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Abstract
In this paper, we investigate the asymptotic behavior
of the integral simplicial volume of cyclic covers of
manifolds that fiber over the circle with fiber given by
an 𝑛-dimensional torus. By studying the integral fill-
ing volume—an invariant introduced by Frigerio and
the first author—for the monodromy, we establish both
lower and upper bounds for the limit of the integral sim-
plicial volume of these covers, normalized by the degree
of the covering. These bounds are expressed in terms of
the action of themonodromy on the real homology of the
fiber. As applications, we establish a close connection
between the topological entropy and the integral filling
volume of self-homeomorphisms of 𝑛-dimensional tori,
we find new examples for which the Δ-complexity and
the integral simplicial volume are not equivalent, andwe
prove the nonvanishing of the filling volume for Anosov
self-diffeomorphisms of infranilmanifolds.
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1 INTRODUCTION

Integral simplicial volume is a homotopy invariant for oriented closed manifolds that measures
their topological complexity in terms of integral singular chains. For an oriented closed 𝑛-
dimensional manifold 𝑀, it is defined as the minimal weighted number of singular simplices
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appearing in an integral cycle representing the fundamental class for 𝑀:

‖𝑀‖
ℤ

= min

{∑
𝑖∈𝐼

|𝑎𝑖| |||||
∑
𝑖∈𝐼

𝑎𝑖𝜎𝑖 integral fundamental cycle for 𝑀

}
.

This invariant is the integral counterpart of the real simplicial volume (often simply called simpli-
cial volume), which was introduced by Gromov in his influential paper [17]. The real simplicial
volume enjoys many properties and can be studied via a dual theory known as bounded coho-
mology. In contrast, the integral simplicial volume satisfies fewer structural properties, and no
analogous cohomological theory is currently available to assist in its study. This makes the
integral simplicial volume a more challenging and elusive invariant: except for manifolds of
dimension 1 and 2, where it is completely understood, its exact value is known only for a finite
number of manifolds (up to homotopy equivalence) in each dimension [24]. Integral simplicial
volume is often investigated via its stabilized version, the stable integral simplicial volume, defined
as

‖𝑀‖∞
ℤ

= inf

{‖𝑁‖
ℤ

𝑘

||||| 𝑁 → 𝑀 cover of degree 𝑘 ⩾ 1

}
.

On the contrary of integral simplicial volume, stable integral simplicial volume is stable under
finite covers, meaning that if 𝑁 → 𝑀 is a cover of degree 𝑘 ⩾ 1, then ‖𝑁‖∞

ℤ
= 𝑘 ⋅ ‖𝑀‖∞

ℤ
.

For any orientation-preserving self-homeomorphism 𝑓 ∶ 𝑀 → 𝑀 of an oriented closed
manifold 𝑀, we consider the associated mapping torus

𝑀𝑓 ∶= 𝑀 × [0, 1]∕ ∼, where (𝑥, 0) ∼ (𝑓(𝑥), 1).

In this paper, we investigate the asymptotic behavior of ‖‖‖𝑀𝑓𝑘
‖‖‖ℤ

as 𝑘 → ∞, where𝑀𝑓𝑘 → 𝑀𝑓 is a
cyclic covering of degree 𝑘. With a slight abuse of terminology, we refer to these coverings as the
cyclic coverings of 𝑀𝑓 . Since only mapping tori are considered here, this terminology should not
lead to any ambiguity.
Let us denote by ℕ the set of positive integers, and for 𝑛 ∈ ℕ let 𝑇𝑛 = ℝ𝑛∕ℤ𝑛 be the

𝑛-dimensional torus. The main result of this paper relates the growth of the integral sim-
plicial volume of the cyclic covers of mapping tori associated to orientation-preserving
self-homeomorphisms 𝑓 ∶ 𝑇𝑛 → 𝑇𝑛 to the action induced by 𝑓 on 𝐻1(𝑇𝑛; ℝ).

Theorem 1. Fix 𝑛 ∈ ℕ. There exists a constant 𝐾𝑛 > 0 such that the following holds: if 𝑓 ∶ 𝑇𝑛 →

𝑇𝑛 is an orientation-preserving homeomorphism on the 𝑛-torus and 𝑓∗ ∶ 𝐻1(𝑇𝑛; ℤ) → 𝐻1(𝑇𝑛; ℤ)

denotes the induced map in homology, then

1

𝐾 𝑛
log(𝜌(𝑓∗)) ⩽ lim

𝑘→+∞

‖‖‖(𝑇𝑛)𝑓𝑘
‖‖‖ℤ

𝑘
⩽ 𝐾𝑛 log(𝜌(𝑓∗)),

where 𝜌(𝑓∗) denotes the spectral radius of the linear map 𝑓∗.

See Section 2.4 for the definition of spectral radius.
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To prove the upper bound of Theorem 1, we exploit an invariant of orientation-preserving self-
homeomorphisms of oriented closed manifolds introduced by Frigerio and the first author [5].
This invariant, called integral filling volume and denoted by FVℤ, was originally defined bymeans
of the action of 𝑓 ∶ 𝑀 → 𝑀 on fundamental cycles for 𝑀 (see Section 2.1) and only depends on
the homotopy class of 𝑓. However, the two authors proved that

FVℤ(𝑓) = lim
𝑘→∞

‖‖‖𝑀𝑓𝑘
‖‖‖ℤ

𝑘
.

In particular, to prove the upper bound of Theorem 1 it is enough to furnish an upper bound
on FVℤ(𝑓), where 𝑓 ∶ 𝑇𝑛 → 𝑇𝑛 is an orientation-preserving self-homeomorphism of the 𝑛-torus.
This is done via an explicit construction in Section 4.
For the lower bound, we prove a more general result which can be also of interest for other

manifolds (see, e.g., Corollary 7 below).

Theorem 2. Let 𝑛 ∈ ℕ. If 𝑀 is an oriented closed 𝑛-manifold and 𝑓 ∶ 𝑀 → 𝑀 is an orientation-
preserving homeomorphism, then

FVℤ(𝑓) ⩾
2

(𝑛 + 1)(𝑛 + 2) log(𝑛 + 2)

∑
|𝜆|>1

log |𝜆|,
where 𝜆 varies among all the complex eigenvalues of the map 𝑓∗ ∶ 𝐻1(𝑀; ℝ) → 𝐻1(𝑀; ℝ) induced
by 𝑓 in homology.

Theorem 1 completes the picture of what was already known for integral filling volume of
2-dimensional tori and extends it to all dimensions. Up to homotopy, orientation-preserving
self-homeomorphisms of 𝑇2 are either periodic, Dehn twists or Anosov maps, corresponding in
homology to matrices in SL(2, ℤ), respectively, with trace less than 2, equal to 2 or bigger than 2.
From the definition, it follows directly that periodic maps have vanishing integral filling volume.
For Dehn twists, the integral filling volume was shown to vanish by Frigerio and the first author
[6]. In the same paper, they showed that the integral filling volume for Anosov maps is positive
and bounded from below by the logarithm of the spectral radius (up to a multiplicative constant).
Thus, Theorem 1 extends this lower bound to all maps and dimensions, giving a complete descrip-
tion of FVℤ on orientation-preserving self-homomorphisms of 𝑇𝑛 in terms of readily computable
algebraic quantities.
One may ask whether it is possible to generalize Theorem 1 to other manifolds, but this is not

the case in general: let us consider, for example, a hyperbolic surface 𝑆g with genus g ⩾ 2 and let
𝑓 ∶ 𝑆g → 𝑆g be a pseudo-Anosov homeomorphism. Then, the integral filling volume FVℤ(𝑓) is
positive [6, Theorem 4], while there are many pseudo-Anosov homeomorphisms acting trivially
in homology [13, Corollary 14.3], thus having log(𝜌(𝑓∗)) = 0.

Topological Entropy

Another invariant defined on self-homeomorphisms 𝑓 ∶ 𝑀 → 𝑀 of compact manifolds 𝑀 is
the topological entropy, denoted by ℎ(𝑓). This invariant was introduced by Adler, Konheim and
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4 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

MacAndrew [1], and it measures the complexity of the actions of maps on coverings of manifolds.
As the topological entropy of a self-homeomorphism 𝑓 ∶ 𝑀 → 𝑀 is not invariant under homo-
topy, it makes sense to consider the minimal topological entropy, defined on the homotopy class
[𝑓] of the map 𝑓 by

ℎ([𝑓]) ∶= inf {ℎ(g) ∣ [g] = [𝑓]}.

It is possible to state Theorem 1 in terms of minimal topological entropy of the monodromy.

Corollary 3. Fix 𝑛 ∈ ℕ. For any orientation-preserving self-homeomorphism 𝑓 ∶ 𝑇𝑛 → 𝑇𝑛 on the
𝑛-torus, it holds that

1

𝑛𝐾𝑛

ℎ([𝑓]) ⩽ FVℤ(𝑓) ⩽ 𝐾𝑛ℎ([𝑓]),

where 𝐾𝑛 is the constant of Theorem 1.

Proof. It is a classical result that for a linear homeomorphism 𝑓 ∶ 𝑇𝑛 → 𝑇𝑛 one has

ℎ(𝑓) =
∑
|𝜆|>1

log |𝜆|,
where 𝜆 ranges among all complex eigenvalues of the map 𝑓∗ ∶ 𝐻1(𝑇𝑛; ℤ) → 𝐻1(𝑇𝑛; ℤ) induced
in homology by 𝑓 (e.g., [8, Corollary 16]). The quantities

∑|𝜆|>1 log |𝜆| and 𝜌(𝑓∗) are related by
the following basic inequalities:

1

𝑛

∑
|𝜆|>1

log |𝜆| ⩽ log(𝜌(𝑓∗)) ⩽
∑
|𝜆|>1

log |𝜆|.
In particular, by Theorem 1 it holds that

1

𝑛𝐾𝑛

ℎ(𝑓) ⩽ FVℤ(𝑓) ⩽ 𝐾𝑛ℎ(𝑓).

Moreover, by a result ofManning, one has ℎ(g) ⩾ log(𝜌(g∗)) for any homeomorphism g ∶ 𝑇𝑛 →

𝑇𝑛 [27]. The statement then follows by combining these results and the fact that any orientation-
preserving self-homeomorphism of the torus is homotopic to a linear map (see Section 2.4). □

To the best of the authors’ knowledge, there are no results relating the topological entropy to the
integral simplicial volume; in this sense, Corollary 3 provides the first result in this direction. Nev-
ertheless, the simplicial volume is often studied in connection with the minimal volume entropy,
an invariant of manifolds closely related to the topological entropy. In what follows, we aim to
provide the reader with a brief overview of the mutual relationships among these invariants.
Let (𝑀, g) be a closed Riemannian manifold. One can consider the geodesic flow 𝜑𝑡 defined

on the unit sphere bundle 𝑆𝑀 and define the topological entropy ℎ(𝑀, g) of (𝑀, g) by taking the
topological entropy of the flow for 𝑡 = 1 [28, Section 3], that is

ℎ(𝑀, g) ∶= ℎ(𝜑1).
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 5 of 38

To obtain an invariant of the manifold, one usually considers the topological entropy of 𝑀 [22,
Section 2.4], denoted by ℎ(𝑀) and defined by

ℎ(𝑀) ∶= inf {ℎ(𝑀, g) ∣ g Riemannian metric on 𝑀 withVol(𝑀, g) = 1}.

Let (𝑀̃, g̃) denote the (Riemannian) universal cover of a Riemannian manifold (𝑀, g). The vol-
ume entropy 𝜆(𝑀, g) of (𝑀, g) is defined as the exponential growth rate of the volume of balls in
𝑀̃ [22, Sections 2.3], that is,

𝜆(𝑀, g) ∶= lim
𝑅→+∞

log(Volg̃ (𝐵(𝑝, 𝑅)))

𝑅
,

where 𝐵(𝑝, 𝑅) ⊆ 𝑀̃ is the ball of radius 𝑅 and center 𝑝 ∈ 𝑀̃. This limit always exists and does not
depend on 𝑝. As above, one defines theminimal volume entropy 𝜆(𝑀) of𝑀 by taking the infimum
of 𝜆(𝑀, g) normalized by volume, that is,

𝜆(𝑀) ∶= inf {𝜆(𝑀, g) ∣ g Riemannian metric on 𝑀 withVol(𝑀, g) = 1}.

Manning proved that 𝜆(𝑀, g) ⩽ ℎ(𝑀, g) for any closed oriented Riemannian 𝑛-manifold (𝑀, g)

and thus 𝜆(𝑀) ⩽ ℎ(𝑀) [28, Theorem 1], while Gromov showed that 𝐶(𝑛)‖𝑀‖ ⩽ 𝜆(𝑀)𝑛, where‖𝑀‖ is the real simplicial volume and 𝐶(𝑛) is a constant depending only on the dimension [17,
Section 2.5]. Thus, the following inequalities hold:

𝐶(𝑛)‖𝑀‖ ⩽ 𝜆(𝑀)𝑛 ⩽ ℎ(𝑀)𝑛.

Since then, the relationship between these invariants has attracted considerable interest, for
example, [3, 9], also in the case of (4-dimensional) mapping tori [4]. Notice that for mapping
tori with torus fiber and monodromy given by a self-homeomorphism of 𝑇𝑛 induced by a linear
map their minimal topological entropy of the manifold vanishes, as these manifolds admit an
 -structure [16, Examples 19.8].

Delta-complexity of mapping tori

Let 𝑀 be an oriented closed connected 𝑛-manifold. A triangulation of 𝑀 is a realization of 𝑀 as
a Δ-complex, that is, as a union of 𝑛-dimensional simplices with some facets identified in pairs
along affine homeomorphisms. The Δ-complexity Δ(𝑀) is defined as the minimum number of
𝑛-simplices that appear in a triangulation of 𝑀.
TheΔ-complexity ofmapping tori has been investigated as a stand-alone invariant by Lackenby

and Purcell [25, 26] and by Frigerio and the first author in relation to integral simplicial volume [6,
Theorem 1]. In particular, Frigerio and the first author showed that integral simplicial volume and
Δ-complexity are not bi-Lipschitz equivalent invariants on the set of cyclic covers of a mapping
torus with a 2-torus as fiber and a Dehn twist as monodromy [6]. A consequence of Theorem 1 is
that the same holds for mapping tori with an Anosov map as monodromy:

Corollary 4. There exists a sequence {𝑀𝑖} of 3-dimensional mapping tori𝑀𝑖 with a 2-torus as fiber
and an Anosov map as monodromy such that
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6 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

lim
𝑖→∞

Δ(𝑀𝑖)‖‖𝑀𝑖
‖‖ℤ

= +∞.

Proof. For any 𝑖 ∈ ℕ, we consider the matrix 𝐴𝑖 ∈ SL(2, ℤ) given by

𝐴𝑖 =

(
𝑖 + 1 𝑖

1 1

)
,

and denote by 𝑓𝑖 ∶ 𝑇2 → 𝑇2 the map induced on the 2-dimensional torus 𝑇2 = ℝ2∕ℤ2 by 𝐴𝑖 .
Recall that the group PSL(2, ℤ) = SL(2, ℤ)∕{± Id} is isomorphic to the free product ℤ∕2 ∗ ℤ∕3,

where the two factors are generated by 𝑆 and 𝑈 represented by the matrices [25, Theorem 1.4]

𝑆 =

(
0 −1

1 0

)
𝑈 =

(
0 −1

1 −1

)
.

We denote by 𝐴𝑖 the element in PSL(2, ℤ) represented by the matrix 𝐴𝑖 . As 𝐴𝑖 = (𝑈
−1

𝑆)𝑖𝑈𝑆

is a cyclically reduced alternating product in 𝑆, 𝑈, it holds that 𝓁(𝐴
𝑗

𝑖 ) = 𝑗(2𝑖 + 2), where 𝓁(𝐴𝑖)

denotes theminimal length of a cyclically reduced word in the generators 𝑆, 𝑈. Then, by the work
of Lackenby and Purcell [25, Theorem 1.4], it holds that

𝜅𝑗(2𝑖 + 2) ⩽ Δ

(
(𝑇2)

𝑓
𝑗
𝑖

)
⩽ 𝑗(𝑖 + 1) + 6,

where 𝜅 is a universal constant.
On the other hand, the spectral radius 𝜌(𝐴𝑖) of the matrix 𝐴𝑖 satisfies the inequalities

log 𝑖 < 𝜌(𝐴𝑖) =
1

2

(
𝑖 + 2 +

√
𝑖2 + 4𝑖

)
< log (𝑖 + 2).

Therefore, by Theorem 1, for any 𝑖 there exists a 𝑘𝑖 ∈ ℕ such that

𝑘𝑖

𝐾2

log (𝑖) ⩽
‖‖‖‖(𝑇2)

𝑓
𝑘𝑖
𝑖

‖‖‖‖ℤ

⩽ 𝑘𝑖𝐾2 log (𝑖 + 2).

The result then follows by setting 𝑀𝑖 ∶= (𝑇2)
𝑓

𝑘𝑖
𝑖

. □

Anosov diffeomorphisms on (infra)nilmanifolds

Let 𝑀 be a compact Riemannian 𝑛-manifold and 𝑓 ∶ 𝑀 → 𝑀 be a diffeomorphism. The tangent
bundle 𝑇𝑀 comes equipped with a Riemannian metric and the differential of 𝑓 induces a bundle
map 𝐷𝑓 ∶ 𝑇𝑀 → 𝑇𝑀.

Definition 5 [30, Section 3]. We say that 𝑓 is Anosov if there exist 𝐷𝑓-invariant continuous sub-
bundles 𝐸𝑠, 𝐸𝑢 ⊆ 𝑇𝑀, constants 𝑐 > 0 and 𝜆 ∈ (0, 1) such that 𝑇𝑀 = 𝐸𝑢 ⊕ 𝐸𝑠 and for any 𝑘 ∈ ℕ

it holds that
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 7 of 38

‖‖‖𝐷𝑓𝑘(𝑣)
‖‖‖ ⩽ 𝑐𝜆𝑘‖𝑣‖, for any 𝑣 ∈ 𝐸𝑠,

‖‖‖𝐷𝑓𝑘(𝑣)
‖‖‖ ⩾ 𝑐𝜆−𝑘‖𝑣‖, for any 𝑣 ∈ 𝐸𝑢.

The subbundles 𝐸𝑠 and 𝐸𝑢 are called stable and unstable bundles of 𝑓, respectively.

