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ABSTRACT: In optical microscopy, high spatial resolution comes
at the cost of a short depth of field. This trade-off prevents the
formation of sharp images of three-dimensional objects or objects
moving in and out of focus. Moreover, it is often difficult to know
the extent to which the object is out of focus, which makes it
challenging to determine the point spread function that describes
the blurring. This hinders the ability to restore the blurred image
using digital postprocessing. To resolve these issues, we design a
phase mask that, when inserted into the microscope, extends the
depth of field, making the point spread function insensitive to the
location of the object. We leverage end-to-end machine learning
tools to design this phase mask together with a Richardson-Lucy-
type deconvolution algorithm to remove image blurring. The phase
mask is then manufactured with a commercial 3D nanoprinter and used in a microscope to demonstrate defocus-insensitive imaging
of microfabricated objects. The experiments successfully verify the operation of both the phase mask and the image restoration
algorithm.
KEYWORDS: optical microscopy, depth of field, phase mask, end-to-end learning, image restoration, 3D laser nanoprinting

■ INTRODUCTION
Digital postprocessing can be used to restore images degraded
by blurring and noise inherent to optical imaging systems.
Traditionally, this has been accomplished using deconvolution-
based techniques,1,2 whereas neural networks trained to
process images has gained popularity in recent years.3−5 The
learning capabilities of neural networks can also be combined
with the physical interpretability of deconvolution processes
within physics-informed neural networks.6−8 Regardless of the
chosen method, image restoration becomes substantially more
challenging when the object to be imaged or a part of it is
considerably out of focus. First, the defocus broadens the point
spread function (PSF), blurring the image. This suppresses the
high-frequency content of the image, as described by the
optical transfer function (OTF), making the restoration
process more susceptible to noise.9−12 Second, the exact
shape of the PSF tends to vary significantly as a function of the
focusing error, especially in high-resolution systems, such as
microscopes. Not only does this make it difficult to know the
PSF required for nonblind deconvolution, the blurring varies
between parts of an image of a three-dimensional object. This
behavior prevents the use of blind deconvolution algorithms
that assume the PSF to be shift-invariant throughout the
recorded image.13,14 Problems of this type can be remedied by

engineering the PSF of the system, utilizing amplitude
masks15−18 or phase masks,9,19−26 the latter of which have
the added benefit of being completely lossless. Other methods,
such as ghost imaging27−30 and single-pixel imaging31,32 can
also be used to obtain sharp images in the presence of severe
aberrations, but they are usually slow and based on relatively
complex optical setups. Imaging systems whose PSF vary
slowly as a function of defocus can be realized using a
standalone phase mask,19,20,22 combining a mask with a
lens,21,25,33−35 or by placing a mask in the Fourier plane of a 4f-
imaging system.18,26,36,37 However, the slow size variation of
the PSF is often accompanied by its shape variation, making
image restoration difficult. While radially asymmetric phase
masks can be used to generate modulation transfer functions
(MTF) nearly independent of defocus,11,23,33,38 the phase of
the resulting OTF varies significantly, introducing artifacts in
the restored images.39,40 In contrast, a circularly symmetric
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phase mask yields a real-valued OTF, removing the phase-
modulation problem.41 For this reason, we aim to design a
circularly symmetric phase mask, here, to be used in a defocus-
insensitive microscope.
In general, the longitudinal variance of the OTF can be

reduced at a cost of impairing its response to high-frequency
content of the object to be imaged.10,42 Many of the phase
mask designs set limit to the minimum value of OTF within a
targeted spatial-frequency range to avoid excessive noise
amplification during the restoration process, which then limits
the longitudinal invariance of the frequency response.10,11

However, it is often unclear whether the quality of the restored
images is degraded more by poor high-frequency response or
by non-negligible longitudinal variation of the OTF. Here, in
order to maximize the depth of field of the microscope while
still accounting for the noise, we circumvent this problem by
simulating the image degradation and subsequent restoration
for a set of training images and optimize the phase mask profile
based on the quality of the processed images. This strategy is
well-aligned with the end-to-end design paradigm, in which the
imaging system and the restoration algorithm are jointly
optimized. While the approach is a natural choice for
optimizing systems that employ neural networks,37,43,44 it has
also been used for systems utilizing deconvolution algo-
rithms.45−48

