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UNIFORM WAIST INEQUALITIES IN CODIMENSION TWO
FOR MANIFOLDS WITH KAZHDAN FUNDAMENTAL

GROUP

Uri Bader and Roman Sauer

Abstract. Let M be a closed Riemannian manifold with Kazhdan fundamental group.
It is well known that the Buser-Cheeger inequality yields a uniform waist inequality
in codimension 1 for the finite covers of M , which is basically another way of saying
that the finite covers form an expander family. We show that the finite covers of M
also satisfy a uniform waist inequality in codimension 2.

1 Introduction

Gromov’s waist inequality [Gro83, Gro03] for the sphere Sn is a fundamental result
in geometry. It says that the maximal volume of a fiber of a (generic) map from
Sn to d-dimensional Euclidean space is at least the (n− d)-dimensional (Hausdorff)
volume of an equator sphere Sn−d.

A family ℱ of closed n-dimensional Riemannian manifolds satisfies a uniform
waist inequality in codimension d, where 1 ≤ d < n, if there is a constant Cℱ > 0
such that for every M ∈ ℱ and for every real analytic map f : M → ℝ

d there is
x ∈ℝ

d such that the (n− d)-dimensional volume of the fiber of x satisfies

voln−d

(︂
f−1({x})

)︂
≥Cℱ · vol(M).

By Whitney’s theorem every smooth manifold carries a unique real analytic struc-
ture, and smooth maps can be arbitrarily well approximated by real analytic maps.

A uniform waist inequality in codimension d is the Riemannian analog of a
d-dimensional topological expander. The first explicit construction of expanders is by
Margulis [Mar73] and relies on the relative Kazhdan property. In [AM85] Alon and
Milman show that the Cayley graphs of finite quotients of a Kazhdan group form an
expander family. The following Riemannian analog of this fact is a direct consequence
of theorems by Buser and Cheeger relating the first eigenvalue of the Laplacian and
the Cheeger constant [Bus82, Che70], in particular, of Buser’s theorem.

Theorem (Corollary of the Cheeger-Buser inequality). The family of finite covers of
a closed Riemannian manifold with Kazhdan fundamental group (or only property τ )
satisfies a uniform waist inequality in codimension 1.
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The surprising discovery in this paper is that the Kazhdan property gives an extra
dimension for free.

Main Theorem. The family of finite covers of a closed Riemannian manifold with
Kazhdan fundamental group satisfies a uniform waist inequality in codimension 2.

Interesting examples of such manifolds are compact locally symmetric spaces of
higher rank but, of course, every finitely presented Kazhdan group is the fundamental
group of a closed smooth (in general, non-aspherical) manifold. If the group is infinite
and residually finite then this manifold admits countably many finite covers. Finitely
presented, residually finite Kazhdan groups are in abundance, the groups SLn(ℤ) for
n≥ 3 being prominent examples.

In [FL24], Fraczyk-Lowe prove that the entire family of finite volume octonionic
hyperbolic spaces (whose fundamental groups always have the Kazhdan property)
satisfies a uniform waist inequality in codimension 2. While their methods are
differential-geometric, we use methods from functional analysis and algebraic topol-
ogy. Our proof has four main steps:
(1) Use the Kazhdan property for proving ℝ-coboundary expansion.
(2) Upgrade ℝ-coboundary expansion to ℤ-coboundary expansion.
(3) Derive isoperimetric inequalities from ℤ-coboundary expansion.
(4) Derive waist inequalities from isoperimetric inequalities.

The paper is decomposed into sections in accordance with the above list. The most
innovative achievements of this paper are (1) and (2), the proof of the ℤ-coboundary
expansion.

For (3), we use Poincaré duality and a standard Federer-Fleming deformation
argument to deduce from the ℤ-coboundary expansion a uniform isoperimetric in-
equality (see Sect. 4).

For (4), we implement a version of Gromov’s filling method in [Gro83, Ap-
pendix F], [Gro09, Gro10]. The restriction to analytic maps or some other class
of generic smooth maps is typical for this method but might not be necessary. We
do not pursue this question here. The only use of analyticity is in Lemma 5.1 which
appears in Gromov’s work. We think that our particular implementation of the fill-
ing method is short and elegant. It has some similarity with the proof of Gromov’s
topological overlap theorem, which relies on uniform 𝔽2-coboundary expansion in
finite covers [Gro09, Gro10, DKW18] but could be formulated with an appropriate
uniform ℤ-coboundary expansion. The proof of the Main Theorem, given in Sect. 5,
is by contradiction and shares the following rough outline with other variations of
the filling method: assuming smallness of fibers we deduce having a non-trivial top
dimension cycle of arbitrarily small volume, which is absurd if we are working with
a discrete group of coefficients.

We now give an outline of (1) and (2) and explain how the Kazhdan property
gifts an extra codimension in the Main Theorem when compared to what we ob-
tain from the Cheeger-Buser inequality. The Kazhdan property provides some form
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of uniform coboundary expansion but a priori over ℝ not ℤ. Moreover, the Kazh-
dan property is about the cohomology in degree 1 with unitary coefficients being
Hausdorff (actually zero), while for the above mentioned uniform expansion we need
to deal with L1-coefficients and with an additional Hausdorff property in degree 2.
The latter is responsible for the surprising gain of an extra codimension. We take
care of this in Sect. 2. Important ingredients are the Kazhdan property for L1-
Banach spaces [BGM12] for the switch to L1-coefficients and an ultraproduct tech-
nique adapted from [BS23] for the Hausdorff property in degree 2. A bridge between
ℤ-coefficients and ℝ-coefficients, using ideas from Integral Linear Programming, is
provided in Sect. 3. See Theorem 3.13 for a precise statement of the uniform ℤ-
coboundary expansion result.

