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—— Abstract

Unsatisfiability proofs are valuable artifacts in propositional satisfiability (SAT) since they can
provide correctness guarantees and thus complete trust in reported results. In powerful parallel and
distributed clause-sharing SAT solvers, existing proof technology either funnels all solver threads’
relevant reasoning steps into a single proof file, which leads to scalability problems for large setups
and long running times, or checks proof information in parallel in real-time, which is fully scalable
but leaves no persistent artifact. We suggest an alternative approach to achieve the best of both
worlds. Specifically, we consider parallel proof files that are logged and also checked in parallel. To
this end, we introduce PalRUP— an LRUP-based proof format and a bottleneck-free, decentralized
parallel checking procedure that only uses the (parallel) file system and is composed of a set of
small, sequential trusted components. In evaluations on up to 3072 cores, we observe that our
approach allows for low-overhead proof logging during solving and substantially outscales prior proof
producing approaches in terms of checking performance.
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1 Introduction

Proofs of unsatisfiability have become a core part of the theory, practice, and empirical
research surrounding propositional satisfiability (SAT) solving. They are essential artifacts for
many reasons: Since proofs provide a correctness guarantee, they are valuable for several use
cases of SAT solving, such as the verification of critical systems [39]. In mathematical theorem
proving, proofs are necessary to reach the high level of confidence and trust that is required in
the result and to allow other parties to independently confirm it (see [15, 18, 21, 35]). They
serve as certificates for the safety or correctness of a system [40], can aid the debugging of
wrong solver behavior [26], and can be used to identify unsatisfiable subsets of a formula [2].
Lastly, gathering proofs from SAT solving runs allows to analyze the behavior, heuristic
choices, efficiency, and parallelizability of SAT solving systems [11, 20, 34].

Facing an increasing technological shift towards many-core systems and high-performance
computing, parallel and distributed SAT solving has become an increasingly relevant topic [1].
Existing proof support for large-scale clause-sharing SAT solvers, which represent the state of
the art in general-purpose parallel SAT solving [32], is mostly limited to two approaches. In
the first approach, all solver threads log partial proof files and then funnel all of the globally
required proof steps into a single, monolithic proof file [24]. The second approach checks the
solver threads’ reasoning in real time and transfers correctness guarantees for clauses across
checkers via trusted fingerprints [29]. As such, large-scale proof technology still features
an undesirable gap between monolithic proof production, which ultimately does not scale
because a potentially huge proof is sequentially written and checked, and scalable real-time
proof checking, which does not provide a persistent, transferable artifact. We argue that the
underlying issue is that distributed solvers are being forced to abide by the standards of
sequential proof technology, which has not been designed for this purpose and is therefore
insufficient to achieve full scalability. While this sentiment is not entirely new [16, 36], prior
efforts on scalable proof checking focused on proofs obtained via search space splitting — a
parallelization paradigm that allows for relatively simple separation of concerns [18, 25, 36]
but is usually being outperformed by clause-sharing solving [1, 32].

In this work, we bridge this research gap by devising a formal, algorithmic, and practical
framework for the production and validation of propositional proofs that is natively designed
for (massively) parallel computations and, as such, fully scalable. Specifically, our proof
format PalRUP (Parallel LRUP) defines a proof as a set of p proof fragments that can
be distributed across machines. In addition to bottleneck-free parallel proof logging, we
propose an approach to check PalRUP proofs in parallel, i.e., at the same scale at which they
were produced. We prove the soundness of this approach and discuss how we orchestrate
our checking setup with a number of small, sequential trusted programs whose pre— and
postconditions we connect to each other. We also discuss the employed algorithms of our
checking approach and provide rough asymptotic complexities. Experiments at up to 3072
cores show that the running time overhead of PalRUP proof logging during solving is minor,
similar to sequential proof logging, whereas our proof checking substantially outperforms
conventional checking of proofs obtained from prior approaches. While our implementation
is not yet formally verified, it is designed to realistically achieve this feat in future work.

This paper is structured as follows. We provide some necessary background on parallel
SAT solving, proofs of unsatisfiability, and their intersection in Section 2. Subsequently,
Section 3 introduces our proof format and parallel checking approach and features a proof of
its correctness. In Section 4, we present our practical setup and discuss relevant technical as
well as algorithmic considerations. Section 5 features a thorough experimental evaluation of
our work, and a conclusion with directions to future work is given in Section 6.
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2 Background

We assume basic familiarity with propositional logic. In order to decide whether a given
propositional formula in Conjunctive Normal Form (CNF; i.e., a set of clauses) is satisfiable,
most modern satisiability (SAT) solvers [4] build upon the Conflict-Driven Clause Learn-
ing (CDCL) paradigm [22], which entails a careful search of the space of partial variable
assignments while deriving and maintaining conflict clauses from encountered conflicts.

LRUP Proofs. An LRUP! [7] proof of unsatisfiability U = (I1,...,l,) consists of n proof
statements, each of which either adds (a.k.a. produces, learns, derives) or deletes clauses.
A clause addition | = (id, ¢, D) features a clause ID id, a clause (i.e., set of literals) ¢, and a
sequence of IDs D, = (dy,da, . ..,d;) that are called the dependencies (a.k.a. requirements,
hints) of ¢. A deletion statement | = (D) simply denotes a list of clause IDs.

