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Abstract
The interaction of mass transfer with irreversible first order heterogeneous-homogeneous chemical reactions in an isother-
mal circular channel with laminar Poiseuille velocity profile is investigated theoretically. Starting from a novel approximate 
solution for the reactant mass balance valid in the Graetz regime with fully developed concentration field, a one-term 
exponential model for conversion is derived which depends on three dimensionless groups: the normalized transversal dif-
fusion time scale (α) and the Damköhler numbers of the heterogeneous (Daw > 0) and homogeneous (Dab ≥ 0) reactions. 
The model requires the determination of the root of a polynomial of the Damköhler numbers, which entails only minimal 
numerical effort. The accuracy of the model is tested for the case of a heterogeneous reaction (Dab = 0), showing good 
agreement with numerical solutions and formal analytical limits provided α ≤ 1. The proposed single channel conversion 
model is used to determine observed and intrinsic rate constants, as well as kinetic parameters (pre-exponential factor and 
activation energy), based on literature data regarding NO conversion via selective catalytic reduction in monolith reactors. 
In combination with temperature dependent rate constant and diffusion coefficient, the model allows studying effects of 
parameter variations on the light-off curve in monolith reactors within seconds. The proposed model may therefore be a 
useful tool for engineering design and optimization of monolith converters. 
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in the channel corners [8]. In the monolith channels, the fol-
lowing phenomena occur: (1) heterogeneous reactions at the 
catalyst wall and homogeneous (bulk) reactions in the gas 
phase; (2) heat, mass, and momentum transfer by convec-
tion and diffusion in the gas phase and at the gas-solid inter-
face; (3) diffusive mass transfer in catalyst pores; (4) heat 
transfer by conduction and radiation in the solid [9]. The 
mass transfer can thus be divided into two parts: the exter-
nal (or inter phase) mass transfer from the gas bulk to the 
channel walls, and the internal (or intra phase) mass trans-
fer inside the porous washcoat. Because the internal part 
of the washcoat contains much more area than the external 
part, most of the reaction takes place within the pores of the 
washcoat. Depending on the heat of reaction, strong inter-
actions between chemical reactions and heat/mass transfer 
may occur. An appropriate way to capture these interactions 
is to use computational fluid dynamics (CFD).

1  Introduction

Catalytically coated honeycomb monolithic (that is, one-
piece) supports enable heterogeneous chemical reactions 
[1] for many technical processes, including automotive 
[2], marine [3] and stationary exhaust control [4], catalytic 
combustion of natural gas [5], partial oxidation of methane 
[6] and more [7]. Channels of ceramic monoliths are often 
square in cross-section and have a side length of 0.5–4 mm. 
On the walls, the catalytically active material is deposited in 
a typically 10–150 μm thick porous washcoat, being thickest 
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Modeling of monolith reactors for automobile emission 
control and other applications is a multiscale problem [10, 
11]. An overview on modeling of monolith converters with 
references up to 1996 is given in [12] while the current status 
is reviewed in [13]. For an overview on advanced multichan-
nel modeling of catalytic converters the reader is referred to 
[14] and references therein. Instead of modeling the entire 
monolith, often the single channel model (SCM) is used for 
simplicity. The basic assumption of the SCM is that all chan-
nels are identical and subject to the same inlet conditions. 
While this assumption is not valid in general, e.g., due to non-
uniform flow [15] or temperature [16] distributions, several 
publications have shown that there are conditions where a 
single cylindrical channel can be representative of a monolith 
consisting of a multitude of rectangular channels [17, 18].

2D or 3D distributed parameter models numerically solve 
a set of coupled particle differential equations to determine 
axial and transversal variations in concentration and tempera-
ture in the channel and to appropriately account for external 
heat and mass transfer [19–22]. Lumped parameter 1D mod-
els consider instead axial variations of mean values [23, 24]. 
They require appropriate models for the external heat/mass 
transfer between the bulk gas stream and the wall at any axial 
position, i.e., local heat/mass transfer coefficients obtained 
from correlations for the Nusselt or Sherwood numbers. In 
this context it is problematic that the Nusselt and Sherwood 
numbers for the case in which chemical reaction occurs at the 
wall are not the same as those observed in either the constant 
wall temperature/concentration or the constant wall flux cases 
[25, 26]. The specific choice of the Sherwood number corre-
lation can have a large effect on the results [8, 27, 28].

The internal mass transfer in the complex pore system 
depends on the porosity of the washcoat, and the geometry 
and shape of the pores. In classical rector modelling, dif-
fusion and reaction occurring within the porous washcoat 
are not resolved. Instead, the catalyst is modeled as a con-
tinuous porous medium with an effective diffusivity. Actual 
reaction rates depend on the value of the (internal) effective-
ness factor ( η ), which in turn depends on the Thiele mod-
ulus. The internal effectiveness factor relates the average, 
or observed, reaction rate over the entire catalyst volume 
to that obtained by evaluating the reaction rate at the tem-
perature and concentration prevailing at the washcoat sur-
face [13]; lumping the effect of washcoat diffusion into the 
(known) effectiveness factor allows for a simple description 
of diffusion limitations in the catalytic pores. Some models 
assume the catalytic layer to be very thin so that the effec-
tiveness factor is equal to one [29]. Mladenov et al. [18] pre-
sented a thorough numerical investigation of monoliths with 
non-uniform washcoat, along with various channel geom-
etries, using models of varying complexity − from simple 
1D models with effectiveness factors to complete 2D and 

3D CFD models coupled with multidimensional reaction-
diffusion models.

Very advanced multidimensional models include terms 
for catalytic reaction, heat and mass transfer between the 
channel wall and the gas, axial conduction in the solid wall, 
and heat exchange by radiative transfer and solve mass bal-
ances for gaseous flow and in the porous washcoat. The 
computational cost of such simulations, however, renders 
them unsuitable for design or optimization studies where a 
large number of simulation runs are necessary. Advanced 
reduced-order models use axial balances plus effective 
internal/external mass-transfer coefficients to replace the 
full 3D pore-scale problem; this gives a speed up of order 
of magnitudes and allows for real time transient simulations 
of monolith reactor with multiple washcoat layers [30–32].

In some cases, analytical models can offer an alterna-
tive to numerical models; an example in emission control 
are particulate filters [33–35]. Analytical models have the 
advantage over numerical models of faster solution and 
they make the identification of general trends easier. Also, 
an analytical expression is more convenient for engineering 
calculation and is also the obvious starting point for a better 
understanding. Competing laminar flow with reaction and 
radial heat and mass transfer by diffusion in a single chan-
nel represents a generalized Graetz-Nusselt problem and is 
amenable to analytical solution. Many generalized Graetz 
problems are reducible to self-adjoint Sturm–Liouville 
problems, including heterogeneous reactions on the tube 
walls and homogeneous reactions in the gas phase [36]. The 
local reactant distribution can then be computed by truncat-
ing an infinite sum of eigenmodes which are often Laguerre 
functions [37, 38]. However, for each value of the rate con-
stant a potentially large number of eigenvalues need to be 
calculated numerically.

The objective of the present study is to derive theoretically 
a simple yet sufficiently accurate one-term exponential model 
for the conversion of chemically reacting laminar flow which 
is suitable to support the engineering design of monolith reac-
tors. In contrast to similar models from literature, the present 
model does not require the specification of an external mass 
transfer coefficient [39] or Sherwood number [40, 41]. For 
simplicity, the present treatment is restricted to a single cylin-
drical channel under steady-state isothermal conditions. The 
flow field is assumed to be unaffected by mass transport and 
the laminar (Poiseuille) flow profile is prescribed. The chemi-
cal reactions are assumed to be first-order in the local reactant 
concentration. Irreversible single homogeneous and catalytic 
wall reactions are considered. Potential diffusion limitations 
in the porous washcoat are taken into account by incorporat-
ing the effectiveness factor into the observable rate constant. 
These assumptions allow for a simplified mathematical treat-
ment by considering the local mass balance equation of the 
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reactant only. For the latter, a novel approximate solution is 
determined which properly accounts for external mass trans-
fer. The approximate solution is used to derive a one-term 
exponential model for conversion that depends on three dis-
tinct dimensionless groups, the normalized transversal dif-
fusion time scale and two Damköhler numbers. The model 
enables a comparison with experimental light-off curves with 
minimal numerical effort.

The paper is organized as follows. Section 2 presents the 
mathematical problem, along with its underlying simplify-
ing assumptions. The novel approximate solution for the 
overall conversion is presented in Sect. 3. In Sect.  4, the 
one-term model for overall conversion is tested by com-
parison with experimental light-off curves obtained for the 
selective catalytic reduction (SCR) of nitrogen monoxide.

2  Problem Formulation

This section introduces the model assumptions and presents 
the simplified partial differential equation for the reactant 
mass balance which forms the basis for modelling.

2.1  Model Assumptions

2.1.1  Single Channel Model

The conditions in the monolith converter are assumed to 
be identical in all honeycomb channels. This implies a uni-
form catalyst distribution, an equally distributed inlet flow 
over the entire cross section of the honeycomb, and an ideal 
homogeneous premixing of the exhaust gas and reductant 
mixture. According to these idealizing assumptions, the 
simulation of the physicochemical processes occurring in 
the monolith converter is reduced to the analysis of one rep-
resentative single channel.

