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Abstract
We introduce a new goodness-of-fit test for count data on N for the Zeta distribution
with unknown parameter. The test is built on a Stein-type characterization that uses, as
Stein operator, the infinitesimal generator of a birth–death process whose stationary
distribution is Zeta. The resulting L2-type statistic is shown to be omnibus consis-
tent, and we establish the limit null behavior as well as the validity of the associated
parametric bootstrap procedure. In a Monte Carlo simulation study, we compare the
proposed test with the only existing Zeta-specific consistent procedure of Meinta-
nis (2009), as well as with more general competitors based on empirical distribution
functions, kernel Stein discrepancies and other Stein-type characterizations.

Keywords Goodness-of-fit · Zeta distribution · Discrete data · Hilbert-space valued
random elements · Parametric bootstrap

1 Introduction

In this paper we study goodness-of-fit testing for the Zeta (also called Riemann–Zeta,
Zipf or discrete Pareto) family of distributions. This one-parameter family emerges as
a canonical model for heavy-tailed count data on N, with probability mass function

ps(k) = k−s

ζ(s)
, k ∈ N, s > 1,
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where ζ(s) = ∑∞
k=1 k

−s , s > 1, denotes the Riemann zeta function. Zeta and related
Zipf-type laws are widely used in applications where empirical frequencies decay
approximately like a power of the rank, such as word counts in natural language,
city-size distributions, and degree distributions in large networks; see, for example,
Pareto (1896), Lotka (1926), Zipf (1949),Mandelbrot (1961), Gabaix (1999), Barabási
and Albert (1999), Clauset et al. (2009), Newman (2005). Despite this broad range of
applications, methodological work on formal goodness-of-fit tests specifically tailored
to the Zeta family is rather limited. General omnibus procedures based on empirical
distribution functions or tail fitting can be adapted to the Zeta model, but only a few
tests exploit its particular structure, and the behavior of different procedures under
realistic alternatives has, to date, not been systematically investigated. The aim of this
paper is to fill this gap by developing a new procedure including its theory, and by
comparing several Stein-based, Mellin-transform-based, and characterization-based
tests for the Zeta law.

To be specific, we denote the Zeta family of distributions byZ = {Zeta(s) : s > 1},
where s is a shape parameter. Note that the moments of the Zeta law only exist for
s > 2 (mean) and s > 3 (variance), so we potentially have a heavy tailed discrete
distribution. This fact is one reason inference must be tail-aware (Johnson et al. 2005;
Newman 2005). Let X1, . . . , Xn be independent and identically distributed copies of
a random variable X taking values in N and denote the distribution of X by P

X . The
testing problem of interest is to test the composite hypothesis

H0 : P
X ∈ Z (1)

against general alternatives based on the sample X1, . . . , Xn .
The existing literature on this testing problem is relatively limited. The earliest

goodness-of-fit procedure for the Zeta family was proposed in Luong and Doray
(1996), but their fixed-dimensional tests are not consistent to all fixed alternatives.
General omnibus procedures based on the empirical distribution function, such as
Kolmogorov–Smirnov and Cramér-von Mises type tests proposed in Henze (1996),
can be adapted to the present setting. Kernelized Stein discrepancy tests for discrete
sample spaces are developed in Yang et al. (2018), but they are formulated only
for simple null hypotheses on finite sample spaces, and therefore require suitable
modifications to address the composite hypothesis in (1). In Betsch et al. (2022),
the authors propose general tests derived from characterizations of probability mass
functions, which are also applicable to this problem. To the best of our knowledge,
the only consistent procedure specifically tailored to the Zeta family of distributions
is that of Meintanis (2009), where the empirical Mellin transform of inverse moments
is incorporated into a weighted L2-type statistic.

We propose a new competitor toMeintanis (2009) based on a Stein characterization
of the Zeta law using the generator approach, see (Barbour 1988, 1990), by provid-
ing a birth and death process whose stationary distribution is precisely the Zeta(s)
distribution and which then induces using the infinitesimal generator a suitable Stein
operator. Note that this is the first goodness-of-fit test that uses the generator approach
to provide the Stein characterization and then we follow (Anastasiou et al. 2023),
Section 5.2, to propose a weighted L2-type test statistic. First, consider a birth–death
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process (Yt )t≥0 on N with birth and death rates

λk = 1, μk =
(

k

k − 1

)s

, k ≥ 2,

and μ1 = 0. These rates satisfy the detailed balance condition

ps(k)λk = ps(k + 1)μk+1, k ≥ 1,

so that Ps = Zeta(s) is the unique stationary (and reversible) distribution of this
Markov chain. The infinitesimal generator Ls of the process acts on functions f :
N → R as

Ls f (k) = λk
(
f (k + 1) − f (k)

) + μk
(
f (k − 1) − f (k)

)
, k ≥ 1, (2)

with the convention that the second term vanishes for k = 1, i.e.

Ls f (1) = f (2) − f (1), Ls f (k) = (
f (k + 1) − f (k)

)

+
(

k

k − 1

)s (
f (k − 1) − f (k)

)
, k ≥ 2.

Following the generator approach (Barbour 1988, 1990), this infinitesimal generator
is a Stein operator for the stationary distribution, see also Section 1 in Eichelsbacher
and Reinert (2008). In our case this leads to the following characterization of the Zeta
distribution.

Theorem 1 Let X ∼ Ps = Zeta(s), for some s > 1. Then we have for all functions
f : N → R such that the expectations below exist,

EPs

[
Ls f (X)

] = 0.

Conversely, if a probabilitymeasure P onN satisfiesEP [Ls f (X)] = 0 for all bounded
f , then P = Ps.

