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ABSTRACT

We investigate the stability and long-term behavior of spatially periodic harmonic waves in the complex nonlinear Klein-Gordon equation
under localized perturbations. Such perturbations render the wave neither localized nor periodic, placing its stability analysis outside the
scope of the classical orbital stability theory for Hamiltonian systems developed by Grillakis, Shatah, and Strauss. Inspired by Zhidkov’s work
on the stability of time-periodic, spatially homogeneous states in the nonlinear Schrédinger equation, we develop an alternative method that
relies on an amplitude-phase decomposition and leverages conserved quantities tailored to the perturbation equation. We establish an orbital
stability result of harmonic waves that is locally uniform in space, accommodating L*-localized perturbations as well as unbounded phase
modulations. Our result is sharp in the sense that it holds up to the spectral stability boundary.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0331730

. INTRODUCTION

This paper focuses on the stability and modulational behavior of harmonic-wave solutions to the one-dimensional complex nonlinear
wave equation
uu—uxx+f(|u|2)u:0, xteR, u(xt)eC, (1)

with f € C*([0, o), R). Equation (1) arises in a wide array of physical contexts, encompassing models of nonlinear wave propagation,
superconductivity, and quantum field dynamics; see, for instance, the classical textbooks' ~ and references therein. In many applications,
the nonlinearity takes a specific form, such as the power law f(v) = 1 ¥ with p € N. In this work, however, we consider a general class of
nonlinearities and impose no specific structural assumptions on £, beyond its C*-regularity.

Harmonic waves (or plane waves) represent the most basic periodic traveling-wave solutions. They are monochromatic waves,
characterized by a single nonzero Fourier mode, of the form

u(x, t) _ aeikx-f-iwt) (2)

where a > 0 denotes the amplitude, k € R\{0} is the wave number, w € R represents the temporal frequency, and s = — ¢ is the associated wave
speed. Inserting (2) into (1), we find that (2) is a solution to (1) if and only if

W =K+ f(a). 3)
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The nonlinear dispersion relation (3) expresses the temporal frequency w in terms of the wave number k and the amplitude a.

Since the harmonic-wave solution (2) traces a circle of radius a centered at the origin, only the leading-order behavior of the nonlinearity
near this circle is relevant for our stability analysis. This behavior is naturally described in polar coordinates by writing u = ae”*'¢, where p
measures deviations from the circle. Expanding the nonlinearity yields

f(\u|2)u:f(az)u+2a2f'(a2)pu+ O(pzu), 4)

so that for small p, the dominant contributions are the linear term f(a*)u and the quadratic term 2a” f’(a®) pu. In the context of quantum field
theory, the linear term can be interpreted as a mass term: f(a®) > 0 corresponds to a real mass, f(a”) = 0 to a massless field, and f(a?) < 0
to an imaginary, or tachyonic, mass. Moreover, the sign of f'(a®) determines the nature of the leading-order nonlinear interactions: it is
defocusing if f'(a*) > 0 and focusing if f'(a®) < 0. As we will see, the signs of f(a”) and f’(a*) are decisive for the stability properties of
the harmonic wave and therefore play a central role in our analysis. To highlight the importance of the mass term f(a®)u, we refer to (1)
throughout as complex Klein-Gordon equation rather than nonlinear wave equation.

Equation (1) is a prototypical example of a Hamiltonian system

u = ]H'(u), (5)

where ] is a skew-symmetric operator and H is a nonlinear functional on a suitable Hilbert space. Upon introducing the vector
u = (Re(u),Im (u), Re(u;),Im (1)) ", the Klein-Gordon equation (1) can indeed be cast into the form (5) with

(0 L (1 0
=G =6

H(w) =) [ @F + )P + F(luf’) ax

and Hamiltonian

where F is the primitive function of f with F(0) = 0. Here, we have Z = R in case of localized initial data, and Z = [0, L] in case of L-periodic
initial data.

A characteristic feature of Hamiltonian systems is the conservation of the Hamiltonian along solutions. In addition to this, the complex
Klein-Gordon equation exhibits a gauge (or rotational) invariance, i.e., if #(t) is a solution to (1), then so is €'’ u(t) for any ¢ € R. This gives
rise to a second conserved quantity: the charge, defined by

Q(u):[llm(mut(x))dx.

Conservation laws play a crucial role in understanding the long-term dynamics of Hamiltonian systems. Their use in proving global existence
or finite-time blow-up of solutions is classical; see, for example, Ref. 4 for applications to the Klein—-Gordon equation. Conserved quantities
also form the backbone of the orbital stability theory of traveling (or standing) wave solutions. The primary approach to proving orbital
stability of traveling waves is to characterize them as constrained minimizers of the Hamiltonian. This variational approach, dating back to
ideas of Boussinesq, was first introduced in the nonlinear stability analysis of solitary waves in the Korteweg-de Vries equation by Benjamin.”
Its first application to the Klein-Gordon equation, resulting in orbital stability of standing waves, is due to Shatah.® Building on the work of
Benjamin and others, the method was formalized by Grillakis, Shatah, and Straus, culminating in a comprehensive orbital stability theory
for traveling waves in general Hamiltonian systems with symmetries. A thorough introduction on the method and further references can be
found in Ref. 9.

Although the theory of Grillakis, Shatah, and Strauss provides an adequate framework for the stability analysis of solitary waves, its
application to periodic waves faces limitations. Specifically, the variational approach is heavily dependent on conserved quantities (such as
the Hamiltonian), which require that the perturbed wave is either localized or periodic. As a result, the class of admissible perturbations for
a periodic wave is restricted to those with the same period (co-periodic or harmonic perturbations) or those whose period is a multiple of
that of the wave (subharmonic perturbations). In the Klein-Gordon equation (1), orbital stability results of periodic waves against harmonic
perturbations have been obtained for several classes of nonlinearities; see Refs. 10-12. For an overview of co-periodic stability results in other
Hamiltonian systems, as well as a general characterization of the Grillakis—Shatah-Strauss stability criteria in the periodic context, we refer to
Refs. 13 and 14.

As outlined in Refs. 13-15, the nonlinear stability of periodic waves with respect to localized perturbations in Hamiltonian systems
remains a largely unsolved problem, standing in sharp contrast with the dissipative case; see Remark 1. To the authors’ best knowledge,
the only known nonlinear stability result to date for this class of perturbations concerns the orbital stability of harmonic waves in the one-
dimensional nonlinear Schrodinger (NLS) equation

iut+uxx+f(\u|2)u:0, xteR, u(xt)eC. (6)
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Thanks to the Galilean invariance of the NLS equation, the harmonic-wave solution (2) can be transformed into the time-periodic, spatially
homogeneous solution

u(x,t) = aei(‘”kz)t 7)

to (6). Its orbital stability with respect to localized perturbations was established by Zhidkov.'® The result holds locally uniformly in space
and is derived via variational methods: by taking a suitable formal linear combination of the classical conservation laws for mass and energy,
one obtains a well-defined conserved quantity, which serves to close the nonlinear argument. As observed in Ref. 15, this also implies orbital
stability of the associated harmonic-wave solution under localized perturbations.

