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Abstract
Quadratic air drag is a standard dissipative mechanism in mechanical models, particularly when velocities are not small.
In nonlinear systems, where multiple attractors may co-exist, analytical solutions for the motion are rarely available. For
conservative one-degree-of-freedom systems, conservation of energy can be used to determine separatrices that divide phase
space into regions with qualitatively different dynamics, such as bounded and unbounded motion. However, in the presence
of damping, energy conservation no longer holds, and analytical descriptions of basin-of-attraction boundaries remain scarce.
This paper studies autonomous one-degree-of-freedom systems with air drag of the form

ẍ + α(x)|ẋ |ẋ + V ′(x) = 0,

and targets the constructive determination of the basins of attraction and the associated basin boundaries in the (x, ẋ) plane.
On trajectory segments with fixed velocity sign, the substitution p(x) = ẋ2 converts the second-order dynamics into a first-
order linear equation for p as a function of x . For the polynomial potentials considered here, this reduction yields explicit
integral representations and, in several cases, closed-form expressions that can be continued branchwise from the saddle to
generate separatrix-type curves in phase space. These curves provide exact boundaries that partition initial conditions either
into different capture regimes or into capture versus escape, depending on the potential under investigation. In addition, the
local integrity measures associated with the attractors are obtained analytically. Analytical results are verified against direct
time-domain simulations. The resulting closed-form formulas provide benchmark cases for validating numerical algorithms
that aim to determine dynamic integrity measures.
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1 Introduction

Aerodynamic drag is an essential component of realistic
mechanical models whenever motion occurs in a fluid. In
many practically relevant regimes, the dissipative force is
well approximated by a quadratic law in the velocity magni-
tude.Thismotivates thewidespreaduse of quadratic damping
in applications such as ship roll dynamics and related marine
models [1–5], as well as in pendulum experiments and
large-angle oscillations [6, 7]. Beyond these classical exam-
ples, quadratic drag is routinely employed in wave loading
and response models for offshore and coastal structures
via Morison-type formulations [8, 9], in the dynamics of
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underwater vehicles and towed bodies [10], in central-force
motion models [11], and in the modeling of strongly speed-
dependent dissipation in parachutes and other bluff-body
problems [12, 13]. Quadratic drag models are also stan-
dard in sports-ball and projectile flight modeling [14–16].
Even when the primary interest is not fluid mechanics itself,
quadratic drag often provides the simplest dissipative closure
that fits observed decay and captures the strong increase of
energy loss with speed.

We study the one-degree-of-freedommotion in a potential
well with quadratic drag:

ẍ + α(x) |ẋ | ẋ + V ′(x) = 0, α(x) ≥ 0, (1)

interpreted branchwise in the phase plane so that the dissi-
pative term opposes the motion. The coefficient α(x) may
represent variations in effective drag with position (e.g.,
due to geometry, density, or projected area). The key sim-
plification for autonomous 1-DOF systems is obtained by
introducing the squared velocity p(x) = ẋ2 on any branch
with fixed velocity sign σ = sgn(ẋ). This transforms (1)
into a first-order equation for p as a function of x that is lin-
ear on each branch after accounting for σ , which enables
explicit integral representations and, for many potentials,
closed-form expressions. This energy-displacement view-
point goes back to classical vibration theory and has been
used repeatedly to describe decay per cycle and turning-point
sequences [17–20], supported by standard asymptotic frame-
works [21–23] and by later exact and semi-exact treatments
for broad restoring force classes [24–26]. Related modern
analytic research includes integrability conditions and solv-
able potentials under quadratic drag [27–29]. Quadratic drag
entered analytical mechanics prominently through exterior
ballistics. Therefore, we also recall the classical and his-
torical projectile literature, fromNewton’s resisting-medium
model and Bernoulli’s hodograph treatment to later ballistic
approximations and reviews [30–39], as well as modern non-
elementary or semi-analytical representations of projectile
motion with quadratic resistance [40–43]. However, planar
projectile motion is used here only as a physical motiva-
tion for quadratic drag, not as a target application of the
present basin-boundary framework: the classical projectile
problem is a two-degree-of-freedom flight problem without
the saddle-type equilibria that generate the basin boundaries
studied below.

Despite the extensive literature on quadratic drag, most
works focus on decay envelopes, frequency shifts, the iden-
tification of damping laws, forced response, or projectile
trajectories. The present study focuses on a different output:
basins of attraction and escape thresholds. Concretely, the
goal is to obtain explicit separatrix-type curves in the (x, ẋ)
plane that partition initial conditions into capture and escape.
Adjacent literature does address escape and basin geometry

under dissipation, but typically in forced oscillators or in
multi-degree-of-freedom settings [44, 45], or they provide
existence and classification results without explicit basin-
of-attraction boundaries for prescribed potentials [46]. This
leaves a gap for explicit phase-plane partitions in autonomous
potentials with quadratic drag.

The present paper is the first part of a planned trilogy.
Accordingly, the series delivers explicit basin boundaries in
the phase plane for representative nonlinear potentials with
quadratic drag. These curves provide direct threshold condi-
tions for separating long-time outcomes (capture in a given
well, barrier crossing, or escape, where admissible) and are
verified against time-domain simulations.

Such analytically parameterized basin boundaries are also
helpful as benchmark test cases for dynamical integritymeth-
ods, where robustness is quantified from the geometry of
safe basins [47–50]. Since integrity measures are typically
estimated from grids or sample-based strategies [51], closed
or semi-closed basin boundaries offer rare ground truth for
assessing computational procedures, including recent effi-
cient integrity algorithms for equilibria and periodic orbits
[52, 53] and forced-escape integrity studies [54].

The paper is structured as follows. Section2 derives the
branchwise substitution p(x) = ẋ2 and the turning-point
and branch-switching rules. Section3 applies the method to
the quadratic-cubic potential. Section4 treats the bistable
Duffing potential. Section5 analyzes the quadratic-quartic
potential with two barriers. Section6 summarizes the main
findings and discusses parameter-dependent bifurcations.
Section7 outlines future extensions.

2 Branchwise reduction to a first-order linear
ODE

A central simplification for the autonomous 1-DOF model
(1) is obtained by using the squared velocity as an unknown
function of position,

p(x) := ẋ 2 ≥ 0, (2)

defined along trajectory segments on which ẋ �= 0. On such
a segment, the velocity sign

σ := sgn(ẋ) ∈ {+1,−1} (3)

is constant, and the quadratic andCoulomb terms can bewrit-
ten as |ẋ |ẋ = σ p and sgn(ẋ) = σ , respectively. Moreover,
since

dp

dt
= 2ẋ ẍ,

dp

dx
= dp/dt

dx/dt
= 2ẋ ẍ

ẋ
= 2ẍ (ẋ �= 0), (4)
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the equation of motion reduces on each fixed-σ branch to the
linear first-order equation

dp

dx
+ 2σ α(x) p = −2V ′(x). (5)

Thus, for prescribed functions α(x), and V (x), the dynamics
are determined by solving (5) separately for σ = +1 and
σ = −1, and then reconstructing ẋ as ẋ = σ

√
p(x) on the

interval where p(x) ≥ 0.

