the Serre invariant 𝑖( 𝑋) by showing that a 

wavelet eigenvalue (with the wavelet having small support) is always congruent to 𝑖( 𝑋) modulo 𝑞 − 1 , where 𝑞 is 
the cardinality of the residue field 𝑘 attached to a 𝑝-adic number field 𝐾. It is shown how the number of 𝑘-rational 
points of the special fiber of the Néron model of an elliptic curve defined over 𝐾 relates to the wavelet spectrum of 
Δ𝑠 
0 
, and this then leads to the realization that the Serre invariant 𝑖( 𝐸 ( 𝑋 )) in the case of an elliptic curve 𝐸 with split 

multiplicative reduction vanishes modulo 𝑞 − 1 . 
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 Introduction 

he endeavor of enabling diffusion processes on 𝑝-adic domains other than 𝐾𝑛 or compact open subsets of 𝐾𝑛 , where 𝐾
s a non-Archimedean local field, is undertaken since [ 1 ] by using an atlas on a compact 𝑝-adic analytic domain having a
onnected nerve complex. That work is inspired by the various methods employed in the case of local fields 𝐾 [ 2–4 ], the
-dimensional vector space 𝐾𝑛 [ 5 ], finite-dimensional 𝐾-vector spaces [ 6 ], 𝑝-adic balls [ 7, 8 ], and finite disjoint unions of
-adic discs [ 9 ]. These works all use more or less some variation of the Vladimirov–Taibleson operator from [ 2, 3 ]. The idea
or extending these to spaces which are locally an open piece of 𝐾𝑛 leads to the study of diffusion operators on Mumford
urves [ 10–12 ], also in such a way that topological and geometric properties of their underlying graphs can be extracted
rom the spectrum of this operators. In [ 13 ], the graph can be reconstructed from such a spectrum. 
he new idea of [ 1 ] is to use the local structure of a 𝑝-adic analytic manifold 𝑋 coming from charts of an atlas on 𝑋.
his is forced by the fact that, e.g., the 𝐾-rational points of a projective algebraic variety form a compact subset of some
rojective 𝑛-space which can only locally be embedded into some affine space over 𝐾. And if the underlying sets of the
harts of a given atlas of 𝑋 form a covering such that the passage through overlaps of these sets is possible between any
wo points on the manifold, i.e., when the nerve complex associated with the atlas is connected, then, under some mild
ondition, a kernel function for a Laplacian integral operator can be defined which locally on small balls is a restricted
his is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any 
edium, provided the original work is properly cited. 
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ladimirov–Taibleson operator. This allowed to extract the number of points of an elliptic curve with good reduction
rom the spectrum of such an operator [ 1 , Theorem 4.4]. A desideratum is the case of time-dependent diffusion on 𝑝-adic
anifolds, extending the cases of [ 14, 15 ], as well as the study of boundary problems as in [ 16 ]. 
he goal of this paper is to use a slight modification of the operator Δ𝑠 ( 𝑠 ∈ ℝ ) from [ 1 ] in order to obtain the Serre invariant
f a compact 𝑝-adic manifold, and to apply this to elliptic curves over 𝐾. Of particular interest here is the manifold of 𝐾-
ational points of a Tate elliptic curve defined over 𝐾. These form a special class of elliptic curves with split multiplicative
eduction. The Serre invariant 𝑖( 𝑋 ) of a 𝑝-adic analytic manifold 𝑋 is given as the volume of 𝑋 with respect to the measure
btained from a nowhere vanishing differential 𝑛-form on 𝑋, where 𝑛 is the dimension of 𝑋. And the result by Serre in
 17 ] is that this invariant 𝑖( 𝑋) modulo 𝑞 − 1 represents a minimal way of writing 𝑋 as a disjoint union of 𝑖( 𝑋) copies of the
all 𝑂𝑛 

𝐾 

, and all other ways of doing this are congruent 𝑖( 𝑋) modulo 𝑞 − 1 . Here, the number 𝑞 signifies the cardinality of
he residue field 𝑘 associated with the local field 𝐾. The significance of being able to hear the Serre invariant is contained
n the task of the inferring structure from Laplacian diffusion or the spectra of Laplacian diffusion operators. In the case
f compact 𝑝-adic analytic manifolds, this means that the space looks like a 𝑝-adic ball with 𝑖( 𝑋) + 1 holes modulo 𝑞 − 1 .
he main result of this paper is that the wavelet eigenvalues for the operator Δ𝑠 

0 
are all congruent to the Serre invariant

( 𝑋) modulo 𝑞 − 1 , if the wavelet has small support. 
ection 2 introduces Serre’s result about his invariant for compact 𝑝-adic manifolds 𝑋 and at the same time explains
ntegration on these with the help of the measure 𝜇𝜔 obtained from nowhere vanishing differential 𝑛-form 𝜔, where 𝑛
s the dimension of 𝑋. Section 3 introduces integral operators, as defined in [ 1 ], using the distance function obtained by
𝜔 and an atlas having connected nerve complex in order to build kernel functions. The operator Δ𝑠 

0 
considered here is

ifferent from Δ𝑠 introduced in [ 1 ]. In this section, the eigenvalues associated with wavelets supported in a small ball in 𝑋

re calculated. Section 4 is devoted to hearing the Serre invariant 𝑖( 𝑋) of a compact 𝑝-adic analytic manifold from wavelet
igenvalues 𝜆𝜓 ∈ Spec (Δ𝑠 

0 
) . The first result is 

𝑖( 𝑋) ≡ 𝜆𝜓 mod 𝑞 − 1 , 

tated as Theorem 4.2. Using the theory of Néron models, this is used to hear the Serre invariant of an elliptic curve 𝐸 ( 𝐾 )

ver a sufficiently large 𝑝-adic number field, as 

𝜇𝜔 ( 𝐸 ( 𝐾 )) = ( 𝐸 ( 𝐾 ) ∶ 𝐸0 ( 𝐾))

|||𝐸 0 ( 𝑘)
|||

𝑞 
, 

here 𝐸0 ( 𝐾) consists of the subgroup of points in 𝐸 ( 𝐾 ) specializing to non-singular points in the reduction curve, 𝐸 ( 𝑘) is
he identity component of the special fiber of the Néron model  , and 𝑞 is the cardinality of the residue field 𝑘 of 𝐾. This
s Proposition 4.4 , which is used to prove the final result: 

𝜆𝜓 ≡ 0 mod 𝑞 − 1 

n the case of a Tate elliptic curve 𝐸 ( 𝐾 ) over 𝐾. This is Corollary 4.6 . 

