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Kurzfassung

In der Phase der Designoptimierung von elektrischen Maschinen wird
datengetriebenes Metamodellieren weit verbreitet eingesetzt, um wichtige Leis-
tungsindikatoren (KPIs) wie Leistung, Drehmoment und Drehmomentwelligkeit
vorherzusagen. Es kann rechenintensive Simulationen durch die Erstellung
von Metamodellen mit geringeren Rechenkosten ersetzen. Dennoch stehen
datengetriebene Methoden vor Herausforderungen, darunter hohe Komplexität
bei großer Eingabedimension, zeitaufwändige Datensammlung und reduzierte
Vorhersagezuverlässigkeit bei begrenzten Daten. In dieser Dissertation wer-
den erstmals mehrere auf maschinellem Lernen basierende Ansätze und Opti-
mierungsstrategien vorgeschlagen, um die aktuellen Hindernisse zu überwinden.
Zunächst wird ein deterministisches neuronales Netzwerk auf Basis von Trans-
ferlernen vorgeschlagen, um das Problem der Reparametrisierung zu lösen, das
bei der parametrischen Modelltraining auftritt. Dieser Ansatz umgeht die Er-
fordernis, das Modell von Grund auf neu zu trainieren, und erzielt simultan eine
gesteigerte Vorhersagegenauigkeit, indem die vortrainierten Gewichte aus dem
ursprünglichen Netzwerk dynamisch übertragen werden.
Zweitens wird eine neuartige, auf Unsicherheitsquantifizierung basierende
Optimierungsmethode unter Verwendung probabilistischer Metamodellierung
vorgestellt. Diese Methode ermöglicht es den Anwendern, optimale Design-
KPIs präzise vorherzusagen, indem sie zusätzliche Unsicherheitsinformationen
berücksichtigt. Darüber hinaus bildet sie die Grundlage für die probabilistische
Vorhersage von KPIs mittels Metamodellierung und die unsicherheitsbasierte
Optimierung im Bereich elektrischer Maschinen.
Zur Lösung des Problems des zeitaufwändigen Samplings werden in dieser
Dissertation zwei neuartige, auf Unsicherheit basierende, dateneffiziente Ler-
nansätze präsentiert. Zunächst wird ein Rahmenwerk für das Selbsttraining
vorgestellt, das die kontinuierliche Generierung von Daten mit Pseudobeschrif-
tungen ermöglicht, um den Datensatz zu erweitern und somit das Modelltraining
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zu optimieren. Im Anschluss werden verschiedene Optimierungsstrategien auf
Basis des aktiven Lernens entwickelt. Diese Strategien können unter Bedingun-
gen mit kleinen Daten iterativ wichtige Daten zum ursprünglichen Datensatz
hinzufügen und dadurch die Vorhersageleistung des Modells steigern.
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Abstract

In the design optimization stage of electric machines, data-driven metamodeling
has been widely used to predict key performance indicators (KPIs) such as power,
torque, and torque ripple. It can replace computationally expensive simulations
by creating metamodels with lower computational costs. However, data-driven
methods still face challenges, including high complexity in the case of large
input dimension, time-consuming data collection, and reduced prediction reli-
ability with limited data. In this dissertation, multiple machine learning-based
approaches and optimization strategies have been proposed for the first time to
overcome the current obstacles.
First, a deterministic neural network based on transfer learning is proposed to
overcome the reparameterization issue inherent in parameter-based model train-
ing. It circumvents the necessity of retraining the model from scratch while
achieving higher prediction accuracy by dynamically transferring the pretrained
weights from the original network.
Second, a novel uncertainty quantification-based optimization method using
probabilistic metamodeling is presented. This method allows users to balance
optimal design KPIs with predictive accuracy using additional uncertainty in-
formation. It also lays the groundwork for probabilistic metamodeling-based
prediction of KPIs and uncertainty-based optimization in the field of electric
machines.
Finally, to overcome the issue of time-consuming sampling, two novel
uncertainty-based data-efficient learning approaches are introduced. Initially, a
self-training framework is introduced. It enables continuous data generation with
pseudo labels to extend the dataset, thereby enhancing model training. Subse-
quently, several active learning-based optimization strategies are designed. They
can iteratively add key data to the original dataset under small-sample conditions,
thereby boosting the model’s prediction performance.
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Chapter 1
Introduction

1.1 Motivation
The electric machine, as an essential component for converting electrical and
mechanical energy, has emerged as a pivotal force in contemporary industry,
energy transition, transportation electrification, and robotics. In the industrial
sector, electric machines serve as the “heart” of manufacturing, accounting for
about 60 % of global industrial electricity use [1]. A wide variety of electric
machines with specialized features and configurations are selected for various
applications [2]. For example, high-precision servo motors (e.g., numerical
control machine tools [3]) and high-efficiency permanent magnet synchronous
motors (PMSMs) (e.g., compressors [4] and pumps [5]) have significantly im-
proved productivity and energy efficiency, while linear motors in semiconductor
manufacturing achieve contactless high-speed positioning, promoting automated
production line upgrades [6]. Furthermore, PMSMs have also been extensively
utilized in the electric vehicle domain due to their high torque density, wide speed
range, compact structure, and excellent control ability [7], [8], [9]. In addition,
induction motors (IMs) are frequently employed in household appliances and
industrial applications, owing to their low cost, simple design, and outstanding
reliability [10]. The essential components of an electric machine comprise the
stator, rotor, shaft, bearings, housing, cooling system, and electrical terminal
box, each possessing distinct functions and specifications. The rotor and stator,
as the active parts, have their materials and geometric design intricately linked to
the motor’s performance and efficiency. The stator core is typically made of lam-
inated silicon steel, which possesses high magnetic permeability and low eddy
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Design template

Optimization Setting

Optimization New candidate Stop condition

N

Y

Final design

Figure 1.1: Conventional design optimization workflow for electric machines.

current losses, hence reducing energy loss during operation. The stator winding
involves copper as the conductive medium. Copper exhibits higher conductivity
and is often employed in high-efficiency machines. The rotor core, similarly to
the stator core, is typically constructed from laminated silicon steel to reduce
losses. IMs feature a rotor designed as a squirrel cage composed of aluminum or
copper bars. PMSMs utilize rotors produced from permanent magnet (PM) rare
earth materials, including neodymium-iron-boron (NdFeB) or samarium-cobalt
(SmCo), which generate a robust magnetic field [11]. However, the utiliza-
tion of rare earth minerals in electric machine manufacture adversely affects the
environment and poses challenges regarding production costs [12]. Therefore,
optimizing the geometric parameters of electric machines throughout the design
phase is crucial to fulfill specific industrial demands and minimize material us-
age. A general optimization workflow is depicted in Fig. 1.1. Nevertheless,
conventional design optimization methods for electric machines encounter many
obstacles:

1) Design optimization using finite element analysis (FEA) is a prevalent
approach in the industry. The candidate designs obtained during each gener-
ation of the optimization process undergo FEA to evaluate the predetermined
objective function, typically including the machine’s key performance indica-
tors (KPIs) such as maximum torque, maximum power, efficiency, and cost.
The computation time for a single design can range from a few minutes to
several hours, depending on the varying complexities of different models. In
addition, the simulation duration is considerably affected by the computer
hardware (e.g., CPUs, RAM). Consequently, the entire optimization process

2



Chapter 1 Introduction

may endure for days or even months, plagued by high computational com-
plexity and extensive time consumption.

2) FEA-based optimization generally does not execute numerous generations,
considering limitations in computational time. As the number of input de-
sign parameters and output KPIs escalates, the optimization procedure will
struggle to effectively and broadly explore the design space. The final op-
timal solutions may therefore become trapped in a local optimum dilemma.
Furthermore, when the dataset utilized for model training is limited, the pre-
dicted KPIs generally diverge considerably from the ground truth due to the
out-of-distribution problem.

3) Analytical methods enable rapid calculation of target KPIs without neces-
sitating advanced hardware assistance, resulting in minimal computational
costs. However, these methods typically rely on simplifying assumptions,
making it very difficult to obtain analytical solutions for intricate geometries,
nonlinear materials, and boundary conditions.

Hence, a computationally efficient alternative method with a certain level of
accuracy requires development. Furthermore, it has the ability to explore high-
dimensional design space effectively. In this thesis, design optimization for
electric machines using machine learning (ML) is proposed to significantly ac-
celerate the optimization process while providing high prediction accuracy.

1.2 Related works
To mitigate the limitations associated with traditional methods, artificial intel-
ligence (AI)-based techniques have drawn raised interest in both academic and
industrial domains [13], [14], [15]. ML algorithms generate rapid and precise
predictions regarding fresh data by learning the underlying relations between
inputs and outputs throughout training datasets. The main difference between
FEA-based and ML-based optimization is illustrated in Fig. 1.2. The meta-
models used thus far can be broadly classified into three categories: a) classic
ML models such as support vector machines (SVMs), boosting algorithms. b)
deep learning (DL) models such as multilayer perceptrons (MLPs), convolutional
neural networks (CNNs), and generative models. 3) reinforcement learning
(RL)-based models. This section outlines briefly the application of various
data-driven models throughout diverse scenarios within the domain of electric
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FEM SimulationSimulation ResultsStop Condition?
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Evaluation
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Initial Design
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Figure 1.2: Comparison between simulation-based and machine learning-based optimiza-
tion.

machines. A more detailed literature review will be summarized in Section 3.3.

Metamodeling based on classic ML has been widely utilized in numerous
domains [16]. Especially in the realm of rotating electric machines, classic ML
models demonstrate their superiority in predicting motor KPIs and computa-
tional consumption. In [17], [18], [19], [20], [21], SVMs were applied to predict
KPIs for PMSMs or switched reluctance motors (SRMs), such as torque-related
parameters, efficiency, PM flux linkage, and total harmonic distortion (THD) of
induced voltage. In addition, the extreme learning machine (ELM), XG-Boost
models, and Gaussian process regression (GPR) [22] were also employed to
compare with SVMs.

Advancements in hardware technology, particularly in graphics processing units
(GPUs) and tensor processing units (TPUs), enable deep learning models to
handle and train on larger datasets. These hardware components can signifi-
cantly enhance the capacity for parallel computation and facilitate large-scale
data processing, rendering the implementation of deep learning algorithms
efficient. The applications of DL in the field of motor design optimization can
be categorized into three groups: a) parameter vector-based [23], [24], [25],
[26], [27], [28], [29], [30], [31], [32]. b) image-based [33], [34], [35], [36], [37],
[38], [39], [40], [41], [42], [43], [44], [45]. c) vector-image combination [46],
[47]. In [48] and [49], image-based and parameter vector-based metamodeling
were compared, with vector-based approaches necessitating fewer computing
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costs and yielding superior prediction accuracy. However, when the inputs
undergo modifications, the model must be retrained from scratch. On the other
hand, the image-based approaches provide greater flexibility and reusability.

Furthermore, RL-based optimization techniques have received more attention
due to their high efficiency and enhanced generalization achieved through inter-
action with an environment [50], [51], [52]. The basic idea is to employ RL
algorithms as a substitute for conventional numerical optimization algorithms.
The agent works to optimize long-term rewards through continuous interactions
and state transfers until convergence is achieved.

1.3 Objectives
In this work, design optimization methods using ML based on parameter vector
inputs for PMSMs are proposed. The benefit is that reduced computational
time and resources facilitate a more efficient and extensive exploration of
the design space, leading to more optimal designs. The predicted accuracy
of data-driven metamodels is one of the main focuses of the research. The
excellent performance of a pretrained metamodel on a test set does not always
guarantee a high prediction accuracy for the final optimized solutions following
the integration of the optimization algorithms. This issue occurs because,
with the high dimensionality of input design parameters, the training datasets
are inadequate to comprehensively capture the whole design space. After the
optimization process, numerous out-of-distribution [53] designs are produced,
resulting in the model’s inability to accurately forecast them, hence leading
to significant prediction errors. Furthermore, the generation of datasets still
relies on FEA, indicating that large datasets necessitate considerable time for
simulation. A limited initial dataset saves a great deal of time. Yet, insufficient
training data may negatively affect the learning capacity of models. Hence, it
is a trade-off problem regarding time and the model’s generalization capability.
To address the above issues, the following works will be conducted.

Firstly, to overcome the necessity to retrain the model from scratch based
on parameter vector-based input in case of reparameterization, an adaptive
neural network (NN) will be presented. The predictive performance of this
deterministic metamodel and the optimization outcomes achieved through
the integration with the optimization algorithm will be studied. However,
the final optimization results obtained using deterministic models generally
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suffer from high average errors, and prediction accuracy is highly dependent
on the size of the dataset. Large datasets need prolonged simulation durations.
Thus, the subsequent sections will concentrate on achieving the most accurate
optimization outcomes achievable given limited data.

Secondly, to assist users in making sound decisions, metamodels must provide
further information in addition to the predicted KPIs, several probabilistic
metamodels will be proposed. Probabilistic models are able to offer deter-
ministic predicted values while also giving uncertainty over each prediction.
Which probabilistic models exhibit superior computing efficiency and are more
appropriate for motor design applications? A comprehensive comparative study
will be carried out. In addition, it will be investigated whether there is a relation
between the uncertainty of the prediction and the final optimization solutions.
The combination of uncertainty information with optimization algorithms to
guide them to obtain more reliable optimized designs will also be studied.

Thirdly, the metamodels capable of keeping performance with limited sample
sizes will be examined. Data-efficient learning techniques [54] have been fre-
quently used in the domain of image processing. Consequently, is it applicable
to begin with a limited initial dataset and then enhance the initial dataset with
the help of data-efficient learning to rapidly acquire new data? New optimization
frameworks based on data-efficient learning will be introduced. Furthermore, to
speed up the overall optimization process and obtain optimization results with
higher prediction accuracy, how prediction uncertainty can help the data-efficient
learning process to achieve these goals will also be explored.

1.4 Outline
This thesis consists of seven chapters as shown in Fig. 1.3.

Chapter 1 introduces the research motivation. Subsequently, the integration of
ML in optimizing electric machines is briefly reviewed. Finally, the objectives
of the research and the outline of this thesis are summarized.

Chapter 2 starts with the fundamental set of electromagnetic equations in motor
design calculations, namely Maxwell’s equations. Subsequently, the detailed
process of finite element method (FEM) simulation is summarized. Finally,
the fundamental optimization problem is introduced. Commonly employed
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Introduction (1)

Electrical Machines 
and Optimization (2) Machine Learning 

Techniques (3)

Fundamentals

Deterministic-Based Probabilistic-Based

Metamodeling and Optimization

(4) (5)

Data-Efficient Learning Methods for Limited Data (6)

Conclusion and Future Work (7)

Figure 1.3: Outline of this dissertation.

intelligent algorithms for motor design optimization and optimization methods
for updating NN hyperparameters are discussed, respectively.

Chapter 3 mainly provides the principles of many widely used classical machine
learning and neural network structures. The use of data-driven techniques in elet-
ric machine design and optimization is comprehensively studied and presented.
The author’s contributions to this research field are also summarized.

Chapter 4 introduces a complete motor optimization process based on determin-
istic metamodels. First, the concept of deterministic metamodels is explained.
The design optimization framework adopted in this thesis is presented. Sub-
sequently, the simulation toolchain used for dataset acquisition is introduced.
The neural network employed and its training process are thoroughly explored
and detailed. Finally, the advantages and limitations of methods based on
deterministic metamodels are discussed.

7
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Chapter 5 presents a novel uncertainty-based optimization method using
probabilistic metamodels. First, the definition of probabilistic neural networks
is presented, followed by an introduction to Bayesian neural networks. Con-
currently, an optimization framework based on probabilistic metamodels is
described. Subsequently, the machine learning probabilistic model GPR and
the deep learning model Bayesian neural network are trained and compared,
respectively. The model demonstrating superior performance is employed for
subsequent optimization processes. For optimization, two strategies leveraging
uncertainty information from model predictions are proposed. Their respective
advantages and disadvantages are discussed. Furthermore, sensitivity analysis
is applied to investigate the relationship between prediction uncertainty and
robustness. Finally, the superiority of the uncertainty-based optimization
approach is summarized, while its remaining shortcomings are also discussed.

Using the probabilistic metamodels introduced in the previous chapter, Chapter
6 proposes two data-efficient learning methods to overcome the time-consuming
nature of obtaining simulation data in motor design scenarios. Firstly, a self-
training framework based on semi-supervised learning is proposed. A classifier
and a predictor are trained separately. They can annotate pseudo labels to a large
number of unlabeled data. Then, the model is trained by combining data with
pseudo labels and data with true labels. Secondly, four active learning-based
optimization strategies are experimentally evaluated and compared. Through
active learning, a subset of key data points is selected during each optimization
iteration. These key data points are then added back to the initial dataset to
enhance model training. Finally, these two approaches are summarized and
discussed.

In the end, Chapter 7 summarizes and discusses all results obtained in this
thesis. Finally, future applications of data-driven methods in the field of electric
motors will be concluded.
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Chapter 2
Fundamentals of Electric
Machines and Optimization

The design of electric machines includes technological, economic, and environ-
mental goals, deeply influencing energy efficiency, product competitiveness, and
technological innovations. As electrification advances (e.g., carbon neutrality
objectives, expansion of electric transportation), the significance of motor design
will be increasingly emphasized as a key catalyst for industrial development.
A proficient electromagnetic design can dictate the fundamental performance
of motors, influencing efficiency, power density, torque characteristics, and
operational stability, while minimizing losses, reducing material usage, and
enhancing economic viability. To obtain multiple candidate designs that fulfill
the specifications, motor optimization plays an essential role. By integrating
optimization methods, the design space can be effectively navigated, ultimately
leading to the identification of appropriate designs.

In this chapter, an overview of electric machines is provided, encompassing the
fundamental components and operational principles. Additionally, the general
process of electromagnetic computations for electric machines is presented. The
mathematical concepts and simulation procedures of commonly used FEM are
summarized. Finally, design optimization methods are categorized into gradient-
based algorithms and intelligent algorithms for discussion.
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(a) ASM (b) PMSM (c) SRM

Figure 2.1: Cross-sections of different electric machines. (a) Asynchronous motor. (b)
Permanent magnet synchronous motor. (c) Switched reluctance motor.

2.1 Brief introduction to electric machines
Electric machines are devices that convert electrical energy into mechanical
energy (motors) or mechanical energy into electrical energy (generators) via
electromagnetic interactions. They are composed of two essential components:
a stationary part called the stator and a rotating part called the rotor. The stator
generally comprises three main elements: the stator core, the stator windings, and
the housing. The stator core includes laminated steel sheets to minimize eddy
current losses and establish a low-reluctance pathway for magnetic flux. The
stator windings, typically constructed from insulated copper or aluminum con-
ductors, are placed in slots within the core and generate a rotating magnetic field
when supplied with alternating current (AC) power (120� phasic and positional
shifts). The housing secures the stator assembly, offers mechanical support, and
frequently assists in heat dissipation. The rotor includes the rotor core, the ro-
tor conductor (squirrel cage bars or wound winding) or the PMs, and the shaft.
In PMSMs, the rare-earth magnets provide a constant magnetic field without the
need for external excitation (unlike wound rotors), which interacts with the rotat-
ing magnetic field of the stator to produce torque and maintain synchronization.
In IMs, the most common rotor conductor is the squirrel cage, which is made
of conductive bars (aluminum or copper) embedded in a laminated iron core.
The current is driven by the stator’s rotating magnetic field instead of external
excitation. Fig. 2.1 depicts examples of different machine types. In SRMs, the
stator has several salient poles, each containing an individual winding. When the
windings are energized, they generate a magnetic field that attracts the nearest
section of the rotor into alignment. The rotor is composed of protruding poles
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manufactured from ferromagnetic material. It does not have windings or perma-
nent magnets; rather, it positions itself to minimize magnetic reluctance, aligning
with the active stator poles.

2.2 Electromagnetic analysis and FEM
simulation

The electromagnetic analysis is essential for the design, optimization, and perfor-
mance assessment of electric machines. Precise forecasting of electromagnetic
behavior is crucial for ensuring efficiency, reliability, and adherence to design
specifications. An electromagnetic analysis can be conducted via two major ap-
proaches: analytical methods and numerical methods [55]. Analytical methods
involve solving Maxwell’s equations or their reduced variants through math-
ematical formulas. These methods often rely on assumptions such as linear
materials, simplified geometries, or particular boundary conditions, facilitat-
ing closed-form or semi-analytical solutions. For electric machines, analytical
methods are commonly used to derive approximate analytical expressions for
electromagnetic quantities such as the internal magnetic field, inductances, and
torque ripple. The benefits are evident in the following areas: 1) Enabling fast
computations that are ideal for parameter studies and early-stage design. 2) Pro-
viding deep physical insights into the behavior of machines. 3) Only requiring
basic hardware with minimal memory usage. However, analytical methods suf-
fer from limited accuracy due to simplifying assumptions. They are not suitable
for complex geometries or highly nonlinear materials [56]. In contrast, numeri-
cal methods address Maxwell’s equations over intricate geometries and materials
by discretizing the domain. The most common approach is the FEM, although
alternatives such as the finite difference method (FDM) and boundary element
method (BEM) are also employed. The BEM discretizes only the boundaries of
the problem domain, rather than the entire volume as in FEM. It can diminish
the problem’s dimensionality as it necessitates only meshed boundaries; yet, it
faces challenges in handling nonlinear constitutive laws, such as nonlinear mag-
netic materials [57]. The FDM substitutes derivatives with finite differences on a
structured grid. It converts partial differential equations into algebraic equations,
which are resolved at discrete grid points. Nevertheless, it struggles to deal with
complicated structures and nonlinear problems well [58]. Therefore, the FEM is
the preferred numerical method for the electromagnetic analysis of electric ma-
chines. The complete machine geometry (stator, rotor, air gap, windings, etc.) is

11



Chapter 2 Fundamentals of Electric Machines and Optimization

Figure 2.2: Discretization of a 2D field area by a grid of triangles and rectangles.

discretized into small finite elements (e.g., triangles in 2D, tetrahedra in 3D), and
Maxwell’s equations are solved over these elements to calculate fields, forces,
currents, and other quantities. It can proficiently manage complex geometries,
including slots, magnets, and skewing, while also handling magnetic saturation
and hysteresis [59]. In addition, the FEM is supported and developed by much
commercial software (e.g., ANSYS Maxwell, Altair Flux) and open-source tools
(e.g., FEMM).

2.2.1 Electromagnetic equations
Maxwell’s equations are four fundamental partial differential equations describ-
ing the interactions between electric and magnetic fields and their sources,
electric charges and currents. Attributed to James Clerk Maxwell, their mod-
ern formulation was later developed using vector calculus and constitutes the
foundation of classical electromagnetism. Maxwell’s equations reveal the en-
ergy conversion mechanisms in electric machines, guide the design of magnetic
fields and windings, and serve as the theoretical foundation for simulation and
optimization. The effective functioning of modern electric motors, the con-
struction of novel structures, and the analysis of electromagnetic performance
all depend on the comprehension and implementation of Maxwell’s equations.
In this section, Maxwell’s equations are discussed. The first equation is referred
to as Gauss’s law for electricity. This equation indicates that electric charge is the
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origin of the electric field. The divergence of the electric displacement field ~D is
equivalent to the volume charge density ⇢, implying that the electric flux through
a closed surface is proportional to the charge enclosed within that surface. It can
be expressed as below

r · ~D = ⇢. (2.1)

The second equation represents Gauss’s law for magnetism, which can be de-
scribed as follows

r · ~B = 0, (2.2)

where ~B is the magnetic flux density. This equation shows that magnetic fields
are source-free, meaning that there are no magnetic monopoles. Magnetic flux
lines are always closed loops. Therefore, the magnetic flux through any closed
surface is zero.

The third equation is Faraday’s law of induction, which means that a time-varying
magnetic field can induce an electric field in the neighboring region. It is de-
scribed by

r⇥ ~E = �@ ~B

@t
, (2.3)

where ~E represents the electric field, and r⇥ is the curl operator.

The last equation consists of two parts, known as the Ampère–Maxwell law,
which can be written as

r⇥ ~H = ~J +
@ ~D

@t
, (2.4)

where ~H is the magnetic field intensity and ~J is the electric current density.
Ampère’s law addresses only the magnetic field produced by steady currents,
whereas Ampère-Maxwell’s law incorporates the concept of displacement
currents, allowing the law to account for the generation of magnetic fields by
time-varying electric fields.
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The material equations are commonly assumed to be linear relationships for sim-
plification:

~D = ✏ ~E, (2.5)
~B = µ( ~H + ~Mpm), (2.6)
~J = � ~E, (2.7)

where ✏ is the electric permittivity, which can also be calculated by multiplying
the vacuum permittivity (✏0) and the relative permittivity (✏r), namely ✏ = ✏0✏r.
µ is the magnetic permeability and it can be similarly expressed as µ = µ0µr.
It should be noted, that the magnetic material law can generally be nonlinear
and tensorial. In particular, for anisotropic magnetic materials, µ may be repre-
sented by a permeability tensor and may depend on the magnetic field strength
and the operating point. Furthermore, when magnetic hysteresis is taken into
account, the material response depends not only on the instantaneous magnetic
field but also on the magnetic history of the material. (2.6) therefore represents
a simplified formulation of the general magnetic material law. � is the electri-
cal conductivity. ~Mpm represents the magnetization of permanent magnets. To
facilitate following calculations, the magnetic vector potential ~A is introduced
herein:

~B = r⇥ ~A, (2.8)

The relationship between magnetic vector potential and flux density is analogous
to the relationship between magnetic field intensity and current density, as shown
in Fig. 2.3. According to mathematical identities, it can be obtained:

r · (r⇥ ~A) = 0, (2.9)

which means that the incorporation of ~A inherently fulfills (2.2). Subsequently,
(2.3) can be further calculated using (2.8):

r⇥
 
~E +

@ ~A

@t

!
= 0. (2.10)

In a simply connected region, the vector field of ( ~E + @ ~A

@t
) can be regarded as

a conservative field, i.e., it can be represented as a gradient of a scalar potential
field. Then

~E +
@ ~A

@t
= �rV (2.11)
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Figure 2.3: Analogy between magnetic vector potential and magnetic field intensity.

is achieved, where V indicates the electric scalar potential. In the quasi-static
case, (@ ~D

@t
= 0), substituting (2.6), (2.7), (2.8), and (2.11) into (2.4) and simpli-

fying yields the following:

~J = r⇥ ~H (2.12)
� ~E = r⇥ µ�1 ~B �r⇥ ~Mpm (2.13)
� ~E = r⇥ (µ�1r⇥ ~A)�r⇥ ~Mpm (2.14)

~Js +r⇥ ~Mpm = r⇥ (µ�1r⇥ ~A) + �
@ ~A

@t
, (2.15)

where ~Js is the source current density, which is equal to ��rV , and
r ⇥ ~Mpm implies current from PMs. The equation (2.15) is referred to as
the A-formulation, which serves as the foundation for 2D FEA. For further
simplification, @ ~A

@t
can be disregarded in a magnetostatic case. In addition, both

current terms can be regarded as a total current ~Jtot [60]:

~Jtot = r⇥ (µ�1r⇥ ~A). (2.16)

In the case of 2D FEM, the magnetic field ~B usually distributes within the x-y
plane, meaning that the direction of ~A is perpendicular to the observation plane,
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i.e., along the z-axis. This likewise pertains to the current density ~Jtot.Therefore,
the above equation can be further streamlined step by step:

~A = Az(x,y)ẑ, (2.17)

µ�1r⇥ ~A = µ�1

✓
@Az

@y
x̂� @Az

@x
ŷ

◆
, (2.18)

Jtot,z = �µ�1

✓
@2Az

@x2
+

@2Az

@y2

◆
, (2.19)

where µ is assumed to be spatially invariant and isotropic. (2.19) is the
so-called Poisson’s equation that delineates how currents within the machine
generate magnetic potentials, which subsequently produce magnetic fields.
It is applicable solely for 2D magnetostatic analysis, as eddy currents are ignored.

In transient analysis, individual discrete time steps are considered. The differen-
tial equation is substituted with a difference equation:

@Az

@t
⇡ 1

�t
(Az,t+�t �Az,t) , (2.20)

which requires extensive computational resources. However, it is appropriate to
all two-dimensional situations.

2.2.2 Finite element method
The FEM is a numerical approach employed to address problems with boundary
values or partial differential equations in sophisticated physical systems. The
process involves partitioning complex geometry or structures into numerous
simple, interconnected regions known as finite elements, creating localized
mathematical models for each element, and ultimately deriving an approximate
solution for the entire system [61]. In this section, the basic process of FEM
will be introduced, which is segmented into five phases, as depicted in Fig. 2.4.

The first phase:

In FEM, discretization denotes the breakdown of a continuum (continuous struc-
ture or region) into a collection of tiny finite units (elements), hence converting
a continuous problem into a computable discrete problem. This enables the
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solving of partial differential equations by matrix equations. Furthermore, it
enhances the solution’s efficiency while preserving sufficient approximation ac-
curacy. In the Fig. 2.5, a PMSM example is illustrated. Initially, a geometric
model of the analytic object must be created for defining its shape and scope.
This area is referred to as the solution domain. The continuous region is sub-
sequently segmented into a large amount of small elements by meshing. These
elements may consist of line segments, triangles, quadrilaterals, tetrahedrons,
or hexahedrons, depending on the dimension and configuration of the problem.
Each element consists of a bunch of nodes, which are discrete points representing
the locations of variables to be solved afterwards, such as displacement, temper-
ature, etc. The mesh density significantly influences the computational accuracy
of FEM: a denser mesh yields more precise results; however, it also increases
computational cost, resulting in slower computations.

The second phase:

Upon completion of the meshing, it is necessary to specify basis functions, which
are mathematical functions used to represent the solution within each element of
a discretized domain. In addition, nodes of each element are generally allocated
to the corner points (first-order elements). To enhance precision, they may also

1.  Discretization into finite elements (meshing) 

4.  Imposition of boundary conditions

2.  Node description within elements by algebraic equations

3.  Formulation of field equations for each element

5.  Solution and post-processing of the system

Figure 2.4: General FEM simulation process for electric machines [62].
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(a) Modeling (b) Meshing (c) Solution

Figure 2.5: Different phases of FEM of a PMSM example.

