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SUMMARY

Tomographic reconstruction involves fundamental trade-offs between resolution, data coverage and parametrization.
Conventional approaches commonly rely on regularized pixel-wise or cell-based parametrizations. These regularizations
are valuable and can themselves be geology-informed when their assumptions match the target setting. However, they
often encode structural information only indirectly through generic penalty terms and regularization weights. As a re-
sult, they can be less suited to questions in which the objective is to test a specific structural hypothesis. We develop
a Bayesian framework for tomographic reconstruction and uncertainty quantification that formulates such hypotheses
explicitly and assesses them through posterior uncertainty. As an illustrative application of the framework, we consider
ambient noise tomography. The phase velocity reconstruction is reformulated to address a targeted geological hypothe-
sis by introducing a parametrized structural prior. The prior is constructed from a Whittle-Matérn latent Gaussian field,
combined with spectral dimensional reduction via a truncated Karhunen-Loéve expansion and a differentiable nonlinear
pushforward mapping that promotes approximately piecewise-constant velocity structures. The prior parameters, includ-
ing the correlation length, smoothness, pushforward slope and velocity bounds, provide interpretable hyperparameters
related to expected lateral scale, structural regularity, transition sharpness and plausible phase-velocity contrasts. In this
formulation, the prior is used as a parametrized structural assumption informed by geological context, rather than as hard
geological knowledge. The resulting parametrization substantially reduces dimensionality, making both maximum a pos-
teriori estimation and Hamiltonian Monte Carlo sampling computationally feasible for the synthetic and observed data
sets considered here. Synthetic experiments demonstrate accurate recovery of prescribed velocity contrasts and show that
posterior uncertainty patterns reflect acquisition geometry and data coverage. Application to an ~1000-sensor dense array
data set produces structures consistent with the imposed geology-informed prior assumptions, while providing spatially
resolved uncertainty estimates that identify regions of robust inference and remaining ambiguity. The framework offers a
proof-of-concept formulation for goal-oriented, uncertainty-aware seismic tomography when prior information supports
an explicit structural hypothesis that can be encoded through the proposed Whittle-Matérn latent-field parametrization.
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1 INTRODUCTION

Imaging the Earth’s subsurface is fundamental to a wide range of scientific and societal applications, including understanding Earth’s
structure and dynamics, natural hazard assessment, resource exploration and environmental monitoring (J.M. Reynolds 2011; M.E.
Everett 2013). These objectives are commonly addressed using geophysical imaging methods such as seismic, electromagnetic and
gravity tomography, which indirectly infer subsurface structure from surface or near-surface measurements (K. Erkan 2008). This is
often formulated as an inverse problem (R.L. Parker 1994), from which a global representation of the subsurface is reconstructed.
While many conventional methods for solving the inverse problem can provide broadly plausible subsurface images, they are often
primarily designed to recover a global model. Additional analysis may therefore be required to characterize targets of interest that are
critical for answering specific scientific questions and supporting decision-making (X. Zhang & A. Curtis 2022; V.C. Tsai 2023). This
limitation arises because the relevant features may be subtle, spatially localized or both. For example, the presence, geometry and extent
of small-scale anomalies are of primary interest in resource exploration. Subsurface interfaces are central to geological and lithological
interpretation, while fault zones provide essential constraints for seismic hazard assessment.

Ambient noise surface wave tomography (ANT) provides a representative example of such inference challenges. By analysing
ambient seismic vibrations recorded by arrays of seismic stations, ANT aims to construct the spatial distribution of shear-wave velocities
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associated with subsurface structural heterogeneity (N.M. Shapiro et al. 2005; G. Bensen et al. 2007). The method has been widely
applied across diverse research contexts and spatial scales, along with recent methodological developments in data-driven inversion
with quantitative error assessment using probabilistic approaches (T. Bodin et al. 2012; X. Zhang et al. 2018), direct 3-D inversion (H.
Fang et al. 2015; X. Zhang et al. 2018) and wave-equation-based implementations (Y. Lu et al. 2020; K. Wang et al. 2021). Nevertheless,
many ANT studies are primarily designed for exploratory imaging rather than for explicitly testing pre-defined structural hypotheses.
As a result, additional interpretation may be required when the scientific objective is to infer specific properties of a target, such as its
existence, geometry, or contrast.

V.C. Tsai (2023) has elaborated on these challenges by introducing a conceptual distinction between two imaging modes: discovery-
mode and inference-mode. The former prioritizes exploratory visualization of subsurface structures that are consistent with the mea-
surements, whereas the latter focuses on inferring specific features, such as their geometry, contrast, or even existence, together with
a quantitative assessment of how strongly such inferences are supported by the measurements. In this sense, inference-mode imaging
provides a conceptual framework for reformulating inverse problems in a way that directly addresses specific scientific questions of
interest.

A necessary component of formulating inverse problems in an inference-mode setting is the explicit statement of prior assumptions
and their relationship to the scientific question being addressed (V.C. Tsai 2023). In classical inverse problem formulations, regulariza-
tion is often introduced to stabilize the reconstruction and to obtain a well-posed computational problem. Although regularization can
be viewed as imposing prior assumptions on the solution, its primary role in many applications is computational and numerical stabi-
lization. Typical examples include Tikhonov regularization and truncated singular value decomposition, which impose smoothness,
flattening or energy constraints on the reconstructed images (I. Cabrera-Pérez et al. 2021). Sparsity-promoting penalties such as total
variation (TV) regularization can also be useful when sharp contrasts or approximately piecewise-constant structures are expected (W.
Jiang & J. Zhang 2017). Such assumptions are not intrinsically non-geological: When smooth velocity variations, sharp interfaces or
piecewise-constant structures are expected, classical regularization can be appropriate and physically meaningful.

The limitation is rather that, in many standard formulations, the parameters controlling these regularizations are defined mainly in
mathematical terms. A Tikhonov or TV regularization parameter, for instance, primarily controls the balance between data misfit and
regularity and does not usually correspond uniquely to a geological quantity such as the expected size, geometry, contrast or spatial
organization of a target structure. Consequently, their relationship to the specific geological hypothesis under investigation is often
indirect, making interpretation in terms of the target feature properties less explicit.

This matters because prior knowledge and regularization should not be treated as conceptually identical, even when they share
similar mathematical forms. Prior knowledge denotes information supported independently of the inversion, whereas regularization
denotes modelling assumptions introduced within the inversion framework. As said, in discovery-mode imaging, such assumptions
are often used primarily to make the inverse problem well-posed and to obtain a plausible global reconstruction. In inference-mode
imaging, their role should be made explicit in relation to the geological or structural hypothesis being tested. For example, J.B. Muir &
V.C. Tsai (2020) incorporate structural geological information, such as faults, basins and interfaces, directly into the inversion process.
This shifts part of the modelling choice from generic stabilizing parameters towards parameters that can be related more directly
to geological structure, such as interface geometry, characteristic length scale, roughness or material contrasts, while the remaining
algorithmic parameters retain their role in stabilizing and solving the inverse problem.

In addition, regularizing assumptions or prior models in many geophysical inversion frameworks remain closely tied to pixel-
or voxel-based parametrizations. In many standard implementations, these assumptions are applied uniformly across the model do-
main, which may not fully reflect spatially varying data coverage or known geological heterogeneity (A.P. Valentine & M. Sambridge
2018). This can contribute to oversmoothed reconstructions in which fine-scale, geologically or economically significant variations are
suppressed (Y. Wang et al. 2025), thereby potentially limiting the recovery of localized anomalies of interest.

Several alternative parametrizations have been proposed to address these limitations. Harmonic or spectral representations have
long been used in global seismic tomography, often with model complexity controlled through truncation beyond a prescribed maxi-
mum wavenumber (J. Trampert & R. Snieder 1996). Irregular-cell and Voronoi-based parametrizations provide another important class
of approaches for reducing overparametrization and allowing spatially adaptive model complexity (M. Sambridge & O. Gudmundsson
1998; H. Zhang & C. Thurber 2005). Wavelet-based parametrizations have similarly been used to obtain multiscale representations
of subsurface structure (R. Hawkins et al. 2019). These methods have played an important role in stabilizing inverse problems and
improving the flexibility of tomographic models. Nevertheless, in many such formulations, the parameters controlling the representa-
tion still primarily describe mathematical or numerical properties, such as model complexity, spatial resolution, basis truncation, cell
density or multiscale decomposition, and their connection to a specific geological hypothesis—particularly a localized structure with
expected scale, geometry, contrast or interface sharpness—can remain indirect.

Besides moving part of the parametrization towards quantities with clearer geological interpretation, formulating inverse problems
within an inference-mode framework also requires the explicit quantification of uncertainty. One way to achieve this is through a
probabilistic formulation of the inverse problem, which provides uncertainty estimates for quantities of interest together with the
reconstructed images (T. Bodin et al. 2012; C. Esteve et al. 2025b). Bayesian approaches offer a principled framework for uncertainty
quantification (UQ; J.P. Kaipio & E. Somersalo 2005), and recent studies have demonstrated their potential for ANT (Y. Liu et al. 2025; X.

920Z 1870100 /0 U0 Jasn | - aibojouyoa] Jny nmsu| Jaynispey Aq g19¢6/8/v.£0ebb/z// yz/eonelb/woo dno olwspese woll papeojumoq



Bayesian tomography with geology-informed priors 3

Zhao et al. 2026). However, the practical use of Bayesian UQ is strongly affected by the dimensionality of the chosen parametrization.
This is particularly challenging for pixel- or voxel-based representations of high-resolution velocity fields, although multiscale and
adaptive approaches, such as transdimensional Bayesian methods (T. Bodin & M. Sambridge 2009), can partially alleviate this difficulty.
Thus, an inference-oriented parametrization should not only make the structural assumptions more explicit, but also provide a reduced
representation that enables efficient uncertainty quantification for the target quantities of interest.

In this study, we present a framework for ANT that is designed with inference-mode objectives in mind. The aim is not to replace
standard pixel-based or regularized tomography methods in general, but to provide an alternative formulation for cases where the target
of interest can be expressed through an explicit structural hypothesis. In this formulation, the prior is used as a parametrized struc-
tural assumption informed by geological context, rather than as hard geological knowledge. While several elements of this approach,
including prior modelling, reduced-order parametrization and probabilistic inference, have been explored individually in previous
studies, here we integrate these components within a single framework that aligns them with clearly defined inferential objectives.
Rather than claiming to recover all plausible velocity structures, the approach focuses on estimating targeted structural features from
measurements under explicit and transparent modelling assumptions, while indicating a route towards computationally feasible ap-
plications at larger scales. Although demonstrated here using ANT, the core components of the framework are not ANT-specific and
can be adapted to other tomographic inverse problems with appropriate problem-specific modelling choices. By enabling goal-oriented
inference with quantified uncertainty, this formulation provides a more transparent basis for scientific interpretation in geophysical
applications. The framework is documented by an open-source software package.