The phase masks designed to improve image restoration
typically assume that the image degradation is dominated by
additive readout noise, in which case images can be restored
using a Wiener filter.11,45,49,50 Here, in contrast, we are
concerned with shot noise. Images blurred by a known PSF
and degraded by shot noise can be restored using the
Richardson-Lucy deconvolution.51,52 However, the iterative
nature of the algorithm makes it relatively slow. This problem
was recently addressed by introducing a Wiener-Butterworth
back projector, which significantly reduces the number of
iterations required to restore the image.53 The back projector,
however, depends on multiple parameters that need to be
optimized.7,53

In this work, we present a defocus-insensitive microscope in
the form of a 4f imaging system, the Fourier plane of which
contains a circularly symmetric phase mask designed to enable

deconvolution-based image restoration. To the best of our
knowledge, such microscopes were not introduced before. The
illuminating light is assumed to be spatially incoherent, as in
the majority of optical microscopes. The imaged objects can be
located at an unknown distance from the focal plane, be
spatially extended along the optical axis, or move through the
focal plane with no influence on the image quality due to the
large depth of field of the system. The phase mask profile is
optimized in tandem with the Richardson-Lucy algorithm
accelerated by the Wiener-Butterworth back projector. The
optimization is performed using a machine-learning style
algorithm implemented within Tensorflow (Python). The
designed phase mask is manufactured using a 3D nanoprinter,
and its performance is verified experimentally along with the
image restoration algorithm.

■ RESULTS AND DISCUSSION

Defocus-Insensitive Microscope

In this section, we explain the operation principle of the
microscope we propose, supporting the explanations by simple
analytical derivations. The microscope is constructed in the
form of a 4f imaging system, shown schematically in Figure 1.
The first lens is a microscope objective and the second one is a
tube lens. The object is shown as a thin transparency
illuminated by spatially incoherent light, e.g., from an LED.
The transparency can be shifted by a distance Δz = f1 − d0
from the front focal plane of the system. In the common focal
plane of the two lenses, we introduce a phase mask filling a
circular aperture of radius a. The detector array of the camera
is located in the back focal plane of the second lens. The phase
mask is made of glass with radially varying thickness, and the
goal is to optimize its profile such that the PSF becomes
independent of Δz. The system is assumed to be shift-invariant
so that the intensity distribution in the image plane can be
modeled by the following convolution54

I x y z h x y z I x y( , , ) ( , , ) ( , )b g= * (1)

where h(x, y, Δz) is the defocus-dependent intensity PSF of
the system and Ig(x, y) = Io(x/M, y/M) is the intensity of the
perfectly sharp geometrical-optics image of the object,

Figure 1. A 4f imaging system with a phase mask to be optimized. Light transmitted by the object, having the intensity profile Io, forms a blurred
image with intensity Ib on the detector array of the camera. The intensity signal recorded by the camera, In, is further degraded by shot noise. The
Richardson-Lucy deconvolution algorithm is then applied to the recorded image, resulting in the restored image with intensity Ir. The radial profile
of the phase mask contains a single stationary point at a distance r0 from the optical axis, while varying rapidly everywhere else. This results in a PSF
resembling a Bessel beam, as indicated by the rays propagating at the same angle with respect to the z-axis at the output.
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magnified by factor M = −f 2/f1 (including image inversion).
Introducing normalized coordinates
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and using the Fresnel diffraction integral, the shape of the PSF
is given by18,55

h u v u J v( , ) exp i( ( ) ) ( ) d
0

1
2

0
2= | [ + ] |

(4)

Here, Φ(ρ) is the radial phase-shift profile of the phase mask,
J0(vρ) is the zeroth-order Bessel function, k0 = 2π/λ0 is the
wavenumber corresponding to the central wavelength of the
illumination, ρ = r/a is the normalized radial coordinate in the
Fourier plane, and NA ≈ a/f1 is the numerical aperture of the
imaging system, which is determined by the radius of the phase
mask a. The displacement Δz is defined such that, for Δz > 0,
the object is closer to the imaging system, whereas for Δz < 0,
it is farther away from the system. The normalized coordinate
u can also be expressed in terms of the defocus coefficient as u
= k0W20.

