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Abstract. The dissipation rate ;9 of the turbulent heat flux ;60 is split by the two-point
correlation method, exactly and at any Prandtl number, into a homogeneous part €9 3,
the curvature of the velocity—temperature correlation at coincidence, and an inhomogeneous
part 5 (v + r)A,u;60 absorbed by the molecular diffusion, the (v — ) terms being confined to
a cross-diffusion in divergence form. The homogeneous part vanishes under local isotropy,
measures small-scale anisotropy and is not sign-definite; the heat-flux time scale defined
from the flux equation itself, 79, = m/&iie,h, is therefore signed, and its ratios to the
mechanical and thermal time scales have as quotient the thermal-to-mechanical ratio of the
temperature-variance analysis. The near-wall behavior follows analytically for the four ther-
mal wall conditions. At an isothermal wall the two parts of the streamwise dissipation are
equal, the wall-normal slopes are in the ratio 1:3, and both components share the anchors
2Pr/(14 Pr) and 2/(1 4 Pr): the heat-flux time scale is the harmonic mean of the thermal
and mechanical time scales, thermally controlled at low Prandtl number. At walls with fluc-
tuating temperature the wall-normal dissipation vanishes through the cancellation of finite
parts, the wall-normal ratio attains the universal anchor —2Pr/(1 4+ Pr), the homogeneous
dissipation acting as a source of the wall-normal flux over a layer whose thickness is a wall-
parallel microscale of the wall-temperature field, and the streamwise ratio diverges as (y*)~!
with a parameter-free amplitude. Channel- and pipe-flow direct numerical simulations from
four codes at Pr = 0.71, 0.025 and 0.01 reproduce the splits and anchors to within 0.4-7%
and locate the source layer at 2—-9 viscous units; at liquid-metal Prandtl numbers the cross-
diffusion reaches 40% of the peak dissipation and the heat-flux time scale remains of the
order of the thermal one across the channel. The exact equation and the wall identities
are parameter-free constraints for heat-flux closures and data-driven representations of the
scalar flux, and acceptance tests for their training data.

1 Introduction

The transport equation for the turbulent heat flux ;0 forms the basis of second-moment analysis
and modeling of the thermal field [1-4]. The equation contains its own dissipation rate ;9, and
with it a time scale intrinsic to the flux, m/ €;0. This time scale has not been used as the basis
of a closure, nor has its behavior been established analytically. Two circumstances account for
this. At high Reynolds number £;9 is neglected on the basis of local isotropy: an isotropic small-
scale field admits no invariant vector, so the correlation between velocity and scalar gradients
must vanish [3]. However, €;9 is of leading order in the near-wall budgets [5, 6] and it is not a
dissipation in the conventional sense: it is not sign-definite and can act locally as transport or
as a source, so that the intrinsic time scale is signed, vanishing or diverging where the flux or
its dissipation crosses zero. This property is made exact in this paper.

The time scale of the heat flux has consequently been prescribed from outside the heat-
flux equation. Models based on the generalized gradient-diffusion hypothesis, which improve
on the Reynolds analogy by admitting separate time scales for the velocity and temperature



fields, organize the closure around a single time scale for the flux, and its choice has remained
empirical: the mechanical scale 7, = k/e in the original formulation, the thermal scale 79 =
@/ (2¢p), argued more appropriate for buoyancy-driven flows at low Prandtl number, or a hybrid,
commonly the geometric mean (7,75)"/? [3, 7-12]. The geometric mean is an interpolation
without a physical mechanism, the dimensionally consistent scale-symmetric combination of
the two available scales, and its a priori investigation on Rayleigh—Bénard direct numerical
simulation data [11, 13] found the thermal time scale, not the hybrid formulation, appropriate
for the buoyancy-driven low-Prandtl-number case. Each of these formulations takes its time
scale from another transport equation, that of k or of #2; none is derived from the equation for
u;0, whose own ;9 term sets the time scale of the flux. A heat-flux time scale derived from the
heat-flux equation itself, the natural formulation, has not been available, because of the two
circumstances above: ;9 has been treated as negligible or damped empirically, see e.g. [14, 15],
and its signed character has not been established analytically. The present paper resolves both.

The near-wall behavior of the heat-flux budget itself is well documented. The leading powers
of the wall distance of u;0 and of the budget terms at an isothermal wall were established from
DNS by Kasagi et al. [5], and near-wall closures reproduce them by construction: the damped
forms of Lai and So [14], the two-equation model of Sommer et al. [16] with an asymptotically
consistent e;9, and the elliptic-blending differential flux models of Dehoux et al. [17], which
Mangeon et al. [18] extended to imposed-flux and conjugate walls by Taylor expansion of the
budget and calibration on the DNS of Flageul et al. [6], with a thermal-to-mechanical time-
scale ratio that depends on the thermal wall condition. Those results concern the asymptotics
of the total budget terms and their representation in a model. The present analysis concerns
the structure of ;9 itself, obtained by the two-point decomposition: the exact split into a closed
molecular part and a signed homogeneous part, the wall values of that split, the time scale of the
flux defined from its own equation and the composition of that time scale from the mechanical
and thermal ones. None of these appear in the works cited, which are used in §4 as the source
of the tabulated budgets and in §5 as the models to which the constraints apply.

For the kinetic-energy dissipation, Kolovandin and Vatutin [19] and Jovanovi¢ et al. [20]
showed, by the two-point correlation technique introduced by Chou [21] and Burgers [22], that
€ separates into a homogeneous part € and an inhomogeneous part confined to the wall vicinity.
Otié et al. [13] used the technique to model the turbulent diffusion of the temperature variance
and its dissipation rate, and Jakirli¢ and Hanjali¢ [23] to model the stress dissipation with
the correct near-wall asymptotics. In Oti¢ [24] the technique was applied to the temperature-
variance dissipation rate eg: the inhomogeneous part is absorbed exactly by the molecular
diffusion of the variance, the remaining homogeneous part defines the homogeneous thermal-
to-mechanical time-scale ratio Ry, = 62 ¢, /(2k g 1), and the near-wall behavior of Ry, follows
analytically for the ideal and conjugate thermal wall conditions, anchored at Rp|,, = Pr for an
isothermal wall and singular as @w(gﬁ)_Q at walls with fluctuating temperature.

Here the technique is applied to the heat-flux dissipation €;9. The decomposition yields an
exact transport equation in which the inhomogeneous part of e;9 is closed and the destruction
is concentrated in the homogeneous part €9 5. The heat-flux time scale is then defined from
the equation itself, 7,9, = uTG/ €ip,h, & signed quantity per flux component, and its comparison
with the homogeneous mechanical and thermal time scales of the variance analysis defines two
homogeneous time-scale ratios, 7?,%7 b = Tio,h/Tu,p and Rf’& b = Tio,h/To,h, Whose quotient equals
Ry, identically. The construction is thereby consistent with the variance analysis, and any
two of the three ratios determine the third. The near-wall behavior of the time scale and of
both ratios follows analytically. Because the turbulent heat flux is a vector and its dissipation
a cross-correlation, the extension is structurally different from the scalar variance case, and
three differences govern the analysis. First, the two-point identity for £;9 itself contains no
differential-diffusivity term at any Prandtl number. The (v — k) structure of the molecular
terms appears only in the molecular diffusion, which separates exactly into a symmetric part that



absorbs the inhomogeneous dissipation and a cross-diffusion in divergence form (§2). Second,
the cross-correlation between velocity and temperature has no extremal property at coincidence,
S0 €ig,n, and with it the time scale and the ratios, are not sign-definite; under local isotropy €9 4,
vanishes identically, and it therefore measures the small-scale anisotropy of the velocity—scalar
correlation. Third, the near-wall behavior is component-dependent and more differentiated
than that of the variance (§3): at an isothermal wall both flux components share the anchors

Yo lw = 2Pr/(1 + Pr) and RY,|w = 2/(1 + Pr), the harmonic mean of the thermal and
mechanical time scales, while at walls with fluctuating temperature the wall-normal dissipation
vanishes through an exact cancellation of finite parts, the wall-normal ratio attains the universal
negative anchor RY, , |, = —2Pr/(1 + Pr), and the streamwise ratio diverges as (y™)~!; the
source has a kinematic origin, and the thickness of the source layer is derived as a wall-parallel
microscale of the wall-temperature field weighted by the shear. A signed curvature length of
the cross-correlation, replacing the Taylor microscale, provides a geometric formulation of these
results (§2.4): linear in the wall distance at an isothermal wall for both components, of negative
square at the fluctuating wall, where the correlation of wall-normal velocity and temperature is
locally minimal at coincidence.

The analytical results are assessed in §4 against four direct numerical simulation databases
from independent codes: the channel-flow simulations of Abe et al. [25] at Pr = 0.71 and 0.025,
of Flageul et al. [6] at Pr = 0.71 under Dirichlet, Neumann, Robin and conjugate conditions,
of Tiselj and Cizelj [26] at Pr = 0.01, and the pipe-flow DNS of Straub et al. [27] at Pr = 0.71
and 0.025 under isothermal, mixed-type and isoflux conditions, which adds an independent
geometry and code family. The wall identities of §3 serve as acceptance tests for the data
and fix the conventions, as in Oti¢ [24]. The wall-resolved databases reproduce the splits and
the anchors of both components to within 1-6% at Pr < 0.025 and the streamwise anchor to
0.4% at Pr = 0.71; the negative anchor —2Pr/(1 + Pr) is found at every wall with fluctuating
temperature, in the channel and in the pipe, at all three Prandtl numbers. Beyond the wall
values, the data provide the quantities that the expansions leave undetermined: the thickness
of the layer in which the homogeneous dissipation acts as a source, the range of validity of the
streamwise asymptote and its Prandtl-number dependence, the magnitude of the cross-diffusion,
and the interior composition of the heat-flux time scale, which at Pr = 0.01 remains thermally
controlled across the channel. In §5 the exact equation and the wall identities are formulated
as constraints on heat-flux closures and on data-driven representations of the scalar flux, and
on the data from which such representations are constructed; §6 concludes.