The paper is organized as follows: Section 2 formulates ANT as a Bayesian inverse problem, including the forward model, like-
lihood and the role of prior assumptions. Section 3 presents the proposed inference-oriented prior construction and dimensionality
reduction strategy, detailing the prior model, its implementation and the reduced-order parametric representation. Section 4 describes
the Bayesian inference procedures and computational implementation, including single-point estimation, posterior sampling and UQ.
Section 5 evaluates the proposed framework through synthetic tests under different station geometries, followed by an application to
real data recorded by approximately 1000 seismic sensors in a cratonic ore deposit environment. The real-data results are compared
with a reference discovery-mode inversion. Section 6 discusses the implications of the results, the influence of prior hyperparameters
and model reduction and the limitations and future extensions of the framework. Finally, Section 7 summarizes the main conclusions
of the study.

2 THEORETICAL BACKGROUND

This section provides the theoretical background underlying the proposed inference-mode framework for ANT. In this study, we focus
on the first stage of the commonly implemented two-step ANT approach for estimating a pseudo-3-D shear wave velocity model, that
is, we obtain 2-D lateral variations of phase or group velocity from seismic measurements. Hereafter, ‘ANT’ refers to this stage. We first
formulate ANT as a Bayesian inverse problem and establish the probabilistic foundations required for incorporating geological prior
information and UQ.

2.1 ANT as a Bayesian inverse problem

We infer a spatially varying 2-D phase velocity field from measured traveltimes between station pairs. Let v(x) : & — R* denote the
velocity field where  C R? is a closed and bounded domain with a Lipschitz-continuous boundary. We collect the measured travel-
times between m station pairs in y°® e R™. These measurements are often noisy. Assuming additive Gaussian noise, we can model the
measurements as

yobs — G(V) + n, (1)

where 7 ~ N(0, 02.I) is the noise vector with standard deviation oy, and G(v) is a physical model mapping the velocity field
to traveltimes. Although an additive Gaussian noise model is commonly used in geophysical inverse problems, it is a simplifying
assumption and may not fully represent measurement errors in practical applications.

A widely used forward model in ANT is (N. Rawlinson & M. Sambridge 2003; G. Nolet 2008)
1
Goli= [ sl 1sism @
r; v(x)

Here i is the station pair index, I'; is the straight path connecting the stations, and d! is the differential arc length along the ray path. This
forward model assumes the straight-ray approximation, which can be inaccurate in strongly heterogeneous media where ray bending
or finite-frequency effects are significant.

The ANT inverse problem now comprises inferring a velocity field v(x) from noisy measurements y°*. We cast this inverse prob-
lem in a Bayesian framework, where all quantities of interest are modelled as random variables and are therefore described by their
corresponding probability density functions. Let p(v) and p(n) represent the probability density functions of the velocity field referred
to as the prior density and the noise, respectively. The Bayesian solution to the ANT inverse problem is the posterior distribution, that
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is, the probability distribution of the velocity field conditioned on measurement data. Using Bayes’ rule in density form (A. Tarantola
& B. Valette 1982; J.P. Kaipio & E. Somersalo 2005), the posterior density is written as

p(v 1¥™) o p(¥™ | v) p(v), 3

where p(v | y"bs) and p(y‘)bs | v) are the posterior and likelihood density functions, respectively. In the following paragraphs, we describe
two components of the posterior: likelihood and prior.

The likelihood density function p(yObs | v) quantifies the agreement between the measured traveltimes and those computed by the
forward model. Considering eq. (1), we can write

1

2
20'noise

P07 19) = 20 = 60) = pia) xexp( 5 v = GO ). @
where || - || is the Euclidean norm.

The prior density function p(v) encodes our assumptions or geological knowledge about v. Designing a suitable prior that can
be expressed as a probability distribution is often the most important but also the most challenging aspect of Bayesian inversion (J.P.
Kaipio & E. Somersalo 2005). When geological interpretation is the objective, it is useful for the prior assumptions to be stated in terms
that can be related to geological information. In this work, the prior is constructed to represent a simplified structural hypothesis about
the subsurface by encoding spatial correlation, expected smoothness of geological interfaces and the presence of inhomogeneities
with controlled spatial scale and texture. In applications targeting environments characterized by distinct geological units separated by
sharp interfaces, the prior can be designed to promote an approximately piecewise-constant velocity field, corresponding to internally
relatively homogeneous geological units separated by sharp boundaries. This modelling choice is not intended to be universally appro-
priate; rather, it is useful when such structures are supported by independent geological knowledge or by the scientific objective of the
study. In this case, the prior makes the assumed structural hypothesis explicit, instead of leaving it implicit in a generic smoothness
penalty or in subsequent interpretation of a reconstructed image.

The resulting posterior distribution p(v | y"bs) combines data and prior information into a full probability distribution over ad-
missible velocity fields. This probabilistic formulation enables quantitative UQ, which is a necessary component of inference-mode
imaging. Posterior summaries such as variances and credibility intervals provide spatially resolved measures of confidence in the in-
ferred structures. This explicit treatment of uncertainty allows subsurface interpretations to be assessed not only by visual plausibility,
but also by posterior uncertainty conditional on the assumed model, prior and noise structure.

3 PRIOR MODELLING AND DIMENSIONAL REDUCTION

In this section, we introduce a prior distribution for the unknown velocity field v. Our objective is to construct a reduced-order structural
prior model whose parameters can be related to the target feature being inferred, while remaining computationally practical. For the
ore-deposit setting considered here and at the analysed period, the working structural hypothesis is that the lateral phase-velocity
field can be approximated by a small number of relatively homogeneous regions separated by comparatively sharp transitions. This
assumption is motivated by the expected presence of distinct formation units and intrusive blocks, but it remains a modelling hypothesis
rather than a general claim about all ANT problems. This assumption enables us to focus on the interfaces between crustal regions
rather than on the entire domain, which substantially reduces the effective number of degrees of freedom while retaining a direct
connection between the prior parameters and the imposed structural hypothesis. When this type of structural hypothesis is not justified,
smoother prior models or conventional smoothness-based regularization can provide a more appropriate representation of the expected
velocity field.

To realize this modelling assumption, we adopt a multilayered prior construction based on a low-dimensional latent variable u that
parametrizes the overall behaviour of the velocity field. The physical velocity field is then obtained by applying differentiable nonlinear
pushforward mappings to u, which implicitly induce sharp transitions between internally homogeneous regions. This approach allows
interface characteristics, such as smoothness or roughness, to be controlled indirectly through the prior and mapping parameters,
without explicitly parametrizing the interfaces themselves.

3.1 Whittle-Matérn prior for geology-informed structural modelling

The latent variable u is a smooth representation of the velocity field v. A common mathematical model for representing spatially
varying random fields is a Gaussian process (GP; C.E. Rasmussen & C.K.I. Williams 2005). A GP is characterized by a mean function
and a covariance structure, which is often represented by a covariance kernel, a symmetric and positive definite function describing
statistical dependence between spatial locations. Let u(x) : 2 — R be a random function, and let x, X' € Q denote two points in the
domain. The covariance kernel C(x, x’) can be defined such that C(x, x') = Cov(u(x), u(x’ )), quantifying how strongly the values of u
at those two points are correlated. If a random function u is fully characterized by a covariance kernel and a mean function m(x), we
write u ~ GP(m, C).
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In a finite-dimensional representation, that is, when u is discretized on a uniform grid to obtain a vector u, the covariance kernel C
can be discretized using standard kernel approximation techniques (e.g. the Nystrom method, M.S. Tong & W.C. Chew 2020) to obtain
a covariance matrix C for u. The probability density function of u is then

p(w) o exp(—L(u—m)'C " (u —m)), 5)

where m is a discretization of m on the same grid.

While the finite-dimensional formulation in eq. (5) clarifies the structure of the Gaussian prior and its associated probability
density, explicit construction and factorization of the covariance matrix C become computationally prohibitive for large-scale problems.
We therefore return to the continuous setting and specify the prior through its covariance kernel, enabling alternative representations
that avoid an explicit covariance matrix formation.

A flexible covariance kernel whose parameters admit useful structural interpretations is the Whittle-Matérn (WM) kernel (J.B.
Muir & V.C. Tsai 2020)

L2 XY (%]
C““)‘°mw< ‘ j)m< 0 )’ ©

where T is the gamma function, K, is the modified Bessel function of the second kind (F.W. Olver 2010), o2 is an amplitude scale, £ is
the correlation length controlling the range over which points of u retain strong correlation and v is the smoothness parameter that
interpolates between very smooth fields associated with large v values and rough, exponential-type fields controlled by small v. This
parametrization provides direct control over the expected spatial scale and regularity of the latent structural field. These quantities
can be related to geological expectations, such as characteristic feature size or interface roughness, making the WM kernel useful for
inference-mode imaging when such assumptions are stated explicitly.

As said, direct covariance-based sampling of such priors is computationally demanding due to the need to factorize large covariance
matrices (L. Roininen et al. 2014). To overcome this limitation, the WM prior can be approximately represented through a stochastic
partial differential equation (SPDE), whose solution has a similar covariance structure (L. Roininen et al. 2014; M.M. Dunlop et al.
2017)

(2 = AV ulx) = w), (7

where T = 1/£, w(x) represents a Gaussian white noise stochastic process specified by (9) and A is the Laplacian operator. The SPDE
formulation generates a sample by drawing a realization of white noise and solving the resulting elliptic problem, rather than sampling
u directly from a mean function and covariance kernel. This approach is substantially more robust under discretization and benefits
from decades of research on efficient and accurate numerical solvers for elliptic partial differential equations (A. Quarteroni & A.
Valli 1994), making it well-suited for large-scale problems.

We propose using a Fourier spectral method (A. Quarteroni & A. Valli 1994) to solve eq. (7). The domain of interest is the unit
square Q = [0, 1]* with periodic boundary conditions, under which the eigenfunctions of the Laplacian are the Fourier modes ¢y (x) =
exp(ik - x), with 2-D angular wavenumber vector k = (k,, k,) € 27 Z*. Although periodic boundaries may not be physically realistic,
they greatly simplify the analysis and enable an efficient spectral representation of the SPDE.