Proof The forward direction follows from the reversibility condition ps(k) = ps(k +
1)μk+1, which ensures that for all f ,

EPs

[
Ls f (X)

] =
∞∑

k=1

ps(k)Ls f (k) =
∞∑

k=1

ps(k)λk( f (k + 1) − f (k))

+
∞∑

k=2

ps(k)μk( f (k − 1) − f (k)) = 0.

The converse follows from the fact that the stationary distribution of a positive recurrent
birth–death process is unique. ��
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Corollary 2 For the family of test functions { ft (x) = t x : t ∈ [0, 1]} and s > 1 we
have

Ls ft (1) = t2 − t, Ls ft (k) =
(
tk+1 − tk

)
+

(
k

k − 1

)s

(tk−1 − tk), k ≥ 2, (3)

and the class of test functions { ft : t ∈ [0, 1]} is characterizing, i.e. E [Ls ft (X)] = 0
for all t ∈ [0, 1] if and only if X ∼ Ps.

Proof We apply (2) to ft (x) = t x , t ∈ [0, 1], which yields directly (3). To show that
{ ft : t ∈ [0, 1]} is characterizing, let q be any probability mass function (pmf) on
N satisfying Eq [(Ls ft )(X)] = 0 for all t ∈ [0, 1]. Substituting the above expression
gives

0 =
∑

k≥1

q(k)

(

tk+1 − tk +
(

k

k − 1

)s (
tk−1 − tk

)
1{k > 1}

)

.

Define the generating functions Gq(t) = ∑
k≥1 q(k)tk , Hq(t) = ∑

k≥1 q(k)μk tk .
Then for all t ∈ [0, 1],

0 = (1 − t)
(
Hq(t) − tGq(t)

)
,

implying Hq(t) = tGq(t) as an identity of power series. Matching coefficients gives
q(k)μk = q(k − 1) for k ≥ 2, hence

q(k) = q(1)
k∏

j=2

1

μ j
= q(1)

k∏

j=2

(
j − 1

j

)s

= q(1)k−s .

Normalization yields q(1) = 1/ζ(s), i.e. q(k) = k−s/ζ(s). Thus the family { ft : t ∈
[0, 1]} uniquely characterizes the Zeta(s) law. ��

Given i.i.d. data X1, . . . , Xn from an unknown distribution P , we define the
empirical Stein process as

Zn(t; s) = 1√
n

n∑

i=1

Ls ft (Xi ), t ∈ [0, 1],

and to test the composite hypothesis in (1) we propose the test statistic

Tn =
1∫

0

|Zn(t; ŝn)|2w(t) dt, (4)

where ŝn is a consistent estimator of s and w is an almost everywhere positive and
integrable weight function satisfying

∫ 1
0 w(t)dt < ∞. Since under the null hypothesis

Zn is close to zero, Tn should produce small values and hence we reject H0 for ’large’
values of the test statistic. Since the limit null distribution of Tn clearly depends on
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the true but unknown shape parameter s0 (say) of the Zeta distribution, a resampling
technique is necessary to compute suitable critical values.

For the weight function w(t) = (1 − t)β , β ≥ 0, we have after straightforward
evaluation of integrals the explicit and integration-free representation

Tn,β = 1

n

n∑

j,k=1

{
21{X j = Xk = 1}

(3 + β)(4 + β)(5 + β)

−2

[(
X j

X j − 1

)ŝn
− X j + 1

β + X j + 4

]

B(X j + 1, 3 + β)1{X j ≥ 2, Xk = 1}

+
[

B(X+
j,k − 1, 3 + β)

(
X j

X j − 1

)ŝn (
Xk

Xk − 1

)ŝn

−B(X+
j,k, 3 + β)

((
X j

X j − 1

)ŝn
+

(
Xk

Xk − 1

)ŝn
)

+B(X+
j,k + 1, 3 + β))

]
1{X j , Xk ≥ 2}

}
, (5)

where 1 denotes the indicator function, B(·, ·) is the beta function and X+
j,k = X j+Xk .

The remainder of the paper is structured as follows. In the next section we derive
the asymptotic properties of the test statistic by applying a central limit theorem for
triangular arrays of Hilbert-space-valued random elements, and we establish both the
consistency of the test and the validity of the proposed parametric bootstrap scheme.
Section3 presents a comprehensive Monte Carlo study for the testing problem in (1),
and Sect. 4 concludes with an outlook and several directions for future research.

2 Asymptotics

In this section we derive asymptotic properties of the proposed tests. Let L2
w =

L2([0, 1],B[0,1], w(t)dt) be the separable Hilbert space (of equivalence classes) of
Borel-measurable functions g : [0, 1] → R satisfying ‖g‖2

L2
w

= ∫ 1
0 g2(t)w(t)dt < ∞

with respect to the measurable positive weight function w(·). The scalar product on
L2

w is defined by 〈g, h〉 = ∫ 1
0 g(t)h(t)w(t)dt . This is a suitable setting, since the test

statistic admits the representation

Tn = ‖Zn(·; ŝn)‖2L2
w
.

2.1 Limit null distribution

Let Xn,1, . . . , Xn,n be a triangular array of row-wise independent and identically
distributed copies of Xn ∼ Psn , where (sn) is a sequence of numbers with sn > 1 and
limn→∞ sn = s0 > 1. We choose as consistent estimator the maximum-likelihood
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estimator (MLE) ŝn , which satisfies

ζ ′(̂sn)
ζ (̂sn)

= −1

n

n∑

i=1

log Xn,i . (6)

Note that there exists no closed form formula for ŝn , so (6) has to be solved numerically,
see (Johnson et al. 2005, Section 11.2.20) for more details on the estimation of the
shape parameter of the Zeta law. Since it produces dependencies in the sum of the
empirical Stein process, we provide the Bahadur representation of the estimator and
related helping processes that share the same limit distribution. Denote by u(x; s) =
∂s log ps(x) = − log(x) − ζ ′(s)/ζ(s), s > 1, the Zeta score function and by I (s) =
Var(u(X; s)) = ζ ′′(s)/ζ(s) − (

ζ ′(s)/ζ(s)
)2, s > 1, the Fisher information. Then

applying the Bahadur representation, see Corollary 10.16 in Henze (2024), we get

√
n(ŝn − sn) = I (sn)−1

√
n

n∑

j=1

u(Xn, j ; sn) + oP(1)

= − 1
√
n

(
ζ ′′(sn)
ζ(sn)

−
(

ζ ′(sn)
ζ(sn)

)2
)

n∑

j=1

(

log(Xn, j ) + ζ ′(sn)
ζ(sn)

)

+ oP(1).

