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 a b s t r a c t

Given a finite point set satisfying condition A, the subset selec-
tion problem asks, how large of a subset satisfying condition
B can be extracted? Problems of this nature are notoriously
difficult and have attracted extensive study. In this paper, we
make progress on three instances of subset selection problems
in planar point sets. Let n, s ∈ N with n ≥ s, and let P ⊆ R2 be a
set of n points, where at most s points lie on the same line.

Firstly, we select a general position subset of P , i.e., a subset
containing no 3 points on the same line. This problem was
proposed by Erdős under the regime when s is a constant. For s
being non-constant, we give new lower and upper bounds on the
maximum size of such a subset. In particular, we show that in
the worst case such a set can have size at most O(n5/6+o(1)/

√
s)

when 3 ≤ s ≤ n1/3 and O(n/s) when n1/3
≤ s ≤ n.

Secondly, we select a monotone general position subset of
P , that is, a subset in general position where the points are
ordered from left to right and their y-coordinates are either
non-decreasing or non-increasing. We present bounds on the
maximum size of such a subset. In particular, when s = Ω(

√
n),

our upper and lower bounds differ at most by a logarithmic
factor.

Lastly, we select a subset of P with pairwise distinct slopes.
This problem was initially studied by Erdős, Graham, Ruzsa, and
Taylor on the grid. We show that for s = O(

√
n) such a subset of
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size Ω((n/ log s)1/3) can always be found in P . When s = Θ(

√
n),

this matches a lower bound given by Zhang on the grid. As for
the upper bound, we show that in the worst case such a subset
has size at most O(√n) for 2 ≤ s ≤ n3/8 and O((n/s)4/5) for
n3/8

≤ s = O(
√
n).

The proofs use a wide range of tools such as incidence geome-
try, probabilistic methods, the hypergraph container method, and
additive combinatorics.

© 2026 The Author(s). Published by Elsevier Ltd. This is an open
access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

For an integer k ≥ 3, a collinear k-tuple is a set of k distinct points lying on the same line. A 
planar point set is said to be in general position if it contains no collinear triple. The problem of 
selecting a large general position subset from an n × n integer grid, also known as the no-three-in-
line problem, goes back more than 100 years, see for examples [9] and [28, Ch. 10]. A pigeonhole 
principle argument shows that one can select at most 2n points. Dudeney [9] asked whether one 
can always select 2n points and this question remains open.

The no-three-in-line problem is a typical instance of the subset selection problem. In general, the 
subset selection problem asks: Given a finite point set satisfying condition A, how large of a subset 
satisfying condition B can be extracted?

Such problems are known for their intrinsic difficulty and therefore often serve as important 
benchmark tasks in machine learning. For example, recent AI-assisted methods [5,17] have been 
used to search for a large subset of an n× n grid that spans no isosceles triangle, as well as a large 
subset of an n × n × n grid containing no 5 points on a common sphere. In this paper, we focus 
on three subset selection problems in planar point sets, two of which have received considerable 
attention in extremal combinatorics and discrete geometry (see Sections 1.1 and 1.3), while the 
remaining one is a new variation (see Section 1.2).

1.1. Selecting a general position subset

A natural generalization of the no-three-in-line problem is to select a large general position 
subset from an arbitrary planar point set satisfying a certain collinearity condition. Let n, s ∈ N
with n ≥ s ≥ 2. The function f (n, s) is defined as the largest integer, such that every set P ⊆ R2

of n points with at most s points collinear, i.e., without collinear (s + 1)-tuples, contains a general 
position subset of size f (n, s). It follows from the definition that f (n, 2) = n. Erdős [11] studied 
the first non-trivial case f (n, 3) and showed that f (n, 3) = Ω(

√
n) by a greedy selection. Later 

Füredi [15] proved that f (n, 3) = Ω(
√
n log n) using the lower bound on the independence number 

of partial Steiner triple systems [29]. Employing a similar idea, Lefmann [25] generalized Füredi’s 
lower bound to all f (n, s) with fixed s ≥ 3.

On the other hand, Füredi [15] constructed a set P ⊆ R2 of n points containing no collinear 4-
tuple and used the density Hales–Jewett theorem [16] to show that P contains at most o(n) points in 
general position, namely, f (n, 3) = o(n). Balogh and Solymosi [3] proved that a random n-element 
subset of a large 3-dimensional grid contains no collinear 4-tuple and at most n5/6+o(1) points in 
general position with high probability. After projecting this subset into the plane they obtained a 
better upper bound construction, implying that f (n, 3) ≤ n5/6+o(1). Note that f (n, s) is monotone in 
s, namely, f (n, s) ≤ f (n, s′) holds for all s ≥ s′. Thus the aforementioned results1 established that 

Ω(
√
n log n) = f (n, s) ≤ f (n, 3) ≤ n5/6+o(1) for any fixed s ≥ 3. (1)

1 Further discussion on these aspects can be found in [10, Ch. 9].
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Payne and Wood [27] were the first to study the function f (n, s) when s is a function of n. They 
showed that 

f (n, s) =

⎧⎨⎩
Ω(
√
n logs n) for 3 ≤ s ≤ n1/2−c with any fixed constant c>0,

Ω(
√
n/ log n) for n1/2−o(1)

≤ s ≪
√
n log n,

Ω (n/s) for s = Ω(
√
n log n).

(2)

We present new upper bounds on f (n, s) in the non-constant regime of s. 

Theorem 1.  We have 

f (n, s) =

{
O(n5/6+o(1)/

√
s) for 3 ≤ s ≤ n1/3,

O(n/s) for n1/3
≤ s ≤ n.

(3)

In particular, f (n, s) = Θ(n/s) when s = Ω(
√
n log n).

Our proof of Theorem  1 in the case s ≤ n1/3 follows the approach of Balogh and Solymosi [3] on 
the upper bound on f (n, 3), using the hypergraph container method. This method has been widely 
employed in geometric settings, see, e.g., [6,31,32,36]. The main novelty in our proof is a balanced 
supersaturation result, which allows us to iteratively apply the hypergraph lemma with improved 
parameters and thereby establish the desired upper bound over a wider range of s. Indeed, the 
supersaturation result of Balogh and Solymosi [3] (see also Keller and Smorodinsky [24]) yields the 
upper bound f (n, s) = O(n5/6+o(1)/

√
s) only for s ≤ n1/6, leaving a weaker upper bound on f (n, s) in 

the range n1/6 < s ≤ n1/3.
A result of Hajnal and Szemerédi [21, Theorem 3] yields an improved lower bound f (n, s) =

Ω
(√

n log log n/ log n
)
 for n1/2−o(1)

≤ s = O
(√

n log log n/ log n
)
. Here we extend the range of s

where a similar lower bound holds. 

Proposition 2.  Let n, s ∈ N with 3 ≤ s ≪
√
n log n. Then 

f (n, s) = Ω

⎛⎝√n log n log s
s2

log s

⎞⎠ . (4)

In particular, for n1/2−o(1)
≤ s = O(

√
n log log n) we have f (n, s) = Ω

(√
n log log n

log n

)
.

Note that our lower bound in (4) is consistent with (2) when s ≤ n1/2−c for any fixed constant 
c > 0 and better in the critical range n1/2−o(1)

≤ s ≪
√
n log n.

1.2. Selecting a monotone general position subset

According to a well-known theorem due to Erdős and Szekeres [14], for any ℓ,m ≥ 1, every 
sequence (xi)ni=1 of real numbers with n > ℓm contains a non-decreasing subsequence of length 
larger than ℓ, or a non-increasing subsequence of length larger than m. For a point v ∈ R2 denote 
by vx and vy the x-coordinate and y-coordinate of v, respectively. We say that a point set P ⊆ R2

is monotone if one of the following holds:

(i) ∀ u, v ∈ P : ux < vx H⇒ uy ≤ vy;
(ii) ∀ u, v ∈ P : ux < vx H⇒ uy ≥ vy.

