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Abstract

The concepts of infimum and supremum have been widely used in optim-
ization, but their adoption in vector- and set-optimization has been frag-
mented. Existing definitions are catered to specific types of assumptions
and relations, often characterized by domination structures. This divided
landscape inhibits the comparison and transfer of approaches utilizing these
concepts.

In this thesis, we propose a framework for defining an infimum operator
irrespective of the underlying chosen notion of “smaller” and investigate
its properties. We show how this framework is compatible with classical
notions of vector optimization and compare it to specific infimum operators
from select authors. We introduce the concept of representativity of minima
and infima, and show how it relates to the concept of external stability of
nondominated sets.

Lastly, we apply this framework to investigate the connections between two
set-valued conjugate duality approaches, respectively based on supremum and
maximum, that could previously not be compared. In this process, we highlight
underlying assumptions, including those automatically satisfied by the most
commonly used infimum operator by Nieuwenhuis [20].



Introduction and Motivation

During the research on conjugate duality and its subsequent generalizations
to topological vector spaces, we repeatedly encountered a focus on weakly
efficient solutions and on a generalization of the infimum, which we will call
weak infimum, by Nieuwenhuis [20]. The advantages of weak infima became
clear through the exposition in Lohne [16], but the drawbacks associated to
other types of infima were not. A closer reading of Sawaragi et al. [25, Chapt.
6: Conjugate Duality] revealed that duality results were derived for efficient
points using minima under some assumptions related to external stability in
[25, Sect. 6.1}, instead of infima without further assumptions, like for weakly
efficient points in the following section [25, Sect. 6.2]. This approach was
generalized by Bot et al. [4, Chapt. 7]. A key observation motivating this
work is that, for the usual (single dimensional) infimum and for the weak
infimum:
inf {J,.; inf Y = inf {J,; Y",

for some collection (Y*);c; of sets. This implies that, for a function f :
X xY—=R:

inf  f(z,y) = inf U {f(z,y)}

(z,y)eX XY

(z,y)€XXY

=inf | J (J{f(z. )}
zeX yey

= inf ) inf (J{f(z,9)} = inf inf f(z,9).
zEX yey

The above is required to formulate strong conjugate duality for vector-
valued, and more broadly set-valued problems. Following these observa-
tions, we used [25, Sect. 6.1.6] and [16] as a starting point for generaliz-
ing the infimum operator for arbitrary relations, on arbitrary spaces, with
the aim of obtaining conditions on the collection (Y?);c; of sets to ensure
that

InfpU;e; Infr Y’ =1Infr ., V"

The associated property for the above to hold was named representativity (of
the infimum, for the lower bounds of Y*). This then allowed us to apply the
same procedure as in Sawaragi et al. [25] (or in a more general setting, Bot,
et al. [4]) for deriving conjugate duality results using infima, irrespective of
underlying relation. In this context, we were able to investigate how the two
conjugate duality approaches relate to each other, and what their underlying
assumptions are.
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In addition, this work provides a framework in which minima and infima are
well defined and still correspond to the traditional literature on the topic,
especially in regards to weak infima. By construction, attained infima are
always minimal in the proposed generalization. The main studied properties
were existence of infimal elements and the possibly new concept of repres-
entativity of infima and minima. Additional results under extended calculus
rules were also given. Furthermore, general conjugate duality results were
formulated for set-valued infimization problems, for which we also proposed
two solution concepts.

Further research is specifically needed on the proposed nondominated infimum
and to identify conditions under which infima are self-infimal. Regarding
applications, we mostly focused on orderings induced by constant conical
domination structures. An application to non-constant domination structures
constitutes a possible direction for future work. Another potential direction
would be to try and formulate a generalized infimum for properly nondomin-
ated points. Additionally, generalized conditions ensuring subdifferentiability
and stability (in the context of strong duality) with respect to general relations
are yet to be established.

Throughout this work, we use the symbols < and = instead of the usual
< and >, as done by several authors, e.g. [6], to stay consistent with the
formulations typically used in vector optimization. In that regard, using
the orderings < and = as used on R, for a,b € R" and I = {1,...,n}, we
define:

a§b:<:>ai<bi\/ai:bi,w€[,
a<b<=a<bANa#bViel,
a<b:i<=a <b,Viel.
With the above definitions, in the scalar case, <= <. Moreover, as in [4, [16],
the symbol for set inclusion is here C, while strict inclusion is denoted

C. This differs from several authors, especially in convex analysis, e.g.
[T, (1T, 19, 24, [25).
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1 Representing Relations by a Domination
Structure

First introduced by Yu [29], the concept of domination structures has been
widely adopted to represent relations on vector spaces. Many results in the
field of vector optimization have been derived for constant conical domination
structures, as a generalization of Pareto optimality. Despite this, some
research has been conducted in the general framework (see eg. Eichfelder

7).

We begin by introducing basic properties of binary relations and their con-
nection to orderings. We then define domination structures and study the
induced orderings, before focusing on constant conical domination structures.
Finally, we derive results on cones and topological interiors, which will be
used in Sect. Bl

1.1 Properties of Relations

Let Y be a set, not necessarily a vector space, and R a binary relation
on ). The relation R can satisfy different properties on a set ¥ C Y
[25]:

1) transitivity if yRz A zRw = yRw
( y if y yRw,
(i

negative transitivity if yRz A zRw = yRw,
(iii) reflexivity if yRy,

(v) symmetry if yRz = zRy.

(vi) asymmetry if yRz = z Ry,

)
)
)
(iv) wrreflexivity if y Ry,
)
)
)

(vii) negative asymmetry if yRz = zRy,

(viii) antisymmetry if yRw AN wRy = y = w,

for all y,z,w € Y C Y, y # z # w and R denoting the binary complement
of R (i.e. “not R”), itself a binary relation. One may also represent the
relation R as a subset of ) x ). In that case, the set of pairs R contains
all pairs (y,z) € Y x Y for which yRz holds [9]. We collect the following
results.
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Proof. Claims follow directly from the binary complement of R being R. [J

The term ordering is sometimes used instead of partial ordering, e.g. by
N. Bourbaki [19]. As set is called partially ordered whenever it is equipped
with a partial ordering. One may also consider the inverse (or opposite [19])
relation —R to R, defined as

y(—R)z :<= zRy.

Since it is merely a notational variant of the same relation, any property of R is
also a property of —R. Lastly, assuming ) is equipped with addition and scalar
multiplication, we may want R to satisfy the following properties, with respect
toaset Y C)Y: forany y,z € Y, we say R is

(i) translation invariant if Vw € Y with w +y,w + z € Y=

yRz <= (w+y)R(w + 2),

(ii) and positively responsive if for any scalar v > 0 with ay, az € Y

yRz < (ay)R(az).
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The following result is well known (see [19]) and plays a key role in using
generalized infima and minima as solution sets of problems, in which R is a
preference relation.

1.3 Proposition:
Let R be a binary relation on'Y C Y. If yRz N zRy,Yy,z € Y, then R is
an equivalence relation on 'Y .

Proof. From yRz A zRy,Vy,z € Y, including for y = 2z, symmetry and
reflexivity immediately hold. Then, since y Rz, z Rw, yRw hold per assumption
for any y, z,w € Y, R is also transitive on Y, and an equivalence relation by
Def. [[.2 O

In view of the above proposition, if a binary relation R is representing
preferences, a subset on which R is an equivalence relation contains only
elements that are equally preferred.

1.2 Domination Structures

Assume now that ) is a vector space (see Sect.|[1.3.1]). When dealing with sets,
we use Minkowski summation, that is, for A, B C ),

A+ B <= {a+b:ac Abec B}
For translations by an element a € Y of aset B C ), we simply write
a+ B :={a} + B.
Likewise, scalar multiplication is passed on to the set elements, i.e.

aA :={aa:a € A}

Binary relations can be characterized (or induced) by sets of rules. In
higher dimensional real spaces, Yu [29] proposed such an approach to address
structural specificities of competing preferences in multiobjective optimization.
The original idea was then expanded and adapted to general vector spaces and
has been widely adopted to characterize (weakly) nondominated points. The
version we present leans on Sawaragi et al. [25].
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Let Y C Y. The domination structure D(y) on R is given by the set-valued
ordering map:

D: Y=Y, y—=Dy) ={dey:yRy+d)},
such that, using Minkowski summation,

yRz <= ze€y+Dly) <= ye€z—Dy)),
yRz = 2¢y+Dly) < y¢z—D(y).

Essentially, the domination structure D(y) at y captures the deviations d
from y for which z := y + d satisfies yRz. In that case, we say y domin-
ates z with respect to D (and thus to R). If D(y) is empty, y dominates
no element in Y and if D(y) = ), y dominates all elements of ). Using
this alternative representation of R, we can characterize some of its proper-
ties.

Proof. Observe that yRz < z € y + D(y) and yRw < w ¢ y + D(y), i.e.
z =y +d for some d € D(y) and w = y + d’ with some d' ¢ D. Assuming,
d,d € Y —y guarantees that z,w € Y. In the following, assume y,z,w € Y
with z :=y+dand w:=y+d".
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Equivalence follows from definition yRz A zRw = yRw and

yRz N zRw <= (z € y+D(y)) N (w € 2+ D(z))
— (y+dey+Dy)AN(y+d ecy+d+D(y+d))
< (deDy))N(d —deDy+d)),

along with

yRw < (w €y +D(y)) <= (y+d €y + D(y)) <= (d' € D(y)).

Follows from definition yRy < y € y + D(y) < 0 € D(y).

Follows from definition, yRz < z € y + D(y) < d € D(y) and zRy <
ye€z+Diz)eycy+d+Dy+d) & —deDy+d).

Follows analogously to |(v)| by replacing z Ry with z Ry < —d ¢ D(y+d).

By the same reformulations as in the assertion follows from yRz A
zRy & (d € D(y)) AN (—d € D(y +d)) and y = z equivalent to d = 0.

Cases |(ii)), |(iv)| and m then respectively follow from . and m by

replacmg R with R and D(-) by (D(+))".

The domination structure D(y) at any point y can be an arbitrary set.
However, there are advantages to limiting oneself to less general structures.
Consider the inverse relation —R. Then,

Va, b€ )Y :a(—R)b <= bRa <= a € b+ D(b) <= bec a+ (—D(b)),

which is equivalent to the relation characterized by the ordering map —D
only when D(a) = D(b),Va,b € Y : a(—R)b. If we assume that D is con-
stant with D(y) = D,Vy € Y, then —R is immediately characterized by
—D. In many applications, one further assumes D(y) = D is a constant
cone. A set K C Y is called a cone if it is closed under positive scalar
multiplication, i.e. ad € K,Vd € K and o > 0 (see Sect. on cones).
The following result shows the advantages of constant conical domination
structures.
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1.5 Proposition:
A relation R on Y characterized by the ordering map D is:

(i) translation invariant if and only if D is constant, i.e. D(y) = D,
(i) positively responsive if and only if «D(y) = D(ay),Vy € Y, a > 0.

Both of the above properties are exactly satisfied whenever D(y) = D is a
constant cone, i.e. a constant conical domination structure.

Proof. We proceed to show the first two assertions:

For the first assertion, note that yRz < z € y + D(y) and
(y+w)R(z+w) <= (24w) € (y+w)+D(y+w) < z € y+D(y+w),

for any appropriate w € ) such that y+w, z+w € ). If D is a constant
map, then D(y) = D(y + w) = D and R is translation invariant. If
D is not constant, there exists some 3y’ € Y with D(y) # D(y'). Set
w:=1y —y and z :=y + d for some d € ). Assume there exists some

d € D(y)\D(y'). Then,
z€y+D(y) and z¢y+D(y+w),

contradicting, by the above, translation invariance. Otherwise, if
D(y)\D(y') = 0, then D(y) C D(y') and D(y') # 0, as otherwise
D(y) = D(y') = 0 would hold, contradicting that the domination
structures are different. Thus, we can choose d € D(y')\D(y), which
implies

z2¢y+D(y) and ze€y+D(y+w),
also contradicting translation invariance.

Let z —y = d € D(y). By assumption, for any o > 0:
ad = a(z —y) € aD(y) = D(ay) <= (ay)R(az),

showing positive responsiveness. Assume now that aD(y) # D(ay) for
some y € Y and o > 0. Assume there is some d € D(y) : ad ¢ D(ay).
Let z := y + d, implying yRz. Then, by

ad = a(z - y) ¢ D(ay) = (ay) R(az)
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provides a contradiction to positive responsiveness. Else, if aD(y) C
D(ay), then D(ay) # 0 must hold. We can thus choose some

d eD(ay): d¢aD(y) < % ¢ D(y),

and for z :=y + dE/,

az € ay + D(ay) <= (ay)R(az).
However, yRz holds from z = y + % ¢ y + D(y) also presents a
contradiction to positive responsiveness.

Lastly, whenever D(y) = D is constant, the condition aD = D,Va > 0 is
equivalent to D being closed under positive scalar multiplication and thus,
by definition, a cone. O

These conditions are sufficient but not necessary for R to be translation
invariant and positively responsive on proper subsets of ), as the following
example shows.

1.6 Example: Let Y = R? and Y = {y',4*} with y' = (1,0)" and y* =
(0,1)". Then, let the domination map D on'Y be defined as follows:

D(y') ={y € R*:y1, 4 € [0, 1]},
D(?f) ={y e R?:yp,ys € [—1/2,1/2]}.

Since, for R the relation induced by D on'Y,

v ¢y +D(y')
y' ¢ y* +D(y?)

[1,2] x [0,1] =y Ry’
[—1/2,1/2] x [1/2,3/2] =y’ Ry",

the relation is by definition both translation invariant and positively responsive,
despite the domination structures being neither conical, nor constant.

In view of Prop. [L.5], constant conical domination structures, being neces-
sary for inducing translation invariant and positively responsive relations
on entire vector spaces, are especially interesting to consider. Furthermore,
simple conditions on D(y) = D induce properties of R on ) and any of its
subsets.
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Proof. Observe that, for y,z € ),

yRz e z—yeD<—y—z€—-D <= z2(—R)y

and yRz < z—y ¢ D. Let z,y,w € V:

Following Lem. let arbitrary d,d’ — d € D be given. Then, by
D being a convex cone, it is closed under addition (see Lem. [I.11)) and

d+d —d=d € D, implying transitivity.

It remains to show that convexity of D is necessary. Assume D is not
convex. Then 3d,d” € D, such that

d d/l

l—a)——+a—=d+d' =d ¢ D
(I—a)ggrag=d+d'=d¢

for some o € (0,1) and (liﬁ,%/ € D. For any y € Y we have y +
d,y+d" €Y, whence also (y+d) +d’" =y +d € Y. Then, following

Lom
deD(y) and _d' €D(y+d),
—— ~N —

=D =d'—d =D

but not d’ € D(y), contradicting transitivity.
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Follows from Lem.

From Lem. [1.4][(v)] for any d € D we have —d € D, whence D is
closed under negative scalar multiplication, and D = —D. Assume now
D # —D. Then D # () must hold and since d € D & —d € (—D),
there must exist some d € D\(—D) with —d € (=D)\D. Otherwise,
(=D)\D must also be empty and D C —D C D contradicts D # —D.
Thus, for any y € ) the point y + d lies in Y and —d ¢ D(y +d) = D,
contradicting symmetry.

From Lem. [L.4[(vi)| —d ¢ D,Vd € D and since —d € —D, DN(—D) = 0.
The necessity follows similarly to case .

Following Lem. , —d,d € D implying d = 0 is equivalent to
Dn(—-D) = {0}.

Assume now that this does not hold. If DN (—D) = ), then asymmetry
holds by case and R cannot be antisymmetric. Thus, assume
dd € DN (—=D) with d # 0. Then, for any y € ) we have y +d € Y
such that d € D(y) = D and —d € D(y + d) = D, by definition of the
domination structure, but contradicting antisymmetry of R.

The remaining cases and respectively follow from , and
by replacing R by R and D by D°¢. O

A similar result to Lem. can be found in Rockafellar and Wets [24], de-
riving some of the above properties directly for a closed convex ordering
cone. That a pointed convex cone containing zero induces an antisymmet-

ric, transitive and reflexive relation is also derived by Gopfert et al. [9,
Thm. 2.1.13).

1.8 Remark: In Lem. and neither transitivity nor negative
transitivity of R on a proper subset ) £ Y C Y require D to be convex. This

is especially the case when the dimension of D is greater than that of Y. This
follows from the fact that elements contradicting the property may not exist
'Y C Y. The conditions are thus sufficient but not necessary.

If we assume y+ D CY for anyy € Y, the equivalence holds. We proceed to
show this for transitivity.

Proof. The first part is covered in Lem. . It remains to show convexity
of D is necessary. Assume D is not convex. Then 3d,d” € D, such that
(1—a) (1fla) +aL =d+d"=:d ¢ D for some a € (0,1). For any y € Y we
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have d,d” € Y — y from y + D C Y, such that y + d,y + d” € Y whence also
(y+d)+d" =y+d €Y. Then, following Lem.

deD(y) and d' €Dy+d),
() A" €D(y+d)

=D =d'—d =D

but not d’ € D(y), contradicting transitivity. O

The analogous holds for negative transitivity. The conditiony+D CY,Vy € Y
s especially satisfied for Y = Y. Similar observations can be made on
symmetry, asymmetry, negative asymmetry and antisymmetry.

1.9 Proposition:
Let R be a relation on Y characterized by the constant conical domination
structure D C Y. Then R is

(i) a partial ordering iff D is convex and D N (—D) = {0},
(ii) a strict partial ordering iff D is convex and D N (—D) =0,

(iii) an equivalence relation iff D is a linear subspace of ).

Proof. The first two claims follow directly from Def. and Lem. [1.7 For
the last assertion, by definition, D convex, D = —D and 0 € D must hold.
The cone is thus closed under addition (being a convex cone), positive and
negative scalarization (by D = —D) and contains zero, making it a linear

subspace. We omit to show necessity. A complete proof can be found in
Rockafellar and Wets [24, Prop. 3.8]. O

Note that, in view of Remark [I.8 Prop. gives sufficient conditions on
D for its induced relation to satisfy the different required properties on any
proper subset Y of ). Indeed, a relation defined on a specific subset of ) may
not require the satisfaction of these conditions (see Prop. , where a simpler
condition is given for an equivalence relation).
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1.3 Some Properties of Cones and Topological Vector
Spaces

In the following, we give overviews of vector spaces, topological spaces and their
combination in the form of topological vector spaces. While these overviews
are in no way exhaustive, they serve to derive different results, especially
related to cones, that are required for Sect.

1.3.1 Vector Spaces

Let Y be a set and F a field (e.g. the real or complex numbers R and C).
Let YV be equipped with an addition map + : JJ x )V — ) and a scalar
multiplication map - : F x ) — ). Then, (), +,-) is a vector space (also
sometimes called linear space [I1] and simply denoted )) if it satisfies (see
e.g. [2] or [9, Def. 2.1.9]):

(i) (¥, +) is an abelian group, i.e. + satisfies associativity, commutativity,
existence of a zero (or null) element and existence of additive inverses

on V.

(ii) Scalar multiplication is compatible with addition, i.e. - satisfies asso-
ciativity, existence of a one (or unity) element and distributivity over
both vector and scalar addition, that is:

 a-(a+b) = a-a+a-b,
va,b ey, o, f el (a+pP)a = a-a+p-a.

Note that, whenever scalar multiplication is clearly implied, for any a € )
and a € F, we may write aa instead of « - a. Moreover, we have no distinct
notation for the scalar zero and the additive zero. For most applications
one characterizes relations on ) using cones, whence we must assume the
existence of a partial order on F. Otherwise, expressions like o > 0 are not
defined. For simplicity, we may assume F = R and limit ourselves to real
vector spaces.

1.3.2 Topological Spaces

Let Y be the underlying set of the vector space (Y, +,:). A family T of
subsets of ) is called a topology if

(i) Dand Y € T,
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(ii) 7 is closed under unions, i.e. |y ecqc7U € T,

(iii) 7 is closed under finite intersections, i.e. (,;cgc7 U € T for any finite
subset S C T.

Then, (Y, T) forms a topological space. Essentially, a topology describes
what sets are considered open in ), with respect to T (although one can
also introduce topologies via closed sets, e.g. [18, Thm. 17.1]). The com-
plement U of an open set U € T is called closed. A topological space is
usually written (), 7T), to specify the topology used. For simplicity, and
since we only use one topology throughout, we simply write ) and omit

T.

Let A C Y be an arbitrary set. The interior and closure of A are respectively
defined as the union of all open subsets of A and the intersection of all closed
supersets of A, i.e.

int A := U @] and clA:= ﬂ C.

0€eT,0CA CceT,C2A

The boundary of A is composed of all elements of the closure of A that are
not from the interior of A, i.e. bd A := cl A\int A. For any set A it holds
that int A C A C cl A, with at least one strict inclusion. The set is called open
whenever int A = A, and closed whenever cl A = A.

Let a be an arbitrary element of ). An open set U € T is called an open
neighborhood (or simply neighborhood) of a whenever a € U. Depending on
the topology, {a} can be a neighborhood of a or not. For example, when
the topology is Hausdorff, any finite set of elements, including singletons, is
closed [18, Thm. 17.8]. Given a set A C ), following the above definitions,
a lies in the interior of A exactly when there exists a neighborhood U of
a with a € U C A. Similarly, a lies in the closure of A exactly when any
neighborhood of @ also intersects A (think: “The point a lies in all closed
supersets of A, whence if a lies in an open set U, the complement of U being
closed, U¢ cannot be a superset of A.”).

We now introduce the concepts of nets (as a generalization of sequences) and
continuity in topological spaces (see Jahn [11], Def.1.29]).

To represent indices, let I be a nonempty set equipped with a reflexive and
transitive relation < (a preorder). We call (I, <) (or just I when the ordering
is obvious) directed, whenever any finite subset of I has an upper bound with
respect to <. Examples of directed sets and their upper bound for a finite
subset S include:
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(i) ({1,...,10},=), with max{s : s € S},
(i) (N x N, <), with (max{s; : s € S}, max{sy : s € S}),
(iii) Let I be generated by i° € I and /"' C #/. Then (I, C) is directed.

A net, defined as a map from a directed set I to Y with [ +— (y;)ies, is
said to converge to some limit yj € ), written lim;c;y; = ¥, whenever, for
any neighborhood U of 7, there is an index j € I for which y; € U for all
j=iel

Nets provide an alternative way to characterize closure and boundary points
of sets. Let (a;)ie; € A be a net in A (that is, all elements of the net lie in A).
Then a € cl A if and only if it is the limit of a net in A, and lies on the boundary
of A if the limit point is not from int A.

Given an additional topological space (X,S) and some map f : (X,S) —
(Y, T), we call f continuous at x € X, whenever, for any neighborhood U € T
of f(z), there exists some neighborhood V' € S of x satisfying f(V) C U.
The map f is called continuous on X whenever it is continuous at any
reX.

1.3.3 Topological Vector Spaces

If the vector space (), +, ) and the topology 7 are such that addition and
scalar multiplication are continuous (with respect to the adequate product
topologies) on Y x Y and F x Y, respectively, then Y is a topological vector
space (in the following, we shall only focus on F = R and real topological
vector spaces). In that case, the topology is called linear and is translation
invariant (see Aliprantis and Border [I] or Gopfert et al. [9, Def. 2.2.20]),
i.€.
YVyelY: UeT<—=y+UcT.

Since for U € T, whenever 0 € U, y + U forms an open neighborhood around
y, it makes sense to consider the set Ty of open neighborhoods around zero.

An alternative characterization of the interior and closure of a set A is then
given by (see Munkres [I8, Thm. 17.5]):

int A={ae€ A: 3U € Ty such that a + U C A},
cdA={a€A: (a+U)NA# for any U € Ty}

The set of neighborhoods of zero in topological vector spaces has some
advantages. Let U be a neighborhood of zero. Then, by continuity of addition
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and scalar multiplication, for any U € 7y, the following holds (see Aliprantis
and Border [I], Sect. 5.2]):

(i) AU € Ty for any X # 0,

(ii) U is absorbing, i.e. for any y € ) there exists some Ay > 0 such that
Ay € U for any A with |[\| < Ao,

(iii) there exists some balanced neighborhood of zero V € 7Ty with V' C U,
i.e. forany y € V and |[A| = 1, we have A\y € V|

(iv) there exists some neighborhood of zero W € T, with W C U and
W+WcCU.

The following result applies the above principles.

1.10 Lemma: [16, Prop. 1.24]
Let A, BCY andint B # (). Then A+ int B = cl A + int B.

Proof. From A C cl A, it follows that A +int B C clA + int B. Let y €
cl A+ int B. Then there exist a € cl A and b € int B with y = a + b.

We show y € A + int B. Choose an open neighborhood of zero U such that
b+ U C int B, which must exist by b € int B. Then, there exists a balanced
neighborhood of zero V- C U. From a € cl A, a + V must intersect A, i.e.
(a+V)NA#. Choose some a € (a+ V)N A. Then, @ —a € V and by
V being balanced, a —a € V, whence a € a + V and a + V forms an open
neighborhood of a. Thus,

y=a+bea+b+V CA+intB,

from b+ V C b+ U Cint B, proving the lemma. O

For a (topological) vector space Y, if a partial ordering R is translation
invariant and positively responsive on Y, then (), R) forms a partially ordered
(topological) vector spaces [16, Def. 1.27]. The infimum of a set Y C Y is
defined as the greatest lower bound of a partially ordered set Y and is unique
[19, §1, Def. 6].
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1.3.4 Cones in Topological Vector Spaces

A set K C ) is called a cone if it is closed under positive scalar multiplication,
i.e. ad € K,¥d € K and « > 0 (some authors assume « = 0, e.g. [11}, 24]).
Cones can, e.g. be generated by taking the conical hull of an arbitrary set
S C Y, denoted

coneS:={ase€Y:a>0sec S}

Then, cone S is the smallest cone containing S (see e.g. [22, Cor. 2.6.3]). A
cone K can satisfy two important properties:

(i) pointedness if for any d € K\{0} : d ¢ —K. Equivalent formulations
include K N —K € {0,{0}} and K\{0} N —K\{0} = 0.

(i) acuteness if there exists an open halfspace H° C ) such that cl K C
H°u{0}.

Whenever K is convex, K is acute if and only if ¢l K is pointed [22], 25]. Fur-
thermore, convexity of K implies the following:

1.11 Lemma: /11, Lem. 1.11]
If K C Y is a convex cone, if and only if K + K C K.

Proof. The expression K + K C K can be rewritten as d+d € K,Vd,d € K.
Let K+ K C K and d,d € K. Then for some a € (0,1), ad, (1 —a)d' € K
whence ad + (1 — a)d’ € K, showing that K is convex. Else, assuming
convexity of K, we may write %(d +d) = %d + %d’ € K and by K a cone,
d+d e K. O

The previous lemma is essentially analogous to [22, Thm. 2.6]: K is a
convex cone if and only if it is closed under addition and positive scalar
multiplication. A set S is called generating, whenever S — S = ). This allows
to decompose any y € ) into a difference between some s',s> € S : y =
st — 52,

1.12 Lemma:

If S C Y is generating Y, then for any a,b €Y : (a+ S)N (b+S) # 0.
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Proof. Since S is generating, a—b € S—S = ) and there exist some s!, s*> € S
such that a — b = s? — s'. Then, it directly follows that

a+s'=b+s*€(a+9)N(b+S)#0D.

Convex cones are also generating when they have interior points:

1.13 Lemma:
Let K CY be a convex cone with int K # (). Then K is generating ).

Proof. Choose some k € int K. Then, there exists an open neighborhood of
zero U € Ty such that £+ U C K. Let y € ). Then, there exists some scalar
t > 0 large enough such that

1 1
;yGU — k+¥y€k+U§K.
Since K is a convex cone, by Lem. and t > 0:

th,ye K "RED e K,

whence y = (y + tk) —tk € K — K. By y € ) being arbitrarily chosen,
Y = K — K holds and K is generating ). O]

The above essentially states that K is full dimensional. Indeed, K — K spans
an affine space, the affine hull of K, i.e. the smallest affine space in which K
lies. The assumption of nonempty interior makes it so that the affine hull of K
spans the entire space. For more details, see [22].

The following two results are partially analogous to [I1], Lem. 1.12].
1.14 Lemma:

Let K C Y be a convexr cone with int K # () and 0 € K. Then K +int K =
int K.
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Proof. Since 0 € K, we have int K C K +int K. Let a € K and b € int K.
Then
d:=a+be K+t K C K+ K.

From b € int K, there exists an open neighborhood of zero U € T, with
b+ U C K. Then, by Lem. and K being a convex cone,

Lem. [LI1]
C

= )

d+U=a+(b+U)CK+K

whence d € int K holds. O]

1.15 Lemma:

If some K C Y s a convex cone, then so is int K. If K is additionally
pointed, then K\{0} and int K are also pointed convex cones and do not
contain zero.

Proof. We show the three statements separately:

e If int K = (), then it is trivially a cone, convex and pointed. Let
d',d? € int K. Then, there exist some open neighborhoods of zero U*
and U? such that

d+U CK, i=1,2.

