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 A B S T R A C T

In this study, two invariant-based failure criteria are proposed to predict failure of a unidirectional non-crimp 
fabric (UD-NCF) carbon fiber/epoxy composite. Three different failure modes, namely matrix failure, fiber 
tensile failure, and fiber compressive failure, are considered. The matrix failure functions are based on linear 
and quadratic transversely isotropic stress-invariants, while fiber failure is evaluated with a maximum stress 
criterion for tension and an adapted kinking criterion for compression. The main advantages of the invariant-
based criteria are fewer required experiments for calibration and minimal computational effort in comparison 
with fracture plane-based criteria. Moreover, the chosen mathematical formulation ensures a non-negative 
Hessian and decoupled tensile and compressive behavior. Furthermore, the strain rate dependency of the 
investigated UD-NCF composite is incorporated using empirical relations defined in previous work by the 
authors. For validation purposes, off-axis tests are performed at quasi-static and high strain rates. Overall, the 
observed agreement with experimental data presented here as well as from literature is excellent, highlighting 
the feasibility of the proposed criteria for design of UD-NCF composite structures.
1. Introduction

Carbon footprint reduction is a key focus in the transportation 
sector, with the adoption of fiber reinforced plastic (FRP) composites 
emerging as a prominent strategy for mass reduction and improved fuel 
efficiency owing to their high specific strength and stiffness. The supe-
rior energy absorption capabilities of FRP composites in comparison 
to conventional metallic alloys allows for significant improvement in 
vehicle crashworthiness performance and occupant safety [1], which 
must be predicted during the design process of associated structures. 
Impacted automobile structures can experience strain rates in excess of 
300 s−1 [2]; thus, associated prediction models must account for the 
strain rate dependent strength of FRP composite materials. Predicting 
the impact performance of composite structures requires use of failure 
criteria; however, since the unidirectional (UD) plies of laminated 
FRPs are transversely isotropic, well known isotropic failure or yield 
criteria, such as the von Mises or Tresca criteria, cannot be used to 
adequately model failure. Therefore, appropriate ply-level or intra-ply 
failure criteria for composites have been investigated during the past 
several decades [3–16], which allow for a reduction of the testing effort 
and thus time and cost savings in the development process if the used 
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failure criteria provide accurate predictions. In order to predict failure 
of multidirectional laminates, a degradation analysis is performed, most 
often on a ply-by-ply basis [17]. While there are various approaches in 
the field of damage mechanics for FRPs in the literature [18–21], that 
can be micromechanically motivated [19] or based on a probabilistic 
approach [20], for a ply-by-ply analysis it is important to model the 
underlying ply failure accurately.

Different intra-ply failure criteria for UD composites have been 
developed, including maximum stress [22] or strain [11] criteria, so 
called ‘‘interactive’’ criteria [5,6,16], which do not distinguish be-
tween failure modes, and ‘‘physically based’’ failure criteria [8,9,13–
15], which distinguish at least between matrix and fiber failure (FF) 
modes. The latter criteria are regarded as being more robust for various 
types of UD composites under combined stress states as they account 
for distinct failure modes and, in general, consider the underlying 
local failure mechanisms [23]. FF is typically distinguished by both 
tensile and compressive failure. Matrix failure, also called inter-fiber 
failure (IFF), occurs due to fracture in a plane parallel to the fiber 
direction [9,24], where the orientation is assumed to be dependent on 
the magnitude and direction of transverse and shear stress components. 
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The physically based failure criteria are generally distinguished by the 
IFF mode criteria.

IFF mode criteria that are based on the fracture plane concept 
require the determination of the fracture plane orientation [9,13], 
which is not analytically possible for general 3D stress states. Thus, 
different numerical optimization approaches have been commonly used 
[24–29]; however the numerical effort is, in general, computationally 
inefficient. The worldwide failure exercises (WWFEs) aimed to compare 
and assess the predictive capabilities of existing failure criteria [30–32]. 
While no single failure criterion showed an overall superior predictive 
capability, many researchers recommended use of the fracture plane 
concept despite its limitation. Another outcome of the WWFEs was the 
lack of suitable experimental data to validate the failure criteria in their 
completeness [33] as experimental set-up limit the achievable stress 
states. To overcome this issue, computational micromechanics was used 
to conduct virtual experiments, but since a complete validation is not 
possible, uncertainties for these stress states remained.

The limitation with fracture plane concepts for IFF prediction has 
led to the development of invariant-based failure criteria [14,15] which 
do not require the determination of the fracture plane orientation. 
Instead, a set of transversely isotropic invariants [34] is computed 
from the stress state and then used within a function that is at most 
quadratic in the stresses. The corresponding parameters of this failure 
function are obtained from the material strengths so that the failure 
index is equal to one at failure. This concept enables a quick assessment 
of stress states, which is more computationally efficient for full-scale 
structural simulations using, e.g., finite elements analysis. However, 
the calculation of the parameters, which depends on the choice of 
invariants for the failure function, can be problematic in the present 
invariant-based failure criteria. Since the failure envelope – implic-
itly defined by a failure index of one – must be convex, additional 
conditions on the material strengths [35] that might not meet the 
experimental data can occur, for example, for the failure criterion 
proposed by Camanho et al. [15]. Another point is that the number of 
parameters and thus the number of experimentally required material 
strengths must be kept minimal considering the limited experimental 
set-ups. Furthermore, a coupling of the tensile and compressive regime 
in the failure predictions, as employed by Christensen [14], is consid-
ered nonphysical [9]. Lastly, failure criteria, which rely on parameter 
determination using numerical optimization of non-convex functions 
[16], cannot be considered as suitable for a safety-relevant structural 
analysis because of ambiguous, respectively uncertain parameters as a 
mathematical–numerical consequence.

In essence, the main limitations of present failure criteria, which are 
addressed herein, are that (i) ‘‘(non-)interactive’’ failure criteria like 
Tsai–Wu [6], Tsai–Hill [5], or the maximum stress criterion [22] do 
not reflect the different failure modes present in FRPs [9]; (ii) fracture-
plane based approaches [9,13] are computationally costly; (iii) failure 
criteria with parameters determined by numerical optimization [16] 
are not to be used; (iv) any failure criterion should limit the number of 
experiments necessary for calibration [36]; (v) coupling between tensile 
and compressive failure present in some failure criteria [14] must be 
avoided [9]; (vi) the mathematical formulation of a failure criterion 
must be robust w.r.t. material strengths obtained from the calibration 
experiments, so that it is has a non-negative Hessian for a wide range 
of materials, which is not necessarily given for present failure criteria 
[15].

The goal of this study was to develop novel invariant-based failure 
criteria, which address the above points of present invariant-based 
failure criteria, to predict failure of a unidirectional non-crimp fabric 
(UD-NCF) carbon fiber/epoxy composite material. The criteria distin-
guish between IFF, where linear and quadratic transversely isotropic 
stress-invariants were employed, and tensile or compressive FF modes, 
where the maximum stress criterion and an adapted kinking criterion 
have been utilized, respectively. For an assessment of the predictive 
capability, off-axis tensile and compression tests with the UD-NCF 
2 
composite were performed and results compared to those predicted 
with the developed criteria as well as well-known criteria from the 
literature. The presented model addresses the above limitations, which 
serve as a guideline for the development of failure criteria for FRPs.

