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CHAPTER 1

INTRODUCTION

While magnetic and electrostatic phenomena have been observed for millennia, it was not until
the early 19th century that the connection between these domains was found. This discovery is
usually attributed to Hans Christian @rsted, who in 1820 observed the deflection of a compass
needle by an electric current running across it. However, there is some debate about whether
he was the first to make this observation, see [61]. Regardless, it was Orsted’s publication [47]
that led to further development on the theory of electromagnetism. Over the following years
the experiments and mathematical theories of André-Marie Ampére, Michael Faraday, and
others culminated 1865 in James Clerk Maxwell’s famed paper “A Dynamical Theory of the
Electromagnetic Field” [39], unifying the theory of electromagnetism and proposing light as
an electromagnetic phenomenon. In the modern notation, credited to Oliver Heaviside, the
Mazwell equations connect the electric fields £ and D to the magnetic fields H and B, and
the electric current J via

0¢D =curlH —J and 0;B = —curlF,
also known as the Ampére-Mazwell law and Faraday’s law, as well as Gaufl’ laws
divD=p and divB =0,

relating the electric field D to the charge density p, alongside the absence of magnetic charges.
For further historical information, see for example [54] or [57].
The fields E and B can be observed by their effect on moving charges. They exert the
Lorentz force
F=q(E+vxB)

on a point particle of charge ¢ € R moving along the velocity vector v € R3.

CONSTITUTIVE RELATIONS

In order to uniquely determine solutions to the system above one has to impose additional
so-called constitutive relations between the fields. Here, we focus on the most common class,
which relate the fields E and D, as well as H and B. When an electric field E is applied to
a material it causes a displacement of the charges present, inducing the polarization P. If
this effect is aligned to the applied field lines, we call the material isotropic. However, for
example in non-trivial crystal structures due to restrictions along lattices, see for example [8]
or [9], anisotropic effects also occur in nature. Moreover, nonlinear effects can be observed
when subjecting dielectrics to strong electric fields. Historically, this was first observed by
John Kerr when studying the effect of electric fields on glass, resin, or quartz and observing
polarized light passing through those materials, see [32]. Such effects can also be caused by
the incident fields themselves, see [40]. The electric displacement field D is then given as

D =¢eyE+ P,

where ¢ is the permittivity of free space. Note that by convention P is the negative of the
induced field, explaining the sign in the equation. Similarly, the interaction of a material
with the magnetic field causes the magnetization M. Then, the magnetic fields H and B are

related by
1
H=—B-M,
Ho
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where pg is the permeability of free space. By custom, the polarization P is usually expressed
as a function of E, whereas the magnetization M is given as a function of H. For further
information see, for example, Chapters 4 and 6 in [27]. In general, P and M may include
retardation effects and therefore depend on the history of a solution (E, H). For example, P
may be of the form

P(E)(t,z) :Zw/_ /_ X o G T, T By (t,3) - By (t,x) dry .. d7,

see Chapter 1 in [9]. However, in some situations it is reasonable to approximate such materials
by instantaneous laws, see Equation (2.3.6) and the subsequent paragraph in [2].

In this work, we restrict ourselves to materials with an instantaneous response. Assuming
that P = eoxp(E)E and M = xy(H)H, we set the permittivity ¢ = ¢9(1 + xp) and
permeability g = po(1 + xp). These material parameters then lead to the constitutive
equations

D=¢FE)E and B=pu(H)H.

While matrix-valued material laws naturally occur, they can also appear in the analysis of the
isotropic, quasilinear Maxwell system, as in [35], [46], or [51], which we will discuss in detail
in Chapters 4 and 7. We stress that the anisotropic Maxwell system is significantly stronger
coupled than in the case of isotropic material laws with scalar coefficients. For instance, if the
coefficients are constant, the system can be reduced to decoupled scalar wave equations for
the components F (if div(eE) = 0) or H (if o = 0). Moreover, since anisotropic material laws
change the direction of the fields, the arising boundary and especially interface conditions are
much harder to handle in this setting.

DEcAY MECHANISM

Throughout, we study these equations on a bounded domain  C R3 to establish global
existence and exponential decay of solutions. We consider two cases:

In the first one, we assume perfectly conducting boundary conditions, which are derived
under the assumption that the relevant traces of the fields £ and H outside €2 vanish at 052,
leading to the boundary conditions

Exvr=0 and B-v=0on 0,

where v denotes the outer unit normal. In the absence of a current J, this system will preserve
the weighted L2-norm of our fields. In order to observe decay, we then assume our material is
conductive, which by Ohm’s law means that

J=0F,

where o is the given conductivity. The Mazwell-Ampére law then yields
t
p(t) == div(eE(t)) = div(eEo) — / div(eE(r))dr,  ¢>0, (1.1)
0

under very mild conditions on the solution. The time integral in (1.1) is a serious obstacle for
the study of the long-time behavior. For isotropic, linear coefficients one can reduce (1.1) to
the scalar ODE Oyp = —Zp — VZ - ¢F for fixed x € 2. In the anisotropic case this approach
fails.

We will see that one obtains exponential decay if o > o¢ > 0 on the support of o, provided
it contains a neighborhood of the boundary 0f). In this setting an interface I' separates
(suppo)® and 2\ suppo.



Across the interface one can derive the conditions

[Ex '] =0, [H x '] = Jr,

[eE - VF]] = [eE(to) - I/F]] — /tt ([[J : VF]] — divp JF) dr, [nH - ’/F]] =0, 2

for a given surface current Jr, see Chapter 1.5 in [30] and Equations (1.2) in [56]. Here, [-]
denotes the jump across the interface and v! its normal, see Section 1.3 below. We will
assume Jr = 0 in the following. These conditions will play an important role in the analysis
of the quasilinear system in Chapter 4.

In the second case we study, the decay is caused by absorbing boundary conditions. In this
case we set 0 = 0, so we have no internal damping. Assuming that the exterior field has zero
trace, the interface condition across 02 yields

(H —0) x v = Jaq.

By the surface version of Ohm’s law, cf. (7.155) in [24], the surface current Jagq is given by to
the tangential electric field E via

Joo = (A(v X E)) x v,

where A = A\(E x v) denotes the surface conductivity on 9Q2. Combining these equations leads
to the absorbing boundary conditions

Hxv+(MExv)xv=0 on 0f).

In our analysis of both cases, we first focus on linear, autonomous coefficients, which allow
for a simpler presentation of the techniques involved. In particular, the well-posedness theory
easily follows from semigroup theory, which yields global solutions and provides a convenient
framework for our analysis. See [5], [12], or [24] for a systematic treatment of the linear
Maxwell equations from a mathematical point of view.

Based on insights from the linear case, we proceed by considering also quasilinear materials, in
which the permittivity and permeability may depend on the fields themselves. Mathematically,
the dependence of our coefficients on the solutions itself already complicates the local well-
posedness theory considerably, see [55], [56], [58], [59], and [60].

In order to show exponential decay we rely on energy estimates for our solutions, which we
combine with suitable observability estimates. These are shown using a multiplier technique
based upon a Helmholtz decomposition and Morawetz multipliers. Obtaining these estimates
is the main challenge in the linear case. In the quasilinear case additional error terms appear
in these estimates, which pose additional challenges when closing the decay result.

The thesis is thus split into two parts. In the first part we focus on the case where we
have damping in the interior and in the second part we discuss damping at the boundary.
We proceed by providing a more detailed overview concerning the approach and the relevant
literature.
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1.1. PART I — DECAY DUE TO INTERIOR CONDUCTIVITY

In the first main result of Part I, Theorem 2.3.1, we consider anisotropic, instantaneous,

time-independent, linear material laws ¢, u € C! (ﬁ, ngxg) and the solutions to the system

Oy (e(z)E(t,z)) = curl H(t,x) — o(x)E(t, z),
O (p(x)H(t,z)) = —curl E(t, x), tz 0,z e, (1.3)
div(p(z)H(t,z)) =0, t>0,2 €,
E(t,z) xv(z) =0, v(z)-plx)H(t,x)=0, t>0,2 €09,
E(0,2) = Eyg(z), H(0,z2) = Hoy(x), x € Q,

with a non-negative conductivity o € L (2, Rg’;n?;) which is strictly positive near the boundary

of the bounded domain Q C R3. It is assumed that the permittivity ¢ and permeability
w satisfy the non-trapping condition (2.6), which limits the decay of coefficients in radial
direction. Heuristically, this property reduces back reflections, so that waves can reach the
boundary in a sufficient way. We allow for a multiply connected 2 and disconnected boundary
092. Under these assumptions, we obtain exponential decay to 0 if there are no magnetic
charges on  (which agrees with observations in physics), no electric charges on €2\ supp o,
and we exclude stationary solutions. In Corollary 2.3.8, we remove the condition on initial
charges as well as the magnetic boundary condition and obtain exponential convergence to
equilibria instead.

For the charge-free system with ¢ = 0, we also prove exact observability and controllability
with respect to a collar at 0f2, see Theorem 2.2.8. In particular, one can steer the system from
every initial to any final state by applying a suitable external current at a collar near 0.

In the case of anisotropic coefficients, these seem to be the first results in this context if the
damping or observability region is not the full domain. Moreover, for exponential stability, so
far only constant € and p have been treated in this context.

OVERVIEW OF THE LITERATURE

Compared to the damped wave equation, see for example [7], [36], [53], and the references
therein, the theory of decay properties of the Maxwell system is far less developed. Indeed,
the huge kernel of the curl operator, the strong coupling in the Maxwell system, and the
complicated boundary conditions pose significant challenges compared to the scalar wave
equation. Still, the results and methods for the wave equation are the starting point for the
treatment of the Maxwell system.

For constant coefficients ¢, u € Ry, Theorem 5.5 in [49] establishes that solutions decay
exponentially to 0 provided that the conductivity o is strictly positive on its support and
satisfies the Geometric Control Condition (GCC) derived from the wave equation framework.
The GCC requires the existence of a critical time T, > 0 such that every ray of geometric
optics intersects supp o within the time interval (0,7;), see [7] for interior control and [6]
for boundary control. The proof in [49] relies on microlocal analysis to exploit the elliptic
properties of the Laplacian.

Alternative techniques using Morawetz multipliers and Helmholtz decompositions have also
been successfully deployed to study these systems. For instance, for interior damping and
scalar coefficients, [44] utilizes a multiplier argument to establish exact observability on a
collar around 02, which is an important step to proving exponential decay.

For matrix-valued coefficients, the literature on exponential decay is limited. Existing
results typically assume the strict positivity of the conductivity tensor throughout the domain,
as seen in [19] for linear Maxwell systems and [35] for quasilinear variants.
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Weaker notations of decay, such as polynomial stability, have also been studied. For
smoothly vanishing conductivity, [49] establishes polynomial decay given that supp o still
satisfies the GCC. In [42] and [50] polynomial decay is shown for an internal conductivity
restricted to a strip of a cube, violating the GCC. In contrast to [50], the rate is explicitly
given in [42].

With the exception of Theorem 5.1 in [49], which assumes positive, scalar coefficients, the
aforementioned works impose various topological constraints, such as the simple connectedness
of © or the connectedness of the boundary 9€). These topological assumptions are typically
required to improve the mapping properties of the curl operator, see Lemma A.1.3 in the
appendix. However, we can circumvent these restrictions by excluding certain stationary
solutions that belong to the kernel of the curl. Such stationary solutions can arise when the
domain €2 encloses electrical charges or when an external current runs through loops of €2, as
illustrated in Examples 2.1.3 and 2.1.4.

To our knowledge the paper [35], which we generalize, contains the only known result
considering exponential decay of a quasilinear Maxwell system with internal damping on
a bounded domain. We note that on the full space R? polynomial decay results for the
quasilinear system and small data are known. There the decay is caused by dispersion rather
than damping, see for example Chapter 11.6 in [52] for coefficients with a constant linear part.

ProOOF TECHNIQUES

In order to establish the results outlined above, we rely on an observability estimate for
the charge-free, homogeneous system without conductivity, see system (2.23). So, in order
to apply it to solutions of system (1.3) we split (F, H), which may contain electric charges
on w = suppo®, into the solution (Vj,W},) of this system and further correction terms.
Specifically, to account for the charges present on w, we introduce a gradient field Vp, where
the potential p € H'(Q) solves the elliptic PDE (2.13). While Vp itself cannot be bounded in
L? in a useful way, its time derivative d; Vp can be controlled by the dissipation term Hal/ 2E|2,
which is subsequently bounded via the energy equality. This decomposition originates from
[49] for the constant-coefficient case with p € H}(Q), and connected 99 and suppo. Our
formulation of system (2.13) resolves several of the topological obstructions to the invertibility
of the curl operator. To address the remaining topological constraints, we restrict the electric
and magnetic fields of the Maxwell system to an invariant subsystem of finite codimension,
defined in (2.7). The remaining components of the solution, denoted by (V;, W;), then satisfy
the inhomogeneous system (2.27) incorporating the inhomogeneity —oE — eV 0;p. A related
splitting, omitting the potential p, was utilized in [44]. Finally, to account for the influence
of the initial potential p(0) within these systems, the initial data will be chosen according
to (2.21). Due to technical considerations some of the initial fields have to approximated by
more regular ones.

In Proposition 2.2.2 we show the crucial observability-type estimate for V}. Dissipation terms
only occur for the electric part, so that it is useful to work with a second-order formulation
involving only Vj, see (2.32). Though, a first-order approach is also feasible and used in
showing an observability-type estimate for the quasilinear system which we discuss below, see
(4.57). Moreover, the behavior of Vp and p in (1.1) suggests to work with time derivatives.
Therefore, we first estimate 9,V and only later pass to V}, in Corollary 2.2.6 by integration.
(This result is then reformulated as Theorem 2.2.8 on observability and controllability.) In a
lengthy calculation also involving vector analysis, Proposition 2.2.2 is then shown employing
a Morawetz multiplier and by a tailor-made multiplier using Lax—Milgram (see Lemma 2.2.3),
as well as the energy equality for V4. For this reasoning it is important that supp o contains a
collar at 992 and that the coefficients satisfy the non-trapping condition. For scalar coefficients
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similar arguments are found in [44], but it is quite sophisticated to extend them to the
matrix-valued case.

To pass from the observability estimate of the homogeneous system to the decay result
for solutions, including charges on w, we estimate the other correction terms of (F, H) in
several steps. First, the energy of 0;(E, H) is bounded by that of (E, H) for which it is crucial
that o is strictly positive on its support. This was done for connected 02 and w in [49],
using the auxiliary function Vp. In our more general setting we have to proceed differently,
based on a lower estimate for the curl operator in Lemma 2.3.2. One can control 9;H in
space-time by 0;F and dissipation terms using the splitting of E' and energy-type estimates.
The inhomogeneous part (V;, W;) is handled just by means of Duhamel’s formula, exploiting
properties of the initial data of (2.27). Several of these inequalities on the time interval [0, T’]
depend on T" > 0. Nevertheless, they can be combined into a proof of exponential stability
employing a strategy that goes back to [29] in the wave case. The convergence result for
data with electrical charges on 2\ supp o (and possibly magnetic charges) then follows by a
projection argument. These results are presented in Chapter 2 and in the joint preprint [45]
with Roland Schnaubelt.

Next, we extend the methods from the linear case to the quasilinear case. In this setting,
the coefficients (-, E) and p(-, H) in (1.3) can depend directly on the solution itself. We
consider the system

(e (z,E(t,x)) E(t,x)) = curl H(t,z) — o(x)E(t, x),
0, (u (x, H(t,2)) H(t,z)) = — curl E(t, z), tz0ze (14
div(p (z, H(t,x)) H(t,z)) =0, t>0,x €,
E(t,z) xv(z) =0, v(z) plz)H(t,z)=0, t >0,z € 08,
E(0,z) = Eg(x), H(0,z) = Ho(x), x €.

In particular, since the conductivity o is either uniformly positive or vanishing, this introduces
a jump in our solutions and therefore also in our coefficients. Thus, we have to treat the
quasilinear system as an interface problem. In our analysis, we will therefore rely on the
interface conditions (1.2).

As alluded to above, even the local well-posedness in this case is quite challenging, see [56],
[58], [59], and [60]. (It is known that in quasilinear Maxwell systems for non-small data blow-up
may occur, see [14] and the references therein.) It forces us to work in the solution space
ﬂ;)-’:OCj ((Twmin, Tmax), ngfj (Q4)), since the local well-posedness requires additional control on
Oi(E, H) through Sobolev embeddings. Here, HF denotes Sobolev regularity on either side of
the interface, see Section 1.3 for the definition. Thus, we also have to consider time derived
versions of system (1.4), which lead to additional error terms in the analysis, and to require
additional compatibility conditions of the initial values at the boundary and interface. We
stress that the coefficients of the time derived system are matrix-valued, even if £(-, E') and
w(-, H) are scalar.

In order to show exponential decay for small initial data, we adapt a strategy similar to
the linear case. Such a smallness condition is common in nonlinear theory. However, in order
to justify a Morawetz estimate for the highest order term 0} (E, H), we require additional
regularity. We obtain this by an approximation argument in Chapter 3. There, we first
approximate coefficients and initial data smoothly and afterwards correct the approximation
in such a way, that it satisfies the compatibility conditions. It is then shown that the
corrected approximation converges back to the original solution. So far, such regularization
procedures for (1.4) were only known for very basic cases, see the proofs of Lemma 4.2 in [35]
or Lemma 3.2.3.
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This finally allows us to obtain decay results in Chapter 4. For this, we consider o €
C3 (0, Rf;rg’) to be uniformly positive on its support containing a collar of the boundary, as
well as uniformly positive definite coefficients e, u € C3(Q4 x R3, Rg’;ﬁ) which, in addition
to the non-trapping condition from the linear case in the interior, also have to satisfy a
non-trapping at the interface in order to prevent internal reflection, see (4.21). In the linear
case, for piecewise constant coefficients a similar condition was already used in [31].

Considering each time derivative 9f (F, H) individually, we first split them into a divergence-
and a curl-free part, using gradient fields V(p¥, ¢*) where p*, ¢* € H'(Q) solve the elliptic
PDEs (4.40) and (4.47) which we adapt to the interface problem at hand. As in the linear
case, we show suitable estimates for (p¥, ¢*) and establish an observability-type estimate for
the time derivatives of the divergence-free part of the solution (V¥, W*). In this estimate we
rely on the non-trapping conditions in the interior and at the interface.

In order to utilize the observability estimate, we require additional regularity estimates for

various error terms. These error terms contain higher Sobolev norms |0 (E, H)|| ;;3-+ which
r

have to be bounded by the L?-norms ||0f(E, H)||2, to which we can apply the observability
estimate, and superlinear terms. It is crucial that the constants in this regularity estimate
do not depend on time. In the quite sophisticated and lengthy proof, we employ ideas from
[35] and [51], but the interface requires new ideas. Finally, we can combine these estimates to
show the exponential decay of small data in Theorem 4.6.1.

1.2. PART II — DECAY DUE TO ABSORBING BOUNDARY CONDITIONS

In Part II, we focus on the effect of a strictly positive surface conductivity A, which may also
depend on the electric field F, investigating the system

O(e(z, E(t,z))E(t,x)) = curl H(t,x),
0y, H(t,2))H(t, 7)) = — curl B(t, 7), tz0zef  (19)
div(e(x, E(t,x))E(t,z)) = 0,
div(p(e, H(t, 2)H(t, ) = 0, b2 0z e,
H(t,z) x v+ (A=, B(t,z) x v) (E(t,z) x 1)) x v =0, t>0,z €09,
E(0,z) = Eo(x), H(0,z) = Ho(z), x € Q,

on a bounded, smooth domain 2 C R? with nonlinear, inhomogeneous, and anisotropic
material coefficients, and given initial fields (Fy, Hy) satisfying the compatibility conditions.

OVERVIEW OF THE LITERATURE

In the case of linear material laws, such nonlinear A have been studied in, for instance, [20],
[21], [43], and for delayed problems in [4]. For state-independent A and small initial fields it is
shown in [51] that the solutions of the quasilinear Maxwell system (1.5) exist globally in time
and decay exponentially as t — co. However, in [51] it is assumed that the spatial domain
is strictly starshaped.

In related problems it is known that this assumption can be removed provided one can show
extra regularity of the normal trace of the solutions, see [37] for the wave equation and [18] for
the linear, autonomous Maxwell system with perfectly conducting boundary conditions (which
we studied in Part I). Regarding trace regularities, a variant of our normal trace estimate
already has been shown in [11] using completely different methods.
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Prior observability results have been been shown in [51] for strictly starshaped, simply
connected domains and in [46] (jointly with Roland Schnaubelt) for domains with connected
complement. Based on our estimates, we can extend the analysis of [51] to the case of a
nonlinear boundary conductivity A(x, F) and show in our main Theorem 7.2.1 that solutions
for small data converge exponentially to 0 without assuming starshapedness or connectedness.
However, we have to exclude stationary solutions from our initial values that become possible
by removing the topological assumptions on 2.

ProOOF TECHNIQUES

In Chapter 5 we prove a normal trace estimate for the solutions of linear, non-autonomous,
anisotropic Maxwell systems with absorbing boundary conditions and inhomogeneities, see
Corollary 5.1.9 and Proposition 5.1.11. We use the so-called collar operator studied in
[18] in the context of different boundary conditions, cf. [37] for earlier work on the wave
equation. This pseudodifferential operator allows us to trade space for time regularity in the
course of a sophisticated regularity argument. We further employ the div-curl estimate from
Theorem A.2.9 and exploit heavily the structure of the (time-differentiated) Maxwell system
and the absorbing boundary condition. In the trace estimates it is crucial that constants do
not depend on time, see Corollary 5.1.9. We also derive a more concise variant of the estimate
in Proposition 5.1.11, which has time dependent constants, though, reproving a result of [11].

Next, we restrict ourselves in Chapter 6 to the linear, autonomous, anisotropic case (6.1).
This allows us to further improve the trace estimates from Chapter 5 in Theorem 6.1.2,
following the approach of [34] for the wave equation, which involves a compactness argument
to get rid of lower-order terms, see also [18] for the Maxwell case. We obtain a bound on
the normal traces of E and H in L2((0,T) x 9f2) in terms of the the tangential trace of E,
with constants being independent of the end time T'. In order to perform this argument, we
furthermore need the div-curl estimate from Theorem A.2.9 in H~%(€2) for 6 € (0, 1), which
requires several properties of the Helmholtz decomposition in H—? also established in the
appendix.

As a by-product, this allows us to derive exponential stability of the system (6.1), which
seems to be a new result for matrix-valued coefficients (and is not a special case of our
nonlinear decay result).

In Chapter 7 we again consider the quasilinear system (7.1)—(7.5) for small solutions
in H?ZOC’j((T mins Tmax)s H377(Q)). Using the trace regularity established in Chapter 5 we
derive an observability-type estimate for this system in Proposition 7.2.3. To bound the
solutions, we again consider the time-derived Maxwell systems (7.20)—(7.21). Moreover, the
time-dependent coefficients also introduce error terms at the boundary, which will be treated
as inhomogeneities.

As in Part I, [35], and [51], the decay result follows from three propositions dealing with
the time derivatives 8f(E ,H) for k € {0,1,2,3}—an energy estimate, an observability-type
estimate, and a regularity analysis of error terms. The fields Of (E, H) satisfy the boundary
condition (7.3) up to lower-order terms. This fact is crucial for the analysis. An energy
estimate and an observability-type estimate will allow us to control the squared L?-norm
of OF(E, H) by a dissipation term plus an error term which is small for small data, but
contains space and time derivatives of higher order. The core observability-type estimate in
Proposition 7.2.3 is based on a Morawetz multiplier argument as in [51], which uses ideas from
[18] or [44] treating different boundary conditions, also utilizing the normal trace estimates
of Chapter 5. Tangential traces of solutions are bounded by the energy estimate, see also
[11] or [55]. For this result we again have to assume the non-trapping condition (7.24) on e
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and p. Finally, the regularity result in Proposition 7.2.6 for the nonlinear problem allows
us to absorb the error terms. The decay result of Theorem 7.2.1 then follows by a standard
bootstrapping procedure, given at the end.

CONTENT OF THIS THESIS

The linear analysis of the first part is based on [45]. In Chapter 3, we show an approximation
result in order to justify several formal calculations. This allows us to proceed with the
quasilinear case in Chapter 4. These two chapters contain unpublished results.

The second part of thesis is largely based upon [46], but generalizes it regarding the topology
of our domain. There the connectedness assumption on R?\ © can be removed by additional
assumptions on our initial values.

Finally, the appendix contains results pertaining to the curl operator and related estimates.
These results can be found mainly in [5], [10], [12], [17], and [46].
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1.3. NOTATION

Let us start by setting up general notation used throughout this entire thesis. In the following
Q) C R? will always be a bounded domain' with at least Lipschitz boundary. Moreover, the
boundary 92 has either C?- or C*!-regularity when studying the linear Maxwell system and
CP-regularity when considering the quasilinear Maxwell system.

A bounded domain © C R3 is multiply connected if there are disjoint C*-surfaces %1,..., 31
such that Q\ U, % is simply connected, see [5], [12], or [16]. For the connected components
of the boundary 90 we write 08, ..., k.

Let

N, = {z € Q| dist(z,00) < a}

be the collar of width a > 0 around the boundary 02 of €.

In the first part our domain will also contain an interface I' C R? which has the same
regularity as the boundary, as well as positive distance to it, i.e., dist(I',0€2) > 0. Thus, the
interface splits €2 into two subdomains. The one bordering 92 will be denoted by w C  and
the other one we call v C €. For the union of these we write Q4 = w U v. Hence, we get

Q=0+ Ul'=vulYw.

Ldomain meaning a non-empty, open, connected set
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A collar around I of width a > 0 is denoted by
U= {2 € Q| dist(z,T) < a}.

We write v for the outer unit normal to 99 and v' for the unit normal at the interface,
pointing from v to w.

Figure 1.1.: 2d-cut through Q C R3.

Note that v1' = 19 = —19 on T'. The surface measure on 9 or dw is denoted by <. To
emphasize that we are integrating a function f over a surface, we write ‘¢ f dg’
In order to study functions at the boundary and interface we define, first for u € C(€2), the
following vector-valued traces
trpu =tr,su = (u- VE)I/E,
triu = tryzu = u X I/E,

trru =trrgu = v~ X (u X VE)

where = is usually v, Ow or 09 and v = v= denotes the corresponding outer normal. We set
[f] == tro, f — traw f to be the jump across the interface. Here and below we often omit the
arguments of functions.

FUNCTION SPACES

We use the real, L?-based Sobolev spaces H*® on the domains and their boundaries. If the
domain of H® is omitted, we implicitly mean H*(2) = H®. Let

H(divy) ::{fe( E) | div(af) = divy f € HY(Z }
H(curlg) = {f c (H? (E)) | curl(Bf) =: curlg f € (H?(2)) },

for € R, = € {v,w,Q}, and suitable matrix-valued o, 3: = — R3*3. For § = 0 we simply
write H(divy) = H(div,) and H(curlg) = H%(curlg) and if « = 8 = I3 is the identity matrix,
we write H?(div) = H?(divy,) and H?(curl) = H?(curly,), etc. Then H(div) and H(curl) are
the maximal domains of the distributional operators div and curl in L?(Z) equipped with the
graph norm, respectively. (We often omit the range spaces for vector fields etc.)

The kernels of these operators are written as H(div0) and H(curl 0) and are endowed with
the L2-norm.

On the boundary 9=, we introduce the negative fractional Sobolev space H~1/2(9Z) as
the continuous dual of H'/?(9Z) with respect to the pivot space L?(dZ). The normal trace
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tr, and the tangential traces try, tr,; can be extended to maps from H(div) and H (curl) to
H~1/2(9=)3. We denote the kernels of these trace mappings by H,o(div) and Hig(curl),

respectively, which coincide with the closures of the space of test functions C2°(Z)? under the
respective graph norms. The intersection with the kernels we then write as

Hio(curl0) := Hyp(curl) N H(curl0) and Hyo(div0) := Hpyo(div) N H(div0).

We define the refinements

H%(div, 0) == {u € L*(2)? | divyu = 0, (tr,, (o), 11>H,%(85k) =0,kc{0,...,Kz}},
Ho(dive 0) := {u € L*(Q)* | diveu = 0, tr,(au) = 0, (tr,(au), ]l}H_%(El) =0,
le{1,...,L}}.
where the boundary 0= has the connected components 0=, . .., 0Zk.. (We will need the space

H*(divg 0),0 only for Q. For Z = v we write H7=(div, 0) = H' (div,0).) For a = I we simply
write H2;(div0) and H9%(div0). The divergence theorem yields H=(div, 0) = H(div, 0) if
O= is connected, and for simply connected 2 we have H2(div, 0) = Hyo(dive 0). See [5], [12],
or [16] for these and related facts.

To describe regularity on either side of an interface we introduce the space

HE = HE(Q) = {f € LX(Q) | [l € H*(w) and f|, € H*(v)}.

When considering non-autonomous coefficients with an interface as in Chapter 3, we will
consider solutions in

k
. ki
g# - g#((Tmin,Tmax) X Q) = ﬂ CJ((TminaTmax)’HF j(Q))a
7=0
k .
with norm ullgr = sup Z 107 w(t)|| jym—i-
r t minmiax) ]:0 r

In the absence of an interface, as in Chapter 7, we drop the I' in the subscripts above, denoting
these spaces by GF.

Finally, we introduce the notation “<”, whenever an inequality holds up to a constant not
depending on time or the explicit norm of the solution.






PART 1

DECAY CAUSED BY INTERIOR CONDUCTIVITY






CHAPTER 2

EXPONENTIAL DECAY OF THE LINEAR MAXWELL
SYSTEM DUE TO CONDUCTIVITY NEAR THE BOUNDARY

We start our discussion by considering a linear Maxwell system with anisotropic coeflicients ¢,
1, and o on a bounded domain 2 C R3. On the boundary we assume perfectly conducting
boundary conditions. The precise assumptions are given at the beginning of Section 2.1 below.
Namely, the Maxwell system is given by

d(e(x)E(t,x)) = curl H(t,z) — o(z)E(t, z),
O(p(x)H(t,z)) = —curl E(t, x), t20,ze 21)
div(p(z)H (t,z)) =0, t>0, e, (2.2)
E(t,x) xv(z) =0, v(z)- pulx)H(t,xz)=0, t>0, z€0Q, (2.3)
E(0,z) = Eyg(z), H(0,z) = Ho(x), x € €. (2.4)

By standard semigroup theory we first show that a solution exists and then proceed by
studying its long-term behavior. In order to achieve convergence to some steady state, we
require damping in the system. This is realized through the conductivity o, which we will
assume to be supported near the boundary 0. Excluding magnetic charges, electric charges
on (supp o), and external stationary fields, we can show that by Theorem 2.3.1 this suffices
to show exponential decay to 0.

The proof is based on a Helmholtz decomposition and an observability estimate, i.e., an
estimate which allows us to bound the initial state through an integral over a set O C
[0,T] x suppo C [0,T] x 2

[ (B + 1m0) do 5 [ 1BP a(r,a),
Q o

cf. Proposition 2.2.6. Notice that if the right-hand side vanishes on O, then our initial value
was already 0. This estimate is shown using a Morawetz multiplier argument. By control
theory this is equivalent to showing exact controllability, see Theorem 2.2.8 and [64] for a
systematic treatment.

Finally, in the presence of charges we will show that we converge to an orthogonal projection
of the initial values.

2.1. ASSUMPTIONS AND AUXILIARY RESULTS

In this section we first collect the main hypotheses in this chapter. Afterwards, we show
the existence of a solution by semigroup theory and derive an energy equality. Finally, we
introduce the required in the proof of our observability estimate.

ASSUMPTIONS

Throughout Chapter 2, we assume the following conditions.

Let Q C R? be open, bounded and multiply connected with cuts £1,..., %y,
and 9Q € C? have connected components 9€,...,00k. Let e,u €
CH (€, RZ3) be uniformly positive definite, o € L™(Q,R33), w = {z €

Q| o(z) > 0} have a C'-boundary and let dist(dw,dQ) > 0.

(He)
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Our core assumption for exponential stability is that there are constants a, cg > 0 such that
Ny Cw and o, > 09> 0. (2.5)

In particular, the boundaries dw = dv U IN2 are disjoint, see Section 1.3.
Let m(z) :== x — 20 for some zg € R?. We also require the ‘non-trapping’ condition

g=c+(m-V)ezne,  p=p+m-V)u=iu (2.6)

for some 7} > 0; i.e., the coefficients cannot decay too strongly in radial direction.

GENERATION RESULTS

Let L2(Q) be the space of measurable f fulfilling a'/2f € L?(Q), endowed with the canonical
norm. We define

Xo={(e.h) € LZ(Q) x L2(Q) | ee|, € H (div0,v), ph € Hyy(div0)}. (2.7)

The operator

1 -1

—& o0 e tcurl
D(Ao) = (Hio(curl) x H(curl)) N Xo,  Ag= (_M—l curl 0 > ’ (2:8)

is well-defined as an operator on Xy Theorem 6.1.4 in [5] and Proposition IX.1.3 in [16], the
latter applied on v, see also Lemma A.1.3. Note that the magnetic component of (e, h) € D(Ap)
belongs to H'(£) by Proposition 6.1 of [35], and thus to H!(v).

We first show that A is in fact a generator proceeding as in, for example, Lemma 2.1 of
[42] or [44].

Lemma 2.1.1. The operator Aqy defined in (2.8) is densely defined and mazimally dissipative.
Hence, Ay is closed and generates a contractive Cy-semigroup So(-) on Xo. Moreover, if o = 0
the operator Ay generates a unitary group.

Proof. 1) First, we show that Ay is maximally dissipative. Let (E, H) € D(Ap). Integration
by parts yields

Re(Ao(E, H)|(E, H))x, = —/QJE-Edw,

using that try £ = 0. The right-hand side is non-positive since ¢ > 0 by assumption. Hence,
Ay is dissipative.

Next, we establish the maximality of Ag. Let A > 0. To show the surjectivity of A — Ag, we
take (F,G) € Xy and show that there exists some (E, H) € D(Ap) such that

)‘(E7H) _AO(E7H) - (F,G),

or equivalently,
XeE —curlH+oFE =¢F, AMH + curl E = uG. (2.9)

We solve the second equation for H
H=)'G- )1y tcwlE
and insert it into the first, which leads to second order formulation for E

AeE + A curl (;fl curl E) +0E=cF+ X leulG (2.10)
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or in its weak formulation

o(E,®) = /

(5F P Ala- cump) dz, VoeV,
Q

for the bounded bilinear form

a(u,v) = / (()\E +o)u-v+ A eurlu - curl v) dz
Q

on the space V = {v € Hy(curl) | ev|, € H'(div0,v)}. Moreover, the form a is coercive in
V since

a(wn) = [ (nful? + o) ™ feurtuf?) do = ful.

The Lax-Milgram lemma then provides a unique E € V solving (2.9). We set H := A\"1G —
A"t~ curl E to solve the second part of (2.9). To see that H € H(curl), we test the weak
formulation with ® € C¢°(Q2) C V, which yields

/ Al tewl E - Q) - curl ddz = / (eF —(Ae+0)E) - ®dx.
Q Q
The left term in the parentheses is —H, and we get
/ H-curl®dr = —/(5F— (Ae +0)E) - ®dx,
Q Q

ie, cwrlH = —¢F + (Ae + 0)E in the sense of distributions as required. Since the right-
hand side belongs to L%(2), it follows that curl H € L?(Q) and thus H € H(curl). Since
pG € Hx)(div0) by assumption and curl E € H(div0) by Lemma A.1.3a), the pair (E, H)
indeed lies in D(Ag). Therefore, Ay is maximally dissipative.

2) By Theorem 4.6 in [48] the domain D(Ap) is dense in Xy. Furthermore, the Lumer-
Phillips theorem, see for example Theorem 1.4.3 in [48], shows that the operator Ay generates
a Cy-semigroup of contractions.

3) For o = 0 the dissipativity calculation leads to

(Ao(E,H)|(E,H))x, =0 for all (E, H) € D(Ay),

i.e., the operator Ag is skew-symmetric and in particular also — Ay is dissipative. Repeating
the above argument for — Ay, we obtain the maximal dissipativity of —Ag, which therefore
also generates a contractive semigroup. By the proof of Stone’s theorem, see Theorem 11.3.24
in [22], it follows that Sy is a unitary group for o = 0. O

Given (Ey, Hy) € D(Ap), we thus obtain a unique solution of (2.1)—(2.4) satisfying
div(eE(t)) =0 on 2\ @ for ¢t > 0 and

(B, H) € C(R0, D(Ap)) N C" (R0, Xo). (2.11)

We assume that (Ep, Hp) belongs to D(Ag) except for the proofs of Theorems 2.2.8 and 2.3.1,
where we pass to general (Ey, Hy) € Xo. Also in this case (E(t), H(t)) = So(t)(Eo, Ho) is
called a solution of the system.

Remark 2.1.2. The proof above can be easily modified to show that on X := L2(Q) x LZ(Q)
the extension A of Ay with domain D(A) := Hyy(curl) x H(curl) generates a contraction
semigroup S(-) which leaves Xy invariant and coincides there with Sy(-) as it solves the same
Cauchy problem. Therefore, the divergence condition on v for e £y and the divergence and
boundary conditions for pHy are also invariant under the evolution of the system within X
whenever (Ep, Hy) € D(Ap) C D(A). Moreover, as we see in Lemma 2.3.7, the kernel of A is
orthogonal to Xy in X so that our restrictions on charges and boundary conditions in (2.7)
exclude the stationary fields which obstruct exponential stability.
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Let us discuss the choice of Xy in (2.7) in more detail. For this we consider

X = H(div. 0,v) x Hpo(div,0)

and the operator
B ~ - —e s e~ 1 curl
D(A) = (Hy(curl) x H(curl)) N X, A= <—,U1 cwl 0 ,

on X. Conceptually, by assuming that E € H(div. 0,v) we exclude charges in the interior of
Q away from the support of the conductivity ¢. Furthermore, by using H' (div. 0,v) in the
definition of X instead we assume additionally that there are no charges on the connected
components of the support of the conductivity. This for examples occurs in a capacitor. These
charges generate stationary electric fields that do not decay in time. The following example
illustrates this.

Example 2.1.3. Assume that w con-
sists of two connected components wy
and wy. Let us call the interfaces to v

/ I' =0wiNQand 'y = dwy N . Let ¢
solve )
h /// div(eV¢) =0 on v,

e
—_—> ¢‘F1 =1, ¢‘F2 =0.
\ Sy Note that ¢ cannot be constant and
| Fl\ hence V¢ does not vanish. However, V¢

belongs to H§ = Hyo(curl,v) N H(div. 0)

by Lemma A.1.1. We can extend V¢

by 0 to Hyp(curl,€2). Let us call this
(trn(eE), L)r, #0 extension FEj.

Then 0 # (Ey,0) € ker(A). Therefore,
(E, H) = (E)p,0) is a constant solution to
the Cauchy problem associated with A.
Thus, we have constructed a non-zero stationary field, which would contradict an exponential
decay result for disconnected w.

Figure 2.1.: A spherical shell serves as example
for v as in Example 2.1.3.

The restrictions of H5(div0) on the other hand exclude certain magnetic fields. By Am-
pére’s law in (2.1) an electric current induces a magnetic field. When such currents pass
through the ‘holes’ of {2, one can obtain stationary, non-zero magnetic fields, satisfying the
boundary condition on 0f2. By Faraday’s law, these fields cause currents in conductive loops
along the boundaries 0%; of the cuts of 2. In the following example, we illustrate this by
considering a torus with an external current running through the middle.

Example 2.1.4. Assume
that p is constant and con- Current [/
sider a torus {2 lying in the
r1To-plane centered at the
origin. Take a current I run-
ning upwards along the x3-
axis. By the Biot-Savart law try, (uH) = 0 \_
this creates a stationary mag-

netic field, which is propor-
tional to

Hola) = ——— ().

x%+x% 0

Figure 2.2.: Torus as in Example 2.1.4.
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It satisfies curl Hyp = 0 and div(uHp) = 0 on Q as well as the boundary condition tr,, (uHp) = 0
on 99, i.e., Hy € HY.

Thus, 0 # (0, Hy) € ker(A) and (E,H) = (0, Hp) is a constant, non-zero solution to
the associated Cauchy problem. We have constructed a non-zero stationary magnetic field,
highlighting that the space HEO(div 0) in the definition of X is necessary to achieve exponential
stability.

ENERGIES

Our arguments heavily use estimates of the ‘energies’

olt) = [ (B(0)- B(®)+ w(0)- H®) do = | (B0, HE),

(2.12)
t) = [ (OB() - BE() + udH () - SH(B) do = OB AHO)],

and in particular the following energy equality with dissipation related to o.

Lemma 2.1.5. Let (Hy) hold and (E, H) as in (2.11) solve (2.1). We then obtain

t
co(s) — eolt) =2 [ |02 Ef dwar,
sJQ
t
61(8)—61(t)=2// 0120, E  dadr,  t>s>0.
sJQ

Proof. We only consider e; as the estimate for eg is shown in a similar, but simpler way. After
regularizing (Eo, Ho) in D(A3), we pass to the time differentiated version of the Maxwell
system (2.1). Here the energy inequality is shown in a standard way.

So, take fields (Ef, H}) € D(A2) converging to (Ey, Hp) in D(Ap) with respect to the graph
norm. These initial values yield solutions

(E", H") € C*(Rx0, Xo0) N C! (R0, D(Ao)) N C (R0, D(A7))
of the equations
OPE" = e el O H™ — e Yo B, OPH™ = —p~curl 9, E™.
Then (E™, H™) = So(-)(E{, HY) tends to (E, H) in the space Cy(R>0, D(Ap)) of bounded

functions, and 0,(E™, H™) = Sp(-) Ao( 0 Hg)l) to Oy(E, H) in Cb(Rzo,Xg).
Let e} = [[(0:E™, 6tH")||§(O. The above system and integration by parts lead to

el = 2 / (O™ - cO2E™ + 8,H" - u0?H") do
Q
—9 / (BE" - (curl 9, H" — 0O, E™) — 8,H" - cwrl 8,E") dar
0
- —2/ 020, E" 2 d,
Q
since tr; 9, E™ = 0. Integrating in time, we derive
¢
eifs) — i) =2 [ [ |o 20" dads
sJQ

for t > s > 0. The result follows in the limit n — oc. OJ
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HELMHOLTZ DECOMPOSITION

Our arguments rely on a splitting of the electric field E € C1(R>q, L2(Q)) NC (Rx>q, Hyo(curl))
into a div.-free and a curl-free part. The following construction is inspired by Chapter 5 in
[49], where constant e and connected 92 and w were treated using p € H}(2). We consider
the elliptic problem

div(eVp) =div(eE) on £, p=0 on 09y, (2.13)

p constant on 9, and (tr,e(Vp — E),]l)}Lr%(aQ )= 0, Vke{l,...,K}.
k

For the weak formulation of the problem, we define the Hilbert space
He={p € H'(Q) | ¢ =0 on 0, p constant on I, Yk € {1,... K}}

endowed with the norm of H!(Q2). We introduce the form
Blu,v] = / Vu-eVodzr on H,,
Q

and set
l(v) ="lg(v) = / eE - Vuvdz.
Q

Then, the weak formulation of (2.13) reads as
Blp, ] = l(p) for all ¢ € H,. (2.14)

Clearly, B and ¢ are bounded on H., and B is coercive by Theorem 13.6.9 in [64]. The
Lax—Milgram lemma then yields a unique solution p = p(t) € H. of (2.14) with

1Pl 1) S Wellpg = Wi ()] S Bl L2 - (2.15)
Plle.=

We thus have bounded linear maps L?(Q) — H?; E + ¢, and L*(Q) — H.; E +— p. Because
of (2.11), we can continuously differentiate ¢ — £p;) in H; and thus also p in H.. Therefore,
p belongs to C*(R>q, He).