By continuity of scalar multiplication in Y, for a > 0, aU! and aU?
are also open neighborhoods of zero. Then, since K is a cone,

ad' +aU' = a(d' +U') C aK C K,

whence int K is also a cone. The same holds for d?. Then, by Lem. [1.11]
ad'+ (1 —a)d*> € K+ K C K and

ad' + (1 —a)d® € a(d' + U") + (1 — a)(d® + U?)
=ad + (1 —a)d® + (aU" + (1 — a)U?).

Since, by continuity of scalar multiplication and addition, (aU' + (1 —
«)U?) is also an open neighborhood around zero,

ad' + (1 —a)d® € int K.

This shows int K is a convex cone.
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e If K is also pointed, K N —K € {0, {0}}. Then, by int K C K,
it K N—int K C KN—K €{0,{0}},

and int K is pointed. Assume now 0 € int K. Then, there exists an open
neighborhood of zero U C K which contains a balanced and absorbing
neighborhood V' € 7. Choose 0 # d € K. Then, ad € K for any o > 0
and there exists some ag > 0 for which apd € V' (by V absorbing) and
—apd € V C K (by V balanced). Hence,

0#apd € KN—K ¢ {0,{0}},

contradicting pointedness of K. Thus int K N—int K = () and 0 ¢ int K.

o If K\{0} = 0, then it is trivially a cone, convex and pointed. Let
d',d*> € K\{0}. Naturally, ad' = 0 with @ > 0 if and only if d' = 0.
Thus K\{0} is a cone. Now consider

dy :=ad" + (1 —a)d* € K,

for a > 0. By pointedness of K, K\{0} N —K\{0} = 0, making K\{0}
also pointed. Assume d, = 0 for some a > 0, the only point that could
violate convexity. Then

—ad'=(1-a)d*c KN-K = d*=d"'=0,

by pointedness of K. Thus, K\{0} is a pointed convex cone, not
containing zero.

O

That the algebraic interior of a convex cone is a cone can be found, (based on
a slightly different definition of cones which assumes that zero is necessarily
included), in Jahn [I1, Lem. 1.12 (a)]. For topological vector spaces, by
[11, Lem. 1.32], the algebraic and topological interiors of convex sets with
nonempty interiors coincide.

2 Generalization of Minimum and Infimum

In the real scalar case, the real infimum of a set ¥ C R is defined as
the greatest lower bound of Y in R. We say ¥ is the infimum of Y if it
is:
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(i) alower bound of Y, that is y < y, Vy € Y, and

(ii) an upper bound to the lower bounds of Y, i.e. if for € R: [ < y holds
forall y € Y, then ! < 7.

When the infimum of a set is part of that set, it is also its miminum. In
that case, we say the infimum is attained. Hence, 3 is the minimum of Y
if it satisfies conditions , and y € Y. In R, it can be shown that the
infimum (and thus minimum) is unique. Furthermore, extending the space to
R := RU{-00, +00} allows any set Y C R to have a well defined infimum. The
existence of a minimum is not guaranteed. Analogous results and definitions
hold for suprema and maxima.

We now use lower bounds to give an alternative definition of infima and
minima. Rather than defining the infimum as a single element, we can view
it as the set of infimal elements of Y. In the one-dimensional scalar case, it
is then only a singleton. Let A(Y") denote the set of lower bounds to Y, i.e.
all [ € R satisfying , and B(Y) the set of upper bounds to all lower bounds
to Y, i.e. all u € R satisfying . We obtain:

AY)={leR:l=y, Yye Y},
BY)={ueR:lZu,Vle A(Y)}.

Then, real minimal elements of Y are given by A(Y) N B(Y)NY and real
infimal elements by A(Y) N B(Y'). In case there are no real infimal elements,
we adopt the following convention:

e If there exist no real lower bounds to Y in R, i.e. no [ € R satisfies
condition [(i)] (A(Y") = (), then —oo may be considered as the only (thus

greatest), non-real, lower bound.

e If there exist lower bounds (A(Y") # () but no real upper bounds to the
set of real lower bonds to Y, i.e. condition is not satisfied by any
uw € R (B(Y) = 0), we may consider +0co to be the greatest, non-real,
lower bound of Y.

Furthermore, we extend the definitions by allowing +oco as formal elements
of sets we take infima and minima over. Without changing the sets A(Y)
and B(Y'), we obtain an alternative definition of minima and infima of
Y CR
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2.1 Definition: Minimum and Infimum
Let Y CR and R :=RU{-00,+00}. The minimum of Y is given by

{minY} =AY)NBY)NY,
and the infimum of Y by

{-o0} if A(Y) =0,
{inf Y} =< {+o00} if AY) # 0 and B(Y') = 0,
AY)NB(Y) otherwise.

That A(Y) N B(Y) always forms a singleton is shown later in Example [3.13]
Note that, despite accepting to take the minimum over Y C R, by A(Y) and
B(Y') being subsets of R, only real lower bounds are ever considered. Thus
the minimum of Y always remains a subset of R, while the infimum is a
subset of the extended space:

VY CR: minY CR, infY CR.

Other authors have chosen to not allow taking the minimum of a set in R
(e.g. [8, 16, 25]). We do so here for ease of use when combining minimum
and infimum operators.

The chosen viewpoint on extrapolating the definition of infimum fits with the
definition of infimum and minimum on R (and R) given at the start of this
section and has several advantages. First, it treats +oo less as elements of a set
Y, than as information about the set itself. In this regard, min Y remains a
subset of R even if it is given some Y C R: minY can be considered to extract
a real (or more generally ezisting) greatest lower bound of YV, with disregard
to the reason as to why it may not exist, while inf Y, mapping to R, conveys
information as to the reason inf Y # minY. If inf Y = —oco, then Y has no
lower bounds and is unbounded from below. Else, if inf Y = +oo, then the set
is empty. The existence of a real infimum informs of an unattained limit point
in Y, and would be closely related to local openness of that set. Secondly,
uniquely using +oo in special cases of the infimum reduces the need for
addressing arbitrary calculus rules, simplifying generalization. For instance,
the conditions of A(Y') and B(Y') are such, that elements of the extended space
R are only ever compared to elements of R.

Here, we have chosen the definition of infimum as the greatest lower bound
of a set as a starting point, however, some authors have chosen different
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approaches. One of these approaches, chosen by Gros [§], is to view the (real)

infimum of Y as the minimum taken over some closure of the set Y. Indeed,
in R it holds that:

infY "R = minclY.
This property is very useful in many applications, but, in some cases, conflicts
with minY = inf Y NY, i.e. that minimal elements are exactly attained

infimal elements. This will be addressed in the case of infimum generalized
for nondominated points at the end of Sect.

We also want to address the general definition of infimum by N. Bourbaki
[19, §1, Def. 6] on partially ordered sets (), R). Indeed, for some Y C ),
the infimum of Y is the greatest lower bound of Y in the sense of R. The
issue, is that this supposes R forms a partial ordering on ). Thus, our
proposed approach distances itself from the classical definition, but remains
compatible.

2.1 A General Approach to Lower Bounds, Infimum
and Minimum

Let us generalize the concepts of lower bounds, infima and minima for an
arbitrary binary relation R. Let Y := ) U {-cog, +oor} be the extension of
the space ) by a globally smallest and a globally largest element with respect
to R. That is,

vy SINZS *OORRya yR+OOR7

and we assume +oop ¢ ).

2.2 Definition: General Lower Bounds
LetY C Y and R be an arbitrary binary relation on Y. Define the sets

Ar(Y):={le€ Y IRy, Vy € Y},
Br(Y) :={u€Y:IRu,Vl € Ap(Y)},

both subsets of Y. Then, | € Y is called:
e lower bound of Y with respect to R if [ € Ar(Y),
e infimal element of Y with respect to R ifl € Ar(Y) N Br(Y),

e minimal element of Y with respect to R ifl € Agr(Y)N Bgr(Y)NY.
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2.3 Remark: The sets Ag(Y) and Bgr(Y') are generalizations of the sets
A(Y') and B(Y') from before. Ar(Y') can be thought of as the set of existing
lower bounds (i.e. in'Y) toY with respect to R, whilst Br(Y') defines the set
of existing upper bounds to the lower bounds of Y. Hence, an ezisting infimal
element to Y with respect to R is a greatest lower bound in Y to Y, coherent
with the scalar characterization.

2.4 Remark: The condition for some u € Y being in Br(Y') is equivalent to:
if IRy,Yy € Y then [Ru must hold.
This characterization was used by different authors [16, (20, [25)].

Based on the above and Def. [2.1] we introduce the generalized minimum and in-
fimum operators with respect to the arbitrary relation R.

2.5 Definition: Generalization of Minimum
Let Y C Y. The minimum of Y with respect to R is given by

MinRY = AR(Y) N BR(Y) nyY.

This definition of minimum is based on minimal elements being attained
infimal elements from ). A more common characterization is given by

Prop. [2.16]

2.6 Definition: Generalization of Infimum
Let Y C Y. The infimum of Y with respect to R is given by

{-ocor} if Ar(Y) =0,
InfrY := ¢ {+oogr} if Ap(Y) # 0 and Br(Y) =0,
Ar(Y)N Bgr(Y') otherwise.

2.7 Remark: MingY is always a subset of J, whilst InfrY" is a subset of
Y. This implies that, for instance, given some set' Y C Y with —-oog € Y :
MinRY = @ % {*OOR} = Il’lfR Y.

2.8 Remark: In the usual real scalar case, it can be shown that inf Y = ()
for any choice of Y C R (see Ezample . This cannot be assumed
generally. For some Y C Y, InfrY = 0 can hold. Let Y = R?, R =<
and Y = {(a,a)" € R? : a > 0}. Then A<(Y) ={l € R* : | < 0} and
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B.(Y) = {u € R* : 0 < u}. Since neither A<(Y) nor B<(Y) are empty,

The following result shows that any minimal element is also infimal.

2.9 Prop_osition:
LetY C Y. Then MingY C Infr Y.

Proof. It Ag(Y) =0 orif Ag(Y) # 0 and Br(Y) =0, Infrp Y = {+ocor} and
MingY = Ar(Y) N Br(Y)NY = (), whence, in both cases, MingY = () C
IIlfRY holds. Otherwise, IIlfRY = AR(Y) N BR<Y) 2 AR(Y> N BR(Y) ny =
Ming Y. [l

2.10 Remark: Since any infimal element is both an upper bound and a lower
bound to all of the infimal elements, assuming R is reflexive, by yRY' ,Vy,y' €
InfrY and Prop. R is an equivalence relation on InfrY . The same
applies to Ming Y, since it is a subset of InfrY, by Prop.[2.9

The set of minimal elements of a set Y C ), not from the extended space,
coincides with the set of its attained infimal elements. This is a defining
property we aimed to keep in the generalization.

2.11 Proposition: Attained Infimal Elements
Let Y C Y with InfrY # {xocogr} or simply Y C Y. Then MingY =
InfrY NY.

Proof. Whenever InfpY = Agr(Y) N Br(Y), the result holds directly by
Def. [2.5] Tt remains to show equality for the two other cases of Infg Y.

The case Infr(Y) = {-oog} only holds when Ar(Y) = 0, and the case
Infr(Y) = {+oor} only holds when Br(Y) =0 and Ag(Y") # (. Both cases
imply Ag(Y)N Br(Y) =0 and Ming Y = (). Since we have assumed Y C ),
we obtain

InfRYﬂY = {iOOR} ny = @ = MinRY.

[]

2.12 Remark: Prop. does not always hold for Y CY, since Ming Y is
only the set of all the existing greatest lower bounds of Y with respect to R,
that is, lower bounds in ). See Remark[2.7] for an example.
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Figure 2.1: Upper bounds of Y in Z? in Example .

We formulate an example for the discrete space ) = Z2. We omit to specify
+0op and to show that the conditions are satisfied.

2.13 Example: Let Y = Z2 and R be defined as follows: aRb holds whenever
a; < by or ag < by or whenever a = b. Equivalently, we can use

a}?,b<:>a1§bl/\a2>b2, a,bEZ2.

Then, given' Y = {y*,y*} with y* = (0,2)" and y* = (2,0)", we determine
the infimum Infr Y (see Fig. [2.1]).

e The set Ar(Y') contains all lower bounds of Y, that is

To find this set, consider Ar(Y)¢, that is, all elements of Z* that are
not lower bounds to Y. For y*, the set of v € Z? : vRy' is given by

{v:ivy20Avy>2} ={v:v; 20,09 = 3}.
For y?, analogously, the resulting set of v € Z* : vRy? is {v : vy =

2,v9 = 1}. Thus, altogether, the set of elements in Y = Z? that are not
lower bounds to'Y is given by:

Ar(Y)={v:v; 20,03 23} N{v: v 22,09 2 1}.

This is represented in Fig. [2.9
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IIlfR Y

Figure 2.2: Verifying v = (1,2)" € Bg(Y) and resulting infimum in Ex-

ample .

e Proceeding with the upper bounds to Ar(Y'), we determine Br(Y) by
looking at all elements u in Y for which all v € Z* : vRu do not lie in
AR(Y). Let us explicitly verify u = (1,2)". The set of v for which v Ru
is given by {v : vy = 1,v9 = 3}, which is clearly a subset of Ar(Y)C.
Since u is never not an upper bound to any l € Ar(Y), u € Br(Y).
Repeating this multiple times yields the solution for Br(Y') as seen in

Fig. 2.3

e Lastly, gathering the elements that lie both in Agr(Y) (neither empty
nor Z*) and Br(Y), yields the infimum

InfRY = {yluy27 (172)T} U {(/y\lao)T S Z2 : @1 Z 2}7

and the minimum Ming Y = {y',y?}. (See Fig.

2.1.1 Reformulations of the Generalized Minimum and Infimum

We introduce two additional conditions on +oog. First, we assume that ) does
not contain globally smallest and greatest elements. That is,

A*,u* € Y such that, Vy € Y :  [I*Ry, yRu".

Assume some [* € ) exists with {*Ry for all y € V. Then, for any Y C y
we have [* € Ag(Y) and InfrY # {-ocogr}. Thus, there exists no set in
the extended space that does not have a lower bound. Something similar
happens whenever a globally greatest element u* exists in ). Secondly, we
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assume that no element of ) is smaller than —oog, nor larger than +oog,
i.€.
Vyel: yR-oor, +oorRy.

Assume some y € ) exists with yR+oog. Then, this would imply that the set
{-oogr} has a lower bound and fails to signal unboundedness from below. We
must not assume whether or not ~-cogR-00g and +oogr R+oog hold. Effects of
these assumptions are discussed in Remark

The next lemma relates Ag(Y) to Br(Y') and shows that all y € Y\ {+oogr}
are upper bounds to lower bounds of Y. It is then used to character-
ize minima with respect to R, under the assumptions on +oop discussed
above.

2.14 Lemma:
LetY CY. Then

(i) YNY C Br(Y),
(ZZ) AR(Y) =) < BR(Y) =) <= -ocop €Y,
(iii) Ar(Y) =Y < Bp(Y) =0 < Y € {8, {+oor}}.

Proof. Let some y € Y NY. Then [Ry holds for any | € Ar(Y), and
thus y € Bg(Y). The same condition is trivially satisfied if Az(Y") = 0.

Let Ap(Y) = 0, then the condition [Ru,Vl € Ar(Y) in Bg(Y) is
trivially satisfied for all u € ). Else, if Br(Y') = Y, then | Ru must hold
Yu € Y. This is by assumption only satisfied for a globally smallest
element —ocog of ) with respect to R, which lies not in ) and thus not
in Ag(Y). Hence Ar(Y) = ). Lastly, for ~ocor € Y, since [R-oop is
not satisfied by any [ € Y, Ag(Y) = () and by the above Br(Y) = ).

We show Ar(Y) =Y = Br(Y) =0=Y € {0,{+oor}} = Ar(Y) =
V.
— Assume Ag(Y) = Y. Then the condition [Ru,Vl € Agr(Y) of

Bgr(Y) is only satisfied by +ocog. Since Bgr(Y) C Y and +oog ¢ Y,

— Assume Y ¢ {0, {+ocog}}. If ~cog € Y, [(ii)] implies BR(Y) =Y #
0. If -cop ¢ Y, then ) #Y C Y and Y NY # 0. By|[i) this
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implies Br(Y') # (. Inverting the implication, Br(Y) = 0 implies
Y ¢ {0, {+oor}}.

— Let Y € {0, {+0og}}. Then the condition [Ry,Vy € Y of Ar(Y)
is trivially satisfied for any [ € Y, as +oop is a globally largest
element of ) with respect to R, whence Ag(Y) =Y.

]

2.15 Remark: Note that both cases and (i) of Lem. require that

Y does not contain any globally greatest nor smallest element. Furthermore,
Lem. requires that no element of Y is smaller than —oor with
respect to R. Without these assumptions, one can however still obtain that
Ar(Y) =Y = Bgr(Y) = 0.

2.16 Proposition: Alternative Definition of Minimum
LetY CY. Then MingY = Ag(Y)NY.

Proof. From Ag(Y) C Y, we have Ap(Y) = Ag(Y)NY and by Lem. 2.14[(0)}
CBr(Y)
—~
MiDRY = AR<Y) N BR(Y) nynNn y = AR(Y) ny.

=Yny

]

The following results give alternative conditions for the occurrence of {£oog}
in InfrpY.

2.17 Pr(ﬂ)osition:
LetY C Y. Then

(Z) InfrY = {—OOR} <~ AR(Y) =) < BR(Y) =),

Proof. By Def.[2.2/and Def. 2.6 Infr Y = {-ocop} is equivalent to Ar(Y) =0
and InfrY = {+ocogr} is equivalent to Ag(Y) # 0 and Br(Y) = (. By
Lem. (i)} Br(Y) = Y if and only if Ag(Y) = 0. By Lem. [2.14][(iiD)],

Bgr(Y) = () implies Az(Y) = Y and is thus a sufficient condition to verify. [
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Prop. also shows that infimal elements of ¥ may exist in Y if and only
if Ag(Y) ¢ {0,Y}, or equivalently Br(Y) ¢ {0,Y}. In this case, we may
write

However, there still may not exist any infimal element to Y, i.e. Infr Y = ()
can still occur.

Proof. Follows immediately from Lem. and Prop. O

In order to use Def. 2.6 for a given space ) and relation R, oone needs to be able
to characterize the sets Ag(Y) and Bg(Y) for any Y € ). However, it may
be beneficial to tackle +oor € Y specifically.

Proof. Let —ocog € Y. Then, by Lem. Ar(Y) =0 and Br(Y) =Y.
Now let —ocop ¢ Y. If Y C Y the assertions trivially hold. Thus, let
Y =Y’ U {+ocog} for some Y’ C ). Then some [ lies in Ag(Y) if it satisfies
[Ry,Vy € Y and [R+ocog. Since the latter is always true, it is sufficient to
verify the former condition on Y’, whence Ax(Y) = Agr(Y\{+oor}). The
analogous holds immediately for Br(Y') by replacing Ar(Y) by Ar(Y'\{+cor})
in its definition. |
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2.20 Corollary:
LetY C Y. Then, forY' :=Y NY,

. . 0 if —-ooRr €Y,
Ming ¥ = { Ming Y’ otherwise.

Proof. From Prop. and Prop. we immediately have Ming Y = () if
—oop € Y. Otherwise, for —oog ¢ Y,

Mingy  U2E0 A4, v)ny
Pp BT A v\ [roop)) N Y
ARMZmDEY AL (\ {ro0r}) N (Y \{+00r))
PropBI8 N i p(Y\{+00R}) = Ming Y.

]

Next, we show an important property of the sets Ar(Y) and Bgr(Y') that
allows us to reuse the Ming operator in the characterization of Infz. The
following lemma implies that, for some set Y C Y, the lower bounds of the
upper bounds to the lower bounds of Y are exactly the lower bounds of
Y.

2.21 Lemma:
Let Y CY. Then Ar(Br(Y)) = Ar(Y) and Br(Bgr(Y)) = Br(Y).

Proof. We first show Ar(Bgr(Y)) = Ar(Y). From Def.[2.2lwe have Ag(Bgr(Y)) =
{l e Y :1Ry,Vy € Br(Y)}. Following Prop. [2.19] we may assume +oog ¢ Y.
By Lem. if Ag(Y) =0, then Bg(Y) = ). Since Agr(Y) = 0, the

assertion holds for Az(Y") = (). This case occurs especially when -ocop € Y.

We may now assume Y C Y and Az(Y) # 0. By Lem. 2.14)[D)] Y C Bg(Y)
such that, for any [ € ) with

[Ry,Yy € Br(Y) = [Ry,Yy €Y,

and as such Ar(Bgr(Y)) C Ar(Y). For the reverse, let [* € Agr(Y), i.e.
I*Ry,Yy € Y. Assume [* ¢ Agr(Bgr(Y)). Then I* Ru does not hold for some
u € Br(Y). Yet, since u € Br(Y), [Ru holds for all [ € Ar(Y), including
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[*, contradicting the assumption. The second assertion follows from the first

using Def. 2.2}

Br(Y)
AR(BR(

{u€eY: lRu,Vl € Agr(Y)}

A0 e Y1 IR, VI € Ag(Br(Y)}
= Br(Bgr(Y)).

IS

O

Finally, we can give two alternative characterizations of the generalized
infimum with respect to the arbitrary relation R, with Cor. addressing
+oog € Y explicitly.

2.22 Pro_position:
LetY C Y. Then

{-oor} if Br(Y) =D,
IIlfRY = InfR BR(Y) = {+OOR} Zf BR(Y) = (Z),
Ming Bg(Y) otherwise.

Proof. From Def. and Prop. it immediately follows that

{-ooRr} if Br(Y) =D,
IHfRY = {+OOR} if BR(Y) = @, (].)
Ar(Y)N Bgr(Y) otherwise.

By Lem. 2.21] Ar(Br(Y)) = Ar(Y) and Br(Bg(Y)) = Br(Y) holds, that
is, both Y and Bg(Y') have the same lower bounds and upper bounds to
lower bounds. Thus, we may substitute Y by Bgr(Y) in (1)) and obtain
IIlfRY = IIlfR BR<Y)

It remains to show that Ar(Y) N Br(Y) = Ming Bg(Y'), whenever () #
Bgr(Y) # Y. Using the characterization of Ming from Prop. and
Lem. [2.21] for any Y C Y,
Ar(Y) N Br(Y) "™ A (BR(Y)) N Br(Y)
PR B8N G 2 Br(Y).
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2.23 Corollary:
LetY C Y. Then, forY' :=Y NY,

{-oor} if BR(Y') =Y or —oog €Y,
InfrY =< {+oor} if Y =0 and -ocog ¢ Y,
Ming Br(Y') otherwise.

Proof. We start from Prop. By Prop.[2.19) Bg(Y) =Y if ~cog € Y and
Br(Y) = Br(Y’) otherwise. In the latter case, Ming Br(Y') = Ming Br(Y’)
holds and Infr Y = Infg Y. Lastly, by Cor. , InfrY = {+oogr} exactly
when Y’ = () and —oog ¢ Y. This completes the proof. ]

2.1.2 Properties of the Generalized Minimum and Infimum

Recall that the scalar infimum satisfies many desirable properties. For any
Y C R, the infimum always exists and is unique, i.e. Inf<Y = {inf Y’} # 0
with inf Y € R. Furthermore, both the minimum and infimum of any set Y are
self-minimal, i.e. mininf Y = inf Y and min min Y = min Y, and the infimum
is even always self-infimal, i.e. infinf Y = infY.

We investigate how properties of the relation R and of the set Y, affect
the generalized infimum Infr Y with regards to existence and uniqueness of
infimal and minimal elements, as well as self-minimality of infima and minima.
Self-infimality will be addressed in the context of Sect. 2.2l We first gather a
few results which will be useful for later proofs:
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Proof. Let [ € Ag(Y’). Then [Ry,Yy € Y’ O Y implies [Ry,Vy € Y
and [ € Agr(Y).

Follows directly from reformulation:

Ap (Ui, Y) ={leY: IRy, Yy e U, Y'}
={leY: IRy WeY Viel}
=M {L €Y IRy, ¥y €Y'} = ;e Ar(Y").

Since from Prop. Ming Y C Infr Y, case (i) yields Ag(InfpY’) C
Ar(Ming Y). It remains to show that Ar(Y) C Ag(InfrY).

— If Infr Y = {-ocogr}, by definition Ar(Y) = () and by Prop. [2.19
AR(IIlfR Y) = 0

— If InfrY = {+oor} or InfrY = (), then by Lem. and
Prop. [2.19] Ar(InfrY) = ), which is a superset to any Ar(Y").

— We may now assume InfpY = Ag(Y) N Br(Y) # 0. Let I* €
Ar(Y), i.e. I*Ry,Yy € Y. Assume [* ¢ Ag(InfrY), that is
Jy € InfrY : I*Ry. Yet, y € Ar(Y) N Br(Y), and especially in
Br(Y), whence [Ry, VI € Agr(Y), including I* and contradicting
the assumption of I* ¢ Agr(InfrY).

This proves Ar(Y) C Ar(InfrY). With the first part, the inclusion
chain is shown.
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Let u € Bg(Y). Then [Ru,Vl € Agr(Y) 2 Agr(Y’) by ()] and implies
[Ru,Vl € Ar(Y') and u € Bgr(Y").

Follows from the same argument as the proof of utilizing case [(ii)]
If BR(Y) = Bg(Y”), by Lem. 2.21]
Ar(Y) = Ar(Br(Y)) = Ar(Br(Y")) = Ar(Y"),
and if Ag(Y') = Ar(Y’), Br(Y) = Bg(Y”’) holds by definition.

2.25 Proposition: Effect of Irreflexivity .
If R is irreflexive on' Y, MingY =0 for any Y C ).

Proof. From Prop. Ming Y = Ar(Y)NY. If Agx(Y) =0, then Ming Y =
0. Let I € Agr(Y). Then, IRy holds for all y € Y and by irreflexivity of R,
yRy for any y € Y, whence y ¢ Ar(Y) and Ming Y = (). O

Prop. implies that, if R is irreflexive on ), for any set Y C ?, the
minimum of Y with respect to R is empty. Moreover, since Br(Y') C Y, its
minimum is also empty and by Prop. [2.22] the infimum of Y is either empty
or {+ocogr}.

It is important to note that reflexivity of R on ) is not sufficient to guar-
antee InfpY # 0 for any Y C ). This will be prominent in specific for-
mulations of the generalized infimum on a vector space ) in Sect. [3 In
general, not much can be said about the necessary existence of minimal
elements.

2.26 Proposition: Effect of Antisymmetry
If R is antisymmetric and Y C Y, InfrY is either empty or a singleton.

Proof. The cases Infr Y € {0, {+oogr}, {-oog}} trivially satisfy the assertion.
Hence, we must only show that whenever 3y € InfrY = Ar(Y) N Br(Y) :
InfrY = {g}. Assume 7,7 € Infg Y. Then, similarly to Remark yRy
from y € Ar(Y),y € Br(Y) and vice versa. Hence

~ R antisymmetric

YRY NYRy ™ = y=1Y,

proving that Infr Y is a singleton. O]
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Note that, by Prop. 2.9, a unique infimum implies that its corresponding
minimum is either exactly a singleton of the attained infimal element or
empty. Thus, Prop. implies that under antisymmetry, infima are unique,
provided they exist, and so are minima, provided their corresponding infimum
is attained.

We now address self-minimality and -infimality.

2.27 Definition: Self-Minimality and -Infimality
A set’ Y C Y is called self-minimal (with respect to R) if MingY =Y,
and self-infimal (with respect to R) if InfrY =Y.

By Prop. whenever Y C ), self-infimality implies self-minimality: the
infimal elements of Y are exactly Y and are all attained. We may show how
minima are always self-minimal.

2.28 Proposition: Self-Mintmality of Mintma
For any Y C Y, MingY 1is self-minimal with respect to R.

Proof. We must show Ming MingY = MingY. By Agr(Y) C Ax(MingY’)
from Lem. and Prop. we obtain
MiIlR MiIlRY = AR(MiIlR Y) N MiDRY = AR(Y) ny = MinR Y.
—_—
DAR(Y) =Ar(Y)NY
O

The restricted infimum InfrY N'Y = Agr(Y) N Br(Y) is also self-minimal.
Whenever Infr Y # {+ocog}, Infr Y NY = Infr Y. Then, self-minimality fol-
lows from Prop. and self minimality of the minimum:

Ming Infr Y 7222 Minz Ming Br(Y)
Prop: MinR BR(Y) Prop: InfR Y.

Self-minimality does not hold in general for the infimum. The assumption
Infr Y # {+oogr} is required to compensate for the minimum operator ignoring
elements from the extended space ). Indeed, given InfrY = {-ocor} for
some Y C ):

Ming Infp ¥ “L2 £ {oop} = Infr Y.

The same also holds for Infz Y = {+oor}.
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2.2 On Representativity

While infima gather the “greatest lower bounds” of a given set, one may
be interested in knowing how much information about the lower bounds is
captured. The question may be:

“With regards to the lower bounds of Y, is it sufficient to consider only the
lower bounds of Infgr Y77

Taking inspiration from Komuro [I4], we define an equivalence class for sets
that have the same lower bounds with respect to R.