See Fig.  1 for an illustration of a monotone general position subset. A simple corollary of the Erdős–
Szekeres theorem states that any set P ⊆ R2 of n points contains a monotone subset of size at least 
√
n. Let g(n, s) be the largest integer, such that any set P ⊆ R2 of n points with at most s collinear 

points contains a monotone general position subset of size g(n, s). It is not difficult to show that 
g(n, 2) = Θ(

√
n). We are mainly interested in the following question:
3
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Fig. 1. Left: Dudeney’s maximum-sized general position subset in the 8 × 8 grid.
Right: a monotone general position subset in the 8 × 8 grid.

Question 3.  Let n, s ∈ N with n ≥ s ≥ 3. What is the growth order of g(n, s)?

We give a partial answer to this question as follows.

Theorem 4.  Let n, s ∈ N with n ≥ s ≥ 3. Then 

g(n, s) =

⎧⎪⎨⎪⎩Ω

((
n log n log s

s2
log s

)1/4
)

for 3 ≤ s ≪
√
n log n,

Ω
(√

n/s
)

for s = Ω(
√
n log n).

(5)

On the other hand, we have g(n, s) = O(
√
n/s).

It is worth noting that the gap between the bounds in Theorem  4 is large for small s but almost 
vanishes when s is large. In particular, when s = Ω(

√
n), the upper and lower bounds differ only 

by a logarithmic factor, and when s = Ω(
√
n log n) we have g(n, s) = Θ(

√
n/s). Additionally, for 

the n points in a 
√
n ×

√
n integer grid,2 we deduce better bounds.

Theorem 5.  Let G be a 
√
n×

√
n grid of n points. Then the largest size of a monotone general position 

subset of G is at least Ω
(
(n/ log n)2/5

)
 and at most o(n1/2).

The construction obtaining the lower bound in Theorem  5 is a random subset taken from the 
intersection of the grid and a sector of an annulus with a carefully chosen radial width.

1.3. Selecting a subset with pairwise distinct slopes

A strengthening of the general position requirement is that of pairwise distinct slopes. Indeed 
every point set with pairwise distinct slopes has no collinear triple.

For the 
√
n ×

√
n grid G, Erdős, Graham, Ruzsa, and Taylor [12] showed that the largest size 

of a subset of G with pairwise distinct slopes is at least Ω(n1/4) and at most O(n2/5). Soon after, 
Zhang [39] raised the lower bound to Ω((n/ log n)1/3), and very recently Clemen [7] sharpened it 
to Ω((n log log n/ log n)1/3), and these are the current records.

We consider a generalization of the distinct slope problem to arbitrary planar point sets. Let 
h(n, s) be the largest integer, such that any set P ⊆ R2 of n points with at most s points collinear 
contains a subset of h(n, s) points that determine pairwise distinct slopes. We prove the following 
bounds on h(n, s) for different ranges of s. In particular, when s = Θ(

√
n), our lower bound on 

h(n, s) matches the bound by Zhang [39] for the 
√
n ×

√
n grid.

2 Throughout this paper, whenever we refer to the √n ×
√
n grid we assume that n is a perfect square. One could 

work with a t × n/t grid instead, where t = Θ(
√
n) and t divides n, but the results would be very similar.
4
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Theorem 6.  Let n, s ∈ N with 2 ≤ s = O(
√
n). We have that 

h(n, s) = Ω((n/ log s)1/3). (6)

On the other hand, we have 

h(n, s) =

{
O(

√
n) for 2 ≤ s ≤ n3/8,

O((n/s)4/5) for n3/8
≤ s = O(

√
n).

(7)

The lower bound in (6) is derived by selecting a random subset, with key parameters controlled 
using the Szemerédi–Trotter theorem from incidence geometry. The construction proving the first 
upper bound in (7) relies on the theory of Sidon sets from additive combinatorics. Meanwhile, the 
construction obtaining the second upper bound in (7) is a random subset of the integer grid [n]2.

The organization of the paper is as follows. We first prove Proposition  2 in Section 2. Theorem 
1 is established in Section 3. In Section 4 we prove Theorems  4 and 5. Section 5 is dedicated to 
proving Theorem  6. Finally, Section 6 explores additional consequences of our main results.

2. Selecting a general position subset: lower bound

In this section we prove Proposition  2. The main tool behind our proof is the following result 
of Cooper and Mubayi [8] on the chromatic number of sparse hypergraphs. Given positive integers 
j ≤ k and a k-uniform hypergraph H, we denote the maximum j-degree of H by 

∆j(H) := max
A⊆V (H),|A|=j

|{e ∈ E(H) : A ⊆ e}| . (8)

The maximum degree of H is denoted by ∆(H) := ∆1(H). 

Lemma 7 (Cooper–Mubayi [8, Theorem 5]).  Let k ≥ 3 be a fixed integer and H be a k-uniform 
hypergraph with maximum degree ∆ = ∆(H). If 

∆j(H) ≤ ∆
k−j
k−1 /γ (9)

for j = 2, . . . , k − 1, where γ = γ (H) > 1, then 

χ (H) = O

((
∆

log γ

) 1
k−1
)

. (10)

To apply Lemma  7, for any given point set P ⊆ R2 we define a 3-uniform hypergraph on P , 
whose edges are the collinear triples in P . The following result of Payne and Wood [27] gives an 
upper bound on the number of edges in this auxiliary hypergraph. 

Lemma 8 (Payne–Wood [27, Lemma 2.1]).  Let P ⊆ R2 be a set of n points with at most s points 
collinear. Then the number of collinear triples in P is at most 

O(n2 log s + ns2). (11)

In our proof, we want to sparsify our auxiliary hypergraph so that its maximum degree is not 
too large. Meanwhile, we do not want its maximum degree to be too small. To this end, we prove 
the following lemma, which allows us to boost the maximum degree of our auxiliary hypergraph 
without increasing the maximum 2-degree too much.

Lemma 9.  Let n, s ∈ N with n ≥ s ≥ 2. There exists a 3-uniform hypergraph H on n vertices, such that
∆(H) = Θ(n log s + s2) and ∆2(H) = O(s). (12)
5
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Proof of Lemma  9.  We may assume that n is sufficiently large and n = 2m + 1. Let 
q = Θ(log s + s2/n) ≤ m (13)

and let S1, . . . , Sq be pairwise disjoint perfect matchings in a clique on the vertex set [2m]. Let H
be a 3-uniform hypergraph on the vertex set [n], whose edge set is {

{n, x, y} : {x, y} ∈

q⋃
i=1

Si

}
. (14)

Then ∆(H) is equal to the degree of vertex n, namely, ∆(H) = mq = Θ(n log s + s2). For any two 
fixed vertices, the number of edges containing them is at most the number of perfect matchings, 
hence, ∆2(H) ≤ q = O(s). □

2.1. Proof of Proposition  2

Suppose that n is sufficiently large and s ≪
√
n log n. Let P ⊆ R2 be an arbitrary set of n points 

with at most s points collinear. By Lemma  8 there are at most O(n2 log s) collinear triples in P . 
Let P̃ ⊆ P be a subset of P obtained by only retaining |P|/2 points that are contained in the least 
number of collinear triples. Now every point in P̃ is contained in at most O(|P̃| log s) collinear triples. 
Let H = H(P̃) be a 3-uniform hypergraph on the vertex set P̃ , whose edges are the collinear triples 
in P̃ . As there is a one-to-one correspondence between the general position subsets of P̃ and the 
independent sets in H, it suffices to show that 

