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1. Introduction

For forecasts to be useful for decision making, they must align statistically with what actually
materializes. Such forecasts are said to be calibrated. For example, if a binary event is predicted to
occur with a certain probability, then it should manifest with this probability. Similarly, prediction
intervals should contain the outcome with the desired coverage level, and full predictive distri-
butions should yield calibrated prediction intervals. We focus here on probabilistic forecasts for
real-valued outcomes, where the goal is to issue predictive distributions that are as informative as
possible subject to being calibrated [1].

Forecasting is typically performed out-of-sample, with predictions issued for future outcomes
that have not yet been observed. Ideally, a forecasting procedure would issue calibrated predic-
tions for out-of-sample outcomes by construction, possibly under some weak assumptions on the
data-generating process. However, designing a forecasting procedure with such out-of-sample
calibration guarantees is generally infeasible [2]. Alternatively, conformal prediction has recently
become popular in the machine learning literature since it goes one step in this direction by issuing
a set of probabilistic predictions (i.e. a credal set) that is guaranteed to contain an out-of-sample
calibrated prediction, under the assumption of exchangeable data [3-6]. If the size of the credal
set is small, then any forecast within the set should be approximately calibrated. If the size of the
credal set is large, then it suggests there is large epistemic uncertainty in the forecast [7,8].

When issuing probabilistic forecasts for real-valued outcomes, the credal sets are generally re-
ferred to as predictive systems. While they have received less attention in the literature than confor-
mal prediction methods for classification and regression tasks, conformal predictive systems con-
tain considerably more information; they directly provide prediction intervals with out-of-sample
coverage guarantees at any coverage level, for example [5].

The classical conformal prediction framework is based on conformity measures (or non-
conformity scores), which measure how well possible covariate-observation pairs conform with
previously observed data. Allen et al. [9] demonstrate that this approach essentially corresponds
to a particular example of a more general framework that constructs credal sets with out-of-sample
calibration guarantees using forecasting procedures that are calibrated in-sample. Van der Laan
& Alaa [10] show a similar result in the context of point forecasting. An obvious question is what
other forecasting procedures are calibrated in-sample. In this work, we analyse a simple forecast-
ing procedure that is commonly employed in practice. The approach fits a regression model to
some training data and uses this to obtain a point forecast for the new outcome. This point forecast
is then dressed with the residuals in a training dataset to obtain a (discrete) forecast distribution.
The resulting forecast distributions satisfy a popular notion of forecast calibration in-sample, and
we therefore demonstrate how it can be used to obtain predictive systems that are guaranteed to
contain a calibrated out-of-sample predictive distribution. We refer to these as residual distribution
predictive systems (RDPSs).

Like classical conformal predictive systems, RDPSs yield credal sets that are guaranteed to
contain an out-of-sample calibrated prediction, under the assumption of exchangeability. They
therefore similarly provide a means to perform reliable machine learning, with potential utility
in a range of application domains. In fact, since conformal predictive systems are typically con-
structed using conformity measures based on regression residuals, we can show that the two ap-
proaches actually coincide in the split conformal setting [11], offering an alternative perspective
on the original conformal predictive system framework.

In the full conformal setting, the two approaches differ. In this case, conformal predictive sys-
tems require that the conformity measure satisfies a fairly strict monotonicity condition [5], which
severely restricts the regression methods that can be employed to construct them. However, a bet-
ter regression model generally yields a credal set that contains sharper predictive distributions. By
contrast, the calibration guarantees of RDPSs hold for any regression models. This facilitates the
construction of predictive systems using any regression method, without the need to check that
the monotonicity condition is satisfied. Put differently, one could argue that conformal predictive
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systems are not agnostic to the regression model used to construct them, which is often posited as
a reason for their popularity for classification and regression tasks, whereas the calibration prop-
erties of RDPSs are.

However, in practice, some regression methods can yield RDPSs with excessively large thick-
ness, whereas the thickness of conformal predictive systems is determined only by the sample
size. Here, the thickness of a predictive system refers to an appropriate measure of the size of the
credal set (definition 3). In applications to simulated data, we find that the two approaches yield
predictive systems with similar predictive ability, though there is additional scope to apply the
RDPS with more flexible regression models

The following section defines predictive systems and notions of calibration, and gives the con-
struction result for predictive systems with out-of-sample calibration guarantees. The classical
conformal predictive systems are introduced in §3, and the RDPSs that we study are introduced
in §4. Some simulation results are provided in §5, before we conclude in §6. Code to reproduce the
simulation results is available at: http:/ /github.com/sallen12/RDPS_rep.

2. Predictive systems

Suppose our goal is to predict an outcome Y, ; € R using a training dataset (x;,y,), ..., (¥,,¥,) €
X X R and a new covariate x,,,; € X. A prediction for Y, is typically obtained using state-of-the-
art statistical and machine learning models, which take the training data and the new covariate as
inputs, and output a prediction for the unknown outcome. In the following, we assume that the
predictions are probability distributions on R, given as cumulative distribution functions. We refer
to such a model as a forecasting procedure. The training data can be represented via the empirical
distribution of (x,,y,), ..., (x,,¥,), denoted by P, = (1/n) Y S,y Where &) is the Dirac mea-
sure at a point (x, ) € X X R. We denote the forecasting procedure corresponding to the training
data P, and covariate x € X as the function G," : R — [0,1]. In practice, the forecasting proce-
dure is evaluated at x = x,.,, to get a prediction for Y,_,. Throughout, we use lower and upper
cases to denote deterministic and random elements, respectively, and we denote the underlying
probability measure by P.

