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CHAPTER 1

Introduction

While magnetic and electrostatic phenomena have been observed for millennia, it was not until
the early 19th century that the connection between these domains was found. This discovery is
usually attributed to Hans Christian Ørsted, who in 1820 observed the deflection of a compass
needle by an electric current running across it. However, there is some debate about whether
he was the first to make this observation, see [61]. Regardless, it was Ørsted’s publication [47]
that led to further development on the theory of electromagnetism. Over the following years
the experiments and mathematical theories of André-Marie Ampère, Michael Faraday, and
others culminated 1865 in James Clerk Maxwell’s famed paper “A Dynamical Theory of the
Electromagnetic Field” [39], unifying the theory of electromagnetism and proposing light as
an electromagnetic phenomenon. In the modern notation, credited to Oliver Heaviside, the
Maxwell equations connect the electric fields E and D to the magnetic fields H and B, and
the electric current J via

∂tD = curlH − J and ∂tB = − curlE,

also known as the Ampère-Maxwell law and Faraday’s law, as well as Gauß’ laws

divD = ρ and divB = 0,

relating the electric field D to the charge density ρ, alongside the absence of magnetic charges.
For further historical information, see for example [54] or [57].

The fields E and B can be observed by their effect on moving charges. They exert the
Lorentz force

F = q(E + v ×B)
on a point particle of charge q ∈ R moving along the velocity vector v ∈ R3.

Constitutive Relations

In order to uniquely determine solutions to the system above one has to impose additional
so-called constitutive relations between the fields. Here, we focus on the most common class,
which relate the fields E and D, as well as H and B. When an electric field E is applied to
a material it causes a displacement of the charges present, inducing the polarization P . If
this effect is aligned to the applied field lines, we call the material isotropic. However, for
example in non-trivial crystal structures due to restrictions along lattices, see for example [8]
or [9], anisotropic effects also occur in nature. Moreover, nonlinear effects can be observed
when subjecting dielectrics to strong electric fields. Historically, this was first observed by
John Kerr when studying the effect of electric fields on glass, resin, or quartz and observing
polarized light passing through those materials, see [32]. Such effects can also be caused by
the incident fields themselves, see [40]. The electric displacement field D is then given as

D = ε0E + P,

where ε0 is the permittivity of free space. Note that by convention P is the negative of the
induced field, explaining the sign in the equation. Similarly, the interaction of a material
with the magnetic field causes the magnetization M . Then, the magnetic fields H and B are
related by

H = 1
µ0
B −M,
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where µ0 is the permeability of free space. By custom, the polarization P is usually expressed
as a function of E, whereas the magnetization M is given as a function of H. For further
information see, for example, Chapters 4 and 6 in [27]. In general, P and M may include
retardation effects and therefore depend on the history of a solution (E,H). For example, P
may be of the form

P (E)(t, x) =
∑

n,α

∫ ∞

−∞
· · ·
∫ ∞

−∞
χ(n)

α1,...,αn
(t, x; τ1, . . . , τn)Eα1(t, x) · · ·Eαn(t, x) dτ1 . . . dτn,

see Chapter 1 in [9]. However, in some situations it is reasonable to approximate such materials
by instantaneous laws, see Equation (2.3.6) and the subsequent paragraph in [2].

In this work, we restrict ourselves to materials with an instantaneous response. Assuming
that P = ε0χE(E)E and M = χH(H)H, we set the permittivity ε := ε0(1 + χE) and
permeability µ := µ0(1 + χH). These material parameters then lead to the constitutive
equations

D = ε(E)E and B = µ(H)H.

While matrix-valued material laws naturally occur, they can also appear in the analysis of the
isotropic, quasilinear Maxwell system, as in [35], [46], or [51], which we will discuss in detail
in Chapters 4 and 7. We stress that the anisotropic Maxwell system is significantly stronger
coupled than in the case of isotropic material laws with scalar coefficients. For instance, if the
coefficients are constant, the system can be reduced to decoupled scalar wave equations for
the components E (if div(εE) = 0) or H (if σ = 0). Moreover, since anisotropic material laws
change the direction of the fields, the arising boundary and especially interface conditions are
much harder to handle in this setting.

Decay Mechanism

Throughout, we study these equations on a bounded domain Ω ⊂ R3 to establish global
existence and exponential decay of solutions. We consider two cases:

In the first one, we assume perfectly conducting boundary conditions, which are derived
under the assumption that the relevant traces of the fields E and H outside Ω vanish at ∂Ω,
leading to the boundary conditions

E × ν = 0 and B · ν = 0 on ∂Ω,

where ν denotes the outer unit normal. In the absence of a current J , this system will preserve
the weighted L2-norm of our fields. In order to observe decay, we then assume our material is
conductive, which by Ohm’s law means that

J = σE,

where σ is the given conductivity. The Maxwell–Ampère law then yields

ρ(t) := div(εE(t)) = div(εE0) −
∫ t

0
div(σE(τ)) dτ, t ≥ 0, (1.1)

under very mild conditions on the solution. The time integral in (1.1) is a serious obstacle for
the study of the long-time behavior. For isotropic, linear coefficients one can reduce (1.1) to
the scalar ODE ∂tρ = −σ

ε ρ− ∇σ
ε · εE for fixed x ∈ Ω. In the anisotropic case this approach

fails.
We will see that one obtains exponential decay if σ ≥ σ0 > 0 on the support of σ, provided

it contains a neighborhood of the boundary ∂Ω. In this setting an interface Γ separates
(suppσ)◦ and Ω \ suppσ.
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Across the interface one can derive the conditions

JE × νΓK = 0, JH × νΓK = JΓ,

JεE · νΓK = JεE(t0) · νΓK −
∫ t

t0

(
JJ · νΓK − divΓ JΓ

)
dτ, JµH · νΓK = 0,

(1.2)

for a given surface current JΓ, see Chapter I.5 in [30] and Equations (1.2) in [56]. Here, J·K
denotes the jump across the interface and νΓ its normal, see Section 1.3 below. We will
assume JΓ = 0 in the following. These conditions will play an important role in the analysis
of the quasilinear system in Chapter 4.

In the second case we study, the decay is caused by absorbing boundary conditions. In this
case we set σ = 0, so we have no internal damping. Assuming that the exterior field has zero
trace, the interface condition across ∂Ω yields

(H − 0) × ν = J∂Ω.

By the surface version of Ohm’s law, cf. (7.155) in [24], the surface current J∂Ω is given by to
the tangential electric field E via

J∂Ω = (λ(ν × E)) × ν,

where λ = λ(E × ν) denotes the surface conductivity on ∂Ω. Combining these equations leads
to the absorbing boundary conditions

H × ν + (λ(E × ν)) × ν = 0 on ∂Ω.

In our analysis of both cases, we first focus on linear, autonomous coefficients, which allow
for a simpler presentation of the techniques involved. In particular, the well-posedness theory
easily follows from semigroup theory, which yields global solutions and provides a convenient
framework for our analysis. See [5], [12], or [24] for a systematic treatment of the linear
Maxwell equations from a mathematical point of view.

Based on insights from the linear case, we proceed by considering also quasilinear materials, in
which the permittivity and permeability may depend on the fields themselves. Mathematically,
the dependence of our coefficients on the solutions itself already complicates the local well-
posedness theory considerably, see [55], [56], [58], [59], and [60].

In order to show exponential decay we rely on energy estimates for our solutions, which we
combine with suitable observability estimates. These are shown using a multiplier technique
based upon a Helmholtz decomposition and Morawetz multipliers. Obtaining these estimates
is the main challenge in the linear case. In the quasilinear case additional error terms appear
in these estimates, which pose additional challenges when closing the decay result.

The thesis is thus split into two parts. In the first part we focus on the case where we
have damping in the interior and in the second part we discuss damping at the boundary.
We proceed by providing a more detailed overview concerning the approach and the relevant
literature.
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1.1. Part I – Decay Due to Interior Conductivity
In the first main result of Part I, Theorem 2.3.1, we consider anisotropic, instantaneous,
time-independent, linear material laws ε, µ ∈ C1(Ω,R3×3

sym
)

and the solutions to the system

∂t
(
ε(x)E(t, x)

)
= curlH(t, x) − σ(x)E(t, x),

∂t
(
µ(x)H(t, x)

)
= − curlE(t, x),

t ≥ 0, x ∈ Ω, (1.3)

div(µ(x)H(t, x)) = 0, t ≥ 0, x ∈ Ω,
E(t, x) × ν(x) = 0, ν(x) · µ(x)H(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

E(0, x) = E0(x), H(0, x) = H0(x), x ∈ Ω,

with a non-negative conductivity σ ∈ L∞(Ω,R3×3
sym
)

which is strictly positive near the boundary
of the bounded domain Ω ⊂ R3. It is assumed that the permittivity ε and permeability
µ satisfy the non-trapping condition (2.6), which limits the decay of coefficients in radial
direction. Heuristically, this property reduces back reflections, so that waves can reach the
boundary in a sufficient way. We allow for a multiply connected Ω and disconnected boundary
∂Ω. Under these assumptions, we obtain exponential decay to 0 if there are no magnetic
charges on Ω (which agrees with observations in physics), no electric charges on Ω \ suppσ,
and we exclude stationary solutions. In Corollary 2.3.8, we remove the condition on initial
charges as well as the magnetic boundary condition and obtain exponential convergence to
equilibria instead.

For the charge-free system with σ = 0, we also prove exact observability and controllability
with respect to a collar at ∂Ω, see Theorem 2.2.8. In particular, one can steer the system from
every initial to any final state by applying a suitable external current at a collar near ∂Ω.

In the case of anisotropic coefficients, these seem to be the first results in this context if the
damping or observability region is not the full domain. Moreover, for exponential stability, so
far only constant ε and µ have been treated in this context.

Overview of the Literature

Compared to the damped wave equation, see for example [7], [36], [53], and the references
therein, the theory of decay properties of the Maxwell system is far less developed. Indeed,
the huge kernel of the curl operator, the strong coupling in the Maxwell system, and the
complicated boundary conditions pose significant challenges compared to the scalar wave
equation. Still, the results and methods for the wave equation are the starting point for the
treatment of the Maxwell system.

For constant coefficients ε, µ ∈ R+, Theorem 5.5 in [49] establishes that solutions decay
exponentially to 0 provided that the conductivity σ is strictly positive on its support and
satisfies the Geometric Control Condition (GCC) derived from the wave equation framework.
The GCC requires the existence of a critical time Tc > 0 such that every ray of geometric
optics intersects suppσ within the time interval (0, Tc), see [7] for interior control and [6]
for boundary control. The proof in [49] relies on microlocal analysis to exploit the elliptic
properties of the Laplacian.

Alternative techniques using Morawetz multipliers and Helmholtz decompositions have also
been successfully deployed to study these systems. For instance, for interior damping and
scalar coefficients, [44] utilizes a multiplier argument to establish exact observability on a
collar around ∂Ω, which is an important step to proving exponential decay.

For matrix-valued coefficients, the literature on exponential decay is limited. Existing
results typically assume the strict positivity of the conductivity tensor throughout the domain,
as seen in [19] for linear Maxwell systems and [35] for quasilinear variants.
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Weaker notations of decay, such as polynomial stability, have also been studied. For
smoothly vanishing conductivity, [49] establishes polynomial decay given that suppσ still
satisfies the GCC. In [42] and [50] polynomial decay is shown for an internal conductivity
restricted to a strip of a cube, violating the GCC. In contrast to [50], the rate is explicitly
given in [42].

With the exception of Theorem 5.1 in [49], which assumes positive, scalar coefficients, the
aforementioned works impose various topological constraints, such as the simple connectedness
of Ω or the connectedness of the boundary ∂Ω. These topological assumptions are typically
required to improve the mapping properties of the curl operator, see Lemma A.1.3 in the
appendix. However, we can circumvent these restrictions by excluding certain stationary
solutions that belong to the kernel of the curl. Such stationary solutions can arise when the
domain Ω encloses electrical charges or when an external current runs through loops of Ω, as
illustrated in Examples 2.1.3 and 2.1.4.

To our knowledge the paper [35], which we generalize, contains the only known result
considering exponential decay of a quasilinear Maxwell system with internal damping on
a bounded domain. We note that on the full space R3 polynomial decay results for the
quasilinear system and small data are known. There the decay is caused by dispersion rather
than damping, see for example Chapter 11.6 in [52] for coefficients with a constant linear part.

Proof Techniques

In order to establish the results outlined above, we rely on an observability estimate for
the charge-free, homogeneous system without conductivity, see system (2.23). So, in order
to apply it to solutions of system (1.3) we split (E,H), which may contain electric charges
on ω = suppσ◦, into the solution (Vh,Wh) of this system and further correction terms.
Specifically, to account for the charges present on ω, we introduce a gradient field ∇p, where
the potential p ∈ H1(Ω) solves the elliptic PDE (2.13). While ∇p itself cannot be bounded in
L2 in a useful way, its time derivative ∂t∇p can be controlled by the dissipation term ∥σ1/2E∥2,
which is subsequently bounded via the energy equality. This decomposition originates from
[49] for the constant-coefficient case with p ∈ H1

0 (Ω), and connected ∂Ω and suppσ. Our
formulation of system (2.13) resolves several of the topological obstructions to the invertibility
of the curl operator. To address the remaining topological constraints, we restrict the electric
and magnetic fields of the Maxwell system to an invariant subsystem of finite codimension,
defined in (2.7). The remaining components of the solution, denoted by (Vi,Wi), then satisfy
the inhomogeneous system (2.27) incorporating the inhomogeneity −σE − ε∇∂tp. A related
splitting, omitting the potential p, was utilized in [44]. Finally, to account for the influence
of the initial potential p(0) within these systems, the initial data will be chosen according
to (2.21). Due to technical considerations some of the initial fields have to approximated by
more regular ones.

In Proposition 2.2.2 we show the crucial observability-type estimate for Vh. Dissipation terms
only occur for the electric part, so that it is useful to work with a second-order formulation
involving only Vh, see (2.32). Though, a first-order approach is also feasible and used in
showing an observability-type estimate for the quasilinear system which we discuss below, see
(4.57). Moreover, the behavior of ∇p and ρ in (1.1) suggests to work with time derivatives.
Therefore, we first estimate ∂tVh and only later pass to Vh in Corollary 2.2.6 by integration.
(This result is then reformulated as Theorem 2.2.8 on observability and controllability.) In a
lengthy calculation also involving vector analysis, Proposition 2.2.2 is then shown employing
a Morawetz multiplier and by a tailor-made multiplier using Lax–Milgram (see Lemma 2.2.3),
as well as the energy equality for Vh. For this reasoning it is important that suppσ contains a
collar at ∂Ω and that the coefficients satisfy the non-trapping condition. For scalar coefficients
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similar arguments are found in [44], but it is quite sophisticated to extend them to the
matrix-valued case.

To pass from the observability estimate of the homogeneous system to the decay result
for solutions, including charges on ω, we estimate the other correction terms of (E,H) in
several steps. First, the energy of ∂t(E,H) is bounded by that of (E,H) for which it is crucial
that σ is strictly positive on its support. This was done for connected ∂Ω and ω in [49],
using the auxiliary function ∇p. In our more general setting we have to proceed differently,
based on a lower estimate for the curl operator in Lemma 2.3.2. One can control ∂tH in
space-time by ∂tE and dissipation terms using the splitting of E and energy-type estimates.
The inhomogeneous part (Vi,Wi) is handled just by means of Duhamel’s formula, exploiting
properties of the initial data of (2.27). Several of these inequalities on the time interval [0, T ]
depend on T > 0. Nevertheless, they can be combined into a proof of exponential stability
employing a strategy that goes back to [29] in the wave case. The convergence result for
data with electrical charges on Ω \ suppσ (and possibly magnetic charges) then follows by a
projection argument. These results are presented in Chapter 2 and in the joint preprint [45]
with Roland Schnaubelt.

Next, we extend the methods from the linear case to the quasilinear case. In this setting,
the coefficients ε(·, E) and µ(·, H) in (1.3) can depend directly on the solution itself. We
consider the system

∂t
(
ε (x,E(t, x))E(t, x)

)
= curlH(t, x) − σ(x)E(t, x),

∂t
(
µ (x,H(t, x))H(t, x)

)
= − curlE(t, x),

t ≥ 0, x ∈ Ω, (1.4)

div(µ (x,H(t, x))H(t, x)) = 0, t ≥ 0, x ∈ Ω,
E(t, x) × ν(x) = 0, ν(x) · µ(x)H(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

E(0, x) = E0(x), H(0, x) = H0(x), x ∈ Ω.

In particular, since the conductivity σ is either uniformly positive or vanishing, this introduces
a jump in our solutions and therefore also in our coefficients. Thus, we have to treat the
quasilinear system as an interface problem. In our analysis, we will therefore rely on the
interface conditions (1.2).

As alluded to above, even the local well-posedness in this case is quite challenging, see [56],
[58], [59], and [60]. (It is known that in quasilinear Maxwell systems for non-small data blow-up
may occur, see [14] and the references therein.) It forces us to work in the solution space
∩3

j=0C
j((Tmin, Tmax), H3−j

Γ (Ω±)), since the local well-posedness requires additional control on
∂t(E,H) through Sobolev embeddings. Here, Hk

Γ denotes Sobolev regularity on either side of
the interface, see Section 1.3 for the definition. Thus, we also have to consider time derived
versions of system (1.4), which lead to additional error terms in the analysis, and to require
additional compatibility conditions of the initial values at the boundary and interface. We
stress that the coefficients of the time derived system are matrix-valued, even if ε(·, E) and
µ(·, H) are scalar.

In order to show exponential decay for small initial data, we adapt a strategy similar to
the linear case. Such a smallness condition is common in nonlinear theory. However, in order
to justify a Morawetz estimate for the highest order term ∂3

t (E,H), we require additional
regularity. We obtain this by an approximation argument in Chapter 3. There, we first
approximate coefficients and initial data smoothly and afterwards correct the approximation
in such a way, that it satisfies the compatibility conditions. It is then shown that the
corrected approximation converges back to the original solution. So far, such regularization
procedures for (1.4) were only known for very basic cases, see the proofs of Lemma 4.2 in [35]
or Lemma 3.2.3.
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This finally allows us to obtain decay results in Chapter 4. For this, we consider σ ∈
C3(Ω±,R3×3

sym) to be uniformly positive on its support containing a collar of the boundary, as
well as uniformly positive definite coefficients ε, µ ∈ C3(Ω± × R3,R3×3

sym) which, in addition
to the non-trapping condition from the linear case in the interior, also have to satisfy a
non-trapping at the interface in order to prevent internal reflection, see (4.21). In the linear
case, for piecewise constant coefficients a similar condition was already used in [31].

Considering each time derivative ∂k
t (E,H) individually, we first split them into a divergence-

and a curl-free part, using gradient fields ∇(pk, qk) where pk, qk ∈ H1(Ω) solve the elliptic
PDEs (4.40) and (4.47) which we adapt to the interface problem at hand. As in the linear
case, we show suitable estimates for (pk, qk) and establish an observability-type estimate for
the time derivatives of the divergence-free part of the solution (V k,W k). In this estimate we
rely on the non-trapping conditions in the interior and at the interface.

In order to utilize the observability estimate, we require additional regularity estimates for
various error terms. These error terms contain higher Sobolev norms ∥∂k

t (E,H)∥H3−k
Γ

which
have to be bounded by the L2-norms ∥∂k

t (E,H)∥L2 , to which we can apply the observability
estimate, and superlinear terms. It is crucial that the constants in this regularity estimate
do not depend on time. In the quite sophisticated and lengthy proof, we employ ideas from
[35] and [51], but the interface requires new ideas. Finally, we can combine these estimates to
show the exponential decay of small data in Theorem 4.6.1.

1.2. Part II – Decay Due to Absorbing Boundary Conditions
In Part II, we focus on the effect of a strictly positive surface conductivity λ, which may also
depend on the electric field E, investigating the system

∂t(ε(x,E(t, x))E(t, x)) = curlH(t, x),
∂t(µ(x,H(t, x))H(t, x)) = − curlE(t, x),

t ≥ 0, x ∈ Ω, (1.5)

div(ε(x,E(t, x))E(t, x)) = 0,
div(µ(x,H(t, x))H(t, x)) = 0,

t ≥ 0, x ∈ Ω,

H(t, x) × ν +
(
λ
(
x,E(t, x) × ν

)
(E(t, x) × ν)

)
× ν = 0, t ≥ 0, x ∈ ∂Ω,

E(0, x) = E0(x), H(0, x) = H0(x), x ∈ Ω,

on a bounded, smooth domain Ω ⊂ R3 with nonlinear, inhomogeneous, and anisotropic
material coefficients, and given initial fields (E0, H0) satisfying the compatibility conditions.

Overview of the Literature

In the case of linear material laws, such nonlinear λ have been studied in, for instance, [20],
[21], [43], and for delayed problems in [4]. For state-independent λ and small initial fields it is
shown in [51] that the solutions of the quasilinear Maxwell system (1.5) exist globally in time
and decay exponentially as t → ∞. However, in [51] it is assumed that the spatial domain Ω
is strictly starshaped.

In related problems it is known that this assumption can be removed provided one can show
extra regularity of the normal trace of the solutions, see [37] for the wave equation and [18] for
the linear, autonomous Maxwell system with perfectly conducting boundary conditions (which
we studied in Part I). Regarding trace regularities, a variant of our normal trace estimate
already has been shown in [11] using completely different methods.
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Prior observability results have been been shown in [51] for strictly starshaped, simply
connected domains and in [46] (jointly with Roland Schnaubelt) for domains with connected
complement. Based on our estimates, we can extend the analysis of [51] to the case of a
nonlinear boundary conductivity λ(x,E) and show in our main Theorem 7.2.1 that solutions
for small data converge exponentially to 0 without assuming starshapedness or connectedness.
However, we have to exclude stationary solutions from our initial values that become possible
by removing the topological assumptions on Ω.

Proof Techniques

In Chapter 5 we prove a normal trace estimate for the solutions of linear, non-autonomous,
anisotropic Maxwell systems with absorbing boundary conditions and inhomogeneities, see
Corollary 5.1.9 and Proposition 5.1.11. We use the so-called collar operator studied in
[18] in the context of different boundary conditions, cf. [37] for earlier work on the wave
equation. This pseudodifferential operator allows us to trade space for time regularity in the
course of a sophisticated regularity argument. We further employ the div-curl estimate from
Theorem A.2.9 and exploit heavily the structure of the (time-differentiated) Maxwell system
and the absorbing boundary condition. In the trace estimates it is crucial that constants do
not depend on time, see Corollary 5.1.9. We also derive a more concise variant of the estimate
in Proposition 5.1.11, which has time dependent constants, though, reproving a result of [11].

Next, we restrict ourselves in Chapter 6 to the linear, autonomous, anisotropic case (6.1).
This allows us to further improve the trace estimates from Chapter 5 in Theorem 6.1.2,
following the approach of [34] for the wave equation, which involves a compactness argument
to get rid of lower-order terms, see also [18] for the Maxwell case. We obtain a bound on
the normal traces of E and H in L2((0, T ) × ∂Ω) in terms of the the tangential trace of E,
with constants being independent of the end time T . In order to perform this argument, we
furthermore need the div-curl estimate from Theorem A.2.9 in H−θ(Ω) for θ ∈ (0, 1

2), which
requires several properties of the Helmholtz decomposition in H−θ also established in the
appendix.

As a by-product, this allows us to derive exponential stability of the system (6.1), which
seems to be a new result for matrix-valued coefficients (and is not a special case of our
nonlinear decay result).

In Chapter 7 we again consider the quasilinear system (7.1)–(7.5) for small solutions
in ∩3

j=0C
j((Tmin, Tmax), H3−j(Ω)). Using the trace regularity established in Chapter 5 we

derive an observability-type estimate for this system in Proposition 7.2.3. To bound the
solutions, we again consider the time-derived Maxwell systems (7.20)–(7.21). Moreover, the
time-dependent coefficients also introduce error terms at the boundary, which will be treated
as inhomogeneities.

As in Part I, [35], and [51], the decay result follows from three propositions dealing with
the time derivatives ∂k

t (E,H) for k ∈ {0, 1, 2, 3}—an energy estimate, an observability-type
estimate, and a regularity analysis of error terms. The fields ∂k

t (E,H) satisfy the boundary
condition (7.3) up to lower-order terms. This fact is crucial for the analysis. An energy
estimate and an observability-type estimate will allow us to control the squared L2-norm
of ∂k

t (E,H) by a dissipation term plus an error term which is small for small data, but
contains space and time derivatives of higher order. The core observability-type estimate in
Proposition 7.2.3 is based on a Morawetz multiplier argument as in [51], which uses ideas from
[18] or [44] treating different boundary conditions, also utilizing the normal trace estimates
of Chapter 5. Tangential traces of solutions are bounded by the energy estimate, see also
[11] or [55]. For this result we again have to assume the non-trapping condition (7.24) on ε
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and µ. Finally, the regularity result in Proposition 7.2.6 for the nonlinear problem allows
us to absorb the error terms. The decay result of Theorem 7.2.1 then follows by a standard
bootstrapping procedure, given at the end.

Content of This Thesis
The linear analysis of the first part is based on [45]. In Chapter 3, we show an approximation
result in order to justify several formal calculations. This allows us to proceed with the
quasilinear case in Chapter 4. These two chapters contain unpublished results.

The second part of thesis is largely based upon [46], but generalizes it regarding the topology
of our domain. There the connectedness assumption on R3 \ Ω can be removed by additional
assumptions on our initial values.

Finally, the appendix contains results pertaining to the curl operator and related estimates.
These results can be found mainly in [5], [10], [12], [17], and [46].
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1.3. Notation
Let us start by setting up general notation used throughout this entire thesis. In the following
Ω ⊂ R3 will always be a bounded domain1 with at least Lipschitz boundary. Moreover, the
boundary ∂Ω has either C2- or C2,1-regularity when studying the linear Maxwell system and
C5-regularity when considering the quasilinear Maxwell system.

A bounded domain Ω ⊂ R3 is multiply connected if there are disjoint Ck-surfaces Σ1, . . . ,ΣL

such that Ω \
⋃L

l=1 Σl is simply connected, see [5], [12], or [16]. For the connected components
of the boundary ∂Ω we write ∂Ω0, . . . , ∂ΩK .

Let
Na := {x ∈ Ω | dist(x, ∂Ω) < a}

be the collar of width a > 0 around the boundary ∂Ω of Ω.
In the first part our domain will also contain an interface Γ ⊂ R3 which has the same

regularity as the boundary, as well as positive distance to it, i.e., dist(Γ, ∂Ω) > 0. Thus, the
interface splits Ω into two subdomains. The one bordering ∂Ω will be denoted by ω ⊆ Ω and
the other one we call υ ⊆ Ω. For the union of these we write Ω± := ω ∪· υ. Hence, we get

Ω = Ω± ∪· Γ = υ ∪· Γ ∪· ω.

1domain meaning a non-empty, open, connected set
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A collar around Γ of width a > 0 is denoted by

N Γ
a := {x ∈ Ω | dist(x,Γ) < a}.

We write ν for the outer unit normal to ∂Ω and νΓ for the unit normal at the interface,
pointing from υ to ω.

νΓ

ν

υ

Γ Γ
ω

ω

Figure 1.1.: 2d-cut through Ω ⊂ R3.

Note that νΓ = ν∂υ = −ν∂ω on Γ. The surface measure on ∂Ω or ∂ω is denoted by ς. To
emphasize that we are integrating a function f over a surface, we write ‘

∮
f dς’.

In order to study functions at the boundary and interface we define, first for u ∈ C(Ω), the
following vector-valued traces

trnu = trn,Ξ u := (u · νΞ)νΞ,

trtu = trt,Ξ u := u× νΞ,

trτu = trτ,Ξ u := νΞ × (u× νΞ),

νΞ

u
(u · νΞ)νΞ

u× νΞ
νΞ × (u× νΞ)

where Ξ is usually ∂υ, ∂ω or ∂Ω and ν = νΞ denotes the corresponding outer normal. We set
JfK := tr∂υ f − tr∂ω f to be the jump across the interface. Here and below we often omit the
arguments of functions.

Function Spaces

We use the real, L2-based Sobolev spaces Hs on the domains and their boundaries. If the
domain of Hs is omitted, we implicitly mean Hs(Ω) = Hs. Let

Hθ(divα) :=
{
f ∈

(
Hθ(Ξ)

)3 ∣∣ div(αf) =: divα f ∈ Hθ(Ξ)
}
,

Hθ(curlβ) :=
{
f ∈

(
Hθ(Ξ)

)3 ∣∣ curl(βf) =: curlβ f ∈
(
Hθ(Ξ)

)3}
,

for θ ∈ R, Ξ ∈ {υ, ω,Ω}, and suitable matrix-valued α, β : Ξ → R3×3. For θ = 0 we simply
write H(divα) = H0(divα) and H(curlβ) = H0(curlβ) and if α = β = I3 is the identity matrix,
we write Hθ(div) = Hθ(divI3) and Hθ(curl) = Hθ(curlI3), etc. Then H(div) and H(curl) are
the maximal domains of the distributional operators div and curl in L2(Ξ) equipped with the
graph norm, respectively. (We often omit the range spaces for vector fields etc.)

The kernels of these operators are written as H(div 0) and H(curl 0) and are endowed with
the L2-norm.

On the boundary ∂Ξ, we introduce the negative fractional Sobolev space H−1/2(∂Ξ) as
the continuous dual of H1/2(∂Ξ) with respect to the pivot space L2(∂Ξ). The normal trace
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trn and the tangential traces trt, trτ can be extended to maps from H(div) and H(curl) to
H−1/2(∂Ξ)3. We denote the kernels of these trace mappings by Hn0(div) and Ht0(curl),
respectively, which coincide with the closures of the space of test functions C∞

c (Ξ)3 under the
respective graph norms. The intersection with the kernels we then write as

Ht0(curl 0) := Ht0(curl) ∩H(curl 0) and Hn0(div 0) := Hn0(div) ∩H(div 0).

We define the refinements

H∂Ξ(divα 0) :=:=
{
u ∈ L2(Ξ)3 ∣∣ divα u = 0, ⟨trn(αu),1⟩

H− 1
2 (∂Ξk)

= 0, k ∈ {0, . . . ,KΞ}
}
,

HΣ
n0(divα 0) :=

{
u ∈ L2(Ω)3 ∣∣ divα u = 0, trn(αu) = 0, ⟨trn(αu),1⟩

H− 1
2 (Σl)

= 0,

l∈{1, . . . , L}
}
.

where the boundary ∂Ξ has the connected components ∂Ξ0, . . . , ∂ΞKΞ . (We will need the space
HΣ(divα 0)n0 only for Ω. For Ξ = υ we write H∂Ξ(divα 0) = HΓ(divα 0).) For α = I we simply
write HΣ

n0(div 0) and H∂Ξ(div 0). The divergence theorem yields H∂Ξ(divα 0) = H(divα 0) if
∂Ξ is connected, and for simply connected Ω we have HΣ

n0(divα 0) = Hn0(divα 0). See [5], [12],
or [16] for these and related facts.

To describe regularity on either side of an interface we introduce the space

Hk
Γ = Hk

Γ(Ω) :=
{
f ∈ L2(Ω)

∣∣∣ f |ω ∈ Hk(ω) and f |υ ∈ Hk(υ)
}
.

When considering non-autonomous coefficients with an interface as in Chapter 3, we will
consider solutions in

Gk
Γ = Gk

Γ((Tmin, Tmax) × Ω) :=
k⋂

j=0
Cj((Tmin, Tmax), Hk−j

Γ (Ω)),

with norm ∥u∥Gk
Γ

:= sup
t∈(Tmin,Tmax)

k∑
j=0

∥∂j
t u(t)∥

Hm−j
Γ

.

In the absence of an interface, as in Chapter 7, we drop the Γ in the subscripts above, denoting
these spaces by Gk.

Finally, we introduce the notation “≲”, whenever an inequality holds up to a constant not
depending on time or the explicit norm of the solution.





Part I

Decay Caused by Interior Conductivity





CHAPTER 2

Exponential Decay of the Linear Maxwell
System Due to Conductivity near the Boundary

We start our discussion by considering a linear Maxwell system with anisotropic coefficients ε,
µ, and σ on a bounded domain Ω ⊂ R3. On the boundary we assume perfectly conducting
boundary conditions. The precise assumptions are given at the beginning of Section 2.1 below.
Namely, the Maxwell system is given by

∂t
(
ε(x)E(t, x)

)
= curlH(t, x) − σ(x)E(t, x),

∂t
(
µ(x)H(t, x)

)
= − curlE(t, x),

t ≥ 0, x ∈ Ω, (2.1)

div(µ(x)H(t, x)) = 0, t ≥ 0, x ∈ Ω, (2.2)
E(t, x) × ν(x) = 0, ν(x) · µ(x)H(t, x) = 0, t ≥ 0, x ∈ ∂Ω, (2.3)

E(0, x) = E0(x), H(0, x) = H0(x), x ∈ Ω. (2.4)

By standard semigroup theory we first show that a solution exists and then proceed by
studying its long-term behavior. In order to achieve convergence to some steady state, we
require damping in the system. This is realized through the conductivity σ, which we will
assume to be supported near the boundary ∂Ω. Excluding magnetic charges, electric charges
on (suppσ)c, and external stationary fields, we can show that by Theorem 2.3.1 this suffices
to show exponential decay to 0.

The proof is based on a Helmholtz decomposition and an observability estimate, i.e., an
estimate which allows us to bound the initial state through an integral over a set O ⊆
[0, T ] × suppσ ⊆ [0, T ] × Ω∫

Ω

(
|E0|2 + |H0|2

)
dx ≲

∫
O

|E|2 d(τ, x),

cf. Proposition 2.2.6. Notice that if the right-hand side vanishes on O, then our initial value
was already 0. This estimate is shown using a Morawetz multiplier argument. By control
theory this is equivalent to showing exact controllability, see Theorem 2.2.8 and [64] for a
systematic treatment.

Finally, in the presence of charges we will show that we converge to an orthogonal projection
of the initial values.

2.1. Assumptions and Auxiliary Results
In this section we first collect the main hypotheses in this chapter. Afterwards, we show
the existence of a solution by semigroup theory and derive an energy equality. Finally, we
introduce the required in the proof of our observability estimate.

Assumptions

Throughout Chapter 2, we assume the following conditions.

(Hℓ)

Let Ω ⊂ R3 be open, bounded and multiply connected with cuts Σ1, . . . ,ΣL,
and ∂Ω ∈ C2 have connected components ∂Ω0, . . . , ∂ΩK . Let ε, µ ∈
C1(Ω,R3×3

sym
)

be uniformly positive definite, σ ∈ L∞(Ω,R3×3
sym
)
, ω := {x ∈

Ω | σ(x) > 0} have a C1-boundary and let dist(∂ω, ∂Ω) > 0.
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Our core assumption for exponential stability is that there are constants a, σ0 > 0 such that

Na ⊆ ω and σ|ω ≥ σ0 > 0. (2.5)

In particular, the boundaries ∂ω = ∂υ ∪· ∂Ω are disjoint, see Section 1.3.
Let m(x) := x− x0 for some x0 ∈ R3. We also require the ‘non-trapping’ condition

ε̃ := ε+ (m · ∇)ε ≥ η̃ε, µ̃ := µ+ (m · ∇)µ ≥ η̃µ (2.6)

for some η̃ > 0; i.e., the coefficients cannot decay too strongly in radial direction.

Generation Results

Let L2
α(Ω) be the space of measurable f fulfilling α1/2f ∈ L2(Ω), endowed with the canonical

norm. We define

X0 =
{
(e, h) ∈ L2

ε(Ω) × L2
µ(Ω)

∣∣ εe|υ ∈ HΓ(div 0, υ), µh ∈ HΣ
n0(div 0)

}
. (2.7)

The operator

D(A0) =
(
Ht0(curl) ×H(curl)

)
∩X0, A0 =

(
−ε−1σ ε−1 curl

−µ−1 curl 0

)
, (2.8)

is well-defined as an operator on X0 Theorem 6.1.4 in [5] and Proposition IX.1.3 in [16], the
latter applied on υ, see also Lemma A.1.3. Note that the magnetic component of (e, h) ∈ D(A0)
belongs to H1(Ω) by Proposition 6.1 of [35], and thus to H1(υ).

We first show that A0 is in fact a generator proceeding as in, for example, Lemma 2.1 of
[42] or [44].

Lemma 2.1.1. The operator A0 defined in (2.8) is densely defined and maximally dissipative.
Hence, A0 is closed and generates a contractive C0-semigroup S0(·) on X0. Moreover, if σ = 0
the operator A0 generates a unitary group.

Proof. 1) First, we show that A0 is maximally dissipative. Let (E,H) ∈ D(A0). Integration
by parts yields

Re(A0(E,H)|(E,H))X0 = −
∫

Ω
σE · E dx,

using that trtE = 0. The right-hand side is non-positive since σ ≥ 0 by assumption. Hence,
A0 is dissipative.

Next, we establish the maximality of A0. Let λ > 0. To show the surjectivity of λ−A0, we
take (F,G) ∈ X0 and show that there exists some (E,H) ∈ D(A0) such that

λ(E,H) −A0(E,H) = (F,G),

or equivalently,
λεE − curlH + σE = εF, λµH + curlE = µG. (2.9)

We solve the second equation for H

H = λ−1G− λ−1µ−1 curlE

and insert it into the first, which leads to second order formulation for E

λεE + λ−1 curl
(
µ−1 curlE

)
+ σE = εF + λ−1 curlG (2.10)
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or in its weak formulation

a(E,Φ) =
∫

Ω

(
εF · Φ + λ−1G · curl Φ

)
dx, ∀ Φ ∈ V,

for the bounded bilinear form

a(u, v) :=
∫

Ω

(
(λε+ σ)u · v + λ−1µ−1 curl u · curl v

)
dx

on the space V := {v ∈ Ht0(curl) | εv|υ ∈ HΓ(div 0, υ)}. Moreover, the form a is coercive in
V since

a(u, u) ≥
∫

Ω

(
λη |u|2 + (λ ∥µ∥∞)−1 |curl u|2

)
dx ∼= ∥u∥2

V .

The Lax-Milgram lemma then provides a unique E ∈ V solving (2.9). We set H := λ−1G−
λ−1µ−1 curlE to solve the second part of (2.9). To see that H ∈ H(curl), we test the weak
formulation with Φ ∈ C∞

c (Ω) ⊂ V , which yields∫
Ω
λ−1(µ−1 curlE −G) · curl Φ dx =

∫
Ω

(εF − (λε+ σ)E) · Φ dx.

The left term in the parentheses is −H, and we get∫
Ω
H · curl Φ dx = −

∫
Ω

(εF − (λε+ σ)E) · Φ dx,

i.e., curlH = −εF + (λε + σ)E in the sense of distributions as required. Since the right-
hand side belongs to L2(Ω), it follows that curlH ∈ L2(Ω) and thus H ∈ H(curl). Since
µG ∈ HΣ

n0(div 0) by assumption and curlE ∈ HΣ
n0(div 0) by Lemma A.1.3 a), the pair (E,H)

indeed lies in D(A0). Therefore, A0 is maximally dissipative.
2) By Theorem 4.6 in [48] the domain D(A0) is dense in X0. Furthermore, the Lumer-

Phillips theorem, see for example Theorem 1.4.3 in [48], shows that the operator A0 generates
a C0-semigroup of contractions.

3) For σ = 0 the dissipativity calculation leads to

(A0(E,H)|(E,H))X0 = 0 for all (E,H) ∈ D(A0),

i.e., the operator A0 is skew-symmetric and in particular also −A0 is dissipative. Repeating
the above argument for −A0, we obtain the maximal dissipativity of −A0, which therefore
also generates a contractive semigroup. By the proof of Stone’s theorem, see Theorem II.3.24
in [22], it follows that S0 is a unitary group for σ = 0.

Given (E0, H0) ∈ D(A0), we thus obtain a unique solution of (2.1)–(2.4) satisfying
div(εE(t)) = 0 on Ω \ ω for t ≥ 0 and

(E,H) ∈ C
(
R≥0, D(A0)

)
∩ C1(R≥0, X0

)
. (2.11)

We assume that (E0, H0) belongs to D(A0) except for the proofs of Theorems 2.2.8 and 2.3.1,
where we pass to general (E0, H0) ∈ X0. Also in this case (E(t), H(t)) = S0(t)(E0, H0) is
called a solution of the system.

Remark 2.1.2. The proof above can be easily modified to show that on X := L2
ε(Ω) ×L2

µ(Ω)
the extension A of A0 with domain D(A) := Ht0(curl) × H(curl) generates a contraction
semigroup S(·) which leaves X0 invariant and coincides there with S0(·) as it solves the same
Cauchy problem. Therefore, the divergence condition on υ for εE0 and the divergence and
boundary conditions for µH0 are also invariant under the evolution of the system within X
whenever (E0, H0) ∈ D(A0) ⊂ D(A). Moreover, as we see in Lemma 2.3.7, the kernel of A is
orthogonal to X0 in X so that our restrictions on charges and boundary conditions in (2.7)
exclude the stationary fields which obstruct exponential stability.
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Let us discuss the choice of X0 in (2.7) in more detail. For this we consider

X̃ = H(divε 0, υ) ×Hn0(divµ 0)

and the operator

D(Ã) =
(
Ht0(curl) ×H(curl)

)
∩ X̃, Ã =

(
−ε−1σ ε−1 curl

−µ−1 curl 0

)
,

on X̃. Conceptually, by assuming that E ∈ H(divε 0, υ) we exclude charges in the interior of
Ω away from the support of the conductivity σ. Furthermore, by using HΓ(divε 0, υ) in the
definition of X0 instead we assume additionally that there are no charges on the connected
components of the support of the conductivity. This for examples occurs in a capacitor. These
charges generate stationary electric fields that do not decay in time. The following example
illustrates this.

Γ1

Γ2

⟨trn(εE),1⟩Γk
̸= 0

Figure 2.1.: A spherical shell serves as example
for υ as in Example 2.1.3.

Example 2.1.3. Assume that ω con-
sists of two connected components ω1
and ω2. Let us call the interfaces to υ
Γ1 = ∂ω1 ∩ Ω and Γ2 = ∂ω2 ∩ Ω. Let ϕ
solve

div(ε∇ϕ) = 0 on υ,

ϕ|Γ1 = 1, ϕ|Γ2 = 0.

Note that ϕ cannot be constant and
hence ∇ϕ does not vanish. However, ∇ϕ
belongs to Hε

2 = Ht0(curl, υ) ∩H(divε 0)
by Lemma A.1.1. We can extend ∇ϕ
by 0 to Ht0(curl,Ω). Let us call this
extension E0.

Then 0 ̸= (E0, 0) ∈ ker(Ã). Therefore,
(E,H) = (E0, 0) is a constant solution to
the Cauchy problem associated with Ã.

Thus, we have constructed a non-zero stationary field, which would contradict an exponential
decay result for disconnected ω.

The restrictions of HΣ
n0(div 0) on the other hand exclude certain magnetic fields. By Am-

père’s law in (2.1) an electric current induces a magnetic field. When such currents pass
through the ‘holes’ of Ω, one can obtain stationary, non-zero magnetic fields, satisfying the
boundary condition on ∂Ω. By Faraday’s law, these fields cause currents in conductive loops
along the boundaries ∂Σi of the cuts of Ω. In the following example, we illustrate this by
considering a torus with an external current running through the middle.

Σℓ

Current I

trn(µH) = 0

⟨trn(µH),1⟩Σℓ
̸= 0

Figure 2.2.: Torus as in Example 2.1.4.

Example 2.1.4. Assume
that µ is constant and con-
sider a torus Ω lying in the
x1x2-plane centered at the
origin. Take a current I run-
ning upwards along the x3-
axis. By the Biot-Savart law
this creates a stationary mag-
netic field, which is propor-
tional to

H0(x) = 1
x2

1 + x2
2

( x2
−x1

0

)
.
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It satisfies curlH0 = 0 and div(µH0) = 0 on Ω as well as the boundary condition trn(µH0) = 0
on ∂Ω, i.e., H0 ∈ Hµ

1 .
Thus, 0 ̸= (0, H0) ∈ ker(Ã) and (E,H) = (0, H0) is a constant, non-zero solution to

the associated Cauchy problem. We have constructed a non-zero stationary magnetic field,
highlighting that the space HΣ

n0(div 0) in the definition of X0 is necessary to achieve exponential
stability.

Energies

Our arguments heavily use estimates of the ‘energies’

e0(t) :=
∫

Ω
(εE(t) · E(t) + µH(t) ·H(t)) dx = ∥(E(t), H(t))∥2

X0
,

e1(t) :=
∫

Ω
(ε∂tE(t) · ∂tE(t) + µ∂tH(t) · ∂tH(t)) dx = ∥(∂tE(t), ∂tH(t))∥2

X0
,

(2.12)

and in particular the following energy equality with dissipation related to σ.

Lemma 2.1.5. Let (Hℓ) hold and (E,H) as in (2.11) solve (2.1). We then obtain

e0(s) − e0(t) = 2
∫ t

s

∫
Ω

∣∣σ1/2E
∣∣2 dx dτ,

e1(s) − e1(t) = 2
∫ t

s

∫
Ω

∣∣σ1/2∂tE
∣∣2 dx dτ, t ≥ s ≥ 0.

Proof. We only consider e1 as the estimate for e0 is shown in a similar, but simpler way. After
regularizing (E0, H0) in D(A2

0), we pass to the time differentiated version of the Maxwell
system (2.1). Here the energy inequality is shown in a standard way.

So, take fields (En
0 , H

n
0 ) ∈ D(A2

0) converging to (E0, H0) in D(A0) with respect to the graph
norm. These initial values yield solutions

(En, Hn) ∈ C2(R≥0, X0
)

∩ C1(R≥0, D(A0)
)

∩ C
(
R≥0, D(A2

0)
)

of the equations

∂2
tE

n = ε−1 curl ∂tH
n − ε−1σ∂tE

n, ∂2
tH

n = −µ−1 curl ∂tE
n.

Then (En, Hn) = S0(·)(En
0 , H

n
0 ) tends to (E,H) in the space Cb

(
R≥0, D(A0)

)
of bounded

functions, and ∂t(En, Hn) = S0(·)A0(En
0 , H

n
0 ) to ∂t(E,H) in Cb

(
R≥0, X0

)
.

Let en
1 = ∥(∂tE

n, ∂tH
n)∥2

X0
. The above system and integration by parts lead to

∂te
n
1 = 2

∫
Ω

(
∂tE

n · ε∂2
tE

n + ∂tH
n · µ∂2

tH
n) dx

= 2
∫

Ω

(
∂tE

n · (curl ∂tH
n − σ∂tE

n) − ∂tH
n · curl ∂tE

n) dx

= −2
∫

Ω

∣∣σ1/2∂tE
n
∣∣2 dx,

since trt ∂tE
n = 0. Integrating in time, we derive

en
1 (s) − en

1 (t) = 2
∫ t

s

∫
Ω

∣∣σ1/2∂tE
n
∣∣2 dx ds

for t ≥ s ≥ 0. The result follows in the limit n → ∞.
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Helmholtz Decomposition

Our arguments rely on a splitting of the electric field E ∈ C1(R≥0, L
2(Ω)

)
∩C

(
R≥0, Ht0(curl)

)
into a divε-free and a curl-free part. The following construction is inspired by Chapter 5 in
[49], where constant ε and connected ∂Ω and ω were treated using p ∈ H1

0 (Ω). We consider
the elliptic problem

div(ε∇p) = div(εE) on Ω, p = 0 on ∂Ω0, (2.13)
p constant on ∂Ωk and ⟨trn ε(∇p− E),1⟩

H− 1
2 (∂Ωk)

= 0, ∀ k ∈ {1, . . . ,K}.