α(H) = Ω

⎛⎝√n log n log s
s2

log s

⎞⎠ . (15)

Recall that 
∆(H) = O(|P̃| log s). (16)

Moreover, since P̃ does not contain a collinear (s + 1)-tuple, any pair of points appears in at most 
s − 2 collinear triples. This gives 

∆2(H) ≤ s − 2. (17)

By Lemma  9 there exists a 3-uniform hypergraph H′ on the vertex set P̃ satisfying 
∆(H′) = Θ(|P̃| log s) and ∆2(H′) = O(s). (18)

Let H′′ be the union of H and H′, that is, a 3-uniform hypergraph with the vertex set P̃ and the 
edge set E(H) ∪ E(H′). Then we have, letting ∆ = ∆(H′′), 

∆ = Θ(|P̃| log s) and ∆2(H′′) = O(s) ≤
√

∆/γ , (19)

where γ = Θ

(√
|P̃| log s

s2

)
> 1. Since H is a subgraph of H′′, Lemma  7 implies that 

χ (H) ≤ χ (H′′) = O

(√
∆

log γ

)
= O

⎛⎝√ |P̃| log s

log |P̃| log s
s2

⎞⎠ . (20)

We complete the proof by noting that α(H) ≥ v(H)/χ (H) and v(H) = |P̃| = n/2. □

3. Selecting a general position subset: upper bounds

In this section we prove Theorem  1, i.e., 

f (n, s) =

{
O(n5/6+o(1)/

√
s) for 3 ≤ s ≤ n1/3. part (i)

O(n/s) for n1/3
≤ s ≤ n. part (ii)

(21)
6
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3.1. Proof of Theorem  1 part (ii)

Consider the 2-dimensional grid [n]2. Let L be the set of lines that go through at least two points 
in [n]2. Note that |L| ≤ n4 and every line in L contains at most n points in [n]2. Moreover, by the 
pigeonhole principle, every set of 2n+1 points in [n]2 contains a collinear triple. Let P be a random 
subset of [n]2 by retaining each point independently with probability nα−1/2, where α ∈ [1/2, 1]. 
Then by Chernoff’s bound, see, e.g., [26, Chap. 4], it holds that |P| = Θ(n1+α) with high probability. 
Furthermore, using the union bound and Chernoff’s bound we have 

P (P contains no collinear nα-tuple) = 1 − P (∃ ℓ ∈ L : |P ∩ ℓ| ≥ nα)

≥ 1 −

∑
ℓ∈L

P
(

|P ∩ ℓ| ≥

(
1 +

nα

2E(|P ∩ ℓ|)

)
E(|P ∩ ℓ|)

)
≥ 1 − n4 exp(−nα/10),

(22)

which tends to 1 as n → ∞. Namely, there exists a point set P ⊆ [n]2 of size Θ(n1+α), so that P
contains no collinear nα-tuple and every subset of P of size 2n + 1 contains a collinear triple. After 
scaling we obtain 

f (n, n
α

1+α ) = O(n
1

1+α ) for
1
2

≤ α ≤ 1, (23)

or equivalently 
f (n, s) = O(n/s) for n1/3

≤ s ≤ n1/2. (24)

For n1/2
≤ s ≤ n, we simply consider the grid [s]×[n/s]. Obviously, this grid is a set of n points with 

at most s points on the same line. Furthermore, by the pigeonhole principle any 2n/s + 1 points 
contain a collinear triple. Hence, we have f (n, s) = O(n/s). □

3.2. Proof of Theorem  1 part (i)

Recall that 3 ≤ s ≤ n1/3. For this proof we shall use the hypergraph container method. This 
method was introduced independently by Balogh, Morris, and Samotij [2], and by Saxton and 
Thomason [35]. Here we use a version by Saxton and Thomason. For a hypergraph H and C ⊆ V (H), 
let H[C] denote the subhypergraph of H induced by C . 

Lemma 10 (Saxton–Thomason [35, Corollary 3.6]).  Let H be an N-vertex k-uniform hypergraph, and 
0 < ε, τ < 1/2. Define 

∆(H, τ ) := 2
(k
2
)
−1

k∑
j=2

∆j(H)

dτ j−12
(j−1

2
) , (25)

where d = d(H) denotes the average degree of H. Suppose that τ < 1/(1000 · k · k!2) and ∆(H, τ ) ≤

ε/(100k!). Then there exists c = c(k) ≤ 1000 · k · k!3 and a collection C ⊆ 2V (H), such that
(1) every independent set in H is a subset of some C ∈ C;
(2) for every C ∈ C, e(H[C]) ≤ εe(H);
(3) log|C| ≤ cNτ log(1/ε) log(1/τ ).

Given S ⊆ [n]3, we define HS as the 3-uniform hypergraph on the vertex set S, whose edges 
are the collinear triples spanned by S. A supersaturation result by Balogh and Solymosi [3], see also 
Keller and Smorodinsky [24], shows that e(HS) is large whenever |S| ≥ n2+c for any fixed c > 0. 
We further prove that in this case not only HS contains many edges, but also there is a spanning 
subhypergraph H′

⊆ HS , i.e., a subhypergraph on the same vertex set S, such that H′ has almost as 
many edges as H  and the co-degrees of H′ are well-bounded. 
S

7
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Lemma 11.  Fix any 0 < f < 1. Let n ∈ N be sufficiently large and 0 ≤ x ≤ 1 − f . For every set 
S ⊆ [n]3 with |S| = n3−x, there exists a spanning subhypergraph H′

⊆ HS such that 

e(H′) ≥
n6−4x

107 log n
, ∆(H′) ≤

n3−3x

103f log n
, ∆2(H′) ≤ 1. (26)

Proof of Lemma  11.  Set t = 100nx and let 
U :=

{
(a, b, c) ∈ Z3

: 1 ≤ a ≤ 2n/t, −n ≤ b, c ≤ n
}

(27)

and 
V :=

{
(a, b, c) ∈ N3

: n/t ≤ a ≤ 2n/t, a > max{b, c}, a is a prime
}
. (28)

We define a family L = L(t) of lines, whose starting points are in U and whose directions are in V . 
We regard L as a family of geometric lines, so repeated descriptions of the same line are identified. 
Note that these lines are defined in R3 and we are interested in their intersection with S. It is easy 
to see that every line in L passes through at most t points of [n]3. Since the number of primes 
smaller than m is at least m/ logm and at most 1.1m/ logm when m is sufficiently large (see [33, 
Theorem 1]), we have that 

n3

t3 log(n/t)
≤ |V | ≤

100n3

t3 log(n/t)
. (29)

Moreover, the family L has the following properties. 

Claim 12.  For each (a, b, c) ∈ V ,

(1) the lines in L with direction (a, b, c) cover the points in [n]3;
(2) the number of lines in L with direction (a, b, c) is at most 10n3/t;
(3) every point in [n]3 is contained in at most 100n3

t3 log(n/t)
 lines from L.

Proof of Claim  12.  Fix an arbitrary (a, b, c) ∈ V . For any (p1, p2, p3) ∈ [n]3, let q = ⌊
p1−1

a ⌋. Then

1 ≤ p1 − qa ≤ a ≤
2n
t

.

Moreover, since 1 ≤ b, c < a and qa ≤ p1 − 1 ≤ n − 1, we have
2 − n ≤ p2 − qb ≤ n and 2 − n ≤ p3 − qc ≤ n.