An LRUP proof U corresponds to a specific CNF formula FF =c¢; A... Ac,. F and U
together implicitly define the progression of a clause table C' that maps certain IDs ids(C) to
clauses cls(C). Initially, C':= {i—¢; | 1 <1i < o}, i.e., IDs 1 through o are assigned to the
o input clauses. An addition [ = (id, ¢, D.) requires that id ¢ ids(C), that d € ids(C) for
each d € D., and that ¢ is entailed by cls(C). In a sound LRUP proof, this can be checked
by setting each literal in ¢ to FALSE and traversing the sequence of clauses referenced by
D.: All non-final clauses have to reduce to unit clauses and the final clasue has to reduce
to the empty clause (i.e., a conflict) [7]. This confirms that ¢ls(C') A —c is unsatisfiable and
therefore cls(C) = ¢. C is then extended by C[id] := ¢. A deletion | = (D) requires that
d € ids(C) for each d € D and modifies C' by removing the entry for each such d. If U
meets the mentioned requirements and features the addition of ¢ = (), then U certifies the
unsatisfiability of F' (since the empty clause transitively follows from F'). In contrast to other
proof formats (such as DRUP [17]), an LRUP proof’s explicit dependencies allow to check
each step’s validity without the need for propagating assignments through the entire clause
set. This allows for highly efficient proof checking [26].

Parallel SAT. There are two major approaches to parallelize SAT solving [1]. The first
approach is to split the formula at hand into disjoint sub-problems by assigning complementary
values to a subset of its variables. These sub-problems are then solved independently and
the results can be combined. This search space splitting approach allows for rather scalable
proof production, since proofs for independent sub-problems can be stitched together [25]
and can even be checked in parallel [16, 36]. Search space splitting is a successful method for
solving some long-standing open problems of mathematics on massively parallel hardware,
especially with hand-crafted, problem-dependent splitting heuristics [18, 35, 15], but it does
not perform convincingly on diverse, cross-application instance sets [1].

The second approach to parallelizing SAT is to run a number of sequential solvers on
the original, unmodified problem and to induce orthogonal search behavior by deviating
solver configurations (portfolio) and/or by exchanging learned clauses between the solvers
(clause sharing) [1]. Effective clause sharing in particular [32] allows modern distributed
SAT solvers to exploit thousands of parallel cores (even if the same solver configuration
is employed at all cores [31]) — reducing running times on many hard inputs from hours
to minutes or even seconds [12] and allowing to conquer previously infeasible inputs [32].

1 LRUP is a subset of the more commonly known LRAT proof format. LRUP only supports adding entailed
clauses, whereas (actual) LRAT reasoning steps are still largely unsupported by parallel solvers.
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However, obtaining proof certificates from clause-sharing solvers is a much more complex
endeavor than from explicit search space splitting due to dense dependencies between the
solvers’ lines of reasoning, induced by shared clauses [19, 23]. Earlier approaches on this
matter [10, 19] perform synchronized proof logging to a single proof. They have been met
with very limited success, mostly resulting in prohibitively high proof checking cost.

Proof technology for clause-sharing solvers. In 2023, Michaelson et al. introduced a viable
method to let clause-sharing solvers emit proofs [23, 24]. Each solver thread logs LRUP proof
information (without deletion statements) to its own partial proof file, whereas all clause IDs
are kept globally unique via modulus arithmetic. Each shared clause is transferred together
with its ID and can then be referenced in another partial proof file just like an original input
clause. Once a solver unit concludes unsatisfiability, the global proof is assembled: Each
solver unit reads its partial proof in reverse while collecting all transitive dependencies of the
“winning” solver unit’s conclusion step. Remote dependencies (due to clause sharing) are
sent back to the respective solver unit of origin and then traced from there. All collected
derivations are streamed into a single, still inverted proof file. Clause deletion statements can
be injected whenever a clause ID occurs for the first time in the inverted stream. The proof
can be checked by a conventional LRUP checker after un-inverting the file or by a specialized
LRUP checker that operates directly on the inverted file [24].

In evaluations with 1520 parallel cores [24], assembling (and checking) a proof roughly
took once (and twice) the solving time on average. Funneling all required proof information
(which can exceed hundreds of gigabytes) into a single, monolithic proof still constitutes a
scalability bottleneck, especially considering that proof volume increases with the degree
of parallelism [23]. Similarly, checking does not scale since it is a sequential operation. A
more subtle issue is the approach’s main memory consumption during checking: While the
idiom “If solving fit into RAM, checking will as well” is sensible in sequential SAT solving, a
combined proof from distributed solving can feature too many concurrently active clauses
for a single machine’s main memory. Michaelson et al. did observe both checking timeouts
and a checker running out of memory [24]. We expect both of these issues to become
increasingly common when running solvers at larger scales (e.g., 3072 cores, the largest scale
for standalone SAT solving to date [32]) or for longer periods.

In an effort to overcome these bottlenecks, Schreiber suggested to check a distributed
solver’s LRUP proof information in real-time during solving [29]: Each solver thread forwards
its LRUP proof steps to a dedicated checker process (one per solver thread) via named (UNIX)
pipes.? Each checked clause derivation is returned to the solver process together with a
fingerprint that only the checkers are able to compute. Clauses are then shared together with
their fingerprint. To make use of an external clause, a solver thread first needs to forward
the clause and its fingerprint to its checker process, which checks the fingerprint to confirm
that the clause has already been checked by another checker. Compared to Michaelson et
al’s monolithic proof production [23], this bottleneck-free approach reduces the overhead of
proof checking by at least an order of magnitude. That said, the procedure does not yield a
persistent artifact that can be (re-)checked later. As such, the approach is only appealing in
settings where a high level of confidence is desirable but a persistent proof is expendable.
Moreover, the approach relies on trusted communication channels across checker units via
fingerprints, which limits the confidence offered by the approach at least at a formal level.

2 In terms of program code, this inter-process channel is indistinguishable from plain linear file I /0.
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3 The PalRUP Framework

We now present our parallel proof framework PalRUP (Parallel LRUP).