2. Notation

Generally, the developed failure criteria map a stress state to two 
scalar variables, the IFF index 𝑓M and the FF index 𝑓F, which are 
then reduced to a single scalar failure index 𝑓 ∶ R6 → R by taking 
the maximum of the above values. A failure value 𝑓 greater than 
one represents failure, i.e. a failed state must fulfill 𝑓 > 1. Negative 
failure values only correspond to a not failed state and occur due to 
the nonlinear failure functions. The considered UD composite material 
exhibits transversely isotropic material behavior, i.e. the fiber direction 
is a preferred direction, which is denoted by the unit vector 𝒂, and any 
rotation about this axis on the perpendicular plane does not change 
the material behavior. The components of the macroscopic, i.e. homog-
enized, stress tensor 𝝈 as well as of any other tensor resp. vector are 
given using a Cartesian coordinate system {𝒆𝑖} of which the 1-axis shall 
coincide with global fiber direction 𝒂 (material coordinate system). 
Only for the compressive FF mode, a micromechanical deviation of 
the fiber direction from the global direction 𝒂 is considered. Values in 
differing (Cartesian) coordinate systems are denoted by the superscripts 
𝜓 , m, or m0, respectively. In general, scalars are denoted by non-bold 
letters as 𝑓 or 𝑋T, vectors by bold, lower case letters as 𝒂, and second 
order tensors by bold, upper case letters as 𝑨. Matrices are denoted 
by double underlining as 𝜎. The second order identity tensor reads 𝑰 . 
A linear mapping of two second order tensors is symbolized by 𝑨𝑩
and the trace of a second order tensor is written as tr (𝑨). The signum 
function sgn (⋅) yields the sign of its argument. The compressive and 
tensile strengths are denoted by the upper case letter for the direction 
(x for the 1-axis, 𝑦 for the 2- and 3-axis) and the respective index for 
compression or tension (i.e. 𝑋C∕T and 𝑌C∕T), and the shear strengths 
by 𝑆T and 𝑆L for transverse (in the 2-3-plane) and longitudinal (in 
the perpendicular planes) shear, respectively. The subscripts C and 𝑇
referring to compressive and tensile values, respectively, also apply 
to the strength parameters 𝛼𝑖. The strengths are considered to be 
positive, i.e. the material fails under pure longitudinal compression
𝜎11 = −𝑋C. In combination with direct stresses as tension or compres-
sion, the terms longitudinal and transverse refer to the fiber direction 
and perpendicular directions, respectively.

3. Development of invariant-based failure criteria

3.1. General considerations

The developed failure criteria, which are derived within this section, 
consider three different intra-ply failure modes, namely IFF, tensile FF, 
and compressive FF. Thus, an IFF failure index, 𝑓M, and the applicable 
FF failure index, 𝑓F, must be calculated for the assessment of a stress 
state. In Sections 3.2 and 3.3, the invariant-based IFF function and 
the FF function are derived, which is followed by considerations for 
incorporating strain rate-dependency in Section 3.4.

3.2. Matrix failure (IFF)

Boehler [34] presents transversely isotropic invariants of the stress 
tensor, 
tr (𝝈) , tr

(

𝝈2) , tr
(

𝝈3) , tr (𝑨𝝈) , tr
(

𝑨𝝈2) , (1)

and an additive split of the stress tensor

𝝈r =
1
2
(tr (𝝈) − tr (𝑨𝝈)) 𝑰 − 1

2
(tr (𝝈) − 3tr (𝑨𝝈))𝑨

𝝈p = 𝝈 − 𝝈r . (2)
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𝑨 denotes the second order tensor corresponding to the fiber direction, 
which is obtained by the dyadic product (⊗) as 𝑨 = 𝒂 ⊗ 𝒂. Note, 
this is also the exact second order fiber orientation tensor for the 
given unidirectional microstructure, which can be obtained from the 
fiber orientation distribution function, 𝛹 , as 𝑨 = ∮𝑆 𝒑 ⊗ 𝒑𝛹 (𝒑) d𝑝
with the orientation 𝒑 ∈ 𝑆 =

{

𝒑 ∈ R3
| ‖𝒑‖ = 1

} and the conditions
∮𝑆 𝛹 (𝒑) d𝑝 = 1 and 𝛹 (𝒑) = 𝛹 (−𝒑) ≥ 0 [37–39]. 𝝈r is a superposition of 
the direct stress along the fiber direction and the average direct trans-
verse stress and is also referred as reaction stress [15]. The remainder 
𝝈p is assumed to contribute to IFF and is also referred to as plasticity 
inducing stress by Camanho et al. [15].

Formulating the invariants in Eq. (1) in the stresses 𝝈 and 𝝈p
yields the transversely isotropic invariants as well as arbitrary linear 
combinations of them. This fact is used to create a set of invariants, 
which are linear or quadratic in the stresses, and a selection of the 
resulting invariants is chosen for a polynomial, invariant-based IFF 
function. Since it is assumed that IFF does not depend on longitudinal 
direct stresses, a suitable function can be composed of the following 
invariants

𝐼1 = tr (𝝈) − tr (𝑨𝝈)

𝐼2 = tr
(

𝑨𝝈2
p

)

𝐼3 = tr
(

𝝈2) − tr
(

𝑨𝝈2) − tr
(

𝑨𝝈2
p

)

𝐼4 = 2tr
(

𝝈2
p

)

− 4tr
(

𝑨𝝈2
p

)

𝐼5 = 𝐼21

𝐼6 =
𝐼4 − 𝐼3

2
, (3)

which can be written in terms of the stress tensor components
𝐼1 = 𝜎22 + 𝜎33
𝐼2 = 𝜎212 + 𝜎

2
13

𝐼3 = 𝜎222 + 𝜎
2
33 + 2𝜎223

𝐼4 =
(

𝜎22 − 𝜎33
)2 + 4𝜎223

𝐼5 =
(

𝜎22 + 𝜎33
)2

𝐼6 = 𝜎223 − 𝜎22𝜎33 (4)

for 𝒂 = 𝒆1.
The objectives for choosing a set of the above invariants in Eq. (3) 

are a minimal number of required strength values, i.e. only the uniaxial 
strengths 𝑌C∕T and 𝑆L∕T, and (unconditionally) non-negative eigenval-
ues of the corresponding Hessian. The latter condition is necessary for 
failure criteria [40], whereas the former objective aims to minimize ex-
perimental testing or the nonphysical assumption of parameters where 
experimental data is not available, which might introduce uncertainties 
in the predictive capability [36]. The invariant-based criterion devel-
oped by Camanho et al. [15] requires additional biaxial or off-axis tests, 
which also limits the admissible combinations of strengths, and is for 
this reason not further discussed here. Another necessary condition for 
the IFF function is the occurrence of the longitudinal and transverse 
shear stresses as well as the transverse normal stress, which exhibits a 
tension/compression asymmetry. Thus, the IFF function must contain 
𝐼2 and at least one of the invariants 𝐼3, 𝐼4, or 𝐼6.