For the mathematical treatment, we approximate the 
channel by a circular cylinder (radius a, diameter d = 2a

, length L), similar to previous studies [42]. We employ a 
cylindrical coordinate system where the distance from the 
axis of the tube (r) is in the range 0 ≤ r ≤ a and the axial 
coordinate z is in the range 0 ≤ z ≤ L. In reality, the cross-
section of monolith channels is often square or triangular 
with rounded corners. To apply the present model − devel-
oped for circular channels − to other channel geometries, 
we draw upon the theory of shape normalization for cata-
lytic monoliths [43, 44].    

2.1.2  Uniform Temperature

In this paper, temperature gradients within a single mono-
lith channel are assumed small so that the problem can be 

considered as isothermal. This assumption can be reason-
able for emission control in automotive applications and 
stationary power plants where heat effects as a result of the 
reaction are often of minor importance since reactants con-
centrations are typically in the ppm-range and the amount 
of heat generated by the reaction in a dilute system with 
a large fraction of inert gas is low. It is invalid for oxida-
tion reactions [45] and catalytic combustion [5], where the 
axial temperature profile in the monolith channels typically 
rises sharply near the inlet due to reaction ignition, reaches 
a maximum shortly after light-off, then gradually declines 
toward the outlet due to heat losses and reaction completion 
(and hence no further heat generation). A more general and 
systematic analysis of the effect of spatial temperature pro-
files on reactions in tubular reactors is given in [46].

With the isothermal channel assumption, which is also 
used in related analytical [43, 44] and numerical studies 
[47–49], the corresponding spatially uniform temperature 
(T ) in the channel is an input parameter of the model. Rate 
constants and physical properties of the gas and reactant are 
then constants at a given temperature and pressure. Results 
of the isothermal channel model obtained at different tem-
peratures are presented in Sect. 4.

2.1.3  Fully Developed Poiseuille Velocity Profile

To determine the actual local gas velocity within the channel, 
the rigorous solution of momentum balance and continuity 
equations is required. This is avoided here by introducing 
further assumptions. Typical monolithic reactors in automo-
bile exhaust applications work in the laminar flow regime 
and have a negligible pressure drop. Compressibility effects 
are neglected, the density and further physical properties 
of the isothermal gas mixture are assumed constant and 
its flow is described as an incompressible viscous Newto-
nian fluid (kinematic viscosity ν ). The channel Reynolds 
number Re = 2aU/ν is typically in the range 50–100 [50]. 
The hydrodynamic entrance region is then a small fraction 
of the overall channel length, which also holds for higher 
Reynolds number of Re = 408 [20]. Similar to [51, 52], we 
therefore assume right from the channel inlet a fully devel-
oped unidirectional steady-state and axi-symmetric laminar 
flow so that the velocity profile is parabolic (Poiseuille flow) 
with mean velocity U  and maximum velocity 2U .

2.2  Reactant Mass Balance

Due to the assumptions of isothermal operation in combina-
tion with a pre-scribed velocity profile, neither a thermal 
energy balance nor a momentum balance is required. The 
present model can therefore be developed using only the 
mass balance, similar to the model in [47]. If a chemical 
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species is undergoing a first-order reaction, only the mass 
balance of this single component needs to be considered, 
since the reaction term is independent of the concentration 
of other components. Here we assume that the concentration 
of the reactive species is rotationally symmetrical around 
the z axis and denote its molar concentration at time t by 
c(r, z, t).

With the mentioned assumptions, the general unsteady 
mole balance equation for a single dilute species undergo-
ing a first-order irreversible homogeneous chemical reac-
tion may be written in terms of molar concentration as

∂c
∂t + 2U

(
1 − r2

a2

)
∂c
∂z

= D
[

1
r

∂
∂r

(
r ∂c

∂r

)
+ ∂2c

∂z2

]
− kbc

� (1)

with boundary condition ∂ c/∂ r = 0 at the tube axis and 
the wall. From the rate constant of the homogeneous (bulk) 
reaction, kb, the time scale τr,b = 1/kb may be defined. In 
Eq. (1), D denotes the molecular diffusion coefficient of the 
reactive species in the carrier gas. We assume that the dif-
fusion coefficient depends on temperature but not on pres-
sure or concentration. Due to the parabolic velocity profile, 
there is a variation in reaction time (residence time) which 
causes the extent of the homogeneous reaction to vary in the 
radial direction. This results in a radial concentration gradi-
ent which in turn induces diffusion. While the homogeneous 
reaction is considered by a sink term in Eq. (1), a heterog-
enous reaction may be incorporated by the surface condition 
at the catalytically wall where the diffusional flux is equal to 
the wall reaction [53].

Except for extremely slow flows and at extremely short 
length scales, molecular diffusion in axial direction is neg-
ligible in comparison to advection. For Peclet numbers 
Pe = 2aU/D larger than 200, the longitudinal diffusion 
term in Eq.  (1) becomes insignificant [54]. By neglecting 
axial diffusion, the mole balance equation changes from 
elliptic to parabolic type. An analytical solution of the 
respective steady state problem for a homogeneous first-
order reaction was first presented by Lauwerier [55]. He 
obtained steady solutions for the local concentration field in 
a tube with inlet condition c (r, z = 0) = c0 via an orthogo-
nal eigenfunction series expansion of the form

c(r, z) =
∞∑

i=1
Ai · φi(r) · ψi(z)� (2)

Here, ψi(z) is of exponential type while φi(r) are orthogo-
nal eigenfunctions. The associated eigenvalues are deter-
mined from the radial boundary condition at the wall. 
In the absence of a heterogenous reaction, the boundary 

condition at the wall is homogeneous. In this case the 
radial ODE comprises a proper Sturm-Liouville system 
for which there exists an infinite set of real, non-negative 
eigenvalues and a corresponding set of real eigenfunc-
tions. In order to fulfill the axial boundary condition at 
the inlet, the coefficients Ai of the series expansion (2) 
are determined by means of orthogonal properties of the 
eigenfunctions [55]. Wissler & Schlechter [56] obtained 
the first few eigenvalues, expansion coefficients and 
other important constants in the Lauwerier solution using 
numerical procedures. Subramanian et al. [57] found it 
necessary to use up to 45 terms in the series, for the range 
of conversion investigated.

For any changes in the system such as the velocity pro-
file of non-Newtonian fluids [58, 59] and consideration of 
homogeneous and/or heterogeneous chemical reactions, 
one has to develop a new set of eigenvalues, eigenfunc-
tions, and their associated expansion coefficients according 
to these changes. Therefore, there are extensive tabulated 
and/or graphical eigenfunctions, eigenvalues, and their 
associated constants [54, Tab. I]. In addition, the eigenval-
ues and eigenfunctions can usually not be determined ana-
lytically but require a numerical procedure [54, 60–62]. In 
consequence, the solution becomes numerical and for every 
parameter of interest the whole scheme has to be repeated. 
Lawal [59] applied the finite integral transform technique 
to derive analytical solutions for the convective diffusion of 
power-law fluids in parallel plate and tubular reactors with 
single homogeneous and catalytic wall reactions. The num-
ber of terms retained in the series expansion solution was 
varied from 20 to 80. For such large numbers, analytical 
solutions offer little or no advantage over numerical solu-
tions. In the next section, a procedure is presented which is 
free from these difficulties and gives an approximate ana-
lytical solution for the overall conversion which is of fairly 
good accuracy.

2.2.1  Normalization

We normalize the radial and axial coordinates differently 
and define R = r/a and Z = z/L so that 0 ≤ R ≤ 1 and 
0 ≤ Z ≤ 1, respectively. We further define C = c/c0 
where c0 represents the constant inlet concentration at 
Z = 0 so that 0 ≤ C ≤ 1. We normalize time by the chan-
nel space time τs = L/U  and introduce the reduced time 
θ = t/τ s = tU/L. Then Eq. (1) takes the non-dimensional 
form

∂C
∂θ + 2(1 − R2) ∂C

∂Z

= 4λ
P e

[
1
R

∂
∂R

(
R ∂C

∂R

)
+ 1

4λ2
∂2C
∂Z2

]
− 16λ

P e DabC
� (3)



1 3

Page 5 of 24     26 Emission Control Science and Technology (2026) 12:26

where λ = L/d is the length-to-diameter ratio of the 
channel. The parameter Dab = τd/4τb = a2kb/4D is 
a dimensionless reaction constant (a second Damköhler 
number). The factor 4 in the denominator of Dab fol-
lows the definition of Lauwerier [55, Eq. 2.5] and serves 
to simplify subsequent mathematical expressions. The 
dimensionless group Gz = Pe/λ = d2U/LD represents 
the Graetz number for mass transfer. Here, we define 
α = Gz/4 = a2U/LD. The present parameter α is iden-
tical to the transverse Peclet number P  in [26, 63, 64] 
and the modified Peclet number Pe′ in [65]. However, 
the term transverse Peclet number is not used consistently 
in the literature, as in other related references it denotes 
the group aU/D [40, 66]. Since α represents the ratio 
between the time scales of radial (transversal) diffusion 
τd = a2/D and longitudinal advection τs = L/U  (space 
time) we denote it here as normalized transverse diffusion 
time scale. A low Graetz number (respectively α) indi-
cates that concentration profiles are well-developed (dif-
fusion dominates), while high values mean the boundary 
layer is still developing (convection dominates). Values 
of the upper limit αfd for which the exit concentration 
profile in laminar flow through a circular channel can 
be considered fully developed are 0.1063−1 ≈ 9.4 and 
0.1021−1 ≈ 9.8 for kinetic and mass transfer control, 
respectively [66, Table 1]. A more conservative value cor-
responding to αfd = 2.5 is given in [67].

