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Abstract

Many mathematical models are based on the coupling of two or more optimization
problems. This paper surveys possibilities to couple two optimization problems and
discusses how solutions of the different models are interrelated with each other. The
considered pairs stem from the fields of standard and generalized Nash equilibrium
problems, optimistic and pessimistic bilevel problems, saddle problems, standard and
generalized semi-infinite problems, robust optimization, Lagrange duality, bicriteria
optimization problems, minimax problems, decomposition, and two-stage stochastic
optimization. Some connections to vector optimization and variational inequalities are
discussed as well.
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1 Introduction

Mathematical models from application fields like economics, finance, engineering,
operations research, and machine learning often are based on the coupling of two or
more optimization problems. This paper surveys, in a structured manner, possibilities
to couple two optimization problems and discusses how solutions of the different
models are interrelated with each other. The focus is on these structural relations, but
less on applications, optimality conditions, stability, or solution methods.

Dedicated to Marco Antonio Lépez Cerdd

B Oliver Stein
stein@kit.edu

I Institute for Operations Research (IOR), Karlsruhe Institute of Technology (KIT), Karlsruhe,

Germany

Published online: 01 September 2026 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11750-026-00728-3&domain=pdf
http://orcid.org/0000-0001-9514-6317

0. Stein

In Sect. 2, we propose general models for symmetrically (Sect.2.1) and asymmetri-
cally (Sect.2.2) coupled pairs of optimization problems, providing their interpretations
as Nash equilibrium problems and Stackelberg games, respectively. We briefly intro-
duce bicriteria and vector optimization problems in Sect.2.3.

Section 3 discusses special symmetrically coupled pairs of optimization problems,
partly supported by the variational inequality formulation (Sect. 3.1). We discuss prob-
lems with a potential function (Sect. 3.2), saddle problems (Sect. 3.3), and generalized
saddle problems (Sect. 3.4). Motivated by the latter, also two concepts of local saddle
points are briefly compared (Sect. 3.5).

Special asymmetrically coupled pairs are considered in Sect.4, in particular stan-
dard and generalized semi-infinite problems with applications to robust optimization
(Sect.4.1), minimax problems (Sect.4.2), decomposition (Sect.4.3), and two-stage
stochastic optimization (Sect.4.4).

Interconnections between models based on symmetrically and asymmetrically cou-
pled pairs, and also some relations to vector optimization, are discussed in Sect.5. A
fundamental connection between symmetrically and asymmetrically coupled pairs of
optimization problems is the characterization of saddle points by solutions of min-
imax problems (Sect.5.1), which lies at the heart of Lagrange duality in nonlinear
optimization (Sect.5.2). A connection between Nash equilibrium and bilevel prob-
lems under more general assumptions is discussed in Sect.5.3. Section 5.4 considers
relations between Nash equilibrium and vector optimization problems, before Sect. 5.5
provides results on relations between bilevel and vector optimization problems. Some
final remarks close this survey in Sect. 6.

As mentioned above, this paper does not focus on challenges in applications, opti-
mality conditions, stability, or solution methods, but on modeling aspects. A main
feature in the structure of the discussed models is that the same variable vector may
appear as a vector of decision variables in one optimization problem and simulta-
neously as a vector of parameters in the other problem. In some models, decision
variables of one problem also appear as indices in the other problem. A major chal-
lenge in the construction of the models is therefore to accurately keep track of which
variables play the roles of decision variables, parameters, or indices, respectively.

2 General models

The coupling of two optimization problems may either be symmetric (Sect.2.1) or
asymmetric (Sect.2.2). In both cases, we will assume one of the two problems to be
of the form

(Q(x)) I\Iélﬁ fx,y) st yeY(x)

with parameter vectors x from a host set X C R” and vectors y of decision variables
from a host set )V € R™. The parameter-dependent feasible sets are defined via the
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A guided tour through the zoo...

set-valued mapping
Y: X =), x> {yeY]|ghk,y) <0, hix,y) =0}

with vector-valued constraint functions g, 4 defined on X x ). The objective function
f is real valued and also defined on X x ). The functional description of Y (x) will
play a minor role in the following. Integrality constraints on (some of) the variables
in the vector y or parameters in the vector x may be modeled by appropriate choices
of the host sets ) and X, respectively.

With the set R = R U {£o00} of extended real numbers, we denote the minimal
value function of (Q(x)) by

¢: X >R, x> inf f(x,y), 2.1)
yeY(x)

where we adopt the usual convention ¢p(x) = —oo if f(x, ) is not bounded from
below on Y (x), and ¢(x) = +oo for Y (x) = @. The (possibly empty) set of minimal
points of (Q(x)) may then be written as

S(x) = arg;l(li)n fa, )y ={yeY®|flx y=p}
yeY(x

When convenient, the equality constraint in the definition of S(x) may equivalently
be replaced by f(x, y) < ¢(x).

To avoid confusion, we remark that the ‘min’ in the problem statement of (Q(x))
refers to the task of minimizing the objective function, but does not imply that a minimal
point of (Q(x)) exists. Therefore, the minimal value function ¢ is defined with the
‘inf” notation, which takes the several types of unsolvability of (Q(x)) into account.
In the solvability case, this infimum is attained as a minimum and we shall write
@(x) = minyey(x) f(x, y). The ‘max’ and ‘sup’ notations are handled analogously.

Example 2.1 For the choices X = Y = [—4,4], f(x,y) =yand Y(x) = {y € V|
x +y > 2} with x € X, one obtains ¢(x) = 2 — x and S(x) = {2 — x} for all
x € [—2,4] as well as ¢(x) = 400 and S(x) = @ for all x € [—4, —2) (Fig. 1).

2.1 Symmetric coupling
2.1.1 Model

For symmetrically coupled optimization problems, the second problem possesses
essentially the same format as the problem (Q(x)), but now with y playing the role
of a parameter vector, while x is the vector of decision variables. The host sets X’
and Y are identical to the ones in (Q(x)), but the defining functions may differ. More
explicitly, we consider the problem

(P(y)) mi)tg F(x,y) st xeX(y)
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0. Stein

with parameter y € ). The feasible sets are defined via the set-valued mapping
X:Y=X, y—>{xeX |G,y <0, H(x,y) =0}

with vector-valued constraint functions G, H defined on X’ x ). The objective function
F is real valued on X x ). We denote the minimal value function of (P(y)) by

<1>:y—>R V> inf)F(x,y)

xeX(y

and the set of minimal points by

R(y) = arg)?(li)nF(x, V={xeXy|Fx y =2
xeX(y

We will refer to (P (y), Q(x)) with (x, y) € X x Y as a pair of symmetrically coupled
optimization problems.

Note that not all decision variables x1, ..., x, of (P(y)) need to enter (Q(x)) as
parameters, and likewise not all decision variables yi, ..., y, of (Q(x)) need to enter
(P (y)). The variables x; and y; which enter are called linking variables. Furthermore,
not all constraints in the system G(x,y) < 0, H(x, y) = 0 need to depend on the
parameter y, and not all constraints in the system g(x, y) < 0, A(x, y) = 0 need to
depend on the parameter x. The ones which depend on the respective parameters are
called coupling constraints.

2.1.2 Solution concept

The basic solution concept for pairs of symmetrically coupled optimization problems
is that of an equilibrium. Indeed, a point (x, y) € X x ) is called equilibrium of the
pair (P(y), Q(x)) if x € R(y) and y € S(x) hold. This notion may be restated using
the graphs

gphR = {(x,y) e X x Y |x € R(y)}

and
gphS = {(x,y) e X x Y|y e Sx)}

of the set-valued mappings R : Y =% X and S : X =2 ), respectively. The set E of
equilibria of the pair (P(y), Q(x)) can thus be written succinctly as

E = gph R N gph S. (2.2)

The generalization of this equilibrium concept to more than two coupled optimization
problems is straightforward.

We remark that the identity (2.2) relies on a slight abuse of notation with respect to
the set gph R. The standard definition of this graph is {(y,x) € YV x X | x € R(y)}
(Rockafellar and Wets 1998). Indeed, in standard notation, our set gph R is the graph
of the inverse mapping of R. However, this non-standard definition only re-orders the
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Fig.1 Graphs of S and R in Examples 2.1 and 2.2

variable groups and does not affect the development of the subsequent results. The
same remark applies to the graph of X, which will appear in Sect.2.2.1.

Example 2.2 In addition to the choices from Example 2.1, let F (x, y) = x* 4+ y?, and
X(y) = X = [—4,4] forall y € ). This yields ®(y) = yZ and R(y) = {0} for all
y € Y. Since the graphs of R and S are gph R = {(x,y) € [—4, 412 | x = 0} and
gph S = {(x,y) € [-4, 4 | x+y =2}, the pair (P(y), Q(x)) possesses the unique
equilibrium point (x, y) = (0, 2) (Fig. 1).

One can easily construct symmetrically coupled pairs of optimization problems
which do not possess equilibrium points, just by choosing (P(y)) and (Q(x)) with
(x,y) € X x Y, such that the graphs gph R and gph § of their minimal point map-
pings do not intersect. Sufficient conditions for the existence of equilibrium points are
presented in, e.g., Facchinei and Kanzow (2010, Sec. 4.1), Facchinei and Pang (2003,
Prop. 2.2.9), and in the references therein. Their basic versions rely on the observa-
tion that the set E coincides with the set of fixed points of the set-valued mapping
T:XxY=Xx)Y,(x,y) = R(y)xS(x).In particular, under certain compactness
and convexity assumptions as well as the closedness of the graphs gph R and gph S,
Kakutani’s fixed point theorem (Kakutani 1941) guarantees that 7' possesses a fixed
point on X x ). The closedness of gph S will be further discussed in Sect.2.2.2.

2.1.3 Game theoretic interpretation

A main, but not exclusive (see Sect. 3), source of coupled optimization problems are
applications from non-cooperative game theory. There one interprets the problems
(P(y)) and (Q(x)) as to be owned by two respective decision-makers, also named
players or agents, who do not cooperate. The decision of either player enters the other
player’s problem as a parameter. Let player 1 and player 2 own the problem (P (y))
and (Q(x)), respectively. In this context, the set-valued mapping S is termed (best)
response mapping of player 2, given the decision x of player 1, and vice versa R
is the (best) response mapping of player 1, given the decision y of player 2. Again,
the generalization of such a two-person game to an N-person game with N > 2 is
straightforward.