The property of being Anosov does not depend on the choice of the Riemannian metric on 𝑀.
An automorphism 𝑓 ∶ 𝑇𝑛 → 𝑇𝑛 induced by a linear map 𝑓 ∶ ℝ𝑛 → ℝ𝑛 with no eigenvalues

on the unit circle 𝑆1 ⊆ ℂ is an Anosov diffeomorphism: indeed, the spaces 𝐸𝑠, 𝐸𝑢 are given by
the generalized eigenspaces corresponding to eigenvalues 𝜆 of 𝑓 with |𝜆| < 1 and with |𝜆| >

1, respectively.
A more general class of manifolds admitting Anosov diffeomorphisms are nilmanifolds.

Definition 6. Let 𝐺 be a connected, simply connected Lie group. We say that 𝐺 is nilpotent if its
Lie algebra 𝔤 is, that is if the lower central series

𝔤 ⩾ [𝔤, 𝔤] ⩾ [𝔤, [𝔤, 𝔤]] ⩾ [𝔤, [𝔤, [𝔤, 𝔤]]] ⩾ ⋯

eventually gets to the zero Lie algebra. A nilmanifold is a manifold obtained as a quotient 𝐺∕Γ

where 𝐺 is a connected, simply connected, nilpotent Lie group and Γ ⊆ 𝐺 is a discrete, finitely
generated, cocompact lattice.

Connected, simply connected Lie groups admitting such a lattice are completely classified,
and every finitely generated, nilpotent, torsion-free group is isomorphic to one of these lat-
tices [30, Theorem 3.7]. On this class of manifolds, Anosov diffeomorphisms can be constructed
algebraically, for example, [30, Section I.3].
An even more general class of manifolds is the one of infranilmanifolds [11]. It turns out that

such manifolds are finitely covered by nilmanifolds [11, Section 2]. As in the case of nilmani-
folds, it is possible to construct Anosov diffeomorphisms on infranilmanifolds algebraically [11,
Sections 3, 5]. Let 𝑀 = 𝐺∕Γ be a nilmanifold. Any simply connected, nilpotent Lie group being
diffeomorphic to Euclidean space (via the exponential map), 𝑀 is aspherical and 𝜋1(𝑀) ≅ Γ is
a finitely generated nilpotent group. If 𝑀 is an infranilmanifold it is also aspherical and 𝜋1(𝑀)

contains a nilpotent subgroup of finite index.
Let 𝑓 ∶ 𝑀 → 𝑀 be an orientation-preserving Anosov diffeomorphism on an infranilmanifold.

By a result of Hirsch (which covers also themore general case ofmanifoldswith virtually polycylic
fundamental group) the map induced on homology 𝑓∗ ∶ 𝐻1(𝑀; ℝ) → 𝐻1(𝑀; ℝ) does not admit
eigenvalues that are roots of unity [20, Theorem 4]. This implies that there exists at least one
eigenvalue 𝜆 with |𝜆| > 1: indeed, if it were not the case, all eigenvalues would be on the unit
circle 𝑆1 ⊆ ℂ. For any eigenvalue 𝜆, its Galois conjugates would still be eigenvalues, and thus
be on the unit circle, and by Kronecker Theorem 𝜆 would be a root of unity, for example, [19,
Section 34, Lemma (a)]. It follows that 𝜌(𝑓∗) > 1. The following statement is then an application
of Theorem 2.

Corollary 7. If 𝑀 is an infranilmanifold and 𝑓 ∶ 𝑀 → 𝑀 an orientation-preserving Anosov
diffeomorphism, then FVℤ(𝑓) > 0.

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70697, W

iley O
nline L

ibrary on [23/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



8 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

Finitely generated nilpotent groups are residually finite and amenable. This means that fun-
damental groups of infranilmanifolds are amenable and residually finite. Thus, if 𝑀 is an
infranilmanifold and𝑓 ∶ 𝑀 → 𝑀 anAnosov diffeomorphism, themapping torus𝑀𝑓 is an aspher-
ical manifold with 𝜋1(𝑀𝑓) ≅ 𝜋1(𝑀) ⋊𝑓∗

ℤ, which is also amenable and residually finite. By a
result of Frigerio, Löh, Pagliantini and Sauer, the stable integral simplicial volume ‖‖‖𝑀𝑓

‖‖‖∞

ℤ
van-

ishes [12]. This gives a family of manifolds 𝑀 and maps 𝑓 ∶ 𝑀 → 𝑀 for which the stable integral
simplicial volume ‖‖‖𝑀𝑓

‖‖‖∞

ℤ
vanishes while FVℤ(𝑓) does not, generalizing the examples already

found by Frigerio and the first author [5, Theorem 1.12].

Open problems and further questions

As previously mentioned, many maps induce the trivial map in homology while still exhibiting a
positive integral filling volume. This suggests that the spectral radius considered in Theorem 1may
be insufficient to fully capture this phenomenon, and naturally leads to the question of whether
there exists an invariantmore closely alignedwith the nonvanishing of the integral filling volume.
For 2-tori, the minimal topological entropy of a mapping class can serve as a meaningful

invariant in this context: as shown in Corollary 3, for any self-homeomorphism 𝑓 ∶ 𝑇2 → 𝑇2, the
integral filling volume FVℤ(𝑓) can be bounded in terms of the minimal topological entropy of
its homotopy class ℎ([𝑓]). In the case of a mapping class which admits an Anosov representative
𝑓, ℎ([𝑓]) = log(𝜌(𝑓∗)) = log(𝜆([𝑓])), where 𝜌(𝑓∗) denotes the spectral radius of the induced map
𝑓∗ ∶ 𝐻1(𝑇2; ℝ) → 𝐻1(𝑇2; ℝ), and 𝜆(𝑓) is the stretching factor of 𝑓 [13, Chapter 11].
For a mapping class represented by a pseudo-Anosov homeomorphisms 𝑓 ∶ 𝑆g → 𝑆g on sur-

faces of genus g ⩾ 2, the integral filling volume FVℤ(𝑓) is always positive, while log(𝜌(𝑓∗)) may
vanish. The minimal topological entropy, however, is always positive, and is given by ℎ([𝑓]) =

log(𝜆(𝑓)), where 𝜆(𝑓) again denotes the stretching factor [15, Section IV].
Moreover, in the proof of the upper bound in Theorem 1, we use the Gelfand formula for

the spectral radius (see Proposition 2.9), which implies that for any matrix 𝐴 ∈ SL(𝑛, ℤ) and
any vector 𝑣 ∈ ℝ𝑛, the norm ‖𝐴𝑘𝑣‖ grows like 𝜌(𝐴)𝑘. A similar phenomenon occurs on hyper-
bolic surfaces: under iteration by a pseudo-Anosov homeomorphism, the lengths of simple closed
curves grow like powers of the stretching factor [13, Theorem 14.23].
These analogies suggest that an upper bound for FVℤ(𝑓) in terms of a function of the stretching

factor 𝜆(𝑓) might also exist. Similarly to what Frigerio and the first author did for the real filling
volume [5, Question 1.11], we ask the following question.

Question 8. Let g > 1 be a positive integer. Is there a constant 𝐶g such that for any closed
oriented surface 𝑆g of genus g and any pseudo-Anosov homeomorphism 𝑓 ∶ 𝑆g → 𝑆g , it holds
that

1

𝐶g

log(𝜆(𝑓)) ⩽ FVℤ(𝑓) ⩽ 𝐶g log(𝜆(𝑓)),

where 𝜆(𝑓) denotes the stretching factor of 𝑓?

At present, the only known lower bound for FVℤ(𝑓) comes from the hyperbolic volume of the
associated mapping torus. However, no direct relation with log(𝜆(𝑓)) is known, since there exist
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 9 of 38

sequences of pseudo-Anosov maps 𝑓𝑛 ∶ 𝑆g → 𝑆g such that ℎ(𝑓𝑛) → ∞, while the volumes of the
corresponding mapping tori remain bounded [23].

Plan of the paper

In Section 2, we recall themain definitions and notational conventions used throughout the paper.
The expert reader may safely skip this section, except for Sections 2.2 and 2.3, where some new
notation is introduced. In Section 3, we establish the lower bound in Theorem 1, while the upper
bound is proved in Section 4.

2 PRELIMINARIES

2.1 Integral filling volume and integral simplicial volume

Let 𝑀 be an oriented closed manifold. The 𝓁1-norm on the space of singular chains 𝐶𝑘(𝑀; ℤ) is
defined by

‖𝑐‖1 =
‖‖‖‖‖
∑
𝑖∈𝐼

𝑎𝑖𝜎𝑖

‖‖‖‖‖1

=
∑
𝑖∈𝐼

|𝑎𝑖|,
where 𝑐 =

∑
𝑖∈𝐼 𝑎𝑖𝜎𝑖 is an integral singular chain written as a reduced sum.

Via the 𝓁1-norm, one can also define the integral filling norm on the space of singular
boundaries 𝐵𝑘(𝑀; ℤ) ⊆ 𝐶𝑘(𝑀; ℤ) by setting, for 𝑏 ∈ 𝐵𝑘(𝑀; ℤ),

‖𝑏‖fill,ℤ = min{‖𝑧‖1 ∣ 𝑧 ∈ 𝐶𝑘+1(𝑀; ℤ), 𝜕𝑧 = 𝑏}.

The 𝓁1-norm beingℤ-valued, for any 𝑏 ∈ 𝐵𝑘(𝑀; ℤ) there exists a 𝑧 ∈ 𝐶𝑘+1(𝑀; ℤ) such that 𝜕𝑧 = 𝑏

and ‖𝑏‖fill,ℤ = ‖𝑧‖1.

Notation 2.1. In the following, whenever in a statement we write the integral filling norm ‖𝑐‖fill,ℤ
of a chain 𝑐, we are tacitly including the assertion that the chain 𝑐 is in fact a boundary.

If 𝑛 is the dimension of the manifold 𝑀, then the group 𝐻𝑛(𝑀; ℤ) ≅ ℤ is generated by the so-
called integral fundamental class, denoted by [𝑀]ℤ. A cycle 𝑐 ∈ 𝑍𝑛(𝑀; ℤ) representing the integral
fundamental class is called an integral fundamental cycle.
Any continuous map 𝑓 ∶ 𝑀 → 𝑁 between manifolds induces a chain map 𝑓∗ ∶ 𝐶∙(𝑀; ℤ) →

𝐶∙(𝑁; ℤ) on singular chains, which is norm nonincreasing for both the 𝓁1-norm on chains and
the filling norm on boundaries. If, moreover, 𝑓 ∶ 𝑀 → 𝑀 is an orientation-preserving homeo-
morphism and 𝑧 ∈ 𝑍𝑛(𝑀; ℤ) is an integral fundamental cycle, then for any 𝑖 ∈ ℕ the chain 𝑓𝑖

∗(𝑧)

is still an integral fundamental cycle, so that it makes sense to consider the filling norm of the
boundary 𝑧 − 𝑓𝑖

∗(𝑧). We use this fact to define the integral filling volume of the map 𝑓.

Definition 2.2 ([5, Definition 1.1]). Let 𝑓 ∶ 𝑀 → 𝑀 be an orientation-preserving homotopy equiv-
alence and denote by 𝑓∗ ∶ 𝐶𝑛(𝑀; ℤ) → 𝐶𝑛(𝑀; ℤ) the induced map on singular chains. Let 𝑧 ∈
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10 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

𝑍𝑛(𝑀; ℤ) be an integral fundamental cycle. The integral filling volume of 𝑓 is defined as

FVℤ(𝑓) ∶= lim
𝑖→∞

‖‖𝑓𝑖
∗(𝑐) − 𝑐‖‖fill,ℤ

𝑖
.

The limit in this definition always exists, is independent of the choice of the integral
fundamental cycle 𝑧, and depends only on the homotopy class of 𝑓 [6, Section 2].
The integral filling volume can be expressed in terms of integral simplicial volume, whose

definition is as follows.

Definition 2.3. Let 𝑀 be an oriented closed 𝑛-manifold. The integral simplicial volume of 𝑀 is
defined as

‖𝑀‖
ℤ ∶= min{‖𝑧‖1 ∣ [𝑧] = [𝑀]ℤ ∈ 𝐻𝑛(𝑀; ℤ)}.

Given an orientation-preserving homeomorphism 𝑓 ∶ 𝑀 → 𝑀, the mapping torus 𝑀𝑓 is the
(𝑛 + 1)-manifold given by the quotient

𝑀𝑓 = 𝑀 × [0, 1]∕ ∼

with respect to the relation (𝑥, 0) ∼ (𝑓(𝑥), 1) for any 𝑥 ∈ 𝑀. In this case, the manifold𝑀 is called
fiber of the mapping torus and 𝑓 monodromy.
The role of the integral filling volume lies in its close relation to the integral simplicial volume

of mapping tori.

Theorem 2.4 ([6, Theorem 3]). Let 𝑀 be an oriented closed manifold and 𝑓 ∶ 𝑀 → 𝑀 be an
orientation-preserving homeomorphism, then

FVℤ(𝑓) = lim
𝑘→+∞

‖‖‖𝑀𝑓𝑘
‖‖‖ℤ

𝑘
.

Notation 2.5. As in this work only integral coefficients appear, we will often omit the word “inte-
gral”; in particular, the terms “fundamental cycles” and “filling volume” will always refer to their
integral version.

2.2 Straight simplices on the torus

Fix 𝑘 ∈ ℕ and for 𝑖 = 0, … , 𝑘 let 𝑒𝑖 ∈ ℝ𝑘+1 be the 𝑖th vector in the canonical basis of ℝ𝑘+1. We
denote by Δ𝑘 ⊂ ℝ𝑘+1 the convex hull (with respect to the Euclidean metric) of 𝑒0, … , 𝑒𝑘, that is

Δ𝑘 =

{
𝑘∑

𝑖=0

𝜆𝑖𝑒𝑖

||||||0 ⩽ 𝜆𝑖 ⩽ 1,

𝑘∑
𝑖=0

𝜆𝑖 = 1

}
⊂ ℝ𝑘+1.

Let us now consider another integer 𝑛 ∈ ℕ and let 𝑝0, … , 𝑝𝑘 be points in ℝ𝑛. We define the
straight simplex with vertices 𝑝0, … , 𝑝𝑘 as the singular 𝑘-simplex in ℝ𝑛 given by the map
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 11 of 38

str𝑛(𝑝0, … , 𝑝𝑘)∶ Δ𝑘 ⟶ ℝ𝑛∑𝑘
𝑖=0 𝜆𝑖𝑒𝑖 ⟼

∑𝑘
𝑖=0 𝜆𝑖𝑝𝑖,

whose image is the (Euclidean) convex hull of the points 𝑝0, … , 𝑝𝑘 .
We denote by 𝑇𝑛 = ℝ𝑛∕ℤ𝑛 the 𝑛-dimensional torus (or, simply, the 𝑛-torus) and by 𝜋𝑛 ∶ ℝ𝑛 →

𝑇𝑛 the quotient map. Any singular simplex in ℝ𝑛 projects to a simplex in 𝑇𝑛 via 𝜋𝑛. We are par-
ticularly interested in the projection of straight simplices, for which we introduce the following
notation:

[𝑝0, … , 𝑝𝑘] ∶= 𝜋𝑛(str𝑛(𝑝0, … , 𝑝𝑘)) ∈ 𝐶𝑘(𝑇𝑛; ℤ).

Remark 2.6. As 𝑇𝑛 = ℝ𝑛∕ℤ𝑛, we have that for every 𝑣 ∈ ℤ𝑛 the two symbols [𝑝0, … , 𝑝𝑘] and [𝑝0 +

𝑣, … , 𝑝𝑘 + 𝑣] represent the same simplex in 𝐶𝑘(𝑇𝑛; ℤ).

2.3 Prism operator on topological spaces

We recall the following construction, which allows us to see the product of a simplex and an
interval as a singular chain. Let 𝐼 = [0, 1] and consider the space Δ𝑘−1 × 𝐼 ⊆ ℝ𝑘+1 = ℝ𝑘 × ℝ. As
before, denote by 𝑒0, … , 𝑒𝑘 the canonical basis of ℝ𝑘+1. Then, the 𝑘-chain

𝑝𝑘 =

𝑘−1∑
𝑖=0

(−1)𝑖str𝑘+1(𝑒0, … , 𝑒𝑘−𝑖−1, 𝑒𝑘−𝑖−1 + 𝑒𝑘, … , 𝑒𝑘−1 + 𝑒𝑘) ∈ 𝐶𝑘(ℝ𝑘 × ℝ; ℤ)

is supported exactly on the product Δ𝑘−1 × 𝐼.
Let now𝑀, 𝑁 be two manifolds and 𝑓, g ∶ 𝑀 → 𝑁 be continuous maps that are homotopic via

the homotopy 𝐹 ∶ 𝑀 × [0, 1] → 𝑁 (i.e., 𝐹(⋅, 0) = 𝑓 and 𝐹(⋅, 1) = g). For any 𝑘 ∈ ℕ, we define a
prism operator

𝑃𝑘−1 ∶ 𝐶𝑘−1(𝑀; ℤ) → 𝐶𝑘(𝑁; ℤ)

by sending any (𝑘 − 1)-singular simplex 𝜎 ∶ Δ𝑘−1 → 𝑀 to the chain

𝑃𝑘−1(𝜎) = (𝐹◦(𝜎 × Id))∗(𝑝𝑘),

and then extending the definition to the space 𝐶𝑘−1(𝑀; ℤ) by linearity.
These prism operators satisfy the following relation:

𝜕𝑘+1◦𝑃𝑘 − 𝑃𝑘−1◦𝜕𝑘 = (−1)𝑘(g∗ − 𝑓∗).

Moreover, 𝑃𝑘 has operator norm bounded from above by 𝑘 + 1, meaning that for any chain 𝑐 ∈

𝐶𝑘(𝑋; ℤ), it holds that ‖‖𝑃𝑘(𝑐)‖‖1 ⩽ (𝑘 + 1)‖𝑐‖1.
In the following, if no confusion arises, we drop the index 𝑘 in the prism operator 𝑃𝑘.

Remark 2.7. The definition of prism operator that we gave slightly differs from what usually is
found in the literature (e.g., [18]): our prism operator coincides with the classical one when 𝑘 is
even, while it changes sign when 𝑘 is odd. In Section 4, we will see that this definition is more

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70697, W

iley O
nline L

ibrary on [23/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



12 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

convenient for our purpose, as our operator 𝑃𝑛 applied to particular kinds of fundamental cycles
of the 𝑛-torus (which will be called parallelogram-like cycles) yields fundamental cycles of the
same kind of the (𝑛 + 1)-torus.