Thus, the point (p1, p2, p3) is contained in the line in L with direction (a, b, c) that goes through 
(p1 − qa, p2 − qb, p3 − qc) ∈ U . This proves item (1).

For item (2), since each point of U determines exactly one line with direction (a, b, c), the number 
of lines in L with direction (a, b, c) is at most

|U | ≤
2n
t

· (2n + 1)2 ≤
10n3

t
.

Finally, for each v ∈ V  there is at most one line with direction v through any fixed point of [n]3. 
Therefore, by (29) every point of [n]3 is contained in at most

|V | ≤
100n3

t3 log(n/t)

lines from L, proving item (3). □

We now construct the spanning subhypergraph H′
⊆ HS as follows. For each line ℓ ∈ L we 

place an arbitrary matching (each matching edge is a collinear triple) on the vertices ℓ∩ S covering 

8
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all but at most 2 vertices. The edge set of H′ is the set of all the matching edges. Then it holds that 
∆2(H′) ≤ 1 and by Claim  12 item (3), 

∆(H′) ≤
100n3

t3 log(n/t)
≤

n3−3x

103f log n
. (30)

Let Lv ⊆ L be the family of lines with direction v ∈ V . By Claim  12 item (2), |Lv| ≤ 10n3/t . 
Together with Claim  12 item (1) we have that the number Tv of edges in H′ coming from triples on 
lines in Lv is at least 

Tv =

∑
ℓ∈Lv

e(H′
[ℓ ∩ S]) =

∑
ℓ∈Lv

⌊
|ℓ ∩ S|

3

⌋
≥

|S|
3

− |Lv| ≥
n3−x

5
. (31)

Since the directions in V  are pairwise non-parallel, we have Lv ∩Lv′ = ∅ for any distinct v, v′
∈ V . 

Then, since |V | ≥
n3

t3 log(n/t)
 and t = 100nx, we obtain 

e(H′) =

∑
v∈V

Tv ≥
n3

t3 log(n/t)
·
n3−x

5
≥

n6−4x

107 log n
. (32)

This completes the proof of Lemma  11. □

Our proof of Theorem  1 part (i) extends the framework of that by Balogh and Solymosi [3], which 
consists of three steps. We start with the 3-dimensional grid [n]3. In the first step, we iteratively 
apply the hypergraph container lemma on an auxiliary hypergraph until we obtain a collection 
C ⊆ 2[n]3  of small containers, such that every subset of [n]3 without collinear triples is a subset of 
one of these containers. In the second step, we take a random subset of [n]3 and show that with 
high probability this set contains no collinear s-tuple and also does not contain any large subset 
without collinear triples. Note that the collection C from the first step will be used here to conquer 
the union bound. In the last step, we project this set from [n]3 into the plane and obtain an upper 
bound construction. The main novelty in our proof is that in each iteration we do not apply the 
hypergraph container lemma on HS with S ⊆ [n]3 but on a sparsened auxiliary hypergraph H′

⊆ HS
given by Lemma  11. The merit of this step is that the co-degrees of H′ are well-bounded, which 
enables us to get a better collection of containers and ultimately obtain better upper bounds.

Proof of Theorem  1 part (i).  Note that for 3 ≤ s ≤ log n, by the monotonicity of the function 
f (n, s) we have that 

f (n, s) ≤ f (n, 3) ≤ n5/6+o(1)
= O(n5/6+o(1)/

√
s). (33)

Hence, it suffices to prove the claimed upper bounds for log n ≤ s ≤ n1/3. Fix any 0 < f < 1/100
and assume that n ∈ N is sufficiently large. Let 

α ∈

[
2 log log n

log n
, 1
]

and γ =
2α + 1

3
≤ 1. (34)

For every subset S ⊆ [n]3 of size n3−x with 0 ≤ x ≤ γ − f , we can do the following. Let HS be 
the 3-uniform hypergraph on the vertex set S, whose edges are the collinear triples spanned by S. 
Let H′

⊆ HS be the spanning subhypergraph guaranteed by Lemma  11. Since e(H′) ≥
n6−4x

107 log n
, the 

average degree d = d(H′) of H′ is at least n3−3x

107 log n
. Moreover, we have that 

∆2(H′) ≤ 1 and ∆3(H′) ≤ 1. (35)

Let τ = nx+γ /2−3/2. Since x ≤ γ − f  and γ ≤ 1, it holds that τ ≤ n−f
≪ 1. Furthermore, 

∆(H′, τ ) =
4∆2(H′)

dτ
+

2∆3(H′)
dτ 2 ≤

4
n3−3x

107 log n
· nx+ γ

2 −
3
2

+
2

n3−3x

107 log n
· n2x+γ−3

≤
108 log n

+
108 log n

≪ ε,

(36)
n2f nf

9
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where ε = n−f /2 < 1/2. Then by Lemma  10 there exists a collection C ⊆ 2S , such that
(1) every independent set in H′ is a subset of some C ∈ C;
(2) for every C ∈ C, e(H′

[C]) ≤ n−f /2e(H′);
(3) |C| ≤ exp

(
107n(3+γ )/2(log n)2

)
.

Since H′
⊆ HS , every independent set in HS is a subset of some C ∈ C. By item (1) we have for 

each container C ∈ C that 
e(H′) − |S\C | · ∆(H′) ≤ e(H′

[C]) ≤ n−f /2e(H′). (37)

Recall that |S| = n3−x and by Lemma  11, e(H′) ≥
n6−4x

107 log n
 and ∆(H′) ≤

n3−3x

103f log n
. After rearranging (37) 

we get 

|S\C | ≥
e(H′)
∆(H′)

(1 − n−f /2) ≥
fn3−x

105 =
f

105 · |S|, (38)

which implies that |C | ≤ (1 − 10−5f )|S|.
We apply the above procedure first on S0 = [n]3 and obtain a collection of containers. Then, 

we iterate the procedure on the containers until every container has size at most n3−γ+f . This 
process takes at most (log n)2 iterations. Indeed, in each iteration we shrink the container size by 
a (1 − 10−5f ) factor. Since f  is fixed and n is sufficiently large, we have (1 − 10−5f )(log n)

2
< 1/n. 

Namely, after at most (log n)2 iterations the size of every container is at most n3−γ+f .
Note that any subset of [n]3 with no collinear triple is an independent set in HS0  and thus is 

contained in one of the final containers. Overall, we obtain a collection C of 
exp

(
107n(3+γ )/2(log n)4

)
≤ exp

(
n(3+γ )/2+f ) (39)

containers, such that every subset of [n]3 without collinear triples is contained in one of these 
containers. Moreover, each container has size at most n3−γ+f .