23 The radial phase profile of the mask is written in the
form of a polynomial

p( )
n

N

n
n

1

=
= (5)

The coefficients pn must be optimized to minimize the
dependence of the PSF on the normalized defocus u, thus
extending the depth of field.
For a microscope to be insensitive to defocus, the PSF

should resemble a nondiverging Bessel beam, like in an
imaging system utilizing a thin annular aperture.18 To see how
this can be achieved, consider a phase mask with a rapidly
varying profile Φ(ρ) except for a single stationary point at ρ =
s0, where the phase gradient is zero. The total argument of the
exponential function in eq 4 depends on the defocus and is
given by

u u( , ) ( ) 2= + (6)

The defocus-dependent stationary point ρ = s is found from

s u s us( , ) ( ) 2 0= + = (7)

where the prime denotes the derivative with respect to ρ. For
such a phase mask, eq 4 can be solved using the method of
stationary phase (see ref 56) near the optical axis (where
J0(vρ) varies slowly as a function of ρ), yielding the following
Bessel-like PSF

i
k
jjjj

y
{
zzzzh u v s u s u

s u
sJ sv u

J v

u

( , ) exp i ( , ) sign ( , )
4

2
( , )

( ) exp i (1, )
( )

i (1, )0
0

2

{ }= + [ ]

| |
+ [ ]

(8)

where the two terms correspond to light transmission through
the stationary point and light diffraction at the edge of the
phase mask, respectively. The ray-optics picture of the
formation of a Bessel-like beam is shown in Figure 1, where
the (red) rays that cross the mask near the stationary points

propagate at the same angle with respect to the z-axis after the
second lens. Such rays result in a Bessel beam.57 Famously, for
a quartic phase mask, the on-axis intensity of the PSF, h(u, 0) =
2πs2/|Ψ″(s, u)| (neglecting the second term in eq 8), is
independent of defocus.9,21 Nevertheless, despite the Bessel-
like shape, the width of this PSF varies as a function of defocus.
The mainlobe of the PSF given by eq 8 has a normalized width
v0(u) = 2.4048/s(u) that depends on the radial position of the
stationary point s(u) that varies as a function of defocus at a
rate given by the expression
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From eq 9, we see that the longitudinal variation of the PSF
can be reduced by increasing |Ψ″(s, u)|, i.e., by making the
phase mask’s surface angle arctan(Φ′(ρ)/[k0(n − 1)a]) vary
rapidly near the stationary point. However, as |Ψ″(s, u)|
increases, the on-axis intensity decreases, signifying that more
light gets refracted far away from the axis, where the method of
stationary phase no longer applies. Due to this, there is an
unavoidable trade-off between minimizing the longitudinal
variation of the OTF and maximizing its response to large
k k kr x y

2 2= + up to the diffraction limited cutoff frequency
kdl = 2NAk0. A poor frequency response reduces contrast and
makes the image restoration process more sensitive to noise.
However, the inspection of the OTF alone does not clearly
reveal which of the two mechanisms has a bigger impact on the
final image. To avoid this problem, we adopt a machine-
learning-inspired optimization strategy. The performance of
the imaging system, including the image restoration, is
simulated for a set of training images. The phase mask profile,
alongside the deconvolution algorithm, is then optimized
based on the quality of the simulation results, as described
below.
Optimization Procedure