2.4 Matrices and self-homotopy equivalences of tori

Fix 𝑛 ∈ ℕ. Any matrix 𝐴 ∈ SL(𝑛, ℤ) induces a linear map 𝑓𝐴 ∶ ℝ𝑛 → ℝ𝑛, which descends to a
homeomorphism 𝑓𝐴 ∶ 𝑇𝑛 → 𝑇𝑛 on the 𝑛-torus. In this context, we say that 𝑓𝐴 is themap induced
by𝐴 and that𝐴 is amatrix associated to themap 𝑓𝐴. Notice that if (𝑓𝐴)∗ ∶ 𝐻1(𝑇𝑛; ℤ) → 𝐻1(𝑇𝑛; ℤ)

denotes the map induced by 𝑓𝐴 on the first homology group of 𝑇𝑛, then the matrix 𝐴 is the one
representing (𝑓𝐴)∗ with respect to the basis of𝐻1(𝑇𝑛; ℤ) ≅ ℤ𝑛 consisting of the homology classes
represented by the 1-cycles [𝟎, 𝑒1], … , [𝟎, 𝑒𝑛] (where 𝟎 denotes the zero vector of ℝ𝑛).
Since 𝑇𝑛 is a 𝐾(ℤ𝑛, 1)-space, any automorphism in Aut(ℤ𝑛) ≅ GL(𝑛, ℤ) is induced by a self-

homotopy equivalence of 𝑇𝑛, which is unique up to homotopy. In particular, the map 𝐴 ↦ 𝑓𝐴 is
a noncanonical isomorphism between SL(𝑛, ℤ) and the group of homotopy classes of orientation-
preserving self-homeomorphism of the 𝑛-torus.
For any 𝑛 × 𝑛 matrix 𝐴, the spectral radius 𝜌(𝐴) is the maximummodulus of its eigenvalues:

𝜌(𝐴) = max{|𝜆| ∣ 𝜆 is a complex eigenvalue of 𝐴}.

The spectral radius𝜌(𝑓) of a linearmap𝑓 ∶ ℝ𝑛 → ℝ𝑛 is the spectral radius of anymatrix associated
to it. The eigenvalues ofmatrices being conjugacy invariant, 𝜌(𝑓) is well-defined and independent
of the chosen basis.

Remark 2.8. For a linear map 𝑓 ∶ ℝ𝑛 → ℝ𝑛, we have the following basic inequalities:

log(𝜌(𝑓)) ⩽
∑
|𝜆|>1

log |𝜆| ⩽ 𝑛 log(𝜌(𝑓)),

where 𝜆 ranges among all the eigenvalues of 𝑓 with |𝜆| > 1.

We recall here the Gelfand formula, which is a classical result for the spectral radius that will
become useful in the proof of the lower bound (Section 3).

Proposition 2.9 (Gelfand formula). Fix 𝑛 ∈ ℕ. Let 𝐴 be an 𝑛 × 𝑛 matrix and ‖⋅‖ be any matrix
norm. Then it holds that

𝜌(𝐴) = lim
𝑗→∞

‖‖‖𝐴𝑗‖‖‖1∕𝑗
.

We denote by ‖⋅‖∞ the supremumnorm on both the space of vectorsℝ𝑛 and the space of matri-
ces ℝ𝑛×𝑛, defined for a vector 𝑣 ∈ ℝ𝑛 or a matrix 𝑀 ∈ ℝ𝑛×𝑛 as the maximum absolute value of
its entries.

3 LOWER BOUND

Let𝑓 ∶ 𝑇2 → 𝑇2 be anAnosovmap on the 2-dimensional torus and 𝜆, 𝜆−1 (with |𝜆| > 1) the eigen-
values of the induced map 𝑓∗ ∶ 𝐻1(𝑇2; ℤ) → 𝐻1(𝑇2; ℤ). Then there exists a constant 𝐶 > 0, not
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 13 of 38

depending on the map 𝑓, for which FVℤ(𝑓) > 𝐶 log |𝜆| [5, Proposition 4.3]. In this section, we
generalize this fact to all manifolds and all homeomorphisms.

Theorem 2. Let 𝑛 ∈ ℕ. If 𝑀 is an oriented closed 𝑛-manifold and 𝑓 ∶ 𝑀 → 𝑀 is an orientation-
preserving homeomorphism, then

FVℤ(𝑓) ⩾
2

(𝑛 + 1)(𝑛 + 2) log(𝑛 + 2)

∑
|𝜆|>1

log |𝜆|,
where 𝜆 varies among all the complex eigenvalues of the map 𝑓∗ ∶ 𝐻1(𝑀; ℝ) → 𝐻1(𝑀; ℝ) induced
by 𝑓 in homology.

The proof of Theorem 2 relies on the following three lemmas.

Lemma 3.1. Let 𝑛 ∈ ℕ. If 𝑀 is an oriented closed 𝑛-manifold and 𝑓 ∶ 𝑀 → 𝑀 is an orientation-
preserving homeomorphism, then

FVℤ(𝑓) ⩾
2

(𝑛 + 1)(𝑛 + 2) log(𝑛 + 2)
⋅

(
lim sup

𝑘→∞

log | tors 𝐻1(𝑀𝑓𝑘 ; ℤ)|
𝑘

)
,

where 𝑀𝑓𝑘 is the mapping torus with fiber 𝑀 and monodromy 𝑓𝑘 .

Notice that this lemma is a generalization of a result by Frigerio and the first author for which
the proof works analogously [5, Proposition 4.3].

Proof. For 𝑘 ∈ ℕ, let 𝑐𝑘 be an integral fundamental cycle for 𝑀𝑓𝑘 realizing the integral simplicial
volume, that is, ‖‖𝑐𝑘

‖‖1 =
‖‖‖𝑀𝑓𝑘

‖‖‖ℤ
. If 𝑠𝑘 denotes the number of singular simplices involved in the

reduced expression of 𝑐𝑘, then a result of Sauer [29, Theorem 3.2] implies that

log | tors 𝐻1(𝑀𝑓𝑘 ; ℤ)| ⩽
(𝑛 + 1)(𝑛 + 2) log(𝑛 + 2)

2
⋅ 𝑠𝑘.

Thus, by Theorem 2.4 we get

FVℤ(𝑓) = lim
𝑘→∞

‖‖‖𝑀𝑓𝑘
‖‖‖ℤ

𝑘

⩾ lim sup
𝑘→∞

𝑠𝑘

𝑘
⩾ lim sup

𝑘→∞

(
2

(𝑛 + 1)(𝑛 + 2) log(𝑛 + 2)
⋅

log | tors 𝐻1(𝑀𝑓𝑘 ; ℤ)|
𝑘

)
,

as desired. □

Given a square matrix 𝑀 ∈ GL(𝑛, ℝ) with (complex) eigenvalues 𝜆1, … , 𝜆𝑛, we denote by
d̂et(𝑀) the product of all the eigenvalues of 𝑀 outside the unit circle, that is

d̂et𝑀 =
∏
|𝜆𝑖|>1

𝜆𝑖.
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14 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

In view of the previous lemma, to give a lower bound for the filling volume of a map 𝑓 ∶ 𝑀 →

𝑀, one can study the growth of the torsion of the first homology groups of the mapping tori 𝑀𝑓𝑘 .
On the other hand, if 𝑓∗ ∶ 𝐻1(𝑀; ℤ) → 𝐻1(𝑀; ℤ) is the map induced on the first homology group
by 𝑓, then a Mayer–Vietoris argument yields the isomorphism 𝐻1(𝑀𝑓𝑘 ; ℤ) = coker(𝑓𝑘

∗ − Id𝐺) ⊕

ℤ. This motivates the next lemma.

Lemma 3.2. For any matrix𝐴 ∈ SL(𝑛, ℤ), there exists a subsequence of natural numbers {𝑘ℎ} such
that

lim
ℎ→+∞

log | tors(coker(𝐴𝑘ℎ − 𝐼))|
𝑘ℎ

= log |d̂et(𝐴)|.
Proof. For a fixed 𝑘, let 𝐵𝑘 = 𝐴𝑘 − 𝐼. We compute the torsion of the cokernel of 𝐵𝑘 seen as a
morphism of ℤ𝑛. Let 𝑟 be the rank of 𝐵𝑘. By the Smith normal form for integral matrices [2,
Proposition 2.11], there exist matrices 𝑃, 𝑄 ∈ GL(𝑛, ℤ) such that 𝑃𝐵𝑘𝑄 is a diagonal 𝑛 × 𝑛 matrix
with entries 𝑑1, … , 𝑑𝑛, where 𝑑𝑖 > 0 for any 1 ⩽ 𝑖 ⩽ 𝑟 and 𝑑𝑟+1 = ⋯ = 𝑑𝑛 = 0. It follows that
Im(𝑃𝐵𝑘𝑄) = 𝑑1ℤ ⊕ ⋯ ⊕ 𝑑𝑟ℤ ⊆ ℤ𝑛. As 𝑃, 𝑄 are invertible, we have

coker (𝐵𝑘) ≅ coker(𝑃𝐵𝑘𝑄) ≅ ℤ∕𝑑1ℤ ⊕ ⋯ ⊕ ℤ∕𝑑𝑟ℤ ⊕ ℤ𝑛−𝑟,

and so

| tors(coker(𝐵𝑘))| =

𝑟∏
𝑖=1

𝑑𝑖.

Assume at first that 1 is not an eigenvalue of 𝐴, so that there is a strictly increasing subse-
quence (𝑘ℎ)ℎ∈ℕ of positive integers for which 𝐴𝑘ℎ does not admit 1 as eigenvalue. In particular,
all eigenvalues of 𝐵𝑘ℎ

are nonzero, implying that 𝑟 = 𝑛 and | det(𝑃𝐵𝑘ℎ
𝑄)| =

∏𝑛
𝑖=1 𝑑𝑖 > 0. In this

case,

| tors(coker(𝐵𝑘ℎ
))| =

𝑛∏
𝑖=1

𝑑𝑖 = | det(𝑃𝐵𝑘ℎ
𝑄)| = | det(𝐵𝑘ℎ

)|,
so that [10, Lemma, Section 2.5]

lim
ℎ→∞

log | tors(coker(𝐵𝑘ℎ
))|

𝑘ℎ

= lim
ℎ→∞

log | det(𝐴𝑘ℎ − Id)|
𝑘ℎ

= |d̂et𝐴|.
If 1 is an eigenvalue of 𝐴, then let us consider for any 𝑘 ∈ ℕ the operator 𝐶𝑘 ∶ Im (Id −𝐴) →

Im (Id −𝐴) defined by

𝐶𝑘(𝑣 − 𝐴𝑣) ∶= 𝑣 − 𝐴𝑘𝑣.

Then,

det(𝐶𝑘) =
∏
𝜆≠1

|𝜆𝑘 − 1||𝜆 − 1| ,
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 15 of 38

where 𝜆 ranges among the eigenvalues of 𝐴 [10, Section 2.6]. As before, we choose a strictly
increasing sequence of positive integers (𝑘ℎ)ℎ∈ℕ such that det(𝐶𝑘ℎ

) ≠ 0, and by applying the Smith
normal form we obtain

| tors(coker(𝐶𝑘ℎ
))| = | det(𝐶𝑘ℎ

)|.
Since Im(𝐶𝑘ℎ

) = Im(Id −𝐴𝑘ℎ ), we have coker(𝐶𝑘ℎ
) ⊆ coker(Id −𝐴𝑘ℎ ), so that

∏
𝜆≠1

|𝜆𝑘ℎ − 1||𝜆 − 1| = | tors(coker(𝐶𝑘ℎ
))| ⩽ | tors(coker(Id −𝐴𝑘ℎ ))|.

By considering the map induced by Id −𝐴𝑘ℎ on ℤ𝑛∕ ker(Id −𝐴), one gets an upper bound [10,
Section 2.6]

| tors(coker(Id −𝐴𝑘ℎ ))| ⩽
∏
𝜆≠1

|𝜆𝑘ℎ − 1|.
Thus, we have that

∑
𝜆≠1

log |𝜆𝑘ℎ − 1| − log |𝜆 − 1|
𝑘ℎ

⩽
log | tors(coker(Id −𝐴𝑘ℎ ))|

𝑘ℎ

⩽
∑
𝜆≠1

log |𝜆𝑘ℎ − 1|
𝑘ℎ

from which we deduce [10, Lemma, Section 2.5] that

lim
ℎ→+∞

log | tors(coker(𝐴𝑘ℎ − 𝐼))|
𝑘ℎ

= lim
ℎ→+∞

∑
𝜆≠1

log |𝜆𝑘ℎ − 1|
𝑘ℎ

= log |d̂et(𝐴)|.
□

If 𝐻1(𝑀𝑓𝑘 ; ℤ) is torsion-free, then the last two lemmas are enough to prove Theorem 2. The
following lemma takes care of the torsion case.

Lemma 3.3. Let 𝐺 be an abelian group with torsion group 𝑇 = tors(𝐺). Let ℎ∶ 𝐺 → 𝐺 be an
endomorphism and ℎ∶ 𝐺∕𝑇 → 𝐺∕𝑇 the map induced by ℎ on 𝐺∕𝑇. Then, it holds that

| tors(coker(ℎ))| ⩽ | tors(coker(ℎ))|.
Notice that the map ℎ is well-defined as any torsion element in a group is sent to a torsion

element by any endomorphism.

Proof. Let us consider the quotient maps 𝜋 ∶ 𝐺 → 𝐺∕𝑇, 𝑝 ∶ 𝐺 → coker ℎ and 𝑝∶ 𝐺∕𝑇 →

coker(ℎ).
Since for any g ∈ 𝐺 we have that

𝑝(𝜋(ℎ(g))) = 𝑝(ℎ(𝜋(g))) = 0,

the inclusion Im(ℎ) ⊆ ker(𝑝◦𝜋) holds. In particular, there is a surjective homomorphism
𝜓 ∶ coker ℎ → coker ℎ making the following diagram commute:
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16 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

To prove the statement, it is sufficient to show that 𝜓 restricts to a surjective homomor-
phism between the torsion subgroups, which can be proved by some diagram chasing as
follows.
Let 𝛼 ∈ tors(coker ℎ), so that 𝛼𝑛 = 1

coker ℎ
for some 𝑛 ∈ ℕ. Since 𝑝◦𝜋 is surjective, there

exists 𝑎 ∈ 𝐺 satisfying 𝑝(𝜋(𝑎)) = 𝛼. As 𝑝(𝜋(𝑎𝑛)) = 1
coker ℎ

, there exists 𝑐 ∈ 𝐺 such that 𝜋(𝑎𝑛) =

ℎ(𝜋(𝑐)) = 𝜋(ℎ(𝑐)), meaning that 𝑎𝑛 = ℎ(𝑐)𝑡 for some 𝑡 ∈ 𝑇. Let𝑚 ∈ ℕ be such that 𝑡𝑚 = 1. Then,
𝑎𝑛𝑚 = ℎ(𝑐𝑚) ∈ Im ℎ, implying that 𝑝(𝑎) ∈ tors(coker ℎ). Moreover, by the commutativity of the
above diagram, 𝜓(𝑝(𝑎)) = 𝛼. This proves the surjectivity of 𝜓 on the torsion part and concludes
the proof. □

Now it is just a matter of putting all the ingredients together.

Proof of Theorem 2. Let𝑓 ∶ 𝑀 → 𝑀 be as in the statement and𝑓∗ ∶ 𝐻1(𝑀; ℤ) → 𝐻1(𝑀; ℤ) the iso-
morphism induced by 𝑓 on the first homology group of𝑀. If𝑀𝑓𝑘 is the mapping torus with fiber
𝑀 and monodromy 𝑓𝑘, then a Mayer–Vietoris sequence yields an isomorphism 𝐻1(𝑀𝑓𝑘 ; ℤ) ≅

coker(𝑓𝑘
∗ − Id) ⊕ ℤ, and thus

| tors(𝐻1(𝑀𝑓𝑘 ; ℤ))| = | tors(coker(𝑓𝑘
∗ − Id𝐺))|.

Let us denote by 𝐺 = 𝐻1(𝑀; ℤ) the first homology group of 𝑀 and 𝑇 = tors 𝐺 the torsion
subgroup of 𝐺. As in Lemma 3.3, the map 𝑓𝑘

∗ descends to a map 𝑓
𝑘

∗ ∶ 𝐺∕𝑇 → 𝐺∕𝑇. Since

the map (𝑓𝑘
∗ − Id𝐺) descends to the map (𝑓

𝑘

∗ − Id𝐺∕𝑇)∶ 𝐺∕𝑇 → 𝐺∕𝑇, by Lemma 3.3, it holds
that |||||tors

(
coker

(
𝑓

𝑘

∗ − Id𝐺∕𝑇

))||||| ⩽
|||tors

(
coker

(
𝑓𝑘

∗ − Id𝐺

))|||.
Since 𝐺∕𝑇 ≅ ℤ𝑑 (for some 𝑑 ∈ ℕ) is a finitely generated torsion-free abelian group, the map

𝑓∗ can be represented by some matrix 𝐴 ∈ SL(𝑑, ℤ). By Lemmas 3.2 and 3.1, there exists a
subsequence {𝑘ℎ}ℎ such that(

(𝑛 + 1)(𝑛 + 2) log(𝑛 + 2)

2

)
⋅ FVℤ(𝑓) ⩾ lim sup

ℎ→∞

log | tors 𝐻1(𝑀𝑓𝑘ℎ ; ℤ)|
𝑘ℎ

= lim sup
ℎ→∞

log | tors(coker(𝑓
𝑘ℎ
∗ − Id𝐺))|

𝑘ℎ

⩾ lim
ℎ→∞

log | tors(coker(𝑓
𝑘ℎ

∗ − Id𝐺∕𝑇))|
𝑘𝑘
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 17 of 38

= lim
ℎ→∞

log | tors(coker(𝐴𝑘ℎ − Id𝐺∕𝑇))|
𝑘ℎ

= log |d̂et𝐴|.
The claim now follows by noticing that thematrix𝐴 represents themap𝐻1(𝑀; ℝ) → 𝐻1(𝑀; ℝ)

induced by 𝑓 on the first real homology group. Indeed,

𝐻1(𝑀; ℝ) ≅ 𝐺 ⊗ ℝ ≅ (𝐺∕𝑇 ⊕ 𝑇) ⊗ ℝ ≅ 𝐺∕𝑇 ⊗ ℝ ≅ ℝ𝑑,

and under these isomorphisms the map 𝑓∗ ⊗ Idℝ (i.e., the map induced by 𝑓 on the first real
homology group) corresponds to 𝑓∗ ⊗ Idℝ, which can still be represented by 𝐴. □

Thanks to Remark 2.8, this also concludes the proof of the lower bound of Theorem 1.