 Compact 𝒑 -Adic Analytic Manifolds 

et 𝐾 be a non-Archimedean local field, i.e., 𝐾 is a locally compact field w.r.t. an absolute value |⋅| coming from a discrete
aluation. The residue field of 𝐾 is finite, and its number of elements is written as 𝑞, and is of the form 

𝑞 = 𝑝𝑓 

ith 𝑝 being a prime number and 𝑓 a positive natural number. In the case that 𝐾 = ℚ𝑝 , the field of 𝑝-adic numbers, it
ollows that 𝑞 = 𝑝, i.e., 𝑓 = 1 . In the following, we will speak of 𝑝-adic analytic manifolds, instead of 𝐾-analytic ones, just
ike Serre himself did in [ 17 ]. An introduction to 𝑝-adic analytic manifolds can be found, e.g., in [ 18–21 ]. 
n order to fix notation, denote the ring of integers of 𝐾 as 

𝑂𝐾 

= { 𝑥 ∈ 𝐾 ∣ |𝑥| ≤ 1} , 
of 13 Mathematische Nachrichten, 2026
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nd whose maximal ideal 𝜋𝑂𝐾 

is generated by a uniformizer 𝜋 ∈ 𝑂𝐾 

with absolute value |𝜋| = 𝑞− 1 . Balls and spheres
entered in 𝑥 ∈ 𝐾 with radius 𝑞− 𝑘 are denoted as 

𝐵𝑘 ( 𝑥) =
{
𝑧 ∈ 𝐾 ∣ |𝑥 − 𝑧| ≤ 𝑞− 𝑘 

}
, 𝑆𝑘 ( 𝑥) =

{
𝑧 ∈ 𝐾 ∣ |𝑥 − 𝑧| = 𝑞− 𝑘 

}
, 

nd if the radius of a ball is not exactly specified, it is dropped from the notation, like 𝐵( 𝑥) and 𝑆( 𝑥) . 
rom [ 21 , Chapters 7 and 8], learn that a 𝑝-adic chart for a Hausdorff topological space 𝑀 is a triple ( 𝑈, 𝜙, 𝐾𝑛 ) such that
 ⊆ 𝑀 is open, and 𝜙 ∶ 𝑈 → 𝐾𝑛 is a homeomorphism onto its image 𝜙( 𝑈) , and this image is open in 𝐾𝑛 . Two charts

 𝑈, 𝜙, 𝐾𝑛 ) , ( 𝑉, 𝜓, 𝐾𝑚 ) are compatible, if the maps �

re both locally analytic. An atlas of 𝑀 is a family of compatible charts whose underlying sets form a cover of 𝑀. Two
tlantes  ,  of 𝑀 are equivalent, if  ∪  is an atlas of 𝑀. An atlas  of 𝑀 is maximal, if any atlas equivalent with  is
ontained in  . One observes that equivalence of atlantes is an equivalence relation, and that each equivalence class of
tlantes of 𝑀 contains a maximal atlas [ 21 , Remark 7.2]. A 𝑝-adic analytic manifold is a Hausdorff space 𝑋 equipped with
 maximal atlas  . If all charts in  are of equal dimension 𝑛, then 𝑋 is called a 𝑝-adic analytic 𝑛-manifold. 
otice that here, the 𝑝-adic 𝑛-manifold 𝑋 is assumed to be compact and non-empty. Recall the following results by Serre
hose detailed proofs can be found in Igusa’s book [ 20 , Chapter 7.5], and named Theorems 2.1 and 2.3 . 

heorem 2.1 (Serre). The following statements hold true: 
1. Every compact 𝑝-adic analytic 𝑛-manifold 𝑋 is isomorphic to the disjoint union 𝑟.𝑂𝑛 

𝐾 

of 𝑟 copies of 𝑂𝑛 
𝐾 

for some integer
𝑟 ≥ 1 . 

2. The manifolds 𝑟.𝑂𝑛 
𝐾 

and 𝑟′.𝑂𝑛 
𝐾 

are isomorphic, if and only if 

𝑟 ≡ 𝑟′ mod 𝑞 − 1 , 

where 𝑞 is the cardinality of the residue field of 𝐾. 

roof. [ 17 , Théorème (1)]. □

he residue class 𝑟 mod 𝑞 − 1 associated with a compact 𝑝-adic analytic manifold 𝑋 is called the Serre invariant of 𝑋,
nd is denoted as 𝑖( 𝑋) . 
enote the Haar measure on 𝐾𝑛 as 

|𝑑𝑥| = |𝑑𝑥1 | ∧⋯ ∧ |𝑑𝑥𝑛 |
ith coordinate Haar measures |𝑑𝑥𝑖 |, and normalize it by setting 

∫
𝑂𝐾 

|𝑑𝑥𝑖 | = 1 

or 𝑖 = 1 , . . . , 𝑛. Given an analytic differential 𝑛-form 𝜔 on an analytic 𝑛-manifold 𝑋, it can locally on a chart 𝜙 ∶ 𝑈 → 𝐾𝑛

e written in a sloppy way as 

𝜔|𝑈 

∶ = 𝜙∗ 𝜔 = 𝑓𝑈 

𝑑𝑥1 ∧⋯ ∧ 𝑑𝑥𝑛 = 𝑓𝑈 

𝑑𝑥 (1)

or some analytic function 𝑓𝑈 

∶ 𝜙( 𝑈) → 𝐾. 
athematische Nachrichten, 2026 3 of 13
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emark 2.2. More or less sloppy notations for ( 1 ) are these: 

