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Abstract
We introduce and study a new scale of function spaces that characterize the homo-
geneous Besov spaces Ḃ

β
p,q , hence completing earlier work by Ullrich. These new

spaces include the ones introduced by Barton and Mayboroda, and systematically
studied by Amenta under the name of weighted Z-spaces, for the purpose of boundary
value problems with Ḃ

β
p,p data. They are the counterparts to the weighted tent spaces

with Whitney averages, developed by Huang, and arise as their real interpolants. We
describe their functional analytic properties: completeness, duality, embeddings, as
well as their real and complex interpolants.
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1 Introduction

This paper introduces a new scale of function spaces, naturally arising in the characteri-
zation of homogeneous Besov spaces, and establishes a full function space analysis for
them. Characterizations of (homogeneous) Besov spaces Ḃβ

p,q and Triebel–Lizorkin

spaces Ḟβ
p,q have attracted significant interest in recent decades due to their instru-

mentality in areas such as harmonic analysis, partial differential equations, and more.
Traditionally, these spaces are defined via discrete Littlewood-Paley blocks (�k)k∈Z
that are, in fact, convolution operators with a kernel having compact support away
from zero in Fourier-space; see the monograph of Triebel [30, Sec. 5]. In contrast, for
applications to partial differential equations, it is of interest to have characterizations
with respect to a continuous spectrum and using kernels without compactness of the
Fourier-support. For example, kernels whose Fourier-transform vanishes sufficiently
fast at zero and infinity, such as

kt (x) = F−1(|tξ |N e−|tξ |2)(x), for t > 0 and some N ∈ N,

are of particular interest, because they lead to characterizations via the well-known
Gauss–Weierstrass semigroup.

First continuous characterizations for general kernels of this kind were given by
Triebel in [32, Sec. 2.4.2 + 2.5.1] in the range 1 < p < ∞, 1 < q ≤ ∞ and β ∈ R,
where the case p = ∞ is included forBesov spaces. Later, theywere complemented by
Ullrich in [33] for the full range of parameters 0 < p < ∞ and 0 < q ≤ ∞. Again he
included the case p = ∞ for Besov spaces. Eventually, Hui and Taibleson [10] treated
also the Triebel–Lizorkin spaces in the case p = ∞ and 0 < q ≤ ∞. For further
development see also [22, 24, 25, 28] and the references therein. We take a closer look
at Ullrich’s work [33]. Interestingly, in his paper he provides several characterizations
for Triebel–Lizorkin spaces, which always have a corresponding counterpart for Besov
spaces, except for one. More precisely, this additional characterization for Triebel–
Lizorkin spaces uses (weighted) tent spaces Tp,q

β onRd+1+ = (0,∞)×R
d . They were

first introduced by Coifman, Meyer and Stein [12] in the unweighted case β = 0, and
later studied by many other authors in the weighted case β ∈ R; see for instance [2,
17]. Roughly speaking, the tent space characterization reads

f ∈ Ḟβ
p,q ⇐⇒ E( f )(t, x) := (�t ∗ f )(x) ∈ Tp,q

β ,

where � is a suitable kernel and �t = t−d�(·/t); see Sect. 2 for more details. In this
construction, (�t ∗ f )(x) is an extension of f to the upper half-space Rd+1+ , and Tp,q

β

the extension space of Ḟβ
p,q . However, a corresponding “tent space characterization”

for the closely related Besov spaces Ḃβ
p,q , at least when p �= q, has remained a notable

gap in the theory. Therefore, one central question of our paper is the following:

• Is there a scale of function spaces, similar to tent spaces, that characterizes the
homogeneous Besov spaces Ḃβ

p,q?
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In the following, we use results from the literature to derive a suitable candidate for
that scale of spaces. To do so, we want to leverage known real-interpolation properties
for Triebel–Lizorkin spaces as well as for weighted tent spaces. To this end, recall
that Barton and Mayboroda introduced in [7] a scale of function spaces for analyzing
boundary value problems with fractional Ḃβ

p,p-data; see also [3, 6]. Additionally, these
spaces recently found applications for solving nonlinear parabolic problems; see [5].
Under the name of Z-spaces, they were further investigated by Amenta in [2]. In
particular, he shows that the real interpolation spaces of weighted tent spaces can be
identifiedwithZ-spaces. The following incomplete diagramuses these facts alongwith
the tent space characterization of Ḟβ

p,q to identify a candidate for the characterization

in the special case Ḃβ
p,p.

This suggests that the Z-spaces from [2, 7] are the appropriate extension spaces to
characterize Ḃβ

p,p. We point out that the extension space Zp,r
β introduces a new free

parameter r whichdoes not appear on the level of Ḃβ
p,p . This raises the questionwhether

there is a new scale of spaces Zp,q,r
β that characterizes Ḃβ

p,q also in the case p �= q,

and satisfies Zp,q,r
β = Zp,r

β if p = q. Indeed, by our first main result, Theorem 2.2,

for r ∈ (0,∞] the scale of spaces Zp,q,r
β , consisting of measurable functions onRd+1+

and defined by

Zp,q,r
β =

{
f ∈ L0(Rd+1+ ) :

( ∞̂

0

∥∥
∥∥

( t 
t
2

 

B(·,t)
|s−β f (s, y)|r dyds

) 1
r
∥∥
∥∥

q

Lp

dt

t

) 1
q

< ∞
}
,

possesses all the desired properties listed above. In the case of infinite parameters, the
usual replacements of the integrals by an ess sup are understood. As an illustration,
we obtain a Gauss–Weierstrass characterization of Ḃβ

p,q within the space Zp,q,r
β , see

Proposition 2.6, saying that if β < 0, then

f ∈ Ḃβ
p,q ⇐⇒ E�( f )(t, x) := (et2� f )(x) ∈ Zp,q,r

β ,

for any 0 < r ≤ ∞ with equivalence of norms ‖ f ‖
Ḃβ

p,q

 ‖E�( f )‖Zp,q,r

β
, where �

denotes the Laplace operator.

Fig. 1 Here, for 0 < p0, p1 < ∞, r ∈ [1,∞) and β0, β1 ∈ R with β0 �= β1, we define
1
p = 1−θ

p0
+ θ

p1
and β = (1 − θ)β0 + θβ1
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1.1 Relation to and Consequences for Tent Spaces

As previously discussed and demonstrated in Fig. 1, real interpolation of two weighted
tent spaces Tp,q

β yields Zp,q
β -spaces. Here, we replaced the parameter r by q. There,

the interpolation was only done in the p-parameter for some fixed q. However, to
the best of our knowledge, nothing is known for real interpolation of weighted tent
spaces in the parameter q when the parameter p is fixed. More precisely, there is no
known characterization of (Tp,q0

β0
,Tp,q1

β1
)θ,q . In contrast, on the level of Besov spaces it

is indeed known that the corresponding real interpolation of Triebel–Lizorkin spaces
(Ḟβ0

p,q0 , Ḟ
β1
p,q1)θ,q can be identified with the Besov space Ḃβ

p,q ; see [30, Thm. 2.4.2]
for more details. Together with the fact that the Zp,q,r

β -space is the extension space of

Ḃβ
p,q with some free parameter r , as will be established in Theorem 2.2, we have the

following incomplete diagram:
Figure 2 suggests that the real interpolation space of two weighted tent spaces with

fixed parameter p but different parameters q can be identified with a Zp,q,r
β -space.

However, there is no reason that the free parameter r appears in the real interpolation
process. To overcome this anomaly, we need to introduce tent spaceswith an additional
parameter, which we call Tp,q,r

β . We define these spaces of measurable functions on

R
d+1+ via

Tp,q,r
β =

{
f ∈ L0(Rd+1+ ) :

∥
∥
∥∥

( ∞̂

0

( t 
t
2

 

B(·,t)
|s−β f (s, y)|r dyds

) q
r dt

t

) 1
q
∥
∥
∥∥
Lp

< ∞
}
.

To complete Fig. 2 and get a coherent theory, we answer the following two questions
in the affirmative:

• Can Zp,q,r
β be recovered by real interpolation of Tp,q,r

β -spaces?

• Does the scale of function spaces Tp,q,r
β characterize homogeneous Triebel–

Lizorkin spaces Ḟβ
p,q?

Lastly, we want to mention that in the case r = q we obtain Tp,q,r
β = Tp,q

β and that

the spaces Tp,q,r
β are the weighted tent spaces with Whitney-averages of Huang [18]

with equivalent (quasi-)norm; see Sect. 3.1.

Fig. 2 Here, we have 0 < p < ∞, 0 < q, q0, q1, r ≤ ∞ and β0, β1 ∈ R with β0 �= β1 and β =
(1 − θ)β0 + θβ1
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1.2 Roadmap andMethods

Our paper subdivides into three parts: First, we characterize Ḃβ
p,q and Ḟβ

p,q by means
of Zp,q,r

β and Tp,q,r
β , respectively. This is the content of Sect. 2. Second, we inves-

tigate functional-analytic properties of Zp,q,r
β in Sect. 3. These properties include

completeness, density and embeddings, as well as a full duality theory including
the quasi-Banach range. Third, we develop a comprehensive interpolation theory for
Z-spaces. More precisely, we investigate their real interpolation behavior in Sect. 4,
followed by the complex case in Sect. 5.

Characterization of Besov and Triebel–Lizorkin Spaces This part relies heavily on
the preliminary work by Ullrich [33]. He has derived powerful characterizations for
Besov and Triebel–Lizorkin spaces using maximal functions. With them at hand, it is
fairly straightforward to show the inclusion of Ḃβ

p,q(Rd) and Ḟβ
p,q(Rd) into our four

parameter Z-space and tent space, respectively. The converse inclusion is harder as
we have to dominate the pointwise maximal function by averages. The calculation is
unfortunately lengthy and technical. The characterizations that we obtain in the end
are in Theorems 2.2 and 2.4.

Functional-Analytic Properties of Z-Spaces To establish basic properties such as
density, completeness and a “change of angle” formula, we mostly combine basic
estimates for integrals with covering arguments adapted to the geometry of Whitney
boxes. Also, arguments from [1] are recycled. To investigate duality, the strategy is to
embed our Z-spaces into simpler spaces for which duality results are already known.
In the Banach case (Theorem 3.11), we embed into aweighted vector-valued Lebesgue
space. Next, as a general tool, we develop a dyadic characterization, which follows
from straightforward covering arguments. From this description, embedding results
of Hardy–Littlewood–Sobolev-type (Theorem 3.14) follow readily. Now, to obtain
furthermore duality results in the quasi-Banach case (Theorem 3.16), we can embed
quasi-Banach Z-spaces into Z-spaces in the Banach range, for which we have already
developed the duality theory.

Interpolation Theory of Z-Spaces. First, we develop real interpolation results. There
are two of them: one (Theorem 4.1) with fixed parameter p, but a lot of flexibility for
the parameters qi , and another one in which p can vary as well (Theorem 4.2). The
proof of the first of them is based on direct estimates of the K -functional. The argument
for the second one uses the dyadic characterization of Z-spaces to embed them into
weighted vector-valued sequence spaces. For them, real interpolation is known.

As a consequence, we deduce that in the case p < ∞, all our Z-spaces can be
obtained as real interpolants of tent spaces (Proposition 4.4). All of these results are
inspired by [30, Thm. 2.4.2], where the author shows analogous results for Besov–
Triebel–Lizorkin spaces.

Second, we develop a complex interpolation theory. In the “reflexive regime”, we
use our embedding into a weighted vector-valued Lebesgue space to establish one
inclusion of the interpolation identity, whereas the other one follows from a duality
argument using the results from Sect. 3. This special case is stated in Lemma 5.2. To
obtain an extension to the quasi-Banach range (Theorem 5.1), the complex interpola-
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tion task is first reformulated into a question of Calderón products. To those, convexity
arguments apply, and we can reduce matters to the “reflexive regime”, for which we
have already established complex interpolation.

1.3 Notation

We use the following notation throughout the paper. We denote by N,N0,Z,R the
set of all positive integers, all non-negative integers, all integers, and all real numbers,
respectively. Throughout, d ≥ 1 denotes the dimension of the underlying Euclidean
space. We write Rd+1+ = (0,∞) × R

d for the upper half-space. We denote the open
ball centered at x ∈ R

d with radius t > 0 by B(x, t). The Whitney box associated to
(t, x) ∈ R

d+1+ is denoted by W (t, x) = ( t
2 , t) × B(x, t). We use the symbol ‖ · ‖X

for the (quasi-)norm of a (quasi-)normed space X , and X ′ as its anti-dual space. For
a measure space � and a Banach space X we denote by L0(�; X) the space of all
strongly measurable functions with the usual identification (that is, functions equal
almost everywhere are identified). Moreover, for 0 < p ≤ ∞, we write

Lp(�; X) =
{

f ∈ L0(�; X) : ‖ f ‖Lp =
( ˆ

�

‖ f (x)‖p
X dμ

) 1
p

< ∞
}
,

with the usual modification if p = ∞. For p ∈ (1,∞) we denote by p′ ∈ (1,∞)

the unique number such that 1 = 1
p + 1

p′ . Moreover, for p ∈ (0, 1], put p′ := ∞.
Finally, if p = ∞, then set p′ := 1. If X is a quasi-Banach space, we also define
for 0 < p ≤ ∞ and β ∈ R the weighted vector-valued sequence spaces �

p
β(Z; X) as

follows:

�
p
β(Z; X) :=

{
x : x = (xk)k∈Z with xk ∈ X ,

‖x‖�
p
β (Z;X) :=

( ∑

k∈Z
2−kβ p‖xk‖p

X

) 1
p

< ∞
}
,

again with the usual modification if p = ∞. For two real numbers a, b, we write
a � b if there exists a constant C > 0, whose precise value may vary from line to line
but depends at most on the structural constants, such that a ≤ Cb. Conversely, we
write a � b if Ca ≥ b. Furthermore, we write a 
 b if both a � b and a � b hold.

2 Characterization of Besov–Triebel–Lizorkin Spaces

In this section, we provide a continuous characterization of homogeneous Besov and
Triebel–Lizorkin spaces with respect to general kernels with non-compact Fourier
support. We have motivated the usage of such kernels in the introduction.

To do so, we need to introduce objects from harmonic analysis which will appear
in the formulation of the characterization theorems as well as in their proofs. Let
S(Rd) denote the Schwartz space and S ′(Rd) its topological dual space, the space of

123
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tempered distributions. Furthermore, for N ∈ N0 ∪ {∞} we define

SN (Rd) := { f ∈ S(Rd) : [DαF( f )](0) = 0, for all α ∈ N
d
0 with |α| ≤ N },

where F denotes the Fourier transform and Dα = ∂
α1
1 . . . ∂

αd
d . In this context, we also

define S−1(R
d) := S(Rd). Moreover, let S ′

N (Rd) denote the topological dual space
of SN (Rd), where SN (Rd) is equipped with the subspace topology of S(Rd). It can
be identified with S ′(Rd)/PN (Rd), where PN (Rd) is the space of all polynomials on
R

d with complex coefficients of degree at most N ; see [30, Chap. 5]. If ϕ and ψ are
integrable functions, then their convolution ψ ∗ ϕ is defined as

(ψ ∗ ϕ)(x) =
ˆ

Rd

ψ(x − y)ϕ(y) dy (x ∈ R
d).

If both ψ and ϕ belong to S(Rd), then their convolution also belongs to S(Rd).
Furthermore, the convolution can be generalized to (ψ, f ) ∈ SN (Rd) × S ′

N (Rd) via
(ψ ∗ f )(x) = f (ψ(x − ·)), which is well-defined in R

d and has at most polynomial
growth.