Using the form 
𝑓M =

∑

𝑖
𝛼𝑖𝐼𝑖 (5)

for the IFF function with the strength parameters 𝛼𝑖 limits the number 
of invariants 𝐼𝑖 to four if the required strengths are restricted to the 
ones mentioned above, since the parameters are obtained from a linear 
equation system resulting from 𝑓M = 1 for the uniaxial stress states 
with the above strengths. Another option is an additional distinction 
between matrix tension and compression based on the sign of 𝐼1 as used 
by Hashin [8] or Camanho et al. [15]. This option reduces the number 
3 
of invariants to three as there are two distinct sets of parameters 𝛼𝑖C∕T, 
which need to be calculated from a linear equation system. Using three 
invariants and the described case distinction results in nine different 
and admissible combinations, namely 123, 124, 126, 234, 235, 236, 
245, 246, and 256. For each of these combinations, the linear equation 
system resulting from 𝑓M = 1 is set up and solved, and the Hessian 
of the obtained IFF function is derived to evaluate the sign of its 
eigenvalues. For two combinations (123 and 124) the eigenvalues are 
unconditionally non-negative, one combination (126) is not admissible 
as it has one negative eigenvalue, and the remaining six combinations 
have only conditionally non-negative eigenvalues of the Hessian. Since 
the material parameters 𝑋T = 1637 MPa, 𝑋C = 1001 MPa, 𝑌T = 60
MPa, 𝑌C = 179 MPa, 𝑆L = 90 MPa, 𝑆T = 80 MPa for the investigated 
UD-NCF composite reported by Suratkar [41] or Rouf [42] yield at 
least one negative eigenvalue for the latter combinations, they are 
also not discussed in further details. Using four different invariants 
results for the combinations 1234, 1235, 1236, 1245, 1246, and 1256 
in Christensen’s IFF function [14] and the remaining combinations 
(2345, 2346, 2356, 2456) have at least one negative eigenvalue of 
the corresponding Hessian. Thus, the combinations of four different 
invariants are omitted here. The corresponding Hessians for the remain-
ing combinations can be found in the Appendix. Hereafter, two new 
IFF failure criteria will be presented, namely the criteria based on the 
combinations 123 (𝐼123) and 124 (𝐼124) of the invariants in Eq. (3).

3.2.1. 𝐼123 failure criterion
As explained in Section 3.2, the IFF function of the new failure 

criterion named 𝐼123 reads as 
𝑓M = 𝛼1𝐼1 + 𝛼2𝐼2 + 𝛼3𝐼3 (6)

with

𝛼1 = 𝛼1T if 𝐼1 > 0

𝛼1 = 𝛼1C if 𝐼1 ≤ 0 (7)

and the invariants 𝐼𝑖 as defined in Eq. (3). The linear equation system 
resulting from the conditions 𝑓M = 1 at the uniaxial strength values 
𝑌C∕T and 𝑆T∕L reads
𝑌 2
C𝛼3 − 𝑌C𝛼1C = 1

𝑌 2
T 𝛼3 + 𝑌T𝛼1T = 1

2𝑆2
T𝛼3 = 1

𝑆2
L𝛼2 = 1 (8)

and the solution for the strength parameters 𝛼𝑖C∕T is

𝛼1T =
2𝑆2

T − 𝑌 2
T

2𝑆2
T𝑌T

𝛼1C = −
2𝑆2

T − 𝑌 2
C

2𝑆2
T𝑌C

𝛼2 =
1
𝑆2
L

𝛼3 =
1

2𝑆2
T

. (9)

Since the strength parameters are positive (cf. Section 2), all eigen-
values are strictly positive (cf. Appendix) meeting the above mentioned 
condition. A reserve factor, i.e. a scaling factor for the current stress to 
failure, cannot be calculated directly with this formulation, since the 
function is neither linear nor quadratic in the stresses. An analytical 
reformulation to circumvent this issue is possible [9] but not done 
here. Due to the distinct parameter sets for transverse tension and 
compression, it is not ensured that all combinations of strengths are 
suitable, although all eigenvalues are strictly positive, as some combi-
nations might lead to kinks in the failure surface (envelopes), which 
is implicitly defined by 𝑓M = 1. On the other hand, this distinction 
removes the coupling between these two load cases as postulated by 
Puck [9], which occurs for Christensen’s IFF function.
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3.2.2. 𝐼124 failure criterion
Analogously to Section 3.2.1, the IFF function for the 𝐼124 failure 

criterion reads as 
𝑓M = 𝛼1𝐼1 + 𝛼2𝐼2 + 𝛼4𝐼4 (10)

with

𝛼1 = 𝛼1T if 𝐼1 > 0

𝛼1 = 𝛼1C if 𝐼1 ≤ 0 (11)

and the invariants 𝐼𝑖 as defined in Eq. (3). The strength parameters 
𝛼𝑖C∕T are calculated from the linear equation system
𝑌 2
C𝛼4 − 𝑌C𝛼1C = 1

𝑌 2
T 𝛼4 + 𝑌T𝛼1T = 1

4𝑆2
T𝛼4 = 1

𝑆2
L𝛼2 = 1 (12)

with the solution

𝛼1T =
4𝑆2

T − 𝑌 2
T

4𝑆2
T𝑌T

𝛼1C = −
4𝑆2

T − 𝑌 2
C

4𝑆2
T𝑌C

𝛼2 =
1
𝑆2
L

𝛼4 =
1

4𝑆2
T

. (13)

Four eigenvalues of the respective Hessian are strictly positive due 
to the positive strengths and one eigenvalue is zero (cf. Appendix). 
Thus, there is a combination of non-zero stresses, which can be scaled 
infinitely, not leading to a prediction of failure. This combination is 
equi-biaxial transverse compression 𝜎22 = 𝜎33 < 0, because 𝐼4 = 0 holds 
and 𝛼1C > 0 in combination with 𝐼1 < 0 results in 𝑓M < 0, which is 
considered as no failure. Regarding the reserve factor, the admissible 
strengths, and the decoupling of compression and tension, the same as 
in Section 3.2.1 applies.

3.3. Fiber failure (FF)

Christensen [14] derives a maximum stress criterion to assess the 
FF index, i.e. 
𝑓F =

𝜎11
𝑋T

for 𝜎11 ≥ 0

𝑓F =
|𝜎11|
𝑋C

for 𝜎11 < 0 (14)

or expressed with invariants and tensor-notation

𝑓F =
tr (𝑨𝝈)
𝑋T

for tr (𝑨𝝈) ≥ 0

𝑓F =
|tr (𝑨𝝈)|
𝑋C

for tr (𝑨𝝈) < 0. (15)

Tensile FF is often evaluated using the maximum stress criterion 
[43], for instance by the Hashin-Rotem [3,4,7], the LaRC05 [13] or 
Camanho’s invariant-based criterion [15], which is also considered 
here. However, compressive FF is known to occur due to fiber kinking 
[13,15,44,45], where the underlying mechanism is still topic of current 
research. Fiber kinking is reported to be sensitive to manufacturing 
defects such as voids or initial fiber misalignment [44]. Experimental 
data suggest an interaction between the longitudinal compressive and 
shear stress [46], which cannot be modeled using a maximum stress 
criterion. For this reason, kinking criteria are developed by various 
researchers [13,15,47–49]. Rosen [47] assumes that in-phase micro-
buckling of the fibers leads to the formation of kink-bands, whereas 
Argon [48] assumes that matrix damage in the vicinity of fibers leads 
4 
Fig. 1. Schematic of kinking plane and fiber misalignment angle for a UD 
composite.

to reduced lateral fiber support and, thus, fiber kinking. Camanho et al. 
[15] and Pinho et al. [13] use the latter approach to assess the FF 
index where local matrix damage is assumed to initiate near initially 
misaligned fibers, which leads to local shearing stresses and instability. 
The same approach is adapted here.