𝜔|𝑈 

( 𝑥) = [sloppy notation] 

= 𝜙∗ 𝜔( 𝑥) [good notation] 

= 𝜔𝑈 

( 𝜙( 𝑥)) [meaningful notation] 

= 𝑓𝑈 

( 𝜙( 𝑥)) 𝑑𝑥1 ∧ . . . ∧ 𝑑𝑥𝑛 [better understandable notation] 

= 𝑓𝑈 

( 𝜙( 𝑥)) 𝑑𝑥 [understandable shorthand notation] 

= 𝑓𝑈 

( 𝑥) 𝑑𝑥 [other sloppy notation] , 

here one should notice that 𝜔𝑈 

is the differential form on 𝜙( 𝑈) ⊆ 𝐾𝑛 locally representing 𝜔 on the chart ( 𝑈, 𝜙) . That is
he forerunner to the idea of a sheaf in action! 

his now yields a measure 

|𝜔|𝑈 

|( 𝐴) ∶ = ∫
𝜙( 𝐴) 

|𝑓𝑈 

( 𝑥)||𝑑𝑥| (2)

or 𝐴 ⊂ 𝑈 such that 𝜙( 𝐴) ⊂ 𝐾𝑛 is measurable w.r.t. |𝑑𝑥|. Notice that in ( 2 ), the expression 𝑓𝑈 

( 𝑥) is less sloppy than one
ould believe from the above, because now the variable 𝑥 runs through 𝜙( 𝐴) . But of course, one can sloppify the integral
o 

∫
𝐴 

|𝑓𝑈 

( 𝑥)||𝑑𝑥|, 
f one is not able to refrain from the urge to do so. 
ince the locally defined forms 𝜔|𝑈 

(on 𝜙( 𝑈) !) “glue” together to the given differential 𝑛-form 𝜔 on 𝑋, one obtains a
easure |𝜔| on 𝑋 minus the vanishing set of 𝜔, locally on a chart given by ( 2 ). This construction can be found in [ 19 ,
hapter 2.2] and [ 20 , Chapter 7.4]. 

heorem 2.3 (Serre). Let 𝑋 be a compact 𝑝-adic analytic 𝑛-manifold. Then 
1. There exists a nowhere vanishing analytic differential 𝑛-form on 𝑋. 
2. If 𝜔 is a nowhere vanishing analytic differential 𝑛-form on 𝑋, then 

𝑖( 𝑋) ≡ 𝑎 ≡ ∫
𝑋 

|𝜔( 𝑥)| mod 𝑞 − 1 , 

where the identity 

∫
𝑋 

|𝜔| = 𝑎 

𝑞𝑏 

holds true for some 𝑎, 𝑏 ∈ ℕ . 

roof. [ 17 , Théorème (2)]. □

n immediate consequence of Theorem 2.3 is that a compact 𝑝-adic analytic manifold 𝑋 always has an everywhere defined
easure. Write this measure also as 

𝜇𝜔 ( 𝐴) = ∫
𝐴 

|𝜔| = ∫
𝑋 

1𝐴 

|𝜔|

of 13 Mathematische Nachrichten, 2026
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or 𝐴 ⊂ 𝑋 measurable w.r.t. to the measure |𝜔| given by a nowhere vanishing differential 𝑛-form 𝜔 on 𝑋, and using the
ndicator function 1𝐴 

of 𝐴. 

 Operators on Compact 𝒑 -Adic Analytic Manifolds 

he operators on a 𝑝-adic analytic manifold 𝑋 constructed in [ 1 ] use a certain kind of atlas  on 𝑋, for which the nerve
omplex 𝑁(  ) is connected, and the so-called equalizing property holds true. We will briefly explain these notions here. 
he first thing to remark is that an analytic structure, i.e., an equivalence class of atlantes, does in general not produce
 unique metric on a manifold. This is well-known in the case of Riemannian manifolds. Another issue is given by
heorem 2.1 : namely, that any sufficiently fine atlas is a collection of disjoint charts. This makes it difficult to define a
ransition rate function in a meaningful way. However, an atlas with sufficient overlaps produces a simplicial structure
ith the connectedness property—the nerve complex 𝑁(  ) produced from the open sets in the charts covering 𝑋. The
ollowing definition explains the notion of nerve complex of a covering: 

efinition 3.1. The nerve complex 𝑁(  ) of a covering  of a topological space 𝑋 is a simplicial complex defined as
ollows: 

𝑈 ≠ ∅, 𝑈 ∈  (vertices) 

𝑈 ∩ 𝑉 ≠ ∅, 𝑈 ≠ 𝑉 ∈  (edges) 

⋮ ⋮ 

𝑈0 ∩ . . . ∩ 𝑈𝑘 ≠ ∅, 𝑈0 , . . . , 𝑈𝑘 ∈  pairwise distinct ( 𝑘-simplices) 

⋮ ⋮ 

here it is assumed that each 𝑈 ∈  is a non-empty open subset of 𝑋. 

t is assumed that distinct charts ( 𝑈, 𝜙𝑈 

) , ( 𝑉, 𝜙𝑉 

) ∈  always have distinct open sets 𝑈 ≠ 𝑉. The nerve complex is defined
y saying that its 𝑘-simplices are given by the non-empty intersection of 𝑘 open sets appearing in charts of  . Another
equirement is that 𝑁(  ) be a connected simplicial complex. The next observation is that the transition maps 