For the weak formulation of the problem, we define the Hilbert space

Hc :=
{
φ ∈ H1(Ω)

∣∣ φ = 0 on ∂Ω0, φ constant on ∂Ωk, ∀ k ∈ {1, . . .K}
}

endowed with the norm of H1(Ω). We introduce the form

B[u, v] :=
∫

Ω
∇u · ε∇v dx on Hc,

and set
ℓ(v) = ℓE(v) :=

∫
Ω
εE · ∇v dx.

Then, the weak formulation of (2.13) reads as

B[p, φ] = ℓ(φ) for all φ ∈ Hc. (2.14)

Clearly, B and ℓ are bounded on Hc, and B is coercive by Theorem 13.6.9 in [64]. The
Lax–Milgram lemma then yields a unique solution p = p(t) ∈ Hc of (2.14) with

∥p∥H1(Ω) ≲ ∥ℓ∥H∗
c

= sup
∥φ∥Hc

=1
|ℓ(φ)| ≲ ∥εE∥L2(Ω) . (2.15)

We thus have bounded linear maps L2(Ω) → H∗
c ; E 7→ ℓE , and L2(Ω) → Hc; E 7→ p. Because

of (2.11), we can continuously differentiate t 7→ ℓE(t) in H∗
c and thus also p in Hc. Therefore,

p belongs to C1(R≥0,Hc).
Note that εE − ε∇p belongs to H(div) with div(εE − ε∇p) = 0, since (2.14) holds in

particular for H1
0 (Ω) ⊆ Hc. Hence, the last boundary condition in (2.13) is well-defined, and

it follows by inserting φk ∈ Hc with φk|∂Ωj
= δkj for k ̸= 0 into (2.14) via

0 =
∫

Ω
(εE − ε∇p) · ∇φk dx = ⟨trn(εE − ε∇p),1⟩

H− 1
2 (∂Ωk)

.

Finally, the PDE in (2.13) is understood in H∗
c .

To pass to charge-free fields, we define

V := E − ∇p ∈ C1(R≥0, L
2(Ω)

)
∩ C

(
R≥0, Ht0(curl)

)
(2.16)

using Lemma A.1.1 and (2.11). By the properties of p, this function satisfies

curlV = curlE, εV ∈ H∂Ω(div 0). (2.17)

For the last assertion, the condition ⟨trn εV,1⟩
H− 1

2 (∂Ωk)
= 0 is clear by (2.13) for k > 0. For

k = 0 it then follows from div(εV ) = 0 which yields ⟨trn εV,1⟩
H− 1

2 (∂Ω)
= 0.

In other main arguments we use the time derivatives of p since they can be estimated solely
by dissipation terms, in contrast to p in (2.15). This fact corresponds to the behavior of
the charges div(εE) in (1.1), where the time derivative is better suited for the study of the
long-term behavior, too.
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Lemma 2.1.6. Let (E,H) satisfy (2.11) and solve (2.1). Then the solution p of (2.13)
belongs to C2(R≥0,Hc) and satisfies

∥∂tp∥H1(Ω) ≲ ∥∂t∇p∥L2(Ω) ≲ ∥σE∥L2(ω) and ∥∂2
t p∥H1 ≲ ∥∂2

t ∇p∥L2(Ω) ≲ ∥σ∂tE∥L2(ω) .

Moreover, ε∂tV is contained in H∂Ω(div 0).

Proof. Equation (2.1) and Lemma A.1.3 b) yield

∂tℓE(t)(φ) =
∫

Ω
ε∂tE · ∇φ dx = −

∫
Ω
σE · ∇φ dx (2.18)

for φ ∈ Hc. Estimate (2.15) then implies the first assertion, using also the Poincaré inequality
in Theorem 13.6.9 in [64]. The last claim now follows from (2.17). Due to (2.18), we can
differentiate in time once more and derive the remaining part.

2.2. Observability Estimate
Above we have split E into the charge-free part V and the curl-free part ∇p. To obtain
observability results, we decompose (V,H) further into fields (Vh,Wh) and (Vi,Wi) solving
a homogeneous and an inhomogeneous system, respectively. Here we combine and extend
the approaches from [44] and [49]. In Section 3 of [44] an observability estimate is shown for
scalar coefficients and a homogeneous system with charge-free initial data. In its proof also a
Morawetz multiplier is used. Note that for σ ≠ 0 the solutions of the Maxwell system (2.1)
will in general not stay charge-free. In particular the time integral in the Gauß law (1.1)

div(εE(t)) = div(εE0) −
∫ t

0
div(σE(τ)) dτ, t ≥ 0 (2.19)

is a major problem for showing exponential decay.
By reducing the exponential decay result to the time derived solutions as in Chapter 5.2 of

[49], see Lemma 2.3.3, it suffices to bound ∂t(∇p,∇q), ∂t(Vh,Wh) and ∂t(Vi,Wi) by suitable
dissipation terms, see Lemma 2.1.6 and Proposition 2.2.2 as well as Lemma 2.3.5 below. The
energy equality in Lemma 2.1.5 then allows us to control dissipation terms. We come back to
(Vh,Wh) in Corollary 2.2.6.

We proceed by deriving the systems solved by (Vh,Wh) and (Vi,Wi).
In the stability analysis it will be crucial that ∂tVi(0) and ∂tWi(0) vanish, see Lemma 2.3.5.

To this aim, we choose suitable initial values for the inhomogeneous problem. By Lemma 2.1.6
the derivative ε∂tV belongs to H∂Ω(div 0), which implies

σE + ε∂t∇p = −ε∂tE + curlH + ε∂t∇p = −ε∂tV + curlH ∈ H∂Ω(div 0) (2.20)

since curlH ∈ H∂Ω(div 0) due to Lemma A.1.3 b) as well as (2.2) and (2.3). Lemma A.1.3 b)
then provides a field Wi0 ∈ H(curl) ∩Hn0(divµ 0) which is orthogonal to ker(curlH) = Hµ

1 in
L2

µ and satisfies
curlWi0 = σE0 + ε∂t∇p(0). (2.21)

To derive the observability estimate for ∂tVh, we consider a second-order equation for our
homogeneous problem using the generator

D(Ah) =
(
Ht0(curl) ×H(curl)

)
∩Xh, Ah =

(
0 ε−1 curl

−µ−1 curl 0

)
(2.22)
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without conductivity acting in the charge-free subspace

Xh :=
{
(v, w) ∈ L2

ε(Ω) × L2
µ(Ω)

∣∣ εv ∈ H∂Ω(div 0), µw ∈ HΣ
n0(div 0)

}
of X0. The operator Ah maps into Xh by Lemma A.1.3. Its maximal dissipativity is a special
case of that of A0 in (2.8) for σ = 0 and ω = ∅. By (2.7), (2.16), (2.17) and Wi0 ∈ Hn0(divµ 0),
the fields

(
E0 − ∇p(0), H0 −Wi0

)
belong to D(Ah).

We can approximate
(
E0 − ∇p(0), H0 −Wi0

)
in D(Ah) via (V (n)

h0 ,W
(n)
h0 ) ∈ D(A2

h) by means
of Yosida approximations. For these initial fields we can derive a second-order problem. First
note that the homogeneous Maxwell system

∂t
(
εV

(n)
h

)
= curlW (n)

h , ∂t
(
µW

(n)
h

)
= − curlV (n)

h ,

div
(
εV

(n)
h

)
= 0, div

(
µW

(n)
h

)
= 0, (2.23)

trt V
(n)

h = 0, trn(µW (n)
h ) = 0,

V
(n)

h (0) = V
(n)

h0 , W
(n)
h (0) = W

(n)
h0 ,

has the solution(
V

(n)
h ,W

(n)
h

)
∈ C2(R≥0, Xh

)
∩ C1(R≥0, D(Ah)

)
∩ C

(
R≥0, D(A2

h)
)
. (2.24)

It converges to the solution (Vh,Wh) of (2.23) with initial data
(
E0 − ∇p(0), H0 −Wi0

)
in the

space C1
b

(
R≥0, Xh

)
∩ Cb

(
R≥0, D(Ah)

)
. We stress that εV (n)

h is divergence-free. The system
(2.23) leads to the second-order equation

∂t
(
ε∂tV

(n)
h

)
= − curl

(
µ−1 curlV (n)

h

)
,

trt V
(n)

h = 0, div(εV (n)
h ) = 0, (2.25)

V
(n)

h (0) = V
(n)

h0 , ∂tV
(n)

h (0) = ε−1 curlW (n)
h0 .

Corresponding to (2.24), in (2.25) we assume that

V
(n)

h ∈ C2(R≥0, H
∂Ω(divε 0)) ∩ C1(R≥0, Ht0(curl)

)
,

µ−1 curlV (n)
h ∈ C

(
R≥0, H(curl)

)
.

(2.26)

To account for the missing terms in (2.23), we consider the inhomogeneous system

∂t
(
εVi
)

= curlWi − σE − ε∂t∇p,
∂t
(
µWi

)
= − curlVi,

div
(
µWi

)
= 0, (2.27)

trt Vi = 0, trn(µWi) = 0,
Vi(0) = 0, Wi(0) = Wi0.

Observe that
(
−ε−1σE−∂t∇p, 0

)
belongs to C1(R≥0, Xh

)
due to (2.11), (2.20) and Lemma 2.1.6

and that (0,Wi0) is contained in D(Ah). Hence, system (2.27) has a unique solution(
Vi,Wi

)
∈ C1(R≥0, Xh

)
∩ C

(
R≥0, D(Ah)

)
. (2.28)

For later use we record that the definition of Wi0 in (2.21) yields

∂t(εVi)(0) = curlWi0 − σE0 − ε∂t∇p(0) = 0,
∂t(µWi)(0) = − curlVi(0) = 0.

(2.29)
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Note that the fields
(
Vh + Vi + ∇p,Wh + Wi

)
solve the original system (2.1)–(2.4) with

initial values (
E0 − ∇p(0) + ∇p(0),H0 −Wi0 +Wi0

)
= (E0, H0),

and hence coincide with (E,H) by uniqueness. The convergence noted after (2.24) then leads
to the limit(

V
(n)

h + Vi + ∇p,W (n)
h +Wi

)
−→

(
Vh + Vi + ∇p,Wh +Wi

)
= (E,H)

in C1
b

(
R≥0, X0

)
∩ Cb

(
R≥0, D(A0)

)
.

To simplify notation, we drop the superscripts in this section and write
(
V

(n)
h ,W

(n)
h

)
=

(Vh,Wh), assuming that (Vh,Wh) satisfies (2.24). The final result will then follow by the
approximation argument above, see Remark 2.2.7. We next state the ‘energy’ identity for Vh.

Lemma 2.2.1. Let Vh satisfy (2.26) and solve (2.25). We then obtain∫
Ω

(
ε∂tVh(t) · ∂tVh(t) + µ−1 curlVh(t) · curlVh(t)

)
dx

=
∫

Ω

(
ε∂tVh(0) · ∂tVh(0) + µ−1 curlVh(0) · curlVh(0)

)
dx, t ≥ 0.

Proof. System (2.25) and integration by parts imply

0 =
∫ t

0

∫
Ω

(
∂2

t (εVh) + curlµ−1 curlVh

)
· ∂tVh dx dτ

= 1
2

∫ t

0
∂t

∫
Ω

(
∂t(εVh) · ∂tVh + µ−1 curlVh · curlVh

)
dx dτ

= 1
2

[ ∫
Ω
ε∂tVh(t) · ∂tVh(t) + µ−1 curlVh(t) · curlVh(t) dx

−
∫

Ω
ε∂tVh(0) · ∂tVh(0) + µ−1 curlVh(0) · curlVh(0) dx

]
.

The following observability estimate for ∂tVh is the core step in our arguments.

Proposition 2.2.2. Assume that (Hℓ) and the non-trapping condition (2.6) hold. Let Then
for any a > 0 there exists a time TO > 0 such that for T ≥ TO we have∫

Ω

(
|∂tVh(0)|2 + |curlVh(0)|2

)
dx ≲

∫ T

0

∫
Na

|∂tVh|2 dx dτ

for any Vh satisfying (2.26) and solving (2.25).
For the proof of Proposition 2.2.2 we need several auxiliary results. In the first one

we use the Lax–Milgram lemma to construct a multiplier, cf. [44]. We endow the space
H := Ht0(curl) ∩ H∂Ω(divε 0) with the norm ∥·∥H(curl). By Lemma A.1.3 the operator
curlE : H → HΣ

n0(div 0) is boundedly invertible.

Lemma 2.2.3. Take a map ϑ̃ ∈ L∞(Ω) with ϑ̃ = 1 on Na/2 and supp ϑ̃ ⊆ Na for some a > 0
and f ∈ L2(Ω). Then there is a unique solution w ∈ H ⊆ H1(Ω) of

∀ψ ∈ H :
∫

Ω
µ−1 curlw · curlψ dx =

∫
Ω
ϑ̃fψ dx. (2.30)

It satisfies
∥w∥H1(Ω) ≲ ∥w∥H ≲ ∥ϑ̃f∥L2(Ω). (2.31)
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Proof. Theorem A.2.9 (with v = 0, u ∈ Ht0(curl) and θ = 0) yields

∥u∥H1(Ω) ≲ ∥u∥L2(Ω) + ∥curl u∥L2(Ω) + ∥div(εu)∥L2(Ω) .

Since the divergence of εu vanishes for u ∈ H and the curl is invertible on H by Lemma A.1.3,
we see that

∥u∥H1(Ω) ≲ ∥curlu∥L2(Ω) for u ∈ H.

Hence, the bilinear form on the left-hand side is coercive and bounded. The assertion then
follows from the Lax–Milgram lemma, using that L2(Ω) ↪→ H⋆.

For a time dependent f ∈ C1(R≥0, L
2(Ω)

)
we obtain a solution w(t) of (2.30) for each t ≥ 0.

The regularity of f transfers to w as shown next.

Remark 2.2.4. Let f ∈ C1(R≥0, L
2(Ω)

)
in Lemma 2.2.3. We then obtain

a) w ∈ C1(R≥0,H
)

and
b) ∥w(t)∥2

H1 ≲
∫
ϑ̃ |f(t)|2 dx, ∥∂tw(t)∥2

H1 ≲
∫
ϑ̃ |∂tf(t)|2 dx.

Proof. We first check that w is C1. Its Lipschitz continuity follows from (2.31) and linearity
via ∥∥ 1

h

(
w(t+ h) − w(t)

)∥∥
H1(Ω) ≲

∥∥ 1
h

(
f(t+ h) − f(t)

)∥∥
L2(Ω).

Hence, w is differentiable in H1(Ω) for a.e. t ≥ 0. We can now differentiate (2.30) in t a.e.,
obtaining ∫

Ω
µ−1 curl ∂tw · curlψ dx =

∫
Ω
ϑ̃∂tfψ dx.

As above, we then infer the continuity of ∂tw from (2.31), which also yields the second estimate.
The first one follows from (2.31) for w.

We now turn to the proof of the core result of this section.

Proof of Proposition 2.2.2. 1) Let T > 0, χ ∈ C1(Ω) and m(x) = x− x0 for some x0 ∈ R3.
We multiply (2.25) with the Morawetz multiplier χm× curlVh obtaining

0 =
∫ T

0

∫
Ω

(
∂t(ε∂tVh) + curlµ−1 curlVh

)
·
(
χm× curlVh

)
dx dτ

=
∫ T

0

∫
Ω
∂t
(
(ε∂tVh) · (χm×curlVh)

)
dx dτ −

∫ T

0

∫
Ω

(ε∂tVh) ·
(
χm×curl ∂tVh

)
dx dτ

+
∫ T

0

∫
Ω
µ−1 curlVh · curl

(
χm× curlVh) dxdτ

−
∫ T

0

∮
∂Ω
µ−1 curlVh ·

(
ν × (χm× curlVh)

)
dς dτ

=: Ii + It + Ic + I∂Ω
c . (2.32)

In the above four integrands we have to eliminate the second derivatives of Vh, which is easy
for Ii. In the following we freely use standard formulas from vector analysis. Also integrating
by parts and exploiting trt ∂tVh = 0, we compute

It =
∫ T

0

∫
Ω

curl ∂tVh · (χm× ε∂tVh) dxdτ =
∫ T

0

∫
Ω
∂tVh · curl(χm× ε∂tVh) dxdτ.

Since div(εVh) = 0, the integrand can be rewritten as

curl(χm× ε∂tVh)
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=
(
ε∂tVh · ∇

)
(χm) − χ(m · ∇)(ε∂tVh) + χm∂t div(εVh) − ε∂tVh div(χm)

=
(
ε∂tVh · ∇χ

)
m+ χε∂tVh − χ(m · ∇)(ε∂tVh) − (ε∂tVh)∇χ ·m− 3χε∂tVh.

Only the middle term involves second derivatives of Vh. In this summand of the integrand we
can take out the gradient via

χ(m · ∇)(ε∂tVh) · ∂tVh = 1
2χ(m · ∇)(ε∂tVh · ∂tVh) + 1

2χ
(
(m · ∇)ε

)
∂tVh · ∂tVh

by means of the product rule. The remaining problematic part of It is now integrated by
parts resulting in

−
∫ T

0

∫
Ω

1
2χ(m · ∇)(ε∂tVh · ∂tVh) dxdτ

=
∫ T

0

∫
Ω

(1
2(∇χ ·m)(ε∂tVh · ∂tVh) + 3

2χ(ε∂tVh · ∂tVh)
)

dx dτ

−
∫ T

0

∮
∂Ω

1
2χν ·m(ε∂tVh · ∂tVh) dς dτ.

Recalling ε̃ = ε+ (m · ∇)ε from (2.6), we conclude

It =
∫ T

0

∫
Ω

[
−1

2χε̃∂tVh ·∂tVh − 1
2(∇χ·m)(ε∂tVh ·∂tVh) + ∂tVh · (ε∂tVh ·∇χ)m

]
dx dτ

−
∫ T

0

∮
∂Ω

1
2χν ·m(ε∂tVh ·∂tVh) dς dτ. (2.33)

We next treat Ic in a similar way, reformulating it as

Ic =
∫ T

0

∫
Ω
µ−1 curlVh ·

[
div curl(Vh)χm− div(χm) curlVh)

+ (curlVh · ∇)(χm) − (χm · ∇) curlVh

]
dx dτ.

The last term is the only problematic one. As above, it is equal to

−
∫ T

0

∫
Ω

(µ−1 curlVh) ·
(
(χm · ∇) curlVh

)
dx dτ

= 1
2

∫ T

0

∫
Ω

[
(χm · ∇µ−1) curlVh · curlVh − χ(m · ∇)(µ−1 curlVh · curlVh)

]
dx dτ.

We integrate by parts the last term and obtain

Ic =
∫ T

0

∫
Ω
µ−1 curlVh ·

(
(curlVh · ∇χ)m+ χ curlVh − 1

2 div(χm) curlVh

)
dx dτ

+ 1
2

∫ T

0

∫
Ω

(
(χm · ∇)µ−1) curlVh · curlVh dx dτ

− 1
2

∫ T

0

∮
∂Ω
χ(m · ν)(µ−1 curlVh · curlVh) dς dτ

=
∫ T

0

∫
Ω

[
−1

2χµ̃−1 curlVh · curlVh + µ−1 curlVh ·
(
(curlVh · ∇χ)m

)
− 1

2(m · ∇χ)(curlVh · µ−1 curlVh)
]
dx dτ

− 1
2

∫ T

0

∮
∂Ω
χ(m · ν)(µ−1 curlVh · curlVh) dς dτ. (2.34)
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Note that (2.6) implies µ̃−1 := µ−1 −m · ∇µ−1 ≥ η̃µ−1.
Using Lemma A.1.6a), the last integral in (2.32) can be rewritten as

I∂Ω
c = −

∫ T

0

∮
∂Ω
µ−1 curlVh ·

(
ν × (χm× curlVh)

)
dς dτ

=
∫ T

0

∮
∂Ω
ν ·
(
µ−1 curlVh × (χm× curlVh)

)
dς dτ

=
∫ T

0

∮
∂Ω
ν ·
(
χm(µ−1 curlVh · curlVh) − curlVh(µ−1 curlVh · χm)

)
dς dτ

=
∫ T

0

∮
∂Ω
χ(ν ·m)(µ−1 curlVh · curlVh) dς dτ. (2.35)

Equations (2.32), (2.33), (2.34), and (2.35) then yield the core identity∫ T

0

∫
Ω

1
2χ
(
ε̃∂tVh · ∂tVh + µ̃−1 curlVh · curlVh

)
dx dτ (2.36)

=
[∫

Ω
ε∂tVh · (χm× curlVh) dx

]T

0

−
∫ T

0

∫
Ω

1
2(∇χ ·m)

(
ε∂tVh · ∂tVh + µ−1 curlVh · curlVh

)
dx dτ

+
∫ T

0

∫
Ω

(
(m · ∂tVh)(∂tεVh · ∇χ) + (m · µ−1 curlVh)(curlVh · ∇χ)

)
dx dτ

+
∫ T

0

∮
∂Ω

1
2χ(m · ν)

(
µ−1 curlVh · curlVh − ε∂tVh · ∂tVh

)
dς dτ.

2) We first take χ = 1. Then (2.36) and the non-trapping condition (2.6) imply

η̃

∫ T

0

∫
Ω

(
|∂tVh|2 + |curlVh|2

)
dx dτ

≲
∫

Ω
|∂tVh(T )| |curlVh(T )| dx+

∫
Ω

|∂tVh(0)| |curlVh(0)| dx

+
∫ T

0

∮
∂Ω

(
ν ·m)(µ−1 curlVh · curlVh − ε∂tVh · ∂tVh

)
dς dτ.

Next, for χ ∈ C1(Ω) with χ = 1 on ∂Ω and support in Na/4, Equation (2.36) yields

∣∣∣ ∫ T

0

∮
∂Ω

(ν ·m)
(
µ−1 curlVh · curlVh − ε∂tVh · ∂tVh

)
dς dτ

∣∣∣
≲
∫

Ω
|∂tVh(T )| |curlVh(T )| dx+

∫
Ω

|∂tVh(0)| |curlVh(0)| dx

+
∫ T

0

∫
Na/4

(
|∂tVh|2 + |curlVh|2

)
dx dτ.

The last two estimates lead to∫ T

0

∫
Ω

(
|∂tVh|2 + | curlVh|2

)
dx dτ ≲

∫ T

0

∫
Na/4

(
|∂tVh|2 + |curlVh|2

)
dx dτ

+
∫

Ω
|∂tVh(T )| |curlVh(T )| dx+

∫
Ω

|∂tVh(0)| |curlVh(0)| dx. (2.37)
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3) In light of Lemma 2.2.1 we only have to estimate the curl term on Na/4 to obtain the
desired result, see (2.41). To this aim, take ϑ ∈ C1(Ω) with suppϑ ⊆ Na/2 and ϑ = 1 on Na/4.
Equation (2.25) and integration by parts yield

0 =
∫ T

0

∫
Ω

(∂2
t (εVh) + curl(µ−1 curlVh)) · (ϑVh) dxdτ (2.38)

= −
∫ T

0

∫
Ω
ε∂tVh · ∂t(ϑVh) dxdτ +

[∫
Ω

(ε∂tVh) · ϑVh dx
]T

0

+
∫ T

0

∫
Ω
µ−1 curlVh ·

(
ϑ curlVh + ∇ϑ× Vh

)
dx dτ

+
∫ T

0

∮
∂Ω

(ν × µ−1 curlVh) · (ϑVh) dς dτ.

The boundary integral vanishes by (2.25) since

(ν × µ−1 curlVh) · (ϑVh) = (ϑVh × ν) · (µ−1 curlVh) = 0

on ∂Ω. As µ−1 ≥ 1/∥µ∥∞, for any δ > 0 we derive∫ T

0

∫
Na/4

|curlVh|2 dx dτ ≤
∫ T

0

∫
Na/2

ϑ |curlVh|2 dx dτ

≲ δ

∫ T

0

∫
Na/2

|curlVh|2 dx dτ + cδ

∫ T

0

∫
Na/2

|Vh|2 dx dτ +
∫ T

0

∫
Na/2

|∂tVh|2 dx dτ

+
∫

Ω

(
|∂tVh(T )|2 + |Vh(T )|2

)
dx+

∫
Ω

(
|∂tVh(0)|2 + |Vh(0)|2

)
dx.

We insert this inequality into (2.37), bound ∥Vh(τ)∥L2 ≲ ∥curlVh(τ)∥L2 by Lemma A.1.3
and (2.26), and absorb the time integral with the curl term fixing a small δ > 0. Using also
Lemma 2.2.1, it follows∫ T

0

∫
Ω

(
|∂tVh|2 + |curlVh|2

)
dx dτ (2.39)

≲
∫ T

0

∫
Na/2

(
|Vh|2 + |∂tVh|2

)
dx dτ +

∫
Ω

(
|∂tVh(0)|2 + |curlVh(0)|2

)
dx.

4) We have to get rid of the new term involving Vh. Taking w ∈ Ht0(curl) from Lemma 2.2.3
with f = Vh as a multiplier, like in step 3) we derive

0 =
∫ T

0

∫
Ω

(
∂2

t (εVh) + curl(µ−1 curlVh)
)

· w dx dτ

=
∫ T

0

∫
Ω

(
(µ−1 curlVh) · curlw − ε∂tVh · ∂tw

)
dx dτ +

[∫
Ω
ε∂tVh · w dx

]T

0
.

As Vh belongs to H by (2.26), Equation (2.30) with Vh = ψ then yields

0 =
∫ T

0

∫
Ω

(
ϑ̃ |Vh|2 − ε∂tVh · ∂tw

)
dx dτ +

[∫
Ω
ε∂tVh · w dx

]T

0
.

The properties of ϑ̃, Remark 2.2.4, Lemma 2.2.1 and Lemma A.1.3 a) then imply∫ T

0

∫
Na/2

|Vh|2 dx dτ ≲ δ

∫ T

0

∫
Ω

|∂tVh|2 dx dτ + cδ

∫ T

0

∫
Ω
ϑ̃ |∂tVh|2 dx dτ
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+
∫

Ω

(
|∂tVh(T )|2 + |Vh(T )|2

)
dx+

∫
Ω

(
|∂tVh(0)|2 + |Vh(0)|2

)
dx

≲ δ

∫ T

0

∫
Ω

|∂tVh|2 dx dτ + cδ

∫ T

0

∫
Ω
ϑ̃ |∂tVh|2 dx dτ

+
∫

Ω

(
|∂tVh(0)|2 + |curlVh(0)|2

)
dx.

We insert this inequality in (2.39). For a fixed small δ > 0, the space-time term without
localization can be absorbed by the left-hand side resulting in∫ T

0

∫
Ω

(
|∂tVh|2 + | curlVh|2

)
dx dτ (2.40)

≲
∫ T

0

∫
Na

|∂tVh|2 dx dτ +
∫

Ω

(
|∂tVh(0)|2 + | curlVh(0)|2

)
dx.

5) In a final step we simplify the time integral on the left-hand side of (2.40) by means of
Lemma 2.2.1, and obtain

T

∫
Ω

(
|∂tVh(0)|2 + | curlVh(0)|2

)
dx ≤ c0

∫
Ω

(
|∂tVh(0)|2 + | curlVh(0)|2

)
dx

+ c1

∫ T

0

∫
Na

|∂tVh|2 dτ dx (2.41)

for some constants cj > 0. Taking T > c0, we conclude∫
Ω

(
|∂tVh(0)|2 + | curlVh(0)|2

)
dx ≤ c1

T − c0

∫ T

0

∫
Na

|∂tVh|2 dτ dx.

Remark 2.2.5. Instead of considering a second order formulation in (2.32) one can also
derive an observability estimate for (Vh,Wh) instead using the Morawetz multiplier

0 =
∫ T

0

∫
Ω

(∂t(εVh) − curlWh) · ((µWh) × χm) dx dτ. (2.42)

We use this approach when deriving an observability estimate for the quasilinear system, see
(4.57). Unfortunately, this leads to a term

∫ T
0
∫

Na
|Wh|2 dxdτ on the right-hand side of our

observability estimate, cf. Proposition 2.2.2, which we cannot control by the dissipation acting
only on the electric field. For this reason, we pass to the second order formulation (2.25).
One could also replace the fields (Vh,Wh) in (2.42) by (∂tVh, ∂tWh), which also solve (2.23).
However, this way one also arrives at (2.32). We remove the extra derivatives below, see also
Lemma 2.3.3.

It is however still possible to show an observability estimate for Vh instead of ∂tVh; that is,
for the solutions to a homogeneous Maxwell system (σ = 0) with divergence free initial values.
To do so, as in [44], we pass to an antiderivative in the proof.

Corollary 2.2.6. Assume that (Hℓ) and the non-trapping condition (2.6) hold. Let (Vh,Wh)
satisfy (2.26) and solve (2.23). For each a > 0 there exists a time TO > 0 such that for
T ≥ TO we have ∫

Ω

(
|Vh(0)|2 + |Wh(0)|2

)
dx ≲

∫ T

0

∫
Na

|Vh|2 dx dτ.

Proof. Since µWh(0) ∈ HΣ
n0(div 0), Lemma A.1.3 a) yields a field u0 in Ht0(curl)∩H∂Ω(divε 0)

with curl u0 = −µWh(0). We set

u(t) := u0 +
∫ t

0
Vh(s) ds, t ≥ 0,



2.3. Exponential Decay 29

obtaining u(0) = u0 and ∂tu(0) = Vh(0). Note that u also satisfies (2.26). We check that u
solves (2.25) with different initial values. Indeed, the definition of u0 and (2.23) yield

∂2
t (εu(t)) = ∂t(εVh(t)) = curlWh(t) = curl

(
µ−1

(
µWh(0) +

∫ t

0
∂t(µWh(s)) ds

))
= − curl

(
µ−1 curl

(
u0 +

∫ t

0
Vh(s) ds

))
= − curl

(
µ−1 curl u(t)

)
,

trt u(t) = trt u0 +
∫ t

0
trt Vh(s) ds = 0,

div(εu(t)) = div(εu0) +
∫ t

0
div(εVh(s)) ds = 0.

The corollary now follows from Proposition 2.2.2 as ∂tu = Vh and curl u = −µWh.

Remark 2.2.7. In Lemma 2.2.1, Proposition 2.2.2 and Corollary 2.2.6 we have assumed that
(Vh(0),Wh(0)) =

(
V

(n)
h0 ,W

(n)
h0
)

belongs to D(A2
h) and so the solutions (Vh,Wh) =

(
V

(n)
h ,W

(n)
h

)
satisfy (2.24). By the approximation argument discussed after (2.27), the lemma and the
proposition can be extended to (Vh(0),Wh(0)) in D(Ah). Similarly, one derives the corollary
for (Vh(0),Wh(0)) ∈ Xh.

We reformulate the above corollary as (exact) observability and controllability of (2.1)–(2.4)
with div(εE) = 0 and σ = 0. For E ∈ H∂Ω(divε 0) we have p = 0 and (Vh,Wh) = (E,H), see
(2.13), (2.21), (2.23), and (2.27). The equivalence of observability and controllability is shown
in Theorem 11.2.1 in [64], noting that Ah is skew-adjoint in Xh = H∂Ω(divε 0) ×HΣ

n0(divµ 0),
see (2.22).

Theorem 2.2.8. Assume that (Hℓ) with σ = 0 and the non-trapping condition (2.6) hold. Let
a > 0. Then there is a time TO > 0 and a constant c > 0 such that for (E0, H0) ∈ Xh we have∫

Ω

(
|E0|2 + |H0|2

)
dx ≤ c

∫ TO

0

∫
Na

|E|2 dx dτ,

where (E,H) ∈ C(R≥0, Xh) solves (2.1)–(2.4) with σ = 0.
Moreover, for each T ≥ TO and (E1, H1) ∈ Xh we find a current J ∈ L2((0, T ) × Na) with

values in H∂Ω(divε 0) such that (Ê(T ), Ĥ(T )) = (E1, H1) for the solution (Ê, Ĥ) ∈ C(R≥0, Xh)
of (2.1)–(2.4) with σE replaced by J .

2.3. Exponential Decay
We now present the second main result of the chapter.

Theorem 2.3.1. Let (Hℓ), (2.5) and (2.6) hold. Then there exist constants M ≥ 1 and ω > 0
such that

∥(E(t),H(t))∥L2(Ω) ≤ Me−ωt∥(E0, H0)∥L2(Ω), t ≥ 0,

for the solution (E,H) of (2.1)–(2.4) with initial value (E0, H0) ∈ X0.

Our proof relies on Lemma 2.3.3 which estimates the usual energy through time derivatives.
Theorem 5.4 of [49] provides such an inequality for constant ε and µ and for connected ∂Ω
and ω. The argument there is based on the splitting E = V + ∇p. We could not extend this
approach to our setting and proceed in a more direct way using the following estimate of E
on υ.
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Lemma 2.3.2. For E ∈ HΓ(divε 0, υ) ∩H(curl, υ), we have

∥E∥L2(υ) ≲ ∥curlE∥L2(υ) + ∥trtE∥H−1/2(∂υ) .

Proof. By Proposition IX.1.3 of [16] the field E belongs to ε−1 curlH1(υ) = HΓ(divε 0, υ),
see also Lemma A.1.3. In view the decomposition (A.2), we can thus compute its norm in
L2

ε(υ) by testing with φ = ε−1 curl Φ for Φ ∈ H1(υ). Theorem 3.4.1 in [5] allows us to choose
the vector potential Φ such that ∥Φ∥H1(υ) ≲ ∥εφ∥L2(υ). It follows

∥E∥L2
ε(υ) = sup

φ∈HΓ(divε 0,υ),
∥φ∥

L2
ε(υ)=1

∫
υ
E · εφ dx ≲ sup

Φ∈H1(υ),
∥Φ∥H1(υ)=1

∫
υ
E · curl Φ dx. (2.43)

Integration by parts then yields∫
υ
E · curl Φ dx =

∫
υ

curlE · Φ dx+ ⟨trtE,Φ⟩H−1/2(∂υ)

≤ ∥curlE∥L2(υ) ∥Φ∥L2(υ) + ∥trtE∥H−1/2(∂υ) ∥Φ∥H1(υ)

We infer the assertion by inserting this inequality into (2.43).

The next proof relies on the assumption that σ either vanishes or is uniformly positive.

Lemma 2.3.3. Let (Hℓ) and (2.5) hold. Take a solution (E,H) of (2.1)–(2.4) as in (2.11).
The energies e0 and e1 from (2.12) then satisfy

e0(T ) ≲ e1(T ), T ≥ 0.

Proof. We adopt some ideas from the proof of Theorem 5.4 in [49]. Condition (Hℓ), the
Maxwell equations (2.1), (2.3) and integration by parts lead to

σ0

∫
ω

|E(t)|2 dx ≤
∫

Ω
σE(t) · E(t) =

∫
Ω

(
−ε∂tE(t) + curlH(t)

)
· E(t) dx

= −
∫

Ω
ε∂tE(t) · E(t) −

∫
Ω
H(t) · µ∂tH(t) dx

≲
√
e0(t)

√
e1(t). (2.44)

Using also (2.11), Lemma A.1.3 b) and (2.1), we then estimate the magnetic field by

∥H(t)∥2
L2(Ω) ≲ ∥curlH(t)∥2

L2(Ω) ≲ ∥ε∂tE(t)∥2
L2(Ω) + ∥σE(t)∥2

L2(Ω)

≲ e1(t) +
√
e0(t)e1(t).

(2.45)

To control E on υ, we recall

∥E(t)∥L2(υ) ≲ ∥curlE(t)∥2
L2(υ) + ∥trtE(t)∥H−1/2(∂υ)

from Lemma 2.3.2. Since E ∈ H(curl), Proposition 2.2.32 in [5], see Lemma A.1.2 shows that
trt,∂υ E = trt,∂ω E on ∂υ. From the usual trace estimate and Equation (2.1), we thus deduce

∥E(t)∥L2(υ)≲ ∥curlE(t)∥L2(υ)+ ∥trtE(t)∥
H− 1

2 (∂ω)
≲ ∥µ∂tH(t)∥L2(Ω)+ ∥E(t)∥H(curl,ω)

≲ ∥µ∂tH(t)∥L2(Ω) + ∥E(t)∥L2(ω) .

Combined with (2.44) and (2.45), we arrive at

e0(t) ≤ c1

√
e0(t)

√
e1(t) + c2e1(t) ≤ 1

2e0(t) + Ce1(t),

which yields the assertion.
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The time derivative of magnetic field can be estimated by ∂tE up to a dissipation term,
using our Helmholtz decomposition. We proceed similarly as in the proof of Lemma 5.2 of
[49], see also Proposition 4.4 in [35]. Here and below the estimates depend on the end time,
which fortunately does not cause problems in the main argument.

Lemma 2.3.4. Let (Hℓ) hold. Take a solution (E,H) of (2.1)–(2.4) as in (2.11). For T > 0
we then obtain∫ T

0

∫
Ω

|∂tH|2 dx dτ ≲ (1 + T )
∫ T

0

∫
Ω

|∂tE|2 dx dτ +
∫ T

0

∫
Ω
σE · E dx dτ.

Proof. Fix Φ ∈ C∞
c ((0, T )) such that 0 ≤ Φ ≤ 1 and Φ = 1 on [1

3T,
2
3T ]. In (2.16) and (2.17),

we have decomposed E = V + ∇p with V ∈ Ht0(curl) ∩ H∂Ω(divε 0). Furthermore, (after
regularization) E solves the second-order problem

ε∂2
tE = − curl(µ−1 curlE) − σ∂tE.

Starting from (2.1) and integrating by parts, we then compute∫ T

0

∫
Ω

Φ2µ∂tH · ∂tH dx dτ =
∫ T

0

∫
Ω

Φ2 curlE · µ−1 curlE dx dτ

=
∫ T

0

∫
Ω

Φ2 curlV · µ−1 curlE dx dτ

=
∫ T

0

∫
Ω

Φ2V · curl
(
µ−1 curlE

)
dx dτ

= −
∫ T

0

∫
Ω

Φ2V ·
(
ε∂2

tE + σ∂tE
)

dx dτ

=
∫ T

0

∫
Ω

(
(2Φ∂tΦ)V + Φ2∂tV

)
· ε∂tE dx dτ

−
∫ T

0

∫
Ω

Φ2V · σ∂tE dx dτ.

Lemma A.1.3 a) yields ∥V ∥L2 ≲ ∥curlV ∥L2 . We also insert ∂tV = ∂tE − ∂t∇p. Hölder’s
inequality thus implies∫ T

0

∫
Ω

Φ2µ∂tH · ∂tH dx dτ ≲
∫ T

0

[ ∥∥Φ′∥∥
∞
(
δ
∥∥Φµ−1/2 curlV

∥∥2
L2 + 1

δ
∥∂tE∥2

L2
)

+
(

∥∂t∇p∥2
L2 + ∥∂tE∥2

L2
)

+
(
δ
∥∥Φµ−1/2 curlV

∥∥2
L2 + 1

δ
∥σ∂tE∥2

L2
)]

dτ.

As curlV = −µ∂tH by (2.1), we can absorb the curl terms by the left-hand side. Lemma 2.1.6
now leads to∫ T

0

∫
Ω

Φ2µ∂tH · ∂tH dx dτ ≲
∫ T

0

∫
Ω

|∂tE|2 dx dτ +
∫ T

0

∫
Ω

|σE|2 dx dτ.

By means of the energy equality from Lemma 2.1.5, we conclude∫ T

0

∫
Ω
µ∂tH · ∂tH dx dτ ≤ Te1(0) = T

(
e1(T ) + 2

∫ T

0
σ∂tE · ∂tE

)
dx dτ

≤ 3T
3 e1

(
2
3T
)

+ 2T
∫ T

0
σ∂tE · ∂tE dx dτ

≲
∫ 2T/3

T/3

∣∣∣µ 1
2∂tH

∣∣∣2 dx dτ + (1 + T )
∫ T

0
|∂tE|2 dx dτ

≲ (1 + T )
∫ T

0

∫
Ω

|∂tE|2 dx dτ +
∫ T

0

∫
Ω
σE · E dx dτ.
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We next treat the inhomogeneous part of the fields. Duhamel’s formula and our choice of
the initial values lead to the following estimate.

Lemma 2.3.5. Let (Hℓ) hold and (Vi,Wi) as in (2.28) solve (2.27). We then obtain∫ T

0

∫
Ω

(
|∂tVi|2 + |∂tWi|2

)
dx dτ ≤ CT 2

∫ T

0

∫
Ω

|σ∂tE|2 dx dτ.

Proof. We use the generator Ah of Th(·) from (2.22). Equation (2.27) and the subsequent
comments imply that(

Vi(t)
Wi(t)

)
= Th(t)

(
0
Wi0

)
−
∫ t

0
Th(s)

(
ε−1σE(t− s) + ∂t∇p(t− s)

0

)
ds.

Because of (2.11) and Lemma 2.1.6 we can differentiate this formula in L2 with respect to t,
where the resulting initial values vanish due to (2.29); i.e.,

∂t

(
Vi(t)
Wi(t)

)
= −

∫ t

0
Th(t− s)

(
ε−1σ∂tE(s) + ∂2

t ∇p(s)
0

)
ds.

Lemma 2.1.6 and Hölder’s inequality now yield

∫ T

0

∥∥∥∥∥
(
∂tVi

∂tWi

)∥∥∥∥∥
2

L2

dτ ≲
∫ T

0

(∫ t

0
∥σ∂tE∥L2 ds

)2
dτ ≲

∫ T

0
t

∫ t

0
∥σ∂tE∥2

L2 ds dτ

≤ CT 2
∫ T

0

∫
Ω

|σ∂tE|2 dx dτ.

The above estimates lead to the core inequality.

Proposition 2.3.6. Assume that (Hℓ), (2.5) and (2.6) hold. Let (E,H) as in (2.11) solve
(2.1)–(2.4), and TO > 0 be given by Proposition 2.2.2. Then there exists a constant γ ∈ [0, 1)
such that

e0(T ) + e1(T ) ≤ γ
(
e0(0) + e1(0)

)
, T ≥ max{TO, 1}.

Proof. Lemmas 2.3.3 and 2.1.5 imply

T (e0(T ) + e1(T )) ≲ Te1(T ) ≲
∫ T

0

∫
Ω

(
|∂tE|2 + |∂tH|2

)
dx dτ.

We can first eliminate H be means of Lemma 2.3.4 via

T (e0(T ) + e1(T )) ≲ (1 + T )
∫ T

0

∫
Ω

|∂tE|2 dx dτ +
∫ T

0

∫
Ω
σE · E dx dτ.

Here we will insert the decomposition ∂tE = ∂tVh+∂tVi+∂t∇p established before Lemma 2.2.1.
Next, the homogeneous system (2.23) for (Vh,Wh), Lemma 2.2.1, and Remark 2.2.7 show that
the integrals∫

Ω

(
ε∂tVh · ∂tVh + µ∂tWh · ∂tWh

)
dx =

∫
Ω

(
ε∂tVh · ∂tVh + µ−1 curlVh · curlVh

)
dx

are constant in time. As T ≥ 1, we thus obtain

T (e0(T ) + e1(T )) ≲ T

∫ T

0

∫
Ω

(
|∂tVh|2 + |∂tVi|2 + |∂t∇p|2

)
dx dτ +

∫ T

0

∫
Ω
σE · E dx dτ
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≲ T 2
∫

Ω

(
|∂tVh(0)|2 + | curlVh(0)|2

)
dx

+ T

∫ T

0

∫
Ω

(
|∂t∇p|2 + |∂tVi|2

)
dx dτ +

∫ T

0

∫
Ω
σE · E dx dτ.

The observability estimate of Proposition 2.2.2 and Remark 2.2.7 then yield

T (e0(T ) + e1(T )) ≲ T 2
∫ T

0

∫
Na

∂tVh · ∂tVh dx dτ + T

∫ T

0

∫
Ω

(
|∂t∇p|2 + |∂tVi|2

)
dx dτ

+
∫ T

0

∫
Ω
σE · E dx dτ

for T ≥ TO. After replacing again Vh = E − Vi − ∇p, condition (2.5) leads to

T (e0(T ) + e1(T )) ≲ T 2
∫ T

0

∫
Ω
σ∂tE(t) · ∂tE(t) dx dτ + T 2

∫ T

0

∫
Ω

(
|∂t∇p|2+ |∂tVi|2

)
dx dτ

+
∫ T

0

∫
Ω
σE · E dx dτ.

Using Lemmas 2.3.5, 2.1.6 and 2.1.5, we finally deduce

T (e0(T ) + e1(T )) ≲ T 4
∫ T

0

∫
Ω

(
σE · E + σ∂tE · ∂tE

)
dx dτ

≤ CT 4(e0(0) − e0(T ) + e1(0) − e1(T )
)
.

Setting γ = CT 3

1+CT 3 < 1, we conclude

e0(T ) + e1(T ) ≤ γ
(
e0(0) + e1(0)

)
.

Theorem 2.3.1 now follows by a simple argument.

Proof of Theorem 2.3.1. First let (E0, H0) ∈ D(A0). Iterating the estimate from Proposi-
tion 2.3.6, we obtain constants M̃ ≥ 1 and ω > 0 such that

e0(t) + e1(t) ≤ M̃e−ωt/2(e0(0) + e1(0)
)

for all t ≥ 0. Since e0(t) = ∥S0(t)(E0, H0)∥2
X0

and e1(t) = ∥A0S0(t)(E0, H0)∥2
X0

by (2.12), we
have shown that S0(·) exponentially decays in D(A0) with the graph norm. This space is
isomorphic to X0 by (I −A0)−1, so that the assertion follows.

Finally, we remove the divergence constraints in Theorem 2.3.1 by projecting in X =
L2

ε(Ω) × L2
µ(Ω) onto ker(A)⊥ = ran(A) for the extension A of A0, see Remark 2.1.2. Here we

proceed similar to [42]. Then the theorem will imply the exponential decay of the extended
semigroup S(·) to the kernel ker(A).

Lemma 2.3.7. Let (Hℓ) and (2.5) hold. We then have

ker(A) =
{
(E,H) ∈ Ht0(curl 0) ×H(curl 0)

∣∣E = 0 on ω
}

= ran(A)⊥.

Moreover, the orthogonal projection P onto ker(A) commutes with S(·), S(t)P = I for t ≥ 1,
and ker(A)⊥ = ran(A) is contained in X0.