3.1 Proof Format

A PalRUP proof P is a concept that encompasses p > 1 numbered proof files (one for each
solver thread), called fragments, which can be distributed over several machines, both during
solving and logging as well as during checking. The format of a PalRUP proof fragment is
heavily based on LRUP and, particularly, features statements identical to LRUP for clause
addition and deletion. PalRUP fragments additionally feature clause import statements, which
provide the ID and literals of a clause but no dependencies. Intuitively, a PalRUP-producing
solver backend outputs an import statement whenever it imports a shared clause learned by
another solver unit. The import statement establishes an explicit reference to this imported
clause at the proof level — unlike the implicit usage of imported clauses in monolithic proof

production [24] but more akin to import directives in ImpCheck’s real-time checking [29)].

Just like original and learned clauses, imported clauses can be referenced by ID in subsequent
derivations. They can also be (locally) deleted and are then no longer referenceable.

Each PalRUP proof P is implicitly associated with a certain CNF formula F with o
original input clauses. We write P € P if P is a proof fragment of P. For any P € P,
we define L(P) := {(id,c) : P features a derivation of ¢ with ID id} and I(P) := {(id,c) :
P features an import of ¢ with ID id} as the set of learned and imported clauses in P,
respectively. Both definitions extend to the entire P in a natural manner: L(P) = |Jpcp L(P)
and I(P) = Upep I(P). We further introduce C(P) := L(P)UI(P) and C(P) := L(P)UI(P)
as the set of all (non-original) clauses in P and P € P respectively.

We introduce four syntactical properties that every PalRUP proof P needs to satisfy:
PO Input ID domain: Any (id,c) € C(P) must satisfy id > o.

P1 Locality of assigned IDs: In the i-th fragment P; (i € {0,...,p—1}), any (id,c) € L(P;)

must satisfy id =i mod p.

P2 Monotonicity of assigned IDs: For each P € P, any pair (id,c), (id',c’) € L(P)

where (id, c) precedes (id’, ¢’) must satisfy id < id'.

P3 Monotonicity of hints: For any (id,c) € L(P), all d € D, must satisfy d < id.

These properties are trivial to check immediately (and locally) when checking a proof fragment.

We later explain how practical solver implementations can be made to obey them with little
effort. P1 ensures that each clause ID can be mapped to a unique producer whereas P2 and
P3 ensure the unambiguous mapping of each clause to a unique ID and the acyclicity of the
global proof (i.e., that clauses can never cyclically depend on each another).

Relation to existing formats. Given a PalRUP proof fragment P for formula F, it is straight
forward to construct an equivalent LRUP proof in terms of internal consistency (i.e., all
learned clauses being entailed by F U I(F;)) by moving all imported clauses to the problem
definition F' and thus extending their scope to the entire proof (see Appendix A). This

measure is necessary since LRUP does not support delayed addition of unchecked clauses.

Declaring imports at any point rather than upfront allows PalRUP to capture dynamic
clause sharing with a single, linear file. In fact, a solver running for an extended period can
accumulate a very large trace of imports, which may be infeasible to keep in main memory
all at once and could therefore render pure, unmodified LRUP checking impractical.

The proof format LIDRUP [8] extends LRUP by incremental user interaction loops, which
includes explicit transitions between solving and input stages and the ability to add input
clauses (with custom IDs) during each input stage. Exploiting this mechanism, a PalRUP

17:5
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Figure 1 Tllustration of PalRUP checking procedure with four solver units (and hence four checker
units), chronologically from top to bottom. Each colored bar corresponds to a clause, with the color
indicating the producing solver unit and the length indicating the clause ID.

fragment can be translated directly and faithfully to a LIDRUP proof (see Appendix A). That
said, the resulting LIDRUP artifact is relatively verbose, and LIDRUP checkers are designed
to handle many advanced features that are not required for our purposes.

3.2 Checking

Given a PalRUP proof with fragments F, ..., P,_1, a PalRUP checking procedure runs in
parallel p corresponding sequential checker programs, called pals. Each pal 7 processes its
associated fragment P; in three stages as illustrated in Fig. 1:

1. Local checking: Traverse P;. During this traversal, check PO-P3 and check/process
each addition and deletion like a conventional LRUP checker. Treat each clause import as
a learned clause that needs no checking, and accumulate the full set I(P;).

2. Redistribution: Send each clause (id, ¢) € I(P;) to pal id mod p and accordingly receive
the set E(P;) := {(id,c) € I(P) | id = i mod p} from the other pals.

3. Matching (or Confirmation): Check E(F;) C L(P;) in a single linear pass.

Subsequently, each pal outputs OK if no errors occurred and additionally outputs UNSAT if
the empty clause was learned in its fragment. A proof is considered accepted by the parallel
procedure if and only if all p pals output OK and at least one pal outputs UNSAT.

The local checking step is similar to running p conventional LRUP proof checkers inde-
pendently on p LRUP proof files. The main difference are imported clauses, which are added
to the pal’s clause table without any immediate checks. The redistribution step ensures that
each clause imported in some fragment arrives at some (other) fragment. The confirmation
step then ensures that all clauses received from the redistribution step are in fact valid learned
clauses of the local fragment that, importantly, depend only on strictly earlier clauses.
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3.3 Correctness

We now show the correctness of PalRUP, i.e., that any PalRUP proof accepted by our parallel
checking procedure does in fact confirm the unsatisfiability of the corresponding formula.

We call a PalRUP proof P for a formula F' sound iff all pals in a parallel checking run
accept (F,P), and we define P as valid iff P is sound and (id, §) € L(P) for some id. The
following lemma forms the basis for our approach’s correctness:

» Lemma 1. If PalRUP proof P is sound for formula F, F |= ¢ for each (id,c) € C(P).

