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1 Introduction

Gravitational waves (GWs) at GHz frequencies and beyond naturally probe the characteristic
size of laboratory and tabletop experiments on Earth. Over the past few years, a myriad of
detection strategies has been proposed [1], including the mechanical response to GWs [2–9],
interferometric methods [10, 11] (see also [12]), or their coupling to spin systems [13–15].
Here, we focus on their detection based on the inverse Gertsensthein effect, which describes
the conversion of gravitational into electromagnetic waves in the vicinity of electromagnetic
background fields [16]. The underlying principle is identical to the case of axions, which may
similarly be converted into photons in the presence of strong magnetic fields [17]. These
photons can accumulate in electromagnetic cavities, such that a sizable electromagnetic signal
develops if the characteristic frequency of the signal corresponds to a resonant frequency of
the cavity. This detection strategy and required technology is broadly employed in axion
searches, and there is now an extensive effort dedicated to both exploiting and improving
their sensitivity to incorporate GW searches (see, e.g., [18–30]), or even exploring distinct
proposals to target high-frequency GWs [31–39].
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While ground-based laser interferometer [40] and pulsar timing array [41–44] measurements
have probed the dynamics of black hole mergers at low to intermediate frequencies, there
are no confirmed astrophysical mechanisms to produce GWs at GHz frequencies or above.
Consequently, the observation of a high-frequency GW would provide compelling evidence
for exotic sources, such as primordial black holes (PBHs), boson stars, or even new physics
beyond the Standard Model in the early Universe [1].

Sensitivity estimates for cavity experiments aimed at detecting high-frequency GW signals
are primarily governed by the total energy that is deposited inside the cavity as the GW
passes through the apparatus. Close to the resonant frequencies of the cavity, this energy
is mainly stored in the amplified oscillations of the electromagnetic field, which dominate
over the mechanical excitations of the detector itself. In this case, the sensitivity can be
characterized by a dimensionless coupling coefficient, which captures the overlap between
the effective current induced by the incoming GW and the resonant modes of the cavity,
while neglecting the detector’s motion. In the regime where the incoming GW probes the
characteristic length scale of the detector, ωL ≳ 1, this approximation, however, is only
viable in transverse-traceless (TT) gauge. In other coordinate frames, this motion may
become significant and must be carefully taken into account [45]. In this work, we explore
the experimental sensitivity of both a cylindrical and a spherical cavity for GW searches at
frequencies near electromagnetic resonances. We present the coupling coefficients for the
dominant resonances in TT gauge, which provide an accurate approximation to the exact
signal in this scenario, and obtain the sensitivity of three benchmark setups to monochromatic
GWs produced by axion superradiance around PBHs.

The overlap function is only an accurate representation of the experimental sensitivity
for monochromatic GW signals, while the energy deposited by non-monochromatic GW is
instead limited by the time that the signal spends inside the cavity’s resonance bands. A
prime example of a non-monochromatic source at GHz frequencies are PBH binary mergers.
During their inspiral phase, at low frequencies, the GW frequency increases with time. This
transient GW signal deposits energy in the cavity only when its oscillations are in phase with
the eigenmodes of the cavity’s resonance bands. Rather than being limited by the damping
time, characterized by the cavity’s quality factor, the resonant amplification of photons is
constrained by the time scale before decoherence of these oscillations occurs, significantly
impacting the total energy deposited. Here, we account for these aspects to estimate the
total energy deposited inside the cavity and assess the experimental sensitivity for transient
signals. When applied to GWs emitted from PBH mergers, our results suggest that increasing
the quality factor beyond the point at which the coherent resonance-crossing time limits
the field build-up does not further increase the maximum energy deposited in a given cavity
mode. Even under the most favorable conditions, only PBH mergers occurring within the
solar system deposit an observable amount of energy inside the cavity, posing a significant
challenge for experimental searches.

Our work is structured as follows. In section 2, we briefly review the dynamics underlying
the conversion of gravitational into electromagnetic waves. We pay special attention to
suitable coordinates frames where, close to the resonant frequencies, these dynamics reduce
to overlap functions between the effective current induced by the incoming GW and the
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resonant excitations of the cavity. We present these overlap functions both for cylindrical
and spherical cavities in section 3, and briefly discuss the dominant couplings. In section 4,
we consider non-monochromatic GW signals and explore the dynamics of mode functions
for GW frequencies that grow linearly with time. We derive the total energy deposited
inside the cavity for transient signals, as an estimate for the experimental sensitivity of the
apparatus. We apply our results to PBH binary mergers and illustrate the experimental
reach of a semi-realistic spherical cavity setup towards this scenario. Finally, we briefly
summarize and conclude in section 5.

2 Gravitational wave detection with electromagnetic cavities

The detection of GWs with electromagnetic cavities is based on the interaction between
classical gravitational and electromagnetic fields, characterized by the Einstein-Maxwell action,

S =
∫

d4x
√
−g

(
−1

4g
µαgνβFµνFαβ

)
. (2.1)

It implies that, in the vicinity of an external magnetic field, a GW can be converted into
electromagnetic radiation [16], which, in turn, may be amplified inside an electromagnetic
cavity to generate a detectable signal. To characterize this signal, we assume that the GW
is a weak gravitational perturbation of a flat Minkowski background,

gµν = ηµν + hµν , (2.2)

where hµν parametrizes the GW with |hµν | ≪ 1. Similarly, any tensor quantity can be
systematically organized in powers of hµν . For instance, the electromagnetic field strength
can be decomposed as Fµν = F̄µν + δFµν , where the fluctuations δFµν are of order O(h)
as compared to the background value F̄µν .

The perturbation scheme in eq. (2.2) gives a prescription to solve Maxwell’s equations
in a curved spacetime at each order in the metric perturbation (see, e.g., [46]). While the
homogeneous equations remain unaffected by the GW, the electromagnetic fluctuations
satisfy the inhomogeneous equations

∂νδF
µν = jµ

eff , (2.3)

where we have defined the effective current

jµ
eff = −1

2 (∂λh) F̄µλ + ∂ν

(
hµ

λF̄
λν + hν

λF̄
λµ
)
. (2.4)

Here, h = hµ
µ denotes the trace of the metric perturbation. eq. (2.3) illustrates that an

incoming GW sources fluctuations of the electromagnetic fields inside the cavity.

2.1 The measured electromagnetic fields

The electromagnetic fields governed by eq. (2.3) are components of the field strength tensor
δFµν , which are clearly not invariant under coordinate transformations. Therefore, they
do not pose well-defined physical observables. To define manifestly coordinate-independent
expressions for the electromagnetic fields measured by an external observer, we closely
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follow [45] and associate an infinitesimal proper coordinate system to the observer’s worldline,
given by an orthonormal tetrad with coefficients eµ

α in a given coordinate basis. This
relates the expressions for the observable electromagnetic fields to the frame-dependent
motion of the detector. For instance, to first order in the metric fluctuation, the observable
coordinate-invariant electric field reads

Ea = δxλ
(
∂λF̄µν

)
ēµ

a ū
ν + δFµν ē

µ
a ū

ν + F̄µνδe
µ
a ū

ν + F̄µν ē
µ
aδu

ν . (2.5)

Here, δxµ denotes the perturbation of the observer’s position, and uµ is the observer’s four-
velocity. In principle, all these contributions have to be taken into account to determine the
observable electric field inside the cavity. In practice, however, several terms do not contribute
to the overall expression. In our scenario, the background field is static and homogeneous,
such that the first term vanishes, ∂λF̄µν = 0. Furthermore, in our perturbation scheme,
the background values of the tetrad are trivial, ēµ

