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ABSTRACT
Collective optical excitations, such as localized surface plasmons in metallic nanoparticles and Mie resonances in high-index

dielectrics, play a central role in nanoscale light–matter interactions. When interacting with electronic transitions in matter,

they can couple strongly, like coupled harmonic oscillators, forming hybrid light–matter states. Here, this coupling is probed

with fast electrons in cathodoluminescence (CL) and electron energy-loss (EEL) spectroscopy. Owing to their highly localized

fields, fast electrons can excite modes inaccessible to light-based spectroscopies, including higher-order nonradiative modes,

which offer greater field confinement and potentially stronger coupling. We develop an analytical framework to calculate

EEL and CL probabilities for core–shell nanospheres under aloof and penetrating electron trajectories, and apply it to two rep-

resentative systems: an excitonic core with metallic shell, and a silicon core with excitonic shell. We examine how the electron

beam position and velocity affect the ability to probe this coupling. Depending on electron beam parameters, we find that the

spectral signature of strong coupling remains robust in plasmonic nanospheres, but can be significantly suppressed or even

completely obscured in dielectric nanospheres. Our formalism enables a deeper understanding of the coupling mechanisms

in electron–light–matter interactions, thereby accelerating progress in single-nanoparticle-based polaritonic studies.

1 | Introduction

Electron microscopy is rapidly claiming an ever more important
role in the investigation of light–matter interactions at the nano-
scale [1, 2], on par with traditional [3] or more advanced techni-
ques in optical microscopy [4–7]. The unprecedented spatial and
energy resolution that can nowadays be achieved in electron-beam
spectroscopies [8–11], combined with the flexibility in selec-
tively exciting and probing optical modes that a localized source
such as a swift electron can provide [12, 13], opens exciting oppor-
tunities for designing and understanding novel nanoscale light–
matter coupling templates. Electron energy-loss spectroscopy
(EELS) played a pivotal role in the birth and growth of the field

of plasmonics [14, 15] by providing the most efficient way to
overcome momentum mismatch and excite surface plasmons
in thin metallic films. At the same time, it has enabled the study
of dark (to visible light) modes in plasmonic nanostructures
[16, 17], and of quantum effects that become relevant in
extremely small structures and tight gaps [18, 19]. The comple-
mentary technique of cathodoluminescence (CL) spectroscopy
further enabled the direct visualization of the local density of
states (LDOS) in photonic architectures [20, 21] and the distinc-
tion between its radiative and nonradiative parts [22], thus facil-
itating the control of the properties of quantum emitters at the
nanoscale and accelerating the advancement of quantum nano-
photonics [23].
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Inspired by more established activities in quantum optics, quan-
tum nanophotonics seeks to exploit the tremendous field enhance-
ment and confinement that nanostructured optical cavities can
provide to accelerate light–matter interactions and enter the
strong-coupling regime, where quantum emitters reversibly and
coherently exchange energy with the cavity for several cycles
before radiation and Ohmic losses lead to decoherence [24, 25].
Nanophotonic environments can typically be seen as open cavities
that compensate for the radiative losses from which they suffer
through increased coupling strength andminimized mode volume
[26–28]. They are thus being explored in polaritonic studies, both
in fundamental research [29–32] and for applications in quantum
technologies, e.g., for polariton lasing [33, 34], transistors [35],
catalysis [36], or cavity-modified chemistry [37]. While most of
these studies rely on plane-wave (laser) excitation, increasing
attention is being focused on electron-beam excitation as an effi-
cient probe of polaritonic states [38–41]. Electron-beam spectros-
copies have already been successfully explored in experiments as
probes for plasmon–phonon coupling [42, 43].

In the quest for a clearer interpretation of the complex interac-
tion that involves electrons, quantum emitters (e.g., in the form
of excitonic transitions in semiconductors), and optical modes,
(semi)analytic solutions that provide insight into the relative con-
tribution of individual mechanisms in a computationally efficient
manner are highly desirable [1, 44]. Similarly to what has been
done with scattering and/or transfer matrices for plane waves
incident on layered structures, and Mie theory for spherical scat-
terers [45], introducing such a formalism for electron beams can
be a somewhat cumbersome, albeit fruitful endeavor [46].
Solutions for electron beams interacting with planar or spherical
structures have existed already since the 1950s—initially in the
quasistatic approximation, where only scalar potentials are
required [14, 15]. In contrast, a fully electrodynamic picture
for planar interfaces [47] or spherical nanoparticles (NPs) with
aloof electrons followed much later [48, 49]. Electron trajectories
penetrating the sphere are analytically and numerically more
challenging, and only recently were such approaches finally
developed for the case of homogeneous spheres [50, 51].

Here, to further facilitate the study of light–matter coupling, which
in most nanophotonic designs involves more than one material
component—one playing the role of the quantum emitter and
the other that of the cavity [52–55], we extend the aforementioned
solutions to the case of spherical core–shell NPs. One of the con-
stituents can be a layer of organic J-aggregated molecules [56] or
a transition-metal dichalcogenide (TMD) [57], thereby sustaining
collective excitonic modes and enabling the realization of strong-
coupling systems within a single NP, probed by a swift electron
beam.We analyze the three different cases that one can encounter,
i.e., aloof trajectory, electron traversing the shell only, or electron
traveling through the full NP body, and derive the main expres-
sions that need to be considered in each case. The analytic solu-
tions derived herein can be applied to any kind of coupling,
including plasmon–plasmon and phonon–plasmon coupling [58],
as long as the optical properties of the components are known.
Here, as examples of strong-coupling scenarios, we explore
plasmonic–excitonic NPs [52]. In this case, the ability to probe
strong coupling of the so-called plexcitons is found to only slightly
depend on the primary parameters of the electron beam, i.e., elec-
tron velocity and impact parameter. We also study high-index

dielectric–excitonic systems [59], where, in contrast, the strong
coupling features of the Mie excitons can be selectively probed
or masked by a corresponding choice of the position and energy
of the incident electron. We thus provide a missing piece in the
electron-beam spectroscopy toolbox, which we show has large
potential for tailoring electron–optical–excitonic interactions.

2 | Theory

In this section, we present the analytical framework for describing
the interaction of fast electron beams with spherical core–shell
NPs. The theoretical approach is based on Mie theory and builds
on a framework recently reported for homogeneous spheres [51].
Our derivation utilizes the nonrecoil approximation, meaning that
the electron trajectory can always be modeled as a straight line.
Analytic descriptions of core–shell NPs excited by electron beams
have been developed already in the 1990s [60, 61], mainly with a
focus on semiconductors and fullerenes, albeit within the quasi-
static regime, or in the discrete dipole approximation. Our
fully-electrodynamic approach agrees well with them in a certain
NP size range, but is more versatile when either retardation
becomes important for large NP sizes, similarly to the case of slabs
[62], or when quantum effects need to be considered in an efficient
manner [32, 41]. We note that this semi-analytic method is appli-
cable for free-standing spherical scatterers, and it can be readily
extended to include an arbitrary number of concentric layers.
Beyond (semi)-analytical treatments, several numerical schemes
have been devised for CL and EELS simulations, based on the
boundary element method (BEM) [63, 64], the finite element
method (FEM) [65–67], the finite-difference time-domain (FDTD)
method [68, 69], and the green dyadic method (GDM) [70]. While
these approaches are undoubtedly more flexible in the geometries
of the structures under study, they are oftentimes computationally
expensive, as they all require solving the Maxwell equations in
discretized space. An additional advantage of the semi-analytic
method exploited here is that mode analysis is straightforward,
because the method provides easy access to the multipolar content
of the induced electromagnetic (EM) fields, and it can be easily
extended for multiple-scattering computations [46].