Ideally, the forecasting procedure should issue a forecast for Y, ,; that is calibrated in the sense
that the forecast is statistically compatible with the corresponding outcome. There are several dif-
ferent ways to define forecast calibration, though it is most common in practice to assess proba-
bilistic calibration, which corresponds to the prediction intervals derived from the predictive dis-
tributions achieving the correct marginal coverage [1,12,13]. Following Allen et al. [9], we define
probabilistic calibration as follows.

Definition 1. A (random) forecast distribution G is probabilistically calibrated for Y € R if
P(GY)<a)<a <P(G(Y-)<a) foralla €(0,1), (2.1)

where G(y—) = lim,

2ty G(2).

If the forecast distribution is continuous, probabilistic calibration implies that the forecast prob-
ability integral transform G(Y) follows a standard uniform distribution. Stronger notions of cal-
ibration have also been proposed, which generally correspond to equation (2.1) conditioned on
more information [14-16], though probabilistic calibration remains a useful notion that can be
leveraged in decision-making contexts to achieve asymptotically efficient decisions [2, §7.7]. We
can similarly define the calibration of a forecasting procedure. In this case, it is important to dis-
tinguish between in-sample and out-of-sample calibration.

Definition 2. Let (X;,Y,),...,(X,,Y,) € X X R be a random sample with empirical distribution
P, =(1/m) X, éx. v, A forecasting procedure G is in-sample probabilistically calibrated if G is a
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probabilistically calibrated forecast for Y; under P, forall i = 1, ..., n. That is,

@’n(G";'_‘(Yi) <a)<a< ﬂa’n(Gi’v’ (Y;—) <a) foralla € (0,1) almost surely.

Analogously, a forecasting procedure G could be defined as out-of-sample calibrated if, given
a random covariate X, G”;’:l+1 is a probabilistically calibrated forecast for Y, ,; under P. Since
most forecasting tasks are out-of-sample, we generally desire forecasts that are out-of-sample cal-
ibrated. However, deriving a forecasting procedure that is guaranteed to issue out-of-sample cal-
ibrated forecasts is generally not possible [2]. Instead, conformal prediction has become popular
since it provides a framework for obtaining credal sets that are guaranteed to contain an out-of-
sample calibrated forecast, under the assumption of exchangeability. When dealing with proba-
bilistic forecasts for real-valued outcomes, these credal sets are typically referred to as conformal
predictive systems. We define a predictive system as follows.

Definition 3. A predictive system is a set I1 C R x [0, 1] of the form
= {7 eRx[0,1] I,y <z <IL(},

where the lower and upper bounds I1,, 11, : R — [0, 1] are increasing functions satisfying IT,(y) <
II,(y) forally € R, and

lim I,(y) =0 and  limI,(y) = 1.
y—=—co Lind
The thickness of the predictive system IT is defined as
th(IT) = inf{e > 0 | I, (y) — I1,(y) < ¢ for all but finitely many y € R}.

A predictive system is therefore composed of lower and upper bounds I1, and I1,, which can
be interpreted as two stochastically ordered (possibly defective) distribution functions, with the
region between the two bounds defining a set of probabilistic forecasts. A predictive distribution
is said to be contained in a predictive system II if it lies between the system’s lower and upper
bounds, I1, and IT,,. Conformal predictive systems are constructed such that they are guaranteed
to contain an out-of-sample probabilistically calibrated forecast distribution for Y, ;. In practice,
this guarantee is only useful if the difference between the bounds (the thickness) is not too large.

An obvious question is if and how we can construct predictive systems that are guaranteed to
contain an out-of-sample calibrated forecast distribution. Allen et al. [9] describe how they can be
obtained via a general framework that leverages in-sample calibrated forecasting procedures. In
particular, given a procedure G, training data (x;,1,), ..., (x,,y,) and covariate x,,,, a predictive
system can be defined by the bounds

0,0 =il Gl and T )= sup G, yeRr, 22
where P, ,, (') is used to denote the empirical distribution of (x;,y,), ..., (X, ¥,), (X1, "), the train-
ing data along with the new covariate x,,,; and an assumed value y’ € R of the new outcome. These
bounds essentially correspond to the pointwise lowest and highest values that the predictive dis-
tribution can attain when the forecasting procedure is trained using the training data augmented
by the new pair (x,.,,y'), for all possible i/'. If a large amount of training data is available, then
this additional training data point will typically have less influence on the learned predictive dis-
tribution, resulting in a predictive system whose lower and upper bounds are close together (and
vice versa).

Allen et al. [9, theorem 1] demonstrate that if the forecasting procedure G is in-sample cali-
brated, then the predictive system IT generated by G is guaranteed to contain an out-of-sample
calibrated forecast for Y, ;.
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Theorem 2.1 (see [9]). Let (X1,Y1), ..., (X, 11, Y,i1) € & X R be exchangeable with empirical distribu-
tion P, = (1/n) Y 8, If G is an in-sample probabilistically calibrated forecasting procedure, then the
predictive system defined by the bounds at equation (2.2) satisfies

P(I, () <a)<a<P(n uX+(Yn+1—)<a> forall a € (0,1). 2.3)

Remark 1. Equation (2.3) in theorem 2.1 continues to hold almost surely when we replace the
probability measure P with the (random) empirical distribution P,,, ;. This statement is stronger
and can be used to test the assumption of exchangeability [2, §8].