Since the initial fiber misalignment generally depends on the man-
ufacturing process, the geometry of the part, and the material system 
[43], it is not a material property. However, Pinho et al. [13] calcu-
lated the initial fiber misalignment from the longitudinal compressive 
strength to avoid the additional effort of measuring the misalignment 
angle. The orientation of the kinking plane is defined relative to the
1-2-plane by the kinking plane angle, 𝜓 , where the respective coordi-
nate system of the kinking plane is denoted by the superscript 𝜓 (Fig. 
1). In general, the kinking plane angle is dependent on the magnitude 
of the longitudinal compressive stress and the shear stress components 
and can be determined using an iterative approach [15]. The kinking 
angle (i.e., fiber misalignment angle), 𝜑, can be seen on the kinking 
plane as a rotation of the corresponding coordinate system about the 
3𝜓 -axis to the misaligned frame which is denoted by the superscript m 
(or m0 for the initially misaligned frame) as depicted in Figs.  1 and 2.

An additive split of the total fiber misalignment angle, 𝜑
𝜑 = 𝜑0 + 𝛾R (16)

into the initial fiber misalignment 𝜑0 (e.g., due to manufacturing 
defect) and a load-induced rotation 𝛾R
𝛾R = 𝛾12

(

𝜎m0
)

, (17)

due to the (shear) stress in the initially misaligned frame 𝜎m0 , is 
introduced to calculate the initial misalignment from the longitudinal 
compressive strength 𝑋C. The material behavior in the misaligned 
frame is assumed to be transversely isotropic; thus, Eq. (17) can be 
reduced to 
𝛾R = 𝛾12

(

𝜎m0
12

)

. (18)

Assuming linear elastic (longitudinal) shear response, Eq. (18) can be 
simplified further to 

𝛾R =
𝜎m0
12 , (19)

𝐺12
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Fig. 2. Initial and total fiber misalignment angle for a UD composite.

where 𝐺12 denotes the longitudinal shear modulus of the UD composite. 
Using the transverse isotropy, the modification 
𝜑 = sgn

(

𝜎𝜓12
)

𝜑0 + 𝛾R (20)

prevents a vanishing shear stress due to opposite signs [13].
The stress state 𝜎m0  in the misaligned frame is obtained by the 

transformation according to 
𝜎m0 = 𝑄𝜎𝑄𝖳 (21)

with the rotation matrix 𝑄 in the standard base 

𝑄𝑖𝑗 =
⎛

⎜

⎜

⎝

1 0 0
0 cos𝜓 sin𝜓
0 − sin𝜓 cos𝜓

⎞

⎟

⎟

⎠

(22)

and a subsequent rotation according to Eq. (21) with the rotation 
matrix in the standard base 

𝑄𝑖𝑗 =
⎛

⎜

⎜

⎝

cos𝜑0 sin𝜑0 0
− sin𝜑0 cos𝜑0 0

0 0 1

⎞

⎟

⎟

⎠

. (23)

Since IFF in the misaligned frame is assumed to cause kinking [13], 
solving 𝑓M = 1 with the stress state 

𝜎𝑖𝑗 =
⎛

⎜

⎜

⎝

−𝑋C 0 0
0 0

sym. 0

⎞

⎟

⎟

⎠

(24)

in the global coordinate system {𝒆𝑖
} and the misaligned fiber direction 

𝒂 [15] 

𝑎𝑖 =
⎛

⎜

⎜

⎝

cos𝜑c
cos𝜓 sin𝜑c
sin𝜓 sin𝜑c

⎞

⎟

⎟

⎠

(25)

yields the misalignment angle at failure under pure longitudinal com-
pression 𝜑c

𝜑c =
1
2
arccos

−𝛼3𝑋C + 𝑘 + 𝛼1C
(

𝛼2 − 𝛼3
)

𝑋C
(26)

with 
𝑘 =

√

𝑋2
C𝛼

2
2 − 2𝑋C𝛼1C𝛼2 + 𝛼21C − 4𝛼2 + 4𝛼3. (27)

The above equations hold for both, 𝐼123 and 𝐼124, if 𝛼3 is replaced by 𝛼4
for the latter. The initial misalignment 𝜑0 can then be calculated as 

𝜑0 = 𝜑c − 𝛾12

(

𝑋C sin 2𝜑0
)

, (28)

2

5 
Fig. 3. Off-axis compression test.

using the additive split in Eq. (16) (or Eq. (20)), for a (potentially 
nonlinear) general longitudinal shear behavior 𝛾12 = 𝛾12

(

𝜎12
)

. E.g. 
Newton’s method can be used to solve the nonlinear Eq. (28) numeri-
cally. A small angles approximation and linear shear behavior allow an 
analytical solution of Eq. (28) for 𝜑0 as 

𝜑0 =
𝜑c

1 + 𝑋C
𝐺12

. (29)

To calculate the FF index for a given stress state, the misalignment 
angle 𝜑 is determined according to Eq. (20) and then used to evaluate 
the IFF index in the misaligned frame defined by the kinking plane 
angle 𝜓 and the misalignment angle 𝜑. This done using Eq. (25) (with 
𝜑 instead of 𝜑c) for the misaligned fiber direction 𝒂 and the tensor 
formulation of the invariants in Eq. (3). Since the global Cartesian co-
ordinate system may be chosen arbitrary (with the restriction regarding 
the 1-axis as mentioned in Section 2) and the kinking plane angle 𝜓 is 
unknown beforehand, Pinho et al. [13] maximize the IFF index in 𝜓 . 
The maximal IFF value is then taken as the FF index. This procedure 
also means that there is no preferred kinking plane but it only depends 
on the stress state and the strengths.

In order to reduce the computational effort, an approximation for 
the kinking plane angle 𝜓 is introduced by Camanho et al. [15],

𝜓 = arctan
𝜎13
𝜎12

if 𝜎12 ≠ 0

𝜓 = 𝜋
2

if 𝜎12 = 0 ∧ 𝜎13 ≠ 0 (30)

or for vanishing longitudinal shear 𝜎12 = 𝜎13 = 0

𝜓 = 1
2
arctan

2𝜎23
𝜎22 − 𝜎33

if 𝜎22 ≠ 𝜎33

𝜓 = 𝜋
4

otherwise, (31)

avoiding the numerical optimization, which would otherwise be nec-
essary to maximize the IFF index in 𝜓 because there is no analytical 
solution for general stress states. Eq. (30) is derived by maximizing the 
shear stress in the misaligned frame w.r.t. 𝜓 and neglecting the trans-
verse stress components. Neglecting the transverse stresses in Eq. (30) 
seems reasonable, since the transverse stresses only have a minor 
influence on the kinking plane angle compared to the longitudinal shear 
stresses [43].