2.1 | Aloof Electron Trajectory

We first consider a spherical core–shell NP centered at the origin
of the coordinate system. The particle consists of a core with radius
Rc, coated by a concentric shell of radius Rs, and is surrounded by a
host medium. The core, shell, and embedding medium are labeled
as regions I, II, and III, respectively, and are characterized by rela-
tive permittivities εi and relative permeabilities μi, with i= 1, 2, 3,
respectively. Throughout all calculations presented here and in the
following, the embedding medium is assumed to be air, with
ε3 = μ3 = 1. Furthermore, all considered materials are nonmag-
netic, hence μi = 1 for all of them. As a consequence of the layered
geometry, two material interfaces arise, namely an inner interface
between the core and the shell, referred to as boundary A, and an
outer interface between the shell and the surrounding medium,
referred to as boundary B.

The NP is excited by a fast electron beam, modeled as a single
point charge −e (where e is the elementary charge), propagating
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with constant velocity v = vẑ along the z axis. Its trajectory is
given by re = r0 + vt, with r0 = ðb,ϕ0, z0→−∞Þ in cylindrical
coordinates, where the parameter b denotes the impact parame-
ter, defined as the distance between the electron trajectory and
the axes origin, coinciding with the NP center.

We begin by considering electron beams passing by the nano-
sphere without intersecting it, i.e., on an aloof trajectory, as illus-
trated in Figure 1a. The resulting EM fields in the frequency
domain in each of the three regions can be expanded in the basis
of spherical waves as [44]

EðrÞ=
X
l,m

�
bηlmh

+
l ðkirÞXlmðr̂Þ+

i
ki
aηlm∇× h+

l ðkirÞXlmðr̂Þ

+ bζlm jlðkirÞXlmðr̂Þ+
i
ki
aζlm∇× jlðkirÞXlmðr̂Þ

� (1)

HðrÞ= 1
Zi

X
l,m

�
aηlmh

+
l ðkirÞXlmðr̂Þ−

i
ki
bηlm∇× h+

l ðkirÞXlmðr̂Þ

+ aζlm jlðkirÞXlmðr̂Þ−
i
ki
bζlm∇× jlðkirÞXlmðr̂Þ

�
(2)

where i= 1, 2, and 3 denotes the three regions I, II, and III, and
ki =

ffiffiffiffiffiffiffi
εiμi

p
ω=c are the corresponding wavenumbers, where

c= 1=
ffiffiffiffiffiffiffiffiffi
ε0μ0

p
is the speed of light in vacuum, and ε0, μ0 the vac-

uum permittivity and permeability, respectively. Here, ζ= I and
aηlm = bηlm = 0 in region I, η= II, A and ζ= II, B in region II, while
η= III and ζ= 0, III in region III. Furthermore, jlðkirÞ denotes the
spherical Bessel function, h+

l ðkirÞ the spherical Hankel function
of the first kind, Xlmðr̂Þ are the vector spherical harmonics of
degree l and order m depending on the angular direction

r̂= θ,ϕ, and Zi =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μiμ0=ðεiε0Þ

p
the wave impedance in medium

i. We note that the notation
P

l,m denotes double summation over
indices l and m, with l ≤ lmax and − l ≤ m ≤ l.

The expansion coefficients a0,IIIlm and b0,IIIlm correspond to the inci-
dent field of the electron in region III and are given by Equations
(A1) and (A2) in Appendix 1. To obtain the coefficients aIlm and

bIlm for the field inside the core, aII;Alm , bII;Alm , aII;Blm , and bII;Blm , for the
field inside the shell associated with scattering at interfaces

A and B, respectively, as well as aIIIlm and bIIIlm for the scattered field
outside the NP, the EM interface conditions at interfaces A and B
must be applied. Under the assumption that neither the core nor
the shell sustains a surface current density, the tangential com-
ponents of the electric and magnetic fields are continuous across
both interfaces. We therefore find

a=bIlm =T21
E=Mla=b

II;B
lm =T21

E=MlT
32
E=Mla=b

0,III
lm (3)

a=bII;Alm =T22
E=Mla=b

II;B
lm =T22

E=MlT
32
E=Mla=b

0,III
lm (4)

a=bII;Blm =T32
E=Mla=b

0,III
lm (5)

a=bIIIlm =T33
E=Mla=b

0,III
lm (6)

where Tij
E=Ml with i, j= 1, 2, 3 denote the Mie coefficients, which

establish explicit relations between the multipole expansion coef-
ficients of the incident, internal, and scattered fields. The exact
expressions of the Mie coefficients are given in Appendix 2.

With all field expansion coefficients fully determined, the EM
response of the nanosphere to the passing electron is now
completely described. The EELS and CL measurements can be
simulated with the respective EEL and CL probabilities. The
EEL probability expresses the probability of the electron losing
energy ℏω due to the interaction with the NP. It is related to
the force acting on the electron by the induced field along its tra-
jectory. In an aloof trajectory, the induced field corresponds pre-
cisely to the scattered field outside the NP. Using the scattered
electric field in region III of Equation (1), the total EEL proba-
bility for an aloof electron trajectory is obtained as [1, 44]

ΓEELðωÞ= −
e2

πε0

1
cℏω

X
l,m

���Kmðωbvγ3Þ
���2

lðl+ 1Þ

×
�
jmM+

lmj2Re T33
Ml

� �
+
����N +

lm

βγ3

����2Re T33
El

� �	 (7)

Here, KmðxÞ is the modified Bessel function of the second kind,
T33
E=Ml are Mie coefficients provided in Appendix 2, while the

M+
lm, N

+
lm coefficients can be found in Appendix 1.
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FIGURE 1 | Schematic illustration of an NP that consists of a core (region I) with radius Rc, surrounded by a shell (region II) of outer radius Rs,

embedded in a host medium (region III). The three regions are characterized by their optical parameters εi and μi = 1 with i= 1, 2, 3. In all calculations,

we consider air as the host medium with ε3 = 1. An electron beam propagates parallel to the z-axis with impact parameter b. (a) Aloof trajectory: the

electron remains entirely outside the NP (b>Rs). (b) Shell-penetrating trajectory: the electron enters the shell at z= − zs and exits at z= zs (Rs > b>Rc).