(7)

Define the functions

hs(x, t) = −t(1− t)1{x = 1} + (1− t)t x−1
[(

x

x − 1

)s

− t

]

1{x ≥ 2}, t ∈ [0, 1],

and

∂hs(x, t)

∂s
= (1 − t)t x−1

(
x

x − 1

)s

log

(
x

x − 1

)

1{x ≥ 2} =: gs(x, t), t ∈ [0, 1].

Now, consider the helping processes

Z̃n(t; sn) = 1√
n

n∑

j=1

{
hsn (Xn, j , t) + gsn (Xn, j , t)(̂sn − sn)

}
, t ∈ [0, 1],

and

Ẑn(t; sn) = 1√
n

n∑

j=1

{
hsn (Xn, j , t) + an(t)I (sn)

−1u(Xn, j ; sn)
}

, t ∈ [0, 1],

where an(t) = E
[
gsn (Xn, t)

] = 1−t
ζ(sn)

∑∞
k=2 t

k−1(k−1)−sn log
(

k
k−1

)
, t ∈ [0, 1], n ∈

N0. The next lemma shows that the helping processes are asymptotically equivalent.
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Lemma 3 Under the standing assumptions, we have

∥
∥Zn(·; ŝn) − Z̃n(·; sn)

∥
∥
L2

w
= oP(1) and

∥
∥Z̃n(·; sn) − Ẑn(·; sn)

∥
∥
L2

w
= oP(1).

Proof LetW = ∫ 1
0 w(t) dt < ∞, and�n := ŝn − sn . Note that the Bahadur represen-

tation (7) implies
√
n �n = OP(1), and hence �n = oP(1). Next, let η := (s0 −1)/4,

and define the compact interval K := [s0 −2η, s0 +2η] ⊂ (1,∞). For all sufficiently
large n, |sn − s0| ≤ η, and on the event En := {|�n| ≤ η}, whose probability tends to
one, the line segment joining sn and ŝn is contained in K . We next establish uniform
bounds for the derivatives of hs . Since x/(x − 1) ≤ 2, and log (x/(x − 1)) ≤ log 2
for x ≥ 2, we obtain, uniformly in s ∈ K and x ∈ N,

‖gs(x, ·)‖2L2
w

=
(

x

x − 1

)2s [

log

(
x

x − 1

)]2 ∫ 1

0
(1 − t)2t2x−2w(t) dt 1{x≥2}

≤ 23s0−1(log 2)2W =: M2
1 .

Thus, we have
sup
s∈K

sup
x∈N

‖gs(x, ·)‖L2
w

≤ M1.

Furthermore,

∂2s hs(x, t) = (1 − t)t x−1
(

x

x − 1

)s [

log

(
x

x − 1

)]2
1{x≥2}.

Therefore

∥
∥
∥∂2s hs(x, ·)

∥
∥
∥
2

L2
w

=
(

x

x − 1

)2s [

log

(
x

x − 1

)]4 ∫ 1

0
(1 − t)2t2x−2w(t) dt 1{x≥2}

≤ 23s0−1(log 2)4W =: M2
2 .

Hence, we have
sup
s∈K

sup
x∈N

∥
∥
∥∂2s hs(x, ·)

∥
∥
∥
L2

w

≤ M2.

Taylor’s formula with integral remainder gives

hŝn (x, t) − hsn (x, t) − gsn (x, t)�n = �2
n

1∫

0

(1 − λ)∂2s hsn+λ�n (x, t) dλ.

Consequently, on En , ‖Zn(·; ŝn) − Z̃n(·; sn)‖L2
w

≤ M2
√
n �2

n/2 = oP(1). Since
P(En) → 1, the first assertion follows.
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For the second assertion, define

Gn := 1

n

n∑

j=1

gsn (Xn, j , ·), and Un := 1√
n

n∑

j=1

u(Xn, j , sn).

By row-wise independence and centering,

E‖Gn − an‖2L2
w

= 1

n
E‖gsn (Xn,1, ·) − an‖2L2

w
≤ M2

1

n
.

Thus ‖Gn −an‖L2
w

= oP(1). Moreover, ‖an‖L2
w

≤ M1, and hence ‖Gn‖L2
w

= OP(1).

Letρn := √
n �n− I (sn)−1Un = oP(1). From the definitions of the helping processes,

Z̃n − Ẑn = ρnGn + I (sn)
−1Un(Gn − an).

Therefore, ‖Z̃n − Ẑn‖L2
w

≤ |ρn| ‖Gn‖L2
w

+ |I (sn)−1Un| ‖Gn − an‖L2
w

= oP(1). This
proves both assertions. ��
Theorem 4 Under the triangular array stated at the beginning of this section, we have
as n → ∞

Tn
d−→ ‖Z‖2L2

w
,

where Z(·) is a centered Gaussian process in L2
w with covariance kernel

C(r , t)

= r t(1 − r)(1 − t)

ζ(s0)
− a0(r)a0(t)

I (s0)

+ (1 − r)(1 − t)

ζ(s0)

∞∑

k=2

k−s0 (r t)k−1
((

k

k − 1

)s0
− r

) ((
k

k − 1

)s0
− t

)

, r , t ∈ [0, 1].