Remark 1. The nonlinear stability theory of periodic waves in dissipative systems with respect to localized perturbations has advanced
significantly over the last decades. The first nonlinear stability result was obtained for harmonic-wave solutions in the real Ginzburg-Landau
equation'” by exploiting its gauge invariance. The use of mode filters in Bloch frequency domain,'*"” combined with the modulational ansatz
proposed in Ref. 20, led to a breakthrough in the nonlinear stability analysis of periodic waves in large classes of dissipative systems such as
reaction-diffusion models’' >’ and systems of viscous conservation laws.”*”” Based on these developments, we expect that a similar program
can be pursued for Hamiltonian systems by adapting these techniques to the present variational setting. We believe that the orbital stability
analysis of harmonic waves in the complex Klein-Gordon equation presented in this paper offers a promising step in this direction and can
act as a starting point toward developing an orbital stability theory for general periodic waves in Hamiltonian systems, provided a suitable

conserved quantity that can serve as a Lyapunov functional is available.

A. Goal, challenges, and strategy

Our aim is to develop a variational framework, in the spirit of Ref. 16, for establishing orbital stability of harmonic waves in the complex
Klein-Gordon equation (1) against localized perturbations. In contrast to the NLS equation where Galilean invariance enables a reduction to
a spatially homogeneous solution to the NLS equation itself, no such reduction is available for the Klein-Gordon equation (1).

To address this difficulty, we adopt an alternative reduction inspired by the spectral stability analysis*® of spatially periodic waves in (1).
Specifically, we introduce the new coordinate

u(x,t) = w(x - ct, t)ae™, (8)

where ¢ € R is a free parameter denoting the speed of the co-moving frame in which the dynamics of the new w-variable is observed. The
Hamiltonian structure of (1) is preserved under the coordinate transformation (8), and the harmonic-wave solution (2) is mapped to the
homogeneous equilibrium state w(x,t) = 1. This transformation thus reduces the stability problem to that of a (nonlocalized) stationary
solution w to a Hamiltonian system of the form

wr = JH (w). 9)

The goal is to control the dynamics of a perturbed solution w(t) to (9) with initial condition w(0) = wx + zo, where zo is an L*-localized
perturbation. A crucial observation is that, since stationary solutions to (9) are critical points of the Hamiltonian, the formal expression

E(2(t)) = H(w +2(1)) = H(wx) = O(|l2(1)]) (10)

represents a well-defined conserved quantity for the L*-localized perturbation z(t) = w(t) — w.

If the second variation H"' (w+ ) were positive definite, then the energy acts as a Lyapunov functional and |z(¢)|* can be bounded in
terms of E[z(t)] = E(zo), implying nonlinear stability. However, this is obstructed by the gauge symmetry of (1) which forces 0 to lie in the
spectrum of #" (w+ ). We emphasize that, since 7" (w ) has constant coefficients, there is also no finite-codimensional subspace of L*(R)
on which H" (ws ) is positive definite, which is a key assumption in the classical Grillakis-Shatah-Strauss stability framework.

To overcome this difficulty, we decompose the w-variable in polar coordinates

w(t) — eP(t)+i¢(f), (11)

where the phase variable ¢(#) captures the neutral behavior caused by the gauge symmetry. This allows us to derive effective lower bounds
on the conserved energy E[z(t)], which control p(t) and derivatives of $(t) over time. Our analysis shows that such bounds can be obtained
provided that the spectral condition

a’f'(a*) > 2max{0,-f(a’)}, (12)

ensuring that H"'(w+ ) is positive semi-definite, is satisfied. All in all, the obtained control on p(¢) and on derivatives of ¢(¢) is sufficient to
close a nonlinear iteration argument, yielding an orbital stability result which is locally uniform in space.
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Remark 2. The harmonic wave (2) is a trivial example of a traveling-kink solution

ikx+iwt
>

y(x,t) = yo(x —st)e

where the wave speed s, wave number k, and temporal frequency w are real parameters and the wave profile y, : R — R connects nonvanishing
asymptotic end states ¥, = limg_,.o¥() # 0. When the wave profile is strictly monotone, i.e. y;(&) # 0 for all £ € R, the use of variational
methods to prove orbital stability is well-established in one-dimensional Hamiltonian systems. We refer to Refs. 16 and 27-32 for results in
the (generalized) Korteweg—de Vries, Klein-Gordon, NLS, and nonlinear wave equations. A further extension to solitonic bubble solutions of

the form y(x, t) = yo(x — st)e® =) with ¥, even and (v (£), $5(£)) = (Yoo, 0) as & — oo can be found in Ref. 33.

B. Main result

We formulate our main result concerning the orbital stability of harmonic waves in the complex Klein-Gordon equation under localized
perturbations. Since our analysis only requires control over the L?-norm of the spatial and temporal derivatives of the phase variable, we are
able to establish orbital stability under unbounded initial phase modulations; see Remark 4. Thus, we consider initial data of the form

u(x, 0) _ikx+ife (x) 1 Wo (x)
(&u(»c,o)) - (iw) ' (w(x)) )

where 0o : R - R is a continuously differentiable phase function with 8%, € H'(R), and wo € H'(R) and v € L*(R) are localized
perturbations.
We are now in a position to state the main result of this paper.

Theorem 3. Let (a,k, @) € (0,00) x R* with (k,w) % (0,0). Assume that the existence condition (3) and the spectral condition (12) are
satisfied. Then, there exist constants C,8 > 0 such that, whenever 8 € C' (R, R) and (wo,vo) € H*(R) x H' (R) satisfy 0, € H'(R) and

Eo = [6e Iz zy + lwollgp gy + lvoll gy < 05 (14)
there exists a unique global classical solution
ue ([0, %), Hipc(R)) n €'([0, 00), Hioe(R)) N C*([0, 00), Lipe(R)) (15)

to the Klein-Gordon equation (1) with initial condition (13). Furthermore:

o (Local orbital stability) For every R > 0, x+ € R, and t > 0 there exists a constant y = y(xx,t) € R such that
”u(t) _ aeik(‘)+iwt+iyHHI(X*fR'x*+R) < CRE(). (16)

e (Bounds on phase and radius) There exist continuously differentiable functions 0,9 € C'(R x [0, o), R) satisfying o(t), 9(t) € H' (R)
and 0,(t), 9:(t) € L*(R) such that the polar decomposition

u(x) t) _ aeikx-%—iwt-%—ieoo (x) eg()c,t)+i9(x,t) 17)
holds for all x € R and t > 0. Moreover, we have the bounds

Hor(t)HLZ(R) + HSf(t)”Lz(]R) + H()(t)HH‘(R) + HSX(t)HLZ(R) < CEo,

(18)
||9(t)HL2(JR) < CEp(t+1)

fort>0.