In a split conformal setting (see below), the classical conformal prediction framework corre-
sponds to the bounds at equation (2.2) with a particular choice of forecasting procedure G, pro-
vided in the following section. Alternatively, Allen et al. [9] used equation (2.2) to introduce pre-
dictive systems with stronger out-of-sample calibration guarantees based on binning prediction
methods and isotonic distributional regression [17]. A further in-sample calibrated forecasting
procedure is given in [9, example 1] but not studied in detail. This procedure is the main focus of
this paper (§4).

Remark 2 (split conformal prediction). In practice, calculating the lower and upper bounds of the
predictive system at equation (2.2) can be prohibitively computationally expensive, since this may
require refitting the forecasting procedure for every possible new outcome i’ € R. Instead, if suf-
ficient data are available, a more efficient approach is to divide the training data (x;,v,), ..., (x,,,y,,)
into an estimation set (xq,1,), ..., (X, Yy) and a calibration set (Xy,1, Ynz1)s --- » X Yy), for N < n, and
to estimate some parameters of the forecasting procedure on the estimation set. It then often be-
comes clear for which i’ the bounds of the predictive system at equation (2.2) are attained, and
they can be obtained easily using the calibration data. In this case, the model parameters would
not need to be relearned for every possible i’ € R, substantially simplifying the calculation of the
predictive system. This approach is often referred to as a split conformal framework, in contrast to
the full conformal framework previously described [11]. The results of theorem 2.1 hold in both the
split and conformal settings [9], and, unless specified otherwise, we adopt the notation of the full
conformal setting throughout.

3. Conformal predictive systems

Vovk et al. [5] initially defined conformal predictive systems using conformity measures. A con-
formity measure is a real-valued function A that quantifies how much a prospective covariate-
outcome pair conforms with the training data. The conformity measure is often of the form

AP, (¢, y) =y — T 3.1)

for (x,y) € X xR, where f, € R is a prediction for y computed from x and the training data
(x1,Y1), ..., (x,,,y,). The prediction could be obtained using ordinary least squares (LS) regression,
for example, or more flexible alternatives. A predictive system corresponding to A is defined by
the bounds

W=

HA®, 1), @, ¥) < AR, 1), XY}, (3.2)

f Xn+1

u "n+1 (y) 1 (1 + Z 1 {A(Pn+1(y) (X,, yz)) < A(Pn+1(y) (xn+l’y))}> (33)

We refer to these in the following as conformal predictive systems.
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Conformal prediction sets for regression and classification aim to provide a set that contains the
future outcome with a certain probability. This is different from the conformal predictive systems
that we discuss here, where the goal is to specify the whole distribution of the future outcome.
Accordingly, the typical conformity measure used for conformal predictive systems specified at
equation (3.1) is different from the typical conformity measure used for conformal prediction sets,
where the absolute value |y — 7, is often used.

In the full conformal setting, it is sufficient to define the conformity measure A([ﬁ’”, (x,1)) only
at pairs (x,y) that are in the support of P, (see equations (3.2) and (3.3)). However, calculating
the lower and upper bounds of the predictive system is generally computationally expensive and
often practically infeasible; for example, for a conformity measure of the form of equation (3.1), it
requires fitting a regression model to (xy,v;), ..., (x,,,¥,), (X,.,1, y) for all possible values of y € R. In
the split conformal setting, P, (y) in equations (3.2) and (3.3) is replaced with Py, the empirical
distribution of the data in the estimation set, (x;,y;), ..., (xy, Yy)- Since this does not depend on y,
the lower and upper bounds of the prediction system are generally much easier to calculate. In
this case, the conformal predictive system can also be expressed as the predictive system generated
using the bounds at equation (2.2) with the forecasting procedure

n

Gl = — Y AP 5y < APy (), (3.4)

i=N+1

where P, is the empirical distribution of the estimation data; this empirical distribution P, does
not change when P, is replaced with P, (y) in equation (2.2). This representation is useful to study
the connection with the RDPSs introduced in §4.

The forecasting procedure at equation (3.4) outputs valid predictive distributions when
A(Py, (x,,1, 1)) is increasing in y. In this case, the forecasting procedure is in-sample probabilisti-
cally calibrated. Hence, conformal predictive systems are guaranteed to contain an out-of-sample
probabilistically calibrated forecast distribution in the split conformal framework. This is also true
in the full conformal framework, but only when a stronger constraint on the conformity measure
A is satisfied. Importantly, for certain choices of A, the lower and upper bounds at equations (3.2)
and (3.3) may not be increasing functions of y, which violates the definition of a predictive system
as a set of predictive distribution functions. The following lemma provides a sufficient condition
on the conformity measure A to ensure that the bounds are increasing functions of y [2].

Lemma 3.1. Suppose that, for any (x;,y,), ..., (x,,y,) € X X Rand any x,; € X, the function

Yy AP @), (@1, 1) — AP, W), (. 1) (3.5)

Py
HXni1

is increasing, foralli =1, ... ,n. Then, when Hﬁ’; " and I1 are defined using equations (3.2) and (3.3),

the functions y o Wy andy — e (y) are increasing.

(R Xyt

The requirement at equation (3.5) is referred to as the monotonicity condition. If this is satisfied,
then the indicator H{A(ﬂﬁ’ﬂ A, (L, y)) < A(Uﬁ’,,l+1(y), (%,41-¥))} is an increasing function of y, and
hence the lower and upper bounds of the predictive system at equations (3.2) and (3.3) must also
be increasing in y. The thickness of the resulting predictive system is typically at most 1/(n + 1).
Indeed, suppose that for all i = 1, ..., 1, the function at equation (3.5) has at most one zero. Then,
taking the difference between the expressions at equations (3.3) and (3.2), and noticing that the
sums of indicators can differ for at most n different values of y, we obtain the claim.