In our end-to-end learning-based optimization approach, the
profile of the phase mask is represented by a polynomial
function of normalized radial distance ρ given in eq 5. The
polynomial coefficients are determined by improving the
restored images of the training objects for prescribed values of
Δz, as shown in Figure 1. To use the approach correctly, the
relevant degradations of the training images need to be
simulated. First, the images are blurred according to eqs 1 and
4. Then, the images are deteriorated further by noise. Here, we
assume that the images are corrupted mainly by shot noise.
Given a noise-free discretized blurred image, a pixel (n, m) of
which takes the value Ib[xn, ym] in the units of expected
number of photons impinging on the pixel, the noisy image can
be modeled by generating Poisson-distributed random
variables In[xn, ym]~Pois(Ib[xn, ym]). However, the randomly
generated signals at each pixel are not differentiable with
respect to Ib and by extension with respect to the polynomial
coefficients of the phase mask profile. This fact would prevent
the use of the gradient-based optimization. In order to bypass
this problem and make In differentiable, we employ an
approximate expression

I x y I x y I x y X, , ,n m n m n m nmn b b[ ] = [ ] + [ ] (10)
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where X (0, 1)nm are normally distributed random
variables with zero mean and unit variance. The expression
accurately mimics the Poisson statistics at sufficiently large
Ib[xn, ym] (>10 photons),58,59 and it can be differentiated as
Xnm are independent of Ib, enabling the optimization.
After simulating the image degradation, the optimization

procedure includes a postprocessing step for image restoration.
An efficient method for restoring blurred images corrupted by
shot noise is to use Richardson-Lucy deconvolution algorithm,
the lth iteration of which is given by the expression

I I
I

I f
bl l

l

RL
1

RL n

1
RL=

*
*

(11)

where f and b are the forward and back projectors, respectively,
usually chosen to be equal to the PSF.53 Here, the exact PSF
cannot be used, due to the lack of knowledge about the
defocus. Instead, the Fourier transform of the forward
projector is taken to be a weighted average of the OTFs

F w H u k( , )
m

M

m m r
1

=
= (12)

where the longitudinal coordinates, um, are evenly distributed
within the system’s intended depth of field. The weights wm > 0
(∥w∥1 = 1) are parameters to be optimized alongside the phase
mask profile. To accelerate the convergence of the Richardson-
Lucy deconvolution, we adopt the Wiener-Butterworth back
projector recently proposed in ref 53. The Fourier transform of
the back projector is a product of the Wiener and the
Butterworth filters (B = BWBB) given by expressions
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respectively, where

B k( )
12

W
dl

2

2=
(15)

The asterisk stands for complex conjugation. The parameters
α, β, and γ are optimized as part of the end-to-end design.
These parameters dictate the noise amplification or suppres-
sion, the appearance of ringing artifacts, and the convergence
rate of the iterative algorithm. The convergence is accelerated
by making the product FB(kr) flat over the range of spatial
frequencies to be restored.53 During the deconvolution, the
spectral resolution of the images is increased by padding. This
can introduce more artifacts, which we try to minimize using
symmetric (reflective) padding.60,61

After the image degradation (due to blur and noise) and
subsequent restoration have been simulated for a batch of
training images, their quality is assessed to measure the
performance of the imaging system and the restoration
algorithm. Here, the quality of the restored images, represented
by the intensity Ir at each pixel, is quantified by a loss function
that combines the intensity L1-norm error with the structural
similarity index measure (SSIM62)

I I N I I/ 1 SSIM( , )

2
r g 1 r g=

+
(16)

where N is the number of pixel in each image. Such functions
are found to perform well in image restoration tasks.6,63 Like in
ref 63, the two terms are equally weighted for simplicity. In eq
16, the images are normalized such that the brightest pixel
takes the value of unity, hence 0, 1[ ].