Proof. Since P is sound, we know that there is an ordering Fj, ..., P,—1 of the fragments of
P that complies with the basic syntax of PalRUP and properties PO-P3. The sets L(-), P(-),
and C(-) are also well-defined. We define C* := {c | (id,c) € C(P),id < x}, i.e., all clauses
with an ID no larger than = that occur as learned or imported clauses in any fragment of a
PalRUP proof P. We proceed to prove Ve € C* : F = ¢ via induction over z.

For z < o, Property PO (input ID domain) ensures that C* = (). Next, for any x, we
assume V¢ € C% : F |= ¢ and are left to show that any clause ¢ € C**! is entailed by F. If
¢ € C*, there is nothing to show. Otherwise, (z + 1,¢) € C(P). Let us first consider all cases
of an import statement (z + 1,¢) € I(P) in some P € P. The pal of P sends (x + 1,¢) to the
pal of P’ := Pyi1modp. Property P1 (locality of IDs) ensures that P’ is the only fragment P;
that may satisty (z +1,¢) € L(F;). The pal of P’ subsequently checks that (x+1,¢) € L(P’).
Property P2 (monotonicity of IDs) further ensures that such a clause addition can only occur
once in P’. As such, we know that all imports with ID z + 1 in P originate from one globally
unique clause addition in P and thus all correspond to the exact same literals, c¢. It remains
to show that an addition I = (z + 1,¢, D) in some P implies F' = ¢ (regardless of whether or

not P features any imports of ¢). P3 (monotonicity of dependencies) ensures D C F' U C¥.

During local checking, the responsible pal performs a RUP check on I to confirm D = ¢,
implying F'U C® |= c. Due to induction, we know that F' = C* and therefore F' = c. <

» Theorem 2. If a PalRUP proof P is valid for a formula F, then F is unsatisfiable.

Proof. For P to be valid, it needs to be sound and contain the empty clause. If this is the
case, it follows from Lemma 1 that F' = 0 and thus F' is unsatisfiable. |

4 Implementation

In the following, we present our practical setup as well as the algorithms and techniques that
are relevant to render PalRUP a viable, efficient, and dependable framework in practice.

4.1 Proof Logging

An LRUP-logging solver backend, such as CaDiCaL in prior works [24, 26, 29], can be modified
to log PalRUP proof information via a few small changes. First, the solver needs to log import
statements whenever it imports a shared clause. Secondly, P1-P3 must be ensured, either by
reworking the solver’s internal clause ID assignment or by introducing additional program
logic in the proof logging module to map between solver-internal and adjusted clause IDs. In
our implementation, we applied the latter option for the sake of genericity.

Our proof logger maintains a table H that maps solver-internal IDs to adjusted IDs.

While the solver backend continues to use original, unmodified clause IDs, we always use
adjusted IDs when exporting the clause for sharing purposes and when writing proof lines.

17:7
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Given a clause addition (id, ¢, D) with hints D = (dy,...,d}), we first use H to replace
each hint d > o in D with H[d]. We take the previous assigned ID id;m) and find the
maximum hint ID d,,,, = max{D’} to then compute the target ID t = max(d,,,,, id,,.,) + 1,
i.e., the minimum viable ID that respects both P2 (Monotonicity of assigned IDs) and P3
(Monotonicity of hints). To satisfy P1 (Locality of assigned IDs), we increase ¢ until it is
congruent to ¢ mod p, which yields the final adjusted ID id . Finally, we add the mapping
id — id' to H and output the clause addition (id’, ¢, D").

Given a deletion statement for clause IDs D = (dy,...,d;), we again translate the IDs to
D’ as above (before outputting the statement) and also delete each according entry d — d’
from H. Import statements (id,c) do not need to be modified since id originates from a
different solver unit and has therefore already been adjusted in that context.

Similar to existing binary file formats for DRAT [17] and LRAT [7], our file format contains
proof information in a compact and lightly compressed binary representation based on a
variable-bytelength coding. Each number (i.e., literal or ID) is written using seven out of
eight bits per byte, where the eighth bit indicates if the number continues in the next byte.

4.2 Proof Checking Setup

We designed our parallel proof checking approach based on the following principles:

1. Each proof fragment is only accessible at one machine of the distributed environment.

2. Each pal for a fragment P should asymptotically only consume as much main memory as
is required for checking its proof (i.e., memory according to the clause table maintained

by a LIDRUP checker when checking an equivalent proof, see Section 3.1).

3. Communication between pals is limited to the well-defined exchange of a few plain files.
The third principle is motivated by our aim to enable bottleneck-free parallel and distributed
proof checking without relying on complex and error-prone network communication libraries.
This way, assuming that all checker units have shared access to some (parallel) file system,
the mode of operation is comparable to conventional (sequential) proof checking and does
not require any added dependencies at the application level. Indeed, a purely sequential
execution model for individual trusted programs may greatly facilitate a potential formally
verified implementation (cf. [36]), which our setup is specifically designed to prepare for.

At a technical level, our PalRUP checking setup is based on three distinct trusted C
programs: palrup_check, palrup_redist, and palrup_match. Each such program is purely
sequential and performs plain file I/O with no further interfaces or dependencies. We compose
these individually trusted programs with a thin scripting layer that calls O(p) incarnations
of the three programs and connects their pre— and postconditions.