Note that eE — eVp belongs to H(div) with div(eE — eVp) = 0, since (2.14) holds in
particular for Hg(Q2) C H.. Hence, the last boundary condition in (2.13) is well-defined, and
it follows by inserting ¢y € H. with ¢g|aq; = dx; for k # 0 into (2.14) via

0= /Q(sE —eVp) - Vo de = (trp(eE —eVp), ]1>H*%(8Qk)'
Finally, the PDE in (2.13) is understood in H.
To pass to charge-free fields, we define
V= E —Vpec C'(Rxo, L*(Q)) N C (R0, Hyp(curl)) (2.16)
using Lemma A.1.1 and (2.11). By the properties of p, this function satisfies
curlV =curl B, eV e H*(div0). (2.17)

For the last assertion, the condition (tr, eV, ]l>H_%(aQ )= 0 is clear by (2.13) for £ > 0. For
k

k = 0 it then follows from div(eV') = 0 which yields (tr, eV, ]I)H%(am = 0.
In other main arguments we use the time derivatives of p since they can be estimated solely
by dissipation terms, in contrast to p in (2.15). This fact corresponds to the behavior of

the charges div(¢E) in (1.1), where the time derivative is better suited for the study of the
long-term behavior, too.
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Lemma 2.1.6. Let (E,H) satisfy (2.11) and solve (2.1). Then the solution p of (2.13)
belongs to C*(R>o, H.) and satisfies

18:pll 1110y S N0Vl 120y S N0E 2y and 11070l S 107VDl2() S 100E |12 -
Moreover, €0,V is contained in H??(div0).

Proof. Equation (2.1) and Lemma A.1.3b) yield

Ol g (p) = /QthE -Vedzr = —/QO’E -Vedz (2.18)

for ¢ € H.. Estimate (2.15) then implies the first assertion, using also the Poincaré inequality
in Theorem 13.6.9 in [64]. The last claim now follows from (2.17). Due to (2.18), we can
differentiate in time once more and derive the remaining part. O

2.2. OBSERVABILITY ESTIMATE

Above we have split E into the charge-free part V and the curl-free part Vp. To obtain
observability results, we decompose (V, H) further into fields (V;,, W},) and (V;, W;) solving
a homogeneous and an inhomogeneous system, respectively. Here we combine and extend
the approaches from [44] and [49]. In Section 3 of [44] an observability estimate is shown for
scalar coefficients and a homogeneous system with charge-free initial data. In its proof also a
Morawetz multiplier is used. Note that for o # 0 the solutions of the Maxwell system (2.1)
will in general not stay charge-free. In particular the time integral in the Gaufl law (1.1)

div(eE(t)) = div(eEo) — /0 ‘div(eE(r)dr, >0 (2.19)

is a major problem for showing exponential decay.

By reducing the exponential decay result to the time derived solutions as in Chapter 5.2 of
[49], see Lemma 2.3.3, it suffices to bound 9:(Vp, Vq), 0¢(Vs, W},) and 9¢(V;, W;) by suitable
dissipation terms, see Lemma 2.1.6 and Proposition 2.2.2 as well as Lemma 2.3.5 below. The
energy equality in Lemma 2.1.5 then allows us to control dissipation terms. We come back to
(Vi, Wy) in Corollary 2.2.6.

We proceed by deriving the systems solved by (V3, W) and (V;, W;).

In the stability analysis it will be crucial that 9;V;(0) and 0;W;(0) vanish, see Lemma 2.3.5.
To this aim, we choose suitable initial values for the inhomogeneous problem. By Lemma 2.1.6
the derivative €9,V belongs to H??(div0), which implies

0F 4 e8;Vp = —ed,E + curl H + €0, Vp = -8,V + curl H € H*}(div 0) (2.20)

since curl H € H??(div0) due to Lemma A.1.3b) as well as (2.2) and (2.3). Lemma A.1.3b)
then provides a field Wjo € H(curl) N Hyo(div, 0) which is orthogonal to ker(curly) = HY in

Li and satisfies
curl Wio = 0 Ey 4+ €0;Vp(0). (2.21)

To derive the observability estimate for 0;V}, we consider a second-order equation for our
homogeneous problem using the generator

0 e~ curl
D(Ap) = (Hyp(curl) x H(curl)) N Xy, A = <—M_1 curl 0 > (2.22)
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without conductivity acting in the charge-free subspace
Xp = {(v,w) € L2(Q) x L2(Q) | ev € H*}(div0), pw € H(div0)}

of Xy. The operator Ay maps into Xj by Lemma A.1.3. Its maximal dissipativity is a special
case of that of Ag in (2.8) for ¢ = 0 and w = ). By (2.7), (2.16), (2.17) and Wjg € Hy(div, 0),
the fields (Ep — Vp(0), Hy — Wip) belong to D(Ap).

We can approximate (Ey — Vp(0), Ho — Wio) in D(A}) via (Vh(g), ,Eg)) € D(A?) by means
of Yosida approximations. For these initial fields we can derive a second-order problem. First
note that the homogeneous Maxwell system

o (eV, h( ) = cuerh ", Gt(,uW}En)) = —cuerh(n),
div (V™) = 0, div (uw ™) =0, (2.23)
tr Vi =0, tr (") = 0,
v<" =V, Wi(0) = Wy,
has the solution
(V™ W) € C* (R0, Xn) N C" Rz, D(AR)) N C (Rs, D(A)). (2.24)

It converges to the solution (V},, W},) of (2.23) with initial data (Ep — Vp(0), Ho — Wip) in the

space Cf (R>0, X) N Cp(R>0, D(Ap)). We stress that svh("> is divergence-free. The system
(2.23) leads to the second-order equation

O (s&th(n)) = —curl (u ! curl th)),
V™M =0, div(ev™) =0, (2.25)
vy =vi, avim0) =t curl Wi
Corresponding to (2.24), in (2.25) we assume that

V" e C?(Rso, H(div. 0)) N C" (Rxo, Hio(curl)),

(n) (2.26)
pteurl V™ € O(Rso, H(curl)).
To account for the missing terms in (2.23), we consider the inhomogeneous system
Oy (eVi) = cwrlW; — o E — €0, Vp,
@wa:wmw
div (uW;) = (2.27)

try V; = 0, tr, (W) =0
Vi(0) =0, W;(0) = Wy.

Observe that (—e~to E—9;Vp, 0) belongs to C* (R>q, X},) due to (2.11), (2.20) and Lemma 2.1.6
and that (0, Wjp) is contained in D(A},). Hence, system (2.27) has a unique solution

(V;,WZ) eCt (RZ()aXh) N C(Rzo,D(Ah)) (228)
For later use we record that the definition of Wj in (2.21) yields

0t(eVi)(0) = curl Wyg — o Eg — €0;Vp(0) = 0,

Ae(pW;)(0) = — curl V;(0) = 0. (2.29)
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Note that the fields (V, + Vi + Vp, W), + W;) solve the original system (2.1)—(2.4) with
initial values

(Eo — Vp(0) + Vp(0), Hy — Wig + Wio) = (Eo, Hp),

and hence coincide with (E, H) by uniqueness. The convergence noted after (2.24) then leads
to the limit

V" Vi + Vp, W W) — (Vi + Vi+ Vp, Wy + W;) = (E, H)

in Cl} (RZQ, Xo) N Cb(]RZ(), D(Ao))
To simplify notation, we drop the superscripts in this section and write (Vh(n), ,sn)) =

(Vi, Wy), assuming that (V3, W;,) satisfies (2.24). The final result will then follow by the
approximation argument above, see Remark 2.2.7. We next state the ‘energy’ identity for V},.

Lemma 2.2.1. Let V}, satisfy (2.26) and solve (2.25). We then obtain
/ (c0Va(t) - BVi(t) + it curl Vi (t) - curl Vi (1)) dae
Q
— / (0,Vi(0) - Vi (0) + i~ curl Vi (0) - curl V3 (0)) dr, ¢ > 0.
Q

Proof. System (2.25) and integration by parts imply

t
0= / / (07 (eVy) + curl ™ curl V) - 0y V3, da dr
0 JQ
1/t
= 5/ at/ (3t(5vh) -0V + u_l curl V}, - curl Vh) dx dr
0 Q

1
=5 {/ e Vi(t) - Vi (t) + p L eurl Vi (2) - curl Vi (¢) da
Q

- / OV (0) - 0Vi(0) + p~ ' curl Viy(0) - curl Vi (0) dee | 0
Q

The following observability estimate for 0;V}, is the core step in our arguments.

Proposition 2.2.2. Assume that (Hy) and the non-trapping condition (2.6) hold. Let Then
for any a > 0 there exists a time To > 0 such that for T' > To we have

T
/Q(yatvh(o)\2+\curlvh(o)\Q)dg:g/o/N 18, V3, |* da: dr

for any V}, satisfying (2.26) and solving (2.25).

For the proof of Proposition 2.2.2 we need several auxiliary results. In the first one
we use the Lax-Milgram lemma to construct a multiplier, cf. [44]. We endow the space
H = Hy(curl) N H(div. 0) with the norm Il r(curyy- By Lemma A.1.3 the operator

curlg: H — HZ(div0) is boundedly invertible.

Lemma 2.2.3. Tuke a map ¥ € L™(Q) with ) =1 on Ngj2 and supp 9 C Ny for some a > 0
and f € L*(Y). Then there is a unique solution w € H C H' () of

Vi eH: / pteurlw - curly de = / Jf da. (2.30)
Q Q

It satisfies 3
[wll @) S llwllyy S N9z (0)- (2.31)
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Proof. Theorem A.2.9 (with v =0, u € Hyp(curl) and § = 0) yields

lull gy S llull 2y + llewrlul| 2oy + [[div(ew)] 2 (q) -

Since the divergence of eu vanishes for u € H and the curl is invertible on by Lemma A.1.3,
we see that
lull gy S lerlull oy for ue .

Hence, the bilinear form on the left-hand side is coercive and bounded. The assertion then
follows from the Lax-Milgram lemma, using that L?(Q) — H*. O

For a time dependent f € C*(Rxq, L?(2)) we obtain a solution w(t) of (2.30) for each ¢ > 0.
The regularity of f transfers to w as shown next.

Remark 2.2.4. Let f € C'(R>0, L*(Q)) in Lemma 2.2.3. We then obtain
a) w € C1(Rxg,H) and
b) Jw®) | S SOIFOF dz, [Osw(t)l|Fn S [0 10:.F()] da.

Proof. We first check that w is C'. Its Lipschitz continuity follows from (2.31) and linearity
via

[ (t +B) )l ) S 1EE+ B~ FO) 2o

Hence, w is differentiable in H'(f2) for a.e. t > 0. We can now differentiate (2.30) in t a.e.,
obtaining

/ pteurl Opw - curlp do = / 90, f1) d.
Q Q

As above, we then infer the continuity of d;w from (2.31), which also yields the second estimate.
The first one follows from (2.31) for w. O

We now turn to the proof of the core result of this section.

Proof of Proposition 2.2.2. 1) Let T > 0, x € C1(Q) and m(z) = x — x¢ for some z¢ € R3.
We multiply (2.25) with the Morawetz multiplier ym x curl V}, obtaining

T
0= / / (0¢(£0¢ V) + curl pteurl Vi) - (xm x curl V3,) da dr
0 Ja
T T
= / /8t((58ch) - (xmxcurl V3,)) de dr —/ /(sﬁch) - (xmxcurl 9;V3,) dae dr

0 JQ 0 JQ

T
+/ / pteurl Vi, - curl (ym x curl Vi) de dr

0 Jo

T
- / j{ pteurl Vi, - (v x (xm x curl V3,)) ds dr
0 JoQ
= I+ I, + I, + 1% (2.32)

In the above four integrands we have to eliminate the second derivatives of V}, which is easy
for I;. In the following we freely use standard formulas from vector analysis. Also integrating
by parts and exploiting tr; 9;V} = 0, we compute

r T
I = / / curl 9V - (xm x €0 Vy) dw dr = / / OV, - curl(xym x €9, V},) dx dr.
0 Jo o Jo

Since div(eV},) = 0, the integrand can be rewritten as

curl(xm x €9;V},)
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= (e0:Vi - V) (xm) — x(m - V) (€0 V3,) + xm0; div(eVy,) — €0, V;, div(xm)
= (Vi - VX)m + xe0 Vi, — x(m - V) (€0 V3,) — (€0, Vi) Vx - m — 3xed V.

Only the middle term involves second derivatives of V4. In this summand of the integrand we
can take out the gradient via

X(m . V)(s@ch) . 8ch = 5 (m V)(a@ch 8ch) ((m V) )875Vh . 8ch

by means of the product rule. The remaining problematic part of I; is now integrated by
parts resulting in

Tr1
—/ / ix(m V) (0 Vy, - O V) dae dr
0
= / / VX m 58ch 8ch) + x(s@ch 6ch)) drdr
- / 7{ —xv - m(e0Vy, - 0¢Vp,) ds dr.
0 Joa 2
Recalling € = ¢ + (m - V)e from (2.6), we conclude
4 1 . 1
I = / A[—ixgatvh-atvh — i(me)(E&thﬂch) + OV, - (each-Vx)m} dxdr
0
T 1
—/ jé —xv - m(ed V-0 Vy) ds dr. (2.33)
0 Joo 2
We next treat I, in a similar way, reformulating it as

I. = / / Leurl Vy, - [div curl(Vy,)xym — div(xm) curl V)
+ (curl Vi, - V) (xm) — (xm - V) curl V3] dz dr.
The last term is the only problematic one. As above, it is equal to
/ / Lewrl V) - ((xm - V) curl V) dw dr

= 5/ / (xm -V~ eurl Vi, - curl Vi, — x(m - V) (u~ ! curl V, - curl Vh)}dx dr.
0 JQ
We integrate by parts the last term and obtain
T 1
I. = / / pLeurlVj, - ((curl Vi, - Vx)m + x curl Vi, — B div(xm) curl Vh)dx dr

0 /o

5/0 /Q ((xm - V)p= ") curl Vy, - curl Vi, dz dr

1 T

— f/ x(m-v)(p~ ! eurl Vi, - curl Vi) de dr
o0

T 1
= / / [*iXﬁfl curl Vi, - curl Vi, + p~ ! eurl V, - ((curl V, - Vx)m)
0 JQ

1
—f(m Vx)(curl V3, - p 1cuerh)}da:dT

/ x(m - v)(u "t eurl Vi, - curl V) ds dr. (2.34)
oN
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1 -1

Note that (2.6) implies ji_1 =~ ! —m-Vu=! > fju
Using Lemma A.1.6a), the last integral in (2.32) can be rewritten as

1% = / pteurl Vi, - (v x (xm x curl V3,)) ds dr
o0

= / j{ v (pteurl Vi, x (xm x curl V,)) ds dr
0 JoQ
T

= / j{ V- (Xm(/fl curl Vi, - curl V3,) — curl Vi (™t curl v, - xm)) ds dr

o0

T

= / ?{ x(v-m)(u~t curl Vj, - curl V) dg dr. (2.35)
0 JoQ

Equations (2.32), (2.33), (2.34), and (2.35) then yield the core identity

Tr1
/ / 5)((58ch -0V, + i teurl V, - curl Vi) dzdr (2.36)
0 JQ

T
= [/ eV, - (xm x curl V) dz
Q

0
Tr1
- / / §(VX -m) (0 Vi, - O Vi, + p~ curl Vi, - curl V) dw dr
0 JQ
T
+ / / ((m - 3 Vi) (0eVh - V) + (m - p~ L eurl V) (curl Vj, - Vi) da dr
+ / ]{ fx m - v)(ptcurl Vi, - curl Vi, — €8y Vi, - 9,V3,) ds dr.
o0
2) We first take x = 1. Then (2.36) and the non-trapping condition (2.6) imply
T 2 2
ﬁ/ / (10:Va|” + |curl V4|7 ) da dr
0 JQ
S [0V lewrl Vi(T) [do + [ [0V3,(0)] [eurl Vi(0)] o
Q Q
T
+ / j{ (v- m)(p~teurl Vi, - curl Vi, — €0,V - oy Vy) ds dr.
0 Joo
Next, for y € C1(Q) with x = 1 on 99Q and support in N1, Equation (2.36) yields
T
‘ / 7{ (v-m) (,u_l curl Vj, - curl Vi, — €9V, - 9, Vy,) ds dT’
0 JoQ
< [0V (D) lewrl Vi(T) [do + [ [0V3,(0)] [eurl Vi(0)] o
Q Q
T
+/ / (|0:Vil® + |curl V3, |* ) da dr.
0 Na/4
The last two estimates lead to
T
/ / (|0 Vi) + | curl Vi |?) dz dr < / / (10:Vi|* + |curl V|2 ) da: dr
0 JQ

+/ |0V (T)| |curl Vi (T) ]dx+/ |0¢ V4 (0)| |curl Vi, (0)| dee. (2.37)
Q Q
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3) In light of Lemma 2.2.1 we only have to estimate the curl term on Na/4 to obtain the
desired result, see (2.41). To this aim, take ¥ € C*(Q) with supp? C N, /» and ¥ = 1 on N 4.
Equation (2.25) and integration by parts yield

0= / / (eVy) + curl(p~ ! curl V) - (9V3,) dadr (2.38)

T

- / / OV, - 0, (9Vy) da dr + [ / (c0Vh) - OV, da
Q 0

—i—/ / Leurl v, - (Yeurl Vi, + VI x V) de dr

+/ 7{ (v x p~teurl V) - (9V3,) de dr.
0 Joo
The boundary integral vanishes by (2.25) since
(vx pteurl Vi) - (9V3) = (9Vi, x v) - (u™t curl V) = 0

on 9Q. As ! > 1/||p]|0o, for any § > 0 we derive

T T
// \cuerh\dedTS// O |curl Vi, |? da: dr
0 Na/4 0 Na/2
T 9 T 9 T 9
§5// |curl V4, da:dT+05// \73 da:dT—i—// |0 Vi, |* d dr
0 Na/z 0 Na/z 0 Na/2

+ [ UAVUDIP + V@) de + [ (10VAOP + Vi(0)) da.
We insert this inequality into (2.37), bound ||V (7)||;2 S |lcurl Vi (7)|| 2 by Lemma A.1.3

and (2.26), and absorb the time integral with the curl term fixing a small § > 0. Using also
Lemma 2.2.1, it follows

T
/0 /Q(yatvhﬁ + leur Vi ) dz dr (2.39)

T
5/ /N (|Vh|2+|atvh12)dxdf+/g(\8tvh(o)|2+|cur1Vh(0)|2)dx.
0 a/2

4) We have to get rid of the new term involving V},. Taking w € Hy(curl) from Lemma 2.2.3
with f =V}, as a multiplier, like in step 3) we derive

O—// (07 (eVy) + curl(p ™! curl V3,)) - wda dr

T
= / / L eurl V) - curlw — €0,V - 8tw) dxdr + {/ e Vy, - wdx
Q

.
As Vj, belongs to H by (2.26), Equation (2.30) with V};, = 1 then yields

r 3 T
0 JQ Q

0

The properties of 9, Remark 2.2.4, Lemma 2.2.1 and Lemma A.1.3 a) then imply

T T T N
// \Vh|2dxdr,§6/ / lach|2dxdT—|—c(;//ﬁ|8ch\2dxdr
0 JN, 0 Ja 0 Ja
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+/Q(I8tvh(T)12 - \Vh(T)P)der/Q(mch(O)\? + [V4(0)?)dz
T T B
$o [ [1oviPdedr+es [ [ d1ovif dzar
0 JQ 0 JQ
+ /ﬂ (180:Vi(0) [ + |curl V4, (0)?) d.

We insert this inequality in (2.39). For a fixed small § > 0, the space-time term without
localization can be absorbed by the left-hand side resulting in

T
/0 /Q(\atm? + lewrl Vi[?) de dr (2.40)

T
g/ /N |8ch\2dxdT+/Q(\Bch(O)lz—l—]cuerh(O)P) dz.
0 a

5) In a final step we simplify the time integral on the left-hand side of (2.40) by means of
Lemma 2.2.1, and obtain

T/Q (10 VR (0)* + | curl V4,(0)]?) dz < Co/Q 10V (0)* + | curl V4,(0)]?) da

T
—i—cl// 10,V |2 dr da (2.41)
0 JN,

for some constants ¢; > 0. Taking T' > ¢y, we conclude

T
B,Vi (0V[2 + | curl Vi, (0)[2) dar < —C2 // 8,V 2 dr dz. 0
(o) + et V@) do < 22 [0 ] java

Remark 2.2.5. Instead of considering a second order formulation in (2.32) one can also
derive an observability estimate for (V}, W},) instead using the Morawetz multiplier

0= /0 ! /Q (:(eVi) — curl Wh) - (uW) x xm) da d7. (2.42)

We use this approach when deriving an observability estimate for the quasilinear system, see
(4.57). Unfortunately, this leads to a term fOT I, |W|? dzz d7 on the right-hand side of our
observability estimate, cf. Proposition 2.2.2, which we cannot control by the dissipation acting
only on the electric field. For this reason, we pass to the second order formulation (2.25).
One could also replace the fields (V, W3) in (2.42) by (9;Vi, 0;W}), which also solve (2.23).
However, this way one also arrives at (2.32). We remove the extra derivatives below, see also
Lemma 2.3.3.

It is however still possible to show an observability estimate for V}, instead of 9;V},; that is,
for the solutions to a homogeneous Maxwell system (o = 0) with divergence free initial values.
To do so, as in [44], we pass to an antiderivative in the proof.

Corollary 2.2.6. Assume that (Hy) and the non-trapping condition (2.6) hold. Let (Vy, W)
satisfy (2.26) and solve (2.23). For each a > 0 there exists a time To > 0 such that for
T > To we have

/Q(\Vh(o)!2 + [Wr(0)]*) dz < /OT/N V3| dz dr.

Proof. Since puW3(0) € H2(div0), Lemma A.1.3a) yields a field ug in Hyg(curl) N H%(div. 0)
with curlug = —puW3(0). We set

t
u(t) = uo —|—/ Vi(s) ds, t >0,
0
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obtaining u(0) = up and dyu(0) = V},,(0). Note that u also satisfies (2.26). We check that u
solves (2.25) with different initial values. Indeed, the definition of ug and (2.23) yield

O (eu(t)) = Or(eVa(t)) = curl Wi (t) = curl (= (W5 (0) / O(pWi(s)) ds))
= —curl (" curl (u + /0 t Vi(s)ds)) = —curl (=" curlu(t)),
treu(t) = treup + /0 ey Va(s) ds = 0,
div(cu(t)) = div(cuo) + /0 " div(zVi(s)) ds = 0.

The corollary now follows from Proposition 2.2.2 as dyu = V}, and curlu = —puWy,. O

Remark 2.2.7. In Lemma 2.2.1, Proposition 2.2.2 and Corollary 2.2.6 we have assumed that
(V1(0), Wr(0)) = (Vh(g), W}(Lg)) belongs to D(A?) and so the solutions (V,, W},) = (Vh(n), W}En))
satisfy (2.24). By the approximation argument discussed after (2.27), the lemma and the
proposition can be extended to (V4(0), W;(0)) in D(Ay). Similarly, one derives the corollary
for (Vh(O),Wh(O)) € Xp.

We reformulate the above corollary as (exact) observability and controllability of (2.1)—(2.4)
with div(eE) = 0 and ¢ = 0. For E € H?*(div.0) we have p = 0 and (V},, W},) = (E, H), see
(2.13), (2.21), (2.23), and (2.27). The equivalence of observability and controllability is shown
in Theorem 11.2.1 in [64], noting that Ay, is skew-adjoint in X, = H%}(div. 0) x H(div,0),
see (2.22).

Theorem 2.2.8. Assume that (Hy) with o = 0 and the non-trapping condition (2.6) hold. Let
a > 0. Then there is a time To > 0 and a constant ¢ > 0 such that for (Ey, Hy) € X}, we have

To
/ (|Eo|* 4 |Ho|?) dz < c/ / |E|* dx dr,
Q 0 Na

where (E,H) € C(Rx>g, X}p,) solves (2.1)—(2.4) with o = 0.

Moreover, for each T' > To and (E1, Hi) € Xp, we find a current J € LQ((O T) x N,) with
values in H?(div, 0) such that (E(T), H(T)) = (E1, Hy) for the solution (E, H) € C(Rxo, X3)
of (2.1)~(2.4) with oE replaced by J.

2.3. EXPONENTIAL DECAY
We now present the second main result of the chapter.

Theorem 2.3.1. Let (Hy), (2.5) and (2.6) hold. Then there exist constants M > 1 and w > 0
such that
1B, H())ll120) < Me™'[|(Eo, Ho) | r2(), >0,

for the solution (E, H) of (2.1)—(2.4) with initial value (Ey, Hp) € Xo.

Our proof relies on Lemma 2.3.3 which estimates the usual energy through time derivatives.
Theorem 5.4 of [49] provides such an inequality for constant € and p and for connected 02
and w. The argument there is based on the splitting £ =V + Vp. We could not extend this
approach to our setting and proceed in a more direct way using the following estimate of £
on v.
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Lemma 2.3.2. For E € H'(div. 0,v) N H(curl,v), we have
1Bl 22wy S lleurl B 2y + lltre Ell g-1/2(5) -

Proof. By Proposition 1X.1.3 of [16] the field E belongs to e~ curl H'(v) = H'(div.0,v),
see also Lemma A.1.3. In view the decomposition (A.2), we can thus compute its norm in
L?(v) by testing with ¢ = ¢! curl @ for ® € H'(v). Theorem 3.4.1 in [5] allows us to choose
the vector potential ® such that || @] 1, < lle@ll2(,,)- It follows

HEHLg(U) = sup E-cpdr < sup E - curl ®dzx. (2.43)
peHT (dive 0,v), /v dcH! (v), Jv
el L2y =1 (1l g1 () =1

Integration by parts then yields
/ E.-curl®ddr = / cwl B - @ dz + (tre E, ) 1725,
v v
< [leurl Bl p2 ) 1@l 20y + I67¢ Bl gr-1/2(90) 121l 1 (0
We infer the assertion by inserting this inequality into (2.43). O

The next proof relies on the assumption that o either vanishes or is uniformly positive.

Lemma 2.3.3. Let (Hy) and (2.5) hold. Take a solution (E,H) of (2.1)<(2.4) as in (2.11).
The energies eg and ey from (2.12) then satisfy

eo(T) < er(T), T > 0.

Proof. We adopt some ideas from the proof of Theorem 5.4 in [49]. Condition (Hy), the
Maxwell equations (2.1), (2.3) and integration by parts lead to

- / B de < / GE(t) - E(t) = / (—edB(t) + cwrl H(t)) - E(t) de
w Q Q
__ / cOE(t) - E(t) — / H(t) - pd H(t) dr
Q Q
S y/eo(t)y/er(t). (2.44)
Using also (2.11), Lemma A.1.3b) and (2.1), we then estimate the magnetic field by
IH (t)l[72(0y S lewrl H(6)| 720y S 1€ E@)I72(0) + 0720 (2.45)
S ei(t) +y/eo(t)er (D).
To control E on v, we recall
VB 20 S llewrd B |22y + 16re B 1-1/2000)

from Lemma 2.3.2. Since E € H(curl), Proposition 2.2.32 in [5], see Lemma A.1.2 shows that
tre g0 £ = try g, F on Ov. From the usual trace estimate and Equation (2.1), we thus deduce

HE@ 20y S lleurl EOl 2y + tre EQN -y 5,0 S 11OH Ol L20) + IED | 5 curt.0)
S 0 H ()] p20) + 1E@) | 20 -
Combined with (2.44) and (2.45), we arrive at

eo(t) S cu/eo(t)\/el(t) + Czel(t) S %60(75) + 061 (t),

which yields the assertion. O
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The time derivative of magnetic field can be estimated by 0;F up to a dissipation term,
using our Helmholtz decomposition. We proceed similarly as in the proof of Lemma 5.2 of
[49], see also Proposition 4.4 in [35]. Here and below the estimates depend on the end time,
which fortunately does not cause problems in the main argument.

Lemma 2.3.4. Let (Hy) hold. Take a solution (E,H) of (2.1)~(2.4) as in (2.11). For T >0
we then obtain

T T T
//|8tH|2d:vdT§(1+T)/ / |8tE|2d:UdT+//aE~Edﬂch.
0 JQ 0 JQ

Proof. Fix ® € C2°((0,T)) such that 0 < ® < 1and ® =1 on [$7, 27]. In (2.16) and (2.17),
we have decomposed E = V + Vp with V € Hy(curl) N H aQ(dlv5 0). Furthermore, (after
regularization) E solves the second-order problem

€0?E = —curl(p~t curl E) — 6O E

Starting from (2.1) and integrating by parts, we then compute
T T
/ / ®2 o H - 0,H dx dr = / / ®?curl E -yt curl Edx dr
0 JQ 0 JQ
T
= / / P2 curl V- =t eurl Eda dr
0 /O
T
= / / ®*V - curl (p ! curl B) de dr
/ / izave 582E + 0O F) dzdr
= / / (200,®)V + &9,V - €O, E da dr

//‘I)ZV 00, F dz dr.

Lemma A.1.3a) yields ||V|;2 < |lcurl V| 2. We also insert 6,V = 0,E — 0;Vp. Hélder’s
inequality thus implies

T T 1
/ / S0, H - 0,H da dr 5/ [119/)|0 Gl 2 cnnt V]2, + < 0,52 )
0 Jo 0 o0 L4
2 2 Sl =172 2 1 2
+ (10:Vpllze + |0E| 72 ) + (8] @p cuerHL2 + 35 |oOE |72 )} dr

As curl V- = —pu0,H by (2.1), we can absorb the curl terms by the left-hand side. Lemma 2.1.6
now leads to

T T T
//(I)QuatH'atdedTS/ / \ﬁtE|2dxdT+/ / 0 E|? dz dr.
0 JQ 0 JQ 0 JQ

By means of the energy equality from Lemma 2.1.5, we conclude

T T
/ / wo H - O H dedr < Tey(0) =T (el(T) + 2/ ocO:F - 8tE> dzdr
0 JQ 0
T
< 3T e (27) +2T/ cOE - OB d dr

~

2T/3 T
</ ’,u28tH’ dedr + (1 +T)/ 0, E* dzdr
0

T
5(1+T)/ / \BtE|2dxdT+//aE-dedT. O
0 JQ 0 JQ
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We next treat the inhomogeneous part of the fields. Duhamel’s formula and our choice of
the initial values lead to the following estimate.

Lemma 2.3.5. Let (Hy) hold and (V;, W;) as in (2.28) solve (2.27). We then obtain

T T
//(|8t%|2+|8tWi|2)dxdT§CTQ/ /]a@tE|2dxdT.
0 JQ 0 Q

Proof. We use the generator Ay of T3,(-) from (2.22). Equation (2.27) and the subsequent
comments imply that

Vi(t) e loE(t —s) + 0, Vp(t — s)
(m(t)) Tut ( ) / Thls ( 0 g )ds'

Because of (2.11) and Lemma 2.1.6 we can differentiate this formula in L? with respect to t,
where the resulting initial values vanish due to (2.29); i.e.,

Viit) \ _ t e ta0,E(s) + 0?Vp(s)
O (Wl(t)> ——/0 Th(t—s)< 0 b )ds.

Lemma 2.1.6 and Holder’s inequality now yield

/0 (g: ) N/ </ ||08tEHL2ds> d7'</ /||08tE||desdT

< C’TZ/ / |0, E)? dz dr. O
0 JQ
The above estimates lead to the core inequality.

Proposition 2.3.6. Assume that (Hy), (2.5) and (2.6) hold. Let (E,H) as in (2.11) solve
(2.1)~(2.4), and Tp > 0 be given by Proposition 2.2.2. Then there exists a constant vy € [0, 1)
such that

eo(T) + e1(T) < v(eo(0) + €1(0)), T > max{Tp, 1}.

Proof. Lemmas 2.3.3 and 2.1.5 imply
r 2 2
T(eo(T) + er(T)) < Ter(T) < / / (|0.E? + |0,H?) dz dr.
0 JO
We can first eliminate H be means of Lemma 2.3.4 via
T ) T
T(eo(T) + er(T)) < (1 + T)/ / 0,E2 de dr +/ / oF - Edzdr.
0/ 0 Ja
Here we will insert the decomposition &, E = 9;V},+0;V;+ 9, Vp established before Lemma 2.2.1.
Next, the homogeneous system (2.23) for (V},, Wj), Lemma 2.2.1, and Remark 2.2.7 show that
the integrals

/ (£0: Vi, - O Vi, + po Wy, - W) dae = / (e0 Vi - O Vi, + pt carl Vi, - curl V) de
Q Q

are constant in time. As T" > 1, we thus obtain

T T
T(eO(T)+el(T))§T/ / (|8ch|2~|—|8tVi|2—|—|8th|2)d:L"dT+//0E~Ed:r:d7'
0 JQ 0 JQ
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< T2/ (10:V(0)|* + | curl V,(0)]?) d=
Q

T T
+ T/ / (10:Vp|* + |0:Vi|?) dw dr —I—/ / oF - Edxdr.
0 JQ 0JO

The observability estimate of Proposition 2.2.2 and Remark 2.2.7 then yield

T(eO(T)+el(T))<T2// OV, - achda:dT+T// 8, Vp? + [9,Vi[? ) de dr

+//0E Edxdr

for T > Tp. After replacing again Vj, = E — V; — Vp, condition (2.5) leads to

T(eo(T) + ey (T <T//08t ()dxdT+T2// (|0:Vp*+ |8, V;|*)dx dr

—i—//aE-dedT.
0 JQ

Using Lemmas 2.3.5, 2.1.6 and 2.1.5, we finally deduce

T
T(eo(T) + e1(T)) < T4/ / (0E-E + 00,E - O,E) dedr
0 JQ
< crt (60(0) — GQ(T) +e1 (0) — el(T)).
Setting v = % < 1, we conclude

eo(T) + e1(T) < v(eo(0) + €1(0)). O
Theorem 2.3.1 now follows by a simple argument.
Proof of Theorem 2.5.1. First let (Eo, Ho) € D(Ap). Iterating the estimate from Proposi-
tion 2.3.6, we obtain constants M > 1 and w > 0 such that
eo(t) + er(t) < Me "2 (eg(0) + e1(0))

for all £ > 0. Since eq(t) = [|So(t)(Eo, Ho)[%, and e1(t) = [|AoSo(t)(Eo, Ho)%, by (2.12), we
have shown that Sy(-) exponentially decays in D(Ag) with the graph norm. This space is
isomorphic to Xo by (I — Ag)~!, so that the assertion follows. O

Finally, we remove the divergence constraints in Theorem 2.3.1 by projecting in X =
L3(Q) x Li(Q) onto ker(A)* = ran(A) for the extension A of Ag, see Remark 2.1.2. Here we
proceed similar to [42]. Then the theorem will imply the exponential decay of the extended
semigroup S(-) to the kernel ker(A).

Lemma 2.3.7. Let (Hy) and (2.5) hold. We then have

ker(A) = {(E, H) € Hyo(curl0) x H(curl0) | E =0 on w} = ran(A)~.

Moreover, the orthogonal projection P onto ker(A) commutes with S(-), S(t)P =1 fort > 1,
and ker(A)* = ran(A) is contained in Xo.

Proof. 1) Take w = (E, H) € ker(A). This means that carl E = 0 and curl H = oE. As
try F = 0, integration by parts yields

Oz(Aw\w)X:/ (curlH-E—aE-E—cur1E~H)da::—/ 02 B|? da,
Q Q

so that o E = 0 and thus £ = 0 on w by (2.5). This shows ‘C’ in the first asserted identity.
The converse inclusion is clear because of suppo = .
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2) Step 1) and integration by parts imply that the kernel ker(A) is orthogonal to the range
ran(A). To show ker(A) = ran(A)*, take h = (f,g) € X with

0 = (h|Aw)x :/ (f-curlH — f-0E —g-curl E) dz
Q

for all w = (E,H) € D(A). Choosing (0, H) and (FE,0) with E,H € H}(Q), we see
that curl f = 0 and of + curlg = 0. If we insert (0, H) with H € H!(Q), it follows
(tre f, H>H—1/2(8Q) = 0 so that h € D(A). The formula in display with A = w then implies
J.,of - fdz =0 which yields f =0 on w and curlg = 0; i.e., h € ker(A) by step 1) as needed.

3) Hence, ran(A) = ker(A)* is the kernel of P, implying PA = 0 = AP on D(A), and
thus PS(t) = S(t)P = P for t > 0. Let (f,g9) = A(E, H) for some (E,H) € D(A). Then
g = —p~ ! curl E belongs to H2x(div,, 0) by Lemma A.1.3, and e f|, = (curl H)|, to H (div 0, v)
because of (2.5) and Lemma A.1.3. As a result, ran(A) is contained in Xp. O

Corollary 2.3.8. Let (Hy), (2.5), and (2.6) hold. Then there exist constants M' > 1 and
w > 0 such that for (Eo, Hy) € X = L2(Q) x Li(Q) we have

1(S(t) = P)(Eo, Ho) | 2y < M'e™ " [|(Eo, Ho)ll 20, = 0.

Proof. Lemma 2.3.7 yields S(t) — P = S(t)({ — P) = So(t)(I — P) so that the result follows
from Theorem 2.3.1. O



CHAPTER 3

APPROXIMATION OF THE MAXWELL INTERFACE
PROBLEM WITH PERFECTLY CONDUCTING ELECTRICAL
BOUNDARY CONDITIONS

In the previous chapter, we required additional regularity to justify several calculations when
deriving the observability estimate, see (2.24). In the autonomous, linear case one can use
here the density of the domains D(A™) in D(A) of the generator A of the system. In this
chapter we consider the Maxwell interface problem with non-autonomous coefficients,

O (e(t,x)E(t,x)) =curl H(t,x) — o(t,x)E(t,x) — f(t, x),
Oy (L((t, x))H(t,a:;; =— curl(E(t,)a:) —(g(t,):c),( e t2 0, €y, (3.1)
E(t,xz) x v(z) = h(t, z), t >0,z €09,
[Et, z) x V' (2)] = 6(t,z), [H(t,z) x v (2)] = x(t,x), t>0,z€T,
E(0,z) = Eg(x), H(0,z) = Ho(x), x € Qy,

for which this approach is no longer viable. This occurs in particular for quasilinear problems
considered in Chapter 4, where the coefficients ¢(E) and p(H) depend on the fields. Fur-
thermore, establishing well-posedness in this context, as done in [56], is significantly more
complex.

In order to obtain solutions of higher regularity we will approximate the data and coefficients
by more regular ones. A major obstacle with this approach is that the initial values of a
Maxwell system must satisfy specific compatibility conditions depending on the regularity level,
see Definition 3.1.2, which the approximations must also preserve. We therefore adjust the
initial data of an approximating sequence to satisfy the compatibility conditions in Lemma ?7.
Then, the well-posedness theory from Theorem 3.1 in [56] yields solutions with additional
regularity, but the a-priori estimate given there does not guarantee convergence in the right
norm, as outlined at the beginning of Section 3.3. Therefore, to establish the convergence, we
first use a mollification argument to show the convergence of the highest-order time derivatives.
We then extend this result to the full space-time-norm by employing a div-curl estimate from
[10] and [17].

3.1. PROBLEM SETTING AND COMPATIBILITY CONDITIONS

Let m, k € Ny with m < k. In the following, we allow for an interface I such that 9Q N T = (),
splitting © into two disjoint sets v and w with 0Q C dw. Let w have a C*+1-boundary.
In view of (3.1) we consider the non-autonomous, anisotropic Maxwell system

O (a(t,x)u(t,x)) = curlv(t,z) — 6 (¢, x)u(t, z) — f(t,x),
O (B(t,x)v(t,x)) = —curlu(t,x) — p(t, z)v(t,x) — g(t, x), 20,z €, (3:2)
u(t,z) x v(z) = h(t, z), t >0,z € 09, (3.3)
[u(t,z) x vV (2)] = 6(t,z), [ut,z) xv'(2)] = »(t,z), t>0,z€el, (3.4)
u(0,2) = up(z), v(0,z)=vo(x), x € Qy, (3.5)

where [f] = trg, f — tro, f denotes the jump across the interface. We may also include
a (purely mathematical) magnetic conductivity p. For energy estimates it is favorable to
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commute « and 3 with 0y, which yields a symmetric, hyperbolic system. In this setting the
well-posedness theory has been established in [56]. We thus rewrite the above system as

a(t, z)du(t, x) = curlo(t, ) — o t, z)u(t, z) — f(t, ), t>0,x€Qy, (3.6)

ﬁ(t x)O(t,x) = —curlu(t x) — p(t,x)v(t,x) — g(t, z),
,x) X v(z) = h(t, z), t>0,2€d90 (3.7
[w ( ) ()] = m( z), [o(t,z) x vl (2)] = x(t, x), t>0,z€el, (3.8)
(0737 - U()( ), ( ) x)? x € Oy, (3~9)

where
U:5+at05 and p:ﬁ+8tﬁ (310)
We use the spaces
¢l = ﬁ 7 ([0, 7], HL(2,RE))
§=0

Cf; = {A€C€|A(t)277forallt€[O,T]}, for £ € Ny,

o
[Allee = [|1Allce = sup [0, A(t)l] s
j=0,...£ r
te[0,T]
The coefficients are required to satisfy
a, B € C,T for somen >0 and o,peC™, (3.11)

with m = max{m, 3}, cf. Chapter 2 in [56]. Now in view of (3.10) we additionally assume
that
Ora, O3 € cm (312)

with m = max{m, 2}. The latter we use to control error terms when estimating the divergence
of au and Pv in the proof of the convergence of the approximation by means of a div-curl
lemma, see (3.41). Note that for m < 2, i.e. m = 3 and 7 = 2, condition (3.11) already
implies (3.12). In Remark 3.3.6 we discuss the application of our results to a time-derived,
quasilinear system in the context of condition (3.12). We further assume

frge H™([0,T] x Q1), heT™09), k,>ecJ™T), and wug,vg€ H(Q), (3.13)
where the space of spatial traces
T™(09) = trp oo G, J™I) =[Gt x 1],

are subsets of E™(Z) = ﬂg-”ZOHJ([O,T],HmH/Q*j(E)), for = € {0Q,T'}, see [56] and [59],
allowing us to extend h, k, s to the interior as functions h°, k°, »° in Q’F”H. These spaces
naturally occur, when considering tangential derivatives of solutions to the Maxwell system
with homogeneous boundary and interface conditions as in Section 4.5 below.