2.1 Integrating-factor representation

Equation (5) is linear with variable coefficients. Introducing
the integrating factor

μσ (x) = exp

(
2σ

∫ x

x∗
α(ξ) dξ

)
, (6)

one obtains

d

dx

(
p(x)μσ (x)

) = −2V ′(x)μσ (x), (7)

and hence, for a reference point (x0, v0) with v0 �= 0 and
σ = sgn(v0),

pσ (x) = 1

μσ (x)

[
v20μσ (x0) − 2

∫ x

x0
V ′(s)μσ (s) ds

]
. (8)

This representation is exact and requires only one quadra-
ture once α is specified. Where the integral can be evaluated
in closed form, Eq. (8) yields explicit analytic phase-plane
curves.

Although Eq. (5) is smooth for fixed σ , the global motion
cannot, in general, be represented by a single expression
because the governing branch changes whenever the velocity
changes sign.

Remark 1 (Admissible domain, turning points, and branch
switching) On any trajectory segment with fixed velocity
sign σ = sgn(ẋ), the reconstruction ẋ = σ

√
p(x) requires

p(x) ≥ 0. Accordingly, a branch solution pσ (x) obtained
from Eq. (8) is physically admissible only on the interval
(starting from the initial point) on which pσ (x) ≥ 0 holds.

A point xT with p(xT ) = 0 corresponds to ẋ(tT ) = 0. In
a purely sliding regime (no sticking), such a point is a turning
point if V ′(xT ) �= 0: the motion reverses direction and the
velocity sign flips. The matching between branches is then
imposed by the natural continuity conditions

x(t−T ) = x(t+T ) = xT , ẋ(t−T ) = ẋ(t+T ) = 0, (9)

equivalently,

pσ (xT ) = 0, p−σ (xT ) = 0, (10)

with σ replaced by −σ after tT . Practically, one matches
monotone pieces by integrating Eq. (5) on a fixed-σ branch
until the first zero xT of pσ is reached, then restarting Eq. (8)
from (x0, v0) = (xT , 0) on the opposite branch. In this sense,
the global solution should be considered as piecewise even
when α and V are smooth, because the model is non-smooth
through |ẋ | and sgn(ẋ).

Remark 2 (Piecewise time reconstruction) If the time history
is required, it follows on each monotone segment from

dx

dt
= σ

√
pσ (x) ⇒ t − t0 =

∫ x

x0

dξ

σ
√
pσ (ξ)

. (11)

This integral is evaluated separately on each segment and then
matched across turning points, as described in Remark 1.

2.2 Common construction workflow

The three examples below follow the same construction (cf.
Fig. 1). First, the saddle-type equilibria of the potential are
identified. For each saddle, Eq. (8) is initialized with p = 0
and continued on a fixed velocity branch. The branch is fol-
lowed until one of three cases occurs: a finite zero of p gives
a turning point, another saddle-type equilibrium is reached,
or no further finite zero exists, and the branch continues to
infinity. At a turning point, the velocity sign is changed, and
the next branch is initialized from the same position. The
resulting branch matching gives the stable-manifold curve
that forms the relevant basin boundary. Finally, the local
integrity measure is obtained by minimizing the distance
from the attractor to this boundary, including interior tan-
gency points and finite endpoint candidates such as turning
points or saddle connections.

3 Quadratic-cubic potential

We begin the examples with the confined asymmetric well

V (x) = 1

2
x2 − 1

3
x3, V ′(x) = x − x2, (12)

which has a stable equilibrium at x = 0 and a barrier (saddle)
at xs = 1 (see Fig. 2).

This potential is notmerely a convenient analytic test case:
it represents the generic lowest-order approximation of a
broad class of smooth asymmetric one-dimensional poten-
tials near a stable equilibrium. Indeed, let Ṽ (x) be any C3

potentialwith a stable equilibriumat x = 0, so that Ṽ ′(0) = 0
and Ṽ ′′(0) > 0. A Taylor expansion about x = 0 gives

Ṽ (x) = Ṽ (0) + 1

2
Ṽ ′′(0) x2 + 1

6
Ṽ (3)(0) x3 + O(x4), (13)
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Fig. 1 Common workflow used
in the examples. A fixed-sign
segment either reaches a turning
point, reaches another saddle, or
continues without a further finite
zero

Fig. 2 Quadratic-cubic potential
(12) with stable equilibrium at
x = 0 and barrier at xs = 1
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where the constant Ṽ (0) is irrelevant for the dynamics. After
scaling the displacement to normalize the quadratic stiff-
ness, x =

√
Ṽ ′′(0) ξ , and truncating beyond cubic order,

one obtains the canonical form

V (ξ) = 1

2
ξ2 + κ

3
ξ3, κ = Ṽ (3)(0)

2 Ṽ ′′(0)3/2
. (14)

The sign of κ encodes the local asymmetry; choosing κ = −1
by the further rescaling ξ = η/|κ| yields (12) (up to an
inessential multiplicative factor in V ). Thus, (12) is the
normal-form potential capturing the leading-order deviation
from symmetry: the harmonic term describes the linearized
dynamics, while the cubic correction introduces the first non-
linear asymmetry that generically generates a finite barrier
and, hence, a well-defined escape (or capture) threshold.
In this section, we consider the simplest case: constant
quadratic drag,

α(x) ≡ α > 0, (15)

so that Eq. (1) reduces to

ẍ + α|ẋ | ẋ + x − x2 = 0. (16)

3.1 Branchwise solutions

On each monotone branch with fixed velocity sign σ ∈
{+1,−1}, the reduction of Sect. 2 yields the linear equation

dp

dx
+ 2ασ p = −2V ′(x)

= 2(−x + x2)

= −2x + 2x2, p(x) := ẋ2. (17)

Using the integrating factor e2ασ x , the solution starting at the
turning point (p(xT ) = 0) can be written as
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pσ (x; xT ) = e−2ασ x
∫ x

xT
(−2s + 2s2) e2ασ s ds. (18)

A convenient, explicit antiderivative is obtained by defining

Iσ (x) :=
∫

(−2x + 2x2) e2ασ x dx,

pσ (x; xT ) = e−2ασ x[Iσ (x) − Iσ (xT )
]
. (19)

For a constant α, the primitives can be chosen as

I+(x) = e2αx
2α2x2 − 2α2x − 2αx + α + 1

2α3 , (20)

I−(x) = e−2αx −2α2x2 + 2α2x − 2αx + α − 1

2α3 . (21)

Accordingly, the phase-plane curves are recovered as v(x) =
ẋ = σ

√
pσ (x) on each branch.

3.2 Left turning point of the saddle separatrix and
critical drag

We construct the separatrix branch that emanates from the
saddle xs = 1 in backward time towards the well, i.e.,
towards decreasing x . Along this branch the backward-time
velocity is positive, hence σ = +1 and p = p+ with
p(1) = 0. From (19) we obtain

p+(x; 1) = e−2αx[I+(x) − I+(1)
]
, (22)

so that possible turning points correspond to zeros of p+,
equivalently to solutions of

I+(x) = I+(1), x < 1. (23)

To decide whether such a solution exists, we exploit mono-
tonicity. By definition,

I ′+(x) = (−2x + 2x2) e2αx = 2x(x − 1) e2αx . (24)

Since the exponential factor is strictly positive, the sign of
I ′+ is governed by 2x(x − 1):

I ′+(x) > 0 for x < 0, I ′+(x) < 0 for 0 < x < 1,

I ′+(x) > 0 for x > 1. (25)

Consequently, I+ is strictly increasing on (−∞, 0], strictly
decreasing on [0, 1], and therefore attains a unique localmax-
imum at x = 0. Moreover, from Eq. (20) one has the limits

lim
x→−∞ I+(x) = 0, I+(0) = α + 1

2α3 > 0. (26)

Thus, for x < 0 the primitive approaches zero from above
and increases strictly to I+(0). On [0, 1], it decreases strictly
from I+(0) to I+(1), so no value on this interval is taken
twice.