(c) Core-penetrating trajectory: the electron additionally traverses the core, entering at z= − zc and exiting at z= zc (Rs >Rc > b).
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The CL measurement is simulated using the CL probability,
expressing the probability of detecting a photon of energy ℏω
in the far field. It can be computed by integrating the Poynting
flux of the induced EM field in the far field (at r→∞), in the direc-
tion normal to the surface. Inserting the scattered EM fields in
region III of Equations (1) and (2) with the corresponding coeffi-
cients then yields

ΓCL ωð Þ= e2

πε0

1
cℏω

X
l,m

jKmðωbvγ3Þj2
lðl+ 1Þ

�
jmM+

lmj2jT33
Mlj2 +

����N +
lm

βγ3

����2jT33
El j2
	

(8)

2.2 | Penetrating Electron Trajectory

We extend the analysis to penetrating trajectories, in which the
electron beam traverses the NP and acts as a source both inside
and outside the NP. We begin with the core–shell penetrating
configuration shown in Figure 1c, as it represents the most gen-
eral case, fromwhich the shell-penetrating geometry in Figure 1b
can be obtained as a special case. In the core–shell penetrating
configuration, the electron is assumed to enter the shell at posi-

tion ðb,ϕ0, − zs = −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
s − b2

p
Þ and the core at the position ðb,ϕ0,

− zc = −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
c − b2

p
Þ, and to exit at ðb,ϕ0, zcÞ and ðb,ϕ0, zsÞ, as

shown in Figure 1c.

As a consequence of the modified electron trajectory, the form of
the EM fields in the different regions must be adjusted. At inter-
face A, the fields are given by Equations (1) and (2), with coef-

ficients a=bηlm = a=b0,Ilm and a=bζlm = a=bIlm in region I, a=bηlm =

a=bII,Alm and a=bζlm = a=b0,II,Alm + a=bII,Blm in region II. At interface B,
the expansion coefficients in region II take the form a=bηlm =

a=bII,Alm + a=b0,II,Blm and a=bζlm = a=bII,Blm , and a=bηlm = a=bIIIlm and

a=bζlm = a=b0,IIIlm in region III. The different representation of
the coefficients in region II emerges because the expansion of
the electron field takes the form of regular spherical waves at
boundary A and singular spherical waves at boundary B inside
the shell.

To find the expansion coefficients a=b0;Ilm , a=b
0;II;A
lm , a=b0;II;Blm , and

a=b0,IIIlm one has to account for the finite path length of the elec-
tron beam trajectory in the different regions as well as for the
relation between r and the position of the electron re. The explicit
expressions for the respective coefficients can be found in

Appendix 3. The remaining coefficients aI=IIðA;BÞ=IIIlm and bI=IIðA;BÞ=IIIlm

of the induced fields are obtained by applying the interface con-
ditions again at both interfaces r =Rc and r =Rs of the NP. The
resulting expressions are given in Appendix 4. The total EEL prob-
ability can then be written as

ΓEELðωÞ=ΓbulkðωÞ+ΓbegrðωÞ+ΓsurfðωÞ (9)

Here, the integral over the work done by the induced field is split
into different contributions, whose explicit expressions can be
found in Appendix 5. The bulk (Γbulk =ΓI

bulk + ΓII
bulk) and

Begrenzung (Γbegr =ΓI
begr + ΓII;A

begr + ΓII;B
begr) terms contain the con-

tributions from the part of the electron beam trajectory that lies
inside the NP. The bulk terms contain the contribution to the

total EEL probability that stems from the propagation of the elec-
tron within the unbound media I and II, while the Begrenzung
terms account for the presence of the interfaces A and B. The
surface term Γsurf contains the contributions that arise from
the excitation of the NP by the external part of the electron tra-
jectory. It is important to emphasize that these individual contri-
butions can, in certain cases, provide insight into underlying
physical mechanisms, but taken separately, they do not have a
physical meaning as they cannot be measured. The only physi-
cally meaningful quantity is the total EEL probability. Moreover,
we note that, in the absence of the NP, the expansion coefficients
aIIIlm, b

III
lm remain nonzero and therefore Γsurf ðωÞ still contains con-

tributions from the electron’s direct field. As a result, ΓEELðωÞ is
nonzero even when no structure is present. To correct for this,
the expansion coefficients are adjusted to [44]

aIIIlm = aIIIlm − a0;Ilmjε1=1 − a0;II;Blm jε2=1 (10)

bIIIlm = bIIIlm − b0;Ilmjε1=1 − b0;II;Blm jε2=1 (11)

Finally, the CL probability can be obtained as

ΓCL ωð Þ= 1
Z3πℏωk23

X
l,m

�
jaIIIlmj2 + jbIIIlmj2

�
(12)

using the corrected expansion coefficients.

We now consider the case of an electron trajectory that pene-
trates the NP shell but does not enter the core, cf. Figure 1b.
Compared to the fully penetrating core–shell geometry discussed
in the previous subsection, this configuration represents a
reduced case in which the electron acts as a source in the sur-
rounding medium and within the shell only. The expansion coef-
ficients of each field component in each region can be found by
the same expressions as for the core–shell penetrating case, by
setting zc = 0. The total EEL probability of the general form given
in Equation (9) takes a reduced form compared to that of the
core–shell penetrating electron beam, as

ΓEELðωÞ=ΓII
bulkðωÞ+ΓII;A

begrðωÞ+ΓII;B
begrðωÞ+Γsurf ðωÞ (13)

The CL probability can still be obtained from Equation (12) using
the corrected expansion coefficients aIIIlm and bIIIlm.

3 | Results and Discussion

We now apply the method presented in Section 2 to probe strong
coupling in CL and EEL spectra, and explore the impact of the
electron beam parameters on the visibility of the strong coupling
features. We focus on two types of systems: plasmon–exciton cou-
pling in an exciton core–silver shell NP, and Mie–exciton coupling
in a silicon core–exciton shell NP. We discuss them in two separate
subsections. Throughout the paper, we use electron velocities such
that the nonrecoil approximation remains valid to a great extent.

3.1 | Plexcitons

In this subsection, we investigate the plasmon–exciton coupling
in spherical NPs consisting of an excitonic core surrounded by

4 of 14 physica status solidi (a), 2026
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a silver shell, and excited by fast electron beams with varying
impact parameter b and velocity v= 0.5c, as illustrated in the
top schematic of Figure 2. The silver shell is modeled with a
Drude dielectric function εðωÞ= ε∞,Ag −ω2

p;Ag=ðω2 + iωγAgÞ, with
background permittivity ε∞,Ag = 5, plasma energy ℏωp;Ag = 8.99 eV,

and damping ℏγAg = 0.025 eV. The excitonic core is described with

a Lorentz permittivity εðωÞ= ε∞,x − fω2
x=ðω2 −ω2

x + iωγxÞ, with
background permittivity ε∞,x = 1, oscillator strength f = 0.02,
transition energy ℏωx = 2.7 eV, and damping ℏγx = 0.052 eV.
To achieve strong coupling, the decay rates of the individual res-
onances must be generally comparable; otherwise, other phenom-
ena, such as induced transparency or Fano-like interference, may
dominate the response.

Figure 2a,d show the EEL and CL probability of the isolated sil-
ver shell, for b= 56 nm, decomposed according to Equations (12)
and (13). In the EEL spectrum, we observe a pronounced peak at
energy ℏωp;Ag=

ffiffiffiffiffiffiffiffiffiffiffi
ε∞,Ag

p = 4.02 eV, corresponding to the excitation

of a bulk plasmon. This resonance can only be excited with pen-
etrating electron beams [51]. Furthermore, we observe the emer-
gence of several peaks between 2.11 and 3.53 eV, corresponding
to the excitation of localized surface plasmons (LSPs) of increas-
ing orders. These modes are of electric type and accumulate at
the equivalent surface plasmon polariton (SPP) frequency
ℏωp;Ag=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+ ε∞,Ag

p
= 3.67 eV for a planar silver–air interface.