Finally, we introduce the definition of the Peetremaximal function for dilations. For

 ∈ SN (Rd) and t > 0 define 
t ∈ SN (Rd) by 
t (·) := t−d
(·/t). Then, for f ∈
S ′

N (Rd) and t > 0, define δt ( f ) ∈ S ′
N (Rd) by δt ( f )(
) := f (
t ) for 
 ∈ SN (Rd)

(to fix ideas, for good f , then δt ( f )(
) is just the integral
´
Rd f (x)
t (x) dx =´

Rd f (t x)
(x) dx). Moreover, we define for a > 0 and t > 0 the Peetre maximal
function as

(
∗
t f )a(x) = sup

y∈Rd

|(
t ∗ f )(x + y)|
(
1 + |y|

t

)a (x ∈ R
d). (2.1)

They will appear as a technical tool in the characterization of Besov–Triebel–Lizorkin
spaces. The latter will be introduced next. For further properties of these spaces, we
refer to [30, Sec. 5.1].

Definition 2.1 Let (ϕk)k∈Z ⊂ S(Rd) be such that

(1) ϕk(x) = ϕ0(2−k x) for every x ∈ R
d and k ∈ Z,

(2) suppϕ0 ⊂ {x ∈ R
d : 2−1 ≤ |x | ≤ 2},

(3)
∑

k∈Z
ϕk(x) = 1 for every x ∈ R

d \ {0},

and set �k := F−1(ϕk) ∈ S∞(Rd). For 0 < p, q ≤ ∞ and β ∈ R we define the
homogeneous Besov space as

Ḃβ
p,q(Rd) :=

{
f ∈ S ′∞(Rd) : ‖ f ‖

Ḃβ
p,q

:=
(∑

k∈Z
2kβq‖�k ∗ f ‖q

Lp

) 1
q

< ∞
}
.

123
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If in addition 0 < p < ∞, we define the homogeneous Triebel–Lizorkin spaces as

Ḟβ
p,q(Rd) :=

{
f ∈ S ′∞(Rd) : ‖ f ‖

Ḟβ
p,q

:=
∥∥∥
( ∑

k∈Z
2kβq |(�k ∗ f )(·)|q

) 1
q
∥∥∥
Lp

< ∞
}
.

Wewould like to draw attention to the fact that the underlying building blocks (�k)k∈Z
in the definition of these homogeneous spaces are a discrete family of convolution
operators with a kernel that has compact support away from zero in Fourier-space.
However, for applications in partial differential equations, one is interested in defini-
tions with more general kernels. In particular, definitions with respect to a continuous
family of convolution operators (
t )t∈R where the kernels decay fast enough in zero
and infinity are of great interest. Characterizations for both Ḃβ

p,q(Rd) and Ḟβ
p,q(Rd)

for such general kernels were established, for example, by Ullrich in [33]. There, for
every Triebel–Lizorkin characterization but one, a corresponding Besov characteriza-
tion was found. The exceptional case is a characterization using tent spaces. While
abstract arguments from interpolation theory allowed us to extend elements of the
Besov space Ḃβ

p,p(R
d) to functions belonging to the Z-spaces from the introduction, a

proper characterization using Z-spaces on the one hand, and the treatment of Ḃβ
p,q(Rd)

for p �= q on the other hand, were still missing. The following theorem closes this
gap in the literature.

Theorem 2.2 (Characterization of Besov spaces) Let β ∈ R, 0 < p, q, r ≤ ∞, and
R ∈ N0 ∪ {−1} such that R + 1 > β. Furthermore, let � ∈ S(Rd) be such that

|F�(ξ)| > 0 on
{ε

2
< |ξ | < ε

}
(2.2)

for some ε > 0, and

[DαF�](0) = 0 for all α ∈ N
d
0 with |α| ≤ R. (2.3)

Then, the space Ḃβ
p,q (Rd) can be characterized as follows (with the usual modifications

if q and/or r are infinite):

Ḃβ
p,q (Rd ) =

{
f ∈ S ′

R(Rd ) :
( ∞̂

0

∥∥∥
∥

( t 

t
2

 

B(·,t)
|s−β�s ∗ f (z)|r dzds

) 1
r
∥∥∥
∥

q

Lp

dt

t

) 1
q

< ∞
}
.

Remark 2.3 We clarify how the characterization identity has to be understood.

• In this theorem, the homogeneous space on the left-hand side is understood as a
realization within S ′

R(Rd), where R is as in the statement. This realization aligns
with the framework presented in [29, Sec. 2.4.3] (see also [9, 26]) in the following
sense. By [29, Thm. 2.31], we can realize Ḃβ

p,q(Rd) within the space S ′
M (Rd),

where M = max{�β − d
p �,−1} and �x� denotes the integer part of x ∈ R.

Because M ≤ R (see bullet point below), we have the embedding S ′
M (Rd) ⊂

123
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S ′
R(Rd) and thus can realize Ḃβ

p,q(Rd) within S ′
R(Rd). As a consequence, the

identity in Theorem 2.2 is understood as a set-theoretic equality in S ′
R(Rd) with

corresponding equivalence of norms. The same conclusion applies to Triebel–
Lizorkin spaces Ḟβ

p,q(Rd).
• We claim that M ≤ R, which implies S ′

M (Rd) ⊂ S ′
R(Rd). Indeed, if M = −1

then M ≤ R holds trivially. In the case M = �β − d
p �, assume for the sake of

contradiction that M > R. Since M, R ∈ Z, this implies R + 1 ≤ M and thus

β < R + 1 ≤ M ≤ β − d

p
,

which is impossible.

Beforewe startwith the proof of Theorem2.2,wewant tomention that the assumptions
of the theorem are identical to those in [33, Thm. 2.9]. This allows us to use T. Ullrich’s
techniques and derived identities as a black box for our proof. Nevertheless, the reader
is advised to keep a copy of [33] handy.

Proof of Theorem 2.2 Denote by X the space on the right-hand side in the statement to
simplify notation. Taking Remark 2.3 into account, we have to show the equivalence
Ḃβ

p,q(Rd) = X . To do so, we will divide the proof into two steps. The first step proves

Ḃβ
p,q(Rd) ⊃ X while the second step provides the reverse inclusion. For the rest of

the proof, we fix f ∈ S ′
R(Rd). We suppose q, r < ∞ for notational convenience.

Step 1: Ḃβ
p,q(Rd) ⊃ X . Assume that f ∈ X and fix a > d

min{1,p,q,r} . Then we can
use the inequality (2.89) of [33] in the homogeneous setting (see also the proof of [33,
Thm. 2.8]), which reads as follows: for δ = R + 1 − β, one has

2lβ(�∗
2−l f )a(x) �

∑

k∈Z
2−|k−l|δ2kβ(�∗

2−k t f )a(x) (2.4)

for all x ∈ R
d , t ∈ [1/2, 2] and l ∈ Z. The slight enlargement of the constant

δ as well as the interval of t compared to [33] does not cause any difficulties. Fix
0 < γ < min{1, p, q, r} large enough, such that aγ > d. Then, since γ < 1, the
above identity implies

2lβγ |(�∗
2−l f )a(x)|γ �

∑

k∈Z
2−|k−l|δγ 2kβγ |(�∗

2−k t f )a(x)|γ .

Next, we use the inequality (2.66) of [33] on the right-hand side of the previous bound,
to get

2lβγ |(�∗
2−l f )a(x)|γ �

∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2(k+m)d

ˆ

Rd

|(�2−(k+m)t ∗ f )(y)|γ
(1 + 2k |x − y|)aγ

dy, (2.5)

123



84 Page 10 of 54 Journal of Fourier Analysis and Applications (2026) 32:84

for all N ≥ a. Observe 2−mt ≤ 2 as m ≥ 0 and t ≤ 2. If we take |z| ≤ 2−(k+m)t , then

1 + 2k |x + z − y| ≤ 1 + 2k |x − y| + 2k |z| ≤ 1 + 2k |x − y| + 2−mt � 1 + 2k |x − y|.

Hence, by translation, we have

ˆ

Rd

|(�2−(k+m)t ∗ f )(y)|γ
(1 + 2k |x − y|)aγ

dy �
ˆ

Rd

|(�2−(k+m)t ∗ f )(y + z)|γ
(1 + 2k |x − y|)aγ

dy.

Since the left-hand side of this bound is independent of z, integrating both sides by

(  

B(0,2−(k+m)t)

| · | r
γ dz

) γ
r

and using Minkowski’s integral inequality yield

ˆ

Rd

|(�2−(k+m)t ∗ f )(y)|γ
(1 + 2k |x − y|)aγ

dy �
ˆ

Rd

( ffl
B(0,2−(k+m)t) |(�2−(k+m)t ∗ f )(y + z)|r dz

) γ
r

(1 + 2k |x − y|)aγ
dy.

Plugging this into (2.5) and performing a translation give us

2lβγ |(�∗
2−l f )a(x)|γ

�
∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2(k+m)d
ˆ

Rd

( ffl
B(y,2−(k+m)t) |(�2−(k+m)t ∗ f )(z)|r dz

) γ
r

(1 + 2k |x − y|)aγ
dy.

Lastly, for λ ∈ [1, 2] fixed but arbitrary, we integrate both sides by

( λ 

λ
2

| · | r
γ dt

) γ
r

,

to get with Minkowski’s integral inequality (γ < r ) that

2lβγ |(�∗
2−l f )a(x)|γ �

∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2(k+m)d
ˆ

Rd

|(�λ
k+m f )(y)|γ

(1 + 2k |x − y|)aγ
dy

=
∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2md [gk ∗ |�λ
k+m f |γ ](x), (2.6)
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where we define

(�λ
k+m f )(y) :=

( λ 

λ
2

 

B(y,2−(k+m)t)

|(�2−(k+m)t ∗ f )(z)|r dzdt

) 1
r

as well as

gk(x) := 2kd

(1 + 2k |x |)aγ
.

Since aγ > d, gk ∈ L1(Rd) with uniform L1-bound with respect to k ∈ Z. Next, take

L
p
γ -norms with respect to x on both sides of (2.6), and use Minkowski’s and Young’s

convolution inequalities, to obtain

‖2lβ(�∗
2−l f )a‖γ

Lp �
∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2md‖gk ∗ |�λ
k+m f |γ ‖

L
p
γ

�
∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2md‖�λ
k+m f ‖γ

Lp .

Now, integrate both sides by

( 2ˆ

1

| · | q
γ
dλ

λ

) γ
q

and use Minkowski’s inequality once more, to get

‖2lβ(�∗
2−l f )a‖γ

Lp �
∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2md
( 2ˆ

1

‖�λ
k+m f ‖q

Lp
dλ

λ

) γ
q

(2.7)

=
∑

k∈Z
2−|k−l|δγ hk,

where we define

hk := 2kβγ
∞∑

m=0

2−m Nγ 2md
( 2ˆ

1

‖�λ
k+m f ‖q

Lp
dλ

λ

) γ
q

.
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Interpreting the right-hand side of (2.7) as a discrete convolution, we take �
q
γ -norms

on both sides and apply Young’s (discrete) convolution inequality twice, as well as an
index shift, to get

( ∑

l∈Z
‖2lβ(�∗

2−l f )a‖q
Lp

) γ
q

�
∥
∥∥

∑

k∈Z
2−|k−l|δγ hk

∥
∥∥

�
q
γ

�
∥
∥∥2kβγ

∞∑

m=0

2−m Nγ 2md
( 2ˆ

1

‖�λ
k+m f ‖q

Lp
dλ

λ

) γ
q ∥
∥∥

�
q
γ

=
∥
∥∥
∥

∞∑

m=k

2−(m−k)(Nγ−d+βγ )

(
2mβq

2ˆ

1

‖�λ
m f ‖q

Lp
dλ

λ

) γ
q
∥
∥∥
∥

�
q
γ

�
∥∥
∥∥

(
2kβq

2ˆ

1

‖�λ
k f ‖q

Lp
dλ

λ

) γ
q
∥∥
∥∥

�
q
γ

=
∥
∥∥
∥

(
2kβq

2ˆ

1

‖�λ
k f ‖q

Lp
dλ

λ

) 1
q
∥
∥∥
∥

γ

�q
,

where we have chosen N ∈ N large enough such that Nγ − d + βγ > 0. Taking the
γ -root of the last estimate yields

(∑

l∈Z
‖2lβ(�∗

2−l f )a‖q
Lp

) 1
q

�
∥
∥∥∥

(
2kβq

2ˆ

1

‖�λ
k f ‖q

Lp
dλ

λ

) 1
q
∥
∥∥∥

�q
.

The left-hand side in this bound is equivalent to ‖ f ‖
Ḃβ

p,q
; see [33, Thm. 2.9]. For the

right-hand side, we calculate

( ∑

k∈Z

2ˆ

1

2kβq‖�λ
k f ‖q

Lp
dλ

λ

) 1
q

=
(∑

k∈Z

2ˆ

1

2kβq
∥∥
∥∥

( λ 

λ
2

 

B(·,2−k t)

|(�2−k t ∗ f )(z)|r dzdt

) 1
r
∥∥
∥∥

q

Lp

dλ

λ

) 1
q

.

First, substitute 2−k t = s, so that

=
(∑

k∈Z

2ˆ

1

2kβq
∥∥∥∥

( 2−kλ 

2−(k+1)λ

 

B(·,s)
|(�s ∗ f )(z)|r dzds

) 1
r
∥∥∥∥

q

Lp

dλ

λ

) 1
q

,
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and finally substitute 2−kλ = t in the outer integral to get

=
(∑

k∈Z

2−(k−1)ˆ

2−k

2kβq
∥
∥∥∥

( t 
t
2

 

B(·,s)
|(�s ∗ f )(z)|r dzds

) 1
r
∥
∥∥∥

q

Lp

dt

t

) 1
q

�
( ∞̂

0

∥∥∥
∥

( t 
t
2

 

B(·,t)
|s−β(�s ∗ f )(z)|r dzds

) 1
r
∥∥∥
∥

q

Lp

dt

t

) 1
q

,

where we used 2−k 
 t and t 
 s in the last step. Hence, we have the inequality

‖ f ‖
Ḃβ

p,q
�

( ∞̂

0

∥∥∥∥

( t 
t
2

 

B(·,t)
|s−β(�s ∗ f )(z)|r dzds

) 1
r
∥∥∥∥

q

Lp

dt

t

) 1
q

,

which shows the first inclusion.

Step 2: Ḃβ
p,q(Rd) ⊂ X . To tackle this inclusion, recall the Peetre maximal function

from (2.1) and fix t > 0 and x ∈ R
d . Using a substitution and introducing a supremum,

we calculate

( t 
t
2

 

B(x,t)

|(�s ∗ f )(z)|r dzds

) 1
r

=
( t 

t
2

 

B(0,t)

|(�s ∗ f )(x + z)|r dzds

) 1
r

=
( t 

t
2

 

B(0,t)

( |(�s ∗ f )(x + z)|
(1 + |z|

s )a

)r(
1 + |z|

s

)ar
dzds

) 1
r

≤
( t 

t
2

 

B(0,t)

(
sup
z̃∈Rd

|(�s ∗ f )(x + z̃)|
(1 + |z̃|

s )a

)r(
1 + |z|

s

)ar
dzds

) 1
r

Note that 1 + |z|
s 
 1 on the Whitney box. Hence, introducing another supremum in

s, we arrive at

( t 
t
2

 

B(x,t)

|(�s ∗ f )(z)|r dzds

) 1
r
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≤
( t 

t
2

 

B(0,t)

(
sup
z̃∈Rd

|(�s ∗ f )(x + z̃)|
(1 + |z̃|

s )a

)r(
1 + |z|

s

)ar
dzds

) 1
r

� sup
t
2<s≤t

sup
z̃∈Rd

|(�s ∗ f )(x + z̃)|
(1 + |z̃|

s )a
= sup

t
2<s≤t

(�∗
s f )a(x).