Proof. 1) Take w = (E,H) ∈ ker(A). This means that curlE = 0 and curlH = σE. As
trtE = 0, integration by parts yields

0 = (Aw|w)X =
∫

Ω

(
curlH · E − σE · E − curlE ·H

)
dx = −

∫
Ω

|σ
1
2E|2 dx,

so that σE = 0 and thus E = 0 on ω by (2.5). This shows ‘⊆’ in the first asserted identity.
The converse inclusion is clear because of suppσ = ω.
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2) Step 1) and integration by parts imply that the kernel ker(A) is orthogonal to the range
ran(A). To show ker(A) = ran(A)⊥, take h = (f, g) ∈ X with

0 = (h|Aw)X =
∫

Ω

(
f · curlH − f · σE − g · curlE

)
dx

for all w = (E,H) ∈ D(A). Choosing (0, H) and (E, 0) with E,H ∈ H1
0 (Ω), we see

that curl f = 0 and σf + curl g = 0. If we insert (0, H) with H ∈ H1(Ω), it follows
⟨trt f,H⟩H−1/2(∂Ω) = 0 so that h ∈ D(A). The formula in display with h = w then implies∫

ω σf · f dx = 0 which yields f = 0 on ω and curl g = 0; i.e., h ∈ ker(A) by step 1) as needed.
3) Hence, ran(A) = ker(A)⊥ is the kernel of P , implying PA = 0 = AP on D(A), and

thus PS(t) = S(t)P = P for t ≥ 0. Let (f, g) = A(E,H) for some (E,H) ∈ D(A). Then
g = −µ−1 curlE belongs to HΣ

n0(divµ 0) by Lemma A.1.3, and εf |υ = (curlH)|υ to HΓ(div 0, υ)
because of (2.5) and Lemma A.1.3. As a result, ran(A) is contained in X0.

Corollary 2.3.8. Let (Hℓ), (2.5), and (2.6) hold. Then there exist constants M ′ ≥ 1 and
ω > 0 such that for (E0, H0) ∈ X = L2

ε(Ω) × L2
µ(Ω) we have

∥(S(t) − P )(E0, H0)∥L2(Ω) ≤ M ′e−ωt ∥(E0, H0)∥L2(Ω) , t ≥ 0.

Proof. Lemma 2.3.7 yields S(t) − P = S(t)(I − P ) = S0(t)(I − P ) so that the result follows
from Theorem 2.3.1.



CHAPTER 3

Approximation of the Maxwell Interface
Problem with Perfectly Conducting Electrical
Boundary Conditions

In the previous chapter, we required additional regularity to justify several calculations when
deriving the observability estimate, see (2.24). In the autonomous, linear case one can use
here the density of the domains D(An) in D(A) of the generator A of the system. In this
chapter we consider the Maxwell interface problem with non-autonomous coefficients,

∂t (ε(t, x)E(t, x)) = curlH(t, x) − σ(t, x)E(t, x) − f(t, x),
∂t (µ(t, x)H(t, x)) = − curlE(t, x) − g(t, x),

t ≥ 0, x ∈ Ω±, (3.1)

E(t, x) × ν(x) = h(t, x), t ≥ 0, x ∈ ∂Ω,
JE(t, x) × νΓ(x)K = κ(t, x), JH(t, x) × νΓ(x)K = κ(t, x), t ≥ 0, x ∈ Γ,
E(0, x) = E0(x), H(0, x) = H0(x), x ∈ Ω±,

for which this approach is no longer viable. This occurs in particular for quasilinear problems
considered in Chapter 4, where the coefficients ε(E) and µ(H) depend on the fields. Fur-
thermore, establishing well-posedness in this context, as done in [56], is significantly more
complex.

In order to obtain solutions of higher regularity we will approximate the data and coefficients
by more regular ones. A major obstacle with this approach is that the initial values of a
Maxwell system must satisfy specific compatibility conditions depending on the regularity level,
see Definition 3.1.2, which the approximations must also preserve. We therefore adjust the
initial data of an approximating sequence to satisfy the compatibility conditions in Lemma ??.
Then, the well-posedness theory from Theorem 3.1 in [56] yields solutions with additional
regularity, but the a-priori estimate given there does not guarantee convergence in the right
norm, as outlined at the beginning of Section 3.3. Therefore, to establish the convergence, we
first use a mollification argument to show the convergence of the highest-order time derivatives.
We then extend this result to the full space-time-norm by employing a div-curl estimate from
[10] and [17].

3.1. Problem Setting and Compatibility Conditions
Let m, k ∈ N0 with m ≤ k. In the following, we allow for an interface Γ such that ∂Ω ∩ Γ = ∅,
splitting Ω into two disjoint sets υ and ω with ∂Ω ⊆ ∂ω. Let ω have a Ck+1-boundary.

In view of (3.1) we consider the non-autonomous, anisotropic Maxwell system

∂t (α(t, x)u(t, x)) = curl v(t, x) − σ̃(t, x)u(t, x) − f(t, x),
∂t (β(t, x)v(t, x)) = − curl u(t, x) − ρ̃(t, x)v(t, x) − g(t, x),

t ≥ 0, x ∈ Ω±, (3.2)

u(t, x) × ν(x) = h(t, x), t ≥ 0, x ∈ ∂Ω, (3.3)
Ju(t, x) × νΓ(x)K = κ(t, x), Jv(t, x) × νΓ(x)K = κ(t, x), t ≥ 0, x ∈ Γ, (3.4)
u(0, x) = u0(x), v(0, x) = v0(x), x ∈ Ω±, (3.5)

where JfK := tr∂υ f − tr∂ω f denotes the jump across the interface. We may also include
a (purely mathematical) magnetic conductivity ρ̃. For energy estimates it is favorable to
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commute α and β with ∂t, which yields a symmetric, hyperbolic system. In this setting the
well-posedness theory has been established in [56]. We thus rewrite the above system as

α(t, x)∂tu(t, x) = curl v(t, x) − σ(t, x)u(t, x) − f(t, x),
β(t, x)∂tv(t, x) = − curlu(t, x) − ρ(t, x)v(t, x) − g(t, x),

t ≥ 0, x ∈ Ω±, (3.6)

u(t, x) × ν(x) = h(t, x), t ≥ 0, x ∈ ∂Ω, (3.7)
Ju(t, x) × νΓ(x)K = κ(t, x), Jv(t, x) × νΓ(x)K = κ(t, x), t ≥ 0, x ∈ Γ, (3.8)
u(0, x) = u0(x), v(0, x) = v0(x), x ∈ Ω±, (3.9)

where
σ = σ̃ + ∂tα and ρ = ρ̃+ ∂tβ. (3.10)

We use the spaces

Cℓ :=
ℓ⋂

j=0
Cℓ−j

(
[0, T ], Hj

Γ(Ω,R3×3
sym)

)
,

Cℓ
η :=

{
A ∈ Cℓ | A(t) ≥ η for all t ∈ [0, T ]

}
, for ℓ ∈ N0,

∥A∥Cℓ
η

= ∥A∥Cℓ := sup
j=0,...ℓ
t∈[0,T ]

∥∂ℓ−j
t A(t)∥

Hj
Γ
,

The coefficients are required to satisfy

α, β ∈ Cm̃
η for some η > 0 and σ, ρ ∈ Cm̃, (3.11)

with m̃ := max{m, 3}, cf. Chapter 2 in [56]. Now in view of (3.10) we additionally assume
that

∂tα, ∂tβ ∈ Cm̂ (3.12)
with m̂ := max{m, 2}. The latter we use to control error terms when estimating the divergence
of αu and βv in the proof of the convergence of the approximation by means of a div-curl
lemma, see (3.41). Note that for m ≤ 2, i.e. m̃ = 3 and m̂ = 2, condition (3.11) already
implies (3.12). In Remark 3.3.6 we discuss the application of our results to a time-derived,
quasilinear system in the context of condition (3.12). We further assume

f, g ∈ Hm([0, T ] × Ω±), h ∈ Tm(∂Ω), κ,κ ∈ Jm(Γ), and u0, v0 ∈ Hm
Γ (Ω), (3.13)

where the space of spatial traces

Tm(∂Ω) := trt,∂Ω Gm+1
Γ , Jm(Γ) := JGm+1

Γ × νΓK,

are subsets of Em(Ξ) := ∩m
j=0H

j([0, T ], Hm+1/2−j(Ξ)), for Ξ ∈ {∂Ω,Γ}, see [56] and [59],
allowing us to extend h, κ,κ to the interior as functions h◦, κ◦,κ◦ in Gm+1

Γ . These spaces
naturally occur, when considering tangential derivatives of solutions to the Maxwell system
with homogeneous boundary and interface conditions as in Section 4.5 below.

Remark 3.1.1. a) Note that the coefficients α, β ∈ Cm̃
η satisfy

α|Ξ, β|Ξ, σ|Ξ, ρ|Ξ ∈{A ∈ W 1,∞([0, T ] × Ξ)3×3 :
∂αA ∈ L∞([0, T ], L2(Ξ)) for all α ∈ N4

0 with 1 ≤ |α| ≤ m̃}

for Ξ ∈ {υ, ω} and that α, β are uniformly positive definite. Hence, we may apply the local
well-posedness result from Theorem 3.1 in [56] to our system (3.6) above.

b) By extending the coefficients, using the usual construction of Theorem 5.19 in [1] in time,
and a mollification argument, one can show that the space C∞([0, T ] × Ω±,R3×3

sym) is dense in
Cm̃−j([0, T ], Hj

Γ(Ω,R3×3
sym)). Thus, we can approximate our coefficients smoothly, see (App).
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Assume for a moment that we have a solution (u, v) ∈ Gm
Γ ([0, T ]) of (3.6) satisfying the

boundary and interface conditions

trt,∂Ω u(t) = h, Ju(t) × νΓK = κ, Jv(t) × νΓK = κ,

for all t ≥ 0. Since the trace trt,∂Ω and the interface jump J·×νΓK act only on spatial variables,
they commute with ∂i

t for i < m resulting in

trt,∂Ω ∂
i
tu(t) = ∂i

th, J∂i
tu(t) × νΓK = ∂i

tκ, J∂i
tv(t) × νΓK = ∂i

tκ.

Now, the system (3.6) relates time derivatives to spatial derivatives yielding the conditions

trt,∂Ω
(
∂i−1

t

(
α−1(curl v − σu− f)

))
= ∂i

th,

J∂i−1
t

(
α−1(curl v − σu− f)

)
× νΓK = ∂i

tκ,

J∂i−1
t

(
β−1(− curlu− ρv − g)

)
× νΓK = ∂i

tκ,

for 1 ≤ i < m. By applying (3.6) again we can recursively translate these conditions on the
time derivatives into conditions on the spatial derivatives of (u, v). In particular, they have to
hold at t = 0, i.e., the initial values u0, v0 ∈ Hm

Γ (Ω) of a solution (u, v) ∈ Gm
Γ to (3.6)–(3.9)

must satisfy additional compatibility conditions.
The compatibility conditions of order m are then defined as follows, see Equation (2.6) in

[56]. As usual the sum from 1 to 0 is empty.

Definition 3.1.2 (Compatibility Condition of order m). Let (u(0), v(0)) := (u0, v0) ∈
Hm

Γ (Ω). For 1 ≤ i ≤ m, we define u(i), v(i) by recursively differentiating the system at t = 0,
obtaining

u(i) := α(0)−1
(

curl v(i−1) − σ(0)u(i−1) − ∂i−1
t f(0)

−
i−1∑
ℓ=1

(
i− 1
ℓ

)(
(∂ℓ

tα)(0)u(i−ℓ) + ∂ℓ
tσ(0)u(i−1−ℓ)

))
,

v(i) := β(0)−1
(

− curl u(i−1) − ρ(0)v(i−1) − ∂i−1
t g(0)

−
i−1∑
ℓ=1

(
i− 1
ℓ

)(
(∂ℓ

tβ)(0)v(i−ℓ) + ∂ℓ
tρ(0)v(i−1−ℓ)

))
.

Then, the compatibility conditions of order m are given by

trt,∂Ω u(i) = ∂i
th, Ju(i) × νΓK = ∂i

tκ and Jv(i) × νΓK = ∂i
tκ for i < m, (3.14)

which we denote by (CCα,β,σ,ρ,f,g,h,κ,κ,m) = (CCm). The compatibility conditions (CC0) of
order zero do not require any conditions.

Note that the compatibility conditions (CCm) are conditions on the time derivatives up
to order m− 1. Hence, the traces in (3.14) are well-defined in H1/2. Theorem 3.1 and the
comment after (1.7) in [56] then provide the following well-posedness result and a-priori
estimate.
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Proposition 3.1.3. Let η > 0, m, k ∈ N0 with m̃+ 2 ≤ k and Ω as above. Fix T, r > 0. Take
coefficients (α, β, σ, ρ) satisfying (3.11) with ∥(α, β, σ, ρ)∥Cm̃ < r, and data (u0, v0), (h, κ,κ)
and (f, g) satisfying (3.13). Let (u0, v0) fulfill the compatibility conditions (CCm). Then the
system (3.6)–(3.9) has a unique solution (u, v) ∈ Gm

Γ ([0, T ]), such that

∥(u, v)∥2
Gm

Γ
≤ Cr,T

(
∥(u0, v0)∥2

Hm
Γ

+ ∥(f, g)∥2
Hm([0,T ]×Ω±) + ∥h∥2

Em(∂Ω) + ∥(κ,κ)∥2
Em(Γ)

)
.

(3.15)
for a constant Cr,T > 0 depending on r and T , but not on u0, v0, f, g or h, κ,κ.

3.2. Approximation of Data
We first show that we can always approximate first-order compatibility conditions. These are
much simpler than higher order compatibility conditions, since they do not involve derivatives
of other fields.

Lemma 3.2.1. Let m, a ∈ N0 with m+ a ≤ k, h ∈ Tm+a(∂Ω), and κ,κ ∈ Jm+a(Γ). Then
the set

Hm+a
Γ,CC1

(Ω) :=
{

(u, v) ∈ Hm+a
Γ (Ω)

∣∣ trt,∂Ω u = h,
r

(u× νΓ, v × νΓ)
z

= (κ,κ)
}

is dense in L2(Ω) as well as in

Hm
Γ,CC1(Ω) =

{
(u, v) ∈ Hm

Γ (Ω)
∣∣ trt,∂Ω u = h,

r
(u× νΓ, v × νΓ)

z
= (κ,κ)

}
.

This means that we can approximate adding or preserving the compatibility condition of
first-order.

Proof. We first extend (h, κ) and (0,κ) to functions W u,W v ∈ Hm+a(ω) satisfying

trt,Γ(W u,W v) = (κ,κ) and trt,∂Ω(W u,W v) = (h, 0)

simultaneously by using cutoffs χΞ ∈ C∞
c (ω̄), for Ξ ∈ {Γ, ∂Ω}, such that χΞ|Ξ = 1 and

suppχΓ ∩ suppχ∂Ω = ∅ and setting

W u = χ∂Ωh
◦ + χΓκ

◦ and W v = χΓκ◦. (3.16)

We then extend W u and W v by 0 to υ and denote the extensions also by W u,W v ∈ Hm+a
Γ (Ω±).

The density in L2 is then clear since (W u,W v) + C∞
c (Ω±) is dense in L2(Ω±) = L2(Ω).

Next, we want to approximate (u, v) ∈ Hm
Γ,CC1

(Ω) by (un, vn) ∈ Hm+a
Γ (Ω) satisfying the

compatibility condition of order 1, namely

trt,∂Ω(un) = h,
r

(un × νΓ, vn × νΓ)
z

= (κ,κ). (3.17)

For the construction of these maps, we choose (uυ
n, v

υ
n) ∈ Hm+a(υ) such that (uυ

n, v
υ
n) → (u, v)

in Hm(υ) and set
(un, vn)|υ := (uυ

n, v
υ
n).

We next approximate (u, v) in Hm(ω) by (uω
n , v

ω
n ) ∈ Hm+a(ω). Now we have to adjust the

trace terms in order to satisfy the compatibility conditions. The map

cn :=
{

(trt,∂Ω(uω
n) − h, 0) , on ∂Ω,

trt,Γ ((uω
n , v

ω
n )) − trt,Γ ((uυ

n, v
υ
n)) + (κ,κ), on ∂υ,
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then belongs to
(
Hm+a−1/2(∂ω)

)6. Applying the extension operator R componentwise, we
then define

(un, vn)|ω := (uω
n , v

ω
n ) −Rcn.

Clearly, (un, vn) ∈ Hm+a
Γ satisfies the compatibility condition (3.17). Since (u, v) satisfies the

compatibility conditions by definition, we have trt,∂Ω u = h and trt,∂υ(u, v) − trt,∂ω(u, v) =
(κ,κ). Substituting these into our bound for cn allows us to split the jump difference back
into the separate domain errors. So, we can estimate

∥(u, v) − (un, vn)∥Hm
Γ

≤ ∥(u, v) − (uυ
n, v

υ
n)∥Hm(υ) + ∥(u, v) − (uω

n , v
ω
n )∥Hm(ω)

+ ∥Rcn∥Hm(ω)

≲ ∥(u, v) − (uυ
n, v

υ
n)∥Hm(υ) + ∥(u, v) − (uω

n , v
ω
n )∥Hm(ω)

+ ∥trt,∂Ω (uω
n) − h∥Hm−1/2(∂Ω)

+ ∥trt,∂ω (uω
n , v

ω
n ) − trt,∂υ (uυ

n, v
υ
n) + (κ,κ)∥Hm−1/2(∂υ)

= ∥(u, v) − (uυ
n, v

υ
n)∥Hm(υ) + ∥(u, v) − (uω

n , v
ω
n )∥Hm(ω)

+ ∥trt,∂Ω (uω
n − u)∥Hm−1/2(∂Ω)

+ ∥trt,∂ω (uω
n , v

ω
n ) − trt,∂ω(u, v) + trt,∂υ(u, v) − trt,∂υ (uυ

n, v
υ
n)∥Hm−1/2(∂υ)

≲ ∥(u, v) − (uυ
n, v

υ
n)∥Hm(υ) + ∥(u, v) − (uω

n , v
ω
n )∥Hm(ω)

→ 0 as n → ∞.

Remark 3.2.2. For a given solution (u, v) of (3.6)–(3.9) in G0
Γ([0, T ]), sequences (fn, gn) ∈

H1([0, T ]×Ω±) such that (fn, gn) → (f, g) in L2([0, T ]×Ω) and hn ∈ T 1(∂Ω), (κn,κn) ∈ J1(Γ)
such that hn → h in T 0(∂Ω) and (κn,κn) → (κ,κ) in J0(Γ), Lemma 3.2.1 allows us to
approximate its initial values (u0, v0) ∈ L2(Ω) by (u0,nk

, v0,nk
) in H1

Γ,CC1
(Ω) with respect to

(hn, κn,κn).
By the a-priori estimate (3.15), the corresponding diagonal sequence of solutions (unn , vnn) ∈

G1
Γ([0, T ]) of (3.6)–(3.9) converge to (u, v) in G0

Γ([0, T ]).

This result can be used to justify energy equalities for G0
Γ solutions to the Maxwell system

with homogeneous boundary and interface data.

Lemma 3.2.3 (Energy Equality). Let (u, v) ∈ G0
Γ([0, T ]) be a solution to (3.6)–(3.9), where

here we only assume α, β ∈ Cm̃
η for some η > 0, σ, ρ ∈ Cm̃ and (3.13) with h = κ = κ = 0.

The solution then satisfies the energy equality

1
2

∫
Ω

(
α(t)u(t) · u(t) + β(t)v(t) · v(t)

)
dx+

∫ t

s

∫
Ω
σu · u+ ρv · v dxdτ

= 1
2

∫
Ω

(
α(s)u(s) · u(s) + β(s)v(s) · v(s)

)
dx

+
∫ t

s

∫
Ω

(
1
2∂tαu · u+ 1

2∂tβv · v − f · u− g · v
)

dx dτ

for 0 ≤ s ≤ t ≤ T .

Proof. As in Remark 3.2.2 we choose fn, gn ∈ H1([0, T ] × Ω±), and u0,n, v0,n ∈ H1
Γ(Ω),

satisfying the compatibility conditions of order 1, such that the corresponding solution
(un, vn) ∈ G1

Γ([0, T ]) of (3.6)–(3.9) converges to (u, v) in L2([0, T ] × Ω) as n → ∞.
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This allows us to differentiate in time and apply integration by parts, leading to

d
dt

1
2

∫
Ω

(
α(t)un(t) · un(t) + β(t)vn(t) · vn(t)

)
dx

=
∫

Ω

(
1
2∂tαun · un + 1

2∂tβvn · vn + α∂tun · un + β∂tvn · vn

)
dx

=
∫

Ω

(
1
2∂tαun · un + 1

2∂tβvn · vn + (curl vn − σun − fn) · un + (− curlun − ρvn − gn) · vn

)
dx

=
∫

Ω

(
1
2∂tαun · un + 1

2∂tβvn · vn − fn · un − gn · vn − σun · un − ρvn · vn

)
dx.

Note that the boundary terms cancel because of (3.7) and (3.8) with h = κ = κ = 0. It
follows that

1
2

∫
Ω

(
α(t)un(t) · un(t) + β(t)vn(t) · vn(t)

)
dx+

∫ t

s

∫
Ω

(σun · un + ρvn · vn) dxdτ

= 1
2

∫
Ω

(
α(s)un(s) · un(s) + β(s)vn(s) · vn(s)

)
dx

+
∫ t

s

∫
Ω

(
1
2∂tαun · un + 1

2∂tβvn · vn − fn · un − gn · vn

)
dx dτ.

Now letting n → ∞ we obtain the result by Remark 3.2.2.

In view of Remark 3.2.2, we assume that m ≥ 1 in the following. In order to obtain solutions
of higher regularity than m̃, we need additional regularity the coefficients and inhomogeneities,
so that the coefficients also have to be approximated. These functions exists by Remark 3.1.1.
They also enter the compatibility conditions of the approximation.

(App)

We choose (αn, βn, σn, ρn) ∈ C∞
(
[0, T ] × Ω±;R3×3

sym

)4
∩
(
Cm̃

η × Cm̃
η × Cm̃ × Cm̃

)
with αn → α, βn → β in Cm̃, ∂tαn → ∂tα, ∂tβn → ∂tβ in Cm̂, σn → σ, and ρn → ρ
in Cm̃, (fn, gn) ∈ C∞([0, T ] × Ω±) with fn → f , gn → g in Hm([0, T ] × Ω±). Fur-
thermore, we approximate the Gm+1

Γ -extensions h◦, κ◦ and κ◦ by smooth functions
h◦

n, κ
◦
n,κ◦

n ∈ C∞([0, T ] × Ω±) in Gm+1
Γ . We set hn = tr∂Ω h

◦
n ∈ C∞([0, T ] × ∂Ω).

Then hn → h in Em(∂Ω). Similarly, we set κn := Jκ◦
nK,κn := Jκ◦

nK ∈ C∞([0, T ]×Γ)
such that (κn,κn) → (κ,κ) in Em(Γ).

In a core step, we start from fields (u0, v0) which satisfy the m-th order compatibility
condition up to an error of size r. The next lemma then provides fields fulfilling the (m+a)-th
order compatibility condition whose distance to (u0, v0) in Hm

Γ is less than Cr.

Proposition 3.2.4. Let a ∈ N0, m ≥ 1 with m + a ≤ k and r > 0. Let (uapp
(0) , v

app
(0) ) :=

(u0, v0) ∈ Hm+a
Γ,CC1

(Ω), and set recursively

uapp
(i) = αn(0)−1

(
curl vapp

(i−1) − σn(0)uapp
(i−1) − ∂i−1

t fn(0)

−
i−1∑
ℓ=1

(
i− 1
ℓ

)(
(∂ℓ

tαn)(0)uapp
(i−ℓ) + (∂ℓ

tσn)(0)uapp
(i−1−ℓ)

))
,

vapp
(i) = βn(0)−1

(
− curl uapp

(i−1) − ρn(0)vapp
(i−1) − ∂i−1

t gn(0)

−
i−1∑
ℓ=1

(
i− 1
ℓ

)(
(∂ℓ

tβn)(0)vapp
(i−ℓ) + (∂ℓ

tρn)(0)vapp
(i−1−ℓ)

))
,
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for 1 ≤ i ≤ m. Assume that (u0, v0) satisfy the compatibility conditions of order m approxi-
mately, i.e., ∥∥∥trt,∂Ω u

app
(i) − ∂i

thn(0)
∥∥∥

Hm−i−1/2(∂Ω)
< r,∥∥∥Juapp

(i) × νΓK − ∂i
tκn(0)

∥∥∥
Hm−i−1/2(Γ)

< r and
∥∥∥Jvapp

(i) × νΓK − ∂i
tκn(0)

∥∥∥
Hm−i−1/2(Γ)

< r,

(3.18)
for 0 ≤ i < m. Then, there exists a constant C > 0, independent of r, and functions
(um+a

0 , vm+a
0 ) ∈ Hm+a

Γ (Ω) satisfying (CCαn,βn,σn,ρn,fn,gn,hn,κn,κn,m+a) such that∥∥∥(u0, v0) − (um+a
0 , vm+a

0 )
∥∥∥

Hm
Γ

≤ Cr. (3.19)

For a given r > 0 the condition (3.18) can be satisfied when approximating coefficients and
initial data satisfying the compatibility condition of order m as in (App) for large n and then
applying Lemma 3.2.1.

Proof of Proposition 3.2.4. We proceed iteratively over the order j of the compatibility con-
dition from 0 to m. The cases m + ȷ̂ (for 0 < ȷ̂ ≤ a) require a different argument at the
end.
1) Assume that for some 0 < j < m, the pair (uj

0, v
j
0) ∈ Hm+a

Γ (Ω) satisfies the exact
compatibility condition (CCj) and the estimate ∥(u0, v0)− (uj

0, v
j
0)∥Hm(Ω) ≤ Cr. We construct

(uj+1
0 , vj+1

0 ) that fulfill the condition of order j + 1, while preserving the conditions of order k
for k < j by adding a correction term (cj

0, d
j
0) ∈ Hm+a(ω) ∩Hj

0(ω) (and 0 on υ) to (uj
0, v

j
0).

Set (uj+1
0 , vj+1

0 ) := (uj
0, v

j
0) + (cj

0, d
j
0).

We first want to study the effect of adding (cj
0, d

j
0) ∈ Hm+a(ω) ∩Hj

0(ω). We will choose it
explicitly later on. For i < j the compatibility conditions

trt,∂Ω u
j+1
(i) = ∂i

thn(0),
r
uj+1

(i) × νΓ
z

= ∂i
tκn(0) and

r
vj+1

(i) × νΓ
z

= ∂i
tκn(0)

only depend on the traces of derivatives of order ≤ i of (uj+1
0 , vj+1

0 ). The fields (cj
0, d

j
0) ∈ Hj

0(ω)
do not influence these traces for i < j. So, we obtain trt,Ξ(uj+1

(i) , v
j+1
(i) ) = trt,Ξ(uj

(i), v
j
(i)) for

Ξ ∈ {∂Ω, ∂ω ∩ Ω, ∂υ} and i < j.
The j-th compatibility condition of (CCj+1) for uj+1

(j) imposes on curl vj+1
(j−1) the identity

r
uj+1

(j) × νΓ
z

!= ∂j
t κn(0) ⇐⇒

r(
αn(0)−1 curl vj+1

(j−1)
)

× νΓ
z

!= Iv
j

with Iv
j =Iv

j

(
uj+1

0
vj+1

0

)
:= ∂j

t κn(0) +
t

αn(0)−1
(
σn(0)uj+1

(j−1) + ∂j−1
t fn(0)

+
j−1∑
ℓ=1

(
j − 1
ℓ

)(
(∂ℓ

tαn)(0)uj+1
(j−ℓ) + (∂ℓ

tσn)(0)uj+1
(j−1−ℓ)

))
× νΓ

|

.

Likewise, the compatibility condition for vj+1
(j) requires the equation

r
vj+1

(j) × νΓ
z

!= ∂j
t κn(0) ⇐⇒

r(
βn(0)−1 curl uj+1

(j−1)
)

× νΓ
z

!= Iu
j

with Iu
j =Iu

j

(
uj+1

0
vj+1

0

)
:= ∂j

t κn(0) −

t

βn(0)−1
(
ρn(0)vj+1

(j−1) + ∂j−1
t gn(0)

+
j−1∑
ℓ=1

(
j − 1
ℓ

)(
(∂ℓ

tβn)(0)vj+1
(j−ℓ) + (∂ℓ

tρn)(0)vj+1
(j−1−ℓ)

))
× νΓ

|

.
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At the outer boundary we obtain

trt,∂Ω u
j+1
(j)

!= ∂j
t hn(0) ⇐⇒ trt,∂Ω

(
αn(0)−1 curl vj+1

(j−1)

) != Bv
j

with Bv
j = Bv

j

(
uj+1

0
vj+1

0

)
:= ∂j

t hn(0) + trt,∂Ω

(
αn(0)−1

(
σn(0)uj+1

(j−1) + ∂j−1
t fn(0)

+
j−1∑
ℓ=1

(
j − 1
ℓ

)(
(∂ℓ

tαn)(0)uj+1
(j−ℓ) + (∂ℓ

tσn)(0)uj+1
(j−1−ℓ)

)))
.

Note that the right-hand sides Bv
j , I

u
j , and Iv

j do not depend on (cj
0, d

j
0), since the traces of

(uj+1
(i) , v

j+1
(i) ) for i < j appearing therein remain unaffected by the correction. So, to summarize

we have to choose (cj
0, d

j
0) ∈ Hj

0(ω) such that

trt,∂Ω
(
αn(0)−1 curl vj+1

(j−1)

) != Bv
j (uj

0, v
j
0),

J(αn(0)−1 curl vj+1
(j−1)) × νΓK != Iv

j (uj
0, v

j
0), (3.20)

J(βn(0)−1 curl uj+1
(j−1)) × νΓK != Iu

j (uj
0, v

j
0).

Let us take a closer look at the dependence of the left-hand side on (cj
0, d

j
0). Recalling the

iterative Definition 3.1.2 of (uj+1
(j−1), v

j+1
(j−1)), we realize that

(
αn(0)−1 curl vj+1

(j−1)
βn(0)−1 curl uj+1

(j−1)

)
= P j

(
uj+1

0
vj+1

0

)
+Rj

(
uj+1

0
vj+1

0

)
(3.21)

where the principal part is given for even j by

P j(u, v) = (−1)j/2
( (

Πj/2
i=1α

−1
n (0) curl β−1

n (0) curl
)
u

−
(
Πj/2

i=1β
−1
n (0) curlα−1

n (0) curl
)
v

)

and for odd j

P j(u, v) = (−1)(j−1)/2
((

Π(j−1)/2
i=1 α−1

n (0) curl β−1
n (0) curl

)
α−1

n (0) curl v(
Π(j−1)/2

i=1 β−1
n (0) curlα−1

n (0) curl
)
β−1

n (0) curlu

)
.

The point being that the principal part P j is just a composition of curls and matrices, whereas
the remainder Rj(uj+1

0 , vj+1
0 ) = Rj(uj+1

0 , vj+1
0 , . . . , Dj−1uj+1

0 , Dj−1vj+1
0 ) only depends in lower

order on
(
uj+1

0
vj+1

0

)
. (Note that the remainder also depends on (fn, gn).) Since (cj

0, d
j
0) ∈ Hj

0(Ω),

the trace thus satisfies

trt,ΞR
j(uj+1

0 , vj+1
0 ) = trt,ΞR

j(uj
0 + cj

0, v
j
0 + dj

0) = trt,ΞR
j(uj

0, v
j
0)

for Ξ ∈ {∂Ω, ∂ω, ∂υ}. Therefore, the linearity of P j and (3.21) for j imply

trt,Ξ

(
αn(0)−1 curl vj+1

(j−1)
βn(0)−1 curl uj+1

(j−1)

)
= trt,Ξ

(
P j(uj+1

0 , vj+1
0 ) +Rj(uj

0, v
j
0)
)

= trt,Ξ
(
P j(cj

0, d
j
0)
)

+ trt,Ξ

(
αn(0)−1 curl vj

(j−1)
βn(0)−1 curl uj

(j−1)

)
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Thus, the compatibility condition (3.20) becomes

trt,∂Ω
(
P j(cj

0, d
j
0)
)

u

!= Bv
j (uj

0, v
j
0) − trt,∂Ω

(
αn(0)−1 curl vj

(j−1)

)
= ∂j

t hn(0) − trt,∂Ω u
j
(j),

(3.22)

JP j(cj
0, d

j
0) × νΓK !=

(
Iv

j (uj
0, v

j
0) − J(αn(0)−1 curl vj

(j−1)) × νΓK
Iu

j (uj
0, v

j
0) − J(βn(0)−1 curl uj

(j−1)) × νΓK

)
=
(
∂j

t κn(0) − Juj
(j) × νΓK

∂j
t κn(0) − Jvj

(j) × νΓK

)
,

where (·)u denotes the first three components corresponding to the compatibility condition on
trt,∂Ω u

j+1
(j) .

Moreover, by Lemma 3.2.5 below, the (full) trace of the principal part is given by

trΞ

(
P j

(
cj

0
dj

0

))
= (−1)⌊j/2⌋

(
Πj

i=1Tζi,x 0
0 Πj

i=1Tξi,x

)(
1 − γ γ
−γ 1 − γ

)(
tr(∂j

νc
j
0)

tr(∂j
νd

j
0)

)
,

where γ = j mod 2, Tζi,x, Tξi,x are given by (3.26), and ζi, ξi ∈ {α−1
n (0), β−1

n (0)} are smooth,

uniformly positive definite matrices. We want to solve for
(

tr(∂j
νc

j
0)

tr(∂j
νd

j
0)

)
after taking the

tangential trace in the equality above. For this, note that the linear map

Aτ (x)
(
u
v

)
:= (−1)⌊j/2⌋

(( trt,Ξ 0
0 trt,Ξ

)(Πj
i=1Tζi,x 0

0 Πj
i=1Tξi,x

)(
1−γ γ
−γ 1−γ

)(u
v

))

is invertible on the tangential plane for each x ∈ Ξ for Ξ ∈ {∂Ω, ∂ω ∩ Ω} since the matrices ζi

and ξi are positive definite. Let us denote the inverse on the tangential plane as

A−1
τ (x) :

(
⟨{ν(x)}⟩⊥

)2
→
(
⟨{ν(x)}⟩⊥

)2
⊆ R6.

Furthermore, the matrices ζi and ξi are smooth and the normal lies in Ck(∂ω) because of
∂ω ∈ Ck+1.Thus, A−1

τ boundedly maps {w ∈ Hℓ(∂ω) | w · ν = w · νΓ = 0} into itself for
ℓ ∈ [1, k].

Hence, when setting (cj
0, d

j
0)|υ = 0 the compatibility condition in (3.22) is satisfied if and

only if

tr∂Ω

(
∂j

νc
j
0

∂j
νd

j
0

)
!= A−1

τ

(
∂j

t hn(0) − trt,∂Ω u
j
(j)

0

)
,

tr∂ω∩Ω

(
∂j

νc
j
0

∂j
νd

j
0

)
!= −A−1

τ

(
∂j

t κn(0) − Juj
(j) × νΓK

∂j
t κn(0) − Jvj

(j) × νΓK

)
,

(3.23)

where the minus sign in the second equality stems from the definition of J·K = tr∂υ − tr∂ω.
As ∂ω ∈ Ck+1, by Theorem 1.5.1.2 in [28] the map

T : Hm+a(ω) → Πj
s=0H

m+a−s−1/2(∂ω);
u 7→ (tru, tr(∂νu), . . . , tr(∂j

νu))
(3.24)

is surjective with continuous right inverse T−1. Such an inverse can be explicitly constructed,
see for example the proof of Lemma 3.36 and Theorem 3.37 in [41]. One can then show that

∥∥∥T−1(tru, tr(∂νu), . . . , tr(∂j
νu))

∥∥∥
Hm+a−ℓ(ω)

≲
j∑

s=0
∥tr(∂s

νu)∥Hm+a−s−1/2−ℓ(∂ω) ,
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for ℓ ∈ {0, . . . ,m + a − j − 1}. Hence, we find cj
0, d

j
0 ∈ Hm+a(ω) ∩ Hj

0(ω) satisfying (3.23).
Then, (uj+1

0 , vj+1
0 ) = (uj

0 + cj
0, v

0
j + dj

0) in turn fulfill (3.20). Moreover, the estimates above,
(3.23), and the usual Sobolev trace theorem yield

∥(u0, v0) − (uj+1
0 , vj+1

0 )∥Hm
Γ (Ω) ≤ ∥(cj

0, d
j
0)∥Hm(ω) + ∥(u0, v0) − (uj

0, v
j
0)∥Hm

Γ (Ω)

≲ ∥tr ∂j
ν(cj

0, d
j
0)∥Hm−j−1/2(∂ω) + ∥(u0, v0) − (uj

0, v
j
0)∥Hm

Γ (Ω)

≲
∥∥∥q(uj

(j) × νΓ, vj
(j) × νΓ)

y
− (∂j

t κn(0), ∂j
t κn(0))

∥∥∥
Hm−j−1/2(Γ)

+ ∥trt u
j
(j) − ∂j

t hn(0)∥Hm−j−1/2(∂Ω) + ∥(u0, v0) − (uj
0, v

j
0)∥Hm

Γ (Ω)

≲
∥∥∥q(uapp

(j) × νΓ, vapp
(j) × νΓ)

y
− (∂j

t κn(0), ∂j
t κn(0))

∥∥∥
Hm−j−1/2(Γ)

+ ∥trt u
app
(j) − ∂j

t hn(0)∥Hm−j−1/2(∂Ω) + ∥(u0, v0) − (uj
0, v

j
0)∥Hm

Γ (Ω)

≤ Ĉr, (3.25)

where we also used the assumption and induction hypothesis.
Iteratively, this allows us to construct

(um
0 , v

m
0 ) = (u0, v0) +

m−1∑
j=1

(cj
0, d

j
0) ∈ Hm+a

Γ (Ω),

satisfying the compatibility condition (CCm) of order m and (3.19).

2) In order to pass to (CCm+a), for a > 0, we can construct (ĉm+a−1
0 , d̂m+a−1

0 ) correcting the
compatibility condition iteratively as above. However, we cannot control the norm through
the (approximate) compatibility condition of (u0, v0) as in (3.25) before. Instead, we rely
on a scaling argument in this case. In the following we let the a = 1 in the compatibility
condition, i.e., we show how to obtain (CCm+1). We will only focus on ĉm

0 as the argument
for d̂m

0 follows similarly.
We take a covering {Ui}M

i=0 of ω and coordinate charts {(Ui,Ψi)}M
i=1 at the boundary of ω

such that (N ∂Ω
b ∪ N Γ

b ) ∩ ω ⊆ ∪M
i=1Ui, Ψi(Ui ∩ ω) = Vi ∩ R3

+ and Ψi(Ui ∩ ∂ω) = Vi ∩ {y ∈ R3 |
y3 = 0} for i ≥ 1. Here

N Ξ
b := {x ∈ Ω | dist(x,Ξ) < b}

denotes collars of width b > 0 around Ξ ∈ {∂Ω,Γ}. Let ϕi be a partition of unity subordinate
to {Ui | i = 0, . . . ,M}.

Let δ ∈ (0, 1). For i = 1, . . . ,M , let

pi : R3
+ → R3; pi(y) :=

{
(ϕiĉ

m
0 )(Ψ−1

i (y)), for y ∈ Vi

0, for y /∈ Vi,

denote the local pushforward of ϕiĉ
m
0 extended by zero. We use the scaling matrix Sδ :=(

1 0 0
0 1 0
0 0 1

δ

)
and set

cm,δ
0 (x) := δm

M∑
i=1

pi (SδΨi(x)) , x ∈ ω,

where pi(SδΨi(x)) is understood to be 0 for x /∈ Ui. Thus, by substitution

∥cm,δ
0 ∥2

L2(Ω) ≲
M∑

i=1

∫
R3

+

∣∣∣∣δmpi

(
y′,

y3
δ

)∣∣∣∣2 dy
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=
M∑

i=1
δ2m

∫
R3

+

|pi(u)|2 δ du

≲ δ2m+1∥ĉm
0 ∥2

L2(Ω).

Likewise, for the Sobolev norm of order m, we consider derivatives Dα with |α| ≤ m. The
dominant terms in δ arise from the normal derivatives ∂ℓ

x3 where ℓ = α3 ≤ m. Namely, for
α = (α′, ℓ) with ℓ ∈ {1, . . . ,m}, we get

∥Dαcm,δ
0 ∥2

L2(Ω) ≲
M∑

i=1

∫
R3

+

∣∣∣∣δmδ−ℓ(∂α′
y′ ∂ℓ

y3pi)
(
y′,

y3
δ

)∣∣∣∣2 dy

=
M∑

i=1
δ2(m−ℓ)

∫
R3

+

|(Dαpi)(u)|2 δ du

≤ Cδ2(m−ℓ)+1∥ĉm
0 ∥2

H
|α|
Γ (Ω)

for some constant C > 0. Since ℓ ≤ m, the exponent 2(m− ℓ) + 1 is larger or equal to 1. Thus,
for δ → 0 we have ∥cm,δ

0 ∥Hm(ω) → 0. Without loss of generality we may therefore assume that
∥cm

0 ∥Hm(ω) ≤ r by choosing cm
0 := cm,δ

0 with δ := r2

C∥ĉm
0 ∥2

Hm(Ω)
.

Note that the m-th order normal derivative at ∂ω = ∂Ω ∪· Γ is unaffected by the scal-
ing. To see this, let us consider the partial derivatives of order m. The derivatives of
(ϕiĉ

m
0 )
(
Ψ−1

i (SδΨi(x))
)

involving derivatives of ĉm
0 of order strictly less than m vanish on ∂ω,

since ĉm
0 ∈ Hm

0 (ω). Hence, for |α| = m

Dαcm,δ
0 (x) = δm

M∑
i=1

ϕi(x)Dα
(
ĉm

0

(
Ψ−1

i (SδΨi(x))
))

on ∂ω. In the following we are thus only interested in terms where ‘all derivatives fall upon
ĉm

0 ’.
Let pδ,i be the scaled function in local coordinates, i.e.,

pδ,i : R3 → R3; pδ,i(y) = δmpi(Sδy).

Note that by the chain rule applied to the m-th derivative, only the normal derivatives (in local
coordinates) scale with δ−1 by the definition of Sδ. Specifically, on the boundary {y3 = 0}

∂m
y3pδ,i(y) = δm

(1
δ

)m

(∂m
y3pi)(y) = (∂m

y3pi)(y).

By the chain rule we get

Dcm,δ
0 (x) =

M∑
i=1

D|(Ψi(x))pδ,i ·DΨi(x) =
M∑

i=1
(∂y3pδ,i)|y=Ψi(x) (∇(Ψi)3)⊤ on ∂ω,

since pδ,i|{y3=0} = 0 and hence Dpδ,i = (0 | 0 | ∂y3pδ,i) on {y3 = 0}. Here (·)3 denotes the
third component. Thus, for x ∈ ∂ω

∂νc
m,δ
0 (x) = (ν · ∇)cm,δ

0 (x) =
M∑

i=1
(ν · ∇(Ψi)3)

(
∂y3pδ,i

)
|y=Ψi(x),
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i.e., the normal derivative corresponds to ∂y3 in local coordinates times the factor (ν · ∇(Ψi)3)
depending on the chart. (Since ∂ω ∩ Ui = {x ∈ Ui | (Ψi(x))3 = 0} the gradient ∇(Ψi)3 is
normal to ∂ω.) Similarly, for the m-th derivative we obtain

∂m
ν c

m,δ
0 (x) =

M∑
i=1

(ν · ∇(Ψi)3)m(∂m
y3pδ,i

)
|y=Ψi(x)

=
M∑

i=1
ϕi(x)(ν · ∇(Ψi)3)m∂m

y3

(
ĉm

0

(
Ψ−1

i (y)
))

|y=Ψi(x)

= ∂m
ν ĉ

m
0 (x).

Note that here we can again neglect terms where derivatives fall upon ϕi(x)(ν · ∇(Ψi)3) and
also that Dβpδ,i|{y3=0} = 0 for |β| ≤ m− 1 because ĉm

0 ∈ Hm
0 (ω).

For dm
0 we repeat the same argument as for cm

0 . Thus, (um+1
0 , vm+1

0 ) := (um
0 , v

m
0 ) +

(cm
0 , d

m
0 ) satisfies (CCαn,βn,σn,ρn,fn,gn,hn,κn,κn,m+1). Iterating this procedure for ı̂ ≤ a yields

(um+a
0 , vm+a

0 ) satisfying (CCαn,βn,σn,ρn,fn,gn,hn,κn,κn,m+a).

We used the following lemma in the proof above.

Lemma 3.2.5 (Simplification of (α curl)m for vanishing traces). Let m ∈ N and let
αi ∈ C∞(ω;R3×3

sym) be positive definite matrices. Let u ∈ (Hm+1(ω) ∩ Hm
0 (ω))3. Define the

operator Liu := αi(curl u). Then

tr(Πm
i=1Liu) = (Πm

i=1Tαi,x) tr(∂m
ν u) on ∂ω,

where Tαi,x : R3 → R3 is the linear map defined for x ∈ ∂ω by

Tαi,x(ξ) := αi(x)(ν(x) × ξ). (3.26)

Proof. 1) We first consider the case m = 1. Let u ∈ (H2(ω) ∩H1
0 (ω))3 and let un ∈ C∞(ω)3

with trun = 0 approximating u in H2(ω). Since trun = 0, the gradient runs orthogonal to
∂ω, i.e.,

∂j(un)k = (∇(un)k)j = (ν · ∇(un)k)νj for j, k ∈ {1, 2, 3}.

By approximation this equality also holds for u. The curl now becomes

(curl u)i = ϵijk∂juk = ϵijkνj(ν · ∇uk) = (ν × ∂νu)i,

where ϵijk for i, j, k ∈ {1, 2, 3} denotes the Levi-Civita symbol. Thus,

tr(α1 curl u) = Tα1,x∂νu.

2) Now let us consider the general case u ∈ Hm+1 ∩Hm
0 . We aim to compute the trace of

Πm
i=1Liu = Πm

i=1(αi curl)u. For u ∈ Hm
0 (ω) the normal derivatives up to order m− 1 are zero

∂ℓ
νu|∂ω = 0 for ℓ = 0, 1, . . . ,m− 1.

By the product rule
Πm

i=1Liu = Pmu+R(u,Du, . . . ,Dm−1u),

where Pm is the principal part of Πm
i=1Li and R is a linear lower order differential operator.

Since u ∈ Hm
0 (ω) the remainder R(u,Du, . . . ,Dm−1u) vanishes on ∂ω.

So, an iteration of Step 1) yields

tr(Πm
i=1Liu) = Tαm,x(∂ν(Tαm−1,x(∂ν(. . . Tα1,x(∂νu) . . . )))).
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Moreover, the commutator [∂ν , Tαi,x] results in lower order terms, which again vanish on the
boundary, i.e.,

∂ν(Tαi,xψ) = (∂νTαi,x)ψ + Tαi,x(∂νψ) = Tαi,x(∂νψ).

Thus, we commute all normal derivatives to the right obtaining

tr(Πm
i=1Liu) = (Tαm,x ◦ · · · ◦ Tα1,x)∂m

ν u on ∂ω.