𝜏𝜙𝑈 

,𝜙𝑉 

∶ 𝜙𝑈 

( 𝑈 ∩ 𝑉) → 𝜙𝑉 

( 𝑈 ∩ 𝑉) 

n intersections 𝑈 ∩ 𝑉 ≠ ∅ for charts ( 𝑈, 𝜙𝑈 

) , ( 𝑉, 𝜙𝑉 

) ∈  are bi-analytic, and any finite atlas on a compact 𝑝-adic analytic
anifold can be replaced by one such that all the sets occurring in its charts are the same, but the chart maps are such
hat 𝜏𝜙𝑈 

,𝜙𝑉 

takes sufficiently small balls to balls of equal radius. This is the equalizing property of an atlas. Any compact
-adic analytic manifold has a finite equalizing atlas, cf. [ 1 , Theorem 2.6]. 
n this way, the notion of a ball on a compact 𝑝-adic analytic manifold, and also its radius, becomes well-defined. However,
he radius itself is not used, but it is the measure of a ball which is of interest. So, if two points 𝑥, 𝑦 ∈ 𝑋 lie in a common
all, the join 

𝑥 ∧ 𝑦 =
⋂

𝐵 ∋ 𝑥, 𝑦 , 

here 𝐵 runs through all balls of 𝑋 containing 𝑥 and 𝑦, can be defined, as well as the simplex 

𝜎( 𝑥) = the highest-dimensional simplex in 𝑁(  ) containing 𝑥 ∈ 𝑋 

an be defined. From this, the distance 𝑑𝑔 ( 𝑥, 𝑦) for 𝑥, 𝑦 ∈ 𝑋 is given as 

𝑑𝑔 ( 𝑥, 𝑦) =
⎧ ⎪ ⎨ ⎪ ⎩ 

𝜇𝜔 ( 𝑥 ∧ 𝑦) , if there exists 𝑥 ∧ 𝑦 
min 

𝛾∶ 𝜎( 𝑥) ⇝𝜎( 𝑦) 
𝜇𝜔 ( 𝑈𝛾( 𝑥, 𝑦)) , otherwise , 
athematische Nachrichten, 2026 5 of 13
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here 𝛾 runs through all simplicial paths in 𝑁(  ) between 𝑥 and 𝑦, and 

𝑈𝛾( 𝑥, 𝑦) =
⋃
𝜎∈𝛾

𝜎 ⊂ 𝑋 

s the union of the sets associated with the simplices 𝜎 of 𝑁(  ) along the path 𝛾 ∶ 𝜎( 𝑥) ⇝ 𝜎( 𝑦) . The distance 𝑑𝑔 is called
he 𝑝-adic geodetic distance on 𝑋. It was used in [ 1 ] to construct the kernel function of an operator called 𝑝-adic Laplace–
eltrami operator Δ𝑠 on the function space  ( 𝑋) of locally constant functions 𝑋 → ℂ . Its definition is 

Δ𝑠 𝑓( 𝑥) = ∫
𝑋 

𝑑𝑔 ( 𝑥, 𝑦 )
− 𝑠 ( 𝑓 ( 𝑥) − 𝑓 ( 𝑦 )) 𝑑𝜇𝜔 ( 𝑦 ) 

ith 𝑠 ∈ ℝ . Since the nerve complex 𝑁(  ) is connected, the distance function 𝑑𝑔 can now be used in order to interpret
𝑔 ( 𝑥, 𝑦)

− 𝑠 as a transition rate for jumping between two points 𝑥, 𝑦 ∈ 𝑋. 
or the purpose of this paper, a different kernel function will be used: 

𝑘0 ∶ 𝑋 × 𝑋, ( 𝑥, 𝑦) ↦

{ 

𝜇𝜔 ( 𝑥 ∧ 𝑦)
− 𝑠 , ∃𝑥 ∧ 𝑦 ∈ 𝑋 

1 , otherwise 

ith the pair ( 𝑥, 𝑦) taken from the manifold 𝑋 × 𝑋. This kernel function can be viewed as a function of the 𝑝-adic geodetic
istance on 𝑋. 
he corresponding integral operator on the space  ( 𝑋) of locally constant functions 𝑋 → ℂ : 

Δ𝛼
0 
𝑢( 𝑥) = ∫

𝑋 

𝑘0 ( 𝑥, 𝑦)( 𝑢( 𝑥) − 𝑢( 𝑦 )) 𝑑𝜇𝜔 ( 𝑦 ) 

or 𝑢 ∈  ( 𝑋) is called a Vladimirov–Zúñiga operator. Observe that when restricted to the space  ( 𝐵) for 𝐵 ⊂ 𝑋 a ball, the
perators Δ𝑠 , Δ𝑠 

0 
coincide with the Taibleson operator as defined in [ 2 ] which in turn is a generalization of the Vladimirov

perator from [ 3 ]. 
 Koyzrev wavelet on 𝐾𝑛 is a locally constant function of the form 

𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥) = 𝜇( 𝐵 ( 𝑎 ))
− 1 
2 𝜒

(
𝜋𝑑− 1 𝜂( 𝑗) 𝑥

)
1𝐵( 𝑎) ( 𝑥) , 

here 𝜇 denotes the product Haar measure on 𝐾𝑛 , 𝑎 ∈ 𝐾𝑛 , 𝐵 ( 𝑎 ) ⊂ 𝐾𝑛 is a ball centered in 𝑎, 𝑗 ∈
[
( 𝑂𝐾 

∕( 𝜋) 𝑂𝐾 

) 
×
]𝑛 
, 

𝜂 ∶ ( 𝑂𝐾 

∕𝜋𝑂𝐾 

) 
𝑛 
→ 𝐾 

 lift of the canonical projection 𝑂𝐾 

→ 𝑂𝐾 

∕𝜋𝑂𝐾 

, where 𝜋 is the uniformizer of 𝐾, and 

𝜒 ∶ 𝐾𝑛 → 𝑆1 

 fixed complex-valued unitary additive character of 𝐾. In [ 1 , Definition 3.7], the notion of wavelet is extended to a 𝑝-adic
nalytic manifold 𝑋 by a function supported on a ball 𝐵 ( 𝑎 ) ⊂ 𝑋 centered in 𝑎 ∈ 𝑋 and requiring it to be a Kozyrev wavelet
upported on the ball 𝜙𝑈 