Neglecting axial diffusion, Eq. (3) simplifies to

∂C
∂θ + 2(1 − R2) ∂C

∂Z

= 1
α

1
R

∂
∂R

(
R ∂C

∂R

)
− 4

α DabC
� (4)

In absence of a homogeneous reaction (Dab = 0), solutions 
of Eq.  (4) depend on the single parameter α. Approximate 
analytical solutions of Eq.  (4) for pulse-injection of a non-
reactive passive tracer have been recently used to derive a 
model for the residence time distribution of laminar tubular 
flow in the transitional convection-diffusion regime of disper-
sion [68].

In this work, we are interested in steady solutions of the 
partial differential Eq. (4) only so that C = C(R, Z). In this 
case, Eq. (4) simplifies to

2α(1 − R2)∂C

∂Z
= 1

R

∂

∂R

(
R

∂C

∂R

)
− 4DabC� (5)

The boundary conditions are as follows. The Dirichlet 
boundary condition at the inlet is

C = 1 at Z = 0, 0 ⩽ R ⩽ 1� (6)

The symmetry boundary condition at the axis of the tube is

∂C

∂R
= 0 at R = 0, 0 ⩽ Z ⩽ 1� (7)

The first-order heterogenous reaction at the catalytic wall is 
implemented by means of the boundary condition

∂C

∂R
= −Daw · C at R = 1, Z > 0� (8)

which expresses the condition that the diffusion of the react-
ing species to the wall is equal to its removal by the hetero-
geneous reaction. Here,

Daw = τd

τr,w
= kw,obs · a

D
= kw,int · η · a

D
= η · DaII� (9)

represents the effective Damköhler number for the het-
erogenous reaction. The effectiveness factor η has thus 
been included in the definition of Daw, similar to [66]. In 
Eq. (9), τr,w = a/kw,obs is the time scale of the heteroge-
neous reaction based on the observed (apparent) rate con-
stant kw,obs = η · kw,int, while DaII = akw,int/D is the 
(second) Damköhler number based on the intrinsic hetero-
geneous rate constant (kw,int). In the limits Daw → 0 and 
Daw → ∞ , the Robin type wall boundary condition in 
Eq. (8) becomes of Neumann (uniform flux) and Dirichlet 
type (uniform zero concentration), respectively. It should be 
noted that for Daw ̸= 0 the inlet condition (6) and the wall 
reaction condition (8) are mathematically not compatible 
at Z = 0, R = 1; therefore Eq. (8) applies for Z > 0. As a 
consequence, the radial concentration gradient at the wall is 
zero at Z = 0, but finite at Z > 0.

For the modeling of adsorption processes, kw,obs in 
Eq. (9) could be replaced by the product of the molecular 
velocity of the reacting species in the radial direction fol-
lowing from kinetic gas theory (

√
RgT/2πM  where M  is 

the molar mass of the diffusing gas) with a dimensionless 
parameter representing the fraction of collisions that lead 
to removal of the reacting species from the gas phase. For 
first order or pseudo-first order processes, this parameter is 
composed of a collection of constants including the stick-
ing coefficient, as well as the rate constants for adsorption, 
desorption and surface reaction [69, pg. 771].

2.2.2  Formal Analytical and Early Numerical Solutions

The well-known formal analytical solution to Eqs. (5)–(8) 
for the case Dab = 0 is [70–72]

C(R, Z) =
∞∑

i=1
Ai · φi(R) · exp

(
− λ2

i

2α
Z

)
� (10)
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where λi is the ith eigenvalue. The number of terms needed 
to obtain an accurate solution increase sharply as the inlet 
of the channel is approached (Z → 0) or as convection 
becomes more dominant (α → ∞). In this case, the con-
centration profile can be obtained by Lévêque’s solution, a 
simplified treatment concerned with the thin boundary layer 
that develops near the wall in the entry region. In the other 
limit when the concentration profile is fully developed, 
retaining only one term from the series in Eq. (10) is enough 
(one-term Graetz regime) [72]. Averaging Eq. (10) over the 
channel cross-section, with the velocity profile, yields for 
the axial profile of the mixing-cup concentration the result

Ccup(Z) =
∞∑

i=1
wi · exp

(
− λ2

i

2α
Z

)
� (11)

where the coefficients wi include integration constants and 
eigenfunction derivatives at the wall and fulfill the summa-
tion condition 

∑
wi = 1.

First numerical solutions of Eqs.  (5)–(6) for lami-
nar tube flow with a first order homogeneous reaction 
(Dab > 0, Daw = 0) are presented in [73], and in combi-
nation with heat transfer in [74]. For a first order catalytic 
reaction at the tube wall (Daw > 0, Dab = 0) early numer-
ical solutions of an equivalent form of Eq. (5) obtained by 
different normalization are presented in [75]. Concurrent 
first-order homogeneous and heterogeneous reactions in 
Poiseuille flow, including axial and radial diffusion, were 
investigated by Walker [76]; he obtained an infinite series 
of ordinary differential equations and computed roots of the 
Bessel function numerically.

2.2.3  Regimes

The present dimensional problem is characterized by four 
time scales (τd, τs, τr,b, τr,w). A large time scale means 
that the respective process is slow, while a small time scale 
means that the process is fast. From the four time scales, 
three independent non-dimensional groups (α, Dab, Daw) 
representing time scale ratios have been defined. Solutions 
of the boundary value problem in Eqs. (5)–(8) depend on α, 
Daw and Dab only. For the case Dab = 0 we are left with 
three time scales (τd, τs, τr,w). In the kinetically controlled 
regime, the time scale of transverse diffusion is small as com-
pared to both, the time scale of the heterogeneous reaction 
and the space time (Daw = τd/τr,w ≪ 1, α = τd/τs ≪ 1
). In the kinetic regime, the reaction causes no substantial 
concentration gradient across the pipe outlet. In the Graetz 
regime, the time scale of transverse diffusion is small as 
compared to the space time ( α = τd/τs ≪ 1) and the out-
let concentration profile is fully developed. In the mass 

transfer controlled regime, the time scale of transverse 
diffusion is large as compared to the mean residence time 
( α = τd/τs ≫ 1) while at the same time the time scale of 
transverse diffusion is large as compared to the time scale 
of the heterogeneous reaction ( Daw = τd/τr,w ≫ 1). In 
this limiting case a pronounced concentration boundary 
layer occurs, where the wall concentration is zero while 
the concentration in the pipe center is uniform at inlet 
value (Lévêque regime; α , Daw ≫ 1). Lastly, mass trans-
fer and kinetics are both limiting when the typical times 
scales are similar (α , Daw ≈ 1).  

3  Novel Approximate One-term Conversion 
Model

This section presents the novel approximate solution 
for the non-dimensional reactant mass balance equation 
which is then used to derive a one-term approximation 
for the end-of-pipe (exit) concentration and overall con-
version. By separation of variables, the governing PDE 
is transferred to two ODEs, one describing the depen-
dence on the axial and one on the radial co-ordinate. For 
the solution of the radial ODE, an ansatz is made which 
fulfills the boundary conditions; the eigenvalue follows 
from the condition that the ansatz fulfills the ODE. This 
is in contrast to the Sturm-Liouville approach, where the 
eigenvalues of a set of orthogonal eigenfunctions are 
obtained by matching the solution of the radial ODE with 
the boundary conditions.

3.1  Ansatz for Local Concentration Field

By separation of variables, the partial differential Eq.  (5) 
can be reduced to a pair of ordinary differential equations. 
To this end the solution will be sought in terms of the prod-
uct of two independent functions, one a function of R alone 
and the second a function of Z alone,

C(R, Z) = K · φ(R) · ψ(Z)� (12)

with pre-factor K being independent on R and Z. By ansatz 
(12), the concentration field is represented by one single 
term. This is in contrast to the analytical solution (10), 
where the concentration field is obtained by summation 
over the eigenmodes and coefficients Ai are chosen to ful-
fill the inlet condition Eq. (6). As will be shown below, the 
ansatz in Eq. (12) does not allow the inlet condition accord-
ing to Eq. (6) to be satisfied exactly, but only approximately. 
The validity of the derived one-term expression for the exit 
concentration (and conversion) will thereby be inherently 
limited (to the Graetz regime) as discussed below.
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Substituting Eq. (12) into Eq. (5), multiplying by α/K 
and separating the functions φ(R) and ψ(Z) yields

α
ψ′(Z)
ψ(Z)

= φ′′(R) + φ′(R)/R − 4Dαb · φ(R)
2(1 − R2) · φ(R) � (13)

Here, the prime marks indicate differentiation with 
respect to the independent variable. Each side of Eq. (13) 
must be equal to a common constant which is chosen as 
−2ω  where ω > 0. This yields two ordinary differential 
equations that are coupled via the constant ω (referred 
to as an eigenvalue). The first ODE describing the 
dependence on the axial coordinate is

ψ′(Z) + 2ω

α
ψ(Z) = 0� (14)

Integration of Eq. (14) and setting the integration constant 
to zero so that ψ(Z = 0) = 1 yields

ψ(Z|α) = exp
(

−2ωZ

α

)
� (15)

Substituting Eq. (15) into Eq. (12) gives

C(R, Z|α) = K · φ(R) · exp
(

−2ωZ

α

)
� (16)

where φ(R), ω and K are unknown so far.