2 Two-point decomposition of the heat-flux dissipation

2.1 Transport equation

With the Reynolds decomposition U; = U;+u;, T = T+6, where (-) is an ensemble average, the
turbulent heat flux u;0 of an incompressible constant-property flow obeys the exact transport
equation [2, 3, 28, 29]

Du;f or —oU; — p 00 0 /(—— pb
D —fuluja—xjfuj 87% + fi0 + ;&m &Ej<uluj0+péw> + vOAyzu; + ku; A6,
v \/—/
Pig Gio ILig DEQ Mo

(1)
with D/Dt = &, + U;9/0zj, A, = 0?/0x;0x;, 9; = 0/0x;, p the fluctuating pressure, v
the kinematic viscosity, x the thermal diffusivity and f; a fluctuating body force per unit
mass. The terms are the production by the mean gradients Py, the body-force correlation
Gip, the pressure-temperature-gradient correlation Il;g, the turbulent and pressure diffusion
D!, and the molecular contribution M;y. For Boussinesq buoyancy the fluctuating body force



is f; = —g; 00, with g; the gravitational acceleration and § the thermal expansion coefficient, so
that Gy = —g;302; the general form is kept.

The molecular contribution M;y is exact, and it is commonly separated into diffusion and
destruction. The identities 8 Ayu; = 9;60 0ju; — 0;0 Oju; and u; Ay0 = Oju; 0;0 — Oju; 070, with
the one-point gradient correlations

Sj =00,  Ty=w0,0,  Sj+T;=0ub, A;j=S;-Tj (2)
give
Mig = 6j (I/Sj + /{T]) — (V =+ H) @-ui 8j9, (3)

which defines the molecular diffusion D]} and the dissipation ;9 = (v + &) 0;u; 0;0 exactly for
any Pr.

In Launder [3] the viscous stress is carried in its deformation form, v 9;(0;u; + Oju;), and
the corresponding split reads

My = 8j |:1/(9 Bjui +6 8{1@) + KU 3]9:| — |:V (939 (ajul + @uj) + nﬁjui 610:| . (4)

The two conventions describe the same equation: by continuity 9;(0 d;u;) = 0;6 Oju;, so the
additional term in the destruction group of (4) is the exact divergence v 0;6 Oju; = 0; (1/ 0 8iuj),
and the same divergence is added to the diffusion group: the difference is an exact transfer
between the two groups. The contracted correlation d;u; 9;6, common to both conventions and
tabulated as the dissipation in the DNS budget databases used in §4 [5, 6], is the object to which
the two-point method applies; the deformation-form contribution, being the divergence of a one-
point correlation, vanishes in homogeneous fields and is grouped with the diffusion in (3). The
diffusion separates by the elementary identity vS; + £Tj = (v +£)(S; +Tj) + 5(v — £)(S; — T})
into

=3+ k) Apuf + 3 (v — k) ;A;, (5)

a symmetric diffusion of the flux itself and a cross-diffusion carried by the antisymmetric gradient
correlation A;. At Pr =1, and in a homogeneous field, where A; is uniform, the cross-diffusion
vanishes. Only at v = s does DJj reduce to %(1/ + k)Azu;0; the frequently written form
(v + k) 8%u;0/0x;0x; is not exact at Pr # 1.

With (3) and (5), the transport equation (1) takes the form

D = Do+ Gio + g + Dly+ 3(v+ k) Aguif + (v — K) 0;A; — e, (6)

exact for any Prandtl number, in which the molecular contribution appears as a symmetric
diffusion, a cross-diffusion in divergence form and the dissipation &;4.

2.2 Decomposition of the dissipation rate

Following Chou [21], Burgers [22], see also Hinze [2], the fluctuating fields are referred to two
points A, B through the relative and centroid coordinates

& = (z1)B — (T) A, (xk)aB = & [(zK)a + (z)B], (7)

so that, with d¢, = 0/0& and (Or)ap = 0/0(xk)aB, the single-point derivatives are (Op)a =
3(0k)aB — O, and (9k)p = 3(0k)ap + O¢,. With summation over the repeated index k and
(6,%) AB = (Ok)aB(0k)aB, the mixed second derivatives commute and cancel in the product,
leaving

(Ok)a(0k)B =+ (OF) aB — OF, - (8)
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Kinematic relations of this multi-point type, and their role in the nonlocality of turbulence, are
analyzed by Kholmyansky and Tsinober [30] and Kholmyansky et al. [31]. Define the velocity—
temperature two-point correlation

Qi(x,€) = (ui)a (0)B, (9)

a vector function of the centroid position x and the separation &, with Q;(x,0) = u;0. The free
index 7 is unaffected: the operator (8) contracts over the derivative index k only, so the identity
below holds per component. Applying (8) to @Q; and taking ¢ — 0, in which (92)ap — A,
gives, exactly and for any Pr,

€i0 - _

» _:_ p = Orpu; Ol = i Aypu0 — (Ag@i)o, (10)
with Ag = 02 /0€,0€, and the subscript 0 the limit ¢ — 0. No differential-diffusivity term ap-
pears: the (v —k) structure of (5) is a property of the molecular diffusion, not of the dissipation.
Therefore

€i0 = €io,h + €ibih where g9 = —(V + K) (AgQi)O and g = %(u + k) Aguif, (11)

the homogeneous part being the curvature of the two-point correlation at coincidence and the
inhomogeneous part a function of the mean flux field. In a homogeneous field A u;0 = 0 and
€i6 = €ip,n- The inhomogeneous part is proportional to the Laplacian of the flux and changes
sign at inflection points of the u;0 profile.

Two properties distinguish the present case from the kinetic energy and the temperature
variance. First, for the autocorrelations the two-point correlation is maximal at coincidence,
so the curvature term is non-negative in a homogeneous field; the cross-correlation ); has no
extremal property at & = 0 (the Cauchy—Schwarz inequality bounds it by the autocorrelations
but does not locate an extremum there), so neither part of (11) is sign-definite even in a
homogeneous field. Consequently e;¢ is not, strictly, a sink of u;0; the near-wall analysis of
§3 quantifies this property exactly. Second, under local isotropy of the small-scale field the
vector (A¢Q;)o, a first-rank tensor formed from the small scales, must vanish: an isotropic field
admits no invariant vector. This is the two-point form of the classical argument for neglecting
eip at high Reynolds number [3]. The homogeneous part ;¢ j, therefore measures the small-scale
anisotropy of the velocity—scalar correlation; it is finite where the small scales are anisotropic,
in particular in the wall layer, and decays away from the wall as a kinematic consequence rather
than by a modeling assumption. The name dissipation rate is retained for ;9 by convention,
following the budget databases and the literature; the conventional interpretation of a positive-
definite destruction is not, and the decomposition (11) supplies the consistent replacement, a
closed molecular-transport part and a signed anisotropy measure.

The antisymmetric correlation A; of (2) has a two-point interpretation that identifies the
cross-diffusion as an intrinsically inhomogeneous quantity. Differentiating (9) at one point,

8; = [(9))4Qi, = 30juif — (9, Qi) and Tj = [(9;)5Qi], = 30;uif + (¢, Qi) , s0 that
Aj==2(05Qi) 3 —r)0A; = —(v — k) 05,(0, Qi) : (12)

the cross-diffusion is the mixed centroid—separation derivative of the two-point correlation, which
has no counterpart for the autocorrelations (it is antisymmetric under A <+ B) and vanishes
identically in a homogeneous field.

2.3 Exact transport equation and time-scale ratios

Substituting (3), (5) and (11) into (1), the inhomogeneous part of the dissipation is absorbed
exactly by the symmetric molecular diffusion,

ot Vi,

=P+ Gig+ Dy +Ilig + 2 (v + k) Aguif + 3(v — k) O;A; — i, (13)



in exact parallel to the variance equation of Otié¢ [24], where the absorbed fraction is one half
of kKA02; here it is one half of the symmetric diffusion, and the cross-diffusion %(l/ — K)0;A;
remains as an exact term in divergence form. It vanishes at Pr = 1 and in homogeneous fields,
is evaluable from DNS budgets as the difference between the tabulated molecular diffusion and
%(V + k) Agu;0, and its near-wall expansion is derived in §3. Being a divergence, it redistributes
the flux without net production or destruction; as a one-point correlation not expressible through
u;0, it requires closure in a model, and its wall asymptotics below provide the corresponding
constraint.

With the homogeneous time scales of the velocity and variance fields, 7,5, = k/e, and

Ton = 02/(2ep 1) [24], and the signed heat-flux time scale

u;0
Tig,h = - ) (14)
€i6,h
two homogeneous time-scale ratios are defined,
Tif,h We’fh Tif,h QWEQ’h
oy = 4 = —, Ripp = —= = —; ; (15)
Tu,h keign T0,h 0° cion
which satisfy, at every point and by the definitions alone, the identity
" _
; 0% ¢

7 = =
Ri@,h 2k €0,h

The construction thus connects to the homogeneous thermal-to-mechanical ratio Ry of the
variance analysis [24]: any two of the three ratios determine the third.

The quantity (14) is dimensionally a time but is not positive: neither u;6 nor e, is sign-
definite, so 79 ;, and the ratios (15) are signed. This property is not a deficiency of the definition
but carries its physical content, which is read from the exact equation (13), in which the
homogeneous destruction appears as —¢&;¢,5, = —u;0/ Ti0,h, equivalently —w;q p, u;0 with the signed
rate wipp, = 1/Tion = €io,n Ju;0: where Tig.n, > 0 the homogeneous dissipation relaxes the flux
component on the time |7;g 5|, and where 7,9 5, < 0 amplifies it, |7;94| being the growth time, in
accordance with the usual interpretation of a negative relaxation time as exponential growth.
The mechanical and thermal time scales are positive in the flows considered, the homogeneous
dissipations e and egp being positive at every point of every DNS case analyzed in Oti¢
[24], so the ratios carry the sign of 79, that of the product msi&h per component without
summation: a negative ratio states that the homogeneous dissipation acts as a source of the
flux component, with the magnitude comparing the growth time to the mechanical or thermal
scale. The zeros and poles of the ratios correspond to physical crossings rather than to artifacts
of the definition: R}, , passes through zero where €9 5, changes sign at finite flux, the transition
between destruction and amplification, and diverges where the flux component crosses zero at
finite €49 . All statements below are therefore component-wise and local, and the sign structure
is itself determined exactly by the near-wall analysis: at walls with fluctuating temperature the
wall-normal ratio attains a negative anchor (§3.5), the wall expression of the fact that ;9 does
not act as a sink. If a single scalar time is required, the frame-invariant projection

ur0 w0 .
7'0“ == summation over k, (17)
uk0 €go

measures the signed time scale of the flux vector along itself; near a wall it is dominated by the
component of lowest order in the wall distance and reduces to the streamwise limits of §3. A
positive-definite alternative to (14) is not introduced, since any construction enforcing positivity
removes the source region established by the near-wall analysis.