2 Coboundary expansion for 𝑳1-spaces

The goal of this section is to prove that Kazhdan groups give rise to 1-coboundary
expanders with real coefficients. Vector spaces are assumed to be defined over the
reals.

2.1 Abstract L-spaces. Abstract L-spaces are an abstract characterization of
spaces L1(Ω), where Ω is a measure space. The latter is called a concrete L-space.
The advantage of this notion, which we review below, is that it is well adapted to
taking ultraproducts.

An ordered (real) vector space is a vector space V with an order ≤ that is
translation invariant and scale invariant for positive scalars. The positive cone,
V + = {x | x ≥ 0}, determines the order: x ≤ y if and only if y − x ∈ V +. If (V,≤)
is a lattice in the sense of order theory, that is, every two elements x, y have a meet
x∧ y and a join x∨ y, we say that (V,≤) is a vector lattice. In this case, the absolute
value of x ∈ V is defined as |x| = x ∨−x and an element x0 ∈ V + is called a unit if
x0 ∧ y = 0 for y ∈ V + implies that y = 0.

If (V,≤) is a vector lattice and V carries a Banach space norm ∥ · ∥ such that
|x| ≤ |y| implies ∥x∥ ≤ ∥y∥, we call (V,≤,∥ · ∥) a Banach lattice. The positive cone
V + is closed and the lattice operations are continuous in this case.

An abstract L-space is a Banach lattice whose norm is additive on the positive
cone, that is, ∥x+y∥= ∥x∥+∥y∥ for x, y ∈ V +. We distinguish the class ℒ consisting
of abstract L-spaces that satisfy the additional axiom

x∧ y = 0 ⇒ ∥x+ y∥= ∥x− y∥.

Let Ω be any measured space. The (real) vector space L1(Ω), endowed with the
a.e pointwise order and the L1-norm is in the class ℒ. Such spaces are called concrete
L-spaces. The following realization theorem is due to Kakutani.

Theorem 2.1 (Kakutani [Kak41, Theorems 4 and 7]). Every separable abstract L-
space has a unit. Every abstract L-space in the class ℒ that has a unit is isometric
and lattice isomorphic (by the same map) to a concrete L-space.
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The following result is straightforward and the reason for our use of abstract
L-spaces. See [Hei80] as a background reference for ultralimits of Banach spaces.

Lemma 2.2. The class ℒ is closed under taking ultraproducts and ℓ1-direct sums.

The following theorem is an important ingredient for the proof of coboundary
expansion.

Theorem 2.3 ([BGM12, Corollary D]). A countable group is Kazhdan if and only if
all its isometric actions on concrete L-spaces have a fixed point.

Theorem 2.4. Let Γ be a Kazhdan group and V a Banach lattice in the class ℒ on
which Γ acts by linear isometries. Then H1(Γ, V ) = 0.

Proof. Let c ∈H1(Γ, V ). By [BS23, Lemma 3.6] there exists a Γ-invariant separable
subspace U ⊂ V such that c is in the image of the map H1(Γ,U)→H1(Γ, V ) induced
by the inclusion. There is a Γ-invariant separable intermediate subspace U ⊂ V0 ⊂ V

that is a sublattice of V . Thus V0 ∈ ℒ. Let c0 ∈H1(Γ, V0) be a preimage of c. Using
Theorem 2.1, we regard V0 as a concrete L-space. By Theorem 2.3 and the interpre-
tation of the fixed point property as vanishing 1-cohomology [BHV08, Lemma 2.2.6
on p. 77] we obtain that c0 = 0. Hence c = 0. □

2.2 Coboundary expansion. Let Γ be a countable group and V a Banach space
on which Γ acts by linear isometries. The cohomology groups H i(Γ, V ) are naturally
endowed with a topological vector space structure [Gui80, Chapitre III §1] which
comes from the Fréchet structure on the standard bar resolution. We can read off
the topological structure from any countable CW-model X of the classifying space
BΓ as follows. Let X̃ denote the universal cover of X . We consider the cellular
cochain complex

homℤΓ

(︂
Ccell

0 (X̃), V
)︂ d0

V−−→ homℤΓ

(︂
Ccell

1 (X̃), V
)︂ d1

V−−→ homℤΓ

(︂
Ccell

2 (X̃), V
)︂
→ · · · (1)

whose cohomology is isomorphic to H∗(Γ, V ). For each i ∈ ℕ let ki ∈ ℕ ∪ {∞} be
the number of i-cells in X . By picking a representative in each Γ-orbit of i-cells we
obtain an isomorphism

homℤΓ

(︂
Ccell

i (X̃), V
)︂
∼= homℤΓ

(︂
⊕kiℤΓ, V

)︂
∼= V ki (2)

with the Fréchet space V ki . The resulting Fréchet structure on every cochain group
is independent of the choice of representatives. Under (2) the differentials diV cor-
respond to (ki+1 × ki)-matrices over ℤΓ that we will denote by δi. Note that the
matrices δi are independent of V . The dimension of δi might be infinite, but every
row has only a finite number of non-zero elements. So the multiplication with δi is
unambiguous. It follows that each diV is continuous. Thus (1) is a cochain complex
of Fréchet spaces. Its cohomology groups inherit a subquotient topological vector
space structure which coincides with the topological structure from the standard bar
resolution.
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Convention 2.5. If ki <∞ we equip the space V ki with the ℓ1-direct sum norm