2D Triangle
first-order element

2D Quadrilateral
first-order element

2D Triangle
second-order element

2D Quadrilateral
second-order element

3D Triangle
first-order element

3D Quadrilateral
first-order element

Figure 2.6: Illustration of first-order and second-order elements.

be assigned to the midpoints of the sides (second-order elements), as shown in
Fig. 2.6. The following assumes that the vector potential varies linearly in the
element. The simplest 2D element is a 3-node triangle (see Fig. 2.6). The basis
function of the n-th element can be defined as [61]:

Az,n = an + bnx+ cny, (2.21)
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Figure 2.7: Definition of the n-th triangle element.

where an, bn, and cn depend on the coordinates of the element. For a 3-node
triangle, each node is described as follows:

Az,i = an + bnxi + cnyi, (2.22)
Az,j = an + bnxj + cnyj , (2.23)
Az,k = an + bnxk + cnyk. (2.24)

This means three equations and three unknowns, which can be solved to obtain:

an =
1

2Sn

(Az,i (xjyk � xkyj) +Az,j (xkyi � xiyk) +Az,k (xiyj � xjyi)),

(2.25)

bn =
1

2Sn

(Az,i (yj � yk) +Az,j (yk � yi) +Az,k (yi � yj)) , (2.26)

cn =
1

2Sn

(Az,i (xk � xj) +Az,j (xi � xk) +Az,k (xj � xi)) , (2.27)

Sn =
1

2
(xjyk + xiyj + xkyi � xjyi � xkyj � xiyk) , (2.28)
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where Sn denotes the area of the triangle, which consists of the nodes i, j, and
k. Substituting an, bn, cn, and S into (2.21) yields:

Az,n = Az,i

✓
(xjyk � xkyi) + x · (yi � yk) + y · (xk � xj)

xjyk + xiyj + xkyi � xjyi � xkyi � xiyk

◆

+Az,j

✓
(xkyi � xiyk) + x · (yk � yi) + y · (xi � xk)

xjyk + xiyj + xkyi � xjyi � xkyi � xiyk

◆

+Az,k

✓
(xkyi � xiyk) + x · (yi � yj) + y · (xj � xi)

xjyk + xiyj + xkyi � xjyi � xkyi � xiyk

◆
.

(2.29)

This can also be expressed as:

Az,n =
mX

v

Nv (x, y) ·Az,v (2.30)

= Ni (x, y) ·Az,i +Nj (x, y) ·Az,j +Nk (x, y) ·Az,k, (2.31)

whereN(x, y) is the so-called shape function andm implies the number of nodes
within the triangle element. Shape functions enable the interpolation of variable
values at the nodes throughout the entire element, thus establishing a local ap-
proximation model. They have two properties that hold for most finite element
shape functions:

Partition of unity:
X

Nv(x, y) = 1. (2.32)

Kronecker delta property: Nv(xs, ys) =

⇢
1, v = s
0, v 6= s

. (2.33)

The sum of all the shape functions at any point in the triangle is equal to 1. This
is essential for the ability to describe trivial constant solutions exactly. Besides,
every shape function is equal to 1 at one of the nodes and equal to 0 at all other
nodes.

The third phase:

The field equations for each element can be derived using the weighted residuals,
which is an approximate method for solving partial differential equations. It
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constructs an approximate solution equation by making the residual zero in a
weighted sense [63]. Introduce A⇤

z
as an approximation and R as a residual:

R = µ�1

✓
@2A⇤

z

@x2
+

@2A⇤
z

@y2

◆
+ Jtot,z, (2.34)

The residual is multiplied by a weighting function W and the integral over the
computational domain ⌦ is set to zero:

ZZ

⌦
RWdxdy = 0. (2.35)

Substituting (2.34) in the equation:

�
ZZ

⌦
Wµ�1

✓
@2A⇤

z

@x2
+

@2A⇤
z

@y2

◆
dxdy =

ZZ

⌦
WJtot,zdxdy. (2.36)

The left side term can be integrated by parts as follows:

�
ZZ

⌦
Wµ�1

✓
@2A⇤

z

@x2
+

@2A⇤
z

@y2

◆
dxy =

ZZ

⌦
µ�1(

@W

@x

@A⇤
z

@x
+

@W

@y

@A⇤
z

@y
)dxdy

�
I

C

Wµ�1 @A
⇤
z

@n̂
dC,

(2.37)
where C is the boundary and n̂ is the outward unit normal vector. Substituting
this result into (2.36) and converting the surface integrals into summations over
small elements. Subsequently, the following equation can be obtained by treating
A⇤

z
as A for simplification [61]:

NX

e=1


1

µe

ZZ

⌦e

(
@W e

@x

@Ae

@x
+

@W e

@y

@Ae

@y
)dxdy

�
� 1

µe

@Ae

@n̂

Z

C

W edC

= Jtot,z

ZZ

⌦e

W edxdy,
(2.38)

where N represents the number of linear triangle elements and ⌦e is the domain
of the e-th element. Here, the Galerkin approach [64] is utilized for further cal-
culation, which means that the weighted function W is identical to the shape
function N(x,y) mentioned in (2.30). Normally, the term @A

e

@n̂
is set to zero
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because of the Neumann boundary condition (in the fourth phase). Then, substi-
tuting (2.30) in (2.38):

NX

e=1

 mX

s=1

mX

v=1


Ae

v

1

µe

ZZ

⌦e

✓
@Ne

s

@x

@Ne

v

@x
+

@Ne

s

@y

@Ne

v

@y

◆
dxdy

��

�
NX

e=1

 mX

s=1

ZZ

⌦e

Jtot,zN
e

s
dxdy

� �
= 0,

(2.39)

where s denotes the index for the test functions corresponding to each node of the
element, and v reflects the index of the nodes used for the approximation within
each element. m is the total number of nodes of each element.

The fourth phase:

Boundary conditions in FEA describe the specifications required on the model’s
boundary when formulating a finite element model to imitate the boundary be-
havior of a real system. These conditions may include displacement, force,
pressure, temperature, etc., which relate to limitations or external loads in a
physical system. Without reasonable boundary conditions, the system of equa-
tions may either lack a solution or provide outcomes that are incompatible with
physical reality. Thus, appropriately establishing boundary conditions not only
guarantees the stability and convergence of computations but also directly influ-
ences the precision and dependability of the final analytical results [65].

• Dirichlet boundary condition: The value of the unknown field quantity is ex-
plicitly provided at the boundary. In FEM of electric motors, the Dirichlet
boundary condition is often used to directly specify the vector potential at the
boundary C = Cdir [ Cneu of the computational domain

~Az|Cdir = f1(x,y). (2.40)

If ~Az|Cdir = 0, it is known as a homogeneous boundary condition, otherwise,
it is classified as an inhomogeneous condition.

• Neumann boundary condition: It is the derivative of the field potential in the
normal direction specified at the boundary

@ ~A

@~n

��
Cneu

= f2(x,y), (2.41)
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where ~n is the normal unit vector. Similarly, if f2(x,y) = 0, it implies a
homogeneous boundary.

• Robin boundary condition: It specifies both the vector potential and its deriva-
tive at the boundary. This condition is normally inapplicable to magnetic
fields.

• Symmetry and periodic boundary conditions: They are mainly used to mini-
mize the computational domain, enhance computational efficiency, and ensure
that the solution satisfies to the geometric and physical principles of the sys-
tem. Their fundamental concept is to leverage the redundancy of the motor
architecture and the distribution of the magnetic field.

The fifth phase:

An assembly equation, comprising the equations from each element, can be de-
scribed as follows [60]:

NX

e=1

([Ke][Ae]� [Te]) = 0, (2.42)

where K is the stiffness matrix. (2.42) can be further expressed

Ke

v,s
=

1

µe

ZZ

⌦e

✓
@Ne

s

@x

@Ne

v

@x
+

@Ne

s

@y

@Ne

v

@y

◆
dxdy, (2.43)

[Ae] = [Ae

1, ...,A
e

N
]>, (2.44)

T e

s
=

ZZ

⌦e

Jtot,zN
e

s
dxdy, (2.45)

where Ke

v,s
denotes the element (v, s) of the matrix [Ke], Ae

n
and T e

n
denote the

n-th entry of the vector [Ae] and the vector [Te], respectively. Once the equa-
tion for each node is established, the system of equations can be solved, with
each node corresponding to a vector potential Az . The solution phase can be
categorized into two types: linear and nonlinear. This mostly relies on mate-
rial characteristics (especially the B-H curve of the core), boundary conditions,
and the occurrence of effects such as saturation, eddy currents, and hysteresis.
Upon resolving the system of equations, the parameters of interest can be derived
through post-processing.
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• Magnetic flux density ~B: Assuming the application of first-order triangle ele-
ments, where A is linear, the flux density can be calculated as follows:

Bx,n =
dAz,n

dy =
1

2Sn

[Az,i (xk � xj) +Az,j (xi � xk) +Az,k (xj � xi)] ,

(2.46)

By,n = �dAz,n

dx =
1

2Sn

[Az,i (yk � yj) +Az,j (yi � yk) +Az,k (yj � yi)] .

(2.47)

• Magnetic flux �: It is generally defined as the surface integral of flux density
~B across area ⌦ and can be rewritten using (2.8):

� =

ZZ

⌦

~Bd⌦ =

ZZ

⌦
r⇥ ~Ad⌦ =

I

C

~AdC. (2.48)

In the 2D scenario, the magnetic flux between two points (x1, y1) and (x2, y2)
can be simply represented as the difference between vector potentials:

� = lFe · [A(x1, y1)�A(x2, y2)], (2.49)

where lFe is the length of the machine in the z direction.

• Flux linkage  : The flux linkage produced by a coil can be determined by
calculating the difference between the mean values of the vector potential in
the conductive regions on both sides (left and right) of the coil.

 =
lFe ·Nt

S ·
✓Z

S,left
~Ad⌦�

Z

S,right
~Ad⌦

◆
, (2.50)

where Nt denotes the number of turns and S denotes the cross-sectional area
of the slot.

• Electromagnetic torque M : Multiple approaches available for determining
electromagnetic torque, including Maxwell stress tensor [66] and d/q axis
transformation methods. In this work, the torque is calculated during the post-
processing with the help of variables from d/q axis [67]:

Mavg =
1

2
mp( diq � qid) =

1

2
mp( pmiq + (Ld � Lq)idiq), (2.51)
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where m is the number of phases and p is the number of pole pairs. In the
d/q-coordinate system, which is derived from Park transformation [68],  d
and  q describe the d-axis and q-axis flux linkages, respectively. id, iq and
Ld, Lq denote currents and inductances in the d- and q-axis, respectively.  pm
represents the flux linkage from the permanent magnet. It is the conventional
average torque expression. More precisely, torque is also related to the rotor’s
position ✓

Me = Me(✓,id,iq). (2.52)

It is important to note that the torque generated by the motor during operation
is not completely smooth but rather exhibits periodic or irregular fluctuations
over time or angle, which is known as torque ripple Mripple [69]. The torque
ripple mainly comes from cogging torque, non-ideal back inductive electro-
motive force (EMF) waveforms, magnetic saturation, mechanical factors, etc.
[70]. The torque ripple can be described as below:

Mripple = Mep,max �Mep,min, (2.53)

where Mep,max and Mep,min are the maximum and minimum electromagnetic
torque over one electrical period, respectively. The traditional d-q equa-
tion describes the main component of the electromagnetic torque, while the
position-dependent FEM calculation explicitly accounts for the torque ripple.

• Loss Ploss: This work primarily discusses the losses associated with PMSMs,
which mainly include copper losses PCu, iron losses PFe, mechanical losses
Pmech, and PM loss Ppm [71], as depicted in Fig. 2.8. The copper losses come
mostly from the Joule heat generated by the current passing the winding, which
can be calculated by

PCu = PCu,DC + PCu,AC. (2.54)

The direct current (DC) copper loss is essentially the loss caused by the wind-
ing DC resistance. The AC copper loss relates to the loss caused when the
winding is energized by AC, resulting from the skin effect and proximity effect
[72], which lead to non-uniform current distribution and a rise in equivalent
resistance. It is more sensitive to the current frequency and conductor configu-
ration than DC copper loss [73]. The iron losses mostly consist of eddy current
loss Peddy, hysteresis loss Phys, and additional loss Paddl due to the influence
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Figure 2.8: Loss diagram of a PMSM.

of an alternating magnetic field. When excitation is sinusoidal, they can be
expressed by [74], [75]:

PFe = Peddy + Phys + Paddl (2.55)
= kef

2B2
m
+ khfB

↵

m
+ kaf

1.5B1.5
m

, (2.56)

where ke denotes the eddy current loss coefficient. kh and ↵ are the hysteresis
loss coefficient and the exponent for silicon steel lamination (1.7⇠2.0), re-
spectively. ka is the addition loss coefficient. Bm is the peak value of the flux
density and f is the frequency. Mechanical losses refer to energy losses caused
by friction in bearings and seals, as well as air resistance generated by the rota-
tion of the rotor during motor operation [76]. As the motor operates at higher
speeds, the air friction on the rotor surface grows, leading to an increase in
mechanical loss. PM loss mostly is caused by eddy currents generated in the
PM by alternating magnetic fields and harmonics, which are transformed into
heat. Excessive levels may result in an increased temperature of PMs, leading
to demagnetization [77].

• Power P and efficiency ⌘: The efficiency of an electric machine indicates
its capacity to transform input electrical energy into mechanical energy ef-
fectively, serving as an essential indicator of motor performance. It can be
calculated in two different ways:

Direct method: ⌘ =
Pout
Pin

=
2⇡ ·M · n

Pel
, (2.57)
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where n is the rotation speed of the machine and Pel is the input electrical
power. ⌘ is also expressed by:

Indirect method: ⌘ =
Pin � Ploss

Pin
=

Pel � Ploss
Pel

. (2.58)

It is worth noting that the results obtained by these two methods are usually
not equal. The indirect method is demonstrably more precise, particularly
for highly efficient devices. Nonetheless, the challenge lies in quantifying the
losses directly through measurement techniques [78].

2.3 Optimization fundamentals
Electric machines are essential components of new energy vehicles, smart man-
ufacturing, and renewable energy power generation systems. In this context, the
performance requirements for motors are becoming progressively complicated
and varied, including enhanced power density, improved efficiency, reduced
noise and vibration, increased operating reliability, and diminished manufac-
turing costs. Nonetheless, these performance specifications frequently exhibit
mutually restrictive relationships: for instance, boosting power density may re-
sult in higher losses and temperature increases, whereas minimizing noise may
necessitate complex designs and raised prices. Consequently, multi-objective
optimization methods offer a viable solution to this dilemma. Engineers can uti-
lize mathematical modeling, finite element analysis, and powerful algorithms to
generate a range of trade-off solutions across several indicators, providing adapt-
able design alternatives for diverse application contexts. This method not only
considerably lowers the R&D cycle but also lessens dependence on costly pro-
totype testing, therefore reducing overall R&D and production expenses. In this
section, the standard mathematical formulation of optimization will be presented,
accompanied by an overview of commonly used optimization methods.

2.3.1 Brief introduction to optimization
The concept of optimization, often heard in ordinary dialog, describes in math-
ematical contexts the identification of the combination of selected variables that
either maximizes or minimizes the objective function within a certain set of con-
straints. For example, in the design of industrial motors, variables can include
the air gap length, sizes of slots and teeth, PM dimensions, and so on. The objec-
tive function is based on various KPIs of the motor, such as torque maximization,
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cost minimization, and torque ripple minimization. Constraints may encompass
material volume and maximum temperature. A typical optimization problem is
normally written as:

min
x2Rn

f(x), (2.59)

s.t. gi(x)  0, i = 1, . . . ,m (2.60)
hj(x) = 0, j = 1, . . . ,p (2.61)
x 2 X , (2.62)

where x = (x1, x2, . . . , xn) is the set of selected variables. f(x) denotes the
objective function. gi(x) and hj(x) represent an inequality and an equality con-
straint, respectively. X is the feasible region for each variable, which means
xL

i
 xi  xU

i
. When multiple objective functions coexist simultaneously:

min
x

(f1(x),f2(x), . . . ,fk(x)). (2.63)

At this point, the solution is not unique, but rather a set of Pareto optimal solu-
tions, which corresponds to a multi-objective optimization (MOO) problem. A
Pareto optimal solution (non-dominated solution) is a solution where no other
feasible solution exists that is at least as good in all objectives and strictly bet-
ter in at least one objective [79]. For the MOO problem (2.63), a solution x⇤ is
Pareto optimal if there is no x 2 X satisfies:

fi(x)  fi(x
⇤), 8i (2.64)

and
fj(x) < fj(x

⇤). for at least one j (2.65)

The set of Pareto optimal solutions is known as the Pareto front. For a 2D opti-
mization problem that aims to minimize both f1 and f2 simultaneously, its Pareto
front is shown in Fig. 2.9.

2.3.2 Optimization methods
Various optimization techniques may be employed for specific obstacles.
Bayesian optimization [80] and random search [81] are normally employed for
hyperparameter optimization in ML models. For weight updates in NN back-
propagation, the most commonly used method is gradient-based optimization
[82]. Intelligent optimization approaches are widely applied to motor design
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Figure 2.9: An example Pareto front for a 2D-objective optimization with min-min.

optimization [83], [84], [85], as illustrated in Fig. 2.10. The initial design is
inputted, followed by the integration of a computed metamodel with optimiza-
tion methods to iteratively produce new designs until the termination criteria
are satisfied. Conventional approaches often use analytical methods [86], [87]
and FEM [88], [89], [90], [91] to evaluate each design candidate. Nevertheless,
owing to the precision limitations of analytical approaches and the protracted
nature of finite element methods, an increasing amount of research is shifting
towards surrogate models. Here are several often utilized surrogate models:
response surface model [92], [93],[94], [95], Kriging-based models [96], [97],
[98], traditional ML models [18], [99], [100], [101], DL models [35], [46], [47],
[102]. They are evaluated across four dimensions. DL typically achieves better
prediction accuracy; however, it necessitates large amounts of data. In situa-
tions involving limited sample sizes, conventional ML tends to be an appropriate
choice, as it maintains a degree of prediction accuracy. In the following, several
popular optimization techniques will be briefly introduced.

Gradient descent

One simple way to find the minimum value of an objective function is to use
gradient descent (GD). It employs gradient information to iteratively modify
parameters and identify the optimal target value [103]. In ML and DL, it is the
fundamental technique for training model’s weights and biases. The basic form
of GD is taking a step in the direction of the gradient, with the step length being
proportional to the gradient’s magnitude, as shown in Algorithm 1.
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Algorithm 1 Gradient descent
Input: Objective function L, learning rate ⌘, number of steps K,

initial parameter ✓
1: for k = 0, . . . ,K � 1 do
2: ✓k+1  ✓k � ⌘ ·r✓L(✓k)
3: end for

Output: Trained parameter ✓⇤ = ✓K

𝑤

𝓛(𝑤)

0 𝑤

𝓛(𝑤)

0 𝑤

𝓛(𝑤)

0

Too short Appropriate Too large

Figure 2.11: Gradient descents with different learning rates.

r✓L(✓k) describes the current gradient of the objective function. The learning
rate ⌘ and the number of steps K are two hyperparameters that directly influence
optimization convergence, convergence speed, and final performance. A large
learning rate and few steps may expedite the process but lack stability, risking
non-convergence. A small learning rate combined with numerous steps guaran-
tees stable training; nonetheless, it is time-intensive and may become stuck at
saddle points. A moderate learning rate with an appropriate number of steps is
generally the most effective strategy, as dipected in Fig. 2.11

To overcome shortcomings of the basic GD, such as large oscillations and dif-
ficulty in stably converging to the optimal solution, momentum-based GD has
been widely adopted [104]. The momentum method draws inspiration from the
concept of inertia in physics. When an object undergoes acceleration, it is influ-
enced not only by the current force but also by its previous velocity. Similarly,
parameter updates depend not only on the current gradient but also on the cu-
mulative trend of historical gradients. The concrete calculation process is shown
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in Algorithm 2. vk is the velocity, namely a running average gradients. � de-
notes the momentum factor between 0 and 1. The introduction of momentum
improves convergence and allows parameters to cross saddle points, progressing
toward more optimal solutions.

Algorithm 2 Momentum-based gradient descent
Input: Objective function L, learning rate ⌘, number of steps K,

initial parameter ✓, momentum �
1: for k = 0, . . . ,K � 1 do
2: vk+1  � · vk + (1� �) ·r✓L(✓k)
3: ✓k+1  ✓k � ⌘ · vk+1

4: end for
Output: Trained parameter ✓⇤ = ✓K

Adaptive method

To further address the issues of large gradient fluctuations and unstable conver-
gence, adaptive methods have been suggested. One commonly used adaptive
method is called adaptive moment estimation (Adam) [105]. It is an adaptive
learning rate optimization algorithm that combines momentum and RMSProp
[103]. The momentum implies the first-order moment, which accelerates con-
vergence and reduces oscillations. The RMSProp indicates the second-order
moment, which adaptively scales the learning rate to enhance stability. More
details can be checked in Algorithm 3.

The first-order decay rate �1 controls the gradient’s exponentially weighted av-
erage and it is suggested to be 0.9. The closer it is to 1, the greater the influence
of the historical gradients, resulting in smoother updates but slower responses.
The second-order decay rate �2 regulates the exponentially weighted average of
the squared gradient and it is suggested to be 0.999. The learning rate changes
more consistently, and the smoothness increases as it approaches 1. ✏ serves as a
constant to avoid a denominator of 0. Adam’s unique advantage lies in its abil-
ity to adaptively adjust the learning rate for each parameter, thereby accelerating
the model’s convergence speed. However, it still has some limitations, including
the potential to miss the global optimum and the failure to converge in specific
circumstances [106].
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Algorithm 3 Adaptive moment estimation
Input: Objective function L, step size ⌘, number of steps K,

initial parameter ✓, exponential decay rates �1, �2

1: Initialized 1st moment vector m0  0
2: Initialized 2nd moment vector v0  0
3: for k = 0, . . . ,K � 1 do
4: gk+1  r✓L(✓k) Obtain gradients of the objective function
5: mk+1  �1 ·mk + (1� �1) · gk+1 Update the first moment vector
6: vk+1  �2 · vk + (1� �2) · g2k+1 Update the second moment vector
7: m̂k+1  mk+1

1��
k+1
1

Compute bias-corrected first moment estimate
8: v̂k+1  vk+1

1��
k+1
2

Compute bias-corrected second moment estimate

9: ✓k+1  ✓k � ⌘ · m̂k+1p
v̂k+1+✏

Update parameters with ✏ = 10�8

10: end for
Output: Trained parameter ✓⇤ = ✓K

Genetic algorithm

The genetic algorithms (GAs) are a category of search algorithms derived
from the principles of natural evolutionary theory. They may provide superior
solutions for search, optimization, and learning by emulating natural selection
and reproductive processes. Their similarity to natural evolution allows them
to overcome certain challenges faced by conventional search and optimization
algorithms, especially in problems that involve many parameters and complex
mathematical formulations [107]. The three basic principles of a general GA
are: Natural selection - individuals better adapted to their environment are
more likely to survive; Inheritance - genes from superior individuals are passed
on to the next generation; Mutation - genes periodically undergo mutations,
enhancing variety and preventing a plateau in local optima. A general GA is
shown in Algorithm 4.

During each generation of the algorithm, individuals are evaluated using the fit-
ness function F , also known as the objective function. Individuals with higher
fitness represent better solutions, making them more likely to be selected for re-
production and transmit their attributes to the subsequent generation. As the GA
progresses, solution quality improves and fitness increases. It terminates once
solutions with satisfactory fitness values are found. Following the evaluation of
each individual’s fitness within the population, selection identifies the individ-
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Algorithm 4 Genetic algorithm
1: k  0
2: Initialize population P (k)
3: Evaluate P (k) using fitness function F
4: while isNotTerminated() do
5: Pp(k) P (k).selectParents()
6: Pc(k) Pp.crossOver()
7: Pm(k) Pc.mutate()
8: Evaluate Pm(k) using fitness function F
9: P (k + 1) (P (k), Pm(k)).nextGeneration()

10: k  k + 1
11: end while

uals designated for reproduction to obtain the next generation. Subsequently,
through crossover, portions of chromosomes from the selected parental samples
in the current generation are exchanged. Mutation randomly updates the popula-
tion, introducing new patterns to chromosomes and encouraging exploration in
previously unexplored regions of the solution space. Fig. 2.12 demonstrates
the processes of crossover and mutation. GAs have the benefit of improved
efficiency in locating global optima, since crossover and mutation processes
preserve population variety. It concurrently enables parallel processing to en-
hance computational performance while continuously learning. However, GAs
also require additional hyperparameter selection, such as the mutation rate. Fur-
thermore, large populations may demand substantial computational resources,
making the process highly time-consuming before achieving satisfactory results
[108].

Particle swarm optimization

In 1995, James Kennedy and Russell Eberhart built a simplified computational
model. Following years of research, this model finally developed into the
particle swarm optimization (PSO) algorithm [109]. The PSO is inspired by the
feeding behavior of flocks of birds. Suppose a flock of birds searches randomly
for food in a forest without knowing the exact locations of food sources. Each
bird follows its own search path and records food locations. Simultaneously,
the entire flock shares its food records to help other birds adjust their search
directions. After a period of searching, the entire flock can locate the area with
the highest amount of food. The PSO emulates bird behavior in a flock by
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Figure 2.12: Illustration of the genetic algorithm.

creating massless particles characterized only by two attributes: velocity and
position. Velocity denotes the velocity and direction of motion. The current
position of the particle i in m-dimensional space is represented as a vector
xi = (xi1, xi2, . . . , xim) and the velocity is vi = (vi1, vi2, . . . , vim). Each
particle in each position possesses a corresponding fitness value determined by
the objective function and is aware of both the best position pbesti discovered
so far and its current position xi. This represents the past experience of each
individual particle. In addition, each particle knows the best position gbest
discovered by all particles in the entire group so far, which can be regarded as a
shared collective experience. In each generation, particles determine their next
movement by combining their own experience with the best experience within
their group. The detailed algorithm flow is shown in the Algorithm 5.

In the velocity update formula, c1 and c2 represent the cognitive coefficient and
social coefficient, respectively. c1 indicates the weight assigned to a particle’s
subsequent actions, determined by its experience component, while c2 repre-
sents the weight influenced by the experience of other particles. ! denotes the
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Algorithm 5 Particle swarm optimization
1: k  0
2: for each particle i do
3: for each dimension j do
4: Initialize position x(k)

ij
randomly within feasible region

5: Initialize velocity v(k)
ij

randomly within feasible region
6: end for
7: Calculate fitness value F (k)

i
using fitness function F

8: end for
9: Archive the best position pbesti and best fitness value Fi,best for each par-

ticle in history
10: Archive the global best position gbest and global best fitness value Fbest

among all particles in history
11: while isNotTerminated() do
12: for each particle i do
13: for each dimension j do
14: v(k+1)

ij
 !v(k)

ij
+ c1r1(pbestij � x(k)

ij
) + c2r2(gbestj � x(k)

ij
)

Update particle velocity
15: x(k+1)

ij
 x(k)

ij
+ v(k+1)

ij
Update particle position

16: end for
17: Calculate fitness value F (k+1)

i
using fitness function F

18: Update the best position pbesti and best fitness value Fi,best for each
particle in history

19: end for
20: Update the global best position gbest and global best fitness value Fbest

among all particles in history
21: k  k + 1
22: end while
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Figure 2.13: Illustration of the process of velocity update.

inertia weight. When ! is large, particles have strong global search skills but
display limited local search capabilities. r1 and r2 are two random values be-
tween 0 and 1, which increase the randomness of the search. Fig. 2.13 describes
how to update the velocity for each particle. The PSO approach has benefits like
rapid convergence, few parameters, and simplicity in implementation. In high-
dimensional optimization problems, it converges to optimum solutions more
swiftly than genetic algorithms. Nonetheless, it is sensitive to hyperparameters,
requiring good starting parameters. It also has the potential to get trapped in
local optima [110].
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Chapter 3
Fundamentals of Machine
Learning and Literature
Review

The design optimization of electric machines with metamodels (surrogate
models) is no longer a new concept. More than twenty years ago, the response
surface as a metamodel was used with numerical optimization to enhance the
design process of electromagnetic devices [111]. This method is simple to
implement and computationally fast, making it suitable for low-dimensional
problems. However, its accuracy is limited in high-dimensional and nonlinear
complex systems [13]. Subsequently, with the advancement of ML, an in-
creasing number of ML models have been applied in the field of motor design
optimization, such as the classic radial basis function (RBF) models [112].
Classic ML models, including SVMs and extreme gradient boosting (XGBoost),
have also seen extensive application due to their improved accuracy. However,
as computing hardware continues to advance, datasets have grown increasingly
massive. Classic ML models, constrained by computational complexity and
limited expressive capacity, are no longer suitable for large datasets. This has
led to the emergence of DL models, such as deep neural networks (DNNs) and
CNNs. DL models can learn highly complex functions through a number of
nonlinear hidden layers, capturing intricate patterns within high-dimensional
data. Big data provides sufficient samples, enabling high-capacity models to
learn more generalized features without overfitting. Furthermore, DL models’
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Artificial Intelligence

Machine Learning

Classic
Machine Learning

…Deep Learning Reinforcement
Learning

Figure 3.1: The relation among AI, ML, and DL.

training typically leverages GPUs and TPUs, fully utilizing parallel computing
and supporting distributed training. This allows ultra-large datasets to be
partitioned, with multiple nodes training in parallel, significantly reducing
training time [113]. The relationship between ML and DL is illustrated in the
Fig. 3.1. The ML, in a broad sense, includes classic ML, DL, RL, and more
techniques.

In this chapter, classic ML and DL models will be explained separately. Finally,
a review of the application of the state-of-the art ML models in motor design
optimization is provided.

3.1 Classic machine learning
Classic ML is an important subset of ML, whereby models generate predictions
by discerning patterns from data. Meanwhile, they demonstrate robust inter-
pretability, indicating that the foundational decision rationale is clear and clearly
comprehensible to humans. Representative classic ML methods include:

1. Support Vector Machines (SVMs) [114]: SVMs are often used for classifica-
tion and regression tasks. They aim to find a hyperplane in feature space that
optimizes the classification margin, maximizing the distance between data
points in distinct categories. In cases when data is not linearly separable, ker-
nel functions can be applied to transform the data into a higher-dimensional
space, therefore achieving linear separability. The advantages include a robust
theoretical framework and exceptional efficiency with limited samples, non-
linear data, and high-dimensional datasets. Nevertheless, SVMs demonstrate
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considerable training complexity, entail substantial computing expenses with
extensive sample sizes, and are acutely sensitive to kernel function choices
[13].

2. Extreme Gradient Boosting (XGBoost) [115]: XGBoost builds a powerful
ensemble model by iteratively training multiple CART decision trees [116],
each fitted to the residuals of the previous tree, and then weighting and sum-
ming the predictions from all trees. Additionally, XGBoost applies first- and
second-order gradients to precisely optimize the loss function, enabling faster
model convergence and higher prediction accuracy. This model is also highly
efficient in engineering implementation, supporting multi-threading and dis-
tributed training, making it capable of handling large-scale structured data
tasks. However, XGBoost involves numerous hyperparameters, and different
hyperparameter combinations may yield varying results, requiring consider-
able time and effort for hyperparameter tuning. Additionally, it may consume
substantial memory when processing large datasets [117].