Equilibria (x, ¥) of (P(y), Q(x)) are exactly the points in which none of the two
players possess a rational incentive to deviate from their decision, since both players
have chosen a minimal point of their respective problem, given the other player’s deci-
sion. In the game theoretic context, such points are called generalized Nash equilibria.
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0. Stein

The task to find a point in £ = gph R N gph S is called a (two-person) generalized
Nash equilibrium problem (GNEP). GNEPs go back to Arrow and Debreu (1954) and
Debreu (1952). We refer to Facchinei and Kanzow (2010) and Facchinei and Pang
(2009) for comprehensive surveys of theory, applications, methods, and history of
GNEPs.

In the game theoretic context, the feasible sets X (y) and Y (x) are called strategy
sets. In the case of constant strategy sets X(y) = X C X and Y(x) = Y C ),
one speaks of a (two-person) standard Nash equilibrium problem (NEP), and the
points in £ = gph R N gph § are called (standard) Nash equilibria. Standard NEPs
were introduced by Nash in (1951). In the following, we will frequently return to the
assumption of constant feasible sets, since it simplifies theory as well as algorithmic
approaches across different couplings of optimization problems.

GNEPs with parameter-dependent strategy sets are sometimes studied under the
additional assumption that the set-valued mappings X and Y can be derived from a
fixed set 2 € X x )Y, called shared constraint set (or shared feasible set), by taking
its fibers

X)) ={xeX|(x,y) e}, ye)l, (2.3)
Y(x):={yeVlx,y e}, xei. 2.4)

The fact that X and Y are derived this way is actually equivalent to the requirement that
Y is the inverse mapping of the set-valued mapping X (Rockafellar and Wets 1998,
Ch. 5A). This view, however, does not generalize to N-player GNEPs with N > 2. If
2 is also closed and convex, and all functions F (-, y),y € )V, and f(x, -),x € X, are
convex, then a GNEP is said to enjoy joint convexity (Facchinei and Kanzow 2010).

The following example for a jointly convex GNEP is inspired by Bard (1984, Ex.
1).

Example2.3 For X =Y = R, let

Q={x, ) eXxYV|x+y/2=22 —x/4+y=2,
x+y/2<8, x—2y>4,y>0},

F(x,y)=x+yand f(x,y) = —5x — y, and let X and Y be defined by (2.3) and
(2.4). The boundary of the polytope €2 consists of the five edges

Ey =12, 0), (8/9,20/9)],

E> = [(8/9,20/9), (56/9,32/9)].
E3 =[(56/9,32/9). (36/5, 8/5)],
E4 = [(36/5,8/5), (4, 0)],

Es =1[(4,0),(2,0)]

(Fig. 2). This yields gph R = E; U E3, gph S = E» U E3, and hence, the equilibrium
set E = E».
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Fig.2 Set © in Example 2.3

2.2 Asymmetric coupling
2.2.1 Models

In pairs of asymmetrically coupled optimization problems, there exists a hierarchy in
which the problem (Q(x)) is subordinate to a higher level problem. Therefore, such
problems are also called bilevel problems. To distinguish symmetric from asymmetric
coupling, the former is sometimes called horizontal, and the latter vertical coupling.

To derive the two main formats of bilevel problems, we start with the equivalent
(Stein 2025) epigraph reformulation

Py min z st F(x,y)<z,xeX
( epl(y)) P s U (x,y) < »

of (P(y)), which allows to treat the objective function and the feasible set in a unified
manner. The two bilevel approaches turn the parameter y of (Pepi(y)) into an index
or a decision variable, respectively, which is constrained to lie in the minimal point
set S(x) of (Q(x)). To ensure that the resulting problem is well defined, y is equipped
with a quantifier. More specifically, the strong version of a bilevel problem in epigraph
formulation is

(Py,epi) min z st. YyeSx): F(x,y) <z, x € X()),
(x,2)€eX xR

whereas the weak version has the form

(P, epi) min z st IJyeSkx): F(x,y) <z, x € X(y).
(x,2)eX xR

In the well-posed case (Zemkoho 2016) when S(x) is a singleton {y(x)} for all
x € X (in other words, when (Q(x)) possesses a unique minimal point for each

x € X, so that the set-valued mapping S is single-valued), the strong and the weak
versions both reduce to the problem

(Pepi) min _ z s.t. F(x,yx)) <z, x € X(y(x)).
(x,2)eX xR

Reversing the epigraph reformulation results in the problem

(Pup) mi/% F(x,y(x)) st. x € X(y(x)).
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Since single-valuedness of S is not always guaranteed in applications, in the following,
we shall not consider the well-posed case, but rather discuss the more challenging
general setting.

We remark that the attribution of ‘strong’ and ‘weak’ to the problems ( Py ¢pi) and
(Py,epi) 1s not used consistently in the literature. While, e.g., Loridan and Morgan
(1996) switches the two attributes, we adapt the seemingly more established choice
from, e.g., Dempe (2002).

The strong version (Ps ¢pi) may be rewritten as

min z st sup F(x,y) <z, x € ﬂ X(y),
(x,2)eX xR yeS(x) yes )

and reversing the epigraph reformulation leads to the general format

(Py) min sup F(x,y) st x € ﬂ X(y)
xeX
yes) yeS(x)

of the strong version of a bilevel problem.
For the weak formulation, one cannot argue analogously, since the problem

min z s.t. inf F(x,y) <z, x € X
(x,2)eX xR yeS(x) ( y) yEL.S-'gx) (y)

is only a possibly proper relaxation of (Py,epi) Without further assumptions (see
below).

However, by a projection argument, one can see that with respect to global minimal
points and the global minimal value, the problem (P, pi) is equivalent to

min ZS.t.F)C, SZ,XGX , e S(x). 25
(x.y,.2)€XxYxR X, ) ),y (x) (2.5)

We emphasize that, in the terminology of Benko and Mehlitz (2021) and Mehlitz
(2025), this reformulation makes the implicit variable y explicit. Consequently, one
must expect that (2.5) possesses more local minimal points than (P epi). Such spurious
local minimizers may occur as the output of methods from local nonlinear optimiza-
tion, although they do not correspond to local minimizers of the original problem. A
sufficient condition for the absence of spurious local minimizers is given in Mehlitz
(2025, Th. 4.2).

Reversing the epigraph formulation in (2.5) results in the format

(Psw) min  F(x,y) st x € X(y), ye€Skx),
(x,y)eX x)

called the standard weak version of a bilevel problem. Observe that in (Pyy,), F is
minimized in the pair of variables (x, y) over the set

gph X Ngph S ={(x,y) e gph X NgphY | f(x,y) = p(x)}, (2.6)
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which is referred to as the optimal-value-function (or briefly value-function) formula-
tion. As mentioned above, the equality constraint in (2.6) may equivalently be replaced
by f(x,y) < ¢(x). The bilevel feasible set gph X N gph S is also called inducible
region of (Pyy). We remark that the presence of coupling constraints in the descrip-
tion of the set X (y) may lead to a disconnected inducible region, even if all defining
functions are linear, as discussed in, e.g., Henke et al. (2025).

The set

Q =gph X NgphY 2.7)

from (2.6) is called shared constraint set (or shared feasible set) of (Py, ), and the
minimization of F over 2 is referred to as the high point relaxation of ( Py, ). Unlike
in the case of GNEPs (Sect.2.1.3), here the presence of a shared constraint set is not
a structural assumption, but €2 is derived from the set-valued mappings X and Y by
(2.7). If one additional assumes that X and Y are defined as fibers of some fixed set 2
via (2.3) and (2.4), one obtains 2 = gph X = gph Y, so that (2.7) is trivially satisfied.

Other equivalent reformulations of the problem (P, epi) are possible for a y-
independent function F (x) or for a y-independent feasible set X(y) = X C X. The
first case will be discussed in detail in Sect. 4.1. In the second case, (P ¢pi) becomes

min _ z st. 3yeSkx): F(x,y) <z, x € X. (2.8)
(x,2)eX xR

Under the assumption that finite infima of F (x, -) over S(x) are attained for all x € X
(e.g., for polyhedral problems; cf. Som et al. (2025, Ex. 5) for an example showing
the necessity of the attainment assumption), problem (2.8) may be rewritten as

min z st inf F(x,y)<z x€X,
(x,2)eX xR yeS(x)

and reversing the epigraph reformulation yields the format

(P,w) min inf F(x,y) st xe€ X,
xeX yeSx)

called the original weak version of a bilevel problem. Since going from the original
weak version (P,,,) to the standard weak version

min F(x, st. xeX, ye S 2.9
(en (x,y) y € S(x) (2.9

still makes the implicit variable y explicit, the two problems are in general only
equivalent with respect to global minimal points and the global minimal value, but
not with respect to the local ones. This effect is investigated in detail in Zemkoho
(2016). Despite this drawback of the standard weak version, it is often studied, since it
indeed possesses a two-level structure. In contrast, the original weak version exhibits a
three-level structure, since it interrelates three minimization problems in a hierarchical
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fashion. Its theoretical and algorithmic treatment is thus more intricate than in the
standard setting.

Analogously, one may call (Ps) the original strong version of a bilevel problem
(Wiesemann et al. 2013). A corresponding standard strong version is introduced in
Lampariello et al. (2019). It also makes the implicit variable y explicit, and it allows
a reformulation of the strong version by a bilevel problem in standard weak version
with a parametric two-player GNEP as the lower level problem. Roughly speaking,
this replaces the vertical three-level structure of the original strong version by a vertical
two-level structure with a horizontally (i.e., symmetrically) coupled pair of optimiza-
tion problems in the lower level.

Linking variables and coupling constraints in asymmetrically coupled pairs of
optimization problems are defined as for symmetrically coupled pairs (Sect.2.1.1).
Comprehensive introductions to bilevel optimization are given in Bard (1998), Dempe
(2002), and Beck et al. (2026), and for a bibliography with more than 1500 entries,
see Dempe (2020).

2.2.2 Solution concept

In contrast to symmetrically coupled problems, no special solution concept (in analogy
to equilibria) needs to be introduced for asymmetrically coupled problems. In fact,
one needs to find minimal points of (Pyy), (Poy), or (Py).

Example 2.4 With the specifications from Example 2.3, the feasible set of (Psy) is
gph X Ngph S = gph S = E» U E3, which yields the unique minimal point (x, y) =
(8/9,20/9) of (Psy). In comparison to Example 2.3, this illustrates that the symmetric
and asymmetric couplings of the same problems in general possess different solution
sets.

Example 2.5 With the specifications from Example 2.2, the feasible set of (Psy) is
gph X Ngph S = {(x, y) € [-4,4]> | x + y = 2}, so that the unique minimal point
of (Psy) is (x,y¥) = (1, 1). In comparison to Example 2.2, this illustrates that the
symmetric and asymmetric couplings of the same problems may even possess disjoint
solution sets.