∥v̄∥ =
ki∑︂
j=1

∥vj∥, v̄ = (vj)kij=1 ∈ V ki

and regard homℤΓ

(︂
Ccell

i (X̃), V
)︂

accordingly as a Banach space, using (2). The re-

sulting norm on homℤΓ

(︂
Ccell

i (X̃), V
)︂

does not depend on the choice in the isomor-
phism (2).

In this section we will consider a finitely presented Kazhdan group. In this case
the CW-complex X could be chosen to have a finite 2-skeleton, so the differentials
d0
V and d1

V become bounded maps between Banach spaces.

Theorem 2.6. Let Γ be a finitely presented Kazhdan group and V a Banach lattice
in the class ℒ on which Γ acts by linear isometries. Then H2(Γ, V ) is Hausdorff as
a topological vector space.

The proof uses an ultraproduct argument introduced in [BS23, Theorem 3.11].

Proof. Let us assume that H2(Γ, V ) is not Hausdorff. Let X be a CW-model of BΓ
with a finite 2-skeleton as above. Via (2) the chain complex (1) becomes

V k0 δ0−→ V k1 δ1−→ V k2 → · · ·

We consider each space in this chain complex as an ℓ1-direct sum of copies of V

and endow it with the corresponding norm. The maps δ0 and δ1 are bounded maps
between Banach spaces. From our assumption we deduce that the image of δ1 is
not closed. It follows from (the easy direction of) the closed range theorem that the
induced injection V k1/ker δ1 → V k2 is not bounded from below, where the range is
taken with the quotient Banach norm. Therefore, we can find a sequence of unit
vectors in the domain whose images converge to 0 in the range. By taking a bounded
(by, say, 2) sequence of preimages in V k1 we thus find a bounded sequence of elements
v̄n ∈ V k1 such that limn→∞ δ1(v̄n) = 0 in V k2 and for every cocycle v̄ ∈ V k1 , ∥v̄n− v̄∥ ≥
1 and in particular, for every ū ∈ V k0 , ∥v̄n − δ0(ū)∥ ≥ 1.

We fix a non-principal ultrafilter ω and let Vω be the corresponding ultrapower.
For i≤ 2, using the finiteness of ki, we naturally identify the ultrapower of V ki with
(Vω)ki and use the (now unambiguous) notation V ki

ω . We consider the element in V k1
ω

which is represented by the sequence (v̄n). It is a cocycle, that is, δ1((v̄n)) = 0 in V k2
ω .

By Lemma 2.2, Vω is in the class ℒ, and we get by Theorem 2.4 that H1(Γ, Vω) = 0. It
follows that (v̄n) is a coboundary, that is there exists a sequence ūn ∈ V k0 such that
the element in V k0

ω represented by the sequence (ūn) satisfies (v̄n) = δ0((ūn)). This is
a contradiction, as ∥v̄n − δ0(ūn)∥ ≥ 1 in V k1 for every n yields ∥(v̄n)− δ0((ūn))∥ ≥ 1
in V k1

ω . Hence H2(Γ, V ) is Hausdorff. □
The next theorem associates with a choice of a CW-complex a certain constant

of expansion in much the same way as the classical Kazhdan constant is associated
with a choice of a finite generating set.
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Theorem 2.7 (Kazhdan constants). Let Γ be a finitely presented Kazhdan group and
let X be a CW-model of the classifying space BΓ with a finite 2-skeleton.

There is a constant C > 0 with the following property. For every Banach lattice
V ∈ ℒ on which Γ acts by linear isometries, for each i ∈ {0,1} and for every

c ∈ im
(︂
homℤΓ

(︂
Ccell

i (X̃), V
)︂ diV−−→ homℤΓ

(︂
Ccell

i+1(X̃), V
)︂)︂

there is an i-cochain b such that diV (b) = c and ∥b∥ ≤ C · ∥c∥. Here the norms are
those introduced in 2.5.

Proof. Fix i ∈ {0,1}. We assume by contradiction that there is a sequence Vn of Ba-
nach lattices in the class ℒ with linear isometric Γ-actions and non-zero cochains
cn ∈ diVn

(︂
homℤΓ

(︂
Ccell

i (X̃), Vn

)︂)︂
such that for each b ∈ homℤΓ

(︂
Ccell

i (X̃), Vn

)︂
with

diVn
(b) = cn we have ∥b∥ ≥ n∥cn∥. Upon rescaling, we assume that for every n,

inf{∥b∥ | diVn
(b) = cn}= 1. In particular, 0< ∥cn∥ ≤ 1/n.