3.2  Eigenvalue Equation

The second-order ODE for the radial function φ(R) result-
ing from Eq. (13) is

φ′′(R) + 1
R

φ′(R) + 4
[
ω(1 − R2) − Dab

]
φ(R) = 0� (17)

This equation corresponds to [55, Eq. 2.9] and reduces 
for Dab = 0 to [77, Eq. 3]. Lauwerier [78] presented two 
special solutions and denoted them as Poiseuille func-
tions, in view of their importance in problems connected 
with Poiseuille flow in cylindrical tubes. The ODE in 
Eq. (17) is of confluent hypergeometric type and its gen-
eral solution is the confluent (Kummer’s) hypergeometric 
function.

The boundary conditions for Eq.  (17) following from 
Eq. (7) and Eq. (8) are

φ′(R = 0) = 0� (18)

and

φ′(R = 1) = −Daw · φ(R = 1)� (19)

To solve Eq.  (17) with the latter boundary conditions 
for the case without heterogeneous reaction (Daw = 0), 
Lauwerier [55] made the following ansatz for the radial 
eigenfunctions

φ(R) =
∞∑

k=0

b∗
kR2k� (20)

where b∗
0 = 1. Further coefficients are determined by sub-

stituting the ansatz in Eq.  (20) into Eq.  (17) and collect-
ing terms of power R2k−2. Satisfying the ODE requires 
b∗

1 = − (ω − Dab) while further coefficients can be calcu-
lated from the recurrence relation

b∗
k =

ωb∗
k−2 − (ω − Dab)b∗

k−1
k2 , k ⩾ 2� (21)

In the approach of Lauwerier [55], the boundary condition 
in Eq. (19) gives in combination with Daw = 0 the eigen-
value equation.

∞∑
k=1

k · b∗
k = 0� (22)

from which a set of real and positive eigenvalues ω1, ω2, 
ω3 . . .  can be derived.

In this work, we are interested in tubular flow with het-
erogeneous reaction (Daw > 0). Analytical results for this 
case using an ansatz similar to Eq. (20) have been obtained 
in [79]. In this paper, we combine the above approach of 
Lauwerier [55] for a homogeneous reaction with an ansatz 
used by Nigam et al. [80] for combined first-order homo-
geneous-heterogeneous reactions. By applying the Galerkin 
method in the Laplace transform domain and considering 
the sequence of functions

fk(R|Daw) = 1 − Daw

2k + Daw
R2k, k = 1, 2, 3, . . .� (23)

a closed-form analytical solution of the problem was 
obtained [80]. Each function of the infinite sequence in 
Eq.  (23) satisfies the boundary conditions in Eq.  (18) and 
Eq.  (19), is twice continuously differentiable over the 
domain 0 ≤ R ≤ 1, and any finite set of the functions is 
linearly independent over the domain. Motivated by these 
features, we search in this paper a solution for Eq. (17) of 
the form
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φ(R|Daw) =
∞∑

k=1
bk · fk(R|Daw)

=
∞∑

k=1
bk − Daw

∞∑
k=1

bkR2k

2k+Daw

� (24)

By this ansatz which requires Daw > 0, the boundary con-
ditions in Eq. (18) and Eq. (19) are automatically fulfilled. 
However, it should be noted that the functions fk in Eq. (23) 
do not fulfill Eq.  (17) even in the case Dab = 0, and are 
thus not eigenfunctions of the ODE.

To determine the coefficients bk we substitute the ansatz 
in Eq. (24) back to Eq. (17), which yields

[
ω(1 − R2) − Dab

] ∞∑
k=1

bk

−Daw

∞∑
k=1

bk

2k+Daw

[
k2R2k−2 + (ω − Dab)R2k − ωR2k+2]

= 0
� (25)

Collecting terms of power R2k−2 in Eq. (25) indicates (see 
Supplemental Material) that terms of higher order than R2

can be eliminated by setting

bk = 2k + Daw

k2

(
bk−2ω

2(k − 2) + Daw
− bk−1(ω − Dab)

2(k − 1) + Daw

)
, k ⩾ 3� (26)    

By making use of the recurrence relation in Eq.  (26), 
Eq. (25) simplifies to the form

(
−b1

Daw

2+Daw
+ (ω − Dab)

∞∑
k=1

bk

)
· R0

−
(

b1
(ω−Dab)Daw

2+Daw
+ b2

4Daw

4+Daw
+ ω

∞∑
k=1

bk

)
· R2 = 0

� (27)

At this stage, only b1, b2 and ω are left as free parameters. 
In order to fulfill Eq. (27) we bring it in a form which allows 
eliminating the dependance on R2. This is achieved by 
defining

b2 = −b1

4
4 + Daw

2 + Daw

ω + ω2 + Dab(Dab − 2ω)
ω − Dab

� (28)

Substituting Eq. (28) into Eq. (27) gives
(

Daw
2+Daw

· b1 − (ω − Dab) ·
∞∑

k=1
bk

)

·
(

1 − ω
ω−Dab

R2
)

= 0
� (29)

To satisfy Eq. (29), the expression in the first set of paren-
theses must be zero, which yields the condition

Daw − (2 + Daw)(ω − Dab) ·
∞∑

k=1

bk

b1
= 0� (30)

in combination with ω ̸= Dab. Equation  (30) serves as 
eigenvalue equation from which for each combination of 
Daw and Dab the eigenvalue ω = ω(Daw, Dab) is deter-
mined. By Eq.  (28) and Eq.  (26), the coefficients bk for 
k ≥ 2 are linear proportional to b1. Since it is only the ratio 
bk/b1 that enters into Eq.  (30), the eigenvalue ω  is inde-
pendent on the specific choice for the sole remaining free 
parameter b1. For simplicity we set b1 = 1. The coefficients 
bk(Daw, Dab, ω) for k = 2 · · · 5 are listed in Appendix A, 
see Supplemental Material.

We now use Eq. (30) to replace the first infinite sum on 
the right-hand-side of Eq. (24) so that

φ(R|Daw, Dab, ω)
= Daw

(2+Daw)(ω−Dab) − Daw
∞∑

k=1

bkR2k

2k+Daw

� (31)

In view of Eq.  (16) we now define the nor-
malized function Φ(R) = K · φ(R) and set 
K = 1/φ(R = 0) = (2 + Daw)(ω − Dab)/Daw so that

Φ(R|Daw, Dab, ω)
= 1 − (2 + Daw)(ω − Dab)

∞∑
k=1

bk(Daw,Dab,ω)
2k+Daw

R2k � (32)

and Φ(R = 0) = 1. The functions φ and Φ in Eq.  (31) 
and Eq. (32) are − in combination with ω determined from 
Eq. (30) − solutions of Eq. (17) with boundary conditions 
in Eq. (18) and Eq. (19). However, it should be noted that 
each individual term of the summation series does not rep-
resent a solution of the ODE in Eq. (17). Individual terms 
of the series are therefore not eigenfunctions of the ODE.

3.3  Series truncation

For practical computations, the infinite sums in Eq.  (30) 
and Eq. (32) must be truncated. To this end we replace the 
upper summation limit in both equations by integer param-
eter m ≥ 1. As mth order approximation of the eigenvalue 
Eq. (30) we define

Daw − (2 + Daw)(ωm − Dab)
·

m∑
k=1

bk(Dab, Daw, ωm) = 0 � (33)

Equation (33) yields a polynomial in ωm of order m with 
coefficients depending on Daw and Dab. The eigenvalue 
ωm = ωm(Dab, Daw) for any approximation order is 
chosen as the lowest real root of the polynomial. Figure 1 
compares the first five eigenvalues. For m = 2 and m = 4 
real roots exist only for a limited region of the Daw − Dab 
plane where Dab is sufficiently low, whereas for odd 
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values of m there exists always one real root in the entire 
Daw − Dab plane. For Dab < 0.5 the difference between 
ω3, ω4 and ω5 is small while the difference between ω3 and 
ω5 increases with increase of Dab. In the following, we 
consider odd values of m only. It is ω1 < ω3 < ω5 < · · ·  
with ωm (Daw, Dab) > Dab, see Fig. 2.      

The radial function associated with the approximation 
order m is

Φm(R|Dab, ωm)
= 1 − (2 + Daw)(ωm − Dab)

m∑
k=1

bk(Daw,Dab,ωm)
2k+Daw

R2k � (34)

with the residual of the radial ODE being of order R2m. 
The first three approximations of this function can be rep-
resented as

Φm(R|ω)−1
ω−Dab

= −R2
︸︷︷︸
m=1

+1
4

ω(1 + ω) + Dab(Dab − 2ω)
ω − Dab

R4

︸ ︷︷ ︸
m=2

−
ω(ω + 5) + Dab(Dab − 2ω)

36
R6

︸ ︷︷ ︸
m=3

� (35)

where ω has to be taken as ωm with m equal to 1, 2, or 3, 
respectively. For Dab = 0, we give in Eq. (36) the approxi-
mation for m = 5 which will be used below

Φ5,Dab=0(R|ω)−1
ω = −R2 + 1+ω

4 R4 − ω(5+ω)
36 R6

+ ω(9+14ω+ω2)
576 R8 − ω2(89+30ω+ω2)

14 400 R10 � (36)

The numbers in the denominators on the right-hand-side of 
Eq. (36) correspond to (2!)2, (3!)2, (4!)2 and (5!)2 so that 
good convergence is to be expected.