A problem with this approximation is that the resulting shear stress 
𝜎m0
12 , and as a consequence the failure index, is sensitive to the sign 
of the shear stresses. For example, this can be demonstrated using an 
off-axis compression test as an example with the global uniaxial stress 
𝜎 (Fig.  3). In the material coordinate system the stress state reads as 

𝜎𝑖𝑗 = 𝜎
⎛

⎜

⎜

cos2 𝛽 cos 𝛽 sin 𝛽 0
sin2 𝛽 0

⎞

⎟

⎟

(32)

⎝ sym. 0⎠
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Fig. 4. Nonlinear shear stress–strain data of UD-NCF carbon fiber/epoxy 
composite material taken from Suratkar [41] and polynomial fit.

defined by the off-axis angle |𝛽| ≤ 𝜋∕2. Eq. (32) shows that the 
chosen sign of 𝛽 determines the sign of the shear stress. Although the 
resulting fiber orientations in the global coordinate system differ (light 
or dark gray in Fig.  3), the material behavior must not change, as Fig. 
3 demonstrates. Applying the approximation in the Eqs. (30) yields a 
constant kinking plane angle 𝜓 = 0 due to 𝜎13 = 0 and arctan 0 = 0. The 
shear stress in the misaligned frame results in 
𝜎m0
12 = 𝜎

2
(

−cos2 𝛽 + sin2 𝛽
)

sin 2𝜑0 + 𝜎 cos 𝛽 |sin 𝛽| cos 2𝜑0 (33)

or 
𝜎m0
12 = 𝜎

2
(

−cos2 𝛽 + sin2 𝛽
)

sin 2𝜑0 − 𝜎 cos 𝛽 |sin 𝛽| cos 2𝜑0, (34)

yielding different misalignment angles 𝜑 (for 𝜎 ≠ 0; cf. Eq. (20)). Con-
sequently different values for the invariants and the failure index are 
obtained contradicting the above postulation of similar failure indices. 
For stress states with at least one vanishing shear stress the material 
coordinate system can be rotated around the 1-axis (cf. Eqs. (21) and 
(22)) so that the signs of the remaining shear stresses are changed to 
maximize the shear stress 𝜎m0

12  and, thus, the failure index.
Regardless of the above issue, a Monte-Carlo simulation with

500,000 random stress states (with 𝜎11 < 0 and positive shear stresses) 
showed that significant differences between the failure values obtained 
by the approximating formulae and an angle search (here defined as a 
difference in the failure indices greater than 0.03) only occur in approx-
imately 1% of the compared cases. The approximation is considered 
reasonable given the computational effort otherwise required for the 
search to determine the kinking plane angle. A structured comparison 
shows that the approximation fails (among others) when the transverse 
and longitudinal shear stress is zero and transverse compression in 2-
direction or transverse tension in 3-direction is acting. In these cases, 
the approximation in Eq. (31) yields 𝜓 = 0, regardless of the transverse 
direct stresses, whereas the angle search results in 𝜓 = 𝜋∕2. According 
to this, transverse compression in the kinking plane impedes kinking, 
whereas tension promotes kinking. To incorporate this, Eq. (31) is 
modified to

𝜓 = 1
2
arctan

2𝜎23
𝜎22 − 𝜎33

if 𝜎22 ≠ 𝜎33 ∧ 𝜎23 ≠ 0

𝜓 = 𝜋
2

if 𝜎23 = 0 ∧ 𝜎33 > 𝜎22

𝜓 = 0 if 𝜎23 = 0 ∧ 𝜎22 > 𝜎33

𝜓 = 𝜋
4

otherwise. (35)

Although this might be an improvement for some stress states, the 
overall result of the Monte-Carlo simulation is remains consistent.

3.3.1. Nonlinear shear
The framework discussed above for compressive FF can capture the 

nonlinear shear response that is observed for UD-FRP [41,42,45,50–
52]. For this purpose, a strain stress function 𝛾 = 𝛾

(

𝜎
) must 
12 12 12

6 
Fig. 5. Predicted failure envelopes using 𝐼123 and 𝐼124 for stress spaces with 
𝜎11 < 0. Comparison of predictions with linear and nonlinear shear behavior.

be known and Eq. (28) must be solved numerically. Here, Newton’s 
method is used with a starting value of zero for 𝜑0. The investi-
gated material is modeled using an elasto-plastic constitutive model 
as described by Rouf [42]. For this reason, the stress strain relation
𝜎12 = 𝜎12

(

𝛾12
) is known, but an inversion is computationally expensive. 

In order to assess the effect of the nonlinear shear behavior on the 
failure predictions, the quasi-static stress–strain relation reported by 
Suratkar [41] is approximated using a polynomial fit 

𝛾12 =
𝜎12
𝐺12

+ 2𝑐𝜎𝑏12. (36)

A least-squares estimation with fixed 𝐺12 = 3550 MPa [41] and 𝑏 = 6
yields 𝑐 ≈ 1.64 ⋅10−13 MPa−6 and agreement with the experimental data 
(Fig.  4).

Fig.  5 compares the influence of the linear and nonlinear shear 
response on the failure criteria 𝐼123 and 𝐼124 using the shear response 
from Eq. (36) and the strengths in Table  1. As the nonlinear shear 
behavior effects only the kinking prediction, only the stress states with 
longitudinal compression are shown. Overall, there are relatively minor 
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Table 1
Uniaxial strengths for UD-NCF carbon fiber/epoxy composite material [41,53]. 
𝑅0 denotes the quasi-static value in MPa and 𝑚 the coefficient for the strain 
rate dependency.
 𝑋T 𝑋C 𝑌T 𝑌C 𝑆L 𝑆T  
 𝑅0 1637 1001 60 179 90 80  
 𝑚 0 0.06 0.04 0.09 0.1 0.1 

Table 2
Quasi-static ( ̇̃𝜀 = 0.003 s−1) uniaxial failure stresses in units of MPa for repeated 
off-axis tests, with mean and sample standard deviation (SD).
 Tension Compression

 15◦ 30◦ 45◦ 30◦ 45◦  
 237.2 126.9 77.6 182.6 184.2 
 210.6 120.1 83.2 200.8 187.6 
 278.4 123.2 79.5  
 250.8 121.8  
 Mean 244.2 123.0 80.1 191.7 185.9 
 SD 28.2 2.9 2.8 12.9 2.4  

differences with the predictions employing linear or nonlinear shear 
response, which is consistent with the results reported by Camanho 
et al. [15]. The discrepancies between predictions are slightly greater 
for stress states with compressive transverse stress, which was not the 
case when the transverse stress is tensile. The largest discrepancy was 
for the stress state with positive in-plane shear stress.