In the numerical implementation, the continuous field u(x) is evaluated on a uniform N x N grid, yielding a discrete vector u.
This discretization implicitly determines the spectral truncation, since only Fourier modes representable on the grid can be resolved.
Specifically, for even N, the admissible frequencies are k; € 27{—N/2, ..., N/2 — 1}, yielding N? retained modes. Let u € CN * denote
the vector of Fourier coefficients of u and let w ~ N(0, Iy2) be a realization of a standard normal random vector, where I. denotes
the identity matrix of size N2. The SPDE eq. (7) decouples in Fourier space as

(@ + kI [l = [wlk = wi, (8)
where we implicitly assumed that the definition of w(x) in eq. (7) is

wx) ~ Y wiedi(x). ©
k

Here, [-]x denotes the component corresponding to the mode k. The WM covariance implied by eq. (7) has the spectral density

S(k) 1= (2% + [[K||*)~ 0+, (10)
A discrete realization of the latent field is obtained by filtering white noise in Fourier space,

[l = S/ wi,

followed by an inverse discrete Fourier transform,

u=F7"5"w),
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where 7! is efficiently implemented using the fast Fourier transform (FFT), yielding grid-based approximations of u(x) (A. Quarteroni
& A. Valli 1994). In the implementation, angular wavenumbers and 7 are scaled by 1/7 before evaluating the spectral weights, which
are then normalized. The reported numerical input values of t use this scaled convention.

Although this approach removes the need for matrix factorization, the prior stochastic complexity still depends on the resolution of
the Fourier discretization, that is, the number of Fourier modes used to represent the random field. This can lead to a high-dimensional
stochastic space. In the following section, we revisit the Karhunen-Loeve (KL) expansion of u(x), which provides a means to identify
the most important subspaces for such priors effectively.

3.2 Parametric prior representation

3.2.1 Latent Gaussian parametrization

In the previous section, we introduced an SPDE that removes the need for matrix factorization of the covariance of u(x). However,
numerical exploration of this prior still requires working in a high-dimensional stochastic space that is determined by the resolution
used to represent w(x). We now describe the construction of an effective low-dimensional approximation by retaining only the most
significant components of w in eq. (8).

Let us expand u(x) in the Fourier basis ¢ (x), yielding

u(x) = mx)+ Y _ Sk wi pu(x), €8))
k

where S(k) is the WM spectral density defined in eq. (10). This expansion is referred to as the KL expansion of u. Let us truncate this
expansion to the Ny, € N modes with the largest spectral weights, indexed by Ky, and denote this approximation by uXL(x). We can
express the expected squared L? error for this approximation as (I.A. Ibragimov & Y.A. Rozanov 2012)

Ellu@x) — u @), = El Y S0 widi ()17

k¢Kxr
> SUOEW)lx)II2

k¢ Kk,

> S, (12)

k¢Kx1,

where equalities are due to orthogonality of the Fourier basis, and E(wi) = 1 since wy ~ N(0, 1). Because the series >, S(k) is con-
vergent, Ni;, can be chosen such that the series’ tail in eq. (12) is smaller than a tolerance ;.. A typical choice for this tolerance is
Sk = (1 — p)o2, where o = > 1 S(k) is the total variance of the random field u, and 0 < p < 1. This Fourier-based KL reduction
provides the low-dimensional parameter vector wX" used in the Bayesian inversion in Section 4.

Since the coefficients wy in eq. (11) are real-valued while the basis functions ¢y are complex, eq. (11) generally produces complex
valued u(x). These imaginary components have no physical meaning and arise solely from the lack of Hermitian symmetry in the
spectral coefficients. To obtain a real-valued field and to get a full expansion in a complete sin-cos basis, in contrast to a sine or cosine
basis only, we define i := /2 (N@*H) 4 I(uk)), where R(-) and I(-) denote the real and imaginary parts of u*", respectively. It
can be shown that Xl has the same WM covariance structure as uXl, ensuring that the resulting prior is physically meaningful (B.
Maboudi Afkham et al. 2024, 2026).

Fig. 1 shows example prior realizations generated with the WM model using our Fourier-based sampling method. The examples
illustrate how the WM hyperparameters affect the latent Gaussian field. Increasing 7, that is, decreasing the correlation length, yields
smaller and less spatially coherent structures. In contrast, increasing v increases the regularity of the latent field, producing smoother
realizations with less small-scale roughness.

Importantly, the figure also highlights the effect of dimensional reduction. In this example, the physical velocity field v is defined
on a 512 x 512 grid, so that the latent field u € R??1#, The prior is parametrized by a reduced latent Gaussian vector wXl' € RNt
where Ny, is chosen to retain a prescribed fraction p = 0.99 of the total prior variance o2. Although the full velocity field is discretized
on 262 144 pixels, only a comparatively small number of KL modes Nk, is required to represent it. Depending on the hyperparameter
choice, Ny, ranges from as few as 46 to at most 10423. This corresponds to a reduction of more than one to three orders of magnitude
in stochastic dimension, while preserving the essential spatial structure implied by the prior.

3.2.2 Pushforward mapping for approximate piecewise-constant structure

In the previous sections, we introduced Gaussian processes as prior distributions for smooth spatially varying fields. We also presented
an efficient sampling strategy based on an SPDE formulation of the prior, along with an effective approximation method that truncates
the associated stochastic space. This provides a low-dimensional latent representation of the velocity field in ANT. In this section, we
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Figure 1. Influence of Whittle-Matérn hyperparameters v and t on spatial structure and effective dimensionality of Gaussian random-field realiza-
tions. (a) Effect of correlation length (inverse 7) on field structure at fixed smoothness v = 2.5. Smaller ¢ (longer correlation length) produces larger,
more continuous features, while larger t yields finer, less correlated patterns. The corresponding KL truncation levels retaining more than 99 per cent of
the prior variance increase from Nk, = 105 to 10423 (from left to right). (b) Effect of smoothness parameter v at fixed inverse correlation length r = 10.
Increasing v produces smoother and more regular latent Gaussian fields, while smaller v allows rougher field realizations with more small-scale vari-
ability. The retained KL modes decrease from Nxi, = 708 to 46 (from left to right). Together, these results illustrate how the prior hyperparameters
control both spatial structure and the degree of dimensional reduction relative to the full 512 x 512 discretization.

introduce pushforward maps, that is, nonlinear transformations, that map this latent space to velocity fields capable of representing
geological features of the crust.

Many tectonically and economically interesting structures, including fault zones, volcanoes, rift systems and mineral resource
formations, exhibit strong lateral velocity variations. Within the latent-variable framework introduced above, such structures can be
synthesized by mapping the smooth latent field u to a piecewise-constant velocity field. A simple yet effective approach is to use the
Heaviside function H (J.B. Muir & V.C. Tsai 2020)

VHS(x) = Vmin + (Vmax — Vmin )H(aKL(x))y (13)

where Viay, Vmin € R denote the velocity levels for a bi-level field. Here, v, and v,y are interpreted as effective phase-velocity levels
at the considered period, not exact intrinsic lithological velocities, that can absorb unresolved layering and subgrid variability. This
notation can also be naturally generalized to more levels of the velocity field (H. Antil & A.K. Saibaba 2024). However, in gradient-
based inference strategies, including those considered in this work, the velocity field must be differentiable with respect to the latent
variables. Since the Heaviside function is non-differentiable, we instead adopt a smooth approximation that preserves the piecewise-
constant character of v(x) while enabling gradient-based inference.

A convenient choice is the sigmoid mapping with a tunable slope parameter o (A. Iliev et al. 2017)

v(x) = Vmin + (vmax - vmin)aa(ﬁKL(x)), o> 17 (14)
where
0T (x)) = S 1s)

T 1+ exp(—aukl)’
and « controls transition sharpness. As @ — o0, 0, approaches H in eq. (13), producing nearly discontinuous interfaces between
regions, while for finite « it remains smooth and differentiable. This yields a piecewise-smooth prior that approximates piecewise-
constant geological units with sharp transitions, while preserving the computational advantages of Gaussian latent models. Large
values of « localize the gradient of the sigmoid map near the zero level set of the latent field. This is consistent with the intended
piecewise-constant representation, since gradients away from the transition zones are not needed to update the plateau values. How-
ever, « should not be chosen so large that the transition zone becomes unresolved on the computational grid.
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Figure 2. Effect of the pushforward mapping on WM prior realizations. Each panel shows a velocity-field realization obtained by transforming a WM
latent field using the sigmoid pushforward map eq. (14) with & = 107 and bounds vy = 2km s ™!, vax = 3 kms~1. (a) Effect of the inverse correlation
length 7 at fixed smoothness v = 2.5. Increasing 7 reduces the correlation length and produces smaller, spatially less coherent velocity units, while also
increasing the number of retained KL modes. (b) Effect of the smoothness parameter v at fixed inverse correlation length r = 25. Increasing v produces
more regular latent fields and therefore smoother, less tortuous boundaries of the induced velocity units, while smaller v yields rougher and more
fragmented boundaries. The pushforward mapping converts the continuous WM latent field into near piecewise-constant velocity regions separated by
sharp, numerically resolvable transitions.

Fig. 2 illustrates the effect of the sigmoid pushforward mapping with « = 107 on WM prior realizations used in the inference-mode
ANT framework. The first row shows the effect of the inverse correlation length ¢ for fixed smoothness v = 2.5. Increasing t reduces
the correlation length and produces smaller, spatially less coherent velocity units. The second row shows the effect of the smoothness
parameter v for fixed r = 25. Although changing v can also affect the apparent correlation structure, its main role after the pushforward
is to control the regularity and roughness of the induced unit boundaries. Smaller v yields more irregular and fragmented boundaries,
whereas larger v produces smoother and more coherent boundaries.

These realizations exhibit sharp yet controlled transitions representative of near piecewise-constant structures. These examples
show that 7 and v have related but distinct effects: ¢ primarily controls the characteristic lateral scale of the units, while v controls the
regularity of the latent field and, after pushforward, the roughness of the level-set boundaries. The corresponding values of N, are
reported in each panel, illustrating how the effective stochastic dimension changes with the WM hyperparameters.

The resulting model provides both interpretational and computational benefits: It makes the imposed structural assumptions ex-
plicit through the WM covariance and pushforward mapping, enables efficient sampling and optimization in a reduced space and
allows the prior family to be adjusted to represent a range of geology-informed structural hypotheses.