Evaluating Eq. (20) at the saddle yields

I+(1) = e2α
1 − α

2α3 . (27)

The three alternatives are illustrated in Fig. 3. The plot shows
the normalized primitive I+(x)/I+(0) for representative val-
ues of α; the normalization is only for comparison between
different drag coefficients and does not change the root con-
dition (23). The markers at x = 1 indicate the saddle value
I+(1) and show the sign change at α = 1.

We now distinguish three cases:

Case 1: 0 < α < 1. Then I+(1) > 0. Since I+(0) > I+(1)
(because I+ strictly decreases on [0, 1]) and limx→−∞ I+(x)
= 0 < I+(1), continuity implies that the equation I+(x) =
I+(1) has at least one solution on (−∞, 0). By strict mono-
tonicity of I+ on (−∞, 0], this solution is in fact unique;
denote it by xL < 0. Therefore,

I+(x) − I+(1)

⎧⎪⎨
⎪⎩

< 0, x → −∞,

= 0, x = xL ,

> 0, x ∈ (xL , 1),

(28)

and Eq. (22) shows that p+(x; 1) is positive on (xL , 1) and
vanishes only at x = xL and x = 1. Thus, a left turning point
exists and is uniquely defined by Eq. (23).
Case 2: α = 1. Then I+(1) = 0 while I+(x) > 0 for all
x < 1 (in particular I+(0) > 0), and I+(x) → 0 only
as x → −∞. Hence, Eq. (23) has no finite solution with
x < 1: at α = 1, the left branch has no finite turning point
and therefore does not reverse inside the well.
Case 3: α > 1. Then I+(1) < 0. For x < 0, one has I+(x) >

0 > I+(1), while for 0 ≤ x < 1 the strict decrease of
I+ on [0, 1] gives I+(x) > I+(1). Therefore the equality
I+(x) = I+(1) cannot hold for any x < 1, and Eq. (22)
implies p+(x; 1) > 0 for all x < 1: no left turning point
exists.

Combining the cases, a left turning point exists if and only
if I+(1) > 0, i.e.,

0 < α < 1, αcrit = 1. (29)

For later use, it is convenient to record the turning-point equa-
tion explicitly by inserting Eq. (20) into Eq. (23), yielding
the scalar transcendental condition

e2αxL
(
2α2x2L − 2α2xL − 2αxL + α + 1

)
= e2α(1 − α).

(30)
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Fig. 3 Primitive I+ used to
determine the left turning point
in the quadratic-cubic example.
The vertical dotted lines mark
the maximum at x = 0 and the
saddle position xs = 1. The
saddle value is positive for
0 < α < 1, zero at α = 1, and
negative for α > 1
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Following [55, 56], we denote by W ( ·; a1, . . . , an) any
branch of the inverse of u 
→ eu

∏n
j=1(u − a j ), i.e., the

generalized Lambert W function,

u = W (z; a1, . . . , an) ⇐⇒ eu
n∏
j=1

(u − a j ) = z. (31)

Thus, the turning-point condition (30) can be rewritten after
one introduces the scaled variable

u := 2αx, x = u

2α
. (32)

Then, Eq. (30) becomes the quadratic-exponential equation

(
u2 − 2(α + 1)u + 2(α + 1)

)
eu = 2(1 − α)e2α. (33)

Factoring the quadratic,

u2 − 2(α + 1)u + 2(α + 1) = (u − a1(α))(u − a2(α)),

a1,2(α) = (α + 1) ±
√

α2 − 1, (34)

we obtain

(u − a1(α))(u − a2(α)) eu = 2(1 − α)e2α. (35)

In terms of the generalized Lambert inverse W ( ·; a1, a2),
defined implicitly by eu(u − a1)(u − a2) = z, the turning
point is therefore

uL(α) = Wκ

(
2(1 − α)e2α; a1(α), a2(α)

)
,

xL(α) = uL(α)

2α
. (36)

For 0 < α < 1, the parameters a1,2(α) form a complex-
conjugate pair, but the physically relevant real branch,

denoted by Wκ , yields the real solution with xL(α) < 0
(equivalently uL(α) < 0), consistent with the uniqueness
established above. Consequently, the endpoint candidate
used later in the LIM construction, rend(α) = |xL(α)| =
−xL(α) for 0 < α < 1, can be written explicitly as

rend(α) = − 1

2α
Wκ

(
2(1 − α)e2α; a1(α), a2(α)

)
,

0 < α < 1. (37)

The regular small-drag expansion of the left turning point
is not needed for the basin construction itself. It is therefore
given in Appendix A; the result is recorded in Eq. (131) and
confirms that quadratic drag shifts the conservative turning
point xL(0) = −1/2 towards decreasing x .

3.3 Continuations to the right and phase-plane
boundary

Once xL is known (either from Eq. (30) or from Eq. (131)),
the backward-time continuation from xL to the right proceeds
on the opposite velocity branch σ = −1, hence

p−(x; xL) = e2αx
[
I−(x) − I−(xL)

]
,

v(x) = −√
p−(x; xL). (38)

For completeness, the second branch of the saddle separatrix
is obtained by continuing from xs = 1 in backward time
towards increasing x (thus σ = −1):

p−(x; 1) = e2αx
[
I−(x) − I−(1)

]
,

v(x) = −√
p−(x; 1), x > 1. (39)

A finite right turning point xR > 1 would satisfy I−(xR) =
I−(1), after which the branch is continued with σ = +1
in the same way as in Eq. (38). For the potential (12),
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(a) α = 0.3 (constant quadratic drag).
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(b) α = 1 = αcrit: the finite left turning point vanishes.

Fig. 4 Asymmetric basin-of-attraction boundary verified by numerical
time-domain simulations for two drag levels. The solid black curves are
the analytically constructed separatrix branches. The shaded regions are

obtained by numerically integrating Eq. (16) from a grid of initial con-
ditions and classifying the long-time outcome. The stable attractor is
located at the origin O , while the saddle point S is located at (1, 0)

I ′−(x) = 2x(x − 1)e−2αx > 0 for x > 1, hence no finite
xR occurs and the saddle branch remains monotone, provid-
ing the remaining part of the basin of attraction’s boundary
on the escape side.

Together, Eq. (22) and Eq. (38) provide an explicit
parametrization of the (asymmetric) basin-of-attraction
boundary in the (x, v) plane for Eq. (16), assembled branch-
wise as described in Sect. 2. Figure4 compares this analytical
boundary with direct numerical integration of the original
second-order equation. In this notation, xT denotes a turning
point, i.e., a point where p(xT ) = 0. For the left branch in
Fig. 4a, this finite turning point is xT = xL(α); for α = 1 in
Fig. 4b, no finite left turning point exists.

3.4 Polar form of the� = +1 saddle branch and
local integrity measure

We measure the local integrity measure as the minimal
Euclidean distance from the stable attractor (x, ẋ) = (0, 0) to
the basin boundary in the phase plane (cf. [47–50]). On the
quadratic-cubic potential with constant quadratic drag, the
relevant boundary curve is generated by the separatrix branch
emerging from the saddle (xs, ẋ) = (1, 0), with σ = +1 on
its first monotone segment.