Remark 4. As an illustrative example for the initial phase modulation in Theorem 3, consider

tanh (x) -1 fx 1 + tanh (x)
2 2

Ooo (x) = kx—

with k, x,. € R. This function satisfies ||6%, Iz gy = k(s = x-)|/\/3. Hence, for any fixed & > 0, it obeys || 8o I 12wy < ¢ provided that the phase

ikx+ifoo (x) ik(x—xy) at

offset k(x; — x-) is sufficiently small. The associated modulated harmonic wave ae connects to the phase-shifted waves ae
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+00. Theorem 3 also allows for unbounded initial phase modulations 6. For instance, there exists a constant Cy > 0 such that the unbounded
smooth function 0o (x) = (1 + e4x2)§ satisfies | 6L, l;2(zy < Coe for all € € (0,1). Thus, for any fixed § > 0, the condition (14) can be met by
taking € € (0, 1) sufficiently small.

C. Discussion and outlook

Our spectral analysis in Sec. VII shows that Theorem 3 is sharp in the sense that it holds up to the spectral stability boundary. That is, at
the critical value a® f' (a*) = 2 max{0, —f(a*) } where condition (12) ceases to be satisfied, the harmonic wave (2) transitions from a spectrally
stable to a spectrally unstable solution of (1). Notably, the condition (12) only involves the leading-order terms in the expansion (4) of the
nonlinearity. When f(a*) > 0, the loss of stability corresponds to a transition from a defocusing to a focusing nonlinearity. In contrast, if
f(a*) < 0, the instability arises within the defocusing regime itself. We note that a change in stability is accompanied by a corresponding
change in character (from elliptic to hyperbolic) of the Whitham’s modulation equation, which can be derived via a long-wave ansatz. For
further details and the rigorous justification of the Whitham’s modulation equation for harmonic waves in the complex cubic Klein-Gordon
equation, we refer to Ref. 34.

Similar to the orbital stability result for time-periodic, spatially homogeneous solutions (7) to the NLS equation in Ref. 16, our result
is locally uniform in space. Numerical simulations, see Sec. VI, suggest that an orbital stability result, where H ! (x+ —R,x% +R) in (16) is
replaced by H' (R) or where the right-hand side of (16) is replaced by CEj, is not attainable. Specifically, our simulations reveal that localized
perturbations trigger a local phase rotation of the harmonic wave, which subsequently spreads with constant speed in both spatial directions.
That is, perturbations initiate a two-sided expanding phase front. Our numerical analysis indicates that the L*-norm of 9(¢) grows algebraically
at rate ¢2, while its L -norm remains bounded. Thus, we do not expect the growth rate of the L?-norm of 9(¢) in Theorem 3 to be sharp. A
compelling direction for future research would be to characterize the leading-order phase dynamics, which may, at least for long-wavelength
perturbations, be governed by Whitham’s modulation equation; see Ref. 34.

We note that the regularity assumptions on the initial data in Theorem 3 can be relaxed to wy € H'(R,C) and vy € L*(R,C) by
working with mild rather than classical solutions of the perturbation equation; see Eq. (25) in Sec. III. One then obtains a function
ue C([0, ), HL.(R)) n C* ([0, 00), L% (R)) which satisfies (16)—(18), and is the limit of a sequence of classical solutions {u,(t)}, to

(1) with initial data
un(x> 0) _ aeikariG‘x, (x) 1 4 Wn (x) ,
Orun(x,0) iw v (x)

where { (wn, vn)" }n is a sequence in H*(R) x H'(R) converging to (wo,vo)" in H' (R) x L*(R). For the sake of simplicity of exposition, we
do not pursue this generalization here.

We expect that the variational approach in this paper can be extended to higher spatial dimensions. In such settings, an intriguing
direction is to explore whether the method can be combined with dispersive estimates to derive optimal or sharper bounds on the ¢- and
9-variables in Theorem 3. Owing to stronger dispersive decay in higher dimensions, one could even try to establish an asymptotic nonlinear
stability result for harmonic-wave solutions. To the best of the authors” knowledge, no asymptotic nonlinear stability results currently exist
for periodic waves in dispersive Hamiltonian systems; we refer to Refs. 35 and 36 for linear asymptotic stability results for periodic solutions
to the (generalized) Korteweg-de Vries equation. By contrast, the asymptotic nonlinear stability theory for soliton and kink solutions in
such systems has seen significant advances over the past decades; see, for instance, the surveys’”* and references therein. Finally, another
interesting avenue for future research is whether the orbital stability analysis presented here can be extended beyond harmonic waves to other
classes of periodic solutions in Hamiltonian systems, particularly those that do not permit a reduction to a spatially homogeneous state.

D. Organization

In Sec. I, we apply the coordinate transform (8) to the Klein-Gordon equation and use the Hamiltonian structure of the transformed
system to establish an energy. In Sec. 111, we introduce the perturbation of the modulated harmonic wave, derive the corresponding pertur-
bation equation, and establish local existence and uniqueness of its solutions. In Sec. IV, we show that the energy is conserved and derive
associated lower and upper bounds. Section V is devoted to the proof of our main result, Theorem 3. Numerical simulations, supporting our
analysis, are presented in Sec. V1. Finally, we carry out a spectral analysis in Sec. VII, demonstrating that our orbital stability result holds up
to the spectral stability boundary.

Il. COORDINATE TRANSFORMATION AND ENERGY

In this section, we apply the coordinate transformation (8) to the complex Klein-Gordon equation (1), under which the harmonic-wave
solution (2) is mapped to the equilibrium state w(x, ) = 1. We establish that the transformed system retains a Hamiltonian structure, from
which we derive an energy using the strategy outlined in Sec. I A. The conservation of this energy forms the backbone of our orbital stability
argument.
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Inserting (8) into (1) and using (3), we find that the evolution of the w-variable is governed by the equation

wt =0,

v =(1- cz)wyy + 2cvy - 2iwv + 2i(cw + k)w, - (f(a2|w\2) - f(az))w. 19

In (w, v)-coordinates the harmonic-wave solution (2) corresponds to the homogeneous rest state (1,0) . In terms of the real coordinate vec-
tor w = [Re(w), Im(w), Re(v), Im(v)]", the transformed system (19) takes the Hamiltonian form (9), where 7 denotes the skew-symmetric
operator

-1 0 20, 2w
0 -1 2w 2c0

H : X - R is the Hamiltonian

Hw) = [ =D OIF + P + S F(@w()P) = £(@)w()P - 2ew + Btm{w ()’ ()b

and X = H'(R) x H'(R) x L*(R) x L*(R) is the associated Hilbert space. A nonlinear functional, corresponding to the formal expression
(10), is then given by the energy

Ewo) = 3 [ =N/ OGP + o) + U(jw(P) - 2(ew + Ktm(w () () )dy (20)

where we denote

U(s) = / £(a*0) - f(a?) du. 1)
1
For the orbital stability analysis of the equilibrium state (1,0) " in (19), it is convenient to use the polar representation
(w(y, t)) LD+
v)) ek )

Then, p and v measure the deviation from the manifold of equilibria M = {(e?,0)7 : y € R} in (19), and ¢ tracks the solution’s orbit along
M induced by gauge symmetry. Expressing

Ec(w,v) = %/R (1- cz)(p’(),)2 + ¢’(y)2)elp(y) () + U(ezp(}'))

+2(cw+K)(¢' (N (¥ 1) +¢'() )y

(22)

it follows that the energy Ec(w,v) is well-defined as long as v € L*(R) and w = ¢**'% with p, ¢ ¢ H'(R). In Sec. IV, we slightly modify this
energy to allow for unbounded initial phase modulations. Moreover, we prove that this modified energy is conserved and use (12) and (22) to
derive lower and upper bounds which are sufficient to close an orbital stability argument.