Thus, for f ∈ Ḃβ
p,q(Rd) it suffices to show

( ∞̂

0

t−qβ

∥∥∥∥ sup
t
2<s≤t

(�∗
s f )a

∥∥∥∥

q

Lp

dt

t

) 1
q

� ‖ f ‖
Ḃβ

p,q
. (2.8)

As in Step 1, we take the inequality (2.4) as the starting point. In this bound, the
discrete scale 2−l is used on the left-hand side, and the “continuous” scale 2−k t on the
right-hand side. We claim that these roles can be swapped. Indeed, for t > 0, recall
�t (·) = t−d�(·/t) ∈ SR(Rd) and δt ( f ) ∈ S ′

R(Rd) defined by δt ( f )(ϕ) = f (ϕt ) for
ϕ ∈ SR(Rd). From the elementary identity (�t ∗ f )(x) = (�∗ δt ( f ))(x/t) it follows

(�∗
st f )a(x) = (�∗

s δt ( f ))a(x/t) (s > 0, x ∈ R
d). (2.9)

Using this transformation twice in (2.4) applied with t replaced by t−1, keeping
�2−l t = (�2−l )t in mind, we find

2lβ(�∗
2−l t f )a(x) = 2lβ(�∗

2−l δt ( f ))a(x/t)

�
∑

k∈Z
2−|k−l|δ2kβ(�∗

2−k t−1δt ( f ))a(x/t)

=
∑

k∈Z
2−|k−l|δ2kβ(�∗

2−k f )a(x)

as desired. Since the right-hand side of this inequality is independent of t ∈ [1/2, 2],
we can fix λ ∈ [1, 2] and estimate

2lβ sup
λ
2<t≤λ

|(�∗
2−l t f )a(x)| �

∑

k∈Z
2−|k−l|δ2kβ(�∗

2−k f )a(x).

Because γ < 1, we also get

2lβγ
(

sup
λ
2<t≤λ

|(�∗
2−l t f )a(x)|

)γ

�
∑

k∈Z
2−|k−l|δγ 2kβγ |(�∗

2−k f )a(x)|γ . (2.10)

Take L
p
γ -norms on both sides of (2.10) and use Minkowski’s inequality to get

2lβγ
∥∥ sup

λ
2<t≤λ

|(�∗
2−l t f )a |∥∥γ

Lp �
∑

k∈Z
2−|k−l|δγ 2kβγ ‖(�∗

2−k f )a‖γ
Lp .
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Next, we integrate both sides by

( 2ˆ

1

| · | q
γ
dλ

λ

) γ
q

and take �
q
γ -norms. With Young’s (discrete) convolution inequality, this gives

( ∑

l∈Z

2ˆ

1

2lβq
∥∥ sup

λ
2 <t≤λ

|(�∗
2−l t f )a |∥∥q

Lp

dλ

λ

) γ
q

�
∥∥
∥
( ∑

k∈Z
2−|k−l|δγ 2kβγ ‖(�∗

2−k f )a‖γ
Lp

)

l

∥∥
∥

�
q
γ

�
( ∑

k∈Z
2kβq‖(�∗

2−k f )a‖q
Lp

) γ
q

� ‖ f ‖γ

Ḃβ
p,q

,

where the last line follows from [33, Theorem 2.9]. Finally, applying several substi-
tutions and using t 
 2−l , we have for the left-hand side of the last bound

( ∑

l∈Z

2ˆ

1

2lβq
∥∥ sup

λ
2<t≤λ

|(�∗
2−l t f )a |∥∥q

Lp

dλ

λ

) 1
q

=
( ∑

l∈Z

2ˆ

1

2lβq
∥
∥ sup

2−l λ
2 <s≤2−lλ

|(�∗
s f )a |∥∥q

Lp

dλ

λ

) 1
q

=
( ∑

l∈Z

2−(l−1)ˆ

2−l

2lβq
∥∥ sup

t
2<s≤t

|(�∗
s f )a |∥∥q

Lp

dt

t

) 1
q



( ∑

l∈Z

2−(l−1)ˆ

2−l

t−βq
∥∥ sup

t
2<s≤t

|(�∗
s f )a |∥∥q

Lp

dt

t

) 1
q



( ∞̂

0

t−βq
∥∥ sup

t
2<s≤t

|(�∗
s f )a |∥∥q

Lp

dt

t

) 1
q

,

which completes (2.8), and hence the reverse inequality. ��
We also present a similar characterization for Triebel–Lizorkin spaces. The proof

is essentially as before with some minor changes. The meaning of the word “charac-
terization” in the statement was clarified in Remark 2.3.

Theorem 2.4 Let β ∈ R, 0 < p < ∞, 0 < q, r ≤ ∞, and let R ∈ N0 ∪ {−1} such
that R + 1 > β. Moreover, let � ∈ S(Rd) fulfill properties (2.2) and (2.3) for this
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choice of R and some ε > 0. Then, the space Ḟβ
p,q can be characterized as follows

(with the usual modifications of q and/or r is infinite):

Ḟβ
p,q (Rd ) =

{
f ∈ S ′

R(Rd ) :
∥∥
∥
∥

( ∞̂

0

( t 
t
2

 

B(·,t)
|s−β�s ∗ f (z)|r dzds

) q
r dt

t

) 1
q
∥∥
∥
∥
Lp

< ∞
}
.

Proof Let a > d
min{1,r ,q,p} and 0 < γ < min{1, r , q, p} such that aγ > d. By a

similar procedure as in the proof of Theorem 2.2, but with an extra integration by

( 2ˆ

1

| · | q
γ
dλ

λ

) γ
q

,

on both sides of (2.6), followed by Minkowski’s integral inequality (q < γ ), we get
for all x ∈ R

d , t ∈ [1/2, 2] and l ∈ Z,

2lβγ |(�∗
2−l f )a(x)|γ �

∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2(k+m)d
ˆ

Rd

|(�̃k+m f )(y)|γ
(1 + 2k |x − y|)aγ

dy

=
∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2md [gk ∗ |�̃k+m f |γ ](x), (2.11)

where δ > 0 is the same as before, but we define

(�̃k+m f )(y) :=
( 2ˆ

1

( λ 

λ
2

 

B(y,2−(k+m)t)

|(�2−(k+m)t ∗ f )(z)|r dzdt

) q
r dλ

λ

) 1
q

and

gk(x) := 2kd

(1 + 2k |x |)aγ
.

Again, the functions gk have a uniform L1-bound with respect to k ∈ Z, and we note
that they are radial. Using the majorant property of the Hardy–Littlewood maximal
function, see [14, Thm. 2.1.10], we have

2lβγ |(�∗
2−l f )a(x)|γ �

∑

k∈Z
2−|k−l|δγ 2kβγ

∞∑

m=0

2−m Nγ 2mdM(|�̃k+m f |γ )(x)

=
∑

k∈Z
2−|k−l|δγ hk(x),
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where we define

hk(x) := 2kβγ
∞∑

m=0

2−m Nγ 2mdM(|�̃k+m f |γ )(x) (x ∈ R
d).

Next, take the L
p
γ (Rd; �

q
γ (Z))-norm on both sides and use the convolution estimate

[33, Lemma 2.13], to get

∥∥∥‖2lβ |(�∗
2−l f )a(·)|‖�q (Z)

∥∥∥
γ

Lp
=

∥∥∥‖2lβγ |(�∗
2−l f )a(·)|γ ‖

�
q
γ (Z)

∥∥∥
L

p
γ

�
∥
∥∥‖

∑

k∈Z
2−|k−l|δγ hk(·)‖

�
q
γ (Z)

∥
∥∥
L

p
γ

�
∥∥∥‖hk(·)‖

�
q
γ (Z)

∥∥∥
L

p
γ
.

By an index shift, we find

hk(x) =
∞∑

l=k

2−(l−k)(Nγ−d+βγ )2lβγM(|�̃l f |γ )(x)

≤
∑

l∈Z
2−|l−k|δ′

2lβγM(|�̃l f |γ )(x),

where δ′ := (Nγ − d + βγ ) > 0 for N ∈ N large enough. Using again [33, Lemma
2.13], and the Fefferman–Stein inequality, see for example [33, Thm. 2.1], deduce

∥∥
∥‖2lβ(�∗

2−l f )a(·)‖�q (Z)

∥∥
∥

γ

Lp

�
∥∥∥‖

∑

l∈Z
2−|l−k|δ′

2lβγM(|�̃l f |γ )(·)‖
�

q
γ (Z)

∥∥∥
L

p
γ

�
∥∥∥‖2lβγM(|�̃l f |γ )(·)‖

�
q
γ (Z)

∥∥∥
L

p
γ

�
∥
∥∥‖2lβγ |(�̃l f )(·)|γ ‖

�
q
γ (Z)

∥
∥∥
L

p
γ

=
∥∥
∥‖2lβ(�̃l f )(·)‖�q (Z)

∥∥
∥

γ

Lp
.

The norm on the left-hand side is equivalent to ‖ f ‖γ

Ḟβ
p,q
; see [33, Thm. 2.8]. For the

norm on the right-hand side, we calculate

∥∥∥‖2lβ(�̃l f )(x)‖�q (Z)

∥∥∥
Lp

=
( ˆ

Rd

( ∑

l∈Z
2lβq

2ˆ

1

( λ 

λ
2

 

B(x,2−l t)

|(�2−l t ∗ f )(z)|r dzdt

) q
r dλ

λ

) p
q

dx

) 1
p
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=
( ˆ

Rd

( ∑

l∈Z
2lβq

2ˆ

1

( 2−lλ 

2−l λ
2

 

B(x,s)

|(�s ∗ f )(z)|r dzds

) q
r dλ

λ

) p
q

dx

) 1
p

,

where we substituted 2−l t = s. Finally, substitute 2−lλ = t and use B(x, s) ⊂ B(x, t)
to get

=
( ˆ

Rd

( ∑

l∈Z
2lβq

2−l+1ˆ

2−l

( t 
t
2

 

B(x,s)

|(�s ∗ f )(z)|r dzds

) q
r dt

t

) p
q

dx

) 1
p

�
( ˆ

Rd

(∑

l∈Z

2−l+1ˆ

2−l

( t 
t
2

 

B(x,t)

|s−β(�s ∗ f )(z)|r dzds

) q
r dt

t

) p
q

dx

) 1
p

=
( ˆ

Rd

( ∞̂

0

( t 
t
2

 

B(x,t)

|s−β(�s ∗ f )(z)|r dzds

) q
r dt

t

) p
q

dx

) 1
p

,

using also 2−l 
 t and s 
 t in the penultimate step. Hence,

‖ f ‖
Ḟβ

p,q
�

( ˆ

Rd

( ∞̂

0

( t 
t
2

 

B(x,t)

|s−β(�s ∗ f )(z)|r dzds

) q
r dt

t

) p
q

dx

) 1
p

.

For the reverse inequality, as in the proof of Theorem 2.2, it suffices to show

(ˆ

Rd

( ∞̂

0

t−qβ
(

sup
t
2<s≤t

(�∗
s f )a(x)

)q dt

t

) p
q

dx

) 1
p

� ‖ f ‖
Ḟβ

p,q
. (2.12)

We start with the inequality (2.10), which holds for any f ∈ S ′
R(Rd), namely

2lβγ
(

sup
λ
2<t≤λ

|(�∗
2−l t f )a(x)|

)γ

�
∑

k∈Z
2−|k−l|δγ 2kβγ (�∗

2−k f )a(x)γ

for λ ∈ [1, 2], x ∈ R
d and l ∈ Z. Integrate both sides by

( 2ˆ

1

| · | q
γ
dλ

λ

) γ
q

,
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to get

2lβγ

( 2ˆ

1

(
sup

λ
2<t≤λ

|(�∗
2−l t f )a(x)|

)q dλ

λ

) γ
q

�
∑

k∈Z
2−|k−l|δγ 2kβγ (�∗

2−k f )a(x)γ .

Take L
p
γ (Rd; �

q
γ (Z))-norms on both sides and use the convolution estimate [33,

Lemma 2.13] as well as [33, Thm. 2.8] to get

∥
∥∥∥

∥
∥∥∥2

lβ
( 2ˆ

1

(
sup

λ
2<t≤λ

|(�∗
2−l t f )a(·)|

)q dλ

λ

) 1
q
∥
∥∥∥

�q

∥
∥∥∥

γ

Lp

�
∥
∥∥∥

∥
∥∥∥

∑

k∈Z
2−|k−l|δγ 2kβγ (�∗

2−k f )a(·)γ
∥
∥∥∥

�
q
γ

∥
∥∥∥
L

p
γ

�
∥∥∥
∥∥2lβγ (�∗

2−l f )a(·)γ ∥∥
�

q
γ

∥∥∥
L

p
γ

=
∥∥∥
∥∥2lβ(�∗

2−l f )a(·)∥∥
�q

∥∥∥
γ

Lp


 ‖ f ‖γ

Ḟβ
p,q

.

Finally, for the q-th power of the inner �q -(quasi-)norm on the left-hand side, we have

∑

l∈Z
2lβq

2ˆ

1

(
sup

λ
2 <t≤λ

|(�∗
2−l t f )a(x)|

)q dλ

λ
=

∑

l∈Z
2lβq

2ˆ

1

(
sup

2−l λ
2 <s≤2−l λ

|(�∗
s f )a(x)|

)q dλ

λ

=
∑

l∈Z
2lβq

2−l+1ˆ

2−l

(
sup

t
2 <s≤t

|(�∗
s f )a(x)|

)q dt

t



∑

l∈Z

2−l+1ˆ

2−l

t−βq
(

sup
t
2 <s≤t

|(�∗
s f )a(x)|

)q dt

t

=
∞̂

0

t−βq
(

sup
t
2 <s≤t

|(�∗
s f )a(x)|

)q dt

t
,

where we used the substitutions 2−l t = s, followed by 2−lλ = t . This proves (2.12)
and therefore the theorem. ��
Remark 2.5 Theorem 2.4 is generalized to the endpoint p = ∞ by the third-named
author in [15].

As an illustration of Theorems 2.2 and 2.4, we present the following Gauss–
Weierstrass semigroup characterization of Ḃβ

p,q(Rd) and Ḟβ
p,q(Rd) (if p < ∞) in

the case β < 0. In this case, we can choose R = −1 such that the heat kernel

�(x) = (4π)− d
2 e− |x |2

4 satisfies (2.2) and (2.3) and the spaces Ḃβ
p,q(Rd) and Ḟβ

p,q(Rd)
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are realized within S ′(Rd); see Remark 2.3. Furthermore, we refer to Definition 3.1
below for the function spaces Tp,q,r

β and Zp,q,r
β that appear in the following statement.

Proposition 2.6 (Gauss–Weierstrass semigroup characterization of Ḃβ
p,q and Ḟβ

p,q )
Let 0 < p, q ≤ ∞ and β < 0. A tempered distribution f ∈ S ′(Rd) belongs to
Ḃβ

p,q(Rd) if and only if et2� f ∈ Zp,q,r
β for any 0 < r ≤ ∞ with equivalence of norms

as

‖ f ‖
Ḃβ

p,q

 ‖et2� f ‖Zp,q,r

β
.

If in addition 0 < p < ∞, then f ∈ S ′(Rd) belongs to Ḟβ
p,q(Rd) if and only if

et2� f ∈ Tp,q,r
β for any 0 < r ≤ ∞ with equivalence of norms as

‖ f ‖
Ḟβ

p,q

 ‖et2� f ‖Tp,q,r

β
,

where � denotes the Laplace operator.

3 Functional Analytic Properties of Z-Spaces

We saw in the previous section that homogeneous Besov–Triebel–Lizorkin spaces can
be characterized via extensions to the upper half-space Rd+1+ that belong to a certain
extension space. In this section, we want to study these extension spaces from a func-
tion space theoretical point of view. First, we provide concrete definitions of these
spaces and compare them to known spaces from the literature. Then, we study prop-
erties of these spaces, such as completeness and density (Sect. 3.1), duality (Sect. 3.2
and 3.4), as well as dyadic descriptions of these spaces in conjunction with Hardy–
Littlewood–Sobolev-type embeddings (Sect. 3.3).

3.1 Definitions and Basic Properties

Here, we define the function spaces that appear in the characterizations of Sect. 2, and
collect basic properties such as completeness and density. Furthermore, we provide a
link to existing function spaces from the literature to contextualize our new function
spaces.