3.3 Choosing hyperparameters and discretization

3.3.1 WM prior hyperparameters

Recall that the WM covariance family associated with eq. (7) is characterized by a smoothness parameter v and an inverse correlation
length 7. In this section, we briefly discuss parameter ranges that are appropriate for geological applications and explain how these
parameters interact with the spatial discretization of the velocity field.

When designing a WM prior, we must ensure both mathematical robustness of the hyperparameters and compatibility with the
spatial discretization of the computational domain for the velocity field. Regarding robustness, the parameter choices of v and t must
support the convergence of the KL expansion eq. (11) as required by eq. (12). This condition is satisfied for any v > 0 (A.M. Stuart 2010;
M.M. Dunlop et al. 2017).
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To address the compatibility of the hyperparameter choice with the computational discretization, we consider a uniform 2-D
computational domain with mesh spacing h,.x, defined as the diagonal length of a discretization cell. A mesh with spacing h,,x cannot
resolve wavenumbers above Kinresh ‘= 77 /Amax (A. Quarteroni & A. Valli 1994). We therefore require the fraction of spectral variance
contained in frequencies ||k|| > kinresn to be sufficiently small, that is,

M <e
Y Sty T

where ¢ > 0 is a prescribed tolerance. Assuming that the mesh is sufficiently fine so that ky.esn > 7, the ratio can be approximated
asymptotically by

(16)

2 e ke ST ~ ( T >2v 17)
Zk S(k) kthresh
Substituting the frequency resolution condition kihresh = 7 /Amax yields the constraint on ¢
Th'max 2 . 2v
<e¢, orequivalently (thm)® <, (18)
T

where the constant factor 72 has been absorbed into ¢. This criterion is used here only as a spectral resolution guideline for the

uniform-grid Fourier representation of the WM prior.

This relationship provides a principled way to balance computational complexity with frequency resolution. In practice, the
smoothness parameter v can be chosen based on external geological constraints, expert interpretation, or sensitivity analysis. For
example, if independent information suggests relatively smooth or highly irregular interfaces, v can be selected to reflect this expected
regularity. When such information is unavailable, v should be regarded as a modelling hyperparameter rather than as independently
established prior knowledge. Given a fixed computational budget, reflected in the mesh refinement parameter hy,,y, the parameter ¢
can then be selected to accommodate a prescribed minimum correlation length. Conversely, if a minimum correlation length is sug-
gested by independent geological information or by the target structural hypothesis, the estimate above provides an upper bound on
the admissible mesh spacing and thus caps the computational cost by prescribing an appropriate discretization resolution.

We remark that, in this work, the WM hyperparameters are assumed to be fixed and known. In practice, however, identifying
appropriate values for these parameters is a challenging task and typically requires prior field investigations. Results by M.M. Dunlop
et al. (2017) and B. Maboudi Afkham et al. (2024) suggest that inference schemes can be developed to simultaneously estimate both the
unknown fields and the WM hyperparameters. Such approaches, however, remain at the frontier of current research and are beyond
the scope of this paper. We leave the implementation of these methods into an ANT framework to future work.

3.3.2 Choosing pushforward hyperparameters

The pushforward mapping introduced in Section 3.2.2 involves additional hyperparameters o, Viin and v,y that control how the smooth
latent field is transformed into a near piecewise-constant velocity field. The sigmoid slope parameter « governs the width of the tran-
sition zone between velocity levels and must be chosen to balance geological interpretability with numerical robustness for gradient-
based inference schemes introduced in Section 4. Meaningful use of the pushforward mapping therefore requires consistency between
this transition width and the spatial discretization.

The effective lateral transition width induced by the sigmoid mapping is inversely proportional to the product o |¥"|, where |a¥"|
denotes a representative amplitude of the latent field under the chosen WM hyperparameters 7 and v. To ensure that the reconstructed
velocity transitions are both geologically sharp and numerically resolvable for gradient computation, this lateral transition width should
include several mesh cells of size hp,x in order to avoid discretization artefacts, leading to the practical condition

1

(X|11KL|.

hmaX ~
In addition, the lateral transition width should remain small relative to the characteristic correlation length of the latent field, 1/,
so that interfaces are sharp compared to the dominant geological length scales. Together, these conditions enforce a clear separation
between numerical resolution, the numerical transition width of the sigmoid mapping, and the lateral geological structure represented
in the phase-velocity map.

In addition to «, the velocity bounds vy, and vy, define the admissible range of seismic velocities and therefore impose strong
prior constraints about the reconstructed field. In principle, these parameters could be inferred jointly with the latent variables within a
hierarchical Bayesian framework. However, doing so requires explicit prior models for the velocity levels and introduces additional cou-
pling between velocity contrast and the latent structural field. Under the finite-slope sigmoid parametrization used here, the traveltime
likelihood also depends nonlinearly on vy, and vmax, SO these parameters cannot in general be eliminated analytically. We therefore
fix them using external information and the calibration reported in Supplementary Material S2.4 , while leaving their hierarchical
inference for future work.
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4 BAYESIAN INFERENCE AND COMPUTATION

Having the forward model, prior structure and reduced latent parametrization, we now describe the Bayesian inference procedures
used to estimate the velocity field and quantify its uncertainty. The twofold goal is (i) to obtain a point estimate of the velocity field
via maximum a posteriori (MAP) optimization, and (ii) to explore the posterior distribution to assess the range of models consistent
with the data and prior assumptions. Operating in the latent space allows both optimization and sampling to be performed efficiently,
enabling UQ for large-scale ANT data sets.

4.1 Parametrized posterior

With the parametrized, nearly piecewise-constant prior introduced in Section 3, we return to the Bayesian formulation in eq. (3).
The velocity field v is represented as a deterministic transformation 7 : R¥¢. — RN of a low-dimensional latent variable wX € RN«
through the prior construction

frr o - g
T w2 gkt 2y,

where fx; denotes the truncated spectral construction of the WM latent field and gis the nonlinear pushforward mapping that produces
the velocity field. Here, Ni; denotes the number of retained KL coefficients, and N? corresponds to the number of grid points used to
discretize the 2-D velocity field. The prior is specified directly on the latent variable as w*" ~ N(0, Ly,, ), with Iy,, being the identity
matrix of size Nk, which induces the corresponding prior distribution on v through the transformation 7. The posterior distribution
is therefore naturally expressed in terms of the latent variables as

W | y°%) o p(r° | TW)) pw*™). (19)
Using the likelihood defined in eq. (4), this posterior can be written explicitly as

1 1
pw't 1 y*) o exp(— 2o P = GT@W )| - 5 ||w‘“||2> : (20)

noise

The posterior distribution over velocity fields p(v | y°*) is obtained as the transformation of p(w*" | y°*) under the mapping 7. This
latent formulation forms the basis for the low-dimensional MAP estimation and the UQ in Sections 4.2 and 4.3, respectively.

4.2 Maximum a posteriori (MAP) estimation

To obtain a representative reconstruction of the velocity field, we compute the MAP estimate, that is, the maximizer of the posterior
density eq. (20). Let ®(w) denote the log-posterior up to an additive constant

d(w) = L

2
2ancoise

1
[y = GT @) — 2 Iw .

The MAP estimate is then given by the maximization problem
Wyap = argmax d(wrr), (21)
w

Since @ is the log-posterior, its maximizer corresponds to the most probable latent representation of the velocity field under the poste-
rior.

We solve the optimization problem eq. (21) using the limited-memory Broyden Fletcher Goldfarb Shanno (L-BFGS) algorithm,
which requires only first derivatives, is well-suited for problems with hundreds of unknowns (R.H. Byrd et al. 1995), and is available
in open-source software, for example, in the PyTorch library (A. Paszke et al. 2019). It is possible to explicitly define the gradient of the
map wX! i ® using the chain rule. However, gradients, in this work, are computed by the automatic differentiation of the PyTorch
library (A. Paszke et al. 2019). As a stopping criterion for the L-BFGS method, we set a relative tolerance 107 for the gradient norm.

4.3 Posterior sampling and UQ

While the MAP estimate provides a single velocity field, it does not capture the range of alternative fields that are also consistent with
the posterior. To quantify uncertainty and assess the credibility of reconstructed features, we compute posterior summaries such as the
posterior mean and variance. These quantities are obtained through ergodic averages of samples drawn from the posterior distribu-
tion p(wXt | yo%). If {w®-XM%  denotes a sequence of approximately independent posterior samples, the corresponding velocity-field
samples are obtained through the transformation v = 7 (w®-X"), Posterior moments are then approximated by

Ns Ny

E[v(x)] ~ Ni Zv“)(x), Var[v(x)] ~ Z (VO (x) — Ev()])™.

s s=1

N, -1

s=1
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Figure 3. Schematic workflow of the proposed inference-mode framework, demonstrated here for ANT. The prior engine contains the method-specific
structural prior model, which combines geological context, prior hyperparameter selection, a WM latent prior, KL reduction and a pushforward mapping
to define the velocity parametrization. Once this parametrization is specified, the inference engine follows a modular Bayesian workflow based on
the observed data, forward model, likelihood, MAP estimation and NUTS sampling. The outputs include both MAP reconstructions and posterior
summaries, thereby supporting structural interpretation and uncertainty-aware decision-making.

These summaries provide spatially resolved measures of uncertainty, distinguishing regions strongly constrained by the data from
those dominated by prior information.

To obtain the samples {w¥}, Markov Chain Monte Carlo (MCMC) methods are used (J.P. Kaipio & E. Somersalo 2005). MCMC
methods construct a Markov chain whose states approximate independent samples from a posterior distribution. The most basic of
these methods is the Metropolis-Hastings algorithm, which is based on a Metropolis proposal step, followed by a Hastings accep-
tance/rejection scheme to create a Markov chain. Although this method is effective for posterior exploration, it is often computationally
inefficient for the complex and nonlinear posteriors encountered in this paper.

To overcome these challenges, we propose using the No-U-Turn Sampler (NUTS; M.D. Hoffman & A. Gelman 2014), an adaptive
variant of the Hamiltonian Monte Carlo (HMC; A. Fichtner ef al. 2019). HMC augments the stochastic space with auxiliary momentum
variables and interprets the resulting joint distribution through Hamiltonian dynamics. Proposed samples are generated by approxi-
mately simulating trajectories of constant Hamiltonian energy, for which efficient numerical integrators such as leapfrog schemes are
available (E. Hairer et al. 2006). NUTS automatically adapts the trajectory length by detecting when the simulated path begins to double
back on itself, a ‘U-turn’, thereby removing the need to manually tune the number of leapfrog steps and improving sampling efficiency.
While NUTS is not specifically designed for infinite-dimensional posterior distributions, our numerical experiments suggest that it
performs robustly for the experiments in the paper.