3.3. Convergence Result
Based on the previous section, we will work in the following setting:

(Ha)

Let a ∈ N0, m ∈ N with m̃ + 2 + a ≤ k. Let (u, v) ∈ Gm
Γ be a solution

to (3.6)–(3.9) with initial values (u0, v0) and coefficients satisfying (3.11) –
(3.13). We approximate our coefficients as in (App). By Lemma 3.2.1 and
Proposition 3.2.4 we may choose initial values (um+a

0,n , vm+a
0,n ) ∈ Hm+a

Γ (Ω) sat-
isfying (CCαn,βn,σn,ρn,fn,gn,hn,κn,κn,m+a) converging to the original initial data
(u0, v0) ∈ Hm

Γ (Ω). We denote the corresponding solutions by (un, vn) ∈ Gm+a
Γ .

We want to show the convergence to our original solution (u, v) in Gm
Γ . Unfortunately,

considering the difference between the approximate solution and the exact solution

U := un − u and V := vn − v

leads to the system

α∂tU = curlV − σU − fn,

β∂tV = − curlU − ρV − gn,
t ≥ 0, x ∈ Ω±,

U × ν = hn − h, t ≥ 0, x ∈ ∂Ω,
JU × νΓK = κn − κ, JV × νΓK = κn − κ, t ≥ 0, x ∈ Γ,

U(0) = u0,n − u0, V (0) = v0,n − v0, x ∈ Ω±.

The inhomogeneities fn and gn lie in L2(0, T ;L2(Ω)3) and are given by

fn := (fn − f) − (α− αn)∂tun + (σ − σn)un,

gn := (gn − g) − (β − βn)∂tvn + (ρ− ρn)vn.

In this direct approach the terms (α − αn)∂tun and (β − βn)∂tvn cause trouble. While the
difference of the coefficients vanishes in the right norm, one lacks control over the time
derivative. However, the a-priori estimate (3.15) at least yields convergence in Gm−1

Γ .
To obtain Gm

Γ -convergence, we first mollify the original solution in time direction. This
allows us to show that the time derivatives converge. Afterwards, we inductively reduce the
convergence of spatial norms to the temporal ones using a div-curl lemma, see Theorem A.2.2,
and the Maxwell system.

Definition 3.3.1 (Mollifier). In the following, let ηε(t) = 1
εη
(

t
ε

)
for the usual mollifier

η(t) :=

C exp
(

1
|t|2−1

)
, |t| ≤ 1,

0, |t| > 1,

where C > 0 is chosen such that
∫
R η(t) dt = 1. Let (u)ε := u ∗ ηε denote the mollification in

time.
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We will need the following elementary mollification result later on.

Lemma 3.3.2. Let T > 0, ε0 > 0, u ∈ C
(
[−ε0, T + ε0];L2(Ω)3) and α ∈ C1([−ε0, T +

ε0];H2
Γ(Ω,R3×3

sym)
)
. Then,

∂t(αu)ε − α∂tuε → (∂tα)u in C
(
[0, T ];L2(Ω)3),

for ε < ε0 and ε → 0.

Proof. In the following, let ε < ε0. Let Mε(t) = ∂t(αu)ε(t) − α(t)∂tuε(t). Expanding the
convolutions and applying the change of variables τ = t−s

ε , the commutator evaluated at time
t ∈ [0, T ] is given by

Mε(t) =
∫ 1

−1

α(t− ετ) − α(t)
ε

u(t− ετ)η′(τ) dτ.

We rewrite the limit as

∂tα(t)u(t) = −∂tα(t)u(t)
∫ 1

−1
τη′(τ) dτ

and consider the difference

Mε(t) − (∂tα(t))u(t) = I1(t, ε) + I2(t, ε),

where

I1(t, ε) =
∫ 1

−1

[
α(t− ετ) − α(t)

ε
+ τ∂tα(t)

]
u(t− ετ)η′(τ) dτ,

I2(t, ε) = −
∫ 1

−1
τ∂tα(t)

(
u(t− ετ) − u(t)

)
η′(τ) dτ.

Since α ∈ C1([−ε0, T + ε0];L∞(Ω)3×3) by the Sobolev embeddings, we see that

sup
t∈[0,T ],τ∈[−1,1]

∥∥∥∥α(t− ετ) − α(t)
ε

+ τ∂tα(t)
∥∥∥∥

L∞(Ω)
→ 0,

sup
t∈[0,T ],τ∈[−1,1]

∥u(t− ετ) − u(t)∥L2(Ω) → 0,

for ε → 0. Hence,
sup

t∈[0,T ]
I1(t, ε), sup

t∈[0,T ]
I2(t, ε) → 0 for ε → 0

and the claim follows.

Recall that the Gm
Γ norm is given by

∥u∥Gm
Γ ([0,T ]×Ω) := sup

t∈[0,T ]

m∑
j=0

∥∂j
t u(t)∥

Hm−j
Γ

.

We first focus on the highest time derivative, i.e., supt∈[0,T ]∥∂m
t u(t)∥L2(Ω).

Lemma 3.3.3 (Convergence of Time Derivatives). Let (Ha) hold. Then,

lim
n→∞

sup
t∈[0,T ]

(
∥∂m

t un(t) − ∂m
t u(t)∥L2(Ω) + ∥∂m

t vn(t) − ∂m
t v(t)∥L2(Ω)

)
= 0.
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Proof. 1) In order to apply a mollifier on [0, T ], we continuously extend the coefficients
α, αn, β, βn ∈ Cm̃

η , σ, σn, ρ, ρn ∈ Cm̃, f, fn, g, gn ∈ Hm([0, T ] × Ω±), and the extensions of the
boundary and interface data h◦, h◦

n, κ
◦, κ◦

n,κ◦,κ◦
n ∈ Gm+1

Γ to a slightly larger time interval
[−ε0, T + ε0] by the usual extension operator as in Theorem 5.19 in [1]. Theorem 3.1 in [56]
then provides extensions of the solutions (u, v), (un, vn) in Gm

Γ ([0, T ]) respectively Gm+a
Γ ([0, T ])

to Gm
Γ ([−ε0, T + ε0]) respectively Gm+a

Γ ([−ε0, T + ε0]). From now on, we denote the extensions
by the same letters.

Let Un := ∂m
t un, Vn := ∂m

t vn and U := ∂m
t u, V := ∂m

t v denote the highest-order time
derivatives. We mollify Un on [0, T ], yielding Un,δ := (Un)δ for 0 < δ < ε0. Likewise, we
mollify U on [0, T ] and obtain Uε := (U)ε for 0 < ε < ε0. (For the approximating sequence
this has to be done to include the case of a = 0. Otherwise, the proof simplifies and only
requires the mollification of (U, V ). Regardless, the additional arguments are quite similar to
that case.)

We define the differences Du
n,δ,ε := Un,δ − Uε and Dv

n,δ,ε := Vn,δ − Vε, and set

eD
n,δ,ε(t) := 1

2

∫
Ω

(
Du

n,δ,ε · αnD
u
n,δ,ε +Dv

n,δ,ε · βnD
v
n,δ,ε

)
dx.

Moreover, as in (3.16) there exist extensions (W u
n ,W

v
n) and (W u,W v) in Gm+1

Γ matching
the data simultaneously, i.e.,

W u × ν = h on ∂Ω, JW u × νΓK = κ, JW v × νΓK = κ,
W u

n × ν = hn on ∂Ω, JW u
n × νΓK = κn, and JW v

n × νΓK = κn.

Because the extensions lie in Gm+1
Γ , their m-th time derivatives inherently belong to H1

Γ(Ω) ⊂
H(curl,Ω±) with the (m+ 1)-th time derivatives in L2(Ω). Furthermore,

sup
t∈[−ε0,T +ε0]

(
∥∂m

t W
u
n − ∂m

t W
u∥H1

Γ(Ω) + ∥∂m
t W

v
n − ∂m

t W
v∥H1

Γ(Ω)

)
≲ ∥(h◦

n − h◦, κ◦
n − κ,κ◦

n − κ◦)∥Gm+1
Γ

→ 0

for n → ∞.
Let Eu

n,δ,ε := (∂m
t W

u
n )δ − (∂m

t W
u)ε and Ev

n,δ,ε := (∂m
t W

v
n)δ − (∂m

t W
v)ε. We define the

shifted differences

D̃u
n,δ,ε := Du

n,δ,ε − Eu
n,δ,ε and D̃v

n,δ,ε := Dv
n,δ,ε − Ev

n,δ,ε,

which by construction satisfy homogeneous boundary and jump conditions, allowing us to
integrate by parts.

We set the shifted energy

ẽD
n,δ,ε(t) := 1

2

∫
Ω

(
D̃u

n,δ,ε · αnD̃
u
n,δ,ε + D̃v

n,δ,ε · βnD̃
v
n,δ,ε

)
dx.

Applying the time derivative in the classical sense yields

d
dt ẽ

D
n,δ,ε(t) =

∫
Ω

(
D̃u

n,δ,ε · αn∂tD̃
u
n,δ,ε + D̃v

n,δ,ε · βn∂tD̃
v
n,δ,ε

)
dx

+ 1
2

∫
Ω

(
D̃u

n,δ,ε · (∂tαn)D̃u
n,δ,ε + D̃v

n,δ,ε · (∂tβn)D̃v
n,δ,ε

)
dx.

(3.27)

In the following, we will only consider u and un, since the calculations for v and vn are
done similarly. We intend to apply a Gronwall argument to (3.27). For this, we first expand
αn∂tD̃

u
n,δ,ε = αn∂tD

u
n,δ,ε − αn∂tE

u
n,δ,ε to substitute expressions for the time derivatives.
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The (m− 1)-th level system for un is

αnUn = curl(∂m−1
t vn) − σn∂

m−1
t un − ∂m−1

t fn − Du
n, (3.28)

where Du
n := [∂m−1

t , αn∂t]un + [∂m−1
t , σn]un is the commutator with the derivative. We further

set Mn
δ := ∂t(αnUn)δ − αn∂tUn,δ, mollify (3.28) and take the time derivative. It follows that

αn∂tUn,δ = curlVn,δ − ∂t(σn∂
m−1
t un)δ − (∂m

t fn)δ − ∂t(Du
n)δ − Mn

δ . (3.29)

Similarly, for U we mollify the (m− 1)-th level equation

αU = curl(∂m−1
t v) − σ∂m−1

t u− ∂m−1
t f − Du

with Du := [∂m−1
t , α∂t]u + [∂m−1

t , σ]u. Also applying the time derivative and introducing
Mε := ∂t(αU)ε − α∂tUε yields

α∂tUε = curlVε − ∂t(σ∂m−1
t u)ε − (∂m

t f)ε − ∂t(Du)ε − Mε. (3.30)

Writing αn∂tUε = α∂tUε + (αn − α)∂tUε, Formulas (3.29) and (3.30) provide the equation

αn∂tD
u
n,δ,ε = curlDv

n,δ,ε − (σn +m∂tαn)Du
n,δ,ε +Ru

n,δ,ε

for the unshifted difference, where the remainder Ru
n,δ,ε is given by

Ru
n,δ,ε := −(αn − α)∂tUε + σnUn,δ − σnUε +m(∂tαn)Un,δ −m(∂tαn)Uε

+ ∂t(σ∂m−1
t u)ε − ∂t(σn∂

m−1
t un)δ + (∂m

t f)ε − (∂m
t fn)δ (3.31)

+ ∂t(Du)ε − ∂t(Du
n)δ + Mε − Mn

δ .

We added the −(σn +m∂tαn)Du
n,δ,ε-term to rebalance the remainder later on.

Substituting the shifted variables, (D̃u
n,δ,ε, D̃

v
n,δ,ε) satisfy

αn∂tD̃
u
n,δ,ε = curl D̃v

n,δ,ε − (σn +m∂tαn)D̃u
n,δ,ε + R̃u

n,δ,ε,

with the modified remainder

R̃u
n,δ,ε := Ru

n,δ,ε − αn∂tE
u
n,δ,ε + curlEv

n,δ,ε − (σn +m∂tαn)Eu
n,δ,ε. (3.32)

Analogously, the difference of the magnetic terms satisfies

βn∂tD̃
v
n,δ,ε = − curl D̃u

n,δ,ε − (ρn +m∂tβn)D̃v
n,δ,ε + R̃v

n,δ,ε,

where R̃v
n,δ,ε := Rv

n,δ,ε − curlEu
n,δ,ε − βn∂tE

v
n,δ,ε − (ρn +m∂tβn)Ev

n,δ,ε.
We substitute these equations into (3.27) and integrate by parts. Since D̃u

n,δ,ε and D̃v
n,δ,ε

satisfy homogeneous boundary and jump conditions

D̃u
n,δ,ε × ν = 0 on ∂Ω and

q(
D̃u

n,δ,ε × νΓ, D̃v
n,δ,ε × νΓ)y = 0,

all surface integrals vanish. It follows that

d
dt ẽ

D
n,δ,ε(t) =

∫
Ω

(
D̃u

n,δ,ε · (curl D̃v
n,δ,ε − (σn +m∂tαn)D̃u

n,δ,ε + R̃u
n,δ,ε)

)
dx

+
∫

Ω

(
D̃v

n,δ,ε · (− curl D̃u
n,δ,ε − (ρn +m∂tβn)D̃v

n,δ,ε + R̃v
n,δ,ε)

)
dx

+ 1
2

∫
Ω

(
D̃u

n,δ,ε · (∂tαn)D̃u
n,δ,ε + D̃v

n,δ,ε · (∂tβn)D̃v
n,δ,ε

)
dx
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=
∫

Ω

(
D̃u

n,δ,ε · (−σnD̃
u
n,δ,ε + R̃u

n,δ,ε) + D̃v
n,δ,ε · (−ρnD̃

v
n,δ,ε + R̃v

n,δ,ε)
)

dx

+
∫

Ω

(
D̃u

n,δ,ε · (1
2 −m)(∂tαn)D̃u

n,δ,ε + D̃v
n,δ,ε · (1

2 −m)(∂tβn)D̃v
n,δ,ε

)
dx

≤ Cη (1 + ∥(∂tαn, ∂tβn, σn, ρn)(t)∥L∞) ẽD
n,δ,ε(t)

+ ∥R̃u
n,δ,ε(t)∥2

L2(Ω) + ∥R̃v
n,δ,ε(t)∥2

L2(Ω)

for some constant Cη > 0.
Gronwall’s inequality then yields

ẽD
n,δ,ε(t) ≤ eCGt

(
ẽD

n,δ,ε(0) +
∫ t

0

(
∥R̃u

n,δ,ε(s)∥2
L2(Ω) + ∥R̃v

n,δ,ε(s)∥2
L2(Ω)

)
ds
)

(3.33)

with the constant CG := supn∈N,t∈[0,T ]Cη (1 + ∥(∂tαn, ∂tβn, σn, ρn)(t)∥L∞) > 0.

2) For fixed n and ε, we take the limit δ → 0. We define the limits Eu
n,ε := ∂m

t W
u
n − (∂m

t W
u)ε

and Ev
n,ε := ∂m

t W
v
n −(∂m

t W
v)ε, as well as the shifted differences D̃u

n,ε := Du
n,ε−Eu

n,ε and D̃v
n,ε :=

Dv
n,ε−Ev

n,ε, alongside the corresponding energy ẽD
n,ε(t) := 1

2
∫

Ω
(
D̃u

n,ε ·αnD̃
u
n,ε+D̃v

n,ε ·βnD̃
v
n,ε

)
dx.

Since (un, vn) ∈ Gm
Γ , and hence ∂m

t un, ∂
m
t vn ∈ C([−ε0, T + ε0];L2(Ω)), standard results

on mollifiers yield the uniform convergence Un,δ → Un and Vn,δ → Vn in C([0, T ];L2(Ω)) for
δ → 0. Furthermore, (∂m

t fn)δ tends to ∂m
t fn in L2([0, T ]×Ω), ∂t(σn∂

m−1
t un)δ to ∂t(σn∂

m−1
t un)

in C([0, T ], L2(Ω)), ∂t(Du
n)δ to ∂tDu

n in C([0, T ], L2(Ω)), and by Lemma 3.3.2, the commutator
Mn

δ to (∂tαn)Un in C([0, T ], L2(Ω)) for δ → 0.
Additionally, since ∂m

t (W u
n ,W

v
n) and ∂m

t (W u,W v) belong to G1
Γ the mollified functions

Eu
n,δ,ε → Eu

n,ε and Ev
n,δ,ε → Ev

n,ε converge in G1
Γ for δ → 0. In particular, this guarantees the

pointwise convergence of the energy ẽD
n,δ,ε(t) → ẽD

n,ε(t) for t ∈ [0, T ].
Let us next focus on the electric remainder R̃u

n,δ,ε. We expand the time derivative of the
commutator ∂tDu

n = ∂t
(
∂m−1

t (αn∂tun) − αn∂
m
t un + ∂m−1

t (σnun) − σn∂
m−1
t un

)
. Observe that

∂t
(
∂m−1

t (αn∂tun) − αn∂
m
t un

)
= ∂t

m−1∑
j=1

(
m− 1
j

)
∂j

tαn∂
m−j
t un


=

m−1∑
j=2

((
m− 1
j − 1

)
+
(
m− 1
j

))
∂j

tαn∂
m−j+1
t un

+
(
m− 1
m− 1

)
∂m

t αn∂tun +
(
m− 1

1

)
∂tαn∂

m
t un

=
m∑

j=1

(
m

j

)
∂j

tαn∂
m−j+1
t un − (∂tαn)∂m

t un.

A similar calculation for ∂t
(
∂m−1

t (σnun) − σn∂
m−1
t un

)
allows us to rewrite ∂tDu

n = Lu
n + (m−

1)(∂tαn)Un − (∂tσn)∂m−1
t un with

Lu
n :=

m∑
j=2

(
m

j

)
∂j

tαn∂
m−j+1
t un +

m∑
j=1

(
m

j

)
∂j

t σn∂
m−j
t un,

Thus, all remaining terms containing Un in (3.31), namely σnUn,δ − ∂t(σn∂
m−1
t u)δ − Mn

δ +
m(∂tαn)Un,δ cancel in the limit with (m − 1)(∂tαn)Un − (∂tσn)∂m−1

t un, leaving the lower
order term Lu

n. Thus, R̃u
n,δ,ε converges to R̃u

n,ε in L2([0, T ] × Ω) as δ → 0 given by

R̃u
n,ε := −(αn − α)∂tUε − σnUε −m(∂tαn)Uε
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+ ∂t(σ∂m−1
t u)ε + (∂m

t f)ε − ∂m
t fn

+ ∂t(Du)ε − Lu
n + Mε

− αn∂tE
u
n,ε + curlEv

n,ε − (σn +m∂tαn)Eu
n,ε,

cf. Equations (3.31) and (3.32). The magnetic terms are treated analogously. Hence, (3.33)
reduces to

ẽD
n,ε(t) ≤ eCGt

(
ẽD

n,ε(0) +
∫ t

0

(
∥R̃u

n,ε(s)∥2
L2(Ω) + ∥R̃v

n,ε(s)∥2
L2(Ω)

)
ds
)

(3.34)

for δ → 0.

3) Next, we show that ẽD
n,ε(0) vanishes for n → ∞ and ε → 0. We have∥∥D̃u

n,ε(0)
∥∥

L2(Ω) ≤
∥∥∥Du

n,ε(0)
∥∥∥

L2(Ω)
+
∥∥∥Eu

n,ε(0)
∥∥∥

L2(Ω)

≤ ∥∂m
t un(0) − ∂m

t u(0)∥L2(Ω) + ∥∂m
t u(0) − (∂m

t u)ε(0)∥L2(Ω)

+ ∥∂m
t W

u
n (0) − ∂m

t W
u(0)∥L2(Ω) + ∥∂m

t W
u(0) − (∂m

t W
u)ε(0)∥L2(Ω) .

We treat these limits separately.
To control the first term, we evaluate the time derivatives of the solutions at t = 0 recursively

by applying the Maxwell system. So, we derive

∂m
t (u0, v0) = ((u0)(m), (v0)(m)) and ∂m

t (u0,n, v0,n) = ((u0,n)(m), (v0,n)(m)),

see Definition 3.1.2, which only depend on the initial data and its spatial derivatives at t = 0.
By (Ha), the initial data converge (u0,n, v0,n) → (u0, v0) in Hm

Γ (Ω), and similarly for the
inhomogeneities, coefficients, boundary, and interface data. We thus obtain the convergence
of ∂m

t (un, vn)(0) → ∂m
t (u, v)(0) in L2(Ω).

For the second term, we proceed as above, using the extensions to [−ε0, T +ε0]. By standard
properties of mollifiers, the convergence is uniform in time. Thus,

lim
ε→0

∥∂m
t u(0) − (∂m

t u)ε(0)∥L2(Ω) = 0, and lim
ε→0

∥∂m
t v(0) − (∂m

t v)ε(0)∥L2(Ω) = 0.

Moreover, since the extensions are chosen such that W u
n → W u in Gm+1

Γ , we in particular have
∂m

t W
u
n (0) → ∂m

t W
u(0). Likewise, one can show the convergence of the magnetic difference

Dv
n,ε(0). Hence,

lim
ε→0

lim sup
n→∞

ẽD
n,ε(0) = 0.

4) For fixed ε ∈ (0, ε0), we now take the limit n → ∞. Note that (αn − α)∂tUε → 0 in
L2([0, T ] × Ω). The boundedness of (un, vn) in Gm

Γ , convergence (un, vn) → (u, v) in Gm−1
Γ

from the a-priori estimate (3.15) and the Sobolev embeddings shows that the commutator

Lu
n → Lu :=

m∑
j=2

(
m

j

)
∂j

tα∂
m−j+1
t u+

m∑
j=1

(
m

j

)
∂j

t σ∂
m−j
t u

converges in L2([0, T ] × Ω) for n → ∞. Additionally, since W u
n → W u, we have Eu

n,ε → Eu
ε :=

∂m
t W

u − (∂m
t W

u)ε in H1(Ω), and its time derivative in L2(Ω).
Thus, R̃u

n,ε tends to

R̃u
ε := Ru

ε − α∂tE
u
ε + curlEv

ε − (σ +m∂tα)Eu
ε

where

Ru
ε := ∂t(σ∂m−1

t u)ε − σUε + (∂m
t f)ε − ∂m

t f + ∂t(Du)ε −m(∂tα)Uε − Lu + Mε. (3.35)
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in L2([0, T ] × Ω) for n → ∞.
Finally, we use that (∂m

t f)ε → ∂m
t f in L2([0, T ] × Ω) for ε → 0, which thus vanishes in the

limit in (3.35). Lemma 3.3.2 then yields

lim
ε→0

Ru
ε = (∂tσ)∂m−1

t u+ ∂tDu −m(∂tα)U − Lu + (∂tα)U

= ∂tDu −

 m∑
j=1

(
m

j

)
∂j

tα∂
m−j+1
t u+

m∑
j=1

(
m

j

)
∂j

t σ∂
m−j
t u


+ (∂tα)U + (∂tσ)∂m−1

t u

in L2([0, T ] × Ω).
The summand ∂t(Du) is expanded similar to Step 2). We rewrite the first term as

∂tDu = ∂t
(
∂m−1

t (α∂tu) − α∂m
t u+ ∂m−1

t (σu) − σ∂m−1
t u

)
=

 m∑
j=1

(
m

j

)
∂j

tα∂
m−j+1
t u+

m∑
j=1

(
m

j

)
∂j

t σ∂
m−j
t u

− (∂tα)U − (∂tσ)∂m−1
t u,

and thus limε→0
∫ t

0∥Ru
ε ∥2

L2(Ω) dτ = 0. Furthermore, since Eu
ε → 0 in H1(Ω) and ∂tE

u
ε → 0 in

L2(Ω), the additional extension terms in R̃u
ε vanish as well. Therefore, the limit of the electric

remainder terms limε→0
∫ t

0∥R̃u
ε ∥2

L2(Ω) dτ = 0. Likewise, one shows the analogous estimate for
the magnetic remainder terms limε→0

∫ t
0∥R̃v

ε∥2
L2(Ω) dτ = 0.

5) Therefore, the right-hand side of (3.34) vanishes and the claim follows, since

∥∂m
t un(t) − ∂m

t u(t)∥L2(Ω) ≤
∥∥D̃u

n,ε(t)
∥∥

L2(Ω)+
∥∥∥Eu

n,ε(t)
∥∥∥

L2(Ω)
+∥(∂m

t u)ε(t) − ∂m
t u(t)∥L2(Ω) → 0,

and analogously for v.

Next, we have to transform the convergence in time into spatial convergence using the
div-curl estimate from Theorem A.2.2.

Lemma 3.3.4 (Convergence of Spatial Derivatives). Let (Ha) hold. Suppose that
(un, vn) → (u, v) in Gm−1

Γ and for some j ∈ {1, . . . ,m}, we have

lim
n→∞

sup
t∈[0,T ]

(∥∥∂j
t (un − u)(t)

∥∥
Hm−j

Γ
+
∥∥∂j

t (vn − v)(t)
∥∥

Hm−j
Γ

)
= 0. (3.36)

Then, the (j − 1)-th time derivative converges in Hm−j+1
Γ , i.e.,

lim
n→∞

sup
t∈[0,T ]

(∥∥∂j−1
t (un − u)(t)

∥∥
Hm−j+1

Γ
+
∥∥∂j−1

t (vn − v)(t)
∥∥

Hm−j+1
Γ

)
= 0.

Proof. Let r := m − j + 1. We define the differences Du
n := ∂j−1

t un − ∂j−1
t u and Dv

n :=
∂j−1

t vn − ∂j−1
t v. We have to show that

eD
n (t) := ∥Du

n(t)∥Hr
Γ

+ ∥Dv
n(t)∥Hr

Γ
→ 0

uniformly for t ∈ [0, T ] and n → ∞.
In order to apply the div-curl Theorem A.2.2, the fields must belong to Ht0(curl,Ω),

respectively H(curl,Ω). Since Du
n and Dv

n satisfy inhomogeneous boundary and interface
conditions, we again extend these errors to the interior.
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As in the proof of the previous lemma there exist extensions (W u
n ,W

v
n ) of (hn, κn,κn) and

(W u,W v) of (h, κ,κ) in Gm+1
Γ converging in Gm+1

Γ following the approximation in (App). Let
Eu

n := ∂j−1
t (W u

n − W u) and Ev
n := ∂j−1

t (W v
n − W v). Since the extensions belong to Gm+1

Γ ,
these (j − 1)-th time derivatives belong to H(m+1)−(j−1)

Γ (Ω) = Hr+1
Γ (Ω). We have

sup
t∈[0,T ]

(
∥Eu

n(t)∥Hr+1
Γ

+ ∥Ev
n(t)∥Hr+1

Γ

)
→ 0

as n → ∞.
We define the shifted differences D̃u

n := Du
n − Eu

n and D̃v
n := Dv

n − Ev
n. By construction,

these satisfy exactly homogeneous tangential traces and jumps:

D̃u
n × ν = 0 on ∂Ω, JD̃u

n × νΓK = 0, JD̃v
n × νΓK = 0.

We start by deriving the Maxwell equations satisfied by the unshifted differences (Du
n, D

v
n).

For (un, vn) we have

αn∂
j
t un = curl ∂j−1

t vn − σn∂
j−1
t un − ∂j−1

t fn − Lu
n,

βn∂
j
t vn = − curl ∂j−1

t un − ρn∂
j−1
t vn − ∂j−1

t gn − Lv
n,

with Lu
n := [∂j−1

t , αn∂t]un + [∂j−1
t , σn]un and Lv

n := [∂j−1
t , βn∂t]vn + [∂j−1

t , ρn]vn.
Similarly, the limit (u, v) satisfies

α∂j
t u = curl ∂j−1

t v − σ∂j−1
t u− ∂j−1

t f − Lu,

β∂j
t v = − curl ∂j−1

t u− ρ∂j−1
t v − ∂j−1

t g − Lv,

with commutators Lu := [∂j−1
t , α∂t]u+ [∂j−1

t , σ]u and Lv := [∂j−1
t , β∂t]v + [∂j−1

t , ρ]v. Thus,
their differences satisfy

∂t(αnD
u
n) = curlDv

n − Ju
n ,

∂t(βnD
v
n) = − curlDu

n − Jv
n,

where we set

Ju
n := (σn − ∂tαn)Du

n + (αn − α)∂j
t u+ (σn − σ)∂j−1

t u+ ∂j−1
t (fn − f) + (Lu

n − Lu),
Jv

n := (ρn − ∂tβn)Dv
n + (βn − β)∂j

t v + (ρn − ρ)∂j−1
t v + ∂j−1

t (gn − g) + (Lv
n − Lv).

Substituting the shifted variables, the system becomes

∂t(αnD̃
u
n) = curl D̃v

n − J̃u
n , (3.37)

∂t(βnD̃
v
n) = − curl D̃u

n − J̃v
n, (3.38)

where the modified remainders are given by

J̃u
n := Ju

n + ∂t(αnE
u
n) − curlEv

n,

J̃v
n := Jv

n + ∂t(βnE
v
n) + curlEu

n.

Because D̃u
n and D̃v

n possess strictly zero tangential jumps, their curls have no surface
divergence. Due to Lemma 8.1 in [56], the normal jumps are thus given by

JαnD̃
u
n · νΓK(t) = JαnD̃

u
n · νΓK(0) −

∫ t

0
JJ̃u

n (τ) · νΓK dτ,
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JβnD̃
v
n · νΓK(t) = JβnD̃

v
n · νΓK(0) −

∫ t

0
JJ̃v

n(τ) · νΓK dτ,

and

trn(βnD̃
v
n)(t) = trn(βnD̃

v
n)(0) −

∫ t

0
trn J̃

v
n(τ) dτ.

Thus, in view of Theorem A.2.2 (corresponding to v there), we define the correction terms

C̃u
n := −αn(0)D̃u

n(0) +
∫ t

0
J̃u

n (τ) dτ, C̃v
n := −βn(0)D̃v

n(0) +
∫ t

0
J̃v

n(τ) dτ. (3.39)

Proposition 2.2.30 in [5], see Lemma A.1.2, then shows that αnD̃
u
n + C̃u

n ∈ H(div,Ω) and
βnD̃

v
n + C̃v

n ∈ Hn0(div,Ω). We further obtain D̃u
n ∈ Ht0(curl,Ω) and D̃v

n ∈ H(curl,Ω).
Theorem A.2.2 then yields for the shifted energy ẽD

n (t) :=
∥∥D̃u

n(t)
∥∥

Hr
Γ

+
∥∥D̃v

n(t)
∥∥

Hr
Γ

ẽD
n (t) ≲

∥∥D̃u
n(t)

∥∥
L2(Ω) +

∥∥ curl D̃u
n(t)

∥∥
Hr−1

Γ
+
∥∥div(αnD̃

u
n(t))

∥∥
Hr−1

Γ
+
∥∥C̃u

n(t)
∥∥

Hr
Γ

+
∥∥D̃v

n(t)
∥∥

L2(Ω) +
∥∥ curl D̃v

n(t)
∥∥

Hr−1
Γ

+
∥∥div(βnD̃

v
n(t))

∥∥
Hr−1

Γ
+
∥∥C̃v

n(t)
∥∥

Hr
Γ
. (3.40)

To show convergence, we now consider the terms on the right-hand side individually. Again,
we only consider u as the estimates for v follow in the same way.

1) First, the L2 norms converge. We have
∥∥D̃u

n(t)
∥∥

L2(Ω) ≤ ∥Du
n(t)∥L2(Ω) + ∥Eu

n(t)∥L2(Ω). By
assumption (un, vn) → (u, v) in Gm−1

Γ . Thus, in particular Du
n(t) → 0 in L2(Ω). Since

Eu
n(t) → 0 in Hr+1

Γ , we obtain
∥∥D̃u

n(t)
∥∥

L2(Ω) → 0 uniformly for t ∈ [0, T ].

2) Next, we consider the correction terms (C̃u
n , C̃

v
n). We decompose J̃u

n as follows. To bound
the commutator difference Lu

n − Lu, we extract its highest-order term (j − 1)(∂tαn)∂j−1
t un −

(j − 1)(∂tα)∂j−1
t u. Using Du

n = D̃u
n + Eu

n, we move the (j − 1)(∂tαn)D̃u
n component into the

Gronwall term. 1 Thus, we write

J̃u
n = (σn + (j − 2)∂tαn)D̃u

n + F̃ u
n ,

with

F̃ u
n :=(αn − α)∂j

t u+ (σn − σ)∂j−1
t u+ ∂j−1

t (fn − f)
+
(
Lu

n − Lu − (j − 1)(∂tαn)D̃u
n

)
+ σnE

u
n + αn∂tE

u
n − curlEv

n,

where we have subtracted (j − 1)(∂tαn)D̃u
n such that the commutator difference

Lu
n − Lu − (j − 1)(∂tαn)D̃u

n = (j − 1)(∂tαn)Eu
n + (j − 1)(∂tαn − ∂tα)∂j−1

t u

+
j−1∑
ℓ=2

(
j − 1
ℓ

)[
(∂ℓ

tαn)∂j−ℓ
t un − (∂ℓ

tα)∂j−ℓ
t u

]
+

j−1∑
ℓ=1

(
j − 1
ℓ

)[
(∂ℓ

tσn)∂j−1−ℓ
t un − (∂ℓ

tσ)∂j−1−ℓ
t u

]
.

no longer depends on the difference Du
n = ∂j−1

t (un − u) of order j − 1 in time. The first term
in J̃u

n will be treated by a Gronwall argument. To bound the norm of the integral of F̃ u
n in

1This highest-order term was overlooked in a draft of this section. The AI tool Claude Fable 5.1 caught that
mistake.
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Hr
Γ, we note that ∂j

t u ∈ Hr−1
Γ , which prevents a direct bound. However, integrating by parts

in time yields∫ t

0
(αn − α)∂t(∂j−1

t u) dτ = [(αn − α)∂j−1
t u]t0 −

∫ t

0
∂t(αn − α)∂j−1

t u dτ. (3.41)

Since ∂j−1
t u ∈ C([0, T ];Hr

Γ) and ∂tαn → ∂tα in Cm̂, by Lemma 4.2.2 below, the Hr
Γ-norm

of the right-hand side converges to zero uniformly. The remaining terms in F̃ u
n , except the

inhomogeneity and the extension terms, similarly vanish after integration in Hr
Γ due to the

convergence of the coefficients and commutators, since un → u in Gm−1
Γ and u ∈ Gm

Γ . For the
inhomogeneity, since f ∈ Hm([0, T ] × Ω), we have ∂j−1

t (fn − f) ∈ L2([0, T ];Hr(Ω)) and∫ t

0

∥∥∥∂j−1
t (fn − f)(τ)

∥∥∥
Hr

Γ
dτ ≤

√
T
∥∥∥∂j−1

t (fn − f)
∥∥∥

L2([0,T ];Hr
Γ)

→ 0

as n → ∞. Furthermore, the terms σnE
u
n, αn∂tE

u
n, curlEv

n vanish uniformly in Hr
Γ because

Eu
n, E

v
n → 0 in Hr+1

Γ and ∂tE
u
n → 0 in Hr

Γ. Thus, keeping the norm strictly outside the time
integral for F̃ u

n , we obtain

∥∥C̃u
n(t)

∥∥
Hr

Γ
≲
∥∥αn(0)D̃u

n(0)
∥∥

Hr
Γ

+
∥∥∥∥ ∫ t

0
F̃ u

n (τ) dτ
∥∥∥∥

Hr
Γ

+
∫ t

0

∥∥D̃u
n(τ)

∥∥
Hr

Γ
dτ

≤ δ̃u,n +
∫ t

0
ẽD

n (τ) dτ,

for δ̃u,n := (1 + ∥αn(0)∥Hm̃
Γ

)
∥∥D̃u

n(0)
∥∥

Hr
Γ

+ supt∈[0,T ]
∥∥ ∫ t

0 F̃
u
n (τ) dτ

∥∥
Hr

Γ
→ 0 as n → ∞.

3) We consider the divergence terms next. Integrating (3.37) and substituting (3.39) yields
αnD̃

u
n = −C̃u

n − curl
∫ t

0 D̃
u
n dτ on Ω±. Therefore, taking the norm of the divergence yields∥∥div(αnD̃

u
n(t))

∥∥
Hr−1

Γ
≲
∥∥C̃u

n(t)
∥∥

Hr
Γ
.

This is the term we have already considered in the previous step. Thus,

∥∥div(αnD̃
u
n(t))

∥∥
Hr−1

Γ
≲ δ̃u,n +

∫ t

0
ẽD

n (τ) dτ.

In the same way, we bound
∥∥div(βnD̃

v
n)
∥∥

Hr−1
Γ

.

4) Finally, let us consider the curl terms. By (3.38), and the definition of J̃v
n, we write as in

Step 2)

curl D̃u
n = −∂t(βnD̃

v
n) − J̃v

n = −βn∂tD̃
v
n − (ρn + (j − 1)∂tβn)D̃v

n − F̃ v
n ,

with

F̃ v
n :=(βn − β)∂j

t v + (ρn − ρ)∂j−1
t v + ∂j−1

t (gn − g)
+
(
Lv

n − Lv − (j − 1)(∂tβn)D̃v
n

)
+ ρnE

v
n + βn∂tE

v
n + curlEu

n.

This allows us to trade space against time regularity of ∂tD̃
v
n = ∂j

t (vn − v) − ∂tE
v
n. By

assumption (3.36), ∂j
t (vn − v) → 0 uniformly in Hm−j

Γ = Hr−1
Γ for n → ∞. Since ∂tE

v
n → 0

in Hr
Γ ⊂ Hr−1

Γ , we deduce ∂tD̃
v
n → 0 in Hr−1

Γ . Additionally, ∂j
t v ∈ Hm−j

Γ , so the uniform
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convergence of βn, ρn, the inhomogeneities, the extensions, and the commutators implies that∥∥F̃ v
n

∥∥
Hm−j

Γ
→ 0. Thus,

sup
t∈[0,T ]

∥∥ curl D̃u
n(t)

∥∥
Hr−1

Γ
→ 0 as n → ∞.

Based on (3.37), an analogous argument shows supt∈[0,T ]
∥∥ curl D̃v

n(t)
∥∥

Hr−1
Γ

→ 0.

Inserting the above estimates into (3.40) we arrive at the inequality

ẽD
n (t) ≤ ∆n + C

∫ t

0
ẽD

n (τ) dτ,

where C > 0 and

∆n := sup
t∈[0,T ]

(∥∥∥(D̃u
n, D̃

v
n)(t)

∥∥∥
L2(Ω)

+
∥∥∥ curl(D̃u

n, D̃
v
n)(t)

∥∥∥
Hr−1

Γ

)
+ 2(δ̃u,n + δ̃v,n).

Since ∆n → 0 as n → ∞, Gronwall’s inequality yields

sup
t∈[0,T ]

ẽD
n (t) ≤ ∆n eCT → 0 for n → ∞.

Finally, for the unshifted variables, we have

sup
t∈[0,T ]

eD
n (t) ≤ sup

t∈[0,T ]

(
ẽD

n (t) + ∥Eu
n(t)∥Hr

Γ
+ ∥Ev

n(t)∥Hr
Γ

)
→ 0 for n → ∞,

and the claim follows.

Now, we combine Lemma 3.3.3 and Lemma 3.3.4 to obtain our approximation result.

Theorem 3.3.5. Let m ∈ N0, k, a ∈ N with m̃+a+2 ≤ k, and ∂Ω ⊆ ∂ω ∈ Ck+1. Furthermore,
let α, β ∈ Cm̃

η , ∂tα, ∂tβ ∈ Cm̂, σ, ρ ∈ Cm̃, f, g ∈ Hm([0, T ] × Ω±), h ∈ Tm(∂Ω), κ,κ ∈ Jm(Γ),
and u0, v0 ∈ Hm

Γ (Ω) satisfy the compatibility conditions (CCα,β,σ,ρ,f,g,h,κ,κ,m) of order m.
By Theorem 3.1 in [56], see Proposition 3.1.3, there exists a solution (u, v) ∈ Gm

Γ ([0, T ]) to
(3.6)–(3.9).

Choose αn, βn, σn, ρn ∈ C∞([0, T ] × Ω±), αn, βn uniformly positive definite, fn, gn ∈
C∞([0, T ]×Ω±), hn ∈ C∞([0, T ]×∂Ω), κn,κn ∈ C∞([0, T ]×Γ) satisfying (App). Then there
exist u0,n, v0,n ∈ Hm+a

Γ (Ω) satisfying the compatibility conditions (CCαn,βn,σn,ρn,fn,gn,hn,κn,κn,m+a)
of order m+ a, such that there exists a corresponding solution (un, vn) ∈ Gm+a

Γ ([0, T ]) of (3.6)
with

(un, vn) → (u, v) in Gm
Γ ([0, T ])

for n → ∞.

Proof. By Remark 3.2.2 we may assume m ≥ 1 in the following. Given α, β, σ, ρ, f, g, boundary
and jump data h, κ,κ, and initial values u0, v0, we choose an approximating sequence as
outlined in (Ha). Recall that

∥u∥Gm
Γ ([0,T ]×Ω) := sup

t∈[0,T ]

m∑
j=0

∥∥∂j
t u(t)

∥∥
Hm−j(Ω±)

and consider the differences (un − u, vn − v).
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Firstly, we consider the full time derivatives, corresponding to the j = m term in the
Gm

Γ -norm. Lemma 3.3.3 yields

lim
n→∞

sup
t∈[0,T ]

(
∥∂m

t (un − u)(t)∥L2(Ω) + ∥∂m
t (vn − v)(t)∥L2(Ω)

)
= 0.

Secondly, we use the time convergence as a starting point to iteratively recover the spatial
derivatives using Lemma 3.3.4. Considering j = m down to j = 0, we show that for every
j ∈ {0, . . . ,m}, we have

lim
n→∞

sup
t∈[0,T ]

(
∥∂j

t (un − u)(t)∥Hm−j(Ω) + ∥∂j
t (vn − v)(t)∥Hm−j(Ω)

)
= 0,

which then shows

lim
n→∞

(
∥un − u∥Gm

Γ ([0,T ]×Ω) + ∥vn − v∥Gm
Γ ([0,T ]×Ω)

)
= 0.

Remark 3.3.6. Theorem 3.3.5 is an approximation result for the non-autonomous, linear
system under the assumption (3.12). However, we can apply it after differentiating the
quasilinear system

∂t (α(u, x)u) = curl v − σ̃(t, x)u− f,

∂t (β(v, x)v) = − curl u− ρ̃(t, x)v − g,
t ≥ 0, x ∈ Ω±,

u× ν(x) = h, t ≥ 0, x ∈ ∂Ω,
Ju× νΓ(x)K = κ, Jv × νΓ(x)K = κ, t ≥ 0, x ∈ Γ,

u(0, x) = u0(x), v(0, x) = v0(x), x ∈ Ω±,

cf. (4.1)–(4.4), with coefficients α(x, u(t, x)), β(x, v(t, x)) depending on (u, v), where usually
one only assumes

∂ξi
α, ∂ξi

β ∈ Cm̃, (3.42)

see for example (2.2) in [35] and (4.7) below.
Given coefficients and initial values satisfying (3.11), (3.13) and (3.42) for some m ≤ k and

r ∈ {0, . . . ,m}, we may consider the r-times time differentiated system

αd(t, x)∂t (∂r
t u(t, x)) = curl ∂r

t v(t, x) − σ̃(t, x)∂r
t u(t, x) − fr(t, x),

βd(t, x)∂t (∂r
t v(t, x)) = − curl ∂r

t u(t, x) − ρ̃(t, x)∂r
t v(t, x) − gr(t, x),

t ≥ 0, x ∈ Ω±,

∂r
t u(t, x) × ν(x) = ∂r

t h(t, x), t ≥ 0, x ∈ ∂Ω,
J∂r

t u× νΓK = ∂r
t κ(t, x), J∂r

t v × νΓK = ∂r
t κ(t, x), t ≥ 0, x ∈ Γ,

where

αd(t, x) = α(x, u(t, x)) + ∂ξα(x, ξ)
∣∣
ξ=u(t,x)u(t, x) = α(x, u) +

( 3∑
ℓ=1

∂ξj
αiℓ(x, u)uℓ

)
ij

,

βd(t, x) = β(x, v(t, x)) + ∂ξβ(x, ξ)
∣∣
ξ=v(t,x)v(t, x) = β(x, v) +

( 3∑
ℓ=1

∂ξj
βiℓ(x, v)vℓ

)
ij

,

fr(t, x) = ∂r
t f(t, x) +

r∑
j=1

(
r

j

)
∂j

t σ̃(t, x)∂r−j
t u(t, x)

+
r∑

j=1

(
r

j

)
∂j

tαd(t, x)∂r−j+1
t u(t, x),
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gr(t, x) = ∂r
t g(t, x) +

r∑
j=1

(
r

j

)
∂j

t ρ̃(t, x)∂r−j
t v(t, x)

+
r∑

j=1

(
r

j

)
∂j

t βd(t, x)∂r−j+1
t v(t, x).

Hence, the time derived system has initial data and inhomogeneities which possess regularity
of level m− r, with coefficients

αd, βd ∈ Cm̃ and thus ∂tαd, ∂tβd ∈ Cm̃−1.

In this setting we can apply Theorem 3.3.5, assuming that αd, βd are uniformly positive
definite, to show convergence of approximations to ∂r

t (u, v) in Gm−r
Γ for r ≥ 1 and m ∈ N.

Moreover, if m ≤ 2 then Cm̃−1 = Cm̂ and we obtain convergence in Gm
Γ , which we use in

Section 4.4.
In order to obtain convergence in Gm

Γ for general m ∈ N, one would have to approximate
α(u), β(v) preserving the quasilinear structure, which is not possible with our current approach,
since we assume αn, βn to be independent of the solution.





CHAPTER 4

Exponential Decay of the Quasilinear Maxwell
System Due to Interior Conductivity on a Collar

In Chapter 2, we discussed the long-term behavior of the linear system. We now extend this
framework by allowing the material coefficients to depend on the solutions themselves. This
leads to the quasilinear Maxwell system

∂t(ε(x,E(t, x))E(t, x)) = curlH(t, x) − σ(x)E(t, x),
∂t(µ(x,H(t, x))H(t, x)) = − curlE(t, x),

t ≥ 0, x ∈ Ω±, (4.1)

div(µ(x)H(t, x)) = 0, t ≥ 0, x ∈ Ω±, (4.2)
E(t, x) × ν(x) = 0, ν(x) · µ(x,H(t, x))H(t, x) = 0, t ≥ 0, x ∈ ∂Ω, (4.3)
E(0, x) = E0(x), H(0, x) = H0(x), x ∈ Ω±, (4.4)

on the bounded, multiply connected domain Ω ⊂ R3. This nonlinearity introduces significant
mathematical challenges. Most notably, we can no longer rely on standard semigroup theory
for local well-posedness. Instead, we use the results of [56] on the interface problem above to
guarantee the existence of solutions (E,H) in G3. To obtain control in this norm, we have
to consider the time derivatives ∂k

t (E,H) as well. We will show exponential decay to 0 for
sufficiently small data as in Chapter 2. To do so, we adapt our previous strategy from the
linear problem by splitting ∂k

t (E,H) via a Helmholtz decomposition and subsequently proving
an observability-type estimate. This approach leads to additional error terms, which require
careful treatment at the end of this chapter.

4.1. Problem Setting
For the conductivity we require that

ω ⊆ Ω is open, ∂ω ∈ C5, σ ∈ C3(ω,R3×3
sym) with ω ⊇ Na, and σ|ω ≥ σ0 > 0, (4.5)

for some a > 0. In particular, we assume that ∂Ω ∈ C5 and that it has positive distance to
∂υ, where we recall υ = Ω \ ω and Ω± = υ ∪ ω.