Definition 3.1 (Z-spaces and tent spaces) For 0 < p, q, r ≤ ∞ and β ∈ R define
the space Zp,q,r

β as the set of all measurable functions f on Rd+1+ such that

‖ f ‖Zp,q,r
β

:=
( ∞̂

0

∥∥∥
∥

( t 
t
2

 

B(·,t)
|s−β f (s, y)|r dyds

) 1
r
∥∥∥
∥

q

Lp

dt

t

) 1
q

< ∞,
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with the usual replacement of the integral by an ess sup if the corresponding parameters
p, q, r are infinite. If in addition 0 < p < ∞, then define the space Tp,q,r

β as the set

of all measurable functions f on R
d+1+ such that

‖ f ‖Tp,q,r
β

:=
∥
∥∥∥

( ∞̂

0

( t 
t
2

 

B(·,t)
|s−β f (s, y)|r dyds

) q
r dt

t

) 1
q
∥
∥∥∥
Lp

< ∞,

with the same replacements in the case of infinite parameters as before. In the case
β = 0 we usually drop the dependence from the notation.

Let 0 < a < b < ∞ and c > 0. Then, we define the Whitney box Wa,b,c(t, x)

associated to a point (t, x) ∈ R
d+1+ as

Wa,b,c(t, x) := (at, bt) × B(x, ct).

If a = 1
2 , b = c = 1 then we get Wa,b,c(t, x) = W (t, x). Even though our function

spaces Zp,q,r
β and Tp,q,r

β are defined by averages with respect to the specific Whitney
box W (t, x), it turns out that any other choice (a, b, c) as above yields an equiva-
lent norm. We will provide a proof for this fact in Proposition 3.7 and use it freely
afterwards.

Remark 3.2 Let us compare with the definitions in [7, 12], see also [2], where
authors introduced new scales of function spaces, so-called tent and Z-spaces. For
0 < p, q, r ≤ ∞ and β ∈ R, the tent space Tp,q

β (if in addition p < ∞) and the

Z-space Zp,r
β defined in these references consist of all measurable functions f onRd+1+

such that the corresponding (quasi-)norms

‖ f ‖Zp,r
β

:=
( ∞̂

0

ˆ

Rd

( t 
t
2

 

B(x,t)

|s−β f (s, y)|r dyds

) p
r dxdt

t

) 1
p

,

‖ f ‖Tp,q
β

:=
( ˆ

Rd

( ∞̂

0

 

B(x,t)

|t−β f (t, y)|q dydt

t

) p
q

dx

) 1
p

are finite, with the usual modifications in the case of infinite parameters. Our spaces
are generalizations of these spaces with coincidence in the cases Tp,q,q

β = Tp,q
β and

Zp,p,r
β = Zp,r

β .

Moreover, Huang has introduced in [18] the Whitney-averaged tent space Tp,r
q,β as

the set of all measurable functions f on R
d+1+ such that

‖ f ‖Tp,r
q,β

:=
( ˆ

Rd

( ∞̂

0

 

B(x,t)

( 2t 
t
2

 

B(y,t)

|s−β f (s, z)|r dzds

) q
r dydt

t

) p
q

dx

) 1
p

< ∞.
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Observe that they have an additional average compared to the norm of Tp,q,r
β . Never-

theless, both spaces coincide with equivalence of norms due to the following lemma.

Lemma 3.3 Let 0 < p < ∞, 0 < q, r ≤ ∞ and β ∈ R. Then, Tp,r
q,β = Tp,q,r

β with
equivalent norms.

Proof To keep the notation simple, we suppose q, r finite. The other cases are similar.

Step 1: Tp,q,r
β ⊂ Tp,r

q,β . Using B(y, t) ⊂ B(x, 2t), we calculate

‖ f ‖p
Tp,r

q,β

=
ˆ

Rd

( ∞̂

0

 

B(x,t)

( 2t 
t
2

 

B(y,t)

|s−β f (s, z)|r dzds

) q
r dydt

t

) p
q

dx

�
ˆ

Rd

( ∞̂

0

 

B(x,t)

( 2t 
t
2

 

B(x,2t)

|s−β f (s, z)|r dzds

) q
r dydt

t

) p
q

dx

=
ˆ

Rd

( ∞̂

0

( 2t 
t
2

 

B(x,2t)

|s−β f (s, z)|r dzds

) q
r dt

t

) p
q

dx .

A straight forward change of Whitney parameters in the norm on the right-hand side
implies

‖ f ‖p
Tp,r

q,β

�
ˆ

Rd

( ∞̂

0

( 2t 
t
2

 

B(x,2t)

|s−β f (s, z)|r dzds

) q
r dt

t

) p
q

dx

�
ˆ

Rd

( ∞̂

0

( t 
t
2

 

B(x,t)

|s−β f (s, z)|r dzds

) q
r dt

t

) p
q

dx

= ‖ f ‖p
Tp,q,r

β

.

Step 2: Tp,r
q,β ⊂ Tp,q,r

β . Introducing an extra average, we get the identity

‖ f ‖p
Tp,q,r

β

=
ˆ

Rd

( ∞̂

0

( t 
t
2

 

B(x,t)

|s−β f (s, z)|r dzds

) q
r dt

t

) p
q

dx

=
ˆ

Rd

( ∞̂

0

 

B(x,t)

( t 
t
2

 

B(x,t)

|s−β f (s, z)|r dzds

) q
r dydt

t

) p
q

dx .
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For fixed x ∈ R
d we use the covering B(x, t) ⊂ B(y, 2t) for y ∈ B(x, t) to get

‖ f ‖p
Tp,q,r

β

�
ˆ

Rd

( ∞̂

0

 

B(x,t)

( t 
t
2

 

B(y,2t)

|s−β f (s, z)|r dzds

) q
r dydt

t

) p
q

dx .

Since the norm of Tp,r
q,β is invariant under a change of Whitney parameters, see [18,

Obs. 2.4], we get

‖ f ‖p
Tp,q,r

β

�
ˆ

Rd

( ∞̂

0

 

B(x,t)

( 2t 
t
2

 

B(y,t)

|s−β f (s, z)|r dzds

) q
r dydt

t

) p
q

dx = ‖ f ‖p
Tp,r

q,β

,

which proves the claim. ��

Remark 3.4 We point out that Huang also defined and studied such tent spaces in the
case p = ∞.

For Huang’s tent spaces Tp,r
q,β , many function space properties are already estab-

lished. By virtue of the preceding lemma, many of them transfer to our tent spaces
Tp,q,r

β as well. This is why we will mainly focus on the study of the Zp,q,r
β spaces in

this article. The Tp,q,r
β spaces are further investigated by the third-named author in the

follow-up article [15]. A notable exception is Proposition 4.4, in which we link the
real interpolation theories of tent and Z-spaces.

Lemma 3.5 For all 0 < r ≤ ∞ and f ∈ L0(Rd+1+ ), the function

F(t, x) :=
( t 

t
2

 

B(x,t)

| f (s, y)|r dyds

) 1
r

is lower semicontinuous. Consequently, if p = ∞ and/or q = ∞, one can replace
the respective ess sup by sup in the definition of Zp,q,r

β for all 0 < p, q, r ≤ ∞ and
β ∈ R.

Proof Fix M > 0 and assume that F(t, x) > M for some (t, x) ∈ R
d+1+ .

Case 1: 0 < r < ∞. By continuity of the Lebesgue measure, there exists ε > 0 such
that

(
2

(t + ε)|B(0, t + ε)|
t−εˆ

t
2+ ε

2

ˆ

B(x,t−ε)

| f (s, y)|r dyds

) 1
r

> M .
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Take (t̃, x̃) ∈ R
d+1+ with |x − x̃ | < ε and t − ε < t̃ < t + ε. Then, one has

( t

2
+ ε

2
, t − ε

)
× B(x, t − ε) ⊂

( t̃

2
, t̃

)
× B(x, t̃),

which results in

(
2

(t + ε)|B(0, t + ε)|
t̃ˆ

t̃
2

ˆ

B(x̃,t̃)

| f (s, y)|r dyds

) 1
r

> M .

Finally, since t̃ < t + ε, we get

F(t̃, x̃) =
( t̃ 

t̃
2

 

B(x̃,t̃)

| f (s, y)|r dyds

) 1
r

>

(
2

(t + ε)|B(0, t + ε)|
t̃ˆ

t̃
2

ˆ

B(x̃,t̃)

| f (s, y)|r dyds

) 1
r

> M .

This implies that {(t, x) ∈ R
d+1+ : F(t, x) > M} is open.

Case 2: r = ∞. We claim again that there exists ε > 0 such that

ess sup t
2+ ε

2<s<t−εess supy∈B(x,t−ε)| f (s, y)| > M .

Assume the contrary. Then, by continuity of the Lebesgue measure, it follows that

|{(s, y) ∈ W (t, x) : | f (s, y)| > M}|
= lim

ε→0

∣
∣∣{(s, y) ∈

( t

2
+ ε

2
, t − ε

)
× B(x, t − ε) : | f (s, y)| > M}

∣
∣∣ = 0.

But this would imply F(t, x) ≤ M , which is a contradiction. Now, the same procedure
as in Case 1 implies the claim also for the case r = ∞. ��

Another important property is the following quantitative “change of angle” formula.
The name is motivated by the corresponding change of angle formula for tent spaces;
see [4].

Lemma 3.6 For λ > 1 we have

( ∞̂

0

∥∥∥
∥

( t 
t
2

t−d
ˆ

B(·,λt)

|s−β f (s, y)|r dyds

) 1
r
∥∥∥
∥

q

Lp

dt

t

) 1
q

� λ
d

min{p,r} ‖ f ‖Zp,q,r
β

,
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where the implicit constants depend only on p, r and d.

Proof It is enough to look at β = 0. For notational convenience, we just consider
p, q, r finite. By translation and dilation, there exist J ⊂ N with |J | ≤ Cλd for some
constantC > 0 depending only on d, and (ξ j ) j∈J ⊂ R

d such that for all (t, x) ∈ R
d+1+ ,

one has the covering by the balls

B(x, λt) ⊂
⋃

j∈J

B(x − tξ j , t).

Then, we get

t 
t
2

t−d
ˆ

B(x,λt)

| f (s, y)|r dyds �
∑

j∈J

t 
t
2

 

B(x−tξ j ,t)

| f (s, y)|r dyds.

If p < r we have

( ˆ

Rd

( ∑

j∈J

t 
t
2

 

B(x−tξ j ,t)

| f (s, y)|r dyds

) p
r

dx

) 1
p

≤
(∑

j∈J

ˆ

Rd

( t 
t
2

 

B(x−tξ j ,t)

| f (s, y)|r dyds

) p
r

dx

) 1
p

≤ C
1
p λ

d
p

(ˆ

Rd

( t 
t
2

 

B(x,t)

| f (s, y)|r dyds

) p
r

dx

) 1
p

.

On the contrary, if p ≥ r we use Minkowski’s inequality to give

( ˆ

Rd

(∑

j∈J

t 
t
2

 

B(x−tξ j ,t)

| f (s, y)|r dyds

) p
r

dx

) 1
p

=
∥∥∥

∑

j∈J

t 
t
2

 

B(·−tξ j ,t)

| f (s, y)|r dyds
∥∥∥

1
r

L
p
r

≤
( ∑

j∈J

∥∥∥

t 
t
2

 

B(·−tξ j ,t)

| f (s, y)|r dyds
∥∥∥
L

p
r

) 1
r
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=
( ∑

j∈J

∥
∥∥

t 
t
2

 

B(·,t)
| f (s, y)|r dyds

∥
∥∥
L

p
r

) 1
r

≤ C
1
r λ

d
r

(ˆ

Rd

( t 
t
2

 

B(x,t)

| f (s, y)|r dyds

) p
r

dx

) 1
p

.

Thus, both cases together yield the inequality of the claim upon applying the Lq -norm
in t . ��

As announced earlier, we can now use Lemma 3.6 to show that the definition of the
Zp,q,r

β -spaces is independent of the underlying Whitney box.

Proposition 3.7 Let 0 < p, q, r ≤ ∞ and β ∈ R. For f ∈ Zp,q,r
β , 0 < a < b < ∞

and c > 0, we have

( ∞̂

0

( ˆ

Rd

( bt 

at

 

B(x,ct)

| f (s, y)|r dyds

) p
r

dx

) q
p dt

t

) 1
q 
 ‖ f ‖Zp,q,r

β
,

where the implicit constants depend on a, b, c, p, q, r , and the dimension d.

Proof For simplicity we only consider p, q, r finite. Moreover, we only provide the
direction “�”. The reverse direction follows analogously. Let n, m ∈ Z be such that
2m < a < b < 2n . Fix (t, x) ∈ R

d+1+ . Then, estimate for the average integral on the
left-hand side

bt 

at

 

B(x,ct)

| f (s, y)|r dyds �
n∑

k=m+1

2k t 

2k−1t

 

B(x,ct)

| f (s, y)|r dyds.

Using finiteness of the sum, we can estimate

( ∞̂

0

( ˆ

Rd

( bt 

at

 

B(x,ct)

| f (s, y)|r dyds

) p
r

dx

) q
p dt

t

) 1
q

�
( ∞̂

0

( ˆ

Rd

( n∑

k=m+1

2k t 

2k−1t

 

B(x,ct)

| f (s, y)|r dyds

) p
r

dx

) q
p dt

t

) 1
q

�
n∑

k=m+1

( ∞̂

0

(ˆ

Rd

( 2k t 

2k−1t

 

B(x,ct)

| f (s, y)|r dyds

) p
r

dx

) q
p dt

t

) 1
q

.
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By the substitution 2k t = τ , we obtain

=
n∑

k=m+1

( ∞̂

0

( ˆ

Rd

( τ 
τ
2

 

B(x, c
2k τ)

| f (s, y)|r dyds

) p
r

dx

) q
p dτ

τ

) 1
q



n∑

k=m+1

( c

2k

)− d
r
( ∞̂

0

( ˆ

Rd

( τ 
τ
2

τ−d
ˆ

B(x, c
2k τ)

| f (s, y)|r dyds

) p
r

dx

) q
p dτ

τ

) 1
q

Finally, using Lemma 3.6 in the case c
2k > 1 or B(x, c

2k τ) ⊂ B(x, τ ) when c
2k ≤ 1,

we end up with

�
n∑

k=m+1

( c

2k

)− d
r
min

{
1,

( c

2k

) d
min{p,r} }‖ f ‖Zp,q,r

β

� ‖ f ‖Zp,q,r
β

,

where the implicit constant depends only on p, q, r , d as well as a, b, c. ��
Lemma 3.8 Let 0 < p, q, r ≤ ∞, β ∈ R and K ⊂ R

d+1+ be compact. Then, for a
measurable function f on R

d+1+ we have

‖1K f ‖Zp,q,r
β


 ‖ f ‖
Lr

(
K ,

dyds
s

),

where the implicit constants depend on p, q, r , β, d and K .

Proof Using dependence of the implicit constants on β and K , we can without loss
of generality reduce to the case β = 0. Moreover, to simplify the notation, we only
consider p, q, r finite. Since K is compact, there exist 0 < a < b < ∞, R > 0 and
x0 ∈ R

d such that K ⊂ (a, b) × B(x0, R).

Step 1: the direction “�”. One has

( ∞̂

0

( ˆ

Rd

( t 
t
2

 

B(x,t)

|1K (s, y) f (s, y)|r dyds

) p
r

dx

) q
p dt

t

) 1
q

�a,b,r

( ∞̂

0

(ˆ

Rd

( tˆ
t
2

ˆ

B(x,t)

|1K (s, y) f (s, y)|r dyds

s

) p
r

dx

) q
p dt

t

) 1
q

.

Due to the observation

1(t/2,t)×B(x,t)(s, y)1(a,b)×B(x0,R)(s, y) ≤ 1(a,2b)(t)1B(x0,2b+R)(x),
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we end up with

( ∞̂

0

( ˆ

Rd

( tˆ
t
2

ˆ

B(x,t)

|1K (s, y) f (s, y)|r dyds

s

) p
r

dx

) q
p dt

t

) 1
q

≤
( 2bˆ

a

( ˆ

B(x0,2b+R)

‖ f ‖p

Lr
(

K ,
dyds

s

) dx

) q
p dt

t

) 1
q

�a,b,R,p,q ‖ f ‖
Lr

(
K ,

dyds
s

).