For every n ∈ ℕ, we let bn ∈ homℤΓ

(︂
Ccell

i (X̃), Vn

)︂
be a vector that satisfies

diVn
(bn) = cn, 1 ≤ ∥bn∥ ≤ 2. We let U be the ℓ1-direct sum of the spaces Vn and

consider each vector bn as a vector in Uki , where ki is the number of i-cells in X .
The space Uki is in the class ℒ. We conclude that H i+1(Γ,U) is Hausdorff, using
Theorem 2.4 for i = 0 and Theorem 2.6 for i= 1. Thus the image of diU is closed. This
contradicts the open mapping theorem, as witnessed by the sequence bn ∈ Uki . □

Given a CW-complex X with a finite i-skeleton, we identify the cellular cochain
space Ci

cell(X,ℝ) with ℝ
ki , where ki is the number of i-cells, and endow it with the

corresponding ℓ1-norm.

Theorem 2.8 (Coboundary expansion). Let X be a connected CW-complex with
Kazhdan fundamental group and a finite 2-skeleton. There is a constant C > 0
such that for every finite cover X̄ → X , for every i ∈ {0,1} and every cellular
coboundary c ∈ imdi ⊂Ci+1

cell (X̄,ℝ) = homℤ

(︂
Ccell

i+1(X̄),ℝ
)︂

there is b ∈Ci
cell(X̄,ℝ) such

that di(b) = c and ∥b∥ ≤C · ∥c∥.

Proof. Let Γ = π1(X). The 2-skeleton of X is the 2-skeleton of a model of the classify-
ing space BΓ, and we can apply Theorem 2.7. By covering theory, a finite cover X̄ of
X corresponds to a subgroup Λ < Γ of finite index. We equip ℓ1(Γ/Λ) =ℝ[Γ/Λ] with
the ℓ1-norm and for i ≤ 2 we regard the cochain spaces homℤΓ

(︂
Ccell

i (X̃), ℓ1(Γ/Λ)
)︂

as Banach spaces using Convention 2.5. For the induced CW-structure on X̄ , the
cellular cochain complex C∗(X̄,ℝ) with its ℓ1-norm is isometrically isomorphic to
homℤΓ

(︂
Ccell

∗ (X̃), ℓ1(Γ/Λ)
)︂
. Therefore the statement follows from Theorem 2.7. □

3 Expansion and linear programming

The goal of this section is to prove an integral version of Theorem 2.8 (Theorem 3.13),
which is about an optimization problem. To this end, we use some ideas from (inte-
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gral) linear programming. Linear Programming is concerned with maximizing a linear
functional on a given convex polytope. Integral Linear Programming is concerned
with finding a maximizer with integral coordinates.

Some notations are in order. An absolute value on a nonzero commutative ring R

is a function | · | : R→ [0,∞) satisfying |0| = 0 and |1| = 1 such that |xy| = |x| · |y|
and |x + y| ≤ |x| + |y| for all x, y ∈ R. Given an absolute value on R, we define for
elements of a finitely generated free module Rn:

∥(x1, . . . , xn)∥=
n∑︂

i=1
|xi|.

Remark 3.1. In the context of this paper we only care for the standard absolute
value on ℝ and its restrictions to ℚ and ℤ. However, a broader setup is useful for
dealing e.g with the Hamming norm on 𝔽

n
2 - compare the definition of expansion

below to [DKW18, Definition 2]. Note that every nonzero commutative ring has an
absolute value, namely the characteristic function of the complement of a prime ideal.

Definition 3.2. For an R-linear transformation A : Rn →Rm we define its expan-
sion constant at v ∈A(Rn) as

Ξ(A,v) = inf
{︂
α≥ 0 | ∃u∈A−1({v}) ∥u∥ ≤ α · ∥v∥

}︂
.

We define the expansion constant of A by

Ξ(A) = sup
{︂
Ξ(A,v) | v ∈A(Rn)

}︂
.

Emphasizing the role of the ring R, we may write ΞR(A) = Ξ(A).

Given a commutative R-algebra S and viewing A as a transformation Sn → Sm,
we might obtain a different expansion constant ΞS(A).

Lemma 3.3. Let A be an integer matrix. Then Ξℝ(A) ≤ Ξℤ(A). If the linear map A

is injective, then Ξℝ(A) = Ξℤ(A).

Proof. For every u ∈ A(ℤn) we clearly have Ξℚ(A,u) ≤ Ξℤ(A,u) with equality if A
is injective. For every v ∈A(ℚn) and β ∈ℚ

×, we have Ξℚ(A,v) = Ξℚ(A,βv) and we
can pick β such that βv ∈A(ℤn). We thus obtain

Ξℚ(A) = sup{Ξℚ(A,v) | v ∈A(ℤn)} ≤ sup{Ξℤ(A,v) | v ∈A(ℤn)}= Ξℤ(A)

with equation for A injective. Now Ξℝ(A) = Ξℚ(A) follows from continuity. □

The inequality in Lemma 3.3 might be strict if A is not injective.

Example 3.4. For the (1× 2)-matrix A= (1,2), Ξℝ(A) = 1/2 while Ξℤ(A) = 1.

The rest of section is devoted to finding further sufficient conditions for the equa-
tion Ξℤ(A) = Ξℝ(A). To this end, the following definition is important.
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Definition 3.5. The matrix A is said to be totally unimodular if all of its minors
are either −1, 0 or 1.