4 UPPER BOUND

This section is devoted to proving the following theorem, which, combined with Theorem 2,
completes the proof of Theorem 1.

Theorem 4.1. Fix 𝑛 ∈ ℕ. There exists a constant 𝐾𝑛 > 0 such that the following holds: if 𝑓 ∶ 𝑇𝑛 →

𝑇𝑛 is an orientation-preserving homeomorphism on the 𝑛-torus and 𝑓∗ ∶ 𝐻1(𝑇𝑛; ℤ) → 𝐻1(𝑇𝑛; ℤ)

denotes the induced map in homology, then

FVℤ(𝑓) ⩽ 𝐾𝑛 log2(𝜌(𝑓∗)).

To prove this theorem, we consider a fundamental cycle 𝑐𝑛 of 𝑇𝑛 and construct efficient fillings
for 𝑐𝑛 − 𝑓𝑘

∗(𝑐𝑛) for any 𝑘 ∈ ℕ. In order to do that, we deal with a particular kind of fundamental
cycles in 𝑇𝑛, to which we refer as parallelogram-like cycles and whose lifts in ℝ𝑛 consist of chains
with supports given by Euclidean parallelograms.
In the next subsection, we introduce these objects and present the key proposition (Proposi-

tion 4.7) to prove Theorem 4.1.

4.1 Parallelogram and rectangle-like cycles

Let 𝑛 ∈ ℕ. Given a vector 𝑣 ∈ ℤ𝑛, we consider themap ℎ̃𝑣 ∶ ℝ𝑛 × [0, 1] → ℝ𝑛 defined by ℎ̃𝑣(𝐱, 𝑡) =

𝐱 + 𝑡𝑣, which is a homotopy between the identitymap ofℝ𝑛 and the translation by 𝑣. Since ℎ̃𝑣(⋅, 𝑡)

is a translation for every 𝑡 ∈ [0, 1], the map ℎ̃𝑣 descends to a homotopy ℎ𝑣 ∶ 𝑇𝑛 × [0, 1] → 𝑇𝑛 on
the 𝑛-torus with ℎ𝑣(⋅, 0) = ℎ𝑣(⋅, 1) = Id(⋅).
Let

𝐹𝑣
∙ ∶ 𝐶∙(𝑇𝑛; ℤ) → 𝐶∙+1(𝑇𝑛; ℤ)

be the prism operator associated to the homotopy ℎ𝑣 (see Section 2.3). Since ℎ𝑣 is a homotopy
between 𝑓 = Id and g = Id, it holds that 𝜕◦𝐹𝑣 − 𝐹𝑣◦𝜕 = 0 and ‖‖‖𝐹𝑣

𝑗

‖‖‖ ⩽ 𝑗 + 1.
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18 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

The following lemma ensures that the operator 𝐹𝑣 preserves the space of boundaries 𝐵∙(𝑇𝑛; ℤ)

in 𝑇𝑛.

Lemma 4.2. Let 𝑏 ∈ 𝐵𝑗(𝑇𝑛; ℤ) be a boundary in 𝑇𝑛 and 𝑣 ∈ ℤ𝑛. Then 𝐹𝑣
(
𝑏) ∈ 𝐵𝑗+1(𝑇𝑛; ℤ) is a

boundary and ‖‖‖𝐹𝑣
(
𝑏)
‖‖‖fill,ℤ ⩽ (𝑗 + 2)‖𝑏‖fill,ℤ.

Proof. Let 𝑑 ∈ 𝐶𝑗+1(𝑇𝑛; ℤ) with 𝜕𝑑 = 𝑏 and ‖𝑑‖ = ‖𝑏‖fill,ℤ. Then
𝜕(𝐹𝑣

(
𝑑)) = (𝐹𝑣

◦𝜕)(𝑑) = 𝐹𝑣
(
𝑏),

and ‖‖‖𝐹𝑣
(
𝑑)
‖‖‖ = (𝑗 + 2)‖𝑑‖ = (𝑗 + 2)‖𝑏‖fill,ℤ. □

We are now ready to introduce parallelogram-like cycles. They are defined inductively on the
dimension, starting from dimension 1.

Definition 4.3. Let 𝟎 ∈ ℤ𝑛 be the zero vector. The parallelogram-like 1-cycle generated by the
vector 𝑣 ∈ ℤ𝑛 in 𝑇𝑛 is the cycle given by

𝑃𝑛
1 (𝑣) ∶= [𝟎, 𝑣] ∈ 𝑍1(𝑇𝑛; ℤ).

For 𝑘 > 1, having defined parallelogram-like cycles of dimension 𝑘 − 1, we define a
parallelogram-like 𝑘-cycle 𝑃𝑛

𝑘
(𝑣1, … , 𝑣𝑘) generated by the vectors 𝑣1, … , 𝑣𝑘 ∈ ℤ𝑛 in 𝑇𝑛 as the

chain

𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘) ∶= 𝐹𝑣𝑘 (𝑃𝑛

𝑘−1(𝑣1, … , 𝑣𝑘−1)) ∈ 𝑍𝑘(𝑇𝑛; ℤ).

In this case, we call ‖‖𝑣1
‖‖∞, … , ‖‖𝑣𝑘

‖‖∞ the sizes of 𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑘).
A rectangle-like cycle with sizes |𝑎1|, … , |𝑎𝑛|, where 𝑎1, … , 𝑎𝑛 ∈ ℤ, is a parallelogram-like cycle

of the form

𝑅𝑛(𝑎1, … , 𝑎𝑛) = 𝑃𝑛
𝑛(𝑎1𝑒1, … , 𝑎𝑛𝑒𝑛) ∈ 𝑍𝑛(𝑇𝑛; ℤ).

Example 4.4. By definition, parallelogram-like 1-cycles are just given by straight simplices. A
parallelogram-like 1-cycle of 𝑇1 = 𝑆1 is, in particular, a rectangle-like cycle.
An explicit expression for a 2-dimensional parallelogram-like cycle in 𝑇𝑛 generated by 𝑣, 𝑤 ∈

ℤ𝑛 is given by

𝑃𝑛
2 (𝑣, 𝑤) ∶= [𝟎, 𝑣, 𝑣 + 𝑤] − [𝟎, 𝑤, 𝑣 + 𝑤] ∈ 𝑍2(𝑇𝑛; ℤ)

(see Figure 1).

The following lemma ensures that parallelogram-like cycles are, indeed, cycles with bounded
norm.

Lemma 4.5. Every parallelogram-like cycle 𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑘) is a cycle with ‖‖‖𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑘)
‖‖‖1

⩽ 𝑘!.
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 19 of 38

F IGURE 1 Representations of the canonical lifts in ℝ2 of the parallelogram-like cycle 𝑃2
2 (𝑣, 𝑤) in 𝑇2 (on the

left) and of a rectangle-like cycle (on the right).

Proof. The statement is clearly true for parallelogram-like cycles of dimension 1. If we assume by
induction that the statement is true for 𝑘 − 1, with 𝑘 > 1, then

𝜕𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘) = 𝜕𝐹𝑣𝑘 (𝑃𝑛

𝑘−1(𝑣1, … , 𝑣𝑘−1)) = 𝐹𝑣𝑘 (𝜕𝑃𝑛
𝑘−1(𝑣1, … , 𝑣𝑘−1)) = 0,

and

‖‖‖𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘)

‖‖‖1
=
‖‖‖𝐹𝑣𝑘 (𝑃𝑛

𝑘−1(𝑣1, … , 𝑣𝑘−1))
‖‖‖1

⩽ 𝑘 ⋅ ‖‖‖𝑃𝑛
𝑘−1(𝑣1, … , 𝑣𝑘−1)

‖‖‖1
. □

As 𝐻𝑛(𝑇𝑛; ℤ) ≅ ℤ, the previous lemma ensures that a parallelogram-like 𝑛-cycle in 𝑇𝑛 rep-
resents a multiple of the fundamental class in homology. The following lemma determines the
multiple in terms of its defining vectors.

Lemma 4.6. The rectangle-like cycle 𝑅𝑛 (1, … , 1) is a fundamental cycle for 𝑇𝑛. More generally, if
𝑣1, … , 𝑣𝑛 ∈ ℤ𝑛, then the parallelogram-like cycle 𝑃𝑛

𝑛 (𝑣1, … , 𝑣𝑛) represents the element

det 𝐴 ⋅ [𝑇𝑛]ℤ ∈ 𝐻𝑛(𝑇𝑛; ℤ),

where 𝐴 is the matrix whose columns are given by 𝑣1, … , 𝑣𝑛.

Proof. Being a cycle of degree 1 in every point of 𝑇𝑛, the parallelogram-like cycle 𝑃𝑛
𝑛 (𝑒1, … , 𝑒𝑛) is

a fundamental cycle for 𝑇𝑛.
If𝐴 is thematrixwhose columns are given by 𝑣1, … , 𝑣𝑛, then the degree of themap𝑓 ∶ 𝑇𝑛 → 𝑇𝑛

induced by the matrix 𝐴 is det(𝐴). Thus,

det 𝐴 ⋅ [𝑇𝑛]ℤ = [𝑓∗(𝑃𝑛
𝑛(𝑒1, … , 𝑒𝑛))] = [𝑃𝑛

𝑛(𝑣1, … , 𝑣𝑛)] ∈ 𝐻𝑛(𝑇𝑛; ℤ),

as desired. □

A direct consequence of the previous lemma is the fact that for any 𝑣1, … , 𝑣𝑛 ∈ ℤ𝑛, the
parallelogram-like cycle 𝑃𝑛

𝑛 (𝑣1, … , 𝑣𝑛) and the rectangle-like cycle 𝑅𝑛 (det(𝐴), 1, … , 1) are cobor-
dant, where 𝐴 is the matrix with columns 𝑣1, … , 𝑣𝑛. The key step for the proof of Theorem 4.1 is
to bound the filling norm of their difference, as stated in the following proposition.
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20 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

Proposition 4.7. Let 𝑛 ∈ ℕ. There exists a constant𝐾𝑛 > 0 such that for any 𝑣1, … , 𝑣𝑛 ∈ ℤ𝑛 it holds
that

‖‖𝑃𝑛
𝑛(𝑣1, … , 𝑣𝑛) − 𝑅𝑛(det(𝐴), 1, … , 1)‖‖fill,ℤ ⩽ 𝐾𝑛 log2(‖𝐴‖∞) + 𝐾𝑛,

where 𝐴 is the matrix whose columns are given by 𝑣1, … , 𝑣𝑛.

Recall that 𝑐𝑛 = 𝑅𝑛 (1, … , 1) is a fundamental cycle for 𝑇𝑛 (Lemma 4.6). If 𝐴 ∈ SL(𝑛, ℤ) and
𝑓 ∶ 𝑇𝑛 → 𝑇𝑛 is themap induced by𝐴, then𝑃𝑘 = 𝑓𝑘

∗(𝑐𝑛) is a parallelogram-like fundamental cycle.
The previous proposition furnishes an estimate for ‖‖𝑃𝑘 − 𝑅‖‖fill,ℤ, where 𝑅 is the rectangle-like
cycle given by 𝑅 = 𝑅𝑛 (det 𝐴, 1, … , 1) = 𝑐𝑛. This estimate leads to a proof of Theorem 4.1.

Proof of Theorem 4.1 assuming Proposition 4.7. As FVℤ is homotopy invariant, we can assume that
𝑓 ∶ 𝑇𝑛 → 𝑇𝑛 is a map induced by a matrix𝐴 ∈ SL(𝑛, ℤ). Let us denote by 𝜌(𝐴) the spectral radius
of 𝐴.
By the Gelfand formula for the spectral radius (Proposition 2.9), one has

𝜌(𝐴) = lim
𝑗→∞

(‖‖‖𝐴𝑗‖‖‖∞

)1∕𝑗
.

For any 𝜀 > 0, there exists an 𝑀 > 0 (depending on 𝜀) such that for any 𝑗 > 𝑀 it holds that

‖‖‖𝐴𝑗‖‖‖∞
⩽ (1 + 𝜀)𝑗𝜌(𝐴)𝑗.

Fix 𝑐𝑛 = 𝑅𝑛 (1, … , 1) a fundamental cycle for 𝑇𝑛 (Lemma 4.6). For 𝑗 ∈ ℕ, we set 𝑣
𝑗

𝑖
= 𝐴𝑗𝑒𝑖 , so

that 𝑓
𝑗
∗(𝑐𝑛) = 𝑃𝑛

𝑛

(
𝑣

𝑗
1
, … , 𝑣

𝑗
𝑛

)
. As 𝐴 ∈ SL(𝑛, ℤ) we have that

𝑅𝑛

(
det(𝐴𝑗), 1, … , 1

)
= 𝑅𝑛(1, … , 1) = 𝑐𝑛.

By Proposition 4.7 and the definition of filling volume, one then obtains

FVℤ(𝑓) = lim
𝑗→∞

‖‖‖𝑓
𝑗
∗(𝑐𝑛) − 𝑐𝑛

‖‖‖fill,ℤ
𝑗

= lim
𝑗→∞

‖‖‖‖𝑃𝑛
𝑛

(
𝑣

𝑗
1
, … , 𝑣

𝑗
𝑛

)
− 𝑅𝑛

(
det(𝐴𝑗), 1, … , 1

)‖‖‖‖fill,ℤ
𝑗

⩽ lim
𝑗→∞

𝐾𝑛 log2(‖‖𝐴𝑗‖‖∞) + 𝐾𝑛

𝑗

⩽ lim
𝑗→∞

𝐾𝑛 log2((1 + 𝜀)𝑗𝜌(𝐴)𝑗) + 𝐾𝑛

𝑗

=𝐾𝑛 log2((1 + 𝜀)𝜌(𝐴)).

The claim then follows from the arbitrariness of 𝜀. □
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 21 of 38

The rest of this section is devoted to the proof of Proposition 4.7. In order to understand the idea
of the proof, we consider the graphwhose vertices are given by integral cycles in𝑇𝑛, andwhere two
vertices are joined by an edge if and only if the corresponding cycles 𝑎, 𝑏 are cobordant and satisfy‖𝑎 − 𝑏‖fill,ℤ = 1. In other words, this graph can be seen as ametric space whose distance function
is induced by the filling norm. The final goal is to estimate the distance between 𝑃𝑛

𝑛 (𝑣1, … , 𝑣𝑛) and
𝑅𝑛 (det(𝐴), 1, … , 1).
We proceed as follows: Section 4.2 consists in proving that we can split a parallelogram-like

cycle into two cycles without going too far in our graph. To be more precise, we prove that for any
𝑣′

1
, 𝑣′′

1
, 𝑣2, … , 𝑣𝑘 ∈ ℤ𝑛 the sum 𝑃𝑛

𝑘

(
𝑣′

1
, 𝑣2, … , 𝑣𝑘

)
+ 𝑃𝑛

𝑘

(
𝑣′′

1
, 𝑣2, … , 𝑣𝑘

)
is close to the parallelogram-

like cycle 𝑃𝑛
𝑘

(
𝑣′

1
+ 𝑣′′

1
, 𝑣2, … , 𝑣𝑘

)
(Lemma 4.10).

In Section 4.3, we deal with “slim” parallelogram-like cycles, which are the parallelogram-like
cycles whose generating vectors are linearly dependent. In particular, we control the distance
between these cycles and the zero cycle in terms of their sizes (Lemma 4.14). Section 4.4 deals
with rectangle-like cycles, proving that each of them is close to a rectangle-like cycle with all but
one size equal to 1 (Lemma 4.16). Moreover, we show that any parallelogram-like cycle is close to
a sum of rectangle-like cycles with a controlled number of summands (Lemma 4.15).
In Section 4.5, we put together all these results and get Proposition 4.7.

Remark 4.8. To simplify the notation, we denote all the constants appearing in the following
lemmas by 𝐶𝑛, as they can be assumed to coincide up to taking the maximum. In the specific case
in which we need to use the constant of a statement inside its proof (e.g., when the proof is done
by induction), then we will refer to such a constant as 𝑉𝑛.
Here, the subscript 𝑛 in 𝐶𝑛 and 𝑉𝑛 denotes the dependence on the dimension.

We begin with the following lemma, which bounds the distance between two parallelogram-
like cycles with the same generating vectors but arranged in different orders.

Lemma 4.9. Let 𝑘, 𝑛 ∈ ℕ be two positive integers. There exists a constant 𝐶𝑘 , depending only on 𝑘,
such that for every 𝑣1, … , 𝑣𝑘 ∈ ℤ𝑛 and every permutation 𝜃 on {1, … , 𝑘} it holds that

‖‖‖𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘) − sgn 𝜃 ⋅ 𝑃𝑛

𝑘

(
𝑣𝜃(1), … , 𝑣𝜃(𝑘)

)‖‖‖fill,ℤ ⩽ 𝐶𝑘

and

‖‖‖𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘) + 𝑃𝑛

𝑘(−𝑣1, 𝑣2, … , 𝑣𝑘)
‖‖‖fill,ℤ ⩽ 𝐶𝑘.

Recall that the sign sgn 𝜃 of a permutation 𝜃 ∶ {1, … , 𝑘} → {1, … , 𝑘} is defined to be +1 if the
permutation is even and −1 if the permutation is odd.