The simulated imaging system is configured to match our
experimental setup, which consists of an objective lens with
focal length f1 = 45 mm and a tube lens with f 2 = 200 mm,
resulting in magnification |M| = 4.4. The phase mask radius is a
= 1 mm. The objects are illuminated with a 633 nm LED
(Thorlabs M625L3), and the images are recorded using a
Basler ace 2 a2A2448-75ucBAS camera with a 2448 × 2048
array of 2.74 μm wide pixels. The system is optimized for
objects displaced by up to ±10 mm from the front focal plane.
To this end, the training data (3200 images taken from
ImageNet-Sketch data set64) is divided into batches of 64
images whose displacements from the front focal plane, Δz, are
evenly distributed within the interval [-10 mm,10 mm], which
corresponds to normalized defocus u ∈ [−24.5, 24.5]. As a
preprocessing measure, the training data is scaled such that the
geometric-optics images occupy a 1024 × 1024 pixel region at
the center of the camera, corresponding to objects of size 631
× 631 μm2. In addition, the training images are low-pass
filtered with a Butterworth-filter with cutoff frequency 1.2kdl,
removing the features that cannot be restored even when the
object is in focus. After simulating the blurring, the images are
cropped and binned to a size of 1024 × 1024 pixels, which
have an effective width of 2 × 2.74 μm/|M| ≈ 1.2 μm. This
accelerates the fast Fourier transforms (FFTs) performed
during the deconvolution. The amount of noise in the images
is characterized by the expected number of photons incident
on the brightest (binned) pixel, which is set to 1000. The
simulated level of noise is similar to what is seen in the
experiments.

The number of iterations performed during deconvolution
cannot be optimized, but must be fixed in advance. For the
optimization, we use five iterations. This exceeds the typically
required number when employing the Wiener-Butterworth
back projector.53 Using a slightly larger number of iterations
reduces the need for the back projector to strongly amplify
high spatial frequencies, to which the phase mask is expected
to respond poorly, as discussed earlier. At the same time, the
iteration count remains low enough to preserve the
acceleration benefits of the modified back projector. The
number of iterations can later be adjusted depending on the
application.

Following the recommendations in the Supporting In-
formation of ref 53, the deconvolution is initialized with
parameters α = β = 10−3 and γ = 10. The forward projector is
initially computed using equal weights wm = 1/64. To obtain
an initial Bessel-like PSF, we first evaluate the loss function in
eq 16 for quartic phase masks of the form Φ = p4ρ4 − p2ρ2,
choosing polynomial coefficients p2 and p4 that minimize .
The polynomial coefficients are constrained to yield modu-
lation depths (Φmax−Φmin)/[k(n−1)] = p22/[2p4k(n−
1 ) ] ∈ [ 0 , 1 5 μ m ] a n d s t a t i o n a r y p o i n t s
s p p/(2 ) 0.5, 0.90 2 4= [ ]. The chosen quartic phase mask
is then used as a starting point for a gradient-descent
optimization algorithm to find the coefficients for the 20-
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degree polynomial given by eq 5. The additional degrees of
freedom compensate for the drawbacks of the quartic phase
mask that become apparent when calculating the PSF
numerically instead of using the method of stationary
phase.25 However, as the higher-order terms have only a
minor contribution to the phase mask shape (similarly to the
rational phase mask considered in ref 25), the degree of the
polynomial can be limited to a small number. The optimization
is implemented in Python using the TensorFlow package.65 It
employs the ADAM optimizer66 with a learning rate of 10−1,
and is ran until the loss function stops converging. This took
111 epochs for the phase mask presented in this work. The
modulation depth of the phase mask is limited to 15 μm to
ensure the validity of eq 4. This gives us a rough shape of the
phase mask, which is then optimized further, now alongside
the parameters of the deconvolution process, i.e., w, α, β, and
γ, using the same algorithm as before, but with a lower learning
rate of 10−4. The joint optimization was complete after 74
epochs. Note that, in contrast to neural-network-based
restoration methods, the deconvolution algorithm depends
only on a couple of parameters, the optimization of which
cannot overfit the training data. Hence, a separate validation
data set is not required to assess generalization performance.67