The statement of sufficient conditions for the existence of such minimal points is an
intricate issue, even under continuity and compactness assumptions on the involved
functions and sets. Indeed, semi-continuity properties of the set-valued mapping S
play a crucial role for solvability.

For example, proving the existence of a minimal point of (Py,,) by the Weierstrass
theorem requires, besides lower semi-continuity of F and a non-empty and bounded
feasible set gph X N gph S, the closedness of the latter intersection. The set gph X
is easily seen to be closed for lower semi-continuous and continuous entries of the
functions G and H, respectively, but the closedness of gph S may fail even for a linear
function f and non-empty compactsets Y (x),x € X, if Y is not inner semi-continuous
(Bank et al. 1982; Rockafellar and Wets 1998) on X. The following mixed-integer
example with even single-valued S illustrates this issue.
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Example 2.6 (Koppe et al. 2010, Ex. 1.1) The choices X = R, Y = Z, F(x,y) =
x—y,X(y) =1[0,1], f(x,y) =y, and Y(x) = {y €e YV | x <y < 1} lead to
gph S = {(0,0)} U ((O, 1] x {1}), so that the infimum —1 of (Py,,) is not attained.

The closedness of gph § actually corresponds to a semi-continuity property of S,
namely its outer semi-continuity (Bank et al. 1982; Rockafellar and Wets 1998).

A proof of the solvability of (Ps) by the Weierstrass theorem requires the lower
semi-continuity of its objective function sup,cg ) F(x, y). However, this does not
follow from continuity of F and outer semi-continuity of S, but under the rather
strong assumption of inner semi-continuity of S (Bank et al. 1982). This is illustrated
by the next example, inspired by Lucchetti et al. (1987, Ex. 4.2).

Example 2.7 (Lampariello et al. 2019, Ex. 3.1) The choices X =Y =R, F(x,y) =
x2+y, f(x,y) = xy, X(y) = Y(x) = [—1, 1], result in the closed graph gph § =
([=1,0) x {1}) U ({0} x [—1, 1]) U ((0, 1]) x {—1}) and

sup F(x,y) =

41, xe[-1,0]
yes(o)

x2—1, xe(,1].

Therefore, the infimum —1 of (Py) is not attained. Observe that S is not inner semi-
continuous at x = 0 and, indeed, the above function is not lower semi-continuous at x.
On the other hand, the infimum —1 of the original weak formulation (P,,,) is attained,
since its objective function infyeg(x) F(x, y) is lower semi-continuous (but not upper
semi-continuous) at x.

More detailed discussions of solvability in bilevel optimization may be found in
Dempe (2002), Kleinert et al. (2021), Zemkoho (2016), and the references therein.

2.2.3 Game theoretic interpretation

Like symmetrically coupled problems, also asymmetrically coupled problems may be
motivated from a game theoretic perspective. Again, two players are involved, namely
an upper level player and a lower level player, also called leader and follower, respec-
tively. Unlike in GNEPs, these players do not decide simultaneously, but sequentially.
Indeed, the leader passes a decision vector x to the follower, who then returns an ele-
ment y of S(x) to the leader. The leader anticipates the choice of y and thus can solve
an optimization problem in the variable x. This structure is called a Stackelberg game
(von Stackelberg 1934). The minimal point x of the leader together with the selected
minimal point y € S(x) of the follower’s problem is called Stackelberg equilibrium
(although ‘only’ optimization problems are solved). Under appropriate conditions, for
the leader, it is advantageous to move first, which is a natural motivation to consider a
Stackelberg game rather than a Nash game (e.g., the Nash equilibrium (x, y) = (0, 2)
from Example 2.2 possesses the objective value F (x, y) = 4, whereas the Stackelberg
equilibrium (x, y) = (1, 1) from Example 2.5 has the lower value F(x, y) = 2). For
a succinct discussion of the first mover advantage, see, e.g., Mallozzi et al. (2018).
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Stackelberg games are considered under the assumption of a constant upper level
feasible set X (y) = X € X Let us also assume that S(x) is non-empty and compact
for each x € X. Then, the original strong version ( Ps) of the Stackelberg game is

(SGos) min max F(x,y) st xeX,
xeX yeSx)

while the original weak version (P,,,) is

(SGow) min min F(x,y) st x € X.
xeX yeS(x)

Hence, if the leader solves the strong version (SG,;), she expects that the follower
returns a point y from S(x) with the worst possible value of her upper level objective
function F(x, -). This makes sense if the follower is an adversary of the leader. Of
course this approach only has an effect for points x € X with a nonunique lower level
minimal point set S(x).

On the other hand, solving the weak version (SG,,,) means that the leader expects
a cooperative follower who returns some y € S(x) with the best possible value of
F(x, -). For these reasons, the strong version (SG,s) of the Stackelberg game is also
called pessimistic, while the weak version (S G, ) is called optimistic. More generally,
for the two versions of any bilevel optimization problem, the terms pessimistic bilevel
problem and optimistic bilevel problem are used as synonyms for their strong and
weak versions, respectively.

In case that the follower’s problem does not depend on x (since F (x, y) and Y (x) are
constant with respect to x), also the set-valued mapping S is constant with S(x) = S.
Then, the Stackelberg game is called purely hierarchical or simple. The distinction
between the pessimistic and the optimistic version then still makes sense, as long as
S is not a singleton.

We mention that the recent paper (Caruso et al. 2025) calls a point (x, y)
a lower Stackelberg equilibrium if it satisfies (x,y) € gphS and F(x,y) <
min % maxyes(x) F(x, y). Each such point satisfies

min min F(x,y) < F(x,y) <min max F(x,y)
xeX YES(x) xeX YeS(x)

(Caruso et al., 2025, Rem. 3.2) and, thus, covers the notions of, both, optimistic
and pessimistic solutions. In Caruso et al. (2025), it is shown that lower Stackelberg
equilibria are stable under perturbations of the defining functions, as opposed to merely
optimistic or pessimistic solutions.

2.3 Bicriteria and vector optimization

This section briefly discusses optimization problems with two objective functions,
also called bicriteria problems, and their generalization to vector optimization prob-
lems. Bicriteria problems are typically not considered as coupled pairs of optimization
problems, since they are not used to model interrelated decisions of two agents, but
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rather to model the decision of a single agent who is confronted with two conflicting
objectives. Nevertheless, in Sects.5.4 and 5.5, we will report connections between
vector optimization problems and pairs of symmetrically or asymmetrically coupled
optimization problems, respectively.

A general bicriteria optimization problem is given by a host set X € R”, a feasible
set M C X and two objective functions F, f : M — R. Its statement

. (F(x)
)rcrél)ré (f(x)) st. xeM

requires an appropriate definition of minimality. Since the image space R? of the two-
dimensional objective function cannot be equipped with a total order (respecting its
vector space structure), this is not straightforward.

Appropriate generalizations from the single-objective case are based on the negative
formulation of global minimality, namely the lack of feasible points with strictly better
objective values. Indeed, a point x € M is called weakly efficient (or weakly Pareto
optimal) if no x € M satisfies (F(x), f(x)) < (F(X), f(x)), where the inequality
sign is meant componentwise. This notion covers points x € M for which still x € M
with,e.g., F(x) = F(x) and f(x) < f(x) exist. Since a decision-maker would prefer
any such x over x, some weakly efficient points may not be interesting in practice.

Therefore, as a second, more appropriate generalization from the single-objective
setting, a point x € M is called efficient (or Pareto optimal) if no x € M satisfies
(F(x), f(x)) = (F(x), f(X)) and (F(x), f(x)) # (F(x), f (X)), where the inequal-
ity sign is again meant componentwise. In contrast to single-objective optimization,
the set of efficient points is not even a singleton under regularity assumptions, but in
general an infinite set. From this, the decision-maker may choose according to her
subjective preferences (if any).

Example 2.8 With the specifications from Example 2.3 and M = €, the set of efficient
points of the corresponding bicriteria problem is E4 U E5. In comparison to Exam-
ples 2.3 and 2.4, this illustrates that the efficient set may be disjoint from the solution
sets of the corresponding symmetric and asymmetric couplings.

To mention a pair of optimization problems arising in bicriteria optimization, let
F and f both be bounded from below on M, let y; be the optimal value of the
minimization of F over M, and let y, be the optimal value of the minimization of f over
M. Then, the point y = (y1, y») in the image space R? is called the ideal point of the
bicriteria problem. The ideal point may be attained as (F'(x), f(x)) with some x € M
only for consenting objectives. In this case, however, x can also be found by minimizing
either one of the two objectives, that is, by solving some single-objective problem.
Such situations are not relevant for bicriteria optimization. For conflicting objectives,
on the other hand, the ideal point cannot be attained. It still plays an important role in the
formulation of some scalarization approaches for the determination of efficient points,
e.g., in the compromise programming approach (Ehrgott 2005; Miettinen 1999).

For more than two objective functions, say 01, ..., 6k, (weak) efficiency of x € M
can be defined analogously. With the function vector & = (01, ..., 6;) an equivalent
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formulation for efficiency of x € M requires 6(x) < 6(x) for all x € M with
f0(x) < O(x). Since both of these two conditions involve the same binary relation
between vectors in R¥, it can be generalized to other binary relations. Indeed, in
Sect. 5.4, we will use that every cone C C R* induces a binary relation on R¥ by
virtue of the definition
Yzeytie Y -yec

A partial order on R is defined by a binary relation which is reflexive, transitive, and
antisymmetric. The binary relation <c is reflexive if and only if 0 € C holds, transitive
if and only if C is convex, and antisymmetric if and only if C is pointed (Ehrgott 2005,
Th. 1.20). Hence, with the k-dimensional standard ordering cone R = {y € RF |
y > 0}, the binary relation <gk induces a partial order on Rk,

Efficiency can be defined with respect to any binary relation, not only ones leading
to a partial order. In fact, in Sect. 5.4, we will use a nonconvex ordering cone C with
0 € C and call x € M efficient with respect to C if 6(x) <c¢ 6(x) holds for all
x € M with 8(x) <¢ 6(x). In the case C = R’;, one speaks of multi-objective
or multicriteria optimization, whereas optimization with respect to a general ordering
cone on a possibly infinite-dimensional host set & is referred to as vector optimization.

A generalized definition of weak efficiency requires an ordering cone C with
nonempty interior int C and defines y! <¢ y? by y> — y! € intC. Then, x € M
is called weakly efficient if no x € M with 0(x) <¢ 0(x) exists.