3. Gaussian Process Regression (GPR) [118]: GPR is a probabilistic, nonpara-
metric Bayesian method used to address regression issues. The fundamental
concept states that the distribution of data points follows a Gaussian process,
indicating that the joint distribution of function values for every finite set of
sample points is a multivariate Gaussian distribution. Through the model-
ing of training data, GPR can provide a confident area including mean and
variance for every prediction, rather than a singular predicted value. This al-
lows it to provide forecasts while also quantifying the uncertainty associated
with such predictions. In addition, GPR possesses a solid theoretical foun-
dation, is closely linked to Bayesian methods, and yields results with good
interpretability. However, an extensive number of inverse matrices required
during the training phase results in a computational complexity of O(n3) for
precise inference when applying GPR on a dataset of size n, which implies
that computational costs become prohibitively expensive when dealing with
large volumes of data [119].

3.1.1 Support vector machine
As one of the most widely used classic ML models, SVM has also found ex-
tensive application in the field of motor optimization. This section will briefly
introduce the most fundamental binary classification SVM [15]. Given a dataset
D = {(xi,yi) | i = 1, . . . ,m; yi 2 {�1,1}}. SVM seeks to find a hyperplane
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in the sample space based on the training set, thereby separating samples of dif-
ferent classes. In a 2D space, the equation of the hyperplane, which is a straight
line, can be expressed as

ax1 + bx2 + c = 0. (3.1)

When extended to multidimensional cases, a hyperplane can be represented in
vector form as

!Tx+ b = 0, (3.2)

where ! = (!1,!2,...,!d) is the normal vector and b is the displacement term.
The distance from any point x to a hyperplane (!, b) can be expressed as

r =
|!Tx+ b|

||!|| . (3.3)

If the hyperplane (!, b) can correctly classify all training samples, for every
(xi, yi) 2 D, the following holds:

⇢
!Txi + b > 0, yi=+1 (3.4)
!Txi + b < 0, yi=�1 (3.5)

The training sample points nearest to the hyperplane fulfill the equality in the
above equation; they are referred to as support vectors. The interval between
two contrasting samples is referred to as the margin �, as shown in Fig. 3.2. The
margin can be described as:

� =
2

||!|| . (3.6)

Within a given space, multiple hyperplanes may exist that can separate training
samples. Finding the optimal separating hyperplane is equivalent to finding the
maximum margin within the sample space [120]. Hence, this problem can be
expressed mathematically as

max
!,b

2

||!|| ,

s.t.!Txi + b, i = 1, . . . ,m.

(3.7)
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𝑥2
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Figure 3.2: Illustration of SVM principle.

The above equation is equivalent to

min
!,b

1

2
||!||2,

s.t.!Txi + b, i = 1, . . . ,m,
(3.8)

which implies a convex quadratic programming [121]. In constrained optimiza-
tion problems, the Lagrange duality is often employed to transform the primal
problem into a dual problem, with the solution to the dual problem yielding the
solution to the primal problem. This approach is taken because the complexity of
the dual problem is typically lower than that of the primal problem. Therefore,
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the optimization problem can be reformulated as a dual problem for solution,
which is expressed as [120]

max
↵

nX

i=1

↵i �
1

2

nX

i=1

nX

j=1

↵i↵jyiyj(x
T

i
xj) (3.9)

s.t.↵i � 0, i = 1, . . . ,n, (3.10)
nX

i=1

↵iyi = 0, (3.11)

where ↵i denotes the Lagrange multiplier. After solving for ↵ using sequential
minimal optimization [122], calculate ! and b to obtain the final model:

f(x) = !Tx+ b =
mX

i=1

↵iyix
T

i
xi + b. (3.12)

3.1.2 Gaussian process regression
In this dissertation, GPR serves as an important metamodel in the motor op-
timization process. The following content will focus on the mathematical
principles of GPR. Given a dataset D = {(xi,yi) | i = 1, . . . , N}, where x
is the input and y is the target. GPR utilizes a Gaussian process as a prior and
conducts Bayesian inference directly within the function space. It can be de-
scribed by its mean function and covariance function [123]:

f(x) ⇠ GP(m(x), k(x,x0)), (3.13)

where m(x) and k(x,x0) represent the mean and covariance (kernel) functions,
respectively. They can be calculated by

m(x) = E[f(x)], (3.14)
k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]. (3.15)

The mean valuem(x) is generally set to zero since the dataset is normalized with
a mean of zero during pre-processing. The kernel function k(x,x0) represents
the relationship between the different input points, whereby Gaussian process
can predict unknown point values from point-to-point correlations based on the
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training data. In a regression scenario, a prior distribution of output y on a given
dataset D can be expressed as

y ⇠ N (0,K(X,X) + �2
n
I), (3.16)

where �n is the Gaussian noise. K(X,X) is a Gram matrix and can be calcu-
lated by

K(X,X) =

2

66664

k(x1,x1) k(x1,x2) . . . k(x1,xN )

k(x2,x1) k(x2,x2) . . .
...

...
...

. . .
...

k(xN ,x1) k(xN ,x2) . . . k(xN ,xN )

3

77775
. (3.17)

The selection of kernel function greatly influences a model’s predictive perfor-
mance, hence kernel functions are often regarded as hyperparameters and tuned
appropriately [124]. Here, a commonly used kernel function example, namely
RBF, is expressed by

k(x,x0) = �2
f

exp (�kx� x0k2

2�2
l

) + �2
n
�(x,x0), (3.18)

�(x,x0) =

(
1 x = x0

0 x 6= x0 , (3.19)

where �f , �l, and �n are hyperparameters, which can be treated as⇥ as a whole.
The �f defines the vertical span of the function, while the �l denotes the pace at
which the correlation between two points decreases as distance increases. The
amplitude of the prediction function increases as �f increases, and the fitted
curve also exhibits a greater range of variation. If �l is large, the kernel function
diminishes at a slow rate, yielding a very smooth function and varies gradually.
The �n indicates unexpected noise in observational data. If �n is larger, the
model will tolerate more data bias, and predictions will be smoother [125]. These
hyperparameters ⇥ can be updated through training process by the log marginal
likelihood:

⇥⇤ = arg max
⇥

log p(y|X,⇥)

= arg max
⇥
�1

2
y>(K(X,X) + �2

N
I)�1y

� 1

2
log
��K(X,X) + �2

N
I
��� N

2
log 2⇡.

(3.20)
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Figure 3.3: Illustration of an example GPR model.

The trained model now predicts outcomes of a new observation, including inputs
X⇤ and outputsy⇤. Assume that the training data and the new observation follow
a joint distribution, which can be expressed as follows [123]:


y
y⇤

�
⇠ N (0,


K(X,X) + �2

n
I K(X,X⇤)

K(X⇤,X) K(X⇤,X⇤)

�
). (3.21)

Using the conditional distribution formula of multivariate normal distribution,
the posterior distribution given the observation y can be obtained [126]:

y⇤|X⇤,X,y ⇠ N (y⇤, cov(y⇤)), (3.22)

where y⇤ and cov(y⇤) can be calculated by:

y⇤ = K(X⇤,X)[K(X,X) + �2
n
I]�1y, (3.23)

cov(y⇤) = K(X⇤,X⇤)

�K(X⇤,X)[K(X,X) + �2
n
I]�1K(X,X⇤). (3.24)

The y⇤ represents the average predicted value (point estimation) and the cov(y⇤)
is a variance matrix to provide the uncertainty for each estimated point. Fig.
3.3 illustrates a regression example of GPR [125]. The green line is the true
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function, while the red line is the estimated mean function using GPR based on
the black observations. The other 20 different colored lines represent 20 possible
prediction functions, and the gray areas denote the predicted confidence interval.

3.2 Deep learning
Deep learning (DL) is an algorithm that emulates the operation of the human
brain’s neural networks, allowing computers to autonomously recognize patterns
from extensive datasets and consequently perform tasks such as perception,
recognition, and prediction. The human brain has multiple linked neurons
that transfer information during data processing. These neurons communicate
by electrical impulses and chemical agents, transmitting information across
various brain areas [127]. In this regard, artificial neural networks (ANNs) are
the fundamental architecture of DL. They replicate this biological behavior via
artificial neurons made up of software components known as nodes. These
nodes transmit and relay information using numerical calculations instead
of the chemical impulses present in the brain [128]. Fig. 3.4 illustrates the
composition of a typical ANN. DL can be understood as a kind of flowchart,
starting from the input layer and ending at the output layer. Sandwiched between
these two layers are hidden layers, responsible for processing information at
different levels and adjusting their weights as they continuously receive new
data. DL models may comprise hundreds of hidden layers, each playing a part
in detecting links and patterns within the dataset. The input layer comprises
numerous nodes representing various input parameters. The trajectory of data
through each layer is dictated by the computational rules established for each
node. As data advances through each layer, the model derives observations or
significant insights, culminating in the final output or analytical results [128].

The main DL models include convolutional neural networks (CNNs), recurrent
neural networks (RNNs), transformers, generative adversarial networks (GANs),
and variational autoencoders (VAEs), etc. CNNs were initially employed in
image processing, demonstrating capability in extracting spatial characteristics
across varying scales from local to global. As a result, they are extensively
used in applications like image classification, object identification, autonomous
driving perception systems, and video analysis [129]. Concurrently, CNNs have
been widely used in motor optimization. Cross-sectional diagrams of electric
motors are often used as inputs, which will be further elaborated upon in Section
3.3. RNNs are adept at handling sequential data. They can preserve temporal
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information over time intervals, making them highly effective in applications
like voice recognition, text production, and time series forecasting [130].
The transformer model is one of the most significant architectures in recent
years. It utilizes self-attention techniques to identify relationships between
any points within sequences, hence avoiding the need for recurrent structures.
This method provides exceptional training efficiency and robust performance.
The transformer has emerged as a fundamental framework in natural language
processing, driving huge language models like ChatGPT and BERT. It has
also been widely used in images, speech, and multi-modal applications [131].
GANs consist of a generator and a discriminator, enabling the model to learn to
generate realistic data through mutual competition. GANs have found prominent
applications in image generation, style transfer, and data-efficient learning [132].
VAEs are unsupervised learning models that compress data using an encoder
and reconstruct it using a decoder. They are employed for tasks such as feature
extraction, dimensionality reduction, denoising, and anomaly detection [133].

𝐹
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Figure 3.4: An example architecture of an artificial neural network.
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This chapter will mainly discuss the two most prevalent DL metamodels utilized
in motor optimization: DNNs and CNNs. They are each relevant to two separate
scenarios: CNNs are used for motor image inputs, whilst DNNs are applied for
parameter vector inputs.

3.2.1 Deep neural network
Deep NNs are a type of ML model composed of multiple layers of neurons,
designed to automatically learn complex patterns in data. Fig. 3.4 is a four-
layer NN, including one input layer, one output layer, and two hidden layers. x
represents the input data with m features and y denotes the output ground truth
with k targets. The number of neurons for each hidden layer is n. w2

mn
is the

weight from the m-th neuron in the first (input) layer to the n-th neuron in the
second layer. b2

n
is the bias of the n-th neuron in the second layer. Based on Fig.

3.4, the fundamental working principles of NNs will be derived below.

Forward propagation

Assume that the maximum layer depth is L. wl

ij
is the weight from the i-th

neuron in the (l� 1)-th layer to the j-th neuron in the l-th layer. bl
j

is the bias of
the j-th neuron in the l-th layer. zl

j
represents the input of the j-th neuron in the

l-th layer and al
j

represents the output of the j-th neuron in the l-th layer. F is the
activation function. Then, the equations for any given neuron can be obtained:

zl
j
=
X

i

wl

ij
al�1
i

+ bl
j
, (3.25)

al
j
= F (

X

i

wl

ij
al�1
i

+ bl
j
). (3.26)

The above can be rewritten as:

zl = W lal�1 + bl, (3.27)
al = F (zl) = F (W lal�1 + bl). (3.28)

Forward propagation is the process by which NNs perform inference. It enables
NNs to derive outputs through layer-by-layer computations from inputs while
providing the error information required for training, serving as the foundation
for both prediction and learning.
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Backpropagation

Backpropagation is a method used in the training of NNs to calculate gradients.
The error between the model’s prediction and the real label is propagated back-
ward through each layer, starting with the output layer. Utilizing the chain rule, it
accurately determines each parameter’s contribution to the overall error, thereby
acquiring the gradients necessary for weight updates. The loss function L quan-
tifies the discrepancy between model predictions and actual targets, providing an
optimizable metric that allows the network to evaluate the accuracy of its predic-
tions [134]. During training, forward propagation computes predictions based
on existing parameters and produces the loss. Backpropagation calculates pa-
rameter gradients from the loss, and optimization algorithms modify parameters
appropriately. Collectively, they provide the fundamental process that allows
NNs to autonomously learn and perpetually enhance their performance [135].
In backpropagation, root mean square is a commonly used loss function, which
can be expressed as:

L =
X

j

1

2
(yj � aL

j
)2, (3.29)

where yj is the ground truth value �l
j

and aL
j

is the output value of the j-th neuron
in the output layer L. @L

@w
and @L

@b
are the target values that need to be computed

for backpropagation. Initially, establish an error value of the j-th neuron in the
l-th layer:

�l
j
=

@L
@zl

j

. (3.30)

The error value of the j-th neuron in the last layer L can be obtained:

�L
j
=

@L
@zL

j

=
@L
@aL

j

@aL
j

@zL
j

=
@L
@aL

j

F
0
(zL

j
). (3.31)

(3.31) can be rewritten as:

�L = raL � F 0(zL), (3.32)

where � is the Hadamard product. Further calculations on �l
j

can be obtained:

�l
j
=

@L
@zl

j

=
X

k

@L
@zl+1

k

@zl+1
k

@zl
j

=
X

k

�l+1
k

@zl+1
k

@zl
j

. (3.33)
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In particular:

@zl+1
k

@zl
j

=
@(
P

j
wl+1

jk
al
j
+ bl+1

k
)

@zl
j

=
@(
P

j
wl+1

jk
F (zl

j
) + bl+1

k
)

@zl
j

= wl+1
jk

F 0(zl
j
).

(3.34)
Substituting (3.34) into (3.33) yields:

�l
j
=
X

k

�l+1
k

wl+1
jk

F 0(zl
j
). (3.35)

(3.35) can be rewritten as matrix form:

�l = ((W l+1)T �l+1 � F 0(zl). (3.36)

From (3.36), it can be seen that the error value at any layer can be recursively
obtained from the error at the next layer. Therefore, the error for the last layer
�L can be calculated first, then traced back sequentially to �L�1, �L�2,..., until
reaching the first layer. Furthermore, the partial derivatives of the loss function
with respect to weights and bias can be calculated:

@L
@wl

ij

=
@L
@zl

j

@zl
j

@wl

ij

= �l
j

@(
P

i
wl

ij
al�1
i

+ bl
j
)

@wl

ij

= �l
j
al�1
i

, (3.37)

@L
@bl

j

=
@L
@zl

j

@zl
j

@bl
j

= �l
j

@(
P

i
wl

ij
al�1
i

+ bl
j
)

@bl
j

= �l
j
. (3.38)

The explicit algorithmic form can be summarized in the Algorithm 6.

Algorithm 6 Backpropagation
1: Training dataset
2: Feedforward:
3: zl  W lal�1 + bl, al  F (zl)
4: Calculate the error value of the last layer L:
5: �L  raL � F 0(zL)
6: Calculate the error value of any layer l:
7: �l  ((W l+1)T �l+1 � F 0(zl)
8: Output the gradient of the loss function:
9: @L

@w
l
ij
 �l

j
al�1
i

, @L
@b

l
j
 �l

j
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Activation function

In DL, activation functions are nonlinear operations applied to the outputs of each
layer of neurons in a NN. Their primary goal lies in introducing nonlinearity to
the model, enabling the NN to express and learn complex nonlinear relationships.
Without activation functions, regardless of the number of layers, the entire net-
work would essentially be a stack of linear transformations. It would ultimately
remain equivalent to a simple linear model, incapable of handling complex tasks
like image recognition or natural language understanding. The role of activation
functions can be summarized in several aspects [136]:

• Activation functions enable the model to fit complex patterns in the real world,
making NNs truly “deep”.

• By limiting the output range (e.g., sigmoid outputs values between 0 and 1),
activation functions help stabilize the model and prevent numerical overflow.

• Certain activation functions can improve gradient propagation. For instance,
ReLU (Rectified Linear Unit) maintains a constant gradient of 1 in the positive
range, mitigating the vanishing gradient problem.

• Appropriately chosen activation functions can accelerate network conver-
gence, enhancing training efficiency.

Fig. 3.5 summarizes the equations, graphs, and application scenarios of vari-
ous commonly used activation functions. In this dissertation, ReLU and ELU
(Exponential Linear Unit) are the two most commonly used activation func-
tions. Within the positive interval, the derivative of ReLU remains constant at 1.
Unlike Sigmoid or Tanh, its gradient does not become extremely small in high
saturation regions, making it more conducive to backpropagation and resulting
in faster training speeds. Additionally, directly outputting 0 for negative values
causes many neurons to remain inactive, which increases the model’s sparsity.
This helps reduce overfitting while enhancing representational capacity [137].
However, ReLU may cause certain neurons to never update their weights again.
Compared to ReLU, ELU’s primary advantage lies in its handling of negative
values. ELU outputs the same result as ReLU for positive values. For negative
values, it uses an exponential function to gradually approach a negative con-
stant, thereby avoiding ReLU’s tendency to become zero in the negative range.
This brings is a reduction in the occurrence of “dead ReLUs”. Since the nega-
tive range still possesses a non-zero gradient, parameters can continue to update,
preventing neurons from getting stuck in a state where they perpetually output
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zero [138]. Nevertheless, the cost of ELU involves more computing overhead
than ReLU since it requires the calculation of exponentials. Concurrently, ELU
may provide large negative outputs in the negative range, affecting numerical
stability.

Name Diagram Equation Application

Linear 𝐹 𝑥 = 𝑥

Sigmoid 𝐹 𝑥 =
1

1 + ⅇ−𝑥

Linear 
Regression

Tanh 𝐹 𝑥 = 2
1+ⅇ−2𝑥 − 1

RNN
LSTM

Binary 
Classifier

ReLU 𝐹 𝑥 = ቊ 0 𝑓𝑜𝑟 𝑥 < 0
𝑥 𝑓𝑜𝑟 𝑥 ≥ 0

ANN
CNN

Leaky
ReLU 𝐹 𝑥 = ቊ 𝑎𝑥 𝑓𝑜𝑟 𝑥 < 0

𝑥 𝑓𝑜𝑟 𝑥 ≥ 0
GAN
CNN

ELU 𝐹 𝑥 = ቊ 𝑎(ⅇ𝑥 − 1) 𝑓𝑜𝑟 𝑥 < 0
𝑥 𝑓𝑜𝑟 𝑥 ≥ 0

DNN
CNN

Softplus 𝐹 𝑥 =  logⅇ 1 + ⅇ𝑥 VAE
MLP

Figure 3.5: Summary table of commonly used loss functions with their typical applica-
tions.
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3.2.2 Convolutional neural network
The origins of CNNs can be traced back to neuroscience research conducted
between the 1960s and 1980s. In 1962, Hubel and Wiesel discovered during
their study of the feline visual cortex that neurons in this region exhibit sensi-
tivity to localized areas within images, possessing a “receptive field” structure.
This discovery laid the biological foundation for the concept of convolution:
vision is a process where complex perceptions are progressively constructed
through a hierarchical mechanism of localized sensitivity. Inspired by this,
Kunihiko Fukushima proposed the neocognitron in 1982 [139]. This early
model incorporated convolutional concepts and hierarchical structures, serving
as the prototype for CNNs. In 1998, Yann LeCun and colleagues introduced
LeNet-5, applying CNNs to handwritten digit recognition (MNIST) [140].
Their successful achievement of industrial-grade performance brought CNNs
into widespread view for the first time as trainable deep structures.

The fundamental components of CNNs include three principal operations: con-
volutional layers, pooling layers, and fully connected layers. Convolutional
layers execute convolution operations on input data utilizing sliding filters to ex-
tract features from localized regions; pooling layers downsample feature maps,
diminishing dimensions and augmenting the model’s translation invariance; fully
connected layers correlate high-dimensional features at the network’s conclusion
to specific tasks such as classification or regression. With the progression of
study, conventional pooling layers have progressively been supplanted by more
adaptable convolutional or attention processes in several contemporary CNN de-
signs. Nonetheless, convolution persists as a fundamental activity and maintains
its essential significance.

Convolutional layer

The convolutional layer serves as the key element of CNNs, designed to au-
tonomously extract local features from input data. The procedure relies on
a fundamental assumption: important information in spatially structured data,
such as images and sounds, is often found inside localized areas. Consequently,
rather than necessitating that each neuron perceive the whole input, it concen-
trates only on small local regions. The convolutional layer sweeps a group of
learnable convolutional kernels (or filters) over the input, executing dot-product
accumulation on each localized area to produce feature maps. Subsequently,
a nonlinear activation function is often added, allowing the model to represent
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Figure 3.6: Visualization of a CNN architecture with different layers and computation
process.

complex nonlinear relations. Each convolutional kernel is tasked with extracting
a particular feature, such as edges, textures, or corners in images. The aggre-
gation of several kernels enhances feature representation capabilities. Fig. 3.6
illustrates the convolutional computation process. The convolution operation
could be mathematically articulated as [128]:
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b(i, j) = (a ⇤ w)(i, j) =
X

u

X

v

a(i+ u, j + v)w(u, v), (3.39)

where b(i, j) is the output feature map, a(i+ u,j + v) is the input feature map,
and w(u,v) is the filter. The example in the Fig. 3.6 can be calculated to obtain
the value of the output pixel:

1 · 1 + 1 · 0 + 1 · 1 + 1 · 0 + 1 · 1 + 1 · 0 + 1 · 1 + 1 · 0 + 1 · 2 = 6. (3.40)

Additionally, stride and padding are as shown in Fig. 3.7. Stride refers to the
distance the convolution kernel moves across the input feature map at each step.
By default, stride equals 1, meaning the kernel slides pixel-by-pixel, resulting in
a larger output feature map that retains more information. When stride equals
2, the kernel moves two pixels at a time, reducing the output feature map size
and effectively downsampling the input. Padding means artificially adding extra

1 3 1 1
0 2 1 6
5 0 1 1

1 1 2 0

* 1 1
1 1

(a) Input feature map 4 × 4, filter 2 × 2 , stride = 2, padding = 0, output feature map 2 × 2

= 7 9
6 4

3 1
2 1

0 3 1 0
0 2 1 0
0 0 0 0

0 0 0 0

(b) Input feature map 2 × 2, padding = 1, output feature map 4 × 4

Figure 3.7: Demonstration of stride and padding.
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pixels (typically filled with zeros) around the edges of the input. This is done to
control the spatial dimensions of the output feature map after convolution or to
better preserve boundary information.

Pooling layer

In CNNs, the pooling layer serves to downsample feature maps. Its purpose
is to reduce spatial dimensions, lessen processing demands, and concurrently
enhance the model’s resilience to positional shifts. Pooling layers do not learn
parameters; rather, they use set mathematical procedures to get representative
statistics from local areas, thereby condensing the initially large feature maps
into more compact representations. The pooling operations involves dividing
the input feature map into smaller regions (e.g., 2×2, 3×3) and then applying an
aggregation function to each region. The two most common pooling methods
are max pooling and average pooling. Max pooling selects the maximum value
within a local region to represent its features. Average pooling calculates the
average of all values within a region, resulting in smoother and more holistic
features [141].

Fully connected layer

Several fully connected layers are generally placed in the network’s backend,
characterized by each neuron being interconnected with all outputs of the pre-
vious layer. The major role is to combine the high-dimensional information
obtained from the previous convolutional and pooling layers, transferring them
to the final decision space for classification, regression, or other tasks. Con-
volutional layers extract local and hierarchical characteristics, while fully linked
layers use these features to provide the final conclusion. Many research in electric
motors have investigated the use of CNNs for nonparametric topology optimiza-
tion. This work mainly investigates design and optimization with parameter
vectors instead of images. The following section will provide a comprehensive
comparison of the two methodologies.

3.3 State-of-the-art: machine learning
applications to electric machines

AI-based technologies have emerged as a new research trend to enhance the
design optimization of electric motors efficiently and precisely. This section
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discusses how ML is utilized in the realm of electromagnetic optimization for
electric motors. Additionally, the core principles of various meta-models and
methodologies, as well as their respective benefits and drawbacks, are discussed
in depth. Ultimately, the exploration of future research challenges and possible
avenues for enhancement in this area is undertaken [O1].

Conventional methods for optimizing machine design exhibit numerous short-
comings. For example, while the analytical method allows for quick calculations,
it often depends on simplified assumptions, which restrict its accuracy and make
it inappropriate for complex machine architectures. Moreover, while FEA can
provide high accuracy in modeling, its computational cost is significant, ren-
dering it impractical for large-scale use in optimization algorithms, particularly
when iterations occur frequently. To address the challenges associated with
traditional physics-based approaches, data-driven ML metamodeling has found
extensive application in both academic and industrial sectors for optimizing mo-
tor design [6]. This method gathers data to allow metamodels to learn the
fundamental relationships and patterns, resulting in high accuracy, computa-
tional efficiency, and suitability for complex nonlinear situations [14]. Fig. 3.8
illustrates a typical workflow for electromagnetic design optimization of electric
machines using ML. It can be summarized in three steps:

1. Data Acquisition: The motor for optimization is initially chosen. Design of
experiments is conducted on the design space, utilizing common approaches
such as full factorial (FF) design and Latin hypercube sampling (LHS). FEA
is subsequently utilized to annotate the data, namely the output parameters
associated with each machine, which can also be referred to as KPIs, such
as maximum torque and power. Finally, the collected data are divided into a
training set, a validation set, and a test set to train metamodels.

2. Model Training: Various classical machine learning models or deep learning
models are evaluated and selected based on different tasks, prediction targets,
and data volume size. The models with the best prediction performance are
employed in the final optimization algorithm.

3. Optimization: The optimization objective is first defined, and appropriate
constraints are added. The trained metamodels are combined with the op-
timization algorithm to predict KPIs for each individual. The obtained final
optimization solutions are verified using FEA to determine the optimization
errors.
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This section reviews and categorizes the application of ML in the electromag-
netic optimization of electric machines from three perspectives: 1) Input object;
2) Machine learning paradigm; 3) Machine learning models.

3.3.1 Dataset representation
Datasets play a crucial role in AI, containing massive quantities of information
and knowledge that are vital for training and improving the effectiveness of
ML algorithms. In motor optimization, datasets are often derived from FEA,
which can be divided into two primary categories: cross-sectional images
and parameter vectors. The difference between them is illustrated in 3.9. The
input based on the parameter vector only outlines the established features,
which may encompass geometric or additional parameters. The advantages

𝑥1

…

𝑥12

0…… 0 0

0…

… …0

0…1 1… …1

…

0…2 3… … …

… ……

… ……

(a)

(b)

Figure 3.9: Difference between (a) parameter vector- and (b) image-based inputs.
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include minimal input dimensions and quick model training. When it comes to
reparametrization, gathering new datasets and training the model from scratch
is essential. The data derived from images comprises numerous numbers of
pixel points, with various values typically allocated to distinct materials to
differentiate the various structures of electric machines. Models based on
images offer enhanced reusability and flexibility; however, they face challenges
with high input dimensions and prolonged training times [48].

In [O2], [17], [18], [19], [20], geometric vector inputs were utilized to train
metamodels aimed at achieving precise predictions. In [33], [35], [36], [37],
image-based methods were utilized for the topology optimization of electric ma-
chines. Other studies [48], [49] compared these two forms of inputs in terms of
time efficiency and prediction accuracy. Methods based on vectors consistently
provide enhanced prediction accuracy and lower time expense. Additionally, a
combination of images and vectors was explored in [46], [47]. Motor cross sec-
tions and current vectors are combined as multiple inputs to the metamodels to
improve learning effectiveness.

3.3.2 Machine learning paradigms
ML consists of four main learning approaches: supervised learning, semi-
supervised learning, unsupervised learning, and reinforcement learning, as
shown in Fig. 3.10. Applications of ML methods based on these four paradigms
are summarized as follows.

Supervised learning

Supervised learning employs labeled datasets to train algorithms, allowing
them to accurately classify data or predict outcomes [142]. In the field of
electric motors, the most common training approach employed to predict motor
KPIs is supervised learning. For example, in [20], a total of 5924 geometric
vectors were gathered to forecast flux linkages and inductances. Metamodels
were trained and compared, including support vector regression (SVR), ridge
regression, and XGBoost. In [33], a dataset of 6000 images along with their
respective KPIs (average torque and torque ripple) was created for the purpose
of training NNs.

Additionally, supervised learning techniques can be divided into deterministic
and probabilistic models according to their predictions. Deterministic models
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Artificial Intelligence

Machine Learning

Supervised Learning Unsupervised Learning

Semi-Supervised Learning Reinforcement Learning

▪ SVM
▪ GPR
▪ MLP

▪ GAN
▪ VAE

▪ Self-Training ▪ AC
▪ SAC

▪ XGBoost
▪ DNN
▪ CNN

Figure 3.10: Structure of ML paradigms used for optimization of electric machines.

typically produce only point predictions, such as deterministic predictive values,
as seen in ANNs. In contrast, probabilistic models offer additional insights into
the confidence of the forecast alongside the point prediction. The study [O3] in-
troduced two probabilistic metamodels: Gaussian process regression (GPR) and
Bayesian neural networks (BNNs), aimed at improving the optimization pro-
cess. The proposed algorithm incorporated predictive uncertainty information
to exclude individuals with high uncertainty. The prediction error in relation
to the true value tends to increase as forecast uncertainty grows. A compre-
hensive study of uncertainty quantification-based design optimization of electric
machines will be presented in Section 5.