Fig. 2 illustrates this setup and specifies according pre— and postconditions. Firstly, each
pal’s run of palrup_check corresponds to the local checking stage. It has no preconditions
and ensures that, if it wrote a file imports.i, its proof fragment P; is internally consistent
and imports.i contains all imports I(P;). Next, to redistribute clause imports, we arrange
all pals in a quadratic grid® for efficiency reasons (see Section 4.3 for details). Each run of
palrup_redist reads all imports from its row in this grid and, given the postconditions of its
row’s checking steps as preconditions, ensures that its successful output redist.: contains all
clauses imported in its row that originate from its column. Lastly, each run of palrup_match
relies on the preconditions of its column’s palrup_redist executions to ensure that, if ok.d
is present, then all pals checked their fragments and all exports E(P;) from proof fragment

3 Some “dummy” pals are spawned with empty inputs to make up for the difference between p and [\/p]z.
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Execution 4 (globally [\/p]? in parallel) row(i) := {j € {0,..., |\/p12 — 1} | idiv[\/p] = jdiv [\/p]}
] col(i) i= {j € {0,..., [/p]> — 1} | imod [y/p] = j mod [y/p]}
run_pal.sh SOUND(:) = sound(P;) A (file(unsat.i) = 0 € C(P))
I_ — f.cnf file(imports.i) = (SOUND(:) A I(P;) € imports.3)
palrup.check | € fragnent.i ppe REDIST:
|: Vj € row(i) : file(imports.j) =
PRE REDIST i ) € i '
" imports. (SOUND(y) /\ I(P;) € imports.j)
palrup redist .
file(redist.i) = Vj € row(z) : (SOUND(j) A Vk € col(i) :
|: PRE MATCH {(id,c) € I(P;) | id = k modp} € redist.i)
¢« redist.*  PRE MATCH:
patrup-match Vj € col(i) : file(redist.j) = (Vk € row(j) : SOUND(k) A
’J( {(id,c) € I(Py) | id =i modp} € redist.j)
. ; . 2 . .
AL [/p]? files ok present? file(ok.1) = ((Vj € {0,...,[v/p]* — 1} : SOUND(j)) A
Some file unsat . * present? E(P;) C L(Pi))

Figure 2 Left: Schematic PalRUP checking workflow with input (<) / output () files and
PRE-/ condition markers. Right: According pre— and postconditions of each trusted checker
program. file(x) indicates whether file x exists; sound(F;) indicates whether PalRUP fragment P; is
sound (i.e., its local checking succeeded). An empty fragment P, for x > p is trivially sound.

i are in L(P;). The end-to-end result is obtained by checking in a surrounding script as
to whether all [/p]? files ok.* and at least one file unsat.x are present, which marks the
PalRUP proof as valid and (due to Theorem 2) the according formula as unsatisfiable.

At a technical level, the i-th pal only writes files [...].7, which prevents race conditions.

In practice, these files are also organized in appropriate sub-directories for better file system
performance. Furthermore, any output file expected by another program is created only at
the end of a successful computation and by atomically moving a fully written intermediate
file to the destination, which prevents incomplete reads. Accordingly, a pal expecting an
input file repeatedly polls the file system until the file is present (or checking times out). As
such, our approach is fully decentralized and features no global synchronization barriers.

4.3 Algorithms and Complexity

We now describe the algorithms and asymptotic complexity of each major checking stage.

Local checking. During local checking, the i-th pal outputs I(P;), i.e., the clauses it had to
assume to be entailed by F. Depending on the parallel solver, we may expect high overlaps
between the I(-) across different solver units, up to the point where all solver units import
almost identical clause sets. As such, detecting and eliminating these duplicates as early as
possible in the checking procedure can significantly reduce the total workload. To this end,
we want to ensure that pal ¢ outputs I(P;) sorted by ID in ascending order. However, the
clause imports in P; are not necessarily sorted by ID, and simply collecting I(P;) in-memory
and sorting it in the end may not be feasible since I(P;) usually grows linearly with P; and
can therefore exceed the available main memory. Feasible alternatives include (a) the use
of a (semi-)external-memory priority queue [27] or (b) outputting I(P;) in the input order
followed by a (semi-)external sorting step.

In terms of complexity, a pal i performs a check for each RUP step in its respective
fragment P; and handles imports as outlined above. We simplifyingly assume constant-size
proof lines and define that each proof fragment has at most N clause additions and at most
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Figure 3 Example information flow to pal 10 in our redistribution scheme for 14 pals. Arrows
show the information flow of clauses that were produced by pal 10 and imported by other pals. Solid
line arrows show stage one and dashed line arrows show stage 2 of the redistribution. Pals 14 and
15 are spawned as “dummy” pals to serve as relays.

M clause imports. Per pal, this roughly results in O(N) work to perform the necessary
LRUP checks,* in addition to O(M log M) work to handle clause imports via a priority queue
and/or sorting (abstracting away internal vs. external memory).

In our actual implementation, we insert each import (id, c) € I(P;) into a priority queue
Q (prioritized by id) and flush its « - |@Q| smallest elements (e.g., & = 0.5) once @ exceeds
a certain volume. If every clause import in the fragment is mispositioned by less than k/2
positions compared to the sorted sequence of imports, the series of flushed chunks will always
form a sorted sequence of IDs. Otherwise, we encounter corner cases where an ID to flush is
smaller than the last flushed ID. In such cases, we traverse and re-write the output written
thus far while merging together its clauses and the clauses to be flushed. Given sufficient
space for @), we expect this workaround to be required very rarely for checking typical proofs,
where the IDs of imported clauses generally increase over time.

Redistribution. At an algorithmic level, the redistribution step can be considered a standard
all-to-all collective operation, i.e., each among p processing elements has a dedicated message
for each of its p — 1 peers. The challenge is to implement this operation in an efficient and
yet simple and mostly technology-independent way.