2.4 Signed cross-correlation microscale

The homogeneous dissipations of the kinetic energy and the variance admit Taylor-microscale
forms, £, = 10vk/A\? [32-34] and eo,n = Cok @/)\g with Cy = 3 from the homogeneous isotropic
normalization [24, 35]. The corresponding quantity for the heat flux is necessarily signed.
Define, per component, the signed curvature length

Cuo (V+ k) u;f
A= ————2 5 (E‘Oh) — = Cup (v + ) Tig,h, (18)
w,

real of either sign; the second equality shows that )\129 inherits the sign and locality of the
signed time scale (14). Its geometric content follows from the two-point form: with €55 =
—(V+K)(AeQi)o, the definition (18) reads (A¢Q;)o = —Cup Qi(0)/)2,, and the Taylor expansion
of the normalized correlation p;(§) = Q;(x,£)/Qi(x,0), averaged over the directions of the
separation ((£x&;) = 1720);/3 on the sphere of radius r), gives

Cug 7“2
62

(pi)(r) =1 - “27= £ O - (19)

for )\?0 > 0 the correlation decreases away from coincidence, and for A?e < 0 coincidence is a
local minimum of the direction-averaged correlation. No isotropic normalization of Cy exists,
since both u;0 and €49, vanish in isotropic turbulence and their quotient has no canonical value;
the value of Cyy is therefore conventional, and it cancels in every wall limit of §3. In terms of
the microscales, the ratios (15) take the form

10 Pr () o 20 1 ()’
Rigp = = = Ripn =~ aus 20
OhT Gy 1+ Pr ( A > ’ Wh Cug 1+ Pr\ N ) (20)

by v/(v + k) = Pr/(1 + Pr) and /(v + k) = 1/(1 + Pr): the entire dependence on the
molecular diffusivities is contained in the prefactors, while the microscale ratio carries the
remaining variation. The quotient of the two forms is (5/Cp) Pr (A\g/))?, the microscale form
of Ry, in Oti¢ [24], so that the identity (16) is preserved at the microscale level, including the
normalization constants. The prefactor (v + x) in (18) admits a direct physical interpretation:
the cross-correlation is attenuated by both molecular diffusivities acting on a single curvature
length, so that the rate Tiglh is additive, Tiglh = Cyov/ )\?6 +Cupk/ /\?9. The additivity of the rates
at a common length correéponds to a harmonic combination of the time scales, and at the wall,
where all three microscales become linear with their normalization constants cancelling (§3.4),
this reduces exactly to the harmonic mean of (47).

3 Near-wall behavior

3.1 Wall expansions and coefficient identities

Let y = x3 be the wall-normal coordinate, the subscript w denote evaluation at the wall (y — 0),
and the fluctuations be expanded as

uy = biy+ey?+diyi+- - ug = ey +dsyP+- -+, 0 = ag+by+yey*+ey>+- -, (21)

the coefficients being fluctuating fields on (x1,x2,t). No slip gives u;|, = 0, and continuity
O;u; = 0 evaluated at the wall forces dzusl, = 0, so ug = O(y?); at order y, continuity further
gives

2c3 = —(81[)1 + 82b2) - c3 = —% Oabe, (22)



Greek indices running over the wall-parallel directions, with V| = (01,02). The fluctuating
wall-parallel momentum balance at the wall, where all convective terms and the time derivative
vanish with u;, reduces to 0 = —(1/p) Oap|w + v Agtialw = —(1/p) Oap|w + 2vcq, whence

1
dapl,, : (23)

Ca:2’7 o

Co is the fluctuating wall pressure gradient, c¢; its streamwise component. A further identity
used below combines (22) with the wall-parallel homogeneity of the statistics: in channel and
pipe flow the wall-parallel derivative of any averaged quantity vanishes, so the divergence term
produced by integrating by parts drops out,

agc3 = —% ag Opbe = —% Onagba + % b Onag = % ba Onag, (24)

the correlation of the fluctuating wall shear with the wall-parallel gradient of the fluctuating
wall temperature. The thermal wall condition enters only through (ag, by):

Dirichlet: ag = 0; Neumann: by = 0; Robin: ag = —L by; conjugate: ag, by free,
(25)
with L the Robin length and the conjugate correlations set by the thermal activity ratio K
and the solid thickness d* [6, 26]. By spanwise reflection symmetry usf = 0, and only the
components ¢ = 1, 3 are considered. For the mechanical field the expansions give, independently
of the thermal condition [24],
k=3 @)+ 06, al,=bel, = v @+, T

w

(26)

and for the thermal field at a Dirichlet wall €9 p|w = %59|w = %H% with 62 = %yQ, SO Top —

y?/k, while at walls with fluctuating temperature 62|,, = a2 is finite and Ry, ~ 62, (yT) =2 [24].

3.2 Streamwise component

All expansions are given first for general (ag, bg) and specialized afterwards. The flux follows
by direct multiplication of (21) after averaging,

u10 = bragy + (bibg + crag)y® + (b1ye + c1bg + diag)y® + O(y*), (27)
so that L
_— d2U16 — 2
Azurl = digﬂ = Q(blbg + Clag) + ﬁ(blfyg + c1bg + dlag)y + O(y?). (28)
For the dissipation, the wall-normal gradient product is
Osu1 30 = (b1 + 2c1y + 3dry?) (by + 2y0y + 309y°)
= bibg + 2(b1vg + c1be) y + (3b18g + derye + 3dibg) y* + - -, (29)

while the wall-parallel product starts at order y because V|u; = Vb1 y+ O(y?) whereas V0=
V”ae + O(y):
V||u1-V||0 = VHbl'V”(lg Y+ O(yQ). (30)

Averaging,

€16
V+ K
with the wall value €1g|w = (v + K) b1by for every thermal condition. The antisymmetric corre-
lation requires the two products

= brbg + [2 bi1vg + 2c1bg + V||b1~VHa9]y + O(yQ), (31)

00su1 = (ag+ bey + Yoy*) (b1 + 2c1y + 3d1y?)
= apby + (bgb1 + 2apc1)y + (y9b1 + 2bgcy + 3a9d1)y2 + (32)



uy O30 = (bly + Cly2)(bg + 279:(]) =bibgy + (21)1’)/9 + c1b9)y2 + - (33)

whose averaged difference is

A = agby + 2agery + (bper — bivg + 3agd)y? + O(y?), (34

so the cross-diffusion of (13) is (v — k) dAgl)/dy = (v — k) ager + O(y): it enters at the wall

only where the wall temperature fluctuates and is carried by the correlation of the fluctuating
wall temperature with the fluctuating wall pressure gradient, by (23). From (11) and (28),

€10,in|,, = 5(v + ) (b1bg + C1ag), 10,0, = €10],, — €10,in|, = 5(v + £) (b1by — c1ag). (35)
3.3 Wall-normal component
The same steps give

uzf = c3ag y* + (caby + dzag)y® + O(y"),  Ayusf = 2T3ag + 6(csbg + dsag)y + O(y%). (36)
The gradient products are

Dzuz 30 = (2c3y + 3dzy?)(bp + 2v0y) = 2c3bp y + (dczyp + 3dzbe)y” + -+
VHU3'VH9 = Vjc3-V)ag 3/2 + 0(93)7 (37)

both vanishing at the wall: d3us|, = 0 by continuity and Vjuz = O(y?). Hence

€36
V+K

= 2%y + [463’}’9 + 3 dsbg + V”c;;‘V”ag}yz + O(y3), (38)

and consequently
e39], =0 for every thermal condition. (39)
w

The antisymmetric correlation follows from 6 d3u3 = (ag + bgy +voy?) (2c3y + 3dsy?) = 2apcs y -+
(2bgc3 + 3apds)y® + - - - and uz 30 = (c3y® + dzy®)(by + 27py) = c3by y* + - -

A?f) =2agezy + (bacs + 3apds)y® + O(y?), (40)
so the cross-diffusion is (v — k) agesz + O(y) at the wall. The two parts of the dissipation are

€30,ih = %(V + k) C3ag + %(V + k) (csbg + dsag)y + O(y?),
s = —5(v+rK)C3ag+ (v +kK)[§csbe — 3 dsag|ly + O(y?), (41)

the second obtained as €39 — €395, from (38). At the wall,
E30,h{w = _530,73h‘w = —%(V + k) C3ag : (42)

whenever the wall temperature fluctuates, the total wall-normal dissipation vanishes at the wall
through the exact cancellation of two finite parts. By (24) their common magnitude is set by
the correlation of the fluctuating wall shear with the wall-parallel advection of the fluctuating
wall temperature, the mechanism that generates wall-normal flux at a fluctuating wall.



3.4 Dirichlet wall

With ag = 0 every correlation containing ag drops. The streamwise component inherits the
exact equipartition identity of the variance and kinetic-energy dissipations,

€10,h],, = €10,in|, = 3c10|, = 5(v + K) biby, (43)

while for the wall-normal component both parts vanish with the total and the leading slopes
split, from (41) with ag = 0, in the Pr-independent ratio 1:3,

es0.n = 5(v + k) esbgy + O(y?), es0,in = 3(v + k) csbgy + O(y?), (44)

i.e. homogeneous and inhomogeneous fractions % and % of €39 at the wall. The cross-diffusion

is O(y) for both components and does not affect the wall values. In the ratios (15) the wall
statistics cancel. For the streamwise component, with (27), (43) and (26),

w10 k bi1bg y? - 2 2
szg h = lim il (Eh/ ) = 11 oY V/i = v R (45)
W y=0 g1gp s(+r)biby VER
and for the wall-normal component, with u30 = c3by 3> and (44),
czbgy® - v/y? 2v
Rionly, = = (46)

st r)esbpy VK

By the identity (v + k) = v(1+1/Pr) = x(1+ Pr), and with Rfe,h = Ripn/Rn and Rp|w = Pr
[24],
2Pr 2

0 0
Rionl, = Rionl, = T+ P Rionl, = Rionl, = T+ P (47)

while the thermal-side anchors also follow directly, e.g. R?e,h|w = 2bybey?® - $kb3/[D3y? - 3(v +
k)bibg] = 2k/(v + k). The anchors are component-independent, free of the wall statistics, and
2Pr/(1 + Pr) = 2/(1 4+ 1/Pr) is the harmonic mean of Pr and unity: at an isothermal wall
the heat-flux time scale is the harmonic mean of the thermal and mechanical time scales. At