Introduce polar coordinates centered at the equilibrium,

x = r cos θ, ẋ = r sin θ, r ≥ 0, (40)

and consider the σ = +1 segment for which ẋ ≥ 0 and
thus θ ∈ [0, π ]. Along this segment the curve is given by
ẋ = +√

p+(x; 1), hence

r(x) =
√
x2 + p+(x; 1), θ(x) = atan2

(√
p+(x; 1), x),

(41)

or, equivalently, by the implicit polar relation

r(θ)2 sin2 θ = p+
(
r(θ) cos θ; 1), θ ∈ [0, π ]. (42)

For later use, we recall the explicit saddle-started expression
(obtained from p(1) = 0):

p+(x; 1) = 1

2α3

(
2α2x2 − 2α2x − 2αx + α

+1 − (1 − α)e2α(1−x)
)
, p+(1; 1) = 0. (43)

3.5 Two competingminimizers: interior tangency vs.
boundary at� = �

The minimum of r along the σ = +1 curve must be sought
on the finite parameter interval where that segment exists. For
0 < α < 1, the σ = +1 segment runs from the left turning
point xL(α) < 0 (where ẋ = 0 and thus θ = π ) to the
saddle at x = 1 (where θ = 0). Consequently, the minimizer
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of r can occur either at an interior stationary point of r(x)
(equivalently, tangency of the curve to a circle centered at
the origin), or at the boundary point x = xL (i.e., at θ = π ).

3.5.1 Interior stationary point and tangency

Minimizing r2(x) = x2 + p+(x; 1), and using the branch
equation p′ + 2α p = −2V ′(x) with V ′(x) = x − x2, yields

d

dx

(
r2(x)

) = 2x + p′+(x; 1) = 2
(
x2 − α p+(x; 1)). (44)

Hence, an interior extremum satisfies

α p+(x∗; 1) = x2∗, ⇐⇒ ẋ∗ = √
p+(x∗; 1) = |x∗|√

α
, (45)

which in polar form fixes the ray of extremality by tan θ∗ =
α−1/2 (for x∗ > 0). Substituting Eq. (43) into Eq. (45) gives

(1 − α)e2α(1−x∗) = (1 + α)
(
1 − 2αx∗

)
, (46)

which can be solved explicitly using the LambertW function.
Define

D(α) := α − 1

α + 1
e2α−1. (47)

Then

x∗(α) = 1 + Wk
(
D(α)

)
2α

. (48)

For 0 < α < 1, one has D(α) ∈ (−1/e, 0), so there are two
real branches (k ∈ {0, 1}). The relevant interior minimum
corresponds to the principal branch W0 and satisfies xmin ∈
(0, 1):

xmin(α) = 1 + W0
(
D(α)

)
2α

,

θmin(α) = arctan
(
α−1/2) ∈ (

0, π
2

)
. (49)

At this point Eq. (45) implies p+(xmin; 1) = x2min/α, hence
the associated radius is

rint(α) =
√
xmin(α)2 + p+(xmin(α); 1) = xmin(α)

√
1 + 1

α

= 1 + W0
(
D(α)

)
2α

√
1 + 1

α
. (50)

Geometrically, the circle r = rint(α) is tangent to theσ = +1
branch at (x, ẋ) = (xmin, xmin/

√
α).

3.5.2 Boundary point at� = � (turning point)

When 0 < α < 1 the σ = +1 segment begins at the left
turning point xL(α) < 0 where p+(xL ; 1) = 0 and thus
ẋ = 0 and θ = π . The radius there is

rend(α) =
√
xL(α)2 + 0 = |xL(α)| = −xL(α), (51)

where xL is the unique solution xL < 1 of p+(xL ; 1) = 0.
Equivalently, xL(α) admits the explicit generalized Lambert
W representation (36), and thus rend(α) is given in closed
form by Eq. (37).

This candidate ismissed if one only enforces the stationary
condition (45), and it becomes decisive for sufficiently small
α. The local integrity measure is therefore

rloc(α) =
{
min{ rend(α), rint(α) }, 0 < α < 1,

rint(α), α ≥ 1,
(52)

where rint is given explicitly by Eq. (50), while rend is
determined implicitly via xL . Moreover, there is a unique
transition value α = α† ∈ (0, 1) at which the two candidates
coincide,

rend(α
†) = rint(α

†), (53)

so that the minimizer shifts from the turning-point boundary
(θ = π ) to the interior tangency point. Numerically, one
finds

α† ≈ 0.27944, (54)

with rloc(α) = rend(α) for 0 < α < α† and rloc(α) = rint(α)

for α† < α < 1. For a graphical representation of rloc(α),
see Fig. 5. In Fig. 6, the phase space trajectory and the LIM
are depicted for α†.

4 Bistable Duffing potential

We next consider the symmetric bistable Duffing potential

V (x) = − x2

2
+ x4

4
, V ′(x) = −x + x3, (55)

which has two stable equilibria at x = ±1 and a barrier
(saddle) at xs = 0 (see Fig. 7). In the present setting, we take

α(x) ≡ α > 0, (56)

so that Eq. (1) reduces to

ẍ + α|ẋ | ẋ + V ′(x) = 0 ⇐⇒ ẍ + α|ẋ | ẋ − x + x3

= 0. (57)
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Fig. 5 Local integrity measure rloc(α) in the quadratic-cubic poten-
tial, computed as the minimum of the interior tangency radius and the
endpoint radius
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Fig. 6 Local integrity measure rloc(α) at the switching point α† ≈
0.27944.

The basin boundary between capture in the left versus the
rightwell is given by the stablemanifold of the saddle xs = 0,
which is obtained explicitly in the phase plane by evaluating
the branchwise solution pσ (x) = ẋ2.

4.1 Branchwise closed form for p�(x)

On a branch of fixed velocity sign σ = sgn(ẋ) ∈ {+1,−1},
the reduced equation for pσ (x) = ẋ2 reads

dp

dx
+ 2ασ p = 2x − 2x3, (58)

and a turning point xT is characterized by p(xT ) = 0. Using
the integrating factor e2ασ x and the condition p(xT ) = 0
gives the integral representation

pσ (x; xT ) = e−2ασ x
∫ x

xT

(
2s − 2s3

)
e2ασ s ds. (59)

Define the primitive

Iσ (x) :=
∫ (

2x − 2x3
)
e2ασ x dx,

Fσ (x; xT ) := Iσ (x) − Iσ (xT ), (60)

so that

pσ (x; xT ) = e−2ασ x Fσ (x; xT ). (61)

Since the exponential factor never vanishes, zeros of pσ coin-
cide with zeros of Fσ . A direct evaluation yields

I+(x) = e2αx
−4α3x3 + 4α3x + 6α2x2 − 2α2 − 6αx + 3

4α4 ,

(62)

I−(x) = e−2αx 4α3x3 − 4α3x + 6α2x2 − 2α2 + 6αx + 3

4α4 .

(63)

It is convenient to denote the upper- and lower-half-plane
branches by

pL(x; xT ) := p+(x; xT ) = e−2αx(I+(x) − I+(xT )
)
, (64)

pR(x; xT ) := p−(x; xT ) = e+2αx(I−(x) − I−(xT )
)
, (65)

with the associated velocity graphs

ẋ = +√
pL(x; xT ) (ẋ > 0),

ẋ = −√
pR(x; xT ) (ẋ < 0), (66)

restricted to the admissible domain where p ≥ 0.