Proof By Lemma 3, it suffices to prove that Ẑn(·; sn) D−→ Z in L2
w. To show this we

use Theorem 17.30 in Henze (2024). Define

wn(x) := hsn (x, ·) + an(·)I (sn)−1u(x; sn), Yn, j := 1√
n
wn(Xn, j ).

and
w0(x) := hs0(x, ·) + a0(·)I (s0)−1u(x; s0), W0 := w0(X),

where X ∼ Ps0 . Then

Ẑn(·; sn) =
n∑

j=1

Yn, j , E[Yn, j ] = 0.
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Since sn → s0 > 1, the sequence (sn) is eventually contained in a compact subset
of (1,∞). Thus, after putting m = k − 1,

an =
∞∑

m=1

cn,mφm, cn,m := m−sn

ζ(sn)
log

(

1 + 1

m

)

, φm(t) := (1 − t)tm .

Likewise,

a0 =
∞∑

m=1

c0,mφm, c0,m := m−s0

ζ(s0)
log

(

1 + 1

m

)

.

For each fixed m, cn,m → c0,m . Moreover, writing W = ∫ 1
0 w(t) dt , we have

‖φm‖2L2
w

=
1∫

0

(1 − t)2t2mw(t) dt ≤ W .

Choose s∗ ∈ (1, s0). Since sn → s0, eventually sn ≥ s∗. Using ζ(s) > 1 and
log(1 + 1/m) ≤ 1/m, we obtain

(|cn,m | + |c0,m |)‖φm‖L2
w

≤ 2
√
W m−(s∗+1).

The right-hand side is summable. Hence, by dominated convergence for series,

‖an − a0‖L2
w

≤
∞∑

m=1

|cn,m − c0,m |‖φm‖L2
w

−→ 0

as n → ∞. Consequently, wn(x) −→ w0(x) in L2
w for every fixed x ∈ N. Since

sn → s0 > 1, there are 1 < s∗ < s∗ < ∞ such that sn ∈ [s∗, s∗] for all sufficiently
large n. Moreover,

sup
n

‖an‖L2
w

< ∞, sup
n

I (sn)
−1 < ∞, ‖hsn (x, ·)‖L2

w
≤ C,

and |u(x; sn)| ≤ C(1 + log x), where C is a positive constant. Hence

‖wn(x)‖L2
w

≤ C(1 + log x).

Since psn (x) ≤ x−s∗ , it follows that, for q ∈ {2, 4},

psn (x)‖wn(x)‖qL2
w

≤ Cx−s∗(1 + log x)q , x ∈ N. (8)

The right-hand side is summable over x .
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Let Cn be the covariance operator of Ẑn(·; sn) = ∑n
j=1 Yn, j . Since Yn, j =

wn(Xn, j )/
√
n and the summands are row-wise independent and centered,

Cn = Cov(wn(Xn,1)).

Let (ek)k≥1 be an orthonormal basis of L2
w. By (8) and dominated convergence, for

every k, 
 ≥ 1,

lim
n→∞〈Cnek, e
〉L2

w
= E

[
〈W0, ek〉L2

w
〈W0, e
〉L2

w

]
=: γk
.

Thus condition (a) of Theorem 17.30 holds. Likewise, by Parseval’s identity and
dominated convergence,

lim
n→∞

∞∑

k=1

〈Cnek, ek〉L2
w

= E‖W0‖2L2
w

=
∞∑

k=1

γkk < ∞,

which verifies condition (b). Finally, for every ε > 0 and k ≥ 1,

Ln(ε, ek) = E

[
|〈wn(Xn,1), ek〉L2

w
|21

{
|〈wn(Xn,1), ek〉L2

w
| > ε

√
n
}]

≤ 1

ε2n
E‖wn(Xn,1)‖4L2

w
−→ 0,

because (8) implies supn E‖wn(Xn,1)‖4L2
w

< ∞. Hence condition (c) holds, and

Theorem 17.30 in Henze (2024) yields

Ẑn(·; sn) D−→ Z in L2
w.

It remains to identify the covariance kernel of Z . Since the limiting covariance

matrix satisfies γk
 = E

[
〈W0, ek〉L2

w
〈W0, e
〉L2

w

]
, the covariance operator of Z is

the covariance operator of W0. Thus

C(r , t) = E[W0(r)W0(t)], r , t ∈ [0, 1].

Differentiating the identity E[hs(X , t)] = 0 with respect to s at s = s0 gives

0 = E[gs0(X , t)] + E
[
hs0(X , t)u(X; s0)

]
.

We obtain E
[
hs0(X , t)u(X; s0)

] = −a0(t). Also, E[u(X; s0)2] = I (s0). Expanding
the covariance therefore yields

C(r , t) = E
[
hs0(X , r)hs0(X , t)

] − a0(r)a0(t)

I (s0)
.
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Using the definition of hs0 , we have

E
[
hs0 (X , r)hs0 (X , t)

] = r t(1 − r)(1 − t)

ζ(s0)

+ (1 − r)(1 − t)

ζ(s0)

∞∑

x=2

x−s0 (r t)x−1
[(

x

x − 1

)s0
− r

] [(
x

x − 1

)s0
− t

]

.

This is the covariance kernel stated in the theorem. Finally, Lemma 3 gives

∥
∥Zn(·; ŝn) − Ẑn(·; sn)

∥
∥
L2

w
≤ ∥

∥Zn(·; ŝn) − Z̃n(·; sn)
∥
∥
L2

w
+ ∥

∥Z̃n(·; sn) − Ẑn(·; sn)
∥
∥
L2

w
= oP(1).