In particular, every entry of a totally unimodular matrix is either −1, 0 or 1. Next
we state a fundamental theorem in integral linear Programming by Hoffman-Kruskal.
We use the notation ℤ̄ = ℤ ∪ {±∞}. The relation ≤ is understood coordinate-wise
with the usual convention regarding ±∞.

Theorem 3.6 (Hoffman-Kruskal, [HK56, Theorem 2]). Let A be an integer m × n

matrix. Then A is totally unimodular if and only if for all b, b′ ∈ ℤ̄
n and c, c′ ∈ ℤ̄

m,
every face of the closed convex set

{︂
u ∈ℝ

n | b≤ u≤ b′, c≤Au≤ c′
}︂

intersects ℤ
n non-trivially.

It is easy to see the stronger statement that, in the case of total unimodularity,
every face is the convex hull of its integral points.

Lemma 3.7. For a totally unimodular matrix A, Ξℤ(A) = Ξℝ(A).

An easy but important observation is that the ℓ1-norm coincides with a linear
functional on each closed orthant. For ϵ = (ϵ1, . . . , ϵq) ∈ {−1,1}q, let

Oϵ =
{︂
x= (x1, . . . , xq) ∈ℝ

q | ϵixi ≥ 0 for every i
}︂
.

On Oϵ, the ℓ1-norm coincides with the linear functional x ↦→∑︁
i ϵixi.

Proof. Let A be a totally unimodular m× n matrix. Let v ∈A(ℤn). We claim that
Ξℤ(A,v) = Ξℝ(A,v). Set α = Ξℝ(A,v). Clearly, α ≤ Ξℤ(A,v). We will show that
equality holds. Let u0 ∈ℝ

n be an optimal vector such that Au0 = v and ∥u0∥ = α ·∥v∥.
Choose ϵ ∈ {−1,1}n such that u0 ∈Oϵ; if a coordinate of u0 is zero, the corresponding
sign may be chosen arbitrarily. We consider the sets

C =
{︂
u ∈Oϵ |Au = v

}︂
and Cα =

{︂
u ∈C | ∥u∥= α · ∥v∥

}︂
.

The function ∥ · ∥ coincides with a linear functional on C, and α · ∥v∥ is its minimum,
by definition, which is attained at u0 ∈C. Moreover, C is a closed convex set of the
form appearing in Theorem 3.6. It follows that Cα is a face of C. By Theorem 3.6,
there exists an element u1 ∈ Cα ∩ ℤ

n. Hence Ξℤ(A,v) ≤ α and Ξℤ(A) ≤ Ξℝ(A). The
reverse inequality holds by Lemma 3.3. □

Theorem 3.8. Let A and B be integer matrices of sizes (m× n) and (k ×m) such
that the sequence ℝ

n A−→ℝ
m B−→ℝ

k is exact. If A is totally unimodular, then Ξℤ(A) =
Ξℝ(A) and Ξℤ(B) = Ξℝ(B).

Proof. That Ξℤ(A) = Ξℝ(A) is proved in Lemma 3.7, so we are left to show Ξℤ(B) =
Ξℝ(B). As in the proof of Lemma 3.3 this will follow from the claim that Ξℤ(B,w)≤
Ξℝ(B,w) for every w ∈B(ℤm).
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Let w ∈ B(ℤm) and set α = Ξℝ(B,w). We pick v0 ∈ ℝ
m and v1 ∈ ℤ

m satisfying
Bv0 = Bv1 = w and ∥v0∥ = α · ∥w∥. By exactness, we find u0 ∈ ℝ

n such that Au0 =
v0 − v1. Choose ϵ ∈ {−1,1}m such that v0 ∈ Oϵ; if a coordinate of v0 is zero, the
corresponding sign may be chosen arbitrarily. We consider the sets

C =
{︂
u ∈ℝ

n |Au+ v1 ∈Oϵ

}︂
and Cα =

{︂
u ∈C | ∥Au+ v1∥ = α · ∥w∥

}︂
.

The function u ↦→ ∥Au+v1∥ coincides with a linear functional on C, and α · ∥w∥ is its
minimum, by definition, which is attained at u0 ∈ C. Moreover, since v1 is integral,
C is a closed convex set of the form appearing in Theorem 3.6.

It follows that Cα is a face of C. By Theorem 3.6, there exists an element u1 ∈
Cα∩ℤ

n. The element Au1 +v1 ∈ ℤ
m satisfies ∥Au1 +v1∥= α · ∥w∥. Hence Ξℤ(B,w)≤

α. □

In view of the discussion above, finding criteria for total unimodularity of a matrix
is desirable. The following sufficient condition is well known.

Lemma 3.9. If A is an integer matrix whose entries are in {−1,0,1} such that
in each row there exists at most one entry 1 and one entry −1, then A is totally
unimodular.

Proof. Assuming the lemma is false we could find a counterexample A of minimal
size, which is clearly a square matrix of determinant other than −1, 0 or 1. The
size of A is greater than (1 × 1) and removing a row with fewer than two non-zero
elements leaves a totally unimodular matrix of smaller size, contradicting minimality.
So all rows have both 1 and −1. It follows that the vector (1,1, . . . ,1) is in the kernel
of A, thus det(A) = 0. This is a contradiction. □

Theorem 3.10. For a finite CW complex X let

ℝ
d−1
−−→C0

cell(X,ℝ) d0
−→C1

cell(X,ℝ)→ · · ·

be the augmented cellular cochain complex. Then d−1 and d0 are totally unimodular.