4.2 Separatrix construction by turning-point
matching

The saddle separatrix is generated by the stable manifold of
(x, ẋ) = (0, 0). Starting from the saddle as an initial turning
point

x (0)
T = 0, p(x (0)

T ) = 0, (67)

one follows the trajectory in backward time. On each mono-
tone segment, the phase-plane curve is given by Eq. (61) with
a fixed sign σ . The next turning point xk+1 is obtained as a
root of

Fσ (xk+1; xk) = Iσ (xk+1) − Iσ (xk) = 0, (68)
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Fig. 7 Symmetric bistable
Duffing potential

V (x) = − x2
2 + x4

4 with stable
equilibria at x = ±1 and barrier
at xs = 0

� 2 � 1 1 2

� 0.5

0.5

x = � 1

xs = 0

x = 1

x

V (x)

V (x) = � 1
2
x2 + 1

4
x4

Fig. 8 Analytically calculated basin-of-attraction boundaries validated against numerical data (filled area)

lying on the opposite side of the origin. At each turning point
one updates xT ← xk+1 and switches branch σ 
→ −σ . Iter-
ating this produces a sequence of alternating turning points
and a matched separatrix curve in the (x, ẋ) plane. Carrying
out the procedure once with σ = +1 on the first segment
and once with σ = −1 yields the two symmetric saddle tra-
jectories separating the two distinct basins of attraction (see
Fig. 8).

4.3 Last turning points and the critical condition

For a given turning point xT on a branch, a further turning
point in backward time exists on the opposite side if and
only if Fσ (·; xT ) changes sign there. This is encoded by the
sign of Iσ (xT ) together with the fact that I+(x) → 0 as

x → −∞ and I−(x) → 0 as x → +∞ (the exponen-
tial factors dominate polynomial growth). Consequently, the
limiting (outermost) turning points satisfy

I+(xT ) = 0 (left branch), I−(xT ) = 0 (right branch).

(69)

Using Eqs. (62)–(63), these conditions reduce to cubic equa-
tions

P+(xT , α) = 0, P−(xT , α) = 0, (70)
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where

P+(x, α) := −4α3x3 + 4α3x + 6α2x2 − 2α2 − 6αx + 3,
(71)

P−(x, α) := 4α3x3 − 4α3x + 6α2x2 − 2α2 + 6αx + 3.
(72)

The relevant real roots define the terminal turning points
reached in backward time before the separatrix continues
monotonically to large |x | on that last branch.

4.4 Closed form for the critical turning point

Solving P+(xT , α) = 0 yields an explicit expression for the
outermost turning point xcritT (α) > 0. Dividing P+ = 0 by
−4α3 and shifting

xT = y + 1

2α
, (73)

one obtains the depressed cubic

y3 + p(α)y + q(α) = 0, p(α) = 3 − 4α2

4α2 ,

q(α) = − 1

4α3 , (74)

with discriminant

	(α) =
(q
2

)2 +
( p

3

)3 = 27 − (
4α2 − 3

)3
1728α6 . (75)

Accordingly, 	(α) ≥ 0 for 0 < α ≤ √
3/2 and 	(α) < 0

for α >
√
3/2.

4.4.1 Case1(˛) ≥ 0 (0 < ˛ ≤ √
3/2): Cardano form

Define

A(α) := −q

2
= 1

8α3 , B(α) := √
	(α)

=
√
27 − (

4α2 − 3
)3

24
√
3α3

. (76)

Then the unique real root of Eq. (74) is

y(α) = 3
√
A(α) + B(α) + 3

√
A(α) − B(α), (77)

and therefore

xcritT (α) = 1

2α
+ 3

√
1

8α3 +
√
27 − (4α2 − 3)3

24
√
3α3

Fig. 9 The location of the last turning point xT as a function of α

+ 3

√
1

8α3 −
√
27 − (4α2 − 3)3

24
√
3α3

. (78)

4.4.2 Case1(˛) < 0 (˛ >
√
3/2): trigonometric form

(largest positive root)

In this regime, p(α) < 0 and Eq. (74) has three real roots.
Writing

ρ(α) = 2

√
− p(α)

3
=

√
4α2 − 3√
3α

,

ϕ(α) = arccos
( 3

√
3

(4α2 − 3)3/2

)
, (79)

the largest real root is

y(α) = ρ(α) cos
(ϕ(α)

3

)
, (80)

hence

xcritT (α) = 1

2α
+

√
4α2 − 3√
3α

cos

(
1

3
arccos

( 3
√
3

(4α2 − 3)3/2

))
, α >

√
3

2
. (81)

The location of the last turning point is shown as a func-
tion of α in Fig. 9. By symmetry of (57) under (x, ẋ) 
→
(−x,−ẋ), the corresponding critical turning point on the
negative side satisfies

xcritT ,left(α) = −xcritT (α). (82)

This result means that the number of turning points of the
saddle separatrix is finite for any α > 0. It is possible to
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Fig. 10 Numerically determined number of turning points of the saddle
separatrix as a function of α

determine their number for any values of α numerically (see
Fig. 10). Specifically, for α >

√
3/2, there are no over-the-

well oscillations: any trajectory falls directly into one or the
other well. Within a well, of course, oscillations are possible,
but the motion is contained in the corresponding well for all
times.

4.5 Local integrity measure about the left attractor
via generalized LambertW functions

We consider the left attractor E− := (−1, 0) of the bistable
Duffing systemwith quadratic drag α(x) ≡ α > 0. The local
integrity measure (LIM) about E− is defined as the minimal
Euclidean distance from E− to the saddle separatrix S (the
basin boundary),

rloc,−(α) := min
(x,ẋ)∈S

√
(x + 1)2 + ẋ 2. (83)

As in the quadratic-cubic case, the minimizer is either an
interior tangency point of the distance circle to the sepa-
ratrix graph, or a finite endpoint of the saddle branch (a
turning point), hence the resulting rloc,−(α) is generically
piecewise.

4.5.1 Saddle branch towards the left well

The upper separatrix segment leaving the saddle (0, 0) in
backward time towards the left well satisfies σ = +1 and
p(0) = 0. Using the explicit primitive I+(x) from Eq. (62)
gives

p+(x; 0) = e−2αx(I+(x) − I+(0)
)
,

I+(0) = 3 − 2α2

4α4 , (84)

or, equivalently, the explicit closed form

p+(x; 0) = 1

4α4

(
−4α3x3 + 6α2x2 + (4α3 − 6α)x

+(3 − 2α2) − (3 − 2α2)e−2αx
)
. (85)

Along this branch, the squared distance to E− reads

r2(x;α) = (x + 1)2 + p+(x; 0). (86)

4.5.2 Interior minimizer (tangency) and generalizedW2

Any interior minimizer x∗ satisfies d
dx r

2(x;α) = 0, i.e.,
2(x∗ + 1) + p′+(x∗; 0) = 0. Using the branch equation
p′+ + 2α p+ = 2x − 2x3 (for σ = +1) yields the tangency
relation

α p+(x∗; 0) = 2x∗ + 1 − x3∗ . (87)

Substituting Eq. (85) into Eq. (87) gives

Q(x∗;α) e2αx∗ = 3 − 2α2, Q(x;α) := 6α2x2

−(4α3 + 6α)x + (3 − 2α2 − 4α3), (88)

i.e., a quadratic polynomial times an exponential. Introducing
u := 2αx transforms (88) into

(
u2 − A(α)u + B(α)

)
eu = K (α), (89)

with

A(α) = 2 + 4

3
α2,

B(α) = 2 − 4

3
α2 − 8

3
α3,

K (α) = 2 − 4

3
α2. (90)

Factoring u2 − Au + B = (u − u1)(u − u2) with

u1,2(α) = A(α) ± √
A(α)2 − 4B(α)

2
, (91)

Eq. (89) becomes

(u − u1(α))(u − u2(α)) eu = K (α). (92)