Semi-supervised learning

Semi-supervised learning merges a small amount of labeled data with a large
amount of unlabeled data to train a model. It lies in the realm between supervised
and unsupervised learning, aiming to improve learning while reducing depen-
dency on expensive manual labeling [143]. Self-training is a well-established
method in semi-supervised learning and has been widely applied. The funda-
mental concept is to enhance the training process by allowing the pre-trained
model to produce “pseudo labels” for the unlabeled samples [144]. A self-
training framework for electric machines was introduced in [O4] to enhance an
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initial dataset, as shown in Fig. 3.11. The initial dataset with KPI labels by FEA
was used to train a predictor and a classifier. LHS generated a substantial unla-
beled dataset. Subsequently, the classifier decided the unlabeled input as either
geometrically feasible or infeasible. The predictor subsequently pseudo-labeled
the feasible data. In the end, these pseudo-labeled data were incorporated into
the original dataset for expansion. The findings suggested that a more precise
model could be developed with the enhanced dataset. Nonetheless, the method
has certain limitations, notably a strong reliance on the pre-trained model. Ad-
ditionally, as the data grows to a large size, the effectiveness of model training
declines. Overabundant data with pseudo-labeling results in a significantly con-
taminated dataset, meaning the model training will produce considerable bias.
This approach will be introduced and discussed in detail in Chapter 6.
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Figure 3.11: Proposed self-training framework based on semi-supervised learning.
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Unsupervised learning

Unsupervised learning is a ML approach that allows algorithms to independently
discover structures, patterns, or distributions in data without the need for specifi-
cally assigned labels. In the realm of motor optimization, generative adversarial
networks (GANs) serve as a classic instance of unsupervised learning [145]. Fig-
ure 3.12 illustrates the overall algorithm of GANs. A GAN consists of a generator
G and a discriminator D. The generator produces artificial images by inputting
random noise, with the goal of tricking the discriminator into believing its gen-
erated samples are real. The discriminator aims to accurately identify whether
the input is “real” or “fake”. After enduring persistent challenges, the generators
ultimately produce samples that are remarkably realistic. The loss function for
the generator can be represented as

LG = �Ez⇠pz [logD(G(z))] , (3.41)

where z is the random noise. It can be viewed that G aims for the output of D to
approximate 1 as closely as possible on the fake samples it produces. The loss
function of the discriminator can be described as

LD = �Ex⇠pdata [logD(x)]� Ez⇠pz [log(1�D(G(z)))] , (3.42)

𝐺

Latent space

Generator

Real samples

𝐷
Discriminator

Real
or
Fake

Random noise 𝑧

Fine tune

𝑥

Figure 3.12: Basic workflow of GAN.
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where x represents the real samples. It prompts D to assess real samples as true
(1) and fake samples as false (0) to the greatest extent possible. In [42], GAN was
utilized to accurately produce a wide range of rotor topologies for three distinct
PMSMs. Various rotor images were generated by repeatedly creating new latent
variables through the NSGA-II method [146]. The produced images were then
input into a CNN for KPI prediction, aiming to optimize the maximum torque
and reduce the volume of the PM.

Reinforcement learning

The adoption of RL [147] is primarily evident in intelligent design decisions and
multi-objective optimization. Particularly in traditional optimization methods,
such as FEA combined with genetic algorithms, which exhibit high compu-
tational costs and low search efficiency, RL facilitates a more efficient and
intelligent motor design process through interaction with the design environment
and continuous learning of optimization strategies. A basic architecture of the
actor-critic (AC) algorithm in RL is shown in Fig. 3.13. An actor can be treated
as a policy network that directs the agent to execute an action a in a certain state
s. A NN ⇡(a|s;✓) can be used to approximate the policy function ⇡(a|s). Sim-
ilarly, a critic can be a value network q(s,a;w), which does not control agent
movement, only scores the agent. Another network is employed to approximate

Environment

Actor

Critic

State

Reward

Action TD error

Agent

Figure 3.13: Architecture of the actor-critic RL algorithm.
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the value function Q⇡(s,a), where ✓ and w represent trainable parameters of the
networks. Then, the state-value function can be expressed as:

V⇡(s) =
X

a

⇡(a|s) ·Q⇡(s,a) ⇡
X

a

⇡(a|s;✓) · q(s,a;w). (3.43)

In [51], the AC method was implemented to optimize the rotor topology of a
synchronous reluctance motor. To update the policy and the value networks, the
temporal difference and the policy gradient were used, respectively. The results
indicated that despite the extensive computational duration of the training, once
the training was over, the agent needed much less computational cost compared
to conventional optimization approaches.

3.3.3 Machine learning metamodels
In machine learning-based optimization methods, the choice of model has a
direct impact on the precision of the optimization results. Metamodeling ap-
proaches currently can be classified into three main groups according to different
scenarios: classic ML, DL, and RL. The following content provides an overview
of these three types of models as they are applied in the field of motor design.

Classic machine learning models

Classic ML is a category of conventional methods, including linear regression,
decision trees, and SVMs, etc. They provide robust interpretability, are appro-
priate for small to medium-sized datasets, exhibit good training efficiency, and
are frequently employed in classification and regression tasks. In [17], [19], [21],
SVMs were employed to forecast machine torque. In [18] and [20], SVMs were
compared with extreme learning machine and XGBoost. Moreover, GPR was
trained for multi-optimization of a switched reluctance machine [22]. In [O3],
GPR was compared with BNNs, revealing a correlation between prediction ac-
curacy and uncertainty.

Deep learning models

DL is mostly utilized to develop efficient surrogate models, predict motor
performance, extract intricate nonlinear feature correlations, and accelerate
design space exploration. It provides an alternative to expensive finite element
simulations, allowing for quick assessment of how physical variables affect
performance. Fig. 3.4 depicts a fundamental configuration of a NN and its
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principle is thoroughly derived in Section 3.2.1. In [23], [24], [28], geometric
parameters of the stator and rotor were used as inputs, and DNNs were trained
to predict machines’ torque characteristics. In the study [29], an automatic
optimization framework considering multiphysics characteristics was proposed.
An additional geometry checker was trained to filter out the infeasible designs
during the optimization process. In another work [30], a hybrid approach
using a DNN and a physics-based model was presented. The DNN was trained
to predict intermediate parameters rapidly. Subsequently, the intermediate
parameters combined with system parameters were post-processed by the
physics-based model to obtain the final machine KPIs and performance curves.

CNNs yield superior outcomes when the inputs are images of machines’ cross-
sections. In [38], [39], [41], CNNs were adopted to estimate KPIs of PMSMs
rapidly with adequate accuracy. Furthermore, generative modeling was also ex-
tensively used for the creation of additional data from existing image datasets.
In [40], a GAN combined with a CNN was developed to generate and validate
fake images. In [44], a GAN was trained to obtain different rotor shapes, and a
CNN was used to predict the hysteresis loss and eddy current loss under vari-
ous speeds and current conditions. In addition, another generative model known
as variational autoencoder (VAEs) was employed to recover parameter vectors
[26], [27]. The workflow is depicted in Fig. 3.14. Generated latent vectors were
passed through a predictor for KPI forecasting. The optimization solutions were
ultimately transformed into actual physical parameters by the decoder. Another
work [43] focused on topology optimization with image inputs based on VAEs
and NNs.

Additionally, physics-informed neural networks (PINNs) is an approach that
embeds prior physics knowledge (e.g., electromagnetic field equations, heat con-
duction equations) directly into the neural network training process. In the study
[32], a novel PINN was presented to predict the electromagnetic responses of a
PMSM, such as the magnetic flux density and the electric field.

Reinforcement learning models

RL models are applied in motor design optimization to automatically investigate
optimal design solutions. The agent employs motor structural features as actions,
receives rewards based on performance metrics (such as efficiency, maximum
torque, etc.), and continuously improves the design through iterative interactions
with the environment. Unlike traditional optimization methods, RL can more
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Figure 3.14: Workflow of VAE-based optimization.

effectively tackle high-dimensional, nonlinear, and multi-objective problems.
An automatic design method that integrates RL and evolutionary optimization
was proposed in [50]. A tree search process was created to explore the machine
shape variables. Another study [51] applied the AC algorithm for pixel-wise
optimization of the rotor topology, demonstrating greater efficiency compared
to the genetic algorithm. Additionally, a refined soft actor-critic (SAC) method
was utilized to boost torque while simultaneously minimizing torque ripple [52].
Unlike AC, SAC incorporates an entropy regularization component to enhance
the exploration capacity of the algorithm, hence facilitating policy learning and
diminishing the probability of the policy converging to inefficient local optima
[148].

In summary, Table 3.1 offers a detailed overview of the implementation of var-
ious metamodels alongside different motors and the amount of data used for
training. Various metamodels in different task scenarios are suitable for distinct
electric machines, each with specific advantages and limitations. Hence, the ap-
plications are categorized according to the form of input data, the methodology
of model training, and the type of model employed. Generally, CNNs exhibit su-
perior feature extraction capabilities when the inputs are images. DNNs are more
appropriate when the inputs consist of parameter vectors. Generative models like
VAEs or GANs are optimal selections when it is necessary to produce additional
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data. Moreover, RL models could serve as effective alternatives to conventional
optimization methods. Nevertheless, the training process is very time-intensive.

3.4 Contribution
This thesis mainly explores design and optimization methods for electric motors
based on ML. In contrast to current research methodologies, several novel tech-
niques have been proposed for achieving more efficient and accurate optimization
outcomes.

• Initially, a complete optimization procedure using deterministic metamodels
was investigated. To address the challenge of metamodel’s reparameterization,
a new transfer learning-based approach was proposed and higher prediction ac-
curacy was achieved. However, due to inherent model limitations, relatively
large datasets remained necessary to achieve improved prediction capability.
The final optimization results showed considerable deviations from FEA-
verified outputs owing to out-of-distribution problems.

• To enable metamodels to provide more information for users to make better
decisions, a novel machine design optimization method based on probabilis-
tic metamodels was proposed for the first time. The relationship between the
uncertainty of model predictions and actual FEA verification has been proven.
Specifically, higher prediction uncertainty tends to indicate greater deviation
between prediction and FEA results.

• Generating datasets inevitably involves high computing expenses from FEA.
A semi-supervised self-training framework has been presented to swiftly en-
hance datasets and mitigate this problem. Nonetheless, it has limitations: the
addition of a large amount of data with pseudo labels might contaminate the
original dataset, resulting in diminished model performance.

• To accelerate the overall optimization process, a novel active learning-based
motor optimization framework has been developed, assuring models obtain
high prediction accuracy with a limited amount of data. The results demon-
strate that even with just hundreds of samples, the final optimization solutions
achieve great accuracy while substantially decreasing computing time.
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Table 3.1: Studies on data-driven models for electric machines.
Model category Reference Metamodel Motor Input KPI Data volume

Classic
machine learning

[17] SVM SRM Parameter vector
(1 x 3)

Phase current
torque 1196

[18] ELM, SVM PMSLM Parameter vector
(1 x 4)

THD, average thrust
thrust ripple 625

[19] SVM PMSM Parameter vector
(1 x 4)

torque, torque ripple
current angle 200

[20] SVM, XGBoost PMSM Parameter vector
(1 x 12)

PM flux linkage
dq-axis inductances 5924

[22] GPR SRM Parameter vector
(1 x 5)

torque, torque ripple
efficiency 300

[21] SVM PMSM Parameter vector
(1 x 5)

THD, efficiency
average torque 200

Deep learning

[23] DNN FSM Parameter vector
(1 x 8)

torque, torque ripple
cogging torque 256

[24] MLP PMSM Parameter vector
(1 x 5)

torque, torque ripple
factor 1196

[25] PINN - Parameter vector
(1 x 2)

Electromagnetic
analysis -

[26] VAE, CNN, DNN PMSM Parameter vector
(1 x 32)

max. torque, max. power
max. torque ripple, cost 28278

[27] VAE, CNN, DNN PMSM, ASM Parameter vector
(1 x 52)

max. torque, max. power
cost 101919

[28] DNN PMSM Parameter vector
(1 x 8)

air-gap radial
flux density 10000

[29] MLP, SVM, GRNN PMSM Parameter vector
(1 x 11)

torque, torque ripple
cost, loss 800

[30] DNN PMSM Parameter vector
(1 x 35)

iron loss, torque
flux linkage 44877

[31] MLP PMSM Parameter vector
(1 x 12)

THD, cogging torque
back EMF, PM volume 1000

[32] PINN PMSM Parameter vector
(1 x 8)

electromagnetic field
flux density 24000000

[33] CNN PMSM Image
(-)

torque
torque ripple 6000

[34] CNN PMSM Image
(400 x 400 x 4)

magnetic field
distribution 45000

[35] CNN PMSM Image
(-)

torque
torque ripple 168000

[36] CNN PMSM Image
(-)

torque
torque ripple 4848

[37] CNN SyncRM Image
(32 x 48 x 1) torque -

[38] CNN PMSM Image
(56 x 56 x 1) torque curve 4000

[39] CNN PMSM Image
(224 x 224 x 3)

torque
torque ripple 6400

[40] CNN, GAN PMSM Image
(240 x 180 x 1) Back EMF 56400

[41] CNN PMSM Image
(-)

Flux linkage
torque 12900

[42] CNN, GAN PMSM Image
(256 x 256 x 3)

PM flux linkage
dq-axis inductances 165000

[43] VAE, DNN PMSM Image
(224 x 224 x 1)

Flux linkage, flux density
PM area 100

[44] CNN, GAN, MLP PMSM Image
(256 x 256 x 3)

Hysteresis loss
eddy current loss 85184

[45] AE SyncRM Image
(100 x 100 x 1)

torque
torque ripple 10000

[46] CNN, RNN PMSM Parameter vector
+ image dq-axis flux linkages 2900

[47] CNN, DNN PMSM Parameter vector
+ image

torque, torque ripple-
order components 38604

[48] CNN, DNN PMSM Parameter vector
vs. image

motor performance
material costs 68099

[49] CNN, DNN SynRM Parameter vector
vs. image

Torque related parameters
efficiency 961

Reinforcement
learning

[50] ST LIM Parameter vector
(1 x 12)

Line voltage, frequency
rated rotor speed -

[51] DNN-based AC SynRM Image
(12 x 12 x 4) Average torque -

[52] DNN-based SAC PMSM Parameter vector
(1 x 4)

torque
torque ripple 625

70



Chapter 4
Deterministic
Metamodeling-Based
Optimization

This chapter presents the optimization of PMSMs with deterministic NNs. More-
over, transfer learning is used to tackle the challenge of reparameterization in
parameter-based metamodels. Section 4.1 provides the definition of determin-
istic metamodels. In addition, the ML-based design optimization framework
employed in this thesis is demonstrated. Section 4.2 describes the dataset ac-
quisition process, especially showing the features of an automatic simulation
toolchain. The generated datasets are also displayed. Section 4.3 alleviates
the reparameterization issue of parameter-based metamodels. The suggested
NN architecture using transfer learning is then introduced. Training results are
analyzed at the end of this section. The following Section 4.4 deals with mo-
tor design optimization, detailing the optimization approach and its outcomes.
Finally, the limitations of deterministic metamodels are discussed to guide sub-
sequent research in Chapter 5 and Chapter 6.

4.1 Introduction
The increasing demands for electrification, intelligentization, and high-
performance control made current motor systems much more complicated in
structure, control accuracy, and operating environment variety compared to older
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applications. Conventional motor design and optimization techniques mostly
depend on physical models, empirical equations, and FEA. Although such ap-
proaches are theoretically robust and highly interpretable, they often need several
modeling assumptions and fail to comprehensively and effectively characterize
complex nonlinear phenomena, including material characteristics, temperature
effects, magnetic saturation, and eddy current losses. Moreover, FEA entails
high processing expenses, rendering it unsuitable for the rapid iterative opti-
mization and cross-scenario flexibility required in actual engineering. These
methods rely significantly on specialist knowledge and involve extensive ad-
justment of parameter procedures, often facing limitations when tackling more
intricate multi-objective optimization challenges (e.g., efficiency, torque, power,
and costs). Furthermore, in the context of extensive design spaces, the extended
duration of FEA becomes especially evident, making the numerical optimization
of electric motors very intricate. As a result, the optimization of motor design
with data-driven metamodels has attracted heightened interest in recent years
[13]. As shown in Fig. 3.9, training data for data-driven models can typically
be categorized into parameter-based and image-based datasets. This dissertation
utilizes parameter-based datasets for experimentation to achieve reduced data di-
mensionality and model complexity. In addition, due to the diversity of motor
types, PMSMs for electric vehicles are the primary focus of this study. The pro-
posed methods can be extended to other motor types; however, the variety and
structure of metamodels will differ depending on the specific motor, necessi-
tating independent model selection and optimization. Fig. 4.1 illustrates many
common PMSM rotor topologies. Design optimization depends on one of these
motor templates. Input parameters may include PM dimensions, skew angle,
stator slot specifications, among others.

4.1.1 Deterministic metamodel
A deterministic metamodel is a type of surrogate model whose behavior and out-
put are entirely determined by the model itself, given specific inputs and initial
conditions. Such metamodels contain no random factors or probabilistic vari-
ables. Consequently, identical inputs will yield identical outputs regardless of
how many times the model is run. Deterministic metamodels typically describe
systems through explicit mathematical relationships, such as algebraic equations,
differential equations, or deterministic mapping functions, which characterize
the causal relationship between input variables and output variables [149]. The
mathematical representation can be articulated as follows: Set the input space as
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(a) Single V (b) Double V (c) Triple V

(d) Nabla (e) Double V + Bar

Figure 4.1: Different rotor topologies of PMSMs.
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𝑥3

𝑦

Figure 4.2: Comparison between deterministic and probabilistic metamodels.
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X ✓ Rn and the output space as Y ✓ Rm. A deterministic model is character-
ized as a deterministic function that establishes a mapping:

f : X ! Y , (4.1)

enables the model for any given input x 2 X to output

y = f(x), (4.2)

which is deterministic and unique, independent of the number of runs.

Therefore, a core characteristic of deterministic metamodels is the uniqueness
and reproducibility of their outcomes. These models contain no random pertur-
bations or noise terms. This makes the model’s behavior easy to analyze and
verify. Fig. 4.2 illustrates a comparison between deterministic and probabilistic
metamodels. The probabilistic metamodel and its application in motor design
optimization will be introduced in the next chapter.

4.1.2 ML-based design optimization framework
The optimization framework based on data-driven metamodels proposed in this
dissertation can be divided into three parts: dataset acquisition, model train-
ing and tuning, optimization and verification. Fig. 4.3 summarizes the entire
process. During the data acquisition phase, an in-house automated simulation
toolchain is applied, which will be introduced in Section 4.2. Initially, a tar-
get machine template is selected, corresponding to a specific topology. Input
design parameters and output KPIs are then defined. An appropriate sampling
method is chosen to generate the data space, and a geometric feasibility analy-
sis is performed for each candidate data point. Finally, the simulation toolchain
progressively simulates and post-processes each candidate data point. The fi-
nal simulation results are organized into a model-readable training data format.
In the phase of model training, there’s the option to select from classic ML
metamodels like GPR and SVMs, or choose deep learning metamodels. The
parameters within the model are optimized to attain enhanced prediction per-
formance. The optimized metamodel undergoes evaluation using the test set.
Finally, the metamodel combined with optimization algorithms serves as a pre-
diction model for the optimization objectives. The final optimization results are
compared with FEA verification.
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4.2 Dataset acquisition
Data serves as both the knowledge source and performance ceiling for ML. Its
quality, scale, and distribution directly determine a model’s learning capability,
generalization performance, and reliability. Without high-quality data, even the
most complex models struggle to produce trustworthy results [150]. In the realm
of motor design optimization, data is generally acquired not through experimen-
tal collection but through FEA simulation. Consequently, the results obtained
from the simulation are regarded as ground truth. To reduce the need for manual
intervention throughout the simulation process, the use of automated simulation
tools is crucial. Section 4.2.1 presents the essential concepts of the toolchain.
Section 4.2.2 provides a comprehensive overview and thorough analysis of the
data utilized for the training of the model.

4.2.1 FEA simulation toolchain
From an engineering practice standpoint, motor simulation toolchains have the
potential to greatly lower research and development expenses and timelines.
Conventional approaches that depend on iterative prototyping and evaluation
frequently consume significant time and resources. Conversely, simulation
toolchains facilitate rapid assessment of various structural designs, parameter
combinations, and control strategies in the initial design stage. This facilitates
the prompt recognition and enhancement of possible challenges, minimizing
the possibility of revisions further along in the procedure. At the same time, the
results from simulations offer measurable proof for aspects such as structural
design, electromagnetic design, thermal management, and the adjustment of
control parameters, thereby rendering design choices more systematic and
verifiable.

In the realm of data-driven motor design optimization, simulation toolchains
serve an essential role. They offer reliable, manageable, and expandable data
sources for methods driven by data. By utilizing parametric modeling and
batch simulation, a substantial array of design samples and their corresponding
performance metric data can be automatically produced, taking into account
diverse structural dimensions, material parameters, operating conditions, and
control strategies. This method tackles the significant expenses, prolonged
timelines, and restricted scope linked to obtaining real experimental data.
The data produced through simulation serves as the basis for training and
validating ML and intelligent optimization algorithms. This allows for the
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Define optimization
machine template

Design
parameters (𝑥𝑖)
KPIs (𝑦𝑗)
Number of
samples
… …

Pre-processing

Build 2D FEA models
in Altair Flux

Check geometric feasibility

Simulation
Non-linear FEA under

different current conditions

Post-processing
Obtain the current-

dependent maps

Calculate the speed-torque
maps using MTPA

Extract KPIs for each sample Initial small dataset

FEA-based

Figure 4.4: Flowchart of the in-house FEA-based simulation toolchain.

implementation of data-driven methods to conduct modeling and forecasting,
effectively encapsulating the intricate nonlinear behaviors of electric motors.

Fig. 4.4 shows the workflow of the used FEA-based toolchain. After selecting
the motor template, the target design parameters, output KPIs, and required data
volume must be defined. During the preprocessing stage, each data point gen-
erated through the design of experiments (DoE) undergoes geometric checking.
Models with conflicting design structures are eliminated. Each feasible model is
generated and automatically configured within the commercial software Altair
Flux, including adding materials, setting boundary conditions, and configuring
solvers. FEA is then performed on each design for 36 current conditions con-
sisting of currents Id (from -500 to -0.1 A) and Iq (from 0 to 500 A). In the
post-processing, an interpolation to interpolate the current-dependent maps will
be adopted. Subsequently, the speed-torque maps are generated using maximum
torque per ampere optimization to derive the final KPIs for each machine de-
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Figure 4.5: Reference PMSM geometry and design parameters.

sign, considering the maximum voltage constraint. More information about the
toolchain is summarized in Section 8.2.

4.2.2 Dataset introduction
Three main datasets that have slightly different input design parameters and
the same outputs are generated. The sampling procedure is carried out using
Latin hypercube sampling [151]. The reference machine is shown in Fig. 4.5.
Dataset I contains six design parameters (d1, d2, d3, d4, d5, d6) and a total of
968 samples. Dataset II is formed by removing one parameter from dataset I and
adding three new design parameters. As a result, dataset II includes eight design
parameters (d1, d2, d3, d4, d5, d8, d11, d12) and 2000 samples. Dataset III has
2951 samples and consists of ten design parameters (d1, d2, d3, d4, d5, d6,
d7, d8, d9, d10). Table 4.1 summarizes information on all relevant parameters.
The upper and lower boundaries for each design parameter are determined
empirically.
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Table 4.1: Details of reference machine parameters.

Symbol Design parameter Min. Max. Unit
d1 Magnet 1 width 10.0 28.0 mm
d2 Magnet 1 height 2.0 8.0 mm
d3 Magnet 2 width 15.0 43.0 mm
d4 Magnet 2 height 2.0 8.0 mm
d5 Magnet inclination angle 15.0 60.0 deg
d6 Slot width 3.5 5.0 mm
d7 Flux barrier width 1.0 6.0 mm
d8 Width between magnet 2 and air gap 0.5 4.0 mm
d9 Slot depth 13.0 18.0 mm
d10 Air gap 0.5 2.0 mm
d11 Distance between magnets 1.0 4.0 mm
d12 Distance between poles 4.0 6.5 mm

Constant parameter Value
c1 Number of poles 6 -
c2 Number of stator slots 54 -
c3 Maximum rotational speed 16800.0 rpm
c4 Magnet temperature 75.0 �C

Indicator
o1 Maximum torque N·m
o2 Maximum power kW
o3 Torque ripple at maximum torque N·m
o4 Material cost Euro

In the analysis of sampling results from DoE, the significance of the Pearson cor-
relation coefficient [152] lies in quantitatively describing the linear relationship
between factors and responses, as well as among factors themselves. By calculat-
ing the Pearson coefficient between an individual factor and the response, one can
quickly determine the direction and strength of the factor’s linear influence on the
response. A larger absolute value of the coefficient indicates a more pronounced
linear main effect of that factor on the response within the current experimental
space; a coefficient close to zero suggests a weak or non-existent linear influence
of the factor on the response. On the other hand, the quality of the DoE sampling
itself can be assessed by analyzing the Pearson correlation coefficients between
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Figure 4.6: Correlation between design parameters and KPIs for dataset III.

factors. In an ideal experimental design, factors should be as independent as pos-
sible. If large Pearson correlation coefficients appear between factors, it often
indicates collinearity issues within the sampling space. This may lead to un-
stable regression models or biased parameter estimates. Therefore, the Pearson
correlation coefficient is applied to the three collected datasets. The following
discussion focuses solely on Dataset III, while results for the other datasets are
presented in Section 8.3.1. The Pearson correlation coefficients among all pa-
rameters can be calculated by:

r =

P
N

i=1 (xi � x̄)(yi � ȳ)qP
N

i=1(xi � x̄)2
qP

N

i=1(yi � ȳ)2
(4.3)

where xi and yi denote different values of variables in a sample. x̄ and ȳ
represent sample means. The results are visualized in Fig. 4.6. The correlation
between the design input parameters is generally low, except for the width of
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magnet 2 and the V-magnet angle. This is due to restrictions on their feasible
domains. The design parameters exhibited a strong correlation with KPIs,
suggesting a good sampling process.

In order to obtain pre-trained NN, separate experimental designs are performed
for each design parameter individually. A group of small subdatasets is then gen-
erated, each containing around 50 samples. Fig. 4.7 demonstrates rotor images
in the subdataset for the design parameters d1, d3, d4, and d5. Why subdatasets
are needed will be explained in the next section, which covers transfer learning
technique.

Figure 4.7: Example rotor images of subdatasets.
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4.3 Methodology and model training procedure
This section presents an in-depth optimization process for motor design
grounded in a deterministic framework. The framework for model training and
the chosen architecture of the neural network are outlined. Finally, the optimiza-
tion algorithm has been incorporated with the trained model. The outcomes of
the optimization process and the limitations of this method will be discussed.

4.3.1 Motivation
So far, the inputs for NN-based surrogate models can be categorized into
three groups: parameter-based (1D vector) [48], [26], [43], image-based
(2D or 3D matrix) [35], [42], and mixed input, which includes both vectors
and images [46]. In real-world scenarios, parameter-based datasets are more
accessible to obtain without additional storage of images. However, when the
reference motor is reparameterized, the NN that was previously trained becomes
incompatible for further usage due to alterations in the feature composition
of parameter vectors. Retraining new NN from scratch is demanded for ev-
ery alteration, thereby leading to the discarding of previously trained parameters.

In the following sections, parameter-based modular neural networks (MNNs)
are proposed through transfer learning (TL) to get over the issue of the networks
requiring to be retrained from scratch after reparameterization [O2]. TL is an
important technique in the field of ML that facilitates the training of NN by
transferring previously learned knowledge to a new task [153]. One of the most
common ways to reuse knowledge is through the transfer of NN. This method
makes it possible to save part of the old networks’ weights and use them to help
the new NN update its weights [154]. In the field of design optimization of
electric motors, TL-based CNN has been employed in [36]. An advantage of
this proposed approach was that the CNN was effectively trained with a limited
amount of input data using TL. Nevertheless, it relied on images but failed to
address the issue of reparameterization.

4.3.2 Modular neural network and proposed workflow
Assume a task Tt in the target domain Dt is given, and an assistance can be ob-
tained from a source task Ts coming from the source domain Ds. By transferring
latent knowledge from Ts to the target task Tt, TL intends to boost the perfor-
mance of the prediction function Ft, where Ft is a representation of a deep NN
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[153]. A workflow example for the proposed method is depicted in Fig. 4.8.
Assuming an initial learning task based on three input design parameters (d1,
d2, d3) and four output performance parameters (o1, o2, o3, o4) is given. Sub-
sequently, the input space is expanded, and the whole process is described as
follows:

• Stage I: A separate training session is performed for each of the input design
parameters. Every individual multi-layer NN is called a base module, which
consists of m dense layers with n neurons in each layer.

• Stage II: All the base modules are subsequently aggregated to the target NN by
transferring the respectivem�1 dense layers, namely the layers with colors. A
multi-branched MNN is applied, with each branch representing an independent
input parameter. The quantity of input design parameters directly matches the
quantity of branches in the target MNN.

• Stage III: The input space is altered by eliminating the design parameter d3 and
introducing the new design parameters d4 and d5. As the input space expands,
the NN’s architecture goes through an adjustment whereby the layers associ-
ated with the branches of d1 and d2 stay unchanged while the branch linked to
d3 is removed. Another two basic modules (pink and purple) with d4 and d5
as inputs are trained independently to provide pre-trained models resembling
Stage I. The required layers are then transferred to various branches. Only the
first and last dense layers (white) necessitate retraining from scratch.

A classic MNN consists of three parts: the task-dividing layer, sub-network layer,
and output-combining layer [155]. The idea of modularity is derived from bi-
ological inspiration. Within a biological brain, distinct information is typically
processed in designated regions to carry out certain activities [156]. Inspired
by the above approaches, every input design parameter can be regarded as a
distinct sub-task that corresponds to a branch in the proposed MNN. Through
this method, the target MNN exhibited the capability to adapt in response to
variations in the input parameters. Meanwhile, the knowledge learned from the
previous task can be transferred to the new task.

4.3.3 Training of neural networks
General setting

In ML, datasets are often standardized before training. This process enhances
training stability, accelerates model convergence, and improves generalization
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performance. Since different features typically possess varying dimensions and
numerical ranges, feeding raw data directly into the model allows features with
larger numerical scales to dominate gradient calculations. This masks the influ-
ence of other features, leading to suboptimal parameter updates. Standardizing
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Figure 4.8: Proposed workflow for aggregating pre-trained NNs.
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data maps features to similar numerical scales, enabling the model to utilize
feature information more equitably during training. Data normalization also sig-
nificantly improves numerical conditions in the optimization process, making
the loss function smoother in parameter space. This reduces risks of oscillation,
gradient explosion, or gradient vanishing during gradient descent, allowing the
optimizer to find suitable update steps more readily and converge faster [157].
Therefore, all samples are standardized by their mean and variance using z-score
normalization before being fed to NN:

zi =
xi � µ

�
, (4.4)

where zi reflects the standardized result, xi represents the original data, µ is the
mean value and � is the standard deviation.