Step 2: the reverse inequality “�”. We estimate

‖ f ‖
Lr

(
K ,

dyds
s

) �a,b,r ,d

( bˆ

a

ˆ

B(x0,R)

|(1K f )(s, y)|r dyds

sd+1

) 1
r

≤
∑

j∈J

( bˆ

a

ˆ

B(x j ,
a
2 )

|(1K f )(s, y)|r dyds

sd+1

) 1
r

,

where (x j ) j∈J ⊂ R
d for some finite set J ⊂ N and |J | depends only on d, a, R. An

averaging argument yields

∑

j∈J

( bˆ

a

ˆ

B(x j ,
a
2 )

|(1K f )(s, y)|r dyds

sd+1

) 1
r

=
∑

j∈J

(  

B(x j ,
a
2 )

( bˆ

a

ˆ

B(x j ,
a
2 )

|(1K f )(s, y)|r dyds

sd+1

) p
r

dx

) 1
p

.

Now, for x, y ∈ B(x j ,
a
2 ), one has |x − y| < a. Therefore,

∑

j∈J

(  

B(x j ,
a
2 )

( bˆ

a

ˆ

B(x j ,
a
2 )

|(1K f )(s, y)|r dyds

sd+1

) p
r

dx

) 1
p

≤
∑

j∈J

(  

B(x j ,
a
2 )

( bˆ

a

ˆ

B(x,a)

|(1K f )(s, y)|r dyds

sd+1

) p
r

dx

) 1
p

�a,R,d,p

( ˆ

Rd

( bˆ

a

ˆ

B(x,a)

|(1K f )(s, y)|r dyds

sd+1

) p
r

dx

) 1
p

.
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To introduce in addition a time integral, we do a similar trick. Let N ∈ N be such that
b < 2N a. Then,

(ˆ

Rd

( bˆ

a

ˆ

B(x,a)

|(1K f )(s, y)|r dyds

sd+1

) p
r

dx

) 1
p

�
N−1∑

l=0

( ˆ

Rd

( 2l+1aˆ

2l a

ˆ

B(x,a)

|(1K f )(s, y)|r dyds

sd+1

) p
r

dx

) 1
p

�
N−1∑

l=0

( 2l+2a 

2l+1a

( ˆ

Rd

( 2l+1aˆ

2l a

ˆ

B(x,a)

|(1K f )(s, y)|r dyds

sd+1

) p
r

dx

) q
p

dt

) 1
q

�
N−1∑

l=0

( 2l+2aˆ

2l+1a

( ˆ

Rd

( tˆ
t
4

ˆ

B(x,t)

|(1K f )(s, y)|r dyds

sd+1

) p
r

dx

) q
p dt

t

) 1
q

�
( ∞̂

0

(ˆ

Rd

( t 
t
4

 

B(x,t)

|(1K f )(s, y)|r dyds

) p
r

dx

) q
p dt

t

) 1
q

.

Since the Z-space (quasi-)norms with respect to different Whitney boxes are equiva-
lent, see Proposition 3.7, the claim follows. ��
Proposition 3.9 The space Zp,q,r

β is a (quasi-)Banach space. Moreover, the space

of compactly supported functions in Lr (Rd+1+ ) is a dense subspace of Zp,q,r
β if

max{p, q, r} < ∞.

Proof Using Lemma 3.8, the proof is the same as for [1, Proposition 3.5] and will be
omitted. ��

3.2 Duality: Banach Range

A very useful tool to analyze our spaces is an embedding into vector-valued Lebesgue
spaces; see [1, 16] for the same approach for tent spaces. More precisely, denote by
Lq

t;βL
p
x L

r
s,y the vector-valued Lebesgue space

Lq
(

(0,∞),
dt

t1+βq
;Lp

(
R

d ;Lr
(
R

d+1+ ; dyds

sd+1

)))
.

Then, we have the following lemma.

Lemma 3.10 The linear mapping

i : Zp,q,r
β → Lq

t;βL
p
x L

r
s,y, f (s, y) �→ 1W (t,x)(s, y) f (s, y)
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satisfies ‖i( f )‖Lq
t;βL

p
x L

r
s,y


 ‖ f ‖Zp,q,r
β

. In particular, it is bounded, injective and has

closed range.

Proof It is clear that

‖i( f )‖Lq
t;βL

p
x L

r
s,y



( ∞̂

0

(ˆ

Rd

( t 
t
2

 

B(x,t)

|s−β f (s, y)|r dyds

) p
r

dx

) q
p dt

t

) 1
q = ‖ f ‖Zp,q,r

β
.

Therefore, themap is bounded, injective and has closed range due toProposition 3.9.
��

Theorem 3.11 (Duality – Banach range) Let 1 ≤ p, q, r < ∞ and β ∈ R. Then, we
have

∞̂

0

ˆ

Rd

| f (s, y)| · |g(s, y)| dyds

s
� ‖ f ‖

Zp,q,r
β

· ‖g‖
Zp′,q′,r ′

−β

for any measurable functions f , g. Moreover, we can identify (Zp,q,r
β )′ 
 Zp′,q ′,r ′

−β

with equivalent norms via the L2 duality pairing.

Proof Let f and g be measurable functions. Then,
∞̂

0

ˆ

Rd

| f (s, y)| · |g(s, y)| dyds

s
=

∞̂

0

ˆ

Rd

2s 

s

 

B(y,s)

| f (s, y)| · |g(s, y)| dxdt
dyds

s

�
∞̂

0

ˆ

Rd

t 
t
2

 

B(x,t)

|s−β f (s, y)| · |sβ g(s, y)| dyds
dxdt

t

≤ ‖ f ‖
Zp,q,r

β

· ‖g‖
Zp′,q′,r ′

−β

,

where we used Hölder’s inequality three times in the last step. In particular, Zp′,q ′,r ′
−β ⊂

(Zp,q,r
β )′. For the reverse inclusion, pick L ∈ (Zp,q,r

β )′. Recall the mapping i from
Lemma 3.10 and let R(i) denote its range. Then, we have

L ◦ i−1 ∈ L(R(i),C),

which can be extended to some functional on Lq
t;βL

p
x L

r
s,y . Let L̃ denote this extension

and identify it with g ∈ Lq ′
t;βL

p′
x Lr ′

s,y by duality of weighted vector-valued Lebesgue

spaces. Then, for all f ∈ Zp,q,r
β one has

L( f ) = L ◦ i−1(i( f )) =
∞̂

0

ˆ

Rd

∞̂

0

ˆ

Rd

g(τ, z, s, y) · i( f )(τ, z, s, y)
dyds

sd+1

dzdτ

τ
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=
∞̂

0

ˆ

Rd

∞̂

0

ˆ

Rd

g(τ, z, s, y) · 1W (τ,z)(s, y) f (s, y)
dyds

sd+1

dzdτ

τ

=
∞̂

0

ˆ

Rd

( 2sˆ

s

ˆ

B(y,τ )

g(τ, z, s, y)
dzdτ

τ sd

)
· f (s, y)

dyds

s
.

Observe that

∣∣∣∣

2sˆ

s

ˆ

B(y,τ )

g(τ, z, s, y)
dzdτ

τ sd

∣∣∣∣ �
2s 

s

 

B(y,τ )

|g(τ, z, s, y)| dzdτ =: G(s, y).

Hence, it suffices to show that G ∈ Zp′,q ′,r ′
−β . Indeed, if G ∈ Zp′,q ′,r ′

−β then we can

identify L with a Zp′,q ′,r ′
−β -function and thus get the reverse inclusion (Zp,q,r

β )′ ⊂
Zp′,q ′,r ′

−β . To prove G ∈ Zp′,q ′,r ′
−β , we fix (t, x) ∈ R

d+1+ . For t
2 < s < t and s < τ < 2s

we have (s, 2s) × B(y, τ ) ⊂ ( t
2 , 2t) × B(x, 3t) for all y ∈ B(x, t). This, together

with Minkowski’s integral inequality, yields

( t 
t
2

 

B(x,t)

|sβ G(s, y)|r ′
dyds

) 1
r ′

�
( t 

t
2

 

B(x,t)

∣
∣∣
∣s

β

2t 
t
2

 

B(x,3t)

|g(τ, z, s, y)| dzdτ

∣
∣∣
∣

r ′

dyds

) 1
r ′

�
2t 

t
2

 

B(x,3t)

( t 
t
2

 

B(x,t)

|τβ g(τ, z, s, y)|r ′
dyds

) 1
r ′
dzdτ

�
2t 

t
2

 

B(x,3t)

( 2τ 
τ
4

 

B(z,8τ)

|τβ g(τ, z, s, y)|r ′
dyds

) 1
r ′
dzdτ

=
2t 

t
2

 

B(x,3t)

h(τ, z) dzdτ,

where

h(τ, z) :=
( 2τ 

τ
4

 

B(z,8τ)

|τβg(τ, z, s, y)|r ′
dyds

) 1
r ′

. (3.1)

Taking the p′-th power and integrating both sides in x in the last estimate yields

ˆ

Rd

( t 
t
2

 

B(x,t)

|sβG(s, y)|r ′
dyds

) p′
r ′
dx �

ˆ

Rd

∣∣∣∣

2t 
t
2

 

B(x,3t)

h(τ, z) dzdτ

∣∣∣∣

p′

dx .
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Using Fubini’s theorem, Jensen’s inequality and an averaging trick gives us

ˆ

Rd

( t 
t
2

 

B(x,t)

|sβG(s, y)|r ′
dyds

) p′
r ′
dx �

ˆ

Rd

 

B(x,3t)

∣∣∣∣

2t 
t
2

h(τ, z) dτ

∣∣∣∣

p′

dzdx

=
ˆ

Rd

∣∣∣∣

2t 
t
2

h(τ, z) dτ

∣∣∣∣

p′

dz.

Taking the p′-th root and taking Lq ′
-norms in t on both sides yields

‖G‖
Zp′,q′,r ′

−β

�
( ∞̂

0

∥∥∥∥

2t 
t
2

h(τ, ·) dτ
∥∥∥∥

q ′

Lp′
dt

t

) 1
q′

.

Again, Minkowski’s integral inequality, Jensen’s inequality and an averaging trick
gives us

‖G‖
Zp′,q′,r ′

−β

�
( ∞̂

0

( 2t 
t
2

‖h(τ, ·)‖Lp′ dτ

)q ′
dt

t

) 1
q′

≤
( ∞̂

0

2t 
t
2

‖h(τ, ·)‖q ′
Lp′ dτ

dt

t

) 1
q′



( ∞̂

0

‖h(τ, ·)‖q ′
Lp′

dτ

τ

) 1
q′

.

Finally, by the definition of h in (3.1) we get

‖G‖
Zp′,q′,r ′

−β

�
( ∞̂

0

∥∥∥∥

( 2τ 
τ
4

 

B(z,8τ)

|τβg(τ, z, s, y)|r ′
dyds

) 1
r ′ ∥∥∥∥

q ′

Lp′
dτ

τ

) 1
q′

�
( ∞̂

0

∥∥∥∥

( ∞̂

0

ˆ

Rd

|τβg(τ, z, s, y)|r ′ dyds

sd+1

) 1
r ′ ∥∥∥∥

q ′

Lp′
dτ

τ

) 1
q′

,

which is bounded by the definition of g. ��

3.3 Dyadic Description and Embeddings

In this section, we give a dyadic characterization of our Zp,q,r
β -spaces. This can be

seen as an extension of the dyadic characterization for the Zp,r
β -spaces of Amenta; see

[2, 3] and Remark 3.2.
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For k ∈ Z we define the set of all dyadic half-open cubes of generation k as

�k := {2k x + [0, 2k)d : x ∈ Z
d},

and denote by � = ∪k∈Z�k the family of all dyadic cubes. If Q ∈ �k we let
�(Q) = 2k . Moreover, we denote by

Q̄ :=
[�(Q)

2
, �(Q)

)
× Q

the associated Whitney box of a cube Q. Finally, set

G := {Q̄ : Q ∈ �},

which is the collection of all Whitney boxes associated to �. It forms a partition of
R

d+1+ . Lastly, we define the set

G(Q̄) := {R̄ ∈ G : R̄ ∩ W (t, x) �= ∅ for some (t, x) ∈ Q̄},

which contains only finitelymany elements due to [3, Lemma2.19].More precisely,the
number of elements, denoted by |G(Q̄)|, is bounded by a constant depending only on
the dimension d.

Proposition 3.12 Let 0 < p, q, r ≤ ∞ and β ∈ R. Then, for f ∈ Zp,q,r
β there holds

‖ f ‖Zp,q,r
β



( ∑

k∈Z
2−kβq

( ∑

Q∈�k

�(Q)d‖ f ‖p

Lr (Q̄,
dyds
sd+1 )

) q
p
) 1

q

with implicit constants depending only on d, p, q, r , β.

Proof The proof follows the ideas of [3, Prop. 2.20]. To simplify notation, we con-
centrate on the case p, q, r < ∞.

Step 1: We show “�”. We decompose the Lq and Lp integrals dyadically to get

‖ f ‖q
Zp,q,r

β



∞̂

0

( ˆ

Rd

( tˆ
t
2

ˆ

B(x,t)

|s−β f (s, y)|r dyds

sd+1

) p
r

dx

) q
p dt

t

=
∑

k∈Z

2kˆ

2k−1

( ∑

Q∈�k

ˆ

Q

( tˆ
t
2

ˆ

B(x,t)

|s−β f (s, y)|r dyds

sd+1

) p
r

dx

) q
p dt

t
.
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Observe that for Q ∈ �k , t ∈ [2k−1, 2k) and x ∈ Q we have (t, x) ∈ Q̄. Therefore,
according to the definition of G(Q̄), we can cover W (t, x) by all Whitney boxes of
G(Q̄), to give

�
∑

k∈Z
2−kβq

2kˆ

2k−1

( ∑

Q∈�k

ˆ

Q

( ∑

R̄∈G(Q̄)

¨

R̄

| f (s, y)|r dyds

sd+1

) p
r

dx

) q
p dt

t



∑

k∈Z
2−kβq

( ∑

Q∈�k

�(Q)d
( ∑

R̄∈G(Q̄)

¨

R̄

| f (s, y)|r dyds

sd+1

) p
r
) q

p

.

Since |G(Q̄)| is bounded by a dimensional constant, we can pull out the sum to get

�
∑

k∈Z
2−kβq

( ∑

Q∈�k

∑

R̄∈G(Q̄)

�(Q)d‖ f ‖p

Lr (R̄,
dyds
sd+1 )

) q
p

.

Finally, for R̄ ∈ G(Q̄) it holds �(R) 
 �(Q). Indeed, for Q ∈ �k only dyadic cubes
R ∈ �k−1 ∪ �k can satisfy R̄ ∩ W (t, x) �= ∅ for some (t, x) ∈ Q̄. Therefore,



∑

k∈Z
2−kβq

( ∑

Q∈�k

∑

R̄∈G(Q̄)

�(R)d‖ f ‖p

Lr (R̄,
dyds
sd+1 )

) q
p

.

Moreover, for a fixed R ∈ �k−1 ∪ �k the number of cubes Q ∈ �k with R̄ ∈ G(Q̄)

is bounded by a dimensional constant. Thus,

�
∑

k∈Z
2−kβq

( ∑

R∈�k−1∪�k

�(R)d‖ f ‖p

Lr (R̄,
dyds
sd+1 )

) q
p

�
∑

k∈Z
2−kβq

( ∑

R∈�k

�(R)d‖ f ‖p

Lr (R̄,
dyds
sd+1 )

) q
p

,

which proves one direction of our claim.

