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Abstract

In this study, a multi-phase-field model based on the grand chemical potential framework is
employed to investigate the growth behavior of lamellar structures in the Mo—Si—Ti ternary sys-
tem. The interfacial energy between the liquid and solid phases is identified as a key parameter
governing three distinct growth modes: (g;) regular growth, (gi;) tilted growth, and (giii) unsta-
ble growth. To examine the influence of solid-liquid interfacial energy on lamellar morphology,
we focus on the four-phase reaction: L + Mo(Ti);Si — Ti(Mo);Sis + 3(Mo,Si,Ti), which occurs
during isothermal solidification. The transition to tilted growth is analyzed by simulating varia-
tions in solid-liquid interfacial energy, lamellar spacing, melt supersaturation, and the emergence
of oscillatory morphologies. The orientation angle, a key characteristic of tilted growth, is shown
to be highly sensitive to changes in interfacial energy. At lower interfacial energy values, a sym-
metric and regular lamellar morphology is observed. However, as the interfacial energy increases,
asymmetric redistribution of the solute and capillarity-driven deviations arise, leading to tilted or
unstable growth modes. This parametric study provides fundamental insight into the mechanisms
that govern the orientation angle on the solidification front, highlighting the interplay between
capillarity and diffusion-controlled dynamics at triple junctions. In particular, the novelty of this
work lies in the observation of pronounced tilt angles in a system with isotropic interfacial ener-
gies. Furthermore, the relationship between orientation angle and interfacial energy established
through phase-field modeling offers a potential framework for addressing experimental challenges
in elucidating the role of interfacial energies in tilted lamellar morphologies.

1. Introduction

The development of high-temperature structural materials, particularly Mo-Si-based alloy systems, has
accelerated significantly in response to the increasing performance requirements of materials operating
under extreme conditions [1]. The demand for advanced applications, including gas turbines, hypersonic
vehicles, and aerospace systems, has driven intensive research and development of these materials [1].
High-performance applications are critical for materials that exhibit excellent oxidation resistance and
creep strength. Ternary Mo—Si—Ti alloys offer notable advantages, including (i) high solidus tempera-
tures exceeding 1800 °C and (ii) relatively low density, which is significantly lower than conventional Ni-
based superalloys [1]. The primary focus of research on Mo-Si-Ti alloys is the evaluation of the stabil-
ity of lamellar microstructures formed during the solidification process, as these structures directly con-
tribute to the improvement of the mechanical properties and the high temperature performance of the
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material [2, 3]. Three types of instability lamellar structures have been reported: (i) eliminated lamel-
lar structures, (ii) tilted lamellar structures, and (iii) oscillatory instabilities. Among these, tilted lamellar
structures arise from symmetry breaks, which can be induced by factors such as interfacial anisotropy,
nucleation dynamics, and thermal or compositional fluctuations [4]. In particular, the inclination of
lamellar structures can enhance mechanical properties due to the unequal interfacial energies between
the liquid and solid phases [5]. Consequently, the lamellar microstructure, consisting of the Ti(Mo)sSis
and B(Mo,Si,Ti) phases developed during solidification, is essential to improve both the chemical sta-
bility and mechanical properties of the alloy. A detailed understanding of the evolution of these lamel-
lar structures is crucial to optimize the processing and overall performance of Mo-Si-Ti alloys. In the
ternary Mo—-Si—Ti system, lamellar structures can develop through the following phase transforma-
tions [6]:

(1) Classic eutectic transformation:
L — Ti(Mo)5Siz + 3 (Mo,Si, Ti)
(2) Four-phase reaction:
L + Mo(Ti)sSi; — Ti(Mo)sSi; + Mo(Ti);Si
(3) Additional four-phase reaction:

L ++ Mo(Ti);Si — Ti(Mo)sSis + 3 (Mo,Si,Ti)

The current study investigates the formation of lamellar structures through the four-phase reaction
described in (3), with a particular focus on their stability and growth mechanisms. Although signifi-
cant research has been devoted to this topic, the connection between interfacial energy and the develop-
ment of tilted growth modes remains unclear. This knowledge gap largely originates from the difficulty
of experimentally quantifying solid-liquid interfacial energies in complex alloy systems [7]. Therefore,
many studies assume a prescribed crystal anisotropy to explain the formation of tilted growth modes.
Furthermore, precise control of the parameters that influence the instability of tilted lamellar microstruc-
tures remains difficult to achieve in experimental settings. Since the morphology of grains and phase
boundaries strongly influences material properties, a deeper understanding of multiphase interactions in
tilted lamellar structures is essential for advancing the design of high-performance materials. To over-
come the limitations of experimental methods, the phase-field approach offers [7, 8] a powerful alter-
native, allowing simulation and analysis [9] of complex solidification morphologies under controlled
and reproducible conditions [10, 11]. This method provides a robust computational framework that (i)
enables the modification of interfacial order parameters and (ii) eliminates the need to explicitly fol-
low the evolving solid-liquid interface during solidification [5]. Among the various factors influenc-
ing lamellar tilting, surface tension anisotropy plays a critical role in determining the orientation angle
of eutectic structures [12]. Extensive studies have been conducted on tilted eutectic structures arising
from anisotropic interfacial energies. Early theoretical analyses by Kurz and Fisher [13] demonstrated
the important role of interfacial anisotropy in eutectic growth behavior. More recent work has explored
the influence of interfacial anisotropy and crystal orientation on microstructural selection and growth
dynamics [14]. 3D [15] and 2D [16] phase-field simulations further examined the formation and evo-
lution of tilted eutectic morphologies. Particular attention has been devoted to growth mechanisms and
interfacial stability, as investigated through phase-field and numerical studies [17, 18]. Further studies
explored various parameters that affect the stability of ternary eutectic morphology, including interfacial
energies, diffusivity, lamellar spacing, and growth velocity during solidification. The tilt of the lamellar
structures has also been attributed to fluid flow, which acts as a horizontal driving force and alters the
distribution of solutes near the solidification front [19]. Feng et al [20] and Nestler and Wheeler [21]
investigated hypereutectic transformations in CBrs—C,Cls alloys using phase-field modeling approaches.
Li [22] further reported the relationship between lamellar spacing and eutectic growth kinetics.

The morphology of eutectic transformations characterized by the formation of two or more phases
into complex microstructural patterns is strongly governed by underlying diffusion processes [23].
Beyond binary eutectics, investigations of three-phase eutectic solidification have revealed the formation
of highly complex microstructures. More recently, Boussinot et al [24] examined the stabilization mech-
anisms of multiphase growth morphologies and i situ observations by Hasemann et al [25] provided
valuable insights into the evolution of ternary eutectic growth patterns. Furthermore, Bottin et al [26]
focused on the stability of ternary eutectic patterns. Mohagheghi and co-workers studied the dynamics of
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pattern formation and growth competition in ternary eutectic systems [27, 28]. The effects of processing
conditions and microstructural constraints on eutectic morphology were also investigated experimentally
by Kogak et al [29]. Fibrous eutectic growth and its microstructural characteristics were investigated by
Witusiewicz et al [30]. These studies collectively demonstrate the intricate interplay between thermody-
namic and kinetic factors that govern morphological stability.

A comprehensive understanding of eutectic morphologies is essential for the design of advanced mul-
tiphase materials with tailored microstructures and improved performance. The phase-field method has
been widely used to model the growth of intermetallic phases in a variety of alloy systems, including Sn—
Cu [31, 32], Al-Au [33], Fe-Cr-Ni [34], AI-Cu-Mg [35], and Al-Fe-Mn-Si [36]. In the present study,
we adopt a CALPHAD integrated grand potential based multi-phase-field model, using parabolic func-
tions to represent the free energy density of each phase. This combination has proven highly effective for
quantitatively predicting phase kinetics transformations, as demonstrated in CALPHAD-coupled phase-
field simulations [37].

Podolinsky et al [38], based on solidification experiments with organic alloys, proposed a two-stage
mechanism for eutectic transformation. In the first stage, the two solid phases nucleate independently,
while remaining embedded in the liquid. In the second stage, once the adjacent nuclei come into con-
tact, a lamellar eutectic structure begins to develop at the interface. Drawing an analogy from this eutec-
tic mechanism, the lamellar structure formed via a four-phase reaction in the present study is also
understood to proceed through the following stages: (i) nucleation of two solid phases: Ti(Mo)sSi; and
5(Mo,Si,Ti) nucleate on the surface of Mo(Ti);Si. (ii) peritectic transformations: two peritectic reactions
occur near the two triple junctions: L/Ti(Mo)sSiz/Mo(Ti)sSi and L/3(Mo,Si,Ti)/Mo(Ti)sSi. (iii) final
reaction: As Ti(Mo)sSi; and 5(Mo,51,Ti) come into close proximity, the four-phase reaction occurs. This
reaction is completed when the two phases come into contact, initiating the eutectic transformation.