In the present calculation, the accumulation point appears at
slightly lower energy due to the truncation of the multipole
expansion at lmax = 10. At the same time, the silver shell sustains
LSPs in both the inner (cavity-like LSPs) and outer metal–air
interface (particle-like LSPs), leading to hybridization between
the two and a small energy shift of the particle-like plasmon
to lower energies and the cavity-like to higher energies [71].
This energy splitting becomes more pronounced as the shell
thickness decreases. The cavity-like plasmons emerge close to
the bulk plasmon energy and are therefore obscured by the bulk
plasmon peak in EEL spectra. Nevertheless, a very weak feature
associated with the cavity-like plasmon can still be discerned in
the CL spectrum in Figure 2d at 3.96 eV. Contribution from
modes with lmax > 10 is not negligible, but not relevant in the
scope of this analysis. Only the three lowest orders of these modes
are radiative, as revealed by the CL spectrum in Figure 2d.

The total EELS and CL spectra for both isolated constituents,
namely the silver shell and the excitonic shell, for different elec-
tron beam trajectories are presented in Figure 2b,c,e,f. Here, the
complementary region is considered to be air. The geometry of
the silver shell is chosen such that its electric quadrupolar (EQ)
mode is tuned at the exciton transition energy. For the excitonic
core, and for decreasing impact parameter, the peak intensity
increases in both observables in Figure 2e,f, reflecting the stron-
ger interaction between the electron beam and the core. Overall,

Rs=60 nm

Rc=51.2 nm

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIGURE 2 | (Top) Schematic of an exciton core–silver shell NP with Rc = 51.2 and Rs = 60 nm. All plots have been calculated with v= 0.5c. (a) EEL

probability of a silver shell decomposed to surface (solid yellow line), bulk (solid magenta line), and Begrenzung (dotted cyan line) contributions for

b= 56 nm. (b) EEL and (c) CL probability of the isolated silver shell for the different electron trajectories displayed in the schematic. (d) CL probability of

a silver shell decomposed to its multipolar content—electric dipole (ED), blue line; electric quadrupole (EQ), red line; electric octupole (EO), green line;

for b= 56 nm. (e) EEL and (f ) CL probability of the exciton core for different electron trajectories. (g) CL probability versus reduced velocity β= v=c

considering the core–shell NP for b= 40 nm. The white dotted lines indicate the hybrid plexciton modes. (h) EEL and (i) CL probability along with the

EQ contribution for the core–shell NP for b= 40 nm.
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we do not observe other quantitative differences between different
impact parameters in the spectra of the individual constituents.

As our next step, we combine the two constituents in a core–shell
NP. Theoretical studies of strong coupling in similar structures
have been reported before, considering, however, only aloof tra-
jectories [41]. In Figure 2h,i we show the total EEL and CL spec-
tra for a core–shell penetrating trajectory with b= 40 nm along
with the contribution of the EQ mode, both revealing the split-
ting of the EQmode into two peaks located at approximately 2.62
and 2.78 eV. Fitting the contribution of the EQ mode with a cou-
pled harmonic oscillator model corroborates a coupling strength
of ℏg= 0.16 eV, and therefore the strong coupling criterion

ℏg>
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðℏγAgÞ2 + ðℏγxÞ2�=2

q
is satisfied [24]. Importantly, the

strong coupling signature is evident in both EEL and CL spectra,
as well as their difference, the equivalents to extinction, scatter-
ing, and absorption respectively [72], which should simulta-
neously demonstrate splittings for strong coupling to hold
[73]. Beyond this analysis, more sophisticated approaches exist,
such as the resonant-state expansion method, in which the EM
response is expanded in the eigenmodes of the uncoupled bare
modes, thus connecting the hybridized resonances and their
oscillator strengths to those of the bare system [74]. The response
for penetrating trajectories is consistent with observations for
aloof trajectories, revealing that the impact parameter is not
an important factor in our ability to probe strong coupling.

So far, we have analyzed the influence of different impact param-
eters and, thus, electron trajectories on the EEL and CL spectra.
We now examine the effect of the electron beam velocity while
maintaining the impact parameter fixed at b= 40 nm. Figure 2g
shows the total CL probability for the coupled core–shell NPs as a
function of energy and reduced velocity β= v=c, with the white
dotted lines marking the hybrid plexciton modes. We observe
that the CL intensity increases with velocity, reaching a maxi-
mum for around v= 0.33c on average before decreasing at higher
velocities. This trend is not specific to the coupled modes but
applies equally to uncoupled resonances, while the characteristic
features of the coupling remain unchanged with electron velocity.

Overall, the electron beam parameters do not play an important
role in resolving the strong-coupling signature, neither in EEL nor
in CL spectra, in the exciton core–silver shell configuration. We
also note that, for the shell thickness used in our study, nonlocal
damping has been shown to only play a minor role in the coupling
[30, 41]. These results may, at first glance, appear unsurprising: the
coupling occurs between two characteristic eigenmodes of the sys-
tem, which are, by definition, independent of the excitation. That
is, unless the chosen source does not efficiently excite one of the
modes, in which case the spectral signatures of the coupling may
be strongly reduced or even absent. This scenario will be relevant
in the next section, where we explore Mie excitons.

3.2 | Mie Excitons

We now turn to the coupling between Mie resonances supported
by a silicon core of radius Rc = 85 nm and excitons hosted in a con-
centric shell of Rs = 105 nm, as illustrated in the schematic of
Figure 3. The silicon core is modeled with a frequency-dependent

permittivity εSiðωÞ given by experimental values [75]. The exci-
tonic shell is described by a Lorentz model with ε∞,x = 3,
f = 0.2, ℏωx = 1.77, and ℏγx = 0.05 eV. For this calculation, the
electron velocity is fixed to v= 0.7c, and all calculations are per-
formed using and lmax = 5.

Figure 3a,d show the respective EEL and CL spectra decomposed
into the different contributions when probing the silicon core for
b= 50 nm, revealing that Mie resonances of electric and magnetic
type are sustained in the volume of the NP. The total EEL and CL
probabilities considering a hollow excitonic shell for different
electron trajectories are shown in Figure 3c,f, exhibiting a reso-
nance at the energy of the magnetic dipole (MD) mode of the
silicon core. Whereas for the excitonic shell the impact parameter
does not seem to affect the excitation of the resonance signifi-
cantly, this is not the case for the silicon core in Figure 3b,e,
where significant differences appear in both observables when
comparing the spectra of the penetrating trajectory to the aloof
cases (b= 110 and b= 98 nm). Such different spectral signatures
arise because near-axis electron beams excite magnetic-type
modes inefficiently. Further differences in the CL spectra between
aloof and penetrating trajectories stem from the emergence of
additional radiation channels when the electron travels through
the NP, such as transition and Cherenkov radiation, with the latter
being the dominant contribution within this energy and velocity
range [44, 76].