3.4  Local Concentration Field

From each normalized truncated function Φm given by Eq. (34) 
and the associated truncated eigenvalue ωm determined by 
Eq. (33) we now define the truncated concentration field

Cm(R, Z|α, ωm) = Km · Φm(R|ωm) · exp (−2ωmZ/α)� (37)

representing an approximate solution of Eq. (17) with radial 
boundary conditions in Eq. (18) and Eq. (19). The approxi-
mate concentration field at the inlet (Z = 0) is

Cm(R, Z = 0|α, ωm) = Km · Φm(R|ωm)� (38)

Because ωm(Daw, Dab) > Dab it is evident from Eq. (34) 
that Φm cannot be independent on R. Thus, Cm(R, Z = 0) 
does not fulfill the inlet condition of radially uniform con-
centration as given by Eq. (6).   

To illustrate the local concentration field, we consider the 
case Dab = 0 in combination with Km = 1. Of special rel-
evance are the third and fifth approximation orders. Figure 3 
compares the approximate concentration field C5(R, Z) with 
the numerical solution of the PDE by the computer program 
Mathematica (Cnum) for α = 1, Daw = 0.5, Dab = 0. For 

Fig. 1  Comparison of first five 
eigenvalues. Eigenvalue approxi-
mations ω1 and ω3 are evaluated 
analytically while the other ones 
are evaluated numerically
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R = Z = 0 it is Cnum = C5 = 1 whereas in the rest of the 
channel it is Cnum > C5. At the inlet (Z = 0), the numerical 
concentration is 1 as specified; the concentration C5 is instead 
not radially uniform, as expected. The difference between 
both concentration fields is largest at (Z = 0, R = 1). For 
a fixed radial position, both concentration fields decrease 

with increase of Z. The axial gradient of Cnum at (R = 1, 
Z = 0) is very large. This may be attributed to the incompat-
ibility of the inlet condition and the reactive wall boundary 
condition mentioned above. The differences between C5 and 
Cnum decrease with increase of Z and are very small at the 
outlet. We conclude that C5 is not a good approximation to 

Fig. 3  Comparison of approxi-
mate concentration field 
C5(R, Z) with the numerical 
solution of the PDE by computer 
program Mathematica ( Cnum
) for α = 1, Daw = 0.5, 
Dab = 0

 

Fig. 2  3D plot of eigenval-
ues w3(Daw, Dab) and 
w5(Daw, Dab). The dashed red 
line shows the plane correspond-
ing to ω = Dab for comparison
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the numerical solution for small values of Z but is reason-
ably accurate for large values of Z. In this paper, we are not 
interested in a highly accurate solution of the concentration 
field within the tubular channel but in a reasonably accurate 
approximation of the conversion which is determined by the 
outlet concentration profile.    

3.5  End-of-pipe Concentration

Of greatest practical interest is the mixing-cup concen-
tration of the reactant at any axial position in the tube, 
particularly at the outlet. It is obtained by integrating the 
local concentration in Eq.  (37) over the pipe cross-sec-
tion taking into account the radially varying axial veloc-
ity, i.e.

Cm(Z) = 4
1́

0
Cm(R, Z) · (1 − R2) · dR

= Km · exp
(
− 2ωmZ

α

)
· 4

1ˆ

0

R(1 − R2) · Φm(R|ωm) · dR

︸ ︷︷ ︸
=Φcup,m

� (39)

Inserting Φm from Eq. (34) into Eq. (39) and performing the 
integration yields

Φcup,m(Daw, Dab, ωm) = 1 − 2(ωm − Dab)
·

m∑
k=1

2+Daw
2k+Daw

bk(Daw,Dab,ωm)
(k+1)(k+2)

� (40)

To ensure that the inlet mixing-cup concentration 
−
Cm(Z = 0) is 1 we require Km = 1/Φcup,m. The end-of-
pipe concentration then takes the simple form

Ceop,m(α, ωm) = C̄m(Z = 1) = exp
(

−2ωm

α

)
� (41)

where ωm = ωm(Daw, Dab). In a logarithmic plot of 
Ceop,m versus 1/α, Eq.  (41) is a straight line with slope 
−2ωm/α .  

For a first test of the accuracy of the one-term model in 
Eq. (41), we compare the approximate end-of-pipe concen-
trations Ceop,3 and Ceop,5 for Dab = 0 with that determined 
from the exact (numerical) solution of the PDE system and 
with the one-term approximation of Lopes et al. [40, 41] 
for a first order reaction. In the present notation, the exit 
mixing-cup concentration for laminar flow laminar flow 
through a circular channel of the LRC model [40, Eqs. 11 
and 14] is given by

Ceop,LRC(α, Daw) = w1 · exp

(
− Daw

1 + 2 Daw
Sh∞

2
α

)
� (42)

where Sh∞ = 3.6568 is the external asymptotic Sherwood 
number (based on pipe diameter) in the Dirichlet limit 
Daw → ∞ (zero wall concentration). In Eq. (42), w1 is the 
first Fourier weight [81] which is modelled as

w1 = w1.∞ + 1 − w1.∞

1 + 1−w1.∞
w1.∞

Daw
� (43)

where w1,∞ = 0.8191. The external asymptotic Sherwood 
number depends only on the geometric shape of the flow 
channel and is tabulated for various standard flow geom-
etries [81, 82].

Adopting the graphical representation from [75], we 
plot in Fig.  4 the end-of-pipe concentration versus 1/α 
for six different values of Daw and the first three odd 
approximations orders. Approximation order m = 1 
considerably overestimates the numerical end-of-pipe 
concentration and is not considered further here. For 
Daw = 0.1, the difference between approximation orders 
m = 3 and m = 5 is very small and the agreement with 
the numerical result is very good. For larger values of 
Daw, the difference between approximation orders 
m = 3 and m = 5 is larger. As is to be expected, the dif-
ference between the present model and the numerical 
data is smaller for m = 5 as compared to m = 3 while the 
end-of-pipe concentration of the LRC model is mostly in 
between but close to Ceop,5. A quantitative estimation of 
the error of the present approximation is given below.

3.6  Conversion

By Eq. (41) and with ωm = ωm(Daw, Dab) the conversion 
becomes

Xm(α, Daw, Dab) = 1 − Ceop,m = 1 − exp
(

−2ωm

α

)
� (44)

The present model for the conversion thus requires only 
the approximate eigenvalue ωm but not the function Φm. 
Figures 1 and 2 show that for odd values of m the approxi-
mate eigenvalue ωm increases with m. Therefore, Ceop,m 
decreases with increase of odd m (Fig. 4) while conversion 
Xm increases with increase of odd m. Hence, conversion 
predicted by a lower odd approximation order m is conser-
vative in the sense that overall conversion is underpredicted 
as compared to higher odd approximation order.

The approximation X1 − which is obtained by inserting 
ω1 given in Eq. (B.1) into Eq. (44) − cannot be recommend 
given the large deviations of Ceop,1 from the numerical solu-
tion (cf. Figure 4). The eigenvalue equations for m = 3 and 
m = 5 are given in Appendix B, see Supplemental Material. 
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The eigenvalue ω3 is the root of a cubic equation and can 
be calculated directly, see Eq. (B.3) in the Supplemental 
Material. Determining ω5 as the root of fifth order polyno-
mial (B.7) requires a numerical solution instead. Before we 
quantify the accuracy of both approximations, we first dis-
cuss the limiting behavior of Eq. (44).  

In the limit α → 1 we have Xm → 1 independent on the 
values of Daw and Dab. In the limit Daw → 0 the function φ 
in Eq. (24) becomes independent on R. In this case, the local 
concentration field at any axial position of the tube is radi-
ally uniform. The respective limit of the eigenvalue ωm for 
m = 3, 5, 7, · · ·  is ωm → 2Dab (see Supplemental Material 
Fig. SM-1). The conversion in Eq. (44) then becomes

XDaw→0 = 1 − exp
(

−4Dab

α

)
= 1 − exp (−kbτs)� (45)

where τs = L/U = V/Q is the space time. This result 
agrees with the conversion by a first-order irreversible reac-
tion in an ideal plug flow reactor with uniform velocity and 
no axial mixing.

For most commercially important reactor problems, 
if the temperatures are high enough for the homogeneous 
reaction to proceed rapidly, the heterogeneous reaction is 
of little consequence; conversely, if the temperatures are in 
a range in which the catalytic wall reaction is important, 
the homogeneous reaction does not usually proceed percep-
tively [83]. Here, we are mainly interested in heterogeneous 
reactions and restrict the following analysis to the case with-
out homogeneous reaction (Dab = 0).

Figure  5 compares − for the case Dab = 0 − the con-
version predicted by present model X5 (color lines) with 
numerically computed conversion (symbols) for a wide 
parameter range covering five orders of magnitude in α 
and four orders of magnitude in Daw. While deviations are 
small provided α ≤ 1 or Daw ≤ 0.1, they increase with 
increase of either parameter. For α ≥ 10 and Daw ≥ 1 the 
deviation becomes very large resulting in a large relative 
error of X5 as discussed below. Figure 5 also compares the 
limiting behavior of the present model with known lim-
its of the exact analytical solution [44, Sect. 3.4] where 
P = α/4 and ϕ 2

s = Daw/2. In the limit Daw → 0 we 
have ωm → Daw (see Fig. SM-2 in Supplemental Mate-
rial) so that Eq.  (44) yields Xm → 1 − exp(−2Daw/α) 
for m = 3, 5, 7, · · · . For α ≪ 1, the latter expression can 
be approximated as Xm,0 = 2Daw/α in agreement with 
the exact analytical limit of the kinetic regime [44, Eq. 35]. 
In the Dirichlet limit Daw → ∞ we have ωm → 1.828 
for large odd m (see Fig. SM-3 in Supplemental Material) 
so that Xm,∞ → 1 − exp(−3.656/α) in this limit, where 
the numerical value in the exponent is one half of the first 
eigenvalue λ2

1,∞ = 7.313 in the Dirichlet limit (see e.g. [72, 
Eq. 6b]). Figure 5 shows that Xm,∞ notably underestimates 
the numerical conversion when both Daw and α are large and 
strongly deviates from the analytical limit for the mass trans-
fer controlled regime where X = 2.563/α2/3 [44, Eq. 34b].