With the previously introduced notation in (31), the tangency
location admits the generalized-W representation

u∗(α) = W
(
K (α); u1(α), u2(α)

)
, x∗(α) = u∗(α)

2α
, (93)

where the physically relevant branch is selected by the con-
straint x∗(α) ∈ I(α), the admissible interval of the saddle
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branch (i.e., where p+(x; 0) ≥ 0 and x < 0 for the
left-well LIM). At x = x∗, Eq. (87) gives p+(x∗; 0) =
(2x∗ + 1 − x3∗)/α, hence the tangency radius is

r2int(α) = (x∗(α) + 1)2 + 2x∗(α) + 1 − x∗(α)3

α
. (94)

4.5.3 Endpoint candidate (turning point) and generalized
W3

If the saddle branch has a finite left turning point xL(α) < 0
(i.e., p+(xL ; 0) = 0), then the endpoint distance is

rend(α) = |xL(α) + 1|. (95)

The turning point condition p+(xL ; 0) = 0 is equivalent to
Eq. (85) with p+ = 0, i.e.,

(
−4α3x3L + 6α2x2L + (4α3 − 6α)xL + (3 − 2α2)

)
e2αxL

= 3 − 2α2. (96)

Introducing uL := 2αxL , we can rewrite Eq. (96) as a cubic
polynomial in uL times euL :

P(uL ;α) euL = K3(α), (97)

where

P(u;α) = u3 − 3u2 + (6 − 4α2)u + (4α2 − 6),

K3(α) = 4α2 − 6. (98)

Note that u = 0 always solves Eq. (97) (since P(0;α) =
K3(α)), corresponding to the saddle point x = 0; the relevant
endpoint for the left-well branch is a nontrivial solution uL <

0, when it exists. In particular, additional real branches of Eq.
(97) (beyond u = 0) occur only for

K3(α) < 0 ⇐⇒ 0 < α <

√
3
2 , (99)

while for α ≥ √
3/2 the saddle branch extends leftwards

without a finite turning point, and the endpoint candidate
given by Eq. (95) is absent. Factoring P(u;α) = (u −
a1(α))(u − a2(α))(u − a3(α)), Eq. (97) is of generalized
Lambert type, and the turning-point location can be repre-
sented as

uL(α) = W
(
K3(α); a1(α), a2(α), a3(α)

)
,

xL(α) = uL(α)

2α
, (100)

where the physically relevant branch is selected by uL(α) <

0 (hence xL < 0) and by admissibility of the saddle branch.
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rend(α), 2nd order, Eq. (137)

Fig. 11 Local integrity measure as a function of α for the symmetric
double-well Duffing potential

4.5.4 Intersection of the activeW2 andW3 radii and kink
location

The LIM is the lower envelope of admissible candidates,
so the “kink” occurs when the active minimizer switches
from the endpoint to the interior tangency. This transition
α† ∈ (0,

√
3/2) is therefore characterized by

rint(α
†) = rend(α

†). (101)

Writing x = u/(2α) in Eq. (94) and using Eq. (95) yields
the explicit scalar equation

�(α) :=
(
1 + u∗(α)

2α

)2 + u∗(α)

α2 + 1

α
− u∗(α)3

8α4 −
(
1 + uL(α)

2α

)2 = 0, α ∈ (
0,

√
3
2

)
, (102)

where u∗(α) is the admissible real generalized-W2 branch
solving Eq. (92) (so u∗(α) = 2αx∗(α)), and uL(α) is the
admissible real nontrivial generalized-W3 branch solving Eq.
(97) (so uL(α) = 2αxL(α) < 0). Solving Eq. (102) gives
the crossover value

α† ≈ 0.6878800931,

rint(α
†) = rend(α

†) ≈ 0.7281930999, (103)

and hence rloc,−(α) is endpoint-controlled for 0 < α < α†

and tangency-controlled forα† < α <
√
3/2. For a graphical

representation of rloc,−(α), see Fig. 11. For the limiting case
α†, the LIM-circle is tangential at two points to the separatrix
(see Fig. 12).
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Fig. 12 Borderline double-contact case at α = α† ≈ 0.6878800931:
the minimal-distance circle centered at E− = (−1, 0) touches the sad-
dle separatrix S at two points simultaneously (the left turning-point
endpoint and an interior tangency point). This marks the switch from
endpoint-controlled to tangency-controlled rloc,−(α). At α† the com-
mon radius is rint(α†) = rend(α†) ≈ 0.7281930999

The corresponding small-drag expansion of the endpoint
candidate is used only as an asymptotic check. To keep
the main text focused on the exact basin construction, the
coefficient matching is moved to Appendix A; the endpoint
approximation is given in Eq. (137).

5 Quadratic-quartic potential

We finally consider the confined symmetric well with two
barriers

V (x) = 1

2
x2 − 1

4
x4, V ′(x) = x − x3, (104)

which has a stable equilibrium at x = 0 and two saddles
at x = ±1 (with barrier height V (±1) = 1/4, see Fig. 13).
With constant quadratic drag

α(x) ≡ α > 0, (105)

the equation of motion reads

ẍ + α|ẋ | ẋ + x − x3 = 0. (106)

The nonescaping region is the basin of attraction of (0, 0),
and its boundary in the (x, ẋ) plane is the union of the stable
manifolds of the two saddles (±1, 0).

5.1 Branchwise p-equation and explicit primitives

On each monotone branch with fixed velocity sign σ ∈
{+1,−1}, the reduction p(x) = ẋ2 yields

dp

dx
+ 2ασ p = −2V ′(x) = −2x + 2x3. (107)

Introduce the primitives

Iσ (x) :=
∫ x

(−2s + 2s3) e2ασ s ds,

pσ (x; xT ) = e−2ασ x [Iσ (x) − Iσ (xT )
]
, (108)

where xT is a turning point (in particular, a saddle can be
used as xT because p(xT ) = 0 there).

For a constant α, one convenient closed form is

I+(x) = e2αx
4α3x3 − 4α3x − 6α2x2 + 2α2 + 6αx − 3

4α4 ,

(109)

I−(x) = e−2αx −4α3x3 + 4α3x − 6α2x2 + 2α2 − 6αx − 3

4α4 .

(110)

5.2 Saddle separatrices and the escape boundary

The basin boundary is obtained by launching from each sad-
dle (xs, 0) with p(xs) = 0 and following the two velocity
branches σ = ±1. For each saddle, this produces an upper
branch (ẋ > 0) and a lower branch (ẋ < 0).

Fig. 13 Quartic potential
V (x) = 1

2 x
2 − 1

4 x
4 with a stable

equilibrium at x = 0 and local
maxima (barriers) at xs = ±1

−2 −1 1 2

0.25
xs = −1

x = 0

xs = 1

x

V (x)

V (x) = 1
2
x2 − 1

4
x4
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5.2.1 Right saddle (1, 0)

Setting xT = 1 in Eq. (108) gives the two phase-plane graphs
through (1, 0),

p(1)
+ (x) := p+(x; 1)

= 1

4α4

(
4α3x3 − 4α3x − 6α2x2

+ 2α2 + 6αx − 3 + (4α2 − 6α + 3)e2α(1−x)
)
,

(111)

p(1)
− (x) := p−(x; 1)

= 1

4α4

(
− 4α3x3 + 4α3x − 6α2x2

+ 2α2 − 6αx − 3 + (4α2 + 6α + 3)e2α(x−1)
)
.