The optimized phase mask profile and the corresponding
PSF as a function of displacement Δz are shown in Figure 2a,b,
respectively. The phase of the mask varies rapidly far from the
sole stationary point s0 ≈ 0.7, forming a Bessel-like PSF, as
predicted by the method of stationary phase. The Bessel-like
PSF is nearly independent of defocus, unlike the PSF obtained
without the phase mask shown in the inset of Figure 2b. That
said, the on-axis intensity exhibits small sinusoidal variation,
which can be attributed to the interference between the light
passed through the stationary point and the light diffracted
from the edge of the phase mask (the second term in eq 8). It
is also worth noting that the main lobe of the Bessel-like PSF
has approximately the same width as the Airy pattern obtained
without the phase mask. This differs from a Bessel-like PSF

generated by an annular aperture, where the main lobe is
significantly narrower.18 Here, a broader beam results from an
effective numerical aperture that is determined by the
stationary point rather than the full aperture radius, i.e.,
NAeff(u) = s(u)NA. Consequently, the OTF as well as the
forward and backward projectors of the deconvolution
algorithm have cutoff frequencies around 0.7kdl as shown in
Figure 2c,d. The frequency response shown in Figure 2d
indicates that the cutoff frequency, given by kcutoff(u) = s(u)kdl,
varies almost linearly with Δz in the range [-10 mm,10 mm]
with a slope given by eq 9. Figure 2d uses a logarithmic scale to
highlight the cutoff frequency, whereas the forward projector in
Figure 2c is shown on a linear scale to better illustrate the
frequency response. Figure 2c also shows the curve of the
product FB, which is not flat. This indicates that the optimized
back projector sacrifices the convergence speed to prevent
excessive amplification of high-frequency noise. Near the
cutoff, B decreases gradually in order to avoid the formation of
ringing artifacts. Despite the compromised speed, the back-
ward projector offers significant acceleration compared to the
conventional Richardson-Lucy algorithm, as demonstrated in
the next section.
Experiments

To experimentally verify the performance of the optimized
imaging system, the phase mask was manufactured using two-
photon grayscale lithography (2GL) and a custom developed
precompensation routine to correct for systematic deviations
of the phase mask surface from the designed height profile
introduced by the manufacturing process. The phase mask
printing was performed with a Nanoscribe Quantum X system
using the commercial photoresist IP-S (Nanoscribe GmbH &
Co. KG) and a 25×/NA0.8 microscope objective lens (Zeiss,
LD LCI Plan-Apochromat Imm Corr DIC M27). To achieve a
good surface quality, the phase mask was printed using a slicing
distance of 1 μm, a bidirectional hatching with a line distance
of 0.2 μm, a scan speed of 20 cm/s, a dynamic laser power in

Figure 2. Results of the optimization. (a) The radial profile of the phase mask height, corresponding to the set of polynomial coefficients {−42.3,
−238.6, 28.1, 272.8, −12.6, −10.6, −4.4, 1.6, 5.9, 8.2, 8.9, 8.3, 6.8, 4.6, 2.0, −1.0, −4.2, −7.6, −11.1, −14.6}. (b) The PSF as a function of
displacement Δz (see also the corresponding coordinate u below) for the system including the phase mask. For comparison, the conventional PSF
obtained in the absence of the phase mask is shown in the inset using the same scale. (c) The Fourier transforms of the forward and backward
projectors, as well as their product. (d) The frequency response of the imaging system (MTF) on a logarithmic scale 10 log10|H| dB, as a function
of normalized coordinate u (see the corresponding displacement Δz above).
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the range between 8 mW and 50 mW, and 2GL print field
stitching. The obtained surface quality of the phase mask was
analyzed with a reflection-based spinning-disk confocal micro-
scope (MarSurf CM explorer S/W, Mahr GmbH). After two
iterations of precompensating print artifacts (see refs 26 and
67), we obtained an average absolute difference of μabs = 118.9
nm between the fabricated phase mask and the designed height
profile with a standard deviation of σ = 190.1 nm. Hence, this
technique yields high surface quality with deviations much
smaller than the wavelength of light. The fabricated phase
mask, the measured height profile of which is shown in Figure
3a, is inserted into the microscope (setup shown in Figure 1
and described in the above section) and the performance of
the system is studied.
We start by measuring the PSF of the system. The transverse

profiles of the PSFs are obtained by taking images of a pinhole
with a 5 μm diameter illuminated from behind. To characterize