In the present work, we investigate the influence of liquid-solid interfacial energies on lamellar struc-
ture formation, with particular emphasis on how these energies affect the orientation angle through the
tilted growth mode in the isotropic system. The solidification morphology in the Mo-Si-Ti system is
analyzed by examining the effects of unequal liquid—solid interfacial energies, varying levels of liquid
supersaturation, and changes in lamellar spacing, leading to the observation of oscillatory microstruc-
tures. In addition, the study explores the combined influence of the bulk driving force, capillarity, solute
concentration distribution, growth mode, and diffusion mechanisms on the orientation behavior of
tilted lamellar structures. The objective of this research is to bridge the knowledge gap in understand-
ing the relationship between liquid—solid interfacial energies and the formation of tilted lamellar struc-
tures through phase-field analysis, particularly in light of the current experimental limitations in mea-
suring solid-liquid interfacial energies. During solidification, the liquid transforms into solid through
the release of latent heat at the solid-liquid interface and the diffusion of solute species. It is likely that
nonuniform concentration distributions at the solidification front significantly influence the interfacial
energy; however, this parameter remains largely unknown in experimental studies. Therefore, a sys-
tematic investigation of solidification morphologies using phase-field modeling can provide important
insights into the relationship between interfacial energy and diffusion-driven concentration profiles.
Consequently, this systematic phase-field investigation provides valuable information on the interplay
between interfacial energy and diffusion-driven solute concentration profiles during solidification.

2. Model

2.1. Phase-field model

In current research, we employ a multicomponent, multi-phase-field model based on the grand chemical
potential formulation to simulate the evolution of lamellar structures during solidification. The model
accounts for key thermodynamic and kinetic contributions, including bulk free energy, interfacial energy,
and solute diffusion. The local phase state is represented by an order parameter ¢, which denotes the
volume fraction of phase «, with its value indicating the phase state of the system over time and space.
Furthermore, the diffusion process at the interface between the two distinct phases, « and (3, is analyzed.
The order parameter ¢, =1 is assigned in the bulk phase o, 0 < ¢, < 1 within the diffuse interface,
and ¢, =0 in all other phases. To characterize the phase state of the system, the phase-field vector is
defined as ¢ = (¢1,...,©n). The temporal evolution of the phase-fields is governed by the Allen—Cahn
equation:
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to ensure the incompressibility condition: Zgzl o = 1. The symbol N denotes the number of phases.
The parameters in equation (1) are defined as follows: 7,4 describes the relaxation constant associ-
ated with the o/f interface, controlling the kinetics of the interface [39], and € represents the charac-
teristic width of the diffuse interface. The gradient energy density, corresponding to the first terms in
equation (1), is given by:

a(p, V)= 0apldsl’, (3)
a<f

Here, 0, represents the interfacial energy of the /3 interface. q,, 5 denotes the generalized asym-
metric gradient vector, defined as: g, 5 = o Viog — 93Vp,. The functions w(¢) and ¥ describe the
multi-obstacle potential and the Landau potential associated with the CALPHAD-based thermody-
namic database [40], respectively. The corresponding diffusion potential in phase a with K—1 inde-
pendent components is defined in terms of chemical potentials as uj* = % = g]; — %,
the total number of components in the system [41, 42]. The diffusion potential \iector is p*=p=
(1f,...,ug_,) is assumed to be identical for all equilibrium phases. In particular, the concentration vec-
tor in phase « is represented as ¢® = (c{,...,c¢_,). The term h’(¢,) is the derivative of a cubic inter-
polation function h(¢.) = ¢% (3 — 24 ), which is applied to the thermodynamic transition quantities
between phases. This polynomial interpolation satisfies 1(0) = 0, h(1) = 1. Additionally, solute conser-
vation in the system is maintained through a diffusion equation derived from Fick”s law, which incor-
porates an anti-trapping current (J,;) to account for deviations from the sharp-interface limit. By com-
bining the concentration evolution equation and the time derivative of the concentration, the evolution

equation of the diffusion potential is obtained as

where K is

—1
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The parameters in this equation are defined as follows: p is the diffusion potential vector, and the
concentration vector in phase «, ¢*(u), is expressed as a function of p. The mobility matrix M(¢, )
represents the effective mobility and depends on both the phase-field variables and the diffusion poten-
tials. Since our focus is on elucidating the fundamental mechanism of tilted growth rather than develop-
ing a new model, complete model details are provided in the supplementary materials.

2.2. Simulation setup

Table A.4 summarizes the optimized numerical and physical parameters used in the phase-field simu-
lations, as detailed in appendix A. The phase transformation is driven by supersaturation in the liquid
phase. For simplicity, a uniform diffusion coefficient is assigned to all components, one value for the
solid phases and another for the liquid phase. All simulations are performed under isothermal condi-
tions at a fixed temperature of T'= 2216 K. Neumann boundary conditions are imposed at the solid-
ified boundary of the domain to enforce zero flux for all field variables, whereas periodic boundary
conditions are applied perpendicular to the solidification front to emulate an infinite lateral system. A
Dirichlet boundary condition is specified at the melt boundary to maintain a constant solute concen-
tration. The numerical implementation utilizes a moving window technique [43], which continuously
tracks the position of the solidification front and adjusts the computational domain height accordingly.
This strategy significantly reduces computational cost by excluding fully solidified regions and elim-
inates the need to resolve solid—solid interfaces located far behind the solidification front. Figure 1(a)
illustrates the simulation setup, in which two semicircular nuclei corresponding to the Ti(Mo)sSiz (TS)
and 3(Mo,Si,Ti) () phases are embedded in the liquid phase with a composition of " = (ck;,, c&., c&)
= (0.24, 0.551, 0.207). The initial radius of both nuclei is set at 0.15 um, exceeding the critical nucle-
ation radius predicted by classical nucleation theory [8]. These nuclei are positioned adjacent to each
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Liquid

L5

(a) (b)

Y

Figure 1. (a) Schematic representation of the simulation setup showing two semicircular nuclei of the solid phases TS and /3,
each with an initial radius of 0.15 pm, embedded in a liquid with composition ' = (ck;,, ¢k, ck) = (0.24, 0.551,0.207) at T =
2216 K. The nuclei are positioned adjacent to each other on top of the peritectic solid phase MS. (b) Definition of the orientation
angle between the TS/@ interface and the y-axis at the solidification front.

W W
é’t’—é» “\,‘: 7{\ Regular
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Figure 2. (a) Backscattered electron image of the as-cast microstructure of the Mo4o—Ti35—Sis alloy, adapted from [6]; phase-
field simulation results from the present study showing different lamellar morphologies in the Mo—Si—Ti ternary system: (b)
regular lamellar structure; (c) tilted lamellar structure; (d) oscillatory lamellar structure; and (e) unstable lamellar structure.

other on top of the peritectic Mo(Ti)3;Si (MS) phase, thereby initiating the formation of alternating
Ti(Mo)sSi; (TS) and S(Mo,Si,Ti) () lamellae during solidification. The resulting lamellar morphologies
can be classified into three distinct growth modes: (g;) regular growth, (g;) tilted or oscillatory growth,
and (g;;) unstable growth. Figure 1(b) illustrates the orientation angle ¢, defined as the angle between
the y-axis and the Ti(Mo)sSi5 (TS)/ 8(Mo,Si,Ti) () interface, measured from the local tangent of the
interface. The present study focuses mainly on the tilted growth mode, which is highly sensitive to varia-
tions in ¢. Details of the simulation setup for all cases are summarized in table A.4 in appendix A.