3 Special symmetric couplings
3.1 Equilibria and variational inequalities

In this section, we assume that the problems (P(y)), y € YV, and (Q(x)), x € X, are
smooth and convex in the following sense.

Assumption 3.1 The following two properties hold:

(a) For all y € Y, the function F(-, y) lies in Cl(X,R) and is convex, and the set
X (y) is nonempty and convex.

(b) For all x € X, the function f(x,-) lies in C 1(V, R) and is convex, and the set
Y (x) is nonempty and convex.

In the game theoretic setting, the convexity requirements from Assumption 3.1 are
referred to as player convexity. The latter holds, for example, if the pair (P (y), Q(x))
enjoys joint convexity, that is, X and Y are derived from a closed and convex shared
constraint set 2 via (2.3) and (2.4), respectively, and F and f are convex on 2.

By the variational formulation of convex optimization problems (cf., e.g., Stein
2024, Th. 2.8.2), also known as the minimum principle (Facchinei and Pang 2003),
Assumption 3.1 guarantees for each parameter y € ) that the elements of the optimal
point set R(y) of (P(y)) are exactly the points which solve the variational inequality
(VI)

find x € X(y) with (V,F(x,y),x —x) >0 Vx e X(y) (3.1

@ Springer



A guided tour through the zoo...

and, analogously, for each x € X, the elements of the optimal point set S(x) of (Q(x))
are characterized as the solutions of the VI

find 7 € Y(x) with (V,f(x,5),y—73) >0 VyeY(). (3.2)

The equilibria (x, y) of (P(y), Q(x)) are thus characterized as the simultaneous solu-
tions of (3.1) with parameter y := y and (3.2) with parameter x := x. With the
set-valued mapping 2 : X x Y =3 X x Y,z := (x,y) - X(y) x Y(x), these two
VIs may be aggregated to

Vi F(2)

find 7 € Q(z) with <(Vyf(2)

),Z—Z>20 VzeQQ). 3.3)

While, like X in (3.1) and Y in (3.2), the feasible set €2 in (3.3) is not constant, a crucial
difference is that it depends on the decision variable z, rather than on a parameter.
Therefore, (3.3) is not a parameter-dependent standard VI, but a quasi-variational
inequality (QVI).

Conversely, the QVI (3.3) can also be disaggregated into (3.1) and (3.2) in the sense
that for each solution 7 = (x, y) of (3.3), the point X solves (3.1), and y solves (3.2).
This readily follows from the particular choices z = (x, y) and z = (x, y) in (3.3).

This shows the following result.

Theorem 3.2 (Facchinei and Pang 2003, Prop. 1.4.2) Under Assumption 3.1, the set
E of equilibrium points of the pair (P(y), Q(x)) coincides with the solutions of the
QVI (3.3).

A more general definition of equilibrium problems is studied in Fan (1972) (see
also Blum and Oettli 1994; Iusem and Sosa 2003) by generalizing the structure of a
standard VI to

(EP) find z € Z with T(z,z2) >0 Vze Z

for some closed convex set Z and a function 7' : Z x Z — R with T'(z, z) = 0 for all
z € Z.Beyond variational inequalities, optimization problems, and Nash equilibrium
problems, (E P) also covers complementarity problems, fixed point problems, and
vector optimization problems (Iusem and Sosa 2003). The latter is briefly elaborated
in Appendix A.

3.2 Symmetrically coupled pairs with a potential function

Monderer and Shapley (1996) transferred the idea of the potential of a vector field
from physics to Nash equilibrium problems. We formulate this concept for a pair
(P(x), Q(y)) of symmetrically coupled optimization problems with (x,y) € X x
Y =: Z CR¥",

Indeed, from the physics perspective, a vector field G : Z — R"*™ is said to be
conservative if a function ¥ € C1(Z, R) with G = VW exists, and W is then called
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a potential function for G on Z. For a simply connected domain Z a vector field
G € C'(Z,R") is conservative if and only if the Jacobian DG is symmetric on 2
(Rudin 1976, Ths. 10.39, 10.40; Facchinei and Pang 2003, Th. 1.3.1).

In application to a pair (P (x), Q(y)) of symmetrically coupled optimization prob-
lems with (x,y) € Z,let F, f € C 2(2 ,R), and let Z be simply connected. Then, a
potential function W : Z — R for the vector field

L Vi F(z)
G(z) .= (Vyf(z)>

on Z satisfies

Vx,y)eZ: ViF(x,y) =V W(x,y), (3.4)
Vx,y)€Z: Vyf(x,y)=V,¥(x,y), 3.5)

and such a function exists if and only if the matrix
D2?F(z) D,V F(z))
DG@) = p 3 oY

@ <Dx V(@) Df()

is symmetric for all z € Z. The latter is characterized by
DyV F(z) = (DyVy f(2)T forall z € Z. (3.6)
By the fundamental theorem of calculus, (3.4) and (3.5) are equivalent to

VixeX, yeY: F@{ ) —Fxy=VE5y —VYx,y),
Vied,y,yel: [f())—fxy)=¥Ey) -V y),

which is the formulation presented in Monderer and Shapley (1996) for a merely
continuous potential function W. Thus, in a game theoretic setting, the existence of a
potential function may be interpreted as a situation in which both players minimize the
same objective function in their respective decision variables. Observe that a potential
function, if it exists, is uniquely determined up to an additive constant.

To render the existence of a potential function useful for the computation of equilib-
ria, one may combine the first-order information from (3.4) and (3.5) with the convexity
requirements from Assumption 3.1 and employ Theorem 3.2. It then remains to find
conditions under which (3.3) becomes a standard VI which characterizes the optimal
points of some convex optimization problem.

Indeed, to obtain a standard VI, we assume constant feasible sets X (y) = X C X
and Y(x) = Y C Y like in a standard NEP (as opposed to a GNEP). This yields
Q(z) = Q := X x Y with Q being nonempty and convex, so that (3.3) reduces to the
standard VI

V:F(2)

find 7z € Q with <<Vyf(2)

),z—z>zo VzeQ. (3.7)
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Since X and Y are constant feasible sets, for simplicity, we may put X := X and
Y :=Y. The convexity of Q then implies that Z = Q is simply connected, so that a
potential function W exists if and only if (3.6) is satisfied. In this case, the VI (3.7)
becomes

find Z € Q with (V¥(2),z—2)>0 VzeQ. (3.8)
To render (3.8) the variational formulation of a convex optimization problem

min W(z) st zeQ,
Z

one additionally needs that W is convex. Since with F and f, also W is a C2-function,
it is convex if its Hessian is positive semi-definite on 2. This shows the following
result.

Theorem 3.3 For a pair (P(x), Q(y)) of symmetrically coupled optimization prob-
lems with constant feasible sets X = X, Yy = Y and (x,y) € Q=XxY, let
Assumption 3.1 hold with F, f € C*(Q2, R), and let

< D2F(z) DnyF(z)>
DV, f(z) D;f(2)

be symmetric and positive semi-definite on Q. Then, the set E of equilibria coincides
with the minimal point set of W on Q.

Theorem 3.3 justifies to call W a potential function for the symmetrically coupled
pair (P(y), Q(x)). In the game theoretic setting, one speaks of a potential game
in this case. In view of Theorem 3.3, equilibria of symmetrically coupled pairs of
optimization problems can be determined using the well-developed algorithmic tools
from convex optimization (Boyd and Vandenberghe 2004), provided that W can be
easily computed from F and f by integration. Otherwise, one may apply solution
methods for monotone VIs (Facchinei and Pang 2003, Ch. 10) directly to (3.8).

3.3 Saddle problems
Saddle points are a key concept in minimax theory and for duality results. Their
Eandgd diﬁnition assumes constant sets X < XandY C Y. Apointz = (x,y) €
Q = X x Y is called a saddle point of F' on Q if

VxeX.yeY: F(¥,y) < FE5) =< F(x.y) 3.9)

holds, and the task to find a saddle point of F on € is called a saddle problem. The
condition (3.9) is equivalent to

max F(%,y) = F(X,7) = min F(x, j). (3.10)
yeY xeX
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In particular, the maximal and minimal values are attained at y and x, respectively.
Thus, 7 is a saddle point of F on L if and only if it is an equilibrium point of the pair
of symmetrically coupled optimization problems (P (y), Q(x)) with constant feasible
sets X(y) = XCXandY(x) =Y C ) as well as the special choice f := —F. Due
to f + F = 0, in a game theoretic setting, this situation is called a two-person zero
sum game.

The symmetric structure of saddle problems admits an important characterization
of their equilibrium points. The main idea is to study the connection of the equilibrium
points of the underlying pair of symmetrically coupled optimization problems to the
solutions of two asymmetrically coupled pairs. We postpone the discussion of this
connection to Sect.5.1.

3.4 Generalized saddle problems

In a generalized version, one may also consider saddle points of a function F on a
nonempty set 2 € X x ) which does not necessarily possess the Cartesian product
structure X x Y. Note, however, that the decomposition of the variable vector z into the
variable groups x and y is prescribed in this concept. Following the definition from,
e.g., Dem’yanov and Pevnyi (1972), (x, y) € Q2 is called a saddle point of F on 2 if

Vx,y), (x,y) € Q: F(x,y) = F(x,y) = F(x,y) (3.11)

holds. With the fibers X (y) and Y (x) of Q from (2.3) and (2.4), respectively, (3.11)
can be rewritten as

max F(x,y)=F(x,y) = min F(x,y). (3.12)
yeY(x) xeX(y)

Therefore, (x,y) € 2 is a saddle point in this generalized setting if and only if it
is an equilibrium of the corresponding pair (P(y), Q(x)) of symmetrically coupled
optimization problems with (x,y) € X x ), where X and Y are derived from the
shared constraint set €2.

We remark that in the literature (cf., e.g., Zakovi¢ et al. 2000), one also finds
a different definition of saddle points for sets €2 not possessing Cartesian product
structure. There, (x, y) € € is called a saddle point of F on €2 if rather than (3.11)

V(x,y) € Q: F(x,y) < F(x,y) = F(x, ) (3.13)

holds. Simple examples, even with compact convex sets €2, show that the saddle point
definitions based on (3.11) and (3.13) are unrelated. In particular, the one using (3.13)
is not consistent with the equilibrium concept for pairs of symmetrically coupled
optimization problems.

From the game theoretic perspective, the saddle problem with @ = X x Y corre-
sponds to a two-person standard NEP, whereas the generalized saddle problem with
Q C X x Yand (3.11) possesses the structure of a two-person GNEP, both with the
special choice f = —F.
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A straightforward characterization of generalized saddle points in analogy to the
one discussed in Sect. 5.1 for standard saddle points is not possible, as will be explained
there.