Remark 3.1.1. a) Note that the coefficients o, § € C;” satisfy

alz, Blz, olz. plz €{A € WH([0,T] x £)**3:
0“A € L>([0,T], L*(Z)) for all o € N} with 1 < |a| < m}

for 2 € {v,w} and that «, 8 are uniformly positive definite. Hence, we may apply the local
well-posedness result from Theorem 3.1 in [56] to our system (3.6) above.

b) By extending the coefficients, using the usual construction of Theorem 5.19 in [1] in time,
and a mollification argument, one can show that the space C*°([0, 7] x Qi,Rg’erg) is dense in

C™=1(]0,T), H J L(Q,R3%3)). Thus, we can approximate our coefficients smoothly, see (App).

sym
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Assume for a moment that we have a solution (u,v) € Gi*([0,T]) of (3.6) satisfying the
boundary and interface conditions

trioqu(t) =h, [u®)xv']=rx [ot)x '] =2,

for all ¢ > 0. Since the trace tr; go and the interface jump [- x VF]] act only on spatial variables,
they commute with 9] for i < m resulting in

try o0 Oju(t) = O, [Ou(t) x V'] = Oik, [Ojv(t) x V'] = O}s.
Now, the system (3.6) relates time derivatives to spatial derivatives yielding the conditions

tre 00 (8:71 (a_l(curlv —ou — f))) = afh,
[oi! (a_l(curlv —ou — f)) x V] = Ok,
[oi" (ﬂfl(— curlu — pv — g)) x V] = 0,

for 1 <i < m. By applying (3.6) again we can recursively translate these conditions on the
time derivatives into conditions on the spatial derivatives of (u,v). In particular, they have to
hold at ¢ = 0, i.e., the initial values ug,vg € H{"(€2) of a solution (u,v) € G to (3.6)—(3.9)
must satisfy additional compatibility conditions.

The compatibility conditions of order m are then defined as follows, see Equation (2.6) in
[56]. As usual the sum from 1 to 0 is empty.

Definition 3.1.2 (Compatibility Condition of order m). Let (u(),v()) = (uo,v0) €
HP' (). For 1 <i < m, we define u;), vy by recursively differentiating the system att =0,
obtaining

UGy = a(0)™! <curl V(1) — 0(0)ug_1) — a1 £(0)

i—1 /.
-> (l ; 1) ((3504)(0)71(1'4) + 850(0)1@(1.714)) >7
=1

4
<
S
=

5(0)1< —curlug_1y — p(0)v—1) — 0 1g(0)

i1/,
- (Z / 1) ((355)(0)0(14) + 8fp(0)v(l-714)) )
=1

Then, the compatibility conditions of order m are given by
tr o0 uE) = o', [ug x W) =0k and vy x ) = 0ix fori <m, (3.14)

which we denote by (CCu .0.p.t.9.hx,5m) = (CCm). The compatibility conditions (CCy) of
order zero do not require any conditions.

Note that the compatibility conditions (C'Cy,) are conditions on the time derivatives up
to order m — 1. Hence, the traces in (3.14) are well-defined in H'/2. Theorem 3.1 and the
comment after (1.7) in [56] then provide the following well-posedness result and a-priori
estimate.
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Proposition 3.1.3. Letn >0, m, k € Ny with m+2 < k and Q as above. Fiz T,r > 0. Take
coefficients (o, 8, 0, p) satisfying (3.11) with ||(o, 8,0, p)||om < 7, and data (ug,vo), (h, kK, >)
and (f,g) satisfying (3.13). Let (ug,vo) fulfill the compatibility conditions (CCy,). Then the
system (3.6)—(3.9) has a unique solution (u,v) € Gi*([0,T7), such that

w02 < Crir (o, w0) e + 1 CF 9oy + 1oy + 105, 2) ey ) -
(3.15)
for a constant C. 7 > 0 depending on r and T', but not on ug, vy, f,g or h, K, ».

3.2. APPROXIMATION OF DATA

We first show that we can always approximate first-order compatibility conditions. These are
much simpler than higher order compatibility conditions, since they do not involve derivatives
of other fields.

Lemma 3.2.1. Let m,a € Ny with m+a <k, h € T"%(9Q), and K, € J"T%T). Then
the set

H g2, () = { (u,v) € HEF(Q) | try g0 u = h, [[(u v yf)]] = (5,0)}
is dense in L*(Q) as well as in

H'ce, () = {(u, v) € HI'Y(Q) | try oo u = h, H(u x VY, v X I/F)]] = (k, %)}

This means that we can approximate adding or preserving the compatibility condition of
first-order.

Proof. We first extend (h, k) and (0, 5) to functions W% W € H™"%(w) satisfying
tr,p (WY, W") = (k,2) and tr go(W", W") = (h,0)

simultaneously by using cutoffs xz € C*(w), for E € {I',0Q}, such that xz|z = 1 and
supp xr MNsupp Xgn = () and setting

W = xgoh° + xprr® and WY = xpx°. (3.16)

We then extend W* and W by 0 to v and denote the extensions also by W¥ W € H" ().
The density in L? is then clear since (W*, W) + C°(€2y) is dense in L*(Q4) = L?(Q).

Next, we want to approximate (u,v) € Hf'ce, (€2) by (un,vn) € H™ () satisfying the
compatibility condition of order 1, namely

try.00(un) = h, [[(un T oy X VF)]] = (k, %). (3.17)

For the construction of these maps, we choose (u¥,v?) € H™"%(v) such that (ul,vY) — (u,v)
in H™(v) and set

(una Un)|v = (u;}m ’U;;)

We next approximate (u,v) in H™(w) by (u¥,v%) € H™"%(w). Now we have to adjust the

trace terms in order to satisfy the compatibility conditions. The map

(tre 00 (usy) — h,0), on 01,
Cp =
trer ((ug,vy)) — trer ((ug, o)) + (K, %), on Ov,

ny “n n’ -n
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then belongs to (H™+e~1/ 2(8w))6. Applying the extension operator R componentwise, we
then define

(Un, vn)|w = (uy, vyy) — Rey.

Clearly, (un,v,) € H{** satisfies the compatibility condition (3.17). Since (u,v) satisfies the
compatibility conditions by definition, we have tr; s u = h and tr; g, (u, v) — try g, (u, v) =
(K, 7). Substituting these into our bound for ¢, allows us to split the jump difference back
into the separate domain errors. So, we can estimate

1(w; 0) = (un, v ||

< 1 Cus 0) = (s vp) | m (o + 11 (5 0) = (s ) | o0

+ [ Beall prm )
< H(u U) (umvn)HHm(v) + H(U,’U) (unvvn HHm(w)
+ [ltreoq (un) = hll grm-1/2(90)

(u
+ Htrt Ow (un Un) - trt,av (U’TL?vn) + (H %)HHm*l/?(au)
= [l v) = (g vl g oy + (w5 0) = (Ui, V)] g )
+ [[tre.00 (
+ Htrt 8w(
S; H(u7 U) - (umv:“)L)HHm(u) + H(u,v) (unvvn)HHW(w)
—0 asn— oc. ]

w
u'fl

- u)HHm*l/?(aQ)
’U;zu) - trt,(’?w(u7 U) + try 81}(“ U) - trt,c’)v ( n) n)”Hm 1/2(9v)

w
un

Remark 3.2.2. For a given solution (u,v) of (3.6)—(3.9) in G2([0,T7), sequences (fn,gn) €
HY([0,T] x Q1) such that (f,, gn) — (f,g) in L2([0, T] x Q) and h,, € T*(09Q), (kn, 2,) € J(T)
such that h, — h in T°(0Q) and (kn,2,) — (k,3) in J°(T'), Lemma 3.2.1 allows us to
approximate its initial values (ug,vo) € L*(Q) by (uon,,, von,) in Hll,ccl (Q) with respect to
(hny By 520).

By the a-priori estimate (3.15), the corresponding diagonal sequence of solutions (uy,,, vn, ) €
GL([0,T]) of (3.6)—(3.9) converge to (u,v) in G2([0,T7).

This result can be used to justify energy equalities for QIQ solutions to the Maxwell system
with homogeneous boundary and interface data.

Lemma 3.2.3 (Energy Equality). Let (u,v) € G([0,T]) be a solution to (3.6)—(3.9), where
here we only assume «, 3 € C;ﬁ for some n >0, o,p € C™ and (3.13) with h = k = 3 = 0.
The solution then satisfies the energy equality

3 [ (a@u®) -ty + 560t o) da+ [ [ ourut po-vzdr
=5 /Q (a(s)u(s) “u(s) + Bls)u(s) - vls) ) da
+/St/Q(;atau-u+éatﬁv-v—f-u—g-v)dﬂde

for0<s<t<T.

Proof. As in Remark 3.2.2 we choose f,,g, € H([0,T] x Q4), and ugn,von € HE(S),
satisfying the compatibility conditions of order 1, such that the corresponding solution
(tn,vn) € GA([0,T]) of (3.6)—(3.9) converges to (u,v) in L*([0,T] x Q) as n — oo.
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This allows us to differentiate in time and apply integration by parts, leading to

1

% 5 /Q (a(t)un(t) - un(t) + BE)un(t) - va(t)) da
= / ( Orotly, * Uy, + %atﬁvn U + aOiuy - Uy + BOruy, - Un) dz
= / ataun Uy + %atﬁvn <y + (curlvy, — oup — fp) - up + (—curluy, — pv, — gn) - vn) dz
= /Q Qataun S Up + %at/BfUn “Up — fnUn — Gn *Up — OUp * Up — PUR Un) dz.

Note that the boundary terms cancel because of (3.7) and (3.8) with h = k = 5 = 0. It
follows that

2/ un,(t) - un(t) + B(t)vn(t) - v, (t) dx—i—// OlUp * Uy + PO, - Uy) dzdT
=5 | (a()un(s) (o) + B(vals) - vus)) do
—i—/S/Q %ataun~un+ %(%,B%Jt)n — fnun —gn-vn) drdr.

Now letting n — oo we obtain the result by Remark 3.2.2. 0

In view of Remark 3.2.2, we assume that m > 1 in the following. In order to obtain solutions
of higher regularity than m, we need additional regularity the coefficients and inhomogeneities,
so that the coefficients also have to be approximated. These functions exists by Remark 3.1.1.
They also enter the compatibility conditions of the approximation.

We choose (an, B, on, pn) € C ([0,T] x Qi,ngXn%) (e x e x em x cm)
with a,, = «, B, — [ in C™, 8& — Oy, Of, — 0B in C™, 0, — o, and p, — p
in Cﬁz’ (fnagn) S COO([OvT] X Q:I:) With Jn—=>f 90— gin Hm([O,T] X Q:I:)' Fur-

(App) thermore, we approximate the g L_extensions h°, k° and »° by smooth functions
hS, k2, 22 € C=([0,T] x Qx) in G We set hy, = troq hS € C([0,T] x 99Q).

Then hy,, — hin E™(9R). Similarly, we set k,, = [k3], 50, = [2] € C*°([0,T]xT)
such that (kp, 2,) = (K, 2) in E™(T).

In a core step, we start from fields (ug,vy) which satisfy the m-th order compatibility
condition up to an error of size r. The next lemma then provides fields fulfilling the (m +a)-th
order compatibility condition whose distance to (ug,vg) in H" is less than Cr.

Proposition 3.2.4. Let a € Ng, m > 1 with m+a < k and r > 0. Let (u ?é”)p, (aé’)p) =
(up,vp) € Hlf”ggl(ﬂ), and set recursively

uzlsp = a,(0)7! (curl vépfl) - Un(O)u?ffl) — 011 £,(0)
S (1) (oo, + @fonom, ) )
=\ t O )(0)0Zg) F (01 an)(0)u 21y
— ﬁn(0)1< — curl u(Z 3 pn(O)v&pfl) — 1f_lgn(O)

- Z < ) ( 85,371)( Jv appg) + (8tpn)( Jv Elzppl—f)> >’
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for 1 < i <m. Assume that (ug,vo) satisfy the compatibility conditions of order m approxi-
mately, i.e.,

Htrt o0 U( ) 87& n(0 )H <

Hm—i—1/2(aﬂ)

H[[u?sp x V1] — 83/%(0)“ <r and H[[Uél)’p x V] — 8,?%71(0)“ <r,

Hmfifl/Z(F)
(3.18)

for 0 < i < m. Then, there exists a constant C > 0, independent of r, and functions
(U6n+a U6n+a) € HIT*n+a(Q) SG,tZSfy’I/TLg (Ccanaﬂnva'napn7f7z7gnahn7’€nv%'n1m+a) SUCh that

Hm7i71/2(1")

(0, v0) — (g, o)

<Cr. (3.19)
Hp
For a given r > 0 the condition (3.18) can be satisfied when approximating coefficients and
initial data satisfying the compatibility condition of order m as in (App) for large n and then
applying Lemma 3.2.1.

Proof of Proposition 3.2.4. We proceed iteratively over the order j of the compatibility con-
dition from 0 to m. The cases m + 7 (for 0 < j < a) require a different argument at the
end. o
1) Assume that for some 0 < j < m, the pair (uj,v}) € HT%(Q) satisfies the exact
compatibility condition (C'C}) and the estimate ||(uo, vo) — (u%, vé)” am (@) < Cr. We construct
( {)H !’ +1) that fulfill the condition of order j + 1, while preserving the conditions of order k
for k < j by adding a correction term (¢, d?) € Hm“‘( ) N Hi(w) (and 0 on v) to (ud, v)).
Set (up™,vg ™) = (uh, v) + (¢, di)- .

We ﬁrst want to study the effect of adding (¢}, &) € H™(w) N H(w). We will choose it
explicitly later on. For ¢ < j the compatibility conditions

tr 00 u() = 0!hy(0), [[u{j)rl X I/Fﬂ = 0!k, (0) and [[vgj)rl X IJF]] = 0!,(0)

only depend on the traces of derivatives of order < i of (u)"™*, v} ™). The fields (¢} d%) € Hé(w)

)
do not influence these traces for ¢ < j. So, we obtain trt’:( %;)”1, vfz)rl) = trtg(u(i),v(i)) for

=€ {09,0wnQ,0v} and i < j. | |
The j-th compatibility condition of (CCj1) for UiJJSl imposes on curl Ug;L—ll) the identity
[ut 5] L o) = [lon@ enntef) o] L1

J+1 )
with I? =IY (“9“) = 0 1 (0) + |lan(0)_1<cr (Oyuf; ) + 0] fa(0)
Ch)

-1 /.
j—1 - .
+ ( , ) ((3fan)(0)u{;r_1@ + (Gfan)(())uz;r_ll_é))> y VF]]'
=1
Likewise, the compatibility condition for U{j)l requires the equation
. . ) 4 -
[[%f)l X VFH = 0! 5,(0) = ﬂ(ﬁn(o) lcurluzjjl)) % VFH L

J+1 _ , A

=1/, '
3 (y E 1) (@8O + (afpnxong;_ll_@)) 3 me'
=1
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At the outer boundary we obtain

! v
tre 00 u(]) = 3]h (0) <= trion (an(O) curlvarl )) = B;

J+1 ) . .
with BY = BY (“9 +1> = 0 hn(0) + tre o0 <an(0)_1 <an(o)ugj+_11) + 07 f,(0)
o

j-1 /. . ,
+ ; (j i 1) ((atéan)(o)u@__lg) + (85071)(0)“@__11_4)) ))

Note that the right-hand sides BY, I}*, and I} do not depend on (07 ) d%) since the traces of
(u%;)rl, vf ;1) for ¢ < j appearing thereln remain unaffected by the correction. So, to summarize

we have to choose (cg), dé) € Hg( ) such that

tre 00 (ozn(O)_1 curl v/ ! ) L Bf(ug,vé),

(-1
U G
[(an(0)~! curl v(J 1)) x VN = I (uh, 0]), (3.20)
[(Ba(0) " curluf ) x 1] = 1Y (ud, v)).

Let us take a closer look at the dependence of the left-hand side on (cé, dg)). Recalling the

iterative Definition 3.1.2 of (u{;r_ll), ?;rll)) we realize that

an(0)~tcurlv! ) e e
<ﬁn(0) Curlu%%dl;):Pj(gﬂ + R ?+1 (3.21)

where the principal part is given for even j by

it o (2 (T2, 1(0) curl B 1(0) curl)u
e = (‘(Hg/iﬁnl(())curlanl(O)curl)v

and for odd j

i}l)ﬂa;l (0) curl 8, 1(0) curl)a;, 1(0) curl U)
jf .

(
Pj , — 1(] 1)/2 ?
) = CU T (072571 0) w1 (0) curt) 3, 0) curt

The point being that the principal part P7 is just a composition of curls and matrices, whereas

the remamdeify( J+1, 6“) R (u}) g+t j+1, . ,Dj*1u6+1, Dj*1v6+1) only depends in lower
J o .

order on (Z?H). (Note that the remainder also depends on (fy, gn).) Since (¢, d}) € H} (),
0

the trace thus satisfies
troz R (up ™ 0g ) =tz B (uf + ¢, v + dy) = triz B (ug, )

for = € {09, 0w, Ov}. Therefore, the linearity of P/ and (3.21) for j imply
o (0)~t curl v/ , o
tr ( LD s (P ) B o)

-1 J
ap(0)~F curl v('j_1)>

=trz (PI(c), &) + tr.=
rt"( (co, 0)) tire <5n(0)_1 Curluzj_l)
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Thus, the compatibility condition (3.20) becomes

tre o0 (Pj(cg), d%))u = Bj (up, ) — tre,00 (Ozn(O)_l curl Ugj_l)) = 0/ hn(0) — tre oo uj;),

(3.22)

(Pl dl) x 1] I <I}’(ué,va) — [[(an(O)_l1 curlvfj_l)) X 1/?]]) _ (8{/@1(0) — [[uij) X yi]]) ,
I (up, vh) — [(8n(0)~ curl u]jil)) x v 0 5,(0) — Wj) x v
where (-), denotes the first three components corresponding to the compatibility condition on
tr: 90 u%;;l
Moreover, by Lemma 3.2.5 below, the (full) trace of the principal part is given by

(d oy (TE_| T, 0 1— tr(8c)
_(pi0)) = (=2l (M=t T v
"= ( (d%>> - 0 I Teo) \ =7 1=7) \@(0)dy))’

where v = j mod 2, T¢, 4, Tg, » are given by (3.26), and (;, & € {a;,1(0), 8,1(0)} are smooth,
tr(9cp)
(93 dp)
tangential trace in the equality above. For this, note that the linear map

U ; try= 0 W_, T, o 0 _ U
e (1) = 00 () (0 ) (5 (1)

is invertible on the tangential plane for each x € E for Z € {02, 0w N Q} since the matrices ¢;
and &; are positive definite. Let us denote the inverse on the tangential plane as

A7 @) (@) = () cre.

uniformly positive definite matrices. We want to solve for ( > after taking the

Furthermore, the matrices ¢; and & are smooth and the normal lies in C*(dw) because of
Ow € C*1. Thus, A7 boundedly maps {w € HY(0w) | w-v = w - vT = 0} into itself for
Ce[l,k]. o

Hence, when setting (), d})|, = 0 the compatibility condition in (3.22) is satisfied if and
only if

I AN ') ) (0)—trtaguj<
t veo | = gl Tt ; (4)
fon (a;dg) T ( 0 ’

trowno 8’1’67 T 8{nn(0)—ﬂuzj)><yr]]
“rt\aid) T\ (0) = vl x V1)

(3.23)

where the minus sign in the second equality stems from the definition of [-] = trg, — tra,.
As 0w € C*+1 by Theorem 1.5.1.2 in [28] the map
T Hm—i—a(w) — HZZOHm+Q_S_1/2(aW);

, (3.24)
u = (tru, tr(Oyu), ... tr(du))

is surjective with continuous right inverse 7°_1. Such an inverse can be explicitly constructed,
see for example the proof of Lemma 3.36 and Theorem 3.37 in [41]. One can then show that

J
S D 1635w | grmera-s—1/2-¢ () »
s=0

HT_l(tr u, tr(dyu), . . ., tr(diu)) H

H'm+a7€ (w)
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for £ € {0,...,m +a—j —1}. Hence, we find ¢}, d) € H™ %(w) N Hj(w) satisfying (3.23).
Then, (u} J+1 8“) (uh + cb, v + d)) in turn fulfill (3.20). Moreover, the estimates above,
(3.23), and the usual Sobolev trace theorem yield

(g™ o ) < (s @) m @) + [l (uo, v0) = (uh, o)l o)

< lltr (<, dJ)HHm*jfl/?(Bw) + [[(uo, vo) = (ug, v9) | g ()

< H[[ x Vol x )] = (9] kn(0), 0] 54,(0))

(| (w0, vo) —

(4) HHm—j—1/2(r)
+ ||t1"tu — 0y (0 M grm—i-1/2(90) + I(w0, v0) = (ugs )| e (@)

< H[[ app X U ,vé")p X VF)]] — (8gmn(0),3g%n(0))"

+me 0 B ()| gpm—i-1/2(900) + I (0, v0) = (1, vl e 2y
<Cr, (3.25)

Hm—jfl/E(F)

where we also used the assumption and induction hypothesis.
Iteratively, this allows us to construct

m— 1
(ug',v5") = (uo, vo) + Hera(Q),
le

satisfying the compatibility condition (C'C,,) of order m and (3.19).

2) In order to pass to (CCpyia), for a > 0, we can construct (é7+H*=1 @m+e=1y correcting the

compatibility condition iteratively as above. However, we cannot control the norm through
the (approximate) compatibility condition of (ug,vg) as in (3.25) before. Instead, we rely
on a scaling argument in this case. In the following we let the a = 1 in the compatibility
condition, i.e., we show how to obtain (CCp,+1). We will only focus on &' as the argument
for df* follows similarly.

We take a covering {U;}M of w and coordinate charts {(U;, ¥;)}*, at the boundary of w
such that (VPP UND) Nw C UM U;, O,(U; Nw) = V;NRE and ¥;(U; N dw) = V; N {y € R? |
y3 = 0} for « > 1. Here

NE = {z € Q| dist(z,E) < b}

denotes collars of width b > 0 around ZE € {09Q,'}. Let ¢; be a partition of unity subordinate
to {UZ ’i:O,...,M}.
Let 6 € (0,1). Fori =1,..., M, let

(G (T (y), foryeV;

3 3
pi: Ry — R p-(y)¢={
' * ' 07 fOI‘y¢V;',

denote the local pushforward of ¢;¢;' extended by zero. We use the scaling matrix S5 =
5 M
o (x) = 8"y pi (S5Wi(x),  wEw,

100
010 and set
005
i=1

where p;(S5¥;(z)) is understood to be 0 for = ¢ U;. Thus, by substitution

W|mm<2/ (v 2)] ay
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M

=S [l sdu
: R3
i=1 +

S e 220

Likewise, for the Sobolev norm of order m, we consider derivatives D with |a| < m. The
dominant terms in ¢ arise from the normal derivatives 8£3 where / = a3 < m. Namely, for
a=(d/,0) with £ € {1,...,m}, we get

1D 2 <Z/

—252(’” 0 / |(D%;)(w)]? 6 du

< 052(m £) +1”

2
dy

55 05 ohp) (v )

for some constant C' > 0. Since ¢ < m, the exponent 2(m —¢) +1 is larger or equal to 1. Thus,

for 6 — 0 we have ||cgl’5|] Hm(w) — 0. Without loss of generality we may therefore assume that

2

ol

Note that the m-th order normal derivative at Ow = 9 U I' is unaffected by the scal-
ing. To see this, let us consider the partial derivatives of order m. The derivatives of

[¢6" M| zrm () < 7 by choosing ¢f" = co” % with § ==

() (‘11;1 (S(;\I'i(:c))) involving derivatives of & of order strictly less than m vanish on Jw,
since &' € H"(w). Hence, for |a| =

M
Doy (x) = 6™ ¢ (x)D* (66” (‘Ifz-_l (55‘1%'(90))))
=1

on Ow. In the following we are thus only interested in terms where ‘all derivatives fall upon
ém?

0 .
Let ps; be the scaled function in local coordinates, i.e.,

poi: R3 =R psi(y) = 6™pi(Ssy).

Note that by the chain rule applied to the m-th derivative, only the normal derivatives (in local
coordinates) scale with 6! by the definition of Ss. Specifically, on the boundary {y3 = 0}

Opsin) =" (5) @) = (O )

By the chain rule we get

M

Dcf’ (x) Zm@ i D) =3 (Byepsi)ly—wi(x) (V(Ti)3) T on
=1

since ps,il{y,—0} = 0 and hence Dps; = (0 | 0 | 9ysps,:) on {ys = 0}. Here ()3 denotes the
third component. Thus, for xz € dw

M
auey(2) = (v - Ve (@) = D (v V(¥4)3) (Dys060) ly=ws ()

=1
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i.e., the normal derivative corresponds to 0y, in local coordinates times the factor (v - V(¥;)s3)
depending on the chart. (Since dw NU; = {z € U; | (¥;(x))3 = 0} the gradient V(¥;)3 is
normal to dw.) Similarly, for the m-th derivative we obtain

M

ey (@) = D (v V(Wi)3)™ (052psi) ly=w,(2)
i=1

M

=Y ¢i(x)(v-V(¥;)3) O (66” (‘PZ ' (y))) ly=i(a)
=1

= 9men(z).

Note that here we can again neglect terms where derivatives fall upon ¢;(x)(v - V(¥;)3) and
also that Dﬁp57i|{y3:0} =0 for |3| < m — 1 because &' € Hj"(w).
For dJ* we repeat the same argument as for ¢f'. Thus, (ug™, o) = (u',v") +

(cgt, dy) satisfies (C'Ca,, 8,,00.0m.Fngn b kin,snm+1)- 1terating this procedure for 7 < a yields

m+a , m+a : :
(UO ’UO ) Satleylng (CCanyﬁn7Unypn7fn7gn,hn7’<‘nyﬂnym+a)' D

We used the following lemma in the proof above.

Lemma 3.2.5 (Simplification of (acurl)™ for vanishing traces). Let m € N and let
a; € C®(w; R3X3) be positive definite matrices. Let u € (H™ 1 (w) N HY' (w))3. Define the

sym
operator Liyu == a;(curlu). Then

tr(ILY Liw) = (I Ty, 2) tr(0,) u) on Jw,
where Ty, 52 R3 — R3 is the linear map defined for x € dw by
Toiw(8) = ai(x)(v(z) X §). (3.26)

Proof. 1) We first consider the case m = 1. Let u € (H?(w) N H}(w))? and let u, € C*°(w)3
with tru, = 0 approximating v in H?(w). Since tru, = 0, the gradient runs orthogonal to
Ow, i.e.,

0j(un)k = (V(un)k)j = (v - V(un)k)vj for j, k € {1,2,3}.

By approximation this equality also holds for u. The curl now becomes
(curlw); = €;105ur = €,V (v - Vug) = (v x dyu);,
where €, for i, j, k € {1,2,3} denotes the Levi-Civita symbol. Thus,
tr(ay curlu) = Ty, z0pu.

2) Now let us consider the general case u € H™' N H". We aim to compute the trace of
7™, Liu = ™ (o curl)u. For u € HJ*(w) the normal derivatives up to order m — 1 are zero

O ulp, =0 for £=0,1,...,m—1.

By the product rule
", Liu = P™u+ R(u, Du,...,D™ 1u),

where P™ is the principal part of II2;L; and R is a linear lower order differential operator.
Since u € HJ*(w) the remainder R(u, Du, ..., D™ !u) vanishes on dw.
So, an iteration of Step 1) yields

tr(IG2 Liw) = T, 2 (00 (T 1,000 (... Tay 2(0pu) .. .)))).
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Moreover, the commutator [0,, Ty, .| results in lower order terms, which again vanish on the
boundary, i.e.,

aV(Tcw,ww) = (3uTai,x)¢ + Tamt(aﬂ/)) = Tamx(auw)-

Thus, we commute all normal derivatives to the right obtaining

tr(Il% Liv) = (T, 2 © - ©Tay 2)0)'u  on dw. O

3.3. CONVERGENCE RESULT

Based on the previous section, we will work in the following setting:

Let a € No, m € N with m + 2+ a < k. Let (u,v) € Gf* be a solution
to (3.6)—(3.9) with initial values (up,vg) and coefficients satisfying (3.11) —
(3.13). We approximate our coefficients as in (App). By Lemma 3.2.1 and
Proposition 3.2.4 we may choose initial values (ugl;r “,vg?;[ “) € H{'H(Q) sat-
isfying (CCu,, 8,000, frnsgn hnsin,n,m+a) CONVerging to the original initial data

(uo,v0) € HP(2). We denote the corresponding solutions by (uy,v,) € QIQH“.

(Ha)

We want to show the convergence to our original solution (u,v) in Gf*. Unfortunately,
considering the difference between the approximate solution and the exact solution

U=u,—u and V:i=v,—v
leads to the system

adlU = curlV — U — §,

t>0,x € Qqy,

BV = —curlU — pV — g,, - =
Uxv=h,—h, t>0,x €01,
[Ux '] =kn—r, [Vxv]=5,—2, t>0,zel,

U(0) = uom —uo, V(0) = von — vo, z € Q.
The inhomogeneities f,, and g, lie in L2(0,T; L?(Q)3) and are given by

fﬂ = (fn - f) - (Oé - an)atun + (U - Un)un,
On = (gn — 9) — (B — Bn)0rvn + (p — pn)vn.

In this direct approach the terms (a — ay,)0iu, and (8 — B,)0v, cause trouble. While the
difference of the coefficients vanishes in the right norm, one lacks control over the time
derivative. However, the a-priori estimate (3.15) at least yields convergence in g{?—l.

To obtain Gf'-convergence, we first mollify the original solution in time direction. This
allows us to show that the time derivatives converge. Afterwards, we inductively reduce the
convergence of spatial norms to the temporal ones using a div-curl lemma, see Theorem A.2.2,
and the Maxwell system.

Definition 3.3.1 (Mollifier). In the following, let -(t) = 1n (L) for the usual mollifier

€

1 <
0= {emlet). us:

0, [t] > 1,

where C' > 0 is chosen such that [pn(t)dt = 1. Let (u)e == u 1. denote the mollification in
time.
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We will need the following elementary mollification result later on.

Lemma 3.3.2. Let T > 0, g9 > 0, u € C([—e0,T + e0); L*()?) and o € C([—&0, T +
eo); HE(Q,R3%3)). Then,

sym
O(au)e — adyus — (Ora)u  in C([0,T7; Lz(Q)?’),
fore <eg and e — 0.

Proof. In the following, let ¢ < 9. Let M.(t) = Oi(au):(t) — a(t)d:u-(t). Expanding the
convolutions and applying the change of variables 7 = £=2, the commutator evaluated at time

g
t € [0,T] is given by

u(t —er)n' (1) dr.

M.(t) = /1 alt—er) — at)

—1 9

We rewrite the limit as
Bra(tyu(t) = —dyalt)ult) / (7) dr
and consider the difference
M (t) — (Ora(t))u(t) = Li(t,e) + Lt e),

where

o) = [ 11 [O‘(t s U rora(t)| u(t ~ er)i(r) dr,

1
Lt ) = — / ot (ult — er) — u(t)) () dr.

~1
Since o € C([—e0, T + €o]; L°°(£2)3*3) by the Sobolev embeddings, we see that

alt —et) — aft)

+ T0a(t) — 0,

L(9)

sup
t€[0,7),7€[—1,1]

sup [u(t —eT) —u(®)||z2() — 0,
t€[0,7],7€[-1,1]

for ¢ — 0. Hence,

sup I(t,e), sup Ix(t,e) =0 fore — 0
te[0,7 te[0,7

and the claim follows. O
Recall that the Gi* norm is given by
m .
lullge oy == sup S NFuOl s
tE[O,T =0 r
We first focus on the highest time derivative, i.e., sup;cio 71/10"u(t)| 12 (q)-

Lemma 3.3.3 (Convergence of Time Derivatives). Let (H,) hold. Then,

Ji sup (10" un(6) = O u(®) 130y + 108" en(0) = 00D 120y ) = 0
€ )
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Proof. 1) In order to apply a mollifier on [0,7], we continuously extend the coefficients
a, ay, B, By € CZ;", 0,0, Py P € C™, f, fry Gy gn € H™([0,T] x Q4), and the extensions of the
boundary and interface data h°, hy, k°, K, , °, s, € QITH to a slightly larger time interval
[—€0,T + €0] by the usual extension operator as in Theorem 5.19 in [1]. Theorem 3.1 in [56]
then provides extensions of the solutions (u,v), (un,v,) in G([0, T) respectively G ([0, T))
to G ([—eo, T +€o)) respectively Gi*+*([—eg, T + £o]). From now on, we denote the extensions
by the same letters.

Let U,, = 0]"up, Vy, == 0"vy and U := 0*u, V = 0;"v denote the highest-order time
derivatives. We mollify U,, on [0,T], yielding U, 5 = (Uy)s for 0 < 0 < gg. Likewise, we
mollify U on [0,7] and obtain U, = (U). for 0 < € < g¢. (For the approximating sequence
this has to be done to include the case of a = 0. Otherwise, the proof simplifies and only
requires the mollification of (U, V). Regardless, the additional arguments are quite similar to
that case.)

We define the differences D} 5 = U, s — U. and D;’L se = Vns — Ve, and set

n,d,e

1
67?75,6(15) = E/Q (Dz,é,e ’ anDZ,(S,e + D:’]L,(S,e : 6TLD71’]L,6,6) dz.

Moreover, as in (3.16) there exist extensions (W2, W) and (W*, W?) in Gf**! matching
the data simultaneously, i.e.,

W' xv="h on 09, [[WuXVF]]ZHZ, [[I/V”xyr]]:%7
WY x v =h, on 0%, [We x '] = k,, and [WP x V1] = s,.

Because the extensions lie in g{f‘“, their m-th time derivatives inherently belong to H{(2) C
H(curl, Q) with the (m + 1)-th time derivatives in L?(£2). Furthermore,

sup O Wy — o'W +orwy — oW
te[—eo,T+e0] (H ! ¢ ”H%(Q) H t t HH%(Q))

S (ki = 1%,k = ks 55, = 3% [ gmar = 0
for n — oo.
Let B 5. = (07'Wy)s — (Of"W")e and E} 5 = (0]"W})s — (9"W").. We define the
shifted differences
Dt s = Dl — B

n,0,e n,0,e

U N oYl
and Dn@E =D

v
n,0,e n,0,e7

which by construction satisfy homogeneous boundary and jump conditions, allowing us to
integrate by parts.
We set the shifted energy

1 . . . .
-D .
€nd.e (t) = 5 /Q ( 71;,6,5 ’ O‘nDTI:,d,a + D:]z,(s,s : ﬁnDZ,é,e) dx.

Applying the time derivative in the classical sense yields
d ~D U U v v
&en,é,e(t) = (Dn,é,a canO Dy s .+ Dy se - /BnatDn,é,e) dx
@ (3.27)

1 ~ ~ N s
by [ (s @an)Dis. + Dy - (46D da

In the following, we will only consider u and wu,, since the calculations for v and v,, are
done similarly. We intend to apply a Gronwall argument to (3.27). For this, we first expand

anat[); 5. = oznﬁtDi 5e oznatE}i s tO substitute expressions for the time derivatives.
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The (m — 1)-th level system for u,, is
anU, = curl(™ v,) — 6,00 tu,, — O f, — DY, (3.28)

where DY == [0, 0, Of]tn + [0, 0] up is the commutator with the derivative. We further
set M} = 0¢(anUy,)s — an0:U,, 5, mollify (3.28) and take the time derivative. It follows that

anOUp s = curl V,, 5 — 0p(00,0]"  un)s — (0" fn)s — 0¢(Dyy)s — M. (3.29)
Similarly, for U we mollify the (m — 1)-th level equation
alU = curl(d" o) — o0ty — 9L f — D¥

with D* = [9/" !, adu + [0, o]u. Also applying the time derivative and introducing
M. = 0(alU),; — adiU; yields

adU. = curl Vo — 0y(c0" 'u). — (3" f)e — 04(DY)e — M.. (3.30)
Writing o, 0,U: = a0 U: + (o, — )0 U, Formulas (3.29) and (3.30) provide the equation

o0t D =curl Dy 5. — (o + matan)Dz@s + Ry 5.

u
n,0,e

for the unshifted difference, where the remainder R} s _ is given by

Rz,é,s = —(an — @)Uz + onUn s — 0nUe + m(Oran)Up,s — m(Opan) U
+ 000" u)e — Op(0nd" un)s + (0" f)e — (O] fu)s (3.31)
+ (DY) — 0(Dyy)s + Mo — M.

We added the — (o, + moiay,) D! ) e—term to rebalance the remainder later on.

Substituting the shifted variables, (D! D:)u 5.c) satisfy

n,0,e?
anﬁtﬁﬁﬁ,a = curl b:}%&g - (Un + matan)bg,é,a + R?L,é,&’
with the modified remainder

DU — RY

n,d,e n,d,e

— ozn(?tE“

noe Towrl By 5 — (on + matan)E,ff@s. (3.32)
Analogously, the difference of the magnetic terms satisfies
/6718?5 n be — T curl Dz,é,s - (pn + matﬁn)bg,é,e + RZ,&,@

where Rn se =Ry 5. —curlER s — 5n3tE%,5,5 — (pn + m@tﬁn)E&&a.
We substitute these equations into (3.27) and integrate by parts. Since D} s and D} 5.
satisfy homogeneous boundary and jump conditions

Dis.xv=00n0Q  and [(Dp 5. x V" Dm;a V)] =0,

all surface integrals vanish. It follows that

d o
dt gée(t) - / ( n,0,e (Curl Dn 0.6 (Un + matan)Dn,&a + Rz,é,e)) dz

* / Lo (cul Dy, — (pu + mdtB) Dl + R, ) do

5 [ (Dhae @)Dy + Dl (918,)DL.) do



3.3. CONVERGENCE RESULT 51

= | (Diiae - (=ouDiise + Rits) + Do (puDige + Fip) do
+ / n 0,6’ )(atan)bz,és + D ( )(875571) n 6,5) dzx

<Gy (1+ H(atan,8t5n,(fmpn)(t)HLoo) én,6,5<t)
+ HRnés( )”LQ(Q + ||Rn65( )H%?(Q)

for some constant C;, > 0.
Gronwall’s inequality then yields

eDie(t) < e (00 + [ (IRae) iy + 1R a) ds)  (33)

with the constant Cg = sup,enqejo,r] On (1 + [[(Oran, OB, o0, pn) ()| o) > 0.

2) For fixed n and ¢, we take the limit § — 0. We define the limits E}; _ == 8[”W;j —(O"W")e
and B}, = O"W—(9{"W")c, as well as the shifted differences f)g =D}, . . and f)” =
Dy . E}’L <> alongside the corresponding energy 7 _(t) = s fa (f)g, n DY +D” e -BnD )

Smce (un,vn) € G, and hence 9/ uy, 0f"v, € C([—¢o0,T + €o; LQ(Q)), standard results
on mollifiers yield the uniform convergence U, 5 — U, and V,, s — V;, in C([0, T]; L*(Q2)) for
§ — 0. Furthermore, (9 f,)s tends to 9™ f,, in L2([0, T]x ), Ot(0d™ Y un)s to 9y (0,0 tuy,)
in C([0,T], L*(2)), 8:(D¥)s to ;D% in C([0,T], L*(Q)), and by Lemma 3.3.2, the commutator
M to (Opan)Uy, in C([0,T], L*(2)) for § — 0.

Additionally, since 9;*(W¥, W) and 9;"(W¥, W?) belong to Gi the mollified functions
ELse = By and Ef 5 — Ej _ converge in Gt for § — 0. In particular, this guarantees the
pointwise convergence of the energy 65’7578(75) — ége(t) for t € [0,T].

Let us next focus on the electric remainder RZ se- We expand the time derivative of the

commutator &;D¥ = 9, (8;7‘_1(an8tun) — O™ up + 0" Y opuy,) — ana;”—lun). Observe that

m—1
at(atmil(anatun) - anﬁzﬂun = (Z ( >8]an8m )

m—1 m— m—1 ) )

, & and" I,
= \\J ~ 1 J
(Z >6Z”an8tun + (m ; 1) Drcndi

Z( )ag RO T — (Bp0n ) O .

J=1

+

A similar calculation for 8y (9" (0nun) — 0,07 tuy,) allows us to rewrite 8, D% = LY + (m —
1)(0ran)Up, — (atan)agnflun with

EZ::Z( >8jozn8m ]+1un+z< )yanﬁt Up,
=2 \J s \J

Thus, all remaining terms containing U, in (3.31), namely o,U, 5 — 8t(0n82ﬂ_1 )s — M5 +
m(0yon)Up s cancel in ‘the limit with (m~— 1) (Oran)Un, (8tan)8t Y, leaving the lower
order term Ly;. Thus, R} 5 converges to R . in L3([0,T] x Q) as § — 0 given by

Rz,s = _(an - a)atUE —onUs — m(atan)Us
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+ 000" u)e + (8" f)e — O fr
+ 0y(D") — Ly + M,
— Oy, + curl By - — (0 + mOyan) Ey

n,e’

cf. Equations (3.31) and (3.32). The magnetic terms are treated analogously. Hence, (3.33)
reduces to

t ~ ~
D.t) < < (0 + [ (IR + 1R aw) ds)  (330)

for 6 — 0.