α = δµ
α, and therefore ūν = δν

0 . Since the
background electric field vanishes, this term again does not contribute to the observable
electric field. Simplifying things even further, in a scenario where the GW frequency and the
size of the detector are comparable, ωL ≳ 1, the free-falling limit in TT gauge is a natural
choice of frame and provides an excellent approximation to the exact result [45]. In this limit
the motion of the detector is suppressed by the sound speed vs inside the detector. In other
words, in a regime close to electromagnetic resonances of the cavity, we can safely neglect
the motion of the detector, δxTT → 0. Therefore, the observable electric field finally reduces
to the components of the electromagnetic field strength tensor in TT gauge,

Ei ≈ δFTT
0i , (2.6)

which differs from the exact result in eq. (2.5) by terms of the order O(vs/(ωL)). This is in
contrast to earlier results, which instead have identified Fermi-normal (FN) coordinates as the
most suitable frame (see, e.g., [20, 47]). We remark that this choice of frame, however, neglects
the unsuppressed detector motion which has to be taken into account in FN coordinates.

2.2 The coupling of the gravitational wave to the cavity modes

The electric field that is excited inside the cavity is determined by Maxwell’s equation given
in eq. (2.3). In the following, we perform our computations in TT gauge, dropping the TT
superscript from now on. The spatial components of the effective current sourced by an
incoming GW are factorized into a temporal and a spatial contribution,

jeff(x, t) = ĵ(x)jeff(t) . (2.7)

In general, any electromagnetic cavity is sensitive to signals which can be resonantly amplified
inside its volume. Neglecting mechanical deformations, the excited electric field can be
decomposed into the resonant modes En,

E(x, t) =
∞∑

n=0
En(x)en(t) , (2.8)
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where the time-dependence of the field is separated into the dimensionless mode functions
en(t) of mode number n. The modes are characterized by the resonant frequencies ωn and
form an orthogonal basis of the spectrum (see, e.g., [48]),

∇2En = −ω2
nEn , (2.9)∫

Vcav
d3xE∗

m · En = δmn

∫
Vcav

d3x |En|2 , (2.10)

where Vcav is the volume of the cavity. Since the homogeneous equations are not affected by the
incoming GW in our perturbation scheme, the electric field satisfies an electromagnetic wave
equation with the effective current as a source term, such that the mode functions obey [20](

∂2
t + ωn

Qn
∂t + ω2

n

)
en(t) = ξ∂tjeff . (2.11)

Here, we have introduced the (mode-dependent) quality factor Qn of a cavity, which
parametrizes energy losses of the field inside the cavity. Furthermore, we have defined
the coupling constant

ξ = −
∫

Vcav
d3xE∗

n · ĵ∫
Vcav

d3x |En|2
. (2.12)

Clearly, eq. (2.11) describes a harmonic oscillator with frequency ωn and damping 1/Qn,
which is driven by the oscillations of the effective current induced by the incoming GW.

While the spatial modes En are determined by the cavity geometry (see, e.g., [48]), the
mode functions en are governed by the time-dependence of the effective current. Assuming
that the incoming GW is monochromatic and of frequency ωg ≃ ωn, inducing an effective
current with jeff(t) = exp(iωgt), the mode functions can be calculated explicitly,

en(t) ≃ ξ
Qn

ωg
eiωgt . (2.13)

Here, ξ captures the coupling of the incoming GW to the resonant modes of the cavity.
The measured signal will be proportional to the energy density, ∼ |E|2, inside the cavity
volume, and hence it will behave as ∝ ξ2. To estimate this signal sensitivity in terms of a
dimensionless coupling constant, we follow [20] and decompose the spatial contribution to
the effective current into dimensionless components ĵ+(x) and ĵ(x)×, such that

ĵ(x) = ωgB0
(
h+ĵ+(x) + h×ĵ×(x)

)
. (2.14)

Here, B0 is the homogeneous background magnetic field, and h+ and h× denote the different
polarization coefficients of the incoming GW. We remark that, as we will see later, this result
naturally holds in TT gauge. In contrast, this decomposition comes with an additional factor
ωgV

1/3
cav if FN coordinates are used [20], because both frames scale differently with ωL (see,

e.g., [45]). Using eq. (2.14), we can define a dimensionless coupling coefficient of the incoming
GW to the n-th mode of the electromagnetic cavity [20],

η+,×
n =

∣∣∣∫Vcav
d3xE∗

n · ĵ+,×
∣∣∣√

Vcav
∫

Vcav
d3x |En|2

. (2.15)
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Here, we have focused on a single mode with index n that contributes to the total observable
electric field. Some modes may be degenerate however, so that they can in principle be
excited simultaneously by the same incoming GW. These need to be carefully taken into
account when determining the observable electric field.

2.3 The power output at the antenna

Let us now turn our attention to a characterization of the experimental sensitivity of an
electromagnetic cavity to a GW signal. Once the incoming GW has deposited energy inside the
cavity, the excited electric and magnetic fields oscillate at their resonant frequencies according
to the boundary conditions of the detector material. These oscillations can be measured
by an antenna placed inside the cavity volume. Clearly, this requires a coupling of the
antenna to the oscillating electromagnetic fields, such that some amount of energy dissipates
at the antenna. In an experimental setup, this energy dissipation is indeed a measurement
observable in terms of a power output at the antenna, which is schematically given by

Pout = − d
dtW . (2.16)

Here, W denotes the (time-averaged) total energy stored inside the cavity. Following Poynt-
ing’s theorem, it is given by the integral the electromagnetic fields over the cavity volume,

W = 1
2

∫
Vcav

d3x |E(x, t)|2 . (2.17)

This means, once a certain set of electromagnetic cavity modes is occupied, an observer would
measure the total energy loss of the cavity over time. On the other hand, energy may not only
be dissipated at the antenna, but there are also energy losses due to the absorption of photons
a the cavity walls. These losses are typically characterized by the quality factor of a cavity,

Q =
(
δW

δnc

)−1
W , (2.18)

which relates the total energy stored in the cavity to the amount of energy that is dissipated
per oscillation cycle, δW/δnc. The latter can be expressed as δW/δnc ∼ δW/(ωnδt), i.e. it is
itself proportional to the change in energy over time. Therefore, eq. (2.18) poses a first-order
differential equation describing the exponential decay of a cavity’s energy due to dissipation
effects. This, of course, assumes that Q is constant and defines the decay constant of this
energy dissipation, which may be determined by averaging over many oscillation cycles.
Therefore, eq. (2.18) implies that the total power loss of a given cavity mode reads

P = ωn

Qn
W . (2.19)

We stress that P parametrizes the total loss of energy of the cavity, including the losses due
to the cavity walls, Pcav as well as the antenna readout, Pout, such that P = Pcav + Pout.
Experimentally, both sources of power output are typically tuned by a parameter β to be
roughly of the same order of magnitude, Pout = βPcav. In practice, one often has β ≃ 2.
The power loss measured at the antenna therefore reads

Pout = ωn(
1 + 1

β

)
Qn

W . (2.20)
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Finally, using the dimensionless coupling coefficients defined in eq. (2.15), the power output
of a monochromatic GW signal can be written as

Pout = Q

2
(
1 + 1

β

)ωgVcav
(
η+,×

n B0h+,×
)2

. (2.21)

Here, for simplicity, we have assumed that only one polarization is contributing to the
effective current.