( 𝐵 ( 𝑎 )) ⊂ 𝐾𝑛 centered in 𝜙𝑈 

( 𝑎) for any chart ( 𝑈, 𝜙𝑈 

) ∈  whose set 𝑈 contains 𝐵 ( 𝑎 ) . 

onvention 1. In order to distinguish balls from sets associated with faces in 𝑁(  ) , the term ball will always refer to a
all-shaped set which is not of the form 𝑈𝜎 for a face 𝜎 of the nerve complex 𝑁(  ) . By convention, wavelets are always
upported on a ball in this sense. 

emark 3.2. In contrast to the case of 𝐾𝑛 , it can happen in general 𝑝-adic manifolds that distinct ball-shaped simplices of
 nerve complex have a genuine overlap, i.e., they are neither disjoint nor one contained in the other. For example, if 𝑋 is
he projective line, then it is the union of the unit disc with a copy of itself given by the map 𝑧 ↦ 𝑧− 1 , and their intersection
s the unit sphere. Convention 1 thus guarantees that any two balls are either disjoint or one contained in the other. 
of 13 Mathematische Nachrichten, 2026
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roposition 3.3. The wavelets 𝜓 of 𝑋 with sufficiently small support are eigenfunctions of Δ𝑠 
0 
with eigenvalue 

𝜆𝜓 = ∫
𝑋 ⧵𝑈 ( 𝑥) 

𝑑 𝜇𝜔 + ∫
𝑈( 𝑥) ⧵𝐵 

𝜇𝜔 ( 𝑥 ∧ 𝑦)
− 𝑠 𝑑 𝜇𝜔 ( 𝑦) + 𝜇𝜔 ( 𝐵)

𝑛− 𝑠∕𝑛 

ith 𝑥 ∈ supp ( 𝜓) = 𝐵 ⊆ 𝑈( 𝑥) ⊆ 𝑋, where 𝑈( 𝑥) is the largest ball in 𝑋 containing 𝑥 ∈ 𝑋, and with 𝑠 ∈ ℝ . 

roof. First, observe the well-definedness of balls: a point 𝑥 ∈ 𝑋 is given first by a family of points 𝜙( 𝑎) ∈ 𝐾𝑛 associated
ith a family of charts ( 𝑈, 𝜙) such that 𝑥 ∈ 𝑈, since the transition maps on overlapping charts ( 𝑈, 𝜙) , ( 𝑉, 𝜓) containing
take 𝜙( 𝑥) to 𝜓( 𝑥) , and the equalizing property of the atlas  guarantees the well-definedness of ball radii. 
he important vanishing of the oscillatory integral 

∫
𝑋 

𝜓 𝑑𝜇𝜔 = 0 , 

s shown by elaborating the argument in the proof of [ 1 , Lemma 3.8]: since 𝜔 is, by construction, a nowhere vanishing
nalytic differential 𝑛-form, it can locally on a chart ( 𝑈, 𝜙) containing 𝐵 be written in less sloppy notation as 

𝜔|𝑢 ( 𝑥) = 𝑔𝑈 

( 𝜙( 𝑥)) 𝑑𝑧 

ith analytic function 𝑔𝑈 

( 𝑧) defined over 𝑂𝐾 

. Its absolute value coincides with that of a polynomial, non-vanishing
verywhere in 𝑈: 

|𝑔𝑈 

( 𝑧)| = |𝑃( 𝑧)|
ith a polynomial 𝑃 ∈ 𝐾[ 𝑧] = 𝐾[ 𝑧1 , . . . , 𝑧𝑛 ] vanishing outside 𝜙( 𝑈) . Notice that, by the strict triangle inequality, this
mplies that 𝑧 ↦ |𝑃( 𝑧)| defines a locally constant function on 𝜙( 𝑈) . Hence, if the 𝑝-adic ball 𝜙( 𝐵) ⊂ 𝜙( 𝑈) is sufficiently
mall, then |𝑃( 𝑧)| is constant on 𝜙( 𝐵) . In this case, with 𝐵 = 𝐵( 𝑎) ⊂ 𝑈 ⊆ 𝑋: 

∫
𝑋 

𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑦 ) 𝑑𝜇𝜔 ( 𝑦 ) = ∫
𝜙( 𝑈) 

𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝑧 )|𝑔𝑈 

( 𝑧 )| |𝑑𝑧| = 𝐶̃ ∫
𝜙( 𝑈) 

𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝑧 ) |𝑑𝑧|
or some 𝐶̃ > 0 . The vanishing of the Kozyrev wavelet on any measurable set containing its support is well known, for
xample, cf. [ 22 , Theorem 2.3.9]. 
he eigenvalue calculation is now as follows: first observe that the independence of the choice of 𝑥 ∈ 𝐵 ( 𝑎 ) is immediate.
ext, it suffices that 𝑑𝑔 is an ultrametric inside 𝐵 ( 𝑎 ) . Indeed, in this case, if 𝑥 ∉ 𝐵 ( 𝑎 ) , then 

Δ𝑠 
0 
𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥) = ∫

𝑋 

𝑘0 ( 𝑥 , 𝑦)( 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥 ) − 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑦 ) 𝑑𝜇𝜔 ( 𝑦 ) 

= 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥 )∫
𝑋 

𝑘0 ( 𝑥 , 𝑦) 𝑑𝜇𝜔 ( 𝑦) − 𝑘0 ( 𝑥, 𝐵 ( 𝑎 ))∫
𝑋 

𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑦) 𝑑 𝜇𝜔 ( 𝑦) , 

here the second term makes sense, because 𝑑𝑔 ( 𝑥, 𝑦) is locally an ultrametric. Clearly, both terms above vanish, as 𝑥 ∉
 ( 𝑎 ) . If 𝑥 ∈ 𝐵 ( 𝑎 ) , then 