(112)

The corresponding separatrix branches are

ẋ = +
√
p(1)
+ (x) (upper), ẋ = −

√
p(1)
− (x) (lower),

(113)

restricted to the admissible set where the square root is real.

5.2.2 Left saddle (−1, 0)

Similarly, setting xT = −1 yields the branches through
(−1, 0),

p(−1)
+ (x) := p+(x;−1) = 1

4α4

(
4α3x3 − 4α3x

− 6α2x2 + 2α2 + 6αx − 3

+ (4α2 + 6α + 3)e−2α(x+1)
)
, (114)

p(−1)
− (x) := p−(x;−1) = 1

4α4

(
− 4α3x3 + 4α3x

− 6α2x2 + 2α2 − 6αx − 3

+ (4α2 − 6α + 3)e2α(x+1)
)
. (115)

By symmetry of Eq. (106) under (x, ẋ) 
→ (−x,−ẋ), these
curves are mirror images of the (1, 0) separatrix.

5.2.3 Escape versus nonescape

The basin boundary (separatrix set) is

S(α) =
{
(x, ẋ) : ẋ = ±

√
p(1)
± (x)

}

∪
{
(x, ẋ) : ẋ = ±

√
p(−1)
± (x)

}
, (116)

interpreted branchwise with the admissibility restriction p ≥
0. Initial conditions inside the region enclosed by S(α) are
attracted to (0, 0), while initial conditions outside cross one
of the barriers and then escape to ±∞. A graphical example
for α = 0.2 is given in Fig. 14.

5.3 Local integrity measure with respect to (0, 0)

We define the local integrity measure about the stable equi-
librium as

rloc(α) := min
(x,ẋ)∈S(α)

√
x2 + ẋ 2. (117)

By symmetry, it is sufficient to minimize the squared radius
on the upper branch from the right saddle,

r2(x;α) = x2 + p(1)
+ (x), x in the admissible interior

segment between 0 and 1. (118)

5.3.1 Interior tangency condition

An interior minimizer satisfies d
dx r

2(x;α) = 0. Using Eq.
(107) with σ = +1 gives

d

dx
r2(x;α) = 2x + p′+(x; 1)

= 2x + (−2α p+(x; 1) − 2x + 2x3
)

= 2
(
x3 − α p+(x; 1)), (119)

hence, the tangency relation

α p(1)
+ (x∗) = x3∗ . (120)

At such a point,

r2int(α) = x2∗ + p(1)
+ (x∗) = x2∗ + x3∗

α
, rint(α) =

√
r2int(α).

(121)

The potential-specific conversion of this tangency equa-
tion to a generalized Lambert form is given in Appendix B.
Inserting the resulting tangency point from Eq. (141) into
Eq. (121) gives rint(α) explicitly.

5.3.2 Endpoint candidate and final LIM expression

The saddles (±1, 0) belong to the separatrix, giving the end-
point radius rend = 1. Therefore, the local integrity measure
is obtained as the lower envelope

rloc(α) = min
{
1, rint(α)

}
, (122)

123



 1089 Page 16 of 20 A. Genda et al.

O

−2 −1 0 1 2
−2

−1

0

1

2

x

v

Separatrices

Local integrity measure

Conservative case

Fig. 14 Verification of the analytically determined basin-of-attraction
boundary against numerical simulation data for α = 0.2

0 1 2 3 4 5
0.7

0.75

0.8

0.85

0.9

α

r i
n
t
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with rint(α) given byEqs. (121) and (141). TheLIM is plotted
for α ∈ [0, 5] in Fig. 15.

6 Conclusions

This paper provides a constructive description of basin-of-
attraction boundaries for autonomous one-degree-of-
freedom systems with quadratic air drag. The central step
is the branchwise reduction p(x) = ẋ2, which yields a first-
order equation that can be evaluated explicitly for several

representative potentials and used to assemble the stable-
manifold branches emanating from saddles. This yields
sharp threshold criteria for escape versus capture, as well
as closed-form expressions for the basin boundary and local
integrity measures. The resulting expressions are suitable
both for parameter studies and as reference cases for vali-
dating numerical basin computations.

Although the examples in this paper mainly use the air-
drag coefficient as the varying parameter, the analytical
formulas are useful beyond isolated numerical case studies.
Once a formula for a basin boundary or a local integrity mea-
sure is available, whole parameter intervals can be evaluated
without recomputing stable manifolds by time integration
for many selected parameter values. The advantage becomes
larger for systems with additional control parameters, pro-
vided that the same branchwise construction can be applied
after the relevant saddle-type roots have been identified. The
formulas are also useful for determining exact regime bound-
aries in the local integrity measure. Numerical optimization
or dense sampling can approximate these curves, but the ana-
lytical treatment directly identifies the parameter ranges and
possible non-smooth or discontinuous changes, as seen in the
examples in Sects. 3 and 4.

The construction also clarifies how changes to parameters
affect safe basins. Since the quadratic drag term vanishes at
rest, the equilibrium positions are determined by the roots
of F(x; c) = Vx (x; c), where c denotes control param-
eters. For positive drag, minima of the potential act as
attractors, whereas maxima form saddle-type barriers whose
stablemanifolds bound the safe basins. Therefore, qualitative
changes in the basin structure occur when the root structure
of F changes, namely at nonhyperbolic equilibria satisfying
F = 0 and Fx = 0.

The methodology used in the preceding sections extends
directly to such parameter-dependent cases. After the rel-
evant saddle-type roots have been identified, the same
branchwise integral representation fromSect. 2 can be started
at these saddles and continued through the admissible inter-
vals, with branch switches at turning points. Thus, the local
bifurcation determines which equilibria and saddle branches
exist, while the global continuation of those branches deter-
mines the actual basin boundary.

For a smooth one-parameter path, the generic local event is
a fold or saddle-node of critical points, where aminimumand
a neighboring maximum are created or annihilated together.
The local distance from the newly created attractor to the
adjacent saddle-type barrier tends to zero at the bifurcation,
so the local integrity measure of that attractor tends to zero.
This is not, however, a statement about the global integrity
measure based on total phase-space measure: a basin may
have an arbitrarily narrow channel extending to infinity, and
such an unbounded tail can make the global measure infinite
even when the local distance to the boundary is small.
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Transcritical and pitchfork bifurcations rearrange exist-
ing basin geometry rather than simply creating a new local
minimum–maximum pair. In a transcritical bifurcation, two
equilibrium branches exchange attracting and saddle-type
roles. In a pitchfork bifurcation, one basin can split into two
basins separated by a newly formed saddle-type branch, or
merge again in the reverse crossing.With two ormore control
parameters, cusp-type degeneracies organize fold events and
change the associated safe basins through the same saddle-
branch continuation.

7 Scope for future research

The framework naturally accommodates the inclusion of
additional non-smooth dissipation mechanisms, in particu-
lar, Coulomb friction, leading to the generalized equation of
motion

ẍ + α(x) |ẋ | ẋ + β(x) sgn(ẋ) + V ′(x) = 0,

α(x) ≥ 0, β(x) ≥ 0, (123)

where α(x) and β(x) denote spatially varying air-drag and
dry-friction coefficients, respectively. Since both air drag and
Coulomb friction introduce discontinuities through |ẋ | and
sgn(ẋ), the setting is naturally linked to classical dry-friction
models and to differential equations with discontinuous
right-hand side [57–59]. At ẋ = 0, the Coulomb term is dis-
continuous and is naturally interpreted in the Filippov sense
as the set-valued force β(x) sgn(ẋ) ∈ [−β(x),+β(x)]. This
admits sticking intervals: if at some position xs one has
|V ′(xs)| ≤ β(xs), then friction can balance the conserva-
tive force, and ẋ may remain zero. In that case, the dynamics
terminate (capture) at xs rather than continuing with a branch
switch. If instead |V ′(xs)| > β(xs), the motion must leave
ẋ = 0, and the subsequent evolution proceeds on the appro-
priate sliding branch.