Having analyzed the isolated cores and shells, we now combine
them into core–shell NPs to investigate the resolution of the
strong coupling features, in Figure 3g,h,i,j,k,l, showing the total
EEL and CL probability along with the MD contribution for dif-
ferent electron trajectories. We note that the MD contribution
includes only the surface and Begrenzung terms; the absence
of the bulk contribution may result in negative values. For both
the aloof (b= 110 nm) and the shell-penetrating trajectory
(b= 98 nm), in Figure 3g,h,j,k, a clear double-peak structure is
visible in both the EEL and CL spectra in the MD contribution.
The two hybridized peaks of the coupled system are located at
around 1.71 and 1.84 eV. Fitting theMD contribution with a coupled
harmonic oscillator model yields coupling strengths of ℏg= 0.13 eV,
which satisfies the strong coupling criterion. Although the coupled
mode does not dominate the overall spectra, the double-peak struc-
ture is still weakly reflected in the total probabilities for both trajec-
tories. In contrast, when the electron beam penetrates the NP on a
near-central trajectory in Figure 3i,l, the double peak indicating the
coupling is largely suppressed in both the EEL and CL spectra. Such
a suppression is a direct consequence of the inefficient excitation of
magnetic-type modes for near-axis electron trajectories.

On the other hand, electric-type Mie resonances can be efficiently
excited for all impact parameters. In Figure 4, we explore whether
the strong coupling features between electric-type modes and elec-
tronic transitions can be resolved for all electron beam trajectories.
To this end, we consider a modified system with core radius
Rc = 87 and shell Rs = 105 nm and excitonic material with ℏωx =
2.65 eV, while all other parameters remain unchanged. Figure 4a,b
show the total EEL probability of the core–shell NP for an aloof
(b= 110 nm) and a core–shell penetrating trajectory (b= 20 nm),
along with the contribution of the EQ coupled mode. The
double-peak feature is clearly visible not only in the isolated
EQ contribution but also in the total EEL spectra, for both
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(a) (c) (e)

(b) (d) (f)

FIGURE 4 | Strong coupling in a silicon core–exciton shell NP with Rc = 87 and Rs = 105 nm. All plots have been calculated with v= 0.7c. (a,b) EEL

probability along with the EQ contribution for (a) an aloof and (b) a penetrating electron trajectory. (c,d) CL probability along with the EQ contribution

for (c) an aloof and (d) a penetrating electron trajectory. (e,f ) EEL probability versus core radius Rc showing the anticrossing between the EQ mode and

the exciton-polaritons for (e) an aloof and (f ) a penetrating electron trajectory, for varying core radius Rc and fixed shell radius Rs = 105 nm.

Rs=105 nm

Rc=85 nm

(a) (d) (g) (j)

(b) (e) (h) (k)

(c) (f) (i) (l)

FIGURE 3 | (Top) Schematic of a silicon core–exciton shell NP with Rc = 85 and Rs = 105 nm. All plots have been calculated with v= 0.7c. (a) EEL

probability of a silicon NP decomposed to surface, bulk, and Begrenzung contributions for b= 50 nm. (b,c) EEL probability of (b) the isolated silicon core

and (c) the exciton shell for the different electron trajectories displayed in the schematic. (d) CL probability of the silicon core decomposed into its

multipolar content—magnetic dipole (MD), dashed green line; ED, solid blue line; magnetic quadrupole (MQ), dashed purple line; EQ, solid red line; for

b= 50 nm. (e,f ) CL probability of (e) the isolated silicon core and (f ) the exciton shell for the different electron trajectories. (g–i) EEL and (j–l) CL

probability along with the MD contribution for the core–shell NP for the different electron trajectories indicated in the inset.
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trajectories. In contrast, the CL spectrum for the penetrating tra-
jectory in Figure 4d does not provide an unambiguous signature of
strong coupling. A substantial contribution from Cherenkov radi-
ation slightly blueshifts the position of the peak corresponding to
the EQ mode, obscuring the characteristic double peak.

By comparing the EQ contribution in the EEL spectra in
Figure 4a,b, we observe that the splitting between the peaks asso-
ciated with the hybrid modes is larger for the penetrating electron
trajectory compared to the aloof case. Such an increased splitting
does not indicate a larger coupling strength, but instead exposes
the coupling of a different exciton-polariton branch with the EQ
mode. This behavior can be better understood by analyzing the
anticrossing branches of the EQ mode and exciton coupling in
Figure 4e,f, for varying core radius and fixed shell radius. In both
panels, three distinct branches emerge while varying the core
radius, indicating that at least two exciton polaritons participate
in the coupling. It can be seen that coupling with the middle
branch is favored with the aloof electron trajectory, while the
upper branch is more efficiently excited with a penetrating beam.

To conclude, we find that in the case of Mie–exciton coupling, the
electron beam parameters play a crucial role in resolving the
strong-coupling signature. This sensitivity arises from the selec-
tive excitation of optical modes by the electron beam, as well as
from the emergence of additional loss mechanisms when the
beam intersects the structure.

4 | Conclusions

We examined the interaction of fast electrons with strongly cou-
pled core–shell NPs, focusing on how the electron beam param-
eters, namely the impact parameter and velocity, affect our
ability to probe the coupling. To this end, we devised an analyti-
cal framework for calculating EEL and CL probabilities in spher-
ical core–shell NPs excited by fast electrons, based on Mie theory.
The framework was applied to systems consisting of a plasmonic
or dielectric nanocavity and an excitonic component. In plas-
monic configurations, strong coupling between the optical mode
and excitonic transitions leads to clear spectral mode splitting
that remains robust against variations in beam parameters. In
contrast, dielectric configurations exhibit a pronounced depen-
dence on excitation conditions. On the one hand, magnetic
Mie modes are weakly excited for near-axis electron trajectories,
suppressing the spectral features associated with strong coupling.
On the other hand, electric modes remain accessible for all
impact parameters, but can be spectrally distorted in CL due
to additional radiation channels. EEL spectra consistently show
the signature features of strong coupling, albeit the electron
beam position determines which exciton-polariton branch is
preferentially excited. Our work provides a missing analytical
formalism that can further clarify the origins and mechanisms
of coupling in complex NPs, thereby accelerating the quest for
miniaturized photonic architectures for quantum technologies.
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Appendix 1

Electron-Field Expansion Coefficients in an Infinite
Homogeneous Medium

The coefficients that enter into the expansion of the field generated by an
electron propagating in an infinite homogeneous medium of relative per-
mittivity ε and permeability μ with initial position r0 = ðb,ϕ0, z0 →∞Þ are
given by [1, 44]

a0,IIIlm =
ik2e
εε0ω

1ffiffiffiffiffi
εμ

p
βγ

N +
lmffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp Km

�
ωb
vγ

	
e− imϕ0 (A1)

and

b0,IIIlm = −
ik2e
εε0ω

mM+
lmffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp Km

�
ωb
vγ

	
e− imϕ0 (A2)

where k=
ffiffiffiffiffi
εμ

p
ω=c, γ = 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− εμβ2

p
with β= v=c. In Equation (A2), we

have set

M+
lm = il+m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l+ 1
π

ðl−mÞ!
ðl+mÞ!