Pr =1 all four anchors equal one; at Pr < 1, Ryp — 2Pr and Rgﬁ — 2. The identity
o.n/ Rgﬁ = Pr = Ry|w is consistent with the wall limit of the variance analysis [24].
The microscale (18) is linear at the Dirichlet wall for both components. Inserting (27) with
ag = 0 and (43),
CuG(V + H) m?f

Mg = =2Cuwy°, 48
10 % V+ K blbg oy ( )
and inserting (36) with ag = 0 and (44),
Cuo(v + k) c3bg 3
30 = ( Jesboy” _ 2Cupy” : (49)

S+ k) csbyy

for each component the leading order of the flux exceeds that of the homogeneous dissipation
by two, y? against y" for i = 1 and 3> against y' for i = 3, so that the quotient is of order /2
in both cases and

Aig = /2C 0 v, 1=1,3, (50)

the exact analog of \g = v/2Cpy [24]. With A\ = v/10y, the anchors (47) are recovered inde-
pendently from the microscale form (20) with both constants cancelling, (A\jg/A)? = Cyg/5 and
(Xig/Xg)? = Cup/Cy, in parallel with the cancellation of Cy in the wall limit of R;,. At the wall,
where the three microscales are linear, the additive rate of §2.4 reduces to the exact harmonic
identity: with 7, — y?/v, o — y*/k and Tig,h —* 2y2 /(v + K),

1 1 < 1 1 )
= — —_— + —_—
Tiohly 2 \Tuh  Toh
10

(51)

w



3.5 Walls with fluctuating temperature

Every condition with ag # 0, Neumann, Robin and conjugate, shares the following structure.

Wall-normal component: universal negative anchor. By (42) the two parts are finite
and opposite at the wall while the total vanishes; the flux uszf ~ ¢zagy? carries the same
correlation, which cancels in the ratio:

0,2 . 2 2P
Rg@,h‘w = lim Beed V/y = .

L/ 52
y—0 —%(V—i—ﬁ;)Cgag 1+ Pr (52)

the negative of the Dirichlet anchor, independent of the wall statistics and of the particular
fluctuating condition. The homogeneous dissipation opposes the wall-normal flux at the wall:
it acts there as a source of usf, the exact expression of the fact that ;9 does not act as a sink.

Consistently with the chain (16) and Ry ~ 02,(y*)~2 at these walls, Rg@,h = Ripn/Rn —
—[2Pr/(1 + Pr)] (2897h‘w/972w)+(y+)2 — 0. In microscale form, inserting (36) and (42) into

(18)7

C Son 02
3y = el RETY. o, (53)
—§(l/ + H) C309

the Dirichlet magnitude (49) with reversed sign, the geometric expression of (52). By (19) the
constant C,y cancels and the direction-averaged normalized correlation of ug and 6 is locally
minimal at coincidence, increasing on a scale set by the wall distance, (p3)(r) = 1+72/(129%) +
O(r4).

The origin of the source is kinematic. Split the coincidence Laplacian of Q)3 into its wall-
normal and wall-parallel separation curvatures, (A¢Q3)o = C1 + C)|. Applying (8) direction by
direction, with wall-parallel homogeneity removing Vﬁ@,

, dusf

C, = i a4y’ — Ozug 00, C” = — V||U3-V||9, €30.h = —(v+ k) (CJ_ +C||), (54)

exactly. The wall-parallel curvature is the gradient product of the two fields: where ug and 6 are
correlated on similar wall-parallel scales it has the sign of the flux, so that it is of destruction
type, and it is O(y?) because Vus = O(y?). The wall-normal curvature is finite at the wall,
Cilw= %m, and carries (42). Its origin is visible in the two-point function itself. At centroid
height y and wall-normal separation &3 the velocity point lies at y — £3/2 and the temperature
point at y + £3/2, so that by (21)

Q3(y; &) = eag (y — 363)% + O(y%), (55)

a parabola in &3 with its vertex at &3 = 2y, where the velocity point is on the wall. Coincidence
lies on the rising flank: the correlation increases when the velocity point moves away from the
wall and the temperature point towards it, because us grows as y? while the wall temperature
is flat in y. The curvature %@ therefore has the sign of the flux and —(v + k)C, opposes it;
averaging (55) over directions removes the odd term and returns (p3) = 1+ r2/(12y?). Only
no slip, continuity and a finite wall temperature enter, which is why the anchor is independent
of the wall statistics and of the type of fluctuating condition; (24) supplies the amplitude, the
advection of the wall-temperature field by the wall shear. The thickness of the layer over which
the source persists is derived at the end of this section.

Streamwise component: first-power divergence. With u10 ~ bjayy against k ~ 32, the
ratio diverges with one power of the wall distance less than Rj:

— —\+
vbiag 1 (8 u10) _
Ton = 1 —_— — = % (), Rign~y" =0,  (56)
3 (v + k) (bibg — crag) y €10,k |w
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the second form in wall units, with the amplitude fixed by the wall slope of the flux and the wall
value (35) of the homogeneous dissipation: the asymptote is parameter-free and directly compa-
rable with DNS, in analogy with the singular asymptote of Ry, in Otié¢ [24]. The corresponding
microscale is linear rather than quadratic in the wall distance,

2 2C 0 b1ag

/\ = VY, 57
16 b1be—01a9y (57)

of either sign, so that |A1g| o y/? is non-analytic at the wall; inserting (57) into the microscale
form (20) with A2 = 10 y? reproduces (56) with the same amplitude, which confirms the internal
consistency of the microscale formulation.

Neumann wall. With by = 0 the total streamwise dissipation vanishes at the wall exactly,
€19|lw = (v + K)bibg = 0: the wall-normal gradient product requires by, and the wall-parallel
velocity gradients vanish at the wall. This contrasts with the variance dissipation, which re-
mains finite at a Neumann wall through x|Vjag|? [24]: at an isoflux wall the fluctuating
temperature field dissipates, the heat flux does not. The parts remain finite and opposite,
€10,hlw = —€10,in|lw = —%(1/ + k) €1ag, carried, by (23), by the correlation of the fluctuating wall
temperature with the fluctuating wall pressure gradient; the streamwise divergence (56) has
amplitude —2v byag/[(v + k) €1ag), and the wall-normal total is O(y?) rather than O(y), from

(38) with by = 0.

Robin wall. With ay = —L by, all leading correlations reduce to Dirichlet-type correlations
times powers of L; in particular

u10 = —Lbibgy + (bibg — Leibg)y® + O(y?), (58)

so the linear term, of the fluctuating class, dominates for y < L and the quadratic term, of
the Dirichlet class, beyond. The wall value is that of the fluctuating class, with the anchors
and asymptotes above, and the Dirichlet-class behavior is approached beyond the Robin length.
The wall-normal ratio therefore connects the anchor —2Pr/(1 + Pr) at the wall to the positive
Dirichlet-class values through a sign change of €394, in analogy with the anchored-singular
interpolation of Rj; the location of that sign change is set by L together with a length of the
wall velocity field, (64) below, and is determined from the data in §4.3.

Conjugate wall. The general formulas apply with the amplitudes carried by the ag (-) corre-
lations, set by the thermal activity ratio K and the wall thickness d*: as K — 0 the Dirichlet
limit is approached and for K > 1 the Neumann limit, as for the wall variance [24, 26]. Unlike
¢, which is discontinuous at a conjugate interface [36], the heat-flux dissipation has no solid-side
counterpart, u; = 0 in the solid, so no interface-continuity question arises.

Thickness of the source layer. The layer in which €39 opposes u3f ends where the wall-
parallel curvature overtakes the wall-normal one, C| + C” = 0. Its thickness d5 follows from the
expansion of (54) to O(y?), which requires, beyond (22) and (23), the next orders of continuity
and of the momentum and energy balances at the wall. With uz = c3y® + dsy® 4+ ezy* + - - and

P=Dpwt+tpry+---,

. Orag

1
dy = =50aCa,  €3=—}0uda= - Oe3—§Vijes, == —3Vjew, (59

12v

where the expression for es follows from the wall-parallel momentum balance at O(y), 0;b, =
—p L 0up1 + I/(Vﬁba +6d,,), with the wall-normal balance at the wall, p; = 2pres, and (22); the
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last identity is the energy equation at the wall, where u; = 0. With (59), wall-parallel homo-
geneity and stationarity, every coefficient of the expansion reduces to a wall-parallel advection
correlation of the wall fields,

_ V|pu-Vjag

A =04 0aap, Ap =boOabyg, P =cqaap , B =0aba Vﬁag, T = c30a9 :

(60)
the wall temperature advected by the shear, A = 2¢3ag by (24); the wall heat-flux fluctuation
advected by the shear, A, = 2 c3bg, the Dirichlet-class correlation; the wall temperature advected
by the pressure-gradient-driven curvature of the velocity profile, P = 3 dzag; the shear conver-
gence correlated with the wall-parallel Laplacian of the wall temperature, B = 2V c3-V)ag;
and a time-derivative correlation. Since ¢3yg = T/(2x) + 1B and esag = —T /(12v) + B, the
Laplacian correlation cancels identically in C; and the time derivative is absent from C:

2pv

2V+ K
vk

CL=1A+ (3P — 1Ay - Ty’ +0(%), ¢ =-3By+0@"),  (61)
whose first two orders reproduce (41). The same coefficients have a two-point reading. With
D,(&) = ba(x)ag(x + &) the cross-correlation of the wall shear with the wall temperature,
homogeneity gives for wall-parallel separation

Q3(y; &) = 347 0e, Pa(&) + O(y°) : (62)

the near-wall correlation of wall-normal velocity and temperature is the divergence of the shear—
temperature cross-correlation, its value at & = 0 being the flux %.Ay2 and its wall-parallel
Laplacian at § = 0 the destruction C = —%B y%. The quotient A/B is therefore a squared
wall-parallel length of the wall-temperature field as seen through the shear field, a Taylor-type
microscale of ag. The sign change of €34, is the root of the truncated expansion, %Be 62 —
%Pe ds — %A =0, with Pe =P — %Ab the linear coefficient of (61), equal to P at an imposed-
flux wall, where A, = 0 exactly, and B, = B + (2v + k) T/(2vk) the Laplacian correlation
augmented by the time-derivative term,

P+t (P24+2B.4) 5 (A
- 28, ’ s_’(ié)
valid where §, lies within the range of the expansions. At an imposed-flux wall the source layer is
thus as thick as the wall-parallel microscale of the wall-temperature field weighted by the shear.
At Pr = O(1) the wall temperature has structure on the viscous scales, B/A is the inverse
square of a viscous length and 07 is a few viscous units; at Pr < 1 the wall temperature is
conductively smoothed over those scales, B is small and &5 grows; at fixed low Pr the layer grows
with the Reynolds number through the flux coefficient A, which outgrows B, as the thermal
field scales with the outer variables (§4.3). The Prandtl-number dependence of the source layer
is thereby traced to the wall-parallel smoothness of the wall temperature, the property that
also sets the range of the streamwise asymptote (§4.3). For the Robin wall, ap = —Lby gives
A= —LA, and P = —L c,0nbg, and the linear truncation of (61) yields

s for A, =0, P, T — 0, (63)

1 2 1 _ ba Oaby
Co Ol

5 5 A l =
with ¢, a length of the velocity field, the shear over the profile-curvature correlation with the
wall heat-flux gradient: the crossover of the wall-normal ratio between its two anchors is fixed by
the thermal length L and the mechanical length ¢, together, and tends to ¢,/2 for L > {,. The
time-derivative correlation is expected to be small for streamwise-elongated wall structures, the
frozen-pattern estimate T ~ —U, c301a9 being a streamwise-gradient correlation; it is retained
n (63), and 18, as a whole is the O(y?) coefficient of €395/ (v + k), accessible from the profiles

(§4.3).