Applying NUTS requires only the negative log-posterior —®(w) and its gradient —V ®(w), where & is defined in Section 4.2 and
the gradient is obtained via automatic differentiation. The resulting samples w® are then mapped through 7 to yield corresponding
velocity-field realizations v, which form the basis of UQ.

4.4 Algorithm summary and implementation details

The complete workflow is summarized in Algorithm 1. This implementation uses automatic differentiation for both MAP estimation
and NUTS trajectory integration. Both MAP estimation and NUTS sampling require initial values in the reduced KL coefficient space,
denoted by w)!A” and wi'U™S in Algorithm 1, respectively. The specific choices used in each numerical experiment are stated in Section 5.

To complement the algorithmic description, Fig. 3 summarizes the modular structure of the proposed workflow. The prior engine
contains the method-specific modelling component, where geological context and the target structural hypothesis are translated into a
reduced latent parametrization of the velocity field. Once this parametrization is specified, the subsequent inference engine follows a
standard Bayesian workflow based on forward modelling, likelihood evaluation, MAP estimation and posterior sampling. This separa-
tion emphasizes that the added modelling structure is concentrated in the prior construction, while the remaining inference workflow
can in principle be combined with other prior or regularizing models.

All computations were performed on a MacBook Pro, Apple M-series GPU, 24 GB RAM, using Python 3.12.2, PyTorch 2.2.2 and
Pyro 1.9.1 for posterior sampling. Four independent chains were run for each experiment, with Ni;, latent dimensions determined by
the retained spectral energy fraction p introduced in Section 3.2.1.
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Algorithm 1: Inference-mode ANT

Input: Observed travel times y°®, station pairs {(i, j)}, prior hyperparameters (z, v, &, Viin, Vmax ) based on prior geological
knowledge, spectral energy fraction p, noise variance o2, MAP initialisation w}“P, NUTS initialisation w)v™

Output: MAP velocity field vyap(x), posterior mean and variance

1. WM prior: Construct the spectral density S(k) = (z2 + ||k[?)~®*D

2. KL dimensional reduction: Select the smallest index set [Cy;, of leading modes retaining energy fraction > p, and set

Ngr = |Kkwl-

3. Latent parameterisation: Construct the KL expansion

W) =m@x)+ Y S0 wieg(x),  wie ~ N(0, 1),

keKgr,

4. Real-valued latent field: Construct i = v2(%(u*") + J(uXL))
5. Pushforward mapping: Compute v(x) = Viin + (Vmax — Vmin )0u (7<(x))
6. Forward model: For each station pair (i, j), compute predicted travel times

G(V)ij = / Uil(x) di
Ty

7. MAP estimation: Starting from w}'“?, maximise the log-posterior

d)(wKL) -

2
2O-noise

1
[y = GT ;= S w1

using L-BFGS to obtain wkf, , andvyap(x) = T Wik )(x)
8. Posterior sampling: Initialise NUTS from w)V™ and draw samples {w®*}", and computev® (x) = 7 (w®¥)(x)

9. Posterior summaries: Compute posterior mean and variance from {v®(x)}

5 NUMERICAL AND EXPERIMENTAL VALIDATION

This section evaluates the proposed inference-mode ANT framework through a sequence of increasingly realistic tests. We begin by
introducing the experimental ambient-noise data set used in this study. We assess velocity-field reconstruction accuracy and posterior
uncertainty through controlled synthetic experiments. We first consider a regular station geometry and then, inspired by the experi-
mental setup, examine a realistic station geometry to study the effect of station distribution on reconstruction quality and UQ under
controlled conditions. In Section 5.3, we apply the inference-mode ANT framework to the experimental data set and compare the
results with those obtained from a discovery-mode inversion.

5.1 The Kylylahti data set and pre-processing

Active seismic surveys are conventionally used to image reflectors of lithological boundaries associated with mineralized rock forma-
tions, often in combination with other geophysical methods, but passive imaging can also constrain indicative velocity variations (P.
Dales et al. 2020; T. Ryberg et al. 2022; D. Teodor et al. 2022). Here we use ambient-noise recordings acquired in the Kylylahti polymetal-
lic mine area in the Outokumpu district, eastern Finland (M. Chamarczuk 2021), for our inference-mode surface wave imaging. The
Kylylahti area hosts a volcanogenic massive sulphide deposit embedded within a heterogeneous sequence of black schist, greywacke,
quartz rock, serpentinite, skarn and talc schist. The coloured lithological units in Fig. 4 are the geologically mapped surface expres-
sions of the formation. The near-vertically extended blocks of the intrusions dip steeply to the south, and they have well-defined lateral
boundaries to the host rock environment. This study site presents an opportunity to test inference-mode inversion because the mapped
lithological units motivate a simplified structural hypothesis in which the laterally variable phase-velocity field is approximated by a
small number of relatively homogeneous regions separated by sharp transitions. The lithological map is therefore used as external ge-
ological context for designing the structural prior model used in Sections 5.2 and 5.3, rather than as direct or complete prior knowledge
of the subsurface velocity field.

Between August and September 2016, 994 vertical-component receivers were deployed over an area of approximately 3.5km x
3 km, with 200 m line spacing and 50 m station spacing (Fig. 4). Each station consisted of a Geospace GSR recorder attached to six 10
Hz geophones, recording continuous ambient noise at a sampling interval of 2 ms for approximately one month. The continuous record-
ings were pre-processed considering the workflow of M. Chamarczuk et al. (2022). Active-source shots and other spurious transients
were removed, the traces were detrended and bandpass filtered and interstation cross-correlations were computed to obtain empirical
Green’s functions (V. Hopiavuori et al. 2025). Rayleigh wave phase velocities were measured in the frequency domain following the
approach of G. Ekstrom et al. (2009), based on the formulation of K. Aki (1957) for the cross-correlation of stochastic wavefields. Phase
velocities were determined at the zero-crossing frequencies from the real part of the cross-correlation spectrum and then interpolated
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Figure 4. The Kylylahti dense array deployment in eastern Finland. The 994-station array covers an area of ~10.5 km? and is organized in 19 rows
with 200 m spacing. The inline interstation distance is 50 m.

to regularly spaced frequencies in the range of 1-10 Hz. Quality control was applied, including a signal-to-noise ratio threshold, a min-
imum interstation distance of one wavelength, continuity of phase velocity dispersion across frequencies and a physically reasonable
velocity range. This yielded 37 399 measurements for input into ANT inversion.

5.2 Synthetic experiments

To assess the performance of the proposed framework under controlled conditions, we design synthetic experiments that approximate
the Kylylahti setting while providing access to a known true velocity model. The aim of these experiments is (i) to quantify reconstruc-
tion accuracy and the recovery of prescribed structural features under different station geometries, and (ii) to examine how posterior
uncertainty and MCMC performance respond to changes in data coverage.

5.2.1 Setup

True velocity model and domain. Fig. 5(a) shows the reference phase-velocity field for the synthetic tests. It is a piecewise-constant
model motivated by the main lithological patterns shown in the mapped geology (Fig. 4), with velocity values bounded between vy, =
2kms™! and vy, = 3kms™!. The model is discretized on a uniform grid with Npeins = 310 points in each direction, resulting in a
310 x 310 = 96 100 representation of the true velocity field. This piecewise-constant model is the synthetic ground truth against which
reconstruction accuracy is quantitatively assessed.

Although the synthetic domain considered here is 1 km x 1 km, which is smaller than the spatial extent of the Kylylahti data set,
this choice does not affect the validity of the seismic model investigated in this study. The forward model and the prior parametrization
are scale-invariant with respect to the domain size, so the synthetic experiments serve primarily as a controlled benchmark for assessing
reconstruction behaviour and UQ.

Station geometries. Synthetic traveltimes are generated for two acquisition scenarios. First, the regular geometry is an idealized,
uniformly spaced station layouton a 14 x 14 grid. This configuration produces a nearly uniform ray coverage across the domain, with all
interstation paths within the array used, including both station orders, resulting in a total of 38 220 synthetic traveltime measurements.
Fig. 5(b) shows the corresponding ray-density map. Secondly, the real geometry of the actual Kylylahti station configuration is used.
Owing to irregular station spacing, interstation paths and array boundaries, this setup yields a strongly heterogeneous ray coverage,
with 37 399 interstation paths (Fig. 5¢). By comparing these two acquisition scenarios, we explicitly evaluate the impact of data coverage
on both velocity reconstruction quality and UQ within the proposed inference-mode ANT framework.

Synthetic data generation. For each acquisition geometry, synthetic traveltimes are generated by applying the forward operator (eq.
2) to the reference velocity model. The line integrals are evaluated using Ngyaq = 450 > /2 x 310 quadrature points per ray to ensure
accurate numerical integration. Zero-mean Gaussian noise is then added to the noise-free traveltimes. Let y"™¢ € R™ denote the vector
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Figure 5. Synthetic experiment setup, MAP reconstructions and posterior uncertainty for two station layouts. (a) True synthetic phase-velocity field. (b,
¢) Ray-density maps for the regular and Kylylahti-inspired station layouts, respectively. (d)-(f) Results for the regular station layout: MAP reconstruction,
posterior mean and posterior standard deviation. (g)—(i) Corresponding results for the Kylylahti-inspired station layout. The dotted contours overlaid on
the reconstruction panels indicate the outlines of the true low-velocity structures. The regular layout provides more uniform ray coverage and sharper
reconstructions, whereas the Kylylahti-inspired layout leads to spatially varying resolution and increased posterior uncertainty in regions of limited
coverage. The black dashed line in (g)—(i) indicates the station coverage area.

of noise-free synthetic traveltimes, where m is the number of traveltime measurements. A noise vector 5 ~ N (0, Ur%oiselm) is drawn with

[yl
Onoise = dnoise W» (22)

where I, is the m x m identity matrix and d.is denotes the relative noise level (RNL). In this study, we choose d,oise = 0.05, cor-
responding in expectation to a root-mean-square (RMS) noise level equal to 5 per cent of the RMS signal amplitude. This choice is
consistent with previous noise tomography studies that consider noise levels in the range of 3-8 per cent to account for data uncer-
tainty (C. Esteve et al. 2025a, b). We additionally tested RNLs ranging from 1 to 15 per cent for synthetic experiments and found the
proposed framework to be robust across this range. The noisy synthetic observations are then y°*s =y 4 .