Hence, by Slutsky’s theorem, Zn(·; ŝn) D−→ Z in L2
w. Since the map f �→ ‖ f ‖2

L2
w
is

continuous, the continuous mapping theorem gives Tn = ‖Zn(·; ŝn)‖2L2
w

D−→ ‖Z‖2
L2

w
.

This completes the proof. ��

2.2 Consistency of the testing procedure

We now state that the test which rejects the hypothesis H0 for large values of Tn
is consistent against general alternatives. Hereafter, we consider an i.i.d. sequence
(Xn)n∈N of copies of X , where X is a non-degenerate positive integer-valued random
variable satisfying E[X2] < ∞. Moreover, we assume that there is s0 > 1 such that

ŝn
a.s.−→ s0, as n → ∞,

where ŝn is themaximum likelihood estimator as in the previous section. The following
result is a direct consequence of a Taylor expansion and Fatou’s lemma.

Theorem 5 Under the stated conditions, we have

lim inf
n→∞

Tn
n

≥ 
s0,w P-a.s.,

where


s0,w =
1∫

0

E
[
hs0(X , t)

]2
w(t)dt .

Note that by Corollary 2 we have 
s0,w = 0 if and only if X ∼ Ps0 . This implies that
Tn is consistent for each non-Zeta alternative satisfying the stated assumptions, since
Tn is diverging almost surely to infinity as n → ∞.

Remark 1 Under a fixed alternative, the MLE ŝn converges almost surely to s0 if the
limit

s0 = argmax
s>1

E
[
log ps(X)

] = argmax
s>1

E
[−s log X − log ζ(s)

]
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exists and is unique, where X follows the true distribution P . This holds when
E[| log X |] < ∞ and the Kullback–Leibler divergence between P and Zeta(s) is
minimized at a unique s0 > 1.

2.3 Parametric bootstrap procedure

Since the limit null distribution of Tn in Theorem 4 depends on the unknown parameter
s0 > 1 of the underlying Zeta distribution, we propose a parametric bootstrap pro-
cedure to obtain critical values. For a sample X1, . . . , Xn satisfying the assumptions
above, we compute the MLE ŝn = ŝn(X1, . . . , Xn). We then generate a bootstrap
sample of size n, say X∗

1, . . . , X
∗
n , following the Zeta(̂sn) distribution, estimate the

parameter s from X∗
1, . . . , X

∗
n (denote it ŝ∗

n ), and calculate the test statistic T ∗
n . By

repeating this procedure b times, we obtain T ∗
n,1, . . . , T

∗
n,b and compute the empirical

distribution function

H∗
n,b(t) = 1

b

b∑

i=1

1{T ∗
n,i ≤ t}, t ≥ 0.

Given the nominal level α ∈ (0, 1), we use the empirical (1 − α)-quantile:

c∗
n,b(α) = H∗−1

n,b (1 − α) =
{
T ∗
b(1−α):b, b(1 − α) ∈ N,

T ∗
�b(1−α)�+1:b, otherwise,

where T ∗
1:b, . . . , T ∗

b:b are the order statistics. We reject H0 if Tn > c∗
n,b(α).

Next we show the validity of the bootstrap procedure. Denote by

Hn,s(t) := Ps(Tn ≤ t), Hs(t) := P

(
‖Zs‖2L2

w
≤ t

)
, t ≥ 0,

where Zs denotes the centeredGaussian element fromTheorem 4 corresponding to the
parameter value s > 1.Moreover, letXn := σ(X1, . . . , Xn) and define the conditional
bootstrap distribution by

G∗
n(t) := P

(
T ∗
n ≤ t | Xn

)
, t ≥ 0.

The corresponding bootstrap critical value is

c∗
n(α) := inf{t ≥ 0 : G∗

n(t) ≥ 1 − α}, α ∈ (0, 1).

Conditionally onXn , the bootstrap sample X∗
1, . . . , X

∗
n is i.i.d. Zeta(̂sn), and the boot-

strap statistic T ∗
n is computed from that sample in exactly the same way as Tn . Hence,

for every t ≥ 0,
G∗

n(t) = Hn,̂sn (t) Ps0 -a.s.

Assume now that the null hypothesis holds, i.e. X1, X2, . . . are i.i.d. Zeta(s0) with
s0 > 1, and that ŝn → s0 almost surely. Then there exists a set AwithPs0(A) = 1 such
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that, for every ω ∈ A, the deterministic sequence sn(ω) = ŝn(ω) satisfies sn(ω) → s0.
Fix ω ∈ A. Conditional on the data, the bootstrap row X∗

n,1(ω), . . . , X∗
n,n(ω) is i.i.d.

Zeta(sn(ω)). Therefore, Theorem 4 applied to the deterministic triangular array with
row parameter sequence sn(ω) yields

G∗
n(ω, t) = Hn,sn(ω)(t) → Hs0(t)

for every t ≥ 0. Since Hs0 is continuous, Pólya’s theorem implies

sup
t≥0

∣
∣G∗

n(ω, t) − Hs0(t)
∣
∣ → 0, ω ∈ A.

Thus, the parametric bootstrap is valid since the conditional law of T ∗
n given the sample

converges to the same null limit law as Tn , for Ps0 -almost every sample sequence. In
particular, by continuity and strict monotonicity of Hs0 , see also Remark 2,

c∗
n(α) −→ H−1

s0 (1 − α) Ps0 -a.s.,

and therefore
lim
n→∞Ps0

(
Tn > c∗

n(α)
) = α.