Δ𝑠 
0 
𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥) = 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥 )∫

𝑋⧵𝐵 ( 𝑎 ) 

𝑘0 ( 𝑥 , 𝑦) 𝑑𝜇𝜔 ( 𝑦) 

+ ∫
𝐵 ( 𝑎 ) 

𝜇𝜔 ( 𝑥 ∧ 𝑦)
− 𝑠 ( 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥) − 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑦 )) 𝑑𝜇𝜔 ( 𝑦 ) 
athematische Nachrichten, 2026 7 of 13
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he latter integral equals 

𝐼 = ∫
𝜕𝐵 ( 𝑎 ) 

𝜇𝜔 ( 𝑥 ∧ 𝑦)
− 𝑠 ( 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥) − 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑦 )) 𝑑𝜇𝜔 ( 𝑦 ) 

= ∫
𝜕𝜙( 𝐵 ( 𝑎 )) 

‖𝜙( 𝑥) − 𝑧‖− 𝑠 
( 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝜙( 𝑥)) − 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝑧 ))|𝑔𝑈 

( 𝑧 )||𝑑𝑧| , 
here ( 𝑈, 𝜙) ∈  is a chart containing 𝐵 ( 𝑎 ) , and the differential 𝑛-form 𝜔 takes on 𝜙( 𝑈) the form 𝑔𝑈 

( 𝑧 ) 𝑑𝑧 . Notice again,
s above, that |𝑔𝑈 

( 𝑦)| is constant on the circle 𝜕𝜙( 𝐵( 𝑥)) . Hence, assuming that 𝐵( 𝑥) = 𝐵( 𝑎) has radius 𝑞− 𝑘 , obtain 

𝐼 = 𝐶 ∫‖𝑧− 𝜙( 𝑥)‖= 𝑞− 𝑛 
‖𝜙( 𝑥) − 𝑧‖− 𝑠 

or some 𝐶 > 0 and 𝑘 ∈ ℕ . Points 𝑧 ∈ 𝐾𝑛 with 

‖𝑧 − 𝜙( 𝑥)‖ = 𝑞− 𝑘 

ave the form 

𝑧 = 𝜙( 𝑥) + 𝑢 + 𝜖

ith 𝑢 = ( 𝑢1 , . . . , 𝑢𝑛 ) ∈ 𝜋𝑘 𝑂𝐾 

such that for 𝑖 ∈ { 1 , . . . , 𝑛} : 

𝑢𝑖 = 𝜋𝑘 𝜏𝑖 ( 𝓁𝑖 ) , 𝓁𝑖 ∈ 𝔽𝑞 , 

nd 𝓁𝑖 ∈ 𝔽×𝑞 for at least one 𝑖 ∈ { 1 , . . . , 𝑛} , and with 𝜖 ∈ 𝜋𝑘+ 1 𝑂𝑛 
𝐾 

. The maps 𝜏𝑖 ∶ 𝔽𝑞 → 𝑂𝐾 

are sections of the canonical map
𝐾 

→ 𝑂𝐾 

∕𝜋𝑂𝐾 

≅ 𝔽𝑞 for 𝑖 = 1 , . . . , 𝑛. Hence, 

𝐼 = 𝐶

𝑛 ∑
𝑖= 1 

∑
𝓁 = ( 𝓁1 ,. . . , 𝓁𝑛 )∈

𝔽𝑞 ×. . . ×𝔽×𝑞 ×. . . ×𝔽𝑞 

∫
𝜋𝑘+ 1 𝑂𝑛 

𝐾 

‖𝜏( 𝓁 ) + 𝜖‖− 𝑠 
[ 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝜙( 𝑥)) 

− 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝑥 + 𝜏( 𝓁 ) + 𝜖)]|𝑑𝜖|
= 𝐶𝑞𝑠𝑘 − 𝑛( 𝑘 + 1) 

∑
𝓁 ∈𝔽𝑛 𝑞 ⧵{ 0} 

( 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝜙( 𝑥)) − 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝜙( 𝑥) + 𝜏( 𝓁 ))) 

(∗) 
= 𝐶𝑞𝑠𝑘 − 𝑛( 𝑘 + 1) 

∑
𝓁 ∈𝔽𝑛 𝑞 ⧵{ 0} 

(1 − 𝜒( 𝜋− 1 ( 𝜏( 𝑗 ) 𝜏( 𝓁 ))) 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝜙( 𝑥)) 

(∗∗) 
= 𝐶𝑞𝑠𝑘 − 𝑛( 𝑘 + 1) ( 𝑞𝑛 − (1 + ( − 1)𝑛 )) 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝜙( 𝑥)) 

= 𝐶𝜇𝐻 

( 𝐵 ( 𝑎 ))𝑛− 𝑠∕𝑛 (1 − 𝑞− 𝑛 (1 + ( − 1)𝑛 )) 𝜓𝜙( 𝐵 ( 𝑎 )) ,𝑗 ( 𝜙( 𝑥)) 

= 𝜇𝜔 ( 𝐵 ( 𝑎 ))𝑛− 𝑠∕𝑛 (1 − 𝑞− 𝑛 (1 + ( − 1)𝑛 )) 𝜓𝐵 ( 𝑎 ) ,𝑗 ( 𝑥) , 

here 𝜒 ∶ 𝐾𝑛 → 𝑆1 is the standard unitary character, 𝜏 = ( 𝜏1 , . . . , 𝜏𝑛 ) ∶ 𝔽
𝑛 
𝑞 → 𝑂𝑛 

𝐾 

, and 𝜇𝐻 

the Haar measure on 𝐾𝑛

ormalized such that 𝜇𝐻 

( 𝑂𝑛 
𝐾 

) = 1 . Equality (∗) follows by inspection, and (∗∗) from ∑
𝓁 ∈𝔽𝑛 𝑞 ⧵{ 0} 

(1 − 𝜒( 𝜋− 1 𝜏( 𝑗 ) 𝜏( 𝓁 ))) = 𝑞𝑛 − (1 + ( − 1)𝑛 ) , 

s can be shown by induction on 𝑛 ∈ ℕ . This now implies the asserted eigenvalue. □
of 13 Mathematische Nachrichten, 2026
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emark 3.4. In [ 23 , Lemma 4.9], a similar eigenvalue calculation based on the method of [ 24 , Theorem 3] was used for a
easure coming from an algebraic differential 1-form on the 𝑝-adic points of a Mumford curve. 