3.4. Strain rate dependency

Given that FRP materials exhibit strain rate-dependent behavior for 
certain deformation modes [16,29,42,43,52,54,55], the failure criteria 
were developed to account for this behavior. An empirical relation 
fitted to the experimental data can be used to describe the strain rate 
dependency of the material strengths. These functions can have, for 
instance, the general form 

𝑅
( ̇̃𝜀
)

= 𝑅0

(

1 +
√

𝑟 ̇̃𝜀
)

(37)

with 𝑟 defined as the fitting coefficient, 𝑅0 denoting the quasi-static 
strength, and ̇̃𝜀 being a scalar (comparison) strain rate [43] or 

𝑅
( ̇̃𝜀
)

= 𝑅0

(

1 + 𝑚 log
̇̃𝜀
̇̃𝜀0

)

(38)

using 𝑚 as a coefficient to fit the data and ̇̃𝜀0 as the reference strain 
rate taken from quasi-static tests [16]. Note, the reference strain rate is 
taken as ̇̃𝜀0 = 0.003 s−1 for all properties and the scaling factor is set to 
one for smaller comparison strain rates ̇̃𝜀, i.e. the above equation is only 
used for strain rates greater than the reference strain rate. The latter 
one is found to be an appropriate choice for the investigated material 
excluding the longitudinal tensile strength, which is considered as rate-
independent [42,54]. The corresponding coefficients can be found in 
Table  1. For the longitudinal shear modulus 𝐺12, the form in Eq. (38) 
is also used to describe the strain rate dependency. A quasi-static value 
of 𝐺12 = 3400 MPa and a corresponding coefficient 𝑚 = 0.02 are used in 
the following sections. To reduce computational effort, a linear shear 
behavior is used hereafter. A simple polynomial fit as in Section 3.3.1 is 
not a reasonable approach as the stress strain relation for longitudinal 
shear is also strain rate-dependent. Thus, the necessary modification to 
incorporate the strain rate dependency is to implement the strain rate 
dependency of the strengths and the longitudinal shear modulus.
7 
4. Experimental set-up and results

4.1. Material and manufacturing

The UD-NCF composite material considered in this study consisted 
of PX35 UD300 UD-NCF (Zoltek Corporation, US) [56] and a snap-
curing three-part epoxy system (Westlake Epoxy) [57]. The NCF com-
prised UD tows, each with 50,000 continuous PX35 high strength 
carbon fibers, and transversely oriented supporting glass fibers, which 
were stitched in a tricot pattern with a polyester stitch. The resin system 
included EPIKOTE™ Resin TRAC 06150, EPIKURE™ Curing agent TRAC 
06150 and an internal mold release agent HELOXY™ Additive TRAC 
06805. Flat panels measuring 900 mm × 550 mm comprising either 8 
or 11 aligned fabric layers of the material were manufactured using 
the high-pressure resin transfer molding (HP-RTM) process described 
in Cherniaev et al. [58]. The measured fiber volume fraction for the 
manufactured panels was approximately 53% [41], and void content 
was found to be less than 2% [54].

4.2. Experimental set-up

4.2.1. Specimens and set-up for compression tests
Specimens with nominal dimensions (length and width) of 10 mm ×

10 mm and a thickness of 3.3 mm were cut from the manufactured pan-
els using an abrasive water jet cutting machine. Specimens with shorter 
gauge lengths were chosen herein to avoid use of anti-buckling devices 
as they affect the system response due to friction. Also, anti-buckling 
devices cannot be used for high-rate dynamic tests because they impart 
inertial effects and cause undesired wave dispersions, which would 
inhibit dynamic stress equilibrium and, thus, render the test results 
meaningless. Short specimens have been used more frequently in recent 
years to capture the response of various material systems, including for 
composites [59–63] or sheet metals [64] (and the various references 
given therein), with samples up to one order of magnitude smaller. 
Scaling the specimen size (viz. cm and mm scale) has been shown to 
not change the material response [65]. Furthermore, a short specimen 
length is beneficial for Hopkinson bar experiments as the accuracy of 
the stress–strain data decreases with longer specimens [66]. Unidirec-
tional off-axis specimens with a stacking sequence of [30◦]11 and [45◦]11
were subjected to a uniaxial compression load at room temperature to 
capture the axial stress at failure. Quasi-static tests were performed on 
a custom-built servo-hydraulic test frame equipped with an MTS 407 
controller and a 90 kN capacity load cell under a uniaxial strain rate 
of 0.003 s−1. High strain rate tests were performed on a compression 
split Hopkinson pressure bar (SHPB) apparatus with maraging steel bars 
under a uniaxial strain rate of 260 s−1. The specimens were subjected 
to the end loading conditions for all tests performed. Further details 
about the test set-up can be found in Rouf et al. [53].

4.2.2. Specimens and set-up for tensile tests
Specimens with nominal dimensions (length and width) of 250 mm 

× 25 mm and a thickness of 2.6 mm. were cut from the manufactured 
panels using an abrasive water jet cutting machine. Unidirectional off-
axis specimens with a stacking sequence of [15◦]8, [30◦]8, and [45◦]8
were subjected to a quasi-static uniaxial tensile load at room temper-
ature. Aluminum end tabs matching the specimen width and 50 mm 
in length were bonded to the specimens using Loctite® 480 adhesive 
to prevent damage in the gripping region. Tests were performed in 
displacement control with a crosshead speed of 6 mm/min ( ̇̃𝜀 = 0.003
s−1) using an MTS 45 Criterion electro–mechanical test frame equipped 
with a 100 kN capacity load cell. Specimens were gripped with a 
gripping pressure of 1500 psi. A black-and-white speckle pattern was 
applied, and photographs were recorded with a resolution of 2048 ×
2048 pixels. Local displacement measurements and strain calculations 
were performed using digital image correlation (DIC) software (VIC-
2D 7, Correlated Solutions) with a subset size of 31 pixels and a step 
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Table 3
Dynamic uniaxial compressive failure stresses in units of MPa for repeated 
off-axis tests performed at 260 s−1, with mean and sample SD.
 30◦ 45◦  
 295.7 270.3 
 275.3 250.0 
 267.6 270.6 
 Mean 279.6 263.6 
 SD 14.5 11.8  

Fig. 6. A representative 30◦ off-axis tensile specimen with fracture in the 
gauge section. The white line indicates the fiber direction.

Fig. 7. Uniaxial stress–strain curves under quasi-static tensile loading.

size of 7 pixels. Test data, including the photographs, was recorded at 
100 ms intervals and subsequently used to calculate the ultimate tensile 
strength. Further details about the test set-up can be found in Rouf et al. 
[53].

4.3. Experimental results

The tension and compression failure stresses obtained for the quasi-
static off-axis tests are summarized in Table  2. Exemplary stress–strain 
curves for the quasi-static tensile tests for different off-axis angles are 
shown in Fig.  7. Fracture occurred for all tensile specimens parallel 
to the fiber direction (exemplarily shown for 30◦ off-axis in Fig.  6), 
indicating matrix failure. It should be noted that two out of the four 
8 
Table 4
Ratio of predicted quasi-static failure stress to mean experimental value for 
indicated off-axis specimens. Linear shear behavior was used for prediction of 
compressive failure stress.
 Criterion Tension Compression

 15◦ 30◦ 45◦ 30◦ 45◦  
 𝐼123 1.25 1.16 1.17 1.09 0.98  
 𝐼124 1.23 1.14 1.15 0.96 0.87  
 Puck 1.25 1.16 1.17 1.46 1.27  
 LaRC05 1.26 1.16 1.15 1.32 1.19  
 Christensen 1.26 1.17 1.17 1.13 1.02  
 Hashin 1.37 1.28 1.25 1.07 0.89  
 Tsai–Wu 1.34 1.22 1.20 1.25 1.07  
 Max. Stress 1.47 1.69 1.50 1.08 0.97  

Table 5
Ratio of predicted dynamic compressive failure stress to mean experimental 
value for indicated off-axis specimens. Linear shear behavior was used for 
predictions.
 Criterion 30◦ 45◦  
 𝐼123 1.08 1.00 
 𝐼124 0.96 0.90 
 Puck 1.51 1.32 
 LaRC05 1.34 1.23 
 Christensen 1.19 1.09 
 Hashin 1.08 0.92 
 Tsai–Wu 1.37 1.18 
 Max. Stress 1.11 1.02 

15◦ off-axis tension specimens failed in the vicinity of the grip region 
(specimens 2 and 4 in Table  2); however, there seems to be no clear 
trend that indicates preliminary failure of these specimens, because the 
failure stresses of these specimens are the second and fourth highest 
obtained. Especially, considering the generally higher scatter in the 
present data prohibits the conclusion of a statistically significant de-
viation. Apart from the increased scatter for the 15◦ off-axis tensile 
specimens, a less pronounced scatter for the 30◦ off-axis compression 
tests is observed, whereas the other quasi-static tests show a very high 
repeatability. The compression failure stresses obtained at dynamic 
strain rate are presented in Table  3, which also shows that the scatter 
is notably increased compared to the quasi-static tests. Overall, the 
expected decrease in failure stress with increasing off-axis angle was 
observed for both strain rates, as well as the increase in failure stress 
for the dynamic tests.