Before we close this discussion, let us briefly comment on how the coupling coefficients
associated to each mode are related to each other. Naively, if the cavity is invariant under a
set of symmetry transformations (such as rotations, for example), we expect the spectrum to
be degenerate. That is, an incoming GW of a given frequency ωg ≃ ωn may excite various
different modes simultaneously. So far, this is not captured by the coupling coefficients
η+,× defined in eq. (2.15). Instead, as has been noted in [20], to account for a degenerate
spectrum, we have to include all mode functions of a given frequency. To illustrate this,
suppose that two modes n and m are degenerate, ωn = ωm, and are excited by an incoming
monochromatic GW of the same frequency. According to eq. (2.8), this will lead to an electric
field inside the cavity, which is of the form

E(x, t) ≃ Q

ωg
(ξnEn(x) + ξmEm(x)) eiωgt . (2.22)

The total power output of the cavity is proportional to the total energy stored in the field,
Pout ∝

∫
Vcav

|E|2, which clearly contains interference terms between the n-th and m-th cavity
mode. However, by construction of eq. (2.10), these are orthogonal. Therefore, the overall
coupling coefficient introduced to characterize the power output is

η+,×
tot =

√(
η+,×

n

)2
+
(
η+,×

m

)2
. (2.23)

This result can be straightforwardly generalized to a scenario involving an arbitrarily degen-
erate spectrum. Let us now use eq. (2.23) to characterize the electromagnetic signal strength
of an incoming monochromatic GW to different cavity geometries.

3 Characterizing the electromagnetic signal

Similar to axion searches, an electromagnetic cavity is typically prepared in the vicinity of a
background magnetic field to convert a gravitational into an electromagnetic wave inside the
cavity volume. In the following, we choose this external magnetic field to be homogeneous
and pointing along the z-axis,

B̄ = B0ez . (3.1)

Further suppose that the incoming GW is monochromatic with frequency ω and has an
incidence angle α with respect to the magnetic field. For concreteness, we choose a coordinate
system where the GW is propagating in the yz-plane with wave vector k = ω (0, sinα, cosα).
As we have briefly discussed in section 2, in practice, the free-falling limit provides an excellent
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approximation to characterize the resonant electromagnetic excitations of the cavity due to
the GW [45]. Hence, we parametrize the GW in TT gauge (see, e.g., [21]),

hTT
ij = 1√

2
(h+𝕄 + h×ℕ) eiω(−t+y sin α+z cos α) , (3.2)

where h+ and h× are the different polarization amplitudes, and we have defined

𝕄 =


−1 0 0
0 cos2 α − cosα sinα
0 − cosα sinα sin2 α

 , ℕ =


0 − cosα sinα

− cosα 0 0
sinα 0 0

 . (3.3)

The electromagnetic response of the cavity to the incoming GW is governed by eq. (2.3), and is
driven by the effective current induced by hij . Plugging both the external magnetic field and
the GW parametrization into eq. (2.4), the spatial components of the effective current read1

jeff(x, t) = − i√
2
ωgB0


h+ sinα

h× sinα cosα
−h× sin2 α

 eiωg(−t+y sin α+z cos α) . (3.4)

Clearly, jeff will act as a harmonically oscillating driving force in the equations of motion
of the induced electromagnetic fields inside the cavity.

The experimental sensitivity to a monochromatic GW is characterized by the signal
power output of the cavity given in eq. (2.21). Clearly, beyond the background magnetic
field B0 as well as the cavity’s volume Vcav and quality factor Q, this power output is
governed by the GW’s effective coupling to the various resonant excitations, η+,×

n introduced
in eq. (2.15). In the following, we illustrate this effective coupling coefficient for selected
example configurations involving cylindrical as well as spherical cavities.

3.1 Cylindrical cavities

Cylindrical cavities are an established technology used for axion searches, making them a
natural candidate to study their experimental sensitivity to high-frequency GWs. To do this,
let us first follow the example discussed in [20] and consider a cylindrical cavity of radius R
and length L. For simplicity, we choose the cylinder’s rotation axis to be along the z-axis,
thereby aligning with the external magnetic field.

In general, the resonant modes of a cavity are typically given in terms of transverse
electric (TE) and transverse magnetic (TM) fields. For a cylindrical cavity, these are
characterized by three quantum numbers [48], schematically denoted by Enpq. We present the
expressions for the resonant electric field configurations in section A.1. While the resonance
frequencies depend on all three quantum numbers n, p, and q, the mode configurations feature

1By comparing to axion electrodynamics, a convenient way to determine the effective current in a given
coordinate frame is provided in [21].
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Figure 1. Coupling coefficients η+,×
npq of the TE (top) and TM modes (bottom) of a cylindrical cavity

as a function of the incidence angle α of the incoming GW, parametrized in TT gauge. The different
colors illustrate the longitudinal quantum numbers q = 0 (solid blue), q = 1 (dashed green), and q = 2
(dotted orange), while the principal quantum number is fixed, p = 1. In both rows, the azimuthal
quantum number n is increased to the right, with n = 0 (left), n = 1 (center), and n = 2 (right). Note
that the cylinder dimensions are chosen such that R = L, and that different polarizations are shown
for the top and bottom panels.

both a contribution that is even or odd in n, i.e. they are doubly-degenerate [48]. According to
eq. (2.23), the total coupling coefficient of the GW to Enpq has to account for this degeneracy,

η+,×
npq =

√(
η+,×

npq,even
)2

+
(
η+,×

npq,odd

)2
. (3.5)

Here, the superscript denotes the GW polarization.
The combinations of quantum numbers associated to the resonant modes with the largest

ηnpq are illustrated in figure 1. Here, we show the coupling coefficients for various low-lying
modes as a function of the GW incidence angle α with respect to the background magnetic
field. We find that, for both TE and TM modes, the longitudinal quantum number q has a
strong impact on the overall magnitude of the coupling. For instance, the number of roots
of η+,×

npq increases while their overall magnitude rapidly decreases for larger q, suggesting
that the lowest-lying cavity modes exhibit the strongest coupling to GWs. The maximum
coupling strength at q = 0 is typically achieved for an incoming GW that is propagating
perpendicular to the background magnetic field, α = π/2. On the other hand, we also note
that η+,×

npq vanishes at α = 0 and α = π, such that one would not expect a signal induced
by a GW propagating parallel or antiparallel to the magnetic field. We remark that this is
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Figure 2. Coupling coefficients η+,×
np of the TE (top) and TM modes (bottom) of a spherical cavity

as a function of the incidence angle α of the incoming GW, parametrized in the TT frame. The
different colors illustrate the azimuthal quantum numbers n = 1 (solid blue), n = 2 (dashed green),
and n = 3 (dotted orange), while the principal quantum number is fixed, p = 1. The modes are
(2n+ 1)-fold degenerate with respect to the azimuthal quantum number, which is hence marginalized
in this example (see main text).

somewhat in contrast to coupling coefficients obtained in FN coordinates [20] (see also [47]),
for which we provide a brief comparison in appendix B.

Finally, we note that figure 1 illustrates the coupling of the TE and TM modes to certain
polarization amplitudes of the GW only; the combinations of polarizations that are not shown
here are considerably smaller. Overall, the TM modes exhibit the largest coupling to the
cross-polarization of an incoming monochromatic GW. In particular, the resonant TM010
mode, which is often used for axion searches in practice, features a comparably large coupling
coefficient. Given currently available experimental technology and expertise it may therefore
be the most suitable mode to consider for a GW search using cylindrical cavities.