3. Experimental evidence and thermodynamic background

3.1. Experimental observation

The experimental results reveal the formation of a lamellar structure produced by a four-phase reac-
tion, located in the Mo(Ti);Si phase, as shown in figure 2. Figure 2(a) presents a scanning electron
microscope (SEM) image of the resulting microstructure, where the peritectic phase Mo(Ti);Si, along
with lamellar Ti(Mo);Si; and 5(Mo,Si,Ti) phases, are clearly identified. Figures 2(b)—(e) depict various
types of regular lamellar structure, tilted, oscillatory, and unstable, characterized by phase-field model-
ing, respectively. These structural features correspond to the regions marked with red circles in the SEM
image, as reported in [6].
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The growth direction of TiAl rod

Growth direction

Growth direction

300um
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Figure 3. (a) The growth direction of TiAl rod is indicated lamellar microstructure directionally solidified Ti—43Al-2Cr-2Mn—
0.2Y (at.%) alloy. (b) and (c) Scanning electron micrograph of the quenched solid-liquid interface in the Ti—44Al (at.%) alloy
solidified at a growth rate of 90 mm h™! (at.%). (d) SEM micrograph showing the quenched solid-liquid interface of the Ti—
44Al (at.%) alloy solidified at a growth rate of 90 mm h™! (at.%) [44, 45].

Additional details on the experimental observations and the orientation angle are provided. To illus-
trate experimental evidence, the results of Cui et al [44] are considered. Their directional solidification
experiments on TiAl alloys reveal large lamellar tilt angles (52°~72°) under near-isothermal conditions,
demonstrating significant deviation of the solidification front. As shown in figure 3(a), the 8 phase
appears within the lamellar structure, indicating that it does not solidify directionally. This behavior
arises from the solidification of the Ti-rich 5 phase, which stabilizes at high temperature and solidifies
prior to the lamellar /7y phases. During the subsequent 5 — « transformation, the crystallographic ori-
entation is not fully inherited, producing misoriented colonies and the observed lamellar. To further sup-
port the experimental evidence, we examine the results reported by Kim et al [45]. Their study shows
that variations in both alloy composition and growth rate can induce an inclination of approximately
45° in both the lamellar and  phases. SEM micrographs of the directionally solidified Ti—44Al (at.%)
alloy at 90 mmh~! are shown in figures 3(b) and (c). Notably, Ti-48Al (at.%) exhibits nearly perpen-
dicular lamellae, whereas Ti—44Al (at.%) shows boundary orientations ranging from 0° to 90°. These
observations indicate that the lamellar boundary orientation can be effectively controlled by adjusting
the alloy compositions, which likely influence the interfacial energies.

3.2. Ternary phase diagram of Mo-Si-Ti

In the ternary system of Mo—Si-Ti, a four-phase peritectic reaction occurs at T = 2216 K, involving

the transformation of the undercooled liquid and Mo(Ti);Si into two solid phases: Ti(Mo)sSiz and
B(Mo,S1,Ti). This transformation is thermodynamically supported by CALPHAD data [6]. As solidifi-
cation progresses, the supersaturation of Mo, Ti, and Si in the melt drives the nucleation and lamellar
growth of the Ti(Mo);Si; and 5(Mo,Si,Ti) phases at the liquid/Mo(Ti);Si interface. Figure 4 shows the
initial mole fractions of Mo, Ti, and Si in the Ti(Mo)sSis, 5(Mo,Si,Ti) and Mo(Ti)3Si phases, indicated
by black circles. The solutal driving force for the formation of Ti(Mo)sSi; and 5(Mo,Si,Ti) arises from
the deviations between the initial composition and their equilibrium values. In contrast, the Mo(Ti);Si
phase forms at or near its equilibrium composition, which is particularly relevant in the context of the
three-phase eutectoid reaction. A noticeable discrepancy is observed between the fitted values and the
CALPHAD predictions for Ti(Mo)sSi;. This difference stems from the CALPHAD database that assumes
constant solubility for this phase, whereas the fitted values used in this study account for composition-
dependent variations, reflecting a more realistic description of its solubility behavior. In figure 4, the two
dotted triangles labeled 1 and 2 correspond to the equilibrium states:

1. Liquid-Ti(Mo)sSi3-5(Mo,S1,Ti).
2. Mo(Ti);Si-Ti(Mo)5Sis-/5(Mo,Si, Ti).

A full description of the free energy formulations, fitting approach, and expressions for each phase is
provided in the supplementary document. In the following sections, for simplicity, we use the abbrevia-
tions TS, MS, and S to denote Ti(Mo)sSis, Mo(Ti)3Si and 8 (Mo, Si, Ti), respectively.

In the present investigation, liquid supersaturation is controlled by varying the initial melt compo-
sition while maintaining a constant Si concentration of 0.21 mole fraction. Because increasing the Mo
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Figure 4. (a) Reconstructed isothermal section of the Mo—Si-Ti ternary phase diagram at T = 2216 K, highlighting the Liquid-
Ti(Mo)sSiz-8(Mo,Si, Ti)-Mo(Ti)3Si phase region. (b) Thermodynamically calculated isothermal section of the Mo—Si—Ti system
at T = 2216 K, obtained from the CALPHAD-based thermodynamic database [40].

Table 1. Supersaturation in liquid for different
melt compositions.

Melt composition SMo (%)
0.22Mo-0.57Ti-0.21Si —12.46
0.23Mo0-0.56Ti-0.21Si —8.48
0.24Mo0-0.55Ti-0.21Si —4.49
0.25Mo0-0.54Ti-0.21Si —0.52
0.26Mo0-0.53Ti-0.21Si 3.46
0.28Mo0-0.51Ti-0.21Si 11.42

content increases the thermodynamic driving force for solidification, the supersaturation is quantified by
the deviation of the Mo concentration from a reference liquid composition. The equilibrium reference
composition was determined from the calculation of the CALPHAD database as the boundary between

the liquid-only region and the liquid + TS region, where cyjc? = 0.25. The liquid supersaturation was

—c . e el . .
calculated as [ Smo(%) = % % 100 ], where ¢y is the initial Mo mole fraction in the melt and ¢

Mo
is the equilibrium Mo mole fraction of the liquid phase. The negative values in table 1 show that the
melt compositions are below the equilibrium liquid composition, while positive values indicate the com-
positions above it.

4. Results and discussion

In this section, we investigate the effects of liquid—solid interfacial energy, lamellar spacing, and liquid
supersaturation on the evolution of the lamellar pair composed of TS and g phases formed by a four-
phase reaction in the Mo-Si-Ti ternary system. The simulations are conducted under isothermal solidifi-
cation conditions at T'= 2216 K. In particular, the influences of the bulk driving force, capillary effects,
and interfacial kinetics on the evolution of ¢ are systematically investigated. The lamellar structure forms
due to supersaturation in the liquid phase, which arises from the deviation of the initial melt composi-
tion from the equilibrium compositions of the TS and 3 phases. The subsequent growth process is con-
trolled by solute diffusion in the liquid, involving both axial diffusion along the growth direction and
lateral diffusion in the transverse direction.

Experimental determination of solid—solid and solid-liquid interfacial energies in ternary alloy sys-
tems remains highly challenging [46]. Therefore, in this work, the solid-liquid interfacial energy is
treated as a parameter in a systematic sensitivity study.

Table 2 summarizes the lamellar spacings (A), melt compositions, and interfacial energies between
the liquid and TS phases (o1 /rs) used in phase-field simulations. In all simulations, the interfacial energy
between each pair of phases is assumed to be equal to a value (0y), except between liquid-TS phases.
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Table 2. Summary of the physical parameters used in the phase-field simulations conducted in this study,
including lamellar spacing, melt composition, and the interfacial energy between the liquid and TS phases.

Melt composition (Mole fraction) 22Mo-57Ti-21Si,
23Mo-56Ti-21Si,
24Mo-55Ti-21Si,
25Mo-54Ti-21Si,
26Mo-53Ti-21Si,
28Mo-51Ti-21Si

Lamellar spacing (A, pm) 0.5,0.9
Interfacial energy between i and j phases (; /) oL/1s = 200,
Liquid TS MS g oL 1s = 2.500,
Liquid 0 oy o9 0O oL/1s = 300,
TS o) 0 oy 09 oL/18 = 3.500,
MS (o)) (o)) 0 a0 oL/18 = 3.7500,
B 0o oo oo O oL 1s = 400

Note: 1, j = liquid, Ti(Mo)sSi3 (TS), 8(Mo,Si,Ti), Mo(Ti)3Si (MS).

Table 3. Reported orientation angles and associated solidification mechanisms.