Whenever it is clear with respect to what relation and set Y represent-
ativity is meant, it is sufficient to call Y € [Y] simply representative. In
this sense, whenever MingY € [Y] or InfzY € [Y], we may call the re-
spective sets simply representative. We immediately observe the follow-
ing:

Proof. Br(Y') € [Y'] is equivalent to Agr(Bg(Y"')) = Ar(Y'!), which holds
by Lem. 2.21] Cases and are all equivalent by Def. By
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Lem. they are also equivalent to [(iv)] Lastly, whenever Y and

Y? have the same sets of lower bounds (case [(iii)}) and of upper bounds to
their lower bounds (case , by definition, they share the same infimum
IIlfRyl = InfR Y2. ]

Lem. [2.30] shows how all representative sets of Y share the same lower bounds,
upper bounds to lower bounds and infimum. Representative sets do however
not always share the same minimum. It is also easy to see that, whenever an
infimum is representative, it is also self-infimal. Representativity is however
only a sufficient condition for self-infimality. Since we may obtain the same
infimum from different sets of lower bounds, if Infz Y is representative for
some [Y'] where Infr Y = Infg Y, self infimality holds despite Infr ¥ not
being representative for Y (see Example . Thus, self-infimality of Infg Y
can be reduced to asking, wether or not there exists such a set Y’ with
InfrY = Infr Y’ € [Y’]. This existence question appears difficult to answer
in this general setting.

We now focus on representative minima and infima. Consider a representative
infimum of some Y C Y, i.e. InfzrY € [Y]. Then, Infr Y being representative
of Y in the sense of its lower bounds (i.e. Ar(Y) = Ar(InfrY’)) can be
understood as the infimum encapsulating all relevant lower bounds of Y,
such that the infimum of Y is sufficient to characterize all lower bounds of
Y. The analogous holds for a representative minimum Ming Y € [Y]. Using
Lem. [2.24)[(iii)], it is easy to see how representativity of a minimum implies
representativity of the associated infimum.

2.31 Proposition:
For anyY C Y, if MingY € [Y], then InfrY € [Y].

Proof. Using Lem. and Ming Y € [Y] we obtain
AR(Y> Q AR(IHfR Y) g AR(MinR Y) = AR<Y>,

implying Ar(InfrY) = Agr(Y), i.e. InfgYy € [Y]. O

2.32 Remark: Note how infimal elements must not be attained for the
minimum to be representative. In Example the set'Y is self-minimal,
whence Ming Y s representative of Y, even though not all infimal points are
attained.
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In the following subsections, we investigate conditions for representativity of
minima and infima and show applicability for taking minima and infima over
unions of sets.

2.2.1 Sufficient and Necessary Conditions for Representativity

Minima and infima are not always representative. In fact, empty infima are
never representative.

2.33 Lemma: Representativity of Empty Infima
For anyY C Y, if InfrY =0, then InfrY ¢ [Y].

Proof. It InfrY = 0, by Lem. 2.14[(0ii)] Agr(InfrY) = Y # Ag(Y), as
Ag(Y) = Y implies Infr Y = {+oog} by Prop. (i)} contradicting the
assumption. This disproves representativity. O

Regarding the absence of minimal elements, we can make the following
observation:

2.34 Lemma: Representativity of Empty Minima
For anyY C Y, MingY = () € [Y] holds if and only if Y € {0, {+oor}}.

Proof. The case MingY = ) € [Y] is, by Lem. [(iii)] equivalent to
. Lem. [2.14]|(iii
AR(Y) = Ap(Ming Y) = Ag(0) Y,
which holds exactly for Y € {0, {+ocor}}, proving the assertion. O

We derive conditions on the relation R and the set Y for Infz Y and Ming Y
to be representative. The following result assumes only conditions on
Y.

2.35 Progosition:
ForY C Y, InfrY € [Y] if and only if InfrY = {xoog} or Y satisfies

Ar(Ar(Y)N Br(Y)) = Ar(Y). (2)
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Proof. We go through all the possible cases of Infz Y for an arbitrary Y C Y
and show Agr(InfrY) = Ag(Y):

e Let InfrY = {-cogr}. Then, following Def. 2.6 Ag(Y) = 0 and by
Prop. Ar(InfpY) = 0.

e Let InfrY = {+oog}. Then, by Cor. Y € {0, {+oor}} such that,
by Lem. , AR(IHfR Y) = AR(Y) = y

e We may now assume Infz Y = Ap(Y)NBg(Y). Then, by (7)), Ag(InfrY)
Ar(Ar(Y) N Br(Y)) = Ar(Y).

For the reverse, assume InfrY C Y and Ar(Ar(Y) N Br(Y)) # Ar(Y).
Then, by InfRY = AR(Y) N BR(Y), AR(InfR Y) 7é AR(Y> and InfRY ¢ [Y]
This completes the proof. n

Prop. shows how representativity of the infimum fails whenever Y
has lower bounds that are not lower bounds of Infz Y. Under additional
assumptions on the relation R, one can derive specific necessary and sufficient
conditions for representativity to hold.

2.36 Theorem: Representativity under Transitivity
Let R be transitive and Y C Y. Then

(i) InfrY € [Y] if and only if InfrY # (),
(1)) MingY € [Y] if and only if MingY # 0 or Y € {0, {+oor}}.

Proof. Let Y C Y and assume R is transitive on ). Whenever InfpY =
{+oor}, InfrY € [Y] by Prop. and by Lem. [2.33] whenever InfpY = 0,
the infimum is not representative. Moreover, if Ming Y = @, by Lem. an
empty minimum is representative if and only if Y € {0, {+oor}}. It remains
to show respective representativity for () # Infzp Y C Y and Ming Y # ().

In both cases, we may further assume, by Prop. Ar(Y),Br(Y) ¢ {0, )}
and, by Lem. and [(iil)} —~cor ¢ Y ¢ {0, {+oor}}.

(i) Assume () # InfgrY C ) whence, by definition, Infp Y = Ag(Y) N
Br(Y) # (. We show Agr(InfrY) = Agr(Y). As Agr(InfrY) 2
Ag(Y) # 0 holds from Lem. , it remains to show Agr(InfrY’) C
Agr(Y). Let I* € Ar(InfrY), i.e. I*Ry, Vy € InfrY. Choose some
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y € InfrY, existing by assumption. Then y € Ag(Y) such that
YRy, Yy € Y. Then, by transitivity of R,

I"Ry N yRy Rt trangitive IRy, VYyeYy,

whence [* € Ag(Y), showing Ag(Y) = Ar(InfrY), i.e. InfrY € [Y].

(ii) Let MingY := Ag(Y) N Br(Y)NY # 0, following Def. 2.5 As
Ar(MingY) 2 Ar(Y) # 0 holds from Lem. [(iii)}, it remains
to show that Agr(MingY) C Ag(Y). Let I* € Ar(MingY), i.e.
I*Ry, Yy € Ming Y. Choose some y € Ming Y, existing by assumption.
Then y € Ag(Y) such that yRy, Vy € Y. Then, by transitivity of R,
FRYAGRy TR rRy. Wy €Y,

whence I* € Agr(Y), showing Az(Y) = Ag(MingY), i.e. MingY € [Y].

This concludes the proof. O

The key assumption of Thm. , besides transitivity of R, is the nonempty-
ness of the infimum. An example of empty infimum for a transitive and re-
flexive relation on R? is given in Example |3.15]

2.37 Theorem: Representativity under Negative Transitivity
Let R be negatively transitive and'Y C ). Then

(i) InfrY € [Y] if and only if Infr Y = {+oogr} or

Vy e Y\InfrY : Jy € InfrY : yRy, (3)

(ii) Ming Y € [Y] if and only if Y € {0, {+ocor}} or

Vy € Y\MingY : 3y € Ming Y : yRy. (4)

Proof. Let Y C ) and assume R is negatively transitive on )). Whenever
InfrY = {+cog}, then Infp Y € [Y] by Prop. and if Y € {0, {+oor}},
then Ming Y € [Y] by Lem. [2.34] In both cases, we may then further assume,
by Prop. R.17 Agr(Y),Br(Y) ¢ {0,Y} and, by Lem. and [(ii1)}
—oop Y ¢ {0, {+oor}}.
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(i)

We show Agr(InfrY) = Ar(Y). As Ar(InfrY) O Agr(Y) # 0 holds
from Lem. [2.24][(iii)} it remains to show that Az(InfrY) C Ag(Y).
Assume condition (3) is satisfied. Let I* € Ag(InfrY’), i.e. I*Ry, Yy €
InfrY. Assume I* ¢ Ax(Y). Then Jy* € Y\InfrY : I*Ry*. By ().
Jy € Infr Y : y* Ry, whence we obtain

* % « p~ IR neg. transitive . ., ~
URy Ay Ry TP Ry,
contradicting I* € Ag(InfrY"). Thus Ag(InfrY’) = Ar(Y).

For the reverse, assume now that is not satisfied. That is, there
exists some y € Y\ InfrY with yRy, Vy € Infp Y. This implies y €
Ar(InfrY). However, if y € Ag(Y), since by Lem. yey C
Br(Y),y € Agr(Y) N Br(Y) = Infr Y, contradicting the assumption
that y € Y\ InfgY. Thus y ¢ Ar(Y), showing Ar(InfrY) # Ag(Y)
and disproving representativity.

Assume condition (4)) is satisfied. From Lem. and existing
lower bounds of Y, we already know Ag(Y) C Ar(MingY') # ), whence
we must only show Ar(Y) O Agp(MingY'). Let I* € Ag(MingY), i.e.
I*Ry,Vy € MingY. Assume [* ¢ Ar(Y). Then Jy* € Y\ MingY :
I* Ry*. By condition (), 3y € Ming Y : y* Ry, whence we obtain

* % 7y~ KR neg. transitive ., -

URy Ay R T IR,
contradicting I* € Ar(MingY). Thus Ar(MingY) = Ag(Y), i.e.
Ming Y € [Y], holds.

Assume now that condition (4]) is violated. Then, Jy € Y\ Ming Y with
yRy for all ¥ € Ming Y. This implies y € Agr(MingY’). However, if y €
Ag(Y), then y € Ag(Y)NY = Ming Y by Prop. 2.16] contradicting the
assumption that y € Y\ Ming Y. Thus y ¢ Ar(Y), showing Ar(Y) #
Agr(Ming Y') and disproving representativity.

O

Notice how condition is a direct generalization of the domination property
of Ming Y, as mostly used in the context of sets of nondominated points (with
respect to an ordering cone D) when choosing R = #p (see Sect. . This
is especially important with regards to Thm. [2.40] for which the condition
for satisfaction by equality is in the literature traditionally linked to external
stability of Ming Y. The property can be viewed as an expansion of that
concept to the infimum Infr Y. This is further addressed in Sect. and
in Thm. 3.23
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2.2.2 Effects of Representative Minima and Infima

Representativity is of particular interest when considering unions of sets.
Indeed, the lower bounds of a union of sets may be sufficiently characterized
by the union of the respective infima or minima. The following theorems are
generalizations using representativity of well-known results specific to nondom-
inated and weakly nondominated infima (e.g. [20, Thm. I-28], [4, Cor. 7.1.9,
Cor. 7.4.5] or in a slightly different setting [I6, Thm. 1.54]).

Proof. From Def. Z' e [Y'] for all i € I is equivalent to

AR(ZY) = Ag(Y"h), Vie€l, (5

~—

Thus, by Lem. [2.24]

Ap (Ui, 21) 2 Nies Ar (77)
2 Mier Ar(Y") e B2 Ar (U

o yi) ,

el

O

showing J;c; Z' € [U;e; YY)

Proof. Setting Z' = Infz Y in Lem. [2.38 yields

UiEI Infp Yie [Uz’el Yi] :

Then, by Lem. 2.30, Infg J,; Infr Y = Infz |J,; V" holds.

O
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It is important to note that Thm. does not guarantee that infimal
celements will exist for Infg J,., Y. The following result parallels Thm. m,
but replaces infima with minima.

2.40 Theorem: .
Let I be an index set and Y* C Y for alli € I. Then

Ming (U;e; Y") € Ming (U;o; Ming Y7) .

Furthermore, if Ming Y* € [Y?],Vi € I, the reverse inclusion holds.

Proof. Throughout this proof, we use Ming Y = Az(Y)NY for any Y C Y

by Prop. By Lem. and J;c; Ming Y* C |J,; Y we obtain the

inclusion '
AR (Uie] MinR YZ) 2 AR (Uiel Yz) . (6)
Starting from the right-hand side of the assertion,

Ming (Use, Ming V) 729 44 (Ui, Ming Y7) A (U, Ming Y9

@ . .
= AR (Uier Y') N (Uier Ming Y7)
= Ujer (Ar (Uie; Y') N Ming Y7) . (7)
We may use, by Lem. and j € I,
Ar (Uz‘el Yi) = mz‘el AR (YZ) C AR(Yj)' (8)

By Prop. and , we write, for any j € I:
A (Ui, YY) NMing Y7 = N,.; Ar (Y') NAR(Y?) NYY
=Nicr Ar (Y) NYY
= Ap (Uie[ Yi) ny’. 9)

Altogether, we get

Ming (U;e; Ming Y?) Ujer (Ar (Ui Y') N Ming Y7)

UjEI (AR (Uiel Yi) N Yj)

Ar (Uiel Yi) N (UiEI Yi)

B g (U V) (10

= U
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This concludes the first part of the proof. For the second part, if the minima
over Y are representative for all i € I, then

Ar (Uz’eI Ming Yi) = Ar (Uz’eI Yi)
holds by setting Z* = Ming Y’ in Lem. [2.38, whence () is satisfied with
equality, implying the same for and , completing the proof. O
2.41 Remark: In view of Thm. Ming cannot be replaced with Infg in
Thm. [2.40: in general the inclusion using infima does not hold, i.e.
InfrU;e; Infr Y’ ¢ Infr U, Y
Using the (nondominated) infimum characterized later in Thm. we may
define for R =%p, D =R and Y = R? the two sets
Y =(0,2] x [0,2] U (0,2), Y2 =[0,2] x (0,2] U (2,0).

See Sect. and Sect. [3.4.1] for details and a computation procedure. Then,
taking the infima of Y' and Y? (see Fig. yields

Inf,, Y' = {(0,2)}. Inf,, Y = {(2,0)}.

Clearly, the infima are not representative for their respective sets.

: . u+ D\{0}
' Y' + D\{0} | l
= AzD (Yl)c = BzD(Yl)
o o
Y2 4 D\{0) u+ D\{0}
= Ay, (V) = By, (V?)

Figure 2.3: Computing nondominated infima of Y'! and Y?2.

Let Y =Y'UY?=0,2] x [0,2]\{(0,0)}, by Fig. and Y" :=Infy, YU
Infy Y? ={(0,2),(2,0)}, by Fig. . We observe

Infy, Y’ = {(0,0)} Z {(0,2),(2,0)} = Infy, Y".
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Y = Y’ + D\{0} li) o3

Ylyy? = Ay, (Y')* =By, (Y")

O

Figure 2.4: Computing nondominated infimum of Y’ = Y1 U Y2

o — Insz Yl

IanD Y2
/ lnf%l) Y /

[ ] [ ] *—

A}fo(yu)c BXD(Y”)

Figure 2.5: Computing nondominated infimum of Y = Infy | Yiu Infy Y2

Regarding Thm. we may observe that the infima of Y',Y? and Y" are
attained, hence minimal, while the infimum of Y is not. In fact, Minyg | Y" = 0.
Thus, substituting Y’ and Y" again,

Miny, (Y'UY?) =0 CY" = Ming, (Ming, Y UMiny, Y?),
which is coherent with Thm. [2.40,

We may now compare Thm. 2.39] and Thm. It is clear that, whenever
all infimal elements are attained, both results are equivalent. There is an
inherent trade-off between the two results. Whenever, minima are not rep-
resentative but the infima are, Thm. applies with equality, compared
to the inclusion of Thm. 2.40l Furthermore, as soon as minima are repres-
entative, independently of attainment, by Prop. [2.31, Thm. [2.39| also applies
with equality. In short: given representativity of infima and/or of minima,
the infimum equation is more robust. However, whenever infima are not
representative, by Prop. [2.31], neither are the corresponding minima. Then,
Thm. yields an inclusion, whereas Thm. [2.39]is simply not applicable, as
demonstrated by Rem. [2.41] In a sense, the equation using infima requires
milder, easier satisfied, assumptions, but the inclusion using minima is always
true, irrespective of representativity.
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2.3 Defining a Generalized Maximum and Supremum

Let R be a binary relation on ). Using the inverse relation —R, we can
define a generalized maximum and supremum with the same approach as for
the generalized infimum and minimum. In this case, A_g(Y") are the upper
bounds and B_g(Y') the lower bounds to the upper bounds of Y with respect
to R. We obtain, by a(—R)b :< bRa,Va,b € ),

A rY)={leY:yRIl, Vy €Y},
B_R(Y) = {u €Y :uRl Vil e A_R(Y)}

Furthermore, the roles of ~ocor and +oog are exchanged: since —oop is the
globally smallest element of ) with respect to R, it is automatically the largest
element of ) with respect to —R. This reasoning is analogously applicable
to +oog. We may thus write —co_p = +oor and +oo_g = —o0g, and the
extended space Y = {+oor} with respect to R is also the extended space of
Y with respect to —R.

Thus, in an analogous way to Def. and Def. 2.6 the mazimum and
supremum of Y C ) are given by

MaXRY = Min_RY = A_R(Y) N B_R(Y) N Y, (1].)
{+ooRr} if A_g(Y) =10,
SuppY :=Inf gpY = ¢ {-ocor} if B_r(Y) =10, (12)

A_r(Y)N B_g(Y) otherwise,

All previous results on minima and infima can also be applied to maxima and
suprema. This includes for example Prop. whence

MaXRY = A_R(Y) ny.

Further research is required to fully characterize the relationship between
infima and suprema. The following result shows how the supremum over the
lower bounds of a set provides the infimum of that set.

2.42 Proposition:
For any Y C Y:

(Z) A_R(AR(Y)) = BR(Y) and B_R(AR(Y)) = AR(Y),
(ii) Supr(Agr(Y)) =InfrY.
(’1/&’&) MaXR(AR(Y)) = InfRY N y
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Proof. Using the definitions and a(—R)b = bRa,

A_p(Ap(Y)) ={l' e Y1 IR, Yl € Ap(Y)} = Bp(Y) (13)
Bp(Ar(Y)) = {I' € Y : IRV, Wl € A_n(Y)} @ Ap(Ba(Y))
Lem 220 4 (v, (14)

We go through the possible cases of Infz Y for some Y C V:

o IfInfrY = {+oog}, by Prop.2.22] Br(Y) = 0 and, by (13), A_p(Ar(Y)) =
(), implying Supp Ar(Y) = {+oor} by ., and Maxgr Ar(Y) = 0.
o IfInfrY = {-ocog}, by Def.[2.6) Ap(Y (Z)and by (14), B_gr(Ar(Y)) =

0, implying Supp Ar(Y) = {-oogr} by , and Maxp AR( ) = 0.
Otherwise, if Infg Y # {+ocogr}, by the above arguments,

Supr Ar(Y) = A_g(Ar(Y)) N B_g(Ar(Y))
D A () N ARY) TRE Maxg AR(Y)
B Br(v)nAp(Y) = Inf Y.
This completes the proof. O

Moreover, if, for some Y C Y, the infimum Infg Y is such that A_g(InfgY’) =
Bgr(Y), then Supy Infr Y = Infr Y. This is notably a property of weak infima
(see Sect. [3.4.2)), as stated in [25, Lem. 6.2.1].

2.4 Properties under Translation Invariance and
Positive Responsiveness

We observe how some properties of the relation R on ) are expanded for
the extended space Y = )Y U {xoor}. Assume ) is a vector space. Let
—oop and +oog be globally smallest and greatest elements of ) with respect
to R, respectively. Furthermore, as in Sect. , toor ¢ Y and for any
yey:

7OORRy7 yR+OOR7 nyooR, *OORRZ/-
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We may assume the following calculus rules:

v+ (-ooR) = —o0g, v+ (+ooR) = +00R, (C1)
—(—OOR) = +0OOR, —(+OOR) = —OOR, (02)
a(-00R) = —00R, a(+ooR) = +00R, (C3)

for any v € Y and o > 0. Note that, together, (C2|) and imply

—a(-00g) = +00R, —a(+ooR) = —00g.

Additional calculus rules may be formulated (see e.g. Lohne [16]) to tackle
cases like &« = 0 or —cog + (+00g), but are not strictly necessary in this
section. Throughout Sect. [2, we have assured that the relation R is only
ever applied to pairs of elements where one is from the extended space
Y and the other from ). This becomes especially apparent in the follow-
ing:

Proof. Let a € Y and b€ Y = Y U {xoop}:

(1)) By Y closed under addition, for any a,b € ), we have v +a, v+b € Y,
whence, for R translation invariant,

aRb TSI () 4 a)R(v + b).
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Furthermore, under the calculus rule , if b = —oog, then v+b = -ocop
and aRb < (v + a) R(v + b). Otherwise if b = +oog, then v+ b = +oog
and aRb < (v + a)R(v +b).

By Y closed under addition, v := b — a,—a,—b € Y given a,b € ), and

for R translation invariant,
aRb TSI () 4 ) R(v 4 b) "B (—b)R(—a).

Furthermore, under the calculus rule , if b= -o0pR, then —b = +oop
and aRb < (—=b)R(—a). Otherwise if b = +oog, then —b = —ocor and
aRb < (—b)R(—a).

By Y closed under scalar multiplication, for any a,b € ), we have
aa, ab € Y, whence, for R positively responsive,

R pos. hom. ( )

aRb = (aa)R(ab).

Furthermore, under the calculus rule , if b = —ocopR, then ab = —ocop
and aRb < (aa)R(ab). Otherwise if b = +oog, then ab = +oog and
aRb < (aa)R(ab).

Lastly, the same argument can be made by using a € Y and b € Y, thus
proving the lemma for any pair (a,b) € (¥ x Y)U (y X y). O

It is easy to see that the above also applies to —R, since ) is also an
extension of ) with respect to —R and both translation invariance and
positive responsiveness apply simultaneously to —R and R. We derive the
effects of the calculus rules to on concepts introduced throughout
Sect. 2
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Proof. For any Y C )Y and v € Y, using Lem.

IRy <= (v+1)R(v+y),

ViueYyeY: o (v +DR(v+u).

(15)

Then, by Def.

v+ Ar(Y)=v+{le€)Y: IRy, VyeY}
O ey: w+DRw+y), Vo+y) cvtY)
= Ar(v+Y), (16)
v+ Br(Y)=v+{uecY: [Ru, Vi Ar(Y)}
Ororuey: wrDRw+u), Yotlev+ Ag(Y)}
OB+ 1), (17)



50 2 (eneralization of Minimum and Infimum

Then, by Prop.
v+ MingY = v+ (Ap(Y)NY)
AR(U+Y)H(U+Y) = Ming(v +Y), (18)

and by Prop. [2.22] using the calculus rule (C1)),

’U+{*OOR} if BR(Y) :y,
v+ InfpY = v+ {+oogr} if BR(Y) =0,
v+ Ming Bg(Y) otherwise,
{-oor} if BR(v+Y) =Y,
OO0 fioop) if Ba(v+Y) =0,
Ming Br(v+Y') otherwise,
= Infgr(v+7Y). (19)

Lastly, using Lem. on —R, we get analogous results to ([L6]),
(), (18) and (19):

U+A_R(Y):A_R(U+Y), U+B_R(Y):B_R(U+Y),
v+Min_ gY =Min_g(v+Y), v+Inf gY =Inf g(v+7Y).

Then, by the above and Maxg := Min_g and Supp := Inf_g,

v+ MaxpY = Maxg(v+Y), v+ SuprY = Supgp(v+Y).

For any Y C ), using Lem. ,

I(-R)y <= (=) R(~y),

Viiue Y,y eY: I(—R)u <= (—1)R(—u).

(20)
Thus, by Def. we obtain

ArY)={leY: I(-R)y,VyeY}

@ _(1ey: (-DR(-y).V-ye-V)

= —Agp(-Y) (21)
B r(Y)={ue)Y: (-R)u,Vlie A_r(Y)}

B ey (COR(—uw), V-l e —A_g(Y)}

B Br(-v) (22
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Then, by , Maxr Y := Min_gr Y with

Min_RY = A_R(Y) N B_R(Y) ny
21), @22
BLED  _(Ap(~Y) N Br(-Y) N (-Y))
= - MinR(—Y),
and, using the calculus rule , by , Supp Y :=Inf_rY with
) {+OOR} if A,R(Y> = @,
Inf_rY = {-oor} if B_p(Y) =0,
A_p(Y)NB_g(Y) otherwise,
—{-oor} if Ap(=Y) =0,
77 —{+OOR} if BR(—Y> = @,
—(Agr(=Y)N Bg(—Y)) otherwise,
= — IHfR(—Y)

For any Y C Y and a > 0, using Lem. ,
 |Ry <= (al)R(y),
VhueVyeY s py s (al)R(au). (23)
Then, by Def.

aAr(Y)=ao{l€eY: IRy, Vy Y}

Bl ey (al)Rlay), V(ay) € aY)

= Ag(aY), (24)
aBr(Y) =a{u e Y: [Ru, vVl € Ag(Y)}

{au €Y (al)R(au), Yal € aAgr(Y)}

B p.(ay). (25)

Then, by Prop. [2.16),

aMingY = a(Ar(Y)NY)

(aAR(Y)) N (aY) = Ming(aY), (26)
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and by Prop. [2.22] using the calculus rule (C3)),

Oé{—OOR} if BR(Y) = y,
alnfpY = af+oop} if BR(Y) =0,
aMing Bg(Y) otherwise,
{—OOR} lf BR<Q4Y> = y,
BB 1) if Br(aY) =0,
Ming Br(aY') otherwise,
= Infp(aY). (27)

Now, using —R, we also get the analogous results to , and
&9:
aA_R(Y) = A_R(aY), CYB_R(Y) = B_R(OZY),
aMin_gpY = Min_g(aY), alnf_rY = Inf_g(aY),

which, by the above and Maxp := Min_g and Supy, := Inf_g,

aMaxpY = Maxg(aY), aSupp Y = Supg(aY).

2.4.1 Equivalence Class for Upper Bounds

For any Y C ), we may define the equivalence class for the upper bounds of
Y (with respect to R) as

Y7 :={YeY: Ag(Y)=A_r(Y)}

Note that, in general, [Y]~ # [Y], as [Y] is characterized by Ag(Y'), not by
A_r(Y). We call Maxgr Y (resp. SupyY') representative (implicitly referring
to Y and —R) whenever the set is representative of Y with respect to —R,
i.e.

Maxr Y € [Y]i <~ A,R(MaxR Y) = A,R(Y),
SuppY € [Y]” <= A_gr(SuprY) = A_g(Y).

In this regard, by Maxp = Min_gr and Supy = Inf_g, we may apply results
formulated around the representativity of minima and infima with maxima and
suprema. The following result shows the effect of calculus rules on the equi-
valence class [-|. The same is applicable on [-|~.
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Proof. For any v € Y, by Prop. ,

Ar(Y) =Ar(Y) <= v+ Ar(Y')=v+ Agr(Y)
Prop I 4 (0 4+ YY) = Ag(v + V),
whence Y € Y] < v+Y' € v+Y].
From Prop.
A p(Y) = A_p(y) "REE gyt = _Ap(—Y)
—  Ap(-Y') = Ar(-Y),
whence Y' € [Y]” & -Y' € [-Y].
For any a > 0, by Prop.
AR(Y/) = AR(Y) <~ O!AR(Y,) = O{AR(Y)
Prop B2 4 - (0Y") = Ap(aY),

whence Y’ € [Y] & oY’ € [aY].
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2.4.2 Infima and Minima over Sums of Sets

Under (C1)), we obtain the following results:

Proof. By Minkowski addition and calculus rule , from S* C ),

S+Yi= ] (s +Y) ey (28)

stest
holds for any ¢ € I. Using Prop. 2.44][(1)}, by Thm. [2.40}

Ming | (57 + ) Ming ) (s'+ V)

i€l icl, steSt

Thm. . . . .
Ming U Ming (8z + YZ)
icl,steSt

Prop- Mil’lR U (Si + MiIIR Y’L)
i€l, steSt

= MingJ (V" +Ming Y?). (29)

icl
Futhermore, assuming Ming Y € [Y?], Vi € I, by Cor.
Viel, s'eY': s +MingY'€[s'+Y7]

Lastly, by Prop. and S C Y, Ming(s' +Y") = s' + Ming(Y"), whence
is satisfied with equality, by Thm. completing the proof. O
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Proof. By Minkowski addition and calculus rule , from S* C ),

S+Yi= ] (5+Y)ey (30)

sieSi
holds for any i € I. By Cor. for any i € I and any s* € S?,
InfrY' € [Y'] <= s+ InfrY" € [s" + Y],
and, by Prop. and S C ),
Infp (s'+Y') e[s'+Y"], Viel s €S (31)
Thus, we may use Thm. 2.39] to obtain:

e J(s'+Y) & mi, |J ($+Y)

el i€l,steSt

Thm. Inf U Infp (yl + YQ)

icl,sieSt

Prop. R[] Infp U (si + InfrY")

i€l, steSt

= InfRU (SZ—}—IIlfRYZ) .

il

O

Analogously, whenever R satisfies translation invariance and (C1), so does

—R. Thus, Cor. implies

MaxR(Yl + YQ) g Ma.xR(Yl + MaXR Y2)
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for any Y! C Y and Y2 C ). If additionally Maxg Y? is representative
(i.e. MaxgzY? € [Y?]7), then the above holds with equality and implies
representativity of Supy Y2, by Prop. [2.31, Whenever Sup, Y? € [Y?]~, by

Cor. 2.47]
Supg (Y + Y?) = Supg(Y?' + Supg Y?).