Il. LOCAL EXISTENCE ANALYSIS

In this section, we introduce a localized perturbation of the modulated harmonic wave, derive an associated perturbation equation, and
establish local existence and uniqueness of its solutions. We then transfer the obtained localization and regularity properties to the polar
representation of the perturbation, which, as outlined in Sec. I A, effectively captures the neutral behavior induced by gauge symmetry in our
orbital stability analysis.

The coordinate transformation (8) maps the modulated harmonic wave

u(x t) _ aeikx+iwt+16°° (x—ct)

to w(y,t) = el (), We measure the deviation from the modulated harmonic wave by writing

wyt) == (1+z(y,1)). (23)
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Our next step is to derive an evolution equation for the perturbation z and its temporal derivative by inserting (23) into (19). It is convenient to

rescale the temporal derivative by 1/\/1 — ¢, so that the right-hand side of the resulting equation decomposes into a skew-adjoint differential
operator and a bounded remainder. Accordingly, we assume that the free variable ¢ € R satisfies c € (-1, 1), and introduce

z(:1)
Ziyt) = | z(nt) | (24)
1-¢
We arrive at the semilinear evolution system
Zi=AZ +N(Z) (25)

posed on the Hilbert space X = H'(R) x L*(R), where the linear operator A : D(A) c X — X is defined on the domain D(A) = H*(R)
x H'(R) by

and the nonlinear map N : X — X is given by

Nz = (N?Z>)

with

N(z1,22) = @Oyzl —2iwzy +V1-¢" 21 - \}%(f(azu +z1|2) 7f(a2))

+216fx,(v 1-¢ 8z + cz2) +(1 +zl)(\/ 1 —cz(if)ﬁ,'<> - (9;0)2) - MQ@)

1-¢
Local existence and uniqueness of classical solutions to (25) follows from standard semigroup theory.

Proposition 5. Assume that c € (=1,1). Let 8o € C'(R) be such that 6L, € H'(R). Take Zy € D(A). Then, there exist a maximal time
T = T(Z) € (0,00] and a unique classical solution Z € C([0, T),X) n C'([0, T), D(A)) to (25) with initial value Z(0) = Zy. Moreover, if
T < oo, then it holds
limsup |Z(¢)]x = oo. (26)
“rT

Proof. Note that A is a skew-adjoint operator on X = H*(R) x L'(R). As such, it generates a unitary group on the Hilbert space X by
Stone’s Theorem; see Ref. 39 (Corollary I1.3.24). On the other hand, using that H' (R) continuously embeds into L>(R) and that we have
f € C'(R), one readily infers that N is a well-defined locally Lipschitz continuous map. The result directly follows from standard semigroup
theory for semilinear evolution equations; see Ref. 4 (Theorem 4.3.4 and Proposition 4.3.9). O

In our orbital stability analysis, we employ the polar representation
2(y,t) = LOOHIOD g 27)

of the perturbation to control its long-term dynamics. The following result shows that p and 0 inherit the localization and regularity properties
of z, as long as 1 + z(t) remains sufficiently close to the circle of radius 1 centered at the origin.

Proposition 6. Take ce (-1,1), & € (O,i), and O € CI(R,R) with 0., € HI(R). Let po, 6o EHZ(]R,R), Z1 EHZ(R,C) and z; €
H'(R,C) be such that

i6
L= @) < 1, z1 = 1 (28)

e -1l
Denote by z(t) the first coordinate of the classical solution Z : [0, T(Zy)) — D(A) to (25) with initial condition Z(0) = Zy = (z1,z2) € D(A),
which was established in Proposition 5.

Then,

tmax = sup {t € [0, T(Z0)) : |1+ 2(£)] = 1] = (g <201 |
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is strictly positive, and there exist unique continuously differentiable functions p,0 € C' (R x [0, tmax), R) with p(0) = p, and 6(0) = 6y such
that the polar decomposition (27) holds for all y € R and ¢ € [0, tmax ). Moreover, we have p(t), 8(t) € H' (R) and p:(t), 0:(t) € L*(R) with

lp() =@y <401, [p(D)]12 gy < 412(0) [ 12 gy (29)

and
15 e,

Iy (D)2 ey + 165 (D) 72ay < 20

lz (D]}
pr(t)”iz(R) +16:(¢) HiZ(m) < ﬁgl()ﬂi)’ (30)

SUPs e [0,4] 105z(s) HLZ(]R)
1-26;

||0(t) HLZ(]R) < ”60”L2(R) +i
forallt € [0, tmax)-

Proof. First, we recall from (24) that the second coordinate of Z(t) is given by the temporal derivative z:(t)/V/ 1 — ¢*. Therefore,
Proposition 5 ensures that

ze ([0, T),H*(R)) n C'([0, T),H'(R)) n C*([0, T),L*(R)). (31)

In particular, using that H'(R) embeds continuously into the space C;(RR) of bounded and continuous functions, this implies that z : R x
[0, T) — Cis continuously differentiable in both space and time. Moreover, in conjunction with the condition (28), it guarantees that fmax is
strictly positive.