Orientation

System Angle, ¢ (°) Mechanism Isotropic, Anisotropic
Binary eutectic alloy (Sn—Zn) [48] <3 DS Anisotropic

Ternary eutectic alloy <7 DS Isotropic

Ternary eutectic in Mo—Si-Ti alloy [7] <35 IS Isotropic

Binary eutectic alloy (CBrs—C,Cle) [14] <12 DS Anisotropic

Binary eutectic in ternary (Ni—Al-Zr) alloy [16] <15 DS Anisotropic
Four-phase reaction in ternary eutectic Mo—Si-Ti alloy (Current work) <50 IS Isotropic

Note: Directional solidification(DS), Isothermal solidification (IS).

To evaluate its influence, the ratio (o1 /1s/00) is systematically varied. For simplicity, the melt compo-
sition is named 24Mo—55Ti-21Si, which corresponds to mole fractions of ¢y, = 0.24, ¢ = 0.55, ¢k =
0.21, respectively. These simulation scenarios serve as a reference framework for assessing the impact
of balanced interfacial energies on the morphological stability and evolution of lamellar pair structures.
Before analyzing the combined effects presented in table 2, it is instructive to first review the baseline
cases reported in the literature [8, 17, 47].

In [8], orientation angles below 10° were observed during isothermal solidification in pairs of lamel-
lar 5-TS phases, with varying lamellar spacings, unequal interfacial energies, and two different melt
compositions. However, these findings do not reveal the physical origin of the tilted growth and can-
not account for experimental observations that exhibit substantially larger orientation angles. Additional
studies on tilted growth [17, 47] focus exclusively on directional solidification. In these directional solid-
ification studies, tilt angles up to 10° are achieved by introducing a temperature gradient that is mis-
aligned with the prescribed anisotropic orientation of the crystal [17]. Such considerations are entirely
distinct from those in the present work, which investigates the tilted growth with isotropic interfacial
energies. Table 3 provides a summary of the orientation angle measurements observed in tilted eutectic
lamellar structures, along with the corresponding material systems, solidification mechanisms and the
isotropic or prescribed anisotropic interfacial energies between the liquid—solid and solid—solid phases.
This study distinguishes itself from previous investigations that reported the formation of orientation
angles on the solidification front and from those that attributed tilt angles primarily to effects of interfa-
cial anisotropy on lamellar morphology [49, 50].

4.1. Effect of oy /15 and supersaturation in liquid on lamellar morphology at A (m) = 0.5

In this section, a morphological stability map is presented based on comprehensive simulation results,
illustrating three distinct growth modes in various melt compositions and interfacial energies, oy /s,
with a fixed lamellar spacing of A (um) = 0.5. For each melt composition in figure 5(a), six 2D simu-
lations are performed at different values of interfacial energy. The supersaturation of the liquid phase
acts as the driving force for lamellar growth, and this driving force varies with the melt composition.
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Figure 5. (a) Morphological stability map illustrating three distinct growth modes: (g;) regular, (gii) tilted, and (gj;i) unstable,
for various supersaturation levels in the liquid alloys 22Mo-57Ti-21Si, 23Mo—-56Ti—21Si, 24Mo—-55Ti-21Si, 25Mo-54Ti-215i,

26Mo—-53Ti-218i, and 28Mo-51Ti-21Si at a fixed lamellar spacing A (um) = 0.5. Results correspond to interfacial energy values
(b) o115 = 200 and (¢) o115 = 300 and o j15 = 409.

Notably, the influence of the melt composition on the orientation angle is more significant than that

of the lamellar spacing. As supersaturation increases, the volume fraction of the S phase also increases.
Figure 5(b) shows a regular lamellar structure during solidification at oy s = 209. As the composition
of the melt changes from 22Mo-57Ti-21Si to 28Mo-51Ti-218i, the lamellar structure begins to incline,
although it still remains in the regular regime. The transition from regular to tilted growth occurs as
op/1s increases from 2.50¢ to 3.750¢, corresponding to the orange (tilted) region on the morphological
stability map (figure 5(a)). Furthermore, at oy /15 = 409, the tilted growth mode is also observed for the
melt compositions 24Mo-55Ti-21Si, 25Mo—54Ti-21Si, and 26Mo-53Ti-21Si. The tilted lamellar struc-
tures are clearly visible in figures 5(c) and (d). With an increase in o1 /15 and a higher Mo content in
the melt, the inclination of the lamellar structure becomes more pronounced. At oy s = 40y, unstable
lamellar structures are observed in figure 5(d) for the compositions 22Mo—-57Ti-21Si, 23Mo—-56Ti-21Si
and 28Mo-51Ti-21Si. This suggests that, above a critical interfacial energy, lamellar growth becomes
morphologically unstable despite constant melt composition. At small supersaturation in the liquid alloys
22Mo-57Ti-21Si and 23Mo-56Ti-21Si, the highest value of the interfacial energy oy /s = 40 corre-
sponds to a low thermodynamic driving force. In this regime, an asymmetry in the interfacial energy at
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the two triple junctions (L/3/TS) creates an imbalance that leads to the engulfment of the TS phase by
the S phase. This imbalance arises from asymmetric growth velocities at the two triple junctions, driven
by unequal interfacial energies between the liquid and solid phases. Similarly, for the highest melt com-
position, 28Mo—-51Ti-21Si, and with the same interfacial energy value o 15 = 40 with a high driving
force level, the lamellar structure exhibits instability. This arises from a similar imbalance in the interfa-
cial energy at the two triple junctions, where the interfacial forces become asymmetric. This asymmetry
disrupts the steady growth dynamics of the lamellae, resulting in unstable morphologies and deviations
from the regular lamellar arrangement. The unstable morphology indicates that the system is unable to
reach the global minimum of free energy, which in turn leads to instability of the lamellar structure.
Importantly, to highlight the formation of tilted lamellar structures by simultaneously modification of
the melt composition and interfacial energy, the case at oy /5 = 3.750¢ is emphasized.

4.1.1. Effect of o1 /15 and supersaturation in liquid on orientation angle

The growth of solid phases is mainly governed by two factors: supersaturation in the liquid, which drives
the transformation, and capillarity (oy /rs), which influences growth kinetics through lateral and axial
diffusion. To perform additional analysis of the lamellar morphology, we examine the lateral diffusion
of the Ti component near the liquid—solid interface at the solidification front. The final morphology