3.5 Local saddle points

In addition to the global versions of saddle points discussed so far, there exist at least
two concepts for local versions. First, in (3.10) and (3.12), the global minimality of x
and global maximality of y can straightforwardly be replaced by local minimality and
maximality, respectively, to define a (generalized) local saddle point. This admits, for
example, the development of a local Lagrange duality theory as in Luenberger and Ye
(1984). Let us call this a local saddle point of type 1.

Second, by (3.12), a generalized saddle point z = (x, y) of F on Q is a global
minimal point in x, a global maximal point in y, but (except for trivial cases) neither
a global minimal nor a global maximal point of F in z. Thus, an interior point zZ of
Q C RY can be called a local saddle pointofa C I_function F if it satisfies VF (z) =0,
but is neither a local minimal nor a local maximal point. For the sake of comparison,
we call this concept a local saddle point of type 2. It generalizes the notion of a saddle
point from elementary calculus, where for N = 1 and € = R the function F(z) = z3
possesses a saddle point of type 2 at 7 = 0. For N > 1, local saddle points of type 2
play a prominent role in the global structural analysis of functions (Jongen et al. 2013).

As amajor deviation from the concept of local saddle points of type 1, in addition to
the smoothness assumption and the employment of a first-order optimality condition,
for local saddle points of type 2, no variable groups are prescribed. In particular,
as opposed to local saddle points of type 1, this concept makes sense for univariate
functions F. For a more detailed comparison of the two concepts, see Appendix B.

4 Special asymmetric couplings
4.1 Semi-infinite and robust optimization

In this section, we specialize the problem (P(y)) with parameter y € ) to a y-
independent objective function F' : X — R and to the feasible set mapping

X:Y=X ye xeX| fx,y) =0}
which employs some set X € X and the objective function f of the problem (Q (x)).
Then, the strong and weak versions of the asymmetrically coupled problems from

Sect.2.2.1 are

mi)lé F(x) st. xeX,VyeSx): f(x,y)>0 4.1)

and
mi)rg F(x) st. xeX,3yeSx): f(x,y) =0, 4.2)
xXe

@ Springer



0. Stein

respectively. For each y € S(x), one has f(x,y) = ¢(x) with ¢(x) =
infyey() f(x,y) from (2.1). For simplicity, let us assume X C dom S := {x €
X | S(x) # 0} (the effective domain of §), that is, (Q(x)) is solvable for all x € X
(e.g., under the assumptions of the Weierstrass theorem). Then, ¢ is real valued, and
(4.1), (4.2) are both equivalent to

min F(x) st. x € X, ¢(x)>0. 4.3)
xeX

In particular, the strong and weak versions of this bilevel problem are identical. In a
more explicit form, (4.3) can be stated as

(GSIP) mi)r; F(x) st. xeX, f(x,y)>0VyeY(x).
xXe

Observe that under the assumption X € dom S, the set Y (x) is nonempty for all
xeX.

The problem (G SI P) employs potentially infinitely many inequality constraints for
a finite-dimensional decision variable x, which explains that it is called a generalized
semi-infinite optimization problem (Stein 2003). The feasible set Y (x) of (Q(x))
takes the role of the index set of the inequality constraints, and the vectors y € Y (x)
act as indices. In the case of a constant index set Y C ), one speaks of a standard
semi-infinite optimization problem (SIP) (Goberna and Lépez 1998, 2018; Hettich
and Kortanek 1993; Lépez 2026).

Since the standard weak version (Pj,,) corresponding to (4.2) is

min F(x) st. xe€X, f(x,y)>0, y e Skx),
o () f&x,y) =0, yeSkx)

semi-infinite problems can be studied from the point of view of bilevel optimization
(Stein 2003).

One application of semi-infinite optimization (among many others, Djelassi et al.
2021; Stein 2003) is the treatment of uncertainty in an optimization problem (Birge and
Louveaux 1997). While (two-stage) stochastic optimization uses information about
the underlying distribution of the uncertainty (Sect.4.4), the worst-case approach is
called robust optimization, and it is strongly related to semi-infinite optimization.

Indeed, assume that a nominal parameter yp € R in the inequality constraint of
the optimization problem

min F(x) st. xe€ X, f(x,y) >0 (4.4)
xeX

is uncertain, but that at least an uncertainty set Y CR™ containing yo is known. Then,
the robust counterpart of (4.4) is

mi/% F(x) st. xeX, f(x,y)>0Vye?Y, 4.5)
xe
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that is, a standard SIP. As above, the infinitely many inequality constraints in (4.5)
may be rewritten as the worst-case constraint ¢(x) = inf ye¥ f(x,y) = 0. Likewise,
x-dependent uncertainty sets Y (x) give rise to a GSIP.

Hence, robust counterparts of optimization problems with uncertainties in inequal-
ity constraints coincide with semi-infinite optimization models. Nevertheless, consid-
erable attention has been paid to robust optimization in its own right (Ben-Tal et al.
2009; Bertsimas and den Hertog 2022), often with a focus on algorithmically ben-
eficial properties of the optimal value function ¢ (e.g., for linear functions f(x, -),
x € X, and an ellipsoidal set 7, Ben-Tal and Nemirovski 1999).

4.2 Minimax problems

With a constant set X € X as well as the objective function F and the set-valued
mapping Y from Sect. 2, the problem

(MM) min sup F(x,y) st xeX
xeX yeY (x)

is called a minimax problem. Observe that the inner maximization of the objective
function is performed with respect to y € Y (x), and not y € S(x) as in the original
strong version (P;) of a bilevel optimization problem. Therefore, while (Py) possesses
athree-level structure, (M M) is a bilevel problem. Indeed, it is equivalent (Stein 2025)
to its epigraph reformulation

min _z st. xe€X, sup F(x,y)<z
(x,2)eX xR yey (x)

which, more explicitly, turns out to be the GSIP (Sect.4.1)

min z st. x€X, z— F(x,y)>0VyeY(x).
(x,2)eX xR

Like saddle problems, minimax problems are defined via a single function F,
while an independent second function f does not appear. We emphasize, however,
that minimax problems (M M) belong to the class of asymmetrically coupled pairs of
optimization problems and must, hence, not be mistaken for saddle problems. Nev-
ertheless, an important connection between the two classes exists and is discussed in
Sect.5.1.

From the point of view of robust optimization, the arguments from Sect. 4.1 regard-
ing an uncertain nominal parameter yo € Y (x) in an inequality constraint readily
transfer to an uncertain parameter in the objective function. Indeed, in terms of mini-
mization, SUP ey (x) F(x, y) is then the worst-case objective function. Hence, (M M)
is the robust counterpart for this case.
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4.3 Decomposition

We return to the setting of a shared constraint set, that is, we consider a real-valued
function f onaset 2 C X x Y withthe fibers Y (x) ={y e V| (x,y) € QL,x € X,
from (2.4). The (effective) domain

domY ={x e X | Y(x) # 0}

of the set-valued mapping Y allows the description

o= {J @xrwm,

xedomY

which yields the decomposition of the minimal value of f on €2 into

inf ,y) = inf inf , V).
(x,y)e2 f(x y) xedomY yeY(x) f(x y)

This means that inf(, y)eq f(x, y) may be determined as the minimal value of the
problem

min ¢(x) s.t. x edomY 4.6)
xeX

with the minimal value ¢(x) = inf,cy () f(x, y) of (Q(x)) from (2.1). This can be
useful if the determination of ¢(x) for each x € dom Y is easier to handle algorith-
mically than the direct minimization of f on 2, e.g., if (Q(x)) is a linear, a (smooth)
convex, or a separable problem for each x € dom Y. In addition, explicit descriptions
or approximations of ¢ and dom Y need to be available for the solution of (4.6).

Indeed, one main idea of (generalized) Benders decomposition (Benders 1962;
Geoffrion 1972) is to secure assumptions under which strong duality holds between
(Q(x)) and its dual problem (Sect. 5.2). This reformulates (4.6) into a minimax problem
(Sect.4.2), which can be treated as a semi-infinite problem (Sect.4.1).

The historically first application of Benders decomposition (Benders 1962) focused
on linear mixed-integer optimization problems with discrete variables x and continu-
ous variables y. Then, (Q(x)) is a linear optimization problem for each x € dom Y,
and dual descriptions of both dom Y and ¢ can be derived. In the resulting semi-
infinite reformulation of the minimax problem, the polyhedral index set can be replaced
by its vertex set, due to the vertex theorem of linear optimization. This reduces the
semi-infinite to a finite problem with, however, a possibly vast number of constraints
(corresponding to the size of the vertex set of the dual feasible set). These are handled
by considering a relaxed master problem with few constraints and, depending on its
solution, successively adding new constraints in the fashion of a cutting plane method.

It turns out that similar ideas can also be used for the solution of two-stage stochastic
optimization problems (Sect.4.4), where they lead to the L-shaped method.
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4.4 Two-stage stochastic optimization

Asymmetric coupling also appears in a standard model for stochastic optimization
(Birge and Louveaux 1997). It assumes that the decision variables can be split into
a vector x which does not depend on stochastic information and a vector y whose
optimal choice can only be determined once the realization of a random variable &
is known. Therefore, a first-stage decision about x € X (the here-and-now decision)
can be furnished independently of the outcome of &, and a second-stage decision on
y € Yg(x) (the recourse decision) after the realization of £, and given the first-stage
decision x.

For the formulation of the second-stage problem, we introduce the random variable
& into the objective function and feasible set of the problem (Q(x)), and thus obtain

(Qe(x)) ;Iél)r)l fe(x,y) sty € Ye(x)

with the optimal value function ¢ (x).

For the statement of a deterministic first-stage problem, the expected value of ¢ (x)
is employed. To avoid integrability issues and to promote the algorithmic tractabil-
ity, one often assumes a discrete and finite random variable with probabilities pg of
the scenarios &, s € [o] := {l,...,0} (or a continuous random variable which is
approximated by sampling these finitely many scenarios). This yields the expected
value function

Eepe(x) = > pygpz, (x)
s€lo]

of the second-stage problem with the deterministic optimal values g (x) of the deter-
ministic problems Q¢ (x), s € [o]. The choice x € D := ﬂse[a] dom Yg with
dom Yg, = {x € X | Y¢, (x) # 0}, 5 € [0], secures Egpg (x) < +00.