Let P be a random subset of [n]3 by retaining each grid point independently with probability 

p =
1
2
nα−1

=
1
2
n(3γ−3)/2. (40)

Then by Chernoff’s bound we have that |P| = Θ(n2+α) with high probability. Applying the union 
bound and Chernoff’s bound as in (22) we also have that P contains no collinear nα-tuple with high 
probability. Furthermore, we say that a subset of P is bad if it has size n(3+γ )/2+2f  and spans no 
collinear triple. When γ > 1 − 2f /3, since each container has size at most n3−γ+f < n(3+γ )/2+2f , P
contains no bad subset. When 0 ≤ γ ≤ 1 − 2f /3, the expected number of bad subsets of P is at 
most ∑

C∈C

(
|C |

n(3+γ )/2+2f

)
pn

(3+γ )/2+2f
≤ exp

(
n(3+γ )/2+f ) ( n3−γ+f

n(3+γ )/2+2f

) (
n(3γ−3)/2)n(3+γ )/2+2f

≪ 1. (41)

By the first moment method, we have that with high probability P does not contain any bad subset. 
Consequently, there exists a set P ⊆ [n]3 of size Θ(n2+α), so that P contains no collinear nα-tuple 
and every subset of P of size n(3+γ )/2+2f  spans a collinear triple. We can project P into R2 in such a 
way that all the collinear relations remain the same. After scaling we obtain 

f (n, n
α

2+α ) = O
(
n

(3+γ )/2+2f
2+α

)
= O

(
n

5+α+6f
6+3α

)
for α ∈

[
2 log log n

log n
, 1
]

, (42)

which implies 

f (n, nβ ) = O
(
n

5−3β+6f
6

)
for β ∈

[
log log n
log n

,
1
3

]
. (43)

Further, letting s = nβ , 

f (n, s) = O
(
n

5+6f
6 /

√
s
)

for log n ≤ s ≤ n1/3. (44)

Since f  can be taken arbitrarily small in the beginning, we obtain the claimed upper bound. □
10
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Fig. 2. Upper bound construction for Theorem  4 when n = 36 and s = 4.

4. Selecting a monotone general position subset

In this section we prove Theorems  4 and 5. 

4.1. Proof of Theorem  4

Lower bound. Let P ⊆ R2 be an arbitrary set of n points without collinear (s + 1)-tuples. First, 
we have a general position subset of P of size f (n, s). Then, by the Erdős–Szekeres theorem we 
can extract a monotone subset from it, of size at least 

√
f (n, s). Recall the lower bounds on f (n, s)

from (2) and Proposition  2, we obtain 

g(n, s) =

⎧⎪⎨⎪⎩Ω

((
n log n log s

s2
log s

)1/4
)

for 3 ≤ s ≪
√
n log n,

Ω
(√

n/s
)

for s = Ω(
√
n log n).

(45)

Upper bound. Let k =
√
n/s, and assume without loss of generality that k ∈ N. Consider a k × k

grid and replace each grid point by a circle of diameter ϵ > 0, where ϵ is chosen to be sufficiently 
small. Slightly perturb these circles so that no line intersects with three of them. Then, we place a 
collinear s-tuple spanning a line segment of length ε inside every circle and slightly rotate these line 
segments so that the extension of each line segment does not intersect with other line segments. 
See Fig.  2 for an illustration.

In this construction there are n points with at most s collinear points. Let P denote the resulting 
set and let A ⊆ P be a monotone general position subset. Note that

(i) A contains at most two points from each collinear s-tuple;
(ii) the largest monotone subset of the k× k grid that we started with has at most 2k− 1 points.

Thus, |A| ≤ 4k − 2 = O(
√
n/s) as claimed. □

4.2. Proof of Theorem  5

Lower bound. According to a classical result of Jarník [23], a strictly convex curve of length L in the 
plane can be incident to at most 3(2π )−1/3L2/3(1 + o(1)) lattice points and this estimate is the best 
possible. In particular, Jarník’s polygon in the 

√
n ×

√
n grid matches this bound; see also [4]. One 

can then select a monotone arc of this polygon with Ω(n1/3) vertices. Since the polygon is convex, 
the arc contains no collinear triple. We next derive a better lower bound, namely Ω

(
(n/ log n)2/5

)
.

Let n ∈ N be sufficiently large and assume without loss of generality that 
√
n = 2m + 1 with 

m ∈ N. Let x = x(n) ≥ 1 with x ≪
√
n to be determined later. Let U be an axis-aligned square of 

side length 2m containing a 
√
n×

√
n grid G. Let o be the center point of the square U and let A be 

the annulus formed by two concentric circles of radii m and m − x, centered at o.
Gauss’ circle problem asks to determine the number of points of the integer lattice Z2 contained 

in a circle of radius R around the origin. A result by Gauss says that this number is πR2
+O(R), see, 

e.g., [22]. Thus, |A ∩ G| = Θ(x
√
n). Next we show some important properties of the annulus A.
11
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(a) 

  
(b) 

 

Fig. 3. Part (a) illustrates the two parallel lines ℓ, ℓ′ from the proof of Claim  14.
Part (b) illustrates the points a, b, c on the line ℓ from the proof of Claim  15.

Lemma 13.  The number of collinear triples in A ∩ G is O(x5/2n3/4 log n).

Before proving Lemma  13, we note that its bound is best possible up to a constant factor. More 
precisely, for x ≪

√
n, the number of collinear triples in A ∩ G is Θ(x5/2n3/4 log n). A proof of the 

matching lower bound is included in the appendix.

Proof of Lemma  13.  Fix any slope (q, r) ∈ Z2 with q and r being coprime. Let L(q, r) be the family 
of lines with slope (q, r) that are incident to at least two points of A∩G, and T (q, r) be the number 
of collinear triples in A∩G coming from lines ℓ ∈ L(q, r). Due to the symmetry of A we may assume 
that 0 ≤ q ≤ r . For a set I of pairwise disjoint intervals on a line, let µ(I) denote their total length. 
Note that each line ℓ ∈ L(q, r) contains at most O(µ(ℓ∩A)/r) points in A∩G. Hence, we first bound 
µ(ℓ ∩ A) from above.

Claim 14.  Let ℓ be an arbitrary line. Then µ(ℓ ∩ A) ≤ 2x1/2n1/4.

Proof of Claim  14.  Let ℓ′ be the line which is parallel to ℓ and a tangent line to the inner circle of 
A. Since µ(ℓ∩A) ≤ µ(ℓ′

∩A), it remains to show that µ(ℓ′
∩A) ≤ 2x1/2n1/4. Let a denote the tangent 

point and let b denote one of the intersection points of ℓ′ with the outer circle. See Fig.  3 (a) for an 
illustration.

Recall that the radii of the inner circle and the outer circle are m−x and m, namely, µ(oa) = m−x
and µ(ob) = m. A straightforward trigonometric calculation shows that 

µ(ℓ′
∩ A) = 2µ(ab) = 2

√
µ(ob)2 − µ(oa)2 ≤ 2

√
2mx ≤ 2x1/2n1/4, (46)

as desired. □

Claim 15.  Let t = t(n) ≥ 6 with tx ≤ m. If the distance dist(ℓ, o) between a line ℓ ∈ L(q, r) and the 
center point o is m − tx, then µ(ℓ ∩ A) ≤ 4

√
mx/t.

Proof of Claim  15.  Let a ∈ ℓ be the point such that the segment oa is orthogonal to ℓ. Since t > 1, 
the line ℓ intersects the annulus A in two segments. Let b and c be the intersection points of ℓ with 
12
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the inner and outer circles on one of the sides. See Fig.  3 (b) for an illustration. It follows that 

µ(oa) = m − tx, µ(ob) = m − x, µ(oc) = m (47)

and by symmetry that µ(ℓ ∩ A) = 2µ(bc). According to the Pythagorean formula we have 

µ(ab)2 = µ(ob)2−µ(oa)2 = 2mtx−t2x2−2mx+x2, µ(ac)2 = µ(oc)2−µ(oa)2 = 2mtx−t2x2.
(48)

Since µ(ab)2 + 2µ(ab)µ(bc) ≤ (µ(ab) + µ(bc))2 = µ(ac)2, it holds that 

µ(bc) ≤
µ(ac)2 − µ(ab)2

2µ(ab)
=

2mx − x2

2
√
2mtx − t2x2 − 2mx + x2

≤
mx

√
2mtx − t2x2 − 2mx

≤ 2
√

mx
t

.

(49)

Thus, µ(ℓ ∩ A)| ≤ 2µ(bc) ≤ 4
√
mx/t . □

Next we want to bound the number of lines ℓ ∈ L(q, r) with given dist(ℓ, o).