(64)
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3.6 Summary and remarks

Table 1 collects the wall limits. Three remarks. (i) Evaluation. All quantities are evaluable from

Dirichlet (ap = 0) Fluctuating temperature (ag # 0)
1=1 1=3 i=1 1=3
2Pr 2Pr 2Pr
RY +\—1 _
i0,h 1+ Pr 1+ Pr (") 1+ Pr
2 2
9 + )2
Rw’h 14 Pr 1+ Pr it 0 (") 0
wall split of ;9 % : % (value) i : % (slope) finite parts, e1g]w # 0! finite parts cancel, 39|, = 0
A2, at the wall 2C 0 42 2C 0 42 o y (either sign) —2C 092

Table 1: Wall behavior of the homogeneous time-scale ratios (15) for the two flux components
and the two classes of thermal wall condition. The fluctuating class comprises Neumann, Robin
(y© < L) and conjugate walls; amplitudes refer to (56).

tabulated DNS statistics without recourse to the raw fields: €94, from the second derivative
of the flux profile, and the cross-diffusion as the difference between the tabulated molecular-
diffusion term and %(y + K)Aguf. In contrast to the variance case, the tabulated molecular
diffusion cannot replace the profile curvature: the budget databases used in §4 store the exact
form 9;(vS; + KTj) of (3), which differs from (v + k)Ayu;0 by the cross-diffusion, and at
Pr =0.01 the (v — k) & —k contribution is of leading order. The convention of each database
is verified through the wall identities before use. (ii) Signs. The anchors are independent of
the sign of the mean heat flux, since the wall correlations cancel; the sign structure of Table 1
is intrinsic. (iii) Alternative grouping. Moving the cross-diffusion into the inhomogeneous part,
Eioin = 1(v + K)Azu;0 + 3(v — K);A;, absorbs the entire molecular remainder into (v +
k)Azu;0 but renders the wall results Pr-dependent: the Dirichlet wall-normal fractions become
(3— Pr)/[4(1 + Pr)] and (5Pr + 1)/[4(1 + Pr)], and the fluctuating-wall wall-normal anchor
2Pr/(1 — 3Pr), with spurious sign changes at Pr = 3 and Pr = . The natural split (11) is
retained throughout: it is the exact two-point identity for ;9 itself, and its wall results are

universal.

4 Assessment against DNS

4.1 Databases and conventions

Four DNS databases from independent codes are used. (i) The finite-difference channel-flow
simulations of Abe, Kawamura, Antonia and Matsuo [25, 37, 38] at Re, = 180, 395 and 640
with Pr = 0.71 and 0.025, whose thermal forcing is the mixed-type condition of Kasagi et al. [5]:
the condition seen by the fluctuating field is Dirichlet. The databases include the budget of uzf
at both Prandtl numbers and the budget of u10 at Pr = 0.025 only, so the streamwise results at
Pr = 0.71 are drawn from the other three databases; the first grid point lies at y*+ ~ 0.15-0.2,
and u3f is stored on a staggered grid whose first point is at y* ~ 0.3-0.4. (ii) The incompact3d
channel-flow simulations of Flageul et al. [6] at Re, ~ 150, Pr = 0.71, with tabulated heat-flux
budgets under Dirichlet, Neumann, Robin and three-dimensional conjugate conditions; the wall
point is stored and the near-wall grid spacing is Ay™ ~ 0.5. (iii) The pseudo-spectral liquid-
sodium channel simulations of Tiselj and Cizelj [26] at Pr = 0.01, Re, = 180, 395 and 590,
with non-fluctuating (Dirichlet for the fluctuation) and fluctuating (imposed-flux) conditions,
full budgets and the wall point stored, the first grid point lying at y* = 0.03-0.05. (iv) The
spectral-element pipe-flow DNS of Straub et al. [27] at Re, = 5300 (Re, ~ 181), Pr = 0.71 and
0.025, under isothermal, mixed-type and isoflux conditions, with heat-flux budgets tabulated
in the accompanying database [39], the wall point stored and the first grid point at y* = 0.07.
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The isothermal and mixed-type conditions are both Dirichlet for the fluctuating field, so the
pipe data provide the anchored class in two variants and the fluctuating class (isoflux) at both
Prandtl numbers, in an independent geometry and code family. The well-resolved large-eddy
simulations of that database at higher Reynolds numbers are not used: the dissipations are
gradient statistics, and only fully resolved fields enter the assessment.

Conventions are fixed, as in Oti¢ [24], by the exact wall identities rather than assumed. The
mechanical and temperature-variance fields, k, 5, 62 and €6.,n, are taken from the processing of
Oti¢ [24], extended to the pipe with the cylindrical Laplacian; the mechanical identity ep|y, =
%s\w holds to 0.2-5% in every case. The inhomogeneous part €9 ;, = %(1/+/@)Az@ is evaluated
from the curvature of the tabulated flux profiles by local polynomial differentiation on the
native grids, with the wall values from asymptotic fits of the form (27) and (36) over y™ < 1.5
(Pr=0.71), y* < 2.5 (Pr <0.025) or y© < 3 (incompact3d); the tabulated molecular-diffusion
columns are verified to be the exact form 0;(vS; + £Tj) through the wall balances Mg|, = 0
at Dirichlet walls and Mzg|, = Azusf|, at fluctuating walls (remark (i) of §3.6), and the sign
convention of each dissipation column is fixed by budget closure. Budget-closure residuals,
relative to the peak dissipation of the respective budget, are below 0.2% in the spectral channel
data, below 2.5% in the streamwise budgets of the other databases, and reach 7-12% in the wall-
normal budgets of the pipe and of the finite-difference channel at Pr = 0.71, whose dissipation
is small against the pressure terms; the data are used as provided. The wall identities of §3,
the equipartition (43), the 1:3 slope ratio (44) and the finite-part cancellation (42), serve as
acceptance tests: they are satisfied to 0.1-1.5% by the two databases that resolve the wall, the
spectral channel at Pr = 0.01 and the spectral-element pipe, to 1% for the streamwise and
1-2.5% for the wall-normal split by the finite-difference channel at Pr = 0.025, and to 1% for
the streamwise split by the incompact3d data, whose near-wall spacing does not resolve the 7>
behavior of uzf; the wall-normal quantities of that database and of the finite-difference channel
at Pr = 0.71 are therefore reported only where the profiles are resolved, y™ > 1. In the pipe
the curvature terms of the vector Laplacian are O(y*/Re,) at the wall and do not affect the
anchors, so the pipe data test the geometry independence of Table 1.

4.2 Dirichlet-class walls

Figure 1 shows the decomposition for both components at the two ends of the Prandtl-number
range, and Table 2 collects the wall values of the wall-resolved databases.

case Pr cigin/€16lw €30, : €30 slope Rigplw  Rignlw Ripnlw Ripnlw Rienlw (fluct.)
channel 180 0.01 0.499 0.752 0.0199 0.0201 1.97 2.00 —0.0199
channel 395 0.01 0.498 0.757 0.0200 0.0210 1.96 2.06 —0.0202
channel 590 0.01 0.498 0.746 0.0200 0.0197 1.97 1.94 —0.0200
analytical 0.01 0.5 0.75 0.0198 0.0198 1.980 1.980 —0.0198
pipe 0.025 0.499 0.750 0.0494 0.0497 1.94 1.95 —0.0497
analytical 0.025 0.5 0.75 0.0488 0.0488 1.951 1.951 —0.0488
pipe 0.71 0.500 0.761 0.833 0.886 1.166 1.24 —0.834
analytical 0.71 0.5 0.75 0.830 0.830 1.170 1.170 —0.830

Table 2: Wall values from the wall-resolved databases: the splits of (43) and (44), the anchors
of (47) at Dirichlet-class walls, and the anchor (52) at walls with fluctuating temperature,
with the analytical values. Channel: the pseudo-spectral data of Tiselj and Cizelj [26]; pipe:
the spectral-element data of Straub et al. [27]; the mixed-type pipe cases coincide with the
isothermal ones to within 1% and are omitted. Wall values are obtained from the asymptotic
fits described in §4.1; the finite-difference channel at Pr = 0.025 gives Rjy,|w = 0.048 and
RYy 1w = 0.051-0.053 at Re; = 180-640, and the incompact3d channel at Pr = 0.71 gives
Rl plw = 0.843.