The resulting first-stage problem

(FS) min > pegr(x) st xeD

s€lo]

is a bilevel problem with finitely many lower level problems, namely the scenario-
based problems Q¢ (x), s € [o]. For the algorithmic treatment of (FS), this entails
the introduction of one lower level decision variable y, for each scenario s, so that for
a large number o of scenarios, the problem size may become vast.

Fortunately, under the assumption that the problems Q¢ (x), s € [o], are linear
optimization problems, the dualization and relaxation ideas of Benders decomposition
(Sect.4.3) allow to solve the two-stage stochastic optimization problem by a cutting
plane method (the L-shaped method), controlled by solutions of an appropriate master
problem (Birge and Louveaux 1997).

One may wonder whether (FS) also results from decomposition (Sect.4.3) of
some single-level optimization problem with the large number of decision variables
X, Y1, ..., Vs Indeed, with the o-fold Cartesian product )° := ) x --- x ) the
problem
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(EF) min Z Psfe, (x,¥5) st x € X, ys € Y, (x), s € [0],
(671500 ) EX X PO seio]

is called the extensive form of the scenario-based two-stage stochastic optimization
problem. Observe that the objective function of (E F) is separable with respect to
the variables ys, s € [o], and that its feasible set possesses a Cartesian product
structure with respect to these variables. If it was not for the presence of the linking
variable x, a rule of calculus for optimal values of separable functions on Cartesian
products (cf., e.g., Stein 2024, Ex. 1.3.2) would allow to recover optimal points and
the optimal value of (EF) as a combination of optimal points and optimal values
of o subproblems in the single variables y;. Because of the resulting dimensionality
reduction in the subproblems, this would be algorithmically beneficial. Decomposing
(E F) with respect to the two groups of variables x and (y,, s € [o]) actually allows
to pursue this idea.
Indeed, with the graphs

gph Ye, = {(x, y1, ..., Yo) € X x V7 | y5 € Y, (x)}, s € [0],

of the scenario-wise feasible set mappings Ye, : X — ), the set Q from Sect. 4.3 is
Q = (y¢0) 8Ph Y, For x € X, its fibers are

Y() ={1, s ¥0) €Y7 | (X, ¥1, -+, Y5) € Q)
={O1, - ¥0) €Y7 | y5 € Y, (x), s € [0},
=Yg () x ... X Yg (X),

which yields dom Y = (), dom Y, = D. Decomposition thus allows to write the
minimal value of (EF) as

Vs €Yy (x

inf inf > pefe(x.yy)
selo

inf inf (x, 4.7
xedom ¥ (v1,... )€Y (1) S xeDvg]pS )fg’( ) @7

- |
inf > pag, (1)

selo]

that is, as the minimal value of the first-stage problem (FS). Hence, decomposition
of the extensive form (E F) recovers the two-stage structure of the above recourse
problem.

A crucial step in this derivation is the identity (4.7), where the mentioned rule of
calculus for separable functions on Cartesian products is applied to the inner optimal
value for fixed outer variables x. This construction decouples the linking variable x
from the large number of variables ys, s € [o], and the latter only appear in the
independent lower level optimization problems Q¢ (x), s € [o]. This decomposition
makes the possibly large-scale optimization problem (E F') algorithmically tractable.
As a conceptually different single-level idea for two-stage stochastic optimization, we
mention the wait-and-see approach (see Appendix C for a brief explanation).
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We emphasize that many other stochastic versions of bilevel problems exist (for
references see Dempe 2020, Sec. 20.4.1.5). In particular, the one presented in Mallozzi
and Morgan (2001) assumes that the leader of a Stackelberg game possesses stochastic
information about the follower’s choice from her nonunique optimal point set S(x).
In addition to the pessimistic and optimistic solutions, this allows the introduction of
an intermediate Stackelberg strategy.

5 Interconnections between models

In Sects.3 and 4, we have seen that several models involving pairs of optimization
problems may be interpreted as special cases of the general symmetrically and asym-
metrically coupled pairs, respectively. In contrast, the focus of the present section is
on connections between symmetrically and asymmetrically coupled models, and on
their relations to vector optimization.

5.1 Characterization of saddle points

A fundamental connection between symmetrically and asymmetrically coupled pairs
of optimization problems arises in a basic characterization of saddle points (x, y) of
a function F on a set X x Y (Sect.3.3). Indeed, the symmetric structure of a sad-
dle problem raises the question whether the saddle value F(x, y) may be found by
successive minimization of F' over x and maximization over y, and even regardless
of the order of these optimizations. More precisely, one asks whether the identi-
ties sup, .y inf_ % F(x,y) = F(x,y) = inf % Sup,cy F(x,y) are true. The two
underlying asymmetrically coupled optimization problems are maximin and minimax
problems, respectively (Sect.4.2).

To formulate the connection between the symmetrically coupled and the two asym-
metrically coupled pairs of optimization problems, recall that & and ¢ denote the
minimal value functions of (P(y)) and (Q(x)), respectively. In the present case of
constant feasible sets, it suffices to consider X and Y, respectively, as their domains,
and we obtain

>

d:X —> R, y = inf F(x,y),

xeX

¢:Y > R, x> inf (—F(x,y)) = —sup F(x,y).
yey yeYy

With ¢ := —¢, the main idea of said characterization is to ‘counter optimize’ & and
Y, that is, to consider

sup ®(y) = sup inf F(x,y),

yeY yey x€X
inf ¥ (x) = inf sup F(x,y),
xeX xeX yey
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and to compare these (extended) real values. The following theorem formulates the
central connection between these symmetrically and asymmetrically coupled pairs of
optimization problems.

Theorem 5.1 (Facchinei and Pang 2003, Th. 1.4.1) For F : X xY — R, the minimax
(or maximin) inequality

sup inf F(x,y) < inf sup F(x,y) 5.1
yeyxex xeX yey

holds, and for (X, y) € X x Y, the following statements are equivalent.

(a) (x,y) isasaddle point of F on XxY.

(b) X is a global minimal point of ¥ on X, y is a global maximal point of ® on Y, and
equality holds in (5.1).

(¢) The identities ¥ (x) = ®(y) = F(x, y) are true.

The assumptions of the following existence result for saddle points strengthen
Assumption 3.1.

Theorem 5.2 (Facchinei and Pang 2003, Cor. 2.2.10) For nonempty, convex, and com-
pact sets X and Y, let F be continuously differentiable on 2 = X x Y, let F(-, y) be
convex on X for each y € Y, and let F(x, -) be concave on'Y for each x € X. Then,
the set of saddle points of F on Q is nonempty and compact, and the identity

minmax F(x, y) = maxmin F(x, y) 5.2)
xeX yevy yeY xeX

is true.

One may expect that the characterization of standard saddle points from Theo-
rem 5.1 can be extended to the generalized case from Sect. 3.4 based on the generalized
minimax inequality

sup inf F(x,y) < inf sup F(x,y). (5.3)
yedomXXEX()’) xedomeGY(x)

However, the following example shows that (5.3) fails to hold in general, even for
a convex—concave function F on a nonempty, polyhedral, and compact set €2. In
cases where it does hold, the proof of Theorem 5.1 can be extended verbatim to the
generalized case.

Example 5.3 For F(x,y) = x> —y>on Q = {(x,y) € [0,1]* | x +y > 1}, one
obtains dom X = [0, 1], X(y) = [1 — y, 1] and inf,cx(y) F(x,y) = 1 — 2y for all
y € dom X; thus, SUP, cdom X infyex(y) F(x,y) = 1. Analogously, dom Y = [0, 1],
Y(x) = [1 —x, 1] and supycy () F(x,y) = 2x — 1 for all x € domY result in
infyedom ¥ SUPyey(y) F(x, y) = —1. Therefore, (5.3) is violated.
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5.2 Lagrange duality

A prominent example of a saddle problem lies at the heart of Lagrange duality in
nonlinear optimization. Indeed, for the minimization of a function 6 : R” — R over
a feasible set M = {x € X | c(x) <0, ceq(x) = 0}, described by vector-valued
constraint functions ¢ : R” — R’ and ¢,y : R" — RY, the Lagrange function
aggregates all defining functions to

L:R"xRP xRT - R, (x,4, ) = 0(x) + (A, c(x)) + (1, Ceq (x)).

With the combined multiplier vector y := (A, u) and the set Y = Rg x R?, one
verifiesvp =inf % sup, .y L(x, y) for the primal optimal value vp := inf,eps 6 (x).
This motivates to study saddle points of L on X x Y.

Since, in the above notation, the primal optimal value satisfies vp = inf % ¥ (x)
with Y (x) = sup, .y L(x, y), consequentially one also considers the maximization of

®(y) =inf % L(x, y) over Y and its maximal value vp := Sup,.cy ®(y). The latter
maximization problem is called the Lagrange dual to the minimization of f over M,
and vp the dual optimal value.

The minimax inequality (5.1) becomes vp < vp and is referred to as weak duality
between the primal and dual problems. The non-negative term vp — v p is called duality
gap. In view of Theorem 5.1, (¥, ¥) € X x Y is a saddle point of L on X x Y if and
only if x is a global minimal point of the primal problem, y is a global maximal point
of the dual problem, and vp = vp holds, that is, the duality gap vanishes. The latter
is referred to as strong duality. In view of the unboundedness of Y, the existence of
saddle points of L on X x ¥ cannot be deduced from Theorem 5.2. For appropriate
existence results, see, e.g., Bertsekas et al. (2003, Secs. 2.6, 6.2), Rockafellar (1970,
§36), and Tuy (2008).

Under certain convexity assumptions, one can show that (x, y) is a saddle point of
L on X x Y if and only if X is a Karush-Kuhn—Tucker (KKT) point of the primal
optimization problem with multiplier vector y (cf., e.g., Stein 2024 for details). Hence,
KKT points can be interpreted as equilibrium points of a certain symmetrically coupled
pair of optimization problems.

5.3 Nash equilibria and bilevel optimization

As seen in Examples 2.4 and 2.5, the solution sets of Nash equilibrium problems and of
bilevel problems with the same defining functions may be disjoint. On the other hand,
the article (Lampariello and Sagratella 2017) provides assumptions under which the
solutions of the standard weak (i.e., optimistic) version ( Py, ) of a bilevel problem can
be related to solutions of an appropriately formulated Nash equilibrium problem, that
is, some symmetrically coupled pair of optimization problems. As in Lampariello and
Sagratella (2017), for simplicity, let us assume a constant feasible set X(y) = X C X
in (P (y)) and consider the bilevel problem
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min  F(x,y) st. xeX, ye Sk
on (x,y) y € S(x)

from (2.9), where S(x) denotes the optimal point set of (Q(x)). The relation X C
dom S is assumed to hold.