Lastly, echoing [16, Cor. 1.49(ii)], we can also show inf-additivity under
representativity.

2.48 Corollary: Inf-Additivity
Let R be translation invariant on Y and (C1) hold. For any two sets
YICY and Y? C Y with InfrY* € [Y] fori=1,2:

Infr (Y'+Y?) =Infg (InfrY" + Infr Y?),

provided Infr Y # {+oog} for some i € {1,2}.

Proof. By Y C ), Cor. immediately yields
Infp (V! +Y?) = Infp (V! + Infp V?) | (32)
Provided Infz Y2 C ), by the same result,
Infp (Y' 4+ InfrY?) = Infp (Infr Y 4+ Infr Y?) ,

showing the assertion. Otherwise, InfrpY! C Y and InfgrY? = {+oogr}. If
InfrY? = {-cog}, by the calculus rules (Cl)),

—oop € (Y +InfrY?) N (Infr Y + InfrY?),
such that, by Prop. and ,
Infp (Y1 + YQ) = Infp (InfR Y! + Infp Y2) = {-ooR}.
On the other hand, if Infr Y? = {+oog}, again by the calculus rules (C1]),
{+oop} = (Y'+ InfrY?) = (InfrY' + InfR Y?),
implying, by Prop. and ,
Infp (Yl + Y2) = Infy (InfR Y! +Infp YZ) = {+oor}.

This completes the proof. O
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3 Applications of the Generalized Infimum on
Vector Spaces

In this section, we apply the generalized infimum framework introduced in
Sect. [2| to relations defined on vector spaces, and use their ordering map
characterizations, as addressed in Sect. We focus on constant ordering
maps, before specifically addressing constant conical domination structures
and their application for the three most common orderings used in vector
optimization. We derive associated properties for each and, when applicable,
compare our approach to other authors.

Note that the term ordering is used more loosely than in traditional literature,
where an ordering is necessarily at least a partial ordering (i.e. reflexive,
transitive and antisymmetric) [19]. In this section, we call ordering any
partial, strict partial ordering and their complements (which are necessarily
negatively transitive).

3.1 Generalized Infimum under Constant Domination
Structures

Consider that a binary relation R on a topological vector space ) is represented
by an ordering map D : Y = ). Assuming R is both translation invariant
and positively responsive on the entire space, by Lem. [I.1], the ordering map
is constant and a cone, 1i.e.

aRb <= b—a€D(a)=D,

with constant conical domination structure D C Y. If R forms a partial
ordering, then (), R) forms a partially ordered topological vector space. This
is the viewpoint chosen in many applications and allows to easily construct
many examples for the previous sections. Thus, if we assume the calculus

rules (C1)), (C2) and (C3), we can use the properties derived in Sect. [2.4]

Moreover, we can relate maxima and suprema operators to infima and minima
operators using Prop. 2.44][(ii)} In this regard, we shall here only focus on
infima and minima. The following result combines domination structures
with the sets of lower bounds and of upper bounds to lower bounds from

Def. 2.2
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3 Applications of the Generalized Infimum on Vector Spaces

Proof. Using the definition of domination structures, yRz < z € y + D(y) <
y€z—D(y)and (2 — D(y))* = z — D(y)° for any y, z € Y, whence we can
write:

Ar(Y) ={ley:
={le):
={le)y:
={le)y:
={le):

ley—D(),YyeY}
L€Nyey(y—D()}
L ¢ Nyey(y —D)}*
L€ Uyeyy — D)}
leY — D)}

D()=D

Nyey(y = D)

PP (v — peye,

Reformulating differently, we obtain, by (y + D(y))¢ = y + D(y)¢ for any

y e,

Agr(Y)

D() =D

{tey:
{le)y:
{le)y:
{ltey:

yel+D(),VyeY)}
y¢l+D) YyeY}
Y N+ D)) =0}
Y Nn(l+D°) =0}

Lastly, given a constant domination structure, from D(l) = D and Ag(Y) =
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(Y —D¢)¢, and the definition of Br(Y'):

Br(Y) = H{uelY:leu—-D(),Vie Ar(Y)}

D) =D (uey: (Y — DY C (u— D)}

= {uelY:(u—-D°) C(Y-D}.
[
The characterizations of Ag(Y) and Bg(Y') from Prop. can be directly

used in Cor. and Cor. to obtain minima and infima with respect to
R.

3.2 Remark: Prop. only characterizes Ar(Y') and Br(Y') forY C V.
To account for sets'Y from the extended space Y, following Prop. we
may write:

(0 if —oop €Y
AR(Y)—{ Ap(Y\{+00r}) otheruljise,

(Y if -oogp €Y
BR(Y)_{ Br(Y\{+00r}) otheruise.

Then, all characterizations of the operators Ming and Infg from Sect. [q are
applicable. For instance, by Prop. and Prop. [2.25:

MiIlRY = AR(Y) N Y,
{-0or} if Br(Y) =,

Il’lfRY = {“"OOR} Zf BR(Y) = (2)7
Ming Br(Y) otherwise.

The proof of Prop. shows the difficulties associated with reformulating
the conditions in Br(Y') without considering specific constant domination
structures. In contrast, necessary and sufficient conditions for [ € Ag(Y') are
relatively easy to obtain.

We use Prop. [3.1] along with the constant domination structure D to construct
examples by first determining the complement of the lower bounds Ag(Y')¢ =
(Y — D°), then gathering all points u € Y that satisfy (v — D) C Ar(Y)".
The infimum, when existing, is then comprised of exactly the points that lie
in Br(Y') but not in Ag(Y')°. This is, in essence, analogous to the procedure
described in Example [2.13] The following example applies this procedure for
Y =R



60 3 Applications of the Generalized Infimum on Vector Spaces

3.3 Example: Let Y = R? and R = }_4 The ordering map D Y = Y is
constant with a conical domination structure D = (—D\{0})* and D = R2
(see Sect.[3.9). For the set

Y ={(0,2] x (0,2]} U {[1,2] x {0}} U {{0} x (1,2]} CR?
as shown in Fig. we obtain

InfrY ={(1,0)",(0,1)"} and MingY = {(1,0)"}.

u+ D\{0}
Y + D\{0} <
Y

|

Figure 3.1: Sets for Y from Example .

The infimum is not representative for [Y]. However, for a different set
Y = {ye R? : Y1, 92 € [0,2], max{y;, y2} = 1}\{(0, 1)T7 (1>O)T},

the infimum is the same as for Y, and Infr Y’ € [Y'] (see Fig.[3.9). Thus,
despite Infg Y not being representative, by existence of a class for which it is,
self-infimality holds. Furthermore, Y' is also an example for the absence of
mintmum and existing infimum with respect to R.



3.2 Orderings with Respect to a Common Ordering Cone 61

Y’ + D\{0} u+ D\{0}
= Ar(Y')® o
Y’ »
Br(Y’)
-~

Figure 3.2: Sets for Y’/ from Example .

3.2 Orderings with Respect to a Common Ordering
Cone

Let ) be a vector space. Whenever ) is a real finite dimensional vector space,
one can apply the well defined orderings <, < and <. Using ) = R" for some
n € N, we can write:

asb<=b-achRE
a<b<=b—acRI=RI\{0},
a<b<=b—a€cR, =intRL.

By Sect. , 2,RZ and RZ can be viewed as the constant (conical) domina-
tion structures of their respective orderings. These orderings are commonly
generalized by replacing R% by an arbitrary pointed, nonempty and convex
ordering cone D C R™ containing zero (or assumed closed) [4, T, 16, 25].
Here, the explicit inclusion of zero replaces the assumption of D being closed,
often assumed in the literature due to diverging definitions of cones. We
then obtain the following relations with respect to D C Y, for an arbitrary
topological vector space Y:

a<pb:<=b—acD,
a<pb:<=b—aec D\{0},
a<pb<=b—aecintD.

The properties of the above relations can be derived from their domination
structures. Lem. [1.15|shows that, if D is a pointed convex cone, then so are
D\{0} and int D. The, we may show the following:
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3.4 Proposition:
Let D C Y be a pointed convex cone containing zero. Then

(i) <p forms a partial ordering on Y,

(i) <p and <p form strict partial orderings on .

Proof. From D being pointed and 0 € D, the condition D N —D = 0 holds.
Then, the first assertion follows directly from D being convex and Prop.
Similarly, the domination structures D\{0} and int D are both pointed convex
cones not containing zero by Lem. Thus D\{0} N —D\{0} = int D N
—int D = @) and <p and <p both form strict partial orderings by Prop. [L.9}

[

Since <p and <p form strict partial orderings on ), they are especially
irreflexive. Then, by Prop. and subsequent discussion, the respective
minima of R € {<p, <p} are always empty, and their respective infima
are either empty or {ocog}. Both orderings are therefore not meaningfully
suitable for our generalized infimum framework.

3.2.1 Types of Lower Bounds

Consider the complements of the inverse relations to <p and <p, i.e.

a#pb=b—ag¢(-D\{0}),
abpb<=b—a¢ (—intD).

In the real scalar case Y = R, the orderings <, # and % are all equivalent.
That is,
Va,beR: aSb<=atb<=a#b.

In R, any nontrivial pointed convex ordering cones D C R containing zero
is either R> = [0,+00) or R< = (-00,0]. Assuming D generalizes R,
then

D = (=D\{0})° = (—int D)° = R-,

such that a being smaller or equal (<) to b is the same as a being not strictly
greater (# and #) than b, for any choice of D. This equivalence does not hold,
in general, for higher dimensions. Therefore, we may obtain three different
ways to generalize lower bounds, infima and minima from differing notions of
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“smaller” induced by a common ordering cone D. Depending on the choice
of interpretation of < in the scalar definition of lower bounds with respect
to a conical ordering, a higher dimensional lower bound [ can be defined
as:

(i) a dominant point, that is, [ dominates all y € Y,
(ii) a nondominated point, that is, [ is not dominated by any y € Y/,

(iii) or a weakly nondominated point, that is, [ is not strictly dominated by
any y € Y.

In Jahn [11], these correspond to strongly minimal, minimal and weakly
minimal elements of Y. These approaches applied to minimization of a
functional, yield, respectively, strongly efficient solutions, efficient solutions
and weakly efficient solutions. In this regard, we will also investigate strong
infima, (nondominated) infima and weak infima operators (with respect to
D), respectively denoted

s-Infp := Inf<, Infp := Insz, w-Infp = Infy .

3.2.2 Properties of Conically Induced Orderings

We investigate the properties of the orderings <p, ?f p and ¥ p characterized
by D on the space ). Following Sect. [1.2] the respective constant conical dom-
ination structures D are, respectively, D, (—D\{0})¢ and (—int D), whence
we may write:

a<pb<=b—aecD=D,
a?pb<=b—aecD=(-D\{0})",
appb<=b—aecD=(—intD)".

3.5 Proposition:
Let D C Y be a pointed convex cone with O € D. Then

(i) <p satisfies reflexivity, transitivity and antisymmetry on Y,

(ii) *p and #p satisfy reflexivity, negative transitivity and negative
asymmetry on ).
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Proof. From Prop. <p forms a partial ordering, showing the first assertion
by Def. and <p and <p strict partial orderings on ). Then, both
inverse relations >p and >p form strict partial orderings on ), by definition

irreflexive, transitive and asymmetric. By Lem. and , #p and

#p then satisfy reflexivity, negative transitivity and negative asymmetry.
This completes the proof. O

Note that whenever int D = (3, the relation >p has an empty domination struc-
ture such that, Va,b € Y : a #p b always holds. Therefore, for % p, we will
want to assume that D has a nonempty interior. For the other two orderings,
we assume D is neither empty, nor {0}.

3.2.3 Common Globally Smallest and Greatest Elements

In order to introduce infima with respect to the different orderings induced by
D, we must first define a globally smallest and a globally greatest element for
Y, with respect the different orderings, that satisfy the conditions established
in Sect. 2.1l We use the following relation:

3.6 Proposition:
Let D C Y be a pointed convex cone with 0 € D. Then

Va,beY: a<pb = a?pb = a#ph,

anda>Db:>a2Db:>a§§Db.

Proof. By D being pointed, convex and 0 € D, we obtain D N —D = {0},
whence D N (—=D\{0}) = 0. Then,

D c (=D\{0})" € (=int D)",
from —D\{0} D —int D. The result then follows from

as<pb<=b—acD,
a?pb<=b—aec (—D\{0})",
appb<=b—ac(—intD)".

The second assertion is the contrapositive statement of the first. O
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In view of Prop. [3.6, defining +oop and —oop as the respectively globally
smallest and globally greatest elements for ) with respect to <p automatically
makes them respectively globally smallest and globally greatest elements for
Y with respect to <p, ?p and ¥#p.

3.7 Proposition: Common Globally Smallest and Greatest Ele-
ments

Let D C Y be a pointed convex cone with 0 € D and Y be the extension of
Y by —ocop and +oop, chosen such that

VyEyt -0p <p Yy <p +X0p.
Then, for any R € {<p,*p,#p},

Vye)Y: -oopRyR+oop N +oopRyR-00p.

Proof. From Prop. [3.6] we can infer that:

-o0op <p Yy <p +00p =— -00p <p Yy <p +00p

= -p ?éD Y ?éD +00p,
and by <p asymmetric, as a strict partial ordering by Prop. [3.4]

~00p #p Y #p +00p = —O0p zD Y zD +00p
= —00p Sp Yy Sp +00p.

This completes the proof. n

Constructing +ocop following Prop. satisfies part of the assumptions made
on +oop in Sect. for R € {<p, #p, #p}. It remains to guarantee that Y
does not already contain any globally greatest nor least element with respect
to any of these orderings. By irreflexivity of <p and <p, this is already
satisfied for }_4 p and ¥p, as no element of ) can be smaller (e.g. in the sense
of #p) and simultaneously not larger (e.g. in the sense of <p) than itself.
Assuming that
B ey: I"Spy<pu',Vye),

assures that ) contains neither a globally smallest nor globally greatest
element with respect to <p. Essentially, the above guarantees a sort of

unboundedness of ) with respect to <p. The importance of these assumptions
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are addressed in Remark In the following, we will consider the extended
space Y := Y U {xocop}. Note that complements are still taken with respect
to Y, not ).

3.3 Infimum for Dominant Points

The first case we consider is that of dominant points on the extended topo-
logical vector space Y with R =<p,. Let D C ) be a convex, pointed cone
containing zero. We define the strong minimum and strong infimum operators
with respect to the ordering cone D by

s-Minp := Min<,, and s-Infp:=Inf<, .

From Prop. [3.4, <p forms a partial ordering on ). By Prop. and
Prop. the infimum of any partial ordering that is translation invariant,
positively responsive and represented by a domination structure, is a strong
infimum with respect to its constant domination structure D(y) = D,Vy €

V.

Dominating lower bounds harbor some very useful properties. The fol-
lowing lemma characterizes the existence and uniqueness of strong infimal
points.
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3.9 Lemma:_
Forany Y C Y,

Proof. We break the proof down in three states of A<, (Y) and show equival-
ence each time:

e Whenever A<, (Y) = 0, by 0 € D, any y € Y chosen such that
A< (Y) =y — D would need to lie in A<, (Y'), yielding a contradiction,
whence the assertion trivially holds.

e Else, for A<, (Y) =Y & Bz, (Y) = 0 by Lem. R.14[(ii)} A<, (Y)N
B<,(Y) = 0. Assume 3y € ¥V : A<, (Y) =Y = y— D. Then,
yZpy,Yy €Y and ¥ is a globally greatest element of ) with respect
to <p. However, by assumption, no globally greatest element of ) can
lie in ), disproving the existence of 7.

e Assumenow ) # A< (V) # V. If A< (Y) =y—D for some y € Y, then,
by0e D, ye A<, (Y) and by l € y— D, we have | <p y,Vl € A<, (Y),
whence y € B<,(Y) and

ye A<, (Y)N B, (Y).

Choose some other ' € A< (Y)NB<,(Y). Then, ¥y <p y and i
must hold, whence, by antisymmetry of <p,

[IA

DY

V=7 — A, (V)N B, (V) ={y}-
Now assume A< (Y') is not a translate of —D. Then
33?7 € AéD (Y) : léDf/g\a Vi e A§D (Y)>

i.e. A<, (Y) contains no element that is a also an upper bound to the
lower bounds, whence A<, (Y) N B<, (V) = 0.

This concludes the proof. O
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We reformulate A<, (Y) and B<, (Y) using Prop. and proceed to charac-
terize strong minima and strong infima.

Proof. Follows from R =<p, D = D and Prop. 3.1 O
Observe that the above characterizations do not accept sets from the ex-
tended space ). This is due to domination structures being only defined
on Y and not ). One may refer to Rem. to circumvent this restric-
tion. The following characterization of strong minima and infima avoids this
constraint.

Proof. For the strong infimum, we use Cor. and R ==<p as a starting
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point, 7.e.
{-cop} if B« (Y') =Y or —~cop €Y,
s-Infp Y =< {+oop} if Y =0 and -ocop ¢ Y,
s-Minp B<,(Y') otherwise.
In the first case, B<,(Y') = Y & A<, (Y') = 0 by Lem. [} In the
last case, s-Minp B<, (Y') = A<, (Y'") N B<,(Y"), as shown in the proof of
Prop. [2.22l We explicitly add that -cop ¢ Y must hold, such that, by
Prop. 2.19, A< (Y') = A<, (Y) and B<,(Y') = B<,(Y). Lastly, we can
apply Lem. to obtain the assertion.
For the characterization of strong minima, we apply Def. and Cor.
By explicit assumption that —cop ¢ Y, we can reuse the above argument:
sMinp Y’ = A< (Y)N B, (Y)NY' = {7} NY’,

whenever 3y € Y : [,y (y — D) =y — D. This concludes the proof. O

yey’

Lem. is also used to derive uniqueness and representativity of strong
infima, upon existence. The following result gathers the most important
properties of strong infima.

3.12 Thgorem:
LetY C Y. Then, the following are equivalent:

(i) s-InfpY # 0,
(ii) s-Infp Y € [Y],
(111) s-Infp Y is a singleton.

Additionally, s-Infp Y = {y} for somey € Y if and only if A<, =y — D.

Proof. The relation R = <p forms a partial ordering on ), hence antisymmet-
ric and transitive. From Prop. and Thm. the strong infimum is
not empty, if and only if it is a singleton and if and only if it is representative.

This implies that
s-Infp Y € {{-oop}, {+oop}, {y}}
for some y € ). For the last assertion, we may thus assume
s-Infp = A<_(Y) N B<,(Y),

which, by Lem. 3.9} is equal to {7} for some j € ¥ exactly when A<, =
y-D. O
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Thm. yields sufficient and necessary conditions for the existence and
representativity of strong infima with respect to a D. It immediately follows
that only nonempty infima are self-infimal. Different choices of ordering cones
may impact this existence of infimal points. However, if the choice of ordering
cone can be made such that A<, (Y) is always translate of —D, then not
only is the existence of s-Infp Y guaranteed, but also its representativity and
uniqueness. The geometry of the ordering cone is thus key to the existence of
strong infimal points. We proceed with two examples where the ordering cone
for <, respectively on R” with n = 1 and n > 1, displays such a compatible
geometry.

3.13 Example: We use Thm. to show that for any Y C R there always
exists a unique infimum. We will use, Y = R and R ==, which can be
represented by the constant conical domination map

D=D=R:=]0,+0).

Since D is a convexr pointed cone containing zero, we can use Inf<Y =
s-Infp Y. Then

A<(Y) =Nyey(y = D) = ey (-00, 9],

as per Prop. and a closed interval as the intersection of closed intervals.
Thus A<(Y) is either empty, R or an interval of the form (-o0,y] for some
y € R. By Thm. ssInfp Y = {y} =: {inf Y'}. Additionally, this also

proves representativity and existence of the single dimensional real infimum.

For higher dimensional ordering cones, it may be difficult to guarantee that
all intersections of a potentially infinite number of translates of —D form a
translate of the same cone. The following example relies on the existence of the
one dimensional real infimimum of any set in R, as shown in Example , to
show existence, uniqueness and representativity of infima on R™ with respect
to <.

3.14 Example: Let Y = R™ and R ==, which can be represented by the
constant conical domination map D = D = RZ, for RL the non-negative
orthant in R™. Then, for any a,b € R" :a <b<a; < b,Vi=1,...,n. As
i Example by D =R being a pointed convex cone including zero, <
forms a partial ordering on R™.

The space R™ is extended by +oop to R"” := R" U_{iooD}. In this context,
R" #Rx...xR, as a point like (-00,0,...,0)" ¢ R", since it is not globally
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smallest with respect to < on R™. The analogous holds for +oop. For this
reason, we can write

T T

—0op = (-00,...-00) and +o0p = (+00,...,+00) .
Let Y C ]1_%"; Let Y; be the projections of Y onto the n dimensions, that is
Yi={y; e R:yeY} i=1,...,n. We proceed to show that:

{-oop} if 3i € I :infY; = —oo0,
s-InfpY = {+oop} ifY=0or3iel:infY; =+o0,
{(infY7,...,infY,)"} otherwise.

with (inf Yy, ...,infY,)" the componentwise infimum of Y. AssumeY # ():

o IfinfY;, = —oco, then Bl; < y;,Vy;, € Y; and thus A<(Y) = 0 and
s-InfpY = {-ocop}.

o [finfY; = +o0o, then Y; can only be containing +oo, as we have assumed
Y s nonempty. Thus, y; = +oo for anyy € Y. By Y C R" =
R™ U {+ocop}, y = +oop must hold and s-Infp Y = {+oop}.

o We may now assume inf Y; € R,Vi € {1,...,n}. Then, (infYy,...,infY,)" €
A<(Y), since it is a componentwise lower bound. The component-
wise infimum lies also in B<(Y), as any | € A<(Y) must satisfy
I £y, Yy, € Y; = I; < infY;, by definition. Hence, the component-
wise infimum is an infimum of Y with respect to R, and by Thm.
uniquely so.

Altogether, the infimum with respect to < in R™ always uniquely exists and is
representative, by Thm. [3.13

This happens to be exactly the generalized infimum introduced by Brumelle
[3], defined directly as the componentwise infimum. However, the definition
s not transposable to infima that are not decomposable.

Thm. and Thm. can especially be used to construct examples,
where, for given sets Y C Y, the strong infimum with respect to D does
not exist. For this, we use two points y',y?> € ) placed in space such
that the intersection (y* — D) N (y*> — D) is not a translate of D, violating
the condition for the existence of strong infimal elements. The following
geometric example uses a closed, pointed, convex ordering cone with square
cross-sections.
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3.15 Example: Let R = <p be characterized by the closed convex pointed
ordering cone (with square cross-section)

D = cone ([—1,1] x {2} x [-1,1]) U {0},
and let Y = {y',4*} with y* = (2,2,1)7 and y* = (2,2,2)". Then,
(y' = D)n(y* = D) = ([3/2,5/2] x {1} x {3/2}) — D,

such that, by Thm. ssInfpY = 0. The set B<,(Y) can then also be
constructed by using Prop. as displayed in Fig.[3.3

Ys

Figure 3.3: Empty Strong infimum.

3.3.1 Comparison to Komuro’s Infimum

Different approaches, specifically tailored to infima and suprema with respect
to translation invariant and positively responsive partial orderings, can be de-
rived to circumvent inexistent strong infima, like in Example(3.15]

Komuro [14] introduced a generalization of infimum and supremum for real
vector spaces partially ordered by an ordering cone D and investigated their
properties. Although the focus of the original paper was put on supremum,
we present its equivalent infimum for better comparison. Similarly to our
approach, the infimal elements of a set Y are the greatest lower bounds to
that set. Komuro [14] defined these as follows:

Iff Y = {FeY: §<plle A, (Y) =7 =1},
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for some Y C R*, with D some pointed convex cone containing zero and a
nonempty interior. Note that no notion of +cop are addressed. Based on the
above, we can assume the following generalization for an arbitrary binary
relation R for some Y C V:

Infl Y :={ge€Y: yRI,l € Ag(Y) =y =1}.

However related, Komuro’s definition is not equivalent to our definition of
infimal elements: the interpretation of greatest in “greatest lower bounds”
differs. While we assumed a greatest lower bound ¥ with respect to R satisfies
IRy, ¥l € Ag(Y) and y € Ag(Y), Komuro assumes yRI, VI € Ar(Y)\{y} to
be sufficient. We can interpret this as 3 being a lower bound only smaller to
itself. As such, it is not an upper bound to the set of lower bounds in the
sense of the ordering.

We show the equivalence of Komuro’s approach with our restricted infimum
in the special case of R being antisymmetric (given, for example, when it
forms a partial ordering on ), as is the case with <p) and there exists
an infimal element in ). We do not extend Komuro’s infimum to map
into the extended space ), whence we’ll assume, for comparison, Infr Y #

{xooRr}.

3.16 Proposition: »
Let R be antisymmetric and Y € Y. Then, if Ar(Y) N Br(Y') # 0,

Inff Y =InfrY = {7°},

for some* €Y and InfS Y := {5 €Y : yRI,1 € Ap(Y) =y =1}.

Proof. Since we assume 35* € Ag(Y) N Br(Y), we know () # Br(Y) # ),
whence Infr Y # {+oog}, by Prop. 2.17] Then, by R antisymmetric and
Prop. [2.26] Infr Y = {y*}. We wish to show:

Ty =ArW)NBr(Y)={g€Y: gRI,Ic Ag(Y) =7 =1} = Infh V.

We show that y* € InfgY is an infimal element of the Komuro infimum.
We already know y* € Ar(Y) and by y* € Br(Y), [Ry*,Vl € Agr(Y). Thus,

whenever y* Rl for some [ € Ag(Y'), by antisymmetry of R and existence of
“Sk

Yy
TRINIRY = 7" = 1.
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Thus InfrY C Infg Y. Let now iy € Infg Y, which, by the above, exists
as soon as Infr Y # ). Since §y € Ar(Y) always holds, assume y ¢ Bgr(Y).
Then, y* Ry, since y* € Ar(Y). However, by y* € Bg(Y), yRy* holds, and
by 7 € Infl Y

YRy Ny € Ap(Y) =y =1,

contradicting y ¢ Bgr(Y'). Thus, ¥ = y*, concluding the proof. O

Prop. [3.16|shows how our infimum is the same as Komuro’s, given Infr Y C ).
Differences arise when Infz Y = (. In this regard, Komuro’s infimum is more
lenient. However, in these cases, representativity and all properties related to
representativity, become an issue. The following example shows how Komuro’s
infimum fails at self-infimality.

3.17 Example: Let Y =R3, Y ={(2,2,1)",(2,2,2)"} and R ==p, char-
acterized by the same ordering cone as in Example|3.15. Then,

s-InfpY =0,
Inff Y = {y € [3/2,5/2] x {1} x {3/2}},
Inff Inff Y = {y € {2} x {0} x [1,2]},

showing especially that Inng Y # Inng Inng Y. (See Fig.

3.4 Infimum for Nondominated and Weakly
Nondominated Points

Let R € {#p, #p} for the pointed convex ordering cone D. Then, R forms a
strict partial ordering on ) (Prop. and R is reflexive, negatively transitive
and negatively asymmetric (Prop. [3.5)). Since R is negatively transitive,
Thm. applies as a necessary and sufficient condition for representativity.
That is, specifically for the infimum, Infr Y € [Y] and Infgr Y C Y if and only
if

VyeY,JyenfrY: yé¢y+D,

which simplifies to:
Y ClnfrY — D°.

The analogous holds for minima. Throughout this section, we may assume
int D # (), as else #p is constantly true. The ordering % p is also a special case
of #p: both become equivalent as soon as D is open.
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Y3

K K
InfR InfR Y

Y2

Figure 3.4: Komuro’s Infimum and Absence of Self-Infimality.

We will show basic reformulations for the (nondominated) infimum with
respect to D and use examples to show its weaknesses. Then, we will examine
how the weak infimum is especially useful, in that it is always representative
of the set it is taken over, making it the prime choice for conjugate vector
duality. Lastly, we will go back to the nondominated infimimum, and compare
it to a different approach by Gros [8], which displays great similarities to
some characterization of the weak infimum.

3.4.1 Infimum for Nondominated Points

Consider nondominated points on the extended topological vector space
Y. Let R =%p, with D C Y a pointed convex cone. Then, ¥p is char-
acterized by the constant conical domination structure D = (—D\{0})°
and satisfies reflexivity, negative transitivity and negative asymmetry by
Prop. [3.5] The minimum and infimum operators with respect to D are

defined as:
Minp := Minyg, and Infp := Insz )

This notation is consistent with [25]. To avoid confusion, we may explicitly
refer to Minp and Infp as the nondominated minimum and nondominated
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infimum, respectively. We use Def. to introduce nondominated lower
bounds.

Notice the difference between a point being nondominated by Y and a point be-
ing a nondominated point of Y. The naming is coherent since, by Prop. [2.16]
the set of nondominated points of Y is Miny, Y = Minp Y = Ay (Y)NY,
that is the points nondominated by and elements of Y.