Remark 3. The monotonicity condition is most relevant in the full conformal setting. In the
split conformal framework, the first argument of the conformity measure is fixed at P,. Hence,
for conformity measures of the form of equation (3.1), the parameters of the regression model
would be obtained from the estimation dataset, in which case equation (3.5) simplifies to y —
Y=Yp1 — i+ 5 (with §;, =9, for i=1,...,n+1). The latter three terms are independent of y,
so this is trivially an increasing function of y. Any conformity measure in this form therefore
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immediately yields valid predictive distributions and predictive systems in the split conformal
setting. The same is not true in the full conformal setting, as elucidated by the following example.

Example 1 (LS prediction machine (LSPM)). Consider the conformity measure at equation (3.1)
where {, is the LS prediction for y, trained using (x;,1,), ..., (x,.¥,) and evaluated at x. Vovk
et al. [5] term the corresponding predictive system the LSPM. However, according to Vovk et al.
[5, proposition 6], this conformity measure does not always satisfy the monotonicity condition
at equation (3.5). Instead, it is common to replace equation (3.1) with the studentized conformity
measure

Y=, ’
NI

where h(x,y) is the leverage of (x,y) in the regression fit. It is not restrictive to assume that this
leverage term exists, since the conformal predictive systems in the full conformal setting only
require evaluating the conformity measure at a covariate-outcome pair that is in the support of
the first argument of A. In the split conformal setting, this studentized conformity measure cannot
be used, since the conformity measure must be evaluated at pairs (x, y) that are not in the support.
However, from remark 3, the standard non-normalized conformity measure at equation (3.1) can
be employed in this case without issue. The studentized conformity measure at equation (3.6)
satisfies the monotonicity condition, unlike its non-normalized counterpart at equation (3.1), and
using this within equations (3.2) and (3.3) yields the studentized LSPM of [5] see also [2, §7.3].
Similar results hold for kernel regression [18].

AP, (x,y) 1= (3.6)

The studentization of the LSPM is reminiscent of a strategy to localize conformal predictive
systems [19,20]. The conformity measure at equation (3.1) is often adapted to use a standardized
residual, where the residual is divided by an estimate of the uncertainty in the prediction that is
similarly obtained from P,. In doing so, the conformity measure can generally better adapt to re-
gions of the outcome space where the performance of the prediction is less reliable. More generally,
we could apply any strictly increasing transformation f, to the residuals, A, (x,y)) = f.(y — 11,),
where fx is obtained from [ﬁ’n and x. However, in general, there is still no guarantee that these local
and transformed conformity measures satisfy the monotonicity condition at equation (3.5), and
details would therefore have to be worked out for specific cases. In the next section, we introduce
predictive systems that coincide with conformal predictive systems in the split conformal setting,
and that are more intuitive in the full conformal setting since they naturally avoid the monotonic-
ity condition.

4. Residual distribution predictive systems
(@) Definition

Theorem 2.1 holds for any in-sample calibrated forecasting procedure. An open question is what
forecasting procedures are in-sample calibrated. We study the following approach.

Definition 4. Let fJ; € R denote a point-prediction for y;, based on x; and the training data P, for
i=1,...,n, and denote by ¢; = y; — fJ; the corresponding residuals. Let {, € R similarly denote a
point-prediction for a new outcome, obtained from P, and a covariate x € X. The residual distribu-
tion forecasting procedure is defined as

~ 1 n N R
Gy (y) = EZﬂ{yx+ei§y}, yER. (4.1)
i=1

The RDPS is the predictive system IT generated by this forecasting procedure using the bounds
defined at equation (2.2).
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The forecasting procedure at equation (4.1) fits a regression model to the training data and cal-
culates the in-sample residuals. It then takes an out-of-sample prediction for the new outcome, and
dresses this prediction using the training residuals to obtain a discrete predictive distribution. If
the regression model yields inaccurate forecasts, then the residuals will generally be large, leading
to a highly dispersed distribution, whereas more accurate forecasts will lead to more concentrated
predictive distributions. An illustration of this using simulated data is provided in figure 1.

Just as residuals can be replaced with standardized residuals to obtain a locally adaptive con-
formity measure, the RDPS can similarly be defined using standardized residuals. More generally,
we can again apply any strictly increasing transformation to the residuals.

Definition 5. Let {;; € R denote a prediction for y;, and let f; : R — R be a strictly increasing func-
tion, based on x; and the training data P,, for i = 1, ..., n. Denote by ¢, = y; — ; the corresponding
residuals. Let {7, € R similarly denote a point-prediction for a new outcome, and let f iR - Rbe
a strictly increasing function, both obtained from P, and a covariate x € X. The generalized residual
distribution forecasting procedure is defined as

n

, 1 a1
Gf"(y):EZ]]{]/X+fx1(fi(ei))§y}, yER. 4.2)

i=1

The predictive system generated by equation (4.2) is referred to as the generalized RDPS.

This generalized RDPS similarly calculates the in-sample residuals of a regression model, but
transforms them according to the functions f; before dressing the new prediction .. The mo-
tivation behind this approach is that different residuals in the training dataset can be rescaled
depending on their relevance to the new prediction. The functions f; therefore help to incorpo-
rate context-dependent information into the predictive distribution and, in turn, the predictive
system.