Next, let T ∗
n,1, . . . , T

∗
n,b be conditionally i.i.d. copies of T

∗
n given Xn , and define H∗

n,b
as above. Then, for each fixed n, the Glivenko–Cantelli theorem yields

sup
t≥0

∣
∣H∗

n,b(t) − G∗
n(t)

∣
∣ → 0, a.s.

with respect to the bootstrap resampling, for Ps0 -almost every realization of the orig-
inal sample. Hence H∗

n,b is a Monte Carlo approximation to the ideal conditional
bootstrap law G∗

n , and c∗
n,b(α) is the corresponding Monte Carlo approximation to

c∗
n(α). Consequently,

lim
n→∞ lim

b→∞Ps0

(
Tn > c∗

n,b(α)
) = α.

If X1, . . . , Xn do not follow a Zeta distribution, then by Theorem 5, 
s0,w > 0, so

lim
n→∞ lim

b→∞P(Tn > c∗
n,b(α)) = 1.

Thus, the bootstrap test is consistent against any fixed alternative distribution satisfying
the stated assumptions.

Remark 2 Since the limit random element in Theorem 4 is a centeredGaussian process
taking values in L2

w with known covariance kernel C(s, t), s, t ∈ [0, 1], it is well-
known by the Karhunen-Loève expansion (see Duan and Wang (2014), Chapter 3),
that the distribution of ‖Z‖2

L2
w
corresponds to

∑∞
j=1 λ j (s0)N 2

j , where N j are i.i.d.

standard normal random variables and (λ j (s0)) j∈N is a sequence of decaying positive
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eigenvalues defined by the (linear homogeneous Fredholm of the second kind) integral
equation

λ f (s) = C f (s), s ∈ [0, 1],
where C : L2

w �→ L2
w is defined as

C f (s) =
1∫

0

C(s, t) f (t)w(t)dt,

corresponding to the covariance kernel C of Z in Theorem 4. The eigenvalues obvi-
ously dependon the true unknownparameter s0 > 1aswell as theweight functionw(·).
By the complexity of the kernelC it seems hopeless to find an analytical solution to the
eigenvalue problem, although numerical procedures such as the Rayleigh-Ritz method
could be applied (Ebner et al. 2025). The limiting distribution is non-degenerate.

Indeed, for any q ∈ (0, 1), C(q, q) = E

[
hs0(X , q) + a0(q)

I (s0)
u(X; s0)

]2 ≥ 0. If

C(q, q) = 0, then, since the Zeta distribution has full support on N, hs0(k, q) +
a0(q)
I (s0)

u(k; s0) = 0, k ∈ N. For k ≥ 2, hs0(k, q) → 0 as k → ∞ exponentially

fast, whereas u(k; s0) = − log k − ζ ′(s0)
ζ(s0)

→ −∞. Hence necessarily the constant
a0(q)/I (s0) = 0. But then hs0(k, q) = 0 for all k, which is a contradiction since
hs0(1, q) = −q(1 − q) �= 0. Thus C(q, q) > 0 for all q ∈ (0, 1). Since w is posi-
tive, the covariance operator has positive trace, tr(C) = ∫ 1

0 C(q, q)w(q) dq > 0, and
therefore at least one eigenvalue λ j (s0) is strictly positive. Consequently, the limit law

‖Z‖2
L2

w

D= ∑∞
j=1 λ j (s0)N 2

j is non-degenerate.

Remark 3 Defining the feature map �s(x)(t) = hs(x, t) and the Stein ker-
nel ks(x, y) = 〈�s(x),�s(y)〉L2

w
, we have for Tn in (4) a V -statistic Tn =

n−1 ∑n
j,k=1 k̂sn (X j , Xk), which shows that Tn is a special maximum mean discrep-

ancy (MMD)-type statistic with a Stein-type kernel, and because ks is defined as an
inner product of features, it is automatically positive definite. For more details on this
type of test statistic see (Key et al. 2025) and for related theory (Brueck et al. 2025).

3 Simulations

In this section we provide (to the best of our knowledge, the first) comparative Monte
Carlo Simulation study for testing the fit to the Zeta family of distributions. In each
simulation run, we simulate a data set X1, . . . , Xn of sample size n = 100, and fix
the significance level to 5%. Every entry in Table 1 is based on 10000 replications. To
ensure an ’apples-to-apples’ comparison, we employ for all considered testing proce-
dures the same resampling procedure. Since the parametric bootstrap in Sect. 2.3 is
computationally intensive, we employ the warp-speed Monte Carlo method of Giaco-
mini et al. (2013). Hence, for each simulated dataset we compute the test statistic on
the original sample and on one bootstrap resample, and then use the resulting pairs to
estimate rejection probabilities as the number of Monte Carlo replications grows.
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There are relatively few goodness-of-fit tests specifically designed for positive
integer-valued random variables. We adopt the approaches mentioned in the intro-
duction to compare the finite sample performance of the test statistics. Henze (1996)
proposed a test statistic for parametric families of discrete distributions, based on a
comparisonbetween the empirical distribution function and the cumulative distribution
function with estimated parameters.

Let us briefly describe the test of Henze (1996). We present it here in its specific
form for the Zeta distribution with unknown parameter s. Let X1, . . . , Xn be an i.i.d.
sequence of random variables following the Zeta(s) distribution, and let F̂n denote the
empirical distribution function based on this sample. Furthermore, let ŝn be a consistent
estimator of the parameter s > 1, and let F(t; ŝn) be the cumulative distribution
function of the Zeta(̂sn) distribution.