All experiments, including model comparison, are conducted using 5-fold cross-
validation [158], with loss calculated through the mean squared error (MSE)
between predictions and ground truth. The complete dataset is split into five
equal folders. Four folders for training are used, and one fold for testing purposes
is reserved. Training is subsequently carried out on five occasions, as shown in
Fig. 4.9. It is important to point out that the final model is examined by choosing
the fold that exhibits the lowest loss during cross-validation for the outcomes.
To ensure that comparisons among different models relied on identical dataset
divisions and to enhance the reproducibility of the results, random seeds are
established. In addition, the early stopping method [159] is implemented during

Dataset

Test

Test

Test

Test

Test

Train

Train

Fold 1

Fold 2

Fold 3

Fold 4

Fold 5

Figure 4.9: Illustration of five-fold cross validation.
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the training process to avoid overfitting.

Evaluation metrics

After training a neural network, it is essential to assess the results. Evaluation
metrics act as necessary tools for objectively and quantitatively measuring model
performance on data that is separate from the training process. Throughout the
training process, the model simply optimizes its parameters by reducing the loss
function, which mainly aids in computational optimization and gradient flow—it
does not inherently indicate the model’s true performance in practical applica-
tions or commercial contexts. Consequently, depending exclusively on training
loss metrics does not provide a clear indication of whether the model has truly
acquired valuable patterns or exhibits robust generalization abilities. Introduc-
ing evaluation metrics allows for a more intuitive and interpretable assessment
of model performance, considering aspects like accuracy, stability, and robust-
ness. They help detect challenges such as overfitting or underfitting, while also
offering a consistent benchmark for evaluating various models or parameter set-
tings. In this dissertation, three different evaluation metrics are employed: the
mean absolute error (MAE), symmetric mean absolute percentage (SMAPE),
and coefficient of determination (R2). The MAE enables the measurement of
the absolute error between the prediction value y⇤

i
and the true value yi:

MAE =
1

N

NX

i=1

|yi � y⇤
i
| . (4.5)

The SMAPE aims to address the problem of the mean absolute percentage error
producing overly large values when the real value is quite small:

SMAPE =
100%
N

NX

i=1

|yi � y⇤
i
|

(|yi|+ |y⇤
i
|)/2 . (4.6)

TheR2 measures how well the prediction model fits the data. It can be calculated
as follows:

R2 = 1�
P

N

i=1 (yi � y⇤
i
)2

P
N

i=1(yi � ȳ)2
, (4.7)

where N represents the total number of test samples. y⇤
i

describes the prediction
value. ȳ is the average true value of test data.
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Table 4.2: Hyperparameter details of MNNs.

Hyperparameter Range Optimized value
Batch size [2, 32] 8

Number of neurons per hidden layer [16, 256] 128
Number of hidden layers per branch [1, 6] 3

Learning rate (transferred layers) [0, 10�3] 10�3

Learning rate (non-transferred layers) [0, 10�1] 1.2⇥10�2

Optimizer [Adam, SGD, AdaGrad] Adam
Activation function [ReLU, ELU, Tanh] ELU

Loss function [MAE, MSE] MSE
Early stopping patience [10, 30] 10

Network architecture and training

As previously stated in 4.3.2, the quantity of design input parameters in the
dataset is equivalent to the number of branches in the MNN. Thus, the MNNs
(MNN I, MNN II, and MNN III) corresponding to the three main datasets have
6, 8, and 10 branches, respectively. For MNN I, six individual MLPs with three
hidden layers (m = 3) and 128 neurons in each layer (n = 128) for every design
parameter are optimized and built. Each MLP is then trained using subdatasets.
Subsequently, the last two hidden layers of these six MLPs are transferred directly
to the six branches in MNN I. For MNN II and MNN III, simply eliminate the
corresponding branches, add the new ones, and perform the transfer once more.
Regarding transferred neurons, there are two options: freezing (learning rate
equal to 0), or fine-tuning (learning rate lower than that of non-transferred neu-
rons) [160]. The learning rate for the first and last hidden layers (non-transferred
layers) is optimized and set to 0.001. A test of the learning rate of transferred
neurons regarding dataset III is then conducted, as shown in Fig. 4.10. The
ranges for other hyperparameters are reduced firstly by trial and error. The final
optimized hyperparameters are determined using random search to conserve op-
timization time, such as optimizer (Adam), activation function (ELU), and batch
size (8) are established. More details are sunmmarized in Table 4.2. In addition,
layer normalization (LN) [161] between each two hidden layers is added. This
technique may increase the network’s stability and convergence speed since the
suggested network has several branches and a large number of trainable parame-
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ters. In particular, LN normalizes the data and determines the mean and standard
deviation of the input data for every layer:

µl =
1

H

HX

i=1

al
i
, �l =

vuut 1

H

HX

i=1

(al
i
� µl)2, (4.8)

where µl and �l denote the mean and standard deviation in the lth hidden layer.
al
i
is the input of the ith neuron, and H is the number of neurons in the lth hidden

layer. The normalized value can be computed:

ãl =
al � µl

p
(�l)2 + ✏

, (4.9)

where ✏ is a very small value to prevent the denominator from being 0. Two train-
able parameters g (gain) and b (bias) are included in the LN for the purpose of

Figure 4.10: Evaluation of prediction performance based on learning rate of transferred
neurons under 10 sets of random seeds.
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Table 4.3: Evaluation of all datasets.

Performance indicators Dataset I Dataset II Dataset III
MAE R2 MAE R2 MAE R2

o1(max. torque) 1.63 0.9969 1.60 0.9947 2.01 0.9944
o2(max. power) 0.98 0.9985 0.95 0.9972 1.04 0.9981

o3(torque ripple at max. torque) 1.17 0.9527 2.39 0.8580 3.19 0.6835
o4(material cost) 0.60 0.9991 0.58 0.9985 0.59 0.9987

maintaining the distribution of the original data as much as possible. Assuming
the activation function is f , the output of the LN is

hl = f(gl � ãl + bl), (4.10)

where � indicates element-wise multiplication.

The entire training process is accomplished through the NVIDIA Quadro P4000
GPU and took approximately ⇡3 minutes to complete a whole 5-fold cross-
validation. Following cross-validation using ten distinct random seeds, the
model with the minimum loss is selected for qualitative analysis. Subsequently,
this model is also employed in the following optimization procedure.

Training results

Table 4.3 summarizes the performance of the proposed MNNs on three main
datasets. Dataset III exhibited the lowest overall prediction accuracy. This is
because it possesses the largest dimension of input design parameters and lacks
sufficient data. Since MNN III is constructed on top of MNN I and MNN II,
only the results of MNN III are discussed below. Fig. 4.11 provides evaluation
details for each KPI and more results of dataset I and dataset II are shown in 8.3.1
The proposed TL-based MNN demonstrated superiority in predicting maximum
torque, maximum power, and material cost. The color bar indicates the density
of test data. The error in the predicted torque ripple is noteworthy. Insufficient
sample size could be a potential explanation for this phenomenon. 2956 samples
are relatively few for a dataset containing ten design parameters.
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Figure 4.11: Prediction performance of MNN III based on dataset III.

Fig. 4.12 demonstrates a comparison of the proposed MNN III (multi-branched
MNN with transferred layers), MNN III without TL (the architecture is com-
pletely identical to the former but without the transferred layers, so all the neurons
need to be trained from scratch), and traditional MLPs based on dataset III. Ten
random seeds are employed to ensure that different models are compared across
ten different divisions of the dataset. It can be observed that the MNN III out-
performed the MNN III without pre-trained transferred layers, which indicates
transfer learning is able to boost the network to obtain improved prediction per-
formance. The primary rationale behind this is that the network with transferred
layers can leverage prior knowledge to more effectively determine the optimum.
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Figure 4.12: Prediction performance comparison among MNN III, MNN III without TL,
and MLP.

Besides, the multi-branched architecture offered superior predictive capability in
comparison to MLP. In addition, a comparison between MNN III with and with-
out LN is conducted, and the outcome shows a⇡31 % improvement in prediction
accuracy with the inclusion of LN.

4.4 Design optimization and results
The proposed MNN III is applied to speed up the optimization process. A
comparative experiment with two common and widely used MOO algorithms
is conducted, namely NSGA-II [146] and NSGA-III [162]. The implementa-
tion is carried out by the framework Pymoo [163]. The objective functions are
maximizing maximum torque and maximum power. The associated generalized
optimization problem is formulated as follows:

o1 ! max, o2 ! max (4.11)
s.t. dL

i
 di  dU

i
, i = 1, · · · ,ninput (4.12)

cj  0, j = 1, · · · ,ncons (4.13)
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Figure 4.13: Pareto fronts for maximum torque and maximum power based on two differ-
ent optimization algorithms NSGA-II and NSGA-III.

where di indicates input design parameters and dL
i

and dU
i

are predefined bounds.
cj represents constraints for the optimization process. The number of iterations
(200), population size (100), crossover probability (0.9), and polynomial muta-
tion (15) are included.

The obtained Pareto fronts are displayed in Fig. 4.13. FEA is performed by
choosing a candidate solution from each Pareto front. The selection process
for verification using the following rules: Normalize o1 and o2 using min-max
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Table 4.4: FEA verification of the optimal designs from Pareto fronts.

KPI Unit Optimal design A | B
FEA Prediction SMAPE

o1 N·m 375.38 | 375.19 379.31 | 379.89 1.04 % | 1.24 %
o2 kW 247.18 | 247.30 245.54 | 245.12 0.67 % | 0.89 %
o3 N·m 23.86 | 23.07 18.21 | 18.48 26.86 % | 22.09 %
o4 Euro 343.21 | 344.00 344.72 | 345.98 0.46 % | 0.57 %

normalization, respectively, then assign them equal weights. Finally, select the
design with the highest score:

score =
1

2
⇥ õ1 +

1

2
⇥ õ2, (4.14)

where õ1 and õ2 are the min-max-normalized values. Table 4.4 summarizes the
FEA and predicted values for the selected designs. It can be seen that the predic-
tions for o1, o2 and o4 are in high agreement with the FEA. A minimum SMAPE
of 0.46 % in predicting material cost can be achieved. However, the prediction
accuracy for torque ripple is relatively low (over 20 %). As previously stated,
inadequate data results in inefficient model training, hence causing the predic-
tion outcomes to be considerably biased. Table 4.5 summarizes the optimal
design parameter values of selected design A and design B. It can be seen that
the highest-scoring optimized designs obtained through different optimization
algorithms are very similar, demonstrating the robustness of the optimization re-
sults. Then, both optimization approaches are executed 10 times each in order to
calculate the average optimization time. The results indicate that it takes approx-
imately 12 seconds to perform NSGA-III, whereas NSGA-II can be finished in
only about 8 seconds. At last, to verify the overall prediction accuracy, five non-
repeating groups are randomly sampled from the 100 optimized results obtained
via NSGA-II for FEA validation, with each group comprising 10 samples. The
results are shown in Table 4.6. Compared to individual optimization designs A
and B, the overall prediction accuracy decreases and exhibits large fluctuations.
It can be observed that the proposed MNN method demonstrates unstable predic-
tion accuracy, achieving high precision on certain samples while still exhibiting
a certain degree of prediction bias overall.
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Table 4.5: Optimized design parameter values of selected design A and design B.

Design parameter Design A Design B Unit
Magnet 1 width 24.99 25.00 mm
Magnet 1 height 5.00 5.00 mm
Magnet 2 width 31.98 31.96 mm
Magnet 2 height 5.00 5.00 mm

Magnet inclination angle 54.61 54.90 deg
Slot width 3.51 3.50 mm

Flux barrier width 1.00 1.00 mm
Width between magnet 2 and air gap 2.03 2.21 mm

Slot depth 14.30 14.26 mm
Air gap 0.50 0.50 mm

Table 4.6: FEA verification of five group sampling from the results of NSGA-II using
SMAPE.

KPI Group 1 Group 2 Group 3 Group 4 Group 5
o1 2.69 % 1.87 % 1.41 % 2.82 % 2.23 %
o2 0.97 % 1.02 % 0.79 % 0.85 % 0.80 %
o3 20.21 % 13.12 % 27.87 % 24.43 % 17.32 %
o4 0.40 % 0.51 % 0.23 % 0.55 % 0.49 %

4.5 Summary and discussion
In this chapter, a TL-based MNN for the design optimization of the PMSMs is
proposed. This approach can be adapted dynamically in response to changes
in the parameter-based input space. By transferring the pre-trained neurons to
the new NN as initial weights, the previous knowledge can be reused. After
reparametrization, it is no longer needed to retrain the new NN from scratch.
The experiments demonstrate that the prediction accuracy of MNN is higher
than that of classical MLPs. Furthermore, the TL-based MNN outperformed
the normal MNN, which is attributed to the employment of transferred neurons.
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The MOO results showed high accuracy in predicting maximum torque, max-
imum power, and cost, with the optimization completed in around 12 seconds.
However, accurate estimation of torque ripple is still a challenge.

It is worth noting that the utilized deterministic metamodel demonstrates con-
siderable fluctuations in its predictive precision, with a probable contributing
factor being out-of-distribution challenges [164]. This indicates that throughout
the optimization process, the designs produced within the design space diverge
from the distribution of the training data. As a result, the model faces challenges
in effectively predicting these samples that fall outside the distribution. Fur-
thermore, deterministic models can only provide singular information, namely,
point predictions. They are not able to directly yield probability distributions or
confidence intervals for outcomes, making it difficult to quantify risks and prob-
abilities in complex scenarios. Therefore, in the following chapters, probabilistic
metamodels will be introduced to address the inherent limitations of the deter-
ministic models itself and the issue of overall large errors in optimization results.
Multiple optimization strategies based on probabilistic metamodels will also be
explored.
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Chapter 5
Probabilistic
Metamodeling-Based
Optimization

This chapter delves into the details of motor design and the optimization pro-
cesses informed by probabilistic metamodels. The employment of probabilistic
metamodels offers supplementary decision-making insights to steer the opti-
mization process. The measurement of uncertainty can influence the precision
of optimization outcomes. Section 5.1 describes the motivation for introduc-
ing probabilistic models and introduces a probabilistic NN. Section 5.2 presents
a new dataset collected for subsequent model training. In Section 5.3, the
structure of the probabilistic NN is introduced, followed by its training pro-
cess. Furthermore, the relationship between model prediction uncertainty and
actual prediction bias is explored. Finally, the trained probabilistic metamodel is
integrated with optimization algorithms, providing additional uncertainty infor-
mation for decision-making during the optimization process. Two optimization
strategies are proposed. Furthermore, the relationship between sensitivity anal-
ysis and model prediction uncertainty is also investigated.

5.1 Introduction and methodology
In the design optimization stage of an electric machine, metamodeling has been
widely used to calculate KPIs such as electromagnetic torque and torque ripple.
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It is a data-driven approach that replaces computationally expensive simulations
by creating metamodels with lower computational costs. However, in practi-
cal scenarios, there exists inherent uncertainty in the modeling process. Current
methods with metamodels offer deterministic estimations, thereby failing to pro-
vide further information to support the optimization. Hence, investigating and
developing models that tackle the problem of uncertainty is fundamental.

5.1.1 Background introduction
Bayesian neural networks (BNNs) obtain uncertain prediction intervals by
adding probability units to traditional NN [165]. In the field of power engineer-
ing, an approach using BNNs to predict short-term wind power generation is
proposed in [166]. With the help of predictive uncertainty, irrelevant features
can be identified and removed, thereby improving prediction accuracy. Another
study [167] offers guidelines for power system dispatch by employing BNNs to
estimate the load of electric vehicle charging stations. Recently, this metamodel
has been utilized for solar-integrated distribution systems [168]. Combining
with a statistical post-processing approach, the distribution systems are opti-
mized in terms of power planning and supply. In addition, BNNs have also been
successfully applied to many other research fields [169], such as fault diagnosis
[170], economics [171], and biomedical image segmentation [172]. Moreover,
another powerful ML probability-based regression model is called Gaussian
process regression (GPR) [118]. GPR has the capability to not only output
single prediction values but also offer correlated covariance. This covariance
can be utilized to quantitatively assess the uncertainty associated with the
predicted results. In [173], a method employing the weighted GPR is presented
to estimate photovoltaic power, which outperforms other models for multi-input
data. Another work [174] introduces a design space exploration algorithm
for powertrain optimization. With the inherent uncertainty information, GPR
enables the determination of candidate points to be assessed for each iteration.
Recent research in [175] proposed a GPR-based adaptive sampling approach for
design optimization of electric machines. The original data set is expanded by
adding new samples generated by GPR. Furthermore, GPR is also extensively
employed in various fields, for instance, fault detection [176], battery state
estimation [177], and temperature modeling [178]. To date, the comparison of
these two probabilistic models to the design optimization of electric machines
has not been conducted. To the author’s best knowledge, there are no suggested
approaches for using supplementary prediction uncertainty information to
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support motor optimization in the literature.

In this chapter, a new design optimization method for electric machines based on
uncertainty quantification is introduced [O3]. Initially, BNNs and GPR are em-
ployed which can estimate the electric machine KPIs and come up with predictive
uncertainty. After establishing the parameters of the models via the training pro-
cess, the point prediction is derived by sampling a substantial quantity of values
and subsequently computing their average. Both metamodels also calculate the
standard deviation or correlated covariance, enabling the determination of the
corresponding uncertainty interval (UI) for each prediction. A detailed compar-
ison between the two approaches GPR and BNNs is conducted. Finally, a MOO
is applied using the more advantageous model as an alternative to FEA. An inves-
tigation is conducted to look into the association between predictive uncertainty
and prediction accuracy. A sensitivity analysis for the optimized designs reveals
information about the relationship between predicted uncertainty and the robust-
ness of design solutions.

5.1.2 Bayesian neural networks
A NN parameterized by network weights w can be conceived as a conditional
distribution model P (y|x,w). The process of learning a NN can be viewed as
a maximum likelihood estimation (MLE) [179]:

wMLE = arg max
w

log p(D|w). (5.1)

The goal is to find the optimal setting of weights wMLE to most likely model the
training data. However, MLE does not make any assumptions regarding the prior
probability of w. It treats all possible values of w as having equal chances of
occurring. When NN incorporate a probability distribution over their weights,
they are referred to as BNNs. Fig. 5.1 demonstrates the difference between
classical NN and BNNs. A BNN introduces a prior distribution p(w), which
is considered as the initial distribution of weights, and calculates the posterior
distribution p(w|D) depending on the training data. It can be expressed through
Bayes’ theorem as

p(w|D) =
p(D|w)p(w)

p(D)
. (5.2)

Here p(D|w) and p(D) denote likelihood and evidence, respectively. The dis-
tribution over the network parameters is updated by (5.2) when new data are
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Standard neural network

Input layer

Hidden layer

Output layer

…

…

… …

…

…

Bayesian neural network

…

…

… …

…

…

𝑤111 𝑤121 𝑤𝑚𝑛1
𝑤1𝑛1𝑤𝑚21𝑤𝑚11

𝑤1𝑘𝑙+1 𝑤2𝑘𝑙+1 𝑤𝑛1𝑙+1
𝑤𝑛𝑘𝑙+1

𝑤21𝑙+1𝑤11𝑙+1

Figure 5.1: Left: each weight is a deterministic value. Right: each weight is associated
with a probability distribution.

observed. The exact calculation of p(D) is generally infeasible, necessitating
the use of approximate solutions in practical scenarios. In this dissertation, vari-
ational inference (VI) is employed to approximate the true posterior distribution
over the model parameters p(w|D) by using a surrogate function q✓(w), which
is parameterized by ✓ [180]. The task of determining the posterior distribution
is reformulated as an optimization problem, wherein the objective is to search
for the optimal set of ✓ that minimizes the Kullback-Leibler (KL) divergence
between the two distributions [179], i.e.,

✓⇤ = arg min
✓

KL(q✓(w)kp(w|D))

= arg min
✓

Z
q✓(w) log q✓(w)

p(w|D)
dw

= arg min
✓

Z
q✓(w) log q✓(w)

p(w)
dw

| {z }
KL(q✓(w)kp(w))

�
Z

q✓(w) log p(D|w)dw
| {z }

Eq✓(w)[log p(D|w)]

+ log p(D).

(5.3)
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Since the KL divergence is non-negative, it can be further obtained:

log p(D) � Eq✓(w)[log p(D|w)]� KL(q✓(w)kp(w))
| {z }

ELBO

, (5.4)

where the right-hand expression is called evidence lower bound (ELBO). Con-
sequently, the optimization problem shifts from minimization of KL divergence
to maximization of ELBO:

✓⇤ = arg max
✓

Eq✓(w)[log p(D|w)]� KL(q✓(w)kp(w)). (5.5)

In this manner, the intractable evidence p(D) is avoided. The previously defined
prior distribution p(w) and the likelihood p(D|w) are the only things that need
to be handled, as they are more manageable in nature. As a result, the inference
issue is reduced to a tractable optimization problem.

5.1.3 Framework
The proposed BNN-based optimization workflow is depicted in Fig. 5.2. Ini-
tially, a new motor dataset is collected for model training. Subsequently, the
GPR and BNN metamodels are trained separately. The better-performing model
is then employed for MOO. Unlike the deterministic models used in the previous
chapter, this chapter leverages the uncertainty information in the model outputs
to assist the optimization process. Two uncertainty-based optimization strategies
are introduced and compared in Chapter 5.4.
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Figure 5.3: Geometry of the reference PMSM.

5.2 Dataset acquisition
In order to facilitate performance comparisons with deterministic models, it is
necessary to utilize the same dataset as was employed in Chapter 4. The only dif-
ference is that the order of variables in the design parameters has been altered to
facilitate subsequent research. The reference machine is shown in Fig. 5.3 with
a V-magnet and a bar magnet. The sampling process is illustrated in Fig. 5.2,
wherein a set of k = 10 input design parameters and four KPIs are considered.
Each input parameter is predefined with a range. In Table 5.1, all input design pa-
rameters that capture essential machine geometry information and four KPIs are
listed. The hairpin winding technique is employed for the stator winding. There
are two parallel paths and eight layers per slot, which remain constant regardless
of the geometrical parameter d7. The dimension of each layer of winding varies
in accordance with the dimensions of the slots. In order to cover the design space
efficiently, LHS is applied to generate the initial population. The DoE process
and all relevant simulations are executed using the in-house toolchain, which is
introduced in Section 4.2.1. Following the above sampling procedure, a dataset
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Table 5.1: Details of reference machine parameters.

Symbol Design parameter Min. Max. Unit
d1 Magnet 1 width 10.0 28.0 mm
d2 Magnet 1 height 2.0 8.0 mm
d3 Width between magnet 2 and air gap 0.5 4.0 mm
d4 Magnet inclination angle 15.0 60.0 deg
d5 Magnet 2 width 15.0 43.0 mm
d6 Magnet 2 height 2.0 8.0 mm
d7 Slot width 3.5 5.0 mm
d8 Air gap 0.5 2.0 mm
d9 Flux barrier width 1.0 6.0 mm
d10 Slot height 13.0 18.0 mm

KPI
o1 Maximum torque N·m
o2 Maximum power kW
o3 Torque ripple at maximum torque N·m
o4 Material cost Euro

including nd = 2951 samples is acquired. The samples are then pre-processed
using z-score normalization to convert data into a distribution with a mean of 0
and a standard deviation of 1. After normalization, the units and dimensions of
the data no longer affect model training, which can improve the stability and con-
vergence speed of model training. In Fig. 5.4, the distribution of the collected
dataset in the output space is displayed. Overall, a large proportion of the sam-
ples are concentrated in the middle section, whereas there are relatively fewer
examples in the tail. It can be seen that the split test and validation sets properly
cover the scope of the training set.

5.3 Model training and results
In this section, BNNs and GPR are trained on the same dataset. Details regarding
the training process are provided. Finally, the training results are compared, and
the better metamodel is selected for subsequent optimization procedures.
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Figure 5.4: Sample distribution visualization of output parameters.

5.3.1 Training of Bayesian neural networks
A BNN can be viewed as a fusion of a conventional NN architecture and
probability distribution weights, as illustrated in Fig. 5.1. In this work, a
parameter-based multi-branch DNN is employed due to its excellent perfor-
mance [27], [O2], as shown in Fig. 5.2. The depth of the applied NN is nH .
Following the first hidden layer, the network underwent expansion, resulting in
a multi-branch structure. The determination of branches relies on the quantity
of input parameters k. Specifically, there are ten branches. Each dense block
consisted of nL neurons. The combination of all branches leads to the last
hidden layer containing k ⇥ nL neurons. Four single-output BNNs to predict
different KPIs are trained. To determine the aforementioned and other hyper-
parameters, every hyperparameter is initially narrowed down for each BNN by
trial and error. Specifically, over ten distinct configurations are validated to
reach the reduced ranges of hyperparameters. Based on the reduced ranges,
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Table 5.2: Details of BNN hyperparameters.

Hyperparameter BNN-o1 BNN-o2 BNN-o3 BNN-o4
nH 4 4 4 3
nL 10 12 12 9
nE 3000 3500 4000 2100
nS 40 80 60 40
F ELU ELU ELU ReLU
Opt Adam Adam SGD Adam
Lr 1.4 · 10�2 1.0 · 10�2 1.1 · 10�2 1.0 · 10�2

nH : Depth of NN
nL : Number of neurons per dense block
nE : Number of epochs
nS : Number of samples drawn from predictive distribution
F : Activation function
Opt : Optimizer
Lr : Learning rate

the final hyperparameters are identified using random search [81] via 5-fold
cross-validation to conserve optimization time. The average prediction accuracy
is set as the objective function. The optimization results are summarized
in Table 5.2. The number of samples nS drawn from predictive distribution
indicates nS times forward propagations performed during the prediction phase.

In contrast to the classical DNN, the BNN integrated with Bayesian theory
uses a collection of random variables to replace the weights and biases. Before
starting the training process, it is important to assign prior distributions for the
weights and biases of the neural network. However, precisely determining them
poses a challenge due to their lack of actual physical meaning. In practice, the
handling of this issue can be achieved by the utilization of standard parametric
distributions [181], [182]. Therefore, the prior distribution is specified as
the Gaussian distribution with a zero mean and a diagonal covariance I on
the coefficients p(w) ⇠ N (0, I). As stated previously in Section 5.1.2, the
evidence p(D) can not be calculated accurately. To this end, the stochastic
variational inference [183] is used, which is a common approach belonging to
the VI, to approximate the true posterior p(w|D). The variational posterior
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q✓(w) is also required to be predefined, which is similarly specified as a normal
distribution with a diagonal covariance.

After the training process, the mean and variance of the probability distribution
for each weight stop undergoing further updates. In the prediction phase, point
predictions are obtained by averaging the predicted values after sampling from
the predictive distribution. Furthermore, additional information namely UIs, can
be calculated with the help of the standard deviation of each prediction. The data
are pre-processed by using the scikit-learn library [184] and the pandas library
[185], which enables a more effective generalization of the NN. In addition, an
open-source programming language called Pyro [186] for Bayesian inference and
probabilistic modeling in ML is applied.

5.3.2 Training of Gaussian process regression
A GPR model is comprised of a set of random variables. The variables follow
a Gaussian distribution, which is fully determined by the mean function and
the covariance function [118]. Hence, the initial step involves selecting the
suitable mean function, covariance function, and noise. The mean to be
zero is defined because the dataset pre-processing is done using the z-score
normalization. Kernel function holds particular meaning as it conveys prior
knowledge regarding the problem to be dealt with. Different kernels should be
chosen based on the specific applications.

In this work, the hyperparameters of each GPR model are determined using
Bayesian hyperparameter optimization [187]. The objective function is the aver-
age prediction accuracy determined via 5-fold cross-validation. The optimized
hyperparameters included the kernel function, basis function, and initial value for
sigma. The lower bound for sigma (1 · 10�3) is set at ten percent of the default
value. All other parameters are left as default values. The optimized hyperpa-
rameters for each model are displayed in Table 5.3. It can be seen that, depending
on the objective, the squared exponential kernel and the Matern kernel 5/2 with
automatic relevance determination (ARD) exhibit advantageous properties. The
squared exponential kernel is one of the most commonly used covariance func-
tions for GPR, and it is defined as

kSE(x, x
0
) = �2

f
exp[�1

2

kX

i=1

(xi � x
0

i
)2

�2
i

], (5.6)
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Table 5.3: Details of GPR Hyperparameters.

Model Basis function Kernel function
GPR-o1 Constant ARD Matern 5/2
GPR-o2 Linear ARD Matern 5/2
GPR-o3 Constant ARD Squared Exponential
GPR-o4 Constant ARD Squared Exponential

where �f is the signal standard deviation and �i is the separate length scale for
each input parameter. The Matern kernel 5/2 is a generalization of the radial
basis function. It has an additional parameter to control the smoothness of the
resulting function

kMatern(x, x
0
) = �2

f
(1 +

p
5r +

5

3
r2)exp(�

p
5r), (5.7)

r =

vuut
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0
i
)2

�2
i

. (5.8)

Next, the GPR model is trained to repeatedly update the hyperparameters �f and
�i in the kernel function in order to maximize the prediction performance. Once
the kernel function has been identified, the matrix K is calculated using (3.17).
The computation of the joint distribution of y and y⇤ is subsequently performed
by (3.21). Ultimately, the conclusive prediction is derived from (3.23) and (3.24).

5.3.3 Results and analysis
In this section, both of the proposed probabilistic metamodels, BNN and GPR,
are evaluated based on their accuracy in forecasting and predictive uncertainty
using different evaluation criteria.

Evaluation criteria

To evaluate the results of the proposed BNN and GPR models, the SMAPE and
the R2 are used as evaluation metrics to measure the quality of the point pre-
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dictions, which have been introduced in Section 4.3.3. The SMAPE addresses
the issue of the mean absolute percentage error yielding excessively large values
when the true value is relatively small. R2 measures how well the prediction
model fits the data, and the closer R2 is to one, the better the model fits. Be-
fore proceeding with the evaluation of the uncertainty predictions, the upper and
lower bounds of UIs are calculated for each prediction value as follows:

[yL
i
,yU

i
] = [y⇤

i
� Za/2 ·

�ip
n
,y⇤

i
+ Za/2 ·

�ip
n
], (5.9)

where Za/2 denotes the confidence coefficient and �i reflects the standard devi-
ation. n is the number of samples. In order to compare the degree of uncertainty
between the different metamodels, the negative log-likelihood (NLL) [188] and
the prediction interval normalized average width (PINAW) [189] are introduced
as evaluation metrics. A smaller NLL results in a better model at generating the
observed training dataset, and it can be calculated as below:
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log 2⇡ +
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while PINAW assesses the quality of predictive intervals. It is expressed as fol-
lows:

PINAW =
1

N ·R

NX

i=1

(yU
i
� yL

i
), (5.11)

where R represents the range of actual values.