To quantify the error of the present conversion model, we 
plot in Fig. 6 the relative error ϵm = (Xnum − Xm)/Xnum 
in comparison to the numerical conversion (Xnum) as 

Fig. 4  Normalized end-of-
pipe concentration in absence 
of a homogeneous reaction 
( Dab = 0) versus 1/α  for six 
different values of the heterog-
enous Damköhler number Daw 
(distinguished by color). Symbols 
(dots) represent numerical results 
by computer program Mathemat-
ica. Thick lines represent end-of-
pipe concentration predicted by 
the present analytical model for 
different approximation orders 
(long-dashed lines m = 1, short-
dashed lines m = 3, solid lines 
m = 5). Thin long-dashed lines 
represent the LRC model [40] 
given by Eqs. (42) and (43)
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function of α for m = 3, 5, 7 and three different values 
of Daw. For each value of Daw, the error decreases with 
increase of m and decrease of α. While ϵ3 is unacceptably 
large unless α ≪ 1, the error ϵ5 is much smaller and only 
slightly larger than ϵ7. From the analysis of the error ϵ5 for 
other values of Daw not shown in Fig. 6, an upper limit for 
α is derived as

α ⩽ Min
(

10, Max
(

1,
1 + Daw

2Daw

))
� (46)

so that ϵ5 ≤ 1% while ϵ3 ≤ 6%. For Daw ≪ 1, the upper 
limit of Eq. (46) is comparable to the value αfd ≈ 2.5 − 10 
cited in Sect. 2.2.1, whereas for Daw > 0.25 it is lower. In 
conclusion, the approximation X5 is in reasonably good 

Fig. 6  Relative error 
ϵm = (Xnum − Xm) /Xnum 
for m = 3 (●), m = 5 (▼) 
m = 7 and (▲) as function 
of α for Daw = 0.1, 1, 10 for 
Dab = 0. The orange lines 
indicate an error of 1%. The 
green line at the plot bottom of 
the diagram represents the limit 
according to Eq. (46), such that 
ϵ5 ≤ 1 % holds

 

Fig. 5  Conversion versus α  for 
Dab = 0. Solid lines show X5 
for five different values of Daw
. Open symbols show numeri-
cal results for the five values 
of Daw and selected values 
of α . Dashed lines show the 
limit of Xm for large values 
of m; short-dashed lines refer 
to the kinetically controlled 
regime ( Daw ≪ 1) where 
Xm,0 = 2Daw/α ; the dark-red 
long-dashed line refers to the 
Dirichlet limit ( Daw → ∞ )
. The black solid line in the 
upper right corner represents 
the analytical limit for the 
mass transfer controlled regime 
( α , Daw ≫ 1) [44]
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agreement with the numerical conversion when the crite-
rion in Eq. (46) is respected, despite the deviations in the 
local concentration field (cf. Figure 3). While the accuracy 
of X5 is notably higher, X3 may nevertheless be advanta-
geous for a quick conservative determination of conver-
sion and light-off curves under parameter variations. For 
values of α larger than the upper limit in Eq. (46), the one-
term representation of the ansatz in Eq. (12) is inappropri-
ate and many eigenmodes are needed to accurately predict 
conversion [44].

Figure  7 shows a 3D plot of the present conversion 
model X5 as function of the two parameters α and Daw

, both varied over three orders of magnitude from 0.01 to 
10. A high conversion of almost 100% is obtained only in 
the region where Daw = τd/τr,w is sufficiently high while 
α = τd/τs is sufficiently small. At large α, the time scale 
of radial diffusion τd = a2/D is large as compared to the 
time scale of longitudinal convection τs = L/U  (the space 
time). This means that during the passage of the gas stream 
through the tubular reactor, diffusion has insufficient time 
to transport reactive matter from the high-velocity region 
in the tube center to the wall. As a consequence, conver-
sion is low regardless of the value of Daw. The catalytic 
monolith is then operated under mass transfer limited con-
ditions, i.e., the reactant species have insufficient time to 
diffuse to the wall and react before leaving the reactor. In 
the case of complete external mass transfer limitation, the 
concentration of the reactant at the channel wall is essen-
tially zero. On the other hand, when α is small, the conver-
sion can be low because the reaction is kinetically limited. 
In this case the time scale of the heterogeneous reaction 
τr,w = a/kw,obs is large as compared to the time scale of 
radial diffusion τd = a2/D so that the Damköhler number 
Daw = τd/τr,w is low.

3.7  Estimation of the Rate Constant

The present one-term conversion model can be used to 
determine from given experimental values of conversion 
Xexp and normalized transversal diffusion time scale αexp 
the corresponding value of the apparent rate constant kw,obs

. The procedure is as follows. With Xm ≈ Xexp we obtain 
from Eq. (44) the relation

ωm(αexp, Xexp) = −αexp

2
· ln(1 − Xexp)� (47)

For the case Dab = 0, one can derive from the truncated 
eigenvalue Eq. (33) for any value of m a relation of the form 
Daw = Daw(ωm); the corresponding relations for m = 3 
and m = 5 are given in the Appendix B in Eq. (B.6) and Eq. 
(B.9), see Supplemental Material. Taking into account that 
the argument in Daw(ωm) can be expressed by Eq. (47), and 
incorporating the definition of Daw in Eq. (9), we obtain

kw,obs (αexp, Xexp) = ηexp · kw,int(αexp, Xexp)
= D

α · Daw (ωm (αexp, Xexp)) � (48)

4  Application to Ammonia SCR

In this section, the model developed in the previous section 
is applied to the selective catalytic reduction of NO. The 
present conversion model assumes steady state operation. 
This assumption is valid for stationary power plants [84] 
but not for automotive SCR. Only when the car is driving 
at constant speed, is the converter close to steady state [10]. 

Fig. 7  3D plot of conversion by 
present model X5 as function 
of the normalized transversal 
diffusion time scale α  and the 
heterogeneous Damköhler num-
ber Daw  
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The principal atmospheric pollutants present in automobile 
exhaust gas are carbon monoxide, a large variety of hydro-
carbon species and nitrogen oxides (NOx). In the urea-SCR 
process [85], the NOx species (predominantly NO and NO2) 
are reduced by injection of NH3 to N2 over a heterogeneous 
catalyst in the presence of O2. The SCR reaction can be rep-
resented by six diffusion and reaction steps: (1) the NO and 
NH3 reagents diffuse to the catalytic wall; (2) the reagents 
diffuse into the intraparticle surface of the catalyst via pore 
diffusion; (3) the reagents are adsorbed onto the catalytic 
surface; (4) the chemical reaction occurs on the catalytic 
surface; (5) the reaction product is desorbed from the intra-
particle surface; and (6) the reaction product diffuses from 
the catalytic surface to the main flue gas stream [48]. The 
rate of the reaction is thus controlled by external and inter-
nal diffusion as well as chemical kinetic limitations.

In the previous section, physical properties of the gas 
are assumed constant as the present model is developed for 
isothermal conditions at a given temperature. The operat-
ing temperature of an SCR monolith may vary from less 
than 450 K (177 °C) at the cold start to more than 900 K 
(627 °C) at full load [86]. In this Section, we apply the con-
version model X5 for different values of the temperature. 
The reaction constants and the diffusion coefficient entering 
into the present model depend strongly on temperature. If 
we specify relationships for kw,obs(T ) and D(T ) and use 
the present model to estimate conversion at the channel out-
let at various temperatures, we obtain a plot of conversion 
over temperature, commonly referred to as a light-off curve 
[87]. These curves allow comparison of different samples of 
catalysts under the same reaction conditions.

4.1  Kinetics and Diffusion Coefficient

A number of literature studies reported the mechanism of 
SCR reaction and it was shown that the SCR process can 
essentially proceed via three different pathways, depending 
on the ratio of NO and NO2 in the feed [88]. Here we restrict 
our study to the most dominant reaction process

4NH3 + 4NO + O2 → 4N2 + 6H2O� (49)

This reaction path, known as standard SCR, takes place 
when NO is the only NOx species. For stoichiometric 
reaction, one mole of ammonia is required for each mole 
of NO. An important parameter for the SCR efficiency 
in technical applications is therefore the inlet NH3/NO 
molar ratio.

Several studies assume Eley-Rideal kinetics for the SCR 
[23, 48, 89, 90]. That is, NH3 molecules are selectively 
adsorbed onto the catalytic surface and gaseous or weakly 

adsorbed NOx molecules react with the strongly adsorbed 
NH3 molecules. The reaction rate of NO is then expressed as

ṡNO = kNO,obs · CNO · KNH3CNH3

1 + KNH3CNH3︸ ︷︷ ︸
θNH3

� (50)

where θNH3  is the fractional surface coverage of ammonia 
adsorbed on the active sites of the catalyst and KNH3  is the 
(temperature dependent) adsorption constant of NH3 gas. 
The value of kNO,obs in Eq. (50) represents the overall rate 
constant for steps 2 to 5 as discussed above. Therefore, it is 
a combined effect of intrinsic chemical kinetic and intrapar-
ticle (pore) diffusion in the monolithic catalyst.