At the wall the two parts of the streamwise dissipation are equal in every case, the measured
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(a) Pr=0.01, Re, =590, i =1 (b) Pr=0.71, pipe Re,~181, i=1
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(d) Pr=0.71, pipe Re,~181, i=3
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Figure 1: Decomposition (11) at Dirichlet-class walls, normalized by the maximum of the total:
gig (0), €ip,p, (s0lid), €4¢ip (dashed). (a,c) Pr =0.01, Re, = 590, non-fluctuating condition [26];
(b,d) Pr = 0.71, pipe, isothermal wall [27]. Top row: streamwise component, in which the two
parts are equal at the wall; bottom row: wall-normal component, in which both parts vanish at
the wall and their slopes are in the ratio 1:3.

inhomogeneous fractions being 0.496-0.500 across three codes and three Prandtl numbers, and
the wall-normal slopes are in the ratio 1:3, the measured fractions being 0.746-0.761 in the two
codes that resolve the wall. The two identities are independent of Pr, as derived, and they hold
with the same accuracy for the finite-difference channel at Pr = 0.025 (0.497 and 0.759-0.769).
The supplementary identity for the tabulated molecular diffusion of the wall-normal flux, whose
wall slope must exceed that of the dissipation by the factor (2v + k)/(v 4+ k) because the exact
form (3) weights the two gradient correlations differently, holds to 1% in the spectral channel
data (1.013-1.022 against 1.010) and to 1-3% in the finite-difference channel (1.44-1.46 against
1.415 at Pr = 0.71, 1.04 against 1.024 at Pr = 0.025); in the pipe data the tabulated wall-normal
molecular diffusion carries a small wall offset, 1.6% of its peak, and the slope ratio falls 7-9%
below the analytical value. Away from the wall the inhomogeneous parts have the structure
familiar from the variance analysis. The streamwise part remains equal to the homogeneous
part through the conductive layer, changes sign at the inflection point of the w8 profile, at
yT ~ 6 for Pr = 0.71 and y* ~ 89 for Pr = 0.01, and reaches a negative extremum in the
buffer layer of 25% of the peak dissipation at Pr = 0.71 and 9-16% at Pr = 0.01, decreasing
with the Reynolds number. The wall-normal part is three quarters of the total through the
conductive layer and changes sign at y* ~ 9 at Pr = 0.71 (figure 1d) and at y© ~ 38 at
Pr =0.01, Re; = 590 (figure 1lc¢), beyond which it is small. At Pr = 0.01 the location of that
sign change increases with the Reynolds number, from y* = 26 at Re, = 180 to 38 at 590. The
homogeneous part of the wall-normal dissipation does not change sign in any Dirichlet-class
case and accounts for the entire €39 beyond the buffer layer.

Figure 2 shows the two ratios. Both components are anchored at 2Pr/(1 + Pr): the wall-
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resolved data give RYy; |, within 0.4-1.5% and RY, ;| within 0.5-7% of the analytical value
at the three Prandtl numbers (Table 2), the largerﬁncertainty of the wall-normal anchor at
Pr = 0.71 reflecting the thin layer over which the y® behavior of u3f must be resolved. The
thermal-side anchors follow to the same accuracy (1.94-1.97 and 1.166 against 2/(1 + Pr) =
1.980, 1.951 and 1.170 for the streamwise component).

(a) Pr=0.71 (b) Pr=0.025 (¢) Pr=0.01
— pipe IT, i=1 - — pipeIT,i=1 0.05 ... 180,i=1
2.0 A o iiiz IT, i=3 0.12 ° }}:iizIT,lz,a A 180,i=3
== pipe MBC, i=1 «+++ channel 180, i=1 _n_ ggg’:}j
o pipe MBC, i=3 -4 A channel 180, i=3 n i
_— S]l‘np;ermel, incompact3d, i=1 0.10 — = channel 395, i=1 0.04 T ggg ;:i
1.549 - channel, incompact3d, i =3 i E]h-lgrnun-lg gzgfi‘f ’
0.081 - channel 640:;‘:3 0.03 -
0.06 -
g 0.02 1-
0.04 +
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Figure 2: Homogeneous time-scale ratios RY,, (lines) and RY,, (symbols) at Dirichlet-class
walls: (a) Pr = 0.71, pipe DNS [27] with isothermal and mixed-type conditions, and the
incompact3d channel [6]; (b) Pr = 0.025, pipe DNS and the finite-difference channel [25] at
Re, = 180, 395, 640; (c) Pr = 0.01, channel [26] at Re, = 180, 395, 590. Horizontal lines: the
analytical anchor 2Pr/(1 + Pr). The wall-normal ratio is shown where the y® profile of u3f is
resolved.

The component independence of the anchors is thus confirmed, and with it the harmonic-
mean composition (51), which is the content of the anchors. The approach to the anchors is
different for the two components. The streamwise ratio departs from its anchor monotonically
and slowly, by 5% at y™ = 5 and 10-18% over the buffer layer at Pr = 0.71, and by 37-50%
at y* = 5 at the low Prandtl numbers, where it then rises to several times the anchor because
€16, falls faster than the flux. The wall-normal ratio first falls below its anchor, to a minimum
of 0.88-0.93 of the anchor at y™ ~ 1.5-2.5 in all cases and at all three Prandtl numbers, and
then rises steeply beyond y™ ~ 3. The location of the minimum scales in viscous units and is
independent of Pr, as the crossing of R in Oti¢ [24]; the pipe and the channels agree at matched
y* to within a few percent for both components, the cross-code comparison at Pr = 0.71
between the pipe and the incompact3d channel showing no visible difference for R%@,h over
yT < 40. At the low Prandtl numbers the streamwise ratio in the buffer layer and beyond
depends on the Reynolds number, rising at y* = 30 to 4.6, 6.5 and 7.8 times the anchor at
Re,; = 180, 395 and 590, consistent with the Reynolds-number dependence of near-wall low- Pr
temperature statistics noted by Tiselj and Cizelj [26].

4.3 Walls with fluctuating temperature

Figure 3(a,b) shows the finite-part cancellation (42) at the imposed-flux walls of the channel at
Pr =0.01 and of the pipe at Pr = 0.71. The total wall-normal dissipation vanishes at the wall,
its wall value being below 0.2% of its maximum at the imposed-flux walls of the three codes
and below 2% at the Robin and conjugate walls of the incompact3d data, while the two parts
are finite and opposite: their wall values cancel to 0.03-0.6% of either part in the wall-resolved
data. The finite value is —%(V + k) ¢3ag, between 0.17 and 0.40 of the maximum of the total,
and its molecular counterpart is confirmed independently by the total molecular term, which at
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Figure 3: Walls with fluctuating temperature. (a,b) Finite-part cancellation (42): e3g (o),
30, (solid) and e3¢, (dashed), normalized by the maximum of the total, for (a) Pr = 0.01,
Re; =590, imposed flux [26] and (b) Pr = 0.71, pipe, isoflux [27]. (¢) Wall-normal ratio R, ,
divided by the analytical anchor —2Pr/(1 + Pr) for all eight fluctuating-wall cases: imposed
flux at Pr = 0.01 (three Reynolds numbers), isoflux pipe at Pr = 0.025 and 0.71, and the
Neumann, Robin and conjugate walls of Flageul et al. [6] at Pr = 0.71. (d) Streamwise ratio in
the form Ry, y /A1 with A; the parameter-free amplitude (56); the vertical bars on the zero
line mark the sign change of €1¢ 5, the pole of the ratio.

the wall equals the curvature of the flux profile, Msgy|,, = 2v agecs, to within 1-7% in the channel
and 5% in the pipe at Pr = 0.71; in the pipe at Pr = 0.025 the wall curvature of the flux is
an order of magnitude smaller and the comparison is limited by noise to 40%. The correlation
agcs of the wall temperature with the wall-parallel divergence of the wall shear is therefore a
robust, finite quantity at every wall with fluctuating temperature, and by (24) it measures the
wall-parallel advection of the wall-temperature field by the fluctuating shear.

The negative anchor is shown in figure 3(c) for all eight fluctuating-wall cases, the ratio
being divided by the analytical value so that the prediction is the common wall limit unity. The
wall-resolved data give RY,,|» = —0.0199, —0.0202 and —0.0200 at Pr = 0.01, —0.0497 and
—0.834 in the pipe at Pr = 0.025 and 0.71, against —0.0198, —0.0488 and —0.830 (Table 2); the
incompact3d Neumann, Robin and conjugate walls, with coarser wall resolution, give —0.86,
—0.81 and —0.72. The anchor is thus independent of the geometry, of the Reynolds number, of
the Prandt]l number beyond the explicit factor 2Pr/(1 + Pr), and of the particular fluctuating
condition, as (52) states. The approach is likewise universal in viscous units: the normalized
ratio is 1.01-1.03 at y* = 0.5, 1.09-1.12 at y* = 1 for the imposed-flux walls at all three
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Prandtl numbers, and 1.35-1.43 at y* = 2 at Pr < 0.025 against 1.9 at Pr = 0.71, where the
source layer is thinner; it diverges where €39, changes sign. That sign change bounds the layer
in which the homogeneous dissipation acts as a source of the wall-normal flux. Its location,
yt =7.2,8.2 and 8.7 at Pr = 0.01 for Re, = 180, 395 and 590, 6.3 at Pr = 0.025 and 3.2 at
Pr = 0.71 for the imposed-flux walls, grows as the Prandtl number decreases, the ordering that
(63) attributes to the wall-parallel smoothness of the wall temperature, and with the Reynolds
number at fixed Pr, through the flux coefficient A; it lies at 3.2, 2.5 and 1.8 for the Neumann,
Robin and conjugate walls of Flageul et al. [6], ordered as the wall variance. For the Robin wall

the length is Lt = (ﬁw/bg)l/2 = 10.6 from the wall statistics, so the sign change occurs at
one quarter of the Robin length, inside the Neumann-like region of the flux expansion (58): the
crossover of the wall-normal ratio between its two anchors is not located by LT alone but by the
two lengths of (64), which with §f = 2.5 and L™ = 10.6 give £, = 4.0, a viscous-scale length
of the near-wall velocity field, as §3.5 requires. Beyond the sign change the wall-normal ratio is
positive and of the order of its Dirichlet-class value: the source layer is a near-wall feature, and
the outer flux is destroyed, not amplified, by the homogeneous dissipation at every wall. The
thickness formula (63) is tested with the same fits. The coefficients A, A, and P of (61) are
one-point wall quantities obtained from the y? and > coefficients of the flux and the wall slope
of the dissipation, and B, is twice the O(y?) coefficient of e3¢ 1, /(v + k), fitted over y* < 1.5 with
the zeroth- and first-order coefficients held at their exact values —iA and 1A, — %P (over y* < 2
on the coarser grid of Flageul et al. [6]); the spread over the fit ranges y™ < 1-2 is the quoted
uncertainty, and a free quadratic fit recovers the imposed zeroth coefficient to a few percent
where the grid resolves y* < 1, and the first-order one, an order of magnitude smaller, in sign
and magnitude, an independent check of (61). At Pr = 0.71 the root of (63) gives 6 = 3.2,
2.7 and 1.9 for the Neumann, Robin and conjugate walls against the observed 3.2, 2.5 and 1.8,
and 3.2 for the isoflux pipe against 3.2; at Pr < 0.025 it gives 4.5-5.6 against 6.3-8.7, below the
observed values, because there J, lies outside the range in which the curvature length is linear
(§4.5) and the truncation of (61) underestimates the source. The coefficient B decreases by
two orders of magnitude as the Prandt] number falls, from 2.3 x 10~ at Pr = 0.71 to 4.6 x 1076
at Pr =0.025 and 1.0 x 1076 at Pr = 0.01, Re, = 180, as the conductive smoothing of the wall
temperature requires; at fixed Pr = 0.01 it does not fall further with the Reynolds number but
rises, 1.0-1.6 x 1076 from Re, = 180 to 590, more slowly than the flux coefficient A*, which
nearly doubles over the same range: the growth of the layer with the Reynolds number enters
(63) through the numerator, the outer scaling of the low-Prandtl thermal field.