We regard dk as a matrix with respect to the dual cellular basis.

Proof. The map d−1 is represented by the column vector (1,1, . . . ,1). The matrix
representing d0 has at each row either exactly one 1 and one −1 or only zeroes.
Hence d−1 and d0 are totally unimodular by Lemma 3.9. □

Remark 3.11. For i≥ 1, the matrix representing di is an integer matrix which fails
to be totally unimodular in general. The failure can be measured explicitly by the
torsion in the relative homology of subcomplexes. See [DHK11].

Theorem 3.12. Let X be a finite CW complex with H1(X,ℝ) = 0. Then the cellular
differentials satisfy Ξℤ(d0) = Ξℝ(d0) and Ξℤ(d1) = Ξℝ(d1).

Proof. This follows by combining Theorem 3.10 with Theorem 3.8. □
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Theorem 3.13. Let X be a finite CW complex with Kazhdan fundamental group.
There is a constant C > 0 such that for every finite cover X̄ → X , the cellular
differentials dk of X̄ satisfy Ξℤ(d0) = Ξℝ(d0)≤C and Ξℤ(d1) = Ξℝ(d1)≤C.

Proof. This follows by combining Theorem 3.12 with Theorem 2.8. □

4 Isoperimetric inequality for Lipschitz chains

In this section we convert the results about integral coboundary expansion of Sect. 3
into isoperimetric inequalities for Lipschitz chains.

A Lipschitz d-chain in a Riemannian manifold M is a finite integral linear com-
bination of Lipschitz singular d-simplices in M . The d-dimensional volume of a Lip-
schitz map σ : Δd →M is defined as

vold(σ) =
∫︂

Δd
|Jacσ(x)|dx.

The mass of a Lipschitz d-chain c=
∑︁

i aiσi written with distinct σi is defined as

mass(c) =
∑︂
i

|ai| · vold(σi).

The Riemannian manifold M satisfies the C-isoperimetric inequality in dimension d

if for every Lipschitz chain c ∈C lip
d (M,ℤ) that is a boundary there is b ∈C lip

d+1(M,ℤ)
with c = ∂b such that

mass(b)≤C ·mass(c).

It is well known that one can convert statements about the expansion of the
cellular chain complex into isoperimetric inequalities for Lipschitz chains via the
following result, which builds on the Federer-Fleming deformation technique.

Theorem 4.1 ([E+92, Theorem 10.3.3 on p. 223]). Let M be a closed Riemannian
manifold which is endowed with a triangulation. Let D ≥ 1 be a real number so that
every simplex is D-bilipschitz equivalent to Euclidean standard simplex of the same
dimension. Then there is a constant E > 0 that only depends on the dimension of M
and D such that if c ∈ C lip

k (M,ℤ) is a Lipschitz chain with ∂c ∈ Ccell
k−1(M,ℤ), then

there are chains P (c) ∈Ccell
k (M,ℤ) and Q(c) ∈C lip

k+1(M,ℤ) such that:
(1) ∂Q(c) = c− P (c); in particular, ∂c= ∂P (c),
(2) mass(P (c))≤E ·mass(c),
(3) mass(Q(c))≤E ·mass(c).

We obtain as a direct consequence:

Theorem 4.2. Let M be a closed Riemannian manifold which is endowed with a
triangulation so that every simplex is D-bilipschitz equivalent to Euclidean standard
simplex of the same dimension for some D ≥ 1. Let ∂cell

∗ denote the differentials of
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the cellular chain complex of the triangulation. Then M satisfies the C-isoperimetric
inequality in dimension k where C > 0 only depends on Ξ(∂cell

k+1), D and the dimen-
sion of M .

Proof. Let c ∈ C lip
k (M,ℤ) be a boundary. In particular, c is a cycle. Choose P (c) ∈

Ccell
k (M,ℤ) and Q(c) ∈C lip

k+1(M,ℤ) according to Theorem 4.1. Since c is a boundary
and c− P (c) = ∂Q(c), the chain P (c) ∈ Ccell

k (M,ℤ) is a boundary in the Lipschitz
singular chain complex. Since the inclusion of Ccell

∗ (M,ℤ) into C lip
∗ (M,ℤ) induces

isomorphisms in homology, the chain P (c) has to be a boundary in Ccell
∗ (M,ℤ) as

well. So we can choose b ∈Ccell
k+1(M,ℤ) so that

∂b= P (c) and ∥b∥ ≤ Ξ(∂cell
k+1) · ∥P (c)∥.

The assumption on the metric shape of the simplices implies that

mass(b)≤ Ξ(∂cell
k+1) ·D2dimM ·mass

(︂
P (c)

)︂
.

We set C :=E ·
(︂
Ξ(∂cell

k+1) ·D2dimM + 1
)︂
, where E is the constant from Theorem 4.1

that only depends on D and dimM . The statement follows from ∂
(︂
b + Q(c)

)︂
=

P (c) + c− P (c) = c and

mass
(︂
b+Q(c)

)︂
≤ Ξ(∂cell

k+1) ·D2dimM ·mass
(︂
P (c)

)︂
+E ·mass(c)

≤E ·
(︂
Ξ(∂cell

k+1) ·D2dimM + 1
)︂
·mass(c). □

Theorem 4.3. Let M be a connected closed oriented m-dimensional Riemannian
manifold with Kazhdan fundamental group. Then there is a constant C > 0 such that
every finite cover M̄ of M satisfies C-isoperimetric inequalities in dimensions m−2
and m− 1.