emark 3.5. The operator Δ𝑠 
0 
can be viewed as a Parisi–Zúñiga-type operator on a finite complete graph, similar to the

perators in [ 25 ]. 

emark 3.6. The wavelets 𝜓𝐵 ( 𝑎 ) ,𝑗 with sufficiently small support are mutually orthogonal, as follows from the vanishing
scillatory integral in the proof of Proposition 3.3 . In 𝐿2 ( 𝑋, 𝜇𝜔 ) , there are also other kinds of eigenfunctions which are not
avelets, e.g., the indicator function 1𝑋 

∈ 𝐿2 ( 𝑋, 𝜇𝜔 ) is an eigenfunction of Δ𝑠 
0 
with eigenvalue 0. 

 Hearing the Serre Number 

et 𝑋 be a compact 𝑝-adic manifold with a finite equitizing atlas  , such that the nerve complex 𝑁(  ) is connected,
s before. 

.1 The Serre Invariant of Compact 𝒑 -Adic Analytic Manifolds 

irst, calculate the Serre invariant of a sphere on 𝐾𝑛 . 

emma 4.1. The Serre invariant of a sphere in 𝐾𝑛 vanishes modulo 𝑞 − 1 . 

roof. The standard differential 𝑛-form 𝑑𝑥 is non-vanishing on a sphere 𝑆 ⊂ 𝐾𝑛 , and so 𝜇𝜔 = |𝑑𝑥| is the normalized Haar
easure on 𝐾𝑛 restricted to 𝑆. Its measure is 

𝜇𝜔 ( 𝑆) = ∫
𝑆 

|𝑑𝑥| = 𝑞− 𝓁 (1 − 𝑞− 𝑛 ) =
𝑞𝑛 − 1 

𝑞𝑛+ 𝓁 

or some 𝓁 ∈ ℤ . By Theorem 2.3 , the value 𝑖 ( 𝑆 ) mod 𝑞 − 1 does not depend on the choice of a non-vanishing invariant
ifferential 𝑛-form, and so 

𝑖 ( 𝑆 ) ≡ 𝑞𝑛 − 1 ≡ 0 mod 𝑞 − 1 

s asserted. □

sing the operator Δ𝑠 
0 
with 𝑠 ∈ ℝ allows now to hear its Serre invariant of a compact 𝑝-adic analytic manifold 𝑋: 

heorem 4.2. Let 𝑋 be a compact 𝑝-adic analytic manifold, 𝑠 ∈ ℝ , and let 𝜓 be a Kozyrev wavelet supported in 𝑋 with
ufficiently small support. Then, the corresponding eigenvalue 𝜆𝜓 of Δ𝑠 0 satisfies 

𝜆𝜓 ≡ 𝑖( 𝑋) mod 𝑞 − 1 , 

.e., the Serre invariant 𝑖( 𝑋) of the ( 𝑋,  ) can be read off the wavelet eigenvalues of Δ𝑠 
0 
. 

roof. Let 𝑥 ∈ 𝐵 = supp ( 𝜓) ⊆ 𝑈( 𝑥) ⊆ 𝑋 , where 𝑈 ( 𝑥) is the largest ball in 𝑋 containing 𝑥 ∈ 𝑋. According to
roposition 3.3 , it holds true that 

𝜆𝜓 ≡ 𝑖( 𝑋) − 𝑖( 𝑈( 𝑥)) + ∫
𝑈( 𝑥) ⧵𝐵 

𝜇𝜔 ( 𝑥 ∧ 𝑦)
− 𝑠 𝑑𝜇𝜔 ( 𝑦) + 𝑖( 𝐵)1 − 𝑠 
athematische Nachrichten, 2026 9 of 13
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≡ 𝑖( 𝑋) − 𝑖( 𝑈( 𝑥)) + ∫
𝑈( 𝑥) ⧵𝐵 

𝑖( 𝑥 ∧ 𝑦)− 𝑠 𝑑𝜇𝜔 ( 𝑦) + 1 

≡ 𝑖( 𝑋) − 𝑖( 𝑈( 𝑥)) +
𝑡 ∑

𝑘= 𝑟 

𝑖( 𝑆𝑘 ( 𝑥))
1 − 𝑠 + 1 

≡ 𝑖( 𝑋) − 𝑖( 𝑈( 𝑥)) + 0 + 1 

≡ 𝑖( 𝑋) mod 𝑞 − 1 , 

here 𝑆𝑘 ( 𝑥) is a sphere of radius 𝑞− 𝑘 centered in 𝑥 ∈ 𝑋, with 𝑘 = 𝑟, . . . , 𝑡 ∈ ℤ , such that these form a disjoint covering of
he annulus 𝑈( 𝑥) ⧵ 𝐵, and because 𝑖( 𝑈( 𝑥)) ≡ 𝑖( 𝐵) ≡ 1 mod 𝑞 − 1 . This proves the assertion. □

.2 The Serre Invariant of an Elliptic Curve 

n order to compute the Serre invariant of the 𝐾-rational points 𝐸 ( 𝐾 ) of an elliptic curve 𝐸 defined over the local field 𝐾,
ome facts about Néron models are needed. These can be found, e.g., in [ 26 , Chapter IV]. The difference to the article [ 1 ]
s that here, the operator Δ𝑠 