Example 2. Let fi(t) = t/8,, where &; > 0 is a measure of uncertainty in the prediction ,, for t €
R and i=1,...,n. Let §, be a prediction for a new outcome, based on the covariate x, and let
fu(t) =t/8,, where &, > 0 is similarly a measure of uncertainty in §,. The generalized RDPS at
equation (4.2) becomes

Q)l D

: 1w, f. 6.
Gf“(y)=;21]{yx+ eiSy}, yEeR.

i=1

This corresponds to an approach whereby the residuals are standardized by a measure of uncer-
tainty in the prediction, before being added to the new prediction f,.

Allen et al. [9, example 3] demonstrate that the forecasting procedure at equation (4.1) is in-
sample probabilistically calibrated, and this extends easily to the generalized forecasting proce-
dure at equation (4.2). The resulting RDPS is therefore guaranteed to contain an out-of-sample
calibrated forecast distribution for Y, ,; (under the assumption of exchangeability). Hence, this ap-
proach shares the same calibration properties as the classical conformal predictive systems. The
RDPS has the advantage that it generates valid predictive distributions and predictive systems
for any choice of the regression method; it does not require that the fairly stringent monotonicity
condition at equation (3.5) is satisfied, for example. This facilitates the introduction of predictive
systems with out-of-sample calibration guarantees using any regression procedure. However, for
some choices of the regression method in the full conformal setting, the thickness of the RDPS will
be excessively high, in which case the predictive systems are not particularly useful in practice.
By contrast, conformal predictive systems typically have a thickness of at most 1/(n + 1).
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Figure 1. Left: 100 samples from the nonlinear simulation data in §5, along with the point forecasts obtained from ordinary LS
regression and kernel ridge regression (KRR). Centre: a histogram of the corresponding residuals. Right: the resulting predictive

distributions GE: " (solid) and RDPS bounds Hg’;{ 1 andl’I‘ﬂ:;”("+1 (dotted) at x,,; = 2.5. LS prediction yields less accurate

n+
forecasts for the nonlinear data than KRR, resulting in higher residuals and a more dispersed predictive distribution. However,
the RDPS thickness is larger for KRR since the model is more flexible and therefore more difficult to estimate.

(b) Comparison with conformal predictive systems

Consider first the split conformal setting. In this case, the following theorem demonstrates that
RDPSs are actually equivalent to conformal predictive systems with a conformity measure of the
form of equation (3.1) when both are constructed using the same regression model. This equiv-
alence holds more generally for the generalized RDPS and the conformal predictive systems de-
fined using the transformed residuals.

Theorem 4.1. Suppose that, for any x € X, we have a prediction {j, € R and a strictly increasing function
f. i R = R based on Py. Define a conformity measure by APy, (x,y)) = f.(y — 11,). Then, in the split
conformal setting, the conformal predictive system defined using this conformity measure is equivalent to
the generalized RDPS defined by equation (4.2).

Proof. Denote f;, = fx,-/ §i=7,and ¢, =y; -, fori=N+1,...,n+ 1. In the split conformal setting,
the forecasting procedure at equation (4.2) becomes

n

2 LR}/ +fn_:1(,/2‘i(éi)) <y}, vER

i=N+1

p”
Gxn+1 (y )

n—N

n

1 7 N 2 N
=N 2 W= <fn =9l yeER.

i=N+1

This is exactly the forecasting procedure at equation (3.4) with APy, (x,)) = f.(y — #,). Since both
the residual distribution and conformity measure predictive systems correspond to the bounds at
equation (2.2) defined using the same forecasting procedure, the predictive systems themselves
must also be equivalent. [ ]

Theorem 4.1 holds for any regression method used to obtain the predictions, and any choice of
the strictly increasing functions. The forecasting procedure underlying the RDPS at equation (3.4)
is obtained when f, is the identity function for all x € X, while the standardized RDPS in example 2
is recovered using the functions f,(t) = /6, for t € R.

One immediate corollary of theorem 4.1 is that the thickness of the RDPS in the split conformal
framework is equal to 1/(n — N + 1), where the denominator is simply the size of the calibration
dataset plus one. This thickness is constant and does not depend on y, in contrast to the full con-
formal framework, where the thickness of the RDPS varies with y (§5). Hence, while the conformal
predictive systems and RDPSs are equivalent in the split conformal setting, they differ when a full
conformal framework is adopted. One benefit of the RDPS is that they do not require that any
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Figure2. Lowerand upperbounds of the LSPM, RDPS and the deleted RDPS (remark 4) ata given.,,, ; for the linear simulation
datain §5. Both RDPS models are obtained using ordinary LS regression. The black line is the true conditional distribution of the
outcome at this covariate value.

monotonicity condition be satisfied, as in equation (3.5). In principle, this allows the approach to
be implemented with any regression method.

However, for some regression methods, the bounds at equation (2.2) will be too wide to be
informative. We can make the following approximation to find a sufficient criterion for informative
bounds. Let § denote the prediction for y; when the regression method is trained using P @),
for y’ € R. The superscript prime in §! is used to clarify that this is a function of y'. Then,

umwﬁw%ﬁ@

P <Zﬂ{yn+1 91{5y}+ﬂ{%+1+yl_%+lSy})

er 1

(ZH%r??Sy—yi}+ﬂ{y’£y}>
1
(Z mf(y il 9§)Sy—yi}+1>-

yeRn

Similarly,

e )= inf G P ) 2 — Z ﬂ{sup(y,m H<y-y)

Hence, for the RDPS to have reasonable thickness, we want that the regression method is such
that inf, @, n -7 and supy,ek@; e ) are bounded. For example, when using quantile re-
gression to determine j/, we have the property that the regression line (or the regression hy-
perplane more generally for p-dimensional covariates) passes through at least p data points if
it is unique. When v’ is extreme, it is highly unlikely that the regression hyperplane would pass
through (x,,,1, ), so the difference §/ ,, — §! is robust to outlying values of y'. This ensures informa-
tive predictive bounds. By contrast, for ordinary LS regression or kernel regression, the difference
., — ¥; is typically linear in i/, so the bounds will typically be uninformative unless the range of
y; is bounded. This is illustrated in figure 2.