the PSF as a function of defocus, the pinhole was mounted on
a translation stage and displaced along the optical axis in 0.5
mm increments, with the images recorded at each position.
The resulting PSF of the system containing the phase mask is
shown in Figure 3b, while the inset displays the PSF measured
in the absence of the phase mask. The agreement between the
theoretical and experimental PSFs (see the insets in Figures 2b
and 3b, respectively) confirms that the performance of the
system is limited by diffraction rather than aberrations
(excluding defocus). With the phase mask in place, the
measured PSF exhibits the expected Bessel-like structure,
confirming the extended depth of field. Compared to the
theoretical prediction, the sinusoidal intensity variation along
the optical axis appears to be shifted. This discrepancy can be
attributed to a phase shift between the two interfering
contributions in eq 8, e.g., if the aperture radius deviates
from its nominal value. However, the sinusoidal modulation

Figure 3. (a) The measured height profile of the fabricated phase mask. (b) The experimentally measured PSF for the imaging system containing
the phase mask. The PSF measured without the phase mask is shown in the inset.

Figure 4. (a) Images of a smile icon (etched into an opaque aluminum film) displaced from the front focal plane by a distance Δz ∈ [-10 mm,10
mm], as indicated below. Top row contains images taken without the phase mask, as well as an additional high resolution image (on the left). The
two rows below show the images obtained with the phase mask, before and after applying the deconvolution (with 15 iterations). (b) Images of a
different smile icon. (c) The restored in-focus images after 5, 10, 15, and 20 iterations with the optimized Wiener-Butterworth backward projector.
(d) The restored images after 20, 1000, and 2000 iterations with the conventional backward projector. (e) Simulated images of smile corrupted by
shot noise with 10, 100, and 1000 photons on the brightest pixel (top row), as well as the corresponding image restored by the deconvolution
algorithm (bottom row).
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averages out when calculating the forward projector, and
therefore, its influence on the image quality is expected to be
negligible. It is also worth noting that, while the Bessel-like
nature of the PSF is shown only for the 633 nm wavelength, it
holds over the whole visible spectral range, which was observed
by us experimentally and can also be seen from eq 8 and the
values of the refractive index and extinction coefficient of the
phase-mask’s material reported in ref 68.
The performance of the system is demonstrated using a

microfabricated test object in the form of a ‘smile’ pattern
etched into a thin aluminum film on top of a glass plate. The
sample is mounted on a translation stage, allowing the images
to be recorded at its various displacements from the front focal
plane. The results are presented in Figure 4a together with a
high-resolution image of the object (on the left). The top row
shows the images acquired without the phase mask. The
images in the middle row are obtained with the phase mask
present in the setup, but prior to deconvolution, while the
bottom row shows the corresponding images restored by the
deconvolution algorithm. Figure 4b presents the same
sequence of images for a second test sample, which is the
negative of the first one. In the absence of the phase mask, the
images become unrecognizable when the sample is slightly
shifted from the focal plane. In contrast, the phase mask
renders the images insensitive to defocusing, as intended. This
enables restoration of the images using the deconvolution
algorithm. The quality of the deconvolved images is
comparable to the in-focus images in the absence of the
phase mask, indicating that the algorithm is able to restore the
level of detail available in the spatial frequency band kr ≤ kcutoff.
However, the relatively low NA of the imaging system leads to
some differences in the images compared to the high-
resolution ones, in particular, in the width of the lines forming
the ‘smile’. Here, after about 15 iterations, the quality of the
deconvolved images stopped improving. This can be seen from
Figure 4c, which shows the restoration of the in-focus image
for various iteration numbers. In each iteration, most of the
time is taken by the two FFTs and inverse FFTs of 2048 ×
2048 padded image. On a run of the mill computer (here HP
EliteBook 840 with Intel Core i5-1335U), they take around 10
ms each, indicating that real-time imaging is easy to achieve.
While the ability of the back projector to accelerate the
deconvolution is compromised, it still speeds up the
restoration process significantly compared to the traditional
Richardson-Lucy deconvolution. This is demonstrated in
Figure 4d that depicts the same image, but deconvolved
using the forward projector also as a back projector. The figure
shows that the method requires around 2000 iterations to
reach similar image quality as the optimized back projector.