Expanding the real logarithm at 1 as log (x) = x — 1 + O((x — 1)?), we find that, for any y € C with ||1 + y| - 1| < 28;, we have

log|1 + | < 2|1 +vy|-1]

Hence, the function p : R x [0, fmax) — R given by p(y,t) = log|1 + z(y, t)| is well-defined, continuously differentiable in space and time, and
satisfies p(~,0) = p, and [ p(t) 1= ) < 481 < 1 for ¢ € [0, tmax), which yields the first bound in (29). Furthermore, the definition of #max and

the equality ¢””) = |1 + z(t)| ensure that for all € [0, fmax ) we have

1-268 < infefO). (32)
yER

On the other hand, since the function ¢ : R x [0, fmax) — S' given by ¢(3,t) = e **[1 + z(y,1)] is continuously differentiable in space and
time, there exists a unique argument function 6 € c! (R x [0, tmax ), R) with 8(-,0) = 6y, which satisfies (27) for all ¢ € [0, tmax)-

We now prove that p, 6, and their spatial and temporal derivatives are localized in space. To this end, we note that |e" — 1| >
for all 7 € (~1,1) by the mean value theorem. Therefore, using (32) and the fact that |p(¢)| .= &) < 1, we obtain

1|r| holds
0 1
()l = 1€ = U2y 2 1€ = 12y 2 L 1oy,
. i0
2y (B) 72z = 1y () + i, (1)) O o = 10, (O) sy + [0, () 72 )
> (1-260)" (I (6) 32y + 16, (D) s )

for t € [0, tmax ), implying the second bound in (29) and the first bound in (30). Thus, we find that z(t) € H'(R) implies p(t) € H' (R) and
0,(t) € LZ(R) for all ¢ € [0, tmax ). Similarly, (32) leads to

2 ()2 y = 1peCe) + 60O > (1= 200 (Ipe(0) 2y + 16:(0) ey )

for t € [0, tmax ), yielding the second bound in (30). Finally, the above estimate, together with the fundamental theorem of calculus

t
9(y,t)z9(y,0)+f 8003, s)ds,  yeR, te [0, tmn)
0

provide the last claimed bound in (30). O
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IV. ENERGY ESTIMATES

In this section, we slightly modify the energy (20) and establish upper and lower bounds, which play a pivotal role in our stability
argument. Expressing (20) in Z-coordinates via (23) and (24) and correcting the integrand with —2(k + cw) 65, we arrive at the quantity

Banz) =5 [ (=) (R0)P + (1 +20e™0)[ ) + v+ a0)P)

~2(k+ cw) (Im((1+ 21(1))Z(3)) = O (M1 + 21 () + 6 () ) b

(33)

where we recall that U e C*([0, 00),R) is given by (21). The correction term is chosen so as to eliminate linear terms in 6%, from the
integrand, which need not be integrable under the sole assumption 6%, € L*(R). Before showing that the energy is conserved and bounded
from below, we first prove that it is indeed well-defined and bounded from above.

Lemma 7. Let c e (—1,1). There exists C1 >0 such that for each p,0 € HI(R,]R), z1 € HI(R,(C), 2z € LZ(]R,(C), and O € CI(R,R)
satisfying 0%, € L*(R) and

i6
a=¢"-1, lpli=@y <1,

the energy E(z1,22) is well-defined and enjoys the upper bound
|E(z1,22)| < Cl(”ZZHiZ(R) + ”P”?{‘(R) + Hel“iz(m) + 6% HiZ(R))-

Proof. We successively bound the three terms in the expression for E. First, using Young’s inequality, we establish

[8,((1+ 210N <2 (NP + 201+ 2 ()PIB(F =200/ () +6(7)* + 6 (7)*)e*

for y € R. Combining this pointwise bound with |[e* | =(r) < ¢” yields the desired estimate on the first term in (33).
For the second term, we note that U(1) = U’(1) = 0. Hence, Taylor’s Theorem yields a constant C > 0 such that

"~ 1] < Culsl, [U(™)| < Culsl’, (34)
for s € [-1,1]. As a consequence, it holds
U(jt+2()F) = U(e*?) < Ca ()

for y € R, which establishes the desired bound on the second term in (33).
For the third term, we compute

im((1+21(7))7 () = b NI+ 2 + 0 (3) = 0 (7) = (0 () + 8 ()

(35)
==0'(3) - (0 () + 0’ () (* 1)
for y € R. Hence, using that § € H'(R) and applying the estimate (34), we infer
e cal| [ 1m (1 2(ZFGY) - eI+ 210 + 6 (] = K+ cal| [ (8 (3) +800)(¥ - 1))
< o (1612 + 165 2y ) P2y
which yields the desired bound on the third term in (33) by evoking Young’s inequality. This completes the proof of the lemma. O

By construction, the energy (33) corresponds, up to a time-independent correction, to the formal difference (10). Consequently, the
Hamiltonian structure of the system suggests that the energy is conserved under the evolution of (25). The following result establishes this
rigorously.

Lemma 8. Let c € (=1,1) and 0eo € C* (R, R) be such that 0., € H'(R). Take Zo € D(A). Let Z € C([0, T),X) n C' ([0, T),D(A)) be
the classical solution to (25) with initial condition Z(0) = Zo, which was established in Proposition 5. Let 7 € (0, T] be such that the energy
E[Z(t)] is well-defined for all t € [0, 7). Then, we have

E(Z(t)) =E(Z),  te[0,7).
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Proof. Denote Z(t) = [z(t),v(t)]". We successively differentiate the different terms in the expression (33) for the energy with respect
to time. First, using z:(¢) = V' 1 - ¢ v(t), we compute

d1

53 L A=Al ey = Vi Re(u(0).2(0) sy

for t € [0, T). Moreover, using integration by parts, we derive

%(%/}R ‘@((1 +z(y, t))ew”(}'))‘zdy) = Re(By((l + z(t)eie“' ),By(zt(t)eie“’))
= 7Re(e7i6°° ayy((l + z(t))ew“),zt(t))

1*(R)
AR’

for t € [0, T). We proceed with differentiating the second term in the energy. Recalling the definition (21) of U, we compute

d(1
a(ifR u(l1+z(, t>|2)dy) =Re({(1+2(0)(f(a’1 +2") = f(a*))2(D)) 1
for t € [0, T). For the third term, we use integration by parts to arrive at

(4200050 0)dy = S1m{(2 (03 ey + (1 20,50 (D)5
- %Im((zt(t),zy(t))Lz(R) ~(5(),20()) 12z ) = Re(i(£),2:(6) 2z

fort € [0, T). Moreover, we find
—d 1/ Q'OD(y)|1 +z(y t)|2 -0 (y)dy = Re(@' (1+2(1)) zt(t))
dt 2 Jr ’ > il ’ I2(R)

for t € [0, T). Gathering the above computations, using that Z(t) = [2(t),v(t)]" is a classical solution of (25), recalling z:(t) = /1 - ¢* v(t),
and integrating by parts, we obtain

%E(Z(t)) = Re(ZCzty(t) - 2i(w - CG;,)zt(t),zt(t))Lz(R) = cRe(zty(t),zt(t))Lz(R) - CRe(Zt(t),Zty(t))LZ(R) =0

for t € [0, T), which finishes the proof. O

We conclude this section by proving that the energy is bounded from below, provided that the spectral condition (12) holds.

Lemma 9. Let (a,k,w) € (0,00) x R* with (k,w) % (0,0). Assume that the existence condition (3) and the spectral condition (12)
hold. Then, there exist constants Cy > 0, 8, € (0,1), and c € (~1,1) such that for each p,8 ¢ H'(R,R), z1 € H'(R,C), z; € L*(R,C), and
e € C'(R,R) such that 6, € L*(R) and

a=¢"-1, i~z <
the energy E(z1,22) enjoys the lower bound
2213y *+ Il oy + 162y < Co(EC21,22) + [0 [ sy ) (36)
where we note that k + cw = 0 whenever f(a*) > 0.