Claim 16.  Let 0 ≤ t ≤ m/x and ε > 0. Then the number of lines ℓ ∈ L(q, r) with dist(ℓ, o) ∈

[m − (t + ε)x,m − tx] is at most O(εxr).

Proof of Claim  16.  It suffices to prove that the distance between any two distinct lines in L(q, r)
is Ω(1/r), whereupon a simple calculation shows that the number of lines ℓ ∈ L(q, r) with 
dist(ℓ, o) ∈ [m − (t + ε)x,m − tx] is O(εxr).

Let ℓ1, ℓ2 ∈ L(q, r) be two distinct lines and let dist(ℓ1, ℓ2) denote the distance between ℓ1 and 
ℓ2. Since ℓ1 and ℓ2 both have the same slope (q, r) and each passes through at least two points of 
A ∩ G by definition, we can write them as 

ℓ1 : rx − qy + k1 = 0 and ℓ2 : rx − qy + k2 = 0, (50)

where k1, k2 ∈ Z and k1 ̸= k2. Then the formula of the distance between two parallel lines in the 
plane gives that 

dist(ℓ1, ℓ2) =
|k1 − k2|√
r2 + q2

≥
1√

r2 + q2
= Ω

(
1
r

)
, (51)

where in the last step we used that 0 ≤ q ≤ r . □

Now we write T (q, r) as follows and compute the two parts separately. 

T (q, r) =

∑
ℓ∈L(q,r)

(
|ℓ ∩ A ∩ G|

3

)

≤

∑
ℓ∈L(q,r)

dist(ℓ,o)∈(m−6x,m]

O
(

µ(ℓ ∩ A)3

r3

)
+

∑
ℓ∈L(q,r)

dist(ℓ,o)∈[0,m−6x]

O
(

µ(ℓ ∩ A)3

r3

)
,

(52)

where we used in the last step that |ℓ ∩ A ∩ G| = O(µ(ℓ ∩ A)/r). By Claim  16 the number of lines 
ℓ ∈ L(q, r) with dist(ℓ, o) ∈ [m−6x,m] is at most O(xr) and by Claim  14 µ(ℓ∩A) ≤ 2x1/2n1/4 holds 
for all ℓ ∈ L(q, r). Hence, we have that ∑

ℓ∈L(q,r)
dist(ℓ,o)∈(m−6x,m]

O
(

µ(ℓ ∩ A)3

r3

)
≤ O(xr) · O

(
x3/2n3/4

r3

)
= O

(
x5/2n3/4

r2

)
. (53)
13
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For any 0 ≤ t ≤ m/x and ε > 0, by Claim  16 the number of lines ℓ ∈ L(q, r) with dist(ℓ, o) ∈

[m − (t + ε)x,m − tx] is at most O(εxr) and we have that µ(ℓ ∩ A) ≤ 4
√
mx/t for every such line ℓ

by Claim  15. Therefore, ∑
ℓ∈L(q,r)

dist(ℓ,o)∈[0,m−6x]

O
(

µ(ℓ ∩ A)3

r3

)
≤ lim

ε→0

∑
t∈{6,6+ε,6+2ε,...,m/x}

∑
ℓ∈L(q,r)

dist(ℓ,o)∈[m−(t+ε)x,m−tx]

O
(

µ(ℓ ∩ A)3

r3

)

≤ lim
ε→0

∑
t∈{6,6+ε,6+2ε,...,m/x}

O(εxr) · O
(
m3/2x3/2

t3/2r3

)

=

∫ m/x

t=6
O
(
m3/2x5/2

t3/2r2

)
dt = O

(
m3/2x5/2

r2

)
·

∫ m/x

t=6
t−3/2dt

= O
(
x5/2n3/4

r2

)
.

(54)

Note that in the calculation of the integral in (54) we used that x ≪ m ≈
√
n/2 and thus the 

last integral in the penultimate line of (54) is O(1). By combining (52), (53) and (54) we obtain 

T (q, r) = O
(
x5/2n3/4

r2

)
. (55)

Now let 
S = {(q, r) ∈ {−2m, . . . , 2m} × {−2m, . . . , 2m}, where q and r are coprime} (56)

be the set of all possible slopes of lines that go through at least two points of A∩G. The number of 
collinear triples in A ∩ G is 

∑
(q,r)∈S

T (q, r) ≤ 2
∑

(q,r)∈S,
0≤q≤r

T (q, r) = O

⎛⎝ √
n∑

r=1

r ·
x5/2n3/4

r2

⎞⎠ = O(x5/2n3/4 log n), (57)

completing the proof of Lemma  13. □

Recall that our goal is to select a large general position subset P of A ∩ G, such that for any 
u, v ∈ P with ux < vx we have uy ≤ vy. To achieve this, one needs to avoid two types of obstacles, 
collinear triples and descending pairs. A descending pair is a pair (u, v) of points with ux < vx and 
uy > vy. In Lemma  13 we have bounded the number of collinear triples in A ∩ G. Next we want to 
bound the number of descending pairs in a certain section of A ∩ G.

Let v1 be the lower right vertex of the square U . Moreover, let v2 and v3 be two points on the 
right and bottom sides of the square U , respectively, with ̸ v2ov3 = 30◦ and ov1 being the bisector. 
Let Q  be the quadrilateral formed by ov1v2v3 and let B = A ∩ Q  be a sector of the annulus A. See 
Fig.  4 for an illustration. Note that |B ∩ G| = Θ(|A ∩ G|) = Θ(x

√
n).

Lemma 17.  The number of descending pairs in B ∩ G is O(x3
√
n).

Proof of Lemma  17.  Fix any u ∈ B ∩ G, and let v ∈ B ∩ G be such that (u, v) forms a descending 
pair. By the choice of the 30◦ sector, the angle ̸ uvo is at most 60◦, yielding that

∥v − o∥ − ∥u − o∥ ≥
∥u − v∥

2
.

Since u and v lie in an annulus of width x, we also have ∥v−o∥−∥u−o∥ ≤ x and hence ∥u−v∥ ≤ 2x. 
Therefore, for each fixed u, there are O(x2) possible choices for v. As |B ∩ G| = O(x

√
n), the number 

of descending pairs is O(x2) · O(x
√
n) = O(x3

√
n). □

We can now finalize the proof of the lower bound. Take a random subset P of B∩G by retaining 
each point independently with probability p ∈ (0, 1). We have that E(|P|) = Ω(x

√
np). Moreover, 
14
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Fig. 4. The sector B of the annulus A.

letting D and T  denote the numbers of descending pairs and collinear triples in P , respectively, by 
Lemmas  13 and 17 it holds that 

E(D) = O(p2x3
√
n) and E(T ) = O(p3x5/2n3/4 log n). (58)

Setting x = n1/10(log n)2/5, we have E(|P|) = Ω
(
pn3/5(log n)2/5

)
 and 

E(D) = O
(
p2n4/5(log n)6/5

)
and E(T ) = O

(
p3n log n

)
. (59)

Let p =
c

n1/5(log n)4/5
 with a sufficiently small constant c > 0. Then 

E(|P| − D − T ) = E(|P|) − E(D) − E(T ) ≥
1
3
E(|P|) = Ω

(
n2/5

(log n)2/5

)
. (60)

Since each descending pair and collinear triple can be eliminated by deleting one point, there exists 
a monotone general position subset of B ∩ G of size Ω

(
(n/ log n)2/5

)
, proving the lower bound.