3.2 Spherical cavities

The only preferred direction in a setup involving a spherical cavity is given by the external
magnetic field. Given the high amount of symmetry, we naturally expect a degenerate
spectrum of modes.

The resonant modes of a spherical cavity are also characterized by three quantum numbers,
Emnp [48]. Analogous to the quantum mechanical wave function of the hydrogen atom, m
corresponds to the magnetic, n denotes the azimuthal, and p corresponds to the principal
quantum number. The associated field configurations are given in section A.2. The resonant
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mode frequencies, however, only depend on n and p. The magnetic quantum number
takes values m ∈ {−n, . . . , n}, such that each mode with azimuthal quantum number n is
(2n + 1)-fold degenerate. Consequently, the total coupling coefficient reads

η+,×
np =

√√√√ n∑
m=−n

(
η+,×

mnp

)2
, (3.6)

where the superscript denotes the GW polarization.
The coupling coefficients of a spherical cavity are shown in figure 2, where we illustrate

combinations of quantum numbers associated to the TE and TM modes featuring the largest
ηnp as a function of the GW incidence angle α. We find that, generically, modes with p = 1
exhibit the strongest coupling, which decreases rapidly for larger p. The lowest-lying modes
in the azimuthal quantum number n are the dominant ones. Similar to the cylindrical cavity,
the largest coupling is obtained for an incoming GW that traverses the cavity perpendicular
to the magnetic field, at α = π/2. On the other hand, the coupling coefficient vanishes
at α = 0 and α = π, leading to a vanishing signal for a GW that propagates parallel or
antiparallel to the external magnetic field. We again remark that these results are presented
in TT gauge which we believe is the most suitable choice of coordinates [45]. In appendix B
we provide a brief comparison to FN coordinates.

In summary, we find that the coupling of the incoming GW to the dominant cavity modes
is sizable, and comparable to the case of a cylindrical cavity illustrated in figure 1. Overall,
for a maximum signal strength the incoming GW would have to propagate perpendicular to
the external magnetic field. As a blessing in disguise, we can turn this argument around to
obtain an optimal sky coverage, for instance by preparing more than one cavity each with
an external magnetic field pointing into a different direction. At the same time, this would
enable performing coincidence measurements of potential GW signals, somewhat similar to
the idea behind the “GravNet” proposal [33].

3.3 Sensitivity prospects

A typical cavity experiment to search for GWs in the GHz range will utilize a cryogenic setup
involving an available cylindrical volume with radius R = 2.5 cm and length L = 15 cm,
prepared in the vicinity of an external magnetic field with B = 12 T. Changing the ratio
between the cavity’s radius and length drastically alters its angular sensitivity. This is
illustrated in figure 3, where we show the dimensionless coupling coefficients for a cylindrical
cavity with L/R = 6 (in contrast to figure 1 which uses L/R = 1). To estimate the expected
sensitivity of this setup, we first determine the power induced by a monochromatic GW using
eq. (2.21). The corresponding signal-to-noise ratio is given by

SNR ≃ Pout
Tsys

√
2πtint
∆ω , (3.7)

where Tsys is the effective thermal noise temperature, tint denotes the measurement integration
time, and ∆ω is the frequency bandwidth of the measurement. For a detectable GW strain
we require a signal-to-noise ratio of SNR ≳ 1 and assume a thermal noise temperature of
Tsys = 200 mK, which is typically limited by the system noise temperature of the amplifier.
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Figure 3. Similar to figure 1, but with dimensions L/R = 6.

As illustrated in table 1, for integration times of tint = 1 min, GW strain sensitivities of the
order O(10−20) can be reached with this setup, assuming an effective coupling coefficient
of the order η ≃ 0.75 ηmax. For comparison, we also illustrate an analogous setup where
three spherical cavities of the same radius, or six cylindrical cavities are stacked on top
of each other to obtain the same available detection volume. The corresponding coupling
coefficients and angular sensitivity are shown in figures 1 and 2. For integration times of
the order of minutes, we find that all three setups are equally sensitive. This changes once
we account for the angular sensitivity of the different cavities, illustrated by the opening
angle ∠(η0.5) in table 1, as we will see momentarily.

A common benchmark for coherent monochromatic GW sources in the GHz range
are boson clouds created by superradiant instabilities around spinning (primordial) black
holes [1, 49]. The corresponding GW frequency and strain are given by

ωg ≈ 15 GHz
(

10−5M⊙
mPBH

)(
GmPBHmϕ

0.1

)
, (3.8)

h0 ≈ 5 × 10−30
(

mPBH
10−5M⊙

)(
GmPBHmϕ

0.1

)7 (kpc
r

)
, (3.9)

where mPBH denotes the PBH mass, G the gravitational constant, mϕ the mass of the light
bosonic field, and r the distance of the source from the detector. Superradiance requires
that 2GmPBHmϕ ∼ 1, such that, effectively, the emitted GW frequency is set by the PBH
mass alone. For typical measurement integration times of a minute the example setup given
in table 1 can probe distances up to r = 0.14 pc, corresponding to PBH masses around
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Spherical Cylindrical
R [cm] 2.5 2.5 2.5
L [cm] — 2.5 15.0

Vcav [cm3] 3 × 65.4 6 × 49.1 295.0
ω [GHz] 32.9 28.8 28.8
ηmax 0.35 0.37 0.37

∠(η0.5) 120◦ 96◦ 30◦

tint = 1 min
h0 1.0 × 10−20 8.1 × 10−21 8.1 × 10−21

r [pc] 0.09 0.13 0.13
tint = ∠(η0.5)/360◦ day

h0 2.2 × 10−21 1.83 × 10−21 2.5 × 10−21

r [pc] 0.41 0.55 0.41

Table 1. Overview of typical parameters for a spherical and cylindrical cavity setup. The dominant
modes ωTM

11 (spherical) and ωTM
010 (cylindrical) are illustrated, for which the coupling constant η is

maximal. Furthermore, the opening angle for which the coupling is larger than half of the maximum
ηmax is shown, ∠(η0.5). In addition, the GW strain h0 to obtain a signal-to-noise ratio of SNR = 1 is
illustrated, assuming an external magnetic field of B = 12 T, a 200 mK thermal background and a
quality factor of Q = 6 × 104. For monochromatic GWs sourced by superradiance this can in turn be
translated into a distance r to the source.

mPBH ≈ 2.5 × 10−5M⊙. Clearly, the strain sensitivity can be improved by increasing the
integration time tint, albeit it only grows as ∼ t

1/4
int . We illustrate a second benchmark point

in table 1 where we, as a naive estimate, increase the integration time from one minute to
the time span during which the GW reaches the detector within its opening angle, such
that the coupling coefficient exceeds half its maximum over the course of a day. This leads
to an increase in the sensitivity by roughly a factor of four, while the stacked setups now
perform better for the resonant modes considered here.

More precisely, within one day of measurement time, the rotation of the Earth will allow to
scan a band across the sky, which depends on the latitude of the detector and the directionality
of the given cavity mode. In practice, this enhances the sensitivity to monochromatic sources
located in certain patches of the sky. An example of this is shown in figure 4, where we
illustrate the dimensionless coupling coefficient integrated over the course of 24 hours for GWs
emitted by a source located at a given galactic longitude and latitude. Here, the coupling
coefficients correspond to TM modes ωTM

010 for the cylindrical setup with L/R = 6, and ωTM
11

for the spherical cavity. As anticipated earlier, we find that spherical cavity modes have an
advantage over cylindrical ones, as they allow to cover a broader patch of the sky.