Evaluation of BNN and GPR

In the experiment, the dataset divisions available for BNN and GPR are
identical. Fig. 5.5 and Fig. 5.6 exhibit the deviation of the predicted values
from the true values for both models. The 90 % and 95 % UIs commonly used
in statistics applications are calculated to evaluate the predictive uncertainty.
It can be observed that the prediction obtained by GPR demonstrates higher
accuracy and less fluctuation for tasks o1, o2, and o4. The smaller interval width
of GPR means it offers more reliability than BNN. In predicting torque ripple,
the UIs of GPR are much larger than those of BNN, but the fluctuation of the
point predictions is still less. One potential explanation for this phenomenon is
that during hyperparameter optimization, achieving higher prediction accuracy
may affect the model generalization, resulting in a rise in predictive uncertainty.
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R^2: 0.97

PINAW: 0.041

SMAPE: 1.36%
NLL: -0.11

R^2: 0.99

PINAW: 0.008

SMAPE: 0.13%
NLL: -1.54

R^2 : 0.50

PINAW: 0.103

SMAPE: 24.57%
NLL: 0.76

R^2: 0.99

PINAW: 0.007

SMAPE: 0.01%

NLL: -3.93

R^2: 0.98

PINAW: 0.036

SMAPE: 1.20%
NLL: -0.32

R^2 : 0.98

PINAW: 0.015

SMAPE: 0.58%
NLL: -0.9

Figure 5.5: Prediction performance of BNN.

Both models achieved high prediction accuracy and relatively low uncertainty
on the tasks of predicting o1, o2, and o4. BNN has better performance in
predictive uncertainty regarding torque ripple prediction due to its lower NLL
and PINAW compared to GPR.

Considering the better performance of GPR over a wide range of tasks, GPR is
selected as the final metamodel to engage in the design optimization. Fig. 5.7
illustrates the predictive uncertainty statistics using GPR and their prediction per-
centage errors for the test samples. Most forecasts for KPIs o1, o2, and o4 exhibit
a concentration in the area characterized by low predictive uncertainty. This is
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R^2: 0.99

PINAW: 0.025

SMAPE: 0.26%
NLL: -0.27

R^2: 0.99

PINAW: 0.008

SMAPE: 0.13%
NLL: -1.54

R^2 : 0.74

PINAW: 0.478

SMAPE: 18.98%
NLL: 2.42

R^2: 0.99

PINAW: 0.007

SMAPE: 0.01%

NLL: -3.93

Figure 5.6: Prediction performance of GPR.

due to the fact that the majority of the test samples are distributed in the middle
of the output space, as shown in Fig. 5.4. These samples characterize moderate
machine performance, and thus the predictions for them are less uncertain. In
relation to KPI o3, the standard deviations of the predictions are mainly clustered
in the area close to the center. This phenomenon may be explained by the insuf-
ficient prediction accuracy of o3. In particular, by observing the SMAPE curves,
it can be seen that the prediction error exhibits a general tendency to grow as
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Figure 5.7: Frequency statistics of predictive uncertainty for each KPI using GPR and
associated prediction error.

predictive uncertainty rises. It implies that an increase in predictive uncertainty
tends to be followed by a decline in prediction accuracy.

Discussion of Probabilistic and Deterministic Approaches

The frequently used DNNs as deterministic metamodels have shown their
superiority in the prediction of KPIs [48]. However, they are only able to
output point estimations. The probabilistic metamodels possess the capability
to provide point estimates along with their associated uncertainty, which may
give a wider search range, assisting in locating the optimums. In the following,
the predictive performance among BNN, GPR, and DNN are compared. To
ensure a more equitable comparison, the same multi-branch structure of DNN
as BNN is used. Fig. 5.8 displays the outcomes of these approaches. The results
show that GPR has the best prediction accuracy. In comparison to BNN, DNN
performs slightly better.
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Figure 5.8: KPI prediction performance comparison between probabilistic and determin-
istic metamodels.

In terms of computational efficiency, it takes a total of⇡12 minutes to train four
BNNs, while four GPR models and DNNs take ⇡6 minutes and ⇡3 minutes,
respectively. This effect is caused by probability distributions characterizing the
weights and biases in BNNs, which double the parameter pool. For GPR, it needs
to ”memorize” the complete dataset for training and prediction. Due to the large
number of inverse matrices involved in the training process, when applying GPR
to a dataset of size n, the computational complexity of exact inference is O(n3)
[74]. As a result, probabilistic metamodels are more computationally expensive
and time-consuming than deterministic models. Both BNN and GPR are not
suitable for large datasets. In addition, the performance of GPR depends strongly
on the selection of a kernel function. However, there is currently no complete
theoretical foundation guiding the design of a kernel function customized for a
specific circumstance. It can also be seen that the prediction accuracy of the
BNN is slightly lower than that of the DNN with the same network architecture.
This variation may be attributed to the demand for prior knowledge in the con-
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struction of BNNs. Inaccurate or insufficient prior knowledge may result in large
deviations in the model output.

5.4 Uncertainty-based optimization and results
The combination of the GPR model with probabilistic prediction and MOO is
demonstrated in this section. Two separate optimization strategies are proposed:

1. Strategy I: The point predictions and lower and upper confidence bound val-
ues are directly used in the optimization.

2. Strategy II: Individuals with high uncertainty are constrained.

5.4.1 Optimization problem
In this section, MOO is performed for two KPIs: maximize maximum torque
and minimize material cost. The optimization problem is defined as follows:

max o1, min o4 (5.12a)

s.t. dL
i
 di  dU

i
, i = 1, · · · ,10 (5.12b)

lj  0, j = 1, · · · ,ncons (5.12c)

where di denotes input parameters in Table 5.1 and lj represents constraints
for highly uncertain individuals. The Pareto search algorithm (PSA) [190] is
adopted as the optimization algorithm, which is based on the direct multi-search
principle [191].

In strategy I, point estimations of the GPR as well as their upper and lower
boundary values are applied a at the 95 % UI case, which are calculated using
(5.9), resulting in three individual Pareto fronts. Each input design parameter is
further limited by the dL

i
and dU

i
to reduce geometrically invalid designs before

optimization. Predictions with a high degree of uncertainty are not constrained.
The optimization workflow is displayed in Fig. 5.2.

In strategy II, individuals with high uncertainty are penalized until they are pulled
back within the specified feasible region. The penalty function is defined as
below:

f(d(n)) = f(d(n)) + Inf · max(�n � �lim, 0), (5.13)
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where f(d(n)) is the GPR’s point estimation for the n-th individual. �n denotes
the predictive standard deviation and �lim is the selected threshold. PSA assigns
an infinite penalty value to any point whose estimated standard deviation exceeds
the constraint. Only the designs that have predictive standard deviations below
the predetermined thresholds are exempt from penalties throughout the optimiza-
tion process. Using (5.13), a connection between the predictions and their level
of uncertainty can be established. This allows reducing highly uncertain designs
while generating more confident ones during optimization.

5.4.2 Optimization results
The PSA hyperparameters are set by prior experience, such as Pareto set size
(200) and constraint tolerance (1e-6). The optimization incorporates limitations
on input parameter boundaries in order to reduce the creation of invalid machine
designs.

Results of strategy I

The evaluation of the optimization results with regard to strategy I is firstly
discussed, which is shown in Fig. 5.9. The Pareto front derived from lower
boundary values is on the innermost layer, while the outermost Pareto front is
based on the upper boundary values. In the region of low cost and low torque,
the three Pareto fronts tend to coincide. The design with the lowest torque is
generated by the innermost front. The three Pareto fronts gradually diverge as
torque and cost keep rising. The outermost Pareto front yields the greediest
machine designs with the highest maximum torque and lowest material cost.
To compare the prediction accuracy of designs on different Pareto fronts, fifty
designs from each Pareto front are verified and compared with the FEA. The
results are summarized in Table 5.4.

From the innermost front, the selected optimized machines have the largest av-
erage error in predicting maximum torque ripple (34.18 %), which is possibly
due to the large range of the UI. The designs obtained through the upper bound
values have the best prediction values with the highest torque and power. How-
ever, the actual FEA is lower, resulting in the largest SMAPE for o1 (1.09 %), o2
(0.65 %), and o4 (0.12 %). Designs derived based on point prediction have mod-
erate performance, with the highest average prediction accuracy (o1: 0.83 %, o2:
0.48 %, o3: 30.33 %, o4: 0.05 %). The PINAW for each KPI of each case is also
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Figure 5.9: Pareto front results regarding two strategies.

calculated to evaluate its degree of uncertainty, as shown in Table 5.4. Point pre-
diction has the lowest PINAW, while the upper bound prediction has a higher
PINAW than the lower bound prediction on most tasks. The reason for this trend
is that when optimization is performed via upper bound prediction, the resulting
designs tend to exhibit greedier behavior and possess a higher degree of uncer-
tainty. The geometrical validity of all the designs is checked on each Pareto front,
as shown in Table 5.4. Although the input parameters are initially defined with
certain ranges, around 10 % of the designs generated turn out to be invalid.
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Table 5.4: Comparison of machine designs obtained by different optimization strategies.

Strategy I
Prediction type Lower bound Point estimation Upper bound

Constraint - - -
PINAW o1 0.0435 0.0425 0.0442
SMAPE o1 0.98 % 0.83 % 1.09 %
PINAW o2 0.0161 0.0160 0.0172
SMAPE o2 0.50 % 0.48 % 0.65 %
PINAW o3 0.9100 0.8510 0.8637
SMAPE o3 34.18 % 30.33 % 31.07 %
PINAW o4 0.0012 0.0011 0.0012
SMAPE o4 0.09 % 0.05 % 0.12 %

Invalid designs 20 18 19

Strategy II
Prediction type Point estimation Point estimation Point estimation

Constraint C1 C2 C3

PINAW o1 0.0249 0.0345 0.0418
SMAPE o1 0.23 % 0.47 % 0.80 %
PINAW o2 0.0076 0.0118 0.0150
SMAPE o2 0.15 % 0.34 % 0.42 %
PINAW o3 0.5901 0.6480 0.7881
SMAPE o3 5.94 % 22.73 % 29.74 %
PINAW o4 0.0009 0.0010 0.0010
SMAPE o4 0.01 % 0.01 % 0.03 %

Invalid designs 0 2 6

C1 : �L1 = 0.025,�L2 = 0.0007
C2 : �M1 = 0.040,�M2 = 0.0008
C3 : �U1 = 0.055,�U2 = 0.0009
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Results of strategy II

In optimization strategy II, points with considerable uncertainty are subject
to restrictions. Initially, three distinct sets of thresholds are introduced: the
maximum and minimum predictive standard deviations for the maximum torque
and material cost are firstly calculated. The three constraint sets (�L1 = 0.025,
�L2 = 0.007), (�M1 = 0.040, �M2 = 0.008), and (�U1 = 0.055, �U2 = 0.009)
are then chosen between the maximum and minimum values. As the � value
decreases, the constraints become more stringent. A decline in uncertainty of
the resulting designs is observed following the implementation of constraints
on uncertainty, as shown in Table 5.4. Specifically, as the thresholds of the
constraints drop, there are associated decreases in the PINAW of the optimized
designs. The PINAW of o1, o2, o3, and o4 is reduced by 41.4 %, 52.5 %, 31.7 %,
and 18.2 % compared to the point estimation of strategy I, respectively.

Fig. 5.9 depicts the distinct Pareto fronts corresponding to various sets of
constraints. Under the stronger (lower) constraints with �L1 and �L2, the
maximum optimized torque in all optimized solutions is the smallest, and the
minimum optimized torque is the largest compared to the results under the
other two constraints. The machine design with the highest maximum torque
is achieved by the optimization using �U (weaker constraints). In the same
manner, the designs derived from the �U exhibit a higher maximum material
cost and a lower minimum material cost compared to the other two cases. This
phenomenon is proved by performing FEA validation of the optimized solutions
at both ends of each Pareto front. Relaxing the constraints yields superior
outcomes, although it amplifies the risk owing to higher model uncertainty.
The explanation stems from the direct relationship between the level of limits
imposed on uncertainty and the risk of design being discarded in accordance
with a more aggressive option. The greediest designs are found on the outermost
Pareto front, which is also the area with the highest degree of uncertainty. The
lowest predictive uncertainty is achieved from the innermost designs, although
they are the most conservative.

The frequency statistics of predictive uncertainty for each KPI after the opti-
mization based on strategy II are displayed in Fig. 5.10. The distribution of
all optimized designs over the output spaces o1 and o4 in terms of predictive
standard deviation followed predefined constraints, e.g., in the case of o1 Fig.
5.10 (a) and o4 Fig. 5.10 (d) with lower constraints, the green dots (optimized
designs) on the 1D o1-axis and o4-axis are distributed in areas less than �L1
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= 0.025 and �L2 = 0.0007, respectively. In addition, the uncertainty of the
optimized designs over o2 and o3 is also decreased, even though o2 and o3
are neither optimization objectives. This is because a lot of designs may
have more than one highly uncertain predicted KPIs concurrently. When the
designs with highly uncertain predictions on o1 and o4 are excluded, a portion
of highly uncertain o2 and o3 predictions is concomitantly eliminated. All
optimized machines are split into eight bins regarding uncertainty for each
KPIs. One design for every bin is randomly chosen to perform FEA, and then
the corresponding SMAPE is calculated. The outcomes are shown in Table 5.4.
It can be observed that prediction percentage error tended to rise broadly with
increasing predictive uncertainty.

Moreover, the validity of all optimal solutions is assessed, and the results are
listed in Table 5.4. The validity of the generated designs is greatly improved as
the limiting thresholds of the optimized parameters are reduced. This is because
uncertainty increases with distance to samples. Extreme designs typically have
an excessive degree of uncertainty. They can be filtered out with the help of
restricting uncertainty. The invalidity of designs is reduced by 100 %, 89 %, and
67 % in the case for three different constraint sets. Regarding the duration of
the optimization, it is performed for a population size of 200 based on different
strategies 50 times each. The optimization without constraints has the shortest
average duration of ⇡11 seconds, while the optimization with constraints �L

takes ⇡207 seconds.

In summary, the uncertainty degree and prediction error of the final optimized
machines are reduced by constraining the predictive standard deviation of the
generated designs during the optimization process. The application of ML
probabilistic metamodels allows users to evaluate the quality of predictions and
determine if the level of confidence associated with such predictions is satisfac-
tory. With the proposed design optimization based on predictive uncertainty, the
optimized solutions are not entirely dependent on the algorithm’s choice. In-
stead, further information is used to assist in analyzing the results and taking
further steps if needed.

5.4.3 Sensitivity analysis
In addition to showing excellent performance, a well-optimized design should
also possess robustness, meaning it should not be excessively affected by minor
variations in its design parameters [192], [193]. To investigate the impact of
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Lower constraints
Middle constraints
Upper constraints
Without constraints

(a)

(b)

(c)

(d)

Figure 5.10: Frequency statistics and prediction accuracy for each KPI based on strategy
II optimization.
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the uncertainty-related constraints added in strategy II on the design robustness,
a global sensitivity analysis [194] is conducted on optimized solutions under
different constraints. After optimization, the optimized design parameter vectors
xi = {xi1, xi2, ..., xi10}(i = 1,2,...,Nopt) and corresponding target parameters
(KPIs) with four objectives yi(xi) = {yi1(xi), yi2(xi), yi3(xi), yi4(xi)} are
obtained. Several feasible deviation intervals are applied for each design variable
using relative percentage, e.g., for the design variable xi1, the range is [xi1�xi1 ·
p%, xi1 + xi1 · p%]. LHS is performed to generate 1000 “neighboring” designs
for each optimized solution from Pareto fronts. The KPIs of these “neighboring”
designs are then computed using GPR. The average global sensitivity of the target
variable yij(xi) can be calculated as below [194]:

�glob(yj) =
1

Nopt

NoptX

i=1

exi · (ymax

ij
� ymin

ij
)

yij · (exmax

i
� exmin

i
)
, (5.14)

where exi is the design variable value of the ith optimized individual showing the
largest relative deviation associated with two “neighboring” designs that possess
ymin

ij
and ymax

ij
. In addition, exmin

i
and exmax

i
represent the minimum and max-

imum values of exi inside these two “neighboring” designs, respectively. yij is
the target variable value of the ith optimized individual. Nopt is the number of
optimal solutions on the Pareto fronts. Moreover, another two evaluation metrics
of global sensitivity are calculated:
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They can be used to measure how much the target values of “neighboring”
designs change compared to the base optimal values of the Pareto solutions [194].

The calculations for four optimization scenarios are performed, and the results
regarding global sensitivities are summarized in Table 5.5. The KPI o3 is highly
sensitive, while o1, o2, and o4 are slightly sensitive. The average global sensitiv-
ity�glob(yj) of every target under lower uncertainty constraints is the smallest,
implying that optimization under the lower (stronger) constraints produces ma-
chine designs with the highest average robustness. As the constraints weaken, the
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Table 5.5: Global sensitivity results for the design solutions under different constraints.

Indicator
Sensitivity analysis targets

o1 o2 o3 o4

Lower

constraints

yloss 0.74 % 0.84 % 4.91 % 0.49 %

ygain 0.81 % 0.80 % 4.41 % 0.53 %

�glob 0.82 0.84 4.96 0.55

Middle

constraints

yloss 0.80 % 0.84 % 5.72 % 0.50 %

ygain 0.79 % 0.80 % 5.21 % 0.53 %

�glob 0.89 0.85 5.82 0.55

Upper

constraints

yloss 0.82 % 0.90 % 7.17 % 0.51 %

ygain 0.86 % 0.97 % 7.42 % 0.52 %

�glob 0.93 1.01 7.73 0.57

Without

constraints

yloss 0.93 % 0.90 % 7.15 % 0.54 %

ygain 0.86 % 0.88 % 6.96 % 0.49 %

�glob 0.94 0.95 7.30 0.57

sensitivity of each KPI increases. It can be seen that stronger constraints result
in a slightly improved average robustness of the generated designs. However, the
average sensitivities of KPIs o2 and o3 for designs generated through upper con-
straints are slightly higher than for designs generated without constraints. This
variance is probably due to the fact that only the uncertainties for o1 and o4 are
constrained. Furthermore, the boundary set by the upper constraints might not
be sufficient to have some effect on robustness for every target. The proposed
strategy demonstrates the correlation between prediction uncertainty and design
parameter uncertainty, which can be utilized to generate more robust optimized
solutions.
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5.5 Summary and discussion
This section presents a novel uncertainty-based optimization method for electric
machines. The results are summed up below.

• Two probabilistic metamodels are introduced, which are trained to produce
point estimations of KPIs while also providing associated uncertainty. GPR
outperforms BNNs and DNNs in the case with high forecast accuracy after
validation by FEA. The results indicate that increased uncertainty in prediction
tends to lead to a drop in prediction accuracy.

• Two strategies for optimization with the help of uncertainty quantification are
presented. The results in terms of strategy I indicate that the Pareto front ob-
tained based on the upper boundary values has the greediest machine designs,
but it leads to higher prediction errors and degrees of uncertainty. In contrast,
the designs in the middle of Pareto front have the highest average prediction
accuracy and the lowest uncertainty.

• The proposed strategy II restricts the standard deviation of designs during the
optimization. As the constraints become more stringent, there is a tendency to
exclude machine designs that possess greedier performance, but the resulting
optimized designs have a lower degree of uncertainty and higher prediction
accuracy. In addition, it can also assist in reducing geometrically invalid de-
signs.

• A sensitivity analysis is performed to study the correlation between predictive
uncertainty and the robustness of design solutions. The results show that the
stronger constraints lead to a slightly higher average robustness of the opti-
mized solutions.

The uncertainty information enables users to strike a balance between optimized
design KPIs and prediction accuracy. This research establishes the foundation
for probabilistic metamodeling-based prediction of KPIs and uncertainty-based
optimization in the field of electric machines.

This chapter continues to utilize a relatively large dataset comprising 2951 data
points. The data collection is based on FEA, meaning that generating the dataset
consistently requires significant time investment. The research in this chapter
primarily focuses on proposing the implementation of probabilistic metamodels
and uncertainty information to assist the motor optimization process. However,
no corresponding solution has been provided for the issue of excessive dataset
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generation time. Therefore, the next chapter will discuss data-efficient learning
methods. The focus will be on how models can be effectively trained with mini-
mal data while maintaining a certain level of prediction accuracy.
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Chapter 6
Data-Efficient
Learning-Based
Optimization using Limited
Data

This chapter emphasizes the quick expansion of existing datasets through data-
efficient learning techniques to enhance forecast accuracy. At first, a semi-
supervised learning-based method is introduced in Section 6.2. A developed
self-training framework is able to rapidly increase the dataset size, thereby im-
proving the prediction performance of trained metamodels. The advantages and
limitations of this method are also discussed. Additionally, a novel data-efficient
learning method based on active learning is proposed in Section 6.3. Multiple
probabilistic metamodels are introduced and compared. Subsequently, four dis-
tinct optimization strategies are designed based on the active learning approach.
Furthermore, the optimization of the initial dataset size is explored using the best
optimization strategy. Finally, both methods are summarized and discussed.

6.1 Introduction and motivation
In recent years, a considerable number of studies have concentrated on motor
optimization utilizing deterministic metamodels. Hence, Chapter 5 presents an

125



Chapter 6 Data-Efficient Learning-Based Optimization using Limited Data

innovative optimization method supported by probabilistic models, addressing
the gap in probabilistic metamodels in the domain of ML for motor design
optimization. Thus far, the methods introduced have focused on the models
and the optimization phase. Investigations concerning datasets, particularly
the efficient usage of data and the optimization under limited data conditions,
remain incomplete.

In the field of ML-based motor design optimization, the fundamental reason
why data acquisition consumes significant time lies in the high cost of generating
each data sample. Unlike domains such as image or text where data can be
rapidly collected directly from the real world, motor design data primarily
relies on high-precision finite element simulations. A single electromagnetic
simulation typically requires consideration of magnetic saturation, transient
effects, and multi-condition operation, with computation times often ranging
from minutes to hours. When multi-physics coupling, such as temperature fields
and structural fields, is further introduced, the computational cost per sample
increases significantly. Additionally, motor design spaces are high-dimensional
with strong parameter coupling. To effectively cover the design space and
obtain representative data for ML models, a large number of samples must be
generated. This process also faces the issue of invalid samples. If experimental
data is used, prototype manufacturing and testing cycles are even longer.
Furthermore, influenced by assembly errors and environmental conditions,
repeated experiments are required to ensure data reliability. Moreover, motor
optimization is highly sensitive to prediction accuracy, making low-precision
data inadequate. Consequently, each sample requires rigorous computation
and post-processing, further increasing the time cost of data acquisition and
organization. Collectively, the high computational cost of high-fidelity sim-
ulation, the multidimensional complexity of the design space, and stringent
data quality requirements combine to make data acquisition in this field highly
time-consuming [195].

Therefore, to alleviate the time-consuming nature of dataset generation, data-
efficient learning methods are the primary emphasis of this chapter. The central
approach involves rapidly expanding existing datasets with new data. In subse-
quent sections, two novel data-efficient learning approaches are proposed. The
first method in Section 6.2 rapidly generates additional training data from an
initial dataset. The second method in Section 6.3 iteratively expands a small
dataset by iteratively generating new key data points. A comparison between
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Figure 6.1: Workflow of data-efficient learning method.

conventional methods and data-efficient learning methods is illustrated in Fig.
6.1.

6.2 Semi-supervised learning-based method
So far, most of the studies are based on supervised learning [196]. It requires
a large quantity of well-labeled samples to train the metamodel properly in
order to obtain good generalization ability. Nevertheless, in the field of design
optimization for electric machines, if a large dataset is desired for metamodels,
the time required to collect samples using FEA is substantial. To solve this
issue, a semi-supervised method is proposed for efficiently using data from a
relatively small dataset obtained by FEA. Semi-supervised learning is a recent
type of ML technique developed over the past decade. The idea aims to address
the problem of reduced performance in conventional supervised learning due
to a lack of training data by using unlabeled data during model training with
limited labeled data [197]. It has been widely used in various fields of research,
such as object detection[198], fault diagnosis [199], medical diagnosis [200],
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and power engineering [201].

In the following sections, a self-training framework utilizing semi-supervised
learning is presented to label unlabeled data to expedite the sampling procedure
[O4]. In the beginning, a classifier (geometry checker) and a regression model
(predictor) are trained using initial data labeled by FEA. The classifier examines
design feasibility, while the regression model predicts KPIs of the feasible de-
signs, such as maximum torque and maximum power. Next, pseudo-labels are
created by applying a confidence score to filter out certain predictions made by
the trained models on unlabeled data, as not all predictions are expected to be
trusted. The probabilistic metamodel, namely the Monte-Carlo (MC) Dropout
[202], is introduced to offer uncertainty information. Subsequently, the filtered
pseudo-labels are integrated with the initial labeled data, and retraining is con-
ducted on the combined dataset. The entire process can be repeated many times
until convergence is reached.

6.2.1 Self-training framework and dataset
Self-training is an important learning technique in semi-supervised learning
[144]. The main idea is to find a way to enlarge the initially labeled dataset
with unlabeled datasets. Fig. 6.2 describes the general workflow of self-training
methods.

Initial labeled
dataset Model

Unlabeled
data

Pseudo-
labeled data

1. Train model using initial 
labeled data

2. Label unlabeled data
using trained model

3. Choose pseudo-labels 
with the highest confidence

4. Add pseudo-labeled
data to initial dataset

5. Iterate

Figure 6.2: General workflow of self-training methods.
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Figure 6.3: Self-training framework based on semi-supervised learning for electric ma-
chine design.

Proposed self-training workflow

Based on the concept of self-training, a self-training framework for electric ma-
chine design is proposed, which is illustrated in Fig. 6.3. First of all, LHS is
utilized to generate data vectors due to its efficient coverage of design parameter
space. The data are then identified as geometrically valid and invalid designs.
Valid designs are calculated via FEA to obtain corresponding KPIs. All of the
above is accomplished through the simulation toolchain. At this point, two ini-
tial datasets are obtained: One containing only labels about whether the design
is valid, is used to train the classifier, and the other with simulated KPIs is used
to train the predictor that only predicts KPIs for valid samples. Subsequently, the
detailed steps are described as follows:
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1. Train: The dataset, which includes whether motor geometries are feasible, is
used to train a geometry checker as a classifier initially. The other dataset
with simulated KPIs is fed to a regression metamodel to predict KPIs.

2. Classify: A large amount of new data with only design parameters is gener-
ated via LHS. The geometry checker is then employed to separate these data
into pseudo-valid or invalid ones. Further categorization is done based on
the confidence scores from the probabilistic classifier. The data with high
uncertainty are then discarded.

3. Select: Due to the fact that the initially trained classifier has a certain number
of classification errors, the Mahalanobis distance [203] is applied to calculate
the similarity of the data with pseudo-labels to the initial dataset in order to
remove the outliers from the data. The Mahalanobis distance can be seen
as a modification of the Euclidean distance, correcting the problem that the
dimensions are scale-inconsistent and correlated, as shown in Fig. 6.4. It can
be expressed as follows:

DM =
q
(xi � xj)TS�1(xi � xj), (6.1)

where xi = (xi1, xi2, ..., xin) is the n-dimensional data point with pseudo-
label and xj = (xj1, xj2, ..., xjn) is the data point from the initial dataset. S
is the covariance matrix, which characterizes the correlation of features across
dimensions. Combine each dimension ofm data points into a separate dimen-
sional vector v1 = (x11, x21, ..., xm1),v2 = (x12, x22, ..., xm2),...,vn =
(x1n, x2n, ..., xmn). The average value for each dimensional vector can be
obtained by

vi =
1

m

mX

j=1

vji. (6.2)

The covariance matrix between two dimensional vectors can be calculated by

Cov(vi,vj) =
1

n� 1

mX

k=1

(vki � vi)(vkj � vj). (6.3)

Since the sample mean vi is used instead of the true overall mean when cal-
culating the covariance, the sample covariance is divided by n�1 rather than
n, making it an unbiased estimate of the population covariance. After calcu-
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Figure 6.4: Difference between Mahalanobis distance and Euclidean distance.

lating the covariance between all dimension vectors in pairs, the covariance
matrix S can be achieved:

S = (sij)n⇥n =

2

66664

Cov(v1,v1) Cov(v1,v2) . . . Cov(v1,vn)

Cov(v2,v1) Cov(v2,v2) . . .
...

...
...

. . .
...

Cov(vn,v1) Cov(vn,v2) . . . Cov(vn,vn)

3

77775
. (6.4)

After obtaining the Mahalanobis distance for each unlabeled data point, a
threshold is set. If the Mahalanobis distance is less than this threshold, the
data point is selected for the subsequent step.
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Figure 6.5: Reference PMSM geometry with partial design parameters.

4. Predict: The trained predictor is then adopted to predict KPIs for the selected
pseudo valid data. Up until this point, new data with pseudo-labels regarding
predicted KPIs are obtained.

5. Add: Following the selection process, pseudo valid and invalid data are in-
corporated into the initial dataset, which includes the data for classification.
In addition, the data with predicted KPIs are added to the other initial dataset,
which includes data for regression.

6. Retrain: With the help of the new extended datasets, the classifier and pre-
dictor are retrained to achieve better prediction performances.

This approach can be repeated iteratively until the metamodel’s performance no
longer improves with new added data.

Dataset introdution

The machine template is a PMSM with V-magnets, as shown in Fig. 6.5. A total
of 13 input design parameters and four KPIs are included in the dataset. Table 6.1
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Table 6.1: Details of reference machine parameters.

Symbol Design parameter Min. Max. Unit
d1 Distance from duct bottom to shift 2.0 24.0 mm
d2 Duct opening width 1.0 5.0 mm
d3 Magnet thickness 3.0 6.5 mm
d4 Magnet width 26.0 48.0 mm
d5 Duct thickness 2.0 5.5 mm
d6 Rib height 0.5 2.0 mm
d7 Slot wedge maximum width 3.8 7.0 mm
d8 Slot body bottom width 6.6 9.8 mm
d9 Rib width 1.0 15.0 mm
d10 Minimum distance between side magnets 1.0 22.0 mm
d11 Slot opening width 1.8 3.2 mm
d12 Slot opening height 0.3 1.6 mm
d13 Slot wedge height 1.5 4.2 mm

KPI
o1 Maximum torque N·m
o2 Maximum power kW
o3 Torque ripple at maximum torque N·m
o4 Efficiency at corner point %

shows the parameters about the reference machine. First, the dataset for training
the classifier is collected. The labels for the data only indicate whether the model
is valid or invalid: if valid, the label is 1; if invalid, the label is 0. The initial
training set for the classifier includes 3002 samples (1637 valid designs, 1365
invalid designs). Then, finite element simulations are performed on these 1637
data points to obtain the KPI results for each. The data points labeled with KPIs
are provided to the predictor for training. Finally, these two datasets are split
into training sets and test sets. While the initial training sets have 2836 and 1555
samples, respectively. The number of samples in the two test sets is 166 and 82,
respectively.
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6.2.2 Training of neural networks
A new probabilistic metamodel is implemented to acquire uncertainty informa-
tion for predictions that facilitates data filtering.