Proof. We successively bound the terms in the expression (33) for the energy from below. First, we note that U(1) = U’(1) = 0 and
U"(1) = a*f'(a*). Hence, Taylor’s Theorem affords a constant Csx > 0 such that

|U(ezs) - 2a2f'(a2)52| <Cxls, |e25 -1-25<Cx Is|?, |e25 -1/ < Cxls (37)

for s € [-1,1]. Taking 8, € (0,1) such that 1 — C+ 8, > 0, we use (37) to establish the pointwise lower bound

10,((1+ 21(5)) ) = @O (1P ()F + 16 () + B (NF) 2 (1= Co ) (o' D + 16/ (9) + 6 (1))
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for y € R. Hence, we arrive at
0. 2
Ll (@szmne®=O) ayz 1= Coo)(lp' e 16 + Oolisge) ) (38)

For the second term in (33), we apply (37) to bound

U(lt+2()F) = () 2 (20°f'(a") - Cx &) (I

for y € R, yielding
fR U1+ 21(0)P)dy > (26 F'(a) = Cu &) [l - (39)

For the third term, we recall (35) and establish

1m((1+ 27 ()) - b N +2 () + ()
==6'(9) =201 (' (9) + 0 (1) = () = 1-20() ) (0 (») + (1))

for y € R. Combining the latter with the bound (37) and using Young’s inequality with parameter y > 0, we obtain

| [ (4 20)H0)) - 0Ot + 20 + 8a (1)

1 2 1, 72
< (1 v Cx 52)(y||p||Lz(R) SLATS uLz(R)). (40)
Gathering the bounds (38)-(40), we finally establish

2E(z1,22) 2 (1-¢)(1- Cx 52)(\\1)/”%2@@) +[6"+ 65 ”iz(R)) +(2a°f'(a) = C &) pl 2y

2 Loy o2 2 2 (41)
- |k + Cw|(2 + C*62) YHPHLZ(]R) + ;HQ + 0oo HLZ(R) + (1 -c )”ZZHLZ(Ry
where Co(82) > 0 is a constant depending on Cx, c and 8, only. By Young’s inequality, we can estimate
1
16+ 672y 2 3 167172 gy = 301650 172 sy- (42)

Our next step is to choose ¢ € (=1,1), y > 0, and 8 € (0, 1) in such a way that all constants in front of the norms on right-hand side of (41)
are strictly positive. We distinguish between the cases f(a®) > 0, f(a*) < 0, and f(a*) = 0.

First, we consider the case f(a?) > 0. Here, (3) allows us to choose ¢ = —% € (-1,1) such that k + cw = 0. Subsequently choosing y = 1
and taking 6, > 0 sufficiently small, we find that all constants in front of the norms on the right-hand side of (41) are strictly positive by (12).
Combining the latter with (42), settles the lower bound (36) in the case f (az) > 0.

Next, suppose f(a*) < 0. Here, (3) and (12) allow us to choose

e- -2 (L), y=—|k“2f'(’i)(;f)f(“2)>o
such that
_ f(@) 2 2dk+cw| o o af'(a%) +2f(a%)
e R G G
and

2a2f'(a2) = 2lk + cwly = azf'(az) +2f(a2) > 0.

Subsequently taking 8, > 0 sufficiently small, we again obtain that all constants in front of the norms on the right-hand side of (41) are strictly
positive, which, together with (42), yields the bound (36) for the case f(a?) < 0.
Finally, suppose f(a®) = 0. We have % € {£1} by (3). Setting ¢ = —%(1 - 8,) € (~1,1) and y = 1/3/8,, we find

|k + cw| = |k|6>

and
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» 2|k + cal
P i

20°f(a®) = 2k + coly = 2a° f'(®) - 2/&, K|,  1- =28, - 20,\/8, k| - 83,

Hence, taking &, > 0 sufficiently small and recalling (

12), we find that all constants in front of the norms on the right-hand side of (41) are
strictly positive. Combining this with (42), establishes (

),
6) for the case f(a*) = 0, which concludes the proof. a

2
3

V. PROOF OF THE MAIN RESULT

We prove our orbital stability result, Theorem 3. The proof relies on the conservation of the energy functional (33) and employs the
upper and lower bounds obtained in Lemmas 7 and 9.

Proof of Theorem 3. Let c € (=1,1) be as in Lemma 9, and let 8 > 0. Suppose 0o € C' (R, R), wy € H*(R), and vy € H' (R) satisfy (14).

We start by constructing a classical solution u(#) to (1) with initial condition (13). The existence of such a solution follows from
the local well-posedness result for the perturbation equation (25) in Z-coordinates, established in Sec. III. Thus, recalling the coordinate
transformations (8), (23), and (24), we introduce associated initial data

) - M) 1 Z(W) ik r () +eu(y) | o y)).

7 Ta 7> 22 (y) = T -
aelky+10w (») 1—¢ aelk}“rl(i>° (»)

We note that z; € H? (R)andz, € H 1 (R). Moreover, there exists an Eo-independent constant Cy > 0 such that

”21 HH‘(IR) < CoEp < Cof, HZZ ”LZ(R) < CoEy < 2C06. (43)

Thanks to Proposition 5, there exist a maximal time T € (0, 00] and a classical solution Z € C([0, T),X) n C'([0, T),D(A)) to (25) with
initial value Z(0) = (21,22)" such that, if T < oo, then (26) holds. Let z(¢) be the first coordinate of Z(t). Since the second coordinate of Z(t)

is given by the temporal derivative z;(t)/V/ 1 - ¢?, we find that z obeys (31). Thus, by construction, the function u : R x [0, T) — R given by
u(x,t) = (1+z(x—ct, t))aeikaHig“(x_") (44)

satisfies (15) and is a classical solution to the complex Klein-Gordon equation (1) with initial condition (13).

Our next step is to decompose z(t) into polar coordinates and obtain bounds on the radius and phase in terms of z(¢). To do so, we
apply Proposition 6, which first requires expressing the initial condition z(0) = z; in polar coordinates. To this end, let §, € (0,1) be as in
Lemma 9 and fix 8; € (0, 18,). Taking & > 0 smaller if necessary and using (43) and the continuous embedding H' (R) = L*(RR), we arrange
for ||z1]| () < &1. Since the principal logarithm k : Dy — C, h(s) = log(1 +s) is an analytic function on the open disk D, of radius 1 and

satisfies 11(0) = 0, the function log(1 + z;) is a well-defined element of the algebra H(R) via the holomorphic functional calculus. We define
0,60 € H*(R,R) as its real and imaginary part through

Po + ieo = IOg(l + 21 ) (45)

To bound the L*-norms of p, and 6o, we use the mean value theorem, yielding a constant C« > 0 such that |log(1 +s)| < C«|s| for s e D..
2

Consequently, the estimate (43) implies
lpoll 2y 1001 2my < Cx 2112z < C CoFo. (46)

On the other hand, we use the reverse triangle inequality to infer
[€" = 1i=(r) = 21 + 1| = L=y < J21]1=r) < 80

Hence, an application of Proposition 6 yields an Ey-independent constant C; > 0 and unique continuously differentiable functions p, 6 :
R x [0, tmax) = R with p(0) = p, and 8(0) = 6y such that the polar decomposition

€1:05:90 9202 4290100 S0

zZ(nt) = LODHOG) (47)
and the bounds
() |1 (r) < 461 < 02,
”P}’(t)”iz(]}{) + ||6y(t)Hiz(R) <Cilz(t) Hiz(my
48
I (®) ey + 100 Py < Colae(0) ey )
10C) 112y < 160l 12y + Cut sup [0:z(s)] 12z
[0.]
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hold for all t € [0, tyax), where we denote
tmax = sup {£ € [0,T) |1+ 2(£)] = 1] = (s <201 .