Proof. We consider a triangulation of M . Let M̄ be a finite cover. We consider the
induced triangulation T on M̄ . Let Tcell denote the dual cell structure on M̄ . To
make explicit to which cell structure we refer when we take the cellular (co-)chain
complex we write, for example, Ccell

∗ (T,ℤ) instead of Ccell
∗ (M̄,ℤ).

The compactness of M implies that there is D > 0, independent of the choice of
the finite cover, so that every simplex in T is D-bilipschitz equivalent to the stan-
dard Euclidean simplex of the same dimension. Let k ∈ {0,1}. Let dk : Ck

cell(Tcell,ℤ)→
Ck+1

cell (Tcell,ℤ) be the differential of the cellular cochain complex of the dual cell struc-
ture. Similarly, let ∂k be the differential of the cellular chain complex of the simplicial
structure. Poincaré duality yields a commutative square with vertical isomorphisms

Ck
cell(Tcell,ℤ) Ck+1

cell (Tcell,ℤ)

Ccell
m−k(T,ℤ) Ccell

m−k−1(T,ℤ).

dk

∂m−k

∼= ∼=
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The vertical isomorphism maps the simplicial basis to the dual cellular basis. Hence
they are isometric with regard to the ℓ1-norms. In particular,

Ξ
(︂
dk

)︂
= Ξ

(︂
∂m−k

)︂
.

By Theorem 3.13, these expansion constants are uniformly bounded over all finite
covers for k ∈ {0,1}. Theorem 4.2 now implies the claimed isoperimetric inequalities
in degrees m− 2 and m− 1. □

Remark 4.4. Compare the above with the result Kielak-Nowak [KN23], showing
that co-boundary expansion in codimension 2 implies that the fundamental group is
word-hyperbolic.

5 From isoperimetric inequalities to waist inequalities

We show that isoperimetric inequalities lead to waist inequalities in the context of
vanishing homology (see Theorem 5.2). At the end of this section we prove the Main
Theorem.

Let f : M → N be a smooth map between smooth manifolds, and let σ : Δk →
N be a smoothly embedded simplex. We say that f intersects σ transversely if f

intersects the interior σ transversely and all its faces transversely. By definition,
the map f intersects a 0-simplex transversely if and only if the image point is a
regular value of f . In this case, the preimage f−1(σ) is a topological submanifold of
dimension dimM − dimN + k with boundary

∂f−1(σ) = f−1(∂σ).

In fact, it is a smooth submanifold with corners [Ala19, Proposition 3.3]. Recall
the convention that the empty set is a manifold of every dimension. Moreover, the
preimage is oriented if M and N are oriented. We say that f is transverse to a
triangulation of N if f intersects every simplex of the triangulation transversely.

The following fact is probably true for arbitrary smooth maps [Gro83, F ′′
2

on p. 134].

Lemma 5.1. Let f : M →N be a real analytic map between smooth closed manifolds
of dimensions m ≥ n. Let M be equipped with a smooth Riemannian metric. Let
ϵ > 0. If volm−n(f−1({x})) <∞ for every x ∈N , then there is a triangulation T of
N such that T is transverse to f and volm−n+dimσ(f−1(σ))< ϵ for each k-simplex σ

in T with k ≥ 1.

The following theorem has an obvious generalization in case the homology vanish-
ing and isoperimetric inequalities are available in more codimensions. The pleasant
property about the Kazhdan property is that it implies the homology vanishing in
codimension 1 for every finite cover via Poincaré duality.
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Theorem 5.2. Let M be a connected closed oriented m-dimensional Riemannian
manifold satisfying Hm−1(M,ℤ) = 0 and let C > 0 be a constant such that M satisfies
the C-isoperimetric inequality in dimensions m− 1 and m− 2. Then for every 2-
dimensional closed oriented manifold N and every real analytic f : M → N there
exists a point v ∈N such that

volm−2

(︂
f−1({v})

)︂
≥ 1

1 + 3C + 12C2 · volm(M). (3)

Proof. We may and will assume that N is connected. Set ϵ0 := 1/(1 + 3C + 12C2).
According to Lemma 5.1 let T be a smooth oriented triangulation such that

• f is transverse to T , and
• for every edge e and every triangle Δ in T , volm−1(Me) < ϵ0 · volm(M) and

volm(MΔ)< ϵ0 · volm(M).

Here we denote the preimages of simplices by Mσ := f−1(σ) for σ ∈ T . To prove the
statement by contradiction, we assume that

volm−2(f−1(v))< ϵ0 · volm(M) (4)

for all v ∈N , in particular for all vertices v of T .
In the following, all chain groups and homology groups are with integral coeffi-

cients. Next we construct a chain homomorphism

A∗ : Ccell
∗ (N)→C lip

m−2+∗(M)

that maps the fundamental class [N ] of N to the one [M ] of M . The construction
of A∗ is similar to the one in [Ala19, Proposition 3.6]. For a simplex σ in T , we
write σi for its i-th face, so that ∂σ =

∑︁
i(−1)iσi. For every vertex v, choose a

smooth triangulation of Mv, and let A0(v) be its oriented simplicial fundamental
chain, regarded as an integral Lipschitz chain in M . Then

massA0(v) = volm−2(Mv).