Step 2: We show “�”. Observe that, if t ∈ (2k−1, 2k), R ∈ �k and x ∈ R, then
R ⊂ B(x, 2

√
dt), and hence R̄ ⊂ [ t

2 , 2t)× B(x, ct), where c := 2
√

d . Now, estimate

∑

k∈Z
2−kβq

( ∑

R∈�k

�(R)d‖ f ‖p

Lr (R̄,
dyds
sd+1 )

) q
p



∑

k∈Z

2kˆ

2k−1

2−kβq
( ∑

R∈�k

ˆ

R

‖ f ‖p

Lr (R̄,
dyds
sd+1 )

dx

) q
p dt

t
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≤
∑

k∈Z

2kˆ

2k−1

2−kβq
( ∑

R∈�k

ˆ

R

( 2tˆ
t
2

ˆ

B(x,ct)

| f (s, y)|r dyds

sd+1

) p
r

dx

) q
p dt

t

�
∞̂

0

( ˆ

Rd

( 2tˆ
t
2

ˆ

B(x,ct)

|s−β f (s, y)|r dyds

sd+1

) p
r

dx

) q
p dt

t
.

Eventually, by a change of Whitney parameters (Proposition 3.7) we can conclude the
reverse inequality. ��
Remark 3.13 Let 0 < p, q, r < ∞ and β ∈ R. Given a function f ∈ Zp,q,r

β , Proposi-
tion 3.12 shows that the decomposition

f =
∑

k∈Z

∑

Q∈�k

1Q̄ f

converges in Zp,q,r
β .

Using the dyadic characterization, we derive the following embeddings, which
can be seen as Hardy–Littlewood–Sobolev-type embeddings, in analogy to the corre-
sponding embeddings for homogeneous Besov spaces; see [30, Theorem 2.7.1].

Theorem 3.14 (Weighted Z-space embeddings) Let 0 < p0 ≤ p1 ≤ ∞, 0 < q0 ≤
q1 ≤ ∞, 0 < r1 ≤ r0 ≤ ∞ and β0, β1 ∈ R such that β0 − β1 = d( 1

p0
− 1

p1
). Then,

we have

Zp0,q0,r0
β0

↪→ Zp1,q1,r1
β1

.

Proof We use the dyadic characterization from Proposition 3.12. Since p0 ≤ p1, we
get

‖ f ‖Zp1,q1,r1
β1



( ∑

k∈Z
2−kβ1q1

( ∑

Q∈�k

�(Q)d‖ f ‖p1
Lr1 (Q̄,

dyds
sd+1 )

) q1
p1

) 1
q1

≤
(∑

k∈Z
2−kβ1q1

( ∑

Q∈�k

�(Q)
d

p0
p1 ‖ f ‖p0

Lr1 (Q̄,
dyds
sd+1 )

) q1
p0

) 1
q1

=
( ∑

k∈Z
2
−k(β1+d( 1

p0
− 1

p1
))q1

( ∑

Q∈�k

�(Q)d‖ f ‖p0
Lr1 (Q̄,

dyds
sd+1 )

) q1
p0

) 1
q1 ,

where we used �(Q) = 2k in the last step. Since q0 ≤ q1, r1 ≤ r0 and β0 =
β1 + d( 1

p0
− 1

p1
), we get

=
( ∑

k∈Z
2−kβ0q1

( ∑

Q∈�k

�(Q)d‖ f ‖p0
Lr1 (Q̄,

dyds
sd+1 )

) q1
p0

) 1
q1
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≤
(∑

k∈Z
2−kβ0q0

( ∑

Q∈�k

�(Q)d‖ f ‖p0
Lr1 (Q̄,

dyds
sd+1 )

) q0
p0

) 1
q0

�
( ∑

k∈Z
2−kβ0q0

( ∑

Q∈�k

�(Q)d‖ f ‖p0
Lr0 (Q̄,

dyds
sd+1 )

) q0
p0

) 1
q0


 ‖ f ‖Zp0,q0,r0
β0

.

This proves the theorem. ��
Remark 3.15 We would like to point out that there are also mixed-type embeddings
for tent and Z-spaces; see for example [3, Thm. 2.34]. Corresponding embeddings for
Tp,q,r

β and Zp,q,r
β are established in [15, Thm. 3.23].

3.4 Duality: Full Range

We use the dyadic description to prove a duality theorem in the quasi-Banach range.
Recall the convention p′ = ∞ for p ∈ (0, 1].
Theorem 3.16 (Duality – quasi-Banach range) Let 1 ≤ r < ∞, 0 < p, q < ∞ and
β ∈ R. Furthermore, define β ′(p) := −β + max{0, d( 1p − 1)}. Then we have

∞̂

0

ˆ

Rd

| f (s, y)| · |g(s, y)| dyds

s
≤ ‖ f ‖

Zp′,q′,r ′
β′(p)

‖g‖
Zp,q,r

β

for any measurable functions f , g. Moreover, we can identify (Zp,q,r
β )′ 
 Zp′,q ′,r ′

β ′(p)

with equivalent norms via the L2 duality pairing.

Proof The case 1 ≤ p < ∞ and 1 ≤ q < ∞ is the Banach range case and was done
in Theorem 3.11. Hence, we focus on the other cases by dividing the proof into the
following cases:

Case 1: 1 ≤ p < ∞ and 0 < q < 1. Notice that β ′(p) = −β in this case. For f and
g measurable, we get with a similar argumentation as in Theorems 3.11 and 3.14 that

∞̂

0

ˆ

Rd

| f (s, y)| · |g(s, y)| dyds

s
� ‖ f ‖

Zp′,∞,r ′
−β

· ‖g‖
Zp,1,r

β

≤ ‖ f ‖
Zp′,∞,r ′

−β

· ‖g‖
Zp,q,r

β

.

This shows the inclusion Zp′,∞,r ′
−β ⊂ (Zp,q,r

β )′. To prove the reverse inclusion, we take
� ∈ (Zp,q,r

β )′. For g ∈ Zp,1,r
β we define

�̃(g) :=
∑

m∈Z
�

( ∑

R∈�m

1R̄g
)
.
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Notice that this is well defined and bounded because we have, using the dyadic char-
acterization and support properties of the cubes,

∥∥∥
∑

R∈�m

1R̄g
∥∥∥
Zp,q,r

β



( ∑

k∈Z
2−kβq

( ∑

Q∈�k

�(Q)d
∥∥∥

∑

R∈�m

1R̄g
∥∥∥

p

Lr
(

Q̄,
dyds
sd+1

)
) q

p
) 1

q

≤
( ∑

k∈Z
2−kβq

( ∑

Q∈�k

�(Q)d
( ∑

R∈�m

‖1R̄g‖
Lr

(
Q̄,

dyds
sd+1

)
)p) q

p
) 1

q

=
(
2−mβq

( ∑

Q∈�m

�(Q)d‖g‖p

Lr
(

Q̄,
dyds
sd+1

)
) q

p
) 1

q

= 2−mβ
( ∑

Q∈�m

�(Q)d‖g‖p

Lr
(

Q̄,
dyds
sd+1

)
) 1

p

≤ ‖g‖
Zp,1,r

β

on the one hand, and on the other hand, re-using the previous calculation,

|�̃(g)| ≤
∑

m∈Z

∣∣
∣�

( ∑

R∈�m

1R̄g
)∣∣
∣

≤ ‖�‖ ×
∑

m∈Z

∥∥∥
∑

R∈�m

1R̄g
∥∥∥
Zp,q,r

β

≤ ‖�‖ ×
∑

m∈Z
2−mβ

( ∑

Q∈�m

�(Q)d‖g‖p

Lr
(

Q̄,
dyds
sd+1

)
) 1

p

= ‖�‖ × ‖g‖
Zp,1,r

β

.

Thus, we conclude that �̃ ∈ (Zp,1,r
β )′ and that �̃ = � on Zp,q,r

β due to Remark 3.13.

By Theorem 3.11, there exists f ∈ Zp′,∞,r ′
−β such that

∞̂

0

ˆ

Rd

f (s, y) · g(s, y)
dyds

s
= �̃(g) = �(g), for all g ∈ Zp,q,r

β .

Hence, we can identify � with f , which gives (Zp,q,r
β )′ ⊂ Zp′,∞,r ′

−β .

Case 2: 0 < p < 1 and 0 < q < ∞. Notice that β ′(p) = −β + d( 1p − 1) in this
case. By Theorem 3.14, we have the continuous embedding

Zp,q,r
β ⊂ Z1,q,r

β−d( 1
p −1)

.
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Thus, for f ∈ Z∞,q ′,r ′
−β+d( 1

p −1)
and g ∈ Zp,q,r

β , we have by Theorem 3.11 (if q ≥ 1) or

the previous case (if q < 1) that

∞̂

0

ˆ

Rd

| f (s, y)| · |g(s, y)| dyds

s
≤ ‖ f ‖

Z∞,q′,r ′
−β+d( 1p −1)

‖g‖
Z1,q,r

β−d( 1p −1)

� ‖ f ‖
Z∞,q′,r ′

−β+d( 1p −1)

‖g‖
Zp,q,r

β

.

Hence, Z∞,q ′,r ′
−β+d( 1

p −1)
⊂ (Zp,q,r

β )′. For the converse inclusion, we distinguish cases.

First, assume q ≤ 1 and pick � ∈ (Zp,q,r
β )′. For g ∈ Z1,q,r

β−d( 1
p −1)

, define

�̃(g) :=
∑

m∈Z

∑

R∈�m

�(1R̄g).

Then, one has

|�̃(g)| ≤
∑

m∈Z

∑

R∈�m

|�(1R̄g)|

≤ ‖�‖
∑

m∈Z

∑

R∈�m

‖1R̄g‖Zp,q,r
β


 ‖�‖
∑

m∈Z

∑

R∈�m

2−mβ�(R)
d
p ‖g‖

Lr
(

R̄,
dyds
sd+1

)


 ‖�‖
∑

m∈Z

∑

R∈�m

2−m(β−d( 1
p −1))

�(R)d‖g‖
Lr

(
R̄,

dyds
sd+1

)

≤ ‖�‖ · ‖g‖
Z1,q,r

β−d( 1p −1)

,

where we used �q ⊂ �1 in the last step, which uses the assumption q ≤ 1 of the current
case. Thus, �̃ ∈ (Z1,q,r

β−d( 1
p −1)

)′ 
 Z∞,∞,r ′
−β+d( 1

p −1)
due to the first case. Since �̃ = � on

Zp,q,r
β , this means that we can identify � with a Z∞,∞,r ′

−β+d( 1
p −1)

-function, which proves

(Zp,q,r
β )′ ⊂ Z∞,∞,r ′

−β+d( 1
p −1)

.

Second, let 1 < q < ∞. We have Zp,1,r
β ⊂ Zp,q,r

β , therefore

(Zp,q,r
β )′ ⊂ (Zp,1,r

β )′ 
 Z∞,∞,r ′
−β+d( 1

p −1)
.
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For some � ∈ (Zp,q,r
β )′, let f ∈ Z∞,∞,r ′

−β+d( 1
p −1)

be such that

�(g) =
¨

R
d+1+

f (s, y) · g(s, y)
dyds

s
, for all g ∈ Zp,1,r

β , (3.2)

and

sup
k∈Z

2(β−d( 1
p − 1

r ))k sup
R∈�k

‖ f ‖
Lr ′(R̄,

dyds
s

) 
 sup
k∈Z

2(β−d( 1
p −1))k sup

R∈�k

‖ f ‖
Lr ′(R̄,

dyds
sd+1

)


 ‖ f ‖
Z∞,∞,r ′

−β+d( 1p −1)

(3.3)

= ‖�‖

if r > 1, or

sup
k∈Z

2(β−d( 1
p −1))k sup

R∈�k

‖ f ‖L∞(R̄) = ‖ f ‖
Z∞,∞,r ′

−β+d( 1p −1)

= ‖�‖ (3.4)

in the case r = 1. For simplicity, we continue the argument in the case r > 1. The
other case can be treated analogously using (3.4) instead of (3.3). Using the estimate
(3.3), one can find for each k ∈ Z a cube Rk ∈ �k such that

2(β−d( 1
p − 1

r ))k sup
R∈�k

‖ f ‖
Lr ′(R̄,

dyds
s

) 
 2(β−d( 1
p − 1

r ))k‖ f ‖
Lr ′(R̄k ,

dyds
s

). (3.5)

As a consequence of the Hahn–Banach theorem and the duality of Lr -spaces, it is
possible to find for each k ∈ Z a function ϕk ∈ Lr

(
R̄k,

dyds
s

)
with the properties that

‖ϕk‖Lr ′(R̄k ,
dyds

s

) ≤ 1 and ‖ f ‖
Lr ′(R̄k ,

dyds
s

) ≤ 2〈 f , ϕk〉Lr ′
,Lr .

Note that we implicitly assume 〈 f , ϕk〉Lr ′
,Lr to be real. Since all R̄k are disjoint, we

can define a global function ϕ ∈ Lr
loc

(
R

d+1+ ,
dyds

s

)
with ϕ = ϕk on R̄k for each k ∈ Z,

and therefore

‖ϕ‖
Lr ′(R̄k ,

dyds
s

) ≤ 1 and ‖ f ‖
Lr ′(R̄k ,

dyds
s

) ≤ 2〈 f , ϕ1R̄k
〉Lr ′

,Lr for every k ∈ Z.

Let (ak)k∈Z be an arbitrary real, finite sequence, say supported on {0, . . . , N } for some
N ∈ N0. By the properties of ϕ, we have

∣
∣∣

∑

|k|≤N

ak2
(β−d( 1

p − 1
r ))k‖ f ‖

Lr ′(R̄k ,
dyds

s

)∣∣ �
∑

|k|≤N

|ak |2(β−d( 1
p − 1

r ))k〈 f , ϕ1R̄k
〉Lr ′

,Lr
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= 〈 f ,
∑

|k|≤N

|ak |2(β−d( 1
p − 1

r ))k
ϕ1R̄k

〉Lr ′
,Lr

(3.6)

Because the test function is a compactly supported Lr -function, it belongs to Zp,1,r
β

by Lemma 3.8. Thus, (3.2) yields

〈 f ,
∑

|k|≤N

|ak |2(β−d( 1
p − 1

r ))k
ϕ1R̄k

〉Lr ′
,Lr = �

( ∑

|k|≤N

|ak |2(β−d( 1
p − 1

r ))k
ϕ1R̄k

)

≤ ‖�‖ ×
∥∥
∥
∥

∑

|k|≤N

|ak |2(β−d( 1
p − 1

r ))k
ϕ1R̄k

∥∥
∥
∥
Zp,q,r

β

.

Finally, keeping the location of R̄k in mind, we compute

∥∥
∥∥

∑

|k|≤N

|ak |2(β−d( 1
p − 1

r ))k
ϕ1R̄k

∥∥
∥∥
Zp,q,r

β

�
( ∑

m∈Z
2−mβq

( ∑

Q∈�m

�(Q)d
( ∑

|k|≤N

|ak |2(β−d( 1
p − 1

r ))k‖ϕ1R̄k
‖Lr (Q̄,

dyds
sd+1 )

)p) q
p
) 1

q



( ∑

|k|≤N

2−kβq�(Rk)
dq
p |ak |q2(β− d

p )qk‖ϕk‖q

Lr (R̄k ,
dyds

s )

) 1
q

≤
( ∑

|k|≤N

|ak |q
) 1

q
.