s
ð2m− 1Þ!!
ð ffiffiffiffiffi

εμ
p

γβÞm G
m+1

2
l−m

�
1ffiffiffiffiffi
εμ

p
β

	
(A3)

which holds for m ≥ 0, while M+
l−m = ð− 1ÞmM+

lm, and Gm+1=2
l−m ðxÞ is the

Gegenbauer polynomial. In Equation (A1) we have set

N ±
lm = αml M

+
lm+1 − α−m

l M+
lm−1 with αml =

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl−mÞðl+m+ 1Þ

p
(A4)

Appendix 2

Mie Coefficients

For a core–shell NP, the Mie coefficients Tij
El and Tij

Ml, with i, j= 1, 2, 3,
which relate the incident, internal, and scattered multipole coefficients
in the three regions, are given by [77]

T22
El =

aII;Alm

aII;Blm

=
ε1jlðk1RcÞΨ0

lðk2RcÞ− ε2Ψ0
lðk1RcÞjlðk2RcÞ

ε2h
+
l ðk2RcÞΨ0

lðk1RcÞ− ε1ξ
0
lðk2RcÞjlðk1RcÞ

(A5)

T22
Ml =

bII;Alm

bII;Blm

=
jlðk1RcÞΨ0

lðk2RcÞ−Ψ0
lðk1RcÞjlðk2RcÞ

h+
l ðk2RcÞΨ0

lðk1RcÞ− ξ0lðk2RcÞjlðk1RcÞ
(A6)

T21
El =

aIlm
aII;Blm

=
ε2k1
k2

h+
l ðk2RcÞΨ0

lðk2RcÞ− ξ0lðk2RcÞjlðk2RcÞ
ε2h

+
l ðk2RcÞΨ0

lðk1RcÞ− ε1ξ
0
lðk2RcÞjlðk1RcÞ

(A7)

T21
Ml =

bIlm
bII;Blm

=
h+
l ðk2RcÞΨ0

lðk2RcÞ− ξ0lðk2RcÞjlðk2RcÞ
h+
l ðk2RcÞΨ0

lðk1RcÞ− ξ0lðk2RcÞjlðk1RcÞ
(A8)
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(A12)

with x2,3 = k2,3Rs, whereΨlðxÞ= xjlðxÞ and ξlðxÞ= xh+
l ðxÞ denote the Riccati–Bessel functions, and the prime indicates the derivative with respect to their

argument.

Appendix 3

Electron-Field Expansion Coefficients for a Core–Shell Penetrating Electron Beam

We consider a core–shell penetrating configuration, where the electron is assumed to enter the shell at position ðb,ϕ0, − zs = −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
s − b2

p
Þ and the core at

the position ðb,ϕ0, − zc = −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
c − b2

p
Þ, and to exit symmetrically at ðb,ϕ0, zcÞ and ðb,ϕ0, zsÞ. The explicit expansion coefficients read
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ik21e
ε1ε0ω
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b

Z
zc

− zc
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(A13)
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ik21e
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l θ, 0ð Þ (A14)
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(A16)
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ik23e
ε0ω
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(A20)

where r =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 + z2

p
, θ= arccos ðz=rÞ, and Ym

l ðθ, 0Þ are the scalar spherical harmonics. Here, we have set

F ±
lmðkizÞ=∓α±m

l ð1±mÞf lðkirÞYm± 1
l ðθ, 0Þ+ kib2

r
f 0lðkirÞYm± 1

l ðθ, 0Þ± zb
r2

f lðkirÞ α±m+ 1
l Ym± 2

l ðθ, 0Þ− α±m
l Ym

l ðθ, 0Þ
� �
 �

(A21)

where F ðxÞ=HðxÞ,J ðxÞ accounts for equations with f lðxÞ= h+
l ðxÞ, jlðxÞ accordingly, and the index i= 1, 2, 3 denotes the respective material.
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Appendix 4

Expansion Coefficients of Induced Fields for Core–Shell NPs

The explicit expressions of the expansion coefficients of the induced fields for a core–shell NP, obtained from the boundary conditions at the interfaces A
and B, read

aIlm = ðZ2ðh+
l ðk3RsÞk3ðða0;II;Blm k1ð−h+

l ðk2RcÞΨ0
lðk2RcÞ+ jlðk2RcÞξ0lðk2RcÞÞξ0lðk2RsÞ+ a0;Ilmk2ξ

0
lðk1RcÞð− h+

l ðk2RcÞΨ0
lðk2RsÞ+ jlðk2RcÞξ0lðk2RsÞÞÞZ1

+ a0,IIIlm k1k2ðh+
l ðk2RcÞΨ0

lðk2RcÞ− jlðk2RcÞξ0lðk2RcÞÞðh+
l ðk3RsÞΨ0

lðk3RsÞ− jlðk3RsÞξ0lðk3RsÞÞZ1 + a0;Ilmh
+
l ðk1RcÞh+

l ðk3RsÞk1k3ðΨ0
lðk2RsÞξ0lðk2RcÞ

−Ψ0
lðk2RcÞξ0lðk2RsÞÞZ2Þ+ k2ξ0lðk3RsÞða0;Ilmð− h+

l ðk2RsÞjlðk2RcÞ+h+
l ðk2RcÞjlðk2RsÞÞk2ξ0lðk1RcÞZ1 +a0;II;Blm h+
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l ðk2RcÞΨ0
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+
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l ðk2RsÞΨ0
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l ðk2RcÞΨ0
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− jlðk2RcÞξ0lðk2RcÞÞZ1ðh+
l ðk3RsÞk3Ψ0
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0
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+ a0;Ilmk2ðh+
l ðk1RcÞΨ0

lðk1RcÞ− jlðk1RcÞξ0lðk1RcÞÞZ2 + jlðk1RcÞk1ða0;II;Alm Ψ0
lðk2RcÞ

− a0;II;Blm ξ0lðk2RcÞÞZ2ÞZ3Þ=ðh+
l ðk3RsÞk3Z2ðh+

l ðk2RcÞk2Ψ0
lðk1RcÞΨ0

lðk2RsÞZ1 − jlðk2RcÞk2Ψ0
lðk1RcÞξ0lðk2RsÞZ1 + jlðk1RcÞk1ð−Ψ0

lðk2RsÞξ0lðk2RcÞ
+Ψ0

lðk2RcÞξ0lðk2RsÞÞZ2Þ+ k2ξ0lðk3RsÞðh+
l ðk2RsÞjlðk2RcÞk2Ψ0

lðk1RcÞZ1 − h+
l ðk2RcÞjlðk2RsÞk2Ψ0

lðk1RcÞZ1 − h+
l ðk2RsÞjlðk1RcÞk1Ψ0

lðk2RcÞZ2

+ jlðk1RcÞjlðk2RsÞk1ξ0lðk2RcÞZ2ÞZ3Þ
(A25)