Prior hyperparameters. The prior hyperparameters are chosen in accordance with the guidelines discussed in Section 3.3. The WM
prior used in the synthetic experiments is parametrized as

o =5x10% 7 =15, V=2, Vinin = 2kms™!, Vmax = 3kms™L.
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The pushforward parameter « is chosen relative to the amplitude scale of the latent Gaussian field on this grid. For the range of WM
hyperparameters considered in the diagnostic sweeps, the RMS amplitude of X" remains of order 10, with typical values between
2 x 107° and 7 x 10~°. Hence, the choice o = 5 x 10* gives a« RMS(iX") of order unity. This produces a sufficiently sharp sigmoid
pushforward while keeping the map differentiable over the typical amplitude range of the latent field. Larger values of « make the
map closer to a Heaviside function, but also localize the gradients more strongly near the zero level set and were found to reduce
numerical robustness.

The value v = 15 is chosen to be consistent with the characteristic lateral scale of the structures in the example, while also sat-
isfying the discretization requirement. Since the synthetic experiments are performed on the unit square, this corresponds to a prior
correlation length ¢ = 1/(rt) &~ 0.0212. For the 310 x 310 computational grid, the diagonal cell size is Ay A~ 4.56 x 1073, so that
£/hmax ~ 14.6 1. Thus, the prior correlation length is well resolved by the discretization and is comparable to the widths and sep-
arations of the main inclusions in the example. This makes r = 15 a structurally motivated modelling choice rather than a purely
numerical tuning parameter. As an additional consistency check, Supplementary Material S2.1 shows diagnostic sweeps over t, mon-
itoring the trade-off between data misfit and the prior norm. These diagnostics support the selected value of .

The smoothness parameter v = 2 is chosen to allow sufficiently regular latent fields while still permitting spatial variability in
the interface geometry. With these hyperparameters, the latent Gaussian field is represented using a truncated KL expansion retaining
Nx1, = 1591 modes, corresponding to a spectral energy fraction p = 0.99. This reduces the number of unknowns from 96 100 grid values
to 1591 latent coefficients, corresponding to more than 98 per cent dimensional reduction, while preserving the dominant variability
implied by the prior.

The velocity bounds vy, and v,y are fixed to represent a controlled contrast between low- and high-velocity regions in the synthetic
experiment, so that the numerical study focuses on reconstructing the interface geometry and quantifying its uncertainty.

Quality metrics. For the synthetic experiments, where the reference velocity field is known, image-domain reconstruction accuracy
is quantified using two complementary metrics. We compute the percentage of the relative error (RE),

Viee — V
RE(per cent) = 100 x Wiee = Viruella
Verue Il

which measures the global amplitude mismatch between the reconstructed and reference velocity fields. We also compute the structural
similarity index (SSIM),

(zﬂrecﬂtrue + Cl )(Zarec‘true + CZ)
(Mfec + Mtzrue + Cl)(arzec + Ut%ue + CZ)’

SSIM(Vrem Vtrue) =
where jtrec and e denote the mean values of the reconstructed and reference velocity fields, o2, and o2, their variances and oyec, true
their covariance. The constants C; and C, are small positive stabilization parameters. The SSIM measures structural similarity by jointly
comparing luminance, contrast and structural information (Z. Wang et al. 2004). Its values typically lie in [—1, 1], with SSIM =1
indicating perfect structural agreement between the compared fields.

For both synthetic and real-data experiments, we quantify the traveltime data fit using the noise-normalized residual RMS
(NRMSres),

obs __ G
NRMS,, = lly ( rec)”z.
\/ﬁ(’noise

Values near one indicate that the residual RMS is comparable to the assumed noise level, whereas values substantially larger than one
indicate a poorer fit relative to that noise level. For synthetic data, this compares the residual with the imposed measurement noise;
for real data, it compares the residual with the assumed noise level used in the likelihood.

Sampling diagnostics. For experiments involving Bayesian UQ, posterior samples are generated using NUTS in the reduced KL
space. Sampling performance is assessed using standard diagnostics, including trace plots of representative KL coefficients, the effective
sample size (ESS), and the Gelman-Rubin statistic R (A.B. Owen 2013). High ESS values and R ~ 1 across all retained modes indicate
good mixing and cross-chain convergence, while trace plots verify stable and stationary exploration of the posterior. Together, these
diagnostics confirm that the posterior uncertainty estimates reported in Sections 5.2.3 and 5.3.3 are statistically reliable.

5.2.2 MAP reconstructions and effect of station geometry

We first examine how data coverage influences the reconstruction quality of the MAP estimate. Figs 5(d) and (g) compare MAP ve-
locity fields obtained using a regular, uniformly spaced station layout with those obtained using the Kylylahti deployment geometry,
respectively. For the MAP estimation, the L-BFGS optimization is initialized from a random draw in the reduced KL coefficient space,
wYAF ~ N(0, Iy, ).

With uniformly distributed stations, ray coverage is dense and approximately uniform across the domain (Fig. 5b). The resulting
MAP estimate, shown in Fig. 5(d), accurately recovers the major high- and low-velocity regions of the reference model, with sharp
interfaces and correct amplitude contrasts. Quantitatively, the reconstruction achieves RE = 4.10 per cent and SSIM = 0.83 in the
velocity field. The traveltime data fit is NRMS,.s = 1.003, indicating that the residual RMS is consistent with the imposed synthetic
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Figure 6. Trace plots of the first five KL coefficients for the synthetic experiments with (a) a regular station layout and (b) a Kylylahti-inspired station
layout. Each line shows one KL coefficient across all four MCMC chains, concatenated for visualization (400 samples per chain; 1600 samples in total).
The chains exhibit stationary behaviour without visible drift, consistent with the high ESS and R ~ 1.

noise level. These values indicate good global reconstruction accuracy and a data fit consistent with the assumed noise model. Overall,
the regular geometry provides a controlled and spatially uniform benchmark, illustrating the performance achievable under relatively
homogeneous and well-distributed data coverage.

When the irregular and anisotropic field station distribution is used, ray coverage becomes uneven, with sparse sampling in several
parts of the domain (Fig. 5¢). The corresponding MAP estimate, shown in Fig. 5(g), still reproduces the large-scale structure of the true
model, but interfaces appear locally smeared and smaller-scale features are partially lost. This degradation in resolution is reflected
in the metrics, with RE = 10.44 per cent and SSIM = 0.67, indicating reduced structural similarity despite the overall geometry of the
anomalies remaining consistent with the ground truth. At the same time, the traveltime data fit remains consistent with the imposed
noise level, with NRMS,s = 0.995. This indicates that the degraded image quality is mainly associated with the reduced resolving
power of the irregular acquisition geometry rather than a poor fit to the traveltime data.

This comparison highlights the role of station geometry in controlling the achievable resolution in ANT, even within an inference-
mode framework. Regular station spacing facilitates more uniform and sharper reconstructions, while realistic acquisition geometries
naturally lead to anisotropic resolution patterns and spatially varying uncertainty. These effects reflect intrinsic properties of the data
coverage rather than limitations of the inversion methodology, and they become even more evident when examining posterior uncer-
tainty in the following subsection.

5.2.3 Uncertainty quantification

We now analyse the posterior distributions obtained using the NUTS in the reduced KL space for both station geometries. Four inde-
pendent NUTS chains are initialized from the zero vector in the reduced KL coefficient space, wyU™ = 0, and run with 250 warm-up
iterations followed by 400 sampling iterations, yielding a total of 1 600 posterior samples. Figs 5(e), (f), (h) and (i) show the posterior
mean and standard deviation fields for both acquisition geometries, which together characterize the inferred velocity structures and
their associated uncertainty.

Figs 5(e) and (f) show the posterior mean and standard deviation fields, respectively, for the case of dense and approximately uni-
form ray coverage (Fig. 5b). The posterior mean exhibits a high similarity with the reference distribution. Posterior standard deviation
values are almost uniformly low throughout the interior of the domain and are large mostly along velocity interfaces. This spatial pat-
tern indicates that the data constrain the model well across most of the domain, with elevated uncertainty limited to regions associated
with sharp contrasts. A small localized region of elevated uncertainty near the upper-right corner suggests limited sensitivity of the
data in this area, which can potentially be reduced through increased data coverage or alternative prior hyperparameter choices.

Quantitatively, the reconstruction achieves RE = 3.98 per cent and SSIM = 0.84. The traveltime data fit is NRMS,,s = 1.005, indi-
cating that the residual RMS is consistent with the imposed synthetic noise level. The sampler shows good sampling efficiency and
stable convergence behaviour. The minimum ESS across the 1 591 retained KL coefficients is 582, and the maximum Gelman-Rubin
diagnostic is Rpa = 1.012, consistent with effective mixing and cross-chain convergence. The trace plots shown in Fig. 6(a) exhibit
stable and stationary behaviour with no visible drift or stickiness, consistent with the high ESS values. The total runtime for all four
chains executed sequentially is approximately 106 min on a MacBook Pro with an Apple M-series GPU and 24 GB RAM.

Figs 5(h) and (i) show the posterior mean and standard deviation fields, respectively, for the Kylylahti-inspired station layout
(Fig. 5¢). The posterior mean continues to recover the dominant high- and low-velocity regions of the true model, but with reduced
sharpness and more pronounced smoothing in areas with sparse ray coverage. The posterior standard deviation reveals substantially
increased uncertainty, as before, in localized regions with strong velocity gradients in the well-imaged central parts of the domain, and
then where ray coverage is sparse or strongly anisotropic. These regions correspond closely to areas where the MAP estimate exhibits
blurred or distorted interfaces, confirming that the posterior variance appropriately captures the loss of information associated with
limited data coverage. Values outside the black dashed line should be interpreted with caution, as these regions lie outside the effective
data coverage and are not constrained by observations.
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Quantitatively, the reconstruction achieves RE = 10.53 per cent and SSIM = 0.68. The corresponding traveltime fit is NRMS; =
0.995, indicating that the residual RMS remains consistent with the imposed synthetic noise level. The increase in image-domain error
therefore reflects the limited spatial resolving power of the irregular station geometry, rather than a poor fit to the traveltime data.
Sampling performance remains robust despite the more complex posterior geometry. Across the 1591 retained KL coefficients, the
minimum ESS is 752 and the maximum Gelman-Rubin statistic is I’Q\max = 1.007, consistent with reliable cross-chain convergence and
adequate posterior exploration. The trace plots for the real-geometry experiment (Fig. 6b) again exhibit stable, stationary behaviour
without visible drift or stickiness, consistent with the ESS and R diagnostics. The total runtime for all four chains is 190 min, showing
that NUTS remains practical under uneven and sparse ray coverage.