Going back to (3.6), we hence have

∣∣∣
∑

|k|≤N

ak2
(β−d( 1

p − 1
r ))k‖ f ‖

Lr ′(R̄k ,
dyds

s

)
∣∣∣ � ‖�‖ ×

( ∑

|k|≤N

|ak |q
) 1

q
,

where the implicit constant is independent of f , N and (ak)k∈Z. This shows that the
sequence of real numbers

bk = 2(β−d( 1
p − 1

r ))k‖ f ‖
Lr ′(R̄k ,

dyds
s

), k ∈ Z,

belongs to �q ′
(Z) with norm bound

‖bk‖�q′ = sup
(ak )∈�q finite

‖ak‖�q ≤1

∣∣∣
∑

k∈Z
akbk

∣∣∣ � ‖�‖.
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Finally, combining this with (3.5), we obtain

‖ f ‖
Z∞,q′,r ′

−β+d( 1p −1)



( ∑

k∈Z
2(β−d( 1

p −1))kq ′
sup

R∈�k

‖ f ‖q ′

Lr ′(R̄,
dyds
sd+1

)
) 1

q′

�
(∑

k∈Z
2(β−d( 1

p −1))kq ′ ‖ f ‖q ′

Lr ′(R̄k ,
dyds
sd+1

)
) 1

q′

� ‖�‖,

which shows (Zp,q,r
β )′ ⊂ Z∞,q ′,r ′

−β+d( 1
p −1)

. ��

4 Real Interpolation of Z-Spaces

In this section, we give a complete picture of the real interpolation theory of Zp,q,r
β

spaces. Before we dive into our statements, we give a brief introduction to real inter-
polation theory, thereby also introducing relevant notation. For more background, we
refer to the monograph [8, Chp. 3] for a detailed excursion.

Let (X0, X1) be an interpolation couple, that is, a pair of (quasi-)Banach spaces X0
and X1 that are continuous embedded into a Hausdorff topological vector space Y .
Thenwedefine the (quasi-)Banach space X0+X1 = {x0+x1 ∈ Y : x0 ∈ X0, x1 ∈ X1}
equipped with the (quasi-)norm

‖x‖X0+X1 := inf
x0∈X0,x1∈X1

x=x0+x1

‖x0‖X0 + ‖x1‖X1 .

For every x ∈ X0 + X1 and t > 0 we define the K -functional

K (x, t, X0, X1) := inf
x0∈X0,x1∈X1

x=x0+x1

‖x0‖X0 + t‖x1‖X1 .

Since we will often work with q-powers of this functional in the following, we intro-
duce the more readable abbreviation

K q(x, t, X0, X1) := (
K (x, t, X0, X1)

)q
.

Finally, for 0 < θ < 1 and 0 < q ≤ ∞, we define the real interpolation space
(X0, X1)θ,q as the set of all x ∈ X0 + X1 such that

‖x‖θ,q :=
( ∞̂

0

t−θq K q(x, t, X0, X1)
dt

t

) 1
q

< ∞.
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It is known that (X0, X1)θ,q is a (quasi-)Banach space. Furthermore, splitting the
integral dyadically and using monotonicity in t of the K -functional, one calculates

‖x‖θ,q 

( ∑

k∈Z
2kαθq K q(x, 2−kα, X0, X1)

) 1
q

(4.1)

for every α > 0, where the implicit constant depends only on α, θ, q.
Now that we have set the notation, we will begin with our first result. Its proof is

similar to that of [30, Thm. 2.4.2].

Theorem 4.1 (Real interpolation of Z-spaces I) Let 0 < p, q, q0, q1, r ≤ ∞. Fur-
thermore, let β0, β1 ∈ R with β0 �= β1 and θ ∈ (0, 1). Then, we have

(Zp,q0,r
β0

,Zp,q1,r
β1

)θ,q = Zp,q,r
β

where β = (1 − θ)β0 + θβ1.

We stress that q is not related to q0 and q1 but arbitrary.

Proof To simplify notation, we present the proof only for finite exponents. Moreover,
Lebesgue norms over a Whitney box are always with respect to the measure dyds

sd+1

without explicitly mentioning this. The case of infinite exponents follows with the
usual modification. Moreover, we assume without loss of generality that β0 > β1. In
the proof, we use without mentioning that the Zp,q,r

β (quasi-)norm is equivalent to the
dyadic description given in Proposition 3.12. We divide the proof into three steps.

Step 1: We show (Zp,∞,r
β0

,Zp,∞,r
β1

)θ,q ⊂ Zp,q,r
β .

Denote by ‖ · ‖q
θ,q the norm of the interpolation space (Zp,∞,r

β0
,Zp,∞,r

β1
)θ,q . Since

β1 �= β0, we use (4.1) with α = β0 − β1 to get

‖ f ‖q
θ,q 


∑

k∈Z
2k(β0−β1)θq K q( f , 2−k(β0−β1),Zp,∞,r

β0
,Zp,∞,r

β1
). (4.2)

Now, let f0 ∈ Zp,∞,r
β0

and f1 ∈ Zp,∞,r
β1

be such that f = f0 + f1. Then, for each
k ∈ Z, we have

2−kβ0

( ∑

Q∈�k

�(Q)d‖ f ‖p
Lr (Q̄)

) 1
p

� 2−kβ0

( ∑

Q∈�k

�(Q)d‖ f0‖p
Lr (Q̄)

) 1
p + 2−kβ0

( ∑

Q∈�k

�(Q)d‖ f1‖p
Lr (Q̄)

) 1
p

≤ sup
m∈Z

2−mβ0

( ∑

Q∈�m

�(Q)d‖ f0‖p
Lr (Q̄)

) 1
p
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+ 2−k(β0−β1) sup
m∈Z

2−mβ1

( ∑

Q∈�m

�(Q)d‖ f1‖p
Lr (Q̄)

) 1
p


 ‖ f0‖Zp,∞,r
β0

+ 2−k(β0−β1)‖ f1‖Zp,∞,r
β1

.

Since this holds for all decompositions of f in these spaces, we get that

‖ f ‖q
θ,q 


∑

k∈Z
2k(β0−β1)θq K q( f , 2−k(β0−β1),Zp,∞,r

β0
,Zp,∞,r

β1
)

�
∑

k∈Z
2k(β0−β1)θq2−kβ0q

( ∑

Q∈�k

�(Q)d‖ f ‖p
Lr (Q̄)

) q
p

=
∑

k∈Z
2−kβq

( ∑

Q∈�k

�(Q)d‖ f ‖p
Lr (Q̄)

) q
p


 ‖ f ‖q
Zp,q,r

β

,

where we used θ(β0 − β1) = β0 − β in the penultimate step.

Step 2: Zp,q,r
β ⊂ (Zp,q̃,r

β0
,Zp,q̃,r

β1
)θ,q for 0 < q̃ < q.

Now, denote by ‖ · ‖θ,q the (quasi-)norm of the interpolation space

(Zp,q̃,r
β0

,Zp,q̃,r
β1

)θ,q . Take k ∈ Z and define

f0(s, y) = 1[2k ,∞)(s) f (s, y) and f1(s, y) = 1(0,2k )(s) f (s, y).

Then, f = f0 + f1. To bound ‖ f0‖Zp,q̃,r
β0

, expand

‖ f0‖q̃

Zp,q̃,r
β0



∑

n∈Z
2−nβ0q̃

( ∑

Q∈�n

�(Q)d
∥∥1[2k ,∞) f

∥∥p
Lr (Q̄)

) q̃
p
.

We only have to consider n ≥ k + 1 in the outer sum, since otherwise the support of
the integrand in the Lr -norm is disjoint to Q̄. Moreover, define

ξn :=
( ∑

Q∈�n

�(Q)d‖ f ‖p
Lr (Q̄)

) 1
p

(4.3)

for all n ∈ Z. Then,

‖ f0‖q̃

Zp,q̃,r
β0



∞∑

n=k+1

2−nβ0q̃
( ∑

Q∈�n

�(Q)d‖ f ‖p
Lr (Q̄)

) q̃
p =

∞∑

n=k+1

2−nβ0q̃ξ
q̃
n .
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Analogously, we get

‖ f1‖q̃

Zp,q̃,r
β1



k∑

n=−∞
2−nβ1q̃

( ∑

Q∈�n

�(Q)d‖ f ‖p
Lr (Q̄)

) q̃
p =

k∑

n=−∞
2−nβ1q̃ξ

q̃
n .

Taking the infimum over all decompositions of f yields

K q( f , 2−k(β0−β1),Zp,q̃,r
β0

,Zp,q̃,r
β1

)

�
([ ∞∑

n=k+1

2−nβ0q̃ξ
q̃
n

] 1
q̃ + 2−k(β0−β1)

[ k∑

n=−∞
2−nβ1q̃ξ

q̃
n

] 1
q̃

)q

for every k ∈ Z. Thus, we have by (4.1) that

‖ f ‖q
θ,q �

∑

k∈Z
2k(β0−β1)θq

([ ∞∑

n=k+1

2−nβ0 q̃ξ
q̃
n

] 1
q̃ + 2−k(β0−β1)

[ k∑

n=−∞
2−nβ1q̃ξ

q̃
n

] 1
q̃

)q

. (4.4)

Now, pick β0 > α0 > β > α1 > β1 and σ > 0 such that q̃
σ

+ q̃
q = 1. Then, with

Hölder’s inequality we get

[ ∞∑

n=k+1

2−nβ0q̃ξ
q̃
n

] 1
q̃ =

[ ∞∑

n=k+1

2−n(β0−α0)q̃ · 2−nα0q̃ξ
q̃
n

] 1
q̃

≤
[ ∞∑

n=k+1

2−n(β0−α0)σ
] 1

σ ·
[ ∞∑

n=k+1

2−nα0qξ
q
n

] 1
q

� 2−k(β0−α0)
[ ∞∑

n=k+1

2−nα0qξ
q
n

] 1
q
,

as well as

[ k∑

n=−∞
2−nβ1q̃ξ

q̃
n

] 1
q̃ =

[ k∑

n=−∞
2−n(β1−α1)q̃ · 2−nα1q̃ξ

q̃
n

] 1
q̃

≤
[ k∑

n=−∞
2−n(β1−α1)σ

] 1
σ ·

[ k∑

n=−∞
2−nα1qξ

q
n

] 1
q

� 2−k(β1−α1)
[ k∑

n=−∞
2−nα1qξ

q
n

] 1
q
.

Plug both bounds back into (4.4). Using β0 − β = θ(β0 − β1), we get
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‖ f ‖q
θ,q �

∑

k∈Z
2k(β0−β1)θq

(
2−k(β0−α0)

[ ∞∑

n=k+1

2−nα0qξ
q
n

] 1
q + 2−k(β0−β1)2−k(β1−α1)

[ k∑

n=−∞
2−nα1qξ

q
n

] 1
q
)q

�
∑

k∈Z
2k(β0−β)q

(
2−k(β0−α0)q

∞∑

n=k+1

2−nα0qξ
q
n + 2−k(β0−α1)q

k∑

n=−∞
2−nα1qξ

q
n

)

=
∑

k∈Z
2−k(β−α0)q

∞∑

n=k+1

2−nα0qξ
q
n +

∑

k∈Z
2−k(β−α1)q

k∑

n=−∞
2−nα1qξ

q
n .

Finally, with Fubini’s theorem we get

=
∑

n∈Z

( n−1∑

k=−∞
2−k(β−α0)q

)
2−nα0qξ

q
n +

∑

n∈Z

( ∞∑

k=n

2−k(β−α1)q
)
2−nα1qξ

q
n



∑

n∈Z
2−n(β−α0)q · 2−nα0qξ

q
n +

∑

n∈Z
2−n(β−α1)q · 2−nα1qξ

q
n

=
∑

n∈Z
2−nβqξ

q
n


 ‖ f ‖q
Zp,q,r

β

,

where we used the definition of ξn in (4.3). This proves the second step.

Step 3: Conclusion.
Take 0 < q̃ < min{q, q1, q2} and use twice the embedding of Z-spaces (Theo-

rem 3.14), as well as the previous steps, to conclude

Zp,q,r
β ⊂ (Zp,q̃,r

β0
,Zp,q̃,r

β1
)θ,q

⊂ (Zp,q0,r
β0

,Zp,q1,r
β1

)θ,q

⊂ (Zp,∞,r
β0

,Zp,∞,r
β1

)θ,q ⊂ Zp,q,r
β ,

which proves the claim. ��
This interpolation result is for fixed parameter p. If we want to interpolate the

parameter p, we have the following result.

Theorem 4.2 (Real interpolation of Z-spaces II) Let 0 < p0, q0, p1, q1, r ≤ ∞.
Furthermore, let β0, β1 ∈ R and θ ∈ (0, 1). Then, we have

(Zp0,q0,r
β0

,Zp1,q1,r
β1

)θ,p = Zp,p,r
β ,

where β = (1 − θ)β0 + θβ1 and 1
p = 1−θ

p0
+ θ

p1
= 1−θ

q0
+ θ

q1
.
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Proof We use the dyadic description of Zp,q,r
β (Proposition 3.12) to reduce matters

to real interpolation of vector-valued sequence spaces. We divide the proof into two
steps.

Step 1: Embed Zp,q,r
β into vector-valued sequence space. Fix the Whitney box

Q̄0 = (1/2, 1) × Q0 associated to the unit cube Q0 = [0, 1)d . Let Q̄ ∈ G with
Q = 2k x + [0, 2k)d for some x ∈ Z

d and k ∈ Z. Then, for a measurable function f
on Rd+1+ , we define the affine reparamerization

fk,x (s, y) := f (2ks, 2k y + 2k x).

By Proposition 3.12, we have

‖ f ‖Zp,q,r
β



( ∑

k∈Z
2−kβq

( ∑

x∈Zd

‖2 kd
p fk,x‖p

Lr (Q̄0; dyds
sd+1 )

) q
p
) 1

q

= ∥∥2
kd
p fk,x

∥∥
�

q
β(Z;�p(Zd ;Lr (Q̄0; dyds

sd+1 )))
. (4.5)

In the following, we use the shorter notation

�
q
β�pLr := �

q
β(Z; �p(Zd;Lr (Q̄0; dyds

sd+1 ))).

Now, we define (formally) the map

I : f (s, y) �→ 2
kd
p fk,x (s, y). (4.6)

By (4.5), we find that I restricts to a well-defined bounded map Zp,q,r
β → �

q
β�pLr

satisfying ‖I ( f )‖�
q
β�pLr 
 ‖ f ‖Zp,q,r

β
. Next, we construct an inverse map to I . To this

end, we take some arbitrary but fixed sequence

g = ((gk,x )x∈Zd )k∈Z

of measurable functions on Q̄0, and define the function

f (s, y) :=
∑

k∈Z
2− dk

p
∑

x∈Zd

1Q̄0
(2−ks, 2−k y − x) gk,x (2

−ks, 2−k y − x).

Note that owing to the indicator function, convergence of the sums is trivial. As a limit
of measurable functions, f is again measurable. Moreover, for m ∈ Z and z ∈ Z

d ,
one has for (s, y) ∈ Q̄0 that

fm,z(s, y) = f (2ms, 2m(y + z))
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=
∑

k∈Z
2− dk

p
∑

x∈Zd

1Q̄0
(2m−ks, 2m−k(y + z) − x) gk,x (2

m−ks, 2m−k(y + z) − x)

= 2− dm
p gm,z(s, y),

by an elementary geometric consideration. Hence, by setting

I −1[((gk,x )x∈Zd )k∈Z
] := f ,

we have constructed an operator that is well-defined on all sequence spaces of measur-
able functions and satisfies I −1 : �

q
β�pLr → Zp,q,r

β as well as I ◦ I −1 = Id = I −1 ◦ I .

Step 2: Conclusion. By Step 1, we know that I and I −1 are morphisms between the
interpolation couples (Zp0,q0,r

β0
,Zp1,q1,r

β1
) and (�

q0
β0

�p0Lr , �
q1
β1

�p1Lr ) which restrict to

bounded maps Zpi ,qi ,r
βi

→ �
qi
βi

�piLr and �
qi
βi

�piLr → Zpi ,qi ,r
βi

for i ∈ {0, 1}, respec-
tively. Hence, (θ, p)-real interpolation yields

I : (Zp0,q0,r
β0

,Zp1,q1,r
β1

)θ,p → (�
q0
β0

�p0Lr , �
q1
β1

�p1Lr )θ,p, (4.7)

I −1 : (�
q0
β0

�p0Lr , �
q1
β1

�p1Lr )θ,p → (Zp0,q0,r
β0

,Zp1,q1,r
β1

)θ,p. (4.8)

Since I ◦ I −1 = Id = I −1 ◦ I , this shows the ismorphism property

(Zp0,q0,r
β0

,Zp1,q1,r
β1

)θ,p 
 (�
q0
β0

�p0Lr , �
q1
β1

�p1Lr )θ,p.