The streamwise component is shown in figure 3(d) in the form Rion yT /Ay, with A; the
parameter-free amplitude (56) evaluated from the wall slope of the flux and the wall value of
€19,n- At the imposed-flux walls of the channel at Pr = 0.01 and of the pipe at Pr = 0.025
the total streamwise dissipation vanishes at the wall, to 0.005-0.2% of its maximum, as §3.5
requires, and the data follow the asymptote: the normalized ratio is 0.91-0.97 at the first grid
point (y* = 0.03-0.07) and 0.82-0.93 at y™ = 0.2-0.5, for four cases and two codes, with
amplitudes A; = —0.59, —0.69, —1.02 and —2.43. The amplitude is negative: at these walls
€10,n|lw = —%(1/—}— k) c1ag has the sign opposite to the flux, so the homogeneous dissipation is also
a source of the streamwise flux, over a layer bounded by the sign change of £19 5, at y© = 2.8, 2.7
and 2.2 (Pr = 0.01, Re,; = 180, 395, 590) and 2.8 (Pr = 0.025, pipe), approximately one third
of the wall-normal source layer. At the Robin and conjugate walls at Pr = 0.71 the amplitude
is positive, A; = 9.1 and 4.9, because the Dirichlet-class correlation bibg dominates €10,n|w in
(35), and the asymptote is again followed on the coarser grid, to 5% at the conjugate wall and to
10-25% at the Robin wall over y* = 0.5-1.5, in this case without a sign change: at these walls
the streamwise flux is destroyed from the wall outward. At the isoflux and Neumann walls at
Pr =0.71, in the pipe and in the incompact3d channel, the (y*)~! regime is not resolved. The
wall value of €14, is there two orders of magnitude below its buffer-layer values, the curvature
of the nearly linear u16 profile, which sets €16,ih|w, is not determined by the data to better than
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a factor of two, and the sign change of €19, lies below the first grid point, at y™ ~ 0.06 in the
pipe. The wall expansions identify the reason. At a Neumann wall

100 = —3(V + K)Tiag + (v + k) | 5 biye + V) b1-Vag — %dlao]y +0(y), (65)

from (31) and (28) with by = 0, and the fluctuating energy equation at the wall, d,ap =
I{(Vﬁag +27p), converts the first bracketed term into % b10ag/Kk+ i Vb1 - V|jag. The wall value
is carried by the wall-pressure-gradient correlation ¢iag alone, while the slope contains, with
the largest weight, the correlation of the wall-parallel gradients of the wall shear and of the
wall temperature, together with the time-derivative correlation and diag. Where the gradient
correlation dominates the slope, as its weight and the structure of the wall-temperature field
suggest, the thickness of the streamwise source layer is the ratio of the two correlations, a wall-
parallel length of the wall-temperature field relative to the shear field: at Pr = O(1) the wall
temperature has structure on the viscous scales and the layer is a small fraction of a viscous
unit, at Pr < 1 the wall temperature is smooth over those scales and the layer is 2—3 viscous
units thick. The (y*)~! asymptote is therefore an exact limit whose range of validity is set by
the wall-parallel smoothness of the wall temperature, and it is a low-Prandtl-number result in
practice, in the same sense in which the (y*)~2 asymptote of Ry, is attained at Pr = 0.01 and
only approached at Pr = 0.71 [24].

4.4 Cross-diffusion

Figure 4 shows the cross-diffusion term of (13), obtained as the difference between the tabulated
exact molecular diffusion and the symmetric diffusion (v + x)Azu;0.
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Figure 4: Cross-diffusion §(v—r) 0;A4; of (13), evaluated as the difference between the tabulated
molecular diffusion and %(V + k)Agu;0 and normalized by the maximum of the dissipation, at
Dirichlet-class walls: (a) streamwise, (b) wall-normal component. Channel at Pr = 0.01 [26],

pipe and channel at Pr = 0.025 [25, 27|, pipe and channel at Pr = 0.71 [6, 27].

It vanishes at the wall for both components at Dirichlet walls, as (34) and (40) require, and it
is confined to the conductive and buffer layers. Its magnitude depends on the Prandtl number as
the prefactor (v—k)/(v+k) = (Pr—1)/(Pr+1) suggests: for the streamwise component it is 1%
of the peak dissipation at Pr = 0.71 and reaches 37-40% of it at y™ ~ 9-10 at Pr = 0.025 and
0.01, in three databases, the profiles at the two low Prandtl numbers collapsing in viscous units
because the prefactor has saturated at —1. At y™ ~ 5 it amounts to 18-27% of the tabulated
molecular diffusion at Pr = 0.01 and 11-15% at Pr = 0.025, so the frequently written symmetric
form %(u—l—n)Aw@ misrepresents the molecular transport of the streamwise flux by that amount
in the buffer layer of a liquid metal. For the wall-normal component the term is 6-10% of the
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peak dissipation at all three Prandtl numbers, with its extremum at y* ~ 7-11, the smaller

(v — k) prefactor at Pr = 0.71 being compensated by a larger antisymmetric correlation A:(f).
The cross-diffusion is thus the term through which the Prandtl number enters the molecular
transport of the heat flux, and at liquid-metal Prandtl numbers it is of the same order as the

symmetric diffusion in the layer where the flux is produced.

4.5 Composition of the heat-flux time scale

The composition of the heat-flux time scale from the mechanical and thermal ones is measured
by the effective exponent peg(y) of the power mean, 719, = My o (Tyn, To,n) With M, = [(T;Zh +
7'9’? W)/ 2]1/ P where p = —1, p — 0 and p = 1 give the harmonic, geometric and arithmetic means,
respectively. The harmonic-mean anchor (51) fixes pog = —1 on the wall. Its interior behavior,
which the expansions do not determine, is shown in figure 5 for the streamwise component. The
exponent is —1.0 to —1.1 across the conductive sublayer, y™ < 2, at Pr < 0.025 in all codes,
and —0.9 to —1.0 in the pipe at Pr = 0.71, where the two scales already differ by less than a
factor of two. At Pr = (.71 it is undetermined beyond y™ ~ 4, because the two scales differ by
only 30-40% there and all power means coincide at 7, 5, = 79 5: the blend is identifiable only at
Prandtl numbers far from unity. At Pr = 0.01 and 0.025, where 7, exceeds 7y} by factors of
90 and 37 at y© = 2 and by 5-15 and 3-8 in the core, the exponent remains negative across the
channel, between —0.7 and —2.5 for 5 < y* < 100 in the channels and below —1.1 at Pr = 0.01,
falling further towards the centerline and in the pipe: the heat-flux time scale remains at the
harmonic mean or closer to the smaller of the two scales, well below the geometric mean, and
the thermal control found at the wall persists.
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Figure 5: Effective power-mean exponent peg of the heat-flux time scale, 719, = My (7yn, 70.1),
at Dirichlet-class walls; the harmonic (p = —1), geometric (p — 0) and arithmetic (p = 1)

values are marked, and the exponent is shown only where the two scales differ by more than
15%.

Figure 6 states this in the ratio Rfe,h = Tign/To,, at Pr = 0.01. The streamwise ratio
falls from its wall value 2/(1 + Pr) = 1.98 to 1.5 at y* = 5 and remains between 1.3 and
1.8 over 10 < y* < 100 at all three Reynolds numbers, while the mechanical-to-thermal ratio
Tuh/To,, = 1/Ryp decreases from 90 to 7-14; the wall-normal ratio falls further, to 0.9-1.0
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Figure 6: Ratio of the heat-flux to the thermal time scale, R?Q n» at Pr = 0.01 for both compo-
nents and three Reynolds numbers; horizontal line, the wall value 2/(1 + Pr).

at y© = 10 and 0.5-1.0 beyond, the time scale of the wall-normal flux being shorter than
the thermal scale. The geometric mean (Tth@,h)l/ 2 overestimates the streamwise heat-flux
time scale at the wall by the factor (1 + Pr)/(2v/Pr), from (51) with 795, — Pr7,p, which
is (2v/Pr)~' = 5 at Pr = 0.01, and by 3.6-4.2 at y* = 10 and 2-3 in the core, the wall-
normal one by approximately twice these factors. At Pr = 0.025 the same structure is found,
with 72?9 , = 1.3-1.8 in the channel over 10 < y* < 100 (rising to 2.0 near the centerline at
Re, = 640) and 0.4-1.6 in the pipe, the difference between the two geometries and between
the two pipe conditions residing in R;. Figure 7 completes the assessment with the signed
curvature length of §2.4, normalized so that its analytical wall limits are +1 at Dirichlet-class
walls and —1 for the wall-normal component at fluctuating walls. Both limits are attained at
Pr = 0.01 and 0.71; the normalized length remains within 10% of its wall value for y™ < 1 and
decays beyond, so the linear range of the curvature length is the conductive sublayer, as for the
thermal microscale of Oti¢ [24].

5 Constraints for heat-flux closures and data-driven represen-
tations

No closure is proposed here. The results are stated as constraints that any representation of
€i9, a closure or a data-driven model, must satisfy, and as constraints on the data from which
such representations are constructed. They follow from three exact elements: the transport
equation (13), in which the inhomogeneous part is closed and the differential-diffusivity structure
is isolated in one divergence term; the signed homogeneous part, a measure of small-scale
anisotropy rather than a positive-definite destruction; and the wall identities of Table 1, free of
wall statistics and explicit in the Prandtl number.