Let us close this discussion with a few words of caution. As discussed above, the
strain sensitivity growth with the integration time as ∼ t

1/4
int , so for an order-of-magnitude

improvement one would need to increase the integration time by a factor of 104. At the same
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Figure 4. Integrated coupling coefficient,
∫

dt η, of a monochromatic GW source corresponding to
a low-lying TM mode of a cylindrical (left) and a spherical (right) cavity, as a function of galactic
longitude l and latitude b. Both experiments are assumed to be set up in Mainz, Germany, with an
external magnetic field normal to the Earth’s surface and a measurement integration period of 24
hours. For the geometry of the cylindrical cavity we assume L/R = 6. Note that the colored contours
are shown in arbitrary units.

time, for high quality factors the frequency bandwidth is narrow, making the exploration
of sizable fractions of parameter space expensive. Clearly, this is not feasible. Furthermore,
this analysis relies on the incoming GWs being monochromatic. This is indeed a somewhat
optimistic scenario as we will elucidate in the following section.

4 Beyond monochromatic gravitational waves

We now go beyond the case of monochromatic GWs and consider a scenario where the
incoming signal changes its frequency with time and scans through the different resonance
bands of the cavity. Let us first discuss the general dynamics of the electromagnetic excitations
for non-monochromatic signals, before exploring their consequences for the case of PBH
binary systems.

4.1 Mode function dynamics

Non-monochromatic GW signals induce an effective current with a time-dependent frequency,
for example

jeff(t) ∝ eiωg(t)t . (4.1)

Following section 2, let us illustrate an example of the electromagnetic field dynamics inside
the cavity sourced by an effective current of the form given in eq. (4.1). For concreteness,
we assume an incoming GW with a frequency that grows linearly with time,

ωg(t) = χ (t− tn) + ωn . (4.2)

In this parametrization, the GW changes its frequency at a rate χ before it hits the cavity’s
resonant frequency, ωn, at a time tn. The cavity’s response to the incoming GW is governed by
the equations of motion for the mode functions en(t) in eq. (2.11). Considering a dimensionless
time parameter, τ = ωnt, these can be written as(

∂2
τ + 1

Q
∂τ + 1

)
ϵn(τ) = ∂τ j . (4.3)
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Figure 5. Rescaled mode functions ϵn as a function of dimensionless time τ , for different quality
factors, Qn = 10 (top), Qn = 100 (center), and Qn = 1000 (bottom). The scanning rate is chosen as
χ/ω2

n = 10−3 and the cavity’s resonant frequency is reached at τn = 200.

Here, we have defined ϵn = ωnen/ξ. Clearly, the dynamics are described by a driven, damped
harmonic oscillator.

We illustrate an example of these dynamics in figure 5, for different values of the quality
factor Q. As the effective current acts as an oscillating driving force that slowly approaches
the cavity’s resonant frequency, the oscillations of the mode functions are amplified steadily.
This happens as long as the driving force and the mode functions oscillate in phase. In the
example above, the resonant amplification sets in at τ ≃ τn/2. As the quality factor Q is
increased, the maximum amplitude of the oscillations at resonant frequency ωn grows as
Amax ∼ Q/(√χωn). However, while the incoming GW signal traverses the cavity’s resonance
band, the relative phase between the cavity modes and the driving force grows, such that
eventually both oscillations are no longer in phase and cease to be coherent. The time scale
after which decoherence occurs can be estimated as

tdecoherence ≃
√
π

χ
. (4.4)

Therefore, there is a maximum number of oscillations Nmax during which the mode function
amplitude grows, and energy can accumulate inside the cavity,

Nmax ≃
√

ω2
n

4πχ . (4.5)

This means that there is a critical value of the quality factor beyond which no further
amplification occurs. Instead, the system saturates because it is dominated by the maximum
number of oscillations before decoherence sets in. Finally, after the resonant frequency band
is traversed the oscillations decay exponentially, A ∼ exp(−τ/Q). We provide a detailed
derivation and discussion of these dynamics in appendix C.

In other words, increasing the quality factor of the cavity indefinitely will not increase
the cavity’s response to the incoming non-monochromatic GW beyond a certain maximum
value. Let us estimate this effect by considering a simple setup where an incoming GW
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Figure 6. Maximum stored energy Wtot for a loaded cavity as a function of the cavity’s quality factor
Q. The energy is shown in arbitrary units, while the different colors represent different dimensionless
scanning rates χ/ω2

n.

deposits a certain amount of energy inside the cavity. At the same time, this amount of
energy precisely corresponds to the maximum energy that an antenna can read out to detect
the GW signal. In general, following eq. (2.17), the total energy should be proportional to the
maximum amplitude of the oscillations, Wtot ∝ A2

max. According to our earlier discussion, for
cavities with a large quality factor, Q≫ Nmax, the maximum amplitude of the oscillations
is reached after Nmax oscillations (see also appendix C). In other words, in this regime, the
total energy that can at most be deposited inside the cavity volume is limited by Nmax,
otherwise is limited by the quality factor Q. We find

Wtot = 1
2

∫
Vcav

d3x |E(x)|2 ≃ 1
2VcavB

2
0h

2η2
n

π2N2
max , Nmax ≪ Q

Q2/(2χ) , Nmax ≳ Q
. (4.6)

This is schematically illustrated in figure 6, where we show an example of the maximum
stored energy Wtot, derived from the mode function dynamics, as a function of the quality
factor Q. We confirm that there is a critical value of the quality factor beyond which the
system saturates and the deposited energy becomes independent of Q.

In a more realistic scenario, the total energy deposited inside the cavity governs the
power output picked up by an antenna. Naively, the power output measured in one resonant
cycle, δt = 2π/ωn, can be at most

Pout ≈ −δW
δt

≲
ωn

Q
Wtot . (4.7)

For Q≫ Nmax, the instantaneous output power during a single resonant cycle decreases with
Q, even though the deposited energy has saturated. Recovering the deposited energy therefore
requires integrating the output over the subsequent cavity ring-down. The implications for
the final SNR depend on the readout and noise model.

4.2 Primordial black hole mergers

In general, black hole mergers naturally produce transient GW signals with a time-dependent
frequency. Given that electromagnetic cavities are designed to operate at GHz frequencies,
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here, we focus on the inspiral phase of PBH mergers. In this scenario, the maximum GW
frequency emitted by the system is governed by the innermost stable circular orbit before
the merger begins, with a frequency of ωISCO = 1.38 × 104 Hz (M⊙/mPBH) [50]. Therefore,
GWs in the GHz range are only produced for PBH masses mPBH ≲ 10−5M⊙. The GW
strain amplitude corresponding to a PBH binary system depends on the masses involved
and the distance r from the binary (see, e.g., [46]),

hωn ≈ 1.29 × 10−22
(1 kpc

r

)(
mPBH

10−5M⊙

)5/3 ( ωn

1 GHz

)2/3
. (4.8)

Furthermore, at low frequencies, the change in GW frequency is given by [1, 46, 51]

ω̇ = 12
5 21/3 (GM)5/3 ω11/3 ≈ 3.4 × 109 Hz2

(
mPBH

10−9M⊙

)5/3 ( ω

GHz

)11/3
, (4.9)

where G denotes the gravitational constant and M is the so-called chirp mass,

M = (m1m2)3/5

(m1 +m2)1/5 . (4.10)

For the last approximation we have used m1 = m2 = mPBH. Solving eq. (4.9), we find that it
can be well approximated by a linear expansion about the time tn where the GW frequency
coincides with a resonance frequency ωn of the cavity,

ω(t) = ωn + ω̇(t− tn) . (4.11)

We can thus identify the scanning rate as χ = ω̇ in eq. (4.2).
Now consider our experimental setup. The resonance frequencies are fixed by the physical

size of the cavity, ωn ∼ V
−1/3

cav , and assumed to be in the GHz range. On the one hand,
lighter PBH mergers will remain in the resonance band for a longer period of time. On the
other hand, they will also have a smaller signal amplitude. As we have mentioned earlier, the
dimensionless change in frequency ω̇/ω2

n determines the number of oscillation cycles Nmax
for which the GW signal stays in resonance with a given cavity mode, Nmax ≃

√
ω2

n/(4πω̇).
The total energy Wtot in eq. (4.6) that can at most be deposited inside the cavity volume
is limited by Nmax, otherwise is limited by the quality factor Q.