of the lamellar structure is determined by the combined effects of reaction, capillary forces, and diffu-
sion [8]. Figure 6(a) shows for the melt composition 22Mo-57Ti-21Si, the orientation angle remains
very small (1°-2°) at low interfacial energies (20 and 2.50y), corresponding to a regular growth mode.
However, as o1 /15 increases, the orientation angle increases sharply (reaching 16°-44°), indicating a
transition to a tilted growth mode. A similar monotonic increase in the orientation angle with increas-
ing interfacial energy is observed for intermediate compositions (25Mo—54Ti-21Si) and Mo-rich com-
positions (28Mo—51Ti-21Si). Although the initial orientation angle is higher for the Mo-rich alloy, all
compositions exhibit a consistent upward trend. These results demonstrate that increasing oy /75 system-
atically promotes lamellar tilting at different levels of liquid supersaturation. For the Mo-rich composi-
tion (28Mo—-51Ti-21Si), the initial orientation angle is approximately 9° at oy 15 = 20¢. As the inter-
facial energy increases, the lamellar structure gradually becomes more distorted, and the orientation
angle increases to approximately 23°-34°. This consistent increase confirms that the higher interfacial
energy promotes lamellar tilting across different levels of liquid supersaturation. For clarity, figure 6(a)
is divided into two regions: a low-energy regime (20¢—30)) and a high-energy regime (3.505¢—3.750y),
which allows clearer visualization of the evolution of the orientation-angle in different interfacial energy
ranges. In the regime of low-interfacial-energy (20¢—30y), the orientation angle of the tilted lamellae is
consistently higher for compositions with higher liquid supersaturation. For all melt compositions, the
orientation angle increases with increasing oy s, with the highest supersaturation producing the largest
deviation from regular growth. This behavior indicates that the coupling between the capillary term
(o1/1sk) and the thermodynamic driving force amplifies interfacial instability, leading to a more dis-
torted lamellar morphology. Figure 6(a) presents the plot of the orientation angle versus the interfacial
energy (op,rs). Error bars (£1°) are included in the plot to indicate the measurement uncertainty and
validate the accuracy of the orientation angle determination. In the melt composition of 22Mo-57Ti-
21Si, the orientation angle remains close to 1° and 2° at o /15 = 200 and 2.50y, respectively, indicating
a regular growth mode. However, increasing oy /15 to 30, 3.50¢ and 3.750 yields orientation angles of
approximately 16°, 37° and 44°, respectively, indicating a transition to a tilted growth mode. For higher
melt compositions such as 23Mo—56Ti-21Si and 24Mo—-55Ti-21Si, the orientation angle remains 1° at
op/ts = 200 , indicating regular growth. The onset of tilted growth begins at oy /s = 2.50¢, with the
orientation angle progressively increasing with interfacial energy. In 23Mo—56Ti-21Si, the orientation
angles are 6°, 19.5°, 35.5° and 43° at LTS values of 2.50¢, 309, 3.500, and 3.750y, respectively. For the
composition of 24Mo-55Ti-21Si, the corresponding orientation angles are 11°, 21°, 34.5° and 41° in the
same interfacial energy range. This trend of increasing the orientation angle with increasing oy /s is also
observed for the composition 25Mo-54Ti-21Si. At interfacial energy values of 20y, 2.50¢, 309, 3.50¢, and
3.7509, the corresponding orientation angles are close to 2°, 12°, 21.8°, 33°, and 39°, respectively. In the
case of 26Mo—53Ti-21Si, the orientation angle at oy 15 = 20y is 5°. As the interfacial energy increases
to 2.50¢, 30, 3.500 and 3.750¢), the corresponding orientation angles increase to 14°, 22.5°, 30° and
36°, respectively. For the rich composition in Mo, 28Mo-51Ti-21Si, the initial orientation angle is close
to 9° at o /15 = 20¢. With an increase in interfacial energy to 2.50, 30y, 3.500 and 3.750¢, the lamel-
lar structure becomes progressively more distorted, yielding orientation angles close to 23.5°, 28° and
34°, respectively. Consequently, increasing the interfacial energy leads to an upward trend in the orien-
tation angle across all levels of supersaturation in the liquid. To improve clarity, the plot is divided into
two parts: (i) the first part includes oy 15 values of 209, 2.50¢ and 300, and (ii) the second part includes
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Figure 6. (a) Orientation angle as a function of melt composition (22Mo-57Ti-21Si, 25Mo-54Ti-21Si, and 28Mo-51Ti-21Si)
for various values of oy /15. (b) absolute value of the driving force, based on the grand chemical potential divided by o 15k, as a
function of o /15 for the same melt compositions (22Mo-57Ti-21Si, 25Mo-54Ti-21Si, and 28Mo-51Ti-21Si).

op/rs values of 3.500 and 3.750¢. This segmentation enables a clear analysis of the behavior of the orien-
tation angle across different ranges of supersaturation in the liquid at a fixed interfacial energy. At oy 15
= 20y, the orientation angle is 9° for the highest melt composition, 28Mo—5Ti-21Si, where a lamellar
structure is observed. In contrast, at the same oy /15 = 200, regular lamellar growth is evident for the
lowest melt composition, 22Mo-57Ti-218i. At o5 = 2.500, the orientation angle continues to increase
for the highest melt composition, 28Mo-51Ti-21Si, while it remains constant for the lowest melt com-
position, 22Mo—-57Ti-21Si. For intermediate melt compositions 25Mo—54Ti-21Si, the orientation angle
increases to 12° at o /s = 2.50¢. The tilted growth of the lamellar structure begins at oy 15 = 30¢for
the lowest melt composition (22Mo—57Ti-21Si), with an orientation angle of 16°. At the same inter-
facial energy, the orientation angle for the highest melt composition (28Mo—-51Ti-21Si) reaches 23.5°.
The orientation angle is 21° for the 25Mo-54Ti-21Si composition at an interfacial energy, oy 15 = 309.
Across the interfacial energy values o115 = 200, 2.500 and 30y, the orientation angle resulting from
the tilted lamellar structure is consistently greater for the highest melting composition compared to the
lowest melting composition. As a result, in the first part of the analysis, the orientation angle increases
with increasing oy /rs for all melt compositions. The highest supersaturation in the liquid corresponds
to the largest orientation angle compared to the lowest supersaturation. This observation suggests that
the interaction between oy s+ and the driving force enhances the influence of oy 15k, leading to a more
distorted lamellar structure.

To validate these findings in the first part of the plot in figures 6(a), we examined all cases at three
different levels of supersaturation in the liquid phase. Figure 6(b) displays the absolute values of the
driving force, calculated based on the grand chemical potential in a multiple capillary system. These

values are expressed as and plotted on the Y axis. The definition of the parameters and their

oL/1sk
calculation are as follows: /A!I/ denotes the driving force based on the difference in the grand chemi-
cal potential between the liquid and TS phases. x = (1/ratio of the interface between the liquid and TS
phases) represents the curvature at the interface between the liquid and TS phases, which is determined
by fitting the circle method mathematically in Supplementary Information (S.4). The corresponding
interfacial energies, o /15, are shown on the X axis for each of the supersaturated liquid compositions.

AV
gL/Tsk

In figure 6(b), the highest absolute value of is observed at o115 = 20 for the lowest melting

composition, 22Mo—57Ti-21Si. This suggests that the resulting lamellar structure is formed under reg-
ular growth conditions. In contrast, for the highest melting composition, 28Mo—51Ti-218i, the corre-

sponding absolute value at the same interfacial energy is significantly lower, indicating a tilted lamel-

AV
gL/Tsk

between those of the lowest and highest melt compositions. As oy rs increases, the absolute values of
AT

oL/Tsk
than 28Mo—-51Ti-21Si. However, the difference between the two compositions decreases with increasing
o115, indicating a transition in 22Mo-57Ti-21Si from regular to tilted growth mode. At oy /15 = 3.7509,

the absolute value of 28Mo—51Ti-21Si exceeds that of 22Mo—57Ti-21Si, although the difference remains

lar structure. For intermediate compositions 25Mo0-54Ti-218Si, the value of

at UL/TS = 20'0 lies

also increase across all compositions, with 22Mo—-57Ti-21Si consistently showing higher values
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Figure 7. Line scan of the lateral diffusion of the Ti component along the selected white arrows at (a) oy /s = 200, (b) o1 /15 =
2.509, (c) oL/1s = 300, (d) oy/1s = 3.500, and (e) oy/rs = 3.7500 , ata fixed lamellar spacing A (uxm) = 0.5 and under a super-
saturation condition of the liquid 22Mo-57Ti-21Si at the solidification front. (f) Plot of the lateral diffusion of the Ti component
corresponding to the white arrows for oy, /15 = 200, 300, and 3.7509.

smaller than at o1 /15 = 20¢. This trend reflects a greater tendency for tilted lamellar growth in the

lowest melting composition under conditions of higher interfacial energy. As the composition changes

AV
oL/Tsk

increasing Mo content. Specifically, at o /15 = 3.7500, the absolute value of 25Mo0—-54Ti-21Si is observed
between the highest and lowest supersaturation values in liquid.

show a consistent increase with

through intermediate Mo concentrations, the absolute values of

4.1.2. Lateral ti diffusion near the solid/liquid interface at different interfacial energies

In the second part of the analysis, at interfacial energy values of oy 15 = 3.50¢ and 3.750, the orien-
tation angle for the lowest melt composition, 22Mo—57Ti-21Si, increases significantly more than that

for the highest melt composition, 28Mo-51Ti-21Si. In contrast to the trends observed in the first part
of the analysis, the intermediate composition, 25Mo—-54Ti-21Si, exhibits a higher orientation angle at
orrs = 3.50¢ and 3.750¢ compared to 28Mo-51Ti-21Si. Furthermore, at o1 /rs = 3.750, the orien-
tation angle of 22Mo-57Ti-21Si is approximately 10° higher than that of 28Mo-51Ti-21Si, indicating