Remark 4 (deleted RDPS). One approach to obtain robust regression methods for this purpose is
to simply identify and remove outliers from the augmented training data. This shares similarities
with the deleted LSPM proposed by Vovk et al. [5], though here we cannot simply remove the
pair (x,,,1,) since theorem 2.1 requires that the parameter estimation procedure is permutation
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invariant. Instead, one could fit the regression model to the training data, and then remove the
covariate-outcome pairs that yield large (absolute) residuals. The regression model can then be
refitted to the remaining training data. This increases the computational cost but circumvents the
sensitivity of the RDPS to outlying values. This approach is implemented in §5 when calculating
the residuals using LS regression and KRR. Several other approaches exist to construct robust
regression models [21], and they could similarly be employed.

(c) Computation

Consider now the computation of the RDPS. The bounds at equation (2.2) correspond to the infi-
mum and supremum of the predictive distributions obtained for all possible iy € R. In practice,
these could be calculated by discretizing the real line, refitting the forecasting procedure for all
y' on this discretized line, and then taking the pointwise minimum and maximum of the result-
ing predictive distributions. However, this approach is generally prohibitively computationally
expensive, and the results may also depend on how the real line is discretized, particularly in the
limits. Moreover, in practice, it is often not necessary to consider every possible value of y'.
For the standard RDPS, we have that

Py (v 1 SEPY y /
Gt W = g |2 W T sy + 1 sy (43)

In the split conformal setting, the predictions §/ , and #! do not depend on ¥/, so the lower
and upper bounds can be calculated by setting 1{y’ <y} to zero and one, respectively. Similarly,
in the full conformal setting, if § ., —#: is an increasing function of y/, for all i = 1,...,n, then
equation (4.3) is a decreasing function of y'. In this case, the lower and upper bounds of the pre-
dictive system can be computed efficiently using just two fits of the forecasting procedure: the
infimum is obtained as ¥’ — +oc0 and the supremum as i’ — —oco. Some examples where this is
(and is not) satisfied are given in appendix A.

Even if §/ ., — 1§ is not increasing in y’, it may still be possible to efficiently implement the
RDPS. This is possible, for example, when the predictions are linear functions of the observations
in the training data. Some examples where this is the case include LS regression, kernel regression,
smoothing splines, k-nearest neighbours and binning procedures. Vovk et al. [5] and Vovk et al. [18]
use this to derive efficient algorithms to calculate the LSPM and its kernel regression counterpart,
the KRR prediction machine (KRRPM). Details to calculate the RDPS in this case are described in
appendix A. Alternatively, other estimation methods could be leveraged to obtain more efficient
implementations of the RDPS. We provide an example below for quantile regression; details for
other methods would have to be similarly worked out.

Example 3 (Quantile regression). A robust alternative to ordinary LS regression is median re-
gression (more generally, quantile regression) [22]. Shen et al. [23] recently proposed an itera-
tive algorithm for parameter estimation in online quantile regression. We modify this slightly
to obtain an approach that allows for efficient estimation of the RDPS bounds when the predic-
tions are obtained using quantile regression. First, we randomize the order of the training pairs
Y1), e s (X Yy (K41, and et (x;), ;) denote the ith pair in the randomized sequence, for
i=1,...,n+1. Following Shen et al. [23], an initial parameter estimate f, is then iteratively up-
dated using sub-gradient descent, with

— T —
ﬂ(tJrl) - ﬂ(t) ~ N1 (T =1 {y(t+1) > ﬁ(t)x(t+1)}> x(t+1)’ t=0,... ,n,

wheren,, ..., n,,, > 0 are step-size parameters, and = € (0, 1) is the quantile level of interest. We as-

sume that the parameters f; and 5, ..., #,,; donot depend on . We then take the final predictions

as ;= p! . x;, fori=1,...,n+ 1. All predictions are therefore derived from the final parameter
i = Pyt
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in the algorithm, §,,;). Assume that (x,.;,¥") = (X, ¥5), i-e. (X1, ') is the jth training pair in the
randomized sequence for j € {1,...,n + 1}. Then, the parameter f,,,,, and hence the predictions
7, only depend on ' via the indicator 1{y’ > ﬂJ_l)xn 11}~ Hence, over all possible y' € R, /, a9
takes on only two possible values, meaning the infimum and supremum of the forecasting pro-
cedure at equation (4.3) can be obtained from just two runs of the iterative parameter estimation,
which is anyway quick to implement. This can be extended further to run the iterative algorithm
multiple times and to average the resulting parameter estimates. While the RDPS is guaranteed
to contain a calibrated probabilistic prediction for Y, ,; for any regression model, better parameter
estimates will result in more informative predictive systems.

5. Simulation examples

We compare the performance of the RDPS and conformal predictive systems when applied to two
simple simulated datasets. The first case assumes that there is a linear relationship between the
covariates and the outcome variable: X; ~ N'(0,1),and Y; ~ N'(X;, 1) fori =1, ...,n + 1. The second
case assumes that there is a nonlinear relationship between X; and Y, and that the conditional
variance of the outcome is a function of the covariate: X; ~ uniform(0, 10) and Y; = 2X; + 5sin(X;) +
n;, where n; ~ N'(0, (x;/5)?). In both cases, (X;, Y}), ..., (X,41> Y,s1) are independent and identically
distributed. A sample from the nonlinear simulated data is shown in figure 1.