Proof. Denote by 𝑒1, … , 𝑒𝑘 the canonical basis for ℝ𝑘. Let us set 𝑐 = 𝑃𝑘
𝑘

(𝑒1, … , 𝑒𝑘) , 𝑐− =

𝑃𝑘
𝑘

(−𝑒1, 𝑒2, … , 𝑒𝑘), and 𝑐𝜎 = 𝑃𝑘
𝑘

(
𝑒𝜎(1), … , 𝑒𝜎(𝑘)

)
for any permutation 𝜎 ∶ {1, … , 𝑘} → {1, … , 𝑘}. Let

𝐴𝜎 (respectively, 𝐴−) be the matrix whose columns are given by 𝑒𝜎(1), … , 𝑒𝜎(𝑘) (respectively,
−𝑒1, 𝑒2, … , 𝑒𝑘). Clearly, det 𝐴− = −1. Moreover, 𝐴𝜎 being the permutation matrix corresponding
to 𝜎, we have det 𝐴 = sgn 𝜎.
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22 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

By Lemma 4.6, 𝑐, −𝑐−, and sgn 𝜎 ⋅ 𝑐𝜎 represent the same class in homology. We set

𝐶′
𝑘

= max
{‖‖𝑐 − sgn 𝜎 ⋅ 𝑐𝜎

‖‖fill,ℤ || 𝜎 ∈ Sym({1, … , 𝑘})
}

,

and 𝐶𝑘 = max{𝐶′
𝑘
, ‖‖𝑐 + 𝑐−

‖‖fill,ℤ}.
Let 𝑓 ∶ 𝑇𝑘 → 𝑇𝑛 be the map induced by the linear map ℝ𝑘 → ℝ𝑛 sending 𝑒𝑖 to 𝑣𝑖 for any

𝑖 = 1, … , 𝑘. Let us fix a permutation 𝜃 on {1, … , 𝑘}. As 𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑘) = 𝑓∗(𝑐), 𝑃𝑛
𝑘

(−𝑣1, 𝑣2, … , 𝑣𝑘) =

𝑓∗(𝑐−), and 𝑃𝑛
𝑘

(
𝑣𝜃(1), … , 𝑣𝜃(𝑘)

)
= 𝑓∗(𝑐𝜃), it holds that

‖‖‖−𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘) − sgn 𝜃 ⋅ 𝑃𝑛

𝑘

(
𝑣𝜃(1), … , 𝑣𝜃(𝑘)

)‖‖‖fill,ℤ = ‖‖𝑓∗(𝑐 − sgn 𝜃 ⋅ 𝑐𝜃)‖‖fill,ℤ ⩽ 𝐶𝑘,

and

‖‖‖𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘) + 𝑃𝑛

𝑘(−𝑣1, 𝑣2, … , 𝑣𝑘)
‖‖‖fill,ℤ = ‖‖𝑓∗(𝑐 + 𝑐−)‖‖fill,ℤ ⩽ 𝐶𝑘. □

4.2 Splitting of parallelogram-like cycles

Asmentioned above, a parallelogram-like cycle can be split into the sum of two parallelogram-like
cycles as in the following lemma.

Lemma 4.10. Let 𝑘 ∈ ℕ. There exists a constant 𝐶𝑘 such that for any 𝑣1, … , 𝑣𝑘, 𝑣′
𝑖
, 𝑣′′

𝑖
∈ ℤ𝑛 with

𝑣𝑖 = 𝑣′
𝑖

+ 𝑣′′
𝑖

∈ ℤ𝑛 it holds that

‖‖‖𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘) − 𝑃𝑛

𝑘

(
𝑣1, … , 𝑣′

𝑖 , … , 𝑣𝑘

)
− 𝑃𝑛

𝑘

(
𝑣1, … , 𝑣′′

𝑖 , … , 𝑣𝑘

)‖‖‖fill,ℤ ⩽ 𝐶𝑘.

Before proving this statement, we need the following claim, which bounds the filling norm of
a parallelogram-like cycle that has 𝟎 among its generating vectors.

Claim 4.2.1. There exists a constant 𝐶𝑘, depending on 𝑘 ∈ ℕ, such that for any 𝑣1, … , 𝑣𝑘 ∈ ℤ𝑛 it
holds that

‖‖‖𝑃𝑛
𝑘+1(𝑣1, … , 𝑣𝑘, 𝟎)

‖‖‖fill,ℤ ⩽ 𝐶𝑘.

Proof. We denote by {𝑒1, … , 𝑒𝑘} the canonical basis of ℝ𝑘. The parallelogram-like cycle 𝑞𝑘 =

𝑃𝑘
𝑘+1

(𝑒1, … , 𝑒𝑘, 𝟎) represents the trivial class in 𝐻𝑘+1(𝑇𝑘; ℤ) = 0. Set 𝐶𝑘 = ‖‖𝑞𝑘
‖‖fill,ℤ and consider

the map 𝜈 ∶ 𝑇𝑘 → 𝑇𝑛 induced by the linear map ℝ𝑘 → ℝ𝑛 sending 𝑒𝑖 to 𝑣𝑖 for every 𝑖 = 1, … , 𝑘.
Then, we obtain

‖‖‖𝑃𝑛
𝑘+1(𝑣1, … , 𝑣𝑘, 𝟎)

‖‖‖fill,ℤ = ‖‖𝜈∗(𝑞𝑘)‖‖fill,ℤ ⩽ 𝐶𝑘. □

We also need to fix a canonical way to lift parallelogram-like cycles to ℝ𝑛; we do it as follows.
If 𝑐 =

∑
𝑎𝑖𝜎𝑖 ∈ 𝐶𝑘(ℝ𝑛; ℤ) is written in reduced form, then the support of 𝑐 is

supp 𝑐 =
⋃

𝑖

Im 𝜎𝑖.

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70697, W

iley O
nline L

ibrary on [23/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 23 of 38

F IGURE 2 On the left, a (3-dimensional) representation of a lift in ℝ3 of the 3-chain 𝑄 of Lemma 4.10. The
boundary of this lift is made up of: the two forward parallelograms, representing lifts of 𝑃2

2

(
𝑣1, 𝑣′

2

)
and

𝑃2
2

(
𝑣1, 𝑣′′

2

)
, the backward parallelogram, representing a lift of 𝑃2

2

(
𝑣1, 𝑣′

2
+ 𝑣′′

2

)
, and the two triangles on the left

and on the right, given by 𝑅(𝑏+
1

) and 𝑅(𝑏−
1

), which simplify when projecting on 𝑇2. The red segment is the
support of 𝑃2

2 (𝑣1, 𝟎). On the right, is represented the same picture in case of rectangle-like cycles (Lemma 4.12).

With this notation, a lift 𝑃 ∈ 𝐶𝑘(ℝ𝑛; ℤ) of 𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑘) to ℝ𝑛 is canonical if

supp 𝑃 ⊂

{
𝑘∑

𝑖=1

𝜀𝑖𝑣𝑖 | 𝜀𝑖 ∈ [0, 1]

}
,

that is, if the support of 𝑃 is contained in the Euclidean parallelogram with coordinate vectors
𝑣1, … , 𝑣𝑘. Such a lift always exists and is unique.

Remark 4.11. The boundary of the canonical lift 𝑃 of a parallelogram-like cycle 𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑘) is a
sum

𝜕𝑃 =

𝑘∑
𝑖=1

(−1)𝑖(𝑏+
𝑖

− 𝑏−
𝑖 ),

where for every 𝑖 = 1, … , 𝑘 one has that

∙ 𝑏+
𝑖

∈ 𝐶𝑘−1(ℝ𝑛; ℤ) is the canonical lift of the parallelogram-like cycle 𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑖, … , 𝑣𝑘);
∙ 𝑏−

𝑖
= (𝜏𝑣𝑖

)∗(𝑏+
𝑖

), where 𝜏𝑣𝑖
∶ ℝ𝑛 → ℝ𝑛 is the translation by 𝑣𝑖 in ℝ𝑛.

In particular, 𝜋∗(𝑏+
𝑖

− 𝑏−
𝑖

) = 0, where 𝜋𝑛 ∶ ℝ𝑛 → 𝑇𝑛 denotes the quotient map.

Proof of Lemma 4.11. Let 𝜋 ∶ ℝ𝑛 → 𝑇𝑛 be the quotient map and denote by {𝑒1, … , 𝑒𝑛+1} the canon-
ical basis of ℝ𝑛+1. Up to applying Lemma 4.9, we can assume 𝑖 = 𝑘. Let 𝑣1, … , 𝑣𝑘, 𝑣′

𝑘
, 𝑣′′

𝑘
∈ ℤ𝑛 be

as in the statement.
We are going to define a chain 𝑄 ∈ 𝐶𝑘+1(𝑇𝑛; ℤ) (represented in Figure 2) with ‖𝑄‖1 ⩽ (𝑘 + 1)!

and

𝜕𝑄 = (−1)𝑘
(
−𝑃𝑛

𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′

𝑘

)
− 𝑃𝑛

𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′′

𝑘

)
+

+𝑃𝑛
𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′

𝑘
+ 𝑣′′

𝑘

)
+ 𝑃𝑛

𝑘(𝑣1, … , 𝑣𝑘−1, 𝟎)
)
.
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24 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

Let 𝜄 ∶ ℝ𝑛 → ℝ𝑛+1 be the inclusion into the first 𝑛 factors and 𝑝 ∶ ℝ𝑛+1 → ℝ𝑛 be the projection
onto the first 𝑛 factors. Set 𝑤′

𝑘
= 𝜄(𝑣′

𝑘
) + 𝑒𝑛+1.

We denote by 𝑃 the canonical lift of the parallelogram-like cycle 𝑃𝑛+1
𝑘

(
𝜄(𝑣1), … , 𝜄(𝑣𝑘−1), 𝑤′

𝑘

)
and by 𝑃′ the one of 𝑃𝑛+1

𝑘

(
𝜄(𝑣1), … , 𝜄(𝑣𝑘−1), 𝑤′

𝑘
+ 𝜄(𝑣′′

𝑘
)
)
.

Consider the prismoperator𝑅 associated to the homotopy𝑓 ∶ ℝ𝑛+1 × [0, 1] → ℝ𝑛+1 that at time
𝑡 is represented by the matrix

𝑓𝑡 = 𝑓(⋅, 𝑡) =

(
𝐼𝑛 𝑡 ⋅ 𝑣′′

𝑘
0 1

)
.

We set

𝑄 = 𝜋∗(𝑝∗(𝑅(𝑃))).

Since 𝑓0 = Id, 𝑓1(𝜄(𝑣𝑖)) = 𝜄(𝑣𝑖) for 𝑖 = 1, … , 𝑘 − 1 and 𝑓1(𝑤′
𝑘
) = 𝑤′

𝑘
+ 𝜄(𝑣′′

𝑘
) we have that

(𝑓0)∗(𝑃) = 𝑃 and (𝑓1)∗(𝑃) = 𝑃′. By the properties of the prism operator (Section 2.3) it holds that

𝜕𝑄 = 𝜋∗(𝑝∗(𝜕(𝑅(𝑃))))

= 𝜋∗(𝑝∗(𝑅(𝜕𝑃))) + (−1)𝑘(𝜋∗(𝑝∗(𝑃′)) − 𝜋∗(𝑝∗(𝑃)))

= 𝜋∗(𝑝∗(𝑅(𝜕𝑃))) + (−1)𝑘(𝑃𝑛
𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′

𝑘
+ 𝑣′′

𝑘

)
− 𝑃𝑛

𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′

𝑘

)
).

By Remark 4.11, we have that 𝜕𝑃 =
∑𝑘

𝑖=1(−1)𝑖(𝑏+
𝑖

− 𝑏−
𝑖

), where 𝑏−
𝑘

= (𝜏𝑤′
𝑘
)∗(𝑏+

𝑘
) and 𝑏−

𝑖
=

(𝜏𝜄(𝑣𝑖)
)∗(𝑏+

𝑖
) for every 𝑖 = 𝑖, … , 𝑘 − 1 (with 𝜏𝑣 ∶ ℝ𝑛+1 → ℝ𝑛+1 denoting the translation by 𝑣). Since

for any 𝑖 = 1, … , 𝑘 − 1 the translation 𝜏𝜄(𝑣𝑖)
commutes with 𝑓𝑡, the induced map (𝜏𝜄(𝑣𝑖)

)∗ on the
chain complex commutes with the operator 𝑅 and thus

𝜋∗

(
𝑝∗(𝑅(𝑏−

𝑖 ))
)

= 𝜋∗

(
𝑝∗(𝑅((𝜏𝜄(𝑣𝑖)

)∗(𝑏+
𝑖

)))
)

= 𝜋∗(𝑝∗((𝜏𝑣𝑖
)∗(𝑅(𝑏+

𝑖
)))) = 𝜋∗(𝑝∗(𝑅(𝑏+

𝑖
))).

Thus, all terms in the sum 𝜋∗(𝑝∗(𝑅(𝜕𝑃))) =
∑𝑘

𝑖=1(−1)𝑖𝜋∗(𝑝∗(𝑅(𝑏+
𝑖

− 𝑏−
𝑖

))) vanish except pos-
sibly the one corresponding to the index 𝑖 = 𝑘. In this case, since 𝑏+

𝑘
is the canonical lift of

𝑃𝑛+1
𝑘−1

(𝜄(𝑣1), … , 𝜄(𝑣𝑘−1)), we have that (𝑓𝑡)∗(𝑏+
𝑘

) = 𝑏+
𝑘
. In particular, the homotopy 𝑓 acts on 𝑏+

𝑘
as ℎ𝟎 (defined in Section 4.1). Thus,

𝜋∗(𝑝∗(𝑅(𝑏+
𝑘

))) = 𝐹𝟎(𝜋∗(𝑝∗(𝑏+
𝑘

))) = 𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘−1, 𝟎).

Finally, since 𝑏−
𝑘

= (𝜏𝑤′
𝑘
)∗(𝑏+

𝑘
) is contained in the affine (𝑛 − 1)-subspace = 𝜄(ℝ𝑛) + 𝑤′

𝑘
and

𝑓𝑡| = 𝜏𝑡⋅𝜄(𝑣′′
𝑘

)| , we have that (𝑓𝑡)∗(𝑏−
𝑘

) = (𝜏𝑡⋅𝜄(𝑣′′
𝑘

))∗(𝑏−
𝑘

) = (ℎ𝑡⋅𝜄(𝑣′′
𝑘

))∗(𝑏−
𝑘

), getting

𝜋∗(𝑝∗(𝑅(𝑏−
𝑘

))) = 𝐹𝑣′′
𝑘 (𝑃𝑛

𝑘−1(𝑣1, … , 𝑣𝑘−1)) = 𝑃𝑛
𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′′

𝑘

)
.

Putting everything together, we get

𝜋∗(𝑝∗(𝑅(𝜕𝑃))) = (−1)𝑘(𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘−1, 𝟎) − 𝑃𝑛

𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′′

𝑘

)
)
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 25 of 38

and, therefore,

𝜕𝑄 = (−1)𝑘
(
−𝑃𝑛

𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′

𝑘

)
− 𝑃𝑛

𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′′

𝑘

)
+

+𝑃𝑛
𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′

𝑘
+ 𝑣′′

𝑘

)
+ 𝑃𝑛

𝑘(𝑣1, … , 𝑣𝑘−1, 𝟎)
)
.

As 𝑣𝑘 = 𝑣′
𝑘

+ 𝑣′′
𝑘
, it follows that

‖‖‖𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘−1, 𝑣𝑘) − 𝑃𝑛

𝑘

(
𝑣1, … , 𝑣𝑘−1, 𝑣′′

𝑘

)
− 𝑃𝑛

𝑘

(
𝑣𝑖, … , 𝑣𝑘−1, 𝑣′

𝑘

)‖‖‖fill,ℤ
⩽ ‖𝜕𝑄‖fill,ℤ +

‖‖‖𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘−1, 𝟎)

‖‖‖fill,ℤ.

The desired result then follows from the fact that ‖‖‖𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑘−1, 𝟎)
‖‖‖fill,ℤ ⩽ 𝐶𝑘−1, by Claim 4.2.1,

and

‖𝜕𝑄‖fill,ℤ ⩽ ‖𝑄‖1 = ‖‖𝜋∗(𝑝∗(𝑅(𝑃)))‖‖1 ⩽ (𝑘 + 1)
‖‖‖𝑃𝑛+1

𝑘

(
𝜄(𝑣1), … , 𝜄(𝑣𝑘−1), 𝑤′

𝑘

)‖‖‖1
⩽ (𝑘 + 1)!,

by Lemma 4.5. □

The following is a direct application of the previous lemma in the particular case in which
parallelogram-like cycles are rectangle-like.

Lemma 4.12. Let 𝑛 ∈ ℕ. There exists a constant 𝐶𝑛 such that for any 𝑎1, … , 𝑎𝑛, 𝑎′
𝑖
, 𝑎′′

𝑖
∈ ℤ with

𝑎𝑖 = 𝑎′
𝑖

+ 𝑎′′
𝑖
it holds that

‖‖‖𝑅𝑛(𝑎1, … , 𝑎𝑛) − 𝑅𝑛

(
𝑎1, … , 𝑎′

𝑖 , … , 𝑎𝑛

)
− 𝑅𝑛

(
𝑎1, … , 𝑎′′

𝑖 , … , 𝑎𝑛

)‖‖‖fill,ℤ ⩽ 𝐶𝑛.

4.3 Slim parallelogram-like cycles

In this subsection, we deal with parallelogram-like cycles 𝑃𝑛
𝑘

(𝑣1, … , 𝑣𝑘) whose generating vec-
tors 𝑣1, … , 𝑣𝑘 ∈ ℤ𝑛 are linearly dependent. Another way to state this condition is by requiring
that there exists a map 𝜄 ∶ 𝑇𝑘−1 → 𝑇𝑛 for which 𝑃𝑛

𝑘
(𝑣1, … , 𝑣𝑘) is in the image of the map

𝜄∗ ∶ 𝑍𝑘(𝑇𝑘−1; ℤ) → 𝑍𝑘(𝑇𝑛; ℤ). As 𝐻𝑘(𝑇𝑘−1; ℤ) is trivial, these kinds of cycles are boundaries.
In this subsection, we control the filling norm of these parallelogram-like cycles in terms of
their sizes.
We start with 2-dimensional cycles in 𝑆1.

Lemma 4.13. There exists a constant 𝐶2 > 0 such that for any nonzero integers 𝑎, 𝑙 it holds
that

‖‖‖𝑃1
2(𝑎, 𝑙)

‖‖‖fill,ℤ ⩽ 𝐶2 log2(𝑎𝑙) + 𝐶2.

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70697, W

iley O
nline L

ibrary on [23/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



26 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

The following claims, together with Lemma 4.10 and Claim 4.2.1, provide paths with controlled
length inside the graph of cycles from the parallelogram-like cycle 𝑃1

2 (𝑎, 𝑙) to the zero chain.

Claim 4.3.1. There exists a constant 𝐶2 such that for every 𝑥, 𝑦 ∈ ℤ and 𝑘 ∈ {0, 1, 2, 3} it holds that‖‖‖𝑃1
2 (𝑥, 𝑦) − 𝑃1

2 (𝑥, 𝑦 − 𝑘𝑥)
‖‖‖fill,ℤ ⩽ 𝐶2.

Proof. Set 𝑐2 = 𝑅2 (1, 1), and consider the Dehn twist 𝜑∶ 𝑇2 → 𝑇2 on the torus 𝑇2 along the
curve 𝛾∶ 𝑆1 → 𝑇2 given by 𝛾(𝑡) = (𝑡, 0) (where we are using the identification 𝑆1 = ℝ∕ℤ and
𝑇2 = ℝ2∕ℤ2). As 𝑐2 and (𝜑−𝑘)∗(𝑐2) are fundamental cycles for 𝑇2, they are cobordant. We set

𝐶2 = max
𝑘=0,1,2,3

{‖‖‖𝑐2 − (𝜑−𝑘)∗(𝑐2)
‖‖‖fill,ℤ}.