a pronounced difference in growth behavior between the lowest and highest melt compositions. This
variation is primarily attributed to the interaction and diffusion of Ti atoms at the liquid—solid inter-
face, which strongly influences the local curvature and, consequently, the orientation of lamellar growth.
To clarify the higher orientation angle corresponding to the lowest melt composition at the maximum
value of oy /15, we consider two cases: 28Mo-51Ti-21Si and 22Mo-57Ti-21Si at o /15 = 3.750¢. For the
highest melt composition, 28Mo—51Ti-21Si, the driving force due to supersaturation is greater, primarily
due to the increase in the volume fraction of the 3 phase. In contrast, for the lowest melt composition
22Mo-57Ti-21Si, the driving force is lower, resulting in a slower growth rate of the lamellar structure.
To validate these results, additional plots are provided, illustrating the lateral diffusion of the Ti compo-
nent at the interface between the liquid and the TS phase for both the highest and lowest melt composi-
tions. Figure 7 22Mo-57Ti-21Si, 8 25Mo-54Ti-21Si and 9 28Mo-51Ti-21Si show the line scan in which
the lateral diffusion of Ti atoms is depicted at the interface between the liquid and the TS phase, while
the concentration of the Si component remains constant. Initially, at oy /s = 209, 2.509, and 30y, lateral
diffusion in the lowest melt composition shows a lower trend than in 25Mo-54Ti-21Si and 28Mo-51Ti—
21Si in liquid, respectively. However, at oy /s = 3.500 and 3.750y, the lateral diffusion showed a signif-
icant increase in the lowest melt composition compared to the highest melt composition. Consequently,
the 10° decrease in the orientation angle for 28Mo-51Ti-21Si at o115 = 3.7509, compared to the low-
est melt composition, 22Mo—57Ti-218j, is reasonable. Furthermore, in the highest melt composition
28Mo-51Ti-21Si, the increase in the orientation angle is limited to the highest value of oy /s = 3.7505.
This limitation arises because enhanced lateral diffusion counteracts instabilities in the lamellar structure.
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According to [51], in cases of high supersaturation, rapid growth makes it more difficult for diffusion
to compensate for differences in growth rate. In contrast, for the lowest melt composition 22Mo—-57Ti—
21Si, lateral diffusion of Ti between the liquid and TS phases plays a more significant role. As a result,
this effect leads to a greater tilt in the lamellar structure and a higher orientation angle, compared to the
highest supersaturation, at the same maximum values of oy /rs = 3.50¢ and 3.750¢. As discussed pre-
viously, the unequal interfacial energies between the liquid and solid phases significantly influence the
morphology of lamellar structures, leading to the development of tilted lamellae and the formation of
convex—concave features along the solidification front. The morphological evolution of the solid-liquid
interface during solidification is governed by a combination of thermodynamic conditions and kinetics
associated with the dynamics of the interfacial tension [52]. From a kinetic perspective, the development
of long-range mass diffusion at the solid-liquid interface is accompanied by mid-range diffusion in the
region between the adjacent solid-liquid interface front [53]. For the analysis of the asymptotic behavior
of the lamellar structure at two triple junctions, we consider two distinct regions. The first, referred to
as the inner region, is dominated by the effects of the interfacial capillary term (oy/rs), as discussed in
section 4.1.1. The second, the outer region, is governed by the lateral diffusion of Ti and the associated
solute redistribution along the solid—liquid interfaces in the vicinity of, but not immediately adjacent

to, the triple junctions—effectively corresponding to the midrange region of the solid-liquid interface.
These combined thermodynamic and kinetic factors contribute to the formation of complex lamellar
patterns, making their prediction and control inherently challenging and highly dependent on the spe-
cific alloy system. To clarify the mechanism by which interfacial energy influences the evolution of lamel-
lar morphology, three phase-field simulation cases are analyzed: 22Mo—-57Ti-21Si, 25Mo-54Ti-21Si, and
28Mo-51Ti-21Si. A comparative study is conducted to examine the lateral diffusion of the Ti compo-
nent near the liquid—solid interface for each composition. The lateral diffusion of Ti on the solidifica-
tion front for the supersaturated composition 22Mo-57Ti-21Si was examined under varying interfacial
energies (o 1s). Figure 7 shows that at low interfacial energy (20y), the diffusion of Ti at the two triple
junctions is nearly symmetric, resulting in balanced solute fluxes and an orientation angle close to 1°,
indicative of stable lamellar growth. As oy 15 increases, the diffusion becomes increasingly asymmet-

ric, leading to a non-uniform solute distribution. This imbalance disrupts symmetric growth, promotes
the development of tilted lamellae, and increases the orientation angle. These results demonstrate that

a higher interfacial energy enhances diffusion asymmetry at the triple junctions, which drives lamellar
tilting. Line scans of lateral Ti diffusion were also performed for the 25Mo0-54Ti-21Si and 28Mo-51Ti—
21Si compositions under varying interfacial energies. For the intermediate 25Mo—-54Ti-21Si composi-
tion, Ti diffusion at low interfacial energy (20y) is nearly symmetric, consistent with regular lamellar
growth. As oy 15 increases, the diffusion becomes increasingly asymmetric, indicating the appearance of
a solute imbalance along the lamellar front. However, the amplitude of diffusion asymmetry is smaller
than in the 22Mo-57Ti-21Si system, resulting in a more moderate increase in the lamellar orientation
angle. Overall, the 25Mo0-54Ti-21Si composition exhibits intermediate behavior between the lowest and
highest-melting compositions in terms of lateral Ti diffusion and lamellar tilting, with higher interfacial
energy promoting asymmetry and increased orientation angle, but to a lesser extent than in the 22Mo—
57Ti-218i system.

In addition, line scans of lateral Ti diffusion are performed along the selected white arrows for
the 25Mo-54Ti-21Si and 28Mo-51Ti-21Si compositions for different oy 1s. As shown in figure 8(f),
the orange line scan corresponding to oy /s = 20 reveals approximately equal Ti diffusion at both
triple junctions. This observation reinforces the correlation between the low interfacial energy and the
symmetry of diffusion-driven lamellar morphology. As oy /15 increases to 0.06, the brown line scan in
figure 8(f) shows an increasing difference in Ti diffusion between the two triple junctions. This asym-
metry indicates the onset of a diffusion imbalance along the lamellar front. The green line in figure 8(f),
at oy /rs = 3.7500, shows a reduced amplitude of Ti diffusion compared to the results at oy /15 = 209,
309. This suggests a weaker diffusion-driven asymmetry in the 25Mo-54Ti-21Si composition than in
the 22Mo-57Ti-21Si system. Overall, the 25Mo0-54Ti-21Si composition exhibits intermediate behavior
between the 22Mo-57Ti-21Si and 28Mo-51Ti-21Si systems in terms of lateral Ti diffusion and lamellar
orientation angle. At oy /rs = 3.7509, the amplitude of the variation in Ti concentration between the two
triple junctions (P1 and P2) is reduced, leading to a decrease in the orientation angle compared to the
previous case at the same interfacial energy (22Mo-57Ti-21Si).

The analysis of lateral Ti diffusion along the selected white arrows for the supersaturated compo-
sition 28Mo—51Ti-21Si is presented in figure 9. As oy 15 increases, the difference between the mini-
mum and maximum Ti concentrations at the two triple junctions becomes initially more pronounced.
However, as indicated by the green line in figure 9(f), corresponding to oy /s = 3.750y, this difference
begins to diminish with higher values of interfacial energy. In the 28Mo-51Ti-21Si composition, tilted
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Figure 8. Line scan of the lateral diffusion of the Ti component along the selected white arrows at (a) o /s = 200, (b) o1 /15 =
2.500, (¢) o1 /15 = 300, (d) 01 /15 = 3.500, and (e) oy 15 = 3.7500, at a fixed lamellar spacing A (m) = 0.5 and under a super-
saturation condition of the liquid 25Mo-54Ti-21Si at the solidification front. (f) Plot of the lateral diffusion of the Ti component
corresponding to the white arrows for oL/1s = 200, 300, and 3.7509.

growth begins at o /rs = 20y, as indicated by nonidentical diffusion of Ti at the two triple junctions.