Na

υ

Γ Γω

ω
a

Figure 4.1.: 2d-cut through Ω ⊂ R3. Note that suppσ = ω contains the set Na.
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We extend σ discontinuously by 0 to υ, leading to an interface problem on Γ = ∂υ with
outer unit normal νΓ of υ.

The Maxwell equations (4.1)–(4.4) then imply in the absence of surface currents the interface
conditions (see Equation (1.2) in [56])

JE × νΓK = 0, JH × νΓK = 0,

JεE · νΓK = JεE(t0) · νΓK −
∫ t

t0
JσE · νΓK dτ, JµH · νΓK = 0.

(4.6)

Assumptions on the Coefficient

The material parameters satisfy

ε, µ, ∂ξk
ε, ∂ξk

µ ∈ C3(Ω± × R3,R3×3
sym), (4.7)

for k ∈ {1, 2, 3}, where C3(Ω± × R3,R3×3
sym) is the space{

α ∈ C3(Ω± × R3,R3×3
sym) | α|υ ∈ C3(υ × R3,R3×3

sym), α|ω ∈ C3(ω × R3,R3×3
sym)

}
,

so the coefficients are C3 on either side of the interface. They are assumed to be uniformly
positive definite for vanishing fields in the sense that

ε(x, 0), µ(x, 0) ≥ 2η > 0 (4.8)

for some η > 0.
Note that the nonlinearities ε(x, ξ) and µ(x, ξ) are not required to be bounded in ξ ∈ R3.

Later on, however, the arguments E and H will be bounded and so will ε(x,E) as well as
µ(x,H). We provide the two examples for such nonlinearities from Example 2.1 in [35].

Example 4.1.1. We consider nonlinearities of the form

ε(x,E) = εlin(x) + εnl(x,E)

where εlin ∈ C3(Ω±,R3×3
sym) satisfies εlin ≥ 2ηI and the nonlinear term εnl will be constructed

in accordance with (4.7) and (4.8). For a Kerr-type isotropic nonlinearity, εnl takes the form

εnl(x,E) = a(x)φ(|E|2),

with scalar functions a ∈ C3(Ω) and φ ∈ C4([0,∞)) with φ(0) = 0, see Chapter 10.1 in [24].
To obtain a non-isotropic example we consider

εnl(x,E) =
( 3∑

j,k=1
χi

jkl(x)EjEk

)
il
,

for scalar coefficients χi
jkl ∈ C3(Ω). Material laws in the literature are often retarded and

allow for an additional frequency dependence in the coefficients. However, on longer time scales
it is reasonable to approximate such materials by instantaneous laws, see Equation (2.3.6)
and the subsequent paragraph in [2]. Under this assumption the above nonlinearity follows
from the material laws considered in Chapter 1.5 in [9] for example.

Since εnl ∈ R3×3
sym the coefficients must be symmetric with respect to {i, l}, i.e., χi

jkl = χl
jki.

Moreover, when applying the electric field εnl(x,E)E =
(∑3

j,k,l=1 χi
jkl(x)EjEkEl

)
l

we realize

that (χi
jkl
i,j,k,l) can be chosen without loss of generality to be symmetric in {j, k, l}. Combining

the two symmetries we can choose 15 independent coefficients χi
jkl for 1 ≤ i ≤ j ≤ k ≤ l ≤ 3.
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Assumptions on the Initial Values

We take initial fields
(E0, H0) ∈

(
H3

Γ(Ω)
)6
,

satisfying
µ(H0)H0 ∈ HΣ

n0(div 0) and ε(E0)E0|υ ∈ HΓ(div 0, υ), (4.9)

as well as the compatibility conditions of order 3, see Definition 3.1.2, as outlined below. These
arise since Maxwell’s equation relate time to space derivatives. In order to obtain solutions of
higher regularity the time derivatives at t = 0 have to fit to the spatial interface and boundary
conditions. Note that these conditions stay invariant under the evolution of (4.1)–(4.4), see
also the Definition 3.1.2 preceding text. In order to express the compatibility conditions we let

εd(x, ξ) := ε(x, ξ) +
( 3∑

l=1
∂ξj
εil(x, ξ)ξl

)
ij

=: ε(x, ξ) + εd,nl(x, ξ),

µd(x, ξ) := µ(x, ξ) +
( 3∑

l=1
∂ξj
µil(x, ξ)ξl

)
ij

=: µ(x, ξ) + µd,nl(x, ξ),
(4.10)

for x ∈ Ω±, ξ ∈ R3, i.e., εd equals ε up to a perturbation εd,nl, which is small for small ξ. We
further impose the definiteness assumption

ε(·, E0), εd(·, E0), µ(·,H0), µd(·, H0) ≥ η (4.11)

on Ω± on the initial values. By (4.7) and (4.8) this is true if ∥E0, H0∥H3
Γ(Ω)6 ≤ δ0

η for a
sufficiently small δ0

η > 0. We define

ε̂k(t, x) :=
{
ε(x,E(t, x)), k = 0,
εd(x,E(t, x)), k = 1, 2, 3,

t ≥ 0, x ∈ Ω±,

µ̂k(t, x) :=
{
µ(x,E(t, x)), k = 0,
µd(x,E(t, x)), k = 1, 2, 3,

t ≥ 0, x ∈ Ω±,

and set
E1

0 := εd (E0)−1 [curlH0 − σE0] ,

E2
0 := εd (E0)−1

[
curlH1

0 − σE1
0 −

( 3∑
ℓ=1

∂ξℓ
εdi,j(E0)(E1

0)ℓ

)
i,j
E1

0

]
,

H1
0 := −µd (H0)−1 curlE0,

H2
0 := −µd (H0)−1

[
curlE1

0 −
( 3∑

ℓ=1
∂ξℓ
µdi,j(H0)(H1

0 )ℓ

)
i,j
H1

0

]
,

(4.12)

requiring them to be in H(curl) respectively. We assume

trt,∂ΩE0 = trt,∂ΩE
1
0 = trt,∂ΩE

2
0 = 0, (4.13)

and the interface conditions

JE0 × νΓK = JE1
0 × νΓK = JE2

0 × νΓK = 0,
JH0 × νΓK = JH1

0 × νΓK = JH2
0 × νΓK = 0,

(4.14)

in the absence of surface currents (i.e. JΣ = 0 in [56]).
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Existence of Solutions

Under these conditions, Theorem 7.3 of [56] yields a unique solution

(E,H) ∈ G3
Γ((Tmin, Tmax) × Ω)6, (4.15)

to (4.1)–(4.4), where
⋂k

j=0C
j((Tmin, Tmax), H3−j

Γ (Ω)) =: Gk
Γ((Tmin, Tmax) × Ω), which takes

values in BH3
Γ
(0, δ0

η) and depends continuously on data. Furthermore, for (E0, H0) = 0 the
maximal existence time satisfies Tmax = ∞. So, for fixed T ∈ (0,∞), there is a number r̃ > 0
such that for all data ũ0 ∈ BH3

Γ
(0, r̃), satisfying the compatibility/interface conditions above,

the maximal existence time satisfies Tmax (ũ0) > T . Let 0 < δz ≤ δη ≤ min{1, δ0
η}. The bound

δη will be fixed in (4.26) and (4.27) below.
The flow map

Ψ: BH3
Γ

(0, r̃) → G3
Γ ((0, T ) × Ω) , ũ0 7→ u (·; ũ0) ,

is continuous, and hence for sufficiently small initial values, i.e.,

∥(E0, H0)∥H3
Γ(Ω)6 ≤ r(δz) (4.16)

for a constant r(δz) ∈ (0, r̃) depending on δz, satisfying the compatibility and interface
conditions, there exists a unique solution (E,H) ∈ G3

Γ([0, Tmax)) such that Tmax > T ,

max
0≤j≤3

(∥∥∥∂j
tE(t)

∥∥∥2

H3−j
Γ (Ω)

+
∥∥∥∂j

tH(t)
∥∥∥2

H3−j
Γ (Ω)

)
≤ δ2

z for 0 ≤ t ≤ T. (4.17)

We set
T∗ := sup

{
T̂ ∈ [0, Tmax] | (4.17) holds for t ∈ [0, T̂ ]

}
.

From the blow-up condition in Theorem 7.3 of [56] we infer that T∗ < ∞ implies

max
0≤j≤3

(∥∥∥∂j
tE(T∗)

∥∥∥2

H3−j
Γ (Ω)

+
∥∥∥∂j

tH(T∗)
∥∥∥2

H3−j
Γ (Ω)

)
= δ2

z . (4.18)

Furthermore, the condition (4.9) on the initial values is invariant under the evolution of the
system, which follows from (4.1) and Proposition IX.1.3 in [16] on υ for the electric field and
Proposition IX.1.4 in [16] for the magnetic field.

Lemma 4.1.2. Let (E0, H0) ∈
(
H3

Γ(Ω)
)6 satisfy (4.9). Then the solution (E,H) of (4.15)

satisfies

εE|υ ∈ HΓ(div 0, υ) and µH ∈ HΣ
n0(div 0) for all t ∈ (Tmin, Tmax).

Non-Trapping Conditions

In order to show decay, we assume the following non-trapping condition in the non-dissipative
region and on a neighborhood of Γ. Let x0 ∈ R3 and m(x) := x− x0. Then,

ε̃(x, ξ)|ξ=0 := (ε+ (m(x) · ∇x)ε) (x, ξ)|ξ=0 ≥ 2η̃ε(x, 0),
µ̃(x, ξ)|ξ=0 := (µ+ (m(x) · ∇x)µ)(x, ξ)|ξ=0 ≥ 2η̃µ(x, 0),

(4.19)

for x ∈ υ ∪ Nb(Γ) and some constants η̃, b > 0. This condition conceptually limits back
reflection of the solutions towards x0, forcing the fields towards the interior of ω, where we
assumed dissipation to occur. We transfer (4.19) to εd and µd using

ε̃d(x, ξ) := (εd +m · ∇xεd)(x, ξ),
µ̃d(x, ξ) := (µd +m · ∇xµd)(x, ξ).

(4.20)
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The non-trapping condition (4.19) implies

ε̃d(x, 0) = (ε̃+ εd,nl +m · ∇xεd,nl)(x, 0) = ε̃(x, 0) ≥ 2η̃εd(x, 0),
µ̃d(x, 0) = (µ̃+ µd,nl +m · ∇xµd,nl)(x, 0) = µ̃(x, 0) ≥ 2η̃µd(x, 0),

at (x, 0) for x ∈ υ ∪ Nb(Γ).
Furthermore, we require the non-trapping interface condition

(m · νΓ)JεdK ≤ 0,
(m · νΓ)JµdK ≤ 0,

on Γ, (4.21)

to also limit reflections at the interface. Note that this condition involves the solution and
might therefore be hard to verify directly. However, this condition is for example satisfied for
small solutions if we assume

(m · νΓ)Jε(x, 0)K < 0,
(m · νΓ)Jµ(x, 0)K < 0,

(4.22)

for x ∈ Γ.
Let us quickly illustrate what happens on the (unbounded) half-space if this condition is

violated.

Example 4.1.3. Let ω = R3
+ := {x3 > 0}, υ = R3

− and Ω = υ ∪· Γ ∪· ω with νΓ =
( 0

0
1

)
. Set

m(x) = x−
( 0

0
−1

)
and therefore m · νΓ = 1 on Γ. Assume that ε|υ > ε|ω is piecewise constant

(violating (4.22)), µ is constant, and σ = 0 on R3. Then, an easy calculation show that the
plane waves

(E,H) =
(
aEei(k·x−ωt), aHei(k·x−ωt)

)
(4.23)

for the wave vector k ∈ R3, angular frequency ω = |k|√
µε , and amplitudes aE , aH ∈ R3 satisfying

aE ⊥ aH ⊥ k with k × aE = µωaH or equivalently k × aH = −εωaE , solve (4.1) and (4.2).
The behavior at the interface Γ = {x3 = 0} is given by Snell’s law. It can be derived from the
interface conditions (4.6)

JE × νΓK = 0, JH × νΓK = 0,

as follows. We assume that an incident plane wave (Ei, Hi) ̸= 0 in υ gets reflected as a plane
wave (Er, Hr) at the interface Γ and transmitted as another plane wave (Et, Ht) into ω. Thus,
the interface condition implies

trt,υ(aE
i ei(ki·x−ωit) + aE

r ei(kr·x−ωrt)) = trt,ω(aE
t ei(kt·x−ωtt)),

trt,υ(aH
i ei(ki·x−ωit) + aH

r ei(kr·x−ωrt)) = trt,ω(aH
t ei(kt·x−ωtt)),

where ks, ωs, a
E
s , a

H
s for s ∈ {i, r, t} are the parameters of the waves as in (4.23). In order for

these equations to be satisfied for all x ∈ Γ and t ≥ 0 one sees that the exponents have to
agree on Γ, i.e.,

ki · x− ωit = kr · x− ωrt = kt · x− ωtt,

ki · x− ωit = kr · x− ωrt = kt · x− ωtt.

In particular ωi = ωr = ωt. Likewise,

ki · x = kr · x = kt · x (4.24)
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for x ∈ Γ.
Without loss of generality assume that ki lies in the x1x3-plane, i.e., ki ·

( 0
1
0

)
= ki,x2 = 0.

Otherwise, rotate the coordinate system around νΓ accordingly. Thus, by (4.24) we also see
that kt,x2 = 0. If we denote θi and θt to be the angle between ki respectively kt and νΓ =

( 0
0
1

)
,

then (4.24) leads to Snell’s law

sin(θi) |ki| = ki,x1 = kt,x1 = sin(θt) |kt| , (4.25)

see Figure 4.2 below for an illustration of this relationship. Now our assumption that ε|υ > ε|ω
and |ki|√

µε|υ
= ωi = ωt = |kt|√

µε|ω
lead to |ki| > |kt|. This however means that there exists a

critical angle

θc = arcsin
(√

ε|ω
ε|υ

)
∈ (0, π

2 )

such that for θi > θc Equation (4.25) can no longer be satisfied, i.e., the incident wave cannot
be transmitted as a plane wave into ω. It turns out that in this case the wave gets completely
reflected back into υ.

ω = R3
+

Permittivity: ε|ω

υ = R3
−

Permittivity: ε|υ ε|υ > ε|ω =⇒ |ki| > |kt|

Γ = {x3 = 0}

νΓ

ki kr

kt

ki,c

kt,c

θi

θt

θc

ki,x1
kt,x1

Figure 4.2.: Note, for θi approaching θc the angle of the transmitted wave θt goes to π
2 .

Heuristically, the non trapping interface condition (4.21) therefore ensures that our solution
is never fully back reflected at the interface Γ.

We assume without loss of generality that η ≤ η̃ and fix δη ∈
(
0,min{1, δ0

η}
)

(see (4.17))
such that

ε̂k ≥ η, µ̂k ≥ η, for x ∈ Ω±, (4.26)

and
ε̃(E) ≥ ηε(E), ε̃d(E) ≥ ηεd(E),
µ̃(H) ≥ ηµ(H), µ̃d(H) ≥ ηµd(H),

for x ∈ υ ∪ Nb(Γ), (4.27)

is satisfied for all t ∈ [0, T∗).

So, to summarize we assume the following:
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(Hq)

Let Ω ⊂ R3 be open, bounded and multiply connected, and ∂Ω ∈ C5 have
connected components ∂Ω0, . . . , ∂ΩK . Let ω ⊆ Ω with C5-boundary such that the
conductivity σ is supported on ω and satisfies (4.5). We assume the permittivity
ε and permeability µ to satisfy (4.7) and (4.8). Let the initial values (E0, H0) ∈(
H3

Γ(Ω)
)6 satisfy (4.9) as well as the compatibility and smallness conditions

(4.13), (4.14), and (4.16). In (4.16) we assume that 0 < δz ≤ δη ≤ 1 so that the
coefficients are positive definite, see (4.26), and that the non-trapping condition
(4.27) on υ∪Nb(Γ) is satisfied. In addition, we assume the non-trapping interface
condition (4.21).

4.2. Notation, Assumptions and Auxiliary Results
Reformulations of Maxwell Equations

Let k ∈ {0, 1, 2, 3}. We will study the time derivatives of the solutions ∂k
t (E,H) ∈ G3−k

Γ of
(4.1)–(4.4) from Section 4.1 separately. To this end, we define the commutator terms

f0 = f1 = 0, f2 = (∂tεd(·, E))∂tE, f3 = (∂2
t εd(·, E))∂tE + 2(∂tεd(·, E))∂2

tE,

g0 = g1 = 0, g2 = (∂tµd(·, H))∂tH, g3 = (∂2
t µd(·, H))∂tH + 2(∂tµd(·, H))∂2

tH.

Then, with the definitions above the time-derived solutions satisfy

∂k
t (εE) = ε̂k∂

k
t E + fk, ∂k

t (µH) = µ̂k∂
k
t H + gk on Ω, (4.28)

and solve for k ∈ {0, 1, 2} the Maxwell system

∂t(ε̂k∂
k
t E) = curl ∂k

t H − σ∂k
t E − ∂tfk,

∂t(µ̂k∂
k
t H) = − curl ∂k

t E − ∂tgk,
t ≥ 0, x ∈ Ω, (4.29)

J∂k
t E × νΓK = 0, J∂k

t H × νΓK = 0, t ≥ 0, x ∈ Γ, (4.30)
trt ∂

k
t E = 0, trn µ̂k∂

k
t H = − trn gk, t ≥ 0, x ∈ ∂Ω, (4.31)

in the sense of Sobolev spaces.
Using the commutator terms

f̃0 := 0, f̃k :=
k∑

j=1

(
k

j

)
∂j

t εd∂
k+1−j
t E,

g̃0 := 0, g̃k :=
k∑

j=1

(
k

j

)
∂j

tµd∂
k+1−j
t H,

one can also derive from (4.1)–(4.4) the system

εd∂t(∂k
t E) = curl ∂k

t H − σ∂k
t E − f̃k,

µd∂t(∂k
t H) = − curl ∂k

t E − g̃k,
t ≥ 0, x ∈ Ω, (4.32)

J∂k
t E × νΓK = 0, J∂k

t H × νΓK = 0, t ≥ 0, x ∈ Γ, (4.33)
trt ∂

k
t E = 0, t ≥ 0, x ∈ ∂Ω. (4.34)

Both are needed below. We apply the divergence to (4.1) and (4.32), obtaining

div(εE) = div(ε(E0)E0) −
∫ t

0
div(σE) dτ, div(µH) = 0,

div(εd∂
k
t E) = − div(σ∂k−1

t E + f̃k−1), div(µd∂
k
t H) = − div g̃k−1,
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on Ω± for k ≠ 0. We observe that for k = 3 the right-hand side of (4.35) lies in L2(Ω).
Therefore, for k ∈ {0, 1, 2, 3} the term (ε̂k∂

k
t E, µ̂k∂

k
t H) lies in H(div,Ω±)2. By the trace

theorem, see for example Theorem 2.2.18 in [5], its normal trace on either side of the
interface exists in H−1/2(Γ), allowing us to derive interface conditions for the normal jump for
k ∈ {1, 2, 3} in addition to (4.6). For k ∈ {1, 2, 3} and ψ ∈ C∞

c (Ω), the divergence theorem,
(4.32), and (4.30) yields〈

J(εd∂
k
t E + σ∂k−1

t E + f̃k−1) · νΓK, ψ
〉

H−1/2(Γ)×H1/2(Γ)

=
∫

Ω±

(
ψ div(εd∂

k
t E + σ∂k−1

t E + f̃k−1) + ∇ψ · (εd∂
k
t E + σ∂k−1

t E + f̃k−1)
)

dx

=
∫

Ω±

(
ψ div(curl ∂k−1

t H) + ∇ψ · (curl ∂k−1
t H)

)
dx =

∫
Ω±

∇ψ · (curl ∂k−1
t H) dx

= ⟨∇ψ, JνΓ × ∂k−1
t HK⟩H−1/2(Γ)×H1/2(Γ) = 0.

Therefore,
r(
εd∂

k
t E
)

· νΓ
z

= − tr∂ω

((
σ∂k−1

t E
)

· νΓ
)

−
r
f̃k−1 · νΓ

z
for k ≥ 1, (4.35)

where the equality holds in H1/2(Γ) due to the regularity of the right-hand side. Likewise, one
can show the analogous interface condition for the jump in normal direction of the magnetic
field r(

µd∂
k
t H
)

· νΓ
z

= −
r
g̃k−1 · νΓ

z
for k ≥ 1.

Equations (4.31), (4.32), and Lemma A.1.2 thus result in

µd∂
k
t H + g̃k−1 ∈ Hn0(div 0) for k ≥ 1. (4.36)

Energies and Error Terms

We set

ek(t) := 1
2 max

0≤j≤k

(∥∥∥ε̂1/2
j ∂j

tE(t)
∥∥∥2

L2(Ω)
+
∥∥∥µ̂1/2

j ∂j
tH(t)

∥∥∥2

L2(Ω)

)
, e := e3,

dk(t) := max
0≤j≤k

∥∥∥σ1/2∂j
tE(t)

∥∥∥2

L2(Ω)
, d := d3, (4.37)

zk(t) := max
0≤j≤k

(∥∥∥∂j
tE(t)

∥∥∥2

Hk−j
Γ (Ω)

+
∥∥∥∂j

tH(t)
∥∥∥2

Hk−j
Γ (Ω)

)
, z := z3.

One can show the following estimates as in [35]. We will need them to estimate error and
commutator terms. We occasionally apply the lemma without referencing it explicitly.

Lemma 4.2.1 (Error estimates). We have

∥ε̂k(E)(t)∥∞ , ∥µ̂k(t)∥∞ ,
∥∥ε̂k(E)−1(t)

∥∥
∞,
∥∥µ̂k(H)−1(t)

∥∥
∞ ≤ c,

∥∂αε̂k(E)(t)∥L2(Ω) , ∥∂
αµ̂k(H)(t)∥L2(Ω) ≤ c

(
z

1/2
k (t) + δα0=0

)
,

max
k∈{0,1,2,3},j∈{0,1}

(∥∥∂j
t fk(t)

∥∥
H4−j−k

Γ
+
∥∥∂j

t gk(t)
∥∥

H4−j−k
Γ

)
≤ cz(t),

max
k∈{0,1,2,3}

(∥∥f̃k(t)
∥∥

H3−k
Γ

+
∥∥g̃k(t)

∥∥
H3−k

Γ

)
≤ cz(t),

max
k∈{0,1,2}

(∥∥∂tf̃k(t)
∥∥

H2−k
Γ

+
∥∥∂tg̃k(t)

∥∥
H2−k

Γ

)
≤ cz(t).
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Here the multiindex α ∈ N0 × N3
0 satisfies |α| = k ≤ 3 with α0 ∈ N0 corresponding to the

derivative in time ∂(α0,0,0,0) = ∂α0
t , and (α1, α2, α3) ∈ N3

0 denoting the spatial derivatives.

Sketch of proof for Lemma 4.2.1. We carry out the proof for fk, since for gk the argument
can be repeated. For k ∈ {0, 1} the commutator term fk vanishes and there is nothing to show.
Notice that H2

Γ(Ω) ↪→ L∞(Ω) and therefore E and ∂tE are bounded. Since εd is assumed to
belong to C3(Ω± × R3), we can estimate the time derivative of

f3 =
[ 3∑

i,j=1
∂ξi,ξj

εd(·, E)∂tEi∂tEj

]
∂tE +

[ 3∑
i=1

∂ξi
εd(·, E)∂2

tEi

]
∂tE

+ 2
[ 3∑

i=1
∂ξi
εd(·, E)∂tEi

]
∂2

tE =: f3,1 + f3,2 + 2f3,3

for instance by

∥∂tf3,1∥L2(Ω) =

∥∥∥∥∥∥∂t

[( 3∑
i,j=1

∂ξi,ξj
εd(·, E)∂tEi∂tEj

)
∂tE

]∥∥∥∥∥∥
L2(Ω)

≤

∥∥∥∥∥∥
( 3∑

i,j,k=1
∂ξi,ξj ,ξk

εd(·, E)∂tEi∂tEj∂tEk

)
∂tE

∥∥∥∥∥∥
L2(Ω)

+

∥∥∥∥∥∥2
( 3∑

i,j=1
∂ξi,ξj

εd(·, E)∂2
tEi∂tEj

)
∂tE

∥∥∥∥∥∥
L2(Ω)

+

∥∥∥∥∥∥
( 3∑

i,j=1
∂ξi,ξj

εd(·, E)∂tEi∂tEj

)
∂2

tE

∥∥∥∥∥∥
L2(Ω)

≲
3∑

i,j=1

(
∥∂tEi∥L∞(Ω) ∥∂tEj∥L2(Ω) +

∥∥∥∂2
tEi

∥∥∥
L2(Ω)

∥∂tEj∥L∞(Ω)

+ ∥∂tEi∥L∞(Ω)

∥∥∥∂2
tEj

∥∥∥
L2(Ω)

)
≲

3∑
i,j=1

(
∥∂tEi∥H2

Γ(Ω) ∥∂tEj∥L2(Ω) +
∥∥∥∂2

tEi

∥∥∥
L2(Ω)

∥∂tEj∥H2
Γ(Ω)

+ ∥∂tEi∥H2
Γ(Ω)

∥∥∥∂2
tEj

∥∥∥
L2(Ω)

)
≲ z(t).

Analogous estimates for ∥∂tf3,2∥L2(Ω) and ∥∂tf3,3∥L2(Ω) can be shown, using also the embedding
H1

Γ(Ω) ↪→ L6(Ω). In a similar way one obtains bounds on ∥f2∥H2
Γ(Ω) , ∥∂tf2∥H1

Γ(Ω), and
∥f3∥H1

Γ(Ω).

The error estimates are often applied implicitly in combination with the following lemma,
see Lemma 2.1 in [56] and the proof of Lemma 2.22 in [58]. It is shown by combining the
usual Sobolev embeddings with Hölder’s inequality.

Lemma 4.2.2. Let m1,m2 ∈ N0 with m1 ≥ m2 and m1 ≥ 2.
a) Let k ∈ {0, . . . ,m1}, f ∈ Hm1−k

Γ (Ω) and g ∈ Hk
Γ(Ω). Then,

fg ∈ L2(Ω) with ∥fg∥L2(Ω) ≲ ∥f∥
H

m1−k

Γ
∥g∥Hk

Γ
.
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b) Let f ∈ Hm1
Γ (Ω) and g ∈ Hm2

Γ (Ω). Then

fg ∈ Hm2
Γ (Ω) with ∥fg∥H

m2
Γ

≲ ∥f∥H
m1
Γ

∥g∥H
m2
Γ
.

Integration by parts shows the following energy estimate (for k = 3 an additional approxi-
mation argument is required, see Theorem 3.3.5), cf. Section 4 in [35].

Lemma 4.2.3 (Energy estimates). The energies ek are decreasing up to an error term,
namely for k ∈ {0, 1, 2, 3}

ek(t) +
∫ t

s
dk(τ) dτ ≤ ek(s) + c

∫ t

s
z3/2(τ) dτ.

Because of the time integral in (4.35), for instance, we cannot treat (E,H) directly. Instead
we use the next result, where we estimate the usual energy through that of the time derivatives.
Here we make use of our assumption that σ either vanishes or is uniformly positive.

Lemma 4.2.4. For all 0 < t < T∗ we have

e0(t) ≲ e1(t).

The proof uses ideas from Theorem 5.4 of [49] for the linear, constant coefficients case and
is similar to the proof of Lemma 2.3.3.

Proof. Condition (Hq), Maxwell equations (4.1), and (4.3), integration by parts and (4.28)
lead to

σ0

∫
ω

|E(t)|2 dx ≤
∫

Ω
σE(t) · E(t) =

∫
Ω

(
−∂t(εE(t)) + curlH(t)

)
· E(t) dx

= −
∫

Ω
εd∂tE(t) · E(t) −

∫
Ω
H(t) · µd∂tH(t) dx

≲
√
e0(t)

√
e1(t). (4.38)

Using Lemma 4.1.2, Lemma A.1.3 b) and (4.32), we then estimate the magnetic field by

∥H(t)∥2
L2(Ω) ≲ ∥curlH(t)∥2

L2(Ω) ≲ ∥εd∂tE(t)∥2
L2(Ω) + ∥σE(t)∥2

L2(Ω) (4.39)

≲ e1(t) +
√
e0(t)e1(t).

It remains to control E on υ. Using (4.9), Lemma 2.3.2 yields

∥E(t)∥L2(υ) ≲ ∥curlE(t)∥2
L2(υ) + ∥trtE(t)∥H−1/2(∂υ) .

Since E ∈ H(curl), Lemma A.1.2 shows that trt,∂υ E = trt,∂ω E on ∂υ. From the trace
estimate and applying Equation (4.32) twice we thus deduce

∥E(t)∥L2(υ) ≲ ∥curlE(t)∥L2(υ) + ∥trtE(t)∥
H− 1

2 (∂ω)
≲ ∥µd∂tH(t)∥L2(υ) + ∥E(t)∥H(curl,ω)

≲ ∥µd∂tH(t)∥L2(Ω) + ∥E(t)∥L2(ω) .

Combined with (4.38) and (4.39), we arrive at

e0(t) ≤ c1

√
e0(t)

√
e1(t) + c2e1(t) ≤ 1

2e0(t) + Ce1(t),

which yields the assertion.
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4.3. Helmholtz Decomposition
We split our solution ∂k

t (E,H) ∈ G3−k
Γ into a divεd-free and a curl-free part, adjusting the

interface and boundary conditions in such a way that the curl operator behaves well with
the fields. Since we only show the observability estimate for k ≥ 1, it suffices to consider
k ∈ {1, 2, 3}, simplifying the notations slightly. For the case of k = 0, we then rely on
Lemma 4.2.4 in the proof of exponential decay.

Electric Helmholtz Decomposition

To construct the curl-free part, we consider the elliptic interface problem

div(εd∇pk) = div(εd∂
k
t E) = − div(σ∂k−1

t E + f̃k−1) on Ω±, (4.40)
JpkK = 0 on Γ, (4.41)

Jtrn(εd∇pk)K = Jtrn(εd∂
k
t E)K on Γ, (4.42)

pk = 0 on ∂Ω0, (4.43)
pk constant on ∂Ωℓ, and
0 = ⟨trn εd(∇pk − ∂k

t E),1⟩
H− 1

2 (∂Ωℓ)
,

∀ ℓ ∈ {1, . . . ,K}. (4.44)

In (4.40) we use (4.32) for k− 1. Observe that the right-hand side of (4.40) belongs to L2(Ω),
so that the first-order conditions on Γ and ∂Ωℓ in (4.42) and (4.44) are well-defined in H−1/2.
For the weak formulation, we use the space

Hc :=
{
φ ∈ H1(Ω)

∣∣ φ = 0 on ∂Ω0, φ constant on ∂Ωℓ, ∀ ℓ ∈ {1, . . .K}
}
,

endowed with the norm of H1(Ω). We introduce the form

B[u, v] = BE,k[u, v] :=
∫

Ω
∇u · εd∇v dx on Hc

and set
ℓ(v) = ℓE,k(v) := −

∫
Ω

(σ∂k−1
t E + f̃k−1) · ∇v dx

for v ∈ Hc. Then the weak formulation of (4.40)–(4.44) reads as

BE,k[pk, φ] = ℓE,k(φ) for all φ ∈ Hc. (4.45)

Clearly, B and ℓ are bounded on Hc, and B is coercive by Theorem 13.6.9 in [64]. The
Lax–Milgram lemma thus yields a unique solution pk = pk(t) ∈ Hc of (4.45) with

∥pk∥H1(Ω) ≲ ∥ℓ∥H∗
c

= sup
∥φ∥Hc

=1
|ℓE,k(φ)| ≲

∥∥∥σ∂k−1
t E + f̃k−1

∥∥∥
L2(Ω)

≲ d1/2 + z, (4.46)

where we also used Lemma 4.2.1. Since the map G3 → H∗
c ;E 7→ ℓE,k is continuous and

bounded, we obtain a continuous and bounded mapping G3 → Hc; E 7→ pk.
We verify that the solution to (4.45) solves (4.40)–(4.44). Since pk ∈ Hc, it satisfies (4.43)

and the first part of (4.44) in H1/2, as well as (4.41) by Lemma A.1.2. Note that εd∂
k
t E−εd∇pk

belongs to H(div 0,Ω), since (4.45) holds in particular for H1
0 (Ω) ⊆ Hc. Therefore, again by

Lemma A.1.2, pk also satisfies (4.42) in H−1/2. In particular, the last boundary condition in
(4.44) is well-defined. It follows from (4.45) by inserting φℓ ∈ Hc with φℓ|∂Ωj

= δℓj for ℓ ≠ 0
via

0 =
∫

Ω
(εd∂

k
t E − εd∇pk) · ∇φℓ dx = ⟨trn(εd∂

k
t E − εd∇pk),1⟩

H− 1
2 (∂Ωℓ)

.

Based on elliptic regularity, Lemma 4.3.1 below furthermore shows that pk ∈ H2
Γ(Ω).
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Magnetic Helmholtz Decomposition

For H we solve the following Neumann problem to correct for the jump over the interface

div(µd∇qk) = div(µd∂
k
t H) = − div(g̃k−1) on Ω,

JqkK = 0 on Γ,
Jtrn(µd∇qk)K = Jtrn(µd∂

k
t H)K on Γ,

trn(µd∇qk) = trn(µd∂
k
t H) = − trn(g̃k−1) on ∂Ω.

(4.47)

We define the space Hn(Ω) := {φ ∈ H1(Ω) |
∫

Ω φ dx = 0} of functions with zero mean. As for
(4.40)–(4.44), we introduce the form

B[u, v] = BH,k[u, v] :=
∫

Ω
∇u · µd∇v dx on H1(Ω)

and set
ℓ(v) = ℓH,k(v) := −

∫
Ω
g̃k−1 · ∇v dx

for v ∈ H1(Ω). Then the weak formulation of (4.47) reads as

BH,k[qk, φ] = ℓH,k(φ) for all φ ∈ H1(Ω). (4.48)

By the Poincaré inequality, see for example Section 5.8.1 in [23], the form B is coercive on
Hn(Ω). Thus, as before Lax–Milgram provides a unique weak solution qk ∈ Hn(Ω) satisfying
(4.48) with

∥qk∥H1(Ω) ≲ ∥ℓ∥(Hn)∗ = sup
∥φ∥Hn

=1
|ℓH,k(φ)| ≲ z. (4.49)

As above, the map G3 → Hn; H 7→ qk is continuous and bounded. Moreover, qk satisfies
(4.47).

Estimates for pk and qk

The following Lemma guarantees that the correction terms belong toH2
Γ(Ω), since div(εd∂

k
t E) ∈

L2(Ω) by Maxwell.

Lemma 4.3.1. Let k ∈ {1, 2, 3}. The weak solutions (pk, qk) of (4.45) respectively (4.48) lie
in H2

Γ(Ω).

Proof. 1) We focus on pk as the proof for qk is similar. Let χj ∈ C∞(Ω) be smooth cutoffs
satisfying χj |(∂Ω)ℓ

= δjℓ and χj |Γ = 0 for j ∈ {0, . . . ,K}. We set

h :=
K∑

j=0
χjcj ∈ C∞(Ω) ⊆ H2(Ω),

where pk|(∂Ω)j
= cj . (By Theorem 1.5.1.2 in [28] also general inhomogeneous Dirichlet data h

in H3/2(∂Ω) could be considered.) Let p̃k := pk − h. Then p̃k is a weak solution of

div(εd∇p̃k) = div(εd(∂k
t E − ∇h)) = − div(σ∂k−1

t E + f̃k−1 + ∇h) =: f on Ω,
Jp̃kK = 0 on Γ,

Jtrn(εd∇p̃k)K = Jtrn(εd∂
k
t E)K = − tr∂ω

(
σ∂k−1

t E · νΓ
)

− Jtrn f̃k−1K =: g on Γ,

p̃k = 0 on ∂Ω,
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where we used (4.32) as well as (4.35). By Lemma 4.2.1 we have

f ∈ L2(Ω) and g ∈ H1/2(Γ).

By an elliptic regularity result for the transmission problem above, see Theorem 5.3.7 in [13]
or Theorem 1.4 in [10], the weak solution p̃k lies in H2

Γ(Ω) and satisfies∥∥p̃k
∥∥

H2
Γ
≲ ∥f∥L2(Ω) + ∥g∥H1/2(∂Ω) +

∥∥p̃k
∥∥

H1
Γ
.

Therefore, also pk = p̃k + h belongs to H2
Γ(Ω).

2) We can apply Theorem 5.3.7 in [13] directly to qk as the solution of the transmission
problem (4.48) with Neumann boundary conditions. Then qk also lies in H2

Γ(Ω) and satisfies
a similar estimate.

We can bound the curl-free part of the decomposition as follows, cf. Proposition 5.2 in [49]
for constant, scalar ε and µ.

Lemma 4.3.2. Let k ∈ {1, 2, 3} and τ ∈ [0, T∗). Then (∇pk,∇qk) ∈ C1([0, T∗), L2(Ω)) with

∥∂j
t ∇pk(τ)∥2

L2(Ω), ∥∂
j
t ∇qk(τ)∥2

L2(Ω) ≲ d(τ) + z2(τ) for j ∈ {0, 1}.

Proof. We only consider the case for pk, since the other case follows similarly. First, we show
that εd∇pk + f̃k−1 is differentiable. Let h ∈ L2(Ω). We decompose h into

h = ε
1/2
d ∇φ⊕ ε

−1/2
d Ψ

for φ ∈ Hc and Ψ ∈ H∂Ω(div 0) satisfying JνΓ · ΨK = 0 on Γ. To prove this decomposition, we
solve the elliptic problem∫

Ω
εd∇φ · ∇v dx =

∫
Ω
ε

1/2
d h · ∇v dx for all v ∈ Hc, (4.50)

which by the Lax–Milgram lemma yields a unique solution φ ∈ Hc with ∥ε1/2
d ∇φ∥L2 ≲ ∥h∥L2 ,

analogous to the weak formulation for pk. Defining Ψ := ε
1/2
d h− εd∇φ, we immediately see

that
∫

Ω Ψ · ∇v dx = 0 for all v ∈ Hc, which implies the stated divergence and trace properties
of Ψ as above. Furthermore, the difference satisfies ∥ε−1/2

d Ψ∥L2 ≲ ∥h∥L2 . By setting v = φ in
(4.50), the orthogonality in L2(Ω) follows. This decomposition leads to∫

Ω
(ε1/2

d ∇pk + ε
−1/2
d f̃k−1) · h dx

=
∫

Ω
(εd∇pk + f̃k−1) · ∇φ dx+

∫
Ω

(ε−1
d f̃k−1) · Ψ dx

= −
∫

Ω
div(εd∇pk + f̃k−1)φ dx+

∮
∂Ω
ν · (εd∇pk + f̃k−1)φ dς

+
∮

Γ
JνΓ · (εd∇pk + f̃k−1)Kφ dς +

∫
Ω

(ε−1
d f̃k−1) · Ψ dx. (4.51)

We take a closer look at the integral at the boundary. Recall that φ ∈ Hc, i.e., it is zero on
∂Ω0 and constant, say cℓ, on each ∂Ωℓ for ℓ ∈ {1, . . . ,K}. Hence, by (4.44) yields∮

∂Ωℓ

ν · εd∇pk dς =
∮

∂Ωℓ

ν · εd∂
k
t E dς.
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Moreover, Stokes’ theorem provides
∮

∂Ωℓ
ν · curl(∂k−1

t H) dς = 0 as ∂Ωℓ has no boundary in
∂Ω. So, (4.32) yields∮

∂Ω
ν · (εd∇pk + f̃k−1)φ dς

=
K∑

ℓ=1
cℓ

∮
∂Ωℓ

ν · (εd∂
k
t E + f̃k−1) dς

=
K∑

ℓ=1
cℓ

∮
∂Ωℓ

ν · (curl(∂k−1
t H) − σ∂k−1

t E − f̃k−1 + f̃k−1) dς

= −
∮

∂Ω
ν · (σ∂k−1

t E)φdς.

Inserting this, (4.42) and (4.35) into (4.51), we derive∫
Ω

(ε1/2
d ∇pk + ε

−1/2
d f̃k−1) · h dx

=
∫

Ω
div(σ∂k−1

t E)φdx−
∮

∂Ω
ν · (σ∂k−1

t E)φdς −
∮

Γ
JνΓ · (σ∂k−1

t E)Kφdς

+
∫

Ω
(ε−1

d f̃k−1) · Ψ dx

= −
∫

Ω
(σ∂k−1

t E) · ∇φ dx+
∫

Ω
(ε−1

d f̃k−1) · Ψ dx, (4.52)

by means of the divergence theorem on υ and ω. Since the right-hand side is continuously
differentiable in time, the differences and Cauchy sequences of difference quotients in time
of the left-hand side converge in L2(Ω)∗ ≃ L2(Ω). (Recall that ∥∇φ∥L2 , ∥Ψ∥L2 ≲ ∥h∥L2 .) It
easily follows that ε1/2

d ∇pk + ε
−1/2
d f̃k−1 belongs to C1([0, T∗), L2(Ω)) and thus also ∇pk by

the properties of εd and f̃k−1. The differentiated version of (4.52) further yields∥∥∥∂t(εd∇pk)
∥∥∥

L2(Ω)
≲
∥∥∥∂t(ε1/2

d ∇pk + ε
−1/2
d f̃k−1)

∥∥∥
L2(Ω)

+
∥∥∥(∂tε

1/2
d )ε1/2

d ∇pk
∥∥∥

L2(Ω)

+
∥∥∥∂t(ε−1/2

d f̃k−1)
∥∥∥

L2(Ω)

≲
∥∥∥σ∂k

t E
∥∥∥

L2(Ω)
+
∥∥∥∂t(ε−1

d f̃k−1)
∥∥∥

L2(Ω)

+
∥∥∥(∂tε

1/2
d )ε1/2

d ∇pk
∥∥∥

L2(Ω)
+
∥∥∥∂t(ε−1/2

d f̃k−1)
∥∥∥

L2(Ω)

≲ d1/2(τ) + z(τ),

where we used (4.46) and
∥∥∥∂tε

1/2
d

∥∥∥
H2

Γ
≲ z1/2(τ) in the final inequality.

Next, we subtract (pk, qk) from ∂k
t (E,H), obtaining the divergence-free part of our Helmholtz

decomposition.

Definition 4.3.3. For k ∈ {1, 2, 3} we set

V k := ∂k
t E − ∇pk ∈ C([0, T∗), H(divεd 0)),

W k := ∂k
t H − ∇qk ∈ C([0, T∗), Hn0(divµd 0)).

(4.53)

Remark 4.3.4. In the following, for k = 3 several trace terms might not exist in L2. To justify
the calculations we therefore, using Theorem 3.3.5, first approximate the data and coefficients
in the Maxwell system (4.29)–(4.31) for k = 3 to obtain solutions (E3

n, H
3
n) ∈ G1

Γ([0, T∗)).
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By Lemma 4.3.1 the corresponding weak solutions (p3
n, q

3
n) of (4.45) and (4.48) already lie

in H2
Γ(Ω) for t ∈ [0, T∗). Thus, also (V 3

n ,W
3
n) := (E3

n, H
3
n) − (∇p3

n,∇q3
n) belongs to H1

Γ(Ω)
for t ∈ [0, T∗). The observability estimate in Proposition 4.4.1 for k = 3 only depends on
(V 3

n ,W
3
n) in the G0-norm and therefore also holds for the original solution (V 3,W 3) ∈ G0 by

taking the limit n → ∞. Here we use Theorem 3.3.5 and the above observations on ∇(pk, qk).
In the following we drop the index to simplify the notation.

By the properties of pk and qk, the functions satisfy

curlV k = curl ∂k
t E, εdV

k ∈ H∂Ω(div 0),
curlW k = curl ∂k

t H, µdW
k ∈ Hn0(div 0),

(4.54)

For the last assertion on εdV
k, the condition ⟨trn εdV

k,1⟩
H− 1

2 (∂Ωi)
= 0 is clear by (4.44) for

i ̸= 0. For i = 0 it then follows from div(εdV
k) = 0 which yields ⟨trn εdV

k,1⟩
H− 1

2 (∂Ω)
= 0.

Crucially, (pk, qk) were constructed in such a way that

trt,∂Ω V
k = JV k × νΓK = JW k × νΓK = 0,

trn,∂Ω(µdW
k) = JεdV

k · νΓK = JµdW
k · νΓK = 0,

(4.55)

in H1/2 preserving (4.30), see also Remark 4.3.4 for k = 3.
We prove two results needed in the observability estimate. Lemmas 4.2.3 and 4.3.2 yield

the following energy estimate for (V k,W k).

Lemma 4.3.5. For 0 ≤ s ≤ t < T∗ we have∥∥∥(V k,W k)(t)
∥∥∥2

L2(Ω)
≲ e(t) +

∥∥∥(∇pk,∇qk)(t)
∥∥∥2

L2(Ω)

≲ e(t) + z2(t)

≲ e(s) +
∫ t

s
z3/2(τ) dτ + z2(t).

Next, we compare (V k,W k) to ∂t(V k−1,W k−1) for k ≥ 1.

Lemma 4.3.6. Let k ∈ {1, 2, 3}. Then for 0 ≤ τ < T∗∥∥∥(V k − ∂tV
k−1)(τ)

∥∥∥
L2(Ω)

≲
∥∥∥((∂tεd)∇pk−1)(τ)

∥∥∥
L2(Ω)

≲ z3/2(τ),∥∥∥(W k − ∂tW
k−1)(τ)

∥∥∥
L2(Ω)

≲
∥∥∥((∂tµd)∇qk−1)(τ)

∥∥∥
L2(Ω)

≲ z3/2(τ).

Proof. We only consider V k, since for W k the argument works in a similar way. Note that
V k − ∂tV

k−1 = ∇pk − ∂t∇pk−1 solves

divεd(∇pk − ∂t∇pk−1) = divεd ∂
k
t E − divεd ∂

k
t E − div∂tεd ∇pk−1.

As in (4.46) we then deduce∥∥∥(V k − ∂tV
k−1)(τ)

∥∥∥
L2(Ω)

≲
∥∥∥((∂tεd)∇pk−1)(τ)

∥∥∥
L2(Ω)

≲ ∥(∂tεd)(τ)∥H2 ∥pk−1(τ)∥H1 ≲ z3/2(τ).
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4.4. Observability-type Estimate for ∂t(V k, W k)
The observability-type estimate in Proposition 4.4.1 only works for charge-free fields up to
small errors. At first we pass to the fields (Vk,Wk) from Definition 4.3.3. Lemma 4.3.2 allows
us to go back to ∂k

t (E,H) in Theorem 4.4.5. So, we insert the Helmholtz decomposition
(V k,W k) = (∂k

t E − ∇pk, ∂k
t H − ∇qk) from (4.53) into the Maxwell Equations (4.29) for

k ∈ {1, 2, 3}. (The case k = 0 is treated by means of Lemma 4.2.4.) Together with
Equation (4.54), this results in the system

∂t(εdV
k) = curlW k − σ∂k

t E − ∂t(εd∇pk) − ∂tfk,

∂t(µdW
k) = − curlV k − ∂t(µd∇qk) − ∂tgk,

t ≥ 0, x ∈ Ω, (4.56)

JV k × νΓK = JW k × νΓK = 0,
JεdV

k · νΓK = JµdW
k · νΓK = 0,

t ≥ 0, x ∈ Γ,

V k × ν = 0, t ≥ 0, x ∈ ∂Ω,
V k(0) = ∂k

t E(0) − ∇pk(0), W k(0) = ∂k
t H(0) − ∇qk(0), x ∈ Ω,

for k ∈ {1, 2, 3}.
Our goal is to control space-time L2-norms of V k and W k for k > 0 by the initial data,

dissipation terms supported on Na and various small error terms. We start with the following
estimate. For now, this includes the L2-norm of W k on the right, which is not damped
through Maxwell. So, we still have to treat this term afterwards. (One could establish a
similar estimate for k = 0, however here one lacks control over the magnetic term on the
right-hand side.) For k = 3 we approximate (V k,W k) as in Remark 4.3.4, so that the trace
terms appearing in the subsequent proof are well-defined.