In particular, (43) and (48) imply
U /
lpoll2gy> 1601 12(ry < C1CoEo. (49)

We proceed with bounding the norms of p(t), 6,(t), and z;(t) for t € [0, fmax) in terms of their initial data, using the energy as a Lyapunov

functional. We note that, by our choice of ¢, we have k + cw = 0 whenever f(a*) > 0. Moreover, from (48), we know that ||p(t) 1oy <02 <1
for all £ € [0, tmax ). This ensures that the energy E[Z(t)] is well-defined for all # € [0, tmax) by Lemma 7. So, Lemma 8 yields

E(Z(1)) = E(Z0) (50)

for all t € [0, tmax ). The polar decompositions (45) and (47) along with the first bound in (48) allow us to apply Lemmas 7 and 9 to bound
the right-hand side of (50) from above and the left-hand side of (50) from below, respectively. Recalling that the second coordinate of Z(¢) is
given by z;(t)/V'1 - ¢? and using (43), (46), and (49), this results in Eo-independent constants C,, C3 > 0 such that

2 ()2 ey + 1) 5 oy + 18, (D 2 sy < CoI12202my + Ipol gy + 166172 ay + 1600 I3 sy) -
< GsE; <2C38°

for t € [0, fmax)-
Next, we argue that the solution Z(t) is global, i.e., that it holds tmax = T = oo. First, we note that the mean value theorem yields a constant
C4 > 0 such that
le* = 1] < Cals|, le] < C4 (52)
for s € ;. Hence, using the continuous embedding H' (R) — L* (R) and taking & > 0 smaller if necessary, estimate (51) implies
11+ 201 = Ui = 1€ = Ui < 8, o
12 (6) 12 my < 1€ =iy (ly () ]2y + 165 () 2y ) < 01

forall t € [0, tmax) and p € {2, 0o }. Combining the latter with the fact that z : [0, T) - H'(R) = L (R) is continuous by (31), it follows that,
by definition, fmax must be equal to T. Consequently, the inequalities (51) and (53) preclude (26) and it must hold 0o = T = #pax.

We proceed with establishing the decomposition (17) and the bounds (18). Combining (44) and (47), we find that u(x, t) satisfies (17),
where 9,9: R x [0, 00) — R are defined by

o(x,1) = p(x - ct, 1)
and
9(x,1) = B(x — ct, 1) — Boo () + Boo (x — ct) = B(x — ct, 1) — [Ot 0., (x +)dy.
Clearly, ¢ and 9 are continuously differentiable in space and time, since p, 8, and 6., are also C'. On the one hand, the identities
10Ol = ey 100 < IOl +1el o0 e (54)

show that ¢ € H'(R) and g, € L*(R) for ¢ > 0. On the other hand, the fact that 9 € H'(R) and 9; € L*(R) follows from the estimates

0 0 H
196 sy =10y = ( 1, [ 1008 G D) ) < 1006 oy + el 10 e 65)
and ,
19 () 2=y < 16y ()12 (m) + 20100 [ 12 ()
Hsf(t)“Lz(R) < Hef(t)HLZ(R) + |C|(H‘9)’(t)”L2(R) + Heloo ”LZ(R))

for t > 0. Finally, combining (54)-(56) with (46), (51), and the last two inequalities in (48) yields (18).
It remains to show (16). To thisend, take R > 0, > 0,and xx € R. Weset y(x,t) := 9(x,f) + Ooo (x), y = w(xx,t),and I = [xx — Rxx +
R]. Using (51), (56), and

(56)
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FIG. 1. Plots of the L2-norms of the polar coordinates @(t) and 9(t) of the perturbed harmonic-wave solution (58) with parameters (59) and initial condition (13), along with
those of their spatial derivatives. The norms of o(t), @, (t) and 9(t) remain bounded in time. In contrast, the top-right panel illustrates that the L2-norm of 9(t) grows over
time.

llf(x»t)*y=fx ve(,t) dy, xeR,

we find an Ey-, t-, x % - and R-independent constant Cs > 0 such that

) =yl < | [ Onnlnt.0l dyaid)” < Rlys(0)] 2 < CoREo < 2C5R5 (57)

Hence, taking 6 > 0 smaller if necessary, applying (51), (52), (54), (56), and (57), and using the embedding H! (I) = L= (I), we infer

PNV 1 < aCylo(x, ) + iy (x, £) — iy,

+ Ca(loy(x )] + [yx(x 1))

|u(x t) _ aeikx+iwt+iy
>

:a‘

Uy (%, 1) — aikeleriotty| o |k||u(x, t) - gelkeriot+iy

for x € I. Taking L*-norms of the latter two inequalities and applying (18) and (57) yields (16), which completes the proof. O

VI. NUMERICS

We discuss the outcome of numerical simulations pertaining to our main result, Theorem 3. Here, we focus on the defocusing cubic
complex Klein-Gordon equation, i.e., we restrict ourselves to the case f(s) = 1 + s. All computations are carried out in MATLAB. We consider
harmonic-wave solutions (2) which are perturbed by complex-valued Gaussians. Specifically, we consider a perturbed harmonic-wave solution

u(x’ t) _ ueikx+iwt ea(x,t)+i9(x,t)’ (58)

to (1) with initial condition (13) with parameters
w =10, k=2m, =t -k -1,

2 2 (59)
Boo(x) =0,  wo(x) =4(1+i)e PET0 4(x) = 40(1 +1i)e P10,
We emphasize that the existence condition (3) and the spectral condition (12) are satisfied. To facilitate a simple numerical implementation of
the time evolution of the perturbed harmonic-wave solution (58), we employ a Strang-like splitting algorithm. Linear steps are solved exactly
and efficiently in Fourier space using the Fast Fourier Transform, whereas the nonlinear steps are computed using the forward Euler method.
We simulate the dynamics on a spatial domain of 20 units with periodic boundary conditions. The simulation time is chosen such that the
perturbation does not reach the domain boundary, preventing contributions of boundary effects. The results are plotted in Fig. 1.
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FIG. 2. Log-log plot of the L2-norm of the phase 9(t) of the perturbed harmonic-wave solution (58) with parameters (59) and initial condition (13). The best linear fit, shown
in red, is computed using the last quarter of data points. Its slope is ~0.5051, suggesting that [|9(t) | 2 (®) 9rOWs with rate \/1.
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FIG. 3. Plots of the real part of the perturbed harmonic-wave solution (58) (blue), with parameters (59) and initial condition (13), along with its phase 9(fy ) (orange) at different
times fo. The initial perturbations are given by (59) scaled by 41 for improved visibility. The perturbation triggers a phase defect that travels outwards in both spatial directions.