If 𝑝𝑥,𝑦 ∶ 𝑇2 → 𝑆1 denotes the map defined by 𝑝((𝑠, 𝑡)) = 𝑥𝑠 + 𝑦𝑡, then

‖‖‖𝑃1
2(𝑥, 𝑦) − 𝑃1

2(𝑥, 𝑦 − 𝑘𝑥)
‖‖‖fill,ℤ =

‖‖‖(𝑝𝑥,𝑦)∗(𝑐2 − (𝜑−𝑘)∗(𝑐2))
‖‖‖fill,ℤ ⩽ 𝐶2

holds for any 𝑘 = 0, 1, 2, 3. □

Claim 4.3.2. There exists a constant 𝐶2 such that for every 𝑥 ∈ ℤ and 𝑦 ∈ 2ℤ it holds that‖‖‖𝑃1
2 (𝑥, 𝑦) − 𝑃1

2 (2𝑥, 𝑦∕2)
‖‖‖fill,ℤ ⩽ 𝐶2. Similarly, for every 𝑥 ∈ 2ℤ and 𝑦 ∈ ℤ, the same also holds

for the quantity ‖‖‖𝑃1
2 (𝑥, 𝑦) − 𝑃1

2 (𝑥∕2, 2𝑦)
‖‖‖fill,ℤ.

Proof of Claim 4.3.2. This claim is essentially proved by Frigerio and the first author [6, proof
of Step 2]. In the paper, the authors consider the difference 𝑃1

2

(
2𝑖, 22𝑘−𝑖

)
− 𝑃1

2

(
2𝑖+1, 22𝑘−𝑖−1

)
for

𝑘 ∈ ℕ and for every 𝑖 = 0, … , 2𝑘. Notice that in the second cycle is obtained from the first by dou-
bling one side and halving the other. They show that such a difference can be represented as a
sum (𝜑𝑖

𝑘
)∗(𝜕𝛼) + (𝜑𝑖+1

𝑘
)∗(𝜕𝛽) where 𝜑𝑖

𝑘
∶ 𝑇2 → 𝑆1 are continuous maps and 𝛼, 𝛽 ∈ 𝐶3(𝑇2; ℤ) do

not depend on 𝑘 and 𝑖. Thus, one has that ‖‖‖𝑃1
2

(
2𝑖, 22𝑘−𝑖

)
− 𝑃1

2

(
2𝑖+1, 22𝑘−𝑖−1

)‖‖‖fill,ℤ ⩽ ‖𝛼 − 𝛽‖1, a
constant that does not depend on 𝑖 or 𝑘. The claim above can be proved in the exact same way,
considering the difference 𝑃1

2 (𝑥, 𝑦) − 𝑃1
2 (2𝑥, 𝑦∕2) where one starts with generic lengths 𝑥 ∈ ℤ

and 𝑦 ∈ 2ℤ with a slight modification of the maps 𝜑𝑖
𝑘
. □

Now we have all the ingredients to prove Lemma 4.13.

Proof of Theorem 4.13. Up to applying Lemma4.9,we can assume that𝑎, 𝑙 are two positive integers.
We begin by showing that ‖‖‖𝑃1

2 (1, 𝑙)
‖‖‖ ⩽ 𝐶2 log2 𝑙 + 𝐶1 + 2𝐶2.

Set 𝑥0 = 1, 𝑦0 = 𝑙. For 𝑖 ⩾ 0, if 𝑦𝑖 ⩾ 𝑥𝑖 we set

(𝑥𝑖+1, 𝑦𝑖+1) =

(
2𝑥𝑖,

𝑦𝑖 − 𝑘𝑖𝑥𝑖

2

)
,

where 𝑘𝑖 ∈ {0, 1, 2, 3} and 𝑘𝑖 ≡ 𝑦𝑖∕2𝑖 mod 4. We now explain that this is well-defined.
At each step 𝑖, we have 𝑥𝑖 = 2𝑖 and 𝑦𝑖 ⩽ 𝑙∕2𝑖 , so that there exists an integer 𝑀 ⩽ 1 +

log2 𝑙

2
such

that 𝑦𝑀 < 𝑥𝑀 .
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 27 of 38

Moreover, at the 𝑖th step of the iteration, 𝑦𝑖 is an integer divisible by 2𝑖 (so that the sequence is
well-defined): indeed, this is true for 𝑖 = 0. Suppose by induction that for 1 ⩽ 𝑖 ⩽ 𝑀 the element
𝑦𝑖−1 is an integer divisible by 2𝑖−1; by definition of 𝑘𝑖−1, there exists a nonnegative integer ℎ such
that 𝑦𝑖−1 = (𝑘𝑖−1 + 4ℎ)2𝑖−1, so that

𝑦𝑖 =
𝑦𝑖−1 − 𝑘𝑖−1𝑥𝑖−1

2
= 2𝑖ℎ ⩾ 0.

In particular, as 0 ⩽ 𝑦𝑀 < 𝑥𝑀 = 2𝑀 and 𝑦𝑀 is divisible by 2𝑀 , we have 𝑦𝑀 = 0.
Now, by Claims 4.3.1 and 4.3.2 above we have that for every 𝑖 < 𝑀 it holds that

‖‖‖𝑃1
2(𝑥𝑖, 𝑦𝑖) − 𝑃1

2

(
𝑥𝑖+1, 𝑦𝑖+1

)‖‖‖fill,ℤ ⩽

⩽
‖‖‖𝑃1

2(𝑥𝑖, 𝑦𝑖) − 𝑃1
2(𝑥𝑖, 𝑦𝑖 − 𝑘𝑖𝑥𝑖)

‖‖‖fill,ℤ +
‖‖‖𝑃1

2(𝑥𝑖, 𝑦𝑖 − 𝑘𝑖𝑥𝑖) − 𝑃1
2

(
𝑥𝑖+1, 𝑦𝑖+1

)‖‖‖ ⩽ 2𝐶2,

and thus, by Claim 4.2.1, we have that

‖‖‖𝑃1
2(1, 𝑙)

‖‖‖fill,ℤ ⩽

(
𝑀−1∑
𝑖=0

‖‖‖𝑃1
2(𝑥𝑖, 𝑦𝑖) − 𝑃1

2

(
𝑥𝑖+1, 𝑦𝑖+1

)‖‖‖fill,ℤ
)

+
‖‖‖𝑃1

2(𝑥𝑀, 0)
‖‖‖fill,ℤ

⩽2𝑀𝐶2 + 𝐶1 ⩽ 𝐶2 log2 𝑙 + 𝐶1 + 2𝐶2.

Let us now consider the general case, with 𝑎 > 1 and 𝑙 ⩾ 1. We are going to prove that there
is some positive integer 𝐿 ⩽ 2𝑎𝑙 for which ‖‖‖𝑃1

2 (𝑎, 𝑙) − 𝑃1
2 (1, 𝐿)

‖‖‖fill,ℤ can be controlled (up to
constants) by log2(𝑎𝑙). Then, since

‖‖‖𝑃1
2(𝑎, 𝑙)

‖‖‖fill,ℤ ⩽
‖‖‖𝑃1

2(𝑎, 𝑙) − 𝑃1
2(1, 𝐿)

‖‖‖fill,ℤ +
‖‖‖𝑃1

2(1, 𝐿)
‖‖‖fill,ℤ,

we can use the first part of the proof on 𝑃1
2 (1, 𝐿) to conclude.

The idea is similar to the previous part of the proof: we consider a recursive sequence of
parallelogram-like chains 𝑠𝑖 = 𝑃1

2

(
𝑎𝑖, 2𝑖𝑙

)
, where𝑎𝑖 is the integral part ⌊𝑎𝑖−1∕2⌋ of𝑎𝑖−1∕2; if𝑎𝑖−1 is

odd we also get a remainder 𝑟𝑖 = 𝑃1
2

(
1, 2𝑖𝑙

)
, intuitively obtained by cutting a “slim” parallelogram

from 𝑠𝑖−1. At the end of this recursion, we get a chain obtained by the sum of the remainders 𝑟𝑖

with a chain 𝑠𝑁 ; all of them are parallelogram-like chains of type 𝑃1
2 (1, 𝑥). Thanks to Lemma 4.10,

the sum of these parallelogram-like cycles is close (with respect to the filling norm) to a single
parallelogram-like cycle 𝑃1

2 (1, 𝐿).
Consider the following sequence of numbers:

⎧⎪⎨⎪⎩
𝑎0 = 𝑎,

𝑎𝑖 =
𝑎𝑖−1

2
if 𝑎𝑖−1 is even,

𝑎𝑖 =
𝑎𝑖−1−1

2
if 𝑎𝑖−1 is odd.

Let𝑁 be the integer for which 𝑎𝑁 = 1. Notice that 𝑎𝑖 ⩽ 𝑎∕2𝑖 for all 𝑖, and thus𝑁 ⩽ log2(𝑎). Let 𝐼𝑒

and 𝐼𝑜 be the sets of indices 𝑖 (with 0 ⩽ 𝑖 < 𝑁) for which 𝑎𝑖 is even or odd, respectively.
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28 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

Let us set

𝑠𝑖 = 𝑃1
2

(
𝑎𝑖, 2𝑖𝑙

)
for 0 ⩽ 𝑖 ⩽ 𝑁,

𝑟𝑖 = 𝑃1
2

(
1, 2𝑖𝑙

)
for 𝑖 ∈ 𝐼𝑜.

Note that by Claim 4.3.2 for 𝑖 ∈ 𝐼𝑒 it holds that

‖‖𝑠𝑖 − 𝑠𝑖+1
‖‖fill,ℤ =

‖‖‖‖𝑃1
2

(
𝑎𝑖, 2𝑖𝑙

)
− 𝑃1

2

(𝑎𝑖

2
, 2𝑖+1𝑙

)‖‖‖‖fill,ℤ ⩽ 𝐶2,

while for 𝑖 ∈ 𝐼𝑜, by Lemma 4.10 and Claim 4.3.2, we have

‖‖𝑠𝑖 − 𝑟𝑖 − 𝑠𝑖+1
‖‖fill,ℤ ⩽

‖‖‖𝑃1
2

(
𝑎𝑖, 2𝑖𝑙

)
− 𝑃1

2

(
1, 2𝑖𝑙

)
− 𝑃1

2

(
𝑎𝑖 − 1, 2𝑖𝑙

)‖‖‖fill,ℤ
+
‖‖‖‖‖𝑃1

2

(
𝑎𝑖 − 1, 2𝑖𝑙

)
− 𝑃1

2

(
𝑎𝑖 − 1

2
, 2𝑖+1𝑙

)‖‖‖‖‖fill,ℤ
⩽2𝐶2.

If we set

𝐿 ∶= 𝑙

(
2𝑁 +

∑
𝑖∈𝐼𝑜

2𝑖

)
< 𝑙 ⋅ 2𝑁+1 ⩽ 2𝑙𝑎,

then by inductively applying Lemma 4.10, one also gets

‖‖‖‖‖‖𝑃1
2(1, 𝐿) − 𝑠𝑁 −

∑
𝑖∈𝐼𝑜

𝑟𝑖

‖‖‖‖‖‖fill,ℤ ⩽ 𝐶2 ⋅ |𝐼𝑜|.
Thus, by noticing that

𝑃1
2(𝑎, 𝑙) − 𝑃1

2(1, 𝐿) =
∑
𝑖∈𝐼𝑒

(𝑠𝑖 − 𝑠𝑖+1) +
∑
𝑖∈𝐼𝑜

(𝑠𝑖 − 𝑠𝑖+1 − 𝑟𝑖) −

(
𝑃1

2(1, 𝐿) − 𝑠𝑁 −
∑
𝑖∈𝐼𝑜

𝑟𝑖

)
,

we get

‖‖‖𝑃1
2(𝑎, 𝑙)

‖‖‖fill,ℤ ⩽
‖‖‖𝑃1

2(𝑎, 𝑙) − 𝑃1
2(1, 𝐿)

‖‖‖fill,ℤ +
‖‖‖𝑃1

2(1, 𝐿)
‖‖‖fill,ℤ

⩽
∑
𝑖∈𝐼𝑒

‖‖𝑠𝑖 − 𝑠𝑖+1
‖‖fill,ℤ +

∑
𝑖∈𝐼𝑜

‖‖𝑠𝑖 − 𝑠𝑖+1 − 𝑟𝑖
‖‖fill,ℤ

+

‖‖‖‖‖‖𝑃1
2(1, 𝐿) − 𝑠𝑁 −

∑
𝑖∈𝐼𝑜

𝑟𝑖

‖‖‖‖‖‖fill,ℤ +
‖‖‖𝑃1

2(1, 𝐿)
‖‖‖fill,ℤ

⩽𝐶2 ⋅ |𝐼𝑒| + 2𝐶2 ⋅ |𝐼𝑜| + 𝐶2 ⋅ |𝐼𝑜| + 𝐶2 log2 𝐿 + 𝐶1 + 2𝐶2
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⩽4𝐶2𝑁 + 𝐶2 log(2𝑎𝑙) + 𝐶1 + 2𝐶2

⩽4𝐶2 log2 𝑎 + 𝐶2 log(2𝑎𝑙) + 𝐶1 + 2𝐶2

as desired. □

We now prove the same statement in any dimension.

Lemma 4.14. There exists a constant 𝐶𝑘 > 0 such that for any integers 𝑘 > 𝑛 ⩾ 1 and any
𝑣1, … , 𝑣𝑘 ∈ ℤ𝑛 it holds that

‖‖‖𝑃𝑛
𝑘(𝑣1, … , 𝑣𝑘)

‖‖‖fill,ℤ ⩽ 𝐶𝑘 ⋅ log2(max{‖‖𝑣1
‖‖∞, … , ‖‖𝑣𝑘

‖‖∞}) + 𝐶𝑘.

Proof. We first prove the statement when 𝑘 = 𝑛 + 1 by induction on 𝑛: Lemma 4.13 already gives
the statement on 𝑇1 = 𝑆1 since log2(𝑎𝑙) ⩽ 2 log2(max{|𝑎|, |𝑙|}), so let us fix 𝑛 ⩾ 2 and assume that
there exists a constant 𝑉𝑛 as in the statement; the goal is to prove the result in dimension 𝑛 + 1.

Claim 4.3.3. If 𝑣1, … , 𝑣𝑖, … , 𝑣𝑛+1 are linearly dependent for some 𝑖 = 1, … , 𝑛 + 1, then

‖‖‖𝑃𝑛
𝑛+1

(
𝑣1, … , 𝑣𝑛+1

)‖‖‖fill,ℤ ⩽ (𝑛 + 2)𝑉𝑛 ⋅ log2(max{‖‖𝑣1
‖‖∞, … , ‖‖𝑣𝑛+1

‖‖∞}) + (𝑛 + 2)𝑉𝑛 + 𝐶𝑛+1.

Indeed, in this case, the parallelogram-like cycle 𝑃𝑛
𝑛

(
𝑣1, … , 𝑣𝑖, … , 𝑣𝑛+1

)
is contained in some

torus of dimension 𝑛 − 1 inside 𝑇𝑛. By inductive hypothesis,4.2 and 4.9, we have

‖‖‖𝑃𝑛
𝑛+1

(
𝑣1, … , 𝑣𝑛+1

)‖‖‖fill,ℤ ⩽
‖‖‖𝑃𝑛

𝑛+1

(
𝑣1, … , 𝑣𝑖, … , 𝑣𝑛+1, 𝑣𝑖

)‖‖‖fill,ℤ + 𝐶𝑛+1

=
‖‖‖𝐹𝑣𝑖 (𝑃𝑛

𝑛

(
𝑣1, … , 𝑣𝑖, … , 𝑣𝑛+1

)
)
‖‖‖fill,ℤ + 𝐶𝑛+1

⩽ (𝑛 + 2)
‖‖‖𝑃𝑛

𝑛

(
𝑣1, … , 𝑣𝑖, … , 𝑣𝑛+1

)‖‖‖fill,ℤ + 𝐶𝑛+1

⩽ (𝑛 + 2)𝑉𝑛 ⋅ log2(max{‖‖𝑣1
‖‖∞, … , ‖‖𝑣𝑛+1

‖‖∞}) + (𝑛 + 2)𝑉𝑛 + 𝐶𝑛+1,

proving the claim.
Let us now consider 𝑣1, … , 𝑣𝑛+1 ∈ ℤ𝑛, with 𝑣1, … , 𝑣𝑛 linearly independent, and let 𝑣𝑛+1 =

𝑣
∕∕

𝑛+1
+ 𝑣⟂

𝑛+1
, where 𝑣

∕∕

𝑛+1
is parallel to 𝑣𝑛, while 𝑣⟂

𝑛+1
is contained in the subspace generated by

𝑣1, … , 𝑣𝑛−1. Then, as the sets {𝑣1, … , 𝑣𝑛−1, 𝑣⟂
𝑛+1

} and {𝑣2, … , 𝑣𝑛, 𝑣
∕∕

𝑛+1
} consist of linearly dependent

vectors, one gets from Lemma 4.10, Claim 4.3.3, and the triangular inequality that

‖‖‖𝑃𝑛
𝑛+1

(
𝑣1, … , 𝑣𝑛+1

)‖‖‖fill,ℤ ⩽

⩽
‖‖‖‖𝑃𝑛

𝑛+1

(
𝑣1, … , 𝑣𝑛+1

)
− 𝑃𝑛

𝑛+1

(
𝑣1, … , 𝑣𝑛, 𝑣⟂

𝑛+1

)
− 𝑃𝑛

𝑛+1

(
𝑣1, … , 𝑣𝑛, 𝑣

∕∕

𝑛+1

)‖‖‖‖fill,ℤ
+
‖‖‖𝑃𝑛

𝑛+1

(
𝑣1, … , 𝑣𝑛, 𝑣⟂

𝑛+1

)‖‖‖fill,ℤ +
‖‖‖‖𝑃𝑛

𝑛+1

(
𝑣1, … , 𝑣𝑛, 𝑣

∕∕

𝑛+1

)‖‖‖‖fill,ℤ
⩽ 𝐶𝑛+1 + 2(𝑛 + 2)𝑉𝑛 ⋅ log2(max{‖‖𝑣1

‖‖∞, … , ‖‖𝑣𝑛+1
‖‖∞}) + 2(𝑛 + 2)𝑉𝑛 + 2𝐶𝑛+1,
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30 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

as desired.
Consider now 𝑘 ⩾ 𝑛 + 1, and by induction we suppose that there exists a constant 𝑉𝑘 as in the

statement. Then, for any 𝑣1, … , 𝑣𝑘+1 ∈ ℤ𝑛 one has

‖‖‖𝑃𝑛
𝑘+1

(
𝑣1, … , 𝑣𝑘+1

)‖‖‖fill,ℤ =
‖‖‖𝐹𝑣𝑘+1(𝑃𝑛

𝑘(𝑣1, … , 𝑣𝑘))
‖‖‖fill,ℤ

⩽(𝑘 + 2)
‖‖‖𝑃𝑛

𝑘(𝑣1, … , 𝑣𝑘)
‖‖‖fill,ℤ

⩽(𝑘 + 2)𝑉𝑘 log2(max{‖‖𝑣1
‖‖∞, … , ‖‖𝑣𝑘

‖‖∞}) + (𝑘 + 2)𝑉𝑘,

as desired. □

4.4 Rectangle-like cycles

In this subsection, we explore properties that hold specifically for rectangle-like cycles.
The next lemma shows that any 𝑛-dimensional parallelogram-like cycle in 𝑇𝑛 is close to a sum

of rectangle-like cycles. Recall that the sizes of a rectangle-like cycle 𝑅𝑛 (𝑎1, … , 𝑎𝑛) are the integers
𝑎1, … , 𝑎𝑛 ∈ ℤ.