3) Next, we show that &7 _(0) vanishes for n — oo and & — 0. We have

15520y < [ P2 g + Oy
< 107" (0) = 0" u(0)| 2y + 197" (0) — (O w)= (0] 2
+ [0 W (0) = O W™ (0) | 2 + 107 W™(0) = (O W™)e(O)]] 2y -

We treat these limits separately.
To control the first term, we evaluate the time derivatives of the solutions at ¢t = 0 recursively
by applying the Maxwell system. So, we derive

az:n(UOfUO) = ((UO)(m)a (UO)(m)) and a;n(UO,mUO,n) = ((uo,n)(m)a (UO,n)(m))7

see Definition 3.1.2, which only depend on the initial data and its spatial derivatives at ¢ = 0.
By (Ha), the initial data converge (uon,von) — (uo,vo) in H{(€2), and similarly for the
inhomogeneities, coefficients, boundary, and interface data. We thus obtain the convergence
of O™ (un, v,)(0) — 9™ (u,v)(0) in L*(Q).

For the second term, we proceed as above, using the extensions to [—eg, T +¢¢]. By standard
properties of mollifiers, the convergence is uniform in time. Thus,

. m m _ . m - m _

;%Hat u(0) — (9; u)E(O)HL2(Q) =0, and ;%Hat v(0) — (& U)s(0>HL2(Q) =0.
Moreover, since the extensions are chosen such that W — W* in QIC”H, we in particular have
o'W (0) — 9"W"(0). Likewise, one can show the convergence of the magnetic difference
Dy, .(0). Hence,

lim li el (0) = 0.
lim lim sup &, . (0)=0

4) For fixed ¢ € (0,¢p), we now take the limit n — oco. Note that (o, — a)0;U. — 0 in
L2([0,T] x Q). The boundedness of (un,v,) in G, convergence (uy,vy,) — (u,v) in G~!
from the a-priori estimate (3.15) and the Sobolev embeddings shows that the commutator

m m
o= ("Moo S ("l ody

i=2 \J =1 \J
converges in L?([0,T] x Q) for n — co. Additionally, since W* — W", we have Ej _ — E¥ :=

OMW™ — (OmWY), in HY(Q), and its time derivative in L?(Q).

Thus, Ry . tends to
RY := R — ad,E" + curl E* — (0 + mdya) B
where

RY = 0y(00" " u). — oU. + (9" f)e — " f + 0(D"). — m(Dpa)Us — L+ M. (3.35)
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in L2([0,T] x Q) for n — oc.
Finally, we use that (97" f). — 0 f in L?([0,T] x Q) for € — 0, which thus vanishes in the
limit in (3.35). Lemma 3.3.2 then yields

li_r}r(l] RY = (8;,0)0" 'u + 9, D" — m(8y)U — L + (0y)U

= oD — (Z <T]n> 8ga3f%j+lu + Z (T) 8gacr‘)tmju)

j=1 j=1
+ (0 )U + (8;0)0"

in L2([0,T] x Q).
The summand 9;(D") is expanded similar to Step 2). We rewrite the first term as

0" = 00" (adyu) — a0} u+ 37" (ow) — 00" u)

— (S (" )olaor = u+ S (") dlod) u | — (B)U — (Br0)07 ',
=1 \J =1 \/
and thus lim._,o ngRgH%Q(Q) dr = 0. Furthermore, since E* — 0 in H!(Q2) and 9;E* — 0 in

L%(9), the additional extension terms in RY vanish as well. Therefore, the limit of the electric
remainder terms lim._q f; | R4||72 () 47 = 0. Likewise, one shows the analogous estimate for

the magnetic remainder terms lim._, fg ||R§||%2 (@ d7 = 0.

5) Therefore, the right-hand side of (3.34) vanishes and the claim follows, since

105" an(t) = (D) 2y < D3 (8] 2+ | B 0)

oy IO = D) 20y =

and analogously for v. O

Next, we have to transform the convergence in time into spatial convergence using the
div-curl estimate from Theorem A.2.2.

Lemma 3.3.4 (Convergence of Spatial Derivatives). Let (H,) hold. Suppose that

(tUn,vy) = (u,v) in G~ and for some j € {1,...,m}, we have
1' / - t m—j J - t m—j == U. .
nlggotsgg;}(ﬂaﬁ(un WO s + [0 (0n = 0)(O)][ s ) = 0 (3.36)
Then, the (j — 1)-th time derivative converges in Hlin*jﬂ, ie.,

. i—1, _ -1, N
”13201::[%%] (Ha,f (un u)(t)HH;nf]H + 10! (vn, v)(t)HH;HH) =0.

Proof. Let 7 := m — j + 1. We define the differences D} = Hzflun — 857111 and D} =
85_111” - ag‘lu. We have to show that

e (t) = D5l gy + 1D gy — 0

uniformly for ¢ € [0,7] and n — oc.

In order to apply the div-curl Theorem A.2.2, the fields must belong to Hy(curl, ),
respectively H(curl,Q2). Since D} and D} satisfy inhomogeneous boundary and interface
conditions, we again extend these errors to the interior.
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As in the proof of the previous lemma there exist extensions (WY, W) of (hy, fin, 76,) and
(W, W?) of (h,k, ») in GI"t! converging in Gi*™! following the approximation in (App). Let
EY = &/ (Wy — W) and EY = &' (W2 — W"). Since the extensions belong to Gm+?,
these (j — 1)-th time derivatives belong to H§m+1)_(3_1)(9) = H{ (). We have

sup ( [|[EY ()| gr+1 + | En(@)|l gr+1 ) — 0
%mon e 1Oy

as n — oo.
We define the shifted differences DY :== D¥ — E* and DY := DY — EY. By construction,
these satisfy exactly homogeneous tangential traces and jumps:

D} x v =0 on 0f, [DY x 1] =0, [D2 x 1] = 0.
We start by deriving the Maxwell equations satisfied by the unshifted differences (DY, D).
For (up,v,) we have
ozn@gun = curl@flvn — anﬁ,{'*lun - ﬁfflfn - Ly,
ﬁnazvn = — curlﬁg_lun — pnﬁg_lvn — 8g_1gn - L7,
with £2 = [0/ 7", andJun + [0 7", on)up and £2 = [87 7", 8,0/ vn + [0, pulvn.
Similarly, the limit (u,v) satisfies
adlu=curl® v —od tu—0/"tf - L,
BoJv = —curl @ tu— pdl o — &g — L7,
with commutators £ := [8! ', ad]u + [0, olu and LY = [3! ", BoJv + [6! ", plv. Thus,
their differences satisfy

O(anDy) = curl D) — J)Y,
o(BnD;) = —curl DY — J7,

where we set

J¥ = (0 — Opon) DY + (an — ) u+ (0 — )0 u+ 0 (fo — f) + (LY = LY),
Ty = (pn — 01Bn) DY + (B — BV + (pn — p)O "0+ 0] (g — g) + (L5 — L).

Substituting the shifted variables, the system becomes

di(an DY) = curl DY — J, (3.37)
O4(B,D2) = —curl D¥ — JY, (3.38)

where the modified remainders are given by

JY = JY + Oy(anEY) — curl EY,

Jy = J; + 0(BrE}) + curl E}.

n

Because D% and E}; possess strictly zero tangential jumps, their curls have no surface
divergence. Due to Lemma 8.1 in [56], the normal jumps are thus given by

fon D 7)) = o D3 -71(0) ~ [ 1) - T,
0
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[ 7 16) = [82D5 - 110) — [ 1) v,
and
(B DY)(£) = trn(BuDP)(0) /0 "o JO(r) dr.

Thus, in view of Theorem A.2.2 (corresponding to v there), we define the correction terms

O = —a, (0)D(0) + /0 "Jirydr, G —Ba(0)D(0) + /0 "oy ar (3.39)

Proposition 2.2.30 in [5], see Lemma A.1.2, then shows that o DY + C¥ € H(div,Q) and
BnDy, + Cp € Hpo(div, ©2). We further obtain Dy € Hy(curl, ) and D, € H(curl, Q).
Theorem A.2.2 then yields for the shifted energy é2(t) == | Dy()|| 1 + | D ()]
T

Hy
R () < 150 o gy + | wrd DCE) s + [ div(n DO s + [ GO
DUy + | sl DY e s + | Aiv(Bu DY) e s + OO e (3:40)

To show convergence, we now consider the terms on the right-hand side individually. Again,
we only consider u as the estimates for v follow in the same way.

1) First, the L? norms converge. We have ||DZ(t)HL2(Q) < DRl 20y + 1ER (D)l 2()- By
assumption (un,vp) — (u,v) in Gr—!. Thus, in particular D%(t) — 0 in L?*(2). Since
E%(t) — 0 in H{-'', we obtain ||Dg(t)HL2(Q) — 0 uniformly for ¢ € [0,T].

2) Next, we consider the correction terms (C%, C?). We decompose J¥ as follows. To bound
the commutator difference L) — L*, we extract its highest-order term (j — 1)(0yan)0; “lu, —
(j — 1)(0ra)® " u. Using D* = D¥ + E*, we move the (j — 1)(8y,) DY component into the
Gronwall term. ' Thus, we write

Iy = (o0 + (j = 2)0cn) Dyy + E,

with

F;L‘ =(ay — a)(?gu + (on — U)@tj_lu + 55_1(fn - f)
+ (L = £ = (j — 1)(9cwn) Dyy)
+onE; + anOE) — curl B},

where we have subtracted (j — 1)(0:cw,)Djy such that the commutator difference

Ly — L = (j = 1)(Oron) Dyt = (j — 1)) Byt + (j — 1)(Osan — 0) & "

-1 ¢ i—¢ 0\ aj—t
+ ) [(atan)ag up — (O )0y u}

= N

+ (j , 1) (Oho)0f ™" — (00" u].
(=1

LN

no longer depends on the difference Dy = 8{ _l(un —u) of order j — 1 in time. The first term
in J* will be treated by a Gronwall argument. To bound the norm of the integral of F* in

'This highest-order term was overlooked in a draft of this section. The AI tool Claude Fable 5.1 caught that
mistake.
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HY., we note that 8§ U € H{:‘l, which prevents a direct bound. However, integrating by parts
in time yields

/t(an—a)f)t(ag_lu)drz[(a — )l /at )3 udr.  (3.41)
0

Since & 'u € C([0,T); H) and dyc, — Gy in C™, by Lemma 4.2.2 below, the Hf-norm
of the right-hand side converges to zero uniformly. The remaining terms in F;j, except the
inhomogeneity and the extension terms, similarly vanish after integration in Hy due to the
convergence of the coefficients and commutators, since u, — u in g;l—l and u € Gi*. For the
inhomogeneity, since f € H™([0,T] x ), we have & *(fn — f) € L([0,T]; H"()) and

[ 1o = )] 7 < VT ok - ) .

L2([0,T);HL)

as n — oo. Furthermore, the terms o, E};, o, 0; B}, curl E}} vanish uniformly in H[. because
EY EY —0in Hlﬁl and O£} — 0 in Hy. Thus, keeping the norm strictly outside the time

integral for F*, we obtain

. . t ¢

G20 e S NanODEO gy + | [ Exryar| o+ [D2(r)
r r 0 HY. 0

dr
Hyp

Sn
ﬁ
™
S
S
(oW
n

for by = (1+ ”O‘n(O)HH;ﬂ)HD%(O)HH; + supejo,r1 || Jo Fx(r) dTHHIC — 0 asn — oo.

3) We consider the divergence terms next. Integrating (3.37) and substituting (3.39) yields
an Dy = —CY — curl fg DY dr on Q4. Therefore, taking the norm of the divergence yields

[ div(an DR () gr1 S ICR ()

chfl HHF

This is the term we have already considered in the previous step. Thus,
- . i D
| div(an DO sy S dun+ [ 2R

In the same way, we bound || div(ﬁnﬁ};)HHr_l.
r

4) Finally, let us consider the curl terms. By (3.38), and the definition of J¥, we write as in
Step 2)

curl DY = —0,(B, DY) — J = —Bn0:DY — (pn + (j — 1)04Bn) Dy — Y,

with
FY =8 — B)0v + (pn — p)0] v+ 0] (gn — 9)
+ (L5 = L% = (j = 1)(9:Bn) Dy)
+ pn B}, + BnOE; + curl E.
This allows us to trade space against time regularlty of &;D?V = ag (v, —v) — O E". By
assumption (3.36), Gj(vn —v) — 0 uniformly in H = H[~ 1 for n — oo. Since O, E? — 0

in H. C Hlf_l, we deduce 8tD}’L — 0in Hf~ 1 Additionally, va € H;l_j, so the uniform
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convergence of (3, p,, the inhomogeneities, the extensions, and the commutators implies that
| Y| ;ym—i — 0. Thus,
r

sup || curl D(2)|
te[0,7)

H“l_”) as n — oo.
r

Based on (3.37), an analogous argument shows SUPye(o,7] || curl D}fl(t)H -1 — 0.
? r

Inserting the above estimates into (3.40) we arrive at the inequality
t
eP(t) < Ap+ C / eP(7)dr,
0
where C > 0 and

= (H (DD, gy + | cunt D D)0,

Since A, — 0 as n — oo, Gronwall’s inequality yields

sup é2(t) <A, eT =0 for n — oco.
te[0,T

Finally, for the unshifted variables, we have

sup e (t) < sup (E7(t) + 1Ew(t)ll gy + | EL ()l ) =0 for n — oo,
t€[0,T7] t€[0,T]

and the claim follows. O
Now, we combine Lemma 3.3.3 and Lemma 3.3.4 to obtain our approximation result.

Theorem 3.3.5. Let m € Ny, k,a € N with m+a+2 < k, and 92 C dw € C**1. Furthermore,
let a, 8 € C}?‘,@m,@tﬁ cC™o,peC™ fige H™[0,T] x Qx), h € T™(0N), K, € J™(T),
and ug,vg € H{'(Q) satisfy the compatibility conditions (CCq8.0.p.f,g,h,2m) Of order m.
By Theorem 3.1 in [56], see Proposition 3.1.3, there exists a solution (u,v) € G*([0,T1]) to
(3.6)-(3.9).

Choose Quy, P, on, pn € C([0,T] x Q4), an, By uniformly positive definite, fn,gn €
C>®([0,T] x Qx), hy € C([0,T] x O), kp, 3¢, € C°([0,T] xI') satisfying (App). Then there
exist ug pn, Vo,n Hm+a(§2) satisfying the compatibility conditions (CClu,, B,,.0n.0m:Fn.gnhinin, 5 m+a)
of order m+ a, such that there exists a corresponding solution (u,v,) € G*t*([0,T]) of (3.6)
with

(Un, ) = (u,v) in Gr'([0,T])

forn — oo.

Proof. By Remark 3.2.2 we may assume m > 1 in the following. Given «, 3, o, p, f, g, boundary
and jump data h, k, sz, and initial values ug, vy, we choose an approximating sequence as
outlined in (H,). Recall that

||U”gm (0,7)xQ) = SUP ZH({)J ||Hm—j(gi)
[OT]] =0

and consider the differences (u, — u, v, — v).
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Firstly, we consider the full time derivatives, corresponding to the j = m term in the
gr'-norm. Lemma 3.3.3 yields

lim sup (07" (un — ) ()| 20y + 107 (0 = 0)(B) 2 ) = O-

=0 te0,T]

Secondly, we use the time convergence as a starting point to iteratively recover the spatial
derivatives using Lemma 3.3.4. Considering j = m down to j = 0, we show that for every
j €40,...,m}, we have

tim sup (107 (un — w)(8) | gn-s(y + 10} (00 = 0) )| =) =0,

N0 0,7

which then shows

Jim (= ullgp oy + vn = vllgnqo e ) =0 -

Remark 3.3.6. Theorem 3.3.5 is an approximation result for the non-autonomous, linear
system under the assumption (3.12). However, we can apply it after differentiating the
quasilinear system

O (a(u, z)u) = curlv — O'(t~, x)u— f, £>0.2 €0
O (B(v,x)v) = —curlu — p(t,x)v — g,
u X v(x) =h, t >0,z € 01,
[ux v (@) =k [oxvt(@)]=2 t>0zel,
u(0,z) = up(z), v(0,2)=vo(x), x € Ny,

cf. (4.1)—(4.4), with coefficients a(z, u(t,z)), B(z,v(t,z)) depending on (u,v), where usually
one only assumes

O¢, 0, O, B € C™, (3.42)

see for example (2.2) in [35] and (4.7) below.
Given coefficients and initial values satisfying (3.11), (3.13) and (3.42) for some m < k and

r € {0,...,m}, we may consider the r-times time differentiated system
aa(t: )01 OFult, ) = curlofult, ) = 56O ultsr) — rtr), oo
Ba(t, z)0; (Ofv(t, x)) = —cuﬂ@t (t,x) = p(t, z)0;v(t, x) — g, (t, ),
Opu(t,x) x v(x) = Ofh(t, x), t>0,z €09,
[Oru x 1] = Ork(t,z), [OFv x V'] = O} »(t,x), t>0,xel,

where

3
aq(t,z) = a(z,u(t,z)) + Oca(x, §) ]5 (b)Y u(t,z) = a(z,u) + <Z 6§jaig($,u)w> ,
(=1

ij

3
ﬂd(ta :E) = ﬂ(m,v(t,x)) + 8§B($a€)|§:v(t7m)v(ta .’E) = B (Z a{ IBZZ l‘ ’U) ) >
/=1

ij

folt,x) = 0p f t“z() 5t 2); " ult, z)
5> <f>6£ad<t,x>a:‘j“uw>,
=1\
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gr (ta l‘) = 8{9(757 ‘75) + ET: (;) 81{/3(757 x)az_jv(ta ‘75)

+Z ( )aﬂﬁd (t,2)0 7 u(t, 2).

Hence, the time derived system has initial data and inhomogeneities which possess regularity
of level m — r, with coeflicients

ag, B4 €C™ and thus g, 9Bq € C L.

In this setting we can apply Theorem 3.3.5, assuming that aq, 8q are uniformly positive
definite, to show convergence of approximations to 9; (u,v) in Gi'~" for r > 1 and m € N.
Moreover, if m < 2 then C™ ! = C™ and we obtain convergence in Gp*, which we use in
Section 4.4.

In order to obtain convergence in Gi"* for general m € N, one would have to approximate
a(u), B(v) preserving the quasilinear structure, which is not possible with our current approach,
since we assume «,, 3, to be independent of the solution.






CHAPTER 4

EXPONENTIAL DECAY OF THE QUASILINEAR MAXWELL
SYSTEM DUE TO INTERIOR CONDUCTIVITY ON A COLLAR

In Chapter 2, we discussed the long-term behavior of the linear system. We now extend this
framework by allowing the material coefficients to depend on the solutions themselves. This
leads to the quasilinear Maxwell system

O(e(x, E(t,z))E(t,x)) = curl H(t,x) — o(x)E(t, x),
Oy, H(t, 2)) H(t,2)) = — curl E(t, 2), t20zefy, (41
div(u(z)H(t,z)) =0, t>0,z € Qy, (4.2)
E(t,x) xv(z) =0, v(z)- p(z,H(t,x))H(t,x) =0, t >0,z €00,
E(0,z) = Eyg(z), H(0,z)= Ho(z), x € Qu, (4.4)

on the bounded, multiply connected domain © C R3. This nonlinearity introduces significant
mathematical challenges. Most notably, we can no longer rely on standard semigroup theory
for local well-posedness. Instead, we use the results of [56] on the interface problem above to
guarantee the existence of solutions (E, H) in G3. To obtain control in this norm, we have
to consider the time derivatives 0f (E, H) as well. We will show exponential decay to 0 for
sufficiently small data as in Chapter 2. To do so, we adapt our previous strategy from the
linear problem by splitting Gf(E , H) via a Helmholtz decomposition and subsequently proving
an observability-type estimate. This approach leads to additional error terms, which require
careful treatment at the end of this chapter.

4.1. PROBLEM SETTING
For the conductivity we require that
w C Qis open, dw € C%, 0 € C3(w,R3X3) with w D Ny, and o, > 09 > 0, (4.5)

Sym

for some a > 0. In particular, we assume that 0Q € C° and that it has positive distance to
Ov, where we recall v =Q\ @ and Q1 =vUw.

Figure 4.1.: 2d-cut through  C R3. Note that supp ¢ = @ contains the set N.
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We extend o discontinuously by 0 to v, leading to an interface problem on I' = v with
outer unit normal ' of v.

The Maxwell equations (4.1)—(4.4) then imply in the absence of surface currents the interface
conditions (see Equation (1.2) in [56])

[Ex V'] =0, [H x ] =0,
r r ' r r (4.6)
[eE- 1] = [eE(ty) - v }]f/ [0E - )dr,  [uH -] =o.
to
ASSUMPTIONS ON THE COEFFICIENT
The material parameters satisfy
&, by Og €, gt € C°(Qx x R? REXY), (4.7)

for k € {1,2,3}, where C3(Q4 x R3 R3X3) is the space

Sym

{a € C¥(u xRS RED) | af, € CP(0 x R, RE:S), alu € C3(@ x RS, RED) |,
so the coefficients are C® on either side of the interface. They are assumed to be uniformly
positive definite for vanishing fields in the sense that

e(x,0), u(z,0) > 2n >0 (4.8)

for some 1 > 0.

Note that the nonlinearities e(x, &) and u(z, &) are not required to be bounded in & € R3.
Later on, however, the arguments E and H will be bounded and so will e(x, F) as well as
p(z, H). We provide the two examples for such nonlinearities from Example 2.1 in [35].

Example 4.1.1. We consider nonlinearities of the form
e(z, E) = ejin(x) + eni(z, E)

where e, € C3 (Qg, Rg’)ﬁ) satisfies ), > 211 and the nonlinear term e, will be constructed

in accordance with (4.7) and (4.8). For a Kerr-type isotropic nonlinearity, e, takes the form
enl(z, E) = a(2)p(|E),

with scalar functions a € C3(Q) and ¢ € C*4([0,00)) with ¢(0) = 0, see Chapter 10.1 in [24].
To obtain a non-isotropic example we consider

eni(z, F) ( Z i (z)E; Ek> i
7,k=1

for scalar coefficients x,/* € C3(Q2). Material laws in the literature are often retarded and
allow for an additional frequency dependence in the coefficients. However, on longer time scales
it is reasonable to approximate such materials by instantaneous laws, see Equation (2.3.6)
and the subsequent paragraph in [2]. Under this assumption the above nonlinearity follows
from the material laws considered in Chapter 1.5 in [9] for example.

Since ey € Rg’;n?{ the coefficients must be symmetric with respect to {i,1}, i.e., x, /& = x;/*".

Moreover, when applying the electric field ey (z, E)E = ( ? ki1 X (@ )EjEkEl)l we realize

that (Xzfl;lkl) can be chosen without loss of generality to be Symmetrlc in {j, k,1}. Combining
the two symmetries we can choose 15 independent coefficients Xijkl for1 <i<j<k<I<3.



4.1. PROBLEM SETTING 63

ASSUMPTIONS ON THE INITIAL VALUES

We take initial fields 6
(E(]vHO) € (HIS‘(Q)) ;

satisfying
w(Ho)Hy € HX(div0) and e(Eg)Eol, € H (div0,v), (4.9)

as well as the compatibility conditions of order 3, see Definition 3.1.2, as outlined below. These
arise since Maxwell’s equation relate time to space derivatives. In order to obtain solutions of
higher regularity the time derivatives at ¢ = 0 have to fit to the spatial interface and boundary
conditions. Note that these conditions stay invariant under the evolution of (4.1)—(4.4), see
also the Definition 3.1.2 preceding text. In order to express the compatibility conditions we let

ea(z, &) =e(,§) + <Zagj€u T €)§> = e(z,€) + equ(,§),
) & (4.10)
Nd(l‘ag) - /'L x 5 (Z afjiull €T 5)5) = /,L(LL‘,&) +1U’d,nl(33>£)7
(]

for x € Q4, £ € R3, ie., 4 equals € up to a perturbation €d,n1, Which is small for small . We
further impose the definiteness assumption

(-, Eo),ed(-, Eo), u(-, Ho), pra (-, Ho) > n (4.11)

on Q4 on the initial values. By (4.7) and (4.8) this is true if ||E07HOHH§(Q)6 < 52 for a
sufficiently small 52 > 0. We define

E(t k=20
ék(tax) = x m))’ ’ t > O,l‘ € Qia
{:‘d(.’,U E( 33')) k=1,2,3,
E(t k=20
fik(t, @) = ule, B, ), ’ t>0,2€Qy,
Md(va(ta ))7 k= 1,2,3,

and set
Ecl) = &4 (Eo)il [curl H[) - O'E()] s

3
E2 =eq(Eo)™! lcurl H) —oFE} — (Zagﬁdi,j(EO)(Eé)Z). Eoll ’
=1 v

H& = — g (Ho)_l curl Ey, (4.12)
3
H = —pa (Ho) ™! [curl Eg - (Za@udi,ﬂflo)(ff&)e)ijﬂél :
(=1 ’
requiring them to be in H(curl) respectively. We assume
try.o0 Eo = tryo0 E) = tryen E§ =0, (4.13)
and the interface conditions
[Eo x V7] = [E} x V'] = [E2 x '] =0, (4.14)

[Ho x V'] = [Hy x V'] = [HE x V'] =0,

in the absence of surface currents (i.e. Jx, = 0 in [56]).
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EXISTENCE OF SOLUTIONS
Under these conditions, Theorem 7.3 of [56] yields a unique solution
(B, H) € GP((Tmin, Tmax) x ©2)°, (4.15)

to (4.1)~(4.4), where N5_o C7((Timin, Trmax), Hy 7 () = GE(Tinin, Timax) % ), which takes
values in Bps (0, 52) and depends continuously on data. Furthermore, for (Ey, Hy) = 0 the
maximal existence time satisfies Tynax = 00. So, for fixed T € (0, 00), there is a number 7 > 0
such that for all data g € B 3 (0,7), satisfying the compatibility /interface conditions above,

the maximal existence time satisfies Tinax (o) > T. Let 0 < 6, < 0, < min{1, 52}. The bound
9, will be fixed in (4.26) and (4.27) below.
The flow map
U: By (0,7) = GE((0,T) x Q) o = u (o),

is continuous, and hence for sufficiently small initial values, i.e.,

I(Eo, Ho)ll gz 0y < (02) (4.16)

for a constant r(d,) € (0,7) depending on ¢,, satisfying the compatibility and interface
conditions, there exists a unique solution (E, H) € G([0, Tmax)) such that Trax > T,

max (H@gE(t)’

0<5<3

i]flj(ﬂ) + Hath(t)‘

2
i )gaﬁ for0<t<T. (4.17)
HEI (@)
We set
T, i=sup {T € [0, Tuax] | (4.17) holds for ¢ € [0,77}.

From the blow-up condition in Theorem 7.3 of [56] we infer that T} < co implies

, 2
j
@ " RELD H?f(m)
Furthermore, the condition (4.9) on the initial values is invariant under the evolution of the
system, which follows from (4.1) and Proposition IX.1.3 in [16] on v for the electric field and
Proposition IX.1.4 in [16] for the magnetic field.

=52 (4.18)

2
3
H™Y

0<5<3

max <H8§E(T*)

Lemma 4.1.2. Let (Eo, Ho) € (H3())® satisfy (4.9). Then the solution (E,H) of (4.15)
satisfies

eE|, € H'(div0,v) and pH € H>(div0) for all t € (Tiin, Tmax)-

NON-TRAPPING CONDITIONS

In order to show decay, we assume the following non-trapping condition in the non-dissipative
region and on a neighborhood of I'. Let zg € R and m(x) := x — 9. Then,

E(z, §)le=0 = (e + (m(x) - Vi )e) (2, 8)|e=0 = 27je(x, 0),
fi(z, §)le=0 = (n+ (m(x) - Vo)p) (2, §)le=0 = 27u(x, 0),
for z € v UN(T) and some constants 77,b > 0. This condition conceptually limits back

reflection of the solutions towards x(, forcing the fields towards the interior of w, where we
assumed dissipation to occur. We transfer (4.19) to 4 and pq using

(4.19)

a(z,§) = (ea+m - Vzea)(z,5),
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The non-trapping condition (4.19) implies
€da(x,0) = (€ +eqn +m - Vyean)(z,0) =E(x,0) > 270eq(z,0),
l;d(xu 0) = (ﬂ + Hd,nl +m- vxﬂd,nl)(‘rv 0) = ﬂ(’ru 0) > 27]#(1(:1:7 0)7

at (z,0) for x € v UN(T).
Furthermore, we require the non-trapping interface condition

IN

(m - v")[ed]
r

(m - v ) [pad]

to also limit reflections at the interface. Note that this condition involves the solution and

might therefore be hard to verify directly. However, this condition is for example satisfied for
small solutions if we assume

0,
0 on I (4.21)

IN

(m - VF)[[E(JU, 0)] <o,

4.22
(m - V"), 0)] <0, (4.22)

forz eT.
Let us quickly illustrate what happens on the (unbounded) half-space if this condition is
violated.

Example 4.1.3. Let w = R} = {23 > 0}, v =R3 and Q = v U T Yw with v} = (%). Set

0
m(z) =z — ( 0 ) and therefore m - ' = 1 on I'. Assume that &|, > €|, is piecewise constant

1
(violating (4.22)), p is constant, and o = 0 on R3. Then, an easy calculation show that the
plane waves

(E,H) — (aEei(k-:pfwt% aHei(k-xfwt)) (423)

3 — K : B H 3 aatiafyi
for the wave vector k € R°, angular frequency w = e and amplitudes ¢, a” € R satisfying
a? L a1 k with k x a® = pwa®® or equivalently k x ol = —cwa?, solve (4.1) and (4.2).

The behavior at the interface I' = {x3 = 0} is given by Snell’s law. It can be derived from the
interface conditions (4.6)
[Exv'] =0, [Hx]=0,

as follows. We assume that an incident plane wave (F;, H;) # 0 in v gets reflected as a plane
wave (E,, H,) at the interface I' and transmitted as another plane wave (Ey, H;) into w. Thus,
the interface condition implies

)

trss, (aiEei(ki-szit) + afei(kr-wfwrt)) = try,, (atEei(kt-:pfwtt))

)

trtyv(aHei(ki'x_w"t) + aﬁei(kr.z—wrt)) _ trt,w(af]ei(kt'x_wtt))

i
where kg, ws, al, all for s € {i,r,t} are the parameters of the waves as in (4.23). In order for
these equations to be satisfied for all x € I" and ¢t > 0 one sees that the exponents have to

agree on I, i.e.,

ki —wit =k -x—wt=F- x—wt,

ki-x—wit=Fk -x—wt=k o —wt.
In particular w; = w, = wy. Likewise,

ki-x=k-x=k -z (4.24)
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for x €I

Without loss of generality assume that k; lies in the xixs-plane, i.e.; k; - (g) = ki z, = 0.
Otherwise, rotate the coordinate system around v accordingly. Thus, by (4.24) we also see
that k¢ 4, = 0. If we denote 6; and 6; to be the angle between k; respectively k; and b= ( § ),
then (4.24) leads to Snell’s law

sin(6;) |ki| = kiz, = ki g, = sin(0y) ke, (4.25)
see Figure 4.2 below for an illustration of this relationship. Now our assumption that €|, > |,
and &L — o, = w, = *_Jead to |k;| > |k|. This however means that there exists a

\/l?‘v i t \/@ | Z‘ ’ t’

critical angle

6. = arcsin ( iﬂ) €(0,%)

such that for §; > 6. Equation (4.25) can no longer be satisfied, i.e., the incident wave cannot
be transmitted as a plane wave into w. It turns out that in this case the wave gets completely
reflected back into v.

W = Ri 1
Permittivity: |, :

vl A
I'= {xg = 0} J,
v=R3 E

Permittivity: €[, elo > elw = |ki| > |ki]

Figure 4.2.: Note, for 6; approaching 0. the angle of the transmitted wave 6; goes to 7.

Heuristically, the non trapping interface condition (4.21) therefore ensures that our solution
is never fully back reflected at the interface I'.

We assume without loss of generality that n < 7 and fix ¢, € (O, min{1, 62}) (see (4.17))
such that
Er>mn, k>, for z € Oy, (4.26)

and
E(E) = ne(E) ga(E) > nea(E),

A(H) > nu(H),  jia(H) =2 npa(H),
is satisfied for all ¢ € [0, T%).

—~

for x € v UN(T), (4.27)

So, to summarize we assume the following:
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Let © C R? be open, bounded and multiply connected, and 9Q € C° have
connected components 9, . .., 00 k. Let w C Q with C°-boundary such that the
conductivity o is supported on w and satisfies (4.5). We assume the permittivity
e and permeability p to satisfy (4.7) and (4.8). Let the initial values (Ep, Hy) €

(Hq) (Hfl(Q))6 satisfy (4.9) as well as the compatibility and smallness conditions
(4.13), (4.14), and (4.16). In (4.16) we assume that 0 < §, < é, < 1 so that the
coefficients are positive definite, see (4.26), and that the non-trapping condition
(4.27) on v UN(T) is satisfied. In addition, we assume the non-trapping interface
condition (4.21).

4.2. NOTATION, ASSUMPTIONS AND AUXILIARY RESULTS
REFORMULATIONS OF MAXWELL EQUATIONS

Let k € {0,1,2,3}. We will study the time derivatives of the solutions df (E, H) € G2~* of
(4.1)—(4.4) from Section 4.1 separately. To this end, we define the commutator terms

fo=f1=0, fo=(0ea(E)OQE, f5=(0fca( E))OE +2(deal(-,E))OIE,
90 =91=0, go= (Oepa(-, H)H, g3= (0Fpa(-,H))0H +2(0pal(-, H))O; H.
Then, with the definitions above the time-derived solutions satisfy
OF(eE) = 6L,0FE + fr, O0F(uH) = p0FH + g on Q, (4.28)
and solve for k € {0,1,2} the Maxwell system

1 (6kOFE) = curl OFH — 00FE — 0, fy,,

. . t>0,x €8, (4.29)
O(fu,0f H) = — curl 0y E' — O i,
[OFE x Y] =0, [0FH x '] =0, t>0,xel, (4.30)
try OFE =0, tr, 40FH = —try, g, t>0,x € 09, (4.31)
in the sense of Sobolev spaces.
Using the commutator terms
_ _ LA .
f() :07 k :Z<.>ag5daf+l_]E7
=1 \J
FOOkN o
go =0, Gk 1=Z<.>8§Mdﬁt+ H,
=1 \J
one can also derive from (4.1)—(4.4) the system
£qO(OFE) = cwrl 8P H — 0OFE — fy,
dt(,i ) oo Ji t>0,2€Q, (4.32)
wa0 (0 H) = —curl 07 E — gy,
[OFE x V] =0, [0FH x '] =0, t>0,z €T, (4.33)
tr; OFE = 0, t>0,2 €0Q. (4.34)

Both are needed below. We apply the divergence to (4.1) and (4.32), obtaining

div(eE) = div(e(Eo)Eo) — /0 " div(oE) dr, div(uH) = 0,

div(eq0F E) = — div(cdF 'E + fi_1), div(pugdF H) = — div gp_1,
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on Qg for k # 0. We observe that for k = 3 the right-hand side of (4.35) lies in L?(2).
Therefore, for k € {0,1,2,3} the term (£,0FF, ixOF H) lies in H(div,Q+)%. By the trace
theorem, see for example Theorem 2.2.18 in [5], its normal trace on either side of the
interface exists in H~1/2(I"), allowing us to derive interface conditions for the normal jump for
k € {1,2,3} in addition to (4.6). For k € {1,2,3} and ¢ € C°(Q2), the divergence theorem,
(4.32), and (4.30) yields

([adbE+ 00t B+ o) V1) s

=/ (¢ div(eadf B+ 00f "B+ fy1) + VY - (2a0F B+ 00f "B+ fra)) da
+

= [ (¢div(curlOf ' H) + V¢ - (curl of ' H) ) dw = | V- (curl O H) dw
Q4 Q4
= (Vy, " x 87{6_1H]]>H*1/2(F)><H1/2(F) =0.
Therefore,
H(EdafE> . VF]] = —troy, ((a@f_lE) 'l/F) — [{fk—l : I/F]] for k > 1, (4.35)

where the equality holds in H/ 2(T) due to the regularity of the right-hand side. Likewise, one
can show the analogous interface condition for the jump in normal direction of the magnetic

field
[{(udafH) . VF]] =— [{f]k—l - I/Fﬂ for k > 1.
Equations (4.31), (4.32), and Lemma A.1.2 thus result in

1aOFH + Gj_y € Hpo(div0)  for k> 1. (4.36)

ENERGIES AND ERROR TERMS

We set
enlt) =& max (2B,  + | %0lH0)| e = e
2 0<j<k t L2(Q) L2(Q) ’
— 1/2 —
di(t) = mas ||o H Bt )] @’ d = ds, (4.37)
zg(t) = Jnax, (H&,{E(t)’ B3 + HGJH ‘ . J(Q)> 2= 23.

One can show the following estimates as in [35]. We will need them to estimate error and
commutator terms. We occasionally apply the lemma without referencing it explicitly.

Lemma 4.2.1 (Error estimates). We have

1ER(E) ()l » 180D oo » [1E6(E) O oo | (ED T (B)]| o, <
105 (E) ()| 20 » 10 () ()] 202y < € (22 (8) + B0
<||6jfk: Hngfj—k + ||559k(t)||ngfj k) cz(t),

ke{0,1,2 3},]6{0 1}

~
IA
o
.

i (0L

ke%aflg} (Hatfk(t)HH?—k + Hﬁtﬁk(t)HHg k)

IN

CZ
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Here the multiinder o € Ng x N} satisfies |a| = k < 3 with ag € Ny corresponding to the
derivative in time 9(@0:0.0.0) = 97, and (a1, a9, a3) € N} denoting the spatial derivatives.

Sketch of proof for Lemma 4.2.1. We carry out the proof for f, since for g; the argument
can be repeated. For k € {0, 1} the commutator term fj, vanishes and there is nothing to show.
Notice that H2(2) < L>°(Q) and therefore E and 6;F are bounded. Since g4 is assumed to
belong to C3(Q+ x R3), we can estimate the time derivative of

3 3
fs= 3 dgcal- EYOEOE|OE + [ 3 el B)O;Ei| O F

i,j=1 i=1

3
+ 2{2 Og;eal-, E)ath} OE = fs1+ fa2+2f33
=1

for instance by

3
Hatf?),l ||L2(Q) = Ot [( Z 6&7&]_5(1(., E)atEiatEj)atE}
Ve 12(0)
3
= ( Z afi,ﬁj,fkgd(WE)atEiatEjatEk>8tE
ij k=1 .
3
+ 2( Z 8§iafj€d('7 E)afEiatEj)atE
Ve 12(9)
3
t (Z 6€i,§j€d('aE)atEiatEj>at2E
Ve 12(0)

3
< ,.21 (190El ey 191 a0y + [0 B, g 191
©J)=

+ 0:Bill o ) |07 B3|

L2(Q) )

19:Eijl| 2 )

3
S ‘21 ( ||atEiHH§(Q) HatEjHH(Q) + HatQEZ 12(Q)
,)=

+ 100 Eill 20 || 0B

12(Q) )
S z(1).

Analogous estimates for |0 f3.2|| 2(0) and 10 f3.3]| 12(n) €an be shown, using also the embedding

HE(Q) — L°(Q). In a similar way one obtains bounds on HfQHH%(Q) , H@thHH%(Q), and
1/l r11 () H

The error estimates are often applied implicitly in combination with the following lemma,
see Lemma 2.1 in [56] and the proof of Lemma 2.22 in [58]. It is shown by combining the
usual Sobolev embeddings with Holder’s inequality.

Lemma 4.2.2. Let my, my € Ny with mi; > msy and my > 2.
a) Let k € {0,...,m1}, f € HM%(Q) and g € HE(Q). Then,

foe Q) with | fglia S Il s ol
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b) Let f € H' () and g € H"?(?). Then
fg e HR2(Q)  with  |[fgllgme S f 1l gl gme -

Integration by parts shows the following energy estimate (for £ = 3 an additional approxi-
mation argument is required, see Theorem 3.3.5), cf. Section 4 in [35].

Lemma 4.2.3 (Energy estimates). The energies e are decreasing up to an error term,
namely for k € {0,1,2,3}

er(t) + /t di(7)dr < ex(s) + c/t 23/2(7') dr.

Because of the time integral in (4.35), for instance, we cannot treat (E, H) directly. Instead
we use the next result, where we estimate the usual energy through that of the time derivatives.
Here we make use of our assumption that ¢ either vanishes or is uniformly positive.

Lemma 4.2.4. For all 0 <t < T, we have
eo(t) S eit).

The proof uses ideas from Theorem 5.4 of [49] for the linear, constant coefficients case and
is similar to the proof of Lemma 2.3.3.

Proof. Condition (Hy), Maxwell equations (4.1), and (4.3), integration by parts and (4.28)
lead to

- / B2 de < /Q cE(t) - B(t) = /Q (—Ou(eE(t)) + cwrl H(t)) - B(t) da
__ /Q cadhE(t) - E(t) — /Q H(t) - a0 H(t) da
S eolther(d). (4.38)
Using Lemma 4.1.2, Lemma A.1.3b) and (4.32), we then estimate the magnetic field by
1H ()1 720) S lewrl H#)l[72i0) S lead B0l 2 + 0B 72 (4.39)
Sei(t) +y/eo(t)er(t).
It remains to control £ on v. Using (4.9), Lemma 2.3.2 yields
@)l 20y < lleurl BTy + lltre B 17200 -

Since E € H(curl), Lemma A.1.2 shows that tr; s, E = tr; g, E on Ov. From the trace
estimate and applying Equation (4.32) twice we thus deduce

IHEO20) S el E@ oy + llbre EON -y ) S a0 H O 20y + 1HE @ b cur )
S radcH @) 2 () + 1E@) L2 -

Combined with (4.38) and (4.39), we arrive at

eo(t) < ciy/eo(t)y/e1(t) + caer(t) < Leg(t) + Cey(t),

which yields the assertion. O
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4.3. HELMHOLTZ DECOMPOSITION

We split our solution 9f(E, H) € Ql?i_k into a div.,-free and a curl-free part, adjusting the
interface and boundary conditions in such a way that the curl operator behaves well with
the fields. Since we only show the observability estimate for k > 1, it suffices to consider
k € {1,2,3}, simplifying the notations slightly. For the case of k¥ = 0, we then rely on
Lemma 4.2.4 in the proof of exponential decay.