We illustrate an example of this in figure 7, where we show the maximum number of
resonant cycles Nmax along with the total energy Wtot deposited in the cavity by an incoming
GW as a function of the PBH mass and distance of the merger. Here, we choose a spherical
cavity of radius R = 5 cm in an external magnetic field with B0 = 14 T, and consider the
lowest-lying TM resonance at ωTM

11 ≈ 16.45 GHz (see table 2). Furthermore, we choose a
coupling of the incoming GW to this mode of ηn = 0.3. We find that, for signals in viable
regions of parameter space, the experimental sensitivity is limited by the maximum number
of resonant oscillations, Nmax, before decoherence sets in. Therefore, the estimated energy
deposited in the cavity is below the TeV range, even for mergers that happen in immediate
vicinity of Earth. Naively, the minimal detectable amount corresponds to a single photon
of the resonant frequency with energy Emin = ℏωn ≈ 6.8 × 10−5 eV. Energies below this
threshold are illustrated by the light gray region in the right panel. Therefore, even in
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Figure 7. Number of oscillation cycles after which coherence with the resonant oscillations of the
cavity is lost, as a function of PBH mass mPBH and resonance frequency ωn (left), and total energy
deposited in the cavity by GWs emitted from a PBH merger involving masses mPBH and at a distance
r (right). In both panels, the opaque gray region illustrates the maximum GW frequency that can be
emitted by the PBH merger, given by ωISCO, and is therefore not part of the viable parameter space.
In the right panel, the light gray region indicates energies below the photon energy corresponding to
the lowest-lying resonant frequency at ωTM

011 ≈ 16.45 GHz (for a spherical cavity of radius R = 5 cm).
That is, within this region not enough energy is deposited to produce at least a single photon at
resonant frequency inside the cavity. For comparison, the black dash-dotted lines illustrate the mean
distance between Mainz and Mars, Mainz and the Moon, and Mainz and CERN.

the most optimistic scenario, only PBH binary mergers in the vicinity of Earth deposit a
detectable amount of energy in the cavity. See also [52, 53] for related studies.2

Clearly, these naive estimates leave room for some improvement of the sensitivity. In
principle, the PBH merger will not only excite the lowest-lying mode, but instead evolve
through several more resonance bands of the cavity, which increases the total energy deposited.
Similarly, the combination of a large number of cavities (see, e.g., [33, 55]), or even using one
very large cavity, would increase the deposited energy significantly. However, this assumes
that, at the same time, the noise can be suppressed sufficiently. We also remark that
for Nmax ≲ 1, the linear time evolution for the scanning frequency in eq. (4.11) becomes
inaccurate. Unfortunately, this is precisely the region of parameter space where one would
expect the largest signal.

At this point we also want to stress that our sensitivity estimates are derived from our
computation of the deposited energy. They should not be taken as forecasts for a realistic
experimental setup, which requires among other things a full noise model of the entire
apparatus, and a careful evaluation of the signal to noise ratio (SNR). If the dominant
noise originates from thermal fluctuations of the cavity mode, both the signal and this
noise contribution are filtered by the same cavity susceptibility. The suppression away from

2Similar calculations are obtained in [54].
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resonance may then partially cancel in the frequency-dependent SNR, and the effective
detection bandwidth need not be equal to the bare cavity linewidth.

If, instead, the dominant contribution is approximately frequency-independent noise added
after the cavity, for example by the first amplification stage, the off-resonant suppression of
the cavity signal is not accompanied by an equivalent suppression of the added noise. In
that regime, the usable bandwidth is determined by the frequency interval over which the
cavity-filtered signal remains sufficiently large relative to the amplifier-noise floor.

Which of these regimes is relevant depends on the operating temperature, readout coupling,
amplifier technology, and other details of the experimental implementation. Since we do not
perform an explicit noise-temperature comparison, we do not assume that either contribution
is universally dominant. The conclusion that follows directly from our calculation is narrower:
for the chirping signals considered here, the coherent electromagnetic field build-up — and
hence the maximum energy that can be deposited in an individual mode — saturates once
the resonance-crossing or decoherence timescale becomes shorter than the cavity damping
time. Translating this signal-energy result into an optimized SNR requires a detector-specific
noise model.

5 Conclusions

In addition to axion searches, electromagnetic cavity experiments may be used to probe
the conversion of GWs into photons in the vicinity of an external magnetic field. Their
characteristic size allows to target GW signals in the GHz range and beyond.

In this work, we have estimated the experimental sensitivity of cylindrical as well as
spherical cavities to both monochromatic and transient GW signals. For simplicity, we
have focused on GW frequencies close to the electromagnetic resonances of the cavity. In
this case, their sensitivity is dominated by the total energy stored in the oscillations of
the electromagnetic fields inside the cavity, which is deposited by the incoming GW. For
monochromatic GWs, this energy and its associated power output can be captured by
a dimensionless coupling coefficient which parametrizes the overlap between the effective
current induced by the incoming GW and the electromagnetic resonances. Although this
inherently neglects any detector motion perceived by the observer, it serves as a robust
approximation of the expected signal strength when expressed in TT gauge [45]. That said,
we have calculated the GW couplings to the lowest-lying resonant modes and find that, for
both the cylindrical and the spherical cavity, they strongly depend on the incidence angle
of the incoming GW relative to the external magnetic field. The couplings are typically
maximal, reaching values up to η ≈ 0.4, if the GW is propagating perpendicular to the
magnetic field, whereas they diminish to zero for GWs traveling (anti-)parallel to it. This
suggests that a practical experimental scenario could benefit from the integration of multiple
cavities, each oriented with a distinct alignment of the external magnetic field, similar to
the concepts proposed in GravNet [33].

While for monochromatic GWs close to the resonant frequency the sensitivity is primarily
governed by the associated coupling coefficient, any nontrivial dynamics of the GW signal may
drastically alter this estimate. As an example, we have investigated transient signals from
PBH mergers. At low frequencies, their emitted GW frequency increases linearly with time.
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The signal driven by the effective current therefore traverses the different resonant frequency
bands within the cavity. By solving the relevant equations of motion for the electromagnetic
modes, we observe that their resonant amplification is limited either by a finite quality
factor, or by a maximum number of oscillations inside the cavity before decoherence occurs.
Likewise, the total energy is limited by the maximum resonant amplification. For the transient
PBH-merger signals considered here, increasing the quality factor beyond the point at which
the coherent resonance-crossing time limits the field build-up does not further increase the
maximum energy deposited in a given cavity mode. Even in the most optimistic scenario,
only PBH mergers occurring within the solar system deposit an observable amount of energy
inside the cavity, presenting a significant challenge for their detection.