In Lampariello and Sagratella (2017), itis suggested to construct a Nash equilibrium
problem from these data by coupling (Q(x)) symmetrically with the problem

(P'()) min _ F(x,n) st x€X, f(x,n) < f(x,y). n€Yx).
(x,meXxy

Observe that (Q (x)) parametrically depends only on the x-part of the decision variables
of (P’(y)), but not on 7.

To see the main idea of this insertion of the objective function f of (Q(x)) into the
feasible set of (P’(y)), with the shared constraint set gph Y = {(x,y) e X x ) | y €
Y (x)} of (2.9), we write the feasible set of (P’(y)) succinctly as X'(y) := {(x,n) €
gph Y} | f(x,n) < f(x,y)} and the one of (2.9) as {(x,n) € gphY | f(x,n) <
¢(x)}, where we have renamed the decision variable y of (2.9) to . This shows that
for each minimal point j € S(x) with x € X, the feasible set of (P’(¥)) is reduced to
the one of (2.9). Based on this observation and a number of additional assumptions,
in Lampariello and Sagratella (2017), the following results are proved.

Proposition 5.4 (Lampariello and Sagratella 2017, Prop. 3.1) Let (x, 1) be a global
minimal point of (2.9) which minimizes F even over the whole set gph'Y (i.e., (X, 1)
even solves the high point relaxation of (2.9)). Then, for each y € S(x), the triple
(x,n,¥y) is an equilibrium point of the symmetrically coupled pair of optimization
problems (P'(y), Q(x)).

Theorem 5.5 (Lampariello and Sag@tella 2017_,C0r. 3.1) Let (Q(x)) possess a con-
stant feasible set mapping Y(x) =Y € Y on X, and let (x, 1, y) be an equilibrium
point of the pair (P'(y), Q(x)). Then, (X, 1) is a global minimal point of (2.9).

While the assumptions of Proposition 5.4 and Theorem 5.5 may appear strong, the
following result shows that this approach at least readily covers purely hierarchical
bilevel problems.

Theorem 5.6 (Lampariello and Sagratella 2017, Th. 3.2) Let the optimal point set
S(x) = S be constant on X N dom Y. Then, the following assertions hold.

(a) For each equilibrium point (X, 1, ¥) of the pair (P'(y), Q(x)), the point (X, 1) is
globally minimal for (2.9).

(b) For each global minimal point (X, i) of (2.9) and each y € S, the point (%, 7], y)
is an equilibrium of the pair (P'(y), Q(x)).

The relation between local minimal points of (2.9) and certain equilibria of the pair
(P’(y), Q(x)) is more intricate, and elaborated in Lampariello and Sagratella (2017,
Th. 3.3).

We remark that Theorem 5.6 is crucial for the mentioned reformulation (Sect.2.2.1)
of the standard strong version of a bilevel optimization problem to a bilevel problem in
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standard weak version with a parametric two-player GNEP in the lower level (Lampar-
iello et al. 2019) (see also Lampariello et al. 2020b). Indeed, the connection between
the intermediate and the lower level problem in the three-level structure of the standard
strong version is purely hierarchical for each choice of the upper level variable.

As another connection between Nash equilibria and bilevel optimization, we men-
tion that by Caruso et al. (2025, Th. 4.2), under weak assumptions, lower Stackelberg
equilibria coincide with the outcomes of subgame perfect Nash equilibria. However,
the latter concept interprets the two-step sequential nature of a Stackelberg game as a
dynamic Nash game, which goes beyond the scope of the present survey.

5.4 Nash equilibria and vector optimization

In this section, we consider a pair of symmetrically coupled optimization problems
(P(y), Q(x)) with x and y from linear spaces X and ), respectively, and with X and
Y being derived from a shared constraint set 2 € X x ) via (2.3) and (2.4). One may
then ask whether the equilibrium points of (P(y), Q(x)) are related to the efficient
points of the bicriteria optimization problem

- F(x,y)
(x,yr)rél./r\lf'xy <f(x, y)) st (x,y) e Q 5.4)
with respect to the standard ordering cone C = R2.

In Example 2.8, we have seen that the two concepts are in general unrelated, even in
the polyhedral case (see also Marcotte and Savard 1991; Tadelis 2013). Nevertheless, a
technique presented in Feinstein and Rudloff (2024) shows that the set of equilibria of
(P(y), O(x)) may be written as the efficient set of some different vector optimization
problem, with n + m + 2 objective functions and an appropriately defined ordering
cone C.

Theorem 5.7 (Feinstein and Rudloff 2024, Th. 2.6) The equilibrium set E of
(P(y), Q(x)) coincides with the set of efficient points of the function (x, y, F(x, y),
f(x,y)) on Q with respect to the ordering cone

C:({On}xyx]RxRZ)U(Xx{Om}XRZ XR). 5.5
Indeed, for (x, y), (x, y) € Q2 the relation

(X, y, F(x,y), f(x,9) =c (x,y, F(x,y), f(x,y))

holds if and only if x = x, f(x,y) < f(x,y)ory =y, F(x,y) < F(x, y) are true.
This means f(x,y) < f(x,y)fory € Y(x) or F(x,y) < F(x,y) forx € X(y),
which motivates the relation to equilibrium points. The assumption of X and Y being
derived from a shared constraint set is only for simplicity and may also be dropped
(see Feinstein and Rudloff 2024, Cor. 3.2). The following result is immediate from
our considerations in Sect. 3.4.
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Corollary 5.8 For Q C X X Y, the set of saddle points of a real-valued function F on
Q coincides with the set of efficient points of the function (x, y, F(x,y), —F(x, y))
on Q2 with respect to the ordering cone C from (5.5).

In view of the results in Sect.5.2, Corollary 5.8 also provides a relation between
Lagrange duality and vector optimization.

Observe that the cone C from (5.5) contains the origin, but is neither convex nor
pointed. Therefore, the binary relation <c is reflexive, but neither transitive nor anti-
symmetric, which limits the algorithmic applicability of this reformulation to special
cases. The approach has been developed further in Feinstein et al. (2025a), where it
is shown that approximations of the equilibrium set of a convex Nash equilibrium
problem can be computed as efficient points of vector optimization problems with
respect to the standard ordering cone. In Feinstein et al. (2025b), the set of all Nash
equilibria of low-rank bi-matrix games is determined using weakly efficient sets of
vector linear optimization problems.

In a sense, a precursor of this approach was developed in Fiilop (1993) by showing
that the feasible set of a linear bilevel optimization problem can be represented as the
efficient set of an appropriately defined multicriteria linear optimization problem. This
means that alinear bilevel optimization problem can be reformulated as an optimization
problem over some efficient set. A generalization to nonconvex problems is presented
in Eichfelder (2010).

Taking a different point of view, since efficient points of (F, f) with respect to the
standard ordering cone are unrelated to equilibria (Example 2.3), one may want to
determine the efficient ones among all equilibria. In their seminal work, Harsanyi and
Selten (1988) introduce the notion of payoff dominance to explain how players select
some solution of a Nash equilibrium problem from a set of nonunique equilibria. In
Beck and Stein (2023), this concept is formulated for generalized Nash equilibrium
problems, and payoff dominance is relaxed to the more widely applicable requirement
of payoff nondominatedness. In fact, this amounts to the selection of efficient ones
among all elements of the equilibrium set. In Beck and Stein (2023), it is shown
how different characterizations of generalized Nash equilibria yield different semi-
infinite optimization problems (Sect. 4.1) for the computation of payoff nondominated
equilibria.

5.5 Bilevel and vector optimization

As discussed in Sect.2.2.1, the optimal-value-function formulation of the standard
weak version (Py,,) of a bilevel problem can be written as

(X’yr)réi)réxy F(x,y) st (x,y) € Q2, f(x,y) =¢kx) (5.6)

with the shared constraint set 2 = gph X N gph Y. In analogy to Sect. 5.4, this raises
the question whether the minimal points of (5.6) are related to the efficient points of
the bicriteria optimization problem (5.4) with respect to the standard ordering cone
C = Ri. As seen in Example 2.8, again the answer is negative (which was, in fact,
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the original intention of Bard (1984, Ex. 1)). Note that in this example, X and Y are
derived from a given shared constraint set 2.
Under fairly strong assumptions, the picture changes.

Theorem 5.9 (Migdalas 1995, Ths. 3.4) For X € X andY C Y, let Q@ = X x Y, let
S be single-valued on X with S(x) = {y(x)}, x € X, and let

{(x, &,y eXxXxY xY| fE,n) < fx, )}

C{, &y, M eX XX XY XY |F(n) < F(x,y)

be satisfied. Then, the following assertions hold.

(a) For each minimal point X of (5.6), the pair (x, y(x)) is efficient for (5.4).
(b) For each efficient point (x, y) of (5.4) with y = y(X), the point X is minimal for
(5.6).

Finally, we mention that the set of weakly efficient points of minimizing a vector
function 6 : R™ — R”" with convex entries over a convex compact set Y C R™
with respect to the standard ordering cone R” may be characterized as the collection
of all minimal points S(x), x € X := {x € R | Yo xi = 1}, of (Q(x)) with
f(x,y) = (x,0(»)) (i.e., by the weighted sum scalarization, Ehrgott 2005; Miettinen
1999). Hence, the minimization of some objective function F over the set of weakly
efficient points may be written as

min F(y) st. 3x e X : y e S).
yey

By making the implicit variable x explicit, one obtains the bilevel problem

min F st. xeX, ye Sk
o ) y € Sw)

in a standard weak version (Ps,,). For details on this approach, see Benson (1991),
Sosa and Raupp (2007) and Dempe (2020, Sec. 20.4.1.2). A relation of optimistic and
pessimistic bilevel optimization to set-valued optimization is discussed in Som et al.
(2025).

6 Final remarks

This paper intends to provide a high-level survey about different possibilities to couple
pairs of optimization problems. It does not cover, though, the important aspects of
optimality conditions for smooth and nonsmooth problems, stability considerations,
and algorithmic approaches.

Since pairs of symmetrically coupled optimization problems correspond to two-
player GNEPs, surveys of appropriate optimality conditions and solution methods can
be found in Facchinei and Kanzow (2010) and Fischer et al. (2014). For tractability
reasons, often convexity assumptions are imposed on the problems (P (y)) and (Q(x)),
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and algorithms are mostly designed to compute or approximate a single equilibrium
point. In particular, under convexity assumptions and constraint qualifications, the
optimal points of (P(y)) and (Q(x)) coincide with their respective KKT points, so
that the equilibria coincide with the solutions of the corresponding joint KKT sys-
tem. However, since the KKT conditions comprise the notoriously hard to handle
complementarity constraints, the latter systems require specialized solution methods
(Facchinei and Kanzow 2010). A branch-and-bound approach for the approximation
of all solutions of a standard NEP without any convexity assumptions is presented in
Kirst et al. (2024).