ELECTRIC HELMHOLTZ DECOMPOSITION

To construct the curl-free part, we consider the elliptic interface problem

div(eqVp®) = div(eqOF E) = — div(cdF ' E + fi_1) on 4, (4.40)
[p*] =0 on T, (4.41)
[trn(eaVD®)] = [tr,(eqdF E)] on T, (4.42)
=0 on 99, (4.43)

pF constant on 9y, and

0= (trpeq(Vp" — OFE), 1) vie{l,...,K}.  (444)

_1 ,
H™2(09q)

In (4.40) we use (4.32) for k — 1. Observe that the right-hand side of (4.40) belongs to L?(2),
so that the first-order conditions on T’ and 99 in (4.42) and (4.44) are well-defined in H~1/2.
For the weak formulation, we use the space

He = {p € H(Q) | ¢ =0 on 0, ¢ constant on 9y, V¢ € {1,...K}},
endowed with the norm of H'(2). We introduce the form
Blu,v] = Bg k[u,v] = /QVu -eqVudz on H,.
and set
0(0) = Lpp(v) = — /Q (0OF " E + foy) - Vodz
for v € H.. Then the weak formulation of (4.40)—(4.44) reads as
Beilp®, @] = (e i(p) for all ¢ € H,. (4.45)

Clearly, B and ¢ are bounded on #., and B is coercive by Theorem 13.6.9 in [64]. The
Lax-Milgram lemma thus yields a unique solution p* = p*(t) € H,. of (4.45) with

Ly S a2 4z, (4.46)

I sy S Wl = sup_ (o)) S |o0F B+ fiu
PllH.=

where we also used Lemma 4.2.1. Since the map G> — H; E > /( B,k 1S continuous and
bounded, we obtain a continuous and bounded mapping G> — H.; E +— p*.

We verify that the solution to (4.45) solves (4.40)—(4.44). Since p* € H,, it satisfies (4.43)
and the first part of (4.44) in H'/?, as well as (4.41) by Lemma A.1.2. Note that e40F E—eqVp*
belongs to H(div 0, (), since (4.45) holds in particular for H¢(Q2) C H.. Therefore, again by
Lemma A.1.2, p¥ also satisfies (4.42) in H~'/2. In particular, the last boundary condition in
(4.44) is well-defined. It follows from (4.45) by inserting ¢, € H, with ¢/|gq; = d;; for £ # 0
via

Based on elliptic regularity, Lemma 4.3.1 below furthermore shows that p* € H2(Q).
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MAGNETIC HELMHOLTZ DECOMPOSITION

For H we solve the following Neumann problem to correct for the jump over the interface

div(uaVq¥) = div(uadf H) = — div(ge—1) on €,
k
=0 on I
[[z H . (4.47)
[[trn(ﬂdvq )]] = [[trn(udat H)]] on I,
trn (1aV®) = tr (uadF H) = — try, (Gr—1) on 0f).

We define the space H,(Q) == {¢ € HY(Q) | [ ¢ dz = 0} of functions with zero mean. As for
(4.40)—(4.44), we introduce the form

Blu,v] = By i[u,v] = /QVU - paVodx on HY(Q)
and set
l(v) =Ly k(v) = —/ng_l -Voudx
for v € H'(2). Then the weak formulation of (4.47) reads as
Buld", ¢l = trx(p) forall p € H' (). (4.48)

By the Poincaré inequality, see for example Section 5.8.1 in [23], the form B is coercive on
H, (). Thus, as before Lax-Milgram provides a unique weak solution ¢* € H,,(Q) satisfying
(4.48) with

ld" |0y < 1€l 34,y = | ﬁup X Uar(p)| S 2. (4.49)
Plin, =

As above, the map G> — H,; H — ¢* is continuous and bounded. Moreover, ¢* satisfies
(4.47).

ESTIMATES FOR p* AND ¢*

The following Lemma guarantees that the correction terms belong to H2(£2), since div(eq0f E) €
L?(Q)) by Maxwell.

Lemma 4.3.1. Let k € {1,2,3}. The weak solutions (p*,q") of (4.45) respectively (4.48) lie

Proof. 1) We focus on p”* as the proof for ¢* is similar. Let x; € C (Q) be smooth cutoffs
satisfying x;|(aq), = dj¢ and x;|r = 0 for j € {0,..., K}. We set

K
h=>Y x;c; € C™(Q) C H*(Q),
j=0

where pk](aﬂ)j = ¢j. (By Theorem 1.5.1.2 in [28] also general inhomogeneous Dirichlet data h
in H%2(99) could be considered.) Let ¥ := p* — h. Then §* is a weak solution of

div(eqVp*) = div(eq(IFE — Vh)) = —div(cdF 'E + fr_1 + Vh) = f on €,
[[ﬁk]] =0 on I,
[trn(eaVF")] = [tra (cadf E)] = — tray (00f 1B 07) = [tra fia] = g onT,

P=0 on 05,
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where we used (4.32) as well as (4.35). By Lemma 4.2.1 we have
feL*Q) and geHY*D).

By an elliptic regularity result for the transmission problem above, see Theorem 5.3.7 in [13]
or Theorem 1.4 in [10], the weak solution p* lies in H2((2) and satisfies

HﬁkHHg S 2 + 19l 20y + HﬁkHH;-

Therefore, also p* = p* + h belongs to H2(Q).

2) We can apply Theorem 5.3.7 in [13] directly to ¢* as the solution of the transmission
problem (4.48) with Neumann boundary conditions. Then ¢* also lies in HZ((2) and satisfies
a similar estimate. O

We can bound the curl-free part of the decomposition as follows, cf. Proposition 5.2 in [49]
for constant, scalar € and pu.

Lemma 4.3.2. Let k € {1,2,3} and 7 € [0,T%). Then (Vp*,V¢*) € C*([0,T%), L?()) with
10/ VD" (T) 1720 10/ V()| 720y S d(7) +2%(r)  for j € {0,1}.

Proof. We only consider the case for pF, since the other case follows similarly. First, we show
that eqVpF + fi_1 is differentiable. Let h € L?(Q). We decompose h into
h= ecll/QVap <) 8;1/2\11

for ¢ € H. and ¥ € H??(div0) satisfying [v" - ¥] = 0 on I". To prove this decomposition, we
solve the elliptic problem

/ eaVy - Vodx = / sé/zh -Voudz forall v e H,, (4.50)
Q Q

which by the Lax—Milgram lemma yields a unique solution ¢ € H,. with H‘E}j/ QVgoH 2 S|kl 2,

analogous to the weak formulation for p*. Defining ¥ := 521/ 2p — eaVp, we immediately see
that [, V- Vudz = 0 for all v € H,, which implies the stated divergence and trace properties

of U as above. Furthermore, the difference satisfies ||5;1/2\IJ||L2 S|kl 2. By setting v = ¢ in
(4.50), the orthogonality in L?(Q) follows. This decomposition leads to

/Q(séﬁVpk +e; ?fy) - hda
= /Q(Edek—i-fk_l)-chda:—f—/ﬂ(sglfk_l)-‘I’dx
= —/Qdiv(adek + fk_l)cp dz + fiml/‘ (Edek + fk_l)go d¢
+ ﬁ[ur (eaVp* + fro1)]pds + /Q(eglfk,l) - Udz. (4.51)

We take a closer look at the integral at the boundary. Recall that ¢ € H,, i.e., it is zero on
090 and constant, say cg, on each 9y for £ € {1,..., K}. Hence, by (4.44) yields

f V- adek d¢ = ]{ V- EdafE ds.
0y (5/97)
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Moreover, Stokes’ theorem provides §,q, v - curl(8F~1H) ds = 0 as 9 has no boundary in
09Q. So, (4.32) yields

7{ v (eaVp" + fro1)pds
80
—E Cz]{ - (edOFE + fr—1)ds

= ch?{ (curl 8f ! ) — 3?’,_1E — fk_l + fk_1) d¢

a0,
— —% v- (U@fflE)godg.
oN
Inserting this, (4.42) and (4.35) into (4.51), we derive
/Q( 1/2V19 —|—5d1/2fk 1) - hdx
= / div(cdFf 'E)pdx —f v (cdF 1E)pds — j{[[ur (cOF T E)]pds
Q oN r
+/Q(e;1fk_1).x1/dx
- / (cOF1E) - Vodr + / (eq' fro1) - U du, (4.52)
Q Q

by means of the divergence theorem on v and w. Since the right-hand side is continuously

differentiable in time, the differences and Cauchy sequences of difference quotients in time
of the left-hand side converge in L?(2)* ~ L?(2). (Recall that |Vl 2, [|V] 2 < Al 2.) Tt

easily follows that 8(11/2V12k + 551/2fk_1 belongs to C*([0,T%), L?(2)) and thus also Vp* by
the properties of ¢4 and fr_;. The differentiated version of (4.52) further yields

[00caVph)|| g < |0 *V0" +ed 2 i) g, + @)
+ H&: €a fk*l)’ 12(Q)
S H 8’“E’ 2@ T Hat(gglfk_l) £2(Q)
+ H (@) "Vt ’L2(Q) + Hat(ggmfk_l)‘ L2()
S dV2() 4 2(7),
where we used (4.46) and |[92/%|| | S 2V/2(r) in the final inequality. O

Next, we subtract (p¥, ¢*) from 9f (E, H), obtaining the divergence-free part of our Helmholtz
decomposition.

Definition 4.3.3. For k € {1,2,3} we set

V’f = 0FE — Vp* € C([0,T.), H(div., 0)),

(4.53)
=0FH —Vq¢* e C([0,T,), Hyo(divy,, 0)).

Remark 4.3.4. In the following, for k = 3 several trace terms might not exist in L2. To justify
the calculations we therefore, using Theorem 3.3.5, first approximate the data and coefficients
in the Maxwell system (4.29)—(4.31) for k = 3 to obtain solutions (E3, H3) € G ([0, T%)).
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By Lemma 4.3.1 the corresponding weak solutions (p3,¢2) of (4.45) and (4.48) already lie
in H2(Q) for t € [0,T%). Thus, also (V;3,W?) = (E3, H3) — (Vp3,V¢}) belongs to HE ()
for t € [0,T,). The observability estimate in Proposition 4.4.1 for k¥ = 3 only depends on
(V3,W3) in the G%-norm and therefore also holds for the original solution (V3, W3) € G° by
taking the limit n — oco. Here we use Theorem 3.3.5 and the above observations on V(pk, qk).
In the following we drop the index to simplify the notation.

By the properties of p¥ and ¢*, the functions satisfy

curl V¥ = curl 9F E, eqVF € H%(div 0),

r . . _ (4.54)
curl W* = curl 0y H, waW* € Hpo(div0),

For the last assertion on £4V*, the condition (tr, eqV*,1)

1 = 0 is clear by (4.44) for
H™3(00)
i # 0. For i = 0 it then follows from div(eqV*) = 0 which yields (tr, eqV*, ]1>H‘%(8Q) = 0.

Crucially, (p”, ¢*) were constructed in such a way that

try oo VE = [VF x ] = [WF =] =0,

4.55
tr,00(HaW") = [eaV* - V1] = [uaW* - '] = 0, (4.55)

in H'/? preserving (4.30), see also Remark 4.3.4 for k = 3.
We prove two results needed in the observability estimate. Lemmas 4.2.3 and 4.3.2 yield
the following energy estimate for (V*, W*).

Lemma 4.3.5. For 0 < s <t < T, we have

2

H(Vk’ Wk)(t)’ L2(9)

eft) + | (-, 9O,
<e(t) + 22(t)

e(s) + /: 22(rydr 4 2(1).

A

N

Next, we compare (VE W¥) to 9;(V*~1, Wk=1) for k > 1.

Lemma 4.3.6. Let k € {1,2,3}. Then for0 <71 < T,

[v* =0 @)L, S (@ D@, g £ 270,
|t —awt @), o < (@) vd @), <270,

Proof. We only consider V¥, since for W* the argument works in a similar way. Note that
VE — 9, VF1 = Vpk — 9,VpF~! solves

dive, (VpF — 8;VpF~1) = dive, OFE — div., O E — divg,., Vp" 1.
As in (4.46) we then deduce

|k = avEy)

o < |(Buea)Vr" ) (7)) .

S N@ea) ()l g2 19" (D)l S 22 (7). O

L3(
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4.4. OBSERVABILITY-TYPE ESTIMATE FOR 0,(V*, W)

The observability-type estimate in Proposition 4.4.1 only works for charge-free fields up to
small errors. At first we pass to the fields (Vj, W}) from Definition 4.3.3. Lemma 4.3.2 allows
us to go back to 9F(E, H) in Theorem 4.4.5. So, we insert the Helmholtz decomposition
(VEWF) = (OFF — Vp¥,0FH — Vq*) from (4.53) into the Maxwell Equations (4.29) for
k € {1,2,3}. (The case k = 0 is treated by means of Lemma 4.2.4.) Together with
Equation (4.54), this results in the system

8,5(5de) = curl Wk — o@fE - c%(stpk) — O f%,

A(paW*) = —curl VF — 8, (uaVa*) — 0 gs,
[VF x M = W x '] =0,

t>02€Q, (4.56)

t>0,zel,
[eaVF - V1] = [uaW"* -] =0,
VEx v =0, t>0,z € 09,
VE(0) = 87 E(0) — VpF(0), W*(0) = 0fH(0) — V¥ (0), x € Q,

for k € {1,2,3}.

Our goal is to control space-time L?-norms of V¥ and W* for k > 0 by the initial data,
dissipation terms supported on N, and various small error terms. We start with the following
estimate. For now, this includes the L?-norm of W* on the right, which is not damped
through Maxwell. So, we still have to treat this term afterwards. (One could establish a
similar estimate for £ = 0, however here one lacks control over the magnetic term on the
right-hand side.) For k = 3 we approximate (V¥ W*) as in Remark 4.3.4, so that the trace
terms appearing in the subsequent proof are well-defined.

Proposition 4.4.1 (Observability-type Estimate I). Assume that (Hq) holds. For
ke{1,2,3} and 0 < s <t < T, we have

/st/vuj\/br (’ka + ‘ka) dzdr S e(s) + 2%(s) + 22(t) + /: (d(f) + 23/2<T)> ar

t
L
s JW\NT

Proof. We first want to give a brief overview of the structure of the proof. It is subdivided
into several steps that we shortly summarize below using terms we have yet to define. As
such the subsequent list serves as a guideline throughout the proof to not lose sight of the
result we want to prove. Our reasoning is an involved energy-type estimate using a Morawetz
multiplier, also called multiplier technique. Starting from Equation (4.56), we obtain

W’ff dz dr.

t
0= / / (0u(caV*) — cwrl W* 4+ 0OF E + 0,(caVpb) + i) - ((naW*) x xm) dzdr, (4.57)
sJQ

where k € {1,2,3}, m(z) = z — zo for 79 € R3 from (4.19) and y is a cutoff. It turns out,
that integrating by parts and several lengthy calculations lead to the desired observability
estimate. We freely use standard formulas from vector analysis.
Step 1) We start with the Morawetz multiplier in Equation (4.57) above.
Step 2) After integrating by parts (see Equation (20) of Chapter 2.1 in [12] or Equation (3.1)
in [5]), Equation (4.57) leads to several terms we deal with individually. Namely,
Step 2.1) I; — a term, where the time derivative falls upon curl V* and
Step 2.2) I. — a term where curl is applied to ym x curl V.
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Step 2.3) We combine the previous two steps to one estimate.
Step 2.4) Letting x = 1 on I we show that under the non-trapping condition on the
interface (4.21), the interface terms have a negative sign and can be neglected.
Step 2.5) We estimate several error terms.
Step 2.6) For xy = 1 we obtain our desired observability estimate up to boundary terms,
which we treat in
Step 2.7) to finally complete the estimate using a cutoff with y = 1 on 9.
Let 0 < x € C1(Q) be a cutoff, which we will vary at various places throughout the proof. In
particular, it will be used to show bounds for terms at the boundary and interface.
1) Starting from Equation (4.57) and using (4.56) for 0;(uqaW*), we calculate

t
0= // (8t(£de) —curl Wk + 0OFE + 9;(eq V") + 8tfk) ((uaW") x xm) dz dr
sJQ
t
= // Oy (estk . ((ude) X Xm)) dzdr
5JQ
t t
+ // (Ede (curl VF x Xm)) dzdr + // (edv’“ - (O (pa V") x Xm)) dzdr
5JQ ERAY)
t
+ // (8de < (Oygr % Xm)) dzdr
sJQ
t
- // curl Wk - ((ugW*) x ym) dz dr
s JQ
t t
+ // oOFE - ((uaW"*) x xm) dz dr + // A (eaVPF) - ((uaW*) x xm) da dr
5JQ 5JQ
t
+ [ [ ot ((uaW®) x xm) dadr

t
= U caVF - ((ugW") xxm)dx} + L+ I+ g+ I+ I, + I, + 1.
Q s

2) We consider the terms above individually.

2.1) By the interface and boundary conditions (4.55), the field V* x v vanishes at 9§ and
VE x v does not jump at the interface I'. We integrate by parts on v and w separately. Then,
I; becomes

I = /:/9 curl V¥ (xm x (EdV’“)) dz dr

= /:/Q VE . curl (Xm % (Edvk>) drdr
+ /:fr [[(VF X vk) ) (Xm % (gdvk))ﬂ Qe dr

_ /:/Q VE . curl (Xm « (5dvk)) L
" /tfp Dxm - ((av*) x (v x VF))] dwar

= /:/Q Vk . curl (Xm « (Edvk)> dz dr

t
+ /% [[X(m ) (egVF - VE) — (xm - VF) (eqVF - ur)]] dz dr.
sJI
Using the curl vector product rule

curl(a x b) = (b-V)a — (a-V)b+adivb — bdiva, (4.58)
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we obtain the pointwise identity
curl (xm x (24V*)) = ((aV") - V) (xm) = x(m - 9)(aV)
+ xmdiv(eqV*) —(eq4V*) div(xm)
=0
= ((caV*) - Vx) m + x(2aVF) = x(m - V)(eaVF)
= (Vx-m)(eaV*) = 3x(eaV")
= ((caV*) - Vx) m = 2x(eaV*) = x(m - V) (zaV)
— (Vx-m)(eaV")
almost everywhere on v U w. It follows that
I = // )((eqVF) - Vx) — 2xeqVF - VE
— (Vx-m)(eaVF - VF) = (x(m- V)(zaV*)) - VF) dzdr
¢
+ /%ﬂx(m D) (eqVE - VE) — (xm - VE) (eqVF - V5] de dr.
sJT
Notice that
1 1
(x(m-V)(eaVh) - V¥ = Jx(m- V) (saV* - VF) + 5 (x(m - V)ea) VE-VE.
The divergence theorem on v U w further yields
1 st
- f// x(m- V) (eaV* - V*) dzdr
2 JsJa
! 1 k o1rky L O k ok
= // fVX-m(edV SVE) 4+ §X(5dv -V )) dzdr
/7{ 5 (m - D) [xeaV* - VF]dsdr — /% ,X m-v)(eqVF - VF)dedr.

Involving €4 = €4 + (m - V)eq, which is positive definite on v U N} by Equation (4.20), we
thus derive

I = // ede) V) — 2xeqVF - vk — (Vx - m)(sdvk . Vk)

f(VX -m)(eqVF - VF) + ;X(sdvk VR — % (x(m - V)eq) V¥ Vk) dzdr
/}f H Dy(eaVE - vF) — (xm - VE) (eqVF - VF)H dzdr

— /7( fx(m . V)(stk . Vk) d¢dr

90 2
_ // (V5 m)((eaV*) - Vx) — %Xadvk-vk _ %(Vx~m)(€de-Vk)
(x( - V)eq) V- V’“) dzdr
- /7{ [{ DY (eqaVF - vE) — (xm - VF)(eqV* - ,,F)H dadr

/?{ fxm v)(egVE - VF) dedr
o0
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// )((eaV*) - Vx) — %(VX m)(eqV* - V’“)) s
+ /7{ m - vt H (eaVF - VF) — (xm - VE)(eqV* - VF)H e
- /]29 Sx(m-v)(eaVh - VF)dedr

t 1
// v §x£de Vkdzdr — // . §X6de vk dzdr.
s JoU, s JW\N}]

We denote the interface term I} := tF 1+ Itlj 5 and boundary term by

i, _/74 m-oF |[ (eaV* - V’“)ﬂ dz dr,
o= [ fI-Gon - VheaV* - P dedr,

IaQ. /]{ fxm v) Ede Vk)dng
o0

2.2) Now, let us turn our attention towards I,. Using the curl product rule (4.58) from above,
we get

1. —//Wk curl(xym x (u dI/Vk))da:d7'+I‘9 +IF

:// Wk- xmdiV(udW ) — div(xm)(uaW")
sJQ T

+ <<udw’f> V) (xm) = (xm - V) (paWh)) dwdr + 12F + 1L,
= [ [ Wt (= atum) )

+ ((de’f) V) (xm) — (xm - Vua)WF* — pa(xm - V)Wk) dzdr + 19 + I,

with
o0 ¢ k k
Iy ._/ we. (1/ X ((uaW") x Xm)) d¢dr,
5 JON

I£1 = /Stjg [[Wk (I/F X ((naW") x Xm))]] d¢dr.

The last term on €2 is treated by the divergence theorem on v U w, resulting in
t
— // paWr - ((xm - VYW*) dz dr
sJQ
3t
= —Z// X(paW*)m - V(W*); dz dr
j=17s Q
3.t
= Z// div (X(Nde)jm) (W), dzdr
j=17% Q
t
— /ﬁ(m D) [xpuaWF - W) dg dr

— /stfim x(m - v) (pgW* - Wk de dr
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= [ [ [atampua™ - W+ (o - 9)ual) - 04
- [fon N b WH acar
N / G xm ) paW W ds dr
s.JoQ
-/ t [ [aivtamua - WE -+ (xm - Tag) W W
+ paWE - ((em - V)WH)] dedr
- /tj{F(m D) [xpuaW* - W) de dr
— /t x(m - ) (ugW* - Wk de dr.
sJoQ
Bringing the [!fo, uaW* - ((xm - V)W*)dz dr term to the left-hand side, we infer
— [ rat (G ) 094)) o
= ;/St/g {div(xm),ude SWE 4+ (xm - V) Wk Wk} dxdr
— ;/:ﬁ(m ) [xpaW* - W de dr
— 1/t x(m - v) (paW" - Wk) dg dr.
These identities lead to
fo= [ [ (= 5 ditom)(uav®)
+ (W) 9) ) = 5 0om - Vi) W) i dr
- % /St}g(m D) [xpaW* - W dg dr
_1 /t » x(m - y)(udwk WR)dedr + 190 + 1Y,
// — 5 (m - Vx +3x) (aW")
+ (udeVx cm 4+ pgWhy — %(Xm . Vud)Wk) dxdr
- % /stjg(m D) [xpaW* - W dg dr
- 1/3129)( (m - v)(paW* - I/Vk”)dch—i—IaQ —i—IF
- // Wk % V) (aW*) + (uaW* - Vx)m) da dr
+10, - /]{(
w128 =5 [ o) W dear

// AT §xude WkdxdT—// fxude Wk dadr,
s JouU,

D xpaW* - W) ds dr
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where jig == pg +m - Vuq 2 n,ud, see Equation (4.20). The interface and boundary terms
above are denoted by I, FQ and 1, 2 , so that

t
II' = I£1+I£2 :/f [[Wk (I/F X ((uaW") x Xm))]] d¢dr
sJT
1t
fi/ygx(m-ur)[[,udwk-Wk]] dg¢ dr,

) (4.59)
1% = 199 4 Ic2 = / wk. (1/ X ((naWk) x Xm)) d¢dr
’ o0

1t
— f/ x(m - v)(ugW* - Wk de dr.
2 Js Joa

2.3) The Steps 2.1) and 2.2) yield

t
U (eqaVF)(xm x —Wk)] =—L—-I.—1,-I,-I;-I,- I,
Q

s

= /:/MF %(f‘fdvk VE 4 iaWh - WE) dzdr
+ /st/w\NF %(5de VE 4wk Wy de dr
+// (Vx -m)(eqVF - VE 4+ pgwk . wk)
— (VE-m)((eaV*) - Vx) = (m - WF) (aW* - V) ) dadr

R (A AL (A A R S Y A

We rearrange the equation into
! X
// X(eVE VE L W W da dr
s ’UUNbF 2

_ [/ (caV*) (xm % —15)|'

// (Vx - m)(eaVE - VE 4+ g . W) (460)
— (VE-m)((2aV¥) - V) = (m - WH) (uaW" - Vx) ) dw dr
I I L+ L+ I+ I+

t
_ //WF X (EVE VR W W) dedr,
S Jw b

2.4) The non-trapping condition at the interface (m - v1)[gq] < 0 yields
[ea] > 0 and (m - ") <0,
or [eq] =0, or (m-vY) =0,

or [eq] <0and (m-v") >0,

at each x € T', see (4.21). We next show that it the interface integrals to be non-positive,
which allows us to drop these terms. Recall that I} = Itljl + 1151:2 and I} = I};l + Igz were
given by

= i/yﬁm D) x(eaV* - VH) ] dadr,
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t
Itlj2 == /% [(xm - Vk)(&de . I/F)]] dz dr,
sJI'
t
IcFl = /% [[Wk . (I/F X ((,ude) X Xm))]] dg¢ dr,
’ sJI'
1t
IcFQ = —5/7{(m : VF)[[XMde . Wk]] d¢ dr.
’ sJI

(If we had m = v' the term in I Fl would correspond to the tangential projection.)
We take x with x = 1 on the interface T'.
Hence, the integrand in I} becomes

%(m D VE - eqVE] = [(m - VFY (W - eqVF)]. (4.61)

Since [tr, V*] = 0 by (4.55), the jump across the interface can only occur in normal direction,
ie.,
VF = VF, + ot

for some a(x) € R. Furthermore, using also the continuity [v' - £4V*] = 0 of the jump of the
‘displacement’ field from (4.55), we can determine a as

Zz [[Ed]]vk|w

VF'€d|U(Vk‘w+O‘VF):VF'Ed‘ka’w — =" vE -eglort
v

Next, we insert this decomposition into (4.61). The first term is given by

[V eaV*] = (VF + av") - ea] (V] + ar) = (VE - 2aV*) ]
= Vk]w . ed]UVk\w + 2a(v - Ed‘vvklw) + a2t 5d‘vyr)
- (Vk : st’“)‘
=V |w [[Ed]]V |w+20é Ed’ vk | ( F-Ed’UVF
Because of (4.55), the second term becomes
—[v" - (caVF)(m - V)] = = trau(v" - eaV*)(m - (VE], = VL))
= —atrg, (W - eqVF)(m - vh)
=—a- €d|U(Vk|w + avt)(m - b))

—(m - VF)<oa/F . 6d|UVk|w + . €d‘UVF)-

_ v [ea]VFe

We factor out %(m . VF), combine these terms and insert o = Lt
N v

resulting in

= /7{ 5(m vt [[Vk eV — 200" ed’UVkLJ —2a2ur-5d|vur> d¢dr

_/éZ e V o - [eal V¥ — o (0" Ed’UVF)) dsdr

(" - fea] VFw)?
2 5d|vVF

:/ Fi(m'VF) Vklw'[[%]]vklw— )dng.

Next, let us discuss the different cases of the non-trapping condition at the interface. First,
if [eq] = 0 or m - Y =0 then I} = 0.
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Second, let [eq] > 0 and m - " < 0. Since
0" FalVFL)?2 < 01 - el (VAL - [2alVEL) -
by Cauchy-Schwarz, we estimate

(W' [ea]Vii)?
vl eqlot

2 ﬂsdﬂurl

- vr '5d|v7/F

Vk|w : [[Ed]]VkLu -

> (VMo - feal VAL [1

vl eqlort

= (Vk’w ’ Hfdﬂvk’w) > 0.

b eqlort

As m - b <0, it follows

1/t vl gt
2 o) (P V) e s <o
t =19 F(m v )<V - [eal V7] )VF-Sd‘UVF dedr <0

Finally, let [eq] < 0 and m - " > 0. As above, we obtain

(- [[ed]]V’“lw)2)

<0
Vb eqlot

(VFlo - [ea]VFL -
and therefore again
I <o.

Next, we consider the integrand of I} given by
1
HWk . (VF X ((naW¥) x m))ﬂ - i(m ) [uaWE - WH].

We rearrange the terms so that we can repeat the above arguments. Indeed, the bac-cab-
identity yields

HWk- (I/F X ((aW¥) x m))ﬂ

= [{dek SWEWY m) — (WEm) (- ,ude)]] .
Thus, we obtain
[WE = (77 < (uaW™) ) )| = 5 (m - ) a7 - W]
= % [[(Z/F ) pgW* - Wkﬂ - [[(Wk -m) (V' - ,ude)]] ,

which we can treat as in (4.61) by means of the magnetic non-trapping condition (m-v")[uq] <
0.

Hence the terms Itr and I, CF are non-positive and can be dropped when estimating (4.60)
below.

2.5) Next we take a look at the other terms not involving Vyx. Using Lemma 4.2.1 and
Lemma 4.3.2, for any § > 0 we get

|Ia| =

t t 3 2
// OFE - ((tgW") x xm)dzdr| < 65/ d(r)dr + 5// ‘Wk’ dz dr,
s JQ s s JQ
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= | [ 0ea®) - (sar¥) > xom)

<C5// )dxd7+5//’Wk dz dr,

|1, = 8dV (8¢(eqV ") x xm) dz dr

<c(s// )da:d7'+6//’\/k dx dr,
[yl = s/ﬂatfk'((NdW ) x xm)dzdr 565/8 z (T)dTJr&/st/Q‘Wk)dedr,
[y| = St Q&?dvk “(Orgr x xm) dzdr| < cs /StZQ(T) dT—l—é/:/Q ‘V’“fdxdv‘.

2.6) Let x = 1. In (4.60) the terms involving Vx thus vanish and we have seen that we can
drop I} and Il'. We then use the non-trapping condition (4.27) and absorb the integrals of

2 2
‘Vk‘ and ‘Wk’ on vU Nbr by the right-hand side fixing a small 6 > 0 in Step 2.5). This
results in the inequality

[ g (45

/ ‘ (eaVF)(t ‘Wk dx—i—/ ’ (eaV*)( s)‘ ‘Wk(s)‘dx (4.62)

+/S/W\Nbr (vk\ +|w )dxdr—i—‘ftﬂ-i-ffg‘—i-/: (d(r) + (7)) dr.

Thus, it remains to estimate the trace terms on 0f2.

2.7) To do so, we choose x with supp x C w \./\/bF and xy = 1 on 0f2. In particular, interface
terms do not appear in (4.60). Equation (4.60) and Step 2.5) then imply

’ItaQ+I?Q’ < t

~

/W\Nbf(ngk)(Xm X ude)]

S

+/t/ (\V’“\2+\W’“!2) Az dr + I, + I, + I + I+ Iy
s Jw\NT
N/ ‘ Ede ‘Wk dx—i—/ ‘ €dvk S)HWk(S)‘dx (4.63)
+// (V’“\ + [wk| )dxdT
s Jw\NT
+5/t/ (‘V}c’2+ ’ka) dxd¢+c5/t (d(r)+22(7)) dr.
sJQ s

We now combine (4.62) and (4.63), again absorbing terms for a small, fixed § > 0. The
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space integral at times ¢ and s are handled via Lemma 4.3.5. Also inserting (4.53), we derive
t 9 9
”// <‘Vk‘ + W] ) dedr 3 / VE@)| [WE ()] da +/ [VE(s)] [Wh(s)| da
s ’UUNE Q Q

+L%&W(n*f+hwf)M@r+qLXan+¢%a)m

<e(s) 4+ 22(s) + 22(t) + (1 + c5) /t (d(T) + z3/2(7‘)) dr

" /st/wwg (WEF v+ S

<e(s) + 22(s) + 22(t) + (1 + ¢s) /: (d(T) + 23/2(7)) dr + /St/wa

W’“f) dz dr

W’“’Q

dxdr,

where we use the Lemma 4.3.2. O

Next, we have to get rid of the W* term on w \J\/bF , since the dissipation only acts on the
electric field. This is done for £ > 1 in a similar way as in (2.38), however there we used a
second-order formulation of Maxwell which was then integrated by parts in time. It seems
that in the present quasilinear case a second-order approach fails because of the resulting
interface terms. Therefore, we keep the first-order system and apply a time derived multiplier.

Proposition 4.4.2 (Observability-type Estimate II). Assume that (Hy) holds. Let
d € (0,1]. Forke{1,2,3} and 0 < s <t < T, we have

2

s
L? (w\/\flf

t
| |w

Proof. Let k € {1,2,3}. Equation (4.53), the Maxwell system (4.32), and formula (4.54)
imply

) dz < /: (6z(7) + (232 (1) + d(T))) dr

+ 6(2(s) 4 2(t)) + cs(e(s) + 22(s) + 22(t)).

paW* = padW*" + pa(W* — a,w*=1
= —curll VF — g Vg ™ — Gro1 + pa(W* — oW ).

Lemmas 4.2.1, 4.3.2, and 4.3.6 then lead to

t 2 t
/ 5
s LQ(W\NbF) ~ s

It remains to estimate the curl term. To this end, take 0 < ¥ € C°°(w) with ¥ =1 on w \ N}
and ¥ = 0 on I'. Using this and also (4.55), we start from (4.56). Integrating by parts, we
compute

]

‘curl Vk_l‘

2 t
3/2
o) 47 /S (d(r) +2%2(r)) A7, (4.64)

t
0= // (Ou(eaVF™h) — catl W ! + 6OF L E + 0p(ea VPP ™) + Oy fi1) - 90, VF Lz dr
t
B // (0u(2aV*™1) + 080 E + 04(eaVP" 1) + O fx—1) - 90,V L da dr
: t
* // Or(pa™ paW*1) - cwrl@VE) dwdr — [/ paWEL - curl(@VF 1) dz

s

t
_ / / (B(aV*™1) + 0OFLE + 8,(caVph1) + Bufir) - 98V de dr
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+// (0 (pa™ HpaWr ™t + a0 (uaWr™1)) - curl(WV* 1) da dr

t
~ { / paWr b curl(@VE) da

S

t
- / / (B (eaV ) + 00F L E + 8,(eaVp ) + Bufir) - 90, VE L dadr
¢
- // pa (curl VETY 40, (ua Vg®) + drgr) - curl(@VE1) da dr

t
+/ / (9r(pa™ ) uaW*™") - canl(9V* ) da dr — { [ naW - carl v da

S

- / / (B(eaV ™) + 00F L E + 8,(eaVp ) + B1fer) - 90, VE L dadr
t t
- // pa teurl VETL 9 curl VAL dz dr — // pa” Leurl VETL (V9 x VETY dedr
t
~ [ [ 1 0una¥a) + i) - curl9VH ) dar

t
+/ / (9r(pa™ ) uaW*™") - canl(9V* ) da dr — { [ Wt can@vh) do

s

To justify the integration by parts for k = 3 in the second line above, we use Theorem 3.3.5
to approximate the solution (V2,W?) of the system (4.56) in G! by (V,2, W2) € G? with
tr; V.2 = 0. Taking the limit n — oo then shows the equality.

It follows

t 2
// lcurlkal‘ dx dr

s Jw\NT

t
< / / 0 (ca)VF !+ 2adVF 4+ 00f T E + 0(eaVpF ) + 01 fia| [0V dudr
t t
+///\/’F curlv’HHV’C*I‘dxdnL// \at(udvqkwratgk"curl(wkfl)}dxdf
MNw

+// 01t~ aa W [eurl(@VH )| dardr — [/ HaWH=L - curl(9Vh- 1)d4

=L +L+Is+ 14+ Is.

S

We now insert Definition 4.3.3, (4.54) and
curl(@VFY) = Vo x (9FLE — VpF ) + 9 curl(8F L E)
Lemmas 4.2.1 and 4.3.2 then imply
L < /t (dV2(1) 4 2(7)) (dY2(7) + 2(7)) dT < /t (d(1) + 2%(7)) dr,
ns | AR Y2 (r) + 2(r)) dr / C(32(r) + ed(r) + 222(r)) dr,
s [ C(@2(0) - 2(1) (@ 2() + 225 + =) dr
< /St (82(7) + csd(T) + 23/2(7')) dr,

In 3 / TR () (@) + M) + 2() (@2 (r) + 2 () + o) dr

S



4.4. OBSERVABILITY-TYPE ESTIMATE FOR 0;(V*, WF) 87

< [+ 22wy ar
IS Y () +d2 () + 2(r) (e (r) + 212(r) + 2(r)

< 52(r) + cs(e(r) +d(r) + 22(r)),

for any 6 > 0. To remove e(t), we invoke the energy estimate Lemma 4.2.3 arriving at
t
e

The claim follows by inserting this estimate into (4.64). O

t
curl Vk_l‘Q dzdr < / (6z(7) +¢5(2%2(7) + d(T))) dzdr

+6(2(s) + 2(t)) + cs(e(s) + 22(s) + 22(1)).

Proposition 4.4.1 and Proposition 4.4.2 then imply the core observability estimate.
Corollary 4.4.3 (Observability-type Estimate III). Assume that (Hy) holds. Let § €
(0,1]. For k € {1,2,3} and 0 < s <t < T}, we have

t 2 2 t
// (’Vk’ + ’Wk‘ ) dedr < / (62(7‘) + ¢5(232 (1) + d(T))) dzdr
s JOUNT s
+0(2(s) + (1)) + cs(e(s) + 2°(s) + 2(1))-

Before we derive an observability estimate for 9f(FE, H), we first control the magnetic
contribution to [ edr.

Lemma 4.4.4. Let (Hq) hold. For k € {0,1,2,3} and 0 < s <t < T, we have

t t t
SN0k H IRy a7 5 (els) + ) + [ 0 BNy dr + [ 42(r) dr

This inequality can be shown as in Lemma 4.3 and Proposition 4.4 in [35] (cf. Equation (4.13)
therein), where simply connected {2 without an interface were treated.

Proof. Using the positive definiteness of p and Lemma 4.2.1 we start by writing

t t t
/uafHH%Q(Q) dfg// 8f(uH)-afHda:dT+/ 22(7) dr. (4.65)
s s JQ s

Observe that 9 (uH) belongs to H2(div0) = ran(curlg), by (4.1), (4.9), and Lemma A.1.3.
Therefore there exists a unique vector potential u* € C([0, T\], Hio(curl) N H%}(div 0)) such
that

curl uf = 9F (uH) and HukHL2 < ||OF (nH) || 2. (4.66)

By (4.1) we have 0;(uH) = —curl E. For k = 0, taking the the difference quotient, we
see that v’ € C1([0,T.], Hyo(curl) N H%}(div0)). Moreover, the time derivative of (4.66)
yields curl(9;u’) = 9y (uH) = —curl E and hence d;u’ + E belongs to Hyp(curl0). From
Equation (2.107) and Theorem 2.8’ of [12] thus follows the orthogonal decomposition

o’ + E = V) + hd

for unique ¢Y € H}(Q) and hY € Hy. Furthermore, by Theorems 2.9 and 2.10” in [12] the
space L?(£2) has the orthogonal decomposition

L2(Q) = H%(div0) © VH} (Q) @ Hy,
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which provides the decomposition
E= -0’ + V¢) + hY

and thus
HatuOHL2 < ||B| 2 (4.67)

by orthogonality.

For k € {1,2,3}, we obtain curluf = F (uH) = — curl(dF 1 E) and therefore u* + 9F 1F e
Hyp(curl0). Again, Equation (2.107), Theorem 2.8’, Theorems 2.9, and 2.10° of [12] give the
orthogonal decomposition

OTIE = —u + Vi + bk,

for unique ¢f € H}(Q) and h5 € Hy. In particular the regularity of the left-hand side and the
decomposition imply that u* € C1([0, T%], Hyo(curl) N H??(div 0)) and

Hat“kHLz < |0k E|| 2. (4.68)
In all cases, for k € {0,1,2,3}, integration by parts, (4.29), and (4.66) lead to
t t t
// OF(uH) - OFH dz dr = // curlu® - OF H do = / <uk,curlafH>Ht0(Cur1) dr
s/ sJQ s
t
_ / (¥, 04(e40F E) + 0OFE + 00 fi) y, cary 07
¢ k k ! k 2
S [ 00 E)) 7+ [ 108 H 0 dr
—1—05/ (I0F Bl 20y + 2%(7) ) dr. (4.69)

The first term on the right is rewritten as

t t t
/ (RO E)) 1 oy I = { / - (£40FE) dx} - / / O - (£x0FE) dzdr.  (4.70)
roleur Q s sJQ

s

Inserting (4.66), (4.67), and (4.68) into (4.70), we derive

t t
W OETEE) g ey @ S (en() + exlt)) + [ 10 B

For small § > 0, this estimate, (4.65), and (4.69) imply the claim. O

Next, we establish an observability-type estimate for Of(E,H ), up to small and higher
order error terms.

Theorem 4.4.5. Let (Hq) hold. For 0 <s <t <T, andé € (0,1], we obtain
t
/e(T)dT,se(th( )+ 2%( +/ 7) + 222( ))dT)

) (z(t) —i—/ z(7) dT) .
Proof. By definition we have

t ¢
/ e(r)dr < max / <
s ke{0,1,2,3)

Gl B, +

2
) dr
L2
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Lemma 4.2.4 now allows us to restrict ourselves to k € {1, 2,3}, namely

t t 2
/ e(r)dr £ max / ( ) dr
s ke{1,2,3} L2

Lemma 4.4.4, Definition 4.3.3 and Corollary 4.4.3 then yield

£pOF

/: (1)dr £ max

2 Y
e 2d7'+e(s)—|—e(t)+/s 22(r)dr
< max /(Hvk
~ ke{1,2,3}

2. e
+els) + et )+/ B2(r) dr

max //’Vk dl’dT+ max
ke{1,2,3} ke{1,2,3} Js

Fe(t) +6 (z(t) + / () dT>

+05( +2%( +/ ) + 23/%( ))dT),

for any 0 € (0,1]. Since o is uniformly positive on w, Lemma 4.3.2 and Definition 4.3.3 lead to

t t 2
7)dr < max cOFE| dzdr + max
t

™~ kef{1,2,3} ke{1,2,3} Js

+e(t) +6 (z(t) + / ") dT)
+05( )+ 2%( —|—/ 22( ))dT)

<e(t)+c(5< ) + 2%( —I-/ 23/%( T))d7'>

9 <z(t) +/s z(T) dT) . O

4.5. REGULARITY ANALYSIS

Our proof of exponential stability will be based on Theorem 4.4.5 and Lemma 4.2.3. These
results allow us to control time derivatives of (E, H) on L?, but so far the estimates include
small error terms also involving space derivatives. We thus also need a version of Theorem 4.4.5
for higher-order spatial derivatives, i.e., we have to control z on the left by e and higher order
terms on the right. Here it is crucial that the constants do not depend on time and that we
bound z uniformly and in L'.

For uniformly positive conductivity this has been carried out in [35]. However, the jump of
the conductivity leads to the interface I', which requires sophisticated additional arguments.

Theorem 4.5.1 (Regularity analysis). Let (Hq) hold. For 0 < s <t < T, the solutions
(E,H) of (4.1)~(4.4) satisfy

—|—/ dr < z(s) + 22(t) + e(t +/ )+ 231 ))dT-
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To show this result we split the solutions in different spatial regions using cutoffs, iterated
over the spatial regularity, and reduce the estimate to lower spatial norms as illustrated in
Figure 4.3.