We consider two asymptotically equivalent versions of the Cramér–von Mises test
statistic, namely

Ca
n = n


∑

k=1

(
F̂n(k) − F(k; ŝn)

)2
P[X = k; ŝn] + R(
),

where P[X = k; ŝn], k ≥ 1, is the Zeta(̂sn) probability mass function, and R(
) is a
remainder term, and

Ce
n = n

∞∑

k=1

(
F̂n(k) − F(k; ŝn)

)2(
F̂n(k) − F̂n(k − 1)

)
,

where

F̂n(k) − F̂n(k − 1) = 1

n

n∑

j=1

1{X j = k}, k ≥ 1,

is the empirical probability mass function. The remainder term R(
) ofCa
n depends on


 and on the true value of s. Henze (1996) recommends choosing 
 sufficiently large,
in particular at least so large that n

(
1− F(
; ŝn)

) ≤ 10−4. Note that, for Ce
n , there are

at most finitely many nonzero summands, namely at most M = max{X1, . . . , Xn},
and there is no need to choose any upper limit 
 for the sum, in contrast to Ca

n .
The test of Yang et al. (2018) cannot be directly compared with our procedure,

since it is developed for a finite sample space and a simple null hypothesis with
fully specified probabilities. In order to obtain a method that is applicable to the Zeta
distribution with unknown parameter s, we adapt their kernelized Stein discrepancy
by plugging in an estimate ŝn of s into the discrete Stein operator and working on
the finite support {1, . . . , Kn}, where Kn = max1≤i≤n Xi . Define the forward and
backward neighbours

τ(x) =
{
x + 1, x < Kn,

1, x = Kn,
ρ(x) =

{
x − 1, x > 1,

Kn, x = 1,
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and the discrete score

ŝsn (x) = 1 −
( x

τ(x)

)̂sn
, x ∈ {1, . . . , Kn}.

Let k be a positive definite kernel on {1, . . . , Kn}. The corresponding Stein kernel is

κ̂sn (x, x
′) = ŝsn (x) k(x, x

′) ŝsn (x ′) − ŝsn (x)
(
k(x, x ′) − k(x, ρ(x ′))

)

− (
k(x, x ′) − k(ρ(x), x ′)

)
ŝsn (x

′)
+ (

k(x, x ′) − k(ρ(x), x ′) − k(x, ρ(x ′)) + k(ρ(x), ρ(x ′))
)
,

and the Yang-type kernel Stein discrepancy with estimated parameter is given by a
plug-in pairwise KSD statistic of U-statistic form

SKSD = 1

n(n − 1)

n∑

i, j = 1
j �= i

κ̂sn (Xi , X j ).

We implement a Gaussian kernel k(x, x ′) = exp(−(x − x ′)2/2).
The goodness-of-fit test proposed byMeintanis (2009) is based on theMellin trans-

form and was originally developed for both continuous and discrete Pareto-type laws
under a simple null hypothesis. In the discrete case, the null hypothesis is equivalent
to (1) and the test statistic involves the difference between the empirical Mellin trans-
form and its theoretical counterpart. For a sample X1, . . . , Xn and a weight function
wβ(t) = exp(−βt) with β > 0, the empirical Mellin transform is

Mn(t) = 1

n

n∑

j=1

X−t
j , t ≥ 0.

Adapting the discrete-Zeta version ofMeintanis (2009) to the composite hypothesis
with unknown parameter s, we plug in an estimator ŝn of s into the test statistic. Using
the integral representation (cf. formulas (1.3) and (3.1) in Meintanis (2009)), the
resulting Meintanis statistic is

Zn,β = n

∞∫

0

[
ζ 2(̂sn) M

2
n (t) + ζ 2(̂sn + t) − 2 ζ (̂sn) ζ (̂sn + t) Mn(t)

]
e−βt dt, (9)

where ζ(·) denotes the Riemann zeta function. In practice, the integral in (9) is eval-
uated numerically for each bootstrap sample and for each chosen value of the tuning
parameter β.

Finally, we adapt the characterization-based approach of Betsch et al. (2022) to the
Zeta family. For s > 2 the Zeta pmf ps(k) = k−s/ζ(s) satisfies the Stein-type identity
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P(X = k) = E

[(
1 −

( X

X + 1

)s)
1{X≥k}

]

, k ∈ N,

and deviations from this identity can be used to measure lack of fit. Given a sam-
ple X1, . . . , Xn and an estimator ŝn of s, we define the empirical pmf ρn(k) =
n−1 ∑n

j=1 1{X j=k} and

en(k; ŝn) = 1

n

n∑

j=1

(
1 −

( X j

X j + 1

)̂sn)
1{X j≥k}, k ∈ N.

The BEN test statistic is the squared 
2–distance

SBEN (̂sn) =
Mn∑

k=1

(
en(k; ŝn) − ρn(k)

)2
, Mn = max

1≤ j≤n
X j ,

which vanishes under the model and becomes large when the characterization is vio-
lated. Critical values are obtained by a parametric bootstrap from the fitted Zeta
distribution p̂sn , exactly in analogy with the procedures proposed by Betsch et al.
(2022).

Remark 4 The general characterization in Theorem 3.1 of Betsch et al. (2022) requires
a finite first moment (cf. condition (C3)), so its assumptions are rigorously satisfied
for the Zeta family only in the parameter range s > 2. For 1 < s ≤ 2 the Zeta
law has infinite mean, so condition (C3) is violated and the formal applicability of
the theorem is no longer guaranteed. Nevertheless, the above identity continues to
hold at a heuristic level and the corresponding statistic remains well defined, although
a rigorous asymptotic theory in this heavy-tailed regime would require additional
arguments beyond those of Betsch et al. (2022).

We consider several alternatives to explore the power of the test, all supported on
N. First, for s > 2 we write Geom(s) for the geometric distribution on {1, 2, . . . }with
success probability ps chosen such that its mean coincides with that of Zeta(s), that
is 1/ps = E[Z ] = ζ(s − 1)/ζ(s), Z ∼ Zeta(s). The notation Zipf(s, N ) refers to the
truncated Zipf distribution on {1, . . . , N } with pmf

P(X = k) = k−s

∑N
j=1 j−s

, k = 1, . . . , N .