Proposition 4.4.1 (Observability-type Estimate I). Assume that (Hq) holds. For
k ∈ {1, 2, 3} and 0 ≤ s ≤ t < T∗, we have∫ t

s

∫
υ∪N Γ

b

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ ≲ e(s) + z2(s) + z2(t) +

∫ t

s

(
d(τ) + z3/2(τ)

)
dτ

+
∫ t

s

∫
ω\N Γ

b

∣∣∣W k
∣∣∣2 dx dτ.

Proof. We first want to give a brief overview of the structure of the proof. It is subdivided
into several steps that we shortly summarize below using terms we have yet to define. As
such the subsequent list serves as a guideline throughout the proof to not lose sight of the
result we want to prove. Our reasoning is an involved energy-type estimate using a Morawetz
multiplier, also called multiplier technique. Starting from Equation (4.56), we obtain

0 =
∫ t

s

∫
Ω

(
∂t(εdV

k) − curlW k + σ∂k
t E + ∂t(εd∇pk) + ∂tfk

)
· ((µdW

k) × χm) dx dτ, (4.57)

where k ∈ {1, 2, 3}, m(x) = x − x0 for x0 ∈ R3 from (4.19) and χ is a cutoff. It turns out,
that integrating by parts and several lengthy calculations lead to the desired observability
estimate. We freely use standard formulas from vector analysis.

Step 1) We start with the Morawetz multiplier in Equation (4.57) above.
Step 2) After integrating by parts (see Equation (20) of Chapter 2.1 in [12] or Equation (3.1)

in [5]), Equation (4.57) leads to several terms we deal with individually. Namely,
Step 2.1) It – a term, where the time derivative falls upon curlV k and
Step 2.2) Ic – a term where curl is applied to χm× curlV k.
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Step 2.3) We combine the previous two steps to one estimate.
Step 2.4) Letting χ = 1 on Γ we show that under the non-trapping condition on the

interface (4.21), the interface terms have a negative sign and can be neglected.
Step 2.5) We estimate several error terms.
Step 2.6) For χ ≡ 1 we obtain our desired observability estimate up to boundary terms,

which we treat in
Step 2.7) to finally complete the estimate using a cutoff with χ = 1 on ∂Ω.

Let 0 ≤ χ ∈ C1(Ω) be a cutoff, which we will vary at various places throughout the proof. In
particular, it will be used to show bounds for terms at the boundary and interface.
1) Starting from Equation (4.57) and using (4.56) for ∂t(µdW

k), we calculate

0 =
∫ t

s

∫
Ω

(
∂t(εdV

k) − curlW k + σ∂k
t E + ∂t(εd∇pk) + ∂tfk

)
· ((µdW

k) × χm) dx dτ

=
∫ t

s

∫
Ω
∂t

(
εdV

k · ((µdW
k) × χm)

)
dx dτ

+
∫ t

s

∫
Ω

(
εdV

k · (curlV k × χm)
)

dx dτ +
∫ t

s

∫
Ω

(
εdV

k · (∂t(µd∇qk) × χm)
)

dx dτ

+
∫ t

s

∫
Ω

(
εdV

k · (∂tgk × χm)
)

dx dτ

−
∫ t

s

∫
Ω

curlW k · ((µdW
k) × χm) dx dτ

+
∫ t

s

∫
Ω
σ∂k

t E · ((µdW
k) × χm) dx dτ +

∫ t

s

∫
Ω
∂t(εd∇pk) · ((µdW

k) × χm) dx dτ

+
∫ t

s

∫
Ω
∂tfk · ((µdW

k) × χm) dx dτ

=:
[∫

Ω
εdV

k · ((µdW
k) × χm) dx

]t

s
+ It + Iq + Ig + Ic + Iσ + Ip + If .

2) We consider the terms above individually.

2.1) By the interface and boundary conditions (4.55), the field V k × ν vanishes at ∂Ω and
V k × ν does not jump at the interface Γ. We integrate by parts on υ and ω separately. Then,
It becomes

It =
∫ t

s

∫
Ω

curlV k · (χm× (εdV
k)) dxdτ

=
∫ t

s

∫
Ω
V k · curl

(
χm× (εdV

k)
)

dx dτ

+
∫ t

s

∮
Γ

r(
νΓ × V k

)
·
(
χm× (εdV

k)
)z

dx dτ

=
∫ t

s

∫
Ω
V k · curl

(
χm× (εdV

k)
)

dx dτ

+
∫ t

s

∮
Γ

r
χm ·

(
(εdV

k) ×
(
νΓ × V k

))z
dx dτ

=
∫ t

s

∫
Ω
V k · curl

(
χm× (εdV

k)
)

dx dτ

+
∫ t

s

∮
Γ

r
χ(m · νΓ)(εdV

k · V k) − (χm · V k)(εdV
k · νΓ)

z
dx dτ.

Using the curl vector product rule

curl(a× b) = (b · ∇)a− (a · ∇)b+ adiv b− b div a, (4.58)
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we obtain the pointwise identity

curl
(
χm× (εdV

k)
)

=
(
(εdV

k) · ∇
)

(χm) − χ(m · ∇)(εdV
k)

+ χm div(εdV
k)︸ ︷︷ ︸

=0

−(εdV
k) div(χm)

=
(
(εdV

k) · ∇χ
)
m+ χ(εdV

k) − χ(m · ∇)(εdV
k)

− (∇χ ·m)(εdV
k) − 3χ(εdV

k)

=
(
(εdV

k) · ∇χ
)
m− 2χ(εdV

k) − χ(m · ∇)(εdV
k)

− (∇χ ·m)(εdV
k)

almost everywhere on υ ∪ ω. It follows that

It =
∫ t

s

∫
Ω

(
(V k ·m)((εdV

k) · ∇χ) − 2χεdV
k · V k

− (∇χ ·m)(εdV
k · V k) −

(
χ(m · ∇)(εdV

k)
)

· V k
)

dx dτ

+
∫ t

s

∮
Γ
Jχ(m · νΓ)(εdV

k · V k) − (χm · V k)(εdV
k · νΓ)K dς dτ.

Notice that(
χ(m · ∇)(εdV

k)
)

· V k = 1
2χ(m · ∇)

(
εdV

k · V k
)

+ 1
2 (χ(m · ∇)εd)V k · V k.

The divergence theorem on υ ∪ ω further yields

− 1
2

∫ t

s

∫
Ω
χ(m · ∇)

(
εdV

k · V k
)

dx dτ

=
∫ t

s

∫
Ω

(1
2∇χ ·m(εdV

k · V k) + 3
2χ(εdV

k · V k)
)

dx dτ

−
∫ t

s

∮
Γ

1
2(m · νΓ)JχεdV

k · V kK dς dτ −
∫ t

s

∮
∂Ω

1
2χ(m · ν)(εdV

k · V k) dς dτ.

Involving ε̃d = εd + (m · ∇)εd, which is positive definite on υ ∪ N Γ
b by Equation (4.20), we

thus derive

It =
∫ t

s

∫
Ω

(
(V k ·m)((εdV

k) · ∇χ) − 2χεdV
k · V k − (∇χ ·m)(εdV

k · V k)

+ 1
2(∇χ ·m)(εdV

k · V k) + 3
2χ(εdV

k · V k) − 1
2 (χ(m · ∇)εd)V k · V k

)
dx dτ

+
∫ t

s

∮
Γ

s
1
2χ(m · νΓ)(εdV

k · V k) − (χm · V k)(εdV
k · νΓ)

{
dx dτ

−
∫ t

s

∮
∂Ω

1
2χ(m · ν)(εdV

k · V k) dς dτ

=
∫ t

s

∫
Ω

(
(V k ·m)((εdV

k) · ∇χ) − 1
2χεdV

k · V k − 1
2(∇χ ·m)(εdV

k · V k)

− 1
2 (χ(m · ∇)εd)V k · V k

)
dx dτ

+
∫ t

s

∮
Γ

s
1
2χ(m · νΓ)(εdV

k · V k) − (χm · V k)(εdV
k · νΓ)

{
dx dτ

−
∫ t

s

∮
∂Ω

1
2χ(m · ν)(εdV

k · V k) dς dτ
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=
∫ t

s

∫
Ω

(
(V k ·m)((εdV

k) · ∇χ) − 1
2(∇χ ·m)(εdV

k · V k)
)

dx dτ

+
∫ t

s

∮
Γ
(m · νΓ)

s
1
2χ(εdV

k · V k) − (χm · V k)(εdV
k · νΓ)

{
dx dτ

−
∫ t

s

∮
∂Ω

1
2χ(m · ν)(εdV

k · V k) dς dτ

−
∫ t

s

∫
υ∪N Γ

b

1
2χε̃dV

k · V k dx dτ −
∫ t

s

∫
ω\N Γ

b

1
2χε̃dV

k · V k dx dτ.

We denote the interface term IΓ
t := IΓ

t,1 + IΓ
t,2 and boundary term by

IΓ
t,1 :=

∫ t

s

∮
Γ
(m · νΓ)

s
1
2χ(εdV

k · V k)
{

dx dτ,

IΓ
t,2 :=

∫ t

s

∮
Γ
J−(χm · V k)(εdV

k · νΓ)K dxdτ,

I∂Ω
t := −

∫ t

s

∮
∂Ω

1
2χ(m · ν)(εdV

k · V k) dς dτ.

2.2) Now, let us turn our attention towards Ic. Using the curl product rule (4.58) from above,
we get

Ic =
∫ t

s

∫
Ω
W k · curl(χm× (µdW

k)) dxdτ + I∂Ω
c,1 + IΓ

c,1

=
∫ t

s

∫
Ω
W k ·

(
χm div(µdW

k)︸ ︷︷ ︸
=0

− div(χm)(µdW
k)

+ ((µdW
k) · ∇)(χm) − (χm · ∇)(µdW

k)
)

dx dτ + I∂Ω
c,1 + IΓ

c,1

=
∫ t

s

∫
Ω
W k ·

(
− div(χm)(µdW

k)

+ ((µdW
k) · ∇)(χm) − (χm · ∇µd)W k − µd(χm · ∇)W k

)
dx dτ + I∂Ω

c,1 + IΓ
c,1,

with

I∂Ω
c,1 :=

∫ t

s

∮
∂Ω
W k ·

(
ν × ((µdW

k) × χm)
)

dς dτ,

IΓ
c,1 :=

∫ t

s

∮
Γ

r
W k ·

(
νΓ × ((µdW

k) × χm)
)z

dς dτ.

The last term on Ω is treated by the divergence theorem on υ ∪ ω, resulting in

−
∫ t

s

∫
Ω
µdW

k · ((χm · ∇)W k) dxdτ

= −
3∑

j=1

∫ t

s

∫
Ω
χ(µdW

k)jm · ∇(W k)j dx dτ

=
3∑

j=1

∫ t

s

∫
Ω

div
(
χ(µdW

k)jm
)

(W k)j dx dτ

−
∫ t

s

∮
Γ
(m · νΓ)JχµdW

k ·W kK dς dτ

−
∫ t

s

∮
∂Ω
χ(m · ν)(µdW

k ·W k) dς dτ
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=
∫ t

s

∫
Ω

[
div(χm)µdW

k ·W k + (χm · ∇)(µdW
k) · (W k)

]
dx dτ

−
∫ t

s

∮
Γ
(m · νΓ)JχµdW

k ·W kK dς dτ

−
∫ t

s

∮
∂Ω
χ(m · ν)(µdW

k ·W k) dς dτ

=
∫ t

s

∫
Ω

[
div(χm)µdW

k ·W k + (χm · ∇µd)W k ·W k

+ µdW
k · ((χm · ∇)W k)

]
dx dτ

−
∫ t

s

∮
Γ
(m · νΓ)JχµdW

k ·W kK dς dτ

−
∫ t

s

∮
∂Ω
χ(m · ν)(µdW

k ·W k) dς dτ.

Bringing the
∫ t

s

∫
Ω µdW

k · ((χm · ∇)W k) dxdτ term to the left-hand side, we infer

−
∫ t

s

∫
Ω
µdW

k · ((χm · ∇)(W k)) dxdτ

= 1
2

∫ t

s

∫
Ω

[
div(χm)µdW

k ·W k + (χm · ∇µd)W k ·W k
]

dx dτ

− 1
2

∫ t

s

∮
Γ
(m · νΓ)JχµdW

k ·W kK dς dτ

− 1
2

∫ t

s

∮
∂Ω
χ(m · ν)(µdW

k ·W k) dς dτ.

These identities lead to

Ic =
∫ t

s

∫
Ω
W k ·

(
− 1

2 div(χm)(µdW
k)

+ ((µdW
k) · ∇)(χm) − 1

2(χm · ∇µd)W k
)

dx dτ

− 1
2

∫ t

s

∮
Γ
(m · νΓ)JχµdW

k ·W kK dς dτ

− 1
2

∫ t

s

∮
∂Ω
χ(m · ν)(µdW

k ·W k) dς dτ + I∂Ω
c,1 + IΓ

c,1

=
∫ t

s

∫
Ω
W k ·

(
− 1

2(m · ∇χ+ 3χ)(µdW
k)

+ (µdW
k∇χ ·m+ µdW

kχ− 1
2(χm · ∇µd)W k

)
dx dτ

− 1
2

∫ t

s

∮
Γ
(m · νΓ)JχµdW

k ·W kK dς dτ

− 1
2

∫ t

s

∮
∂Ω
χ(m · ν)(µdW

k ·W k) dς dτ + I∂Ω
c,1 + IΓ

c,1

=
∫ t

s

∫
Ω
W k ·

(
− 1

2(m · ∇χ)(µdW
k) + (µdW

k · ∇χ)m
)

dx dτ

+ IΓ
c,1 − 1

2

∫ t

s

∮
Γ
(m · νΓ)JχµdW

k ·W kK dς dτ

+ I∂Ω
c,1 − 1

2

∫ t

s

∮
∂Ω
χ(m · ν)(µdW

k ·W k) dς dτ

−
∫ t

s

∫
υ∪N Γ

b

1
2χµ̃dW

k ·W k dx dτ −
∫ t

s

∫
ω\N Γ

b

1
2χµ̃dW

k ·W k dx dτ,
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where µ̃d := µd +m · ∇µd ≳ ηµd, see Equation (4.20). The interface and boundary terms
above are denoted by IΓ

c,2 and I∂Ω
c,2 , so that

IΓ
c := IΓ

c,1 + IΓ
c,2 =

∫ t

s

∮
Γ

r
W k ·

(
νΓ × ((µdW

k) × χm)
)z

dς dτ

− 1
2

∫ t

s

∮
Γ
χ(m · νΓ)JµdW

k ·W kK dς dτ,

I∂Ω
c := I∂Ω

c,1 + I∂Ω
c,2 =

∫ t

s

∮
∂Ω
W k ·

(
ν × ((µdW

k) × χm)
)

dς dτ

− 1
2

∫ t

s

∮
∂Ω
χ(m · ν)(µdW

k ·W k) dς dτ.

(4.59)

2.3) The Steps 2.1) and 2.2) yield[∫
Ω

(εdV
k)(χm× −W k)

]t

s
= −It − Ic − Iσ − Ip − If − Iq − Ig

=
∫ t

s

∫
υ∪N Γ

b

χ

2 (ε̃dV
k · V k + µ̃dW

k ·W k) dxdτ

+
∫ t

s

∫
ω\N Γ

b

χ

2 (ε̃dV
k · V k + µ̃dW

k ·W k) dxdτ

+
∫ t

s

∫
Ω

(1
2(∇χ ·m)(εdV

k · V k + µdW
k ·W k)

− (V k ·m)((εdV
k) · ∇χ) − (m ·W k)(µdW

k · ∇χ)
)

dx dτ

− IΓ
t − I∂Ω

t − IΓ
c − I∂Ω

c − Iσ − Ip − If − Iq − Ig.

We rearrange the equation into∫ t

s

∫
υ∪N Γ

b

χ

2 (ε̃dV
k · V k + µ̃dW

k ·W k) dxdτ

=
[∫

Ω
(εdV

k)(χm× −W k)
]t

s

−
∫ t

s

∫
Ω

(1
2(∇χ ·m)(εdV

k · V k + µdW
k ·W k)

− (V k ·m)((εdV
k) · ∇χ) − (m ·W k)(µdW

k · ∇χ)
)

dx dτ

+ IΓ
t + I∂Ω

t + IΓ
c + I∂Ω

c + Iσ + Ip + If + Iq + Ig

−
∫ t

s

∫
ω\N Γ

b

χ

2 (ε̃dV
k · V k + µ̃dW

k ·W k) dxdτ.

(4.60)

2.4) The non-trapping condition at the interface (m · νΓ)JεdK ≤ 0 yields

JεdK > 0 and (m · νΓ) ≤ 0,
or JεdK = 0, or (m · νΓ) = 0,
or JεdK < 0 and (m · νΓ) ≥ 0,

at each x ∈ Γ, see (4.21). We next show that it the interface integrals to be non-positive,
which allows us to drop these terms. Recall that IΓ

t = IΓ
t,1 + IΓ

t,2 and IΓ
c = IΓ

c,1 + IΓ
c,2 were

given by

IΓ
t,1 = 1

2

∫ t

s

∮
Γ
(m · νΓ)Jχ(εdV

k · V k)K dxdτ,
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IΓ
t,2 = −

∫ t

s

∮
Γ
J(χm · V k)(εdV

k · νΓ)K dxdτ,

IΓ
c,1 =

∫ t

s

∮
Γ

r
W k ·

(
νΓ × ((µdW

k) × χm)
)z

dς dτ,

IΓ
c,2 = −1

2

∫ t

s

∮
Γ
(m · νΓ)JχµdW

k ·W kK dς dτ.

(If we had m = νΓ the term in IΓ
c,1 would correspond to the tangential projection.)

We take χ with χ = 1 on the interface Γ.
Hence, the integrand in IΓ

t becomes

1
2(m · νΓ)JV k · εdV

kK − J(m · V k)(νΓ · εdV
k)K. (4.61)

Since Jtrτ V
kK = 0 by (4.55), the jump across the interface can only occur in normal direction,

i.e.,
V k|υ = V k|ω + ανΓ

for some α(x) ∈ R. Furthermore, using also the continuity JνΓ · εdV
kK = 0 of the jump of the

‘displacement’ field from (4.55), we can determine α as

νΓ · εd
∣∣
υ
(V k|ω + ανΓ) = νΓ · εd

∣∣
ω
V k|ω =⇒ α = −νΓ · JεdKV k|ω

νΓ · εd|υνΓ .

Next, we insert this decomposition into (4.61). The first term is given by

JV k · εdV
kK = (V k|ω + ανΓ) · εd

∣∣
υ
(V k|ω + ανΓ) −

(
V k · εdV

k
)∣∣∣

ω

= V k|ω · εd
∣∣
υ
V k|ω + 2α(νΓ · εd

∣∣
υ
V k|ω) + α2(νΓ · εd

∣∣
υ
νΓ)

−
(
V k · εdV

k
)∣∣∣

ω

= V k|ω · JεdKV k|ω + 2α(νΓ · εd
∣∣
υ
V k|ω) + α2(νΓ · εd

∣∣
υ
νΓ).

Because of (4.55), the second term becomes

−JνΓ · (εdV
k)(m · V k)K = − tr∂υ(νΓ · εdV

k)(m · (V k|υ − V k|ω))
= −α tr∂υ(νΓ · εdV

k)(m · νΓ)
= −ανΓ · εd

∣∣
υ
(V k|ω + ανΓ)(m · νΓ)

= −(m · νΓ)
(
ανΓ · εd

∣∣
υ
V k|ω + α2νΓ · εd

∣∣
υ
νΓ
)
.

We factor out 1
2(m · νΓ), combine these terms and insert α = −νΓ·JεdKV k|ω

νΓ·εd|υνΓ , resulting in

IΓ
t =

∫ t

s

∮
Γ

1
2(m · νΓ)

(
JV k · εdV

kK − 2ανΓ · εd
∣∣
υ
V k|ω − 2α2νΓ · εd

∣∣
υ
νΓ
)

dς dτ

=
∫ t

s

∮
Γ

1
2(m · νΓ)

(
V k|ω · JεdKV k|ω − α2(νΓ · εd

∣∣
υ
νΓ)

)
dς dτ

=
∫ t

s

∮
Γ

1
2(m · νΓ)

(
V k|ω · JεdKV k|ω − (νΓ · JεdKV k|ω)2

νΓ · εd|υνΓ

)
dς dτ.

Next, let us discuss the different cases of the non-trapping condition at the interface. First,
if JεdK = 0 or m · νΓ = 0 then IΓ

t = 0.
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Second, let JεdK > 0 and m · νΓ ≤ 0. Since

(νΓ · JεdKV k|ω)2 ≤ (νΓ · JεdKνΓ)
(
V k|ω · JεdKV k|ω

)
.

by Cauchy-Schwarz, we estimate

V k|ω · JεdKV k|ω − (νΓ · JεdKV k
ω )2

νΓ · εd|υνΓ

≥
(
V k|ω · JεdKV k|ω

) [
1 − νΓ · JεdKνΓ

νΓ · εd|υνΓ

]

=
(
V k|ω · JεdKV k|ω

) νΓ · εd|ωνΓ

νΓ · εd|υνΓ > 0.

As m · νΓ ≤ 0, it follows

IΓ
t ≤ 1

2

∫ t

s

∮
Γ
(m · νΓ)

(
V k|ω · JεdKV k|ω

) νΓ · εd|ωνΓ

νΓ · εd|υνΓ dς dτ ≤ 0.

Finally, let JεdK < 0 and m · νΓ ≥ 0. As above, we obtain

(
V k|ω · JεdKV k|ω − (νΓ · JεdKV k|ω)2

νΓ · εd|υνΓ

)
≤ 0

and therefore again
IΓ

t ≤ 0.

Next, we consider the integrand of IΓ
c given by

r
W k ·

(
νΓ × ((µdW

k) ×m)
)z

− 1
2(m · νΓ)JµdW

k ·W kK.

We rearrange the terms so that we can repeat the above arguments. Indeed, the bac-cab-
identity yields

r
W k ·

(
νΓ × ((µdW

k) ×m)
)z

=
r
µdW

k ·W k(νΓ ·m) − (W k ·m)(νΓ · µdW
k)

z
.

Thus, we obtain
r
W k ·

(
νΓ × ((µdW

k) ×m)
)z

− 1
2(m · νΓ)JµdW

k ·W kK

= 1
2

r
(νΓ ·m)µdW

k ·W k
z

−
r

(W k ·m)(νΓ · µdW
k)

z
,

which we can treat as in (4.61) by means of the magnetic non-trapping condition (m·νΓ)JµdK ≤
0.

Hence the terms IΓ
t and IΓ

c are non-positive and can be dropped when estimating (4.60)
below.

2.5) Next we take a look at the other terms not involving ∇χ. Using Lemma 4.2.1 and
Lemma 4.3.2, for any δ > 0 we get

|Iσ| =
∣∣∣∣∫ t

s

∫
Ω
σ∂k

t E · ((µdW
k) × χm) dx dτ

∣∣∣∣ ≲ cδ

∫ t

s
d(τ) dτ + δ

∫ t

s

∫
Ω

∣∣∣W k
∣∣∣2 dx dτ,
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|Ip| =
∣∣∣∣∫ t

s

∫
Ω
∂t(εd∇pk) · ((µdW

k) × χm) dx dτ
∣∣∣∣

≲ cδ

∫ t

s

∫
Ω

(
d(τ) + z2(τ)

)
dx dτ + δ

∫ t

s

∫
Ω

∣∣∣W k
∣∣∣2 dx dτ,

|Iq| =
∣∣∣∣∫ t

s

∫
Ω
εdV

k · (∂t(εd∇qk) × χm) dx dτ
∣∣∣∣

≲ cδ

∫ t

s

∫
Ω

(
d(τ) + z2(τ)

)
dx dτ + δ

∫ t

s

∫
Ω

∣∣∣V k
∣∣∣2 dx dτ,

|If | =
∣∣∣∣∫ t

s

∫
Ω
∂tfk · ((µdW

k) × χm) dx dτ
∣∣∣∣ ≲ cδ

∫ t

s
z2(τ) dτ + δ

∫ t

s

∫
Ω

∣∣∣W k
∣∣∣2 dx dτ,

|Ig| =
∣∣∣∣∫ t

s

∫
Ω
εdV

k · (∂tgk × χm) dx dτ
∣∣∣∣ ≲ cδ

∫ t

s
z2(τ) dτ + δ

∫ t

s

∫
Ω

∣∣∣V k
∣∣∣2 dx dτ.

2.6) Let χ = 1. In (4.60) the terms involving ∇χ thus vanish and we have seen that we can
drop IΓ

t and IΓ
c . We then use the non-trapping condition (4.27) and absorb the integrals of∣∣∣V k

∣∣∣2 and
∣∣∣W k

∣∣∣2 on υ ∪ N Γ
b by the right-hand side fixing a small δ > 0 in Step 2.5). This

results in the inequality

η

∫ t

s

∫
υ∪N Γ

b

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ

≲
∫

Ω

∣∣∣(εdV
k)(t)

∣∣∣ ∣∣∣W k(t)
∣∣∣ dx+

∫
Ω

∣∣∣(εdV
k)(s)

∣∣∣ ∣∣∣W k(s)
∣∣∣ dx (4.62)

+
∫ t

s

∫
ω\N Γ

b

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2)dx dτ +

∣∣∣I∂Ω
t + I∂Ω

c

∣∣∣+ ∫ t

s

(
d(τ) + z2(τ)

)
dτ.

Thus, it remains to estimate the trace terms on ∂Ω.

2.7) To do so, we choose χ with suppχ ⊆ ω \ N Γ
b and χ = 1 on ∂Ω. In particular, interface

terms do not appear in (4.60). Equation (4.60) and Step 2.5) then imply

∣∣∣I∂Ω
t + I∂Ω

c

∣∣∣ ≲
∣∣∣∣∣∣
[∫

ω\N Γ
b

(εdV
k)(χm× µdW

k)
]t

s

∣∣∣∣∣∣
+
∫ t

s

∫
ω\N Γ

b

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ + |Iσ + Ip + If + Iq + Ig|

≲
∫

Ω

∣∣∣(εdV
k)(t)

∣∣∣ ∣∣∣W k(t)
∣∣∣ dx+

∫
Ω

∣∣∣(εdV
k)(s)

∣∣∣ ∣∣∣W k(s)
∣∣∣ dx (4.63)

+
∫ t

s

∫
ω\N Γ

b

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ

+ δ

∫ t

s

∫
Ω

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ + cδ

∫ t

s

(
d(τ) + z2(τ)

)
dτ.

We now combine (4.62) and (4.63), again absorbing terms for a small, fixed δ > 0. The
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space integral at times t and s are handled via Lemma 4.3.5. Also inserting (4.53), we derive

η

∫ t

s

∫
υ∪N Γ

b

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ ≲

∫
Ω

∣∣∣V k(t)
∣∣∣ ∣∣∣W k(t)

∣∣∣ dx+
∫

Ω

∣∣∣V k(s)
∣∣∣ ∣∣∣W k(s)

∣∣∣ dx
+
∫ t

s

∫
ω\N Γ

b

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ + cδ

∫ t

s

(
d(τ) + z2(τ)

)
dτ

≲ e(s) + z2(s) + z2(t) + (1 + cδ)
∫ t

s

(
d(τ) + z3/2(τ)

)
dτ

+
∫ t

s

∫
ω\N Γ

b

(∣∣∣∂k
t E
∣∣∣2 +

∣∣∣∇pk
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ

≲ e(s) + z2(s) + z2(t) + (1 + cδ)
∫ t

s

(
d(τ) + z3/2(τ)

)
dτ +

∫ t

s

∫
ω\N Γ

b

∣∣∣W k
∣∣∣2 dx dτ,

where we use the Lemma 4.3.2.

Next, we have to get rid of the W k term on ω \ N Γ
b , since the dissipation only acts on the

electric field. This is done for k ≥ 1 in a similar way as in (2.38), however there we used a
second-order formulation of Maxwell which was then integrated by parts in time. It seems
that in the present quasilinear case a second-order approach fails because of the resulting
interface terms. Therefore, we keep the first-order system and apply a time derived multiplier.

Proposition 4.4.2 (Observability-type Estimate II). Assume that (Hq) holds. Let
δ ∈ (0, 1]. For k ∈ {1, 2, 3} and 0 ≤ s ≤ t < T∗, we have∫ t

s

∥∥∥W k
∥∥∥2

L2(ω\N Γ
b

)
dx ≲

∫ t

s

(
δz(τ) + cδ(z3/2(τ) + d(τ))

)
dτ

+ δ(z(s) + z(t)) + cδ(e(s) + z2(s) + z2(t)).

Proof. Let k ∈ {1, 2, 3}. Equation (4.53), the Maxwell system (4.32), and formula (4.54)
imply

µdW
k = µd∂tW

k−1 + µd(W k − ∂tW
k−1)

= − curlV k−1 − µd∂t∇qk−1 − g̃k−1 + µd(W k − ∂tW
k−1).

Lemmas 4.2.1, 4.3.2, and 4.3.6 then lead to∫ t

s

∥∥∥W k
∥∥∥2

L2(ω\N Γ
b

)
dx ≲

∫ t

s

∥∥∥curlV k−1
∥∥∥2

L2(ω\N Γ
b

)
dτ +

∫ t

s

(
d(τ) + z3/2(τ)

)
dτ. (4.64)

It remains to estimate the curl term. To this end, take 0 ≤ ϑ ∈ C∞(ω) with ϑ = 1 on ω \ N Γ
b

and ϑ = 0 on Γ. Using this and also (4.55), we start from (4.56). Integrating by parts, we
compute

0 =
∫ t

s

∫
ω

(
∂t(εdV

k−1) − curlW k−1 + σ∂k−1
t E + ∂t(εd∇pk−1) + ∂tfk−1

)
· ϑ∂tV

k−1 dx dτ

=
∫ t

s

∫
ω

(
∂t(εdV

k−1) + σ∂k−1
t E + ∂t(εd∇pk−1) + ∂tfk−1

)
· ϑ∂tV

k−1 dx dτ

+
∫ t

s

∫
ω
∂t(µd

−1µdW
k−1) · curl(ϑV k−1) dxdτ −

[∫
ω
µdW

k−1 · curl(ϑV k−1) dx
]t

s

=
∫ t

s

∫
ω

(
∂t(εdV

k−1) + σ∂k−1
t E + ∂t(εd∇pk−1) + ∂tfk−1

)
· ϑ∂tV

k−1 dx dτ
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+
∫ t

s

∫
ω

(
∂t(µd

−1)µdW
k−1 + µd

−1∂t(µdW
k−1)

)
· curl(ϑV k−1) dxdτ

−
[∫

ω
µdW

k−1 · curl(ϑV k−1) dx
]t

s

=
∫ t

s

∫
ω

(
∂t(εdV

k−1) + σ∂k−1
t E + ∂t(εd∇pk−1) + ∂tfk−1

)
· ϑ∂tV

k−1 dx dτ

−
∫ t

s

∫
ω
µd

−1( curlV k−1 + ∂t(µd∇qk) + ∂tgk

)
· curl(ϑV k−1) dxdτ

+
∫ t

s

∫
ω

(
∂t(µd

−1)µdW
k−1) · curl(ϑV k−1) dxdτ −

[∫
ω
µdW

k−1 · curl(ϑV k−1) dx
]t

s

=
∫ t

s

∫
ω

(
∂t(εdV

k−1) + σ∂k−1
t E + ∂t(εd∇pk−1) + ∂tfk−1

)
· ϑ∂tV

k−1 dx dτ

−
∫ t

s

∫
ω
µd

−1 curlV k−1 · ϑ curlV k−1 dx dτ −
∫ t

s

∫
ω
µd

−1 curlV k−1 · (∇ϑ× V k−1) dxdτ

−
∫ t

s

∫
ω
µd

−1(∂t(µd∇qk) + ∂tgk

)
· curl(ϑV k−1) dxdτ

+
∫ t

s

∫
ω

(
∂t(µd

−1)µdW
k−1) · curl(ϑV k−1) dxdτ −

[∫
ω
µdW

k−1 · curl(ϑV k−1) dx
]t

s
.

To justify the integration by parts for k = 3 in the second line above, we use Theorem 3.3.5
to approximate the solution (V 2,W 2) of the system (4.56) in G1 by (V 2

n ,W
2
n) ∈ G2 with

trt V
2

n = 0. Taking the limit n → ∞ then shows the equality.
It follows∫ t

s

∫
ω\N Γ

b

∣∣∣curlV k−1
∣∣∣2 dx dτ

≲
∫ t

s

∫
ω

∣∣∣∂t(εd)V k−1 + εd∂tV
k−1 + σ∂k−1

t E + ∂t(εd∇pk−1) + ∂tfk−1
∣∣∣ ∣∣∣∂tV

k−1
∣∣∣ dx dτ

+
∫ t

s

∫
N Γ

b
∩ω

∣∣∣curlV k−1
∣∣∣ ∣∣∣V k−1

∣∣∣ dx dτ +
∫ t

s

∫
ω

∣∣∣∂t(µd∇qk) + ∂tgk

∣∣∣ ∣∣∣curl(ϑV k−1)
∣∣∣ dx dτ

+
∫ t

s

∫
ω

∣∣∣∂t(µd
−1)µdW

k−1
∣∣∣ ∣∣∣curl(ϑV k−1)

∣∣∣ dx dτ −
[∫

ω
µdW

k−1 · curl(ϑV k−1) dx
]t

s

=: I1 + I2 + I3 + I4 + I5.

We now insert Definition 4.3.3, (4.54) and

curl(ϑV k−1) = ∇ϑ× (∂k−1
t E − ∇pk−1) + ϑ curl(∂k−1

t E)

Lemmas 4.2.1 and 4.3.2 then imply

I1 ≲
∫ t

s

(
d1/2(τ) + z(τ)

)(
d1/2(τ) + z(τ)

)
dτ ≲

∫ t

s

(
d(τ) + z2(τ)

)
dτ,

I2 ≲
∫ t

s
z1/2(τ)

(
d1/2(τ) + z(τ)

)
dτ ≲

∫ t

s

(
δz(τ) + cδd(τ) + z3/2(τ)

)
dτ,

I3 ≲
∫ t

s

(
d1/2(τ) + z(τ)

)(
d1/2(τ) + z1/2(τ) + z(τ)

)
dτ

≲
∫ t

s

(
δz(τ) + cδd(τ) + z3/2(τ)

)
dτ,

I4 ≲
∫ t

s
z1/2(τ)

(
d1/2(τ) + z1/2(τ) + z(τ)

)(
d1/2(τ) + z1/2(τ) + z(τ)

)
dτ
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≲
∫ t

s

(
d(τ) + z3/2(τ)

)
dτ,

I5 ≲
∑

r=s,t

(
e1/2(r) + d1/2(r) + z(r)

)(
e1/2(r) + z1/2(r) + z(r)

)
≲
∑

r=s,t

δz(r) + cδ

(
e(r) + d(r) + z2(r)

)
,

for any δ > 0. To remove e(t), we invoke the energy estimate Lemma 4.2.3 arriving at∫ t

s

∫
ω\N Γ

b

∣∣∣curlV k−1
∣∣∣2 dx dτ ≲

∫ t

s

(
δz(τ) + cδ(z3/2(τ) + d(τ))

)
dx dτ

+ δ(z(s) + z(t)) + cδ(e(s) + z2(s) + z2(t)).

The claim follows by inserting this estimate into (4.64).

Proposition 4.4.1 and Proposition 4.4.2 then imply the core observability estimate.

Corollary 4.4.3 (Observability-type Estimate III). Assume that (Hq) holds. Let δ ∈
(0, 1]. For k ∈ {1, 2, 3} and 0 ≤ s ≤ t < T∗, we have∫ t

s

∫
υ∪N Γ

b

(∣∣∣V k
∣∣∣2 +

∣∣∣W k
∣∣∣2) dx dτ ≲

∫ t

s

(
δz(τ) + cδ(z3/2(τ) + d(τ))

)
dx dτ

+ δ(z(s) + z(t)) + cδ(e(s) + z2(s) + z2(t)).

Before we derive an observability estimate for ∂k
t (E,H), we first control the magnetic

contribution to
∫
e dτ .

Lemma 4.4.4. Let (Hq) hold. For k ∈ {0, 1, 2, 3} and 0 ≤ s ≤ t < T∗ we have∫ t

s
∥∂k

t H∥2
L2(Ω) dτ ≲ (e(s) + e(t)) +

∫ t

s
∥∂k

t E∥2
L2(Ω) dτ +

∫ t

s
z3/2(τ) dτ.

This inequality can be shown as in Lemma 4.3 and Proposition 4.4 in [35] (cf. Equation (4.13)
therein), where simply connected Ω without an interface were treated.

Proof. Using the positive definiteness of µ and Lemma 4.2.1 we start by writing∫ t

s
∥∂k

t H∥2
L2(Ω) dτ ≲

∫ t

s

∫
Ω
∂k

t (µH) · ∂k
t H dx dτ +

∫ t

s
z3/2(τ) dτ. (4.65)

Observe that ∂k
t (µH) belongs to HΣ

n0(div 0) = ran(curlE), by (4.1), (4.9), and Lemma A.1.3.
Therefore there exists a unique vector potential uk ∈ C

(
[0, T∗], Ht0(curl) ∩H∂Ω(div 0)

)
such

that
curl uk = ∂k

t (µH) and
∥∥∥uk

∥∥∥
L2

≤ ∥∂k
t (µH)∥L2 . (4.66)

By (4.1) we have ∂t(µH) = − curlE. For k = 0, taking the the difference quotient, we
see that u0 ∈ C1([0, T∗], Ht0(curl) ∩ H∂Ω(div 0)

)
. Moreover, the time derivative of (4.66)

yields curl(∂tu
0) = ∂t(µH) = − curlE and hence ∂tu

0 + E belongs to Ht0(curl 0). From
Equation (2.107) and Theorem 2.8’ of [12] thus follows the orthogonal decomposition

∂tu
0 + E = ∇ϕ0

0 + h0
2

for unique ϕ0
0 ∈ H1

0 (Ω) and h0
2 ∈ H2. Furthermore, by Theorems 2.9 and 2.10’ in [12] the

space L2(Ω) has the orthogonal decomposition

L2(Ω) = H∂Ω(div 0) ⊕ ∇H1
0 (Ω) ⊕H2,
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which provides the decomposition

E = −∂tu
0 + ∇ϕ0

0 + h0
2

and thus ∥∥∥∂tu
0
∥∥∥

L2
≤ ∥E∥L2 (4.67)

by orthogonality.
For k ∈ {1, 2, 3}, we obtain curl uk = ∂k

t (µH) = − curl(∂k−1
t E) and therefore uk + ∂k−1

t E ∈
Ht0(curl 0). Again, Equation (2.107), Theorem 2.8’, Theorems 2.9, and 2.10’ of [12] give the
orthogonal decomposition

∂k−1
t E = −uk + ∇ϕk

0 + hk
2,

for unique ϕk
0 ∈ H1

0 (Ω) and hk
2 ∈ H2. In particular the regularity of the left-hand side and the

decomposition imply that uk ∈ C1([0, T∗], Ht0(curl) ∩H∂Ω(div 0)
)

and∥∥∥∂tu
k
∥∥∥

L2
≤ ∥∂k

t E∥L2 . (4.68)

In all cases, for k ∈ {0, 1, 2, 3}, integration by parts, (4.29), and (4.66) lead to∫ t

s

∫
Ω
∂k

t (µH) · ∂k
t H dx dτ =

∫ t

s

∫
Ω

curl uk · ∂k
t H dx =

∫ t

s
⟨uk, curl ∂k

t H⟩Ht0(curl) dτ

=
∫ t

s

〈
uk, ∂t(ε̂k∂

k
t E) + σ∂k

t E + ∂tfk

〉
Ht0(curl) dτ

≲
∫ t

s

〈
uk, ∂t(ε̂k∂

k
t E)

〉
Ht0(curl) dτ + δ

∫ t

s
∥∂k

t H∥2
L2(Ω) dτ

+ cδ

∫ t

s

(
∥∂k

t E∥2
L2(Ω) + z2(τ)

)
dτ. (4.69)

The first term on the right is rewritten as∫ t

s

〈
uk, ∂t(ε̂k∂

k
t E)

〉
Ht0(curl) dτ =

[∫
Ω
uk · (ε̂k∂

k
t E) dx

]t

s
−
∫ t

s

∫
Ω
∂tu

k · (ε̂k∂
k
t E) dx dτ. (4.70)

Inserting (4.66), (4.67), and (4.68) into (4.70), we derive∫ t

s

〈
uk, ∂t(ε̂k∂

k
t E)

〉
Ht0(curl) dτ ≲ (ek(s) + ek(t)) +

∫ t

s
∥∂k

t E∥2
L2(Ω) dτ.

For small δ > 0, this estimate, (4.65), and (4.69) imply the claim.

Next, we establish an observability-type estimate for ∂k
t (E,H), up to small and higher

order error terms.

Theorem 4.4.5. Let (Hq) hold. For 0 ≤ s ≤ t < T∗ and δ ∈ (0, 1], we obtain∫ t

s
e(τ) dτ ≲ e(t) + cδ

(
z(s) + z2(t) +

∫ t

s
(d(τ) + z3/2(τ)) dτ

)
+ δ

(
z(t) +

∫ t

s
z(τ) dτ

)
.

Proof. By definition we have∫ t

s
e(τ) dτ ≲ max

k∈{0,1,2,3}

∫ t

s

(∥∥∥ε̂k∂
k
t E
∥∥∥2

L2
+
∥∥∥µ̂k∂

k
t H
∥∥∥2

L2

)
dτ.
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Lemma 4.2.4 now allows us to restrict ourselves to k ∈ {1, 2, 3}, namely∫ t

s
e(τ) dτ ≲ max

k∈{1,2,3}

∫ t

s

(∥∥∥ε̂k∂
k
t E
∥∥∥2

L2
+
∥∥∥µ̂k∂

k
t H
∥∥∥2

L2

)
dτ.

Lemma 4.4.4, Definition 4.3.3 and Corollary 4.4.3 then yield∫ t

s
e(τ) dτ ≲ max

k∈{1,2,3}

∫ t

s

∥∥∥ε̂k∂
k
t E
∥∥∥2

L2
dτ + e(s) + e(t) +

∫ t

s
z3/2(τ) dτ

≲ max
k∈{1,2,3}

∫ t

s

(∥∥∥V k
∥∥∥2

L2
+
∥∥∥∇pk

∥∥∥2

L2

)
dτ

+ e(s) + e(t) +
∫ t

s
z3/2(τ) dτ

≲ cδ max
k∈{1,2,3}

∫ t

s

∫
ω

∣∣∣V k
∣∣∣2 dx dτ + max

k∈{1,2,3}

∫ t

s

∥∥∥∇pk
∥∥∥2

L2
dτ

+ e(t) + δ

(
z(t) +

∫ t

s
z(τ) dτ

)
+ cδ

(
z(s) + z2(t) +

∫ t

s
(d(τ) + z3/2(τ)) dτ

)
,

for any δ ∈ (0, 1]. Since σ is uniformly positive on ω, Lemma 4.3.2 and Definition 4.3.3 lead to∫ t

s
e(τ) dτ ≲ max

k∈{1,2,3}

∫ t

s

∫
ω

∣∣∣σ∂k
t E
∣∣∣2 dx dτ + max

k∈{1,2,3}

∫ t

s

∥∥∥∇pk
∥∥∥2

L2
dτ

+ e(t) + δ

(
z(t) +

∫ t

s
z(τ) dτ

)
+ cδ

(
z(s) + z2(t) +

∫ t

s
(d(τ) + z3/2(τ)) dτ

)
≲ e(t) + cδ

(
z(s) + z2(t) +

∫ t

s
(d(τ) + z3/2(τ)) dτ

)
+ δ

(
z(t) +

∫ t

s
z(τ) dτ

)
.

4.5. Regularity Analysis
Our proof of exponential stability will be based on Theorem 4.4.5 and Lemma 4.2.3. These
results allow us to control time derivatives of (E,H) on L2, but so far the estimates include
small error terms also involving space derivatives. We thus also need a version of Theorem 4.4.5
for higher-order spatial derivatives, i.e., we have to control z on the left by e and higher order
terms on the right. Here it is crucial that the constants do not depend on time and that we
bound z uniformly and in L1.

For uniformly positive conductivity this has been carried out in [35]. However, the jump of
the conductivity leads to the interface Γ, which requires sophisticated additional arguments.

Theorem 4.5.1 (Regularity analysis). Let (Hq) hold. For 0 ≤ s ≤ t < T∗ the solutions
(E,H) of (4.1)–(4.4) satisfy

z(t) +
∫ t

s
z(τ) dτ ≲ z(s) + z2(t) + e(t) +

∫ t

s

(
e(τ) + z3/2(τ)

)
dτ.
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To show this result we split the solutions in different spatial regions using cutoffs, iterated
over the spatial regularity, and reduce the estimate to lower spatial norms as illustrated in
Figure 4.3.

(E,H) ∂t(E,H) ∂2
t (E,H) ∂3

t (E,H)

(E,H) ∂t(E,H) ∂2
t (E,H)

(E,H) ∂t(E,H)

(E,H)

L2

H1
Γ

H2
Γ

H3
Γ

∥ · ∥2L2 ≲ e(t)

Figure 4.3.: We estimate the Hj
Γ-norm by terms in the Hj−1

Γ -norm, finally reaching the L2-
level. These terms are then bound by e(t).

We use the collars Na = {x ∈ Ω | dist(x, ∂Ω) < a} and N Γ
a = {x ∈ Ω | dist(x,Γ) < a}

around ∂Ω and Γ. Choose a > 0 such that
– Na ∩ N Γ

a = ∅,
– ∂Na and ∂N Γ

a retain the C5 regularity of ∂ω, see Lemma 14.16 in [26],
– and the basis {τ1, τ2, ν} of normal and tangential vectors can be extended from ∂Ω,

respectively Γ, to a basis B also denoted by B = {τ1, τ2, ν} on Na, respectively N Γ
a .