We claim that we can compute the space on the right-hand side of this identity as

(�
q0
β0

�p0Lr , �
q1
β1

�p1Lr )θ,p = �
p
β�pLr . (4.9)

Admitting this, the proof is complete, as I −1 again identifies �
p
β�pLr with Zp,p,r .

Finally, to prove (4.9), we apply Peetre’s interpolation result [27, Chp. 5, Thm. 4,
p. 98] twice, to get

(�
q0
β0

�p0Lr , �
q1
β1

�p1Lr )θ,p = �
p
β

(
(�p0Lr , �p1Lr )θ,p

) = �
p
β

(
�p((Lr ,Lr )θ,p

)) = �
p
β�pLr ,

where all parameters are as in the claim.
��

Lastly,wewant to show that our Zp,q,r
β -spaces can be derived from real interpolation

of Tp,q,r
β -spaces, in the same way as Besov spaces can be derived from Triebel–

Lizorkin spaces; see [30, Thm. 2.4.2]. Recall that we did not define the scale of spaces
Tp,q,r

β for p = ∞. In particular, we will not provide a characterization of Z∞,q,r
β by

means of real interpolation of tent spaces here. This is done in [15, Prop. 3.31].
The characterization ofZp,q,r

β -spaces bymeans of tent spaces relies on the following
nesting property.
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Lemma 4.3 For 0 < p < ∞ and 0 < q, r ≤ ∞ we have the continuous embeddings

Zp,min{p,q},r
β ↪→ Tp,q,r

β ↪→ Zp,max{p,q},r
β .

Proof We only showcase the first inclusion, the second one follows by a similar calcu-
lation. For notational simplicity, we only treat the case q, r finite. Set α = min{p, q}
and fix x ∈ R

d . Using the embedding �α(Z) ⊂ �q(Z) and removing/introducing
averaging integrals, we get

∥∥∥∥

( t 
t
2

 

B(x,t)

|s−β f (s, y)|r dyds

) 1
r
∥∥∥∥
Lq

t

=
( ∑

k∈Z

2k+1ˆ

2k

( t 
t
2

 

B(x,t)

|s−β f (s, y)|r dyds

) q
r dt

t

) 1
q

�
( ∑

k∈Z

( 2k+1 

2k−1

 

B(x,2k+1)

|s−β f (s, y)|r dyds

) q
r
) 1

q

≤
( ∑

k∈Z

( 2k+1 

2k−1

 

B(x,2k+1)

|s−β f (s, y)|r dyds

) α
r
) 1

α



( ∑

k∈Z

2k+1ˆ

2k

( 2k+1 

2k−1

 

B(x,2k+1)

|s−β f (s, y)|r dyds

) α
r dt

t

) 1
α

�
( ∑

k∈Z

2k+1ˆ

2k

( 2t 
t
4

 

B(x,2t)

|s−β f (s, y)|r dyds

) α
r dt

t

) 1
α

=
( ∞̂

0

( 2t 
t
4

 

B(x,2t)

|s−β f (s, y)|r dyds

) α
r dt

t

) 1
α

.

Thus, applying the Lp-norm in x on both sides of the upper inequality and using
Minkowski’s integral (using α ≤ p) inequality yields

‖ f ‖Tp,q,r
β

≤
∥∥∥∥

∥∥∥∥

( 2t 
t
4

 

B(x,2t)

|s−β f (s, y)|r dyds

) 1
r
∥∥∥∥
Lα

t

∥∥∥∥
Lp

x
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≤
∥
∥∥∥

∥
∥∥∥

( 2t 
t
4

 

B(x,2t)

|s−β f (s, y)|r dyds

) 1
r
∥
∥∥∥
Lp

x

∥
∥∥∥
Lα

t

� ‖ f ‖Zp,α,r
β

,

where we used a change of Whitney parameter in the last inequality, see Proposi-
tion 3.7. ��
Proposition 4.4 (Real interpolation of tent spaces) Let 0 < p < ∞ and 0 <

q0, q1, q, r ≤ ∞. Furthermore, let β0, β1 ∈ R with β0 �= β1 and θ ∈ (0, 1). Then, we
have

(Tp,q0,r
β0

,Tp,q1,r
β1

)θ,q = Zp,q,r
β ,

where β = (1 − θ)β0 + θβ1.

Proof By the previous lemma, we have the embedding

(Zp,min{p,q0},r
β0

,Zp,min{p,q1},r
β1

)θ,q ⊂ (Tp,q0,r
β0

,Tp,q1,r
β1

)θ,q

⊂ (Zp,max{p,q0},r
β0

,Zp,max{p,q1},r
β1

)θ,q .

Hence, calculating the interpolation spaces on the left- and right-hand inclusions by
Theorem 4.1, it follows

Zp,q,r
β ⊂ (Tp,q0,r

β0
,Tp,q1,r

β1
)θ,q ⊂ Zp,q,r

β ,

which proves the claim. ��

5 Complex Interpolation of Z-Spaces

The goal of this section is to show that the Zp,q,r
β -spaces form a complex interpolation

scale. To do so, we use a refinement of the complex interpolation method for quasi-
Banach spaces of Kalton–Mitrea [20] due to Egert and Kosmala [13]. If both of
the underlying spaces are Banach spaces, then this method coincides with Calderón’s
complexmethod [11] (see also [8, Chp. 4]). Because a precise construction of complex
interpolation spaces is not necessary to understand this section, we use them as a
blackbox and refer to the aforementioned references for details instead. Our main
result reads as follows.

Theorem 5.1 (Complex interpolation) Let 0 < p0, p1, q0, q1, r0, r1 ≤ ∞ be such
that max{q0, p0, r0} < ∞ or max{q1, p1, r1} < ∞. Furthermore, let β0, β1 ∈ R and
θ ∈ (0, 1). Define

1

pθ

= 1 − θ

p0
+ θ

p1
,

1

qθ

= 1 − θ

q0
+ θ

q1
,

1

rθ

= 1 − θ

r0
+ θ

r1
,
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and βθ = (1 − θ)β0 + θβ1. Then, we have

[Zp0,q0,r0
β0

,Zp1,q1,r1
β1

]θ = Zpθ ,qθ ,rθ

βθ

with equivalent norms.

Before proving this result in the full quasi-Banach range, we start with the corre-
sponding result in the Banach range, which is based on the vector-valued embedding
(Lemma 3.10) and duality (Theorem 3.11).

Lemma 5.2 Let 1 < p0, p1, q0, q1, r0, r1 ≤ ∞ be such that max{q0, p0, r0} < ∞ or
max{q1, p1, r1} < ∞. Furthermore, let β0, β1 ∈ R and θ ∈ (0, 1). Define

1

pθ

= 1 − θ

p0
+ θ

p1
,

1

qθ

= 1 − θ

q0
+ θ

q1
,

1

rθ

= 1 − θ

r0
+ θ

r1
,

and βθ = (1 − θ)β0 + θβ1. Then, we have

[Zp0,q0,r0
β0

,Zp1,q1,r1
β1

]θ = Zpθ ,qθ ,rθ

βθ

with equivalent norms.

Proof We show both inclusions separately.

Step 1: [Zp0,q0,r0
β0

,Zp1,q1,r1
β1

]θ ⊂ Zpθ ,qθ ,rθ

βθ
. We use the embedding i of Lemma 3.10

and [19, Thm. 14.3.1] to get boundedness of

i : [Zp0,q0,r0
β0

,Zp1,q1,r1
β1

]θ → [Lq0
t;β0L

p0
x Lr0

s,y,L
q1
t;β1L

p1
x Lr1

s,y]θ 
 Lqθ

t;βθ
Lpθ

x Lrθ

s,y .

Thus, we have

‖ f ‖Zpθ ,qθ ,rθ
βθ


 ‖i( f )‖Lqθ
t;βθ

L
pθ
x L

rθ
s,y

� ‖ f ‖[Zp0,q0,r0
β0

,Z
p1,q1,r1
β1

]θ .

Step 2: Zpθ ,qθ ,rθ

βθ
⊂ [Zp0,q0,r0

β0
,Zp1,q1,r1

β1
]θ . This inclusion can be obtained from Step 1

by virtue of a duality argument. First, using Theorem 3.11 and dualizing the inclusion
of Step 1, we deduce

Zpθ ,qθ ,rθ

βθ
= (Z

p′
θ ,q ′

θ ,r ′
θ−βθ
)′ ⊂ ([Zp′

0,q
′
0,r

′
0−β0
,Z

p′
1,q

′
1,r

′
1−β1
]θ )′,

where we used that pθ , qθ , rθ are finite by construction. Second, to calculate the
interpolation space on the right-hand side of the last inclusion, we observe that at least

one of the spaces Z
p′
0,q

′
0,r

′
0−β0
or Z

p′
1,q

′
1,r

′
1−β1
is reflexive by Theorem 3.11 (keep in mind that

pi , qi , ri > 1 in both cases). Moreover, their intersection is dense in both spaces due
to Proposition 3.9 and pi , qi , ri > 1. Thus, we can apply [8, Cor. 4.5.2] to get

Zpθ ,qθ ,rθ

βθ
⊂ ([Zp′

0,q
′
0,r

′
0−β0
,Z

p′
1,q

′
1,r

′
1−β1
]θ )′ = [(Zp′

0,q
′
0,r

′
0−β0
)′, (Zp′

1,q
′
1,r

′
1−β1
)′]θ .
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Third, still using that p′
i , q ′

i , r ′
i are finite because pi , qi , ri > 1, Theorem 3.11 yields

Zpθ ,qθ ,rθ

βθ
⊂ [(Zp′

0,q
′
0,r

′
0−β0
)′, (Zp′

1,q
′
1,r

′
1−β1
)′]θ = [Zp0,q0,r0

β0
,Zp1,q1,r1

β1
]θ ,

which proves the claim. ��
To get an interpolation result also in the quasi-Banach setting, we use on the one

hand an abstract result to identify the interpolation spaces with Calderón products, and
on the other hand convexity arguments to reducematters to interpolation in the Banach
setting. More precisely, we use the following abstract result by Egert and Kosmala
[13, Thm. 1.1], which only needs one of the two interpolants to be separable. This
way, endpoint spaces can be treated as well.

We state the result first and clarify the notions appearing in it right after.

Proposition 5.3 Let X0, X1 be A-convex quasi-Banach function spaces over a sep-
arable and σ -finite measure space �, one of which is separable. Then, X0 + X1 is
A-convex, and for every θ ∈ (0, 1) one has

[X0, X1]θ = (X0)
1−θ (X1)

θ

up to equivalent norms, where (X0)
1−θ (X1)

θ is called the Calderón product of X0
and X1. It consists of all f ∈ L0(�) such that

‖ f ‖(X0)1−θ (X1)θ
:= inf

{
‖g‖1−θ

X0
‖h‖θ

X1
: | f | ≤ |g|1−θ |h|θ , g ∈ X0, h ∈ X1

}
< ∞.

Recall that a quasi-Banach space X ⊂ L0(�) is called a quasi-Banach function space,
if

(1) there exists f ∈ X such that f > 0 almost everywhere,
(2) f ∈ X and g ∈ L0(�) with |g| ≤ | f | almost everywhere implies g ∈ X .

It is known that a quasi-Banach function space X is A-convex if and only if it is lattice
α-convex for some α > 0 (see [21, Thm. 7.8]), where the later means that

∥∥∥
( m∑

i=1

| fi |α
) 1

α
∥∥∥

X
≤

( m∑

i=1

‖ fi‖α
) 1

α

for all finite families ( fi )i=1,...,m ⊂ X . Moreover, this property implies that

[X ]α := { f ∈ L0(�) : | f | 1α ∈ X} equipped with ‖ f ‖[X ]α := ‖| f | 1α ‖α
X

is a Banach function space as well, called the α-convexification of X ; see [23, Prop.
3.23]. Furthermore, by a straightforward computation, one can show that the Calderón
product commutes with the process of convexification. More precisely, for two lattice
α-convex quasi-Banach function spaces X0, X1 we have for all θ ∈ (0, 1) that

[
(X0)

1−θ (X1)
θ
]α = ([X0]α

)1−θ ([X1]α
)θ

. (5.1)
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Now, we check that our Z-spaces fulfill all necessary properties so that the just
explained machinery applies to them.

Lemma 5.4 Let 0 < p, q, r ≤ ∞ and β ∈ R. Then, the spaceZp,q,r
β is a quasi-Banach

function space, α-convex for all 0 < α < min{p, q, r} and Zp,q,r
β = [Zp/α,q/α,r/α

αβ ] 1
α .

Furthermore, the space Zp,q,r
β is separable if max{p, q, r} < ∞.

Proof The facts that Zp,q,r
β is a quasi-Banach function space and that Zp,q,r

β =
[Zp/α,q/α,r/α

αβ ] 1
α holds are clear. If max{p, q, r} < ∞, then separability follows by

Lemma 3.10 in conjunction with separability of weighted vector-valued Lebesgue
spaces. Finally, for 0 < α < min{p, q, r}, we have

∥∥∥
( m∑

i=1

| fi |α
) 1

α ∥∥∥
Zp,q,r

β

=
( ∞̂

0

∥∥∥∥

( t 
t
2

 

B(·,t)

∣∣∣s−β
( m∑

i=1

| fi |α
) 1

α ∣∣∣
r
dyds

) 1
r
∥∥∥∥

q

Lp

dt

t

) 1
q

=
( ∞̂

0

∥∥
∥∥

( t 
t
2

 

B(·,t)

( m∑

i=1

s−αβ | fi |α
) r

α

dyds

) α
r
∥∥
∥∥

q
α

L
p
α

dt

t

) α
q

1
α

≤
( m∑

i=1

‖| fi |α‖
Zp/α,q/α,r/α

αβ

) 1
α

=
( m∑

i=1

‖ fi‖α

Zp,q,r
β

) 1
α
,

which proves the claim. ��
Proof of Theorem 5.1 Set 0 < α < min{p0, p1, q0, q1, r0, r1}. Then, owing to
Lemma 5.4, we get by Proposition 5.3 that

[Zp0,q0,r0
β0

,Zp1,q1,r1
β1

]θ = (Zp0,q0,r0
β0

)1−θ (Zp1,q1,r1
β1

)θ .

Using property (5.1), we get again with Lemma 5.4 that

(Zp0,q0,r0
β0

)1−θ (Zp1,q1,r1
β1

)θ =
([
Zp0/α,q0/α,r0/α

αβ0

] 1
α

)1−θ([
Zp1/α,q1/α,r1/α

αβ1

] 1
α

)θ

=
[(
Zp0/α,q0/α,r0/α

αβ0

)1−θ (Zp1/α,q1/α,r1/α
αβ1

)θ
] 1

α
.

Wemake the crucial observation pi
α

,
qi
α

,
ri
α

> 1. Thus, by Proposition 5.3 followed by
Lemmas 5.2 and 5.4, we get

[(
Zp0/α,q0/α,r0/α

αβ0

)1−θ (Zp1/α,q1/α,r1/α
αβ1

)θ
] 1

α =
[[
Zp0/α,q0/α,r0/α

αβ0
,Zp1/α,q1/α,r1/α

αβ1

]
θ

] 1
α
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=
[
Zpθ /α,qθ /α,rθ /α

αβθ

] 1
α

= Zpθ ,qθ ,rθ

βθ
.

Concatenating the three established identities proves the claim. ��
Remark 5.5 Wewould like to point out that the theory of strong factorization provides
an alternative approach to complex interpolation due to its connection to Calderón
products. For example, see [18] in the case of weighted tent spaces with Whitney
averages Tp,r

q,β . However, it is unclear whether such factorizations hold for Zp,q,r
β -

spaces. This is why we took a different approach to complex interpolation theory,
following the method in [21].

Remark 5.6 Another important feature of tent spaces is the atomic theory.We have not
developed this concept for Z-spaces. However, a good substitute is the decomposition
observed in Remark 3.13 and valid for all parameters p, q, r and β.
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