Lemma 4.15. For any positive integer 𝑛 ∈ ℕ there exists a constant𝐶𝑛 such that the following holds:
for any 𝑣1, … , 𝑣𝑛 ∈ ℤ𝑛 there are 𝑛! rectangle-like cycles 𝑟1, … , 𝑟𝑛! whose sizes are bounded fromabove
by max{||𝑣1||∞, … , ||𝑣𝑛||∞} and such that

‖‖‖‖‖‖𝑃𝑛
𝑛(𝑣1, … , 𝑣𝑛) −

𝑛!∑
𝑖=1

𝜀𝑖𝑟𝑖

‖‖‖‖‖‖fill,ℤ ⩽ 𝐶𝑛 ⋅ log2(max{||𝑣1||∞, … , ||𝑣𝑛||∞}) + 𝐶𝑛,

for some 𝜀𝑖 ∈ {±1}.

Proof. The argument is by induction on the dimension: the statement is clearly true in dimension
1. We fix 𝑛 > 1 and suppose that there is a constant 𝑉𝑚 as in the statement in any dimension
1 ⩽ 𝑚 < 𝑛. Let 𝑒1, … , 𝑒𝑛 be the canonical basis of ℝ𝑛, and let 𝑣1, … , 𝑣𝑛 ∈ ℤ𝑛. For any 𝑖 = 1, … , 𝑛,
let 𝑣⟂

𝑖
be the projection of 𝑣𝑖 on the hyperplane orthogonal to 𝑒𝑛 and 𝑣

∕∕

𝑖
= 𝑣𝑖 − 𝑣⟂

𝑖
.

Let𝑛 be the power set of {1, … , 𝑛} and let𝑛 ⊂ 𝑛 be the subset consisting only of one-element
subsets. For any 𝑆 ∈ 𝑛, we denote by𝐯𝑆 the𝑛-tuple (𝑣

𝜃1

1
, … , 𝑣

𝜃𝑛
𝑛 ), where 𝜃𝑖 = ∕∕ if 𝑖 ∈ 𝑆, otherwise

𝜃𝑖 =⟂.
For any 𝑆𝑖 ∶= {𝑖} ∈ 𝑛, the 𝑛-tuple 𝐯𝑆𝑖 has 𝑛 − 1 vectors 𝑣⟂

1
, … , 𝑣⟂

𝑖−1
, 𝑣⟂

𝑖+1
, … , 𝑣⟂

𝑛 contained
in the (𝑛 − 1)-dimensional subspace of ℝ𝑛 orthogonal to 𝑒𝑛. Thus, the parallelogram-like cycle
𝑃𝑛

𝑛−1

(
𝑣⟂

1
, … , 𝑣⟂

𝑖−1
, 𝑣⟂

𝑖+1
, … , 𝑣⟂

𝑛

)
can be seen as a parallelogram-like cycle contained in the embed-

ded torus 𝑇𝑛−1 inside 𝑇𝑛 corresponding to the subspace of ℝ𝑛 orthogonal to 𝑒𝑛. By applying
the inductive hypothesis, we get a chain 𝑐′

𝑖
∈ 𝑍𝑛−1(𝑇𝑛−1; ℤ) ⊂ 𝑍𝑛−1(𝑇𝑛; ℤ) that is a sum (or

difference) of at most (𝑛 − 1)! rectangle-like cycles whose sizes are bounded from above by

max
{||𝑣⟂

1 ||∞, … , ||𝑣⟂
𝑖−1||∞, ||𝑣⟂

𝑖+1||∞, … , ||𝑣⟂
𝑛 ||∞}

⩽ max {||𝑣1||∞, … , ||𝑣𝑛||∞}

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70697, W

iley O
nline L

ibrary on [23/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 31 of 38

and such that

‖‖‖𝑃𝑛
𝑛−1

(
𝑣⟂

1 , … , 𝑣⟂
𝑖−1, 𝑣⟂

𝑖+1, … , 𝑣⟂
𝑛

)
− 𝑐′

𝑖
‖‖‖fill,ℤ ⩽ 𝑉𝑛−1 log2(max{||𝑣1||∞, … , ||𝑣𝑛||∞}) + 𝑉𝑛−1.

Let us set 𝑐𝑖 ∶= −𝐹𝑣
∕∕
𝑖 (𝑐′

𝑖
) for 𝑖 = 1, … , 𝑛 − 1 and 𝑐𝑛 ∶= 𝐹𝑣

∕∕
𝑛 (𝑐′

𝑛). As 𝑐′
𝑖
is a sum (or difference)

of rectangle-like cycles of dimension 𝑛 − 1 whose canonical lifts are contained in the subspace
orthogonal to 𝑒𝑛, the cycle 𝑐𝑖 is still a sum (or difference) of rectangle-like cycles for any 𝑖 = 1, … , 𝑛.
By Lemmas 4.2 and 4.9, for 𝑖 ≠ 𝑛 we have that

‖‖‖𝑃𝑛
𝑛

(
𝐯𝑆𝑖

)
− 𝑐𝑖

‖‖‖fill,ℤ ⩽ +
‖‖‖‖𝑃𝑛

𝑛

(
𝐯𝑆𝑖

)
+ 𝑃𝑛

𝑛

(
𝑣⟂

1 , … , 𝑣⟂
𝑖−1, 𝑣⟂

𝑖+1, … , 𝑣⟂
𝑛 , 𝑣

∕∕

𝑖

)‖‖‖‖fill,ℤ
+
‖‖‖‖−𝑃𝑛

𝑛

(
𝑣⟂

1 , … , 𝑣⟂
𝑖−1, 𝑣⟂

𝑖+1, … , 𝑣⟂
𝑛 , 𝑣

∕∕

𝑖

)
− 𝑐𝑖

‖‖‖‖fill,ℤ
⩽𝐶𝑛 +

‖‖‖‖−𝐹𝑣
∕∕
𝑖
(
𝑃𝑛

𝑛−1

(
𝑣⟂

1 , … , 𝑣⟂
𝑖−1, 𝑣⟂

𝑖+1, … , 𝑣⟂
𝑛

)
− 𝑐′

𝑖

)‖‖‖‖fill,ℤ
⩽𝐶𝑛 + (𝑛 + 1)

‖‖‖𝑃𝑛
𝑛−1

(
𝑣⟂

1 , … , 𝑣⟂
𝑖−1, 𝑣⟂

𝑖+1, … , 𝑣⟂
𝑛

)
− 𝑐′

𝑖
‖‖‖fill,ℤ

⩽𝐶𝑛 + (𝑛 + 1)𝑉𝑛−1 log2(max{||𝑣1||∞, … , ||𝑣𝑛||∞}) + (𝑛 + 1)𝑉𝑛−1,

while for 𝑖 = 𝑛 we have (analogously as before) that

‖‖‖𝑃𝑛
𝑛

(
𝐯𝑆𝑛

)
− 𝑐𝑛

‖‖‖fill,ℤ ⩽
‖‖‖‖𝑃𝑛

𝑛

(
𝑣⟂

1 , … , 𝑣⟂
𝑛−1, 𝑣

∕∕
𝑛

)
− 𝑐𝑛

‖‖‖‖fill,ℤ
⩽(𝑛 + 1)𝑉𝑛−1 log2(max{||𝑣1||∞, … , ||𝑚𝑣𝑛||∞}) + (𝑛 + 1)𝑉𝑛−1.

Thus, by setting 𝑐 ∶=
∑𝑛

𝑖=1 𝑐𝑖 and by applying iteratively the triangular inequality, one gets

‖‖𝑃𝑛
𝑛(𝑣1, … , 𝑣𝑛) − 𝑐‖‖fill,ℤ =

⩽
‖‖‖‖‖𝑃𝑛

𝑛(𝑣1, … , 𝑣𝑛) −

𝑛∑
𝑖=1

𝑃𝑛
𝑛

(
𝐯𝑆𝑖

)‖‖‖‖‖fill,ℤ +

𝑛∑
𝑖=1

‖‖‖𝑃𝑛
𝑛

(
𝐯𝑆𝑖

)
− 𝑐𝑖

‖‖‖fill,ℤ
⩽

‖‖‖‖‖‖𝑃𝑛
𝑛(𝑣1, … , 𝑣𝑛) −

∑
𝑆∈𝑛

𝑃𝑛
𝑛

(
𝐯𝑆

)‖‖‖‖‖‖fill,ℤ +
∑

𝑆∈𝑛⧵𝑛

‖‖‖𝑃𝑛
𝑛

(
𝐯𝑆

)‖‖‖fill,ℤ
+ 𝑛𝐶𝑛 + 𝑛(𝑛 + 1)𝑉𝑛−1 log2(max{||𝑣1||∞, … , ||𝑣𝑛||∞}) + 𝑛(𝑛 + 1)𝑉𝑛−1.

We deal with ‖‖‖𝑃𝑛
𝑛 (𝑣1, … , 𝑣𝑛) −

∑
𝑆∈𝑛

𝑃𝑛
𝑛

(
𝐯𝑆

)‖‖‖fill,ℤ by applying iteratively Lemma 4.10 to

𝑃𝑛
𝑛 (𝑣1, … , 𝑣𝑛) = 𝑃𝑛

𝑛

(
𝑣

∕∕

1
+ 𝑣⟂

1
, … , 𝑣

∕∕
𝑛 + 𝑣⟂

𝑛

)
for each generating vector.

For any set 𝑆 ∈ 𝑛 ⧵ 𝑛, the 𝑛-tuple 𝐯𝑆 consists of linearly dependent vectors whose 𝓁∞-norm
is bounded from above bymax{||𝑣1||∞, … , ||𝑣𝑛||∞} and thus, by applying Lemma 4.14, we also get
an upper bound for ‖‖‖𝑃𝑛

𝑛

(
𝐯𝑆

)‖‖‖fill,ℤ for each 𝑆 ∈ 𝑃𝑛 ⧵ 𝑛.
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32 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

F IGURE 3 To prove Lemma 4.16 for 𝑛 = 2, we apply the slidings of Claim 4.4.1 four times as shown in the
picture, where at each step the black parallelogram is the starting one, and the red parallelogram is the one we
obtain after the application of Claim 4.4.1. Notice that in the case 𝑎1 = 1, we already have a rectangle-like cycle at
the third application of Claim 4.4.1.

Putting everything together we get the statement. □

Rectangle-like cycles are useful because they are close to rectangle-like cycles with all sizes but
one equal to 1.

Lemma 4.16. There exists a constant 𝐶𝑛 such that for any integers 𝑎1, … , 𝑎𝑛 ∈ ℤ, not all zero, it
holds that‖‖‖‖‖‖𝑅𝑛(𝑎1, … , 𝑎𝑛) − 𝑅𝑛

(
𝑛∏

𝑖=1

𝑎𝑖, 1, … , 1

)‖‖‖‖‖‖fill,ℤ ⩽ 𝐶𝑛 log2(max{|𝑎1|, … , |𝑎𝑛|}) + 𝐶𝑛.

This lemma is proved via an inductive argument on the dimension 𝑛. In order to prove the base
case 𝑛 = 2 we need the following claim, which is a consequence of Lemma 4.10, and allows us to
“slide” a parallelogram-like cycle along one of its sides (see Figure 3).
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 33 of 38

Claim 4.4.1. There exists a constant 𝐶 such that for any vectors 𝑣, 𝑤 ∈ ℤ2 and any integers 𝑛, 𝑑 ∈

ℤ ⧵ {0} with 𝑛

𝑑
𝑣 ∈ ℤ2, it holds that

‖‖‖‖𝑃2
2

(
𝑣, 𝑤 +

𝑛

𝑑
𝑣
)

− 𝑃2
2(𝑣, 𝑤)

‖‖‖‖fill,ℤ ⩽ 𝐶 log2 |𝑑𝑛| + 𝐶

and ‖‖‖‖𝑃2
2(𝑤, 𝑣) − 𝑃2

2

(
𝑤 +

𝑛

𝑑
𝑣, 𝑣

)‖‖‖‖fill,ℤ ⩽ 𝐶 log2 |𝑑𝑛| + 𝐶.

Proof. Indeed, by the triangular inequality we have

‖‖‖‖𝑃2
2

(
𝑣, 𝑤 +

𝑛

𝑑
𝑣
)

− 𝑃2
2(𝑣, 𝑤)

‖‖‖‖fill,ℤ ⩽

⩽
‖‖‖‖𝑃2

2

(
𝑣, 𝑤 +

𝑛

𝑑
𝑣
)

− 𝑃2
2(𝑣, 𝑤) − 𝑃2

2

(
𝑣,

𝑛

𝑑
𝑣
)‖‖‖‖fill,ℤ +

‖‖‖‖𝑃2
2

(
𝑣,

𝑛

𝑑
𝑣
)‖‖‖‖fill,ℤ,

where ‖‖‖‖𝑃2
2

(
𝑣, 𝑤 +

𝑛

𝑑
𝑣
)

− 𝑃2
2(𝑣, 𝑤) − 𝑃2

2

(
𝑣,

𝑛

𝑑
𝑣
)‖‖‖‖fill,ℤ ⩽ 𝐶2

due to Lemma 4.10. Moreover, if we define 𝜄𝑣 ∶ 𝑆1 → 𝑇2 by 𝜄𝑣(𝑡) = 𝑡

𝑑
𝑣 (where we are using the

identifications 𝑆1 = ℝ∕ℤ and 𝑇2 = ℝ2∕ℤ2), then (𝜄𝑣)∗(𝑃1
2 (𝑑, 𝑛)) = 𝑃2

2

(
𝑣, 𝑛

𝑑
𝑣
)
. By Lemma 4.13,

we get

‖‖‖‖𝑃2
2

(
𝑣,

𝑛

𝑑
𝑣
)‖‖‖‖fill,ℤ ⩽

‖‖‖𝑃1
2(𝑑, 𝑛)

‖‖‖fill,ℤ ⩽ 𝐶2 log2 |𝑑𝑛| + 𝐶2.
□

We can now proceed with the proof of Lemma 4.16.

Proof of Lemma 4.16. The statement is trivial for 𝑛 = 1. Moreover, notice that if 𝑎𝑖 = 0 for some
𝑖, then the statement is a consequence of Lemma 4.9 and Claim 4.2.1. Let us then suppose 𝑛 ⩾ 2

and 𝑎1, … , 𝑎𝑛 ∈ ℤ ⧵ {0}.
As said before, the proof is an induction on 𝑛 with base case 𝑛 = 2. Let us start by proving the

result for 𝑛 = 2 in the case 𝑎1 ≠ 1. We apply Claim 4.4.1 four times as follows (see Figure 3):

(1) with the notation of Claim 4.4.1, consider 𝑣 = 𝑎1𝑒1, 𝑤 = 𝑎2𝑒2, 𝑛 = 𝑎2, and 𝑑 = 𝑎1; then,
recalling that 𝑅2 (𝑎1, 𝑎2) = 𝑃2

2 (𝑎1𝑒1, 𝑎2𝑒2), we have that

‖‖‖𝑅2(𝑎1, 𝑎2) − 𝑃2
2(𝑎1𝑒1, 𝑎2𝑒1 + 𝑎2𝑒2)

‖‖‖fill,ℤ ⩽ 𝐶 log2 |𝑎1𝑎2| + 𝐶;

(2) consider 𝑣 = 𝑎2𝑒1 + 𝑎2𝑒2, 𝑤 = 𝑎1𝑒1, 𝑛 = −1, and 𝑑 = 𝑎2; then‖‖‖𝑃2
2(𝑎1𝑒1, 𝑎2𝑒1 + 𝑎2𝑒2) − 𝑃2

2((𝑎1 − 1)𝑒1 − 𝑒2, 𝑎2𝑒1 + 𝑎2𝑒2)
‖‖‖fill,ℤ ⩽ 𝐶 log2 |𝑎2| + 𝐶;
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34 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

(3) consider 𝑣 = (𝑎1 − 1)𝑒1 − 𝑒2, 𝑤 = 𝑎2𝑒1 + 𝑎2𝑒2, 𝑛 = 𝑎2 and 𝑑 = 1; then

‖‖‖𝑃2
2((𝑎1 − 1)𝑒1 − 𝑒2, 𝑎2𝑒1 + 𝑎2𝑒2) − 𝑃2

2((𝑎1 − 1)𝑒1 − 𝑒2, 𝑎1𝑎2𝑒1)
‖‖‖fill,ℤ ⩽ 𝐶 log2 |𝑎2| + 𝐶;

(4) consider 𝑣 = 𝑎1𝑎2𝑒1, 𝑛 = −𝑎1 + 1, 𝑤 = (𝑎1 − 1)𝑒1 − 𝑒2 and 𝑑 = 𝑎1𝑎2; then‖‖‖𝑃2
2((𝑎1 − 1)𝑒1 − 𝑒2, 𝑎1𝑎2𝑒1) − 𝑃2

2(−𝑒2, 𝑎1𝑎2𝑒1)
‖‖‖fill,ℤ ⩽ 𝐶 log2 |(1 − 𝑎1)𝑎1𝑎2| + 𝐶.