Optimality conditions and solution methods for pairs of asymmetrically coupled
problems may be found in the vast literature on bilevel and (generalized) semi-infinite
optimization (e.g., Dempe 2002, 2020; Hettich and Kortanek 1993; Hettich and Zencke
1982; Kirst and Stein 2019; Mitsos and Tsoukalas 2015; Seidel and Kiifer 2022; Stein
2003; Zingler and Mitsos 2025 and the references therein). Again, under convexity
assumptions and a lower level constraint qualification, the optimal points of (Q(x))
coincide with its KKT points. Thus, in a pair of asymmetrically coupled optimization
problems, the lower level may be rewritten as a KKT system, which gives rise to an
equivalent single-level optimization problem (with potentially spurious local mini-
mizers). Again in view of the appearing complementarity constraints, the algorithmic
treatment of such problems is challenging, and they are referred to as the class of
mathematical programs with complementarity constraints. For specialized solution
methods, see, e.g., Luo et al. (1996).

The concept of pairs of symmetrically coupled optimization problems is easily
generalized to finitely many symmetrically coupled optimization problems, corre-
sponding to N-person GNEPs. Also, the concept of pairs of asymmetrically coupled
optimization problems can be generalized to finitely many asymmetrically coupled
optimization problems. This can be in the form of multi-level optimization problems
(Dempe 2020, Sec. 20.3), for example the three-level structures of the original weak
and strong versions (P,,,) and (Ps) of a bilevel optimization problem. Alternatively,
in multi-follower bilevel problems (Dempe 2020, Sec. 20.7), there are only two lev-
els, but multiple follower problems which are not coupled symmetrically among each
other, but only via the upper level. An example is the first-stage problem (F'S) in
two-stage stochastic optimization (Sect.4.4). Bilevel problems can also couple more
general problem classes, such as variational inequalities (see, e.g., Anh and An 2019;
Lampariello et al. 2020a) or multicriteria optimization problems (see, e.g., Eichfelder
2010; Ruuska et al. 2012).

There also exist many models which mix both symmetric and asymmetric structures.
For example, the standard weak reformulation of the standard strong version of a
bilevel optimization problem from Lampariello et al. (2019) couples a single leader
with a two-player GNEP in the lower level. Such structures are called multi-follower
games. In multi-leader-follower games, the upper as well as the lower level can be
GNEPs (Aussel and Svensson 2020; Carvalho et al. 2024; Hori et al. 2024).

Such more general problem classes have received attention only quite recently,
and a number of research questions remain open. These concern well-defined model
formulations, the statement of strong first and second-order optimality conditions
under appropriate constraint qualifications, stability and genericity considerations,

@ Springer



A guided tour through the zoo...

as well as reliable algorithmic approaches for practically relevant applications. With
regard to the latter point, in particular nonconvexity of the appearing optimization
problems, as it may result from, e.g., the presence of integer variables or of nonlinear
equality constraints, is a major algorithmic challenge.
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Appendix A Vector optimization and variational inequalities

Consider a vector optimization problem (Sect.2.3) with objective function 0 : M —
R* on a closed set M as well as a closed convex ordering cone C C R¥ , such that
both C and its polar cone CT := {¢ € R¥ | (y,z) = 0Vy e C} possess a nonempty
interior. Then, the weakly efficient points X of & on M with respect to C agree with
the solutions of the equilibrium problem (E P) with Z := M and

T(x,x):= max (£,0(x) —0(x))
¢eCt, JglI=1

if M is convex and 6 is C-convex on M (Iusem and Sosa 2003). The latter means
that 0((1 — M)x' + ax?) <¢ (1 — 1)O(x") + 20(x?) holds for all x', x2 € M and
A e (0,1).

Appendix B Local saddle points of type 1 and 2

This section provides a detailed comparison of local saddle points of type 1 and type 2

from Sect. 3.5. For brevity, this comparison is confined to interior points of €2, which
locally corresponds to the unconstrained case.
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Definition B.1 A point z = (&, y) is called a local saddle point of type 1 for F :
R" x R™ — R if there exist neighborhoods U and V of x and y, respectively, such
that 7 is a saddle point of F on U x V, thatis, (3.9) holds with X :=U and Y := V.

By (3.10), (x, y) is a local saddle point of type 1 for F if and only if x is a local
minimal point of F(-, y), and y is a local maximal point of F(x, -).

Definition B.2 Let F : RY — R be differentiable at 7. Then, Z is called a local saddle
point of type 2 for F if VF(z) = 0 holds and 7 is neither a local minimal nor a local
maximal point of F.

Both Definition B.1 and B.2 can be extended to the constrained case. While this is
straightforward for Definition B.1, in Definition B.2, one needs a criticality concept
which covers, both, local minimal and local maximal points of constrained optimiza-
tion problems. Even if a description of €2 by smooth constraints is assumed, this is not
the case for the KKT conditions, but they need to be weakened by dropping the sign
constraints on the Lagrange multipliers corresponding to active inequality constraints.
A feasible point satisfying this relaxed concept of a KKT point is called a critical point
of F on Q2 (Jongen et al. 2013). The subsequent discussion can be extended to this
case, but we omit it for the ease of presentation.

Since no variable groups are prescribed in Definition B.2, local saddle points of
type 2 cover situations like at the critical point Z = 0 of the function F(z) = z1z2. The
Hessian D? F(0) is indefinite, but not a diagonal matrix. Indeed, F possesses a local
minimizeratZ = 0 alongrange((1, 1) ") and alocal maximizer alongrange((1, — D).
Also observe that D?F(0) is non-singular, while for N = 1, each type 2 local saddle
point Z of a C2-function F must possess the singular Hessian F”(Z) = 0 (making it an
inflection point), since otherwise, by the standard second-order sufficient optimality
conditions, it would be a local minimal or local maximal point. As a consequence,
type 2 local saddle points for N = 1 exist, but vanish under small perturbations of
F, while type 2 local saddle points for N > 1 with non-singular Hessian are stable
and, therefore, must be considered when studying, e.g., the convergence behavior of
optimization algorithms (see Jongen et al. 2013 for detailed stability considerations).
This motivates the following definition.

Definition B.3 Let F be twice continuously differentiable at z. Then, a type 2 local
saddle point Z of F is called non-degenerate if the Hessian D? F(7) is non-singular.

In this terminology, all type 2 local saddle points of univariate C2-functions are degen-
erate, and F'(z) = z1z» possesses a non-degenerate type 2 local saddle point at 7 = 0.

Even if local saddle points of type 1 are considered under smoothness assumptions,
and variable groups are prescribed for local saddle points of type 2, without additional
assumptions, the two concepts are unrelated. Indeed, for the function F(x, y) = xz,
the point z = (x, y) = (0, 0) is a local saddle point of type 1, but not of type 2, since,
while it is a critical point of F, it is also a local minimizer of F in both variables
(x, y). Furthermore, the function F(x,y) = x* + y”sin(1/y) is differentiable at
z = (0, 0) and possesses z as a critical point which is neither a local minimizer nor
a local maximizer of F, hence a local saddle point of type 2. However, while x is a
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local minimizer of F (-, y), y is not a local maximizer of F (¥, -), so that z is not a local
saddle point of type 1.

Additional non-degeneracy assumptions rule out such examples. Indeed, in the
following result, we let F be twice continuously differentiable at z. Then, any local
maximizer y of F(x, -) satisfies V,F(z) = 0, and the Hessian DgF (z) is negative
semi-definite. We shall use that such a matrix is not the zero matrix iff it possesses at
least one negative eigenvalue.

Proposition B.4 Let F be twice continuously differentiable at 7 = (X, y). Then, the
following assertions hold.

(a) Let (x,y) be a local saddle point of type 1 for F, and let none of the matrices
D)%F(Z) and D%F(Z) be a zero matrix. Then, 7 is a local saddle point of type 2 for
F.

(b) Let 7 be a non-degenerate local saddle point of type 2 for F, let D*F (Z) possess
n positive and m negative eigenvalues, collect pairwise orthogonal eigenvectors
corresponding to the positive eigenvalues of D*>F(Z) as columns of the matrix
VT, and collect pairwise orthogonal eigenvectors corresponding to the negative
eigenvalues of D*F(Z) as columns of the matrix V—. If range Vt = R" x {0,,}
and range V~ = {0,} x R™ hold (where actually each one of the two conditions
implies the other one), then X is a local saddle point of type 1 for F.

Proof Part a: Fermat’s rule yields V, F(x, y) = 0 for the local minimal point X of
F(-,y)and Vy F(x, y) = 0 for the local maximal point y of F'(x, -), so that altogether
Z is a critical point of F. Assume that 7 is even a local minimal point of F. Then,
the Hessian D2 F (7) is positive semi-definite, which contradicts the fact that its lower
right block D%F (z) possesses at least one negative eigenvalue. Likewise, z cannot be
a local maximal point of F. Hence, 7 is a local saddle point of type 2 for F.

Part b: Since 7 is a local saddle point of type 2 of F, x is a critical point of F (-, y).
Moreover, the Hessian D)%F (x, y) satisfies for all d € R"\{0}

.
T D2F(G)d = (g) DF(3) (g’) = (v TDFE(V )

=0 (VH'D*’FEVHn=>0
with some n € R"\{0}. Hence, D)%F (z) is positive definite, which shows that x is

a local minimal point of F (-, y). Analogously, one demonstrates that y is a local
maximal point of F(x, -). This shows the assertion. O

Appendix C The wait-and-see approach in stochastic optimization

Based on the notation from Sect.4.4, the wait-and-see approach assumes that for
every scenario &, one can decide simultaneously over x and y. One then determines
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the expected value Y (1 ps@s of the optimal values ¢; of the problems

min Xs s.t. (xg, € oph Y,
(x5,y5)€X XY f’;‘s( 52 9s) (x5, ys) € gph Yg,

with s € [o]. In contrast to the here-and-now solution of the two-stage problem with
recourse from Sect. 4.4, not a single decision x is determined as an optimal point of the
second-stage expected value function, but for each scenario a different x is computed,
before the expected value is taken. This amounts to assuming complete information
about the scenarios at the first stage. Therefore, the resulting value typically turns
out to be an unrealistic underestimate of the expected minimal value, but it serves
as a benchmark for the more realistic result from the two-stage approach (Birge and
Louveaux 1997).
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