Proof. The domination structure for % p being D = (—D\{0})¢, the assertions
follow immediately from Prop. |3.1f with —D¢ = D\{0}. O

Observe how, using Prop. [3.19] some 7 € Y is a minimal point of Y if and
only if
YN (y - D\{0}) =0,

which is a common characterization of nondominated points, e.g. [11, Def. 4.1
ff.]. We characterize the (nondominated) minima and infima.



3.4 Infimum for Nondominated and Weakly Nondominated Points 7

Proof. The first part follows directly from Cor. with Miny  (Y') =
Ay, (Y)Y’ from Prop. and using the reformulation of Ay (Y’) from
Prop. The second part follows from Cor. combined with Prop.

U

3.21 Remark: The characterization of Minp and Infp in Thm. only
uses Ay, (Y') and By, (Y") for Y' C Y. Naturally, the two sets can also be

formulated directly for Y C Y, akin to Remark -'
B 0 ’I,f -oop €Y
A;ED (Y) - { A?_‘D (Y\{+OOD}) otherwise,
B Yy Zf -oop €Y
BzD(Y) = { B;ED (Y\{+oop}) otherwise.

Then, all characterizations of the operators Ming and Infgr are usable for

R =*#p. For instance, by Prop. and Prop. :
Minp Y = Ay, (Y)NY,

{-oon} if By, (Y) =D,
InfpY = ¢ {+oop} if By, (Y) =0,
Minp By, (Y) otherwise.

Next, we investigate representativity of InfpY. As already seen in Ex-
ample for ¥ = R* and D = RZ, there exist sets ¥ C Y that have
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non-representative infima Infp Y ¢ [Y]. Furthermore, the infimum with
respect to D may not exist even for simple cases, as the following example
shows:

3.22 Example: Let Y =R? and D = RZ. For the open set
Y =int (cone([1,2] x [1,2])),

Ay (Y) = By, (Y) = int D and as such InfpY = MinpY = 0. (See
Fz'g.

Y + D\{0}
= Ay, (Y)°
= By, (Y)

Figure 3.5: Absence of infimum with respect to D in Example .

In the context of vector optimization, given a feature space X and func-
tional
f: X =Y 2 f(x),

with f(X) C Y the image of f over some X C X, the set of efficient solutions
(with respect to the ordering cone D) is given by

E(f,X)={zxeX: f(xr) € Minp f(X)}.

Hence, results regarding the existence of nondominated points (and, by
extension, of efficient solutions), are directly applicable. See [4] [6, 111, 25]
among others.

One such result is the so-called external stability [25] (or domination property
[3, 0], [I7] or nondominance boundedness [29]) of the set of nondominated
points of the image Y = f(X). In Sawaragi et al. [25, Def. 3.2.6], we call a
subset S CY externally stable if

VyeY\S: JyeS: yey+D <= y>py,
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which corresponds to condition in Thm. In that case, for a
collection of sets (Y?);cz, slightly modifying Cor. 6.1.3 from Sawaragi et al.
[25], like in Thm. [2.40}

MinD Uie[ Y’L g Mil’lD UiEI Mil’lD YZ (33)

Sawaragi et al. [25, Sect. 6.1] uses to derive conjugate duality for vector
and set optimization problems with regards to efficiency. If we drop the
condition S C Y for the domination property and use S = Infp Y, we obtain

condition from Thm. characterizing representative infima for
negatively transitive relations like % p.

Furthermore, in case of existing infimal elements, we can use InfpY =
Minp By, (Y') to show that representativity of Infp Y holds if and only if the
set of (nondominated) minimal points of By ,(Y') is externally stable.

3.23 The(lrem:
Let Y C Y and ) # InfpY C Y. Then InfpY € [Y] if and only if
Minp By, (Y') is externally stable.

Proof. From Thm. [3.20] since ) # Infp Y C Y-
IIlfD Y = MinD BiD (Y) = MinD BiD (Y’) = InfD Y/,

with Y/ = Y N Y. In the following we directly assume Y = Y’. By *p
negatively transitive from Prop. 3.5 and Thm. [2.37, Infp Y € [Y] if and only
if condition (3)) is satisfied, i.e.

VyGY\InfDY: El/y\GIHfDYI yZD?//\
If Minp By, (Y) is externally stable,
Vy S BzD (Y)\IHfDY : E@E IHfDY : Yy ZD /y\, (34)

must be satisfied. By Y C Y and Lem. Y C By, (Y), whence
external stability implies condition and representativity. Now if Infp Y
is representative, so is By, (Y). Then, InfpY = Infp Br(Y) € [Y] and
condition ([3)) corresponds exactly to (34), showing external stability. This
completes the proof. O
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Thus, representativity of Infp Y C ) is equivalent to the external stability of
Minp By, (Y') and, by Prop. is a milder assumption than the external
stability, 7.e. representativity, of Minp Y. One can apply existence results
for nondominated points of the set By, (Y'). However, for lack of an easier
characterization of By (Y'), usability remains limited. More research is to be
conducted on this topic.

3.4.2 Infimum for Weakly Nondominated Points

Consider weakly nondominated points on the extended topological vector space
Y. Let R = #p, with D C ) a pointed convex cone with nonempty interior
(as else #p is trivially true) and 0 € D (for direct application of previous
results). Then, »#p is characterized by the constant conical domination
structure D = (—int D)¢ and satisfies reflexivity, negative transitivity and
negative asymmetry by Prop. 3.5 The weak minimum and weak infimum
operators with respect to D are defined as:

w-Minp := Miny, and w-Infp :=1Infy, .

This notation is consistent with [25], but this section predominantly uses the
notation from Lohne [16]. We use Def. to introduce weakly nondominated
lower bounds.

3.24 Definition: Weakly Nondominated Lower Bounds
LetY C ). Define the sets

Ay, (V) ={leY: 1 #pyVyeY
By, (V) i={ueY 1 #pu¥l e Ay (V)}

Then, [l € Y 1s called:
e weakly nondominated by Y ifl € Ay (Y),
e weak infimal point of Y ifl € A4, (Y)N By, (Y),

e weak minimal or weakly nondominated point of Y ifl € A, (Y)N
By (Y)NY.

Again, notice the difference between a point being weakly nondominated by
Y and a point being a weakly nondominated point of Y. The naming is
coherent since, by Prop. the set of weakly nondominated points of some
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set Y is w-Minp Y := Miny, Y = Ay, (Y) NY, that is the points weakly
nondominated by and elements of Y.

Proof. The domination cone for p is given by D = (—int D). The assertions
follow immediately from Prop. with —D¢ = int D. O

The weak infimum presents several advantages compared to the infimum
with respect to D. Following the reformulation by Lohne [16] of the original
definition by Nieuwenhuis [20], we show the equivalence By, (Y) with the
upper closure of a set Y C Y. In turn, this allows us to retrieve the closure
property that got lost with the Minp operator: the weak infimum of Y is the
weak minimum over the upper closure of Y. For the upper closure, we use
the notation from [16].

3.27 Remark: The first definition of upper closure [16, Def. 1.39] is closely
related to the characterization we obtained for By, (Y) and is immediately
followed by the characterization made in [16, Prop. 1.40] which we take as
definition. We show the equivalence in Prop. [3.28
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Proof. First, recall that by Prop. and Prop.

B (Y) o )) if -00p € Yv,
2T\ {fu e (u+int D) C (Y +int D)} otherwise,

forany Y €Y and Y/ =Y NY. In case -cop € Y or Y € {0, {+oop}}, by

Lem. and Def. [3.26] By, (Y) = Cl; Y € {), 0}, respectively. Otherwise,
Cl. Y = Cl, Y’ and it remains to show

By, YN)={ueY:(u+intD) C (Y +int D)} =cl(Y' +D)=Cl. Y,

for Y/ # (. From Lem. we may assume By, (Y') # (. Let u €
By, (Y') and d € int D. Since D is a cone, Vn € N : =d € int D. From,

u+intD CY' +int D, u + %d €Y'+ int D for all n € N. It follows that
lim,, oo u+1d = wand thus, u € I (Y'+D). Nowletu € CLy Y’ =l (Y'+D).
Then, by Lem. [I.10] and Lem. [I.14]
u+int D - cd(Y'+D)+int D
Lem L0y o D 4 int D

e Ly g .

This concludes the proof. n

An alternative proof for Prop. can also be found in [20, Thm. I-17], when
substituting Y, for —D.

3.29 Theorem:
LetY CY. Then A;D(Y) N B?;D(Y) =bd Cl. Y.

Proof. Note that whenever Cl, Y € {{), Y}, the boundary bd Cl, Y is empty.
Thus, in view of Lem. and Def. whenever Y € {0, {+oop}} or
-oop €Y, we obtain

Ay (Y) N By (Y) = bd CLY = 0.
By Cl; Y = Cl; Y\{+ocop} and Prop. we now assume ) #Y C ).

First, we show that B4, (Y)+ D C By, (Y). Let w € By, (Y). By Prop.[3.25]
u € By, (Y) is equivalent to u +int D C Y +int D. Then, by Lem. [1.14]

uGB;; (Y)
wt+D+int Dy L intD <Y +int D,
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and thus By, (Y)+ D C By, (Y).

Next, we show that (Ax,(Y))® = int By, (Y). Let y ¢ A, (Y). Then, by
Prop. y € (Y +int D) and there must exist some y € Y C By, (Y)
(from Lem. with ¥ € y + int D. The set y + int D forms an open
neighborhood around 7 and by the first part,

y+int D C By, (Y).

Thus, there is an open neighborhood around ¥ entirely in By, (Y'), showing
y € int By, (Y). Let now y € int B4, (Y). Then, there exists some open
neighborhood U € 7 such that § + U C By, (Y). Choose some d € int D.
Since U is absorbing,

dog >0: —ade U, forany |a| < ay,
and by int D a cone, agd € int D. Then,
vV =y—ayde (y—intD)N(y+U)

implies 4/ <p ¥, i.e. ¥ is not smaller than ¢y’ in the sense of %p, and
y €5+ U C By, (Y). Thus,

T Ay (Byy (V) " AL (Y).

Altogether, this shows (A, (Y))® = int By, (Y).

Lastly, for any ¥ € bd B4, (Y), by the above, ¥ ¢ int B4, (Y) < ¥y €
Ay (Y), and by By, (Y) closed, ¥ € Ay, (Y) N By, (Y). The opposite
inclusion follows analogously. Whenever y € Ay, (Y) N By, (Y), then i €
By, (Y)\int By, (Y) = bd By, (Y). Using By, (Y) = Cl,. Y from Prop. [3.2§
we obtain the assertion. ]

The core result of Thm. has been shown in different settings, e.g. [16} 20l
20]. Furthermore, we also obtain some useful properties given the infimum of
some Y C Y lies in Y:

o Ay, (Y) = (int (Y + D))* = (Y 4 int D)*,
o A?‘D(Y) UB?‘D( ) N%

o (CLY)*U (int CL, Y)U (bd CL, Y) = Y,
o (CLLY)S,

[

int Cl, Y,bd CL, Y are pairwise disjoint.
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These and more results can be found in [16 Cor. 1.48]. We proceed with a char-
acterization of the weak minimum and infimum.

Proof. The first part follows directly from Cor.[2.20lwith Miny, Y’ = A, (Y")N
Y’ from Prop. and using the reformulation of A4, (Y”) from Prop. [3.25
For the second part, we use By, (Y') = Cl; Y’ = cl (Y’ 4 D) from Def. [3.26
and Prop. [3.28 to obtain from Cor. [2.23}

MiH}D B?‘D (Y/) = A?‘D (Y/) N B?‘D (Y/) =hd Cl+ YI.

O

Again, following Prop. with Prop. an equivalent formulation of
w-Infp Y is given, as it is defined in [16], by

{-ocop} if Cl,Y =Y,
W—IIlfD Y = {+OOD} if Cl+ Y = @,
Minp Cl; Y  otherwise.

We show two important properties of the weak infimum: for any set Y C Y
the weak infimum is w-Infp Y is representative of [Y] and nonempty. This is a
stronger statement than self-infimality of infima [20, Thm. I-21]. We proceed
to show that w-Infp Y is always representative, which makes weak infima
especially suitable for duality results. We make use of D¢ = —int D being a
convex cone with nonempty interior (see Lem. to apply Lem. and
Lem. [1.13] The underlying argument of the following lemma is essentially the
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same as in [16] Thm. 1.26]. We show that the line segment between any pair
of lower bound and upper bound to lower bounds contains a weakly infimal
element.

3.31 Lemma:
For any Y C Y and any pair (I,u) € Ay, (Y) x By, (Y),

Ixe[0,1]: 7=+ (1—-XNucwInfpY.

Proof. Whenever Ay, (Y) or By, (Y) is empty, the assertion trivially holds.

Letl € Ay, (Y)and u € By, (Y) = CL. Y, by Prop. Then, by Prop.
and Thm. [3.30} the weak infimum of Y is exactly bd Cl; Y. Construct some

yn =N+ (1 —Nu, A €[0,1].
Consider all A for which y, € Cl, Y and let
A:=sup{A € [0,1] : yp € Cl, Y}.
Then, there exists a sequence (A,)pen — X\ with 7y, € CL. Y, Vn € N and

ye=limy,, =ys €l CLY.

Next, consider all p € (A, 1] for which y, ¢ Cl; Y. We observe that y\ ¢
ClL Y, VA € (A 1], as otherwise A would not be an upper bound to {\ €
[0,1] : yx € Cl.Y'}. Tt follows that

inf {p € A\, 1] 1y, ¢ CLLY} =inf(X, 1] = X.
Then, there exists a sequence (i, )neny — A with y,, € (Cl, V)¢, Vn € N and
}Ligl\] Y, =y €cl(ClLLY) = 7y¢int CLLY.
Altogether, y € ¢l Cl, Y\int Cl; Y = bd CL, Y, and is thus weakly infimal,

by Thm. [3.30] 0

3.32 Theorem: Representativity of the weak Infimum
LetY C Y. Then w-InfpY € [Y].
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Proof. In view of Thm. m, it is sufficient to verify that property is
satisfied whenever w-Infp Y # {+oop}. That is, we aim to show that, for
nonempty Ay, (Y) and By, (Y),

Vy e Y\w-InfpY : Jyew-InfpY: y<py<=ycy—intD.

We use By, (Y) = Cl. Y by Prop. and apply Thm. [3.30] From Lem.[2.14]
we may assume () # Y C Y and choose some y € Y\ w-InfpY and [V €

A?‘D<Y)'

We first construct a lower bound | € Ay, (Y) with [ <p y. By D° = —int D
being a convex cone with nonempty interior, it is generating by Lem. |1.13

and by Lem.
3l € (y —int D) N (I° — int D),

i.e. | <pyandl <pl° such that [ dominates y and [°. Since int D is closed
under addition (see Lem. [1.11)), from [° — [ € int D we obtain

P—l4+deintD = [—del’—intD,

for any d € int D. Thus, [ —int D C [° —int D and by " being a lower bound
of Y, by Prop. |3.25;

YN®—intD)=0 = Yn({—intD)=0,

implying [ € Ay, (Y). We now use [ € (y —int D). Since y € Y\ w-Infp Y,
we have

y ¢ w-InfpY =bd Cl, Y = w-Minp Cl, YV
by the proof of Thm. |3.30, whence by the same result and -cop ¢ Y,

Jy' € Cl. Y N (y — int D).
By Lem. there exists some weakly infimal point
y € conv{l,y'} Nw-Infp Y.

Then, by I,y € y — int D a convex set, § € (y — int D), dominating y, and
satisfying property . By Thm. [2.37, w-Infp Y is thus representative for
any Y C ).

]
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Thm. can also be shown using [16, Thm. 1.26, Lem. 1.42, Lem. 1.43]
and with B := (y — int D) as the chosen open convex set. Existence of weak
infima is well known (see e.g. [16, Cor. 1.44]) and follows here directly from
representativity.

3.33 Corollary: Nonemptyness of the weak Infimum
LetY C Y. Then w-InfpY # ().

Proof. From Lem. m, for any Y € Y if w-Infp Y = ), then w-Infp Y ¢ [Y],
contradicting Thm. [3.32] Thus w-Infp Y # 0. O

Conversely, the above results also imply representativity and existence of all

weak suprema:
0 # w-Supp Y € [Y] . (35)

The result in Thm. [3.32] can most likely also be shown by using the notions
of cone-closedness, -boundedness, -compactness and -semicompactness, as
compiled and used, e.g. by Sawaragi et al. [25] for results on the existence
of efficient solutions. Indeed, the above proof essentially shows how By (Y')
is D-semicompact and thus satisfies the conditions from Thm. 2.37 The
difficulty of such an approach resides in showing the cone semicompactness,
which relies on finite subcovers of sets. We refer the reader to Sawaragi et al.
[25], Sect. 3.2].

As a last addition, in a similar approach to Thm. [3.32] we may show that
the lower bounds to the upper bounds of an infimum are exactly its lower
bounds, and vice versa. This allows us to show that any weak infimum is
self-supremal.

3.34 Lemmai
ForanyY C ),

A{D (W-InfD Y) = B}D (W-InfD Y),
A?;D (W—IIlfD Y) = B{D (W—Il’lfD Y)

Proof. For comparison with general results, bear in mind R = %p and
—R =#p. We first show A, (w-InfpY) = By, (w-InfpY). The equa-
tion is satisfied whenever w-Infp Y = {#oop} (see Sect. [2.3]and Lem. [2.14)).
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Moreover, by Cor. |3.33] we have w-Infp Y # (. In the following, we shall
assume ) # w-Infp Y C V.

By Def. w-Infp Y C A, (Y). Thus, by Lem. 2.24][()} Prop. and

representativity of weak infima by Thm. |3.32]
Lem.
A%D(W_InfD Y) = A%D (A?‘D (Y))
Prop. B}D (Y) W—InfD:YE[Y] B}D (W—InfD Y)

It remains to show A, (w-InfpY) C By, (w-InfpY'). Assume there exists
some u € Ay, (w-Infp Y)\By,(w-InfpY). By @ ¢ By, (w-InfpY’), there
exists some [ € Ay, (w-InfpY') with [ >p @, i.e.

leu+int D.

We construct a point v dominated by [. Choose an arbitrary 3y € w-Infp Y.
By int D being a nonempty convex cone, it is generating by Lem. [1.13| and
by Lem. [1.12

Ju € (I+int D) N (y + int D),

implying [ <p u and § <p u. Since
u+int D Cy+int D C (w-Infp Y +int D),

we have u € By, (w-InfpY') by Prop. . Furthermore, we also observe
that @ <p | <p u (see the proof of Thm. or use transitivity of <p by
Prop. , i.e.
vel+intD Cu+int D.

Then, both [ and u lie in the convex set @ -+ int D, and by Lem. there
exists some iy’ € w-Infp Y in the convex hull of [ and u, implying ¥’ € u+int D.
Thus, @ <p ¥ holds, disproving that @ is an upper bound (in the sense of
#£p) to the weak infimum of Y, and contradicting @ € A, (w-Infp Y'). This
shows the first assertion.

We obtain the second assertion by using the first, Lem. and Prop. 2.42)(D)}
from Ay, (w-Infp Y') = By, (w-Infp V'), taking the lower bounds on both sides
yields

A?‘D (AfD (W_InfD Y)) = A?‘D (B?‘D (W_InfD Y)) .

~~
Prop. Bth (W—IHfD Y) Lem.:m A?‘D (W—IHfD Y)

This completes the proof. O
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Conversely to Lem. [3.34] by exchanging the roles of »p and £p, we ob-
tain

Ay (w-Supp Y) = By, (w-Supp Y),

36
Ay (w-Supp Y) = By, (w-Supp Y). (36)

The following shows self-supremality of infima and self-infimality of suprema,
as evoked in [25] Lem. 6.2.1] and originally shown in slightly different terms
by Kawasaki [12 Lem. 2.3]. This property does not hold for most other types
of infimum and supremum.

3.35 Proposition: 25, Lem. 6.2.1]
ForanyY C Y,

w-Supp w-Infp Y = w-Infp Y,
w-Infp w-Supp Y = w-Supp Y.

Proof. By Prop. applied to the supremum,
w-Supp w-Infp Y = w-Supp, By, (w-Infp Y). (37)

Since, by Thm. [3.32] any infimum is representative, by Lem. [3.34], we also
know

A}D (Y) = A;;D (W—InfD Y) = B{D (W—InfD Y) (38)
Thus, by Prop. ,
y

& w-Supp Az,

w-Supp By, (w-Infp V')
(v) PorBEE ey

w-Supp w-Infp (39)

The second assertion is obtained analogously by applying Prop.

Prop. 277

w-Infp w-Sup, YV w-Infp By, (w-Supp Y)

&

w-Infp A, (w-Supp Y)
W—IHfD A{D (Y)

(2

PrOp'W—SupD Y.
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3.4.3 On the Approach by Gros

Attempts to circumvent the drawbacks of the nondominated infimum and ob-
tain similar benefits to the weak infimum (e.g. existence and representativity)
were made. Gros [§] defined an infimum on R* with Pareto optimal solutions
in mind. Using our notation, the author defined

Inf3 Y := Ay, (1 (Y + D\{0})) nel (Y + D\{0})
= Minpcl (Y + D\{0}) €Y, Y C D,

originally for Y = R* and D = R%. The structure is very similar to that
of the infimum on weakly efficient solutions by Nieuwenhuis [20], applies
the analogous systematic approach as Kawasaki [12], but formulated with
a different ordering cone (and without extending the space). By repla-

cing D\{0} by int D and #p by #p, by Lem. and Prop. [3.28, we

obtain

B?‘D (Y) N A?‘D (B?‘DO/)) = B?‘D (Y> N A?‘D<Y)v

which is exactly the restricted weak infimum. This definition was motivated
by the property that

Inf%Y = Inff V(clY)
= Inf$ Y (cl (Y + D\{0}))
= InfS V(Y + D\{0}),

as commented below the original definition (see [8, Def. 2.2 ff.]). The main
issue with this approach, is that a minimal element may not be infimal.
This makes it so that Prop. no longer holds: infimal point may not be
minimal.

3.36 Example: This example is inspired by Sawaragi et al. [25, Example
6.1.1]. Let Y = R* and D = R%. AssumeY = {y € R* : y € (0,1], 92 >
0} U {0}. Then MinpY = InfpY = {(1,0)"} whilst Inf5 Y = {0}. (See

Fig. @)

Ponstein [21] expanded the definition on the extended space (R)” = Rx...xR.
This is different to the extension we would need (see Example [3.14). We refer
the reader to an example by Sawaragi et al. [25) Example 6.1.1] showing an ex-
isting minimum not being part of the infimum by Ponstein.
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Figure 3.6: Infimum by Gros not attaining nondominated points.

3.5 Notes on the Literature

Nieuwenhuis [20] generalized the concept of supremum in the context of
vector optimization for Pareto optimal and weak-maximal points, which
respectively parallel efficient and weakly efficient solutions when minimization
is considered. The author followed a similar approach to ours, defining
supremal points as smallest upper bounds to a set, and derived results
that coincide with ours, in the special case of R = #p (eg. see [20, Thm.
1-28]).

The concept of weak infimum was expanded to the extended space by Kawasaki
[12, 13], Tanino [26] and Lohne [I6]. The presented version is taken from
Lohne [16], where the author expanded the results from Nieuwenhuis [20)]
and Tanino [26], focusing on complete lattices induced by self-infimal sets
and a subsequent generalization of conjugate and Lagrange duality. While
Kawasaki [12, [13] introduced the weak infimum of a set as the minimum over
the upper closure of that set, Nieuwenhuis [20], Tanino [26] and Loéhne [16]
used the characterization of infimal points as greatest lower bounds. Some
minor differences remain between authors, e.g. regarding the upper closure
always containing +oop.

A form of strong infimum was introduced by Brumelle [5], as a decomposition
in one-dimensional infima on real vector spaces for the ordering <, and gener-
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alized in [26]. The given definition is however not immediately suitable for gen-
eralization with regards to different ordering cones, as it assumes that the in-
fimum is a singleton. The reformulation by Tanino [26] does coincide with our
definition, up to the assumption of uniqueness.

Komuro and Yoshimura [I5] generalized the approach from considering weak-
maximal and supremal solutions to maximal solutions with respect to a convex
cone P on a linear space over R [I4] I5]. The authors focused on monotone
order completeness in the induced partially ordered topological vector space.
The generalized suprema and infima were not defined on the extended space
and the results seem to only be applicable to transitive orderings. The notion
of greatest in greatest lower bound differs from ours. Generalizations of
conjugates were given.

Many results and applications require that the cone D be pointed and convex
with nonempty interior. We investigated where most of these assumptions
individually need to be applied. We also bridged the gap between definitions
of infimum relying on the set of lower bounds (like [14 [I5] and Def. and
its upper closure (like [16], 20] and Prop. .

A different approach was taken by Gros [8] and extended by Ponstein [21] with
regards to efficient solutions, using an analogous point of view to Kawasaki
[12]. This proved to lack some properties making it unsuitable for applying a
generalization of conjugate duality as used on week infima in Sawaragi et al.
[25] and Bot et al. [4]. Nevertheless, both Gros [§] and Ponstein [21I] derived
conjugate duality results.

Tanino [26] analyzed the connections between suprema defined via upper
and lower bounds against those defined via closures (like Kawasaki [12] or
Gros [8]). In this context, a definition of the (nondominated) infimum Infp
with respect to a cone D, that is analogous to our definition, was introduced,
but not further investigated. Tanino [26] emphasized that the weak infimum
provides the most suitable generalization of the classical infimum in higher
dimensions when compared to the strong and nondominated infima, since it
can be characterized both via lower and upper bounds (ensuring that attained
infima are minimal) and via taking a (weak) minimum over a closure (ensuring
existence), i.e. for an adequate set Y,

W—IIlfD Y = A}D(Y) N B}D(Y) = w-Min cl (Y + D)
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4 Conjugate Duality for Set-Valued Mappings

Sect. [3] has shown that the infimum framework developed in Sect. [2]is com-
patible with the traditional notions around dominating, nondominated and
weakly nondominated points, whilst providing a generalized definition of in-
fimum in line with the commonly accepted definition of weak infima. As such,
this framework may be used to investigate the assumptions and implications
of methods and approaches that have been formulated only for a specific type
of relation, e.g. for nondominated or weakly nondominated points, for general
relations.

This section will focus on comparing two duality approaches for set-valued
optimization problems that were formulated for efficiency and weak efficiency,
that is, based on nondominated and weakly nondominated points, respect-
ively. The first approach is due to Tanino and Sawaragi [28] and relies on
nondominated maximization of the dual objective mapping to find efficient
solutions. An expansion to topological vector spaces and set-valued mappings
was proposed by Bot et al. [4]. The second approach relies on weak supremiza-
tion of the dual objective mapping to find weakly efficient solutions. It can be
traced back to Kawasaki [12, [13], with later expansion to topological vector
spaces by Tanino [27]. Both approaches can be seen as a generalization of the
conjugate duality theory formulated by Rockafellar [23], which notably encap-
sulates Fenchel- and Lagrange-Duality. The theory is based on embedding the
primal problem into a family of perturbed problems by means of a so-called
perturbation function, and using conjugates of that perturbation function to
approach the primal optimal value “from below”, i.e. through supremization
(or maximization) of a dual objective function.

The similarities between the two approaches were addressed by both Sawaragi
et al. [25] and Bot et al. [4], but a direct comparison remained impossible
for lack of a common framework. For instance, the notion of nondominated
infimum has found no consensus in the literature, rendering the transfer
of the supremum-based theory from weak efficiency to efficiency hazardous.
Furthermore, as we have repeatedly seen throughout Sect. [3.4.2] weak infima
present several advantages and features that are not shared by nondominated
infima (e.g. nonemptyness, representativity, separation of )), leading to
assumptions, which are necessary to expand the approach, becoming hidden
in the specificity of weak infimization.

Based on the work of Bot et al. [4, Chapt. 7], we shall generalize both conjugate
duality approaches for topological vector spaces, making them applicable for
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any relation R, whilst understanding their underlying assumptions and limita-
tions. For most of the considerations, we will assume R to be translation invari-
ant, but not necessarily positively responsive.

We will start by introducing some terminology around set-valued mappings
and propose an approach to generalize affine minorants. We show how affine
minorants support the already established generalizations of subdifferentiabil-
ity and conjugates from [4] and give the reader some geometrically motivated
intuitions for these concepts. We then propose two solution concepts for
set-valued infimization problems, respectively based on minimization and
epigraphical-minimization. From there, we introduce a perturbation ap-
proach, leading to weak and strong duality results for both maximum- and
supremum-based dual problems, and investigate reflexive duality conditions.
To conclude, we show the specificities of the supremum-based approach for
weak nondomination, circling back to the existing results from Bot et al. [4],
and highlighting to which extend the displayed properties are exceptional to
this type of relation.

4.1 Infimization and Minimization over Set-Valued
Mappings

We begin by establishing common notions for set-valued mappings. Let X
and ) be sets. Following Rockafellar and Wets [24, Chapt. 5], we consider
mappings x — F'(z) where z € X and F(z) C ) is a set. For these set-valued
mappings (also sometimes referred to as point-to-set maps, multifunctions or
correspondences) we write

F:X=Y o Flz) CY.