Moreover, by applying twice Lemma 4.9 we have that

‖‖‖𝑃2
2(−𝑒2, 𝑎1𝑎2𝑒1) − 𝑃2

2(𝑎1𝑎2𝑒1, 𝑒2)
‖‖‖fill,ℤ ⩽ 2𝐶2.

Putting everything together, by the triangle inequality we get

‖‖𝑅2(𝑎1, 𝑎2) − 𝑅2(𝑎1𝑎2, 1)‖‖fill,ℤ ⩽

⩽ +
‖‖‖𝑅2(𝑎1, 𝑎2) − 𝑃2

2(𝑎1𝑒1, 𝑎2𝑒1 + 𝑎2𝑒2)
‖‖‖fill,ℤ

+
‖‖‖𝑃2

2(𝑎1𝑒1, 𝑎2𝑒1 + 𝑎2𝑒2) − 𝑃2
2((𝑎1 − 1)𝑒1 − 𝑒2, 𝑎2𝑒1 + 𝑎2𝑒2)

‖‖‖fill,ℤ
+
‖‖‖𝑃2

2((𝑎1 − 1)𝑒1 − 𝑒2, 𝑎2(𝑒1 + 𝑒2)) − 𝑃2
2((𝑎1 − 1)𝑒1 − 𝑒2, 𝑎1𝑎2𝑒1)

‖‖‖fill,ℤ
+
‖‖‖𝑃2

2((𝑎1 − 1)𝑒1 − 𝑒2, 𝑎1𝑎2𝑒1) − 𝑃2
2(−𝑒2, 𝑎1𝑎2𝑒1)

‖‖‖fill,ℤ
+
‖‖‖𝑃2

2(−𝑒2, 𝑎1𝑎2𝑒1) − 𝑅2(𝑎1𝑎2, 1)
‖‖‖fill,ℤ

⩽ 4𝐶 log2 |(1 − 𝑎1)𝑎1𝑎2| + 4𝐶 + 2𝐶2

⩽ 4𝐶 log2(2|𝑎1𝑎2|2) + 4𝐶 + 2𝐶2,

proving the statement for 𝑎1 ≠ 1 and 𝑛 = 2.
On the other hand, if 𝑎1 = 1 and 𝑛 = 2, then we can apply the same proof without the fourth

application of Claim 4.4.1 (that is Item 4).
Let us now consider 𝑛 ⩾ 3, suppose there is a constant 𝑉𝑚 in any dimension 𝑚 < 𝑛 as in the

statement, and consider 𝑎1, … , 𝑎𝑛 ∈ ℤ ⧵ {0}. Then, it holds that

‖‖‖‖‖‖𝑅𝑛(𝑎1, … , 𝑎𝑛) − 𝑅𝑛

(
𝑛∏

𝑖=1

𝑎𝑖, 1, … , 1

)‖‖‖‖‖‖fill,ℤ ⩽

⩽ + ‖‖𝑅𝑛(𝑎1, … , 𝑎𝑛) − 𝑅𝑛(𝑎1𝑎𝑛, 𝑎2, … , 𝑎𝑛−1, 1)‖‖fill,ℤ
+

‖‖‖‖‖‖𝑅𝑛(𝑎1𝑎𝑛, 𝑎2, … , 𝑎𝑛−1, 1) − 𝑅𝑛

(
𝑛∏

𝑖=1

𝑎𝑖, 1, … , 1

)‖‖‖‖‖‖fill,ℤ.
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ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 35 of 38

By the 2-dimensional case (where we regard 𝑃𝑛
2 (𝑎1𝑒1, 𝑎𝑛𝑒𝑛) and 𝑃𝑛

2 (𝑎1𝑎𝑛𝑒1, 𝑒𝑛) as rectangle-
like cycles contained in a 2-dimensional torus embedded in 𝑇𝑛), Lemma 4.9 and an iterative
application of the prism operator (Lemma 4.5) we have that

‖‖𝑅𝑛(𝑎1, … , 𝑎𝑛) − 𝑅𝑛(𝑎1𝑎𝑛, 𝑎2, … , 𝑎𝑛−1, 1)‖‖fill,ℤ ⩽

⩽ + ‖‖𝑅𝑛(𝑎1, … , 𝑎𝑛) + 𝑃𝑛
𝑛(𝑎1𝑒1, 𝑎𝑛𝑒𝑛, 𝑎2𝑒2, … , 𝑎𝑛−1𝑒𝑛−1)‖‖fill,ℤ

+ ‖‖𝑃𝑛
𝑛(𝑎1𝑎𝑛𝑒1, 𝑒𝑛, 𝑎2𝑒2, … , 𝑎𝑛−1𝑒𝑛−1) − 𝑃𝑛

𝑛(𝑎1𝑒1, 𝑎𝑛𝑒𝑛, 𝑎2𝑒2, … , 𝑎𝑛−1𝑒𝑛−1)‖‖fill,ℤ
+ ‖‖−𝑃𝑛

𝑛(𝑎1𝑎𝑛𝑒1, 𝑒𝑛, 𝑎2𝑒2, … , 𝑎𝑛−1𝑒𝑛−1) − 𝑅𝑛(𝑎1𝑎𝑛, 𝑎2, … , 𝑎𝑛−1, 1)‖‖fill,ℤ
⩽2𝐶𝑛 +

‖‖‖𝐹𝑎𝑛−1𝑒𝑛−1
(
⋯

(
𝐹𝑎2𝑒2(𝑃𝑛

2 (𝑎1𝑒1, 𝑎𝑛𝑒𝑛) − 𝑃𝑛
2 (𝑎1𝑎𝑛𝑒1, 𝑒𝑛))

)
⋯
)‖‖‖fill,ℤ

⩽2𝐶𝑛 + (𝑛 + 1)! ⋅ 𝑉2 log2(max{|𝑎1|, |𝑎𝑛|}) + (𝑛 + 1)! ⋅ 𝑉2.

On the other hand, as above, the parallelogram-like cycles 𝑃𝑛
𝑛−1 (𝑎1𝑎𝑛𝑒1, 𝑎2𝑒2, … , 𝑎𝑛−1𝑒𝑛−1)

and 𝑃𝑛
𝑛−1 (𝑎1 ⋯𝑎𝑛𝑒1, 𝑒2, … , 𝑒𝑛−1) can be regarded as rectangle-like cycles contained in a (𝑛 −

1)-dimensional torus embedded in 𝑇𝑛. By applying the inductive hypothesis one gets

‖‖𝑅𝑛(𝑎1𝑎𝑛, 𝑎2, … , 𝑎𝑛−1, 1) − 𝑅𝑛(𝑎1 ⋯𝑎𝑛, 1, … , 1)‖‖fill,ℤ =

=
‖‖‖𝐹𝑒𝑛

(
𝑃𝑛

𝑛−1(𝑎1𝑎𝑛𝑒1, 𝑎2𝑒2, … , 𝑎𝑛−1𝑒𝑛−1) − 𝑃𝑛
𝑛−1(𝑎1 ⋯𝑎𝑛𝑒1, 𝑒2, … , 𝑒𝑛−1)

)‖‖‖fill,ℤ
⩽(𝑛 + 1)𝑉𝑛−1 log2(max{|𝑎1𝑎𝑛|, |𝑎2|, … , |𝑎𝑛|}) + (𝑛 + 1)𝑉𝑛−1.

Putting the three inequalities above together, we get the desired bound. □

4.5 Proof of Proposition 4.7

Now that we have all the ingredients, we are ready to draw the path in the graph of cycles that
goes from the parallelogram-like cycle𝑃𝑛

𝑛 (𝑣1, … , 𝑣𝑛) to the rectangle-like cycle𝑅𝑛 (det(𝐴), 1, … , 1),
where𝐴 is thematrixwhose columns are given by 𝑣1, … , 𝑣𝑛. Thiswill prove Proposition 4.7, which
we recall in the following for the convenience of the reader.

Proposition 4.7. Let 𝑛 ∈ ℕ. There exists a constant𝐾𝑛 > 0 such that for any 𝑣1, … , 𝑣𝑛 ∈ ℤ𝑛 it holds
that

‖‖𝑃𝑛
𝑛(𝑣1, … , 𝑣𝑛) − 𝑅𝑛(det(𝐴), 1, … , 1)‖‖fill,ℤ ⩽ 𝐾𝑛 log2(‖𝐴‖∞) + 𝐾𝑛,

where 𝐴 is the matrix whose columns are given by 𝑣1, … , 𝑣𝑛.

The steps of this journey go as follows: we start from 𝑃𝑛
𝑛 (𝑣1, … , 𝑣𝑛) and go to a sum of rectangle-

like cycles (Lemma 4.15); then, from each of these rectangle-like cycles we go to rectangle-like
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cycles of unit-height (Lemma 4.16), that we can sum to get a single rectangle-like cycle of unit-
height (Lemma 4.12). The following proof makes the journey just described more precise.

Proof. By Lemma 4.15, there exists a sum
∑𝑛!

𝑖=1 𝜀𝑖𝑟
′
𝑖
, where 𝜀𝑖 ∈ {±1} and 𝑟′

𝑖
is a rectangle-like cycle

with sizes bounded from above by max{||𝑣1||∞, … , ||𝑣𝑛||∞} for any 𝑖 = 1, … , 𝑛!, such that

‖‖‖‖‖‖𝑃𝑛
𝑛(𝑣1, … , 𝑣𝑛) −

𝑛!∑
𝑖=1

𝜀𝑖𝑟
′
𝑖

‖‖‖‖‖‖fill,ℤ ⩽ 𝐶𝑛 ⋅ log2(max{||𝑣1||∞, … , ||𝑣𝑛||_∞}) + 𝐶𝑛.

By Lemma 4.16, for any 𝑟′
𝑖
there exists a rectangle-like cycle

𝑟𝑖 ∶= 𝑅𝑛(𝓁𝑖 , 1, … , 1),

for which

‖‖‖𝑟′
𝑖 − 𝑟𝑖

‖‖‖fill,ℤ ⩽ 𝐶𝑛 log2(max{||𝑣1||∞, … , ||𝑣𝑛||_∞}) + 𝐶𝑛.

Moreover, by applying Lemma 4.12 iteratively to the sum
∑𝑛!

𝑖=1 𝜀𝑖𝑟𝑖 , we obtain a rectangle-like
cycle

𝑅 ∶= 𝑅𝑛(𝐿, 1, … , 1),

with 𝐿 =
∑𝑛!

𝑖=1 𝜀𝑖𝓁𝑖 , for which

‖‖‖‖‖‖𝑅 −

𝑛!∑
𝑖=1

𝜀𝑖𝑟𝑖

‖‖‖‖‖‖fill,ℤ ⩽ 𝑛!𝐶𝑛.

Thus, by the triangular inequality, we have

‖‖𝑃𝑛
𝑛(𝑣1, … , 𝑣𝑛) − 𝑅‖‖fill,ℤ ⩽ +

‖‖‖‖‖‖𝑃𝑛
𝑛(𝑣1, … , 𝑣𝑛) −

𝑛!∑
𝑖=1

𝜀𝑖𝑟
′
𝑖

‖‖‖‖‖‖fill,ℤ
+

𝑛!∑
𝑖=1

‖‖‖𝜀𝑖(𝑟
′
𝑖 − 𝑟𝑖)

‖‖‖fill,ℤ +

‖‖‖‖‖‖
𝑛!∑

𝑖=1

𝜀𝑖𝑟𝑖 − 𝑅

‖‖‖‖‖‖fill,ℤ
⩽(1 + 𝑛!)𝐶𝑛 log2(max{||𝑣1||∞, … , ||𝑣𝑛||_∞}) + (1 + 2𝑛!)𝐶𝑛.

In particular, 𝑃𝑛
𝑛 (𝑣1, … , 𝑣𝑛) and𝑅 are cobordant, so that if𝐴 (respectively,𝐵) denotes thematrix

with columns 𝑣1, … , 𝑣𝑛 (respectively, 𝐿𝑒1, 𝑒2 … , 𝑒𝑛), then by Lemma 4.6 we get det(𝐴) = det(𝐵) =

𝐿. This concludes the proof. □

ACKNOWLEDGMENTS
We would like to thank Roberto Frigerio for suggesting this problem to us and for useful discus-
sions about it. Moreover, we would like to thank Miklós Abért for pointing out useful references

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70697, W

iley O
nline L

ibrary on [23/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



ON THE INTEGRAL SIMPLICIAL VOLUME OF CYCLIC COVERS OF MAPPING TORI 37 of 38

concerning the lower bound of Theorem 1. Finally, this work has beenwrittenwithin the activities
of GNSAGA group of INdAM (National Institute of Higher Mathematics).
Open access publishing facilitated by Scuola Normale Superiore, as part of the Wiley - CRUI-

CARE agreement.

JOURNAL INFORMATION
The Journal of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID
ErvinHadžiosmanović https://orcid.org/0009-0006-6767-6349

REFERENCES
1. R. L. Adler, A. G. Konheim, and M. H. McAndrew, Topological entropy, Trans. Amer. Math. Soc. 114 (1965),

no. 2, 309–319.
2. P. Aluffi,Algebra: chapter 0, Graduate Studies inMathematics, vol. 104, AmericanMathematical Society, 2009.
3. G. Besson, G. Courtois, and S. Gallot, Volume et entropie minimale des espaces localement symétriques, Invent.

Math. 103 (1991), no. 2, 417–446.
4. G. Bargagnati, A. Casali, F. Milizia, and M. Moraschini, Minimal volume entropy of mapping tori over

3-manifolds, arXiv:2509.17851, 2025.
5. F. Bertolotti and R. Frigerio, Length functions on mapping class groups and simplicial volumes of mapping tori,

Ann. Inst. Fourier (Grenoble) 74 (2024), no. 4, 1383–1406.
6. F. Bertolotti and R. Frigerio, Integral filling volume, complexity, and integral simplicial volume of 3-dimensional

mapping tori, Groups Geom. Dyn. 20 (2026), no. 2, 691–711.
7. M. Bucher and C. Neofytidis, The simplicial volume of mapping tori of 3-manifolds, Math. Ann. 376 (2020), no.

3, 1429–1447.
8. R. Bowen, Entropy for group endomorphisms and homogeneous spaces, Trans. Amer. Math. Soc. 153 (1971),

401–414.
9. I. K. Babenko and S. Sabourau, Minimal volume entropy and fiber growth, J. Éc. polytech. Math. 12 (2021),

481–521.
10. N. Bergeron and A. Venkatesh, The asymptotic growth of torsion homology for arithmetic groups, J. Inst. Math.

Jussieu 12 (2013), no. 2, 391–447.
11. K. Dekimpe, What an infra-nilmanifold endomorphism really should be. . . , Topol. Methods Nonlinear Anal.

40 (2012), no. 1, 111–136.
12. R. Frigerio, C. Löh, C. Pagliantini, and R. Sauer, Integral foliated simplicial volume of aspherical manifolds,

Israel J. Math. 216 (2016), no. 2, 707–751.
13. B. Farb and D. Margalit, A primer on mapping class groups, Princeton Mathematical Series, vol. 49, Princeton

University Press, 2011.
14. R. Frigerio, Bounded cohomology of discrete groups, Mathematical Surveys and Monographs, vol. 227,

American Mathematical Society, 2017.
15. A. Fathi and M. Shub, Some dynamics of pseudo-Anosov diffeomorphisms (Exposé 10), Astérisque, no. 66-67,

Société Mathématique de France, 1979, pp. 181–207.
16. K. Fukaya,Hausdorff convergence of Riemannian manifolds and its applications, Recent Topics in Differential

and Analytic Geometry, Elsevier, 1990, pp. 143–238.
17. M. Gromov, Volume and bounded cohomology, Publ. Math. Inst. Hautes Études Sci. 56 (1982), 5–99.
18. A. Hatcher, Algebraic topology, Cambridge University Press, 2005.
19. E. T. Hecke, Lectures on the theory of algebraic numbers, vol. 77, Springer Science & Business Media, 2013.

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70697, W

iley O
nline L

ibrary on [23/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://orcid.org/0009-0006-6767-6349
https://orcid.org/0009-0006-6767-6349


38 of 38 BERTOLOTTI and HADZ̭IOSMANOVIĆ

20. M. W. Hirsch, Anosov maps, polycyclic groups and homology, Topology 10 (1971), no. 3, 177–183.
21. E. Kin, S. Kojima, and M. Takasawa, Entropy versus volume for pseudo-Anosovs, Exp. Math. 18 (2009), no. 4,

397–407.
22. D. Kotschick,Entropies, volumes, and Einsteinmetrics, Global Differential Geometry, Springer, 2011, pp. 39–54.
23. D. D. Long and H. R. Morton, Hyperbolic 3-manifolds and surface automorphisms, Topology 25 (1986), no. 4,

575–583.
24. C. Löh, Odd manifolds of small integral simplicial volume, Ark. Mat. 56 (2018), no. 2, 351–375.
25. M. Lackenby and J. S. Purcell, The triangulation complexity of elliptic and sol 3-manifolds, Math. Ann. 390

(2024), no. 2, 1623–1667.
26. M. Lackenby and J. S. Purcell, The triangulation complexity of fibred 3-manifolds, Geom. Topol. 28 (2024), no.

4, 1727–1828.
27. A. Manning, Topological entropy and the first homology group, Dynamical Systems—Warwick 1974, Lecture

Notes in Mathematics, Springer, 1975, pp. 185–190.
28. A. Manning, Topological entropy for geodesic flows, Ann. of Math. (2) 110 (1979), no. 3, 567–573.
29. R. Sauer, Volume and homology growth of aspherical manifolds, Geom. Topol. 20 (2016), no. 2, 1035–1059.
30. S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 (1967), no. 6, 747–817.

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70697, W

iley O
nline L

ibrary on [23/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense


	On the integral simplicial volume of cyclic covers of mapping tori
	Abstract
	1 | INTRODUCTION
	Topological Entropy
	Delta-complexity of mapping tori
	Anosov diffeomorphisms on (infra)nilmanifolds
	Open problems and further questions
	Plan of the paper

	2 | PRELIMINARIES
	2.1 | Integral filling volume and integral simplicial volume
	2.2 | Straight simplices on the torus
	2.3 | Prism operator on topological spaces
	2.4 | Matrices and self-homotopy equivalences of tori

	3 | LOWER BOUND
	4 | UPPER BOUND
	4.1 | Parallelogram and rectangle-like cycles
	4.2 | Splitting of parallelogram-like cycles
	4.3 | Slim parallelogram-like cycles
	4.4 | Rectangle-like cycles
	4.5 | Proof of Proposition 4.7

	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	ORCID
	REFERENCES