As a compromise between efficiency and simplicity, we propose a two-stage redistribution
procedure based on an all-to-all communication scheme described by Sanders and Uhl [28]:
As outlined earlier, we arrange all p pals in a two-dimensional®, [\/p] x [\/p] grid. In a first
step, all information is sent along the horizontal direction; i.e., a pal at position (z,y) in
the grid sends the clauses for destination (2’,y’) to the pal at position (2/,y). In the second
step, all data is sent along the vertical direction and reaches its final destination. If p is not
a square number, an additional [\/p]? — p processes are spawned to serve as relays. Fig. 3
illustrates the information flow of this procedure.

4 Assuming (expected / amortized) constant-time bookkeeping of clauses, e.g., with a good hash table.
5 For very large configurations, e.g., p > 10000, the method could be extended to d > 2 dimensions in a
straight forward manner to reduce the workload per pal at the expense of added communication rounds.
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This method requires two communication rounds with a total of 2- [\/p]?- [\/p] € O(p\/p)
sent and received messages (files) since each party handles and forwards data from/to
[/p] parties per step. Since we ensure that each pal in the local checking step outputs its
imported clauses sorted by ID in ascending order, the data in each incoming message during
redistribution is sorted. As such, [\/p| incoming messages can be efficiently merged (e.g.,
with a heap of size [y/p]) and split into [\/p] sorted outputs while detecting and discarding
duplicates in the process. Each message is bounded by M, implying O(y/p- M -log+/p) C
O(y/p - M -logp) work per pal.

Confirmation. The confirmation step once again entails p independent traversals of Py, ...,
P,_1 € P. This time, however, the RUP steps in a proof fragment P; do not need to be
checked again. Instead, the pal merges its incoming clauses into a single sorted sequence
E(P;) and scans P; until it encounters the next clause (id,c) € E(P;) (or fails).

In terms of complexity, E(P;) consists of [\/p] distinct sorted clause sequences, which
can be of size min{[y/p]M, N} each ([\/p]M if all imported clauses in P originate from P;;
N if every single learned clause in P; was imported by another pal). Let us denote this
maximum number of exported clauses per pal by X. Then after merging and deduplicating
these sequences in O(y/pX logy/p) C O(y/pX logp) time, the at most N remaining clauses
can be matched with the proof fragment in O(N) time.

Total complexity. Totalling the above asymptotic complexities for each stage, we arrive at
O(N + MlogM + (M + X)/plogp) total work per pal. Assuming /plogp > log M, the
work simplifies to O(N + (M + X)+/plogp). As such, compared to LRUP/ LIDRUP proof
checking in O(N), PalRUP checking expectedly incurs added work in terms of the amount of
imported and exported clauses, which scales sub-linearly with the degree of parallelism p.

5 Evaluation

We now present the experimental evaluation of our PalRUP logging and checking pipeline.

Our checker, PalRUP logging solver and experimental data are available online.

5.1 Setup

We use up to 64 nodes of SuperMUC-NG, an HPC cluster where each node has 48 physical
cores and 96 GB of RAM. As in earlier works [31], we run two MallobSat processes per node
with 24 solver threads per process. Due to a lack of local disks on SuperMUC-NG’s nodes,
we use a parallel file system both to log proofs and to exchange information across checker
units. For parallel runs, we use two scales per default: one node (48 cores) and 16 nodes
(768 cores). We additionally include a run of our approach at 64 nodes (3072 cores) — the
largest scale at which any clause-sharing SAT solver has been evaluated to date [31].

We compare our PalRUP proof logging and checking pipeline with three state-of-the-art
baselines: (a) the sequential SAT solver CaDiCaL [3] (which won the UNSAT track of
SAT Competition 2025), using LRAT proof logging and checking via lrat-trim (without
proof trimming, for best single-pass performance) [26]; (b) the monolithic proof production
approach by Michaelson et al. [24], which entails running the distributed clause-sharing solver
MALLOBSAT [32] (with CaDiCaL as its solver backend) followed by assembling and then
sequentially checking the produced (byte-wise inverted) proof using the efficient standalone
checker bundled with Mallob [24]; and (c) the same configuration of MALLOBSAT but with
proof logging disabled entirely. Per run, we limit (a) to 5000s (excluding the subsequent proof
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Table 1 Statistics on total file sizes of successfully logged proofs in GiB. Note that CaDiCal. was
run for a substantially longer wallclock time (5000s vs. 300s).

Solver # pl0 median mean p90 max
CaDiCaL 156  0.003 0.5 1.4 4.3 14.1
Monolithic 1 node 139  0.001 0.4 2.0 5.2 25.5
Monolithic 16 nodes 152  0.002 1.2 7.4 19.6 129.8
PalRUP 1 node 136  0.001 3.4 5.9 12.1 54.2
PalRUP 16 nodes 155 0.005 33.4 68.2 173.2 797.0
PalRUP 64 nodes 154 0.393 128.4 227.2 583.1 2011.3

checking, which always finishes within a few minutes) and (b) to 300s of solving followed
by up to 1500s each for assembling and for checking a monolithic proof. All other runs are
limited to 300 s each for solving and for checking (as applicable). All of these limits are
measured in terms of wallclock time.

In terms of benchmarks, we use the most recent SAT Competition 2025 benchmark
set [6], consisting of 400 diverse inputs that are roughly balanced in terms of satisfiable vs.
unsatisfiable inputs. We generally run all approaches on all inputs, including satisfiable ones,
to discern the overhead incurred in all cases.

5.2 Results

We now discuss our experimental results in regards to proof logging, its associated overhead
on solving times, raw checking times and end-to-end execution times for solving and checking
combined.