Whenever F(z) is a singleton, F is called single-valued at x € X. If F is
single-valued at every x € X', then F' is uniquely identified by the vector-valued
function

f:X =Y, x— f(x), with F(z) ={f(z)},Vx € X.

It Yy =R, f is simply called a function. In this sense, set-valued map-
pings can be seen as a generalization of both functions and vector-valued
functions.

Some terminology of functions can be used for set-valued mappings. Let F':
X = Y. Forany X C X, the image of F under X is given by

F(X):= ] F(x).

zeX
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The range of F' is its image over the entire space X', written rge F' := F(X).
The inverse of F is the set-valued mapping F~! : Y = X with

Fy)i={r e X |y € Fa)}.
Then, for any Y C Y, the inverse image of F' under Y is given by

FY)=|JF 'y ={zeX|Fx)nY #0}.

yey

The domain of F is its inverse image over the entire space ), written dom F :=
F~Y(Y). The graph of F is given by

gph F:={(z,y) e X xY: y € F(x)},

and fully characterizes both F' and its inverse [24].

Assume now F is a set-valued mapping from X to the extended space ) =
YU{+oog}, according to an underlying relation R (see Sect. . In this case,
the above definitions still apply, but the domain of F' is considered to be the
inverse image of F over ), instead of over ), i.e.

domF=F'Q)={zcX|Fx)nY #0}.

As a result, if for some T € X, F(Z) € {{-oogr}, {+oor}} holds, then T ¢
dom F. The set-valued mapping F is called proper (with respect to R)
whenever dom F' # () and —oog ¢ rge F. In other words, the mapping F' maps
to at least one element from ) and never to —oog, i.e. Jz € X : F(x)NY # ()
and —oog ¢ F(x), Vo € X.

Since Y is equipped with a relation, we can also propose a generalization of
the epigraphical value function for F. The epigraphical set mapping of F
with respect to R is given by

Er:X =), 2+ Ep(zr) := Bg(F(x)).

As such, Er(x) is the set of elements that are upper bounds to the lower
bounds of F(z), for any given x € X. By Prop. it immediately follows
that

Infg F(z) = Infg Br(F(x)) = Infg Er(x),

which coincides with Ming Er(z), provided ) # Er(xz) # Y. The epigraph
of F' refers to the graph of the epigraphical set mapping and is given by
epi ' := gph Fr. The same approach can be used to generalize hypographical
value functions and hypographs. Note that, in the literature, for a common
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ordering cone D, a different definitions of epigraph has been formulated with
regards to nondomination (R = #p) and weak nondomination (R = %p). The
proposed definition defines a form of closure over those epigraphs, with the goal
of capturing infimal points though minimization.

Using this terminology, we may discuss infimization and minimization over set-
valued mappings. We are taking the infimum and minimum of the image of F'
over a set. The parallel can be drawn to functions: the infimum of a function
f over a set X is exactly the infimum over the image f(X) C R of f over X.
Thus, for some F : X = ) and X C X, the set

Infp F :=Infp | ] F(z) = Infp F(X)

zeX e X

is called the infimum of F (over X) and any point from that set is called an
infimal point of F' (over X'). Analogously, the set

Ming F := Ming |_J F(x) = Ming F(X)

zeX e X

is called the minimum of F' (over X) and any point from that set is called a
minimal point of F' (over X). An analogous terminology can be established
for supremization and maximization of F. In this sense, infimization and
minimization of a set-valued mapping is equivalent to taking the infimum
and minimum of an image set, which can be expressed as a union of sets.
Considerations for the points in X contributing to the infimum and minimum
of F' are postponed for now.

For functions, the infimum of some f : X — R over X is also the infimum of
the projection of the epigraph epi f onto R, which compounds to an interval.
The following results relate the epigraphical set mapping Er to F under
minimization and infimization.

4.1 Lemma: .
Forany F: X =) and X C X':

(i) Usex Br(F(x)) € Br (Uyex F(2))
(i) Ar (Usex Br(F(2))) = Ar (Br (Usex F(2))) = Ar (Usex F(2)) -

Proof. Let w € Br(F(7)) for some T € X. Then [Ru holds for all
I € Ap(F(Z)) 2 Ag (U,ex F(z)), by Lem. implying u €
BR (UxGX F(l’))



4.1 Infimization and Minimization over Set-Valued Mappings 97

By Lem. we immediately have

e(Yro) ooy o))

Using Lem. the second assertion then follows from

Ap (U BR(F@))> Lo E20) () Ar (Ba(F(x)))

zeX zeX

LB () Ap (Fla) B, (U F<x>) .

zeX reX

]

4.2 Theorem: (Set-Valued and Epigraphical Set Mappings)
Forany F: X =) and X C X':

Infp F(x) = Infp Ep(x) O Ming Er(z) D Ming F(x).
zeX zeX zeX zeX

Proof. Throughout, we use Er(x) := Br(F(x)) for any z € X. By Lem. [4.1|(i1)}
Usex Br(F(2)) € [U,ex F(X)], whence by definition of Er and Lem. [2.30]

Infp U F(z) = Infg U Ep(z).

rzeX zeX

Next, decomposing the minimum operator using Prop. and using Lem. ,
we obtain

Ming | ) Ep(z) = Ag (U BR(F(I))) N |J Br(F()),

A (V) LIVEACE ST

By Lem. 2.14][(1)}, Br(F(z)) 2 Y N F(z), Yz € X, whence
U Br(F@) 2¥n | Fla). (41)

zeX zeX
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Thus, assuming +cogr ¢ U,y F(2),

U F(x)) N U F(z) = Ming U F(z).

zeX zeX rzeX

Ming U Ep(z) 2

reX

(
Ag

Otherwise, by Cor. [2.20} the occurrence of +oog € (J, ey F(2) can be ignored
and if —oor € (J,cx F(«), both minima are empty by the same corollary
and ({40). Thus Ming U,y Er(z) 2 MingJ,.y F(z) always holds. The
remaining inclusion

IHfR EF(Q]) 2 Mil’lR EF(CC)

zeX zeX

follows from Prop. [2.9] O

The above theorem shows how the epigraphical set mapping cannot always
be used to determine the infimal points of F' over X through minimization
alone. This is coherent with infimization over functions. However, contrary
to what holds for functions, it doesn’t hold, in general, that the minimum of

the epigraphical set mapping over X corresponds to the minimum of F' over
X.

4.1.1 Extended Set Relations

We introduce a notation, similar to Kawasaki [12], to express sets in ) exclus-
ively containing lower (resp. upper) bounds to one-another. For any two sets
S1.S% C ), we define the binary set relation <y by

s'Rs®, V(s',s%) € S' x (S*\{#ocr}) ,
S'<p §? = s'Rs®, V(s',s%) € (S"\{#oor}) x 2,
(+oog, —oog) & S* x S%
The above notation circumvents the restriction, that the relation R is as-

sumed to be defined only on (Y x J) U (Y x )), which was prominent in
Sect. [2.4l Indeed, < allows us to consider extended lower and upper bounds,

e.q.
—00R KR —OOR, —00R KR +OOR, +00R KR +OOR,

as well as to compare any pair of sets from ) x V. We can make the following
observations for S' < S?:



4.1 Infimization and Minimization over Set-Valued Mappings 99

4.3 Lemma: _
For any S*,S%? C Y:

(1) If +oor ¢ S', ST <r S? if and only if S'NY C Ar(S?),
(ii) If —oop ¢ S?, S* <g S? if and only if S’ NY C A_g (S'),
(iii) If +oor € S* and S* g S?, then S? € {0, {+cor}},

(iv) If —oor € 5% and S* < S?, then S* € {0, {-coRr}}.

Proof. We begin by reformulating the conditions for S < S?. Recall that
AR(S?) refers to the lower bounds of S?, with respect to R, that lie in ) (see
Def. 2.2)). Thus, we can write

s'Rs* V(s',s%) € (S'NY) x §? <= ST NY C Ar(S?),

and analogously for s! Rs? V(s!, s?) € ST x (S NY). We obtain

S'NY C Ar(S?), (42a)
S'<pS? =< S*NY C A_R(SYH, (42b)
(+OOR, *OOR) ¢ Sl X SQ. (42C)

Assume +oogr € S' and S < S% Then, A_(S') = 0 by Lem. ,
such that S? N'Y = ( by (42b). Since -ocogp ¢ S? by (42d), we obtain
52 € {0,{+oor}}, showing[(iii)} The proof for is analogous.

For , assume now +oor ¢ S and S'NY C Ag (S?). Immediately, (42al)
and (42c)) hold. For (42b]), consider the following two cases:

o If —cop € S2, by case , St e {0, {-ocor}} whence, by Lem. ,

A_r(S') =Y. Condition (42b)) is then automatically satisfied.

e If now -ocor ¢ S?, by Prop. Ag(S?) = Ag(S*NY), and as
+oor ¢ S', by the same result, A_r(S') = A_g(S' NY). Thus, by
(#24)),

STNY CAR(S°NY) <= Vs' e S'nY, s € °NY: s'Rs’
:)SQngA_R (Slﬂy) :A_R(Sl),

implying condition (42b]).
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For the reverse, by (42a)), S <p S? directly implies S'NY C Ag (S?). This
shows case[(i)] Case follows analogously. m

Under (C1)), by R assumed translation invariant and Lem. [2.43|[(1)} one can
easily verify that

SN« —= v+St<xov+5?

holds for any v € Y and S', 5% C ). It is also noteworthy to mention, that
the relation remains true for subsets:

VWi st v2Cv?: Sl«pS?P= Vikp V2

The following lemma shows, how the infimal and supremal sets of S! and
S? relate to one another for S' <z S2. It also highlights, that if S! and S?
intersect, the intersection is composed of attained supremal points of S* and
attained infimal points of S2.

4.4 Lemma:_
Let S',S? CY and S' < S? hold. Then

Sh SE
Mastl <R MinRS27
Supy S* Infp S2.

and S' N S? = (Supyp S* N SY) N (Infg 5% N S?).

Proof. Observe that, for any set S C ), —oop <z S < +0og holds. Fur-
thermore, as Ming S C Infg S and Maxp S C Supyp S from Prop. 2.9] if
S" «<g Infr S then S" <z Ming S and if Supy S < S’ then Maxg S < S’
Thus, it suffices to show

St S?
Supp St } <R { Infr S2.
We specifically address the cases +oor € St and —ocop € S

e Let +oop € S'. Then, by Lem. [.3)[(Gii)} S? € {0, {+oox}} holds. By
Cor. we obtain both Supp S!' = {+ocog} and Infz S? = {+oog},

whence

SupRSl <gr SQ, SupRSl <R InfRSQ, Sl <R IHfRSQ,



4.1 Infimization and Minimization over Set-Valued Mappings 101

as any set is smaller in terms of <y to the empty set and to {+oog}.
Furthermore, if 5% = {+ocor}, then S'TNS? = {+cor} and Infr S*NS? =
{+oor}, and if S? = () = S* N S?, then Infp S? N S? = (. In both cases,
the second assertion S' N S? = (Supy S' NS N (Infr S? N S?) holds.

e Let —oog € S2. Then, by Lem. [1.3)[(iv)} S* € {0, {-oog}} holds. By
Cor. we obtain both Infzr S? = {-ocor} and Supy S' = {-oor},

whence
Supp St < S, Supp S' < g Infg S?, S <« Infp S2,

as the empty set and {+oog} is smaller in terms of < to any other set.
Furthermore, if S* = {~ocog}, then S'NS? = {-cog} and Sup, S'NS! =
{-oor}, and if S* = 0 = S' N S?, then Supr ST NSt = (. In both cases,
the second assertion S* N S? = (Supy, S' N S') N (Infr S? N S?) holds.

Assume now +oor ¢ S' and -oorp ¢ S% Then by Lem. and
Lem. and

S'NY C Ap(S?) C Ag(Infr S?) —  S'<zpInfps?  (43)

S2NY C A_g(S") € A_g(Supy SY) - Supp S* g S2. (44)
Lastly, by the same results,

Supp S*NY C Ag(S?) C Ar(Infz S?) = Supyp S' <y Infy S%

This show the first assertion. For the second assertion, we have +oog ¢

SN S%2 C Y. Then, by and :

(43), 4]
Stns? .g. A_R(SHNS' N AR(S*) N S?
PRI ) fax g ST N Min S2 N SN S2
Prop. 2.9

E5 (Supp 51N ) N (Infr 57N S?) € ' 152,

proving the equation and completing the proof. O

4.1.2 Affine Minorants

For the rest of this section, we assume X and ) to be topological vector
spaces and R to be a translation invariant relation on ), and equipped with

the calculus rules (C1) and (C2) from Sect. [2.4]
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Consider some (single-valued) mapping 7' : X — Y, x +— Tx. We call T linear
whenever, for any scalar o and any 2!, 2% € X:

T(az') = aT(z") and T(2'+2?) =Ta' + Ta?

The set of all linear mappings that are continuous on )Y is denoted by

Let the space ) be equipped with a relation R and extended to ), following
Sect. [2.1] The (single-valued) mapping = +— Tz + c is called affine (or
affine linear) with slope T and shift ¢ € ), whenever T is linear. In the
following, we shall consider affine mappings with continuous linear component.
Rather than defining affine set-valued mappings as the translation of linear
set-valued mapping by some constant ¢ € ), we instead call affine set-valued
any mapping expressed as the translation of a linear single-valued mapping
T by some (set-valued) shift C C Y. A continuous affine set-valued mapping
may thus be expressed as

v+ Te+C, withslope T € £(X,Y) and shift C C ).

Let F: X =Y,z F(x) be a set-valued mapping from X' to Y. A set-
valued mapping G : X = YV, z — G(x) is called a minorant of F (with
respect to R), whenever

VeeX: G(r)<g F(x)

Moreover, G is called a (continuous) affine minorant of F with slope T' €

L(X,Y) and shift C C Y, if
Vee X: Gz)=Tx+C <y F(x).

We specifically call any single-valued affine minorant = — Tz + ¢ of F' with
shift ¢ € Y an affine minorant ray of F. By

Tr+C <p F(zr) < Tx+c<gF(x),Veel,

any affine minorant can then be thought of as a collection of affine minorant
rays of the same slope, in the sense that x +— Tx + C' is an affine minorant
of F'if and only if x — T2 + ¢ is an affine minorant ray of F' for every
ceC.

4.5 Remark: Provided F(z) ¢ {(),{+ocor}} for every x € X, by the calculus
rule and Tx € Y for any T € L(X,)), ¢ = +oog is the shift of no
affine minorant ray and belongs to no set-valued shift. Similarly, by the same
calculus rule, for any slope T, the shift ¢ = —oor characterizes an affine
minorant ray.
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4.1.3 Supporting Affine Minorants

The graph of some affine minorant ray of F may intersect with the graph of
F. We call the affine minorant ray = — Tx + ¢ supporting in (Z,7) € gph F’
if

TZ+c=y€ F(x)N),

in which case we call the mapping a supporting affine minorant ray of F
(at (Z,7)). Notice how graph points like (T, -ocg) or (Z,+oog) are not
considered as potential supports. Otherwise, upon existence of some r € X
with —ocog € F(Z) (resp. +oog € F(Z)), the family of affine minorant rays
with shift ¢ = —oog (resp. +oog) would be supporting in (z, -cog) (resp.
(Z,+00g)). One can think of a supporting affine minorant ray as “reaching
the graph of F” at (7,y), while it otherwise maps to points “below” the
graph. We say an affine minorant with slope T and shift C' is a supporting
affine minorant of F, if it is a collection of supporting affine minorant rays,
i.e. if for every ¢ € C'; x — Tz + c is a supporting affine minorant ray of
F.

Proof. For a given slope T and set-valued shift C' C ), any affine minorant
of F satisfies, by definition,

VreX: Trx+C <y F(x)<— C<p F(zx)—Tx, (45)
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due to Tx € Y by T € L(X,)) and translation invariance of R.

Assume +oop € C. By Tz € Y and , +oor € Tx + C holds, and by
Lem. applied to (45), F(z) € {0, {+cor}} must hold for every x € X,

contradicting that F' maps to points in )). We may therefor assume +ocop ¢ C.
Then, for any z € X, by Lem. [1.3|[)] C < F(z) — Tz is equivalent to

C\{-oor} C Ag (F(x) — Tx).

Thus, z — Tz + C'is an affine minorant of F' if and only if

C\{-oogr} C n Ag (F(x) — Tx) Lem'AR (U F(z) — Tm) :

zeX rzeX

This demonstrates the first assertion. Any affine minorant ray = — Tx + ¢
is supporting F' at (z,y) € gph F, if y € Y and its shift is ¢ = y — TZ. This
implies ¢ # +00r and by case [(i)]

c=7—T7 € Ap (U,er Flz) — Tx) . (46)

For the converse, it is easy to verify, that any affine minorant ray whose single
valued shift ¢ satisfies the above is, by , an affine minorant ray, and by
¢ =1y —Tx € Y, necessarily supporting at (z,y) with gy € F(Z) N Y. For the
last assertion, we may observe that

ce F(@) = T2 C U er (F(x) = Tx). (47)

Therefor, by Prop. [2.16] and , the shift of any supporting affine
minorant ray with slope 7" lies in Ming J, ., (#(2) — T'z), and any shift c

which does not, violates either or . Then, by definition, C' is the
shift of a supporting affine minorant of F' with slope T' if and only if, for
every ¢ € C', x — Tx + ¢ is a supporting affine minorant ray of F', which is
equivalent to
C' C Ming U (F(x) —Tx).
TEX

This completes the proof. O

4.1.4 Subgradients

We have seen how supporting affine minorants gather multiple support-
ing affine minorant rays of the same slope. One may also look at the
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affine minorant rays that support F' at a common graph point (Z,y) €
gph F'.

The slope T of a supporting affine minorant ray of F' at (Z,y) is called a
subgradient of F' at T for y (with ¥ € F(Z) NY). The set of subgradients of
F at 7 for y, denoted OF (T | ), is called the subdifferential of F at T for 3.

By Prop. , it is characterized by
OF (@ |9) ={T € L(X, V) |§—TZ € Ag (U,ex F(z) = Tz)} .

F is called subdifferentiable at (%,y) € gph F if OF (T | y) # 0, subdifferentiable
at T if OF (T | y) # 0,Vy € F(Z), and subdifferentiable (everywhere) if it
is subdifferentiable at every ¥ € dom F. In this sense, all graph points
(Z,y) € gph F, for which F is subdifferentiable at = for § with subgradient
T € OF (T | ), characterize the shift y — T7 € ) of an affine minorant ray of
slope T', that is supporting in (Z, 7).

Note that, by construction, F' cannot be subdifferentiable at T for toog €
F(Z), as affine minorants can only support F' in graph points from X X

V.

4.7 Remark: There is a discussion to be had regarding the global view of the
definition of subgradients. Indeed, some authors like Rockafellar and Wets
[24] define subgradients at T for y locally around the graph point. It that case,
one can relate subgradients to tangential and normal cones of the epigraph.
The authors could not expand subgradients to vector-valued functions, as the
considered image space was not equipped with a relation, thus preventing the
construction of epigraphs. We here base our definitions on classical convex
analysis results, under the constraints of which local subgradients are global,
as can be found in Sawaragi et al. [25] or Bot et al. [4].

Note further, that the generalization of differentiability proposed by Rockafellar
and Wets [2])] is incompatible with the present characterization of subgradients,
as it relies on tangential hyperplanes to the graph of F', which, for higher
dimensional spaces, do not accurately describe the variations of F(x) for
varying x around T. This discrepancy is again essentially due to the absence
of underlying relation on the image space and the use of scalar products, which
are akin to using T € L(X,R).

4.1.5 Conjugate Set-Valued Mappings

Related to both affine minorants and subgradients, we introduce two types
of conjugate set-valued mappings (or simply conjugates) of F. We differentiate
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between (general) conjugates and attained conjugates.

By Prop. and —F#(T) = Ming U,y Tz — F(z), the attained con-
jugate of F' at T is the negative shift of the supporting affine minorant
v+ Tz — F#(T). As such, we may view the negative attained conjugate
—F#(T) as gathering the single-valued shifts of every supporting affine minor-
ant ray of slope T'. For comparison, we may view the subdifferential of F' at
x for y as gathering the slopes of every supporting affine minorant rays of F
supporting in (z,y) € gph F.

Later on, we shall consider mized biconjugates which combine supremiz-
ation and maximization. For an arbitrary mapping or F' : X = ), we
denote

F** . X 3 Y, F*#(z) .= Maxy (Tz— F*(T)),
TeL(Xx,Y)

hence maximizing over the general conjugate F* of F. It is easy to see that
F*#(x) C F**(z), for any z € X.
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The conjugation scheme can also be applied to the epigraphical set mapping
FEr. The next result indirectly shows how, for a given slope, there are
more supporting affine minorant rays to the epigraph than to the graph of
F.

Proof. By rewriting the conjugation scheme for any F : X = ) using
infimization, we may write

—F(T) = —Supg | (T = Fla)) "B g, (F(2) — 7).

rex zeX

and similarly, for the epigraphical set mapping Er of F,
—Ej(T) = Infp | (Bp(z) — Ta),
reX

The analogous holds for F# and Eff, expressed through minimization. Com-
bined with Tx € Y, VT € L(X,)), we may further use that the epigraphical
set mapping of x — F(z) — Tz is given by

v Ep_o(z) = Bp(F(z) — Tx) "PEI g0y — T

O

Then, Thm. .2 immediately applies and yields the assertion.

The next result is central to the theory of conjugates:
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Proof. Let some T' € L(X,)). For the conjugate mapping F*, by definition,
—pr(r) B g | (F(2) - Ta).

T€EX
By Cor. and Prop. 1.9 —F*(T) = —E}(T) = {+ocog} if and only if
Usex (F(2) = Txz) € {0, {+o0r}},

implying dom F' = (). Any subset S C ) then satisfies S < F(z) €
{0, {+oor}}. The same holds for the epigraphical set mapping since, for any
v € X, F(x) € {0,{+ocg}} is equivalent to Ep(z) = ) by Lem. 2.14](iii)|
Assume now dom F' # () and thus —F*(T) # {+oog}. By the definition of
infimum, we obtain

—F(T) € Ag (U F(z) - Tl’) U {-ocor}, (48)
zeX
and the inclusion chain from Prop. [£.9] yields
+oop ¢ —F*(T) = —=E;(T) 2 —~Ef(T) 2 —F*(T). (49)

It then follows from Prop. [4.6] that F#(T), —Ef(T), —Ex(T) and —F*(T)
are shifts of affine minorants with slope T. By T' chosen arbitrarily, for every

reXand T € L(X,)):

F(T)

F#(T)

Ex(T)
EZ(T)

For the remaining assertions, by Lem. and Prop. ,

An (U Flz) - Tg:) Lem. L] 4 (U Bp (F(z) — T@)

+oop & Tx — <g F(x).

reX

e, ()

zeX
Thus, by , and Prop. we additionally obtain:
FA(T)
+oog ¢ Tx — FAT) <Lg FEr(x)
Er(T) ’
EZ(T)

completing the proof. O
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The generalized Young-Fenchel Inequality allows to see why we may want to
consider conjugates in the first place. Additionally, it allows to easily show
how any biconjugate is, as the pointwise supremum (resp. maximum) over
affine minorants of F', a form of best approximation “from below” of the
pointwise infimum (and minimum) of F'; and minorants of F. By Prop. ,
for any x € X,

VI'e L(X,Y): Tx— { 5;%:)) } < F(z)
— U Ta:—{ 5;%:)) }<<R F(z),

TeL(X,y)

and by Lem. [4.4] as the above extended relation is kept under maximiza-
tion and supremization of the the left-hand side, and the minimization and
supremization of the right-hand side:

Supp Tz — F*(T) = F*(x) )
TeL(X,Y) F(x),
Maxyp Tx — F*(T) = F*#(z :
Tec(x,}g)) (T) (z) < g { Ming F(z),
Maxg Tz — F*(T) = F##(z) Infr F'(z).
TeL(x,y) )

Conditions may be added to F' to try and strengthen the above. For functions
f:R" - R and R =<, whenever f is proper, lower semicontinuous and
convex, f = f** holds [24, Sect. 11.A]. One of the challenges in applying
conjugacy to set-valued mappings is finding appropriate conditions on F' to
“close the gap” between F' and its biconjugates.

4.1.6 Properties of Subgradients and Conjugates

We provide a few helpful results relating subgradients and conjugates. The
next proposition is a commonly known characterization of subgradients using
attained conjugates.

4.11 Proposition: Alternative Characterization of Subgradients
Let F: X =Y. A continuous linear map T € L(X,)) is a subgradient of
F atZ fory € F(Z)NY if and only if TT — Y is the shift of a supporting
affine minorant ray of F at (,7), i.e.

T €0F(z|y) — Tz -7y F*(T).
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Proof. By rewriting the attained conjugation scheme for any F : X = )
using minimization, we may write

—r# () "B N | () - Ti). (50)

TeEX

Then, T' € OF (z | y) if and only if

zeX

T -7 € Ag (U F(z) — Tx) H —F#(T).

Assume now there exists some T € OF(7 | §) with T2 — 3§ ¢ F#(T). The
existence of a subgradient of F' at some T for § immediately implies ¥ €
F(z)NnY. Then, by Prop. TT —7 is not the shift of an affine minorant,
thus not of an affine minorant ray, contradicting that 7" is a subgradient of F'
at (Z,7). O

In view of the above, —F#(T') contains the shifts of all supporting affine minor-
ant rays of slope T', and these shifts take the form of y —Tx for an affine minor-
ant ray supporting F' in (Z,y) € gph F, in which case T' € 0F(Z,y). A con-
nection can also be drawn to general conjugates:

4.12 Lemma:
Let F : X = Y with dom F # (. Then, for any (Z,7) € gph F with
y#-oog and T € L(X,)),

Tz -y € F (T) < Tz -7 € F*(T).

Proof. Assume § = +oog. Then, by Prop. 2.44] for any T € L(X,)),
TZ — § = —ocog. By Prop. [£.10] as F has a nonempty domain, —cop ¢ F*(T)
must hold, and TZ —y ¢ F*(T) D F#(T). The equivalence assertion is
thus always true. Assume now y € ). The first implication follows from
F#(z) C F*(7). It remains to show that, T2 —75 € F*(T) C F#(Z) specifically
for y € F(Z)N). By the existence of a supremal point in F*(T), by definition,

T%—§ € F*(T) = Supg | J Tx — F(x) # {+oor}

reX

— F*(T)C A_p (U Tx — F(w)) :

TeEX
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Then, since y € F(7), it follows that T7—¥ € |J,c T'v—F'(x), and altogether,
by Prop. [2.16}

T% — 3 € Maxg | | Tz — F(x) = F*(T),
TeEX

completing the proof. O
If we do not assume that 3y # —ocog, we could obtain T7 —y = +oog € F*(T),
in which case TZ — ¥ cannot lie in F#(T), due to attained conjugates being

defined by maximization. Whenever y € F'(z) N Y, Lem. can be easily
combined with Prop. 4.11}

The following result echoes Fermat’s rule, without relying on a notion of
differentiability.

4.13 Proposition: Minimality and Infimality
Let F: X = ).

(i) § € Ming J,cr F(2) < -y € F#(0) <= 0€ 9F(Z | 9),

(it) y € InfrU,cr F(x) <= —y € F*(0).

Proof. That 0 € OF (7 | §) is equivalent to —g € F#(0) immediately follows

from Prop. |4.11] Using the calculus rules from Prop. @)}

J € Ming | J F(z) <= -7 € Maxg | J (02 — F(x)) = F*(0),

reX reX
j€nfp | | Flx) <= —7 € Supg | (0x — F(z)) = F*(0),
reX zeX

with “Oz” referring to the value of the constant linear mapping 0 € L(X,))
evaluated at z € X. O

We discuss further properties of conjugates with regards to subdifferentiability
and connections to biconjugates.
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Proof. Let some T € OF (¥ | y) exist. By definition, y € F(Z) N Y. We first
show that ¥ is a minimal element of F(Z). By definition of subgradients,

Lem. and Prop. [2.44) we know that

TT—jeAp (U Tz — F(z) A (T7 - F(7))

such that, by Prop.[2.16, ¥ € Ming F(Z). We proceed to show that y belongs
to the biconjugates F##(T), F*#(T) and F**(T). Using the alternative
characterization of subgradients from Prop. and F#(T) C F*(T),

> Lem.

T7 —y € F¥(T) C F¥(T)
—=yecT7— F*(T) CTz— F*(T)
—=je | 1me-r*a < | 1E-FT).  (51)
T'eL(X,D) T'eL(X,Y)

Moreover, by Prop. and Prop. for any y € F(z) N Y:
A_g(Tz — FX(T)),

- () -~ n¥e
- SeAB = WS\ - r),

F#(T)

hold for every T' € L(X,Y). We then obtain:

jeAdp| | Te-mT)|cAr| | TE-FHT)|. (52
T'eL(X,)) T'EL(X,Y)
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Thus, by Prop. [2.16} and (52):

Maxp | ) T'2-FY(T")=F"*#@) C F*(3),
T'eL(X,))

Maxp | ) T'2—F#(T') = F**(3).
T'eL(X,))

S

We have shown how implies and . We now address the two

remaining implications:

e [i)]= [0} Let g € F##(Z) N F(Z). As 7 is part of a maximal set,
y € Y holds. Moreover, §¥ € Urcpxy) 17 — F#(T) and there must
specifically exist some T' € L(X,Y) for which § € TZ — F#(Z) holds.
Then, 77 — 5 € F#(Z) and by § € F(Z) N Y and Prop. , we obtain
T € 0F (x| 9).

e [(iii)] = [(i)} Let ¥ € F**(z) N F(Z). As ¥ is part of a maximal set,
y € Y holds. Moreover, §¥ € Upcpxy) T2 — F7(T) and there must
specifically exist some T' € L(X,)) for which y € T7% — F*(Z). Then,
by T2 —y € F*(T) and § € F(2) N Y, by Lem. .12 77 — § € F#(2)
holds.