We introduce 4 smooth cutoffs χ∂Ω, χω, χΓ and χυ ≥ 0, satisfying
∑

Ξ∈{∂Ω,ω,Γ,υ} χΞ = 1 on Ω.
To this end, we take χ∂Ω with χ∂Ω = 1 on Na/2 and suppχ∂Ω ⊆ Na, and χΓ with χΓ = 1 on
N Γ

a/2 and suppχΓ ⊆ N Γ
a . Then we set χω = 1ω(1 − χ∂Ω − χΓ) and χυ = 1υ(1 − χΓ).

We define the quantities

yk,j
Ξ (t) :=

∥∥∥∂k
t [χΞ(E,H)]

∥∥∥2

Hj
Γ(Ω)

for Ξ ∈ {υ,Γ, ω, ∂Ω}, j, k ∈ {0, 1, 2, 3}, j ≤ 3 − k. We have to show

yk,j
Ξ (t) +

∫ t

s
yk,j

Ξ (τ) dτ ≲ (1 + cθ)
[
z(s) + e(t) + z2(t) +

∫ t

s

(
e(τ) + z3/2(τ)

)
dτ
]

+ θ

∫ t

s
z(τ) dτ

for small θ > 0. Note that for j = 0 this is true for θ = 0, since yk,0
Ξ (t) ≲ e(t). In particular

for k = 3 there is nothing to show. In the case Ξ ̸= Γ the proof is essentially contained in [51]
and [35]. First, we recall these results and adapt their proofs. We deviate in the structure of
the proof in [51] and [35] to prepare for the treatment of the interface terms.

First, we derive an estimate for the magnetic field on Ω± from the div-curl inequality of
Theorem A.2.2. Here we trade a space derivative of H to a time derivative of E which we can
control in our iteration scheme.

Lemma 4.5.2. Let (Hq) hold. For 0 ≤ s ≤ t < T∗, j, k ∈ N0 with j + k ≤ 2 the solutions
(E,H) of (4.1)–(4.4) satisfy∥∥∥∂k

t H
∥∥∥

Hj+1
Γ

≲ e1/2(t) +
∥∥∥∂k

t E
∥∥∥

Hj
Γ

+
∥∥∥∂k+1

t E
∥∥∥

Hj
Γ

+ z(t).
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Proof. This is a direct result of the div-curl estimate in Theorem A.2.2. Let k ≤ 2. By (4.2),
(4.4), (4.30), (4.36), and Lemma A.1.2 the fields

∂k
t H ∈ H(curl), µ̂k∂

k
t H + gk = ∂k

t (µH) ∈ Hn0(div 0)

satisfy the assumptions of Theorem A.2.2. Together with (4.32) and Lemma 4.2.1, Theo-
rem A.2.2 implies ∥∥∥∂k

t H
∥∥∥

Hj+1
Γ

≲
∥∥∥∂k

t H
∥∥∥

L2
+
∥∥∥curl ∂k

t H
∥∥∥

Hj
Γ

+ ∥gk∥
Hj+1

Γ

≲ e1/2(t) +
∥∥∥∂k

t E
∥∥∥

Hj
Γ

+
∥∥∥∂k+1

t E
∥∥∥

Hj
Γ

+ z(t).

The next result on υ can be shown as in Section 6 of [51] by differentiating and applying a
div-curl estimate. We present the details since here an additional term near the interface Γ
appears. Its space regularity is controlled by time derivatives, lower-order and error terms,
and additional contributions at the boundary.

Lemma 4.5.3. Let (Hq) hold. For 0 ≤ s ≤ t < T∗, j, k ∈ N0 with j + k ≤ 2 the solutions
(E,H) of (4.1)–(4.4) satisfy

yk,j+1
υ (t) ≲ z2(t) + yk+1,j

υ (t) + yk,j
υ (t) + yk,j

Γ (t).

Proof. Let t ≥ 0, k ∈ N0 and α ∈ N3
0 with k + |α| ≤ 2. We multiply (4.1) by χυ and apply

∂α
x ∂

k
t to obtain

curl(∂α
x ∂

k
t χυH) = ∂k+1

t ∂α
x (ε(x,E)χυE) − ∂α

x ∂
k
t (∇χυ ×H),

curl(∂α
x ∂

k
t χυE) = −∂k+1

t ∂α
x (µ(x,H)χυH) − ∂α

x ∂
k
t (∇χυ × E),

using that the conductivity σ vanishes on υ ⊆ Ω. Equation (4.28) and Lemma 4.2.1 thus
imply ∥∥∥curl(∂α

x ∂
k
t (χυH))

∥∥∥
L2
,
∥∥∥curl(∂α

x ∂
k
t (χυE))

∥∥∥
L2

≲
∥∥∥∂k

t (E,H)
∥∥∥

H|α|(υ)
+
∥∥∥∂k+1

t χυ(E,H)
∥∥∥

H|α|
+ z(t),

(4.71)

where we also used the Sobolev embeddings H1 ↪→ L6 and H2 ↪→ L∞, see also Lemma 4.2.2.
The z term appears if a time derivative hits ε or µ, or if a space derivative falls on the fields
in ε or µ. Lemma 4.1.2 and the Maxwell equation (4.32) give

div(ε(E)χυE) = ∇χυ · ε(E)E, div(µ(H)χυH) = ∇χυ · µ(H)H,

div
(
εd∂

α
x ∂

k
t

(
χυE

))
= −

∑
0≤a≤α

(
α

a

)
∂α−a

x

(
(∇χυ)⊤εd

)
∂k

t ∂
a
xE − ∂α

x (χυ div f̃k−1)

−
∑

0≤a<α

(
α

a

)
div

(
∂α−a

x εd∂
k
t ∂

a
x

(
χυE

))
,

div
(
µd∂

α
x ∂

k
t

(
χυH

))
= −

∑
0≤a≤α

(
α

a

)
∂α−a

x

(
(∇χυ)⊤µd

)
∂k

t ∂
a
xH − ∂α

x (χυ div g̃k−1)

−
∑

0≤a<α

(
α

a

)
div

(
∂α−a

x µd∂
k
t ∂

a
x

(
χυH

))
,

for k ≥ 1. Therefore,∥∥∥div
(
εd∂

α
x ∂

k
t

(
χυE

))∥∥∥
L2
,
∥∥∥div

(
µd∂

α
x ∂

k
t

(
χυH

))∥∥∥ ≲ ∥∥∥∂k
t (E,H)

∥∥∥
H|α|(υ)

+ z(t). (4.72)
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Since χυ(E,H)|∂υ = 0 we can apply the div-curl estimate of Theorem A.2.9 a). In combination
with the estimates (4.71) and (4.72) yield∥∥∥∂α

x ∂
k
t χυ

(
E,H

)∥∥∥
H1

≲
∥∥∥∂k+1

t χυ(E,H)
∥∥∥

H|α|
+
∥∥∥∂k

t χυ(E,H)
∥∥∥

H|α|
+
∥∥∥∂k

t χΓ(E,H)
∥∥∥

H|α|
+ z(t),

yk,|α|+1
υ (t) ≲ z2(t) + yk+1,|α|

υ (t) + yk,|α|
υ (t) + y

k,|α|
Γ (t).

The part of ω away form ∂Ω and Γ can be handled as in [35], see Equation (7.6) therein.
The magnetic field is estimated via Lemma 4.5.2 whereas the electric one has to be treated
differently due to the presence of the conductivity. Here we use an energy estimate instead.

Lemma 4.5.4. Let (Hq) hold. For 0 ≤ s ≤ t < T∗ and j, k ∈ N0 with j + k ≤ 2, the solutions
(E,H) of (4.1)–(4.4) satisfy

yk,j+1
ω (t) + σ0

∫ t

s
yk,j+1

ω (τ) dτ

≲ z(s) + cθ

∫ t

s

(
e(τ) + z3/2(τ) +

∥∥∥∂k
t E
∥∥∥2

Hj
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

Hj
Γ

)
dτ + θ

∫ t

s
z(τ) dτ

for any θ > 0.

Proof. Let k ∈ N0, α ∈ N3
0 with |α| ≥ 1 and k + |α| ≤ 3. The differentiated and localized

version of (4.32) in H−1
Γ is given by

εd∂t∂
α
x ∂

k
t (χωE) = curl ∂α

x ∂
k
t (χωH) − σ∂α

x ∂
k
t (χωE) + ∂α

x ([χω, curl]∂k
t H)

−
∑

0≤a<α

(
α

a

)[
∂α−a

x σ∂a
x∂

k
t (χωE) + ∂α−a

x εd∂
a
x∂

k+1
t (χωE)

]
− ∂α

x (χωf̃k),

=: curl ∂α
x ∂

k
t (χωH) − σ∂α

x ∂
k
t (χωE) − fk,α

µd∂t∂
α
x ∂

k
t (χωH) = − curl ∂α

x ∂
k
t (χωE) − ∂α

x ([χω, curl]∂k
t E) (4.73)

−
∑

0≤a<α

(
α

a

)
∂α−a

x µd∂
a
x∂

k+1
t (χωH) − ∂α

x (χω g̃k),

=: − curl ∂α
x ∂

k
t (χωE) − gk,α

trt ∂
α
x ∂

k
t (χωE) = 0, trn ∂

α
x ∂

k
t (χωH) = 0.

One derives an energy equality as in (4.97) below. Here the situation is considerably simpler
due to the lack of boundary and interface terms, allowing for an approximation converging in
L2(Ω). Then, since σ ≥ σ0 > 0 on ω, we obtain

yk,|α|
ω (t) + σ0

∫ t

s

∥∥∥∂k
t (χωE)

∥∥∥2

H|α|
dτ (4.74)

≲
∫

Ω

(
εd∂

α
x ∂

k
t (χωE) · ∂α

x ∂
k
t (χωE) + µd∂

α
x ∂

k
t (χωH) · ∂α

x ∂
k
t (χωH)

)
(s) dx

+
∫ t

s

∫
Ω

(
∂tεd∂

α
x ∂

k
t (χωE) · ∂α

x ∂
k
t (χωE) + ∂tµd∂

α
x ∂

k
t (χωH) · ∂α

x ∂
k
t (χωH)

)
dx dτ

+
∫ t

s

∫
Ω

(
fk,α · ∂α

x ∂
k
t (χωE) + gk,α · ∂α

x ∂
k
t (χωH)

)
dx dτ

≲ z(s) +
∫ t

s
z3/2(τ) dτ

+
∫ t

s

∫
Ω

(
fk,α · ∂α

x ∂
k
t (χωE) + gk,α · ∂α

x ∂
k
t (χωH)

)
dx dτ,
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where we also used Lemma 4.2.1. Let us take a closer look at the last term. Note that the
commutator [χω, curl] is simply a multiplication operator. We thus get∫ t

s

∫
Ω
fk,α · ∂α

x ∂
k
t (χωE) dx dτ ≲ θ

∫ t

s

∥∥∥∂k
t (χωE)

∥∥∥2

H|α|
dτ + cθ

(∫ t

s

∥∥∥∂k
t H
∥∥∥2

H|α|(ω)
dτ

+
∫ t

s

(∥∥∥∂k
t (χωE)

∥∥∥2

H|α|−1
+
∥∥∥∂k+1

t (χωE)
∥∥∥2

H|α|−1

)
dτ

+
∫ t

s
z2(τ) dτ

)
,∫ t

s

∫
Ω
gk,α · ∂α

x ∂
k
t (χωH) dx dτ ≲ θ

∫ t

s

∥∥∥∂k
t E
∥∥∥2

H|α|(ω)
dτ + cθ

∫ t

s

∥∥∥∂k
t (χωH)

∥∥∥2

H|α|
dτ

+
∫ t

s

∥∥∥∂k+1
t (χωH)

∥∥∥2

H|α|−1
dτ +

∫ t

s
z2(τ) dτ,

for θ > 0 using Young’s inequality. The H |α|-norms of the electric field (with θ in front)
will be simply estimated by z, whereas we keep the H |α|-norm the magnetic field for now.
Inserting this estimate into (4.74), we obtain

yk,|α|
ω (t) + σ0

∫ t

s

∥∥∥∂k
t (χωE)

∥∥∥2

H|α|
dτ

≲ z(s) +
∫ t

s
z3/2(τ) dτ + cθ

∫ t

s

∥∥∥∂k
t H
∥∥∥2

H|α|(ω)
dτ

+ cθ

∫ t

s

(∥∥∥∂k
t (χωE)

∥∥∥2

H|α|−1
+
∥∥∥χω∂

k+1
t (E,H)

∥∥∥2

H|α|−1

)
dτ + θ

∫ t

s
z(τ) dτ.

Hence, we have reduced the estimate of the electric field in H |α| to one on the magnetic field.
Lemma 4.5.2 thus shows that

yk,|α|
ω (t) + σ0

∫ t

s
yk,|α|

ω (τ) dτ

≲ z(s) + cθ

∫ t

s

(
e(τ) + z3/2(τ) +

∥∥∥∂k
t E
∥∥∥2

H
|α|−1
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

H
|α|−1
Γ

)
dτ + θ

∫ t

s
z(τ) dτ.

Up to this point differentiating in space did not change the boundary or interface conditions
since the cutoffs vanished there. This is different for χ∂Ω and χΓ. In these cases we may still
differentiate in tangential direction picking up lower-order terms, however the derivatives in
normal direction require an additional argument based on the structure of the Maxwell system.
We start with the cutoff at the boundary ∂Ω. Again, the reasoning is adapted from [35].

Lemma 4.5.5. Let (Hq) hold. For 0 ≤ s ≤ t < T∗ and j, k ∈ N0 with j + k ≤ 2, the solutions
(E,H) of (4.1)–(4.4) satisfy

yk,j+1
∂Ω (t) +

∫ t

s
yk,j+1

∂Ω (τ) dτ

≲ z(s) + e(t) + z2(t) + θ

∫ t

s
z(τ) dτ + (1 + cθ)

[ ∫ t

s
(e(τ) + z3/2(τ)) dτ

+
∥∥∥∂k

t E(t)
∥∥∥2

Hj
Γ

+
∥∥∥∂k+1

t E(t)
∥∥∥2

Hj
Γ

+
∫ t

s

(∥∥∥∂k
t E(τ)

∥∥∥2

Hj
Γ

+
∥∥∥∂k+1

t E(τ)
∥∥∥2

Hj
Γ

)
dτ

+ yk+1,j
∂Ω (t) +

∫ t

s
yk+1,j

∂Ω (τ) dτ
]

for any θ > 0.
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Proof. 1) We start by applying ∂k
t ∂

β
τ χ∂Ω for β ∈ N2

0 with |β| + k ≤ 3 to (4.32)–(4.34)
resulting in

εd∂t∂
β
τ ∂

k
t (χ∂ΩE) = curl ∂β

τ ∂
k
t (χ∂ΩH) − σ∂β

τ ∂
k
t (χ∂ΩE) − fk,β

fk,β := −[∂β
τ , curl]∂k

t (χ∂ΩH) − ∂β
τ ([χ∂Ω, curl]∂k

t H) + ∂β
τ (χ∂Ωf̃k)

+
∑

0≤b<β

(
β

b

)[
∂β−b

τ σ∂b
τ∂

k
t (χ∂ΩE) + ∂β−b

τ εd∂
b
τ∂

k+1
t (χ∂ΩE)

]
,

µd∂t∂
β
τ ∂

k
t (χ∂ΩH) = − curl ∂β

τ ∂
k
t (χ∂ΩE) − gk,β (4.75)

gk,β := ∂β
τ ([χ∂Ω, curl]∂k

t E) + [∂β
τ , curl]∂k

t (χ∂ΩE)

+
∑

0≤b<β

(
β

b

)
∂β−b

τ µd∂
b
τ∂

k+1
t (χ∂ΩH) + ∂β

τ (χ∂Ωg̃k),

trt ∂
β
τ ∂

k
t (χ∂ΩE) = [trt, ∂

β
τ ]∂k

t (χ∂ΩE) = −
∑

0≤b<β

(
β

b

)
tr ∂b

τ∂
k
t (χ∂ΩE) × ∂β−b

τ ν

=: τE
k,β, (4.76)

Note that τE
k,0 = 0 and that the commutator [∂β

τ , curl] is a differential operator of order |β|,
[χ∂Ω, curl] is again a multiplication operator and [trt, ∂

β
τ ] is of order |β| − 1. As in (4.97)

below, one derives an energy equality which then yields∥∥∥∂k
t ∂

β
τ (χ∂ΩE)(t)

∥∥∥2

L2
+ σ0

∫ t

s

∥∥∥∂k
t ∂

β
τ (χ∂ΩE)

∥∥∥2

L2
dτ

≲ z(s) +
∫ t

s
z3/2(τ) dτ +

∫ t

s

∮
∂Ω

|τE
k,β · trτ ∂

k
t ∂

β
τ H| dς dτ

+
∫ t

s

∫
Ω

∣∣∣fk,β · ∂β
x∂

k
t (χ∂ΩE) + gk,β · ∂β

x∂
k
t (χ∂ΩH)

∣∣∣ dx dτ,

where we now get an additional term at the boundary. This term is treated in the sense of the
dual pairing H1/2(∂Ω) ×H−1/2(∂Ω) using that [∂β

τ , trτ ] is of lower order and that ∂τi belongs
to B(H1/2(∂Ω),H−1/2(∂Ω)). For |β| > 0 we thus get∮

∂Ω
|τE

k,β · trτ ∂
k
t ∂

β
τ H| dς ≲

∥∥∥τE
k,β

∥∥∥
H1/2(∂Ω)

∥∥∥trτ ∂
k
t ∂

β
τ H

∥∥∥
H−1/2(∂Ω)

≲ θz(t) + cθ

∥∥∥∂k
t H
∥∥∥2

H
|β|
Γ
.

Next, the inhomogeneities are estimated by∫ t

s

∫
Ω

∣∣∣fk,β · ∂β
x∂

k
t (χ∂ΩE) + gk,β · ∂β

x∂
k
t (χ∂ΩH)

∣∣∣ dx dτ

≲ θ

∫ t

s
z(τ) dτ + cθ

∫ t

s

( ∥∥∥∂k
t H
∥∥∥2

H
|β|
Γ

+
∥∥∥∂k

t (χ∂ΩE)
∥∥∥2

H|β|−1

+
∥∥∥∂k+1

t χ∂Ω(E,H)
∥∥∥2

H|β|−1
+ z2

)
dτ.

Thus, ∥∥∥∂k
t ∂

β
τ (χ∂ΩE)(t)

∥∥∥2

L2
+ σ0

∫ t

s

∥∥∥∂k
t ∂

β
τ (χ∂ΩE)

∥∥∥2

L2
dτ (4.77)

≲ z(s) + θ

∫ t

s
z(τ) dτ + cθ

[ ∫ t

s
z3/2(τ) dτ +

∥∥∥∂k
t H
∥∥∥2

H
|β|
Γ

+ y
k,|β|−1
∂Ω + y

k+1,|β|−1
∂Ω

]
,

where the magnetic term is again treated by means of Lemma 4.5.2 later on.
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2) a) To estimate the full Sobolev norm, we next consider normal and mixed derivatives.
Let α = (γ, β) ∈ N0 × N2

0 with γ ̸= 0 and |α| ≤ 3 − k.
We furthermore split the terms with normal derivatives into∥∥∥∂γ

ν ∂
β
τ ∂

k
t (χ∂ΩE)

∥∥∥
L2

≲
∥∥∥∂γ

ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
ν

∥∥∥
L2

+
∥∥∥∂γ

ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

∥∥∥
L2
, (4.78)

where for
u := ∂β

τ ∂
k
t (χ∂ΩE)

we write
(u)ξ = (u · ξ)ξ for ξ ∈ {τ1, τ2, ν} and (u)τ = (u)τ1 + (u)τ2 . (4.79)

We start with the tangential part, which is recovered from the curl as follows. Let us first
introduce some notation from Chapter 6 of [35], namely

J1 =

0 0 0
0 0 −1
0 1 0

 , J2 =

 0 0 1
0 0 0

−1 0 0

 , J3 =

0 −1 0
1 0 0
0 0 0

 ,
J(ξ) =

∑
j
ξjJj .

It follows
curl =

∑
j
Jj∂j =

∑
j∈{1,2,3}

ξ∈{ν,τ1,τ2}

Jjξj∂ξ =
∑

ξ∈{ν,τ1,τ2}
J(ξ)∂ξ.

Note that the ker
(
J(ν)

)
= span{ν}. Hence, J(ν)u = J(ν)uτ , and its restriction to span{τ1, τ2}

has an inverse R(ν). This allows us to recover the tangential part of the normal derivative via

∂νuτ =
∑

i
(∂ντiuτi + τi∂ντi · u) +R(ν)

(
curl u−

∑
i
J(τi)∂τiu

)
. (4.80)

We thus obtain∥∥∥∂γ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

∥∥∥
L2

=
∥∥∥∂γ−1

ν ∂ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

∥∥∥
L2

≲
∑

0≤δ<γ

∥∥∥∂δ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

∥∥∥
L2

+
∥∥∥∂γ−1

ν curl(∂β
τ ∂

k
t χ∂ΩE)

∥∥∥
L2

+
∥∥∥∂γ−1

ν ∂β+(1,0)
τ ∂k

t (χ∂ΩE)
∥∥∥

L2
+
∥∥∥∂γ−1

ν ∂β+(0,1)
τ ∂k

t (χ∂ΩE)
∥∥∥

L2
.

In this way, we trade normal derivatives of the tangential part for a curl term and tangential
derivatives. We now insert Equation (4.75) and iterate this estimate to move all derivatives
onto tangential ones, which we already treated, i.e.,∥∥∥∂γ

ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

∥∥∥2

L2
≲
∥∥∥∂γ−1

ν (µd∂t∂
β
τ ∂

k
t (χ∂ΩH))

∥∥∥2

L2
+
∥∥∥∂γ−1

ν gk,β

∥∥∥2

L2

+
∑

0≤δ<γ

∥∥∥∂δ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

∥∥∥2

L2
+
∥∥∥∂γ−1

ν ∂β+(1,0)
τ ∂k

t (χ∂ΩE)
∥∥∥2

L2
+
∥∥∥∂γ−1

ν ∂β+(0,1)
τ ∂k

t (χ∂ΩE)
∥∥∥2

L2

≲
∥∥∥∂k

t (χ∂ΩE)
∥∥∥2

H|α|−1
+
∥∥∥∂k+1

t (χ∂ΩH)
∥∥∥2

H|α|−1

+
∑

b∈N2
0 : |b|≤|α|−1

∥gk,b∥2
H|α|−1−|b| +

∑
b∈N2

0 : |b|≤|α|

∥∥∥∂b
τ∂

k
t (χ∂ΩE)

∥∥∥2

L2
.

Since

∥gk,b∥2
H|α|−1−|b| ≲

∥∥∥∂k
t E
∥∥∥2

H|α|−1(ω)
+ y

k+1,|α|−1
∂Ω + z2,
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we conclude ∥∥∥∂γ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

∥∥∥2

L2
≲
∥∥∥∂k

t E
∥∥∥2

H|α|−1(ω)
+ y

k+1,|α|−1
∂Ω + z2 (4.81)

+
∑

b∈N2
0 : |b|≤|α|

∥∥∥∂b
τ∂

k
t (χ∂ΩE)

∥∥∥2

L2
,

where the last term was treated in (4.77).
b) Next, we recover the normal part via the divergence as in Chapter 6 of [35]. One has

div u =
∑

j
∂j

∑
ξ
uξξj =

∑
ξ

(
∂ξuξ + div(ξ)uξ

)
.

Hence, for a matrix κ ∈ {ε̂k, σ}, we obtain

div(κu) =
∑

ξ,ζ
∂ξ(ξ⊤κζuζ) +

∑
ξ

div(ξ)ξ⊤κu

=
∑

ξ,ζ
(κξζ∂ξuζ + ∂ξκξζuζ) +

∑
ξ

div(ξ)ξ⊤κu,

κνν∂νuν = div(κu) −
∑

(ξ,ζ)̸=(ν,ν)
κξζ∂ξuζ −

∑
ξ,ζ

∂ξκξζuζ −
∑

ξ

div(ξ)ξ⊤κu

=: div(κu) −D(κ)u, (4.82)

where again ξ, ζ run over {ν, τ1, τ2} and κξ,ζ := κξ · ζ. Thus, for κ = ε̂k and u = ∂β
τ ∂

k
t (χ∂ΩE)

we obtain
(ε̂k)νν∂νuν = div(ε̂ku) −D(ε̂k)u.

We next derive an equation for the divergence. Taking the tangential derivative and divergence
of (4.29) yields

∂t(ε̂ku) = curl ∂β
τ ∂

k
t (χ∂ΩH) − σu

− ∂β
τ (χ∂Ω∂tfk) − [curl, ∂β

τ ](χ∂Ω∂
k
t H) − ∂β

τ ([curl, χ∂Ω]∂k
t H)

−
∑

0≤b<β

(
β

b

)[
∂β−b

τ σ∂b
τ∂

k
t (χ∂ΩE) + ∂t

(
∂β−b

τ ε̂k∂
b
τ∂

k
t (χ∂ΩE)

)]
=: curl ∂β

τ ∂
k
t (χ∂ΩH) − σu− φ, (4.83)

div(ε̂ku)(t) = div(ε̂ku)(s) −
∫ t

s

(
div(σu) + divφ

)
(τ) dτ. (4.84)

Next, we apply (4.82) to div(σu) and get

div(ε̂ku)(t) = div(ε̂ku)(s) −
∫ t

s

(
σνν∂νuν +D(σ)u+ divφ

)
(τ) dτ. (4.85)

Set π(τ) := σνν
(ε̂k)νν

≥ σ0
∥ε̂k∥∞

=: π0 > 0 on ω. Equation (4.82) also leads to the integral equation

(ε̂k)νν∂νuν = div(ε̂ku) −D(ε̂k)u

= div(ε̂ku)(s) −D(ε̂k)u−
∫ t

s

(
π(τ)(ε̂k)νν∂νuν +D(σ)u+ divφ

)
(τ) dτ

for (ε̂k)νν∂νuν . Defining

k(t) := −D(ε̂k)u and ℓ(t) := D(σ)u+ divφ,

we rewrite the integral equation as

(ε̂k)νν∂νuν(t) = f(t) + y(t), (4.86)
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where f(t) := div(ε̂ku)(s)+k(t) and y(t) := −
∫ t

s

(
π(τ)(ε̂k)νν∂νuν(τ)+ℓ(τ)

)
dτ . Differentiating

y in time results in the ODE

y′(t) + π(t)y(t) = −π(t)f(t) − ℓ(t), y(s) = 0,

which is solved by y(t) = −
∫ t

s

(
π(τ)f(τ) + ℓ(τ)

)
e−
∫ t

τ
π(r) dr dτ . Therefore, (4.86) becomes

(ε̂k)νν∂νuν(t) = f(t) −
∫ t

s

(
π(τ)f(τ) + ℓ(τ)

)
e−
∫ t

τ
π(r) dr dτ

= div(ε̂ku)(s) + k(t)

−
∫ t

s

(
π(τ)

(
div(ε̂ku)(s) + k(τ)

)
+ ℓ(τ)

)
e−
∫ t

τ
π(r) dr dτ

= e−
∫ t

s
π(r) dr div(ε̂ku)(s) + k(t) −

∫ t

s

(
π(τ)k(τ) + ℓ(τ)

)
e−
∫ t

τ
π(r) dr dτ. (4.87)

In order to bound the normal part in (4.78), we apply ∂γ−1
ν to (4.87) and take the L2-norm.

The first term becomes

∂γ−1
ν

(
e−
∫ t

s
π(r) dr div(ε̂ku)(s)

)
= e−

∫ t

s
π(r) dr∂γ−1

ν div(ε̂ku)(s)

+
γ−1∑
i=1

(
γ − 1
i

)
∂i

ν

(
e−
∫ t

s
π(r) dr

)
∂γ−1−i

ν div(ε̂ku)(s).

Note that by the chain rule for 1 ≤ i ≤ γ − 1 ≤ 2,

∂ν

(
e−
∫ t

s
π(r) dr

)
=
(

−
∫ t

s
∂νπ(r) dr

)
e−
∫ t

s
π(r) dr for i = 1,

∂2
ν

(
e−
∫ t

s
π(r) dr

)
=
[(

−
∫ t

s
∂νπ(r) dr

)2
−
∫ t

s
∂2

νπ(r) dr
]

e−
∫ t

s
π(r) dr for i = 2.

By Lemma 4.2.2, we can therefore bound each summand by∥∥∥∥∂i
ν

(
e−
∫ t

s
π(r) dr

)
∂γ−1−i

ν div(ε̂ku)(s)
∥∥∥∥

L2
≲ sup

τ∈[s,t]
∥π(τ)∥H2

Γ

(
(t−s)2 +(t−s)

)
e−π0(t−s) ∥u(s)∥

Hγ−1
Γ

for 1 ≤ i ≤ γ − 1 ≤ 2. The norm ∥π(τ)∥H2
Γ

is controlled uniformly via (4.5), (4.26), and
Lemma 4.2.1. It follows∥∥∥∥∂γ−1

ν

(
e−
∫ t

s
π(r) dr div(ε̂ku)(s)

)∥∥∥∥2

L2
≲ e−π0(t−s)

(∥∥∥∂γ−1
ν div(ε̂ku)(s)

∥∥∥2

L2
+ ∥u(s)∥2

Hγ−1
Γ

)
.

Applying the same reasoning to the integrand π(τ)k(τ) in (4.87) then yields

∥∂γ
νuν(t)∥2

L2 ≲
∥∥∥∂γ−1

ν

(
(ε̂k)νν∂νuν(t)

)∥∥∥2

L2
+ ∥u(t)∥2

Hγ−1
Γ

≲ e−π0(t−s)
(∥∥∥∂γ−1

ν div(ε̂ku)(s)
∥∥∥2

L2
+ ∥u(s)∥2

Hγ−1
Γ

)
+
∥∥∥∂γ−1

ν k(t)
∥∥∥2

L2
+ ∥u(t)∥2

Hγ−1
Γ

+
(∫ t

s
e− 1

2 π0(t−τ) · e− 1
2 π0(t−τ)

(∥∥∥∂γ−1
ν k(τ)

∥∥∥
L2

+
∥∥∥∂γ−1

ν ℓ(τ)
∥∥∥

L2
+ ∥u(τ)∥

Hγ−1
Γ

)
dτ
)2

≲ e−π0(t−s)
(∥∥∥∂γ−1

ν div(ε̂ku)(s)
∥∥∥2

L2
+ ∥u(s)∥2

Hγ−1
Γ

)
+
∥∥∥∂γ−1

ν k(t)
∥∥∥2

L2
+ ∥u(t)∥2

Hγ−1
Γ

+
∫ t

s
e−π0(t−τ) dτ

∫ t

s
e−π0(t−τ)

(∥∥∥∂γ−1
ν k(τ)

∥∥∥
L2

+
∥∥∥∂γ−1

ν ℓ(τ)
∥∥∥

L2
+ ∥u(τ)∥

Hγ−1
Γ

)2
dτ
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≲ e−π0(t−s)
(∥∥∥∂γ−1

ν div(ε̂ku)(s)
∥∥∥2

L2
+ ∥u(s)∥2

Hγ−1
Γ

)
+
∥∥∥∂γ−1

ν k(t)
∥∥∥2

L2
+ ∥u(t)∥2

Hγ−1
Γ

+ 1
π0

∫ t

s
e−π0(t−τ)

(∥∥∥∂γ−1
ν k(τ)

∥∥∥2

L2
+
∥∥∥∂γ−1

ν ℓ(τ)
∥∥∥2

L2
+ ∥u(τ)∥2

Hγ−1
Γ

)
dτ, (4.88)

where we used Cauchy-Schwarz in time and Young’s inequality.
Integrating over time results in∫ t

s
∥∂γ

νuν(τ)∥2
L2 dτ ≲ 1

π0

(∥∥∥∂γ−1
ν div(ε̂ku)(s)

∥∥∥2

L2
+ ∥u(s)∥2

Hγ−1
Γ

)
(4.89)

+
(

1 + 1
π2

0

)∫ t

s

(∥∥∥∂γ−1
ν k(τ)

∥∥∥2

L2
+
∥∥∥∂γ−1

ν ℓ(τ)
∥∥∥2

L2
+ ∥u(τ)∥2

Hγ−1
Γ

)
dτ.

Note that
∥∥∂γ−1

ν div(ε̂ku)(s)
∥∥2

L2 ≲
∥∥∥∂k

t (χ∂ΩE)(s)
∥∥∥2

H|α|
≲ z(s). As above Lemmas 4.2.1 and

4.2.2 yield

∥∥∥∂γ−1
ν k(τ)

∥∥∥2

L2
≲
∥∥∥∥∥∂γ−1

ν

( ∑
(ξ,ζ)̸=(ν,ν)

∂ξuζ

)∥∥∥∥∥
2

L2

+ ∥u(τ)∥2
Hγ−1 (4.90)

≲ ∥∂γ
ν (u)τ ∥2

L2 +
∥∥∥∂γ−1

ν (∂(1,0)
τ u)ν

∥∥∥2

L2
+
∥∥∥∂γ−1

ν (∂(0,1)
τ u)ν

∥∥∥2

L2
+ y

k,|α|−1
∂Ω .

Here we treat the first term by (4.81) and the second and third terms have fewer normal
derivatives, so we can iterate this estimate in the end. Moreover,

∥∥∥∂γ−1
ν ℓ(τ)

∥∥∥2

L2
≲
∥∥∥∥∥∂γ−1

ν

( ∑
(ξ,ζ)̸=(ν,ν)

∂ξuζ

)∥∥∥∥∥
2

L2

+ ∥u(τ)∥2
Hγ−1 + ∥∂γ

νφ∥2
L2 (4.91)

≲ ∥∂γ
ν (u)τ ∥2

L2 +
∥∥∥∂γ−1

ν (∂(1,0)
τ u)ν

∥∥∥2

L2
+
∥∥∥∂γ−1

ν (∂(0,1)
τ u)ν

∥∥∥2

L2
+ y

k,|α|−1
∂Ω +∥φ∥2

Hγ
Γ
,

∥φ∥2
Hγ

Γ
≲ ∥∂tfk∥2

H3−k
Γ

+
∥∥∥∂k

t H
∥∥∥2

H
|α|
Γ

+
∥∥∥χ∂Ω∂

k
t E
∥∥∥2

H
|α|−1
Γ

+
∥∥∥χ∂Ω∂

k+1
t E

∥∥∥2

H
|α|−1
Γ

≲ z2(τ) +
∥∥∥∂k

t H
∥∥∥2

H
|α|
Γ

+ y
k,|α|−1
∂Ω + y

k+1,|α|−1
∂Ω . (4.92)

Equations (4.88), (4.89), (4.90), (4.91), and (4.92) lead to∥∥∥∂γ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
ν

(t)
∥∥∥2

L2
+
∫ t

s

∥∥∥∂γ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
ν

∥∥∥2

L2
dτ

≲
∑

b∈N2
0

|b|≤1

[∥∥∥∂γ−1
ν

(
∂β+b

τ ∂k
t (χ∂ΩE)

)
ν

(t)
∥∥∥2

L2
+
∫ t

s

∥∥∥∂γ−1
ν

(
∂β+b

τ ∂k
t (χ∂ΩE)

)
ν

∥∥∥2

L2
dτ
]

+
∥∥∥∂γ

ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

(t)
∥∥∥2

L2
+
∫ t

s

∥∥∥∂γ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
τ

∥∥∥2

L2
dτ

+ z(s) + z2(t) +
∥∥∥∂k

t H
∥∥∥2

H
|α|
Γ

+ y
k,|α|−1
∂Ω + y

k+1,|α|−1
∂Ω

+
∫ t

s

(
z2(τ) +

∥∥∥∂k
t H
∥∥∥2

H
|α|
Γ

+ y
k,|α|−1
∂Ω + y

k+1,|α|−1
∂Ω

)
dτ.

Iteratively, we then obtain∥∥∥∂γ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
ν

(t)
∥∥∥2

L2
+
∫ t

s

∥∥∥∂γ
ν

(
∂β

τ ∂
k
t (χ∂ΩE)

)
ν

∥∥∥2

L2
dτ (4.93)
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≲
∑

b∈N2
0

|b|≤γ

[∥∥∥∂k
t ∂

β+b
τ (χ∂ΩE)(t)

∥∥∥2

L2
+
∫ t

s

∥∥∥∂k
t ∂

β+b
τ (χ∂ΩE)

∥∥∥2

L2
dτ
]

+
γ∑

m=1

∑
b∈N2

0
|b|≤γ−m

[∥∥∥∂m
ν

(
∂β+b

τ ∂k
t (χ∂ΩE)

)
τ

(t)
∥∥∥2

L2
+
∫ t

s

∥∥∥∂m
ν

(
∂β+b

τ ∂k
t (χ∂ΩE)

)
τ

∥∥∥2

L2
dτ
]

+ z(s) + z2(t) +
∥∥∥∂k

t H
∥∥∥2

H
|α|
Γ

+ y
k,|α|−1
∂Ω + y

k+1,|α|−1
∂Ω

+
∫ t

s

(
z2(τ) +

∥∥∥∂k
t H
∥∥∥2

H
|α|
Γ

+ y
k,|α|−1
∂Ω + y

k+1,|α|−1
∂Ω

)
dτ,

where the tangential and mixed terms were already estimated in (4.77) and (4.81).
By means of (4.77), (4.78), (4.81), (4.93), and since yk,|α|−1

∂Ω ≲ ∥∂k
t (E,H)∥2

H
|α|−1
Γ

, we finally
recover the full Sobolev norm via∥∥∥∂k

t (χ∂ΩE)(t)
∥∥∥2

H|α|
+
∫ t

s

∥∥∥∂k
t (χ∂ΩE)

∥∥∥2

H|α|
dτ (4.94)

≲
∑

(γ,β)∈N0×N2
0

γ+|β|≤|α|

∥∥∥∂γ
ν ∂

β
τ ∂

k
t (χ∂ΩE)(t)

∥∥∥2

L2
+
∫ t

s

∥∥∥∂γ
ν ∂

β
τ ∂

k
t (χ∂ΩE)

∥∥∥2

L2
dτ

≲ z(s) + z2(t) + θ

∫ t

s
z(τ) dτ + (1 + cθ)

[ ∥∥∥∂k
t H(t)

∥∥∥2

H
|α|
Γ

+
∫ t

s

(
z3/2(τ) +

∥∥∥∂k
t H
∥∥∥2

H
|α|
Γ

)
dτ

+
∥∥∥∂k

t E(t)
∥∥∥2

H
|α|−1
Γ

+
∫ t

s

∥∥∥∂k
t E
∥∥∥2

H
|α|−1
Γ

dτ + y
k+1,|α|−1
∂Ω (t) +

∫ t

s
y

k+1,|α|−1
∂Ω dτ

]
.

Lemma 4.5.2 then shows the desired estimate.

At last, we have to bound the Sobolev norms of ∂k
t (E,H) near the interface Γ. We first

consider each side of Γ individually. The proof of the inequality on ω is similar as in the
proof of Lemma 4.5.5 The tangential derivative of χΓ(E,H) on ω can be estimated using the
energy identity exploiting that σ ≥ σ0 > 0 on ω. The normal derivatives are then reduced
to the tangential case a before via the Maxwell system. On υ we bound the fields using a
div-curl lemma, where the traces can be controlled via the interface conditions and lower-order
estimates.

Lemma 4.5.6. Let (Hq) hold. For 0 ≤ s ≤ t < T∗ and k, j ∈ N0 with k+ j ≤ 2, the solutions
(E,H) of (4.1)–(4.4) satisfy

yk,j+1
Γ +

∫ t

s
yk,j+1

Γ dτ

≲ e(t) + z(s) + z2(t) + θ

∫ t

s
z(τ) dτ + (1 + cθ)

[ ∫ t

s

(
e(τ) + z3/2(τ)

)
dτ

+
∥∥∥∂k

t (E,H)
∥∥∥2

Hj
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

Hj
Γ

+
∫ t

s

(∥∥∥∂k
t (E,H)

∥∥∥2

Hj
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

Hj
Γ

)
dτ
]

for any θ > 0.

Proof. We consider a neighborhood of the interface Γ. To simplify the notation slightly we
drop the superscript of νΓ = ν and τΓ

i = τi when used in a subscript. From (4.6) we recall
the interface conditions

J∂k
t E × νΓK(t) = 0, J∂k

t H × νΓK(t) = 0. (4.95)
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1) For 0 ̸= α = (γ, β) ∈ N3
0

∼= N0 × N2
0 we write ∂γ

ν ∂
β
τ = ∂γ

ν ∂
β1
τ1 ∂

β2
τ2

1.1) The tangential derivative of the localized solution ∂β
τ ∂

k
t (χΓ(E,H)), |α| ≤ 3 − k, solves

the system

εd∂t

[
∂β

τ ∂
k
t (χΓE)

]
= curl

(
∂β

τ ∂
k
t (χΓH)

)
− σ

[
∂β

τ ∂
k
t (χΓE)

]
− fβ,k,

fβ,k := −∂β
τ

(
[χΓ, curl]∂k

t H
)

− [∂β
τ , curl](χΓ∂

k
t H) + ∂β

τ (χΓf̃k)

+
∑

0≤b<β

(
β

b

)(
∂β−b

τ σ∂b
τ∂

k
t (χΓE) + ∂β−b

τ εd∂
b
τ∂

k+1
t (χΓE)

)
,

µd∂t

[
∂β

τ ∂
k
t (χΓH)

]
= − curl

(
∂β

τ ∂
k
t (χΓE)

)
− gβ,k, (4.96)

gβ,k := ∂β
τ

(
[χΓ, curl]∂k

t E
)

+ [∂β
τ , curl](χΓ∂

k
t E) + ∂β

τ (χΓg̃k)

+
∑

0≤b<β

(
β

b

)
∂β−b

τ µd∂
b
τ∂

k+1
t (χΓH),

on both sides of Γ, cf. Equation (4.75). Again, note that [χΓ, curl] is just a multiplier and
[∂β

τ , curl] is of order |β|. They also satisfy the boundary conditions

trt ∂
β
τ ∂

k
t (χΓE) = 0, (trn ∂

β
τ ∂

k
t µdχΓH = 0) on ∂N Γ

a .

The tangential derivative commutes with the trace. Indeed, one can first establish this result
for smooth functions and then apply the continuity of the operators. Hence, ∂β

τ ∂
k
t (χΓE,χΓH)

satisfies

Jtrt ∂
β
τ ∂

k
t (χΓE)K = −

∑
0≤b<β

(
β

b

)
Jtr ∂b

τ∂
k
t (χΓE)K × ∂β−b

τ νΓ =: φβ,k on Γ,

Jtrt ∂
β
τ ∂

k
t (χΓH)K = −

∑
0≤b<β

(
β

b

)
Jtr ∂b

τ∂
k
t (χΓH)K × ∂β−b

τ νΓ =: ψβ,k on Γ,

where only terms of order strictly smaller than |β| appear on the right-hand side.
1.2) We start by deriving the energy equality

1
2

∫
N Γ

a

[
εd∂

β
τ ∂

k
t (χΓE(t)) · ∂β

τ ∂
k
t (χΓE(t)) + µd∂

β
τ ∂

k
t (χΓH(t)) · ∂β

τ ∂
k
t (χΓH(t))

]
dx (4.97)

+
∫ t

s

∫
N Γ

a

σ∂β
τ ∂

k
t (χΓE(τ)) · ∂β

τ ∂
k
t (χΓE(τ)) dxdτ

= 1
2

∫
N Γ

a

[
εd∂

β
τ ∂

k
t (χΓE(s)) · ∂β

τ ∂
k
t (χΓE(s)) + µd∂

β
τ ∂

k
t (χΓH(s)) · ∂β

τ ∂
k
t (χΓH(s))

]
dx

+ 1
2

∫ t

s

∫
N Γ

a

[
(∂tεd)∂β

τ ∂
k
t (χΓE) · ∂β

τ ∂
k
t (χΓE) + (∂tµd)∂β

τ ∂
k
t (χΓH) · ∂β

τ ∂
k
t (χΓH)

]
dx dτ

−
∫ t

s

∫
N Γ

a

[
∂β

τ ∂
k
t (χΓE) · fβ,k + ∂β

τ ∂
k
t (χΓH) · gβ,k

]
dx dτ

+
∫ t

s

∮
Γ

(
φβ,k · trτ,∂υ ∂

β
τ ∂

k
t (χΓH) − trτ,∂ω ∂

β
τ ∂

k
t (χΓE) · ψβ,k

)
dς dτ.

For ∂β
τ ∂

k
t (χΓE,χΓH) ∈ G1

Γ this follows from (4.96) and an integration by parts argument.
However, if k + |β| = 3, we have to approximate the solutions suitably. Since k ≤ 2 there is
at least one tangential derivative ∂(β1,β2)

τ with βi ≥ 1 for i ∈ {1, 2}. Using Theorem 3.3.5 we
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approximate (u, v) = ∂k
t ∂

β−ei
τ (χΓE,χΓH) ∈ G1

Γ on N Γ
a by (un, vn) ∈ G2

Γ in G1
Γ solving

εd∂tun = curl vn − σun − fβ−ei,k,n,

µd∂tvn = − curl un − gβ−ei,k,n,
t ≥ 0, x ∈ N Γ

a \ Γ,

Ju× νΓK = φβ−ei,k,n, Jv × νΓK = ψβ−ei,k,n, t ≥ 0, x ∈ Γ,
u× ν = 0, t ≥ 0, x ∈ ∂N Γ

a ,

u(0, x) = u0,n, v(0, x) = v0,n, x ∈ N Γ
a \ Γ,

where the approximations fβ−ei,k,n, gβ−ei,k,n, φβ−ei,k,n, and ψβ−ei,k,n are chosen in accordance
with Theorem 3.3.5. We need convergence in G1

Γ to ensure the convergence of interface terms
in a moment. Then ∂ei

τ (un, vn) belongs to G1
Γ, and one derives the energy equality for the

approximation

1
2

∫
N Γ

a

[εd∂
ei
τ un(t) · ∂ei

τ un(t) + µd∂
ei
τ vn(t) · ∂ei

τ vn(t)] dx (4.98)

+
∫ t

s

∫
N Γ

a

σ∂ei
τ un(τ) · ∂ei

τ un(τ) dx dτ

= 1
2

∫
N Γ

a

[εd∂
ei
τ un(s) · ∂ei

τ un(s) + µd∂
ei
τ vn(s) · ∂ei

τ vn(s)] dx

+ 1
2

∫ t

s

∫
N Γ

a

[(∂tεd)∂ei
τ un · ∂ei

τ un + (∂tµd)∂ei
τ vn · ∂ei

τ vn] dxdτ

−
∫ t

s

∫
N Γ

a

[∂ei
τ un · (∂ei

τ fβ−ei,k,n − [∂ei
τ , curl]vn + (∂ei

τ εd)∂tun + (∂ei
τ σ)un)

+∂ei
τ vn · (∂ei

τ gβ−ei,k,n + [∂ei
τ , curl]un + (∂ei

τ µd)∂tvn)] dxdτ

+
∫ t

s

∮
Γ

(∂ei
τ φβ−ei,k,n · trτ,∂υ ∂

ei
τ vn − trτ,∂ω ∂

ei
τ un · ∂ei

τ ψβ−ei,k,n) dς dτ.