Next, let e be an oriented edge of T . The chosen triangulations of Me0 and Me1

give a smooth triangulation of ∂Me. By the relative smooth triangulation theo-
rem [Mun66, Theorem 10.6], it extends to a smooth triangulation of Me. Let A1(e)
be its oriented simplicial fundamental chain. Then

∂A1(e) =A0(e0)−A0(e1) and massA1(e) = volm−1(Me).

Finally, let Δ be an oriented triangle of T . The triangulations chosen for its three
edge preimages agree on their intersections and hence give a smooth triangulation
of ∂MΔ. After smoothing the corners of MΔ, the same relative triangulation theorem
extends it to a smooth triangulation of MΔ. Let A2(Δ) be its oriented simplicial
fundamental chain. Then

∂A2(Δ) = A1(Δ0)−A1(Δ1) +A1(Δ2) and massA2(Δ) = volm(MΔ).
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Consequently, the Ak define the desired chain homomorphism. The fundamental
class of N is represented by the sum of all oriented triangles. Its image under A2 is a
fundamental class for M since for every p ∈MΔ its local orientation coincides with
the one of MΔ.

We choose a vertex v0 in T as a base point. Now we define another chain map

B∗ : Ccell
∗ (N)→C lip

m−2+∗(M)

by setting B0(v) =A0(v0) for every vertex v and setting Bk = 0 for k > 0.
Under the assumption (4) we will construct a chain homotopy h∗ : A∗ ≃B∗. Be-

cause of 0 ̸= [M ] = H2(A∗)([N ]) = H2(B∗)([N ]) this will give the desired contradic-
tion.

For k = 0 and a vertex v, the chain A0(v)−B0(v) =A0(v−v0) =A0(∂w) = ∂A1(w)
is a boundary where w is a 1-chain connecting v and v0. By (4) we obtain that

massA0(v− v0) ≤ 2 · ϵ0 · volm(M).

The C-isoperimetric inequality in dimension m − 2 implies that there is zv ∈
C lip

m−1(M) with ∂zv = A0(v − v0) and masszv ≤ 2 · C · ϵ0 · volm(M). We define h0
by setting h0(v) = zv for each vertex v.

Let e be an oriented edge in T . Then

(A1 −B1 − h0 ◦ ∂)(e) =A1(e)− h0(∂e) ∈C lip
m−1(M)

is a cycle. Because of Hm−1(M) = 0 and the C-isoperimetric inequality in dimen-
sion m− 1 we can find ze ∈C lip

m (M) such that ∂ze = (A1 −B1 − h0 ◦ ∂)(e) and

mass(ze)≤C ·mass
(︂
A1(e)− h0(∂e)

)︂

<C ·
(︂
ϵ0 · volm(M) + 4 ·C · ϵ0 · volm(M)

)︂

≤C · (1 + 4C) · ϵ0 · volm(M).

In the first line we used that A1(e) is a Lipschitz representative of the fundamental
class of Me and volm−1(Me)< ϵ0 · volm(M). We define h1 by setting h1(e) = ze.

Let Δ be a triangle in T . Then
(︂
A2 −B2 − h1 ◦ ∂

)︂
(Δ) = A2(Δ)− h1(∂Δ) ∈C lip

m (M)

is a cycle whose mass is bounded by

mass
(︂
A2(Δ)− h1(∂Δ)

)︂
< ϵ0 · (1 + 3C(1 + 4C)) · volm(M) = volm(M).

Here we used that A2(Δ) is a Lipschitz representative of the fundamental class of MΔ
and volm(MΔ) < ϵ0 · volm(M). As an integral Lipschitz cycle with mass less than
volm(M) it is a boundary ∂zΔ =A2(Δ)−h1(∂Δ), and we can finish the construction
of h∗ by setting h2(Δ) = zΔ. □
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If M̄ →M is a finite cover, then a waist inequality for M̄ implies one with the
same quality for M . So by passing to orientation covers we may assume that the
manifold in the Main Theorem is oriented.

Proof of the Main Theorem. Let M be a closed connected m-dimensional Rieman-
nian manifold with Kazhdan fundamental group Γ.

By Theorem 4.3 every finite cover M̄ satisfies the C-isoperimetric inequality in
dimensions m−1 and m−2. The fundamental group Γ̄ of a finite cover M̄ is a finite
index subgroup of Γ and is Kazhdan as well. By Poincaré duality we obtain that

Hm−1(M̄,ℤ)∼= H1(M̄,ℤ) =H1(Γ̄,ℤ).

Being a Kazhdan group implies that H1(Γ̄,ℝ) = 0. By the universal coefficient the-
orem the first cohomology is torsion free. Hence Hm−1(M̄,ℤ) = 0. Any real analytic
map M̄ → ℝ

2 can be regarded as a real analytic map M̄ → ℝ
2 ↪→ ℝ

2 ∪ {∞} ∼= S2.
The Main Theorem now follows directly from Theorem 5.2. □
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