This completes the proof. O

4.15 Remark: The above highlights, that F' can only be subdifferentiable at
T fory if ¥ is a minimal point of F(Z), in which case (T,Y) is also a graph
point of the biconjugates F#*# and F**.

Note also, that y € F**(Z) N F(Z) does not imply subdifferentiability of F at
(Z,7y) as we can only assume that

yeEB g (UTGL(X,y) Tz - F*(T)> 2 Urecxy T2 — F7(T),

which proves to be insufficient to gquarantee the existence of a subgradient of
F at 7 fory.

4.16 Corollary:

Some set-valued mapping F : X =Y is subdifferentiable at T € X if and
only if F(z) C F##(Z). The same also holds when replacing F## with
F*#. Any of the above implies F(T) = Ming F(Z).
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Proof. The mapping F is called subdifferentiable at T whenever OF (T | y) # ()
for every y € F(Z). By Prop. 4.14] subdifferentiability of ' at z for ¥ is
equivalent to

yEF@)NF*(Z) (resp. § € F(Z)NF*(2)),
and whenever this holds for every §y € F(Z), we obtain
F(@) C F*#(2) (resp. F(T) C F*¥(%)).

By the same proposition, any of the above conditions implies that every i
must be a minimal point of F/(Z). Thus, F(Z) can only be self-minimal, i.e.
F(Z) = Ming F(7). O

4.17 Remark: For any set-valued mapping F : X = Y, if y € F(x)NF*(z),
then y € Infg F(x). To show this we use that, by Lem. and Prop. |4.10

VeeX: F™(z)<gF(x).
Assume y € F(x) N F**(x). Then:

o If y = +oog, by F**(x) <r F(x) Lem. F(z) € {0,{+oor}}
and by Cor. y € Infr F(z) = {+oog}.

o Ify=-o0R, by —oor € F(z) and Cor. y € Infg F(z) = {-oog}.

o Ify €, then +oog ¢ F**(x) C Y as the biconjugate is character-
ized by a supremum and contains y. Thus, by F*(z) <r F(x) and

Lem.
yeFr™(z) C Ap(F(z)),
and, by Prop. and Prop.
ye€ F(x)NAgr(F(x)) = Ming F(z) C Infg F(x).
This highlights the fact that, whenever F(x) C F**(x) (or even F = F**),

F C Infg F(x) must hold, i.e. F can only map to infimal points. For
functions, this is automatically satisfied.
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4.2 Conjugate Duality for Set-Valued Problems

Let the set-valued mapping F : X = Y, x — F(x) be the (primal) objective
mapping of the following optimization problem:

(P) Infg F(x).
TEX
The problem is considered an unconstrained problem. If one wishes to consider
infimization of F' over a specific set S C X, then the constraint can be
embedded in a set-valued mapping F : X = ) with F(z) = F(x) for every
z €S, and F(z) = {+oog} or ) otherwise. We differentiate between the
following:

e y €Y is an infimal point of (P) if § € Infz(P) := Infr U,y F(2),
o y €Y is a minimal point of (P) if ¥ € Ming(P) := Ming J,c» F' (),

e (Z,y) € gph F' is a minimal pair of (P) if y is a minimal point of (P)
with y € F(Z).

The sets of infimal and minimal points are the counterparts to the infimal and
minimal values in scalar minimization. By Prop. 2.9, Ming(P) C Infg(P).
For any minimal point ¥ € Ming(P), there exists some T € dom F' with (7, %)
a minimal pair of (P). Infimal points that are not minimal cannot easily be
associated with an inverse image set. For 3 an infimal point of (P), there
may not exist any = with y € F(Z). Similar notions and notation also apply
to maximization and supremization problems.

For the problem (P), we call Infg(P) the optimal set of (P), as a counter-
part for the optimal value in scalar optimization. We further call a problem
(P’) a subproblem of (P) whenever the optimal set of (P’) is a subset of
the optimal set of (P). At some occasions we shall consider the subprob-
lem

(P-) Ming F(x),
TEX
with optimal set Ming(P-) coinciding with the set of minimal points of (P).
To introduce a counterpart to minimal pairs, we may consider the epi-primal
problem

(Pepi) IHfR EF(I)

zeX

In view of Thm. 4.2} (P,,) is a subproblem of (P). Using the epigraph of

F, we shall say (Z,7) € epi F' is an (epi- )Jinfimal pair of (P) with epi-infimal
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point ¥y, if it is a minimal pair of (P,,), i.e. ¥ € Ep(T) = Br(F(Z)). The
set of epi-infimal points is thus denoted by Ming(P.,;). Still, in general, not
every infimal point belongs to an infimal pair.

4.2.1 Solution Concepts for Set-Valued Infimization

There is a discussion to be had on what constitutes a complete solution
to the problem (P). Depending on application, a subset of that com-
plete solution may be satisfactory. Consider the scalar optimization prob-
lem

P inf

(Py)  inf f(z),
with f: X — R and infimal value v := inf,cx f(x). Some set X C X is the
complete solution of (Py) if for any z € X with f(Z) = v implies 7 € X. The
infimal value v of (Pf) is unique and exists even if there is no solution to
(Py). If a solution to (Py) exists, then any T € X is associated with v by

f(@) =wv.

For vector- and set-valued problems, the infimal set may not be a singleton.
As such, let a complete solution S of (P) be a collection of pairs (z,y) € X x D),
such that z is associated with y. Pairs give us information regarding which
pre-image points T € X contribute to the occurrence of an infimal point

:17 c IHfR(P)

We may consider two different solution concepts. The first solution concept
is based on attained infimal points, directly transferred from the scalar case.
Consider the collection of pairs

S:={(@,9) |7 € Infr(P)N F(2)}.

For any (Z,%) € S, ¥ is an infimal point of (P), attained at 7. If F is proper,
then —ocop ¢ dom F' and Infg(P) # {+ocog}, such that we may reformulate S
to:

= {(7,y) is a minimal pair of (P)}.

As such, solving (P) becomes synonymous with finding all of its minimal pairs.
S can thus be considered a solution of both (P) and (P-).

There is however another solution concept we can use. In scalar optimization,
f(z) is self-infimal for any = € X. As such, for T to be a part of the set
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of solutions, T is also associated to v via inf{f(Z)} = v. We consider the
collection of pairs

S ={(,y) |y € Infr(P)NInfgr F(Z)}.
For any (Z,7) € S, g is an infimal point of (P) and is associated with Z through
y € Infg F(Z). In the scalar case, S and S coincide.

Assuming F' is proper and Infz(P) # {-oogr}, we can show that ) # Fp(z) #
Y, and thus Infg F(x) = Ming Er(z) for every x € X. Using the epi-
graphical problem (P,,;), we also obtain Infz(P) = Infg(P.,;) C Y, and as
such

Infz(P) = Infr(P.,;) = Ag <U EF(;E)> N Bg (U EF(;C)) .

reX TEX

Using Lem. and Lem. [4.1], we get

InfR(Pem-) N MinR EF(E)

= Ap (U EF(@) N Az(Er(T)) N By (U Ep(x)) NEx(T)

:AR<U;€:{ EF(CU)> 2Usex E;YI)QEF(E)
— Ap (U EF(@) N (U EF(:U)> N Ep(T)
reX reX

= MiHR(Pepi) N Ep(f>
We may therefor reformulate S to:

S ={(@,9) | § € Ming(Pop) N Ep(T)},
= {(Z,7y) is an epi-infimal pair of (P)}.

As such, solving (P) becomes synonymous with finding all of its epi-infimal
pairs, which coincide with the minimal pairs of (P.,). In view of both of
the above solution concepts, it is clear how central minimal pairs are to
solving (P). Further considerations regarding how representative of F'(X)
these solution concepts are may be investigated. For an investigation of
solution concepts in vector optimization in the setting of weak efficiency, refer
to [16, Chapt. 2].



118 4 Conjugate Duality for Set-Valued Mappings

4.18 Example: Consider the problem (P) for the set valued mapping F :
R = R with
F(z) = (1 + cosx,3 + sin g] :

The infimum of F' over R is 0, but it is never attained. Thus, there exist no
manimal pairs for F' over R, but the infimal pairs

S={(z,y) | (2mi + 7,0),i € Z}

communicate where the mapping approaches its infimum value the most.

f(z) F(r) = (0,4]

(,0) (37,0)

Figure 4.1: Infimal pairs of an interval valued mapping.

4.2.2 Perturbation Approach

We now address a set-valued perturbation approach for the primal prob-
lem (P). Let U be a topological vector space. Consider some set-valued
mapping
DX XxUZ=Y, (z,u) — D(z,u).

If @ is such that, ®(x,0) = F(z), Vo € X, then it is called a perturbation
mapping for F' over X with perturbation space U. The exact choice of
perturbation mapping gives rise to different types of dual problems, e.g.
Legendre-Fenchel and Lagrange dual problems. See [4, Chapt. 7] for exact
choices and reformulations for the specific cases of nondominated and weakly
nondominated points, as previously discussed in Sect. [3.4, We may embed
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our primal problem in the following family of perturbed primal problems: for
any u € U, we define

(P*) Infp®(x,u).
zeX
Naturally, for u = 0, we have (P") = (P). The same can be applied to
the subproblem (P-). Based on the perturbation mapping ®, we can easily
construct a perturbation mapping Fg for the epigraphical set mapping Fr
with
Eg: X xU =Y, (v,u) = Eg(x,u) = Bp(®(x,u)).

We therefor also denote the family of perturbed epi-problems, of which (P.,;)
is a special case for u = 0, by

(P,

epi)

IHfR E@(IE, U)
zeX

Since X and U are assumed to be topological vector spaces, so is X x U under
pointwise addition and scalar multiplication, and the product topology [1,
Thm. 5.2]. Consider an arbitrary linear mapping L € L(X x U,)). Then, by
linearity;,

Lz +0,0+u) = L(x,u) = L(x,0) + L(0,u), ¥(x,u) e X xU,

and L can be decomposed into Tz := L(z,0) and Au := L(0,u), with T" €
L(X,Y)and A € L(U,Y). In the following, we may thus consider linear map-
pings (T, A) € L(XxU,Y) = L(X,YV)xL(U,Y) with

(T,A): X xU — Y, (v,u) = Tx + Au.

4.2.3 Weak Duality

Recall how weak duality in the scalar case is associated with the dual function
value evaluated at any dual feasible point being smaller or equal to the primal
function value evaluated at any primal feasible point, making the range of the
dual objective function a lower bound of the range of the primal objective
function. Additionally, the dual objective function and the dual supremal
and maximal values are all lower bounds to the primal objective function
and the primal infimal and minimal values. In other words, for a primal
objective function f : X — R and dual objective function ¢ : Z — R,
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weak duality holds when ¥ (z) £ f(x) for any 2 € X and 2z € Z, and
implies:

We aim to generalize this idea and construct weakly dual problems to (P).
We shall say that, for a dual problem (D) with dual objective mapping
U : Z =), 2+ U(2), the pair of problems (P) and (D) satisfies weak
duality if

U(z) <g F(x)

for any 2 € X and any z € Z (we shall specify Z and ¥ shortly). In this
case, (D) is said to be weakly dual to (P).

To construct a weakly dual problem to (P), geometrically, we can make use
of affine minorants. By Prop. .13} the affine minorants of F' with slope
0 € L£(X,Y) map to sets of points that are necessarily lower bounds to
the range of F'. However, this is too restrictive. Instead of applying this
idea directly to F', we can consider the affine minorants of the perturbation
mapping ®. More specifically, any affine minorant G' of ® that has a slope
of zero in X', maps to lower bounds of ®, and does so independently of X.
Thus, the affine minorants of ® with slope (0, A) € L(X x U,)) map, for any
(x,0) € X x U, to lower bounds of ®(X,0), and thus of F'(X'). This is the
cornerstone of conjugate duality.

We proceed with the detailed construction of two dual problems based on the
above principle. This section can be thought of as combining the approaches
from Bot et al. [4, Sect. 7.1.2, Sect. 7.4.2]. Consider the general and attained
conjugates of ®:

O L(X xU,Y) =V, (T, A) ;== Supp T+ Au— ®(z,u),

(z,u)eX xU
OF  L(X xU,Y) =Y, dF(T,\) := Maxg Tz + Au— &(z,u).
(z,u)eX xU

We specifically have

®*(0,A) = Supp Au— P(z,u),
(z,u)eX xU

®#(0,A) = Maxp Au— ®(z,u).
(z,u)eXxU
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Moreover, note that, by Prop. [£.9] ®* is also the conjugate mapping of Eg.
We formulate two dual problems:

(D*)  Supp —®*(0,A),
AeLU,y)
(D%)  Maxgp —®%(0,A),
AeLU,Y)
with A — —®*(0,A) and A — —®#(0,A) the respective dual objective
mappings of (D*) and (D#). The two dual problems respectively repres-
ent the supremum-based and maximum-based conjugate duality approaches.

The sets of supremal and maximal points to (D*) are respectively given
by

Supgp(D*) := Supp —®*(0,A), Maxg(D"):= Maxp —®*(0,A),
AeLU,Y) AeLU,Y)

and the set of maximal points of (D#) by

Maxg(D¥) := Maxz —®%(0,A).
AELU,Y)

Applying the generalized Young-Fenchel Inequality from Prop. 4.10, the
following result relates the primal to the dual problems, showing weak duality

holding for any of the primal problems (P) and (F,,), with any of the dual
problems (D*) and (DZ).

4.19 Proposition: Weak Duality
For any set-valued mapping F' : X = Y, perturbation space U and perturd-
ation mapping ® : X xU = Y of F, it holds:

Unecayy =270 4) < Usex F(2),
R
UAec(u,y) _q>#(0, A) U:cEX Er(z),

and both (D*) and (D¥) are weakly dual to (P) and (P.p;). Moreover, if
dom F # (), then —oop ¢ rge ®* U rge ®F.

Proof. By Prop. 4.10] we know

Tx+ Au — (TN < (),
o* (T, A) [ | Eo(x,u),
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for any (x,u) € X xU and (T, A) € L(X xU,Y). Then, foru=0and T'=0
we specifically obtain

_*(0, A) B(,0) = Flx),
_<I>#(0,A)} <r {Eq>(:v,0) — Ep(),

for any x € X and A € L(U,Y). Since the left-hand side of the relation
depends only on A, and the right-hand side only on z, it follows that:

UAec(u,y) _@*(071\)}« { UzeXF(x)7
Unecwyy 0.0 [ " | Usex Br(@).

Moreover, if the domain of F' is nonempty, neither is the domain of ¢ and
+oop 18 not included in the left-hand side of any of the above, by Prop. |4.10
Thus, —cop ¢ rge ®* Urge ¥, completing the proof. O]

Prop. displays how the primal objective mappings of (P) and (P.,;) are
both upper bounds to the dual objective mappings of (D*) and (D#). By
Lem. [4.4] this relationship is conserved under supremization and maximization
over the dual objective mapping, and under infimization and minimization
over the primal objective mapping. For the specific pair of problems (P) and
(D*), this means

Supg(D¥) Infg(P),
Maxg(D*) » <r { Ming(P),
UAez:(u,y) —2*(0,A) UzGX F(z),

and analogous results hold for the pairs (P)—(D#), (P.,;)—(D*) and (P.,;)-
(D#). This draws a parallel to the effects of weak duality from in the
scalar case.

Recall the two solution concepts S and S being characterized by the minimal
pairs of (P) and (P.,), respectively. The following theorem links optim-
ality conditions established for the supremization and maximization ap-
proaches.



4.2 Conjugate Duality for Set-Valued Problems 123

Proof. Recall that F(T) = ®(7,0) and that dom ® # () by F being proper.

. & [(v)} In both cases § # ~ocog. By Prop. |4.19, +oor ¢ —®#(0, A).
Therefore, 7 € F(z) N Y and by Prop. 4.11}

07 + A0 — 5 = -5 € ®#(0,A) — (0,A) € 900(%,0 | 7).

° (:) In both cases § # —ocog and (Z,0,7) € gph . By Lem.
and 3 =3 — 07 + A0 for (0,A) € L(X x U, D),

ye—0%(0,A) <= 7€ —d*(0,A).

o [ = Obviously if (Z,7) is a minimal pair of (P), then § € F(Z),
and if (A,7) is a maximal pair of (D*), then § € —®*(0,A). Assume

now y € F(z) N —®*(0,A). Then
ge | JF@n |J -2(0,A).

zeX AeL(U,Y)
—_———

S/

=:51 =52
Following Lem. 4.4 and Prop. St <« 57 and
7 € (Supy SN SY) N (Infr 52N S?)
Prop:.m MaxR Sl N MinR SQ,

showing that 7 is a minimal point of (P) and a maximal point of (D*),
implying corresponding minimal and maximal pairs.
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° & [(iv)i The equivalence is demonstrated analogously to the equi-

valence of [(i)| and [(iii)}

]

Note that the above result still holds when dom F' # ) but —cor € F(z) at
some z € X, provided the search is restricted to 7 € ) instead of Y. The above
theorem shows that both approaches to constructing dual problems find the
same maximal pairs to the minimal pairs of (P). Condition[(v)|already hints at
the role that subdifferentiability plays in guaranteeing that all minimal points
of (P) are also maximal in (D*) and (D¥).

In view of the solution concept S , we also formulate an optimality condition
for epi-infimal pairs of (P). By Prop. [£.19] we know that both dual objective
mappings provide lower bounds to the set of infimal points and the set of
epi-infimal points of (P).

4.21 Corollary: Optimality Conditions for Epi-Infimal Pairs

Let F : X =Y be proper with perturbation mapping ® : X xU = Y
and perturbation space U. For (T,7,A) € X x Y x LU,Y), (Z,7) is an
epi-infimal pair of (P) and (A, %) is a mazimal pair of (D*) if and only if

7€ Ep(@)N—-®*(0,A) <= (0,A) € 0Es(7,0|7).

Proof. By definition, (Z,7) is an epi-infimal pair of (P) exactly when it is a
minimal pair of (P.,;). Consider the dual problem to (P.),

(Depi) SupR —E;,(O,A),
AEL(X.,))

based on the perturbation set mapping E of the epigraphical set mapping
Er. Due to F being proper and Er(x) := Br(F(z)), we know () # Ep(x) C
V,Vz € X, making Er proper and Thm. [£.20] applicable. Applying cases

and of Thm. to (Py) and (D) yields that (Z,7) is an

epi-infimal pair of (P) and (A,7) is a maximal pair of (D) if and only if

7€ Er(T)N—E30,A) <= (0,A) €0FEs(Z,0|7).

Since, by Prop. f.9, ®* = Ej holds, the dual problems (D) and (D)
coincide, and the condition becomes § € Ep(z) N —*(0, A). O
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Naturally, that there may still exist infimal points of (P) that are also maximal
in (D*), but are not epi-infimal. Hence,

y € Ep(z)N —®*(0,A)

is only a sufficient condition for  to be an infimal point of (P) and a
maximal point of (D*). Since an analogous result may not be directly
formulated for (D#), the supremization approach to duality is to be pre-
ferred to the maximization approach, whenever one uses the solution concept

S.

4.2.4 Strong Duality

We have seen how both dual problems (D*) and (D¥) are weakly dual to
(P) and (P.,). For functions, we call a dual problem strongly dual if the
optimal values of the primal and dual problems coincide. Otherwise, we say
that there exists a duality gap between the primal and dual problem. For
vector- and set-valued problems, as there may not exists a unique optimal
value, we compare the optimal sets of the primal and dual problems. As
in [I1], 16, 25], we call a dual problem strongly dual whenever the primal
optimal set is a subset of the dual optimal set. For instance, given the
specific pair of problems (P) and (D*), we say (D*) is strongly dual to (P)
whenever
Infp(P) C Supg(D”).

A motivation for this definition of strong duality can be found in the optimality
conditions for weakly dual problem and the two proposed solution concepts

S and S:
o If (D?#) is strongly dual to (P-), by Thm. [4.20]
Ming(P) € Maxg(D¥),

and the optimality conditions from Thm. become both sufficient
and necessary for the minimal pairs of (P).

e If (D) is strongly dual to (P),
MinR(Pepi) Q IIlfR<P) g MaxR(D*),

and the optimality conditions from Cor. are both necessary and
sufficient for the epi-infimal pairs of (P).
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Note that, as both the optimality conditions from Thm. and Cor. are
formulated with respect to the maximal pairs of (D*) and not to its supremal
points, strong duality is required for (P) and the subproblem (D) rather
than (D*) directly. Still, by

Infr(P) C Maxg(DX) = Maxg(D*) C Supg(D*),

if (D%) is strongly dual to (P), so is (D*).

Whilst the above strong duality results imply necessity and sufficiency of
optimality conditions for the minimal and epi-infimal pairs of (P), the same
cannot be said for the dual maximal pairs of (D*) and (D#). This will be
addressed in Sect. under reflexive duality.

To derive conditions, under which certain dual problems are strongly dual
to (P), we introduce the infimal and minimal set mappings of the perturbed
problem class (P"):

H:U=Y, H(u) = Infp ®(z,u),
TeX
H_:U=)Y, H (u) := Ming ®(z,u) C H(u).

reX

So H(u) and H_(u) are respectively the sets of infimal and minimal points of
(P"). It is also clear that H(0) = Infg(P) and H_(0) = Ming(P). Determin-
ing general and attained conjugates,

H*:LU,Y) =Y, H*(\) := Supy (Au— Infp @(m,u)) )

ueU zeX

H? . L(U,Y) =Y, H¥(A) := Maxp (Au — Ming @(:E,u)) :

ueU reX

We introduce two assumptions on the infimal and minimal set mappings:

H(u) € [Uyer ®(z,u)], Vu e ld, (A1)
H_(u) € [U,cr ®(z,u)], Vu e U. (A2)

The condition (Al]) (resp. (A2])) ensures that the image of the infimal (resp.
minimal) set mapping is representative of the range of the perturbation
mapping ¢ over X, for every perturbation u € U. It thus especially implies
that the set of infimal (resp. minimal) points of (P) is representative, i.e.
that it characterizes F'(X') sufficiently well, without losing information on
the set, that would be relevant in infimization (resp. minimization). These
conditions are difficult to ensure because, even for u = 0, in general, it is not
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sufficient for Infr F'(z) and Ming F'(x) to be representative of F(x) at every
reX.

Proof. (i) Let hold, i.e.

)

H(u) = Infg U O(x,u) € [U O(x,u)

reX zeX

for all uw € Y. Then, using Cor. 2.47, we obtain:

—®*(0,A) = — Supp U (Au— D(x,u))

(z,u)eX xuU

= Infr U (—Au + U O(x, u))

ueU TEX
BT gy | (—Au +Infp @(x,u))
ueU TEX

ueU zeX

=  —Supp <Au — Infp ®(x, u)) = —H*(A).

(ii) Let (A2]) hold, i.e.

H:(U) = MinR U CI)(IL’,U) € [U @(SU,U)] )

TEX TeEX

for all w € U. By Prop. [2.31] representativity of minima implies

representativity of infima and (A2)) implies (A1]). Then, using Cor. [2.46],
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we obtain:
—®#(0,A) = — Maxp U (Au — D(x,u))
(zu)eX xuU
= Ming U (—Au+ U @(m,u))
uel reX
Cor B © i U (—Au-l— Ming U @(x,u))
ueU z€X

ueU TEX

B N TN

Proof. The respective general and attained biconjugates of H and H_ are
given by

H*:U=Y, H*(u) = Supp Au— H*(A),
AeLU,y)

H*# .U =Y, H*#(u) := Maxp Au— HZ(A).
AELWU,Y)

Furthermore, we specify the following mixed biconjugate of H:

H* U =Y, H#(u) := Maxg Au— H*(A).
AELU,Y)
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For u =0, we get

H™(0) = Supp, —H*(A),

AELU,Y)

H*#(0) = Maxg —H*(M),
AELU,Y)

H##(0) = Maxz —HZ(A).
AeLU,y)

By Lem. [4.22) ®*(0,A) = H*(A) provided (A1) holds, in which case

Supz(D*) = Supp —®*(0,A) = H*(0),
AELU,Y)

Maxg(D*) = Maxp —®*(0,A) = H*#(0),
AeLU,y)

(54)

and the dual objective mapping of (D*) can be replaced by —H*. Additionally,
under (A2), #(0,A) = H#(A) and (A1) hold, implying (54),

Maxg(D¥) = Maxp —®%(0,A) = H¥#(0),
AeL(U,y)

and the dual objective mapping of (D#) can be replaced by —HZ#. This
concludes the proof. O

Using Prop. [4.23] we may use Prop. to determine optimality conditions for
the pair of problems (P)—(DZ%) and (P-)—-(D¥).

4.24 Proposition: Optimality Conditions

Let ® : X xU = Y be a perturbation mapping, H : U = Y an infimal
set mapping and H— : U = Y a minimal set mapping for (P). Let
TeX,geYand A€ LU,Y).

(i) If holds, § is an infimal point of (P) and (A, 7) is a mazimal
pair of (D*) if and only if A € 0H(0 | 7).

(i) If holds, (Z,7) is a minimal pair of (P) and (/_\,lj) is a mazimal
pair of (D*) and (D¥) if and only if j € F(T) and A € OH_(0 | 7).

Proof. Under (Al]), by Prop. 4.23] the set of maximal points of (D*)

coincides with H*#(0). Since the set of infimal points of (P) coincides
with H(0), some ¥ is infimal for (P) and maximal for (D*), with
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associated maximal pair (A, 7), if and only if 7 € H(0) N H*#(0) and

y € —H*(A). Assume this to be true. Being a maximal point, § can
only lie in Y. By y € H(0) N )Y, Prop. and Lem. [£.12]

A0 —7g e H*(A) 2B Koy e H*(R)
2Bl T eon]p).

Assume now the existence of some A € 9H(0 | 7). Then, by Prop. ,
y € H(0) N H**#(0), showing that 7 is both an infimal point of (P) and
a maximal point of (D*). Additionally, by definition of subgradients,

y € Y, making Prop. and Lem. applicable. Then, by (57),
(A,y) € gph (—H*), such that (A,7) a maximal pair of (D*).

(55)

Under (A2)), by Prop. [4.23] the set of maximal points of (D#) coincides

with H##(0). Since the set of minimal points of (P) coincides with
H_(0), some 7 is minimal for (P) and maximal for (D), with associated
maximal pair (A, %), if and only if y € H_(0)NH##(0) and j € —HZ(A).
Assume this to be true. Being a maximal point, i can only lie in ). By

y € H_(0)NY and Prop. 4.11]
Ao-—gent@®) "B KX eoam (0]p) (56)

Assume now the existence of some A € 9H_(0 | 7). Then, by Prop. ,
7 € H_(0)NHZ##(0), showing that 7 is both a minimal point of (P) and a
maximal point of (D7#). Additionally, by definition of subgradients, 7 €
Y, making Prop. applicable. Then, by (56), (A,y) € gph (—H?),
such that (A,7) a maximal pair of (D#).

[]

The above result displays how close subdifferentiability of the infimal and
minimal set mappings is related to the existence of primal-dual optimal points
for the pair of problems (P)—(D*) and (P-)-(D?#). For any perturbation
mapping @, we call the infimal set mapping H (resp. minimal set mapping H_)
stable if it is subdifferentiable at ©w = 0. We may show that one assumption is
stronger than the other:

4.25 Theorem: Stability of Infimal and Minimal Set Mappings
Let ® : X xU = Y be a perturbation mapping, H : U =Y an infimal set
mapping and H- : U =Y a minimal set mapping for (P).

If H is stable, then so is H- and F = ®(-,0) is proper.
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Proof. 1f H_(0) = (0, then H_ is trivially subdifferentiable at zero. Assume
there exists some y € H_(0) € H(0), implying y € dom H_ Ndom H. Let
H be stable. Then, there exists some A € L(U,)) with A € 0H(0 | y). By
definition, A is the slope of a supporting affine minorant ray u + Au + ¢ of
H at (0,7) with y € H(0) N Y. Then, by Prop. the shift of the affine

minorant ray is ¢ = —y with

-y € Ag (U H(u)—Au),

ueU

and by Lem. and H_(u) C H(u) for every u € U,

—7 € Ag (U H (u) —Au) C Ap (U H_(u) —Au> .

ueU ueU

Again, by Prop. , u — Au—7 is also a supporting affine minorant ray of
H_ at (0,7), and by definition of subgradients, A € 0H_(0| 7). Asy € H_(0)
was chosen arbitrarily, the above holds for every y € H_(0), making H_
subdifferentiable at zero, and therefor stable.