The numerical computations indicate that the bounds (18) on the L*-norm of o(t), 0,(t), and 9.(t) in (18) are sharp, as these do not
seem to decay over time. However, the numerics also suggest that the linear growth bound for [[9(¢)| () in (18) is not optimal. Indeed, a

linear regression for the log-log plot of [9(t)| () indicates that [9() 2 () grows algebraically with rate V1, see Fig. 2. The L -norm of
9(t), on the other hand, remains bounded. The dynamics of the perturbed harmonic-wave solution u(t) together with its phase 9(t) are
illustrated in Fig. 3. Similar behavior was observed in numerical simulations for different values of w, k, and initial perturbations wo, v.

VIl. SPECTRAL STABILITY ANALYSIS

The analysis in this section confirms that our orbital stability result, Theorem 3, is sharp in the sense that it holds up to the spectral
stability boundary. To study the spectral stability of the harmonic-wave solution (2), we consider the perturbation

u(x,t) = ae™ (1 + z(x - ct, 1)), (60)
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where the free parameter ¢ € R denotes the speed of the co-moving frame in which we observe the dynamics. Inserting (60) in the complex
Klein-Gordon equation (1) while using (3), we arrive at

ze—(1- cz)zyy - 2czy + 2wz — 2i(cw + k)z, + (f(az\l + z|2) - f(az))(l +2z)=0. (61)
Writing (61) as a real system in Z = (Re z, Im z) " and linearizing, we obtain
Zy+ T(0y)Zi + He(0y)Z =0
with

(2D 2w ~ -(1- cz)D2 + 2a2f’(a2) 2(cw + k)D
jC(D) - ( 2w —ZCD)’ HC(D) N ( —2(cw + k)D —(1 — cz)Dz)'

The spectrum associated with the harmonic-wave solution (2) to (1) is thus given by the set
oc = {1 € C: P.(1)isnotinvertible},
where P:(1) : H*(R) c L*(R) — L*(R) is the quadratic operator pencil
Pe(A) = VL + AT (y) + He().

We say that the harmonic wave (2) is spectrally stable if o. is confined to the imaginary axis and spectrally unstable if it is not spectrally stable.
Since P.(A) has constant coefficients, we find that it is invertible if and only if its Fourier symbol

Pe(A0) = VI + A T (il) + H(if)

is invertible for each £ € R. That is, Pc()) is not invertible if and only if there exists £ € R such that (A,£) is a root of the determinantal
function & : C x R — C given by

E(L ) = det Pe(X,0).

Since we have 755 1) = 750(/\ —cib,£) forall A € C and ¢, ¢ € R, the spectral stability of the harmonic wave is independent of the choice of
ceR.

The following result, summarizing the outcome of our spectral analysis, shows that condition (12) is sharp in the sense that it coincides
with a change in spectral stability. Its proof employs the instability index theory for quadratic operator pencils as developed in Ref. 40.

Proposition 10. Let (a,k, w) € (0,00) x R? be such that the existence condition (3) is satisfied.

e For f(a*) > 0 the harmonic-wave solution (2) to (1) is spectrally stable if f'(a*) > 0 and spectrally unstable if
-2f(a*) <a’f'(a®) <. (62)
e For f(a*) < 0 the harmonic-wave solution (2) to (1) is spectrally stable if a®f' (a*) > —~2f(a*) and spectrally unstable if

0<d’f'(a®) < -2f(d*). (63)

Proof. Assume that condition (12) holds. We show that the harmonic wave is spectrally stable. As in the orbital stability analysis, we
choose ¢ € R depending on the sign of f(a?). First, we consider the case f(a*) > 0. Using (3) and setting ¢ = —g € (-1,1), we find that the
lz,er(O,L) for any L > 0. Therefore, the instability index count in Ref. 40
(Theorem 3.1) implies that the harmonic wave is spectrally stable. Next, we consider the case f(a®) < 0. We use (3) to set ¢ = -%¢€(-1,1).By
(12) we find that

diagonal self-adjoint operator #.(Jy) is positive semidefinite on L

(K - ) +2a°f'(a®) 2(K - wz)ié)

Hf% (ikt) = ( 72(k2 - wz)iE (k2 - w2)Z2

possesses nonnegative determinant
C(K - ) (C(K - o®) +24°f' (%) - 4(K - 7))

and one nonnegative eigenvalue
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af'(a) +€2(k2 - wz) + \/(azf'(az))z +40° (K - o)’

forall £ € R. Therefore, both eigenvalues of H.(ik¢) are nonnegative and the self-adjoint operator H.(9,) is positive semidefinite on Lf,er (0,L)
for any L > 0. Therefore, the harmonic wave is spectrally stable by Ref. 40 (Theorem 3.1).

Next, we show that (62) and (63) yield spectral instability. We use that & (iw, ¢) is a quartic polynomial in w with real coefficients for
£ € R. Let A(¢) be the discriminant of & (i-,£). We compute

A(0) =0, A'(0) =0, A"(0) = 10240’ f' () (200 + azf'(az))3(2w2 -2+ af'(a%)). (64)

If we have (62) or (63), then A”(0) is negative by (3). Hence, there exists £y > 0 such that the discriminant A(£) is negative for £ €
(o, £0)\{0}. Therefore, the quartic polynomial & (i-,£) must possess two non-real roots for £ € (—€o, £9)\{0}, implying that the harmonic
wave is spectrally unstable. O

Remark 11. Our analysis shows that, in the cases (62) and (63), the harmonic wave is spectrally unstable due to the fact that E.(i-,£)
possesses nonreal roots for all Fourier frequencies £ € (—£o,£o)\{0} with £y > 0 sufficiently small. That is, the harmonic wave undergoes a
sideband, Benjamin-Feir or long wavelength instability as it crosses the stability boundary a*f'(a*) = 2 max{0, - f(a*)}.

SUPPLEMENTARY MATERIAL

The supplementary material encompasses the numerical simulations displayed in Figs. 1-3 have been obtained using Matlab (Version
24.1.0, R2024a). The expressions in (64) have been verified using the symbolic computation software Mathematica (Version 15.0.1.0). The
associated source code and supplementary files are available through the link https://doi.org/10.35097/22t3ee67b8v2af96.
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