For NH3/NO inlet molar ratios (β) of less than 1, increas-
ing the ammonia injection quantity leads to better SCR per-
formance, while for β ≥ 1 the NH3 concentration has almost 
no effect on the NO removal [89, 91, 92]. In this case, NO 
is the limiting reactant and the rate of the SCR reaction is 
first order with respect to NO and zero order with respect to 
NH3 [39, 93, 94]. Already for a NH3/NO feed ratio β = 1
, the fractional surface coverage of adsorbed ammonia is 
close to unity [48, Table 3]. While the cited studies refer to 
vanadium-based catalysts, kinetic studies on Fe- and Cu-
zeolite SCR catalysts also report an overall rate law that is 
approximately first-order in NO and zero-order in NH3 for 
the standard SCR reaction under conditions where NH3 cov-
erage is high and nearly saturated [95–97]. Here we assume 
that active sites of the catalyst are completely covered by 
NH3 (θNH3 = 1).

For the intrinsic rate constant kNO,int, we assume the 
familiar Arrhenius dependence on temperature so that 
Eq. (50) takes with θNH3 = 1 and kNO,obs = η(T )· kNO,int 
the form

ṡNO = η(T ) · ANO · exp
(

−ENO

RgT

)
· CNO� (51)

Here, ANO is the pre-exponential factor, ENO the catalytic 
activation energy, Rg the gas constant and T  the absolute 
temperature. According to Eq. (51), NO reduction is inde-
pendent of NH3 concentration.

The temperature-dependence of the diffusion coefficient 
of gases is commonly described by a power law with expo-
nent q between 1.5 and 2. Following Fuller et al. [98], we 
here use q = 1.75 and model the temperature-dependance 
of D as [9, 10]

D(T )
D(T0)

=
(

T

T0

)1.75
� (52)



1 3

   26   Page 16 of 24 Emission Control Science and Technology (2026) 12:26

where D(T0) denotes the diffusion coefficient at tem-
perature T0. The diffusion is approximated as binary 
NO in N2 [39]. The binary diffusivity at standard tem-
perature (T0 = 273.15 K and pressure 1 atm) is taken as 
DNO−N2 (T0) = 1.809 × 10−5 m2/s [99, Table 3]. With 
Eq. (51) and Eq. (52), the Damköhler number for the het-
erogeneous reaction defined in Eq. (9) becomes

DaNO(T ) = a · ANO

DNO-N2(T0)
· η(T ) ·

(
T0

T

)1.75

· exp
(

−ENO

RgT

)
� (53)

exhibiting a rather complicated dependence on temperature. 
Due to the dependence of the diffusion coefficient on tem-
perature, the normalized transversal diffusion time scale α is 
a function of temperature as well, see below.

4.2  Comparison with experimental data from 
literature

The experimental data of Buzanowski & Yang [39] and 
Beeckman & Hegedus [89] were chosen for comparison. For 
these studies, which both use V2O5-TiO2 catalysts, rate con-
stants with dimension m/s as required by the present model 
are reported. This is not the case for other catalyst materials. 
Both studies employ ceramic honeycomb monoliths with 
square shaped channels. The one-term conversion model 
presented in Sect. 3 is developed for circular channels. To 
apply the model to square channels, we use the theory of 
shape normalization for catalytic monoliths developed by 
Balakotaiah and coworkers [43, 44]. In this approach, the 
transport and reaction equations are rewritten so that differ-
ent channel cross-sections, like square, triangular, circular, 
or more complex shapes, can be compared using the same 
dimensionless framework. Geometry is incorporated via 
shape-normalized length scales based on the surface area 
and perimeter at the fluid-washcoat interface; as a result, 
conversion behavior becomes nearly universal across dif-
ferent geometries, provided these scales are applied. If two 
monolith channels have different shapes but the same shape-
normalized parameters, their mass-transfer and conversion 
trends are therefore very similar. According to the theory of 
shape normalization, the present model for a circular chan-
nel can be applied to a square channel provided the effective 
transverse diffusion length (RΩ in [44]) is identical. For a 
circular channel it is RΩ = a/2, while for a square channel 
it is RΩ = w/4. In this Section, we therefore apply the pres-
ent model with a = w/2.

The present model requires the mean velocity U  as input 
parameter which is often not reported for catalytic mono-
liths. Instead, operational conditions of monolith convert-
ers are usually specified by the gas hourly space velocity 
GHSVref at a reference temperature (Tref) and reference 

pressure (here 1 atm). The GHSV is defined as the exhaust 
gas flow rate divided by the volume of the monolith. With 
the single channel model and assuming ideal gas behavior to 
account for thermal expansion it follows

GHSV(T ) = GHSVref · T

Tref
= OFA · U(T )

L
� (54)

Here, OFA denotes the open frontal area of the monolith 
(ratio between the monolith’s free cross-section and the 
overall cross-section). OFA values of monoliths depend on 
the number of cells per square inch (CPSI) and the wall 
thickness; typical values are in the range 0.6 − 0.9 [50, 
Fig. 6]. By Eq.  (54), the GHSV is inversely proportional 
to space time τs(T ) = L/U(T ), which represents the mean 
residence time of molecules in the gas stream at a given 
temperature. The temperature dependence of the normal-
ized transversal diffusion time scale is then given by

α(T ) = a2

D(T )
· U(T )

L
= a2

D(T )
· T

Tref
· GHSVref/3600

OFA � (55)

where the GHSVref is given in h−1.

4.2.1  Buzanowski and Yang

Buzanowski & Yang [39] presented theoretical and experi-
mental results for the selective catalytic reduction of NO by 
NH3 in a monolithic honeycomb reactor under power plant 
conditions. The authors derived a simple one-term exponen-
tial model that expresses the overall NO conversion as func-
tion of space velocity and other parameters (mass transfer 
coefficient, Thiele modulus, effective diffusivity in the pores 
of the washcoat) [39, Eq. 16]. The experiments were con-
ducted in a monolith with 31 cells/cm2 corresponding to 200 
CPSI and an open frontal are of 0.578. Here we consider 
data of [39], Table III where the overall conversion of NO 
over 3.45 wt% V2O5/TiO2 catalyst is given for three differ-
ent values of the temperature (100, 200, 300 °C) for five dif-
ferent values of the GHSVRT (5000, 10000, 15000, 20000, 
30000  h− 1) based on room temperature (Tref = 20◦ C). 
The NH3/NO feed ratio is 1. In [39], the effectiveness fac-
tor is only given for GHSVRT = 10000 h−1; it decreases 
from 0.867 to 0.456 when the temperature increases from 
100 °C to 300 °C. Here, this temperature dependence is fit-
ted as η(T ) = 2.866 · exp(−0.003213 · T/K) and adopted 
for all values of the GHSV. The size of the square channels 
(w = 1.4 mm) corresponds by the theory of shape normal-
ization to a = 0.7 mm. The paper [39] does not explicitly 
state the monolith length though is enters in their conversion 
model. In the present model, it is only the ratio U/L that 
enters into the normalized transversal diffusion time scale 
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which can be computed from GHSVref using Eq. (55). For 
α, taking Eq. (52) into account, we obtain the proportional-
ity α ∝ GHSVRT · T −0.75 from Eq. (55). This dependence 
is reflected by the dashed curves in Fig. 8, which decrease 
with T  and increase with GHSVRT. We remark that an 
increase of α shifts the process to mass transfer limited 
operation. However, since all α values in Fig. 8 are much 
lower than 1 this should not be an issue here.

For computing the Damköhler number as function of tem-
perature by Eq. (53), the pre-exponential factor ANO and the 
activation energy ENO are required. Both kinetic parameters 
are estimated from the experimental data [39] by the proce-
dure outlined in Sect. 3.7. To this end, for each temperature 
and GHSVRT the value of kw,int is computed using Eq. (48) 
in combination with Daw(ω5) given in Eq. (B.9) of the Sup-
plemental Material. The data obtained in this way are rep-
resented by symbols in Fig. 9, showing a plot of ln(kw,int) 
versus the inverse absolute temperature. All symbols fall 
almost on one straight line which indicates the validity of the 
Arrhenius law. A linear least-squares fit over all data yields 
ANO = 23.52 m/s (intercept) and ENO = 30.88 kJ/mol 
(slope), while a fit where the supposed outlier at 300 °C and 
GHSVRT = 5000 h−1 is excluded gives ANO = 33.1 m/s 
and ENO = 32.01 kJ/mol. The latter values are some-
what larger than those given by Bai & Chu [48] for the 
3.45w% catalyst of Buzanowski & Yang [39], which are 
ANO = 10.06 m/s and ENO = 26.63 kJ/mol. It should 
be noted that in the case when η = 1 is assumed so that 

kw,int = kw,obs, the data do not fall on a straight line and 
thus cannot be fitted by the Arrhenius law over the entire 
temperature range (see Fig. SM-5 in Supplemental Material). 
This indicates, that the present method for estimating kw,int 
from experimental conversion data can be used to identify if 
mass transfer limitations in the washcoat may exist or not.