Lastly, by the definition of infima, subdifferentiability of H implies

H(0) = Infr U,er F(x) # {+oor},

as there can exist no subgradients at graph points (u,y) of H with u € U and
y = +0ogr. Whenever F'is improper, either —oog € rge F' and H(0) = {-oogr},
or dom F' = () and H(0) = {+oogr}, both preventing H to be stable. Therefor,
I must be proper. O

By Thm. .25 stability of H is a stronger assumption than F' being proper.
Note that the above result relies neither on nor on . Whether or not
H and H_ are stable depends entirely on the choice of perturbation mapping
®. In the literature, it is not the infimal or minimal set mapping which is called
stable, but the primal problem itself. However, as the primal problem has
multiple possible conjugate dual problems, we transfer the name and property
to the infimal and minimal set mapping.
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Proof. By Prop. under , the set of infimal points of (P) coincides
with H(0) and the set of maximal points of (D*) coincides with H*#(0), and,
under (A2), the set of minimal points of (P) coincides with H_(0) and the
set of maximal points of (D¥) coincides with H##(0). Then, by Cor.
H and H_ being subdifferentiable at u = 0 is respectively equivalent to

H(0) = Infg(P) C Maxg(D*) = H*#(0),
H_(0) = Ming(P) C Maxp(D¥) = H##(0).
Lastly, under stability, for every § € H(0) (resp. H-(0)), there must exist
some A € L(U,Y) with A € OH(0 | g) (resp. H-(0 | §)). By Prop. 4.24
(A,y) forms a maximal pair of (D*) (resp. D-). The remaining assertions
follow from the relevant definitions. O

Thm. also implies that, under and H stable, by Cor. every
epi-infimal pair (Z,7) of (P) has an associated maximal pair (X, 7) of (D*)
satisfying

y € Ep(z) N —0*(0,A).
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4.27 Corollary: »
Let ® : X xU = Y be a perturbation mapping and H : U = Y an infimal
set mapping for (P). Assuming (A1) holds and H is stable:

(i) for any minimal point § of (P), there exists some A€ L(X,Y) such
that (A, %) is a mazimal pair of (D*) and (D),

(ii) for any epi-infimal point y of (P), there exists some Ae LX)
such that (A, ) is a mazimal pair of (D*).

Proof. Recall that every minimal point of (P) is also infimal. From Thm. [4.26]
under and stability of H, for any minimal point 7 of (P), with associated
minimal pair (7, %) € gph F, there exists some A € £(X,)) such that (A,7)
is a maximal pair of (D*). Since H is stable, F' must be proper. Then, by
Thm. by (Z,7) a minimal pair of (P) and (A,7%) a maximal pair of (D*),
(A,7) must also be maximal pair of (D).

The second assertion follows immediately from Thm. and epi-infimal
points being especially infimal points of (P), i.e. Ming(FP.,;) C Infp(P) (see
Thm. 4.2)). O

With regards to Cor. , the conditions and a stable infimal set
mapping H are necessary and sufficient for (D) (and thus (D*)) to be
strongly dual to (P). Beware that, without (A2), one cannot assume the
maximal points of (D#) to be given by H##. Nevertheless, solving for the
optimality conditions in Thm. [4.20] allows one to identify all minimal points
of (P).

It is left to discuss how one can guarantee stability of H and H_. Essen-
tially, it is through the choice of an appropriate perturbation mapping ® that
one can assure subdifferentiability of H and H_ and thus stability. How-
ever, it appears difficult to derive generalized conditions on ®, that hold
for every possible relation R. One approach could be to attempt a gener-
alization of the convezlike-convex property described in [4, Def. 7.1.8]. For
the specific relations R =% p and #p, we refer to the work of Bot et al.
[4].
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4.2.5 Reflexive Duality

To conclude our overview of conjugate duality for set-valued problems, we
address the symmetry of primal-dual problem pairs. We may call a dual-
ity scheme reflerive, whenever the roles of the primal and dual problems
can be exchanged, i.e. when the primal problem is also dual to its dual
problem.

We only construct a conjugate dual problem to (D*), as a dual problem to
(D%) may be obtained analogously. Since (D*) is a supremization problem,
we cannot directly use subgradients and conjugates, as these constructs are
catered to lower bounds of mappings. Instead, we focus on the negative set
of supremal points of (D*):

—Supp(D*) = — Supp —O*(T,A) = Infp O*(T,A).
AELU,Y) AeLU,Y)

By Prop. applied to the mapping ®* : L(X x U,Y) = Y, for any
(T,A) € L(X xU,Y) and any (z,u) € X X U:
Tx+ Au— O (z,u) <g ©*(T, ).
As such, as in Prop. [1.19] we obtain
U —@(0,0) <r | 27 (,0),.

AeLU,y) zeX

Then, the pair of problems (P’) and (D*) satisfy weak duality, with (P’)
defined as:
(P") Infgp ®(z,0).

reX

Optimality conditions similar to those in Thm. [.20] can be derived. For
strong duality, let V : L(X,Y) == ) be the negative supremal set mapping of
(D*) with

V(T):=Infr |J @(TA).
AELU,Y)

For T' = 0, it is clear that —V(0) = Supy(D*), i.e. the set of supremal points
of (D*). Similarly to (A1), we further assume

vimye | |J eTA, (D1)
AeLU,Y)
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Then, analogously to Lem. using (D1]) and Cor.

~V*@)=Infp |J [-Tz+hfp [J @(T.0
TeL(X,)Y) AeLU,Y)
=Infr |J [-Tz+ | @A) ]| =-2"(@0).
TeL(X,D) AeLU,Y)

The biconjugate of V' then becomes

V*(T) = Supp U Tx — O (x,0),

TEX

and for T = 0, we obtain

—V**(0) = Infp | @ (2,0) = Infp(P"),

TeEX

as well as —V*#(0) = Ming(P'). By Prop. V' is subdifferentiable at
zero if and only if V/(0) C V*#(0) C V**(0) holds, in which case we call V
stable. Therefor, as in Thm. whenever (D1)) holds, V' is stable if and
only if

Supg(D*) € Ming(P') C Infg(P").

Proof. By Prop. [4.23] under (A1),
(AL)

H(0) = Infg(P), 7(0) & Supp(D*) = —v(0),
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and under (D1f), —V**(0) = Infg(P’) holds. Further assuming —V**(0) =
H(0), which translates to

—V**(0) = Infg (] @ (2,0) = Infg, | ] ®(x,0) = H(0),

reX reX

we immediately obtain that (P) is equivalent to (P’) in the sense of infimiza-
tion, 1.e.

IHfR(P) = IDfR(P/>,
but not necessarily Ming(P) = Ming(P’). Then, respectively under (Al]) and
(D1)), by Thm. and the above discussion,

H stable <= H(0) C H*#(0) (C H™(0)),
V stable <= V(0) C V*#(0) (C V*(0)),

which translates to both H and V stable if

under (A1), iff H stable

A

TInfr(P) C Maxg(D*) C Supy(D*) C Infr(P),

under (D1)), if V' stable

and implies Infp(P) = Maxg(D*) = Supz (D). O
Regarding the assumption that —V**(0) = H(0), i.e.

Infr U O™ (x,0) = Infg U d(x,0),

zekX zekX

it is sufficient to verify that, for every € X', by Thm.[2.39]
®**(z,0) = Infgr ®(x,0) € [(x,0)].

For a set-valued mapping F', it is unlikely that one can choose a perturbation
mapping such that & = &** or ®(z,0) = **(x,0). For instance, if F' maps to
non-infimal points, the condition cannot hold (see Rem. . Nevertheless,
whenever F' is only single-valued, this may not be an issue. Strengthening the
assumption —V**(0) = H(0) to ®(z,0) = &**(x,0) for every z € X, then also
—V*#(0) = Ming(P) holds, and the result of Thm. can be strengthened
to
Infp(P) = Ming(P) = Maxg(D*) = Supg(D™).
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Something similar can be established for the set of primal minimal points
Ming(P) and the dual problem (D#). For a primal problem

(P.) Ming ®##(z,0),

zeX

the negative mazimal set mapping V— : L(X,Y) = Y with

V_(T):=Ming ) @*(T,7),
AELU,Y)

and under condition

v.(Te| | o*(T )], (D2)
AeLU,Y)

we can show that, V_ is stable if and only if Maxp(D?#) C Ming(P~). Then,
as in Thm. .28 provided —V_(0) = H_(0), (A2) and (D2)) hold, H_ and V_
are stable if and only if Maxp(D#) = Ming(P).

4.3 Duality for Weak Infima

We have seen how, for a common primal problem (P), the dual problems
(D*) and (DZ#) are closely related. Regarding the set of minimal points of
(P), Thm. [4.20] has shown how the set of points that are primal minimal and
dual maximal coincide, i.e.

Ming(P) N Maxg(D*) = Ming(P) N Maxg(D?).

Regarding strong duality, we have seen that, under (Al]), Infgr(P) C Maxg(D")
holds if and only if H is stable, and that, under (A2), Ming(P) C Maxg(=D)
holds if and only if H_ is stable (see Thm. [4.26)).

Consider a nontrivial pointed and convex ordering cone D C ), containing
zero. In the literature on conjugate duality with respect to efficiency, the
considered problems are

(PT)  Minp F(z) and (D) Maxp —®#(0,A),
TEX AeLU,y)

with the aim of finding the efficient solutions T € X of (Pf), i.e. points
for which there exist some § € Minp(P) with (Z,7) a minimal pairs of
(PM). Then, (A2) is equivalent to Minp | J, ., ®(z,u) being either empty or
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externally stable for every u € U (see the discussion preceding Thm. .
It is this property, which may prove difficult to show. Still, the optimality
conditions established in Thm. [4.20| are always sufficient for finding minimal
pairs of (Pe).

The approach is different for weak efficiency. The primal and dual problems
are formulated as

(PY) w-Infp F(x) and (D%) w-Supp—®*(0,A),
TEX AeLU,Y)

but the focus is usually on determining the set of weakly efficient solutions
T € X of (PY), i.e. points for which there exist some § € w-Minp(P") with
(Z,7) a minimal pair of (P%). The set w-Inf ,(P") of weakly infimal points of
(PY) is only used as a tool to obtain w-Minp(PY). This follows the solution
concept S.

To understand why supremal-based dual problems are preferred for weak
minimization, recall that in Sect. [3.4.2] we discussed some of the specific
properties of weak infima, that are not generally true for other types of
underlying relations. The most important property is the representativity
of every weak infimum from Thm. [3.32 This implies that the assump-
tion is immediately satisfied for the weak infimal set mapping H
with
H(u) := w-Infp U O(x,u).
TEX

Thus, by Prop.[4.23] we can rewrite the set of primal infimal and dual supremal
points as

w-Infp(PY) = H(0) and w-Supp (DY) = H*(0),
and by Thm. stability of H is always equivalent to
w-Inf p (P") C w-Maxp (DY) C w-Supp(D").

An exemplary condition on ® based on notions of convexity to guarantee that
H is stable can be found with similar notation in [4, Prop. 7.4.14]. The optim-
ality conditions established in Thm. 4.20[are then both necessary and sufficient
for identifying every primal minimal pair.

A second specificity of weak infima can be summarized to “infima are sep-
arating the space ). This property is addressed in Lem. |3.31] when one
recalls that, for any Y C Y, A4, (Y) U By, (Y) = Y. This is one of the
core observations supporting the analysis of solution concepts and duality
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for weakly nondominated points in Vector Optimization with Infimum and
Supremum by Lohne [16], which we have referenced multiple times. This
property leads to a class of set-valued mappings which coincide with their
general biconjugate, and a more powerful strong duality result concerning
specifically the infimal points of (PY).

4.29 Proposition: 27, Thm. 4.1]
Let ' : X = ). Then, w-Infp F is subdifferentiable at x if and only if

w-Infp F(z) = F**(z) = F*(2).

Proof. Keep in mind that, for weak infima, R = »p and —R =«£p. We
show that the conjugates of w-Infp F' coincide with the conjugates of F. By
Cor. and w-Infp F(z) € [F(x)], for any € X by Thm. [3.32]

F(T) = —wlnfp| -T2+ F(z)
reX
CorBIN o Inf, U —Tx +w-Infp F(x) = (w-Infp F)*(T).
reX

The same naturally follows for the biconjugates F** and F*#. By the above
and Cor. [4.16, w-Infp F' is subdifferentiable at Z if and only if

w-Infp F(Z) C F**(7) C F™(7). (57)

It remains to show that the above inclusion is only ever satisfied with equality.
Assume holds and that there exists some y* € F**(Z)\ w-Infp F/(Z). By
the above, w-Infp F' # {+ocop}, as otherwise it would not be a subset of
F*#(7), and even () # w-Infp F(z) C Y, as by Cor. weak suprema and
infima are never empty. This additionally shows, that () # F**(Z) C ), as the
inclusion could otherwise not hold. From the discussion following Prop. [4.10]

F*(z) <g F(z) for any 2 € X. By +oop ¢ F**(Z) and Lem.
F7(T) © Ayp, (F(2))

implying that y* € F**(z)\ By, (F(¥)), by the definition of infimum and y* €
Ay, (F(Z)). Choose some u’ € By, (F(Z)), nonempty as w-Infp F(Z) also
nonempty. By —D¢ = int D being a nonempty convex cone, it is generating

by Lem. [1.13] and by Lem. [I.12]
Ju € (y* +int D) N (v’ + int D),
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i.e. w>p y* and u >p u’, such that v is dominated by both y* and u°. From
u >p y*, we obtain A(u — y*) € int D for any A > 0. By Lem. with
slight reformulation, there exists some A € [0, 1] such that

y:=y" + MNu—1y*) € w-nfp F(7),
and since y* ¢ w-Infp F(Z), A # 0 and § € y* +int D, i.e. § >p y*. However,
then ¥ is not a lower bound to F™**, i.e.
y & Axp (F(1))
Since F**(z) C Y is self-infimal by Prop. it follows that
y ¢ w-Infp F**(Z) = F(7),

contradicting w-Infp, F(Z) C F**(¥), and subdifferentiabilily of w-Infp, F' at
Z. This shows w-Infp F(Z) D F**(Z) and, together with (57), concludes the
proof. O]

The previous result can be shown in several different ways, but the property
is essentially a consequence of representativity and nonemptyness of any in-
fimum, combined with infima separating the space in two. Alternative proofs

can be found, e.g. in [27, Thm. 4.1] and [4, Prop. 7.4.12]. Prop. allows to
strengthen the strong duality result from Thm. [4.26]

4.30 Theorem: Strong Duality for weak Infimization
Let ® : X xU = Y be a perturbation mapping and H : U = Y an infimal
set mapping of (PY). H 1is stable if and only if

w-Infp (PY) = w-Maxp(D") = w-Supp (DY),

i.e. every weakly infimal point y of (PY) is also a supremal and mazimal
point of (DV).

Proof. By Thm. 3.32 (Al) is immediately satisfied and the infimal set map-
ping H(u) := w-InfpJ,cy (@, u) is self-infimal. Then, by Prop.

whenever H is stable, i.e. subdifferentiable at zero,
H(0) = w-Infp H(0) = H**(0) = H**(0).
By definition, w-Infp(P") = H(0). As is satisfied, by Prop. [4.23
w-Maxp(D") = H**(0), w-Sup, (DY) = H*(0),
showing w-Inf p(P"Y) = w-Maxp(DV) = w-Sup, (D). O
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The above result shows how every dual maximal point of (DV) is also primal
infimal, and the pair (P%) and (D") satisfies a more powerful version of strong
duality: solving the primal problem also solves the dual problem. However,
whenever primal minimal pairs (Z,7) of (PY) are concerned, i.e. pairs of a
weakly efficient solution Z and a nondominated point 7 of (P"), we still only
have

w-Minp (PY) C w-Infp(PV) = w-Maxp(D").

The same is true for epi-infimal pairs. Even if ® can be chosen to be self
infimal, w-Minp(P") = w-Infp(P") may still not hold. We conclude this
section with conditions on @ for (P¥)—(D") and (P,_)—(D") to satisfy
reflexive strong duality.

4.31 Theorem: Reflexive Strong Duality for Weak Infimization
Let ® : X xU = Y be a perturbation mapping and H : U = Y an
infimal set mapping of (PY). Let V : L(X,U) = Y be the negative
supremal set mapping of (DV). Assume w-Infp ® is subdifferentiable at
every (x,0) € X x {0}. Then, (PY) is also a conjugate dual problem of
(DY) and if either H or V is stable, then

w-Infp (PV) = w-Maxp (DY) = w-Supp (D").
Additionally, if both H and V are stable and w-Infp(P") # {+oop}:

w-Minp (P}

epi

) = w-Inf p (P") = w-Maxp(D") = w-Supp (D),

i.e. all infimal points of (PY) are epi-infimal.

Proof. 1t is clear from Thm. [3.32 that both (Al]) and (D1)) always hold. By
w-Inf p & subdifferentiable at (x,0) for every 2 € X and Prop.

w-Infp ®(z,0) = &*#(x,0) = ®**(2,0), V€ X, (58)
such that, by w-Infp ®(x,0) € [®(z,0)] and Thm. 2.39

— V*(0) = w-Infp U O™ (z,0) w-Infp U w-Infp ®(z,0)
zeX zeEX
Thm. [2.39] w
=28 woInfp | @(x,0) = H(0) = w-Infp(PY). (59)

TEX

By Thm. [£.28, (PY) is therefor a conjugate dual problem of (D“). By
representativity of infima from Thm. |3.32] since the negative supremal set
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mapping is characterized by a weak infimum, it is self-infimal, i.e. V(T') =
w-Infp V(T') (see e.g. Lem. [2.30). Let V' be stable, that is, subdifferentiable

at zero. Then, by Prop. [4.29,

V(0) = V**(0) w-Supp,(D") = w-Infp(P"),

proving the first assertion. If H is stable, the same result follows from

Thm. £.300

Consider now the infimal sets w-Inf p ®(z,0) from (59). Assume w-Inf,(P") #
{zoop}. If w-Infp ®(x,0) = {-ocop} for some = € X, then w-Infp(PY) =
{-oop}, contradicting the assumption. If now w-Infp ®(z,0) = {+oop} for
all z € X', then w-Infp(P"Y) = {+ocop}, also yielding a contradiction. Let X"
be the set of z € X for which w-Infp ®(x,0) C Y. For every x € X\X", we
have w-Infp ®(z,0) = {+oop} and Cl; ®(z,0) = Ep(z) = 0 (see Thm. [3.30).
Then, by Prop. [2.22]

—V*#(0) = w-Minp U o™ (z,0) = w-Minp U w-Infp ®(z,0) U {+ocop}

TEX TEX
= W—MinD ( U W—MinD EF(Z') U {+OOD}> s
zeX’

:W—MiHD U W—MinD EF(,T)

zeX’

Furthermore, by
w-Minp Er(z,0) = w-Infp &(x,0) € [®(x,0)] = [Ep(x)],
for all z € X" (see Lem. 2.30)), Er(z) = 0 for all z € X\X’ and Prop. [2.40}

—V*#(0) = w-Minp | J Er(z) = w-Minp | | Er(z) = w-Minp(P},).
zeX! wEX
Thus, by Prop. [£.14] V is stable if and only if
V(0) € V*#(0) <= w-Sup, (DY) C w-Minp(PL,),
and H is stable, by Thm. [4.30] if and only if
w-Minp (P}

i) © w-Infp (PY) = w-Maxp(D") = w-Supp(D").
Altogether we obtain

w-Minp (P}

ept

) = w-Infp (P") = w-Maxp(D") = w-Sup,(D").
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4.4 Notes on the Literature

Terminology for set-valued mappings is mainly due to Rockafellar and Wets
[24]. For extended set-valued mappings F : X = ), we adopted similar ter-
minology to [4], with slight changes regarding the definition of domain. Since
most of the theory in which a domain is required for an extended space like )
focuses on minimization, it is not uncommon to admit —oog in the definition.
This is in a direct parallel to the effective domain of functions f : R® — R
with dom f := {x € R" | f(z) < +oo}. Here, we chose to use the same
definition as Tanino [27], and define the domain in a way that is compatible
with both the relation R and its inverse —R.

Our proposed definition of epigraph also differs from that of several au-
thors when considering nondominated and weakly nondominated points, e.g.
[4, 25, 27]. For D a pointed nonempty convex cone in )} containing zero,
the concept being used appears under the term cone-epigraph, in this case
D-epigraph, for which the epigraphical set mapping is defined as F(z) + D
(provided -oop ¢ F(z)). The epigraph is mostly used as a tool to derive
subdifferentiability conditions using forms of convexity, whereas we use the epi-
graphical set mapping to find infimal points through minimization (compare to
S in Sect. . For comparison, in the context of weak nondomination with
R =#p, by our definition, assuming F'(z) C Y:

Er = By, (F(2)) = c (F(z) + D).

The notation for the extended set relation < g is directly inspired by Kawasaki
[12], originally in the context of weak nondomination. Additional relations
like < i were defined, e.g. for expressing that two sets satisfy the domination
property for one-another. Being only somewhat applicable to general relations,
we chose to abstain from generalizing them. <y is really an extension to
the binary relation R, in the sense that it integrates fully with sets from ).
The motivation behind R being only somewhat compatible with +oog, was to
allow tracing parallels to relations characterized by a domination structure,
as described in Sect. [1.2] The definition of < and the properties observed
in Lem. and Lem. expand the generalized infimum framework from
Sect. 2

The connections between supporting affine minorants, conjugates and sub-
gradients of functions are well established in convex analysis. Indeed, a
closed convex function f corresponds to the pointwise supremum over all its
affine minorants [22, Thm. 12.1]. The construction of subgradients and of
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conjugates based on collections of affine minorant rays aims to give a better
geometric intuition of how the two concepts relate to each other, instead of
starting from a generalization of the respective definitions. Whilst the notion
of subgradients of functions is a local concept, for the purpose of conjugate
duality, only global subgradients are considered (see Remark. Some of the
first proposed definitions of (global) subgradients and conjugates of set-valued
mappings, with the intent of developing a version of conjugate duality, are
due to Tanino and Sawaragi [28] and later Kawasaki [12], for nondominated
and weakly nondominated points, respectively.

Approaches restricting the space £(X', )) from which slopes of affine minorants
are considered, appear in [25] and [4]. Bot et al. [4] characterize k-conjugacy
through replacing £(X,)) by families of subsets

{T < E(X7y) | T = <I*7>k}7

characterized by the dual space X* and parametrized by some k& € ). For
example, given X = R", X* = R" characterizes the space of linear mappings
x> (x*, x), with * € X*, whilst L(R", RP) = RP*". In turn, this rejoins the
concept of scalarizability from [12], 13, 28], used to characterize the family
I'?(X) (for Y = RP) of set-valued mappings, for which F' = F** in the
sense of nondomination and weak nondomination. For the latter, I is called
scalarizable if it is self(-weakly)-supremal, and thus also self(-weakly)-infimal,
which is equivalent to F' being representable by a collection of scalarized
functions f,, that are all contained in T''(X) [12, Thm. 4.1]. Omitting the
details, conjugates of F' can then be obtained via the conjugates of the
scalarized functions [12, Prop. 4.1], for which £(X,R) is fully characterized
by X'*.

Sawaragi et al. [25] calls £(X,)) the paired space to X with respect to ).
Whilst current considerations tend to try and reduce the size of this paired
space, Rockafellar and Wets [24, Chapt. 11-L] offers a perspective on using gen-
eralized conjugacy to construct conjugates. For example, instead of linear map-
pings, one may attempt to use concave mappings to construct an extension to
generalized relations and set-valued mappings.

The framework for minimality and infimality from Sect. [2| allowed us to
simultaneously consider attained conjugates, based on maximization, and
general conjugates, based on supremization, respectively found in the con-
texts of nondomination [28] and weak nondomination [12]. Using the pro-
posed mixed biconjugate F*#, specific properties of general conjugates could
be further strengthened, e.g. Cor. coincides with Prop. 7.1.4(a) and
strengthens the first part of Prop. 7.4.12 in [4] from F(z) C F**(z) if
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F' is subdifferentiable at x to: F' subdifferentiable at z if and only if
F(z) C F*#(2)(C F**(2)).

Regarding Sect. , conjugate duality originated from Rockafellar [23] as an
overarching duality concept containing both Lagrangian- and Fenchel-Duality.
Expansions for vector-valued functions and set-valued mappings were proposed
by [28] and [12] 13], respectively for nondominated and weakly nondominated
points in real finite vector spaces. Sect. essentially applies the same con-
structs as the generalization to topological vector spaces by Bot et al. [4, Chapt.
7], whilst allowing now for general relations R.

Apart from Lohne [I6], few authors consider infimality in the solutions of
vector-valued (let alone set-valued) problems. In [16], the considered vector-
valued problems (V') are, with adjusted notation, of the form:

minimize F : X — ) with respect to #p over S C X.

Following [16, Thm. 2.21], a set X C X would be called a solution to
(V), if X € S, F(X) = w-Minp F(S) and, notably different to other au-
thors,

w-Infp F(X) = w-Infp F(S).

Whilst the first condition is specific to constrained problems, the second
condition supports our solution concept S of finding minimal pairs. The
third condition is a consequence of wanting to ensure representativity of the
solution. To this end, Lohne [16] uses a notion of attainment of infimum,
which is coherent with our proposed concept of representativity (see Sect. .
Indeed, under weak nondomination, by weak infima being representative of

their respective sets, both w-Infp, F'(X) and w-Infp F'(S) have respectively the

same lower bounds as F'(X) and F'(S), such that

w-Infp F(X) = w-Infp F(S) <= F(X) € [F(9)].

Note that “attainment of infimum” as understood in [16] is not the same as
the attained infimal points used for the solution concept S Nevertheless,
considerations for representativity may be added to S and S by respectively
demanding that

MIDR(P)

MiIlR<Pepi)} < [F(X)]

Whilst the solution concept S may be widely accepted as a solution of
minimization and infimization problems, the proposed solution concept S,
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being based on epi-infimal pairs, may be seen as solving a form of closure of
(P). More specifically, under weak nondomination, since Er(z) = Cly F(z) =
cl (F(x) + D), solving for w-Minp(P.,;) would entail the weak minimization
of the pointwise upper closure of F' over X.

Comparing the two conjugate duality approaches from Tanino and Sawaragi
[28] and Kawasaki [I3] simultaneously in a common framework allowed to
highlight the equivalence of the optimality conditions from Thm. [4.20} in the
sense of minimal pairs of (P).

Other definitions for strong duality than the one provided exist for vector
optimization problems. Gépfert et al. [9] assumes (D¥) is strongly dual to (P)
whenever, for any open neighborhood U of zero

Infr(P) + U N Maxp(D#) + U # 0,

i.e. the two solution sets (almost) intersect. If they do intersect, then there
exists a primal dual optimal point.

On the other hand, Lohne [16] does not attempt to extend the definition of
weak and strong duality for partially ordered spaces directly. Instead, the
definitions are formalized for complete-lattice-valued optimization problems
(of which scalar minimization is a special case). From there, every set-valued
problem is assigned a complete-lattice-valued optimization problem (Pr) and
a complete-lattice-valued dual problem (D7) can be constructed, with strong
duality being verified on the pair (Pr)—(Dz). The decisive observation is
that a complete lattice (Z, <) can be constructed on the space of self-weakly-
infimal sets. For our problem (P) formulated with R = }p, we obtain by
representativity of weak infima (see Thm. [3.32):

(PY)  w-Infp F(x) = w-Infp w-Infp F(z).

zeEX zeX

The solution set of (P%) can thus be viewed as taking a uniquely existing
infimum with respect to < over the set of self-infimal sets {w-Infp F'(z) € Z |
x € X}. Lohne [I6] then proposes dual problems and conditions for Fenchel-
and Lagrange-type dual problems. A drawback of this approach to duality
is that not every dual problem (D7) can be re-interpreted as a set-valued
optimization problem.

Regarding stability, Bot et al. [4] gives an overview of conditions on the
perturbation mapping ® to ensure subdifferentiability of the minimal and
infimal set mappings at zero. The first approach taken by Tanino and
Sawaragi [28], was to use complete scalarizability, as has been discussed above,
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combined with ® assumed to be convex. Later, Bot et al. [4] used the notion
of convezlike-convexity to account for nonconvex primal objective mappings.
Conceptually, for single-valued mappings, ® is to be chosen such that ®(z,-)
be convex at every x € X and in such a way, that its projection | J, ., ®(z,)
is also convex. Specific results may be found in [4, Chapt. 7]. More research
is required to formulate a form of generalized “convexlike-convexity” criterion
for ®, with respect to an arbitrary relation R.

Reflexive duality has been addressed by Kawasaki [I3] in the context of
strong duality for weak nondomination. Having chosen ® from the the family
of set-valued mappings I'?, i.e. with & = ®** as part of conditions for
stability to hold, the conditions of Thm. were also satisfied, making
(P¥) and (DY) conjugate dual problems to eachother. With Sect.
and Thm. 4.28, we attempted to isolate the conditions for strong duality to
hold.

The supremal based conjugate duality approach under weak nondomina-
tion has been first proposed by Kawasaki [13], and subsequently refined
by [27]. Sect. shows how specific assumptions from Sect. on arbit-
rary relations, being automatically satisfied for R = %g, become hidden.
This also highlights the advantages of supremum-based conjugate duality,
compared to the maximum-based duality approach, and of weak infima
in general. Given more properties of the nondominated infimum Minp, it
may be possible to establish an analogous duality scheme with respect to

R=%p.
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