Nevertheless, in the future, the experimental sensitivity of electromagnetic cavities to
PBH mergers may be enhanced by recognizing that these events do not only deposit energy
in a single resonance band of the cavity. Instead, it may subsequently excite all other
resonant modes, as the frequency continuously changes. In addition, combining multiple
cavity experiments may lead to a significant increase in the total deposited energy. To fully
understand and unlock the potential of electromagnetic cavity experiments in the search for
GWs in the high-frequency regime, these options certainly merit further investigation.
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A Electromagnetic resonances of cavities

For incoming GWs with a wave length which is of order of the characteristic length scale of the
electromagnetic cavity, ωR ≳ 1, the electromagnetic resonances of the experiment dominate
the signal. These resonances depend on the cavity’s geometry and are eigenfunctions of the
Helmholtz operator with appropriate boundary conditions, schematically written as [48](

∇2 + ω2
)
ψ = 0 . (A.1)

The resonant modes enter the dimensionless coupling coefficients η in eq. (2.15). For
completeness, we briefly present them here for both a cylindrical and a spherical cavity
geometry. We closely follow [48], where a detailed derivation and discussion can be found.

A.1 Cylindrical cavities

We consider a cylindrical cavity of radius R and total length L, and choose a coordinate
system where the cylinder’s symmetry axis aligns with the z-axis, extending from z = 0 to
z = L. The electromagnetic resonances of the cavity are governed by three quantum numbers,
the azimuthal n, the radial p, and the longitudinal quantum number q. For any n ≠ 0, each
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mode is doubly degenerate. The resonant frequencies of the transverse magnetic (TM) and
transverse electric (TE) are given by [48]

ωTM
npq =

√(
xnp

R

)2
+
(
qπ

L

)2
, (A.2)

ωTE
npq =

√(
x′np

R

)2
+
(
qπ

L

)2
. (A.3)

Here, xnp denotes the p-th root of the n-th order Bessel function of the first kind, Jn(xnp) = 0,
while x′np is the p-th root of its derivative, J ′

n(x′np) = 0.
In cylindrical coordinates, the TM mode functions read [48]

ETM
ρ,npq = − E0

ω2
npq −

( qπ
L

)2 qπL xnp

R
J ′

n

(
xnp

R
ρ

)
sin
(
qπ

L
z

)sin (nϕ)
cos (nϕ)

 , (A.4)

ETM
ϕ,npq = − E0

ω2
npq −

( qπ
L

)2 qπL n

ρ
Jn

(
xnp

R
ρ

)
sin
(
qπ

L
z

) cos (nϕ)
− sin (nϕ)

 , (A.5)

ETM
z,npq = E0Jn

(
xnp

R
ρ

)
cos

(
qπ

L
z

)sin (nϕ)
cos (nϕ)

 , (A.6)

while the corresponding TE modes are given by [48]

ETE
ρ,npq = iE0

ωnpq

ω2
npq −

( qπ
L

)2 nρJn

(
x′np

R
ρ

)
sin
(
qπ

L
z

) cos (nϕ)
− sin (nϕ)

 , (A.7)

ETE
ϕ,npq = −iE0

ωnpq

ω2
npq −

( qπ
L

)2 x′np

R
J ′

n

(
x′np

R
ρ

)
sin
(
qπ

L
z

)sin (nϕ)
cos (nϕ)

 , (A.8)

ETE
z,npq = 0 . (A.9)

Note that, here, we have introduced the arbitrary normalization factor E0, which could be
in principle be different for each mode. For our purposes, however, this normalization does
not alter the computation of the coupling coefficients η in eq. (2.15).

A.2 Spherical cavities

We now consider a spherical cavity of radius R centered at the origin of our coordinate system.
Similar to the cylinder, the electromagnetic resonances of the spherical cavity are governed
by three quantum numbers, the azimuthal m, the radial p, and the longitudinal quantum
number n. The resonant frequencies are given by [48]

ωTM
mnp =

u′np

R
, (A.10)

ωTE
mnp = unp

R
. (A.11)

Here, unp is the p-th root of the n-th order spherical Bessel function of the first kind,
jn(unp) = 0, and u′np is the p-th root of the derivative of the n-th order Harrington’s spherical
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ωTE
mnp [GHz] ωTM

mnp [GHz]
n/p 1 2 3 4 1 2 3 4

1 26.94 46.32 65.38 84.34 16.45 36.68 55.86 74.87
2 34.56 54.53 73.89 93.03 23.21 44.63 64.24 83.47
3 41.90 62.46 82.13 101.48 29.82 52.30 72.33 91.82

Table 2. Resonant frequencies ωmnp of the TE (left) and TM (right) modes of a spherical cavity with
radius R = 5 cm. The rows illustrate different values of n, while the columns show different values of
p. The azimuthal quantum number can take values m = −p, . . . , p.

Bessel function, Ĵ ′
n(u′np) = 0. The latter is defined as

Ĵn(x) = xjn(x) . (A.12)

Clearly, the resonant frequencies do not depend on the azimuthal quantum number. Therefore,
similar to the quantization of the hydrogen atom, each mode is (2p+ 1)-times degenerate,
with m = −p, . . . , p. An example of resonant frequencies for a cavity with radius R = 5 cm
is illustrated in table 2.

Adopting spherical coordinates, the TM mode functions read [48]

ETM
ρ,mnp = i

n(n+ 1)
ω2

mnpρ
2 Ĵn

(
u′np

R
ρ

)
Pm

n (cos θ)

E+ cos (mϕ)
E− sin (mϕ)

 , (A.13)

ETM
θ,mnp = i

ωmnpρ
Ĵ ′

n

(
u′np

R
ρ

)
d
dθP

m
n (cos θ)

E+ cos (mϕ)
E− sin (mϕ)

 , (A.14)

ETM
ϕ,mnp = im

ωmnpρ sin θ Ĵ
′
n

(
u′np

R
ρ

)
Pm

n (cos θ)

−E+ sin (mϕ)
E− cos (mϕ)

 , (A.15)

while the corresponding TE modes are given by [48]

ETE
ρ,mnp = 0 , (A.16)

ETE
θ,mnp = m

ωmnpρ sin θ Ĵn

(
unp

R
ρ

)
Pm

n (cos θ)

 E+ sin (mϕ)
−E− cos (mϕ)

 , (A.17)

ETE
ϕ,mnp = 1

ωmnpρ
Ĵn

(
unp

R
ρ

) d
dθP

m
n (cos θ)

E+ cos (mϕ)
E− sin (mϕ)

 . (A.18)

Here, we have introduced the arbitrary normalization factor E±, which could be in principle
be different for each mode. For our purposes, however, this normalization does not alter
the computation of the coupling coefficients η in eq. (2.15).

B Coupling coefficients in Fermi-normal coordinates

In general, the electromagnetic response of a cavity to an incoming GW is independent of
the chosen coordinate frame. In addition to the electromagnetic excitations, this requires
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Figure 8. Coupling coefficients of a cylindrical cavity, similar to figure 1, but parametrized in FN
coordinates. Note that the normalization of the effective current induced by the incoming GW differs
by an additional factor of ωV 1/3

cav , such that the comparison of sensitivities between TT gauge and FN
coordinates has to be taken with care (see main text).

a complete implementation of mechanical detector deformations as well as the observer’s
perceived motion [45]. In other words, the mechanical and electromagnetic properties of
the cavity and the sensor have to be carefully characterized. Nevertheless, in some cases,
choosing a particular coordinate frame and neglecting the detector’s motion may still provide
a viable approximation to the exact signal.