bIlm = ððh+
l ðk3RsÞk3Z3ðb0;II;Blm Z1k1ð− h+

l ðk2RcÞΨ0
lðk2RcÞ+ jlðk2RcÞξ0lðk2RcÞÞξ0lðk2RsÞ+ b0;Ilmk2Z2ξ

0
lðk1RcÞð− h+

l ðk2RcÞΨ0
lðk2RsÞ+ jlðk2RcÞξ0lðk2RsÞÞÞ

+ b0,IIIlm k1Z1Z2k2ðh+
l ðk2RcÞΨ0

lðk2RcÞ− jlðk2RcÞξ0lðk2RcÞÞðh+
l ðk3RsÞΨ0

lðk3RsÞ− jlðk3RsÞξ0lðk3RsÞÞ+ b0;Ilmh
+
l ðk1RcÞh+

l ðk3RsÞZ1k1Z3k3ðψ lðk2RsÞξ0lðk2RcÞ
−Ψ0

lðk2RcÞξ0lðk2RsÞÞÞ+ k2Z2ξ
0
lðk3RsÞðb0;Ilmð− h+

l ðk2RsÞjlðk2RcÞ+ h+
l ðk2RcÞjlðk2RsÞÞk2Z2ξ

0
lðk1RcÞ+ b0;II;Blm h+

l ðk2RsÞZ1k1ðh+
l ðk2RcÞΨ0

lðk2RcÞ
− jlðk2RcÞξ0lðk2RcÞÞ+ b0;Ilmh

+
l ðk1RcÞZ1k1ðh+

l ðk2RsÞΨ0
lðk2RcÞ− jlðk2RsÞξ0lðk2RcÞÞÞ+ b0;II;Alm Z1k1ðh+

l ðk2RcÞΨ0
lðk2RcÞ

− jlðk2RcÞξ0lðk2RcÞÞðh+
l ðk3RsÞZ3k3Ψ0

lðk2RsÞ− jlðk2RsÞk2Z2ξ
0
lðk3RsÞÞÞ=ðh+

l ðk3RsÞZ3k3ðh+
l ðk2RcÞZ2k2Ψ0

lðk1RcÞΨ0
lðk2RsÞ

− jlðk2RcÞk2Z2Ψ0
lðk1RcÞξ0lðk2RsÞ+ jlðk1RcÞZ1k1ð−Ψ0

lðk2RsÞξ0lðk2RcÞ+Ψ0
lðk2RcÞξ0lðk2RsÞÞÞ+ k2Z2ξ

0
lðk3RsÞðh+

l ðk2RsÞjlðk2RcÞZ2k2Ψ0
lðk1RcÞ

− h+
l ðk2RcÞjlðk2RsÞZ2k2Ψ0

lðk1RcÞ− h+
l ðk2RsÞjlðk1RcÞZ1k1Ψ0

lðk2RcÞ+ jlðk1RcÞjlðk2RsÞk1Z1ξ
0
lðk2RcÞÞÞ

(A26)

12 of 14 physica status solidi (a), 2026

 18626319, 2026, 17, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pssa.70468, W

iley O
nline L

ibrary on [14/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



bII;Alm = ððb0,IIIlm k2Z2ðh+
l ðk3RsÞΨ0

lðk3RsÞ− jlðk3RsÞξ0lðk3RsÞÞðjlðk2RcÞZ2k2Ψ0
lðk1RcÞ− jlðk1RcÞZ1k1Ψ0

lðk2RcÞÞ+h+
l ðk3RsÞk3Z3ðb0;IlmZ2k2Ψ0

lðk2RsÞ
× ð− h+

l ðk1RcÞΨ0
lðk1RcÞ+ jlðk1RcÞξ0lðk1RcÞÞ+ b0;II;Blm ξ0lðk2RsÞ× ð− jlðk2RcÞZ2k2Ψ0

lðk1RcÞ+ jlðk1RcÞZ1k1Ψ0
lðk2RcÞÞÞÞ

+ k2Z2ξ
0
lðk3RsÞðb0;Ilmjlðk2RsÞZ2k2ðh+

l ðk1RcÞΨ0
lðk1RcÞ− jlðk1RcÞξ0lðk1RcÞÞ+ b0;II;Blm h+

l ðk2RsÞðjlðk2RcÞZ2k2Ψ0
lðk1RcÞ− jlðk1RcÞZ1k1Ψ0

lðk2RcÞÞÞ
+ b0;II;Alm ðjlðk2RcÞZ2k2Ψ0

lðk1RcÞ− jlðk1RcÞZ1k1Ψ0
lðk2RcÞÞ× ðh+

l ðk3RsÞZ3k3Ψ0
lðk2RsÞ

− jlðk2RsÞk2Z2ξ
0
lðk3RsÞÞÞ=ðh+

l ðk3RsÞZ3k3ð− h+
l ðk2RcÞk2Z2Ψ0

lðk1RcÞΨ0
lðk2RsÞ+ jlðk2RcÞk2Z2Ψ0

lðk1RcÞξ0lðk2RsÞ+ jlðk1RcÞZ1k1ðψ lðk2RsÞξ0lðk2RcÞ
−Ψ0

lðk2RcÞξ0lðk2RsÞÞÞ+ k2Z2ξ
0
lðk3RsÞð− h+

l ðk2RsÞjlðk2RcÞZ2k2Ψ0
lðk1RcÞ+ h+

l ðk2RcÞjlðk2RsÞZ2k2Ψ0
lðk1RcÞ+ h+

l ðk2RsÞjlðk1RcÞZ1k1Ψ0
lðk2RcÞ

− jlðk1RcÞjlðk2RsÞZ1k1ξ0lðk2RcÞÞÞ
(A27)

bII;Blm = ð− b0,IIIlm k2Z2ðh+
l ðk3RsÞΨ0

lðk3RsÞ− jlðk3RsÞξ0lðk3RsÞÞðh+
l ðk2RcÞZ2k2Ψ0

lðk1RcÞ− jlðk1RcÞk1Z1ξ
0
lðk2RcÞÞ+ ððb0;II;Blm h+

l ðk2RcÞ
− b0;II;Alm jlðk2RcÞÞZ2k2Ψ0

lðk1RcÞ+ b0;IlmZ2k2ðh+
l ðk1RcÞΨ0

lðk1RcÞ− jlðk1RcÞξ0lðk1RcÞÞ+ jlðk1RcÞk1Z1ðb0;II;Alm Ψ0
lðk2RcÞ

− b0;II;Blm ξ0lðk2RcÞÞÞðh+
l ðk3RsÞZ3k3ξ0lðk2RsÞ−h+

l ðk2RsÞk2Z2ξ
0
lðk3RsÞÞÞ=ðh+

l ðk3RsÞk3Z3ð− h+
l ðk2RcÞk2Z2Ψ0

lðk1RcÞΨ0
lðk2RsÞ

+ jlðk2RcÞk2Z2Ψ0
lðk1RcÞξ0lðk2RsÞ+ jlðk1RcÞZ1k1ðψ lðk2RsÞξ0lðk2RcÞ−Ψ0

lðk2RcÞξ0lðk2RsÞÞÞ+ k2Z2ξ
0
lðk3RsÞð− h+

l ðk2RsÞjlðk2RcÞk2Z2Ψ0
lðk1RcÞ

+ h+
l ðk2RcÞjlðk2RsÞk2Z2Ψ0

lðk1RcÞ+ h+
l ðk2RsÞjlðk1RcÞZ1k1Ψ0

lðk2RcÞ− jlðk1RcÞjlðk2RsÞZ1k1ξ
0
lðk2RcÞÞÞ

(A28)