Upper bound. Let G be a 
√
n ×

√
n grid of n points. A result of Pomerance [30] states that for 

every k ≥ 3, b > 0, there exists a number m0(k, b) such that if m ≥ m0(k, b) and u0,u1, . . . ,um are 
points in Z2 with 

∑m
i=1 |ui − ui−1| ≤ bm, then {u0,u1, . . . ,um} contains a collinear k-tuple.

Assume for contradiction that there exists an absolute constant c > 0 such that there exists a 
monotone general position set P := {u0,u1, . . . ,um} ⊆ G with m ≥ c

√
n. Let k = 3, b = 2/c and 

assume that n is sufficiently large so that m ≥ c
√
n ≥ m0(k, b). Since the set P is monotone, we 

have 
m∑
i=1

|ui − ui−1| ≤ 2
√
n ≤

2m
c

= bm. (61)

By the above result (with k = 3 and b = 2/c), P contains a collinear triple, a contradiction. This 
concludes the proof of the upper bound and the theorem. □

5. Selecting a subset with pairwise distinct slopes

In this section we prove Theorem  6. First we need an upper bound on the number of trapezoids 
(each trapezoid is an obstacle in achieving the final goal). A closely related bound was previously 
obtained by Rudnev and Selig [34] using the Guth–Katz incidence theorem [20]. Our proof below 
applies under a slightly more general non-collinearity assumption and uses only the Szemerédi–
Trotter theorem [37]. Given the elementary nature of the argument, it may also be of independent 
interest.
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Lemma 18.  Let P ⊆ R2 be a set of n points with at most s points collinear. Then the number of 
trapezoids spanned by P is at most 

O(n3 log s + n2s2). (62)

Proof of Lemma  18.  Let T  denote the number of trapezoids spanned by P . Every trapezoid contains 
a pair of parallel segments, which determine two parallel lines. Assign every trapezoid to the parallel 
line that is incident to the largest number of points in P , with ties broken arbitrarily.

For 2 ≤ i ≤ s, let ki be the number of lines containing exactly i points in P . A well-known 
corollary of the Szemerédi–Trotter theorem [37] states that 

bi :=

∑
j≥i

kj = O
(
n2

i3
+

n
i

)
. (63)

Note that the sequence (bi)i≥2 is non-increasing. For a given line ℓ with |ℓ ∩ P| = i, let m = m(ℓ)
be the number of lines determined by P that are parallel to ℓ and incident to at most i points of P . 
Let a1, . . . , am ≤ i be the number of points contained in these lines. Then the number of trapezoids 
assigned to ℓ is at most (

i
2

) m(ℓ)∑
j=1

(
aj
2

)
≤

(
i
2

)
n
i

(
i
2

)
≤ ni3. (64)

Therefore, 

T ≤

s∑
i=2

∑
ℓ: |ℓ∩P|=i

ni3 = n
s∑

i=2

i3ki. (65)

Note that i3 − (i − 1)3 ≤ 3i2, thus by Abel’s partial summation formula we obtain 
s∑

i=2

i3ki =

s∑
i=2

i3 (bi − bi+1) = O

(
s∑

i=2

i2bi

)
= O

(
s∑

i=2

i2
(
n2

i3
+

n
i

))

= O

(
n2

s∑
i=2

1
i

+ n
s∑

i=2

i

)
= O

(
n2 log s + ns2

)
.

(66)

Plugging the above estimate into (65) yields 

T ≤ n
s∑

i=2

i3ki = O
(
n3 log s + n2s2

)
. □ (67)

5.1. Proof of Theorem  6

Lower bound. Let P ⊆ R2 be an arbitrary set of n points with at most s points collinear, where 
s = O(

√
n). We take a random subset X ⊆ P by selecting points independently with probability 

p = k/n. Note that E(|X |) = k.
To select a subset with distinct slopes, one needs to avoid two types of obstacles, collinear triples 

and trapezoids. Let L and T  be the number of collinear triples and trapezoids spanned by P . One 
obstacle can be eliminated by deleting one point from the subset in the second step. In particular, 
it suffices to choose k so that 

E(Lp3) ≤ k/3  and E(Tp4) ≤ k/3, (68)

since this implies that the expected number of remaining points after deleting one point from each 
trapezoid and collinear triple is at least k − k/3 − k/3 = k/3. Using the upper bounds in Lemma  8 
and Lemma  18, it suffices to choose k so that 

O(k2) ≤ n/ log s  and O(k3) ≤ n/ log s. (69)
16
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Setting k = c(n/ log s)1/3 with a sufficiently small constant c > 0 satisfies both requirements, 
proving the lower bound. Upper bound (i). Let P = {(x, x2) : x ∈ [n]} ⊆ R2. The point set P is 
of size n and contains no collinear triple. Let Q ⊆ P be a subset of size |Q | = 2

√
n + 2. We show 

that Q  contains a trapezoid.
A Sidon set S ⊆ [n] is a subset of the integers such that a + b = c + d for a, b, c, d ∈ S with 

a ̸= b, c ̸= d implies {a, b} = {c, d}; see, e.g., [13, Chap. 6] or [38, Chap. 2]. Note that the largest 
size of a Sidon set S ⊆ [n] is at most 2

√
n + 1, because 

(
|S|
2

)
≤ 2n. Let S = {x : (x, x2) ∈ Q }. Since 

|S| = 2
√
n+2, it is not a Sidon set and thus contains 4 distinct elements x1, x2, x3, x4 ∈ S such that 

x1 + x2 = x3 + x4. Then, the 4 points (x1, x21), (x2, x22), (x3, x23), (x4, x24) ∈ Q  form a trapezoid. Indeed, 

x22 − x21
x2 − x1

= x1 + x2 = x3 + x4 =
x24 − x23
x4 − x3

. (70)

Upper bound (ii). The proof is similar to that of Theorem  1 part (ii). Consider the 2-dimensional 
grid [n]2. Let L be the set of lines that go through at least two points in [n]2. Note that |L| ≤ n4

and every line in L contains at most n points in [n]2. Moreover, it was shown in [12] that every set 
of Ω(n4/5) points in [n]2 contains a trapezoid. Let P be a random subset of [n]2 by retaining each 
point independently with probability nα−1/2, where α ∈ [3/5, 1]. By Chernoff’s bound we have that 
|P| = Θ(n1+α) with high probability. Furthermore, using the union bound and Chernoff’s bound we 
have 

P (P contains no collinear nα-tuple) = 1 − P (∃ ℓ ∈ L : |P ∩ ℓ| ≥ nα)

≥ 1 −

∑
ℓ∈L

P
(

|P ∩ ℓ| ≥

(
1 +

nα

2E(|P ∩ ℓ|)

)
E(|P ∩ ℓ|)

)
≥ 1 − n4 exp(−nα/10), (71)

which tends to 1 as n → ∞. Namely, there exists a point set P ⊆ [n]2 of size Θ(n1+α), so that 
P contains no collinear nα-tuple and every subset of P of size Ω(n4/5) contains a trapezoid. After 
scaling we obtain 

h(n, n
α

1+α ) = O(n
4/5
1+α ) for 3/5 ≤ α ≤ 1. (72)

Note that 38 ≤
α

1+α
≤

1
2  in this interval. By letting s = n

α
1+α  we have 

h(n, s) = O((n/s)4/5) for n3/8
≤ s ≤

√
n. (73)

Aggregating the bounds in (i) and (ii) yields the bounds in the theorem. □

6. Further consequences

Gowers [19] introduced the following natural notion. For s ∈ N, the (diagonal) Ramsey number 
of planar points r(s) is the smallest integer, such that every set P ⊆ R2 of r(s) points contains either 
a collinear s-tuple or a general position subset of size s. It follows from the definition that r(s) = s
when s ≤ 3. With a simple drawing one can show that r(4) = 5, but the value of r(5) is already 
unknown. For the asymptotic behavior of r(s), Gowers [19] observed that 