L? (E7H) at(EvH) at?(EvH) 8E(E’H) H‘”%2<€(t)

I - N

H} (E,H) oy(E, H) 0?(E,H)

[

H? (E,H) OB, H)

I

H} (E,H)

Figure 4.3.: We estimate the Hf%—norm by terms in the le_l—norm, finally reaching the L2-
level. These terms are then bound by e(t).

We use the collars N, = {z € Q | dist(z,0Q) < a} and NI = {z € Q| dist(z,T) < a}

around 02 and I'. Choose a > 0 such that

— NaNNE =9,

— ON, and ON! retain the C® regularity of dw, see Lemma 14.16 in [26],

— and the basis {71, 72, v} of normal and tangential vectors can be extended from 02,

respectively T', to a basis B also denoted by B = {71, m2,v} on N,, respectively N .

We introduce 4 smooth cutoffs x5, X, Xxp and x,, > 0, satisfying ZEG{BQ,w,I‘,v} Xz =1 on Q.
To this end, we take xyq With xgq =1 on Ny s and supp xyq € Na, and xp with xp =1 on
/\/T2 and supp xp € NI, Then we set x,, = L,(1 — x50 — Xr) and x, = L,(1 — xp)-

a/

We define the quantities

&I (1) = Hc‘)f[xE(Ea H)]‘ i{g(m

for =2 € {v,T',w, 00}, 7,k € {0,1,2,3}, j < 3 — k. We have to show
: t o t
0+ [ S 1+ e) [z(s)+e(t) +20)+ [ (elr) +22()) df}
t
+0/ z(T)dr

for small # > 0. Note that for j = 0 this is true for § = 0, since yé’o(t) < e(t). In particular
for k = 3 there is nothing to show. In the case = # I' the proof is essentially contained in [51]
and [35]. First, we recall these results and adapt their proofs. We deviate in the structure of
the proof in [51] and [35] to prepare for the treatment of the interface terms.

First, we derive an estimate for the magnetic field on 24 from the div-curl inequality of
Theorem A.2.2. Here we trade a space derivative of H to a time derivative of £Z which we can
control in our iteration scheme.

Lemma 4.5.2. Let (Hy) hold. For 0 < s <t <T,, j,k € Ny with j+k <2 the solutions
(E,H) of (4.1)—(4.4) satisfy

ot ]

< el2(t) + HafE]

L~
HF

H] * H@f*lE’

ud + 2(t).
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Proof. This is a direct result of the div-curl estimate in Theorem A.2.2. Let k£ < 2. By (4.2),
(4.4), (4.30), (4.36), and Lemma A.1.2 the fields

OFH € H(curl),  [x0FH + g, = OF(uH) € Hyo(div0)

satisfy the assumptions of Theorem A.2.2. Together with (4.32) and Lemma 4.2.1, Theo-
rem A.2.2 implies

ot 2

‘deHLZ + chrl@f[—[‘

i S| i+ 98] e

<el2(t) + HafE‘

PRl

i + 2(t). O

The next result on v can be shown as in Section 6 of [51] by differentiating and applying a
div-curl estimate. We present the details since here an additional term near the interface I'
appears. Its space regularity is controlled by time derivatives, lower-order and error terms,
and additional contributions at the boundary.

Lemma 4.5.3. Let (Hy) hold. For 0 <s <t <T,, j,k € Ny with j+k <2 the solutions
(E,H) of (4.1)—(4.4) satisfy
ys () £ 20+ ylTH () + s (1) + ().

Proof. Let t > 0,k € Ny and o € N} with k + |a| < 2. We multiply (4.1) by x,, and apply
0%0F to obtain

curl(030f x H) = ;102 (e(w, E)x, B) — 950 (Vx, x H),

curl(850F x, B) = =0y 105 (u(w, H)x H) = 950F (Vx, x B),
using that the conductivity o vanishes on v C Q. Equation (4.28) and Lemma 4.2.1 thus

imply
|enrl@z0f (x, 1))

curl(950F (x, )|

L2"

S G

L2

0 (4.71)

< ||ok e, m)

Hlel(vy Hlel

where we also used the Sobolev embeddings H' < L% and H? < L™, see also Lemma 4.2.2.
The z term appears if a time derivative hits € or p, or if a space derivative falls on the fields
in £ or p. Lemma 4.1.2 and the Maxwell equation (4.32) give

div(e(E)x,E) = Vx, -e(E)E,  div(u(H)x,H) = Vx, - u(H)H,

div (a7 07 (x, E)) = = D 9 ((Vxw) " €a) OF 9L E — 07 (x div fii-1)

927((Vxy) " p1a) OFOCH — 0% (x,, div 1)
div (99" 1qdF 9% (x, H)),

(-

_ <a> div (95 *ea0f 05 (X, E)),
(-
(-

for k£ > 1. Therefore,

|div (a020F (x,B))| +2(b). (4.72)

div (uad2 0k (v, 1)) | < 0k (. 1)

12’ Hlel (v)
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Since x,(E, H)|sy, = 0 we can apply the div-curl estimate of Theorem A.2.9a). In combination
with the estimates (4.71) and (4.72) yield

+ 2(t),

.10 5 [0 o0 o 0

Hlel Hlel Hlel
yElel L) < 22(8) 4+ gl (1) 4yl (1) 4 g ). 0

The part of w away form 92 and I" can be handled as in [35], see Equation (7.6) therein.
The magnetic field is estimated via Lemma 4.5.2 whereas the electric one has to be treated
differently due to the presence of the conductivity. Here we use an energy estimate instead.

Lemma 4.5.4. Let (Hq) hold. For 0 <s <t <T, and j, k € Ng with j+k < 2, the solutions
(E,H) of (4.1)~(4.4) satisfy

t .
Y0 + oo [y () dr
S

S z(s) + e /St (6(7’) +232(r

for any 6 > 0.

+Hak+1 (£.H), )dT—i—Q/

Proof. Let k € No,a € N3 with |a| > 1 and k + |a| < 3. The differentiated and localized
version of (4.32) in Hp ' is given by

€40 070 (x, B) = curl 930 (x, H) — 00307 (X, E) + 07 ([xy, curl] Oy H)

@ —a a a—a a o x
- > <a> [3;“ 09507 (X, B) + 05 adaxafﬂ(wa)}—ax(wak),

0<a<a
= curl 930y (X, H) — 0050f (X B) = fra
paddg0f (x, H) = — curl 9507 (x, B) — 85 ([x,, curl] O E) (4.73)

a —a a (073 ~
- > ()8 110207 (X H) — 0% (X0
0<a<a \¢

= —curl 020 (X E) — Ok
try 8§8f(XwE) =0, try, 8gaf(XwH) =0.

One derives an energy equality as in (4.97) below. Here the situation is considerably simpler
due to the lack of boundary and interface terms, allowing for an approximation converging in
L?(9). Then, since o > oy > 0 on w, we obtain

2
) . dr (4.74)

k?la‘
Y 1 (t) + 00 . Hlal

S | (00RO () - R0F(GE) + mad 0 () - 00K (1)) (5) da
t
[ atsdagaﬂwa)-azaf<wa>+atuda§af<wa>-a;‘af(wa)) dardr
+// foar - 920 (X E) + G - 020K (x, H)) dr dr

s)+/s 2B2(r)dr

t
+ //Q (fk,a : agatk(XwE) + Ik,a - agaf(XwH)) dz dT’
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where we also used Lemma 4.2.1. Let us take a closer look at the last term. Note that the
commutator [x,,,curl] is simply a multiplication operator. We thus get

dr

t
//fka-agﬁf(XwE)dxd H dT—i—Cg(
sJa Hlal

2

(T AT M

4 / 2(r) dT),

- 2
Hiol ) d7'+09/ H@t (XwH)H dr

Hlel

Hm " 1dT+/ 7)dr,

for # > 0 using Young’s inequality. The H!®-norms of the electric field (with # in front)
will be simply estimated by z, whereas we keep the H!%-norm the magnetic field for now.
Inserting this estimate into (4.74), we obtain

t
] g 220k e t)
sJQ

Jot o, o
+/ 3/2 T7)dT + ¢ ’@HHHM dr

2 2 t
" Cg/s <H65(X“E)HHQI—1 + waéfﬂ(E,H)HHla_l) dr+ 9/5 Ar)dr

y (1) + o0

Hence, we have reduced the estimate of the electric field in H!® to one on the magnetic field.
Lemma 4.5.2 thus shows that

1) +o0 [yl ar
gz(s)—i—ca/t( (1) 4 2%/2(7) +HakEH Jal- 1+Hak+1 (E H)H Jol- 1) dr+0/ 7)dr.O

Up to this point differentiating in space did not change the boundary or interface conditions
since the cutoffs vanished there. This is different for x5, and xp. In these cases we may still
differentiate in tangential direction picking up lower-order terms, however the derivatives in
normal direction require an additional argument based on the structure of the Maxwell system.
We start with the cutoff at the boundary 9. Again, the reasoning is adapted from [35].

Lemma 4.5.5. Let (Hy) hold. For 0 < s <t <T, and j,k € Ny with j +k < 2, the solutions
(E,H) of (4.1)—(4.4) satisfy

t
1
ysa '+ [ ysati(r)dr

S a) +elt) + 200 [ = d7+<1+ce>[/t<<T>+z3/2<7>>df

- 2
+/ ‘8 (1) i dr
r

+ Ha’fE ‘

Hakz-{—lE

o+ o e
F

t
k ]
+ysst @)+ [ ysdt (r) dT]

for any 68 > 0.
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Proof. 1) We start by applying 0f0%x,, for 8 € NZ with |8] + k < 3 to (4.32)—(4.34)
resulting in
eadi0L0f (Xo E) = curl 070f (xoo H) — 0070f (Xoa E) — frs
6 = =107, curl]of (xoo H) — 07 ([xoq, curllOf H) + 0 (xo0fr)
+ 5 (7 lortottetans) + 0 eastat ]

0<b<j3
10020 (xan H) = — curl 020 (Xp0 F) — 8k, (4.75)
gk,5 = 07 ([Xoq, cwrl]Of E) + (07, curl]Of (xpn )

+ > < )85_1)%3?85“()(89[{)+8E(Xm§k)’

0<b<
020 ) = 0 000 ) = = 3 () 502 ) x 02
0<b<f
=75, (4.76)

Note that T,fo = 0 and that the commutator [02, curl] is a differential operator of order |3,
[Xs0,curl] is again a multiplication operator and [trs, 0] is of order 3| — 1. As in (4.97)
below, one derives an energy equality which then yields

dr

Hat X&QE)()‘; ‘at XBQE)‘

t
52(5)—}—/ 23/2(7')d7—|—/7gﬂ |Tk’5-tr7-8fafﬂ|dgd7

+ o9

t
+//Q’fk:,ﬁ-8585(X89E)+9k,5.afaf(XmH)’dsz,

where we now get an additional term at the boundary. This term is treated in the sense of the
dual pairing H/2(09) x H='/2(9Q) using that [02, tr,] is of lower order and that d;, belongs
to B(H'Y2(0Q), H-1/2(8Q)). For |3| > 0 we thus get

ffim 725 - tr, 002 H| ds < || |- ot 02|

H/2(09) H=1/2(6Q)

o0l

Next, the inhomogeneities are estimated by
/t/ 3 - 020k (o ) + o5 - 920F (xoo H) | dw dr
< 9/ d7+09/ (Jloka]’, " + |k Ga)

+ ot oz )|

HIBI-1

2
HIB1-1 +z )dT.

Thus,
|F02 (o)1) |,

< z(s +9/ dT—i—C@[/ 3/2( dT—i—H@ HH w—i—ykw' ! yggl’ﬁl_l},

dr (4.77)

‘|‘0’0
S

where the magnetic term is again treated by means of Lemma 4.5.2 later on.
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2) a) To estimate the full Sobolev norm, we next consider normal and mixed derivatives.
Let a = (v, 3) € Ng x N2 with v # 0 and |o] < 3 — k.
We furthermore split the terms with normal derivatives into

|20rof Ccon )|, < |02 (020k (xoaB) || + |07 (020F (xoaB)) ||, (479)
where for
u = 020f (Xon )
we write
(w)e = (u-&)¢ for £ € {r1,m2,v} and (u); = (u)r, + (U)r,. (4.79)

We start with the tangential part, which is recovered from the curl as follows. Let us first
introduce some notation from Chapter 6 of [35], namely

0 0 O 0 0 1 0 -1 0
Ji=10 0 =11, Jy= 0 0 O0f, Js=1[1 0 0],
01 0 -1 0 O 0O 0 O
SGEDINA
It follows
curl = Zj J;0; = Z J;€;0: = Z J(£)0k.

j€{1,2,3} cef{v,m,m2}
Ee{v,m,m2}

Note that the ker (J(v)) = span{r}. Hence, J(v)u = J(v)u,, and its restriction to span{ry, 72}
has an inverse R(v). This allows us to recover the tangential part of the normal derivative via

Oy = Zi(&,nuﬂ. + 1:0,7i - u) + R(v) ( curlu — Zl J(Ti)ﬁﬁu) (4.80)
We thus obtain
|9 (920 (xoa)) |

s>

0<o<y

+ Hagil Curl(afafxaﬂE)HLz T ‘

L= ‘63_161, (afatk(XaQE))T‘
9% (920 (xoaE)) |

L2

L2

10Ok (xpa B)|

it

10OV (xpa B)|

L2’
In this way, we trade normal derivatives of the tangential part for a curl term and tangential

derivatives. We now insert Equation (4.75) and iterate this estimate to move all derivatives
onto tangential ones, which we already treated, i.e.,

07 (320 (o)) |°. < |60 (11000208 (o))" + |00 g
’ V( 7 0r (Xoo ))T‘LQ N’ b (1a0k070F (X o0 ))’LQ ’ v gk,ﬁ‘Lz
+ X [0t (220t (xon®) ||, + |lon 0 00k (xou ||, + [0 02OV 0k (xon B

0<d<y

< o onm)|

+ |t o) |

Hlal-1 Hlal—1
+ > ksl Fia—ace + Hagatk(XBQE)’ QLQ-
beNz: [bl<lal—1 beNE: bl<lal
Since
gl 31011100 S HafEHZ + yggl""‘"l + 22,

Hlel=1 ()
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we conclude

oz (920k xon ) |, S 06 E] )+ b 22 (4.81)
T DR 2 el
beNZ : [bl<]a

where the last term was treated in (4.77).
b) Next, we recover the normal part via the divergence as in Chapter 6 of [35]. One has

divu = Z 9; Z uely = Z (Deug + div(€)ue).

Hence, for a matrix s € {é,0}, we obtain
div(seu) = Z“ €7 sCug) Z div(€)¢ " seu
= Zg’c(%&@guc + Oeoeecue) + Z& div(€)¢ " seu,

%yyatu = div(%u) - Z %gcaguC - Z 85%&11,4 — Zdiv(§)§T%u
(&O#ww) £¢ 3
=: div(s>u) — D(5)u, (4.82)

Where again §7< run over {V7 71, 7—2} and %g,g = %f . C Thus, fOI’ = ék and u = 8585(X8QE)
we obtain
(ék)w/auuz/ = diV(ékU) - D(ék)u

We next derive an equation for the divergence. Taking the tangential derivative and divergence
of (4.29) yields

Oy (&) = curl 020K (xyo H) — ou
— 02 (Xp00:fi) — [curl, ) (xoa0f H) — 02 ([eurl, x0l0) H)

-y (’Z)) {8f’b03$af(XaQE) + O (arﬁibékagaf(xaQE))}

0<b<f
= curl 320F (o H) — ou — ¢, (4.83)
div(égu)(t) = div(épu)(s) — /St (div(ou) 4 dive) () dr. (4.84)

Next, we apply (4.82) to div(ou) and get

div(égu)(t) = div(égu)(s) — /St (0uOyuy + D(o)u + div ) () dr. (4.85)

Set 7(T1) = AP ”6 ” =: 1y > 0 on w. Equation (4.82) also leads to the integral equation

(k) Oy, = div(égu) — D(ég)u
= div(épu)(s) — D(ér)u — / t (w(r)(ék)wa,,uy + D(o)u + div cp) (1)dr
for (éx)uu0yuy. Defining
k(t) == —D(éx)u and L(t) = D(o)u+div g,
we rewrite the integral equation as

(Ex)owOpun (t) = F(E) +y(t), (4.86)
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where f(t) := div(&zu)(s) +k(t) and y(t) == — [X(7(7) (k) Ovu, (T) +£(1)) d7. Differentiating
y in time results in the ODE

y'(t) +m()y(t) = —m() f(t) — L),  y(s) =0,
which is solved by y(t) = — [ (n(7)f(7) + £(7))e ~ 704 41 Therefore, (4.86) becomes
(0w () = F(8) — / () + em)e*ff "0 g
= div(éxu)(s) + k(1)
- / t (7(7) (div(Egu)(s) + k(7)) + €(r) e Joydr g
= o SO G20 (s) + k() — / t (7()k(r) +€(r))e” Frodr g a87)

In order to bound the normal part in (4.78), we apply 9]~ to (4.87) and take the L?-norm.
The first term becomes

t t
! (e_ Jimtryar div(éw)(s)) = o ST -1 G (2p) (5)

Note that by the chain rule for 1 <i <~y -1 <2,

t t t
Oy (e_ Jomt) dr) = (—/ 7 (r) dr) o Jomdr fori =1,

o5 (e_fs m(r) T) [( / Oy ) / O%m( dr] e AGL, for i = 2.

By Lemma 4.2.2, we can therefore bound each summand by

for 1 <i¢ <~ —1<2 The norm H7r(7')Hng is controlled uniformly via (4.5), (4.26), and
Lemma 4.2.1. Tt follows

Applying the same reasoning to the integrand = (7)k(7) in (4.87) then yields

S sup [[w(T) gz (8= 9)% + (=) e ™ |fu(s)|]
L2 r1€[s,] r

o <e_ S ) d’“) 11 div(4u) (s)

t 2
o (e Sy ar div(éw)(s))

L2

< emmolt=s) (Hagl div(2pu)(s)

2 2
()l ).

107w (8)117

g efﬂo(tfs) (

Ewdu )|,
a2 ) +

N (/t eféﬂ-o(tfr) . eféﬂ‘o(t*‘r) (

< e molt=s) (Hm " div(&gu)(s) iz

+/ —mo(t—7 dT/ 77I'0(t7T)(

2
+ )

A~ div(&pu)(s) o k(1) 4 ()]
L2 r

v—1
Rk, +

),
+ )l ) +
")

o7 k(0)||”
v L2

ol




98 4. THE QUASILINEAR MAXWELL SYSTEM WITH INTERIOR CONDUCTIVITY

< —mo(t—s) L a 2 2 2 2
Se | ) (s)||, + ()l O], + @)l
1 rt 2 2
il —mo(t—7) v—1 2
+= [ (Hay ||, + o), + ||u(7')||H;1) dr, (4.88)

where we used Cauchy-Schwarz in time and Young’s inequality.
Integrating over time results in

+ )2 ) (1.5

ML, + )l ) ar.

t 1 2
Y 2 < - =1 Qi (2
[ et s - (|t av@a ),
1 t
(1) [

2
Note that |9)~1 div(éku)(s)Hiz < Haf(X@QE)(S)HH\aI < z(s). As above Lemmas 4.2.1 and
4.2.2 yield

2

2
k)|, S + ()l (4.90)

az*( > 8su<>
(39

Q)
S 1107 ()17

L2

- ( (0,1)U)V k|a\ 1‘

_l’_

2
— 1,0
@), |,

Here we treat the first term by (4.81) and the second and third terms have fewer normal
derivatives, so we can iterate this estimate in the end. Moreover,

+ a1 + 1917 (4.91)

)|

331< > 35U<>

(EQ#()
2
S 103 (w)rlZ2 + |31 @) |,

L2

a’y—l 8(0’1)11,)1/ klal-1

2
Y AR 10

||90\|H7<||3tkaH3H'HatHH |+Hx(fmatEH 1+foma’“ gl

H‘a H‘a‘ H|04‘ 1

< 22 +HafHH |a‘+yk Jol=l R blel =, (4.92)

Equations (4.88), (4.89), (4.90), (4.91), and (4.92) lead to

2 2
dr
L2

35+bak( ))V‘ 2

L2

7 (920F (xonB)) (1) ) (aéaf<><aQE>)

Haffl (a£+batk(XBQE t

l/

L2

<

ar|

beN?
bl<1

7 (000k (xoaP)) |, dr

} (020F vanB)) (1)
O L

t
Elal—1 . k+1,]a|—1
+/ <22(7)+H35HH \a|‘|‘yas|2a| +ya;§ . )dT-
S

Tteratively, we then obtain

2 (00 D)) | dr (4.93)

7 (920 (onE)) O]
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2 t 2
s ¥ (oot conBro]), + [ oo b)), dT}
beN2 s
[b] <y
-
m=1 peN2 L
[b|<y—m
Z(S)+Z +H8tHH ‘al_{_yklal 1+ k+1 la]—1

+ /St (z )+ H(?t HH o + yk Jol=1 + yggl’O"l) dr,

where the tangential and mixed terms were already estimated in (4.77) and (4.81).
By means of (4.77), (4.78), (4.81), (4.93), and since y5i" ™ < ||OF(B, H)|2 .., we finally
r

recover the full Sobolev norm via
H5'£€<X89E)() Hle ,+/ Ha XaQE)H dr (4.94)

Hlal
DY
(7,8)€No xN2
y+HIBIL]al

< 2(s) + 2%( +9/ 7)dr + ( 1+69MOH ‘

8)000F (xaa B)(t) dr

maﬁat (xonB)

! +/ < V2 +H

T R 2 e O

2 )i

Lemma 4.5.2 then shows the desired estimate. O

At last, we have to bound the Sobolev norms of 9F(E, H) near the interface I'. We first
consider each side of I' individually. The proof of the inequality on w is similar as in the
proof of Lemma 4.5.5 The tangential derivative of x(E, H) on w can be estimated using the
energy identity exploiting that ¢ > og > 0 on w. The normal derivatives are then reduced
to the tangential case a before via the Maxwell system. On v we bound the fields using a
div-curl lemma, where the traces can be controlled via the interface conditions and lower-order
estimates.

Lemma 4.5.6. Let (Hq) hold. For 0 <s <t <T, and k,j € Ng with k+ j < 2, the solutions
(E,H) of (4.1)~(4.4) satisfy

yllg,j+1+/tyllg,j+1 dr
S e(t) +2(s) + (¢ +9/ d7+(1+60)[/:(6(7)+z3/2(7)>dr
o+t e, m)

t . 2 2
il +/S (Hat (E, H)’H% H%) df}

Proof. We consider a neighborhood of the interface I'. To simplify the notation slightly we
drop the superscript of ' = v and 7'1-F = 7; when used in a subscript. From (4.6) we recall
the interface conditions

+ Hat

+ HakJrl (E, H)‘

for any 6 > 0.

[oFE x vT](t) =0, [oFH x VI (t) = 0. (4.95)
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1) For 0 # a = (v, 8) € N§ = Ny x N we write 8)97 = 895102
1.1) The tangential derivative of the localized solution 920F (xp(E, H)), |a| < 3 — k, solves
the system

cad, [0£0} (xr )| = curl (020f (xr 1)) — o (020} (< B)| — Foe

fou = =02 (Ixr, curllOf H) = [07, curl] (xpOF H) + 92 (xr Jo)

= 5 () (et + o2ttt ),
0<b<f

pads [070F (o )| = — curl (970f (xB)) — gk (4.96)

90, = 02 ([xp, cwrl]Of B) + 02, cwrl] (¢ OF E) + 02 (xr-i)

- 5 ()ortwaat

0<b<3

on both sides of T, cf. Equation (4.75). Again, note that [xp, curl] is just a multiplier and
(02, curl] is of order |3]. They also satisfy the boundary conditions

tr; 00y (xp E) = 0, (trn 070 paxy H = 0) on N

The tangential derivative commutes with the trace. Indeed, one can first establish this result
for smooth functions and then apply the continuity of the operators. Hence, 92 af(XFE ,xrH)
satisfies

[tr; 920K (xpE)] = — > <§> [tr 820F (xp B)] x 02700 = g on T,
0<b<p

[tre O20F ep H)] = — > (i) [tr 820 (xp H)] x 82T = 4p5), on T,
0<b< 8

where only terms of order strictly smaller than |/3| appear on the right-hand side.
1.2) We start by deriving the energy equality

3 [y (0070 ) - D208 e ) + oo o HOD) - 070 e )] e (497
+ / t /Nar 00207 (xp B(7)) - 020 (xp B(7)) dz dr
- % //\/{ [2a020F (xr B(s)) - 020F (xr B(s)) + 1ad20f (xp H () - 020} (xp H(s)) | da
+ % / t /N , (Dr2)020F (x B) - 020F (xp B) + (0u10)020F (xp H) - 020f (xp H)| davdr
[ (320 s+ 020 ) 3] v
" /f (s - trro0 O20F (X H) — trr o0 020} (xr B) - ) ds dr.
For 070y (xrE,xrH) € g% this follows from (4.96) and an integration by parts argument.

However, if k + |3| = 3, we have to approximate the solutions suitably. Since k < 2 there is
at least one tangential derivative 8% with 8; > 1 for i € {1,2}. Using Theorem 3.3.5 we
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approximate (u,v) = 0F0P ¢ (xp E, xpH) € G- on NT by (un,v,) € G2 in G solving

€q0iuy, = curlv, — ouy, — fa—e; k
n n n fﬁ ei,k,ns tZO,%EN{\F,

pdOpvn = —curlun — 95—¢; kns
[ux '] = PB—e; ks U X V) = Vg—e;km, t>0,xz €T,
uxv=0, t>0,2 € ONT,
w(0,2) =ugpn, v(0,z) =09, ze NI\T,

where the approximations fg—e; k.ns 88—e; kn> P8—e; k> and Yg_, 1 n are chosen in accordance
with Theorem 3.3.5. We need convergence in Gf to ensure the convergence of interface terms
in a moment. Then 9% (u,,v,) belongs to Q%, and one derives the energy equality for the

approximation
1 i €i €; . Qi
5 / T [€a0% un (t) - OF up (t) + padSivn(t) - 0%ivp(t)] da
t
4 / / i (7) - O un(r) dar d7
= / (a0 tun(5) - Dtun(5) + 10 v(5) - Bivp(s)] dar
+ 5 // [(Oreq) 05 Uy, - O up + (Opta) 05 vy, - O5ivy] dadr

// (0% uy, - (05 F—e, km — (051, curl]u, + (95ieq)Orun, + (051 0)up)
+07 0y, - (051 98—e; ke + (05, curl]u, + (05 pta)Opvy,)| da dr
+ /% 90,8 eskn * W 0v 8 Up, — tr7 50 8 Un * (9 w,@ ek, n) dgdr.

The convergence of 0% (uy,, v,) — 02(u,v) in L*(N]') shows that

/ €407 un(r) - 07 un(r) dx%/ £ad70F (xr B (r)) - 0707 (xp E(r)) da,

Jo padieenr) - 35ty dw = [ @0k o) - 020K (e H ()

(4.98)

for r € {s,t}. Similarly, the terms involving o, 9,64, and Oyuq converge to the expressions
without n, and likewise the inhomogeneities and commutator terms. To reconstruct fg; we

use the commutator identity [AB, C| = A[B,C] + [A, C]B and calculate

025,k — [07, curl]v + (0%eq)Opu + (0%i0)u

= o¢ ( 02 (g, curllof H) — 027, curl] (xp 0 H) + 02 (- i)

B —ei e e
+ D ( ) )(af “odbof (xr E) + 07 zbedaiaf“(xpE)))

0<b<B—e;
— [0, curl]v + [0%, eq|Opu + [0, o|u

= —8f([XF, curl]@fH) + 02 (xr fx)

- (8? (057 curl] (xpOF H) + [0%, curl]v)
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(951107, 010F (xr B) + 05", 0107~ 0f (xr )
+ (021
= 02 (Ixp, curl]Of H ) + 02 (xp fi) — [07, ewrl] (xp O H)
+[02,010F (xr E) + (02, 2a]0f T (xr E)
= 02 (Ixp, curl]of H ) — [02, cwnl] (xp OF H) + 02 (xr- )

- 5 (0) (o toatatam + o eitat )

0<b<

(0875 ealOF (X0 B) + 054, €007 70 T (xp ) )

= f8.k>
see Equation (4.96). Likewise, one can show the convergence of
0% 98—c; b + (05, curlluy, + (05 pa) Orvn, — 95.ks

in L2((s,t), L2(NY)), which yields the convergence of all interior integrals over N1 in (4.98)
to the interior terms of (4.97). Next, we consider the interface terms. We see, using the
continuity of 8% : HY?(I') — H~Y/2(T'), see Chapter 2.3 in [12], that

/% 905 eik,n trT Ov a Un — P8,k ° trr,av afatk(XFH)) dedr (4'99)

< / 107" 0—es ki —
S

+0sbll oy |oreon (9500 — 020 )|, 172 ))dT

S / (”3?805—ei7k,n -
S

il - ([trrow (o — 80k o) |

(1) [[tr+.00 af—ivnHHflﬂ(r)

(IT) [[trr.60 8iivn||H_1/2 (T)

H1/2

+ e, 054 (v = 07 0 (o 1) HH—l/Q(F) )) 4
< [ (10505-cukn — o

ool =020t ae 0], ) o

HY/2(T) HtFT,au 87e-iUn||[_[—1/2(r‘)

where the commutator [tr; g,,05] is of order 0. The first term vanishes because 0% pg_¢, kn —
wax in L2 ((s,t), H'/2(T')) and tr, s, 0% v, is bounded in L?((s,t), H~Y/(T)). The second
term vanishes since v, — 027 0F (xpH) in G{ and thus the difference in (4.99) converges to
0. The same argument applies to the second interface term, leading to (4.97).

1.3) The trace integrals in (4.97) can be estimated by

t
4 (‘Pﬂ,k trr00 000F (Xp H) — trr00 070 (Xp E) - W,k) dedr

< /St(‘|¢6,k‘|H1/2(p HUT,BU a—éaf(XFH)H —1/2

+ lnpge HHW Hmawa O (xE)|

)

H*1/2(F) ) dr

2
k
FH|

<
= ||V||C4( H1L5|(Ng)

dr + ¢y dr

H'f' WE)
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<9/ T)dT + ¢

o 0

using that ¢g 1 and g only contain lower-order terms. Furthermore, the inhomogeneities
satisfy

1f8.kll r2e) S HakHH

9.l 20y S [|OFE]

H kEHH\m LT +Hak+1EHH|B\ LT +||kaHIﬁI(Nr)a

+ara]

P ) -t T 19 oy
Using also Lemma 4.2.1 we thus obtain the inequality
2
k
020t B @), + 00 [ 0205 0B, a7
t t
< z(s) + 09/ A2 (1) dr + 9/ z(r)dr (4.100)
B krr]|?
N R ST Y P P

We emphasize that the integral-term on the left-hand side unfortunately only contains the
L?-norm on the support of o, i.e., the subset w C Q.
1.4) To estimate the full Sobolev norm on w, we again consider normal and mixed derivatives
next. Let a = (v, 8) € Ng x N3 with v # 0 and |a| < 3 — k. Set u = 020F (xpE).

As in (4.78), we split the terms with normal derivatives into

7 (920 (xr ) 7 (070 ()

OO (xr )|

L2(w) ™ vilL2(w) L2y’

The tangential part 9)020F (xpE)r can be recovered from the curl as in Equation (4.80) by
Oy(u); = Z (Oymi(u)r, + 10T - w) + R(VF) (curlu — Z J(Ti)aﬂ.u> .
i=1,2 i=1,2

We insert Equation (4.96)and iterate, which leads to the estimate

2

L (920k o)) ||

k k+1|al—1 2
~H8 EHH\a\ 1y +22+ )
beENZ: |b|<|a

k 2
Lo (e E)||

2(w)
(4.101)

as in (4.81).
1.5) The normal part 9,(-), on w is again recovered through the divergence. By Equa-
tion (4.82), we have

ER)wd(w)y =divEgu) = Y (Er)ecdeuc — ) Oe(Er)ecuc — »_ div(€)ET (éu)
(€AW ) £C ¢
= div (éku) — D(ék)u

Similar to (4.83), u satisfies
Oy (épu) = curl 320F (xp H) — ou
= 07 (xrOufie) = lowrl, 07 ) (xr 0 H) = 07 ([eurl, xp]OF H)

S <§> [843_1108385(“@ + 0, (aﬁ—bgk(‘)i@f(er)ﬂ

0<b< 3
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= curl 820F (xp H) — ou — . (4.102)
As in (4.84) and (4.85), these formulas lead to the integral equation
(k) O, = div(égu) — D(ér)u

= div(&pu)(s) — D(&p)u — / t (7(7) (ék)vwOv, + D(0)u + div @) (7) dr.

Here we have again w(7) = (E‘Zﬁ > S = 7 on w, but m(r) = 0 and D(c) = 0 on
v. This equation is solved like in (4.86). We can estimate the resulting terms following

(4.88), (4.89), (4.90), (4.91), and (4.92), which results in

2

2 t
v (B Ak v AB Ak
|oz (20t 0em)), @)L + [ o0 (D20 0a) |, 0 (4.103)
2 t 2
s ¥ ||t oamro]),,, + [ oot oan),, o]
beENZ s
|b] <~
5 B+b ok 2 ! B+b ok 2
+3 2 |l @ratoan) 0, + [ or (@okea) |7, o]
m=1 pecN2 T L2 (w) s TIL2(w)
0
[b|<y—m
2 al— al—
t2(s) + 22(0) + ||OF H| oy +yl T 4 g
r
t 2 - al—
+/ (22(7)+H85HHH|Q +yp Tt g 1) dr.
S r
As in (4.94), the inequalities (4.100), (4.101), (4.103), and Lemma 4.5.2 then imply
k 2 [ 2
Hat (XFE)(t)HH\al(w) +/ ’at (XFE)HH\a\(w) dr (4.104)

< 2(s) + 22(t) + e/t 2(r)dr + (1 + ¢p) [ |k, . + /t <z3/2(7) + HafHH;a> dr
s T S I
O ) Ry 2 R e O

2) 1t remains to control [|0F (xp-E ()| el ) + S 10 Cr ) | el oy dr. Here we use the stan-
dard div-curl Lemma A.2.1

2
Hlel=1(v)

2 ;(v) + ewrl of (xr B))| (4.105)

G/l Y NS 2)]

+ [[dive, 9F (e B)|

Hlel
2

Hlal=1/2(1)

2

Hlol-1() T Htrm“ af(XFE)H

Note that 9 (xpE) vanishes at ON! Nv. The Maxwell system (4.1) implies

cuwrl(xpE) = Vxp x E — xpd(uH),

on v,
dive(xpE) = Vxp - €E,

since div(e(Ep)Ep)|, = 0 and o|, = 0. For k € {1,2} Equation (4.32) yields

curl 8f (xp E) = —pa0f ™ (xp H) — [xp, cwrl]0f E — X1,

. k k . ~ on v,
dive, 07 (xpE) = Vxr - €40 E — xp div fr_1,
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where the commutator [xp, curl] is a multiplication operator. We then obtain

chrlat xrE) HH\ I-1( Haf—HHHHI I-1( +H8f H\a|fl(v)+Z2(t)’
Hdw o e B, Hlol=1 () ~ H HHIQ\*l(v) +25(0)-
The interface condition (4.95) yields
[t 0 OF OB |11y gy = [Joreo OF CeB)| oy < [0F (B il
From (4.105) we thus infer
kOB % el + 0 *W“EMMrWW“Hle (4.106)
+ Hak XFE) Hlol(w)

Estimates (4.104) and (4.106) result in

2 +/tHak 2
H|Fa\ i Y (xr B H\a\( Q)

Hlol- 1+H8§“H (t)

dr

|0k B) (1)

Selt) + 22(t) + Hé)fE

H‘“' 1
t
—l—/ (6(7 ) + Ha’f

H“" 1) dr
o O Y M LSS

Selt) +2(5)+ 20 +6 [ =(ar+ 0+ a)] [ (o0 +220) ar

2 t el
e+ o] e
T S T

H\al ) +Hak+1H

e+ o)

Hl"a|1> dT:|.

+ |of e, 1)

+/S <Haf E.H)

3) Finally, Lemma 4.5.2 yields our result

k,|a+/t klol g

<e(t) + z(s) + 22(t —i—H/ dT+(1+09)|:/8t(6(7_)—}-23/2(7'))(17'

+ ||t 1)) ’ i

+/ (Hak (E, H) el 1) dr} O

All that remains is to piece together the estimates above.

dr

HM1+W“?EHM>

s o . )

i — ok (B, 1) (1)

ot Ha’““ &, /)|

H'“

Proof of Theorem 4.5.1. For k € Ny, j € Ng with & + j <2 we have

. t .
e dr < Z yé7j+1(t) + / yé’]ﬂ (r)dr.
2e{v,lw,00} s

|0k (B, H)(t)

o+ [ ot |
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By the Lemmas 4.5.3, 4.5.4, 4.5.5 and 4.5.6 the right-hand side can be estimated by

e(t) + z(s) + 22(t —1—9/ T)dr +(1 —I—ce){/:<e(7)+z3/2(7)>d7

ot
+/ (]at ) ar].

By iterating over j and k, see Figure 4.3, we thus obtain

- H@’“ !

J
Hy,

+ HakJrl (B H)|

Haf(E, H)(t)‘ dr (4.107)

F(B,H)(7)

j+1 J+1
Hy Hy

<e(t) + z(s) + 2%(t) + 9/: 2(1)d7 + (1 + ¢p) {/St (6(7’) + 23/2(7—)) dT} .

Hence,
/ T)dr Seft +/
+ > (Hafw, H)(1)| 11 FBH))| dT>
j+k<2 r
Se(t) + z(s) + 22(t +/ +z3/2(7))d7,
where we absorbed the term prefaced by € in (4.107) by the left-hand side. O

4.6. EXPONENTIAL DECAY

We now combine the observability-type estimate of Theorem 4.4.5, the regularity analysis of
Theorem 4.5.1, and the energy inequality in Lemma 4.2.3 to show the main decay result of
this chapter.

Theorem 4.6.1 (Exponential decay). Assume that (Hq) holds. Let the initial values

(Eo, Ho) € (HI?!(Q))G be sufficiently small. Then the corresponding solution (E, H) to (4.1)-
(4.4) exists for all't > 0. Moreover, there exist constants M > 1 and w > 0 such that

2(t) < Me™*'2(0), t>0.
Proof of Theorem 4.6.1. Theorem 4.4.5, Theorem 4.5.1 and Lemma 4.2.3 imply
+/ dr < 2(s) + 22(t) + et +/ z3/2(7'))d7'
Se(t)—i—q( )+ 2%( —i—/ 232 ))dT)

) (z(t) —I-/S z(T) d7‘>
< ¢ (z(s) +2() 4+ /: 3/2(7) dT) 5 < / dT)
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for 6 € (0,1]. We first fix a sufficiently small § > 0 to absorb the final terms by the left-hand
side. Then fix §, > 0 such that the superlinear terms can be put on the left as z'/2(t) < 4,
for t € [0,T%). So, we arrive at

(1) + / ") dr < Cx(s), (4.108)

for 0 < s <t < 7T, and a constant C' > 1. Now, global existence and exponential decay follow
as in the proof of Theorem 2.2 in [35] (given after Remark 5.2 in [35]).

Suppose that T, < oco. It follows 2(T%) = §2 by (4.18). On the other hand, inequality (4.108)
yields z(t) < Cz(s). For initial fields with ||(E0,H0)||Hl§ < r, one can bound z(0) < cor?
using its definition. As a result for a fixed, sufficiently small radius 7 € (0,7(0,)] we infer the
contradiction z(7}) < 262, Therefore, the solution exists and (4.108) is valid for all times.
For T'= C(2C — 1) we deduce

The assertion follows by iteration. O






PART 11

DECAY CAUSED BY ABSORBING BOUNDARY
CONDITIONS






CHAPTER b

OBSERVABILITY AND NORMAL TRACE ESTIMATES

Whereas the first part of the thesis considered internal damping caused by the conductivity, we
now replace the perfectly conducting boundary condition by an absorbing one. We first study
the linear non-autonomous system with a generalized inhomogeneous absorbing boundary
condition

O(a(t,x)u(t,z)) = curlv(t, z) + dyp(t, x), R
O (B(t,x)v(t,x)) = — curlu(t, z) + Ip(t, ), (5.1)
v(t,z) x v+ (y(t,z)(u(t,z) x v)) x v = h(t,x), t>0,2€09,

u(0,2) = up(z), v(0,z) =vo(z), x €,

similar to the system in Chapter 3. We will use this system to derive trace estimates, which
are required to first show a preliminary observability-type estimate. This is then used to
derive exponential stability for both the linear and quasilinear systems, see Chapters 6 and 7.

We consider a bounded, multiply connected domain Q C R? with C%*!-boundary 9. In
order to define our coefficient on the boundary we introduce the space

Ck([0,T] x 0Q) := {f e C*([0,T] x Q) ‘ f(t)-v=00n 09 for t € [O,T]},

of which we will also use a time-independent version C*(99) later on. We assume that

a,B€ CH[0,T] x QRED), v e CL([0,T] x 0Q,R3%3),  with a, 8,7 > 7,

0,0 € Gt = CY([0,T], L*(Q)3) n ([0, T], H(Q)?) (5.2)
he C([0,T], H/?(09)) with v-h =0,

and choose initial values ug,vg € (L?(2))? such that
div (a(0)ug) = divp(0) and div (8(0)vg) = div)(0). (5.3)

By Proposition 3.1 of [55] there exists a unique weak solution (u,v) € C([0,T], (L?(£2))%) of
(5.1) with tangential trace (tr, u,tr,v) € L?(Q7,R%). Observe that

div(au) = div(e) and div(pv) = div(y) (5.4)

belong to C([0,T], L*(2)).
As in (7.24), we assume the non-trapping condition

a:=a+(m-Va>ia, B=p8+(m-V)8=ip, (5.5)

for some 7 > 0.

5.1. NORMAL TRACE ESTIMATES

The main goal of this section is to establish new bounds on the normal traces of the electric
and magnetic fields and their derivatives, which are also needed to show the observability-
like estimate for the linear problem in Lemma 6.1.1 and for the quasilinear problem in
Proposition 7.2.3.