For closures the consequences are three. The inhomogeneous part, which near-wall clo-
sures represent through damping functions calibrated per thermal condition [14, 15], requires
no model, and the weak-equilibrium truncation of algebraic heat-flux models [1, 40, 41], ho-
mogeneous by construction, is consistent with the homogeneous parts of the dissipations. The
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Figure 7: Signed curvature length A2,/(2Cy,py?) (thick lines) and A%,/(2Cy,py?) (thin lines,
Dirichlet cases) at Pr = 0.01 (channel 590) and Pr = 0.71 (pipe), for the Dirichlet-class and
the fluctuating wall; the analytical wall limits are 4+1 and, for A3g at the fluctuating wall, —1.

pressure scrambling Il;9 remains a separate modeled term, so the constraints concern the dis-
sipative constituent of any blended time scale. A destruction term —C u;0/7 with C,7 > 0
fails identically at walls with fluctuating temperature, the configurations of liquid-metal sys-
tems [42], where (42) fixes the amplitude of the required sign change, and the cross-diffusion,
absent from model forms calibrated on Pr a 1 fluids, is of leading order at Pr < 1 (§4.4).
The composition of the time scales is derived rather than prescribed: at an isothermal wall the
heat-flux time scale is the harmonic mean (51) of the thermal and mechanical scales, by the
additive attenuation of one curvature length by both diffusivities (§2.4), whereas the geometric
mean of Zeman and Lumley [7] is an interpolation without a mechanism. The harmonic mean
is controlled by its smaller argument, so the exact limit 79 4|w — 27,5, at Pr < 1 places on an
analytical basis the a priori finding of Oti¢ and Grotzbach [11] that the thermal time scale, not
the geometric mean, is appropriate at low Prandtl number, and delimits it to that regime; the
geometric mean overestimates the wall value by (2v/Pr)~!, a factor of five at Pr = 0.01, and
the thermal control persists across the channel (§4.5).

For data-driven representations of the scalar flux the same elements act at three levels, com-
plementary to the invariance results of Pope [43] that constrain learned stress models [44, 45]:
invariance constrains the admissible form, the present results constrain the values. (i) The tar-
get. The inhomogeneous part is closed in u;0 and the cross-diffusion is a divergence with known
wall asymptotics (34) and (40), so the only unclosed dissipative quantity is €9, equivalently
the signed time scale (14); a representation trained on the total ;9 absorbs closed molecular
transport, one half of the streamwise wall value, into a fitted term. The target changes sign at
yT &~ 2-9 at every wall with fluctuating temperature (§4.3), so an architecture, output trans-
formation or loss that enforces positivity is inconsistent with an exact feature of the field; the a
priori test of figure 8, in which fits with identical inputs, training data and capacity differ only in
the output constraint, shows the positivity-enforcing forms carrying their error inside the source
layer while the signed fit reproduces the profile and the wall anchor. (ii) Boundary values and
asymptotes. The anchors 2Pr/(1+ Pr), 2/(1 + Pr) and —2Pr/(1 + Pr), the equipartition and
1:3 splits, the linear curvature length (50) and the (y*)~! asymptote (56) are exact, free of wall
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statistics and explicit in Pr, and can be imposed as boundary conditions or penalty terms; they
carry the most information where data are scarcest, at liquid-metal Prandtl numbers.
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Figure 8: A priori test at walls with fluctuating temperature: €39 j, from DNS (symbols) and fits
with a positive-definite closure form C u3f/7,,, with 7, the harmonic and the geometric mean
of 7,1, and 79, and C by least squares over y* < 50, a positivity-enforcing regression and the
same regression with signed output, identical inputs, training data and capacity. (a) Pr = 0.01,
Re; = 590, imposed flux; (b) Pr = 0.71, pipe, isoflux. Shaded: the source layer 0 < y* <
ds. The positivity-enforcing fits carry their error inside the layer and vanish at the wall by
construction; the signed fit reproduces the profile and the wall value, and with it the anchor
—2Pr/(1+ Pr), within a few percent.

The identity (16) removes one degree of freedom, representations of the heat-flux and vari-
ance time scales having to satisfy R, , / 7'\’,?9 ;, = Ry, pointwise, and the projection (17) provides
the frame-invariant scalar for geomeéries without a distinguished wall frame. (iii) The data.
The wall identities are acceptance tests for training data, in the role they have in §4.1: data
that do not resolve the 43 behavior of u3# fail the 1:3 split and the wall-normal anchor, filtered
fields are excluded because the dissipations are gradient statistics, and the convention of the
tabulated molecular diffusion must be verified through the wall balances, the difference between
the exact and the symmetric form being of leading order at Pr = 0.01. The composition of the
time scales is not identifiable from Pr = O(1) data, where all power means coincide, and the
streamwise ratio at Pr < 0.025 depends on the Reynolds number beyond the buffer layer (§4.2):
a training set from which the composition is to be learned must span the Prandtl number, in-
cluding Pr < 1, and the Reynolds number. Together with the exact equation and wall results
for the temperature variance [24], these constraints form a unified set for the second moments of
the scalar field; their assessment in buoyancy-driven configurations, for which Rayleigh-Bénard
convection with its single flux component is the natural prototype, is left to future work.

6 Conclusion

The dissipation rate of the turbulent heat flux splits exactly, by the two-point correlation
method, into a homogeneous part, the curvature of the velocity—temperature correlation at
coincidence, and an inhomogeneous part proportional to the Laplacian of the flux, 9, =
1(v + k)Agzu0. The identity holds at any Prandtl number: the differential-diffusivity struc-
ture appears only in the molecular diffusion, which separates exactly into a symmetric part
that absorbs the inhomogeneous dissipation and a cross-diffusion in divergence form, the mixed
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centroid—separation derivative of the two-point correlation, vanishing at Pr = 1 and in homoge-
neous fields. The homogeneous part vanishes under local isotropy and measures the small-scale
anisotropy of the velocity—scalar correlation; it is not sign-definite. The time scale formed from it
defines two homogeneous ratios whose quotient equals the homogeneous thermal-to-mechanical
ratio Ry, identically. The transport equation formed with €;4 5, is exact, its inhomogeneous part
being closed, and €;p is thereby characterized consistently: a closed molecular-transport part, a
signed measure of small-scale anisotropy and, at walls with fluctuating temperature, a source
of the wall-normal flux.

The near-wall behavior follows analytically for the four thermal wall conditions. At an
isothermal wall the two parts of the streamwise dissipation are equal, the slopes of the wall-
normal parts are in the ratio 1:3, the signed curvature length is linear for both components,
Xig = /2Cyp y, and both components share the anchors R} |, = 2Pr/(1+ Pr) and Rfe plw =
2/(1 4 Pr): at the wall the heat-flux time scale is the harmonic mean of the thermal and
mechanical time scales, reflecting the additive action of the two molecular diffusivities on a single
curvature length, controlled at low Prandtl number by the thermal scale, Tig |w — 279, This is
an exact statement about the hybrid time scale of heat-flux closures, immaterial at Pr = O(1),
where all power-mean blends coincide, and decisive at liquid-metal Prandtl numbers, where the
geometric mean overestimates the heat-flux time scale by (2\/177")*1: the composition of the
time scales is thereby derived rather than prescribed. At walls with fluctuating temperature the
wall-normal dissipation vanishes at the wall through the exact cancellation of finite homogeneous
and inhomogeneous parts, the wall-normal ratio attains the universal anchor —2Pr/(1 + Pr),
the homogeneous dissipation acting as a source of the wall-normal flux and the curvature length
reversing sign, )\ge = —2C,9y?, and the streamwise ratio diverges as (y)~! with a parameter-
free amplitude. The source has a kinematic origin, the wall-normal velocity growing as 2
against a wall temperature flat in y, and the thickness of the source layer is a wall-parallel
microscale of the wall-temperature field weighted by the shear, which accounts for its growth as
the Prandtl number decreases; the Robin wall connects the two regimes through a sign change
of the homogeneous dissipation located by the Robin length and a mechanical length of the wall
velocity field together.

The assessment against channel-flow and pipe-flow DNS from four independent codes, at
Pr = 0.71, 0.025 and 0.01 and under Dirichlet, Neumann, Robin and conjugate conditions,
confirms the analysis where the data resolve the wall and extends it where the expansions stop.
The equipartition and the 1:3 slope ratio, the anchors of both components and both ratios, and
the negative anchor are reproduced to 0.1-6% at Pr < 0.025 and to 0.4-7% at Pr = 0.71, in
the channel and in the pipe, with the wall identities serving as acceptance tests for the data
and fixing their conventions. The finite-part cancellation at walls with fluctuating temperature
is exact to better than 1% of either part, and the correlation agcs that carries it is a robust wall
quantity confirmed independently by the total molecular term. The source layer of the wall-
normal flux extends to y* ~ 3 at Pr = 0.71 and to y™ ~ 6-9 at liquid-metal Prandtl numbers;
at imposed-flux walls the streamwise flux is amplified over approximately one third of that
thickness, and the (y*)~! asymptote with its parameter-free amplitude is followed to within
10% at the first grid points at Pr < 0.025, whereas at Pr = 0.71 the wall-parallel structure of
the wall temperature confines it below the first grid point, a result the wall expansions explain.
The cross-diffusion is negligible at Pr = 0.71 and 40% of the peak streamwise dissipation in the
buffer layer at Pr < 0.025, the term through which the Prandtl number enters the molecular
transport of the flux. The blend exponent is harmonic on the wall at every Prandtl number and
remains negative across the channel at Pr < 0.025: the heat-flux time scale remains between
1.3 and 1.8 thermal time scales over the wall layer and the logarithmic region, and the wall-
normal one at or below the thermal scale, while the mechanical scale is one to two orders of
magnitude longer. The thermal control of the heat-flux destruction at low Prandtl number is
thus a property of the whole layer, not of the wall alone, and the geometric-mean prescription
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overestimates the destruction time scale by a factor of two to five at Pr = 0.01 throughout, and
by two to three across the wall layer at Pr = 0.025.

For data-driven representations of the scalar flux the results fix the learning target, €;on
rather than e;9, together with its sign structure and its wall values, tie it to the variance
time scale through the identity R}, ,/ Rfe n = Rn, and select the data: the wall identities are
acceptance tests, and the compositic;n of the time scale is identifiable only from data at Prandtl
numbers far from unity. The assessment of these constraints in buoyancy-driven flows is left to
future work.
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