0 
will be used, whereas it is the operator Δ𝑠 in [1] 

ecall from [ 26 , Chapter IV.5]: 

efinition 4.3. A Néron model for 𝐸 ∕𝐾 is a (smooth) group scheme ∕𝑂𝐾 

whose generic fiber is 𝐸 ∕𝐾 , and which
atisfies the universal property: let ∕𝑅 be a smooth 𝑂𝐾 

-scheme with generic fiber 𝑋 ∕𝐾 , and let 𝜙𝐾 

∶ 𝑋 → 𝐸 be a rational
ap defined over 𝐾. Then, there exists a unique 𝑂𝐾 

-morphism 𝜙𝑂𝐾 

∶  →  extending 𝜙𝐾 

. 

he universal property ensures that there is an injective map 

𝜄 ∶ ( 𝑂𝐾 

) → 𝐸 ( 𝐾 ) , 

nd, after a sufficiently large extension of 𝐾, it may and will be assumed that 𝜄 is an isomorphism, i.e., that 

( 𝑂𝐾 

) = 𝐸 ( 𝐾 ) 

olds true. In this case, there is a reduction map 

𝜌 ∶ 𝐸 ( 𝐾 ) → 𝐸 ( 𝑘) , 

here 𝐸 is the special fiber of  defined over the residue field 𝑘 = 𝑂𝐾 

∕𝜋𝑂𝐾 

of 𝐾, where 𝜋 ∈ 𝑂𝐾 

is the uniformizer of 𝐾. 
et 𝜔 ∈ Ω1 ( 𝐸 ∕𝐾 ) be a nowhere vanishing differential 1-form on 𝐸 ( 𝐾 ) . Using the fact that 𝐸 is projective algebraic curve
f genus 1, allows to take an algebraic differential 1-form for 𝜔, as they are non-vanishing. This then allows to produce a
easure 

𝜇𝐸 = |𝜔|
n 𝐸 ( 𝐾 ) from 𝜔, cf. [ 20 , Chapter 7.4]. 
efine 

𝐸0 ( 𝐾) =

{ 

𝑃 ∈ 𝐸( 𝐾)
|||𝑃 reduces mod 𝜋 in the Weierstrass equation 

for 𝐸 to a non-singular point 

} 

, 

nd obtain the following result: 
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roposition 4.4. It holds true that 

𝜇𝐸 ( 𝐸 ( 𝐾 )) = ( 𝐸 ( 𝐾 ) ∶ 𝐸0 ( 𝐾)) ⋅

|||𝐸 0 ( 𝑘)
|||

𝑞 

or 𝐾 a sufficiently large 𝑝-adic number field, where 𝐸 0 is the (non-singular part of the) identity component of the special fiber
 over 𝑘. 

roof. First, one uses that the quotient 𝐸 ( 𝐾 )∕ 𝐸0 ( 𝐾 ) is a finite abelian group, cf. [ 26 , Corollary 9.2(d)]. Then, Weil [ 19 ,
heorem 2.2.5] shows that 

𝜇𝐸 ( 𝐸0 ( 𝐾)) =
|||𝐸 0 ( 𝑘)

||||𝑞| , 

hich now implies the assertion. □

emark 4.5. We are not making a claim of originality for the statement of Theorem 4.4 . It is simply needed as a reference
or the case of an elliptic curve with a certain type of bad reduction below. And it was observed that this general result
ollows immediately from the theory of Néron models. 

he following special case will now be made explicit: namely, the case of a Tate elliptic curve 𝐸 over 𝐾. An introduction
o the theory of Tate elliptic curves can be found, e.g., in [ 26, 27 ]. A slightly different approach can be found in the book
 28 ] which, unfortunately, is out of print. 
he 𝐾-rational points 𝐸𝑞 ( 𝐾) of the Tate elliptic curve 

𝐸𝑞 = ℂ𝑝 ∕𝑞
ℤ 

ith 𝑞 ∈ 𝐾 such that 0 < |𝑞 | < 1 and ℂ𝑝 the field of complex 𝑝-adic numbers form a 𝑝-adic analytic 1-manifold. Diffusion
perators induced by theta functions on 𝐸𝑞 ( 𝐾) are introduced in [ 11 ]. There, it was used that any holomorphic 1-form on
𝑞 is nowhere vanishing by Riemann–Roch, and the measure |𝜔| coming from the holomorphic differential 

𝜔 = 𝑑𝑥 

𝑥 + 𝑦 
, 

here 𝑥, 𝑦 are local coordinates on 𝐸𝑞 , is locally of the form 

|𝜔| = |𝑑𝑥||𝑥| , 

nd is invariant under the action of the abelian group 𝐸𝑞 ( 𝐾) on itself, cf., for example, [ 11 , Lemma 2.4]. The approach here
llows to hear its Serre invariant: 

orollary 4.6. The wavelet eigenvalue 𝜆𝜓 associated with the operator Δ𝑠 on 𝐸 ( 𝐾 ) for a Tate elliptic curve 𝐸 defined over
satisfies 

𝜆𝜓 ≡ 𝑖( 𝐸 ( 𝐾 )) ≡ 0 mod 𝑞 − 1 , 

here, by definition, 𝐾 is assumed a sufficiently large 𝑝-adic number field. 

roof. This is an immediate consequence of Theorem 4.2 and Proposition 4.4 , once one realizes that in the case of a Tate
urve, the connected components of the special fiber  are projective lines over 𝑘, and these have each 𝑞 − 1 non-singular
oints inside 𝐸 ( 𝑘) . □
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emark 4.7. Let us remark that the measure of the set of 𝐾-rational points of a Tate elliptic curve 𝐸 over 𝐾 can be given
xplicitly as 

𝜇𝐸 ( 𝐸 ( 𝐾 )) =
𝑚( 𝑞 − 1) 

𝑞 
, 

here 𝑞 = 𝑞𝑚 𝑢 with 𝑢 ∈ 𝑂×
𝐾 

, and 𝑚 ≥ 1 is the number of connected components of the special fiber of the Néron model
of 𝐸, which in this case is an 𝑚-gon of projective lines over 𝑘. 
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