The posterior analysis demonstrates that the proposed inference-mode ANT framework produces reliable uncertainty estimates
that reflect the data coverage and inversion geometry. Regular station spacing yields sharply resolved anomalies with low uncertainty,
whereas the field station configuration produces a posterior variance pattern that clearly identifies regions where the inversion is weakly
constrained. These results emphasize the importance of UQ. Even when two MAP models appear visually similar, the posterior variance
quantifies the degree of confidence in different parts of the reconstructed structure.

5.3 Array-data inversion and comparison with a discovery-mode example

In this section, we evaluate the performance of the proposed inference-mode ANT framework on data from the Kylylahti passive
seismic experiment and compare the results with a conventional discovery-mode inversion.

5.3.1 Setup

We apply the inference-mode ANT framework to the 6 Hz Rayleigh-wave phase-velocity measurements introduced in Section 5.1.
Before inversion, the station coordinates are transformed from geographic coordinates to Universal Transverse Mercator coordinates
(in kilometres) and subsequently normalized to the unit square. The inversion and posterior sampling are performed in this normalized
computational domain, while the final reconstructed velocity fields are mapped back to physical coordinates for visualization and
interpretation.

The overall inversion setup follows that of the synthetic experiments, with a small number of modifications. In particular, the
inverse correlation length of the WM prior is reduced to t,om = 8 in the normalized computational domain, while the smoothness
parameter is kept fixed at v = 2.

This choice reflects a modelling expectation of smoother large-scale velocity variations in the acquired data compared to the
synthetic models. Since the station coordinates are normalized using the physical length scale Nr = 4.23 km, the normalized value
Thorm = 8 corresponds to a physical inverse correlation length tynys = 7 Toorm /NF A~ 1.897 km™!, or equivalently to a physical correla-
tion length €phys &~ 0.537 ~* km. For the 310 x 310 computational grid, the physical diagonal cell size is iyax ~ 0.0193 km, which yields
Lohys/Mmax = 27.47 7. Thus, the physical correlation length associated with 7,4, is well resolved by the discretization. As an additional
consistency check, Supplementary Material S2.2 reports diagnostic sweeps over 7,om, monitoring the trade-off between data misfit and
the prior norm. These diagnostics support the selected value of 7,0m-

The pushforward slope parameter is kept fixed at @ = 5 x 10%, as in the synthetic experiments. This value was chosen to balance
interface sharpness and numerical stability. With these hyperparameters, the latent Gaussian field is represented using a truncated KL
expansion retaining Ng;, = 453 modes, which still corresponds to a spectral energy fraction p = 0.99. This represents a dimensionality
reduction of more than 99.5 per cent while preserving the dominant prior-implied variability. The relative noise level is set to dpeise =
5 per cent, consistent with the data uncertainty levels assumed in the synthetic experiments and previous noise tomography studies (C.
Esteve et al. 2025a, b).

The pushforward mapping is defined in the normalized velocity representation, while the corresponding physical velocity bounds
after inverse normalization are

Vimin = 2.55kms™, Vinax = 2.80km s,

These values should be interpreted as effective phase-velocity levels at the considered period, rather than as exact intrinsic velocities
of two homogeneous lithologies. They are consistent with the velocity range suggested by the discovery-mode reconstruction (see
Section 5.3.4) and were further supported by a grid-search calibration over admissible values of vy, and vy, (see Supplementary
Material S2.4).

5.3.2 MAP reconstruction

Fig. 7(a) shows the MAP phase-velocity field. The reconstruction reveals a set of coherent high- and low-velocity domains with contrasts
of 0.25km ™!, forming elongated bands and isolated patches rather than pixel-scale artefacts. These patterns are spatially consistent
with the dominant structural trends inferred from the surface geology of the Kylylahti area. The MAP estimate yields NRMS,s = 0.714
with respect to the measured traveltime data, indicating that the residual RMS is below the noise level assumed in the likelihood model.
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Figure 7. Inference-mode inversion of 6 Hz Rayleigh-wave phase-velocity data from the Kylylahti experiment. (a) MAP phase-velocity model showing
elongated high- and low-velocity domains. (b) Posterior mean and standard deviation fields obtained from NUTS, illustrating regions that are well
constrained by the data (low variance) and areas of elevated uncertainty, primarily along anomaly boundaries. The black dashed line indicates the
station coverage area.
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Figure 8. Trace plot of the first five KL coefficients for the real-data inversion. Each line shows one KL coefficient across all four MCMC chains,
concatenated for visualization (400 samples per chain; 1600 samples in total). The chains exhibit stationary behaviour without visible drift, consistent
with the high ESS and R~ 1.

5.3.3 Uncertainty quantification

Fig. 7(b) shows the posterior mean and posterior standard deviation fields. The posterior mean is consistent with the structure observed
in the MAP estimate, indicating that the major velocity variations are strongly supported by the data. Moreover, the posterior mean
gives a comparable traveltime data fit to the MAP estimate, with NRMS,s = 0.714 relative to the noise level assumed in the likelihood
model. The posterior standard deviation highlights regions where the inversion is less well constrained, primarily along the inferred
unit boundaries and in areas with sparse or uneven ray coverage. These uncertainty patterns indicate that the location and overall extent
of the main reconstructed velocity domains are comparatively robust within the assumed model, while their fine-scale geometry has
a larger degree of uncertainty.

The sampler achieves high sampling efficiency with rapid convergence. Across all retained KL coefficients, the maximum Gelman-
Rubin diagnostic is ﬁmax = 1.002, and the minimum ESS is ESS,,;, = 1565, indicating efficient mixing and near-independent posterior
samples. The trace plots for the first five KL coefficients (Fig. 8) exhibit stable and stationary behaviour without evidence of drift,
consistent with the high ESS values and R ~ 1 convergence diagnostics. The total runtime for all four chains is 104 min.

5.3.4 Comparison with discovery-mode inversion

To assess the performance of the proposed inference-mode framework, we compare the reconstructed 6 Hz phase-velocity image with a
discovery-mode inversion result shown in Fig. 9. Both reconstructions are based on the Kylylahti traveltime data set, but they differ fun-
damentally in their formulation of the inverse problem. For this comparison, we employ a conventional deterministic ANT approach,
as a representative discovery-mode inversion. The velocity domain is discretized similarly to the inference-mode inversion described in
Section 5.2.1, and we use a forward simulator under the same assumption of straight rays. The misfit function is formulated following
Y. Lu et al. (2018) and F. Korostelev et al. (2022), incorporating Tikhonov-type regularization

F@) = [y = GW)|I* + Al|Lv]?, (23)

where G(v) denotes the forward model defined in eq. (2). Here, we assume uniform data covariance across all measurements, that
is, each measurement is weighted equally in the misfit function. The second term represents a flattening regularization term, where
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Figure 9. Comparison between inference-mode and discovery-mode reconstructions of the 6 Hz Rayleigh-wave phase-velocity data from the Kylylahti
experiment. (a) MAP estimate obtained using the proposed inference-mode reconstruction with the sigmoid pushforward. (b) Heaviside transformation
of the reconstruction shown in panel (a), included to visualize the corresponding segmented representation. (c) Discovery-mode inversion. The black
dashed line indicates the station coverage area. The grey contour in panel (c) represents the boundary inferred from the inference-mode reconstruction
in panel (a), overlaid to facilitate comparison between the large-scale structures recovered by the two approaches.

L is the first-order differential operator of the model parameter v with respect to spatial location, and 2 is the weight assigned to
the regularization constraint. This penalty suppresses large spatial gradients and therefore favours spatially gradual variations in the
reconstructed velocity field. The inversion starts from a homogeneous initial velocity model, set to the median value of all phase velocity
measurements. The solution is approximated using the iterative least-squares QR (LSQR) algorithm (C.C. Paige & M.A. Saunders
1982). The regularization coefficient is set to A = 2, close to the point of maximum curvature on the L-curve, balancing data fit and
model regularity (P. Hansen 2001); see Supplementary Material S2.3. The resulting phase velocity map is shown in Fig. 9(c), omitting
areas without sufficient data coverage. For visual comparison, the same figure also shows the sigmoid-pushforward inference-mode
MAP reconstruction in panel (a) and its Heaviside-pushforward (eq. 13) representation in panel (b). Panel (b) is included to separate
the inferred smooth sigmoid transition from the corresponding segmented interpretation and to make explicit the connection with
thresholded or post-processed discovery-mode images. The boundary inferred from the inference-mode reconstruction is overlaid as a
grey contour on the discovery-mode result in panel (c).

The discovery-mode inversion, while also reproducing the expected geological patterns, yields a single smooth deterministic model
for which uncertainty estimates are not computed in the present comparison. We acknowledge that uncertainty estimates can in prin-
ciple be derived for regularized least-squares inversions, for example, through linearized error propagation from measurement uncer-
tainties or through an equivalent Bayesian Gaussian formulation (A. Tarantola & B. Valette 1982). However, the interpretation of such
uncertainty estimates depends strongly on the assumed regularization or prior covariance structure.

Sharper segmented representations can also be obtained from smooth discovery-mode models by applying additional post-
processing, for example, through thresholding or level-set transformations, or by integrating seismic velocities with complementary
geophysical data, such as resistivity, using unsupervised classification tools (T. Ryberg et al. 2022). Indeed, Fig. 9 shows that the sigmoid-
pushforward MAP reconstruction and the discovery-mode inversion share broadly similar large-scale structures.

The difference between the two approaches is therefore not simply the visual sharpness of the final image, but how the structural
assumptions are introduced. In the proposed approach, the expected piecewise nature of the velocity field is incorporated directly into
the WM prior and pushforward mapping. The resulting MAP reconstruction should therefore be interpreted as a reconstruction condi-
tional on the imposed geology-informed structural assumptions, rather than as an objectively more interpretable image in all settings.
The proposed framework provides posterior uncertainty information within the same Bayesian formulation used to obtain the recon-
struction. These variance fields indicate which reconstructed structural features are well constrained by the data and where ambiguity
remains, for example, near sharp velocity contrasts and in regions of sparse ray coverage. We acknowledge that these uncertainty
estimates are also conditional on the assumed forward model, noise model, and prior structure.

Although not assessed in this experiment, our framework can reduce the computational burden relative to probabilistic discovery-
mode ANT formulations that sample all grid values directly. Rather than inverting for all grid values, the velocity field is represented in
areduced KL space with 453 coefficients, retaining more than 99 per cent of the prior variance. This compact representation stabilizes
the inversion and enables efficient UQ.