Proof Logging. Table 1 shows some statistics for the proofs logged in our experiments.
Both the monolithic proof production and sequential LRAT proof logging yield a single proof
file. For the case of monolithic proof production, the assembly of said proof file involves a
backward timming procedure that discards unused clauses and hence eliminates the majority
of the originally generated proof data [24]. Our approach, by contrast, does not rely on any
postprocessing after solving and instead includes all reasoning steps of all solver threads in
the final proof data, which in turn results in significantly larger proofs. The median proof
data throughput per second per solver thread during solving is about 1.66 MiB for all scales
of PalRUP and about 2 MiB for sequential CaDiCaL. with LRAT output. At 3072 cores, this
implies a median total PalRUP proof size of about 5 GiB per second of solving time. As
such, when increasing the scale of solving, the mean PalRUP proof size increases considerably
but not proportionally (e.g., by a factor of 11.6 when going from one to 16 nodes), given
that larger scales usually take less time to solve an input (Fig. 7 in the Appendix further
illustrates this effect). The largest PalRUP proof produced (at 64 nodes) is comprised of
2'TiB of data and belongs to the instance cliquecoloring_n14_k7_c6.cnf, a clique coloring
formula with only 273 variables, where solving took 257.6 s and checking took 127.1s.

Solving times. Next, we consider the impact of PalRUP proof logging on solving times. As
Fig. 4 (left) shows, the modifications needed to enable PalRUP logging in a solver backend
only introduce minor overhead with little differences to the overhead incurred by proof
logging for monolithic proof production. Logging PalRUP proofs, unsurprisingly, does not
hinder the scalability of a clause sharing solver and is viable in practice. Fig. 4 (right) shows
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300 //“"‘W“ all SAT  UNSAT
v 950 4 7 f;-?;‘f-::fﬁ-.- Setup Solver # PAR # PAR # PAR
A AR 1x48 MallobSat 284 225.5 143 226.8 141 224.2

- Cd

§2oo //ﬁ 16x48 MallobSat 318 159.9 162 156.5 156 163.3

Z 1504/ 4 —— paruP-64 -
2 e 1 CaDiCaL 295 672.0 139 613.2 156 730.7
E PalRUP.16 SP  1x48 Monolithic 273 231.9 134 233.9 139 229.9
g -—- MallobSat-1 16x48 Monolithic 308 167.1 156 160.2 152 174.1

* 50 I Neop

L CaDiCaL 1x48 PalRUP 274 238.1 138 235.2 136 241.0
0 ——— PP 16x48 PalRUP 317 156.7 162 141.9 155 171.4
0 60 120 180 240 300 64x48 PalRUP 317 155.6 163 140.3 154 170.9

Runtime ¢ in s

Figure 4 Left: Solved instances over time for different MallobSat configurations with and
without proof logging. Right: Data on solving performance for all configurations with parallel (PP),
monolithic/sequential (SP), and no (N) proof logging. In both the plot and the table, pure solving
times are considered, which also excludes proof assembly in monolithic proof production.

detailed performance data for all runs. Note that the 64-node run only performed slightly
better than the 16-node run, as opposed to MallobSat’s scaling behavior reported in earlier
works [31, 32]. Since we did not include a 64-node run of unchecked MallobSat, we are unsure
if this scalability limit is due to massively parallel proof logging to a network file system or
simply a consequence of the employed solver setup and considered benchmarks.

Checking times.
checking approaches. Fig. 5 (left) shows running times of the respective checking procedures

Let us now compare the checking performance of PalRUP to existing

in relation to the time needed to solve each instance. Note that the assembly of monolithic
proof files is not taken into account. While small monolithic proofs can be checked faster than
a distributed PalRUP proof, our approach scales much better to harder instances that need
more than ten seconds to solve. Especially when executed on multiple nodes, our approach
proves to be orders of magnitude faster than monolithic proof checking in several cases.

Fig. 6 provides more detailed insights into PalRUP checking times by showing the average
running times of a pal — broken down into local checking, redistribution and confirmation —
at different scales. The redistribution step is orders of magnitude faster than local checking
at small scales but makes up for a significant portion of checking times at larger scales.
While the size of the proof fragments is limited by the allowed timeout during solving,
the communication workload scales with the number of active processors. At even larger
scales beyond 3072 cores, additional measures to reduce this work may be in order, e.g., by
extending our redistribution scheme by a third dimension. Some more insights on the load
balance of our checking approach are given in Fig. 8 (Appendix).

End-to-end checked performance. Fig. 5 (right) illustrates end-to-end execution times, i.e.,
the time needed from starting to solve an instance to the finished validation of a produced
proof of unsatisfiability. CaDiCall’s sequential proof production and checking based on
LRAT is extremely efficient (as can also be seen in Fig. 5 left) but limited to sequential
solving performance. Both the monolithic proof production and our approach significantly
outperform the sequential approach on non-trivial instances. Since PalRUP does not feature

any sequential bottleneck for the produced proof data, our approach significantly outperforms
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Figure 5 Left: Per-instance comparison of solving vs. checking times, including PalRUP, monolithic
proof production (excluding proof assembly), and CaDiCaL with LRAT checking. Right: Solved and
checked unsatisfiable inputs over time, i.e., including the time needed for solving and subsequently
checking the produced proof (also including proof assembly for monolithic proof production).
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Figure 6 Average running times of our checking procedure per instance, split into stages, at 1,
16, and 64 nodes (48, 768, and 3072 cores respectively).

all prior approaches and, unlike monolithic proof production, mostly shows improved end-to-
end performance when increasing the scale of solving (and checking). As indicated by the
scalability problems of monolithic proof production already at 768 cores, there are no prior
scalable approaches to constructing explicit proofs with a clause-sharing solver at a scale
of up to 3072 cores. Our approach does prove highly scalable — oftentimes achieving faster
checking than solving for solving times beyond 20-30s (Fig. 5 left).