The experiments demonstrate the performance of the
imaging system for a noise level typical for a microscope.
However, the restoration algorithm also works well even in
low-light conditions with much more noise. Figure 4e proves
this with simulated images of a smile icon under different levels
of shot noise. The images before and after deconvolution are
shown in the top and bottom rows, respectively. The restored
image quality stays high even when the expected number of
photons on the brightest pixel drops to 100. Only when the
photon number falls to an extremely low value, such as 10,
does the image quality deteriorate.

To demonstrate the ability of the system to simultaneously
image multiple objects at various axial positions, we place three
tapered optical fibers approximately 9 mm apart from each
other along the optical axis. In the horizontal direction, the
three fibers cover 80% of the detector area and thereby rely on
the shift-invariance of the PSF for the deconvolution to work.
The fibers are illuminated from two sides using the 633 nm
LED and a white-light source (LEICA CLS 160X). Figure 5a−
c shows the images acquired without the phase mask such that
(a) the proximal, (b) the central, and (c) the distal fiber is
brought to focus by shifting the object. While the in-focus fiber
forms a sharp image, the other two fibers are significantly
blurred and hard to discern. However, when the phase mask is
inserted in the setup, all three fibers can be seen
simultaneously, as shown in Figure 5d. In this case, the central
fiber is located in the focal plane. Then, applying the
deconvolution algorithm, we obtain equally sharp images of
all the fibers simultaneously, as shown in Figure 5e.

■ CONCLUSIONS
We have employed an end-to-end optimization approach to
jointly design a phase mask and optimize a Richardson-Lucy
deconvolution algorithm for restoring sharp images of objects
located at unknown distances from the front focal plane of a
microscope. The microscope is a 4f imaging system with the
phase mask positioned in the Fourier plane. The phase mask
profile was designed to produce a Bessel-beam-like PSF by
simulating the performance of the system for a set of training
images, so that the loss of image quality due to severe defocus
and poor high-frequency response of the OTF could be
balanced. The images, degraded also by shot noise, were
restored using a Richardson-Lucy deconvolution algorithm
accelerated by a Wiener-Butterworth back projector, the free
parameters of which were optimized in tandem with the phase
mask. The designed phase mask was fabricated using two-
photon grayscale lithography with a nanoscale precision. The
PSF was measured to show good agreement with the theory.
The phase mask and the deconvolution algorithm were
experimentally demonstrated to provide sharp images of

Figure 5. Images of three tapered optical fibers placed 9 mm apart along the optical axis of the system. The first three images are taken in the
absence of the phase mask, such that (a) the proximal, (b) the central, and (c) the distal fiber is placed in the focal plane of the objective. The last
two images are taken with the phase mask inserted in the setup (d) before and (e) after applying the deconvolution. In these two images, the
central fiber is located in the focal plane.
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microfabricated objects displaced by up to ±10 mm from the
front focal plane of the system, as designed. The setup is also
shown to work well when simultaneously imaging multiple
objects located at different distances from the objective. This
finding demonstrates that the presented method is a practical
approach for developing defocus-insensitive optical micro-
scopes.
The quality of the images formed by the system could be

improved by increasing its NA, e.g., by using an objective lens
with a shorter focal length. While this would reduce the depth
of field (see eq 3), its increase relative to the system without
the phase mask would stay the same. Note also that the depth
of field demonstrated in this work is much longer than most of
the practical microscope observations would require. Although
we optimized the phase mask jointly with a deconvolution
algorithm, the same end-to-end framework could be extended
to train a neural network for image restoration. One could also
try to exploit the defocus-dependent cutoff frequency of the
system for estimating the longitudinal positions of the objects.
For most objects, the cutoff frequency can be identified from
the Fourier transform of the recorded image, enabling
estimation of the displacement Δz. This positional information
is valuable in its own right and would also allow selection of
the exact PSF required for exact deconvolution.
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