Close to the (electromagnetic) resonant frequencies of the cavity, the electromagnetic
excitations are parametrically enhanced with respect to the detector’s mechanical response.
This suggests that, in this regime, the latter can be neglected to approximate the measured
signal, and capture it by a coupling coefficient η associated to each mode instead. Typical
approximation schemes include a free-falling or a rigid approximation, where the detector
motion is neglected either in TT gauge or FN coordinates. These are suitable for capturing
the regimes where ωL ≫ vs and ωL ≪ vs, respectively [45], where L is the characteristic
length scale of the cavity and vs is the velocity of sound inside the detector’s material, which is
typically of the order vs ∼ O(10−5). Therefore, the free-falling approximation, using TT gauge,
is the optimal choice for scenarios where the GW frequency is of the same order as the size of
the experiment, ωL ∼ 1. We show the corresponding coupling coefficients in figures 1 and 2.

These coupling coefficients, and the associated expected experimental sensitivity, can
drastically differ for other coordinate frames. For comparison, we illustrate the coupling
coefficients in FN coordinates for a cylindrical cavity in figure 8 and for a spherical cavity in
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Figure 9. Coupling coefficients of a spherical cavity, similar to figure 2, but parametrized in FN
coordinates. Note that the normalization of the effective current induced by the incoming GW differs
by an additional factor of ωV 1/3

cav , such that the comparison of sensitivities between TT gauge and FN
coordinates has to be taken with care (see main text).

figure 9. For the cylindrical cavity, these reproduce the results originally found in [20], when
taking into account an additional factor

√
2 due to the different normalization of the metric

tensor. Naively, for both the cylindrical and the spherical cavity, their overall magnitude
appears smaller compared to the couplings obtained in TT gauge. However, we remark
that the normalization of the effective current induced by the incoming GW differs by an
additional factor of ωgV

1/3
cav (see [20]), such that, in this sense, the normalization of η in

both scenarios is not the same. Hence, the comparison of sensitivities between TT gauge
and FN coordinates has to be taken with care. More importantly, some modes suggest an
enhanced sensitivity for incoming GWs propagating (anti-)parallel to the magnetic field in
FN coordinates, while the sensitivity of this scenario vanishes entirely in TT gauge. This
illustrates the drastic frame dependence of the experimental sensitivity parametrized in terms
of a dimensionless coupling coefficient.

C The driven harmonic oscillator

This section is aimed at collecting a few key properties of the damped harmonic oscillator,
driven by an external force. eq. (2.11) describes the dynamics of a driven harmonic oscillator,
where the driving force has a time-dependent frequency. It is straightforward to solve these
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Figure 10. Approximate solutions of the driven harmonic oscillator for negligible damping Q→ ∞.
For simplicity, we choose ω0 = 1, and a driving frequency ω(t) = ω0 + ω̇t, such that the resonance
frequency is matched at t = 0. The different colors illustrate the different frequency scanning rates ω̇,
while the colored dashed lines show an estimate for the corresponding maximum amplitude given in
eq. (C.9).

equations of motion using Green’s functions, which satisfy(
d2

dt2 + 2γ d
dt + ω2

0

)
G(t, t′) = δ(t− t′) , (C.1)

where in our case the second term characterizes the damping due to the quality factor of the
cavity, 2γ = ω0/Q. An underdamped system, γ < ω0 has the solution (see, e.g., [56])

G(t, t′) = Θ(t− t′) e−γ(t−t′)√
ω2

0 − γ2
sin
[√

ω2
0 − γ2(t− t′)

]
. (C.2)

Given a time-dependent driving force f(t), the general solution to the equations of motion
is of the form

x(t) =
∫ ∞

−∞
dt′G(t, t′)f(t′) + . . . , (C.3)

where the dots denote terms that depend on the initial conditions, which we can neglect.
In general, we are interested in a periodic driving force with a frequency that increases

with time. For simplicity, let us consider a force that is turned on instantaneously, at t = 0,
with a fixed amplitude,

f(t) = Θ(t) sin
[
ω0

(
1 + ω̇

ω0
t

)
t

]
. (C.4)

Let us now approximate the dynamical behavior of x(t) excited by this driving force. The
time scale for a single oscillation is tosc = 2π/ω0, while the exponential term of the Green’s
function (C.2) implies that the damping is only relevant on time scales tdamp ∼ 1/γ = 2Q/ω0.
In other words, for a cavity with a high quality factor, the time scale of damping is negligible
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compared to the time scale where a coherent state of photons develops. In the limit of weak
damping, Q → ∞, the solution asymptotically approaches

x(t) ∼ ω−1
0

∫ ∞

−∞
dt′ Θ(t− t′) sin

[
ω0(t− t′)

]
sin
[
ω0

(
1 + ω̇

ω0
t′
)
t′
]
. (C.5)

The amplitude A of the oscillations grows as long as both sine-functions are oscillating in
phase. In this case, during one oscillation it roughly grows by an amount δA, given by

δA ≃ ω−1
0

∫ tosc

0
dt′ sin2(ω0t

′) = π

ω2
0
. (C.6)

We again remark that this estimate holds in the asymptotic limit of negligible damping,
Q→ ∞. Naively, a resonant growth will occur until the phases of eq. (C.5) are shifted by a
factor π, such that they contribute with opposite sign. Beyond this time scale, the amplitude
decreases again, and x(t) eventually begins to oscillate close to its maximum value. Therefore,
there is a maximum number of oscillations Nmax during which the amplitude grows, before
decoherence occurs. From eq. (C.5) we can estimate this time scale as

tdecoherence ≃
√
π

ω̇
. (C.7)

Using that tdecoherence = Nmaxtosc, we can estimate the maximum number of oscillations
during which the amplitude grows,

Nmax ≃

√
ω2

0
4πω̇ . (C.8)

In the limit of negligible damping, Q → ∞, we therefore find the maximum amplitude of
oscillations to be approximated by

Amax ≃ NmaxδA ≃
√

π

4ω2
0ω̇

. (C.9)

As we have mentioned earlier, the damping is only relevant on time scales tdamp ≃ 2Q/ω0,
while the time scale after which the oscillations have reached their maximum amplitude is
tmax ≃ 2πNmax/ω0. Therefore, the damping can be neglected as long as Q ≫ πNmax.

In figure 10, we show an example for the approximate solution x(t) given in eq. (C.5)
for two different values of the frequency-scanning rate ω̇, along with our estimate for the
maximum amplitude. Note that, here, the driving force scans through the resonance frequency
from the infinite past, i.e. we drop the Θ(t− t′) term in eq. (C.4). In this case, the time scale
of coherence and the corresponding resonant growth of the amplitude is somewhat increased,
such that the maximum amplitude slightly exceeds our naive estimates.

Going back to eq. (4.3), we find that the driving force is proportional to the derivative of
the effective current. This, and the overall scaling of the current with frequency, will yield
additional powers of the resonance frequency ω0 in the equations of motion. Furthermore,
the time-dependence of the GW frequency is not linear, and also the amplitude depends on
time. These effects are negligible given that the resonances are narrow, but will play a role
when comparing the power deposited into different resonant cavity modes.
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