6 DISCUSSION

Our results illustrate both the reconstruction performance and the associated uncertainty patterns of the proposed framework. We
discuss their implications from an inference-mode perspective.
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6.1 Inference-mode versus discovery-mode interpretation

The proposed framework follows the inference-mode perspective articulated by V.C. Tsai (2023), specifying the assumed structural hy-
pothesis and quantifying the uncertainty associated with it. The aim is not to replace exploratory tomography, which remains essential
for many problems, but to provide a complementary formulation for cases where the target structures and relevant geological ques-
tions are specified in advance. The framework combines three key ingredients: the structural prior, reduced-order parametrization and
posterior UQ. The WM prior and pushforward mapping used here encode explicit modelling assumptions about the structural class
considered in this study, namely internally relatively homogeneous regions separated by sharp lateral transitions. Dimensional reduc-
tion via the KL expansion restricts the inversion to spatial modes considered relevant under the chosen prior. Posterior UQ is central
to interpreting the inversion results. In particular, posterior variance identifies which structures are relatively well-constrained under
the assumed forward model, noise model and prior, and which remain ambiguous, even when MAP reconstructions appear visually
similar. This shifts the emphasis from visual inspection of a single reconstruction towards answering pre-defined inferential questions
under an explicit probabilistic model.

The proposed framework imposes stronger assumptions about the structure of the model than conventional discovery-mode to-
mography, so these additional assumptions should be justified by practical benefit. In the present setting, this added structure has four
main benefits. First, the structural prior model makes the imposed modelling assumptions more explicit and interpretable. Secondly,
the KL reduction lowers the effective stochastic dimension of the inverse problem, making optimization and posterior sampling more
tractable. Thirdly, the Bayesian formulation provides uncertainty estimates in addition to a point reconstruction. Fourthly, these un-
certainty estimates help distinguish robust reconstructed features from features that should be interpreted with caution. Although the
prior construction is more elaborate than a single smoothing penalty, the workflow remains modular: The prior construction, forward
model and posterior inference can be treated as separate components. This modularity is important beyond the ANT example consid-
ered here. The prior construction can be redesigned for other target structures or imaging modalities, while the Bayesian inference
workflow remains largely unchanged once the forward model and likelihood have been specified. In this respect, ANT serves as a
concrete example of a broader inference-mode strategy.

6.2 Role of model reduction and parametrization

Model reduction via the KL expansion is central to the inference-mode ANT formulation. Representing the velocity field in a low-
dimensional latent space reduces computational cost while preserving the dominant variability implied by the chosen prior model.
This reduction makes gradient-based MAP optimization and NUTS sampling feasible for the problem sizes considered here. It also
makes the imposed structural assumptions easier to interpret, because the inversion is restricted to coherent spatial modes rather than
pixel-scale fluctuations. Dimensional reduction is therefore not merely a numerical convenience, but a modelling choice aligned with
the inference goals. By suppressing poorly informed high-frequency degrees of freedom, the framework can limit the risk of fitting
data noise and focus UQ on structures represented by the chosen prior model. The resulting posterior summaries should therefore
be interpreted within the assumed structural prior model and can support geological interpretation when the target hypothesis is
appropriate for the site.

This reduction is also consistent with the spatial-resolution limits imposed by the computational discretization. As discussed in
Section 3.3, the WM hyperparameters are selected so that the prior places negligible spectral variance above the mesh-resolvable fre-
quency threshold. This helps prevent unresolved high-frequency components from influencing the inversion.

6.3 Limitations and future work

This study should be interpreted as a proof-of-concept demonstration of an inference-mode prior construction for ANT, rather than
as a field-ready formulation for general geophysical imaging problems. The numerical experiments were designed to isolate the effect
of the WM-pushforward prior, KL dimensional reduction and posterior sampling under controlled modelling assumptions. The most
important limitations for practical ANT applications are the straight-ray forward model, the fixed effective velocity levels, the fixed
prior hyperparameters and the restriction to a 2-D single-frequency phase-velocity map.

The most immediate limitation is the use of the straight-ray traveltime approximation in eq. (2). This approximation makes the
forward operator inexpensive and allows us to focus on the prior and sampling aspects of the method, but it does not account for ray
bending caused by lateral velocity contrasts. This is not only a technical refinement: For the synthetic example, the imposed velocities
of 2 and 3kms™! correspond to a strong contrast for which ray paths will deviate significantly from straight lines. Therefore, the
synthetic results should not be interpreted as evidence that ray bending is negligible. Rather, they demonstrate that, conditional on a
straight-ray forward model, the proposed prior can recover the prescribed structural class and that the posterior uncertainty reflects
the imposed acquisition geometry.

For practical ANT applications, the first extension of the forward model should therefore be to replace the straight-ray line-integral
model with an eikonal-equation-based traveltime solver or a nonlinear ray tracing formulation (N. Rawlinson & M. Sambridge 2003),
so that ray paths are updated consistently with the evolving velocity field. This retains the reduced KL-pushforward parametrization,
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but the computational bottleneck shifts towards repeatedly solving the nonlinear forward and adjoint problems. Efficient MAP estima-
tion and gradient-based posterior sampling then require adjoint-state derivatives of the traveltime misfit with respect to the latent KL
coefficients. Similar adjoint-based Hamiltonian Monte Carlo strategies have been demonstrated for nonlinear traveltime tomography
(A. Fichtner et al. 2019; A. Zunino et al. 2023). Finite-frequency kernels or waveform-based likelihoods would be further extensions,
but ray bending is the most immediate source of forward-modelling bias for the examples considered here.

A second important limitation is the fixed bi-level velocity representation. The parameters vy, and vy, do not merely define plot-
ting limits; they constrain the class of admissible velocity fields and therefore have a direct influence on both the MAP reconstruction
and the posterior uncertainty. In the Kylylahti example, these values are interpreted as effective phase-velocity levels at 6 Hz, not as
intrinsic velocities of two perfectly homogeneous lithologies. They can absorb unresolved effects of vertical layering, finite-frequency
sensitivity and subgrid lithological variability. This interpretation is plausible for the present site, where the surface geology contains
steeply dipping units with clear lateral trends, but it is not generally valid for ANT in more complex settings.

The pushforward construction itself is not intrinsically restricted to two levels. Supplementary Material S3 provides an illustrative
three-level synthetic example using the same principle. We nevertheless keep the main experiments bi-level to focus on the primary
prior construction, dimensional reduction and posterior sampling framework. Beyond the number of levels, a related limitation is that
their velocity values are fixed. A more complete formulation would treat these levels as unknown parameters and infer them jointly
with the latent structural field. For practical applications, joint or hierarchical inference of the velocity levels would be especially
important when the velocity contrast is not well constrained by independent geological or geophysical information.

The remaining hyperparameters also influence the posterior and should not be interpreted as purely numerical tuning con-
stants. The inverse correlation length 7, smoothness parameter v, pushforward slope & and assumed noise level oy,0ie control, re-
spectively, the characteristic lateral scale, interface regularity, transition width and relative weighting of the data and prior terms.
In this study, these quantities are fixed so that the inference problem remains focused on the latent structural field and the syn-
thetic and real-data examples remain computationally tractable. The reported posterior uncertainties should therefore be inter-
preted as conditional uncertainties under the chosen forward model, noise model, prior structure and hyperparameters. A natural
extension is to infer selected hyperparameters hierarchically or to propagate their effect through model comparison and sensitivity
analysis.

Finally, the present implementation is restricted to a 2-D lateral phase-velocity map at a single frequency. The 6 Hz Rayleigh-wave
phase-velocity field should therefore be interpreted as an effective lateral model over the corresponding sensitivity range, not as a
complete depth-dependent description of the subsurface. Extending the framework to multifrequency ANT is important for practical
subsurface interpretation, either by applying the reconstruction frequency by frequency or by coupling several frequencies through a
shared structural prior and frequency-dependent velocity levels. A subsequent depth inversion, or a full 3-D tomographic formulation,
will then be required to relate the inferred phase-velocity structures to shear-wave velocity variations at depth.

Such extensions raise computational and scalability issues. The WM prior construction, KL reduction and pushforward mapping
can, in principle, be formulated for 3-D or multiparameter fields. However, the number of spatial degrees of freedom, retained KL modes
and forward-model evaluations increase substantially. A direct full-grid FFT implementation may become costly in both computation
and memory. Alternative implementations could discretize the corresponding SPDE operator, compute the retained eigenpairs once
in an offline stage and store the reduced KL basis for repeated use during MAP optimization or posterior sampling. Multiparameter
extensions, involving, for example, several velocity fields, attenuation or other material properties, require additional choices such
as independent structural priors, coupled latent fields or shared-interface representations. These extensions define natural directions
towards practical inference-mode tomography.

7 CONCLUSIONS

We have introduced an inference-mode framework for ANT that integrates geology-informed structural prior modelling, reduced-order
parametrization and Bayesian UQ to support targeted geological interpretation. Rather than producing a single deterministic image,
the approach infers velocity structure together with spatially resolved measures of confidence.

Synthetic experiments demonstrate that the framework can recover the main prescribed velocity contrasts under favourable data
coverage, and that posterior uncertainty is consistent with the acquisition geometry and data-coverage limitations. Application to the
Kylylahti dense array data set shows that the inference-mode MAP reconstruction is consistent with the imposed geology-informed
structural assumptions, while posterior variance fields indicate regions that are relatively well constrained under the assumed model
and regions of remaining ambiguity. The Kylylahti polymetallic mine area in the Outokumpu mineral district, Finland, contains steeply
dipping intrusive blocks with well-defined lateral boundaries, making it a suitable test case for inference-mode inversion using a
piecewise-constant prior with two velocity levels. These levels should be interpreted as effective phase-velocity bounds at the anal-
ysed period, rather than as exact intrinsic velocities of two homogeneous lithologies. In this setting, the seismic phase-velocity field
can be approximated through a simplified structural hypothesis motivated by the mapped lithological context.

Dimensional reduction via the KL representation is a key modelling choice that enables efficient MAP optimization and MCMC
sampling while restricting inference to the dominant spatial modes implied by the chosen prior model. The current formulation is
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limited to 2-D phase-velocity maps at a single frequency; extending the framework to multifrequency and 3-D ANT, together with hier-
archical hyperparameter inference and more realistic forward models, is an important direction for future work. Overall, the proposed
inference-mode ANT framework provides a potential complement to discovery-mode inversion in settings where specific structural
hypotheses are available and UQ is required for quantitative subsurface interpretation.
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