In each case, we set n = 100, and draw realizations of (X;,Y?), ..., (X1, Y,41)- We fit a con-
formal predictive system and an RDPS to the training data and X,,,,, and assess the predictive
system in its ability to predict Y, ;. This is repeated 1000 times. The predictive systems are com-
pared via the (conservative) prediction intervals derived from them. We evaluate the 1 — a-level
prediction intervals for 1 — @ ranging from 0.5 to 0.95. The central 1 — a-level prediction inter-
val is obtained from the predictive system using the a/2-quantile of I, and the 1 — a/2-quantile
of IT,. While these bounds may be defective distribution functions, these quantiles exist in all
cases here. Since the predictive systems contain a probabilistically calibrated predictive distribu-
tion out-of-sample, the resulting prediction intervals contain Y, ; with probability greater than
or equal to 1 — a. The prediction intervals are then assessed with respect to their unconditional
coverage, average width and average interval score; the interval score is a popular proper scor-
ing rule to compare prediction intervals, and a lower score is desired [24]. While prediction
intervals are often only compared with respect to unconditional coverage and average width,
Allen et al. [25] have demonstrated that such comparisons can be misleading, which is why we
additionally include a comparison with respect to the interval score.

Since conformal predictive systems and the RDPS are equivalent in the split conformal setting,
we restrict attention to the full conformal setting. Conformal predictive systems with a confor-
mity measure of the form of equation (3.6) have been proposed using ordinary LS regression [5]
and KRR [18]. For comparison, we therefore implement these two regression models within the
RDPS. Following Vovk et al. [18], we employ KRR using the Laplacian (exponential) kernel, with
the regularization parameter estimated using cross-validation on an independent sample of the
simulated data. We use the deleted versions of the RDPS, as discussed in remark 4.

While the conformal predictive systems have a fixed thickness of 1/(1 + 1), the thickness of the
RDPS changes as a function of the covariate. Large covariates typically lead to larger thicknesses,
aligning with the idea that the thickness provides a measure of epistemic forecast uncertainty. The
distribution of the thickness of the RDPS over the 1000 repetitions is shown in figure 3. Since KRR
is more flexible than ordinary LS, it typically results in a larger thickness. This is especially true in
the nonlinear case.

The coverage, width and interval score of the four predictive systems are shown in figure 4
for the linear case. The unconditional coverage of the prediction intervals is approximately equal
to the desired coverage level in all cases. Owing to the larger thickness of the RDPS with KRR,
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Figure 3. Histograms of the thickness of the RDPS with LS and KRR, in the linear and nonlinear simulation studies.
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Figure 4. Coverage, average width and average interval score of prediction intervals obtained from the three predictive sys-
tems, shown as a function of the level of the prediction interval. Results are shown for the linear simulated data.

this approach yields slightly wider, more conservative prediction intervals when the level 1 — « is
close to 0.5. Nonetheless, the width and coverage of all intervals are very similar for the four meth-
ods, and they therefore all result in similar interval scores. The more parsimonious LS approaches
slightly outperform their KRR counterparts, but there is very little to distinguish the RDPS from
the classical conformal predictive systems.

The analogous results are shown for the nonlinear case in figure 5. The conservativeness of
the KRR RDPS intervals is even more prevalent in the nonlinear case, owing again to its increased
thickness. The KRR intervals are nonetheless generally shorter than those obtained using LS (with
either type of predictive system). This is because the LS predictions do not capture the nonlinearity
in the data (figure 1), leading to highly dispersed predictive distributions, and thus wide predic-
tion intervals. As a result, there is a clear difference between the interval scores assigned to the
prediction intervals obtained from LS regression and KRR. Nonetheless, for both choices of re-
gression model, the results are again similar for conformal predictive systems and the RDPS, with
conformal predictive systems offering a slight advantage at most prediction levels except for lev-
els larger than about 0.92, where RDPS (KRR) is the best performing method. We believe that the
most promising direction to achieve better performance for all levels with RDPS (KRR) would be
to refine the methodology introduced in remark 4.

While we restrict attention to LS and KRR, since these facilitate a comparison with the LSPM
and KRRPM in the classical conformal prediction framework, the RDPS could also be imple-
mented with more flexible regression models. This offers a distinct advantage over conformal
predictive systems that only allow for regression models satisfying the monotonicity condition at
equation (3.5).
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Figure 5. Asinfigure 4 but for the nonlinear simulated data.

6. Conclusions

Conformal prediction provides a means to obtain prediction sets with out-of-sample calibration
guarantees. It has recently been shown that conformal predictive systems can be interpreted as one
example of a more general framework to construct out-of-sample calibrated predictive systems
(i.e. sets of probabilistic forecasts for real-valued outcomes). Alternative approaches have there-
fore been proposed that similarly construct predictive systems that are guaranteed to contain a
calibrated forecast distribution out-of-sample, possibly satisfying a stronger notion of calibration.
In this work, we rigorously analyse RDPSs, which are predictive systems obtained via a simple
forecasting procedure based on a point-valued regression method and the empirical distribution
of their residuals in the training data.