bIIIlm = ðb0,IIIlm jlðk3RsÞk3Z3ð−h+
l ðk2RcÞZ2k2Ψ0

lðk1RcÞΨ0
lðk2RsÞ+ jlðk2RcÞZ2k2Ψ0

lðk1RcÞξ0lðk2RsÞ+ jlðk1RcÞk1Z1ðψ lðk2RsÞξ0lðk2RcÞ−Ψ0
lðk2RcÞξ0lðk2RsÞÞÞ

+ b0,IIIlm Z2k2Ψ0
lðk3RsÞð− h+

l ðk2RsÞjlðk2RcÞZ2k2Ψ0
lðk1RcÞ+ h+

l ðk2RcÞjlðk2RsÞZ2k2Ψ0
lðk1RcÞ+ h+

l ðk2RsÞjlðk1RcÞk1Z1Ψ0
lðk2RcÞ

− jlðk1RcÞjlðk2RsÞk1Z1ξ
0
lðk2RcÞÞ+ k3Z3ðh+

l ðk2RsÞΨ0
lðk2RsÞ− jlðk2RsÞξ0lðk2RsÞÞððb0;II;Blm h+

l ðk2RcÞ− b0;II;Alm jlðk2RcÞÞZ2k2Ψ0
lðk1RcÞ

+ b0;IlmZ2k2ðh+
l ðk1RcÞΨ0

lðk1RcÞ− jlðk1RcÞξ0lðk1RcÞÞ+ jlðk1RcÞk1Z1 × ðb0;II;Alm Ψ0
lðk2RcÞ

− b0;II;Blm ξ0lðk2RcÞÞÞÞ=ðh+
l ðk3RsÞZ3k3ðh+

l ðk2RcÞZ2k2Ψ0
lðk1RcÞΨ0

lðk2RsÞ− jlðk2RcÞk2Z2Ψ0
lðk1RcÞξ0lðk2RsÞ+ jlðk1RcÞZ1k1ð−Ψ0

lðk2RsÞξ0lðk2RcÞ
+Ψ0

lðk2RcÞξ0lðk2RsÞÞÞ+ k2Z2ξ
0
lðk3RsÞðh+

l ðk2RsÞjlðk2RcÞZ2k2Ψ0
lðk1RcÞ− h+

l ðk2RcÞjlðk2RsÞZ2k2Ψ0
lðk1RcÞ− h+

l ðk2RsÞjlðk1RcÞZ1k1Ψ0
lðk2RcÞ

+ jlðk1RcÞjlðk2RsÞZ1k1ξ0lðk2RcÞÞÞ
(A29)

Appendix 5

EEL Probability for Core–Shell Penetrating Trajectories

The total EEL probability for an electron beam traversing both the core and shell of a core–shell NP is given by

ΓEELðωÞ=ΓI
bulkðωÞ+ΓII

bulkðωÞ+ΓI
begrðωÞ+ΓII;A

begrðωÞ+ΓII;B
begrðωÞ+Γsurf ðωÞ (A30)

The individual terms read

ΓI
bulkðωÞ=

e
πℏω

Re

"X
l,m

Z
zc

− zc

dz
eimϕ0 e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp
 
mb0;Ilmh

+
l ðk1rÞYm

l ðθ, 0Þ−
a0;Ilm

k1b
H+

lmðk1zÞ+H−
lmðk1zÞ

� 
!#
(A31)

ΓII
bulkðωÞ=

e
πℏω

Re

"X
l,m

Z
− zc

− zs

dz
eimϕ0 e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp
 
mb0;II;Blm h+

l ðk2rÞYm
l ðθ, 0Þ−

a0;II;Blm

k2b
H+

lmðk2zÞ+H−
lmðk2zÞ

� 
!#

+
e

πℏω
Re

"X
l,m

Z
zs

zc

dz
eimϕ0 e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp
 
mb0;II;Blm h+

l ðk2rÞYm
l ðθ, 0Þ−

a0;II;Blm

k2b
H+

lmðk2zÞ+H−
lmðk2zÞ

� 
!# (A32)

ΓI
begrðωÞ=

e
πℏω

Re

"X
l,m

Z
zc

− zc

dz
eimϕ0 e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp
 
mbIlmjlðk1rÞYm

l ðθ, 0Þ−
aIlm
k1b

J +
lmðk1zÞ+J −

lmðk1zÞ
� 
!#

(A33)

ΓII;A
begrðωÞ=

e
πℏω

Re

"X
l,m

Z
zs

− zs

dz
eimϕ0 e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp
 
mbII;Alm h+

l ðk2rÞYm
l ðθ, 0Þ−

aII;Alm

k2b
H+

lmðk2zÞ+H−
lmðk2zÞ

� 
!

−
X
l,m

Z
zc

− zc

dz
eimϕ0 e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp
 
mbII;Alm h+

l ðk2rÞYm
l ðθ, 0Þ−

aII;Alm

k2b
H+

lmðk2zÞ+H−
lmðk2zÞ

� 
!# (A34)
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ΓII;B
begrðωÞ=

e
πℏω

Re

"X
l,m

Z
zs

− zs

dz
eimϕ0 e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp
 
mbII;Blm jlðk2rÞYm

l ðθ, 0Þ−
aII;Blm

k2b
J +

lmðk2zÞ+J −
lmðk2zÞ

� 
!

−
X
l,m

Z
zc

− zc

dz
eimϕ0 e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðl+ 1Þp
 
mbII;Blm jlðk2rÞYm

l ðθ, 0Þ−
aII;Blm

k2b
J +

lmðk2zÞ+J −
lmðk2zÞ

� 
!# (A35)

Γsurf ðωÞ=
e

πℏω
Re

"X
l,m

eimϕ0

 
Km

�
ωb
vγ3

�
ik3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðl+ 1Þp

 
mbIIIlmM

+ ∗
lm − aIIIlm

N + ∗
lm

βγ3

!

−
Z

zs

− zs

dz
e− iωz=vffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðl+ 1Þp

"
mbIIIlmh

+
l ðk3rÞYm

l ðθ, 0Þ−
aIIIlm
k3b

H+
lmðk3zÞ+H−

lmðk3zÞ
� 
#!# (A36)

The total EEL probability for an electron beam traversing only the shell of the core–shell NP can be found using all relations provided so far with zc = 0.
We note that the numerical evaluation of Equations (A31) and (A32) pertaining to the bulk contributions can be challenging due to the singularity of the
spherical Hankel function. We face this problem in the calculation of the bulk term corresponding to the exciton shell in Figures 3 and 4. In this case, we
instead compute the bulk term from the expression of bulk contribution in an unbound medium given by [44]

ΓII
bulkðωÞ= −

e2ðzs − zcÞ
2π2ℏε0v2

Im
1

γ22ε2
ln

��
qcγ2v
ω

	
2
+ 1

	� �
(A37)

where qc is a free parameter denoting a transverse momentum cutoff and γ2 = 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ε2μ2β

2
p

. In both figures we set qc = 2 nm−1.
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