5. Prediction results and discussion

5.1. Verification

Figs.  8, 9, and 10 display the failure envelopes for different stress 
spaces and three strain rates predicted using the 𝐼123 and 𝐼124 criteria 
using a linear shear behavior (cf. Section 3.4) and the corresponding 
uniaxial strengths. The uniaxial strengths are met for all envelopes 
at all strain rates, which is necessary for the verification. In Fig.  8 
the strain rate independency of the longitudinal tensile strength can 
be observed. The remaining strengths are increased for higher strain 
rates as expectable from Eq. (38). Thus, the resulting envelopes for a 
particular stress space appear to be scaled up with increasing strain 
rate. The open envelope for the 𝐼124 criterion discussed in Section 3.2.2 
for biaxial transverse compression can be verified (Fig.  9). Since the 
IFF functions of both failure criteria are reduced to the same terms if 
only shear stresses are acting, the failure envelopes in Fig.  10 must 
coincide. Also, the predicted envelopes for the 𝐼124 criteria are more 
conservative at all strain rates for combined compressive transverse and 
shear stresses (Fig.  9) as well as for combined compressive longitudinal 
and transverse stresses (Fig.  8).
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Fig. 8. Predicted failure envelopes for the 𝐼123 and 𝐼124 criteria at different 
strain rates: Longitudinal stresses.

5.2. Validation

The experimental results from the off-axis tests described in Sec-
tion 4 are used for validation of the developed failure criteria. Table 
4 shows the ratio of predicted over mean experimental failure stress 
for the quasi-static experiments on the off-axis specimens, where linear 
shear behavior was used for the prediction of the compressive failure 
stress. Use of nonlinear shear behavior reduces the ratio of 𝐼  to 
123

9 
Fig. 9. Predicted failure envelopes for the 𝐼123 and 𝐼124 criteria at different 
strain rates: Transverse stresses.

1.00 and 0.96 for the 30◦ and the 45◦ off-axis compression cases, 
respectively, while for 𝐼124 a reduction to 0.91 and 0.86 was predicted. 
Overall, the predicted failure stresses reasonably correlate with the 
experimental results, except for the 15◦ off-axis tension case where the 
deviation is greatest.

For comparison, Puck’s [9,25,45], Christensen’s [14], Hashin’s [8] 
as well as the LaRC05 [13], Tsai–Wu [6], and maximum stress [22] 
criteria are included in Table  4. Christensen’s compressive FF is origi-
nally a maximum stress criterion, but is replaced by a kinking criterion 
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Fig. 10. Predicted failure envelopes for the 𝐼123 and 𝐼124 criteria at different 
strain rates: Shear stresses.

here (similar as in Section 3.3). The obtained ratios for the tensile 
failure stresses are very similar to each other, except for the Hashin, 
Tsai–Wu and maximum stress criteria, with the failure stress overpre-
dicted. The deviation for the Hashin, Tsai–Wu and maximum stress 
criteria is greater than for the other criteria, with the maximum stress 
criterion overpredicting the 30◦ off-axis tensile failure stress by 69% 
of the experimental value. The predicted compressive failure stress by 
criteria using a fracture plane approach deviated the most from the 
experimental data. A good predictive performance on the compressive 
failure is obtained from the proposed invariant-based criteria (𝐼123
and 𝐼124) as well as from Hashin’s, Christensen’s and the maximum 
stress failure criteria. Fig.  11 presents the maximum stress predictions 
for each criterion over a range of angles from 0◦ to 90◦, showing 
a significant difference in compression between Puck, Tsai–Wu, and 
maximum stress and the remaining criteria for small off-axis angles 
as well as a difference between Puck and LaRC05 to the invariant-
based criteria for intermediate off-axis angles. The former difference 
is owing to the different concept used by Puck for the compressive FF, 
while the latter difference caused by the more pronounced increase of 
the longitudinal shear strength under moderate transverse compression 
predicted by the fracture plane approach of Puck and LaRC05. The 
predicted maximum tensile stresses for the considered failure criteria 
are similar except for the maximum stress criterion, which shows a 
non-monotonic behavior causing a deviation at intermediate angles. 
This non-monotonic behavior of the maximum stress criterion can 
also be observed for large off-axis angles in compression. Apart from 
this, the trend of decreased failure stress with increased off-axis angle 
observed in the experiments can be reproduced with the exception that 
the invariant-based criteria predict a minimum in the failure stress at 
10 
Fig. 11. Failure stress over off-axis angle predicted by the failure criteria and 
experimental values (quasi-static).

Fig. 12. Failure stress over off-axis angle predicted by the failure criteria and 
experimental values for a high strain rate ( ̇̃𝜀 = 260 s−1).

intermediate off-axis angles in compression, but this minimum is only 
slightly lower than the transverse compressive strength.

Analyzing the sensitivity of the failure stress prediction to the off-
axis angle yields a change of about 22 MPa per degree for the 15◦
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Table 6
Used material properties in MPa as reported by Körber et al. [67].
 𝑋T 𝑋C 𝑌T 𝑌C 𝑆L 𝑆T 𝐺12  
 2323 1017 62 255 90 62 5300 

Table 7
Ratio of predicted quasi-static failure stress to mean experimental value for 
literature off-axis tensile specimens [55,67]. Linear shear behavior was used 
for prediction of compressive failure stress.
 Criterion Tension

 15◦ 30◦ 45◦  
 𝐼123 0.98 1.15 1.09 
 𝐼124 0.81 0.90 0.89 
 LaRC05 0.77 0.89 0.94 
 Christensen 0.81 0.90 0.88 
 Hashin 1.03 0.97 0.90 
 Tsai–Wu 0.93 0.94 0.89 
 Max. Stress 0.90 0.78 0.71 

tensile test, whereas the sensitivity for the higher off-axis angles is 
reduced to a range of 1–5 MPa per degree (for tension and compres-
sion). This is also displayed in Fig.  11 and might contribute to the high 
scatter in the 15◦ experiments. Despite this, the agreement between the 
experiments and the prediction is excellent.

The comparison to the experimental results for the high strain 
rate can be found in Table  5 with linear shear used for the kinking 
criterion. The agreement between prediction and experiments is very 
good with a slight overprediction in compressive failure stress by 𝐼123
and underprediction by 𝐼124 (Fig.  12). Of the other failure criteria 
displayed for comparison, Hashin’s criterion and the maximum stress 
criterion predict the obtained failure stresses best in the same range 
as 𝐼123 and 𝐼124, while the remaining criteria overpredict failure to a 
larger extend, up to 51% in the case of Puck’s failure criterion for the 
30◦ off-axis test.