A larger disparity is observed at oy /rs = 30, shown in figure 9(c), indicating an intensified asymmetry
in the lateral diffusion. In contrast, at oy /15 = 3.7500, the line scan reveals a noticeable reduction in the
difference between the minimum and maximum Ti diffusion at the two junctions. Despite the onset of
tilted growth, the orientation angle in 28Mo—-51Ti-21Si remains relatively low even at the highest oy /s
values. This is attributed to the small amplitude of Ti concentration differences between P1 and P2, sug-
gesting more balanced lateral diffusion along the liquid-TS interface. This balance mitigates the asymme-
try that typically drives tilted growth, in contrast to the pronounced imbalance observed in 22Mo—57Ti—
21Si. Consequently, a comparison of the lateral diffusion of Ti at the liquid-TS interface for the three
compositions at oy s = 3.750¢ shows that the highest orientation angle occurs in 22Mo-57Ti-21Si, fol-
lowed by 25Mo0-54Ti-21Si, and then 28Mo—51Ti-21Si. These findings confirm that the final morphol-
ogy of the tilted lamellar structure is strongly influenced by mid-range lateral diffusion of Ti between
the advancing fronts of the liquid and solid phases [52, 53]. In this section a systematic investigation

of lamellar morphology is conducted using phase-field modeling, focusing on the variation of the melt
composition combined with the modification of the interfacial energy oy /15 at a fixed lamellar spacing.
Different levels of melt composition activate distinct regions of the phase diagram, influencing the phase
fractions of eutectic phases during the phase-field simulations and consequently affecting the orienta-
tion angle of the lamellae. The modeling results are validated and interpreted. In particular, the evalua-
tion of interfacial free energy minimization under equilibrium conditions during tilted growth provides
additional verification of the strong correlation between the phase-field modeling and the experimen-
tally observed tilted microstructures. The orientation angles for the melt compositions 23Mo-56Ti-21Si,
24Mo-55Ti-21Si, and 26Mo—-53Ti-21Si under varying interfacial energy conditions are summarized in
table C.10 in appendix C.1, while the corresponding simulation times for all cases are listed in table B.8
in appendix B.1. The main focus of this research is the tilted growth mode that arises from unequal
interfacial energies at the two triple junctions. A clockwise tilt of the lamellar structure is observed with
increasing interfacial energy between the liquid and TS phases. By exchanging the positions of the § and
TS phases, the tilt direction is reversed, resulting in an anticlockwise tilted growth mode.

4.2. Effect of o /15 and supersaturation in liquid on lamellar morphology at A (ztm) = 0.9: observation
of oscillatory structures

In this section, we focus on the observation of tilted oscillatory growth during the formation of
lamellar structures, and our theoretical predictions are consistent with the simulation results. The
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Figure 9. Line scan of the lateral diffusion of the Ti component along the selected white arrows at (a) o /s = 200, (b) o1 /15 =
2.500, (¢) o1, /15 = 300, (d) o1 /15 = 3.500, and (e) o /15 = 3.7509, at a fixed lamellar spacing A (um) = 0.5 and under a super-
saturation condition of the liquid 28Mo-51Ti-21Si at the solidification front. (f) Plot of the lateral diffusion of the Ti component
corresponding to the white arrows for oy /5 = 209, 309, and 3.7505.

underlying mechanisms of oscillatory lamellar patterns have already been extensively studied theoreti-
cally [18, 54, 55]. Oscillatory growth involves periodic angular deviations of the interfaces and is strongly
influenced by lamellar spacing and melt composition. As these parameters increase, lateral solute diffu-
sion weakens, while axial transport dominates, destabilizing the steady-state diffusion field. Under high
supersaturation, this imbalance leads to oscillatory lamellar growth, manifested as periodic thickening
and thinning of the lamellae due to fluctuations in interface dynamics and solute redistribution. The
subsequent transition to invasive growth can be explained by analyzing the evolution of these instabili-
ties under extreme conditions [54]. At moderate melt compositions and interfacial energies, the lamel-
lae grow in a stable and periodic manner, with effective solute redistribution maintaining steady-state
growth. However, at higher melt compositions—corresponding to the largest lamellar spacing studied, A
(um) = 0.9 and elevated interfacial energies, the system enters an oscillatory regime. The increased driv-
ing force for solidification, combined with insufficient lateral diffusion of the solute, leads to instability.
According to Kassner and Misbah [56], the eutectic composition does not inherently induce any special
behavior; both symmetric and asymmetric systems can exhibit broken-parity solutions. Experimentally,
tilted and oscillatory patterns have been widely observed, although their suppression or absence in sym-
metric systems remains poorly understood. In this work, we demonstrate that the asymmetric interfacial
energy alone is sufficient to induce tilted and oscillatory morphologies, even in a nominally isotropic
system. Figure 10(a) presents a morphological stability map constructed from the simulation results
shown in figures 10(b)—(d). These selected results identify three distinct growth modes as functions of
melt composition and interfacial energy, oy /s, with a fixed lamellar spacing of A (1m) = 0.9.

In figure 10(b), regular growth (purple region) is observable in low composition and oy /s = 205.
As the melt composition increases, tilted growth emerges at 24Mo—-55Ti-21Si, whereas oscillatory growth
is observed for 28Mo—51Ti-21Si, as shown in figure 10(b), at o /s = 200. In particular, the phase 3
shows o /15 to 2.500—3.500, which results in the emergence of a tilted growth in all compositions. These
correspond to the orange (tilted or oscillatory) region in the stability map. At o115 = 30 and for the
melt compositions 22Mo-57Ti-21Si and 24Mo-55Ti-21Si, the morphological evolution of the (8 and
TS phases) follows a pitchfork bifurcation, as described by Kassner et al [56]. As interfacial energy and
melt composition continue to increase, a nonlinear symmetry-breaking transition occurs: one phase
becomes energetically and kinetically favored, while the competing phase (TS or ) gradually dimin-
ishes. The dominant MS phase invades the region previously occupied by the weaker phase, marking the
onset of the invasion regime. This transition is no longer a small perturbation around steady growth,
but a dynamic and irreversible instability that can ultimately lead to the elimination of one phase or
the breakdown of the lamellar pattern. At the highest interfacial energy of oy s = 40 (figure 10(d)),
the system enters an unstable growth regime. Here, both the 3 (yellow) and the TS (purple) phases
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Figure 10. (a) Morphological stability maps illustrating three distinct growth modes: (g;) regular, (g;;) tilted or oscillatory, and
(giii) unstable, for interfacial energy values oy /T8 ranging 20p—409. The map includes different melt compositions: 22Mo-57Ti—
21Si, 24Mo-55Ti-21Si, and 28Mo-51Ti-218Si. Oscillatory morphology is observed under the (g;;) tilted or Oscillatory growth
mode. All simulations are performed at a fixed lamellar spacing of A (zm) = 0.9. Results correspond to interfacial energy values
(b) o /15 = 209 and (¢) o1 /15 = 300 and o /15 = 409.

exhibit instability under the lowest and highest levels of supersaturation. The morphology at 22Mo—
57Ti-21Si (low supersaturation) differs significantly from that at 28Mo—51Ti-21Si (high supersatura-
tion), although both exhibit disrupted lamellar arrangements due to the dominance of axial solute trans-
port. Under these extreme interfacial energy and compositional conditions, lateral diffusion becomes
insufficient to maintain equilibrium, resulting in unstable and asymmetric phase growth. Specifically,

at 28Mo-51Ti-21Si and oy /15 = 40y, the interface between the TS and the 3 phases becomes unstable
and the oscillatory lamellar structure changes to an unstable morphology dominated by the MS phase
(black). This phase progressively invades the space previously occupied by the others, a hallmark of the
invasion regime described by Folch and Plapp [54]. Our results thus reveal how asymmetric interfacial
energy in an otherwise isotropic system can destabilize eutectic growth, inducing transitions from steady
to oscillatory, and ultimately to invasive or chaotic morphologies. Detailed simulation times for all cases
are provided in appendix B.2.

According to Kassner et al [56], a symmetric eutectic lamellar structure may lose stability and evolve
into broken-parity states, including tilted and anomalous lamellar configurations. In the present study,
we focus on the tilted growth mode, which is highly sensitive to variations in the solid-liquid interfa-
cial energy. Our simulations demonstrate the significant role of interfacial energy in the development
of tilted lamellar morphologies. Furthermore, oscillatory lamellar growth is observed with increasing
lamellar spacing and changes in melt composition. The initially symmetric lamellar structure is found

16



10P Publishing

Modelling Simul. Mater. Sci. Eng. 34 (2026) 065011 K NouraniNiaki et al

to lose its symmetry when the solid-liquid interfacial energy is modified, leading to the emergence of
tilted oscillatory lamellae. This combined tilted—oscillatory growth behavior represents a notable fea-
ture of the present simulations. Therefore, the observed oscillations are qualitatively consistent with the
broken-parity mechanism described by Kassner et al [56].