We demonstrate that this approach coincides with conformal predictive systems in the split
conformal setting, facilitating a better understanding of classical conformal prediction. This equiv-
alence holds for the typical conformity measures used in practice, based on (transformed) resid-
uals of regression methods. The two approaches differ in the full conformal setting, where the
validity of conformal predictive systems depends on the conformity measure satisfying a rela-
tively stringent monotonicity condition. By contrast, the new approach can be directly applied
with any method, facilitating the design of predictive systems based on more powerful forecast-
ing methods, such as random forests and neural networks. However, while this approach can be
applied alongside any regression method, we find that the thickness of the resulting predictive
system can be prohibitively large in practice. This can be circumvented by using robust regression
methods.

Moreover, the thickness of the RDPSs will generally change depending on the model choice
and covariate information. By contrast, the thickness of conformal predictive systems is typically
fixed at 1/(n + 1). It is often suggested that the size of the predictive system provides a measure of
epistemic forecast uncertainty, and since the thickness of conformal predictive systems does not
depend on the covariate information, it suggests that this measure of epistemic uncertainty only
accounts for the epistemic uncertainty induced by the sample size. Further work is still needed to
assess estimates of this second-order forecast uncertainty.

Finally, conformal predictive systems as well as RDPSs satisfy a fairly weak notion of forecast
calibration. While this notion is still useful in practice, other more complex methods have been
proposed that generate predictive systems with stronger out-of-sample calibration guarantees.
However, these methods typically require large amounts of data, whereas the two approaches
discussed herein are more parsimonious, rendering them easy to implement even for small sam-
ple sizes. It is in these low data regimes that the RDPS is most beneficial; when data are rich, a
split conformal approach can be applied, in which case the novel approach is generally equiva-
lent to conformal predictive systems. The RDPS could therefore be useful in applications where
forecasts are issued on relatively long time scales, such as in climate and seasonal weather fore-
casting, for which it takes time to accumulate observations; when forecasting a new phenomenon
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for which limited data are available, such as the number of infections or fatalities from a new dis-
ease; or when predicting the characteristics of extreme events, such as the magnitude of an earth-
quake. A natural extension of this work would be to investigate the utility of the RDPS in such
applications.

Overall, conformal predictive systems remain a valid choice in standard settings, especially
when monotonic conformity measures are applicable. RDPSs, on the other hand, offer a more
flexible framework that accommodates a broader range of regression techniques, making it par-
ticularly suited to scenarios involving complex or non-standard data structures. Future research
could therefore further explore the integration of other regression techniques into this framework.
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Appendix A. Computation

In this appendix, we provide examples of regression models where the prediction difference 9; R
y: is an increasing function of /, for all i = 1, ..., n, possibly under some conditions.

Example 4 (Ordinary LS regression). Consider an ordinary LS regression model that issues predic-
tions /! given training data (xy, 1), ..., (X, ¥,,)s (X,11, ). Let H denote the hat matrix of the regres-
sion fit, with elements h; j, fori,j = 1,...,n + 1. Up to an additive constant that does not depend on
y', we have

?;H - ]7: = (hn+1,n+1 - hz‘,n+1)]/~

This difference is therefore an increasing function of y’ whenever h,,,; ,,1 > h; ., foralli=1,...,n.
Since h; ,,; € [-0.5,0.5], this is satisfied if i, ,,; > 0.5. By contrast, Vovk et al. [2, proposition 7.4]
state that the LSPM satisfies the monotonicity conditionif, ., ,,; < 0.5. An analogous result holds
for kernel regression.

Example 5 (Kernel-density estimation). Consider a kernel-density prediction method that, given
training data (x1, 1), ..., (X, ¥), (X,.41, ¥/'), issues predictions

i exp(=llx; = x;1Dy; + exp(=llx; = x4 DY’
’ T exp(=lx — x0)

When predicting y;, this essentially issues a weighted average of the observations in the training
data, where the weights decrease exponentially as the covariate moves away from x;. A fixed band-
width parameter could also be used in the exponentials without changing the following analysis.
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Up to an additive constant that does not depend on i/, we have

7 -y =y 1 exp(=[1x; = X1 1)
+1 i -
A T exp=lln = ) X exp(=llx; - xill)

n+1
<y {Z [ exp(=llx; = il = exp(=1; = el + 1% = X,a )] } :

=1

By the triangle inequality, exp(—[lx; — x;[l) > exp(=(||x; — X, 41 | + [lx; — x,,111D)), foralli,j =1, ... ,n+1.
The factor multiplied by i’ above is therefore non-negative, and hence, §/ | — #. is an increasing
function of i/, for all i. The RDPS corresponding to this regression method can therefore be calcu-
lated efficiently using two runs of the algorithm. While this approach is not robust, we can simply
trim the predictions by replacing y; and y’ above with max{min{y;, t,},,} and max{min{y’, £, },£,},
for some cut-off thresholds t;,t, € R.

Eveniff) , — 7! isnotincreasinginy’, it may still be possible to efficiently implement the RDPS.
This is possible, for example, when the predictions are linear functions of the observations in the
training data. In particular, if §; = a;y’ + b;, where a; and b; are constants in the sense that they do
not depend on i’ and only on x4, ..., x,,; and i, ..., y,,, then we have

[ﬁ’nﬂ(]/) _ 1 c
Golm W) = — (; W@ —a)y <y=b)}+ Uy < y}> .

In this case, the indicator functions only change at the values c;(y) = (y - b)) /(a,,; —a;),i=1,....,n

and c,,;(y) =y. Hence, the bounds H?" 2 and Hf}m (y) can be calculated by evaluating

X,

Gf:’::(y,)(y) aty' <cqy), ¥ € (cinyW). o)), for i =2,...,n+1,and ¥’ > ¢(,,1y(y), and taking the

minimum and maximum over these n + 1 distinct values.
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