112 5. OBSERVABILITY AND NORMAL TRACE ESTIMATES

THE PSEUDODIFFERENTIAL COLLAR OPERATOR X

To obtain the desired trace regularity, we introduce the pseudodifferential operator X as
defined in Definition 2.1 of [18]. In the context of wave equations a similar operator was
introduced in Section 7 of [37]. This operator has the advantageous property that it allows us
to trade time regularity for spatial regularity on the boundary 92 of our domain, as shown in
Lemma 2.2 of [18]. We restate its definition.

Definition 5.1.1. Since our domain Q has in particular a C? boundary there exists a tubular
neighborhood U of ), and a partition QU U = J"q U; by open U; C R3, such that

- Uy CQ,

~U; CU withU; N0 # 0 fori>1, and

— there ezists a partition of unity (¢i)i=o,....m on 2 such that ¢; € C(U;) and Y-, ¢i(z) =1

for x € Q.

Furthermore, we choose a neighborhood V; C R® around the origin and coordinate mappings
®;: V; = U; € C*(V;) such that

- i(Vin{(z,y,2) | 22 0}) =UsNQ,

- (I)z(‘/z N {(wayaz) | z = O}) = Uz NofQ.
We begin constructing X locally on R x U;. Let » > 0, x € C®°(R3\ {0}) with 0 < x <1, and

1, S0l < 5| (m1,m2)[ /2,
07 |£0| Z%|(7717772)|7
and 0 < p <1 be a cutoff at the origin with

L, (S0, m,m2)” > 2,
0’ |(an771,772)|2 < 1.
We set x(&0,m1,12,m3) = (pX) (§0,m1,7m2) € C®(RY). For u € L*(R, H*(2)) define u; = ¢iu

and vi(§0,m) = ui(€0, ®i(n)) for (§o,n) € RxV;. Take o; € C5°(Vi) such that oi|supp(p0e;) = 1-
The operator X is then given by

X(goa m, 772) = {

p(&o,m1,m2) = {

X(x,D)u = Z[UiX(Dtv Dy, Dyz)”l'] o (I)z‘_l‘
i=1
Its symbol is of class C*SY, cf. [62] and [18].
The restriction of X to the boundary O (as a pseudodifferential operator on a manifold) is

also denoted by X.

We recall the central properties of this operator as stated and proven in Lemmas 2.2 and
2.3 of [18], setting 02 := R x 9. Observe that in the next Lemma the constant K; can be
chosen arbitrarily small by fixing a small s > 0 in Definition 5.1.1.

Lemma 5.1.2. Let u € L%(R, H%(Q)). Then there exists a constant K1 > 0 such that

I3l dr < Ko | [ Xl dr + [ Nl o o]

for 0 < s < 1. The constant K1 = K;(3) belongs to O(5%) for s — 0.
Lemma 5.1.3. Let u € L?(0Q0). Then there exists a constant Ko = Ko(5¢) > 0 with

2 2 2
10 = X)ulF2o0.) < Ko [lullfi-pan) + 10ml-1 o0, |-
Using the fact that X is essentially a Fourier-multiplier at least locally and Chapter 4 of

[62], we obtain the following regularity result.

Lemma 5.1.4. Let —1 < s < 1. Then the operators X : L*(R, H*(2)) — L*(R, H*(2)) and
X: L3R, H*(09)) — L*(R, H*(9S2)) are continuous.
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TRACE INEQUALITY

We consider the nonautonomous Maxwell system with inhomogeneities ¢, ¢ € L%([0,7] x Q),
ie.,

O(au) = curlv + &, t>0,z €,
O (pv) = —curlu + ¢, t>0,z €9, (5.6)
vX v+ (y(uxv)) xXv=h, t> 0,2 €04,
u(0) = ug, v(0) = vy, x €,

with coefficients and data as in (5.2) and (5.3) above.

Then Proposition 3.1 of [55] yields a unique weak solution (u,v) € C([0, T}], (L*(2))°) with
(tr u, tr, v) € L2([0,T] x 09Q)°.

In order to apply the pseudodifferential operator X from Definition 5.1.1 to the solutions
(u,v) defined on [0,T], we have to extend (u,v) by 0 to L?(R,L?*(£2)). We still denote
this extension by u respectively v, and proceed analogously with &, ( and h. The following
div-curl estimate allows us to bound the image of the pseudodifferential operator in H'.
Initially we assume that (u,v) belong to G! = G!([0, T]). This assumption will be removed in
Corollary 5.1.9. We note that below the case § = 0 suffices for the proof of Proposition 7.2.3.
Negative 6 are needed in Chapter 6 for improved results on the autonomous linear problem.

Lemma 5.1.5. Under the above assumptions, let (u,v) € G! be solutions to the system (5.6)

and 0 € [0,3). We then have

LK o) noydr S [ (11X div(an, B0) sy + X curl(u, )l [F-oq0)

1ot ) oy + 112 021 /2-0 a2 + 1l301/2-0052 ) -

Proof. By Lemma 5.1.4 the operator X : L*(R, H*(Q)) — L?(R, H*(f2)) is continuous for
—1 < s <1. We apply Theorem A.2.9a) to Xu and Xv, obtaining

1 X (w, 0) | 100y S 1dive Xull g-o(qy + [|dive Xull o) + 1 X (u, )l g0
+ [eurl X (u, v)|| -0 (@) (5.7)
+ [ Xv x v+ (v((Xu) x ) X V|| g1/2-0 (50 -

To estimate the last term, we note that the cross product with v can be written as a
multiplication with a matrix B whose entries and their derivatives are bounded. The same
holds for v and thus for the entries of ByB. We write

(Xv) xv+ (v(Xu) xv)) x v=B(Xv) + ByB(Xu).

The commutators [X, B], [X, ByB]: L*(R, H=*(0Q)) — L*(R, H'=%(09)) are continuous for
s € [0,1] (see Proposition 4.1.E of [62]). We then compute

1w v+ (((Xw) x2)) x Vs oy dr
= /R | X(vxv+v(uxv)xv)+[X,Blv+ [X, B’)’B]UH%IU?*‘)((‘)Q) dr
S /R (HhHip/%@(aQ) + H(U7U)H§rl/2—9(ag)> dr,
using the boundary condition v X v + y(u X v) x v = w of (5.6) and the continuity of X on

ON. Since curl, div, and divg have C1S}-symbols, the commutators with X are bounded on
H~% which can be shown as in Proposition 4.1.E of [62]. The assertion now easily follows. [
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Exploiting the smallness of Kj(s) in Lemma 5.1.2, we can simplify the estimate above.

Corollary 5.1.6. In the situation of Lemma 5.1.5 there is a number 3y > 0 so that for all
» € (0, 359] in Definition 5.1.1 we have

L1 o) ooy 47 S [ (100 -0 ¢ -oganes

+ ||(va)||§1—1/2—9(ag) + [ X (€ C)H%{f@(m + Hh||§{1/2—9(ag)) dr.
Proof. Via (5.6) we rewrite the curl-terms in Lemma 5.1.5 as
X curlul[f—s + X curlvf|F—o = [|X0p(au) — XE|[3-0 + | XO(Bv) — XC|IF-o

By Proposition 4.1.E in [62] the commutator [X,a]: L2(R, H~%(Q)) — LR, H'79(Q)) is
bounded. This fact and Lemmas 5.1.2, 5.1.4, and 5.1.5 lead to

LI @) podr S [ (ldivau 8o) -0 + Ka(0) X (o, 50) o
H1XCE Ol + 1, 0) -0 + 1t 0 -v2-s(o) + NAlE/2-0(0) ) d7
S [ (v, Bo)F-o + Ka(6o) 1X (w0 oo + 10 o
10, 0) 3300y + 106, -0 + 11300 ) 7
For small s and hence Kj(3), we derive
S0 lEnedr S [ (s + 1000, o + 100051
R ) Hl- ~ e H=9(diva,Q) H=9(divg, ) J H~-1/2-9(9Q)

X (& O -0 + 1l131/2-0 (90 ) - 0

From now on s = ¢ is fixed in the definition of X. We will use this inequality in a
moment to establish an estimate for the normal trace of cu and Sv. For this we will have to
split the trace term ||(u, v)||%2(89) < $9q(au - u+ Bv - v)ds related to the right-hand side of
Corollary 5.1.6 into a normal and tangential component.

In the following, u,, = (u - v)v denotes the part of u in normal direction, whereas u, =
v X (u X v) is the tangential one, see (4.79). We can thus decompose u as u = u, + ur.

Lemma 5.1.7. In the situation of Lemma 5.1.5 above we have

t t
/}{ (au-u—l—v'ﬁv)dchS/% (|1/-au|2—|—|V~Bv]2+\uT]2+]vT|2) d¢dr.
5 J 00 5 JOQ

Proof. We only treat tr(u - au). The estimate for v is shown analogously. Since the matrix
operator « is assumed to be bounded and uniformly positive definite, we can compute

t t
/% au~ud§d7:/% (uy - quy + 2urouy, + ur - auy)dedr
s JON s JO0
¢ 1
< \/gu-uy‘auy+u72)dgd7'
S [ (Vs - aul+ ]

t 1
5/% ((5|u-1/|2—|—|y'au,,|2—|—|u.r|2> d¢dr
s Jog o

t 1
< /%99 (5\u|2 + 5(|V coul? + v - aug)?) + \uTIQ) d¢dr

t 1
§/% (5u-au+(]1/-au]2+ ]u7]2)+\uT]2) dgdr.
5J0Q o

Fixing a sufficiently small § > 0 we thus obtain the assertion. O
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The main difficulty in the proof of Proposition 7.2.3 is that one has to bound trace terms
of the electric and magnetic field by the tangential trace of 9F E. The boundary condition
directly connects this trace to the tangential trace of the magnetic field. We thus inspect the
normal boundary terms in detail, where we gain small constants in front of the divergence
terms, but obtain a (large) error in H~1(9Q). In the next lemma, one can remove the operator
X on the right-hand side by continuity. We keep it in the statement in view of Corollary 5.1.9.

Lemma 5.1.8. Let (u,v) € G be a solution to the system (5.6) and 0 € [0,1). Then there

exists a constant 09 > 0 such that for every § € (0, o] and a constant cs depending on § we get

t t
/S (Ilv - aullfzgon) + IV - BolFon)) d7 < / (8 a0ty + 0 100 Fr-o(ai s
+ cs Iy (au, Bo)I-1 00y + IV X ullF2a0) + I F1/2-0(00) ) d (5.8)
+ [ IX(E Ol dr + 10+ &7+ Olls0m

for0<s<t<T.

Proof. We show the inequality only for s = 0 and ¢ = T since general times can be treated
analogously.

As au € GY([0,T]), the normal trace belongs to C([0, T], L?(92)). Extending cu by 0 to R,
we obtain

T
2 2
/0 v qull22 o0y dr = v - aull2ap.)

(5.9)
S X (- O‘U)H%Q(an) + (1= X)(v- au)”%?(a&)oo) :
We first estimate the second term on the right-hand side. Lemma 5.1.3 yields
(1= X) (v - au) 2200,y S IV - 0wl 10 + 10:(v - cu) |31 0. -
We have v - 0¢(au) = v - (curlv) + v - £ by (5.6) and
[v - (curlv)|| g-190..) S IV X vl 1290,y < o0
by Lemma A.1.6. Hence, the difference v - ¢ belongs to H (99 ), and we can infer
11 = X)v - (@) 290
(5.10)

T
S [ (- oullfaom + I x vliZam) d7 + - €2 oo

By interpolation (see Theorem 2.7.7 in [38] for smooth 0f), the first term of the right-hand
side of (5.9) can be bounded by

2/(3—20) (1- 29 3 20
X0+ aw) o S [ GIX0au) 355300 5 1 au)] 2000 ) dr.

§/ (8% | X v - aull /20 g0
R
+ 072620/ X - | (o)) AT
for an arbitrary & == §3=2¢ € (0,1]. Since dQ € C® and a € C', the commutators [X, v] and

[X, a] are bounded from L?(R, H~Y/?=9(9Q)) to L*(R, H'/279(dQ)), cf. Proposition 4.1.E in
[62]. It follows that

J = /R(5 | Xv - aullp2-(00) + e [ XV ol (90)) d7
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5/R<5(HXUH?111/2*9(8Q)+HUH?LI*U%G(BQ))"’_C(;HV aUHH 8Q))d
S | (81X ul-aqq + uliaony) + s - @ullfsony) dr.

(Sl Fr—o aiva) + 10 5r-0aivs) + 10 )7 2o + IX (€ Ol (e

A
s

B0 2-0g00)) + €5 v aulldys oy ) d7,

where we also used Corollary 5.1.6. Lemma 5.1.7 now allows us to split the trace term into
normal and tangential parts, obtaining

756 [ o, B0 oy b+ 0 [ IXCE Oy dr + [ (50l
+ HU”H*G(divlg)_}_ [ % (U7U)||L2(6Q) + ||h||H1/2*9(69)) + el au”?ﬁl(aﬂ) ) dr.

We have the same estimate for v - fv in (5.9). By choosing 6 > 0 sufficiently small, we absorb
the normal trace terms by the left-hand side of (5.9). We infer

T T
| (- aulliagony + - BollEaony) dr < [ (8 Nellmoganeay + 6 010y
+ e5 v (o, B) 7100y + 1V X (u,0)[|72(90) + 6 HhHip/%H(aQ) ) dr

+ [ I (E Oy a4 + 10+ €7 Qs oy

using also (5.10). Finally, we note that the boundary condition in (5.6) yields

T
[ vl a7 S [ (1% wlBaony + W) 0 (5.11)

from which the claim follows. O

We now rewrite the above result for the problem (5.1) with # = 0 where £ = J;¢ and
¢ = Opp. Here we can apply Lemma 5.1.2 to the inhomogeneities in (5.8).

Corollary 5.1.9. Let o, 3, ¢, ¥, h, ug, and vy satisfy (5.2) and (5.3). Then the solution
(u,v) € C([0,T), L3(Q)) to (5.1) possesses a trace in L*([0,T], L*(0S2)) satisfying

T
/0 (HV | T2 ) + [Iv - B’UH%Z(aﬂ)) dr

T
2 2 2
S [ (01l + 8 1ol + 1609 ey (512)
+ s [|v - (o, Bo)l[5-1(00) + IV X ullF2(a0) + ||h||H1/2 59) ) dr
+ (v - Oup, v - 0) 31 900 -

Proof. For (u,v) € G! the assertion follows from Lemma 5.1.8 with ¢ = 9y and ¢ = 91,
where we apply Lemma 5.1.2 to the term with X on the right-hand side. It remains to
remove the assumption (u,v) € G'. This can be done as in the proof of Lemma 3.4 in
[51], see also Chapter 3. One approximates the initial data in H(diva()) x H(divg() by
(uo,n,v0.n) € HY(Q) satisfying the compatibility condition vp, x v + (y(ugn X v))v = 0,
(0, %) in G' by (on,¥n) € G2, and h in L2([0,T], H'/?(09)) by h,, € H*([0,T] x 99Q) with
h-v =0 and h,(0) = 0. By Theorem 1.3 and Remark 2.1 in [11] there are solutions
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(tn,vn) € G According to Proposition 1.1 in [11] these solutions converge to (u,v) in
C([0,T], L?(Q)) and (trg up, tryvy,) to (tryu,tryv) in L2([0,T] x Q). Moreover, we have the
limits div(au,) = div(p,) — div(au) and div(Bv,) = div(y,) — div(Bv) in C([0, T], L3(Q)).
As a result the traces tr,(au,) and tr,(fv,) converge in C([0,T], H~/2(99)). The assertion
for (u,v) now follows from the claim for (u,,vy,). O

Remark 5.1.10. In Corollary 5.1.9 we can insert div(au) = div(y) and div(fv) = div(v)
and estimate

(v - B, v - B 5100000y S NV - 00 - ) T2 (011,22 0062)) S 1P D) N2 10,1001 ) -

Moreover, we can bound cs ||v - (au, B'U)Hi[fl(aQ) by

cs ”Uqu(diva) + HUH?r{(divB) ).

The estimate (5.12) has time-independent constants and can therefore be used below to
show Proposition 7.2.3 and thus Theorem 7.2.1. Concluding this section, we also prove a
variant only having norms of data on the right-hand side but with time dependent constants.
In this way we give a different proof of Theorem 1.2 in [11]. We will revisit this trace estimate
in Chapter 6 in the linear, autonomous and homogeneous case and prove a version with
time-independent constants there.

In view of Remark 5.1.10 we have to remove the L?-norm of v and v and the tangential
trace term on the right-hand side of (5.8). We control these terms by means of the energy
estimate for (5.1). It was shown in Lemma 3.2 of [51] for h = 0. An obvious modification of
this proof gives the equality

2

[OREHO] Lo 47

; + 2/0t nyl/z try u(r)‘

e CORETO] +2/0t/9(u'8t90+7)'8t¢) dedr  (5.13)

R EIORED]

= ||ec(0)"/2u(0)

_Q/Otjgﬂtrtu-hdng_/ot/ﬂ(u.(ata)u+v.(atﬁ)v)dmd7

for 0 <t <T. To remove the trace term on the right-hand side, we estimate

t t t
/Oyémtrtu'hdng ga/o Htrtu||§2(m)d7+c§/o 10122 o - (5.14)

Since v > n, setting § = n we arrive at

I(u(t), ()72 + /Ot l6x w(T) | T2 o0y A7 < € [(u(0), v(0))]IZ:

t t
+e [ oliadr+e [ (10w 00) 5 + [hl0n) dr (5.15)

with ¢ = ¢ + max{||0;¢| . , |08} Where é = 0 if Oyp = Opp = 0 and ¢ = 1 otherwise.
Gronwall’s inequality now implies

), o) + [ e ) o o

< (100D + [ (10000 B2 + 1120y ) o) (5:16)

Using also div(au) = div(yp) and div(pv) = div(y), from Corollary 5.1.9 and Remark 5.1.10
we derive a trace estimate for the inhomogeneous, linear Maxwell system (5.1). It can directly
be applied to (7.1)—(7.5).
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Proposition 5.1.11. Assume the conditions (5.2), (5.3) to hold, and let (u,v) € C([0,T], L*(Q))
solve (5.1). We obtain

t
/0 Jex(a, )22 00 A S 1 (tt0, v0) 220

t
+ [ (1@, 0y + W) sy + 112 oy ) 7
for0<t<T.

As in Theorem 1.2 of [11] the constant depends on T'. Thus, we will only use Corollary 5.1.9
in the following.

5.2. OBSERVABILITY-TYPE ESTIMATE

We use the normal trace estimates to improve the observability-type estimate of Lemma 3.4
in [51]. There, these terms were treated by assuming a starshaped-condition on 2. The proof
of Lemma 3.4 in [51] yields the following result.

Lemma 5.2.1. Let (5.2), (5.3), and (5.5) hold. Then the weak solutions (u,v) € C([0,T], L*(Q, RY))
of system (5.1) fulfill

/t/ﬂ(ozu-u+ﬁv-v)dgd7'
S lu(s). (s 72 + lu(t) o (01
t
+ [ Q0 ol + 100 Jul + v o ul + div ] o] o dr

t t
—I—/% tr(au-u+5v-v)d§d7+/7£ |h - try v|dsdr
s JON s JON
for 0 < s <t <T. Note that the last term is bounded by

(5.17)

t t
c tr(fv-v d§d7'+c/ h|? dr
/sfim (Bv-v) : 17117200

and that the trace terms are finite by Proposition 5.1.11.

In [51] it was assumed that 2 is strictly starshaped giving control on the full trace of (u,v)
which now appears on the right-hand side of (5.17). Moreover, the boundary inhomogeneity
h can simply be included in the calculations of [51]. For completeness, we include the relevant
parts of the proof.

Proof. First, it can be shown by an approximation argument as in the proof of Lemma 3.4
[51] that it suffices to consider solutions (u,v) € G'([0,T]), see also Chapter 3.
Next, (5.1) implies

J = /{lat((m X au) - fv) dz (5.18)
= /Q ((m X (curlv + Gp)) - Bv + (m x au) - (— curlu + (%@D)) dz
= —/ curlv - (m x 5v)dx—/ curlu - (m x au) dz
Q

Q
+ /Q ((m % Op) - Bv + (m x au) - o)) da.
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Integrating by parts yields
/ curl - (m x Bv) dz = / v - curl(m x ﬁv)dx—k?{ (v x ) - (m x Bv) de.
Q Q o0
Recalling from (4.58)
curl(a x b) = (b-V)a — (a-V)b+adivb — bdiva,
we compute

curl(m x fv) = (Bv - V)m — (m - V)(Sv) + div(fv)m — div(m)Sv
= div(fv)m — 2pv — (m - V)(Bv)
= divym — 20v — (m - V)(pv),

by means of (5.3). Notice that
1 1
—(m - V)(Be) = =5 (m - V)(Bu-v) = S((m- V) -v.
The divergence theorem then implies

/:/chrlv-(mxﬁv)dxdT:—;/:/Q Bl/2v’2dwd7—;/:jgﬂ(y-m)(ﬁv-v)dng
—I—/st/ﬂm-vdivwdxdT—l—/:ng(yxv)-(mxﬂv)dng,

using the definition of (&, 8) from (5.5). The integral involving u in (5.18) is treated analogously.
Because of the boundary condition from (5.4) we obtain

[ x aue)sen - [ (mxalsyuts)seis) dr = [ 1dr

Q
:;/st/ﬂ(du.u+ﬁ~v.v)dxd7'—l—;/:fém(y-m)tr(au.u—l—ﬂv.v)dng
t
—/fag((uxu)-(mxau)—l—(’y(uxy)xy—h)-(mxﬁv))dng
ot
+//Q((mx@tap)-ﬂv—l—(mxau)-&tw—(m-udivgo—i—m-vdivw))dxdr

The non-trapping condition (5.5) then yields

/St/g(ozu'u+ﬁv-v)d§d7
< M), v($))IIz2 + I (ult), v()]72

t
+ [ 10 ol + 100l + v ] [u] + v ] o)) da

t ¢
—|—/% tr(au-u+5v-v)dgd7+/j{ |h - tro| dedr. O
s JOQ 5 JOQ

Next, we improve the result above to account for boundary terms. We have to estimate
the integral ['f,, tr(au - u + Bv-v)dsdr in (5.17) uniformly in 7. By Lemma 5.1.7 it can be
split into

t t
/% tr(au-u+ pv-v)dsdr < /j{ (]1/ couf® + Jur P+ v - ot + |UT\2) dgdr.
5J00Q 5 J 00
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The tangential trace of v can be controlled through the boundary condition by

t t
/ lorl 7200y 47 S / (||V X ul|72(00) + ||h”2L2(aQ)) dr.

Using Corollary 5.1.9 and Remark 5.1.10, we derive

t t
[ (- aul +1v- o) dcar s [ (5 lullfagey + 8 Nelae + 160 ey
+ ”V X UH%z(ag) + HhHip/z(aﬂ) + ¢s HV ’ (OZU,B’U)Héfl(aQ)) dr.

Fixing a sufficiently small § > 0, the norms in L? above can be absorbed by the left-hand side
of (5.17). We have shown the following estimate.

Lemma 5.2.2. Let (5.2), (5.3) and (5.5) be true. Then the weak solutions (u,v) € C([0,T], L*>(2,R%))
of system (5.1) fulfill

t ¢
/ /(au-u+ﬁv~v)dxd7+/ ]{ tr(au - u+ pv-v)
s JQ s JOQ2
t
S [§ tuxvlPdcar + ) vl + 1), o©)s
sl (5.19)
+ [ (19 0]+ 100 Jul + v o [u] + Idiv 5] o] ) da dr
t
+ [ (o) s + Whlm oy + 1 (0, B0) sy
for0<s<t<T.
One could estimate the terms in the second line of the right-hand side by

t t
[l + o) dear s [ [ (0 + [orwf? + div ol? + ldiv of?) ddr

and absorb the first summand for small § > 0 by the left-hand side. In the following this is
not needed, since these summands can be absorbed into small error terms.



CHAPTER 6

DECAY OF SOLUTIONS TO THE LINEAR MAXWELL
SYSTEM WITH ABSORBING BOUNDARY

In this chapter we will improve the trace estimate from [11] or Proposition 5.1.11 in the linear,
autonomous and homogeneous case, where we obtain T-independent constants. Moreover, we
show exponential stability of this problem. So, we consider

Oy(e(2)E(t, x)) = curl H(t, x),
O(u(x)H(t,z)) = —curl E(t, x), t>0,z€Q,
div(eE(t,z)) = 0 =div(pH(t,x)), (6.1)
H(t,z) x v+ (Mz)(E(t,z) x v)) x v =0, t >0,z € 09,
E(0,z) = Ey(xz), H(0,z) = Ho(z), x € Q,

on a bounded, multiply connected domain Q C R? with C%*!-boundary 9. For the connected
components of the boundary 9 we write 98, ..., 00k, see Section 1.3. As in (5.2) and
(5.3), we assume that

e, peCl (Q Rg’;nz’) e ol (C'?Q Rg’;ni’) ,  with e, u, A >, (6.2)
for some 1 > 0 and that
Eo, Hy € (L*(Q))® satisty  div(eEy) = div(uHp) = 0, (6.3)
as well as
<tr”<€dE0)’]l>H*%(aQi) =0, <tr”(MH0)’]l>H*%(aQi) =0,i€{0,...,K}, (6.4)

i.e., By € H?(div.0), Hy € H?*(div, 0). Furthermore, as in (4.19), we require
e+ (m-Ve >ide, p+(m-V)u>iu (6.5)

for some 7 > 0.
On Xy, = {(E,H) € L*(Q)% | eE, uH € H?*(div0)} we define the operator

0 e~ curl
Ap = (—ul curl 0 )

D(Ay) = {(E,H) € X}, | curl E,curl H € L*(Q), H x v+ (A(E x v)) x v = 0}.

with

Then (6.1) reduces to the evolution equation 9;( %) = Ay( £ ). Asin Lemma 7.2.2.1 of [33] one
sees that A is maximally dissipative and thus generates a contraction semigroup (73(t))¢>0-
We recall the energy equality from equation (7.2.2.12) of [33] or Lemma 3.2 of [51], namely

|2, u 2|, - 2/t INtre B - try Blf2p0, dr o)
:)’(€1/2E,M1/2H)(t)‘2 '

L2

for t > s > 0. Note that in contrast to [11] we do not consider time dependent coefficients € and
11, since this would for example introduce the extra term [* [, E(-(0,6)E + H - (9,u) H) dadr
on the left-hand side of (6.6).
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6.1. OBSERVABILITY-TYPE ESTIMATE AND NORMAL TRACE
ESTIMATE

Lemma 5.2.1 and the above energy equality lead to the following preliminary observability
inequality.

Lemma 6.1.1. Let (6.2), (6.3), (6.5), and (6.4) be true, (Eo, Hy) € Xp, and let (E,H) €
C([0,00), Xp) solve (6.1). Then there exists a time T' > 0 not depending on (Ey, Hy) such
that for T > T we have the observability estimate

(B, H)(0)]22 < /OT ]gﬂ tr(eE - E + pH - H) ds dr, (6.7)

with a constant independent of (Ey, Hy).

Hence, if E and H vanish on the boundary, the initial values (E, H)(0) were zero and so,
since we are in the homogeneous case, the fields £ and H vanish as well.

Proof. Lemma 5.2.1 yields the observability-like estimate
t
|| BBt utt - )y dadr S (B, H)()F + 1B, 2O
S

t (6.8)
+/ % tr(eE - E+ pH - H)dsdr
s JO

for s,t > 0. We stress that the implicit constant does neither depend on ¢ nor s.
Note that |tr E|* > |tr; E|* = |tr; E|* by orthogonality. The boundary condition in (6.1) as
well as inequalities (6.6) and (6.8) then lead to

T(11(B. H)0)]2: - /OT ]ggtr(aE B+ uH - H) dsdr)
S7(1E O - [ § o P asar)
ST £ [ 10 m @) ar
B O + 1B DD + [ f s B+ i - H) dsar

T
< (B, H)(0)|%, +/ fm t(eE - E + pH - H) ds dr.
0
The desired estimate follows for sufficiently large T O

We now bound the normal traces of £ and H solely through the tangential trace of
the electric field, where the constants do not depend on 7. This improves Lemma 5.1.8
considerably in the autonomous, homogeneous case. We employ a compactness argument
which was originally used in the proof of global decay rates for the wave equation, see
Lemma 2.2 in [34] (and also [18]). Moreover, we use uniqueness properties both on the
dynamical and stationary level which rely on the observability estimate in Lemma 6.1.1 and
on the div-curl bound in Theorem A.2.9b). For this reason we have to assume (6.3) and (6.4).

Theorem 6.1.2. Let (6.2), (6.3), (6.4), and (6.5) hold. Let the time T > 0 be given by
Lemma 6.1.1. Then the solution (E, H) € C([0,00), L?(2)%) of (6.1) satisfies

t t
/S <||V - eE|[72(p0) + v - MHH%Q((?Q)) dr 5 /s lv x E|Z2g0) d7 (6.9)

for0 <s<s+ T < t, where the constant is independent of s,t and (Ey, Hp).
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Proof. 1) Let (Ey, Hy) € Xp and (E, H) be the corresponding solution of (6.1). Take a fixed
T > T with T from Lemma 6.1.1. By Proposition 5.1.11 it suffices to choose (Ep, Hy) € D(Ayp).
We first show the estimate

T T
|1 Bt aaydr St [ 1 Bllfa(on dr (6.10)

Let 6 € (0, 3). In Lemma 5.1.8 we have already shown

T
| (1Bl + v 1 00y ) dr
T
S [ OIE Do + el x Elfan) + s v+ CE. w200y ) a7, (6.11)

2.a) Let us assume that (6.10) does not hold. Thus, there exist solutions (E,, H,) satisfying
the divergence condition in (6.1) with initial values (Eo y, Ho ) such that

T - - T -
/0 1V (e By ) 200y A > n/o I % Bull2o0) dr- (6.12)

We now set (Ep pn, Hop) = a%(EO,nv I:I()?n) with

T L . ~
oy, = /0 (5H(En,Hn)H?{79 + ¢5ljv - (EEmNHn)H%j[*l(aQo dr.

Using (6.11), (6.12) and our construction, we obtain classical solutions (E,,, Hy) of (6.1) with
initial data (Ep ,, Ho ) satisfying

T T
[ 1 B ) oy 47 < [ 610 B0+ el < Bulon)
+ ¢ ||V - (eEn, NHn)H?{*(aQ) )dr

T
—1 +c/0 v % Bul22000 d

T
c
<1+ E/o v+ (2B 1H) B gy - (6.13)
We thus derive the formulas
T 2
| (1 B 1t 2 oy ) a7 <2 (6.14)
T
/0 (6 |(Eny Ha)|[5-0 + 5 |[v - (€Eny pHn) | Fr-190) ) A7 = 1, (6.15)
for all sufficiently large n € N, and
r 2
/0 | % (B Ho)l[2o0) dr = 0 for n — o, (6.16)

where we also used the boundary condition in (6.1).
Next, Lemmas 6.1.1 and 5.1.7, as well as (6.1), (6.14), and (6.16) imply

H(EOJHHOm)HH(diVE)XH(diVu) = [[(Eon, Hon)llf2 S 1 forn eN.

For that reason, (Eon, Ho,) converges weakly in L?(2) to some limit (Ey, Ho). (Here and
below we pass to subsequences without mentioning it.) Note that the limit still satisfies
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div(eEy) = div(uHp) = 0. We denote the solution for (Ey, Ho) with (E, H) € C([0,T], L?(Q)).
By continuity of the semigroup and the Rellich-Kondrachov theorem we obtain the convergence
(Epn, Hy)(t) — (E,H)(t) in HY for t € [0,T]. Because of (E,, H,),(E, H) € ker(dive) x
ker(div,), we also have weak convergence in H(div.) x H(div,), and thus the normal trace
converges weakly in H~1/2(9Q). Therefore, tr,(E,, H,) tends to tr,(E,H) strongly in
HY09) for n — co.

From (6.15) we conclude that (E, H) also satisfies

T
G H) o + s v €, ) 2 gy ) d = 1.

In particular (F, H) # 0, which will lead to a contradiction.

2.b) The energy equality Lemma 3.2 of [51] shows that (E,, x v, H, x v) = (E x v, H X v)
weakly in L2([0, T x Q) for n — oo (see also Lemma 7.2.2.2 in [33]). Hence, (Exv, Hxv) =0
by (6.16).

We next regularize the fields (E, H) by means of a Friedrich’s mollifier as done in [18],
cf. Definition 3.3.1. So we take 0 < 1, = n € CX(~70,79) with [0 ndz = 1 for some

70 € (0, 55%), and consider

T
B (t.x) = BCa)l0) = [ (Bt =r,a)dr,
0 tG[Tg,T—Tg].

T
H*(t,2) = [ H(-,2)](t) :/0 n(PVH(t — 7, 2) dr,

These are functions (E*, H*) € C* ([r0,T — 7o}, (L*(€2))®) which solve the partial differen-
tial equations in (6.1) and satisfy (E* x v, H* x v) = 0. In particular, (E*, H*)(t) belongs
to H(curl) N Xp. Applying 0;, we see that (9,E*, 0, H*) fulfill the same properties. Thus,
(E*, H*)(t) and (0, E*,0,H*)(t) belong to H*(Q) for t € [r5, T — 7o) by Theorem A.2.9a).

Lemma A.1.6 now implies that v - curl E* = v - curl H* = 0 on 0€). Notice that therefore
(OLE*, 0, H*) are classical solutions of (6.1) with vanishing normal traces v-c0; E* = v-ud, H* =
0. Lemmas 5.1.7 and 6.1.1, since T — 279 > T', then show that (8, E*, 0¢H*)(19) = 0 and hence
(0.E*, 0. H*) stays zero for t € [19,T — 1p] and so (curl E*, curl H*)(¢) = 0 by (6.1). Utilizing
Theorem A.2.9b) we see that (E*, H*) vanishes on [r9, T — 79]. Letting 79 — 0, it follows that
(Eo, Hyp) = 0, contradicting (E, H) # 0. Hence, (6.10) holds.

3) Take T = nT +t' > T for some n € N and ' € [0,T). By means of the previous step
and the translation invariance of the problem (6.1), we calculate

T n_ kT
| Bt apnydr =30 [ - (B, w2 e T
0 = -1
nT+t’ 9
[ e B D ony dr

n kT 9 nT+t'
< / vx E dr +
S [y < Bliomyar + |

)THV X E||72(0 dr

n—

T
S [y x Blifaon dr. (6.17)

For general ¢t > s > 0 the result follows in the same way. O

Lemmas 5.1.7 and 6.1.1, the boundary condition in (6.1), and Theorem 6.1.2 yield the
observability estimate

t
1B )OI 5 [ 1B x VI dr (6.18)

for times t > T, where 7' is given by Lemma 6.1.1.
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We further deduce the exponential stability of the semigroup (73(t)):>0 on Xj. For scalar
coefficients this fact was shown in [20], [21] and [43]. For the case of internal damping we
refer to [19] or [49]. We note that the next result does not follow from Theorem 7.2.1.

Theorem 6.2.1. Let (6.2), (6.3), (6.5), and (6.4) hold. For (Ey, Hy) € X, there exist
constants M > 1 and w > 0 such that

I T5(t) (Eo, Ho) | r2() < Me™" [[(Eo, Ho) |l 12(q)
for allt > 0. The constants are independent of (Fo, Hy).

Proof. Using (6.8), Lemma 5.1.7, Theorem 6.1.2, the boundary condition in (6.1), and (6.6),
we obtain the estimate

||(EaH)(t)||%2+/0t/9(eE-E+,uH-H)dxdT
S (B, H)(®)][72 + I(B, H)(0)]17:

)
+/Otfg (lv- B kD) + v x (B, H)[?) de dr

t
S B + 1B DO+ [ 18 % vliagny dr
S 1B O,

for t > T', where T' is given by Lemma 6.1.1. As in Remark 5.2 of [35], the exponential decay
now follows in a standard way. O

Combining Theorem 6.1.2 with (6.6) and Lemma 5.1.7 we derive the following result,
allowing us to bound the traces of the fields by their initial values globally in time. (See
Theorem 1.2 of [11] or Proposition 5.1.11 for results locally in time.)

Corollary 6.2.2. Let (6.2), (6.3), (6.4), and (6.5) hold. Then the solution (E,H) €
C([0,00), (L?(2))%) of (6.1) satisfies

I(B), H(O)2() + /: lte(E, H)|[72(00) d7 < I1(E(s), H(5))|72(q)

for 0 <s<t.






CHAPTER 7

EXPONENTIAL DECAY OF SOLUTIONS TO THE
QUASILINEAR MAXWELL SYSTEM WITH ABSORBING
BOUNDARY

Finally, we discuss the long-term behavior of quasilinear system. Similar to Chapter 4 this
introduces several challenges. First, the local well-posedness theory is considerably more
involved compared to the semigroup approach from the previous chapter. Furthermore, the
energy and observability-type estimate introduce additional error terms, which we treat by a
similar argument as in the regularity analysis of Section 4.5. Thankfully, the absence of an
interface simplifies the proof.

We investigate the quasilinear Maxwell system with generalized inhomogeneous absorbing
boundary condition

S A LSS S
div(e(x, E(t,x))E(t,x)) =
H(t,z) x v+ ()\ x, E(t,z) x v)(E(t, z) u)) xv=0 t>02€0Q, (7.3)
(trp(e(z, E(t,x))E(t, x)), ]1>H_%(8Q,) =0, t>0,x €09, -
(tr (p(z, H(t, z))H(t,)), ]1>H7§(8Qi) =0, ie€{0,...,K},
E(0,z) = Eyo(z), H(0,z)= Ho(z), x € Q. (7.5)

As in Chapter 4, we consider a bounded, multiply connected domain Q C R? with C®-boundary

7.1. NOTATION, ASSUMPTIONS AND AUXILIARY RESULTS
In order to define quasilinear coefficients, we introduce the function spaces

CHOQ x R3,R3X3) == {A € C3(00 x R3 R33) | Avt C vt}

Sym sym

We assume that the permittivity e, the permeability u, and the surface conductivity A are of
class
e, € C3QAXR3 RIS, X e C3(0Q x R3,R3%3) (7.6)

sym Sym

and are uniformly positive definite for zero fields, i.e., there is a constant 7 such that

e(x,0) >2n, wu(x,0)>2n forallzel,

(7.7)
and A(z,0) >2n for all z € 0.

In a moment, we will also consider the time derived Maxwell equations for suitably smooth
solutions. In order to discuss these systems, we introduce the following matrices as in (4.10)
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3
eaij(z,§) = eij(x,§) + Zagﬁu(ﬂ?,f)fl for z € Q, € € R3,
=1
3
paij(,€) = pij(2,€) + Y B, paa(w, )& for z € Q,¢ € R?, (7.8)
=1
3
Aij(@,€) = Xij(2,8) + D 0, Mu(w, )& for z € 0Q, ¢ € R,
=1

where 7, j € {1,2,3}. To unify notation, we likewise set
8('7E)7 k=0, N /’L(vE)v k=0,
e E), ke{,2,3), T\ E), ke{1,23}

5 _[ME)L k=0,
o )\d('aE)7 k€{17273}'

€k =

We also assume that
Og,e,0e,0 € C3(QA x R3R¥3) 0 A € C3(9Q x R?, R¥),
eq = (ea)", pa = (pa) ', A=),

for 4,7 € {1,2,3}. Note that A\q = X\ if A = A\(z) is state-independent. We extend X to a
function on Q x R3 satisfying the same conditions as ¢ and u. Since the coefficients are
continuous, we also have uniform positivity at least for small fields; i.e.,

E(x7€)7€d(x7§) > 77]7 M(xag)aud<m7§) > 77[ for all ’5‘ < 50; WS ﬁ7
A, 8), Aa(x, &) =nl  forall [£] <y, = €9,

(7.9)

(7.10)

and some dp > 0. An important special case is the Kerr law p = p(z) and ¢ = ¢(z,&) =
e1in () + en1(z) |€]? for scalar coefficients with ey, > 27, cf. Example 4.1.1 and also [2] or [24].
Here one has eq(z,¢) = (2, €) + 2(en(2)€)¢". Anisotropic examples of polynomial type are
discussed in Example 2.1 of [35].

Since the solutions of (7.1)—(7.5) are supposed to satisfy the boundary condition at all times,
it has to hold also for the initial values, cf. Chapter 3. This leads to so-called “compatibility
conditions” (of order 3) on Ey and Hy. Namely, for Ey, Hy € H3(Q), a solution (E, H) € G3
of (7.1) possesses the time derivatives, cf. (4.12)

E} = (6d(E0))_1 curl Hy,
H} = —(,ud(Ho))fl curl Ey,

3
E3 = (eq(Ep)) " leuﬂ H} - (Za&gw (EO)(Eg)@)MEg] : (7.11)
(=1 ’

3
H? = _(Md(HO>)71 [curlEol - (Zagzﬂdi,j(HO)(Hol)é)in&] ;
=1 ’

at time 0, which leads to the compatibility conditions
Ho xv+ ANEyxv)(Eyxv)xv=0,
HY x v+ M(Eg x V) (B} x v) x v =0,
HE x v+ MN(Eg x v)(E2 x v) xv (7.12)
3
— —<<Z 8§l)\di7j(Eg X I/)(E(l) X I/)g) ‘E(l) X 1/) X U,
(=1

(]
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on 0f2.
Let ¢g be the norm of the Sobolev embedding H?(Q2) < C(Q). Set § := min{1, g—g}, cf.

(7.10). Under the above assumptions, in Theorem 6.4 of [55] it was shown that for & € (0, 4]
and initial values satisfying (7.12) that are sufficiently small, i.e.,

1(Eo, Ho)ll gra (s < 7(9) (7.13)

for a constant r(0) > 0 depending on §, there exists a unique classical solution (E, H) €
G3([0, Trmax)) of (7.1), (7.2), and (7.5), such that Tipax > 1 and

P EW| dH©)| <46 for0<t<1 7.14
02523 H t ()’H3—J’(Q)+“ t ()‘H3—j(§l) - orvsts L (7.14)
We set

T i=sup {T € [0, Tyas] | (7.14) holds for ¢ € [0, 7]} > 1. (7.15)

From the blow-up condition in Theorem 6.4 of [55] we infer that T < oo implies

2 _ 52 7.16
o) = (7.16)

Below we will assume 0 < ¢ < T} if we work with the solution (£, H) to (7.1)-(7.5) with data
satisfying (7.13).

max <H8§E(T*) ?