For multi-degree-of-freedom systems, the present reduc-
tion does not extend to a generic phase space without
additional structure. The clearest possible extension occurs
when the dynamics contain an effectively one-dimensional
invariant subsystem. Consider, for example, the two-degree-
of-freedom model

q̈ + α(q) ‖q̇‖ q̇ + ∇V (q) = 0

and a smooth arclength-parametrized curve � : q = γ (s)
with tangent τ(s) = γ ′(s). For a trajectory lying on this
curve, q(t) = γ (s(t)), one has

q̇ = τ ṡ, q̈ = τ s̈ + γ ′′(s)ṡ2, ‖q̇‖ = |ṡ|.

After substitution into the two-degree-of-freedom equation,
the tangent part is obtained by multiplying with τ T , while
the normal part is obtained by applying the projector I −
ττ T . Since γ is arclength-parametrized, τ T γ ′′ = 0, and one
obtains the tangential equation and the normal compatibility
condition

s̈ + α(γ (s)) |ṡ| ṡ + d

ds
V (γ (s)) = 0,

(I − ττ T )∇V (γ (s)) + p(s)γ ′′(s) = 0,

where p(s) = ṡ2. On each velocity branch σ = sgn(ṡ), the
tangential equation has the same form as in the one-degree-
of-freedom case:

p′(s) + 2σ α(γ (s)) p(s) = −2
d

ds
V (γ (s)).

The second condition is the additional restriction absent in
one degree of freedom. It is necessary because, otherwise,
an initial condition tangent to � acquires a normal accel-
eration that is not the geometric normal acceleration of the
curve and therefore immediately leaves �. If a whole tangent
bundle over � is to be invariant, namely if arbitrary tangent
initial velocities should remain on the curve, this normal con-
dition must hold for all p. In the unconstrained isotropic
model above, this is possible only in the straight invari-
ant case γ ′′ = 0 together with (I − ττ T )∇V (γ (s)) = 0.
Thus, a symmetry line, for example, y = 0 with Vy(x, 0) =
0, yields a genuine two-degree-of-freedom system that is
reducible by the present method. For a curved path, the nor-
mal equation can at most hold for a particular branch speed
p(s), which must then satisfy both the normal compatibility
condition and the scalar branch equation. Generic two-
degree-of-freedom stable manifolds are higher-dimensional
subsets of the four-dimensional phase space and remain
outside the scope of the present paper. Identifying which
physically relevant multi-degree-of-freedom systems satisfy
such invariant-curve conditions is therefore an open question
for future research.

Further relevant extensions to the current study are: (i)
periodic and tilted periodic pendulum-related potentials,
where the outcome classes include rotation and trans-
port across multiple wells; (ii) infinite potentials, such as
the Pöschl–Teller potential [60], central-field models with
quadratic drag [11], and the Morse potential [61]; (iii) spa-
tially varying drag and friction laws, where the branchwise
construction remains valid but typically requires quadrature
and careful handling of sticking; (iv) extension to sys-
tems with non-quadratic damping, such as ∼ α sgn(ẋ)|ẋ |γ ,
where the reduction p(x) = ẋ2 can still yield an analyt-
ically solvable, non-linear first-order differential equation;
(v) classifying furthermulti-degree-of-freedom systemswith
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invariant one-dimensional reductions or other special struc-
tures that yield tractable reduced equations.

A Small-drag expansions

This appendix collects perturbation calculations useful for
asymptotic checks but not required for the main basin-
boundary construction.

A.1 Quadratic-cubic left turning point

For 0 < α < 1, the σ = +1 saddle branch of the quadratic-
cubic potential possesses a finite left turning point xL(α) <

0 determined by p+(xL ; 1) = 0, equivalently by Eq. (30).
Introduce

F(α, x) := e2αx
(
2α2x2 − 2α2x − 2αx + α + 1

)

−e2α(1 − α), (124)

so that xL(α) is defined by F(α, xL(α)) = 0. Expanding for
fixed x gives

F(α, x) = α3
(4
3
x3 − 2x2 + 2

3

)
+ α4

(
2x4 − 8

3
x3 + 2

3

)

+α5
(8
5
x5 − 2x4 + 2

5

)
+ O(α6). (125)

With

xL(α) = x0 + x1α + x2α
2 + O(α3), α → 0+, (126)

substitution into F(α, xL(α)) = 0 yields

F(α, xL(α)) = α3C3 + α4C4 + α5C5 + O(α6) = 0, (127)

where

C3 = 4

3
x30 − 2x20 + 2

3
, (128)

C4 = 2x40 − 8

3
x30 + 4x20 x1 − 4x0x1 + 2

3
, (129)

C5 = 8

5
x50 − 2x40 + 8x30 x1 − 8x20 x1 + 4x20 x2 + 4x0x

2
1

− 4x0x2 − 2x21 + 2

5
. (130)

Solving C3 = C4 = C5 = 0 and selecting the left turning
point gives

xL(α) = −1

2
− 3

8
α − 21

80
α2 + O(α3), α → 0+. (131)

A.2 Duffing endpoint candidate

For the upper left branch of the Duffing separatrix leaving
the saddle (0, 0),

p+(x; 0) = e−2αx
∫ x

0
(2s − 2s3)e2αs ds. (132)

The left turning point xL(α) < 0 is characterized by

∫ xL (α)

0
(2s − 2s3)e2αs ds = 0. (133)

Using e2αs = 1 + 2αs + 2α2s2 + O(α3) gives

0 =
(
x2L − 1

2 x
4
L

)
+ α

(
4
3 x

3
L − 4

5 x
5
L

)

+ α2
(
x4L − 2

3 x
6
L

)
+ O(α3). (134)

Setting

xL(α) = −√
2 + a1α + a2α

2 + O(α3) (135)

and matching powers of α yields a1 = −4/15 and a2 =
−√

2/9. Hence

xL (α)=−√
2− 4

15
α−

√
2

9
α2+O(α3), α → 0+, (136)

and therefore

rend(α) = |xL(α) + 1|
= (

√
2 − 1) + 4

15
α +

√
2

9
α2 + O(α3). (137)

B Quadratic-quartic tangency equation

For the quadratic-quartic potential, substituting Eq. (111)
into the tangency relation (120) and introducing u := 2αx
yields

(3
2
u2 + (2α2 − 3)u + (3 − 2α2)

)
eu = (4α2 − 6α + 3)e2α.

(138)

Let

Q̃(u;α) := u2 + 2(2α2 − 3)

3
u + 2(3 − 2α2)

3
= (u − a1(α))(u − a2(α)), (139)

wherea1,2(α) are the two roots of Q̃. ThenEq. (138) becomes

(u − a1(α))(u − a2(α))eu = 2

3
(4α2 − 6α + 3)e2α. (140)
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Using the generalized Lambert inverseW ( ·; a1, a2) [55, 56],
the tangency location can be written as

u∗(α) = W

(
2

3
(4α2 − 6α + 3)e2α; a1(α), a2(α)

)
,

x∗(α) = u∗(α)

2α
. (141)

The physically relevant real branch is selected by the admis-
sibility constraint x∗(α) ∈ (0, 1).
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