Without any dedicated experiments, let us also discuss the overhead of checked SAT
solving via PalRUP in relation to real-time checking (without a persistent proof artifact) via
ImpCheck [29, 30], the thus far only bottleneck-free proof checking for clause-sharing solvers.
The latest and most efficient version of ImpCheck [30] was shown to incur running time
overheads of roughly 21% (mostly scale-independent [29]) for non-trivial instances, with a
solver setup essentially equivalent to ours. Our approach incurs smaller or similar overhead
during solving (13%—24% depending on the scale) whereas post-hoc checking effort varies
based on the solving time (see Fig. 5 left). For solving times beyond 60s, the mean checking
overhead is about 11% (29%, 48%) at 1 (16, 64) nodes. In total, we estimate that our
approach incurs roughly 2-3x the overhead of ImpCheck in terms of end-to-end performance
on sufficiently challenging instances and at large scales.



R. Gotz, M. Dorr, and D. Schreiber

6 Conclusion

Parallel and distributed clause-sharing SAT solvers are powerful automated reasoning tools,
but they are still held back by the lack of truly scalable methods for producing and checking
proofs of unsatisfiability. In this work, we introduce the PalRUP framework for logging
and checking parallel proofs, including in particular a decentralized parallel proof checking
method. Large-scale experiments show the promise of this method — outscaling prior proof
logging approaches substantially in terms of checking time.

Formally verifying our approach and devising an according formally verified implementa-
tion of our proof checking procedure was out of scope for this work. That said, we specifically
designed our setup to allow to achieve this feat in the near future. In particular, we intend
to build upon a recent joint project (involving the 3rd author) on verifying the ImpCheck
real-time proof checking approach [38]. This project showed that (and how) it is feasible to
implement programs in the verified CakeML toolchain [37] that serve as drop-in replacements
for trusted sequential core programs (see Fig. 2) while modeling the interactions between
different incarnations of them with a foreign function interface (FFI) model. Applying similar
techniques, we believe that we can obtain a scalable verified proof checking approach with
very few added assumptions (e.g., a correct file system).

Apart from its verification, we are interested to extend and augment the PalRUP framework
regarding a number of aspects. First, we aim to further improve the practical performance
of proof checking with further engineering and algorithmic improvements, such as only
considering a clause import for redistribution if it was actually used in a subsequent derivation
by its importing solver unit. Next, we consider to devise parallel postprocessing methods
for PalRUP proofs, including a backward trimming operation similar to the one used in
monolithic proof checking [24] and/or more powerful compression techniques. Lastly, we want
to extend PalRUP to stronger proof formats such as incremental proofs [8], LRUP combined
with variable addition [9], or (more long term) the VeriPB cutting-planes proof system [5].
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A  Proof Translations

In the following, we sketch how some proof formats related to PalRUP can be transformed
into each another.
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PalRUP fragment to LRUP. Given a PalRUP fragment P, add |I(P)] to all clause IDs
greater than o and then replace all clause import IDs {id + |I(P)| : (id,c) € I(P)} with the
IDs {o+1,...,0+ |I(P)|}. Next, remove the imports and deletions of each (id,c) € I(P)
from P and append the clauses in I(P) to F (ordered by ID). The result is an LRUP proof
P for F = FU{c| (id,c) € I(P)} with & := o + |I(P)| clauses, where the scope of each
previously imported clause now extends to the entire proof.

PalRUP fragment to LIDRUP. Given a PalRUP fragment P, identify all sections of P that
do not contain any clause import statements. At the beginning of each such section, insert a
LIDRUP query-sat statement with an empty set of assumptions. At the end of each section,
insert a LIDRUP status statement with result UNKNOWN. Rewrite each PalRUP clause import
statement as an according LIDRUP input statement. Next, prepend all original problem
clauses as LIDRUP input statements to the proof and append concluding LIDRUP statements
at the end of the proof: status with result UNSAT and core with the empty clause’s ID if
it exists, and status with result UNKNOWN otherwise. The result is a LIDRUP proof P for
an incremental formula that is successively built up from F' to feature all imported clauses.
The clause checks, insertions, and deletions that need to be performed by the checker are
identical between the PalRUP fragment and the LIDRUP proof.

LRUP to PalRUP fragment. Each LRUP proof directly qualifies as a PalRUP proof fragment
(with no clause imports) as long as it complies with PalRUP properties PO-P3. The proof
can always be made compliant for i = 0 and p = 1 (i.e., assuming the fragment is the only
one in the “parallel” proof) by traversing the proof while replacing each assigned clause ID
in an addition with a fresh ID from a separate counter (initialized to o 4+ 1) and remapping
each ID in subsequent occurrences (in deletions and hints) accordingly.

B Supplementary Figures
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Figure 7 Total proof sizes relative to solving time for PalRUP at 1/16/64 nodes and sequential
CaDiCalL with LRAT checking. The according lines are lines through the origin with a gradient of the
respective median throughput, which is 2.02 MiB/s for CaDiCaL and 77.99 (1330.17, 4942.87) MiB/s
for PalRUP at 1 (16, 64) nodes.
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Figure 8 Distributions over the normalized inter quartile range (IQR) for each instance per
checker and produced kind of data. Proof relates to IQRs of produced PalRUP fragment sizes, Import

and Redist likewise relate to the communication files written after local checking and redistribution.

Since the work done by each of our pals depends on the input file sizes, the shown variance in file
sizes can serve as a proxy for the work balance in our approach.
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