Ω(s2) = r(s) = O(s3). (74)

The lower bound construction comes from the grid [m]
2, where m = ⌈s/2⌉ − 1. Obviously, [m]

2

contains at most s/2 collinear points and by the pigeonhole principle at most s−1 points in general 
position. The upper bound in (74) is derived by a greedy algorithm. Gowers [19] asked to determine 
the correct order of r(s) or at least to show which one of the trivial lower and upper bounds is closer 
to the truth. This question has been partially answered by Payne and Wood [27], who proved that 

r(s) = O(s2 log s), (75)

and further conjectured that r(s) is quadratic in s. 
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Conjecture 19 (Payne–Wood [27, Conjecture 4.1], see also [18]). 
r(s) = Θ(s2). (76)

As a consequence of Proposition  2, if a set P of n points in the plane contains no collinear s-tuple 
with s = O(

√
n), then it contains a general position subset of size Ω

(√
n log log s

log s

)
. This yields the 

current best upper bound on r(s), first proved by Hajnal and Szemerédi [21]. 

Corollary 20 (Hajnal–Szemerédi [21, Theorem 3]). 

r(s) = O
(

s2 log s
log log s

)
. (77)

Our proof of Proposition  2 can be regarded as an extension of the arguments presented in [21]. 
Payne and Wood [27] proposed the following strengthening of Conjecture  19. 

Conjecture 21 (Payne–Wood [27, Conjecture 4.2]).  Every set P ⊆ R2 of n points with at most 
√
n

points collinear can be colored with O(
√
n) colors such that each color class is in general position.

Conjecture  21, if true, would be sharp since at least 
√
n/2 colors are needed to properly color the √

n ×
√
n grid. Payne and Wood showed that O(

√
n(log n)3/2) colors are sufficient to color P . Here 

we improve this result by a factor of 
√
log n. Moreover, note that Theorem  22 is a strengthening of 

Corollary  20. 

Theorem 22.  Every set P ⊆ R2 of n points with at most 
√
n collinear points can be colored with 

O(
√
n log n) colors such that each color class is in general position. In addition, one can properly color 

n − o(n) points of P with O(
√
n log n/ log log n) colors.

Proof of Theorem  22.  Assume that n is sufficiently large and let s = ⌊
√
n⌋. Then P ⊆ R2 is a set 

of n points with at most s points collinear. Our process of coloring P consists of two phases.
Phase 1:

Let k = ⌊log log n − 2C⌋ with some sufficiently large constant C > 0. For each i ∈ [k], we let Pi
be a subset of P\

(⋃
j<i Pj

)
 obtained by selecting half of the remaining points, namely those that are 

contained in the least number of collinear triples. Note that |Pi| ≥ 4Cn/ log n holds for all i ∈ [k], 
namely, s ≤ 2−C√

|Pi| log |Pi|. Let Hi = H(Pi) be a 3-uniform hypergraph with the vertex set Pi, 
whose edges are the collinear triples in Pi. Observe that the least number of colors needed to color 
Pi with each color class being in general position is equal to χ (Hi). Recall (20), we have that 

χ (Hi) = O

(√
|Pi| log s

log |Pi| log s
s2

)
= O

(√
n log s

2i log n log s
2is2

)
= O

(√
n log n

2i−1 log log n

)
. (78)

Hence, we can properly color each Pi using χ (Hi) new colors for 1 ≤ i ≤ k. The total number of 
colors to properly color 

⋃k
i=1 Pi is at most 

k∑
i=1

O

(√
n log n

2i−1 log log n

)
≤ O

(√
n log n
log log n

) log log n∑
i=1

(
1

√
2

)i−1

= O

(√
n log n
log log n

)
. (79)

Phase 2:
Let P ′ be the set of remaining uncolored points. It holds that |P ′

| = O (n/ log n). We will color P ′

as follows. First, select a largest general position subset I1 of P ′ and let P ′

1 = P\I1. For i > 1, as long 
as P ′

i−1 ̸= ∅, we select a largest general position subset Ii of P ′

i−1 and let P ′

i = P ′

i−1\Ii. Let m be the 
stopping time of this process, i.e., P ′

m = ∅, equivalently, 

P ′
=

m⋃
Ii. (80)
i=1

18
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By assigning a new color to each Ii, we finish coloring P ′ with m colors. It remains to bound the 
value of m. Let P ′

0 = P ′. By (2) we have that, for each i ∈ [m], 

|Ii| = Ω

(
|P ′

i−1|

s

)
≥

|P ′

i−1|

D
√
n

, (81)

for some constant D > 0. Accordingly, for each i ∈ [m], 

|P ′

i | ≤ |P ′
|

(
1 −

1
D
√
n

)i

. (82)

When m = ⌈D
√
n log n⌉, it holds that |P ′

m−1| ≤ 2. Then, we can choose Im to be P ′

m−1 and the process 
stops, namely, m = O(

√
n log n). Overall, we have properly colored P using 

O
(√

n log n/ log log n
)

+ O
(√

n log n
)

= O
(√

n log n
)

(83)

colors. □

Theorem  22 guarantees that most of the points from P can be properly colored with 

O
(√

n log n/ log log n
)

(84)

colors. This suggests that extending the result to all points may be achievable with further 
refinements in the proof.
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Appendix. A matching lower bound for Lemma  13

The estimate in Lemma  13 is tight up to the constant factor. Recall that we assume 
√
n = 2m+1

and let x = x(n) ≥ 1 with x ≪
√
n. Let G be a 

√
n ×

√
n grid, and let o be the center point of G. Let 

A be the annulus formed by two concentric circles of radii m and m − x, centered at o. Our goal is 
to show that the number of collinear triples in A ∩ G is Ω(x5/2n3/4 log n).

After a translation, assume that G = [−m,m]
2
∩ Z2 and o = (0, 0). Fix coprime integers q and r

with 1 ≤ q ≤ r ≤ c
√
mx, where c > 0 is a sufficiently small constant.

By the first equation in (51), consecutive lattice lines of slope (q, r) are at distance 1/
√
q2 + r2 =

Θ(1/r). Thus, Ω(xr) such lines have distance from o in [m − 2x,m − x]. For any such line ℓ, write 
dist(ℓ, o) = m − tx, where 1 ≤ t ≤ 2. Each component of ℓ ∩ A has length√

m2 − (m − tx)2 −

√
(m − x)2 − (m − tx)2 = Ω(

√
mx),

where we used x ≪ m. Since consecutive lattice points on ℓ are at distance 
√
q2 + r2 = Θ(r), the 

line ℓ contains Ω(
√
mx/r) points of A ∩ G. Choosing c sufficiently small, this quantity is at least 

three, and therefore the number T (q, r) of collinear triples contained in lines of slope (q, r) is

T (q, r) = Ω

(
xr
(√

mx
r

)3
)

= Ω

(
x5/2m3/2

r2

)
.
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Let φ(r) denote Euler’s totient function, that is, φ(r) counts the number of positive integers smaller 
than and coprime to r . Using 

∑
r≤R φ(r)/r2 = Θ(log R) (see, e.g., [1, Theorem 3.2]), we obtain∑

1≤r≤c
√
mx

1≤q≤r,(q,r)=1

T (q, r) = Ω
(
x5/2m3/2 log(mx)

)
= Ω

(
x5/2n3/4 log n

)
.

Therefore, the number of collinear triples in A ∩ G is Ω
(
x5/2n3/4 log n

)
.
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