0<j<3

-3 (Q) + H&{H(T*)

H3

Remark 7.1.1. If the initial values (Eo, Ho) € H3(f2) additionally satisfy
div(e(Ep)Ey) = 0 = div(u(Ho)Hy) on Q, (7.17)
and

(trn((Eo)Eo), 1) 0, (tra(u(Ho)Ho) 1) 5 =0,i€{0,....,K}, (T.18)

H3(00,) (82)

these conditions are also satisfied by the solution (E, H) € G3 for all t € [0, Tinax)-
Indeed, by the Maxwell equation (7.1) we have

O (div(e(z, E)E)) = div(cwrl H) =0, and 9y (div(u(z, H)H)) = div(— curl E) = 0.
Integrating in time from, we thus see that
div(e(z, E(t))E(t)) = 0 = div(u(z, H(t))H(t))

holds for all ¢ € [0, Tinax)-
In order to see that the condition (7.18) is preserved under the evolution of (E, H), we
differentiate on each closed component 0f2; and substitute (7.1) to obtain

O(trn, (eE(t)),1) = (trp(curl H), 1) =0,

H™3(09) H™ % (00)

where we applied Stokes’ theorem in the last equality, using that 9(9€2;) = 0. By identical
reasoning we also obtain

O (trn(nH(t)), 1>H*%(8Q¢) =0

Integrating in time then shows that
(trn(e(E(1) E(1)), 1)

is satisfied for ¢t € [0, Tinax)-

oy =0 U GHEOH@) D),y =00 € {0, K},
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In order to discuss a time differentiated version of equation (7.1), we define the commutator
terms

fo=f1=0, Oea( E))OE, f3=(0fea(, E))OE +2(dea(-, E))OFE

= (
g0=01=0, go=(Opa(-,H))OH, g3=0;pa(-,H))0H + 2(Oppua(-, H))0}H
ho = hl = O hg (8t)\d(~,E X V))atE X U,

hy = (02Xq(-, E x V)HE x v+ 2(0:\(, E x v))0?E x v.

Let k € {0,1,2,3}. With the definitions above the time-derived solutions satisfy

Of(eE) = &0fE+ fi,  Of(uH) = [ix0fH +gx ~ on ©,

. . (7.19)
Of(AE xv) = Oy E X v+ hy on 0€).
We thus arrive at the inhomogeneous system
04 (,0FF) = curl OF H — 8, fy,
t(f ' ) e i t>0,2€Q, (7.20)
O(iOf H) = — curl 0y E — Oy,
OFH x v+ MN(OFE x v) x v = —hy, X v, t>0,z € 0. (7.21)
Notice that (7.2) and (7.19) imply
div(ELOFE) = —div(fy), div(igdFH) = — div(g). (7.22)

Finally, in order to discuss the observability and energy estimates, we introduce the energy,
dissipation, and error terms

er(t) = %orgfé{k <Hé\1/23t7E(t)’ 22(9) HA1/28]H( )‘ L2(Q)) , e = es,
di(t) = Or£1]a<x H)\ /2 tr, ajE( )‘ L209)’ d = ds,
2(t) = orgfgxk (HatjE(t)‘ = + HajH HHk J(Q)) ’ Sy

for the time-derived fields analogously to (4.37). Note that the dissipation term d differs
compared to (4.37). One can show the following estimates for the commutator terms

S =(1),

+ Haggk‘

s |9

2<k<3,0<5<1 H4=i—k(Q HA=i—k(Q)

(7.23)
2%?2(3 1ell g1k a0y S 2 (1),
see equation (2.22) in [51], Lemma 4.2.1 and the proof sketch thereafter. For hj the argument
can be repeated, after extending hy, to  using the trace theorem. We stress that z is quadratic
in the fields and bounded by §z(t)'/? due to (7.14).

We define the function m(z) =  — 2o on Q for a fixed point zy9 € R? as in Chapter 2. It is
also used in the multiplier argument from [51].

7.2. MAIN RESULT FOR THE NONLINEAR PROBLEM

We state our main decay theorem and the core ingredients for its proof. Based on them, we
show the theorem at the end of the section. Note that compared to Theorem 2.2 in [51] we
no longer require the domain to be strictly starshaped and also permit semilinear boundary
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damping. In [51] the strict starshapedness of the domain was used to estimate trace terms,
which we will treat here in a more delicate manner, utilizing methods from microlocal analysis
as previously introduced in [18].

We require the following non-trapping condition on € and u, which emanates from the
Morawetz multiplier technique used in [51]:

e(x,0) + (m(x) - Vy)e(x,0) > fe(x,0),

(2, 0) + (m(z) - V) p(z, 0) > qu(z,0), (7.24)

for a constant 77 > 0 and = € Q. It says that ¢ and x do not decay too rapidly in radial
directions for small fields. Heuristically this should reduce back reflections preventing the
fields to reach the boundary. Similar conditions were used in [15], [18], and [44], for instance.

Theorem 7.2.1. Let Q C R? be a bounded, multiply connected domain with C°-boundary
o0 = Uk £ 008, Furthermore, assume that the permittivity € and permeability p satisfy (7.6),
(7.7), (7.9), and (7.24). We require that the initial values (Ey, Hy) € (H3(Q))6 satisfy the
compatibility conditions (7.12), as well as the initial “charge” conditions (7.17) and (7.18),
i.e., By € H?*}(div.0), Hy € H%%(div,,0).

Then there exist constants M > 1 and w,r > 0 such that for HE0HH3 @ T ||H0||H3 <r?
the solutions (E, H) € G exist for all times t > 0, are unique, and decay exponentzally, i.e.,

max H(GgE( ), 8/ H(t )

—wt 2
s, Me= (Bo, Ho)lys o

HH‘3 i) —

Theorem 7.2.1 is a consequence of the following three propositions on solutions of (7.20)
and (7.21): an energy inequality, an observability-type estimate and a regularity result. All
contain small error terms of highest order. It is crucial that constants do not depend on time.

Proposition 7.2.2. Assume the hypotheses of Theorem 7.2.1, except for (7.24), (7.17), and
(7.18). Then we have

t
+/ 7)dr < e( )+Cl/23/2<T)dT

S

for0<s<t<T,.

This proposition controls energy and dissipation by the initial energy plus error terms. The
result was shown in Proposition 3.1 of [51] for linear A = A(z) and hence for he = hg = 0.
It is straightforward to extend the proof in [51] to the present situation with an addition
¢ [ try OFF - hj, dz dt term, using (7.23) to estimate the arising terms with ho and h3 by the
23/2integral and the d-integral to absorb & § [ tr; |0F E|? dz dr.

In the next proposition we bound the time integral of the energy by the dissipation, the
energy of initial and present time, as well as error terms.

Proposition 7.2.3. Assume that the assumptions of Theorem 7.2.1 are satisfied. For
0<s<t<T, we obtain

/t e(r)dr < co /t d(T)dr + c3(e(t) + e(s)) + ¢4 /t 23/2(7) dr.

Note that system (5.1) covers our system (7.20) and (7.21), if we substitute a = &, 5 =
L,y = Xk,cp = —fi, = —gr and h = —hy x v for k € {0,1,2,3}. In view of (7.22) and
(7.23), it remains to control the H!-norm of the normal traces in Lemma 5.2.2 to obtain
Proposition 7.2.3. To this end, we return to our original problem. Here it does not help to
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bound them by the norm of u and v in H(div,) and H(divg), since the time integrals of the
squared L?-norms of u and v cannot be absorbed by the left-hand side.

We crucially exploit that the time derivatives of solutions still solve a Maxwell system. We
begin with (8fE, oFH ) for £ > 1 and obtain estimates with dissipation terms dj_, on the
right-hand side. In turn the estimate for (0:F,0;H) from Lemma 7.2.4 allows us to treat
(E,H) in Lemma 7.2.5, where we also use the invertibility of curl in our setting to be proved
in Theorem A.2.9b). To this purpose we assume again that our initial fields do not enclose
any charges, see (7.18).

Lemma 7.2.4. Let the assumptions of Theorem 7.2.1 hold. For the solution (E,H) € G* of
(7.1)~(7.5) we can estimate the normal trace by

/

for0<s<t<T, and k € {1,2,3}.

v (ot E uka’“H)HH o 47 % / 2(7)?) dr

Proof. Let k € {1,2,3}. Due to (7.19) we can rewrite £,0F E as

EWOFE = Of(¢E) — fu = 0(Ek10f ' E + fio1) — fi
The Maxwell system (7.20) then leads to

EOFE = curl OF Y H — Oy fr1 + O foe1 — frx = curl0f " H — fy
Let ® € H(0€). The equations above and Lemma A.1.6 yield

(V- EOFE, ®) yr1/2(50) = (v - (curl 0 "' H), ®) - — (v fr, ®)r2000)
<ot

L2(00) ’(I)HHl(aQ + 1 fell 200 1@ 200 -

Dividing by [[®| g1 (9, we infer

Hl/ 6k8kEH v X 8k IH‘

+ 1 fell g

om * Le(on)

S ||v < of g

L2(8Q) + ||hk_1‘|L2(3Q) + ka?HHl(Q)

where we also used the boundary condition (7.21). Analogously we treat fi,0f H. Estimate
(7.23) now implies the assertion. O

Lemma 7.2.5. Let the assumptions of Theorem 7.2.1 hold. For the solution (E,H) € G* of
(7.1)~(7.5) we estimate

t t t
[ v+ B o) -1 gy dr S [ dr) dr 4 (ex(8) + ex(s)) + [ ()
for0<s<t<T.

Proof. The usual normal trace estimate, (7.2), Theorem A.2.9b), (7.19), and (7.20) yield

t t
[ 1+ GoBs o) -1 0y 47 5 [ G0 o) a7
s S

t
- / 1o o H) 22 gy dr
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t
5/ l(curl B, curl H)|22,q dr
t
= [ NGB 1o H) ) o
t
< / (OiE - 810, + 0,H - i 0, H) dr.

Using Lemma 5.2.2 with uw = 0:F, v = 0:H, a = &1, § = i1 and ¢ = ¢ = h = 0, we then
obtain

t t
| v B, o) -1 gy dr 5 [ d(r) dr 4 (ex(8) + ()
t
+/ v - E10F, i H) | -1 (50 AT

By the previous lemma the last term can be estimated by [! (d(7) + 2z(7)?) d7 and the claim
follows. O]

Combining Lemma 5.2.2, 7.2.4, and 7.2.5, as well as (7.23), we have shown Proposition 7.2.3.
Exactly as in Corollary 3.5 of [51], Propositions 7.2.2 and 7.2.3 imply the estimate

t ¢
e(t) + / e(r)dr < Cre(s) + Cs / B2(0) dr (7.25)
S S

for 0 < s <t < T,. Without the z-term it is well known how to derive exponential stability
from here. However, despite y/z < § being small, we cannot absorb the error term with z
by the left-hand side. To achieve this, we have to bound the space derivatives of (E, H) by
their time derivatives. This can be done exploiting the structure of the Maxwell systems
(7.1)—(7.5), resulting in the following third ingredient of the proof of Theorem 7.2.1.

Proposition 7.2.6. Under the assumptions of Theorem 7.2.1, with the exception of (7.24)
and (7.18), there exist constants cs,ce > 0 such that

2(t) < cse(t) + 622 (1)
for 0 <t <T.

We sketch the proof of this result in Section 7.3, heavily relying on the proof of Proposition 4.1
in [51], cf. the proof of Lemma 4.5.3. Based on the propositions above, we can now show our
main result of this chapter.

Proof of Theorem 7.2.1. The reasoning follows the lines of the proof of Theorem 2.2 of [51].
For convenience, we present the arguments briefly. We first combine estimate (7.25) and
Proposition 7.2.6. Fixing a sufficiently small § = € (0, 4], we derive

2(6) + / "(r)dr < Cx(s) (7.26)

forall 0 < s <t < T, and a constant C > 1.
The claim now follows as in the proof of Theorem 4.6.1 after (4.108) therein. O
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7.3. REGULARITY ANALYSIS

Due to the nonlinear boundary conditions, one has to account for extra terms compared to the
proof of Proposition 4.1 in [51], but we can still follow the reasoning given there. Therefore,
we will only outline the proof and focus on the differences to [51] as the rest follows as in the
proof of Lemma 4.5.3.

Proof of Proposition 7.2.6. Remember that z is given by

w0 = g, (|20 + 010 )
and e is defined as
e(t) = %o@f‘é{s <H€Aj/265E(t)‘ i?(ﬂ) HAI/ZaJH( )‘ L2<Q>>

The L?-terms of z can thus be trivially bounded by e(t). The other (squared) norms will be
estimated by e(t) or z(t)? or by means of previous steps.

Compared to [51] we only have to modify the arguments that involve boundary conditions
of differentiated problems. Here additional error terms appear as A also depends on E. They
enter our reasoning only through the div-curl Theorem A.2.9a) which controls the H'-norm
for fields (u,v) by the estimate (A.4). Here we have to control the H'/?-norm of the boundary
inhomogeneities on the right-hand side. We follow the steps of the proof given in Section 6 of
[51].

1) H'-estimates for OFE and Of H. The (squared) H'-norm of 9f (E, H) for k € {0,1,2} is
bounded via the div-curl estimate. Only for & = 2 the boundary inhomogeneity hs is non-zero,
where we have [|ha| 172090y S 2(t) by (7.23), as desired.

2) Interior spatio-temporal estimates for E and H. One decomposes (E,H) = (1—x)(E, H) +
X(E, H) for a cutoff function y, being equal to 1 near the boundary 0f2. In the estimates for
(1 —x)0F(E, H) the boundary does not play a role so that the reasoning from [51] has not to
be modified, see also the proof of Lemma 4.5.3.

3) Preparation for the boundary collar estimates for E and H. To get H?- or H3- bounds
on OFx(E,H), we employ tangential and normal derivatives 0, and 9, (extended to a
neighborhood of 992). We use the div-curl Theorem A.2.9a) for 9,9F (x(E, H)) with k € {0,1}
and for 02(x(E, H)). Differentiating (7.21) with hg = 0 or h; = 0, we obtain

0,08 xH x v+ (M(0-0F XE x 1)) x v = —OfxH x d,v
— (0- (@B x 1)) x v — (M (O X x 0:0) ) x v (7.27)
— (j\k(afxE X 1/)) X 0,
and

O2(xH) x v+ (M (xE) x v) x v = =20 (xH) x 9-v — (xH) x 8?v
—((92A )(XE xv)) xv— (AXE) x 02v) x v — (AM(XE) x v) x 82v
=2((0:N)(0-(xE) x v)) x v = 2((0:-\)(xE x 0:v)) X v
—2((0r /\ XE X 1)) X O0-v — 2(A0; (xE) X 0-v) X v
—2(M(0-XE) x v) X 0;v — 2(AXE X 8:v) X v,

with Ao = A+, E) and AL = Ad(+, E). The remaining estimates involving 9, are entirely based
on the curl and div equations (7.20) respectively (7.22) and thus carry over from [51].
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4) H2-estimates for E and H. When estimating (E,H) in H?, we need the boundary
condition (7.27) with k = 0. Compared to [51], the only new term is

hy = (ij\k(afE X 1/)) X v

with k£ = 0, where we note that

3
OiMn(x, 1) = (9jAk) (x, B(x,t)) + Y O, Mi(w, B(x,1))0; Ei(w, 1). (7.28)
=1

We can thus bound this error term by

ol /2 00 S 10-AC. EVE s
S 102 lvwroe 1B g1+ 10 lyyr,oe 1B [y (1B (7.29)
S B[+ 2(8)
as desired, using Sobolev’s embedding and z < 1 by (7.14). (Observe that | E|| ;1 and |0 E|| ;1
were already handled in step 1).)

5) H2-estimates for O,F and 0;H. To bound 0;(E, H) in H? we use (7.27) with k = 1. In
(7.29) one only has to replace ||E|| ;1 by ||0:E| ;1 in order to show

121l 71290y S NOCE Nl g2 + 2(2)

as before.

6) H3-estimates for E and H. We finally treat the H3-norm of (E, H). Compared to steps 4)
and 5), in the boundary condition only the term h with 92\ poses new difficulties. To tackle
it, we differentiate (7.28) once more in x and employ Sobolev’s embedding. It follows

2\

1l grasoomy S |2AC BV, S {0270 BN + 19uA s | Bl
+ 0B B 1Bl s + 10N o0 1B 72 12

S IE g+ 2(8)- O
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APPENDIX

A.1. PROPERTIES OF THE CURL OPERATOR

We first list basic mapping properties of the gradient, divergence and curl. They can be found
in Theorem 2.7 of [12], Chapter IX.1.3 of [16], or follow similarly. Unless otherwise specified,
let Q C R3 be an open, bounded, multiply connected set with a Lipschitz boundary. We
assume sufficient boundary regularity as in [46] and [45] for the application of the results
discussed below. However, the regularity assumptions may not be optimal.

Lemma A.1.1. Let Q C R3 be open, bounded and multiply connected with Lipschitz boundary
0. In the following diagram the image of each operator is of finite codimension and contained
in the kernel of the succeeding operator:

Q) Y% H(eurl) < H(div) L% L2(Q),

HYQ) L Hyg(curl) <25 Hoo(div) 2% £2(),
where HY(Q) .= {f € H(Q) | trr, f constant for each k € {0,...K}} D H3().

Propositions 2.2.30 and 2.2.32 in [5] provide a useful characterization of H (div) and H (curl)
in the presence of an interface I'.

Lemma A.1.2. Let o € L>(Q; R3*3) invertible with o~ € L®(Q;R3**3) and @ = v UT Uw.
We then have

a) H(diva,Q) = {f € L*(Q) | af|, € H(div,v),af], € H(div,w),
[oof V7] =0 in H7V3(D)},
b) H(curly, Q) = {f € L*(Q) | af|, € H(curl,v), af|, € H(curl,w),

[af x ) =0 in H-Y2(T)}.
The cohomology spaces

Hy == {f € L*(Q) | cwrl f = 0,div f = 0, tr,, = 0},
Hy:={f¢€ L*(Q) | curl f = 0,div f = 0, try f = 0},

contain functions which prevent the invertibility of curl. In our setting they have finite
dimensions, which are determined by topological properties of the domain €2, see Remark A.1.5
and also Sections 3.2, 6.1 and 6.2 in [5], Section 2.9 in [12], or Section IX.1.3 in [16] for more
details.

The next lemma collects results on mapping properties of curl from Proposition 6.1.3,
Theorem 6.1.4, Corollary 6.2.4 and Theorem 6.2.5 of [5] and from Proposition 3, Proposition 4
and Remark 5 of Section IX.1 in [16] concerning the orthogonal complements of the cohomology
spaces.

Lemma A.1.3. Let Q C R? be open, bounded and multiply connected with Lipschitz boundary
ON. Let e,y € CH(Q,R3X3) be uniformly positive definite. Then,

sym
a) the ‘electric’ curl

curlg: Hy(curl) N H(div. 0) — HZ(div0), with
ker(curlg) = H5 := Hy(curl0) N H(div. 0)
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b) and the ‘magnetic’ curl
curlg : H(curl) N Hpo(div, 0) — H*Y(div0), with
ker(curly) = HY := H(curl0) N Hyo(div, 0),
are surjective. Furthermore, the image sets can be characterized by
HE (div0) = H, 00 go%diy 0) = H, @0 (A.1)

In view of the next result, (A.1) yields the invertibility of

curlp: Hyg(curl) N H?}(div. 0) — HZ,(div 0) in a) and

curlg: H(curl) N Hap(div, 0) — H?(div0)  in b).

Moreover, for Q2 € C? Theorem A.2.2 and Remark A.2.3 show that the domains of curlg
and curly are subsets of H ().

We have used the following description of the weighted cohomology spaces.

Lemma A.1.4. Let Q C R3? be open, bounded and multiply connected, and 02 € C?. Let
e, u € CHQ,R3X3) be uniformly positive definite. For u € H(div.0) the field eu belongs to

Sym
]HIQLLQ if and only if u is contained in (HS)J‘LE. Analogously, for uw € Hyo(div, 0) the field pu

1
belongs to IHIILL2 if and only if u is contained in (HY) L

Proof. For the first equivalence, we assume that eu € H%?*(div0). Equation (IX.1.61) in [16]
yields the decomposition

L*(Q)3 = VHL(Q) @ Hy @ curl H(Q).

Since H(div0)*z2 = VH{(Q) by (IX.1.42) in [16], our assumptions and (A.1) imply that cu
is contained in curl H'(Q); i.e., eu = curl ® for some ® € H'(Q2). Hence, for all h € H5 we
derive

(u,h)rz = (eu, h)r2 = (carl @, h) 2 = 0.

The converse implication similarly follows from the decomposition
L2(Q) = VH;(Q) @2 H ®r2 e curl H(Q), (A.2)

see Propositions 6.1.1 and 6.1.12 in [5] and Proposition IX.1.3 in [16].
The second assertion is shown analogously, using Propositions 6.2.1 and 6.2.12 in [5] and
Proposition I1X.1.4 and Remark IX.1.5 in [16]. O

Remark A.1.5. Let Q C R? be open, bounded and multiply connected, and 99 € C2. The
dimension of the first cohomology space equals the ‘cutting number’ L of €, i.e.,

dim H; = dimker(curly) = L.
For simply connected € it is therefore trivial. Moreover, we have
dim Hy = dim ker(curlg) = K.

Thus, if 09 is connected, the second cohomology space equals {0}. See Proposition 2.8 in
[12], as well as Proposition 6.1.1 and Proposition 6.2.1 in [5].

We end this section by proving the following estimates for normal traces of the curl operator.
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Lemma A.1.6. For f € HE:(Q) we can estimate
a) the normal surface curl by

[v - (curl )| -2 1aQ) ~ S llv x f||L2 GCOE

b) and the normal jump at the interface by

|07 (cwnt DI, oy S| % A1)

L)’

Proof. a) We localize f near 02 by some cutoff x,, € C* and apply Lemma 4.8 from [46].
It is proven as part b) below. See also Chapter 3.1 of [5].

b) Likewise, we choose xp € C°(NY), for a small @ > 0 such that NI N 9Q = (), with
0<x'<land xp =1on N (5/2 and essentially repeat the proof in [46].

Let ¢ € HY(I'). This function can be extended in H%/2(Q) with 1l 32y S N1l g
Take ¢, € C®(Q) with ¢, — ¢ in HY2(Q) and f, € C®°(Q\T) with f, — f in H:(Q).
Then the divergence theorem and integration by parts yield

‘ j'{ [VF - curl f,.]dm dg' = f [V - curl(xp fn)lém dc‘
r r
= (Curl(Xan)’V(bm)L?(v) - (Curl(Xan)‘stm)L%w)’

= |(xpfn| curl VCbm)LQ(u) — (xpfn| curl vQf)m)LQ(w)

+ T X )] Vo dc\

|trT(V¢m)HL2

<0+H[[V x (xefn) Nm(r

=Y (AR s
As m — oo we derive
i Ceurt ], 5
and thus the claim letting n tend to infinity. O

A.2. D1v-CURL ESTIMATES

Div-curl estimates allow for control of Sobolev norms through the L? norms, the divergence
and the curl of a given function, if additional information at the boundary is available. Usually
this means that either u € H,,o(div) or u € Hyp(curl). For example the following version can
be found in literature, cf. Corollary 3.5 in [3].

Lemma A.2.1. Let k € N, Q C R3 with boundary 092 of class C*'. Assume that 02 =
O0p U OQN with OQp NIy = 0. Let u € L*(Q) with divu € HF=1(Q), curlu € H*1(Q)3
such that u-v € H*Y2(0Qy) and u x v € H*"Y2(0Qp)>. Then u € H*(Q) with

||u||Hk(Q) S HUHL2(Q) + ||diV'UJ||Hk71(Q) + ||Curlu||Hk71(Q)
+ ||u . V”H’“*lﬂ(BQN) + HU X V”H’V*l/?(aﬂD) :

For our analysis, we need more general variants of this result presented below.
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A.2.1. HIGHER-ORDER Di1v-CURL ESTIMATE FOR INTERFACE PROBLEMS WITH
PERFECTLY CONDUCTING BOUNDARY CONDITIONS

We recall the following result, Theorem 1.4 in [10], which is based upon Proposition 2.24 in
[17]. We note that the connectedness condition on Q€ in [17] is not needed.

Theorem A.2.2 (Div-Curl Lemma). Let k € N, k= max{k,2}, Q=Q UT U CR3
bounded, where T C Q is an interface with dist(T',0Q) > 0. Let T' and 09 be of class C*+1
and alg, € H*(Q;,R3X3) for i = 1,2 be uniformly positive definite, i.c., alg, > n > 0. Let

Sym
u € L2(Q)3 satisfy ez’t}l,zer of the cases
1. uw € Hy(curl,Q) and au+ v € H(div,Q), or
2. u € H(curl,Q) and au+v € Hyp(div,Q)
for some v € HE. Furthermore, let curlu € HE'(Q) and div(au) € HEY(Q). Then u is
contained in H{f, and it holds

fullge < Clulaqoy + lewrlull gy + div(on) | e+ 0] )
for a constant C > 0 depending only on k, ||a||HF,;, n, Q1, and Qs.

Remark A.2.3. The div-curl lemma relies on regularity results for an elliptic transmission
problem, see [10], [13], and [65]. The cited results are formulated for C*(Q)-coefficients a.

However, it is possible to adapt the proofs to Hﬁ—coeﬂicients, relying on algebra-like bilinear
Sobolev estimates as in Lemma 2.1 in [56], see also Lemma 4.2.2.

A.2.2. Div-CURL ESTIMATE FOR ABSORBING BOUNDARY CONDITIONS

In this section we show a div-curl estimates for Silver-Miiller boundary conditions in The-
orem A.2.9. To this aim, we have to study the Helmholtz decomposition in H~¢ to some
extent.

Remark A.2.4. Let —} < s < 1. Here the dual (H*(Q))* equals H*((2) since C°(€2) is
dense in H*(2), see Theorem 11.1 in [38] or Chapter 4.3 in [63]. As in [25], we define the
normal trace tr,: H*(div,Q) - H =3 (092) distributionally by

(@, trn u) = (divu, @) gs()x ) + (U V) gs()x—s(2)

Cepd 1
H™%2(0Q)x H* ™2 (9Q)

for ¢ € C*(9Q) and ® € C°(U) with tr ® = ¢ for a bounded domain U D Q. This definition
is independent of the choice of the continuation ® of ¢. Furthermore, Theorem 2.3 in [25]
yields the continuity of tr,,.

Analogously we can define the tangential trace tr;: H*(curl, Q) — H =3 (092) by

(g, try U>H_S+%(8mst_%(BQ) = (u, cwrl @) sy x r-s(0) — (curlu, @) g () g-5(0)-
We estimate
(g, try U>H—s+%(m)xm_%(am S @l - o lewrlull o) + lull s ) lewrl @] 5 (g
S HUHHS(Curl) H(I)HHl*S(Q) :

Note that H@HH%ﬂ@m is the infimum of [|®| 51-.(q), Where @ € H'=5(Q) with tr® = .

Taking the infimum on the right-hand side of the inequality above, we thus obtain
<
(5100) rh o e oy S Nt 190 gy -

This yields the continuity of tr;: H*(curl) — H*~1/2(d9Q) of the tangential trace.
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Introducing

50(div0, Q) = H(div0) = {f € (H*(Q))” | div f =0, v-tr f =0},
G =G (Q) = {uc (H(Q)’|Tp e H(Q): Vo = u},

we can recall the following Helmholtz decomposition from Theorem 3.1 in [25].

Lemma A.2.5. Let Q C R3 be bounded with C*' boundary 0. Further, suppose that
—% <s< % We then have the topological direct sum

(H*(Q))® = H?(div 0) & G5(9).

THE CURL OPERATOR ON H1—?

We state the estimate (2.5) from [18]. It is later utilized in an argument involving Peetre’s
lemma to show that the curl operator in a suitable setting has closed image.

Lemma A.2.6. Let Q C R3 be bounded with C*-boundary, 6 € [0,1), and v € H'=%(Q) with
tr, v =0. We then have

[0l -y S Idivull g-oqy + llcurl vl g-o gy + vl -0 (q) -

The following result is well-know for # = 0, see Remark IX.1.4 of [16] or Lemma A.1.3
above, where variants without connectivity assumptions are proven.

Lemma A.2.7. Let Q C R? be bounded and simply connected with a connected C** boundary
9Q. For 0 € (0,3) the curl as an operator

curl: (H5(div0), | i1-0(0y) — (H=(div 0), |-l 1-0(cy)

is an isomorphism, and we have curl(H'=%(Q)) = H=%(div 0).

Proof. 1) Let V := (H}5%(div 0), |||| ;1-¢) denote the domain of the curl. Obviously curl V
is a subspace of curl H'=%(Q). Let w € H'79(Q). Lemma A.2.5 for s = 0 yields functions
v € HY(div0) and ¢ € HY(Q) such that w = v + V. It follows

A = divVe = divw € H(Q) with tr, Vo = tr, w € H/?70(09).

Elliptic regularity implies that ¢ belongs to H?>7%(Q), so that v = w — Vo € H'7%(Q). As a
result, v is contained in V. Since curlw = curlw, the images curl H'~%(Q) = curl V agree.

2) Next, we show that curl V' is closed by means of Peetre’s lemma (see Lemma IX.1.2 in [16]).
To this end, we consider the operators A; = curl: V. — H~%(Q) and A, =1d: V — H-?(Q).
The Rellich—-Kondrachov theorem shows that As is compact. Lemma A.2.6 implies the
inequality

[0l -0y S A1l o) + A2l oy forveV.

Hence, curl V' is closed in H~?(Q2) by Peetre’s lemma and, moreover, the kernel of curl on V/
is finite dimensional. In the following step we show that it is indeed trivial.

3) Let w € V with curlw = 0 be an element of the kernel. In particular, w belongs to
H(curl0). Thus, from Proposition IX.1.2 of [16] we obtain w € G® = VH!(2), using simple
connectedness. Since H'5?(div0) € HY(div0), Lemma A.2.5 implies that w = 0. Therefore,
the kernel of curl: H!;%(div0) — curl(H'~%(Q)) is trivial.
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4) Finally, we establish that the image of the curl operator on H'~%(Q) is given by
curl(H'=%) = H=9(div 0). The result will then follow from the previous steps and the bounded
inverse theorem.

4.a) We begin by showing

Locurl(H*9(Q)) = {u e H*(Q) |Yw € curl H*9(Q) : (u, w) oy gy—0 = 0}
= Hf(curl0) := {u € H(curl) | curlu = 0, tryu = 0}.

Let u € Yocurl(H'=9(Q)). For v € C°(Q) € H'%(Q) we compute

0 = (u, curlv) yo (o) g-0(0) = /Qucurlvdx = (v, curl u>H&’9(Q)><H€—1(Q)'

Hence, curlu = 0 and v € H%(curl). For v € H'(Q) we then obtain

0 = (u, curlv) go(q)x g-o(q) = (s curlv) o) m-o() — (curlu, v) go ) H-0(q)
= (trt u, tr 'U>H9—1/2(aQ)><H1/2—9(8Q)7
and the first inclusion “ecurl(H'=?(Q)) C Hfj(curl 0) follows.

To show the reverse direction, take u € Hf(curl0). Let v € H'~%(Q) and v, € C>®(Q) N
H'7%(Q) with v, — v in H'79(Q). We have

(u, curlvn) go ) x g0 () = (curlu, vn) go(g)xr-o(q) + (8 Vn, b7 1) gr1/2-0(90) x mo-1/2(90) = 0

Since curl v, — curlv in H=%(Q), we deduce (u, curlv) o)< g-o(q) = 0. Therefore, u belongs
to Locurl(H'=9(Q)) and (A.3) is shown.
4.b) We finish by proving
curl(H*=%) = H=%(div 0). (A.3)
Let u € curl(H'~?). Take ¢ € H}?(Q) and note that Vo € Hf(curl0), see Lemma A.1.1.
Step 4.a) thus yields

0= (Vo,u)go)xm-o@) = (¥, div ) gro)xm-1-0(0)-

Hence, divu = 0 and u lies in H~9(div 0).

Next, let w € H~?(div0) and take v € H{(curl0). Since d9 is connected, Proposition
IX.1.3 in [16] yields a potential ¢ € H'T9(Q) with V¢ = v and constant trace tr ¢ = ¢ for
some ¢ € R. By considering ¢ — ¢, we can assume that ¢ € H&+9(Q). Take test functions ¢
tending to ¢ in H'*?(Q). We then calculate

(v, u) oy H-0() = (VO U) o) x H-9(0)
= Hm (Ver, ) o ()o@ + {0r AV ) o (@)@
0.

= klirglo<tr Pk, trp U>H9+%(ag)xH‘9_%(5’Q) B

We conclude that
u €(Hip(curl0)) ™ = {u € H9(Q) | Vv € Hp(curl0) : (v, u) gogeyxr-s(c) = 0}
= (fecurl(H0(Q)) 0 = curl(H=9(Q)) = curl(H'~%(Q)),
using (A.3) and step 2). Therefore, (A.3) is true. O

We next observe that Lemma 2.4 in [12] extends from 6 = 0 to 6 € (—3,0].



A.2. Div-CURL ESTIMATES 143

Lemma A.2.8. Let u € H %(curl) and 0 € [0, 3). Then

curlpo(trr u) = divgo(try u) € H*97%(8Q),

where we set
curlyo (try u) = tr, (curl u)

and, for all ¢ € C®(9Q) and ® € C°(U) with tr® = ¢ and open U 2 Q,

(divgq(tryu), @) = —(tryu, tr(V®))

H= % (00) x H'*3 (60) H=3 (00)x H'* 3 (09)"

Proof. First note that curlu € H~%(div) and thus tr,(curlu) € H‘a_%(ﬁﬂ). Since also
tryu € H _9_%(69), the definitions and the identity div curlu = 0 yield

(curlpq(trr u), @) = (trp(curlu), )

H93 (00)x H'+ % (99) 5 (00)x HO+ 3 (90)
= (@, divcurlw) o, g-o + (VO, curlw) go, -6

=0— (tr(V®), try u>H9+%(8Q)><H*9*%(BQ)

= —(trr (V) tre) o oo o4 on)

= (divyq(trs u), 90>H79*% (O9)x HO T3 (89)”

THE Div-CURL ESTIMATE

We show a corrected and improved version of Lemma 5.1 of [51] and Lemma A.6 in [46]. We
note that part a) was shown in Lemma 4.5.5 of [13] for scalar 7 and # = 0 in a similar way.
In [51] the L2-norms of u and v on the right-hand side of (A.4) were omitted erroneously.
The estimate (A.4) for # = 0 below suffices for [51]. Actually this version does not require
additional geometric properties. In part b) we can remove the L?-norms on the right-hand side,
as needed to obtain global-in-time properties in Lemma 7.2.5 and Theorem 6.1.2, assuming
that R3 \ Q is connected. This condition is needed, since without it the operator A in the
proof would have a non-trivial kernel of the form (Vy, Vi), where div(aVy) = div(5Vey) =0
and ¢ and 1 are constant on components of 9.

Theorem A.2.9. Let Q C R3 be bounded with a multiple connected boundary 99 = WX ,0Q; €
C?*! and 6 € [0, %) Assume that o, 8 € Wl’OO(Q,Rg’an?), v e WLOO(@Q,RE},XH?;) satisfy o, B,y >
n > 0 and ywt C vt. Let (u,v) € H%(curl) fulfill div(au) € H=?, div(pv) € H™? and
vxv4+(uxv)xv=heH/?79(00)3.
a) Then u and v belong to H'=%(Q)3 and

HUHHl—"(Q) + ||UHH1—9(Q) S ||u”H—9(curl) + HU||H—9(curl) + Hdiv(au)||H—‘9(Q)

. (A4)
+ [div(Bv) || -0 () + 7l r1/2-0 90y = N(u, v, h).

1,2

1
b) Let 6 = 0. Assume in addition that v € (H$) & and v € (Hg) 5

. We then obtain
lull gy + 10l i) S lleurlull 2 gy + lleurlv]] 2 q) + ldiv(au) || 2 (o)
+ 1div(Bv)ll 2y + 12l 51200 -

Proof. a) As in Lemma 4.5.5 of [13] or Proposition 6.1 of [35], we use a finite partition of
unity x; for Q such that supp X; € Q; C Q for starshaped, bounded open sets €. Following

(A.5)

Lemma 5.1 of [51] we will prove that x,u and x;v belong to H'Y79(Q;) and

st oo+ 50 ace = N OG0 x58) S N0, 2)
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Summing these pieces, we obtain (A.4).

So let Q be starshaped. Since curlu € H~Y(div0), by Lemma A.2.7 there is a field
w € H}5%(div0) such that curlu = curlw and |[w|| g1-0 < |lcurlul| ;-6 So u —w belongs to
H=%(curl 0). We show that H~%(curl0) = G7°.

Indeed, the inclusion “D” is clear. Conversely, take f € H~%(curl0). Lemma A.2.5 provides
maps vy € Hgoe(div 0) and ¢ € G~ such that f = vy + V. Hence, v is contained in
Hgoe(div 0) N H=%(curl0). For an open, simply connected set U C U C €, take a cut-off
function y € C°(Q) with x = 1 on U and let © be the zero-extension of xvy to R3. Computing

o XV, v0) goaysx H-0(0)3
[div o f-orsy = sup
S HO(R3) 161l 176 (s)
‘<¢VX7 V0) HO ()3 x H0(Q)?
= sup
S HO(R?) &l o ms)
< ‘<\IJ’U0>H9(Q)3><H*9(Q)3‘ B
Sx sup = llvoll g0 (e »
Ve(HY(Q))3 1] o)
5 <X curl ‘13, UO>H9(9)3><H—9(Q)3
[eurl 9] -0 gsy =  sup
DeHO(R?) @1l 176 (rs)
’(@ X VX, 00) 10 (Q)3 x H-6(Q2)?
= sup
DeHO(R3) 1] 7o (es)
< ’(‘IJ’U0>H9(Q)3><H*9(Q)3‘ -
~x o Sup = HUOHH—"(Q)7
We(HO(Q))? 1] o)

we see that ©,div o and curl @ belong to H—?(R3). Hence, ¥ := (1 — A)~%27 is an element
of H(div,R?) N H(curl,R?) = H'(R3). As a result, ¥ is contained in H'=?(R3) and v, in
Hlloze(Q), which means that vg € H(curl0,U). Proposition IX.1.2 in [16] now yields a map
Uy € HY(U) with V¥ = vg on U. Because divyy = 0 the map ¥y is analytic, and by
analytic continuation we find a smooth function ¥ on Q with V¥ = vy € H?.

Let xp be the star center of Q. We can write ¥ = W(zq) + [§ T,VV - mdr, where
T-g9(x) = g(xog — 7(z — x0)) and m(z) = x — x9. This identity implies that ¥ belongs to
H*H(Q). Since also AV = 0 on 2 and 9,¥ = tr, vg = 0 on 912, we deduce ¥ = 0 and so
vg = 0, as needed.

Hence, there exists a function ¢ € H'~%(Q) such that V¢ = v — w and therefore

div(aVe) = div(au) — div(aw) € H?(Q). (A.6)
Here we can assume that [, ¢ dz = 0. We thus obtain
HSDHH—G(Q) S HV<P||H—9(Q) S HU||H—9(Q) + HwHH—"(Q) S Hu||H—‘9(Cur1)
by the Poincaré inequality in H~%(Q) which can be shown as in L?(£2). One also infers

Itr el g-oa0) S lellai-o S Null -6 cun -

0 v3 —v
Let f xv = <u3 0 1/12>f = Bf and 4 .= B'yB. Note that 4~ = 4 > 7 on 99 and

vo —uv1 0
vt C vt As in Lemma 5.1 of [51] we now see that

divga(F tr-(Ve)) = divag(y(w x v) x v) — divga(y(u X v) X v)
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= divgo(v(w X v) x v) — divgg(h) + divga(tr: v)
= divoa(y(w x v) x v) — divagg(h) + tr,(curl v)

belongs to Hf(’*%(BQ), using also Lemma A.2.8 and that curlv € H~%(div0). Elliptic
regularity then yields tr € H%_a(aﬂ), and then ¢ € H?7 because of (A.6). Collecting the
above relations we can thus bound « in H'~% as asserted. One can treat v similarly also using
u € H'~% and the boundary condition. (Here one can let 4 = I).

b) Now assume that § = 0. By a contradiction compactness argument, we show that the
L?-norms appearing on the right-hand side of (A.4) can be estimated by the div-curl-terms.
Assume that

(s 0) [ Z llewrlul| 2 gy + [leurl vl 2 gy + [Idiv(aw) || 2y + 1div(Bv) || L2(q) + 1Pl 7172 (00) -
: i AN
Hence, there exists a sequence (ug, vx) € HY(Q)N( (HY) "4 x (H5) “# ) with [ (ks vi) | g ) =
1 such that the right-hand side tends to zero. By means of the Banach—Alaoglu and Rellich—-
Kondrachov theorems, we can choose a subsequence, again denoted by (ug, vy ), which converges
1
in L?(2) and weakly in H'(Q) to a limit (@, o) € H'(Q) N (H%)LL% X (Hg) "% in L2.
We employ the operator

. 2 - - 0 curl
D(A) = {(u,v) € X | curlu,curlv € L* ;v x v+ v(u X v) X 1/—0}, A= (—Curl 0

h X = (((mgyten ()3 ) 1 (Ren(diva) x Kex(div)). 12 )

Note that (u,v) belongs to the kernel of A.
We will prove below that A is injective. The sequence (uy,vx) then converges to (u,v) =0
in L?. The estimate (A.4) with § = 0 hence shows that ||(ug,vk)||z1 — 0, contradicting

||(ug, vi)||y2 = 1 and the assertion follows.
So take (u,v) € D(A) with 0 = A(}) and consider

0= (A(%) ‘ (2,‘)) = /Q(curlv-u—curlu-v)da:.

Integrating by parts and using the boundary condition, we compute

O:j{m(uxu)-vdaz—j{mu-(vxu)da:—% (uxv)-vy(uxv)do.

o0

The positive definiteness of vy implies that u x v = 0 and therefore v x v = 0 as well. Thus,
(u,v) € ker A satisfies

curlu = curlv =0, on €,

uxv=vxv=0, ondf.

Because of (u,v) € X we therefore obtain that (u,v) € HS x Hg . Again the choice of X
implies that u = v = 0. Hence, A is injective as desired. O

J_Lz

Let us end this section with a remark on the additional condition that v € (HS) *a (resp.

L
v e (Hg) L%) in Theorem A.2.9b) above in case u € H(div, 0).
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Remark A.2.10. By Lemma A.1.3 and the subsequent Remark A.1.4 for v € H(div, 0) we
have

we (HS) 13 <= ue H(divy0).
Thus, for (u,v) € H*}(div, 0) x H?}(div 0) the assumptions of Theorem A.2.9b) are satisfied.
Conceptually, this means that €2 does not enclose any regions of its complement containing
electric or magnetic charges. This is also trivially satisfied when R3 \ © is connected, since in

this case HY = {0}.
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