5. Summary and conclusion

o This paper addresses the fundamental problem of understanding the formation and evolution of
lamellar structures in Mo-Si-Ti alloys during a four-phase solidification reaction. Despite prior
efforts, the role of interfacial energy, particularly its impact on tilted lamellar morphologies, remains
inadequately understood because of the experimental challenges associated with measuring interfacial
energies in complex alloy systems.

e The large orientation angle, which can reach to 50° in tilted lamellar structures within an isotropic
system, is governed by the combined effects of capillarity, driving force, and diffusion-controlled pro-
cesses at the solidification front near the two triple junctions.

e Multi-phase-field simulations reveal that the evolution of lamellar structures, particularly those involv-
ing TS and S phases, is strongly influenced by interfacial energy, lamellar spacing, and melt compo-
sition. An increase in both interfacial energy and lamellar spacing leads to the development of tilted
and oscillatory morphologies.

e These results underscore the critical role of capillarity, solute diffusion, and interfacial kinetics in
controlling the stability and orientation of eutectic lamellar structures. The insights gained pro-
vide a quantitative foundation for tuning microstructures via process parameters in advanced mate-
rial design. By revealing the mechanisms underlying tilted and unstable lamellar growth, the study
advances the predictive capabilities of computational modeling for multiphase systems.

o The simulated lamellar structures, obtained under varying combinations of interfacial energy and
liquid-phase supersaturation, reveal a strong correlation between increased interfacial energy, higher
supersaturation levels, and distinct orientation angles.

6. Outlook

A deeper understanding of multiphase interactions in tilted lamellar structures could help bridge the
gap between computational predictions—such as 3D phase-field simulations models extended to 3D and
experimental limitations. This improved understanding would facilitate the design and optimization of
Mo-Si-Ti-based materials as well as for other materials whose microstructure evolution is dominated by
capillary effect.
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Appendix A. Simulation setup table

Table A.4: The optimized numerical and physical parameters used in the phase-field simulations.

Table A.4. Optimized parameters employed for the phase-field simulations [8].

Symbol Description Value

Ax Grid spacing 0.5%x 10~%m

At Numerical time increment 0.5x1077s

DY Diffusion coefficient of Mo in the liquid phase 6.6x 1072 m?s™! [57]
D, Diffusion coefficient of Ti in the liquid phase 6.6 x 1077 m? s}

DL Diffusion coefficient of Si in the liquid phase 6.6 x 1072 m?s™!

D, Diffusion coefficient of Mo in the solid phase 0.5x 1072 m?s ~! [58]
D Diffusion coefficient of Ti in the solid phase 0.5x 1072 m?s ~! [58]
D, Diffusion coefficient of Si in the solid phase 0.5x 107" m?s !

A.1. Phase diagram of Mo-Si-Ti
The free energy density for the liquid phase (f*), Ti(Mo)sSi; phase (f'), Mo(Ti);Si, and 3(Mo,Si,Ti) are
expressed as follows:

f=arciy, + bremo + di + eLchy + gemi + hiomocr, (A.1)
M= [ﬂTs (eMo + brs)” + de] + niysars (0.625 — cvo — o1i)°, (A.2)
= [aMs (eMo + bwis)” + dMS} + mvsams (0.75 — evo — Cri), (A.3)

P = [ag (emo + bg)2 + dg} +ngag (0.9797 — epo — cTi)z. (A.4)

Table A.5. Parameters for the fitted free energy density functions.

Phase a b d e g h n
Liquid 1.994 —1.787 —1.264 2.382 —2.617 3.644 —
Ti(Mo)sSi3 1.237 —0.022 —2.015 —_ — —_ 10
Mo(Ti)3Si 1.657 —0.349 —1.802 — — — 10
B (Mo,Si,Ti) 1.051 —0.544 —1.541 — — — 1000

A.2. Phase diagram Mo-Si-Ti
Thermodynamic quantities and equilibrium phase compositions were validated against CALPHAD calcu-
lations, showing good agreement.
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Table A.6. The calculated free energy density f/E*, diffusion potentials of molybdenum g, /E* and titanium pri/E*, as well as grand
chemical potential U /E* for the liquid phase. The corresponding experimental data are taken from [40].

f/E* fino/E* i /E* W /E*
Composition Fitted Exp.  Error Fitted Exp. Error  Fitted Exp. Error  Fitted Exp.  Error
22Mo-57Ti-21S8i  —1.822 —1.820 —0.11% 1.167 1.230 5.12% 0.9005 0.960 6.2% —2.592  —2.633 1.56%
23Mo-56Ti-21Si —1.819 —1.819 0 1.170  1.224 4.35% 0.889 0951 6.48% —2.587 —2.632 1.72%
24Mo-55Ti-21Si —1.817 —1.817 0 1.174  1.225 4.16%  0.878 0.948 7.35% —2.581 —2.631 1.90%
25Mo-54Ti-21Si —1.814 —1.814 0 1.177  1.226  3.98%  0.867 0.945 8.22% —2.576 —2.629 2.02%
26Mo-53Ti-21Si —1.810 —1.809 0.06% 1.181 1.228 3.86%  0.856  0.938 8.75% —2.571 —2.626 2.10%
28Mo-51Ti-21Si —1.804 —1.799 0.28% 1.188  1.231 3.54%  0.833  0.923 9.74% —2.561 —2.619 2.22%

Table A.7. Comparison of fitted and experimental values for equilibrium compositions, free energy density f/E*, and grand potential

W /E* for TS, MS, and 3 phases.

Ti(Mo)sSi3 Mo(Ti);Si B (Mo,Si,Ti)

CMo CTi f/E* \I//E* CMo CTi f/E* \IJ/E* CMo CTi f/E* \I//E*
fitted  0.139 0.525 —1.980 —2.661 0.461 0.313 —1.773  —2.559  0.682 0.298 —1.521 —2.336
exp. 0.140 0.485 —1.999 —2.609 0.424 0.326 —1.794 —2.609 0.674 0.285 —1.524 —2.609
error  0.660%  8.230% 0.953%  1.964% 8.64% 3.89% 1.194%  1.923% 1.152% 4.584%  0.195%  10.485%
Appendix B. Simulation time tables
This appendix provides detailed simulation times for all cases, organized by simulation sections.
B.1. Simulation time—section 4.1
Table B.8. Time t (1) for different melt compositions and interfacial energies o /15 at fixed lamellar spacing A (um) = 0.5.

OL/TS

Melt COmPOSition 200 2.509 309 3.500 3.7500 40
22Mo-57Ti-21Si t = 1580 t = 1520 t = 1740 t = 3400 t = 3460 t =480
23Mo-56Ti-21Si t = 1860 t = 1520 t=1720 t = 3800 t = 3860 t =520
24Mo-55Ti-21Si t = 1560 t = 1580 t = 2053 t = 1700 t = 1880 t = 3600
25Mo—54Ti-21Si t = 1280 t = 1660 t=1720 t = 1760 t = 1580 t=11780
26Mo-53Ti-21Si t = 1860 t = 1740 t = 1940 t = 1960 t=1780 t = 2540
28Mo-51Ti-21Si t = 1340 t = 2100 t = 1800 t = 2700 t = 1960 t =220

B.2. Simulation time—section 4.2

Table B.9. Time t (us) for selected melt compositions at different interfacial energies oy /15 at fixed lamellar

spacing
A (pm) = 0.9.

OL/TS
Melt composition 200 2.500 309 3.500 40
22Mo-57Ti-21Si t = 1860 t = 1660 t = 2200 t = 2280 t =600
24Mo-55Ti-21Si t = 3000 t = 3000 t = 3600 t = 2800 t =4100
28Mo-51Ti-21Si t = 1240 t = 1140 t = 2540 t = 1080 t =500
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Appendix C. Orientation angle

C.1. Orientation angle—section 4.1

Table C.10 presents the orientation angles (¢) corresponding to various interfacial energy values (o /1s)
for three melt compositions: 23Mo-56Ti-21Si, 24Mo-55Ti-21Si and 26Mo-53Ti-21Si. All simulations
were conducted at a fixed lamellar spacing of A (um) = 0.5. The results illustrate how increasing inter-
facial energy influences the orientation angle, with a clear trend of increasing (¢) observed across all
compositions.

Table C.10. Orientation angle (¢), interfacial energy (o1 /15), and melt composition at fixed lamellar spacing A = 0.5 ym.

23Mo—-56Ti-21Si 24Mo—-55Ti-21Si 26Mo—-53Ti-21Si
Melt composition o118 ?(°) o118 #(°) o118 ?(°)
20’0 1 20’0 1 20’0 5
2.509¢ 6 2.509 11 2.500 14
30’0 19.5 30'0 21 30’0 22.5
3.50’0 35.5 3.50’0 34.5 3.50’0 30
3.7509 43 3.7509 41 3.7500 36
400 — 40 50 40 42
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