Monte-Carlo Dropout

Unlike traditional deterministic (point) prediction, probabilistic metamodels
provide additional information on prediction uncertainty along with point pre-
diction. MC Dropout is a DL approach used to assess the prediction uncertainty
of NN. It involves adding Dropout throughout both the training and inference
stages to produce several predictions. The model’s confidence is then evaluated
by analyzing the variance among these predictions. In [204], it has been proven
that a NN with Dropout layers before each hidden layer is mathematically close
to a Gaussian process. Dropout is a regularization method in which a portion of
the neurons in a NN are randomly deactivated during the training process [205],
as showed in Fig. 6.6. In a standard forward process of a NN, the lth and (l+1)th

hidden layers can be calculated by the following equations:

zl+1
i

= wl+1
i

al + bl+1
i

, (6.5)
al+1
i

= F (zl+1
i

), (6.6)

where zl+1
i

represents the weighted sum of the ith neuron in the (l+1)th hidden
layer. al indicates the output vector of the lth hidden layer. wl+1

i
and bl+1

i
are

the weight and bias vectors to the ith neuron of the (l + 1)th hidden layer. F
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Figure 6.6: Comparison of a standard NN and a NN with Dropout layer.
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means the activation function. For the NN with a Dropout layer, the propagation
can be described as below:

rl
j
⇠ Bernoulli(p), (6.7)

ãl = rl ⇤ al, (6.8)
zl+1
i

= wl+1
i

ãl + bl+1
i

, (6.9)
al+1
i

= F (zl+1
i

), (6.10)

where rl is a vector with the same size as the number of neurons in its
corresponding hidden layer, each of whose values is independent of each other
and has probability p of 1 and probability 1 � p of 0. ãl implies the output
after the Dropout layer. The key insight of the MC Dropout is that doing many
stochastic forward passes with varying Dropout masks allows us to approximate
the posterior. An example is displayed in Fig. 6.7.

Below is the key for implementing the MC Dropout method: Add a Dropout
layer with a suitable Dropout rate before each hidden layer, no matter if it is the
first or last hidden layer. The work [202] suggests using l2 regularization when
the objective is to enhance uncertainty as it moves away from the data. Further-
more, it is also important that the Dropout layers in a traditional NN are activated
during training and deactivated during prediction. However, for a probabilistic
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Figure 6.7: Illustration of MC Dropout architecture with Dropout layers.
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NN using MC Dropout, the Dropout layers remain active during both the training
and prediction phases, which means that each forward pass yields a slightly dif-
ferent prediction. The mean and standard deviation of n times prediction values
can be considered as the final point estimation and uncertainty quantification,
respectively [165]. They can be calculated as follows:

y⇤
i
=

1

N

NX

j=1

y⇤
ij
, (6.11)

�⇤
i
=

sP
N

j=1(y
⇤
ij
� y⇤

i
)2

N
, (6.12)

where N is the number of repetitions. y⇤
ij

is the single prediction of the ith

sample in the jth repetition. y⇤
i

and �⇤
i

are the mean and standard deviation of
N predictions for the ith sample, respectively.

NN architecture and training results

In this work, a deep NN with residual blocks [206] is employed for both the
classification and regression model. Fig. 6.8 shows the architecture of the NN
with two residual blocks. As the depth of the network continues to increase,
model training becomes difficult, and the network degrades. Therefore, this
issue can be well solved by adding residual blocks [206]. A basic residual
block consists of two dense layers and a residual connection. The input and
output dimensions of these two layers remain consistent. To achieve uncertainty,
each dense layer begins with a Dropout layer. A normalization layer after each
dense layer and before the activation function is added to enhance the stability
and convergence speed of the NN [161]. All the data from initial datasets
are preprocessed using z-score normalization to eliminate the effect of scale
between different feature data. The performance of NNs is greatly influenced
by the selection of hyperparameters, such as learning rate, the quantity of
neurons per dense layer, optimizer, and so on. Furthermore, since Dropout
layers and residual blocks are introduced, additional hyperparameters namely
Dropout rate and the number of residual blocks, need to be determined before
training. To lessen the computational burden, trial and error is performed at
the beginning to reduce the range of each hyperparameter. The random search
optimization is then executed to determine the final hyperparameter values. A
5-fold cross-validation is utilized to ensure reliability. In addition, the early
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Figure 6.8: MC Dropout neural network architecture with two residual blocks.

stopping method is also applied during the training process to avoid overfitting.
The determined hyperparameters are summarized in Table 6.2.

In order to evaluate the prediction accuracy of KPI predictor, the evaluation met-
rics, namely SMAPE and R2 are applied, which are introduced in Section 4.3.3.
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Table 6.2: Hyperparameter details of the NN with MC Dropout

Hyperparameter
Optimized values

Classifier Predictor

Learning rate 1.0 · 10�2 0.4 · 10�2

Dropout rate 1.0 · 10�1 0.5 · 10�1

Activation function ELU ELU

Number of neurons 32 106

Number of residual blocks 1 2

Optimizer Adam Adam

To assess the degree of uncertainty, the PINAW is employed, which assesses the
quality of predictive intervals and is introduced in Section 5.3.3. To evaluate the
quality of classification, two evaluation indicators are used: the true positive rate
(TPR) and the false positive rate (FPR). They can be expressed by:

TPR =
TP

TP + FN
, (6.13)

FPR =
FP

FP + TN
. (6.14)

The meaning of true positive (TP), false negative (FN), false positive (FP),
and true negative (TN) are demonstrated in Table 6.3. In classification, TPR
and FPR characterize the model’s discrimination behavior toward positive

Table 6.3: Confusion matrix

Predicted
1 0

Actual
1 TP FN

0 FP TN
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and negative samples from different perspectives. TPR, also known as recall,
reflects the model’s ability to “capture positive samples”. A high TPR typically
indicates the model’s ability to detect as many genuinely important or high-risk
samples as possible. FPR reflects the model’s tendency to produce false
positives. A higher FPR suggests the model is more prone to misclassifying
normal samples as positive. These two metrics typically involve a trade-off,
which is precisely what the receiver operating characteristic (ROC) curve
captures. The ROC curve is essentially derived by continuously adjusting the
classification threshold to observe the relationship between TPR and FPR under
different discrimination criteria [207]. To compute a ROC curve, a binary
classification model that outputs a score for each sample is needed. Next, sort
all samples by their model-generated scores from highest to lowest. Treat each
of these scores as a classification threshold. For any given threshold, samples
with scores greater than or equal to that threshold are classified as positive,
while the rest are classified as negative. A ROC curve closer to the upper-left
corner indicates that the model achieves a higher TPR while maintaining a low
FPR, signifying better performance. In practice, the ROC curve is often used in
conjunction with the area under curves (AUC) [208]. It refers to the area under
the ROC curve, which summarizes the overall discrimination capability of a
binary classification model across all possible decision thresholds using a single
scalar value.

After initially training the classifier and predictor, LHS is utilized to create
10000 candidate designs for pseudo-label generation. These 10000 candidates
contain only the input design parameters, i.e., they do not have any simulation
information. Moreover, they encompass both feasible and infeasible designs.
The geometry checker initially eliminates all infeasible designs. Next, the KPI
predictor is used to forecast KPIs for the remaining feasible designs. A total of
2852 data points with low uncertainty are obtained after passing through the
classifier. The average of the largest and smallest standard deviations in the
predictions is taken as the boundary to distinguish between low and high un-
certainty. Subsequently, 162 samples are further filtered out using Mahalanobis
distance. A total of 2690 samples with valid or invalid pseudo-labels are ob-
tained, which are added to the initial dataset for the classifier. Furthermore, the
samples with valid pseudo-labels are then fed to the KPI predictor. Finally, 948
samples with low uncertainty are acquired with KPI pseudo-labels, which are
also integrated into the initial dataset for the predictor. The dataset size for each
iteration is listed in Table 6.4. The prediction performance of the KPI predictor
based on the initial dataset and the expanded dataset after the first iteration is
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demonstrated in Fig. 6.9. The commonly used 95 % UI are calculated. It can
be seen that the prediction accuracy of the metamodel obtained by training on
the extended dataset increases and the uncertainty decreases. The evaluation
metrics are shown in Table 6.4. The classification performance of the classifier
based on the initial dataset and expanded datasets is demonstrated in Fig. 6.10.
As new data are added, the ROC curve of the classifier shifts progressively
toward the upper left, indicating an improvement in the model’s classification
performance. The AUC is also calculated to evaluate the performance of the
classifier. In the case of the trained classifier based on the expanded dataset after
iteration 1, the AUC is larger, which indicates better classification ability.

Table 6.4: Evaluation summary of KPI predictor based on different datasets

Dataset KPI R2 SMAPE PINAW

Initial

(1555 samples)

o1 0.971 2.053 0.263

o2 0.963 3.209 0.259

o3 0.823 10.37 0.344

o4 0.585 0.569 0.279

Iteration 1

(2503 samples)

o1 0.982 1.794 0.209

o2 0.971 2.879 0.192

o3 0.860 9.645 0.245

o4 0.614 0.539 0.226

Iteration 2

(4042 samples)

o1 0.991 1.605 0.167

o2 0.980 2.713 0.157

o3 0.876 9.237 0.194

o4 0.652 0.537 0.155
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(a)

(b)

Figure 6.9: Prediction performance of KPI predictor based on initial dataset and expanded
dataset after first iteration. (a) Initial dataset. (b) Expanded dataset.
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Figure 6.10: ROC curves of geometry classifier.

A second iteration is executed to further confirm the effectiveness of the self-
training framework. The whole second iteration procedure mirrors the first
iteration. Following the selection algorithm, 4248 samples with low uncertainty
are obtained for the expanded classifier dataset. After the KPI prediction phase,
1539 samples with KPIs predicted by the metamodel are added to the dataset.
Based on the expanded dataset after the second iteration, the classifier and the
predictor are retrained once more. The detailed predictor performance is listed
in Table 6.4. As the dataset size rises, the prediction accuracy of the metamodel
improves. Furthermore, the associated predictive uncertainty diminishes. The
confusion matrix with specific threshold 0.5 is displayed in Fig. 6.11. In this
case, the classifier trained based on the dataset obtained after the second itera-
tion has the best classification performance.

6.2.3 Conclusion and limitations
In this work, a self-training framework based on semi-supervised learning is
presented to enlarge initial datasets. Two metamodels, namely the geometry
classifier and KPI predictor, collaborated to produce pseudo-labels for unlabeled
samples. The probabilistic metamodel MC Dropout is implemented to enhance
the quality of the pseudo-labeled data. It not only offers point predictions but
also provides the uncertainty associated with those predictions. The results
show that each iteration of this approach quickly produces pseudo-labeled
samples to extend the original dataset. Increasing the dataset size enhances
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Figure 6.11: Confusion matrix based on initial dataset and expanded datasets with thresh-
old 0.5.

the performance of the classifier and predictor. The uncertainty of the forecast
outcomes is also reduced.

However, since the new data are obtained through model predictions, they devi-
ate from the real data. They can contaminate the original dataset. As a result, a
two-step selection procedure is designed to eliminate as many unreliable predic-
tions as possible. This process involved initially assessing the predictions based
on their uncertainty, followed by applying Mahalanobis distance to remove any
remaining outliers. Nevertheless, it is impractical to completely ensure the elim-
ination of all data that drastically deviates from the ground truth. Hence, once
the extended dataset reaches a specific threshold of noise, the metamodel’s per-
formance will stop increasing and may even decline. Additionally, the original
dataset has to fulfill certain requirements, namely, the initially trained metamod-
els need to possess a certain level of prediction accuracy. If the metamodel is
initially inaccurate, the subsequently generated data will progressively diverge
more and more from the true values.
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6.3 Active learning-based optimization
In Chapter 5, the literature review shows that probabilistic metamodeling has
been well studied and widely applied in many research areas. In the field of
electromagnetic design optimization, this dissertation pioneers an optimization
method based on probabilistic metamodels, incorporating uncertainty informa-
tion as constraints to yield more reliable solutions throughout the optimization
process [O3]. Nevertheless, there are still three major issues that need to be ad-
dressed:

1. Which probabilistic metamodels are more appropriate for predicting KPIs and
better for optimization? A comprehensive comparative study of various prob-
abilistic metamodels for the design optimization of electric machines has not
been published.

2. Since FEA remains necessary throughout the data acquisition phase, large
datasets typically come with a massive computing burden. As a result, there
is a lack of studies on how to effectively use predictive uncertainty information
to shorten the duration of the entire optimization framework.

3. Furthermore, in the case of small datasets, minimizing the error between the
final optimization solutions predicted by the probabilistic metamodels and the
FEA verification is another challenge that has to be overcome.

To resolve the aforementioned three issues, this section proposes a new op-
timization framework with an iteratively expanded dataset using probabilistic
metamodels to improve the prediction accuracy of optimal solutions [O5]. In
the beginning, a relatively small dataset is generated with the help of the auto-
matic simulation toolchain. Based on the initial dataset, a comparative study on
six metamodels, including probabilistic models (MC Dropout, deep ensemble
(DE), GPR, VI, and Markov chain Monte Carlo (MCMC)), as well as the MLPs,
is conducted. They are evaluated in three aspects: prediction accuracy, uncer-
tainty degree, and time consumption. Then, four distinct optimization strategies
are introduced in order to improve the accuracy and reliability of the optimal
outcomes. The fundamental idea is to continually produce new data through it-
erative optimization and add them into the original dataset, which is also known
as active learning. Active learning is a data-efficient learning method where the
most valuable data are chosen and labeled by active selection [209], as shown
in Fig. 6.12. The aim is to optimize the performance of a model by utilizing a
minimal number of high-quality samples for labeling.
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Initial
Labeled

data

Trained
model

Unlabeled
data

Annotation

Active learning
loop

Train a model Make predictions

Select key
data to label

Add key data
to initial dataset

Figure 6.12: Flowchart of active learning process.

6.3.1 Methodology
This section presents the fundamentals of five distinct probabilistic metamodels
that will be utilized in the following research.

Monte Carlo Dropout

MC Dropout is a method used in DL to estimate model uncertainty. Its core idea
is to extend the Dropout technique, which originally applied only during training,
to the testing phase, approximating Bayesian inference through multiple random
forward passes. In standard NN training, Dropout randomly “drops” a portion
of neurons with a certain probability to reduce overfitting. However, Dropout is
typically disabled during testing, transforming the network into a deterministic
model. In contrast, MC Dropout remains active during testing, performing mul-
tiple forward passes on the same input. Each pass yields slightly different model
outputs due to the varying neurons randomly dropped. By statistically analyzing
these multiple outputs (e.g., calculating mean and variance), the degree of varia-
tion among the outputs allows us to quantify the model’s uncertainty in addition
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to obtaining the average forecast as the final output. More details are given in
Section 6.2.2.

Deep ensemble

MC Dropout operates by repeatedly performing forward propagation with the
same input. Additionally, each forward pass corresponds to a slightly different
network structure because of the dropout. In a similar way, MC dropout could
also be viewed as an ensemble of multiple NN, which are suggested with dis-
tinctly initialized weights but the same structure to approximate the Bayesian
inference [210]. Fig. 6.13 demonstrates the workflow of DE. This method in-
volves training multiple NN independently and then combining their predictions
to improve the overall performance of the model and obtain predictive uncer-
tainty. For a same input sample xi, t NN with different initial weights need to
be trained. Then, the mean prediction y⇤

i
and corresponding standard deviation

�⇤
i

can be calculated using (6.11) and (6.12) based on t prediction results.

… …

𝒙𝒊

… …

𝒚𝟏

… …… …

𝒚𝟐

… …… …

𝒚𝒕

𝒙𝒊

𝒙𝒊

Figure 6.13: Illustration of DE with multiple inference processes.
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Figure 6.14: Illustration of BNN with probability distributed weights.

Variational inference

Variational inference (VI) converts a Bayesian inference problem into an opti-
mization problem. It attempts to approximate the posterior distribution of BNN’s
weights. In BNNs, instead of having a single deterministic set of weights, the
weights are set as random variables with a distribution that reflects uncertainty
about their values, as displayed in Fig. With the help of VI, a solvable optimiza-
tion problem without p(D) can be obtained. The only task is to handle the prior
distribution p(w) and the likelihood p(D|w). Consequently, the inference prob-
lem is simplified to a manageable optimization task. More details can be found
in Section 5.1.2.

Gaussian process regression

As introduced in Section 3.1.2, GPR is a nonparametric regression method based
on Bayesian theory that performs prediction by defining probability distribu-
tions over the function space. Unlike traditional regression methods that directly
estimate model parameters, GPR assumes the target function itself follows a
Gaussian process. This means that at any finite set of input points, the function
values obey a joint Gaussian distribution. This Gaussian process is fully charac-
terized by a mean function and a covariance function, where the mean function
describes the overall trend of the function, while the covariance function cap-
tures the correlation and similarity between different input points. By selecting
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an appropriate kernel function, assumptions about the function’s smoothness,
periodicity, or other structural features from the prior can be incorporated into
the model. Given training data, GPR employs Bayesian inference to obtain the
posterior distribution of the target function. This enables it to provide not only a
predicted mean as the regression result for new input points but also a predicted
variance to measure uncertainty.

Markov chain Monte Carlo

Another powerful approach for probabilistic predictions is the Markov chain
Monte Carlo (MCMC). The basic MC method relies on repeated random sam-
pling to obtain numerical results. A Markov chain is a sequence of random
variables where the probability of each variable depends only on the state of the
previous variable. Combining these methods with other algorithms, MCMC en-
ables an approximation of the desired posterior distribution of model parameters
given data [211]. Fig. 6.15 describes the workflow of MCMC. An initial sample
is generated in the state space. It moves to a new state in the next step based on a
transition rule that depends only on the current state. Subsequently, a decision is
made regarding the acceptance or rejection of the new state, taking into consider-
ation a criterion that frequently involves the desired distribution. The transition
and acceptance processes are iteratively performed, resulting in a chain of sam-
ples that eventually resembles the posterior distribution. A commonly used
MCMC method is the Metropolis-Hastings algorithm [213]. Another improved
algorithm, namely Gibbs sampling, is more efficient due to directly sampling
new states from their conditional distributions [214]. This eliminates the re-
quirement for the rejection step. In this work, an advanced MCMC algorithm
known as no-u-turn sampler is employed due to its automatic parameter tuning
and faster convergence. The no-u-turn sampler is capable of effectively manag-
ing high-dimensional spaces and intricate correlations by considering the joint
distribution of all variables. In addition, it can reduce autocorrelation across
samples by making larger, informed moves throughout the state space [215].

6.3.2 Dataset acquisition
The electric machine template used in the following work is a PMSM, as
displayed in Fig. 6.16. A total of 12 input design parameters are defined that
can characterize the machine template decently. Four output KPIs are selected
as prediction targets. Table 6.5 summarizes more details of the parameter
definition. Due to the high dimensionality of the inputs and the broad range
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of each input, LHS is applied to generate a widely covered design space.
Geometrically infeasible designs are eliminated, and the KPIs are computed
through the automatic simulation toolchain. At the end, a preliminary dataset
with 500 samples is collected.

To ensure the dependability of the dataset, the Pearson correlation coefficient
between each of two parameters is calculated, as shown in Fig. 6.17. The
Pearson coefficient quantifies the strength and direction of the linear relation-
ship between two variables. In general, there is a strong correlation between the
design parameter and the KPI, but a weak correlation between the design param-
eters themselves. The high coefficient between design parameters d3 and d5 is
noteworthy, since it arises from the inherent geometric limitations between the
inclination angle of the V-magnet and the length of the bar magnet.

𝒘

Initial sample

Posterior
distribution

Prior 
distribution

𝒘𝟎
𝒘𝟏

𝒘𝟏𝟏

…
…

𝒘𝟏𝟎

Rejected
sample

Figure 6.15: Illustration of MCMC’s workflow adapted from [212].
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Figure 6.16: Geometry of the reference PMSM.

Figure 6.17: Correlation map of varied input and output parameters.
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Table 6.5: Details of reference machine template parameters

Symbol Design parameter Min. Max. Unit
d1 Magnet 1 width 15.0 28.0 mm
d2 Magnet 1 height 2.0 8.0 mm
d3 Magnet 2 width 20.0 40.0 mm
d4 Magnet 2 height 2.0 8.0 mm
d5 Magnet inclination angle 30.0 56.0 deg
d6 Width between magnet 2 and air gap 1.0 3.0 mm
d7 Flux barrier width 1.0 6.0 mm
d8 Slot width 3.5 5.0 mm
d9 Slot height 10.0 20.0 mm
d10 Width between flux barrier and air gap 1.0 6.0 mm
d11 Air gap 0.5 2.0 mm
d12 Rotor outer diameter 130.0 140.0 mm

KPI
o1 Maximum torque N·m
o2 Maximum power kW
o3 Torque ripple at maximum torque N·m
o4 Material cost Euro

6.3.3 Comparative study of metamodels
In this section, the prediction performance of six different metamodels are com-
pared, namely, MLP, MC Dropout, DE, VI, GPR, MCMC.

Hyperparameter optimization

The dataset is first split into two portions, with 10 % for testing and 90 % for train-
ing. Each metamodel is trained to predict one KPI, aiming to improve prediction
accuracy and minimize model complexity. To determine optimal hyperparam-
eters for each metamodel, the range of each hyperparameter by trial and error
is reduced, e.g., the learning rate range of the MLP for predicting maximum
torque is narrowed to 0.001-0.005 instead of 0.001-0.1. Subsequently, a 9-fold
cross-validation is conducted, where the training set is further partitioned into
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nine parts, with eight parts used for training and one part used for validation,
resulting in a total of nine cycles. The 9-fold division ensures the same amount
of validation and test data. Moreover, the random search is used to find opti-
mal hyperparameters to minimize the 9-fold cross validation error. Table 6.6
displays more details of the general hyperparameters for each metamodel with
different KPI predictions. As MC Dropout, DE, and VI all rely on the NN struc-
ture, the identical network structure parameters are utilized as MLP, including 3,
3, 4, and 2 hidden layers and 72, 64, 30, and 98 neurons for o1, o2, o3, and o4,
respectively. In general, MCMC and ANNs are two different methods in their
foundations and purposes. However, advanced methods can implement ANNs
in an MCMC framework to estimate complex probability distributions [216]. In
this work, an optimized MLP structure is also adopted in MCMC. Since both VI
and MCMC involve BNN inference, it is crucial to set up prior distributions for
the weights and biases of the networks in advance. Nevertheless, accurately de-

Table 6.6: Details of hyperparameters for each metamodel in form of o1 | o2 | o3 | o4

Number of epochs Learning rate

MLP 110
�� 125

�� 50
�� 70 0.003

�� 0.003
�� 0.0008

�� 0.002

MC Dropout 70
�� 80

�� 40
�� 85 0.005

�� 0.003
�� 0.001

�� 0.002

DE - 0.003
�� 0.003

�� 0.0008
�� 0.002

VI 4500
�� 4000

�� 2000
�� 3000 0.012

�� 0.01
�� 0.011

�� 0.01

GPR 40
�� 130

�� 50
�� 190 0.4

�� 0.8
�� 0.5

�� 0.5

MCMC - -

Activation function Repetition

MLP ELU
�� ELU

�� ReLU
�� ReLU -

MC Dropout ELU
�� ELU

�� ELU
�� ReLU 10

DE ELU
�� ELU

�� ReLU
�� ReLU 40

VI ELU
�� ELU

�� ELU
�� ReLU 50

GPR - -

MCMC ELU
�� ELU

�� ReLU
�� ReLU -
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termining them is an issue due to their absence of physical relevance. To address
this issue in practice, the standard Gaussian distribution is employed for every
weight and bias, namely p(w) ⇠ N (0, I) [181]. Furthermore, two key hyper-
parameters of MCMC are specified: the number of samples (optimized results:
1000, 1000, 1200, and 800 for o1, o2, o3, and o4, respectively) and the number
of warm-up steps (optimized results: 200, 200, 300, and 100 for o1, o2, o3, and
o4, respectively). The warm-up phase is used to adjust the parameters and en-
sure the chain has reached the stationary distribution. Following the warm-up
phase, the number of samples corresponds to the desired quantity of samples to
be extracted from the posterior distribution. As the number of samples increases,
the approximation of the posterior distribution becomes more precise. Yet, an
increased number of samples necessitates more computing resources. For GPR,
the selection of the kernel function is directly related to the performance of the
model. Hence, the kernel functions with different length scales are optimized
(30, 1, 1, and 3 for o1, o2, o3, and o4, respectively). The result indicates that
the Matern kernel (o1 and o4), rational quadratic kernel (o2), and radial basis
function kernel (o3) show superiority in different tasks.

Prediction results and analysis

Fig. 6.18 exhibits the test prediction results of MLP. It can be seen that the MLP
possesses high prediction accuracy in predicting the maximum torque, maxi-
mum power, and cost. But there is a large error in the forecast of torque ripple
at maximum torque. One possible reason is the insufficiency of training data.
The prediction performance of GPR is demonstrated in Fig. 6.19. GPR exhibits
considerable predictive uncertainty when forecasting torque ripple. Predictions
of maximum power and material cost show high accuracy. The prediction er-
ror for maximum torque is relatively larger, with a slightly higher degree of
uncertainty. Table 6.7 summarizes the evaluation details of various metamod-
els. It can be seen that MCMC exhibited superior performance in terms of both
accuracy in point prediction and predictive uncertainty, as reflected by the mark-
ings in bold and shown in Fig. 6.20. However, the computational time required
for the MCMC training was almost a thousand times longer compared to other
metamodels. GPR provided great computational efficiency, requiring only a few
seconds to train a model. Furthermore, it surpassed other metamodels except
MCMC in both prediction accuracy and uncertainty degree.
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Figure 6.18: KPI prediction performance of MLP over test set.

Figure 6.19: KPI prediction performance with uncertainty intervals of GPR over test set.
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Figure 6.20: KPI prediction performance with uncertainty intervals of MCMC over test
set.

6.3.4 Active learning-based optimization and results
In this section, four different optimization strategies based on active learning
are proposed. Their corresponding optimization results are also presented and
analyzed.

Optimization problem and strategies

A MOO in terms of maximum torque and maximum power is performed. The
optimization problem is defined by

max! o1, max! o2 (6.15a)

s.t. dL
i
 di  dU

i
, i = 1, · · · ,10 (6.15b)

hj  0, j = 1, · · · ,ncons (6.15c)

where dL and dU are the predefined lower and upper bounds of design param-
eters. hj reflects the constraints during optimization. The NSGA-II is adopted
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Table 6.7: KPIs evaluation of six metamodels in form of o1 | o2 | o3 | o4

MLP MC Dropout

R2 0.9910
�� 0.9986

�� 0.1785
�� 0.9993 0.9903

�� 0.9951
�� 0.1563

�� 0.9985

SMAPE 1.13 %
�� 0.58 %

�� 35.94 %
�� 0.19 % 1.26 %

�� 1.00 %
�� 36.69 %

�� 0.26 %

PINAW - 0.09
�� 0.07

�� 0.16
�� 0.06

Training time 8 s
�� 10 s

�� 5 s
�� 12 s 8 s

�� 11 s
�� 4 s

�� 13 s

DE VI

R2 0.9890
�� 0.9984

�� 0.1701
�� 0.9987 0.9869

�� 0.9957
�� 0.0410

�� 0.9935

SMAPE 1.38 %
�� 0.64 %

�� 36.63 %
�� 0.28 % 1.51 %

�� 1.02 %
�� 40.98 %

�� 0.51 %

PINAW 0.08
�� 0.04

�� 0.16
�� 0.04 0.08

�� 0.05
�� 1.06

�� 0.05

Training time 80 s
�� 100 s

�� 50 s
�� 120 s 104 s

�� 87 s
�� 73 s

�� 66 s

GPR MCMC

R2 0.9903
�� 0.9987

�� 0.991
�� 0.9993 0.9966

�� 0.9991
�� 0.2650

�� 0.9997

SMAPE 1.16 %
�� 0.55 %

�� 36.52 %
�� 0.04 % 0.72 %

�� 0.48 %
�� 37.85 %

�� 0.13 %

PINAW 0.09
�� 0.03

�� 0.87
�� 0.02 0.07

�� 0.03
�� 0.60

�� 0.02

Training time 2 s
�� 5 s

�� 4 s
�� 13 s 116 min

�� 110 min
�� 133 min

�� 88 min

because of its computational efficiency and accuracy in solving multiobjective
problems. MOO hyperparameters are set empirically, such as the number of gen-
erations (1000), population per generation (100), and mutation probability (0.9).
As stated in Section 6.3, the aim is to decrease the time required for the entire
set of MOO and improve the accuracy of the final predicted solutions compared
to the FEA verification. To achieve the goals, four MOO strategies are proposed
to compare their results, as illustrated in Fig. 6.21. These strategies are based on
the idea of active learning, where the model actively selects the most informative
data points to be labeled by a human annotator to improve its learning efficiency.
The annotation in this study is realized by FEA. Active learning is especially
beneficial in situations when acquiring labeled data is costly.
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By picking the most informative data, the model can achieve improved
performance with a few labeled instances. Therefore, the number of key data
selected for each iteration is a critical parameter that must be determined in
advance. A number of n key data with the highest uncertainty are simulated
using FEA. The key data with simulated KPIs are added into the initial dataset.
The expanded dataset is utilized to retrain metamodels iteratively to obtain
improved prediction ability and repeated the same procedure. As n increases,
the duration of the annotation and the required number of iterations increase.
However, the key data acquired becomes more beneficial for further training.
Therefore, a comparative study for different numbers of key data is carried out,
as shown in Fig. 6.22. First, for each iteration, selecting only 10 key data points,
a total of eight iterations are completed, with the final model training results
and time consumption recorded. Subsequently, for each iteration, selecting only
20 key data points, a total of four iterations are completed, as this approach
maintains a consistent total number of selected key data points. Similarly, for
each iteration, 30 key data are selected, with a total of three iterations; for each
set of 40, 50, and 60 key data, there are a total of two iterations. It can be
seen that the lowest prediction errors are obtained by adding 10 key data per
iteration for a total of 8 iterations and by adding 60 key data per iteration for
a total of 2 iterations. This also indicates that they need the greatest amount
of time. However, the time required for adding 40 key data each iteration
across two iterations is the least, although it is related to the highest prediction
errors. Overall, 40 key data points are chosen eventually for each iteration as
the standard. More details of the proposed strategies are described below:

1. Strategy I: At the beginning (iteration 0), the initial dataset with 500 sam-
ples is utilized to train two deterministic MLPs for o1 and o2. Following
that, the machine design optimization is carried out with the assistance of the
trained MLPs. There are 100 solutions in the final Pareto front. Every solu-
tion undergoes FEA annotation, which also means labeling, to determine the
absolute error between simulation and prediction. To ensure a small selection
of key data while still being sufficient for the models to learn new features,
the 40 labeled solutions with the highest errors are chosen and added to the
initial dataset. In iteration 1, MLPs are retrained (updated) on the augmented
dataset with 540 samples to achieve better prediction performance. Then, the
updated MLPs are again employed in the optimization process. After obtain-
ing a new set of 100 optimized designs, FEA annotation is again conducted.
Likewise, an additional 40 key samples with the highest errors are included
in the dataset, and so forth for the remaining iterations.