For s > 1, N ∈ N and pg ∈ (0, 1), the Zeta/Geometric splice ZG(s, N , pg) coincides
with Zeta(s) on {1, . . . , N } and has a shifted geometric tail beyond N , i.e. for k > N
the probabilities are proportional to (1 − pg)k−N−1 pg, with a global normalizing
constant chosen so that the pmf sums to one. Conversely, for s > 1 and N ∈ N the
Geometric/Zeta splice GZ(s, N ) has a geometric probability mass on {1, . . . , N } and
a shifted Zeta tail beyond N , so that for k > N the probabilities are proportional to
(k − N )−s and the overall pmf is properly normalized. Finally, the zigzag alternatives
Zigzag(s, ε), with s > 1 and |ε| < 1, are defined by the pmf
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P(X = k) ∝ k−s(1 + ε(−1)k
)
, k ∈ N,

which corresponds to alternating up- and down-perturbations of the Zeta(s) pmf.
The results of the simulation study are presented in Table 1. The first result we

can see is that no test statistic uniformly dominates the others, which is not surprising,
since there cannot be an omnibus best testing procedure as is shown by Janssen (2000).
Overall, all considered tests maintain the nominal significance level reasonably well,
keeping the empirical size close to 0.05. For benchmark alternatives such as the Pois-
son, binomial, discrete uniform, and negative binomial distributions, all procedures
achieve rejection rates close to 100%, so these cases are not reported in Table 1. In
general, most tests exhibit good power when deviations from the Zeta law occur in the
left tail, where the probabilities are relatively large. Somewhat surprisingly, the test of
Yang et al. (2018) is the strongest procedure against the Geometric alternative when
s = 2.5, but its power drops essentially to zero when s = 3 or s = 3.5. A decline
in power for the Geometric alternative is visible for all competitors as s increases; in
contrast, our statistics Tn,β , where β is the tuning parameter of the weight function
as in (5), retain comparatively high power because, for larger s (and thus larger ps),
the probabilities at 1 and 2 are quite substantial, and our test is particularly sensitive
to deviations from the Zeta model at small values of X . All tests fail to detect the
Geometric right-tail alternatives if the mixture split between the Zeta and Geometric
components occurs at k = 10. When the split is at k = 5, the competing procedures
perform visibly better, while our tests still achieve rejection rates only slightly above
the nominal level; this is consistent with the fact that our test gives relatively small
weight to discrepancies in p(k) = P(X = k) for large k, and suggests that alternative
weightings might be explored in future work. On the other hand, all tests perform very
well when the split is reversed, that is, when the Geometric component governs the
left part of the distribution and the Zeta component the right tail. The truncated Zeta
(Zipf) distribution is well detected if the truncation point is close to zero; however, all
of our statistics show a relatively rapid loss of power as the ratio N/s decreases, that
is, when the truncation is so close to one that observations with substantial probability
mass are no longer visible. Finally, the new statistic Tn,β clearly outperforms the other
procedures for the Zigzag alternatives, which again reflects the particular strength of
our test in situations where the relative frequencies of small count values deviate from
those implied by the Zeta distribution.

4 Comments and Outlook

We have proposed a new family of test statistics for assessing the composite hypoth-
esis that an integer–valued data set on N arises from an unspecified member of
the zeta family. We derived the asymptotic distribution of the corresponding test
and established the consistency of a parametric bootstrap approximation. More-
over, we conducted what appears to be the first comprehensive Monte Carlo study
for this testing problem: although (Meintanis 2009) outlines a bootstrap proce-
dure, simulation results are only reported for the simple null hypothesis. Our
experiments demonstrate that the proposed tests are strong competitors to existing
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methods. In addition, we extended the kernelized Stein discrepancy approach of
Yang et al. (2018) to the composite setting and introduced, in the spirit of Betsch
et al. (2022), a previously unavailable characterization-based test tailored to the zeta
distribution.

We conclude the article by pointing out some open research directions. In Remark
2 we pointed out the connection of the limiting null distribution to a weighted sum of
independent χ2

1 distributed random variables. To use the Rayleigh-Ritz method one
needs an orthonormal basis of L2

w, which depends on the underlying weight function.
In the considered casew(t) = (1−t)β ,β ≥ 0, a starting pointwould be the normalized
shifted Jacobi polynomials

ϕn,β(t) = √
2n + β + 1

n∑

k=0

(−1)k
(
n + β

n − k

)(
n

k

)

(1 − t)k t n−k, t ∈ [0, 1],

which could lead to a precise approximation of the eigenvalues of the covariance
operator, see (Ebner et al. 2025) for the methodology and examples of a variety of
weighted L2 spaces, covariance kernels of Gaussian processes, and other families of
orthogonal polynomials.

In the simulation studywe exclusively employed themaximum likelihood estimator
for the shape parameter of the Zeta distribution. Since (Drost et al. 1990) indicate that
the choice of estimation procedure can substantially affect the power of goodness-of-
fit tests, it would be of interest to explore alternative estimators, such as minimum
distance estimators or generalized method-of-moments type procedures inspired by
Stein’s method as in Betsch et al. (2021); Ebner et al. (2025).

Obviously, the Zeta distribution is the infinite version of the truncated Zipf distri-
bution, so it would be interesting to consider the testing problem of fit to the truncated
Zipf family, either for fixed truncation parameter N or unknown N . The corresponding
rates of the birth- and death process in analogy to the derivation in the introduction
would then stay the same (with λN = 0) but the index k is restricted to {1, . . . , N }.
Another interesting generalization of the Zeta distribution is the so-called Lerch dis-
tribution, which can also be expressed as stationary distribution of a birth- and death
process, for details see (Klar et al. 2010).
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