Moreover, the agreement with experimental data from the literature 
[55,67] for an UD IM7/8552 carbon fiber/epoxy composite is also 
found to be very good. The input properties are given in Table  6 and the 
comparison is shown in Tables  7 and 8, with a graphical representation 
given in Fig.  13. Overall, the results align well with the presented 
experimental evidence, and thus, the above explanations hold in a 
similar manner.

An additional advantage of the invariant-based approaches is that 
they allow an assessment of the stress state with minimal computa-
tional effort in contrast to the fracture plane approach, which requires 
numerical optimization to obtain the IFF index. To demonstrate this, 
the single core performance on a laptop CPU (13th Gen Intel Core i9-
13900H, base speed 2.6 GHz) is shown in Table  9, which is obtained 
by the Python module timeit as mean execution time for 1000 differ-
ent (random) stress states with 1000 calls each. Here, the times are 
normalized to the execution time of the 𝐼123 criterion and given with 
two significant digits. As it can be expected, the Hashin, Tsai–Wu and 
maximum stress criteria are the fastest since they require only a few 
arithmetic operations, followed by the invariant-based criteria that use 
the kinking criterion for longitudinal compression (with about a factor 
of 2.5). The criteria applying the fracture plane-concept are the slowest 
for evaluation, being more than one order of magnitude slower than the 
invariant-based criteria.

6. Conclusions

Two new failure criteria based on transversely isotropic invariants, 
namely 𝐼123 and 𝐼124, have been developed to predict failure of a uni-
directional non-crimp fabric (UD-NCF) carbon fiber/epoxy composite 
material. These criteria address the limitations of current failure criteria 
as identified herein and summarized hereafter. Different failure modes 
11 
Fig. 13. Failure stress over off-axis angle predicted by the failure criteria and 
experimental values for UD IM7/8552 epoxy taken from [55,67].

Table 8
Ratio of predicted quasi-static failure stress to mean experimental value for 
literature off-axis compression specimens [55,67]. Linear shear behavior was 
used for prediction of compressive failure stress.
 Criterion Compression

 15◦ 30◦ 45◦ 60◦ 75◦  
 𝐼123 1.00 1.02 0.87 0.85 0.86 
 𝐼124 0.88 0.98 0.84 0.82 0.83 
 LaRC05 0.94 1.00 0.87 0.85 0.85 
 Christensen 0.87 0.98 0.84 0.82 0.83 
 Hashin 0.88 0.98 0.92 0.91 0.90 
 Tsai–Wu 0.88 0.98 0.92 0.86 0.86 
 Max. Stress 0.79 1.08 0.99 1.19 1.09 

Table 9
Computational efficiency of the compared failure criteria.
 Criterion Relative time for evaluation 
 𝐼123 1  
 𝐼124 0.95  
 Puck 14  
 LaRC05 44  
 Christensen 1.01  
 Hashin 0.38  
 Tsai–Wu 0.40  
 Max. Stress 0.37  

are considered as inter-fiber failure (IFF) and both compressive and ten-
sile fiber failure (FF). The required experimental effort for calibration 
is kept to a minimum as only the uniaxial strengths of the material 
are considered. A distinction between matrix tension and compression 
decouples tensile and compressive behavior. This distinction can lead to 



N. Koltzenburg et al. Composites Science and Technology 285 (2026) 111813 
kinks in the failure envelopes if an untypical combination of strengths 
is present, which was not the case for the considered material. On the 
contrary, it ensures non-negative eigenvalues of the Hessian as opposed 
to other present failure criteria in the literature. This invariant-based 
concept reduces computational effort when compared to well-known 
LaRC05 or Puck’s criterion that utilize the fracture plane approach for 
inter-fiber failure (IFF). Furthermore, the new invariant-based criteria 
showed more accurate predictions for the off-axis compression tests 
performed with the UD-NCF carbon fiber/epoxy composite.

Strain rate dependency of the strengths was incorporated using 
an empirical relation and the nonlinear longitudinal shear response 
was considered as well for the fiber failure (FF) mode. Experiments 
performed at quasi-static and high strain rates were in good agreement 
with the predictions from the developed failure criteria. Experiments 
performed on specimens of the UD-NCF composite material system at 
quasi-static and high strain rates were in good agreement with the pre-
dictions from the developed failure criteria. The predictive capability of 
the criteria was also validated with experimental data for an UD tape 
composite material system. For both material systems, closed failure 
envelopes were ensured using the 𝐼123 criterion. Since the 𝐼124 criterion 
is often the more conservative choice of both, a combination of the 
presented failure criteria is a recommended approach for conservative 
predictions.

Future work will address use of tensorial strain rates, since the strain 
rate used in this study was a scalar comparison strain rate. Difficulties 
may arise from different longitudinal shear strain rates or transverse 
tensile/compressive strain rates. Another point is to consider the initial 
fiber misalignment for tensile FF mode as the sensitivity to misalign-
ment is relatively high for longitudinal or off-axis tensile loading (at 
small off-axis angles). Moreover, the determination of the kinking plane 
should be investigated further to eliminate the sensitivity to the sign 
of the shear stresses, which would be of interest if there are preferred 
kinking planes due to the material microstructure, i.e., initial in-plane 
misalignment and out-of-plane crimping in UD-NCF composites.
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Appendix. Hessian matrices

𝐼123 failure criterion

The matrix failure function for the 𝐼123 criterion 

𝑓M = 𝛼1𝐼1 + 𝛼2𝐼2 + 𝛼3𝐼3 (A.1)

with

𝐼1 = 𝜎22 + 𝜎33
𝐼2 = 𝜎212 + 𝜎

2
13

𝐼3 = 𝜎222 + 𝜎
2
33 + 2𝜎223 (A.2)

can be differentiated w.r.t. the stresses 𝜎22, 𝜎33, 𝜎23, 𝜎13, and 𝜎12 yielding 
the Hessian in a standard base for the above stresses as 

𝐻fM =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2𝛼3 0 0 0 0
2𝛼3 0 0 0

4𝛼3 0 0
2𝛼2 0

sym. 2𝛼2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(A.3)

containing only the eigenvalues 
(

2𝛼2 2𝛼2 2𝛼3 2𝛼3 4𝛼3
)𝖳 (A.4)

on its diagonal.

𝐼124 failure criterion

The matrix failure function for the 𝐼124 criterion is 
𝑓M = 𝛼1𝐼1 + 𝛼2𝐼2 + 𝛼4𝐼4 (A.5)

with

𝐼1 = 𝜎22 + 𝜎33
𝐼2 = 𝜎212 + 𝜎

2
13

𝐼4 =
(

𝜎22 − 𝜎33
)2 + 4𝜎223. (A.6)

The Hessian then reads in the above standard base as 

𝐻fM =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2𝛼4 −2𝛼4 0 0 0
2𝛼4 0 0 0

8𝛼4 0 0
2𝛼2 0

sym. 2𝛼2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(A.7)

with the eigenvalues 
(

0 2𝛼2 2𝛼2 4𝛼4 8𝛼4
)𝖳 . (A.8)

Data availability

Data will be made available on request.
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