158



Chapter 6 Data-Efficient Learning-Based Optimization using Limited Data

Figure 6.22: Comparison of computation time and KPI prediction errors for different
numbers of key data.

2. Strategy II: The model training followed Strategy I, with the sole exception
that the probabilistic metamodels are trained. After optimization, the pro-
posed approach is modified by verifying only 40 key predicted designs that
exhibit the highest degree of uncertainty, as opposed to all designs as done in
Strategy I. This step enables a more efficient annotation process. The same
procedure is repeated as above for the remaining iterations.

3. Strategy III: In this case, the probabilistic metamodels are trained as in
Strategy II. In the next step, 20 test data samples with the highest predic-
tive uncertainty are selected. For each of the sample points, two neighbors
are simulated. 40 new simulated data samples are then added to the initial
dataset. After several iterations, the last trained metamodel is developed in
the optimization algorithm and the final Pareto front is achieved. Here, the
post-sampling loop is brought forward to the testing session, no longer after
each optimization.

4. Strategy IV : It is a combination of Strategies II and III. In each iteration, 20
key data from testing and 20 key data from optimization depending on the
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level of uncertainty are verified via FEA. At the end of each iteration, key
data are added to the initial dataset.

In the experiment, a total of two active learning iterations are predefined, and
40 key data samples are added to the initial dataset during each iteration. As a
result, the dataset is expanded to 580 samples and used to update metamodels
in iteration 2. Theoretically, the dataset could be expanded through an infinite
number of iterations. But this would result in an increase in time consumption.
This section mainly focuses on the effectiveness of different strategies. The trade-
off issues of how many iterations are most suitable and how many key data to
select for annotation in each iteration will be introduced in the next section. For
Strategy I, MLPs are implemented as metamodels. GPR is adopted for Strategies
II, III, and IV because of its overall great abilities in terms of prediction accuracy,
predictive uncertainty, and time consumption.

Optimization results and analysis

The iteratively predicted optimization results based on Strategy I are illustrated
in Fig. 6.23. The Pareto fronts obtained by model prediction are in red, while
the actual Pareto fronts verified using FEA are in green. The blue line delineates
the absolute error between the prediction and FEA. Compared to the FEA
verification, the optimal Pareto front predicted by the metamodels trained on
the initial dataset has a large error, particularly in the frontal and rear sections
of the Pareto front. In iteration 1, the predicted solutions in the head of the
Pareto front receive a significant reduction in error, whereas the tail still exhibits
a large error. The overall optimized designs yield the maximum prediction
accuracy after the second iteration. Fig. 6.23 demonstrates that the accuracy of
the optimization results has continuously improved with the addition of a small
volume of key data after each iteration.

Regarding Strategy II, the initial optimization results from GPR are generally
overpredicted. After iteration 0, 40 key data are chosen and added to the initial
dataset. With this expanded dataset, the metamodel is retrained and used in
the optimization process. It can be seen that the overall error is significantly
reduced, especially in the low torque and high power area. There is still a
relatively high error in the high torque area. After two iterations of model
retraining, the estimated Pareto front is closely aligned with the FEA validation,
as shown in Fig. 6.24. Furthermore, the predictive uncertainty decreases as the
iterations progress.
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Figure 6.23: Predicted Pareto fronts using Strategy I compared with FEA verification.

The result is achieved according to Strategy III, as seen in Fig. 6.25. The initial
dataset is expanded iteratively by simulating crucial data based on the test set’s
prediction outcomes, and the optimization procedure is carried out only during
the final iteration. It can be observed that despite two rounds of data expansion,
GPR still overestimate the KPIs for each optimized design. The uncertainty
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Figure 6.24: Predicted Pareto fronts using Strategy II compared with FEA verification.

of the prediction is also not very clearly reduced. One possible reason is that
the acquired key data based on the test set are global rather than local optimal
regions. In Strategies I and II, the selection of key data is dependent on the
optimization findings, ensuring that the key data are always inside the optimal
region. Within each iteration, the metamodel’s prediction capacity for the
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points in the optimal zone continues to strengthen, resulting in iteratively more
accurate optimal designs.

Figure 6.25: Predicted Pareto fronts using Strategy III compared with FEA verification.

Fig. 6.26 displays the optimization results obtained using Strategy IV. In this
case, 50 % of the key data are derived from the simulated samples around test set,
while the remaining 50 % are obtained from the optimal region. After the first
round of retraining, the model’s predictive capability is comprehensively cor-
rected, particularly in the high-torque, low-power region. Following two rounds
of iteration, the final model achieves high predictive accuracy, with the vast ma-
jority of predictions aligning with FEA results. Only a slight discrepancy persists
at the very end.

Table 6.8 lists the FEA verification of each iteration’s optimized solutions.
It can be seen that Strategy IV greatly decreases the prediction error of the
final optimization results after including certain key data from the optimal
zone. Strategy II exhibits the most accurate design optimization regarding
maximum torque and maximum power, with SMAPE of 0.20 % and 0.08 %,
respectively. In addition, to compare the proposed strategies, a base group
is introduced, i.e., 580 data obtained directly through sampling. The results
show that the SMAPE with the initial 580 samples is lower than the other
strategies at iteration 0, as described in w/o Strategy in Table 6.8. But it is
inferior to the final performance of the suggested strategies. Since Strategy I
involves deterministic metamodels, it is necessary to verify all optimal solutions
through simulation to quantify the absolute errors. In contrast, probabilistic
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Figure 6.26: Predicted Pareto fronts using Strategy IV compared with FEA verification.

metamodeling allows us to make point predictions and determine the level of
uncertainty associated with each forecast. Which solutions can be selected
based on the uncertainty would serve as key data for annotation. To better
understand the distinction between picking key data based on absolute error
and uncertainty, the chosen data for each iteration of Strategy I and Strategy II
are plotted in Fig. 6.27. Strategy I primarily focuses on choosing designs with
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Table 6.8: SMAPE between FEA verification and optimal solutions in form of o1 | o2

Iter. 0 Iter. 1 Iter. 2
Strategy I 1.60 %

�� 0.83 % 0.83 %
�� 0.14 % 0.73 %

�� 0.12 %
Strategy II 1.87 %

�� 0.85 % 0.50 %
�� 0.12 % 0.20 %

�� 0.08 %
Strategy III - - 1.51 %

�� 0.55 %
Strategy IV 1.87 %

�� 0.85 % 0.77 %
�� 0.56 % 0.30 %

�� 0.11 %
w/o Strategy 1.56 %

�� 0.66 % - -

Figure 6.27: The chosen key data of each iteration regarding Strategies I and II.
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high power and low torque while only including a limited number of designs
with middle power and torque (light purple). Strategy II selects a few solutions
with high power and low torque while picking many solutions with moderate
KPIs (light blue). In the second round, Strategy I shifts to the designs with high
torque and low power (dark purple), whereas Strategy II concentrates on the
machines that featured either high torque or high power (dark blue). Therefore,
it can be inferred that the selected strategy greatly impacts the distribution of
the selected key data, subsequently influencing the retraining of the metamodels.

This research considers the time consumption differences between various
strategies as an important aspect. Table 6.9 summarizes the time required
for each step in each iteration. Each iteration comprises three processes: 1)
Metamodel training (two metamodels for predicting maximum torque and
maximum power, respectively) combined with hyperparameter optimization;
2) Machine design optimization; 3) Selection of key data points, simulation
via FEA, and addition to the dataset. In the toolchain, the average simulation
time for each design is 6 minutes. It is evident that the collection of initial data
and the annotation of key data are the two most time-consuming parts, as they
involve simulation. Strategy I consumes the longest time, due to the fact that
FEA is performed for each optimal design. Strategies II, III, and IV require
approximately the same amount of time, resulting in a time savings of around
23 % compared to Strategy I. Despite Strategy II requiring almost 1 hour more
computing time than without strategy, it leads to significant improvements
of around 82 % and 89 % for o1 and o2 in the prediction accuracy of the
optimization results.

It should be remarked that in this study only one type of motor template is dis-
cussed, i.e., PMSM with one V-magnet and one bar magnet, as shown in Fig.
6.16. Based on this template, Strategy II exhibits superior performance in terms
of prediction accuracy and temporal efficiency. In fact, there is no guarantee that
Strategy II yields the best outcomes for all machine templates. The main goal
of this work is to extend the dataset’s size by a data-efficient learning method,
namely, active learning. Of the four proposed strategies, the first one uses the
conventional absolute error as an indication, although it requires the most time.
The other three strategies use uncertainty as a criterion for identifying key data,
therefore saving time significantly. All four strategies are based on the idea of
data augmentation to iteratively improve the optimization results. As to which
of these strategies is more effective for which machine template, it depends on
how to balance the accuracy of the final prediction results and the total time cost.
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6.3.5 Investigation of optimal dataset sizes
In the previous section, four active learning-based optimization strategies (Fig.
6.21) are explored and compared, with Strategy II yielding the final solutions
exhibiting the lowest error relative to the FEA. Its principle involves filtering a
certain number of key data based on predicted uncertainty, then adding them
to the initial dataset and retraining the model to achieve higher prediction
accuracy. In this context, a dataset of 500 samples is used, with 40 key data
points selected for each iteration. The question arises: if the initial sample size
is further reduced, can reliable predictions still be obtained? Therefore, the
benchmark is established using the case in the previous section, namely, 500
initial data points plus two iterations, resulting in a final dataset of 580 samples.

In this section, the same machine template and parameter setting as Table 6.5
remain. Another four independent small datasets, including 100, 200, 300,
and 400 samples, are collected. The focus of the investigation is how many
initial data points combined with how many iterations can achieve or exceed the
benchmark results [O6]. Is it possible to achieve highly accurate optimization
solutions even with limited datasets, while significantly reducing overall time
costs?

First, the training process remains consistent with the previous section, including
the same dataset partitioning and hyperparameter optimization. Next, follow the
process of optimization strategy II, metamodels are trained using five different
sizes of datasets, respectively, as shown in Fig. 6.28. Table 6.10 summarizes
the test results based on the initial datasets. It can be seen that the prediction
accuracy is strengthened by increasing the size of the initial dataset. This is
because the model can learn from more diverse samples, thus improving its gen-
eralization ability instead of memorizing. In addition, the uncertainty of the
prediction correlates with the size of the dataset. An increase in data quantity
results in a reduction of prediction uncertainty. Then, the MOO is conducted
to obtain optimization solutions. A total of 1000 generations and a population
size of 100 are established as in the previous section. The iterative optimization
results of the benchmark dataset 500 are shown in Fig.6.24. Theoretically, data
augmentation can be executed for countless iterations, but it also implies longer
time consumption. Hence, the results of 580 samples are treated as the bench-
mark, and iterations on other datasets are stopped until their results exceed the
benchmark. Table 6.11 summarizes the SMAPE between predictions and FEA
verifications based on all datasets after each iteration. The dataset 100 attains
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Initial dataset candidates
(100, 200, 300, 400, 500)

Training & Testing
Train and test

probabilistic surrogate
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Only simulate the predicted
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uncertainty
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designs to the initial 
dataset
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Figure 6.28: Workflow of the optimization strategy II.

Table 6.10: Training results based on five initial datasets

Dataset - 500 Dataset - 400 Dataset- 300
o1 o2 o1 o2 o1 o2

R2 0.9903 0.9987 0.9900 0.9965 0.9798 0.9945
SMAPE 1.16 % 0.55 % 1.21 % 0.60 % 1.31 % 0.77 %
PINAW 0.09 0.03 0.10 0.05 0.12 0.06

Dataset - 200 Dataset - 100
o1 o2 o1 o2

R2 0.9795 0.9934 0.9452 0.9874
SMAPE 1.42 % 0.86 % 1.91 % 1.29 %
PINAW 0.18 0.09 0.55 0.22
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Table 6.11: SMAPE between predicted optimal designs and FEA verification after each
iteration

Dataset - 500 Dataset - 400 Dataset - 300
o1 o2 o1 o2 o1 o2

Iteration 0 1.87 % 0.85 % 2.63 % 0.95 % 3.22 % 1.16 %
Iteration 1 0.50 % 0.12 % 0.47 % 0.18 % 0.81 % 0.12 %
Iteration 2 0.20 % 0.08 % 0.28 % 0.08 % 0.21 % 0.07 %
Iteration 3 - - 0.14 % 0.03 % 0.11 % 0.04 %

Dataset - 200 Dataset - 100
o1 o2 o1 o2

Iteration 0 3.67 % 2.06 % 3.96 % 3.84 %
Iteration 1 0.72 % 0.28 % 1.20 % 0.76 %
Iteration 2 0.21 % 0.05 % 0.35 % 0.17 %
Iteration 3 0.15 % 0.04 % 0.21 % 0.05 %
Iteration 4 - - 0.07 % 0.03 %

the best prediction accuracy after four iterations. Fig. 6.29 illustrates the grad-
ual resolution of Pareto fronts for dataset 100. The initial predicted Pareto front
is very narrow and overall overpredicted. This is due to the low predictive ability
of the model resulting from only 100 data points for training. As key data are con-
tinuously added to the original dataset, the Pareto front shifts toward the lower
left, indicating a progressive convergence toward the true maximum torque and
maximum power values. After four iterations - adding a total of 160 key data
points, the results stabilizes near the FEA true values, achieving exceptionally
high prediction accuracy. A comparison of the final optimization Pareto fronts
based on five different datasets is displayed in Fig. 6.30. It can be observed
that the final Pareto fronts from datasets 100 and 300 contained machine designs
with better performance, especially in the high torque and low power region.
This may be attributed to the impact of the key data in directing model training,
surpassing that of the initial data, and the different starting population of opti-
mization algorithm. An increase in initial data enhances the model’s prediction
capability inside the global search area. However, key data is more beneficial to
the model in specific regions, such as those around the Pareto fronts. Thus, it is
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Figure 6.29: Comparison of different Pareto fronts of each iteration based on dataset 100.

Figure 6.30: Comparison of final Pareto fronts based on five datasets.

a trade-off between global and local optimization. The Pareto front from dataset
200 is obviously narrower than the other. The reason may be the optimization
algorithm’s inability to search for more superior solutions, instead concentrating
on minimizing the prediction error based on the existing Pareto front. Alongside
forecast accuracy, the duration of the whole optimization process is also a crit-
ical indicator. Table 6.12 demonstrates the total time cost for each dataset. In
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this work, each simulation using the tool chain takes 6 minutes. Each iteration
includes a hyperparameter optimization. For all iterations except the last one,
FEA is executed for annotation of selected key data. Hence, every last iteration
has the least amount of time cost. A bigger starting dataset enhances the pre-
diction capacity of the initially trained model and reduces the number of needed
iterations. However, it signifies the greatest expenditure of time. Conversely,
dataset 100 has the minimal initial data but achieves the maximum prediction
accuracy and the lowest time loss. In addition, FEA is a major portion of the to-
tal optimization. Therefore, enhancing the simulation speed for each design can
substantially decrease the whole optimization duration and expedite the process.

Table 6.12: Time cost based on five different initial datasets

Dataset - 500 Dataset - 400 Dataset - 300
Initial Dataset 500 x 6 min 400 x 6 min 300 x 6 min

Iteration 0 452 min 441 min 436 min
Iteration 1 271 min 279 min 267 min
Iteration 2 31 min 278 min 267 min
Iteration 3 - 30 min 28 min
Iteration 4 - - -

Total 62 h 34 min 57 h 08 min 46 h 38 min
Dataset - 200 Dataset - 100

Initial Dataset 200 x 6 min 100 x 6 min
Iteration 0 429 min 421 min
Iteration 1 268 min 267 min
Iteration 2 268 min 267 min
Iteration 3 28 min 268 min
Iteration 4 - 29 min

Total 36 h 33 min 30 h 52 min

172



Chapter 6 Data-Efficient Learning-Based Optimization using Limited Data

6.4 Summary and discussion
This chapter employs probabilistic metamodeling combined with active learning
to improve the design optimization for the PMSM. The achievements can be
summarized as follows. A comprehensive comparison among five probabilistic
metamodels and the MLP in terms of prediction accuracy, predictive uncertainty,
and training time is conducted. The comparison shows that MCMC offers the
greatest prediction performance but suffers more than one hour of training time.
GPR emerges as the second-best alternative. After identifying the most suitable
probabilistic model, four different active learning-based optimization strategies
are investigated. Strategy II shows the best performance. In the case of a limited
dataset, the strategies suggest adding key data to augment the initial dataset.
With the iteratively expanded dataset, the prediction accuracy of the optimal
solutions is substantially improved. Compared to deterministic metamodels,
probabilistic metamodels can provide additional uncertainty, which is utilized to
guide the direction of selecting key data. Additionally, it is shown that Strategy
II achieved a significant time savings compared to Strategy I using MLPs. This
work mitigates the challenges of data-driven optimization for electric machines
in practical applications. It also provides a guideline for the implementation
of probabilistic metamodeling. However, the proposed method relies on FEA,
indicating that large datasets still necessitate considerable simulation time.

The second study focuses on investigating the size of the initial data and the
number of iterations. Therefore, a comparative analysis of five datasets of
varying sizes is done, and they are optimized via iterative processes. The
results indicate that an increase in starting data correlated with a reduction
in the number of required repetitions, while the overall time consumption
is maximized. This effect is related to the large part of computing time
occupied by FEA. In contrast, dataset 100 is initially optimized with the
lowest accuracy. However, after four iterations, the maximum prediction
accuracy compared to other sizes of datasets is achieved. Furthermore, the to-
tal time loss associated with dataset 100 is reduced to 50 % of that of dataset 500.

It is worth noting that while the optimization strategy proposed in this chapter
can significantly reduce the required simulation time, an initial dataset that is too
small may constrain the optimization space. This could lead to key data being
repeatedly selected within a local region, potentially causing the optimization
results to converge only to a local optimum.
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Chapter 7
Conclusion and Outlook

In this chapter, the application of ML methods in the electromagnetic design
optimization of electric motors is summarized, including the use of deterministic
metamodels, probabilistic metamodels, and data-efficient learning techniques.
Finally, a brief perspective is provided regarding the future application of data-
driven methods in the field of electric machines.

7.1 Result summary of this dissertation
In this dissertation, ML metamodels serve as surrogate models, replacing
finite element simulations in traditional optimization algorithms, thereby
significantly accelerating the overall optimization process. Consequently, this
thesis comprehensively explores research on ML metamodels as its focal point.
A variety of metamodels are utilized, and multiple novel optimization strategies
have been proposed. Based on the work performed, the most important results
and conclusions are presented as follows.

Firstly, to address the issue that parameter-based design optimization requires
retraining the trained metamodels from scratch after altering the input design
space, a TL-based approach has been proposed. When the parameter-based
input space changes, this method can be dynamically modified. The prior
information is reused by feeding the pre-trained neurons into the new NN as
initial weights. Retraining the new NN from scratch is no longer necessary
after reparametrization. The experiments show that MNNs outperform classical
MLP in terms of prediction accuracy. Additionally, because transferred neurons
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are used, the TL-based MNNs perform better than the standard MNN. The
optimization scans 20000 designs within only around 12 seconds, and the MOO
results demonstrate good accuracy in predicting maximum torque, maximum
power, and cost. However, this method is based on a deterministic metamodel,
meaning that each prediction yields only the predicted value as the final result.
If the training data is insufficient, the model cannot be trained effectively, and
there is no possibility of obtaining additional information to aid decision-making.

Secondly, to overcome the limitations of deterministic metamodels, a novel
uncertainty-based optimization method is introduced. Two probabilistic meta-
models are used, which are trained to produce motor KPIs together with the
corresponding uncertainty. In the scenario, GPR performs better than BNN and
DNN with excellent forecast accuracy following FEA validation. The findings
show that prediction accuracy typically declines as prediction uncertainty
rises. With the aid of uncertainty quantification, two optimization strategies are
developed. According to the results of Strategy I, Pareto fronts derived from
the upper boundary values have the most greedy machine designs, but they also
result in higher degrees of uncertainty and prediction errors. The designs in the
center of the Pareto front, on the other hand, have the lowest uncertainty and the
highest average forecast accuracy. In addition, the proposed Strategy II restricts
the standard deviation of designs throughout the optimization process. As the
constraints tighten, there is a tendency to eliminate machine designs that exhibit
more greedy performance, yet the resulting optimized designs demonstrate
reduced uncertainty and enhanced prediction accuracy. Furthermore, it can
aid in minimizing geometrically invalid designs. Finally, a sensitivity analysis
is conducted to examine the relationship between predictive uncertainty and
the robustness of design solutions. The outcomes indicate that more stringent
constraints result in a marginally increased average robustness of the optimized
solutions.

Finally, to tackle the issue of time-consuming acquisition of motor datasets,
two novel data-efficient learning methods are proposed. First, a self-training
framework based on semi-supervised learning is proposed. Using an initial
dataset, a classifier and a predictor are trained. Subsequently, the classifier and
predictor are employed to assign labels to a large volume of unlabeled data. The
data containing pseudo-labels is then merged with the data that has simulated
labels for additional model training, and this procedure is carried out iteratively.
The results indicate that every iteration of this method rapidly generates
pseudo-labeled samples to enhance the original datasets. Expanding the dataset
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size improves the training of the classifier and predictor. The unpredictability
of the forecast results is likewise diminished. Subsequently, four optimization
strategies based on active learning are proposed. The core idea involves
selecting a certain number of key data points from the optimization results based
on uncertainty after each optimization iteration, annotating them with FEA, and
then adding them back to the original dataset. This approach achieves extremely
high prediction accuracy even when the initial dataset contains only 100 samples.

Overall, this thesis not only focuses on research into metamodel training but also
explores data expansion and various efficient optimization strategies to achieve
two goals: process efficiency and prediction accuracy.

7.2 Outlook
Data collection, model training, and design optimization strategy are currently
the three phases that make up data-driven motor design optimization. Based on
these three points, the future development direction of data-driven approaches in
the field of electric motors is discussed.

Data-driven multi-physical optimization

First, at the data level, it is necessary to establish a high-quality multi-physics
data repository. By parameterizing motor geometry, material properties,
and operating conditions, coupled with automated finite element simulation
tools, electromagnetic field, temperature distribution, mechanical stress, and
displacement coupling results can be generated in bulk. Key performance
metrics such as efficiency, power density, temperature rise, loss distribution,
stress, and vibration can then be extracted. Therefore, a multiphysics simulation
toolchain is indispensable, serving as one of the core components at the data
level.

At the model level, metamodels oriented toward multi-physics field mapping re-
lationships can be constructed. For high-dimensional input parameters, DNNs or
graph neural networks (GNNs) can be employed to learn the nonlinear relation-
ships between motor structure and field distribution, enabling direct prediction of
multi-field coupled performance metrics from design variables. Simultaneously,
further exploration of physics-informed NNs is warranted. These networks
embed electromagnetic equations, heat conduction equations, and structural me-
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Figure 7.1: Design process for electric machines

chanical constraints as loss functions within the model, ensuring prediction
results satisfy fundamental physical conservation laws. This approach enhances
the model’s generalization capability and interpretability.

Large language model-based preliminary design

The starting point for this research concept is that designing different electric mo-
tors for different requirements often requires a considerable amount of time in
advance to develop one or more preliminary designs that correspond to the spec-
ified scenarios [O7], [O8]. Fig 7.1 illustrates the entire motor design process.
In this context, the preliminary design of the electric motor acts as a link be-
tween the design requirements and the subsequent optimization. Consequently,
the efficient generation of various candidates tailored to different requirements
is a critical step. The core idea that enables accelerated initial design essentially
comprises two aspects:

1. Large language models [217] are able to simultaneously extract different
motor types and topologies from extensive data sets that meet the design re-
quirements, rather than relying on manual calculations by human actors.

2. The chat bot can interact directly with data analysis tools and simulation soft-
ware, eliminating the need for human intervention.

Therefore, large language models can effectively handle the preliminary design
phase of electric motors. Based on different motor design requirements, they can
rapidly generate candidate motor designs for selection, laying the groundwork for
subsequent design optimization.
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AI-aided FEA for electric machines

Currently, finite element simulation as a method for data acquisition has
consistently faced the challenge of being time-consuming. Therefore, directly
applying AI models to solve the physical equations involved in the finite element
method will be a key research focus.

In this scenario, GNNs [218] can be employed to characterize the complex
geometric topology and mesh structure information of electric motors. Since
finite element models are inherently composed of mesh nodes and their con-
nectivity relationships, future research may directly represent finite element
meshes as graph structures. By utilizing GNNs to learn field coupling rela-
tionships between nodes, this approach enables rapid mapping from geometric
topology to multiphysics responses. Building upon this foundation, future
work may further explore fusion strategies between physics-informed NNs and
GNNs. For instance, GNNs could extract geometric and mesh features, while
physics-informed NNs constrain outputs to satisfy physical equations, thereby
constructing hybrid models that combine physical consistency with topological
generalization capabilities. Such models could be embedded as rapid simula-
tion engines within optimization workflows, supporting multi-objective design
searches and enabling the co-optimization of motor efficiency, power density,
temperature rise, and structural reliability. Ultimately, integrating AI-assisted
finite element models with experimental data and operational monitoring infor-
mation holds promise for establishing an intelligent modeling and optimization
framework spanning the entire motor design lifecycle. This approach offers a
novel technical pathway for the rapid design and iterative refinement of high-
performance electric motors.
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Chapter 8
Appendix

8.1 Software and package details
For dataset generation:

• All datasets were generated using a in-house FEA toolchain. The integrated
simulation software is Altair Flux 2025. The toolchain was developed using
Java version 1.8.0 and Python version 3.7.16.

For model training (partially):

• pytorch 1.11.0 - deep learning framework

• gpytorch 1.11.0 - Gaussian process implementation

• pyro-ppl 1.8.4 - Bayesian neural network implementation

• numpy 1.21.5, pandas 1.3.5 - data processing

• matplotlib 3.5.3, seaborn 0.12.2 - data visualization

• optuna 3.1.1 - hyperparameter optimization

• pymoo 0.6.0.1 - optimization algorithm implementation

181



Chapter 8 Appendix

8.2 Simulation toolchain supplement
In this section, additional information regarding simulation toolchain is pro-
vided. It is comprised of four components: the main function programmed by
Java, Python as the auxiliary language, a database for reference design, and
a simulation base model. In the application, the main function controls the
entire simulation and optimization processes. Additionally, it reads or writes
the database, opens or modifies the base model, and invokes the Python-based
scripts. All commands and settings are visualized and integrated into the user
interface. Fig 8.1 depicts the graphical user interface. This tool incorporates
many functions, among which the “Parameterstudien” can be used to simulate
multi-parameter combinations. When all simulations are complete, all results
will be saved in a specific file. More precisely, each valid simulation corresponds

Figure 8.1: User interface of the toolchain.
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Table 8.1: General settings of the simulation toolchain

Parameter Value Unit Parameter Value Unit
CPU cores 14 - Battery voltage 640 V
Numeric memory 2500 Mb Parallel branches 2 -
Skew angle 0 � Conductors per slot 8 -
Star or delta connection Star - Maximum current 350 A
Magnet temperature 75 �C Maximum rotational speed 16800 rpm

to a result file, in which all outcomes are saved in tabular form and can be
accessed by a user.

Table 8.1 lists some basic motor simulation settings for this thesis. These settings
can be modified according to different motor types.

8.3 Other results
8.3.1 Datasets in Chapter 4
Chapter 4 involves three datasets in total. Dataset III has already been intro-
duced; here, the other two datasets, I and II, are supplemented. Fig. 8.2 and Fig.
8.3 show the correlations between design parameters d and KPIs o.

Dataset I: d1 : magnet 1 width, d2 : magnet 1 height, d3 : magnet 2 width, d4 :
magnet 2 height, d5 : magnet inclination angle, d6 : slot width.

Dataset II: d1 : magnet 1 width, d2 : magnet 1 height, d3 : magnet 2 width, d4 :
magnet 2 height, d5 : magnet inclination angle, d8 : width between magnet 2
and air gap, d11 : distance between magnets, d12 : distance between poles.

The prediction results based on dataset I and dataset II are shown in Fig. 8.4 and
8.5, respectively.
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Figure 8.2: Correlation between design parameters and KPIs for dataset I.
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Figure 8.3: Correlation between design parameters and KPIs for dataset II.
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Figure 8.4: Prediction performance based on dataset I.

Figure 8.5: Prediction performance based on dataset II.
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8.3.2 Dataset in Chapter 5
Dataset III is used in Chapter 5: d1 : magnet 1 width, d2 : magnet 1 height, d3 :
width between magnet 2 and air gap, d4 : magnet inclination angle, d5 : magnet
2 width, d6 : magnet 2 height, d7 : slot width, d8 : air gap, d9 : flux barrier
width, d10 : slot height. Fig. 8.6 demonstrates the distribution of the collected
dataset in the input space. The input parameters d1, d4, and d5 are particularly

Figure 8.6: Distribution visualization of input design parameters.
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inhomogeneously distributed. One possible explanation is that around 30% of
the sampling points obtained through the LHS are geometrically infeasible, and
their removal leads to an unbalanced distribution in the input space.

8.3.3 Training results of 6.3
Below are the supplementary model prediction performance results for Chapter
6.3. Fig. 8.7 illustrates the performance of DE on the test set. It can be ob-
served that the DE demonstrates strong performance in predicting torque ripple,
with minimal variation in prediction uncertainty. In addition, it exhibits high
prediction accuracy when forecasting maximum power and material costs. Fig.
8.8 illustrates the performance of MC Dropout on the test set. MC Dropout also
shows lower uncertainty when predicting torque ripple. However, it demonstrates
relatively large prediction errors in maximum torque and maximum power. Fig.
8.9 illustrates the performance of VI on the test set. VI displays high uncertainty
in predicting torque ripple. Moreover, it exhibits relatively larger errors in fore-
casting both maximum torque and costs.

Figure 8.7: KPI predictions with uncertainty intervals of DE over test set.
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Figure 8.8: KPI predictions with uncertainty intervals of MC Dropout over test set.

Figure 8.9: KPI predictions with uncertainty intervals of VI over test set.
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