Figure  8 displays the temperature dependence of the 
Damköhler number computed by Eq. (53) for the two sets 
of kinetic parameters. From 100  °C to 300  °C (the mea-
surement range in [39]), the Damköhler number with kinetic 
data from BC increases from about 0.04 to 0.4, while the 
curve with present fitted kinetic data result in somewhat 
lower values. With values of α and Daw both below 0.4, 
the operating conditions correspond to the lower left quarter 
of the 3D conversion plot in Fig. 7, and are well within the 
valid range of the present conversion model X5 (cf. Fig-
ure 6 and criterion in Eq. (46)).

Figure 10 compares the predictions by the present model 
X5 (lines) with the measured conversion (open symbols) 
and model predictions (×) from Buzanowski & Yang [39]. To 
illustrate the effect of the uncertainty of kinetic parameters 
on the light-off curve, results of the present model are shown 
for ANO = 23.52 m/s and ENO = 30.88 kJ/mol (solid 
lines) and for ANO = 33.1 m/s and ENO = 32.01 kJ/mol 
(dashed lines). The light-off curves of the present model 
show the characteristic sigmoidal shape. The light-off 
temperature, which is defined by the temperature at which 
the conversion is 0.5, shifts with increase of GHSVRT to 

Fig. 8  Normalized transversal 
diffusion time scale α  for dif-
ferent values of the GHSVRT 
(colored short-dashed lines) 
and Damköhler number Daw 
(black solid and black long-
dashed lines) versus temperature 
for experimental conditions of 
Buzanowski & Yang [39]. The 
Damköhler numbers are com-
puted with ANO = 10.06 m/s 
and ENO = 26.63 kJ/mol (BC 
[48]) and ANO = 23.52 m/s and 
ENO = 30.88 kJ/mol (present), 
respectively
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higher temperature. This can be attributed to the increase 
of α with GHSVRT (Fig. 8) which goes along with reduced 
conversion (Fig. 7). The agreement of the present model 
with the experimental conversion data − across the entire 
temperature range and for all GHSVRT values − can be 
classified as good to satisfactory. For the two lowest val-
ues of GHSVRT, the differences in conversion predicted 

by the present model with the two sets of kinetic param-
eters is very small. However, the differences increase 
with the increase of GHSVRT. The reason for this could 
be that the effectiveness factor is a function not only of 
temperature, but also of GHSVRT. While for T = 200◦ C 
the set with larger values of ANO and ENO gives a better 
agreement with the measurements, the opposite is true for 

Fig. 10  NO conversion as 
function of temperature for five 
different values of the GHSVRT. 
Comparison of present model X5 
(lines) with experimental data 
(open symbols) and model pre-
dictions (×) from Buzanowski & 
Yang [39], Table III. Solid lines 
correspond to kinetic parameters 
ANO=23.52 m/s, and ENO=32.01 
kJ/mol obtained by a fit with the 
outlier excluded

 

Fig. 9  Logarithm of intrinsic rate 
constant (symbols) estimated 
from experimental data of Buza-
nowski & Yang [39] versus recip-
rocal monolith temperature. Solid 
line: linear least-square fit to all 
data; dashed line: similar but with 
indicated outlier excluded
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T = 300◦ C. Overall, a reasonably good agreement over 
wide ranges of temperature and GHSVRT is obtained with 
fixed kinetic parameters; this highlights the reliability and 
predictive capabilities of the proposed model.    

4.2.2  Beeckman and Hegedus

Beeckman & Hegedus (BH) [89] performed experiments with 
a monolith of length L = 15 cm, open frontal area OFA = 0.6 
and square channels of cell size w = 6 mm. Applying shape 
normalization once again, we choose for a half the side-
length of the square channel, such that a = w/2 = 3 mm. 
The authors considered two different catalysts. In this paper, 
conversion data for GHSVSTP = 8600 h−1 at standard 
temperature and pressure (Tref = 0◦ C, 1 atm) for catalyst 
A are used for comparison. Figure 11 shows the correspond-
ing normalized transversal diffusion time scale computed 
from Eq. (55) as function of temperature. An increase of T  
from 200 °C to 500 °C goes along with a decrease of α from 
1.3 to 0.9. Over this temperature range, the mean velocity 
U  increases from about 1 m/s to 1.7 m/s, while the kine-
matic viscosity of nitrogen increases from 3.4 · 10−5 m2/s 
to 7.8 · 10−5 m2/s. Accordingly, the Reynolds number is 
estimated to decrease from 184 to 130.

To compute the Damköhler number, we need data for ANO 
and ENO. Beeckman & Hegedus [89] proposed a 1D lumped 
parameter model for the SCR process. They used a mass trans-
fer coefficient to represent the flow characteristics and the 

chemical kinetics in the SCR system. Their model accounted 
for external diffusion in the gas phase and intrapore diffu-
sional phenomena. The authors determined kinetic parameters 
by fitting their model to measured data and obtained for the 
pre-exponential factor ANO = 86.4 m/s and for the activa-
tion energy ENO = 79.5 kJ/mol. Later, Bai & Chwu (BC) 
[48, Table 2], determined by comparison of numerical results 
obtained by 2D finite difference solution of the governing 
equations in a square channel the values ANO = 35.2 m/s and 
ENO = 33.4 kJ/mol for the catalyst A of BH [89]. Applying 
the procedure outlined in Sect. 3.7 for the data of BH yields 
Fig. 12; as can be seen, the three data point for kw,obs can well 
be fitted by a straight line. This suggests that one may assume 
η = 1 for this experiment so that kw,int = kw,obs. In this way, 
we obtain ANO = 83.3 m/s and ENO = 39.04 kJ/mol for 
this catalyst. The curves for Daw resulting from the latter val-
ues and those of BC are shown in Fig. 11. The kinetic data of 
BH give unreasonably low values for Daw below 0.01 and 
are disregarded. For the kinetic data of BC, the Damköhler 
increases over the temperature range 200–500 °C from about 
0.45 to 5.2, and for the present fit from 0.26 to 5.2. The values 
of α  and Daw in Fig. 11 can be related to the 3D conversion 
plot over both parameters in Fig. 7. Accordingly, the experi-
mental conditions [89] correspond to α ≈ 1 where conver-
sion depends strongly on Daw. With α ≈ 1 and Daw ≈ 4 at 
T = 400◦ C, the operation of the catalytic monolith is likely 
to be close to the mass transfer limited regime which is not 
surprising given the large cell size.

Fig. 11  Normalized transversal 
diffusion time scale α  (red 
dashed line) and heterogenous 
Damköhler number Daw (black 
lines) versus temperature for 
experimental conditions of 
Beeckman & Hegedus [89] at 
GHSVSTP = 8600 h−1. Curves 
for Daw correspond to kinetic 
parameters of Bai & Chwu [48] 
(long-dashed) and present fit 
(solid)
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Figure 13 compares the measured NO conversion [89] with 
the present conversion model X5 for two sets of kinetic param-
eters. The set of BC overestimates the experimental conver-
sion, with the overestimation decreasing as the temperature 

increases. Good agreement with the experimental conversion 
is achieved using the kinetic parameters determined through 
the present fitting procedure; however, given the narrow con-
version range of 70–85%, this is of limited significance.

Fig. 13  NO conversion as func-
tion of temperature. Symbols rep-
resent experimental data [89] and 
lines present model X5, Long-
dashed line: kinetic data from Bai 
& Chwu [48], solid line: present 
kinetic data determined from 
Fig. 12

 

Fig. 12  Rate constant (symbols) 
estimated from experimental data 
[48] versus reciprocal monolith 
temperature. Solid line: linear fit
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5  Conclusions

In this paper, the classical problem of convective-diffusion 
with reaction in laminar (Poiseuille) flow through a circu-
lar tube is revisited. The analysis is restricted to the steady-
state, isothermal case involving irreversible first-order 
reactions in the gas-phase and at the wall, with negligible 
axial diffusion. From the normalized reactant mass bal-
ance equation, a novel approximate solution for the local 
concentration field in form of an infinite series is derived 
which automatically fulfills the boundary condition at the 
catalytic wall but violates the condition of uniform inlet 
concentration. Flow-weighted integration of the truncated 
series yields a novel one-term exponential model for exit 
concentration and overall conversion in terms of three non-
dimensional groups: the normalized transversal diffusion 
time scale (α), and the Damköhler numbers of the heteroge-
neous (Daw > 0) and homogeneous (Dab ≥ 0) reactions. 
The computational effort of the model is minimal, as only 
the root of a polynomial of the Damköhler numbers needs to 
be determined. The accuracy of the model is tested against 
the numerical solution of the PDE for the case of a heteroge-
neous reaction (Dab = 0), and the validity of the model is 
found to be restricted to the Graetz regime with fully devel-
oped concentration field corresponding to α ≤ 1.

In conjunction with the Arrhenius law and the relation-
ships describing the temperature dependence of the diffusion 
coefficient and the effectiveness factor, the proposed model 
enables the determination of observed/intrinsic rate con-
stants from experimental conversion data − as demonstrated 
by the example of the heterogeneous selective catalytic 
reduction of NO. The model also enables the instant assess-
ment of the sensitivity of the light-off curve of a monolith 
reactor to parameter variations, e.g., by use of Mathematica 
program (see Wolfram CDF file in Supplemental Material). 
As thus, it provides a platform for a fundamental under-
standing of the interaction between structural parameters of 
the monolith (cell size, OFA) with operational parameters 
(GHSV) and kinetic parameters (pre-exponential factor, 
activation energy) under varying temperature. The model 
may therefore be useful to support the design of monolith 
converters or kinetic optimization studies. It should be men-
tioned, however, that in reality, the first-order reaction law 
used here and other simplifying assumptions such as iso-
thermal conditions only occur in limited cases.
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