The convergence of ∂ei
τ (un, vn) → ∂β

τ (u, v) in L2(N Γ
a ) shows that∫

N Γ
a

εd∂
ei
τ un(r) · ∂ei

τ un(r) dx →
∫

N Γ
a

εd∂
β
τ ∂

k
t (χΓE(r)) · ∂β

τ ∂
k
t (χΓE(r)) dx,∫

N Γ
a

µd∂
ei
τ vn(r) · ∂ei

τ vn(r) dx →
∫

N Γ
a

µd∂
β
τ ∂

k
t (χΓH(r)) · ∂β

τ ∂
k
t (χΓH(r)) dx,

for r ∈ {s, t}. Similarly, the terms involving σ, ∂tεd, and ∂tµd converge to the expressions
without n, and likewise the inhomogeneities and commutator terms. To reconstruct fβ,k we
use the commutator identity [AB,C] = A[B,C] + [A,C]B and calculate

∂ei
τ fβ−ei,k − [∂ei

τ , curl]v + (∂ei
τ εd)∂tu+ (∂ei

τ σ)u

= ∂ei
τ

(
− ∂β−ei

τ

(
[χΓ, curl]∂k

t H
)

− [∂β−ei
τ , curl](χΓ∂

k
t H) + ∂β−ei

τ (χΓf̃k)

+
∑

0≤b<β−ei

(
β − ei

b

)(
∂β−ei−b

τ σ∂b
τ∂

k
t (χΓE) + ∂β−ei−b

τ εd∂
b
τ∂

k+1
t (χΓE)

))
− [∂ei

τ , curl]v + [∂ei
τ , εd]∂tu+ [∂ei

τ , σ]u

= −∂β
τ

(
[χΓ, curl]∂k

t H
)

+ ∂β
τ (χΓf̃k)

−
(
∂ei

τ [∂β−ei
τ , curl](χΓ∂

k
t H) + [∂ei

τ , curl]v
)
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+
(
∂ei

τ [∂β−ei
τ , σ]∂k

t (χΓE) + [∂ei
τ , σ]∂β−ei

τ ∂k
t (χΓE)

)
+
(
∂ei

τ [∂β−ei
τ , εd]∂k+1

t (χΓE) + [∂ei
τ , εd]∂β−ei

τ ∂k+1
t (χΓE)

)
= −∂β

τ

(
[χΓ, curl]∂k

t H
)

+ ∂β
τ (χΓf̃k) − [∂β

τ , curl](χΓ∂
k
t H)

+ [∂β
τ , σ]∂k

t (χΓE) + [∂β
τ , εd]∂k+1

t (χΓE)

= −∂β
τ

(
[χΓ, curl]∂k

t H
)

− [∂β
τ , curl](χΓ∂

k
t H) + ∂β

τ (χΓf̃k)

+
∑

0≤b<β

(
β

b

)(
∂β−b

τ σ∂b
τ∂

k
t (χΓE) + ∂β−b

τ εd∂
b
τ∂

k+1
t (χΓE)

)
= fβ,k,

see Equation (4.96). Likewise, one can show the convergence of

∂ei
τ gβ−ei,k,n + [∂ei

τ , curl]un + (∂ei
τ µd)∂tvn → gβ,k,

in L2((s, t), L2(N Γ
a )), which yields the convergence of all interior integrals over N Γ

a in (4.98)
to the interior terms of (4.97). Next, we consider the interface terms. We see, using the
continuity of ∂ei

τ : H1/2(Γ) → H−1/2(Γ), see Chapter 2.3 in [12], that∫ t

s

∮
Γ

(
∂ei

τ φβ−ei,k,n · trτ,∂υ ∂
ei
τ vn − φβ,k · trτ,∂υ ∂

β
τ ∂

k
t (χΓH)

)
dς dτ (4.99)

≲
∫ t

s

(
∥∂ei

τ φβ−ei,k,n − φβ,k∥H1/2(Γ) ∥trτ,∂υ ∂
ei
τ vn∥H−1/2(Γ)

+ ∥φβ,k∥H1/2(Γ)

∥∥∥trτ,∂υ

(
∂ei

τ vn − ∂β
τ ∂

k
t (χΓH)

)∥∥∥
H−1/2(Γ)

)
dτ

≲
∫ t

s

(
∥∂ei

τ φβ−ei,k,n − φβ,k∥H1/2(Γ) ∥trτ,∂υ ∂
ei
τ vn∥H−1/2(Γ)

+ ∥φβ,k∥H1/2(Γ) ·
( ∥∥∥trτ,∂υ

(
vn − ∂β−ei

τ ∂k
t (χΓH)

)∥∥∥
H1/2(Γ)

+
∥∥∥[trτ,∂υ, ∂

ei
τ ]
(
vn − ∂β−ei

τ ∂k
t (χΓH)

)∥∥∥
H−1/2(Γ)

))
dτ

≲
∫ t

s

(
∥∂ei

τ φβ−ei,k,n − φβ,k∥H1/2(Γ) ∥trτ,∂υ ∂
ei
τ vn∥H−1/2(Γ)

+ ∥φβ,k∥H1/2(Γ) ·
∥∥∥vn − ∂β−ei

τ ∂k
t (χΓH)

∥∥∥
H1

Γ

)
dτ

where the commutator [trτ,∂υ, ∂
ei
τ ] is of order 0. The first term vanishes because ∂ei

τ φβ−ei,k,n →
φβ,k in L2((s, t), H1/2(Γ)

)
and trτ,∂υ ∂

ei
τ vn is bounded in L2((s, t), H−1/2(Γ)

)
. The second

term vanishes since vn → ∂β−ei
τ ∂k

t (χΓH) in G1
Γ and thus the difference in (4.99) converges to

0. The same argument applies to the second interface term, leading to (4.97).
1.3) The trace integrals in (4.97) can be estimated by∣∣∣∣∫ t

s

∮
Γ

(
φβ,k · trτ,∂υ ∂

β
τ ∂

k
t (χΓH) − trτ,∂ω ∂

β
τ ∂

k
t (χΓE) · ψβ,k

)
dς dτ

∣∣∣∣
≤
∫ t

s

(
∥φβ,k∥H1/2(Γ)

∥∥∥trτ,∂υ ∂
β
τ ∂

k
t (χΓH)

∥∥∥
H−1/2(Γ)

+ ∥ψβ,k∥H1/2(Γ)

∥∥∥trτ,∂ω ∂
β
τ ∂

k
t (χΓE)

∥∥∥
H−1/2(Γ)

)
dτ

≤ ∥ν∥C4(N Γ
a ) θ

∫ t

s

∥∥∥∂k
t E
∥∥∥2

H
|β|
Γ (N Γ

a )
dτ + cθ

∫ t

s

∥∥∥∂k
t H
∥∥∥2

H
|β|
Γ (N Γ

a )
dτ
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≲ θ

∫ t

s
z(τ) dτ + cθ

∫ t

s

∥∥∥∂k
t H
∥∥∥2

H
|β|
Γ

dτ,

using that φβ,k and ψβ,k only contain lower-order terms. Furthermore, the inhomogeneities
satisfy

∥fβ,k∥L2(Ω) ≲
∥∥∥∂k

t H
∥∥∥

H
|β|
Γ (N Γ

a )
+
∥∥∥∂k

t E
∥∥∥

H
|β|−1
Γ (N Γ

a )
+
∥∥∥∂k+1

t E
∥∥∥

H
|β|−1
Γ (N Γ

a )
+
∥∥f̃k

∥∥
H

|β|
Γ (N Γ

a ),

∥gβ,k∥L2(Ω) ≲
∥∥∥∂k

t E
∥∥∥

H
|β|
Γ (N Γ

a )
+
∥∥∥∂k+1

t H
∥∥∥

H
|β|−1
Γ (N Γ

a )
+
∥∥g̃k

∥∥
H

|β|
Γ (N Γ

a ).

Using also Lemma 4.2.1 we thus obtain the inequality∥∥∥∂β
τ ∂

k
t (χΓE,χΓH)(t)

∥∥∥2

L2(Ω)
+ σ0

∫ t

s

∥∥∥∂β
τ ∂

k
t (χΓE)

∥∥∥2

L2(ω)
dτ

≲ z(s) + cθ

∫ t

s
z3/2(τ) dτ + θ

∫ t

s
z(τ) dτ

+ cθ

∫ t

s

(∥∥∥∂k
t E
∥∥∥2

H
|β|−1
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

H
|β|−1
Γ

+
∥∥∥∂k

t H
∥∥∥2

H
|β|
Γ

)
dτ.

(4.100)

We emphasize that the integral-term on the left-hand side unfortunately only contains the
L2-norm on the support of σ, i.e., the subset ω ⊆ Ω.
1.4) To estimate the full Sobolev norm on ω, we again consider normal and mixed derivatives
next. Let α = (γ, β) ∈ N0 × N2

0 with γ ̸= 0 and |α| ≤ 3 − k. Set u := ∂β
τ ∂

k
t (χΓE).

As in (4.78), we split the terms with normal derivatives into∥∥∥∂γ
ν ∂

β
τ ∂

k
t (χΓE)

∥∥∥
L2(ω)

≲
∥∥∥∂γ

ν

(
∂β

τ ∂
k
t (χΓE)

)
ν

∥∥∥
L2(ω)

+
∥∥∥∂γ

ν

(
∂β

τ ∂
k
t (χΓE)

)
τ

∥∥∥
L2(ω)

.

The tangential part ∂γ
ν ∂

β
τ ∂

k
t (χΓE)τ can be recovered from the curl as in Equation (4.80) by

∂ν(u)τ =
∑

i=1,2
(∂ντi(u)τi + τi∂ντi · u) +R(νΓ)

curl u−
∑

i=1,2
J(τi)∂τiu

 .
We insert Equation (4.96)and iterate, which leads to the estimate∥∥∥∂γ

ν

(
∂β

τ ∂
k
t (χΓE)

)
τ

∥∥∥2

L2(ω)
≲
∥∥∥∂k

t E
∥∥∥2

H
|α|−1
Γ

+ y
k+1,|α|−1
Γ + z2 +

∑
b∈N2

0 : |b|≤|α|

∥∥∥∂b
τ∂

k
t (χΓE)

∥∥∥2

L2(ω)
,

(4.101)

as in (4.81).
1.5) The normal part ∂ν(·)ν on ω is again recovered through the divergence. By Equa-
tion (4.82), we have

(ε̂k)νν∂ν(u)ν = div(ε̂ku) −
∑

(ξ,ζ)̸=(νΓ,νΓ)
(ε̂k)ξζ∂ξuζ −

∑
ξ,ζ

∂ξ(ε̂k)ξζuζ −
∑

ξ

div(ξ)ξ⊤(ε̂ku)

= div (ε̂ku) −D(ε̂k)u

Similar to (4.83), u satisfies

∂t(ε̂ku) = curl ∂β
τ ∂

k
t (χΓH) − σu

− ∂β
τ (χΓ∂tfk) − [curl, ∂β

τ ](χΓ∂
k
t H) − ∂β

τ ([curl, χΓ]∂k
t H)

−
∑

0≤b<β

(
β

b

)[
∂β−b

τ σ∂b
τ∂

k
t (χΓE) + ∂t

(
∂β−b

τ ε̂k∂
b
τ∂

k
t (χΓE)

)]
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=: curl ∂β
τ ∂

k
t (χΓH) − σu− φ. (4.102)

As in (4.84) and (4.85), these formulas lead to the integral equation

(ε̂k)νν∂νuν = div(ε̂ku) −D(ε̂k)u

= div(ε̂ku)(s) −D(ε̂k)u−
∫ t

s

(
π(τ)(ε̂k)νν∂νuν +D(σ)u+ divφ

)
(τ) dτ.

Here we have again π(τ) = σνν
(ε̂k)νν

≥ σ0
η =: π0 on ω, but π(τ) = 0 and D(σ) = 0 on

υ. This equation is solved like in (4.86). We can estimate the resulting terms following
(4.88), (4.89), (4.90), (4.91), and (4.92), which results in∥∥∥∂γ

ν

(
∂β

τ ∂
k
t (χΓE)

)
ν

(t)
∥∥∥2

L2(ω)
+
∫ t

s

∥∥∥∂γ
ν

(
∂β

τ ∂
k
t (χΓE)

)
ν

∥∥∥2

L2(ω)
dτ (4.103)

≲
∑

b∈N2
0

|b|≤γ

[∥∥∥∂k
t ∂

β+b
τ (χΓE)(t)

∥∥∥2

L2(ω)
+
∫ t

s

∥∥∥∂k
t ∂

β+b
τ (χΓE)

∥∥∥2

L2(ω)
dτ
]

+
γ∑

m=1

∑
b∈N2

0
|b|≤γ−m

[∥∥∥∂m
ν

(
∂β+b

τ ∂k
t (χΓE)

)
τ

(t)
∥∥∥2

L2(ω)
+
∫ t

s

∥∥∥∂m
ν

(
∂β+b

τ ∂k
t (χΓE)

)
τ

∥∥∥2

L2(ω)
dτ
]

+ z(s) + z2(t) +
∥∥∥∂k

t H
∥∥∥2

H
|α|
Γ

+ y
k,|α|−1
Γ + y

k+1,|α|−1
Γ

+
∫ t

s

(
z2(τ) +

∥∥∥∂k
t H
∥∥∥2

H
|α|
Γ

+ y
k,|α|−1
Γ + y

k+1,|α|−1
Γ

)
dτ.

As in (4.94), the inequalities (4.100), (4.101), (4.103), and Lemma 4.5.2 then imply∥∥∥∂k
t (χΓE)(t)

∥∥∥2

H|α|(ω)
+
∫ t

s

∥∥∥∂k
t (χΓE)

∥∥∥2

H|α|(ω)
dτ (4.104)

≲ z(s) + z2(t) + θ

∫ t

s
z(τ) dτ + (1 + cθ)

[ ∥∥∥∂k
t H(t)

∥∥∥2

H
|α|
Γ

+
∫ t

s

(
z3/2(τ) +

∥∥∥∂k
t H
∥∥∥2

H
|α|
Γ

)
dτ

+
∥∥∥∂k

t E(t)
∥∥∥2

H
|α|−1
Γ

+
∫ t

s

∥∥∥∂k
t E
∥∥∥2

H
|α|−1
Γ

dτ + y
k+1,|α|−1
Γ (t) +

∫ t

s
y

k+1,|α|−1
Γ dτ

]
.

2) It remains to control ∥∂k
t (χΓE(t))∥H|α|(υ) +

∫ t
s ∥∂k

t (χΓE)∥H|α|(υ) dτ . Here we use the stan-
dard div-curl Lemma A.2.1∥∥∥∂k

t (χΓE)
∥∥∥2

H|α|(υ)
≲
∥∥∥∂k

t (χΓE)
∥∥∥2

L2(υ)
+
∥∥∥curl ∂k

t (χΓE)
∥∥∥2

H|α|−1(υ)
(4.105)

+
∥∥∥divε̂k

∂k
t (χΓE)

∥∥∥2

H|α|−1(υ)
+
∥∥∥trt,∂υ ∂

k
t (χΓE)

∥∥∥2

H|α|−1/2(Γ)
.

Note that ∂k
t (χΓE) vanishes at ∂N Γ

a ∩ υ. The Maxwell system (4.1) implies

curl(χΓE) = ∇χΓ × E − χΓ∂t(µH),
divε(χΓE) = ∇χΓ · εE,

on υ,

since div(ε(E0)E0)|υ = 0 and σ|υ = 0. For k ∈ {1, 2} Equation (4.32) yields

curl ∂k
t (χΓE) = −µd∂

k+1
t (χΓH) − [χΓ, curl]∂k

t E − χΓg̃k,

divεd ∂
k
t (χΓE) = ∇χΓ · εd∂

k
t E − χΓ div f̃k−1,

on υ,
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where the commutator [χΓ, curl] is a multiplication operator. We then obtain∥∥∥curl ∂k
t (χΓE)

∥∥∥2

H|α|−1(υ)
≲
∥∥∥∂k+1

t H
∥∥∥2

H|α|−1(υ)
+
∥∥∥∂k

t E
∥∥∥

H|α|−1(υ)
+ z2(t),∥∥∥divε̂k

∂k
t (χΓE)

∥∥∥2

H|α|−1(υ)
≲
∥∥∥∂k

t E
∥∥∥2

H|α|−1(υ)
+ z2(t).

The interface condition (4.95) yields∥∥∥trt,∂υ ∂
k
t (χΓE)

∥∥∥
H|α|−1/2(Γ)

=
∥∥∥trt,∂ω ∂

k
t (χΓE)

∥∥∥2

H|α|−1/2(Γ)
≲
∥∥∥∂k

t (χΓE)
∥∥∥2

H|α|(ω)
.

From (4.105) we thus infer∥∥∥∂k
t (χΓE)

∥∥∥2

H|α|(υ)
≲ e(t) + z2(t) +

∥∥∥∂k
t E
∥∥∥

H
|α|−1
Γ

+
∥∥∥∂k+1

t H
∥∥∥2

H
|α|−1
Γ

(4.106)

+
∥∥∥∂k

t (χΓE)
∥∥∥2

H|α|(ω)
.

Estimates (4.104) and (4.106) result in∥∥∥∂k
t (χΓE)(t)

∥∥∥2

H
|α|
Γ

+
∫ t

s

∥∥∥∂k
t (χΓE)

∥∥∥2

H
|α|
Γ (Ω)

dτ

≲ e(t) + z2(t) +
∥∥∥∂k

t E(t)
∥∥∥

H
|α|−1
Γ

+
∥∥∥∂k+1

t H(t)
∥∥∥2

H
|α|−1
Γ

+
∫ t

s

(
e(τ) + z2(τ) +

∥∥∥∂k
t E
∥∥∥

H
|α|−1
Γ

+
∥∥∥∂k+1

t H
∥∥∥2

H
|α|−1
Γ

)
dτ

+
∥∥∥∂k

t (χΓE)(t)
∥∥∥2

H|α|(ω)
+
∫ t

s

∥∥∥∂k
t (χΓE)

∥∥∥2

H|α|(ω)
dτ

≲ e(t) + z(s) + z2(t) + θ

∫ t

s
z(τ) dτ + (1 + cθ)

[ ∫ t

s

(
e(τ) + z3/2(τ)

)
dτ

+
∥∥∥∂k

t (E,H)(t)
∥∥∥2

H
|α|−1
Γ

+
∥∥∥∂k+1

t (E,H)(t)
∥∥∥2

H
|α|−1
Γ

+
∥∥∥∂k

t H(t)
∥∥∥2

H
|α|
Γ

+
∫ t

s

∥∥∥∂k
t H
∥∥∥2

H
|α|
Γ

dτ

+
∫ t

s

(∥∥∥∂k
t (E,H)

∥∥∥2

H
|α|−1
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

H
|α|−1
Γ

)
dτ
]
.

3) Finally, Lemma 4.5.2 yields our result

y
k,|α|
Γ +

∫ t

s
y

k,|α|
Γ dτ

≲ e(t) + z(s) + z2(t) + θ

∫ t

s
z(τ) dτ + (1 + cθ)

[ ∫ t

s

(
e(τ) + z3/2(τ)

)
dτ

+
∥∥∥∂k

t (E,H)(t)
∥∥∥2

H
|α|−1
Γ

+
∥∥∥∂k+1

t (E,H)(t)
∥∥∥2

H
|α|−1
Γ

+
∫ t

s

(∥∥∥∂k
t (E,H)

∥∥∥2

H
|α|−1
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

H
|α|−1
Γ

)
dτ
]
.

All that remains is to piece together the estimates above.

Proof of Theorem 4.5.1. For k ∈ N0, j ∈ N0 with k + j ≤ 2 we have∥∥∥∂k
t (E,H)(t)

∥∥∥2

Hj+1
Γ

+
∫ t

s

∥∥∥∂k
t (E,H)(τ)

∥∥∥2

Hj+1
Γ

dτ ≲
∑

Ξ∈{υ,Γ,ω,∂Ω}
yk,j+1

Ξ (t) +
∫ t

s
yk,j+1

Ξ (τ) dτ.
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By the Lemmas 4.5.3, 4.5.4, 4.5.5 and 4.5.6 the right-hand side can be estimated by

e(t) + z(s) + z2(t) + θ

∫ t

s
z(τ) dτ + (1 + cθ)

[ ∫ t

s

(
e(τ) + z3/2(τ)

)
dτ

+
∥∥∥∂k

t (E,H)
∥∥∥2

Hj
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

Hj
Γ

+
∫ t

s

(∥∥∥∂k
t (E,H)

∥∥∥2

Hj
Γ

+
∥∥∥∂k+1

t (E,H)
∥∥∥2

Hj
Γ

)
dτ
]
.

By iterating over j and k, see Figure 4.3, we thus obtain∥∥∥∂k
t (E,H)(t)

∥∥∥
Hj+1

Γ
+
∫ t

s

∥∥∥∂k
t (E,H)(τ)

∥∥∥
Hj+1

Γ
dτ (4.107)

≲ e(t) + z(s) + z2(t) + θ

∫ t

s
z(τ) dτ + (1 + cθ)

[ ∫ t

s

(
e(τ) + z3/2(τ)

)
dτ
]
.

Hence,

z(t) +
∫ t

s
z(τ) dτ ≲ e(t) +

∫ t

s
e(τ) dτ

+
∑

j+k≤2

(∥∥∥∂k
t (E,H)(t)

∥∥∥
Hj+1

Γ
+
∫ t

s

∥∥∥∂k
t (E,H)(τ)

∥∥∥
Hj+1

Γ
dτ
)

≲ e(t) + z(s) + z2(t) +
∫ t

s

(
e(τ) + z3/2(τ)

)
dτ,

where we absorbed the term prefaced by θ in (4.107) by the left-hand side.

4.6. Exponential Decay
We now combine the observability-type estimate of Theorem 4.4.5, the regularity analysis of
Theorem 4.5.1, and the energy inequality in Lemma 4.2.3 to show the main decay result of
this chapter.

Theorem 4.6.1 (Exponential decay). Assume that (Hq) holds. Let the initial values
(E0, H0) ∈

(
H3

Γ(Ω)
)6 be sufficiently small. Then the corresponding solution (E,H) to (4.1)–

(4.4) exists for all t ≥ 0. Moreover, there exist constants M ≥ 1 and ω > 0 such that

z(t) ≤ Me−ωtz(0), t ≥ 0.

Proof of Theorem 4.6.1. Theorem 4.4.5, Theorem 4.5.1 and Lemma 4.2.3 imply

z(t) +
∫ t

s
z(τ) dτ ≲ z(s) + z2(t) + e(t) +

∫ t

s

(
e(τ) + z3/2(τ)

)
dτ

≲ e(t) + cδ

(
z(s) + z2(t) +

∫ t

s
(d(τ) + z3/2(τ)) dτ

)
+ δ

(
z(t) +

∫ t

s
z(τ) dτ

)
≲ cδ

(
z(s) + z2(t) +

∫ t

s
z3/2(τ) dτ

)
+ δ

(
z(t) +

∫ t

s
z(τ) dτ

)
,
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for δ ∈ (0, 1]. We first fix a sufficiently small δ > 0 to absorb the final terms by the left-hand
side. Then fix δz > 0 such that the superlinear terms can be put on the left as z1/2(t) ≤ δz

for t ∈ [0, T∗). So, we arrive at

z(t) +
∫ t

s
z(τ) dτ ≤ Cz(s), (4.108)

for 0 ≤ s ≤ t < T∗ and a constant C ≥ 1. Now, global existence and exponential decay follow
as in the proof of Theorem 2.2 in [35] (given after Remark 5.2 in [35]).

Suppose that T∗ < ∞. It follows z(T∗) = δ2
z by (4.18). On the other hand, inequality (4.108)

yields z(t) ≤ Cz(s). For initial fields with ∥(E0, H0)∥H3
Γ

≤ r, one can bound z(0) ≤ c0r
2

using its definition. As a result for a fixed, sufficiently small radius r ∈ (0, r(δz)] we infer the
contradiction z(T∗) ≤ 1

2δ
2
z . Therefore, the solution exists and (4.108) is valid for all times.

For T = C(2C − 1) we deduce

z(T ) + T

C
z(T ) ≤ z(T ) +

∫ T

0
z(τ) dτ ≤ Cz(0),

z(T ) ≤ C

1 + T
C

z(0) = 1
2z(0).

The assertion follows by iteration.





Part II

Decay Caused by Absorbing Boundary
Conditions





CHAPTER 5

Observability and Normal Trace Estimates

Whereas the first part of the thesis considered internal damping caused by the conductivity, we
now replace the perfectly conducting boundary condition by an absorbing one. We first study
the linear non-autonomous system with a generalized inhomogeneous absorbing boundary
condition

∂t(α(t, x)u(t, x)) = curl v(t, x) + ∂tφ(t, x),
∂t(β(t, x)v(t, x)) = − curl u(t, x) + ∂tψ(t, x),

t ≥ 0, x ∈ Ω,

v(t, x) × ν + (γ(t, x)(u(t, x) × ν)) × ν = h(t, x), t ≥ 0, x ∈ ∂Ω,
u(0, x) = u0(x), v(0, x) = v0(x), x ∈ Ω,

(5.1)

similar to the system in Chapter 3. We will use this system to derive trace estimates, which
are required to first show a preliminary observability-type estimate. This is then used to
derive exponential stability for both the linear and quasilinear systems, see Chapters 6 and 7.

We consider a bounded, multiply connected domain Ω ⊂ R3 with C2,1-boundary ∂Ω. In
order to define our coefficient on the boundary we introduce the space

Ck
τ ([0, T ] × ∂Ω) :=

{
f ∈ Ck([0, T ] × ∂Ω)

∣∣∣ f(t) · ν = 0 on ∂Ω for t ∈ [0, T ]
}
,

of which we will also use a time-independent version Ck(∂Ω) later on. We assume that

α, β ∈ C1([0, T ] × Ω,R3×3
sym
)
, γ ∈ C1

τ

(
[0, T ] × ∂Ω,R3×3

sym
)
, with α, β, γ ≥ η,

φ, ψ ∈ G1 = C1([0, T ], L2(Ω)3) ∩ C
(
[0, T ], H1(Ω)3)

h ∈ C([0, T ],H1/2(∂Ω)) with ν · h = 0,
(5.2)

and choose initial values u0, v0 ∈ (L2(Ω))3 such that

div
(
α(0)u0

)
= divφ(0) and div

(
β(0)v0

)
= divψ(0). (5.3)

By Proposition 3.1 of [55] there exists a unique weak solution (u, v) ∈ C([0, T ], (L2(Ω))6) of
(5.1) with tangential trace (trτ u, trτ v) ∈ L2(ΩT ,R6). Observe that

div(αu) = div(φ) and div(βv) = div(ψ) (5.4)

belong to C([0, T ], L2(Ω)).
As in (7.24), we assume the non-trapping condition

α̃ := α+ (m · ∇)α ≥ η̃α, β̃ := β + (m · ∇)β ≥ η̃β, (5.5)

for some η̃ > 0.

5.1. Normal Trace Estimates
The main goal of this section is to establish new bounds on the normal traces of the electric
and magnetic fields and their derivatives, which are also needed to show the observability-
like estimate for the linear problem in Lemma 6.1.1 and for the quasilinear problem in
Proposition 7.2.3.
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The Pseudodifferential Collar Operator X

To obtain the desired trace regularity, we introduce the pseudodifferential operator X as
defined in Definition 2.1 of [18]. In the context of wave equations a similar operator was
introduced in Section 7 of [37]. This operator has the advantageous property that it allows us
to trade time regularity for spatial regularity on the boundary ∂Ω of our domain, as shown in
Lemma 2.2 of [18]. We restate its definition.
Definition 5.1.1. Since our domain Ω has in particular a C2 boundary there exists a tubular
neighborhood U of Ω, and a partition Ω ∪ U =

⋃m
i=0 Ui by open Ui ⊆ R3, such that

– U0 ⊆ Ω,
– Ui ⊆ U with Ui ∩ ∂Ω ̸= ∅ for i ≥ 1, and
– there exists a partition of unity (ϕi)i=0,...,m on Ω such that ϕi ∈ C∞

c (Ui) and
∑

i ϕi(x) = 1
for x ∈ Ω.

Furthermore, we choose a neighborhood Vi ⊆ R3 around the origin and coordinate mappings
Φi : Vi → Ui ∈ C2(Vi) such that

– Φi(Vi ∩ {(x, y, z) | z ≥ 0}) = Ui ∩ Ω,
– Φi(Vi ∩ {(x, y, z) | z = 0}) = Ui ∩ ∂Ω.

We begin constructing X locally on R×Ui. Let κ > 0, χ̃ ∈ C∞(R3 \ {0}) with 0 ≤ χ̃ ≤ 1, and

χ̃(ξ0, η1, η2) =
{

1, |ξ0| ≤ κ |(η1, η2)| /2,
0, |ξ0| ≥ κ |(η1, η2)| ,

and 0 ≤ ρ ≤ 1 be a cutoff at the origin with

ρ(ξ0, η1, η2) =
{

1, |(ξ0, η1, η2)|2 ≥ 2,
0, |(ξ0, η1, η2)|2 ≤ 1.

We set χ(ξ0, η1, η2, η3) = (ρχ̃) (ξ0, η1, η2) ∈ C∞(R4). For u ∈ L2(R, Hs(Ω)) define ui = ϕiu
and vi(ξ0, η) = ui(ξ0,Φi(η)) for (ξ0, η) ∈ R×Vi. Take σi ∈ C∞

0 (Vi) such that σi|supp(ϕi◦Φi) = 1.
The operator X is then given by

X(x,D)u =
m∑

i=1
[σiχ(Dt, Dy1 , Dy2)vi] ◦ Φ−1

i .

Its symbol is of class C1S0
cl, cf. [62] and [18].

The restriction of X to the boundary ∂Ω (as a pseudodifferential operator on a manifold) is
also denoted by X.

We recall the central properties of this operator as stated and proven in Lemmas 2.2 and
2.3 of [18], setting ∂Ω∞ := R × ∂Ω. Observe that in the next Lemma the constant K1 can be
chosen arbitrarily small by fixing a small κ > 0 in Definition 5.1.1.
Lemma 5.1.2. Let u ∈ L2(R, Hs(Ω)

)
. Then there exists a constant K1 > 0 such that∫

R
∥X∂tu∥2

Hs−1(Ω) dτ ≤ K1

[∫
R

∥Xu∥2
Hs(Ω) dτ +

∫
R

∥u∥2
Hs−1(Ω) dτ

]
for 0 ≤ s ≤ 1. The constant K1 = K1(κ) belongs to O(κ2) for κ → 0.
Lemma 5.1.3. Let u ∈ L2(∂Ω∞). Then there exists a constant K2 = K2(κ) > 0 with

∥(1 −X)u∥2
L2(∂Ω∞) ≤ K2

[
∥u∥2

H−1(∂Ω∞) + ∥∂tu∥2
H−1(∂Ω∞)

]
.

Using the fact that X is essentially a Fourier-multiplier at least locally and Chapter 4 of
[62], we obtain the following regularity result.
Lemma 5.1.4. Let −1 ≤ s ≤ 1. Then the operators X : L2(R, Hs(Ω)) → L2(R, Hs(Ω)) and
X : L2(R, Hs(∂Ω)) → L2(R, Hs(∂Ω)) are continuous.
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Trace Inequality

We consider the nonautonomous Maxwell system with inhomogeneities ξ, ζ ∈ L2([0, T ] × Ω),
i.e.,

∂t(αu) = curl v + ξ, t ≥ 0, x ∈ Ω,
∂t(βv) = − curl u+ ζ, t ≥ 0, x ∈ Ω,

v × ν + (γ(u× ν)) × ν = h, t ≥ 0, x ∈ ∂Ω,
u(0) = u0, v(0) = v0, x ∈ Ω,

(5.6)

with coefficients and data as in (5.2) and (5.3) above.
Then Proposition 3.1 of [55] yields a unique weak solution (u, v) ∈ C([0, T ], (L2(Ω))6) with

(trτ u, trτ v) ∈ L2([0, T ] × ∂Ω)6.
In order to apply the pseudodifferential operator X from Definition 5.1.1 to the solutions

(u, v) defined on [0, T ], we have to extend (u, v) by 0 to L2(R, L2(Ω)). We still denote
this extension by u respectively v, and proceed analogously with ξ, ζ and h. The following
div-curl estimate allows us to bound the image of the pseudodifferential operator in H1.
Initially we assume that (u, v) belong to G1 = G1([0, T ]). This assumption will be removed in
Corollary 5.1.9. We note that below the case θ = 0 suffices for the proof of Proposition 7.2.3.
Negative θ are needed in Chapter 6 for improved results on the autonomous linear problem.

Lemma 5.1.5. Under the above assumptions, let (u, v) ∈ G1 be solutions to the system (5.6)
and θ ∈ [0, 1

2). We then have∫
R

∥X(u, v)∥2
H1−θ(Ω) dτ ≲

∫
R

(
∥X div(αu, βv)∥2

H−θ(Ω) + ∥X curl(u, v)∥2
H−θ(Ω)

+ ∥(u, v)∥2
H−θ(Ω) + ∥(u, v)∥2

H−1/2−θ(∂Ω) + ∥h∥2
H1/2−θ(∂Ω)

)
dτ.

Proof. By Lemma 5.1.4 the operator X : L2(R, Hs(Ω)) → L2(R, Hs(Ω)) is continuous for
−1 ≤ s ≤ 1. We apply Theorem A.2.9 a) to Xu and Xv, obtaining

∥X(u, v)∥H1−θ(Ω) ≲ ∥divαXu∥H−θ(Ω) + ∥divβ Xu∥H−θ(Ω) + ∥X(u, v)∥H−θ(Ω)

+ ∥curlX(u, v)∥H−θ(Ω) (5.7)
+ ∥Xv × ν + (γ((Xu) × ν)) × ν∥H1/2−θ(∂Ω) .

To estimate the last term, we note that the cross product with ν can be written as a
multiplication with a matrix B whose entries and their derivatives are bounded. The same
holds for γ and thus for the entries of BγB. We write

(Xv) × ν + (γ((Xu) × ν)) × ν = B(Xv) +BγB(Xu).

The commutators [X,B], [X,BγB] : L2(R, H−s(∂Ω)) → L2(R, H1−s(∂Ω)) are continuous for
s ∈ [0, 1] (see Proposition 4.1.E of [62]). We then compute∫

R
∥Xv × ν + (γ((Xu) × ν)) × ν∥2

H1/2−θ(∂Ω) dτ

=
∫
R

∥X(v × ν + γ(u× ν) × ν) + [X,B]v + [X,BγB]u∥2
H1/2−θ(∂Ω) dτ

≲
∫
R

(
∥h∥2

H1/2−θ(∂Ω) + ∥(u, v)∥2
H−1/2−θ(∂Ω)

)
dτ,

using the boundary condition v × ν + γ(u× ν) × ν = w of (5.6) and the continuity of X on
∂Ω. Since curl, divα and divβ have C1S1

cl-symbols, the commutators with X are bounded on
H−θ which can be shown as in Proposition 4.1.E of [62]. The assertion now easily follows.
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Exploiting the smallness of K1(κ) in Lemma 5.1.2, we can simplify the estimate above.

Corollary 5.1.6. In the situation of Lemma 5.1.5 there is a number κ0 > 0 so that for all
κ ∈ (0,κ0] in Definition 5.1.1 we have∫

R
∥X(u, v)∥2

H1−θ(Ω) dτ ≲
∫
R

(
∥(u, v)∥2

H−θ(divα)×H−θ(divβ)

+ ∥(u, v)∥2
H−1/2−θ(∂Ω) + ∥X(ξ, ζ)∥2

H−θ(Ω) + ∥h∥2
H1/2−θ(∂Ω)

)
dτ.

Proof. Via (5.6) we rewrite the curl-terms in Lemma 5.1.5 as

∥X curl u∥2
H−θ + ∥X curl v∥2

H−θ = ∥X∂t(αu) −Xξ∥2
H−θ + ∥X∂t(βv) −Xζ∥2

H−θ .

By Proposition 4.1.E in [62] the commutator [X,α] : L2(R, H−θ(Ω)) → L2(R, H1−θ(Ω)) is
bounded. This fact and Lemmas 5.1.2, 5.1.4, and 5.1.5 lead to∫

R
∥X(u, v)∥2

H1−θ dτ ≲
∫
R

(
∥div(αu, βv)∥2

H−θ +K1(κ) ∥X(αu, βv)∥2
H1−θ

+ ∥X(ξ, ζ)∥2
H−θ + ∥(u, v)∥2

H−θ + ∥(u, v)∥2
H−1/2−θ(∂Ω) + ∥h∥2

H1/2−θ(∂Ω)

)
dτ

≲
∫
R

(
∥div(αu, βv)∥2

H−θ +K1(κ) ∥X(u, v)∥2
H1−θ + ∥(u, v)∥2

H−θ

+ ∥(u, v)∥2
H−1/2−θ(∂Ω) + ∥X(ξ, ζ)∥2

H−θ + ∥h∥2
H1/2−θ(∂Ω)

)
dτ.

For small κ and hence K1(κ), we derive∫
R

∥X(u, v)∥2
H1−θ dτ ≲

∫
R

(
∥u∥2

H−θ(divα,Ω) + ∥v∥2
H−θ(divβ ,Ω) + ∥(u, v)∥2

H−1/2−θ(∂Ω)

+ ∥X(ξ, ζ)∥2
H−θ + ∥h∥2

H1/2−θ(∂Ω)

)
dτ.

From now on κ = κ0 is fixed in the definition of X. We will use this inequality in a
moment to establish an estimate for the normal trace of αu and βv. For this we will have to
split the trace term ∥(u, v)∥2

L2(∂Ω) ≲
∮

∂Ω(αu · u+ βv · v) dς related to the right-hand side of
Corollary 5.1.6 into a normal and tangential component.

In the following, uν = (u · ν)ν denotes the part of u in normal direction, whereas uτ =
ν × (u× ν) is the tangential one, see (4.79). We can thus decompose u as u = uν + uτ .

Lemma 5.1.7. In the situation of Lemma 5.1.5 above we have∫ t

s

∮
∂Ω

(αu · u+ v · βv) dς dτ ≲
∫ t

s

∮
∂Ω

(
|ν · αu|2 + |ν · βv|2 + |uτ |2 + |vτ |2

)
dς dτ.

Proof. We only treat tr(u · αu). The estimate for v is shown analogously. Since the matrix
operator α is assumed to be bounded and uniformly positive definite, we can compute∫ t

s

∮
∂Ω
αu · u dς dτ =

∫ t

s

∮
∂Ω

(uν · αuν + 2uταuν + uτ · αuτ ) dς dτ

≲
∫ t

s

∮
∂Ω

(√
δ |u · ν| 1√

δ
|ν · αuν | + |uτ |2

)
dς dτ

≲
∫ t

s

∮
∂Ω

(
δ |u · ν|2 + 1

δ
|ν · αuν |2 + |uτ |2

)
dς dτ

≲
∫ t

s

∮
∂Ω

(
δ |u|2 + 1

δ
(|ν · αu|2 + |ν · αuτ |2) + |uτ |2

)
dς dτ

≲
∫ t

s

∮
∂Ω

(
δu · αu+ 1

δ
(|ν · αu|2 + |uτ |2) + |uτ |2

)
dς dτ.

Fixing a sufficiently small δ > 0 we thus obtain the assertion.
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The main difficulty in the proof of Proposition 7.2.3 is that one has to bound trace terms
of the electric and magnetic field by the tangential trace of ∂k

t E. The boundary condition
directly connects this trace to the tangential trace of the magnetic field. We thus inspect the
normal boundary terms in detail, where we gain small constants in front of the divergence
terms, but obtain a (large) error in H−1(∂Ω). In the next lemma, one can remove the operator
X on the right-hand side by continuity. We keep it in the statement in view of Corollary 5.1.9.

Lemma 5.1.8. Let (u, v) ∈ G1 be a solution to the system (5.6) and θ ∈ [0, 1
2). Then there

exists a constant δ0 > 0 such that for every δ ∈ (0, δ0] and a constant cδ depending on δ we get∫ t

s

(
∥ν · αu∥2

L2(∂Ω) + ∥ν · βv∥2
L2(∂Ω)

)
dτ ≲

∫ t

s

(
δ ∥u∥2

H−θ(divα) + δ ∥v∥2
H−θ(divβ)

+ cδ ∥ν · (αu, βv)∥2
H−1(∂Ω) + ∥ν × u∥2

L2(∂Ω) + ∥h∥2
H1/2−θ(∂Ω)

)
dτ (5.8)

+
∫
R
δ ∥X(ξ, ζ)∥2

H−θ(Ω) dτ + ∥(ν · ξ, ν · ζ)∥2
H−1(∂Ω∞)

for 0 ≤ s ≤ t ≤ T .

Proof. We show the inequality only for s = 0 and t = T since general times can be treated
analogously.

As αu ∈ G1([0, T ]), the normal trace belongs to C([0, T ], L2(∂Ω)). Extending αu by 0 to R,
we obtain ∫ T

0
∥ν · αu∥2

L2(∂Ω) dτ = ∥ν · αu∥2
L2(∂Ω∞)

≲ ∥X(ν · αu)∥2
L2(∂Ω∞) + ∥(1 −X)(ν · αu)∥2

L2(∂Ω∞) .

(5.9)

We first estimate the second term on the right-hand side. Lemma 5.1.3 yields

∥(1 −X)(ν · αu)∥2
L2(∂Ω∞) ≲ ∥ν · αu∥2

H−1(∂Ω∞) + ∥∂t(ν · αu)∥2
H−1(∂Ω∞) .

We have ν · ∂t(αu) = ν · (curl v) + ν · ξ by (5.6) and

∥ν · (curl v)∥H−1(∂Ω∞) ≲ ∥ν × v∥L2(∂Ω∞) < ∞

by Lemma A.1.6. Hence, the difference ν · ξ belongs to H−1(∂Ω∞), and we can infer

∥(1 −X)ν · (αu)∥2
L2(∂Ω∞)

≲
∫ T

0

(
∥ν · αu∥2

H−1(∂Ω) + ∥ν × v∥2
L2(∂Ω)

)
dτ + ∥ν · ξ∥2

H−1(∂Ω∞)

(5.10)

By interpolation (see Theorem 2.7.7 in [38] for smooth ∂Ω), the first term of the right-hand
side of (5.9) can be bounded by

∥X(ν · αu)∥2
L2(∂Ω∞) ≲

∫
R

(
δ̂ ∥X(ν · αu)∥2/(3−2θ)

H1/2−θ(∂Ω)
1
δ̂

∥X(ν · αu)∥(1−2θ)/(3−2θ)
H−1(∂Ω)

)2 dτ.

≲
∫
R

(
δ̂3−2θ ∥Xν · αu∥2

H1/2−θ(∂Ω)

+ δ̂−2(3−2θ)/(1−2θ) ∥Xν · αu∥2
H−1(∂Ω)

)
dτ

for an arbitrary δ := δ̂3−2θ ∈ (0, 1]. Since ∂Ω ∈ C5 and α ∈ C1, the commutators [X, ν] and
[X,α] are bounded from L2(R, H−1/2−θ(∂Ω)) to L2(R, H1/2−θ(∂Ω)), cf. Proposition 4.1.E in
[62]. It follows that

J :=
∫
R

(δ ∥Xν · αu∥2
H1/2−θ(∂Ω) + cδ ∥Xν · αu∥2

H−1(∂Ω)) dτ
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≲
∫
R

(
δ
(

∥Xu∥2
H1/2−θ(∂Ω) + ∥u∥2

H−1/2−θ(∂Ω)
)

+ cδ ∥ν · αu∥2
H−1(∂Ω)

)
dτ

≲
∫
R

(
δ
(

∥Xu∥2
H1−θ(Ω) + ∥u∥2

L2(∂Ω)
)

+ cδ ∥ν · αu∥2
H−1(∂Ω)

)
dτ.

≲
∫
R

(
δ
(

∥u∥2
H−θ(divα) + ∥v∥2

H−θ(divβ) + ∥(u, v)∥2
L2(∂Ω) + ∥X(ξ, ζ)∥2

H−θ(Ω)

+ ∥h∥2
H1/2−θ(∂Ω)

)
+ cδ ∥ν · αu∥2

H−1(∂Ω)

)
dτ,

where we also used Corollary 5.1.6. Lemma 5.1.7 now allows us to split the trace term into
normal and tangential parts, obtaining

J ≲ δ

∫ T

0
∥ν · (αu, βv)∥2

L2(∂Ω) dτ + δ

∫
R

∥X(ξ, ζ)∥2
H−θ(Ω) dτ +

∫ T

0

(
δ
(

∥u∥2
H−θ(divα)

+ ∥v∥2
H−θ(divβ)+ ∥ν × (u, v)∥2

L2(∂Ω) + ∥h∥2
H1/2−θ(∂Ω)

)
+ cδ ∥ν · αu∥2

H−1(∂Ω)

)
dτ.

We have the same estimate for ν · βv in (5.9). By choosing δ > 0 sufficiently small, we absorb
the normal trace terms by the left-hand side of (5.9). We infer∫ T

0

(
∥ν · αu∥2

L2(∂Ω) + ∥ν · βv∥2
L2(∂Ω)

)
dτ ≲

∫ T

0

(
δ ∥u∥2

H−θ(divα)+ δ ∥v∥2
H−θ(divβ)

+ cδ ∥ν ·(αu, βv)∥2
H−1(∂Ω) + ∥ν × (u, v)∥2

L2(∂Ω) + δ ∥h∥2
H1/2−θ(∂Ω)

)
dτ

+
∫
R
δ ∥X(ξ, ζ)∥2

H−θ(Ω) dτ + ∥(ν · ξ, ν · ζ)∥2
H−1(∂Ω∞) ,

using also (5.10). Finally, we note that the boundary condition in (5.6) yields∫ T

0
∥ν × v∥2

L2(∂Ω) dτ ≲
∫ T

0

(
∥ν × u∥2

L2(∂Ω) + ∥h∥2
L2(∂Ω)

)
dτ, (5.11)

from which the claim follows.

We now rewrite the above result for the problem (5.1) with θ = 0 where ξ = ∂tφ and
ζ = ∂tψ. Here we can apply Lemma 5.1.2 to the inhomogeneities in (5.8).

Corollary 5.1.9. Let α, β, φ, ψ, h, u0, and v0 satisfy (5.2) and (5.3). Then the solution
(u, v) ∈ C([0, T ], L2(Ω)) to (5.1) possesses a trace in L2([0, T ], L2(∂Ω)) satisfying∫ T

0

(
∥ν · αu∥2

L2(∂Ω) + ∥ν · βv∥2
L2(∂Ω)

)
dτ

≲
∫ T

0

(
δ ∥u∥2

H(divα) + δ ∥v∥2
H(divβ) + ∥(φ,ψ)∥2

H1(Ω)

+ cδ ∥ν · (αu, βv)∥2
H−1(∂Ω) + ∥ν × u∥2

L2(∂Ω) + ∥h∥2
H1/2(∂Ω)

)
dτ

+ ∥(ν · ∂tφ, ν · ∂tψ)∥2
H−1(∂Ω∞) .

(5.12)

Proof. For (u, v) ∈ G1 the assertion follows from Lemma 5.1.8 with ξ = ∂tφ and ζ = ∂tψ,
where we apply Lemma 5.1.2 to the term with X on the right-hand side. It remains to
remove the assumption (u, v) ∈ G1. This can be done as in the proof of Lemma 3.4 in
[51], see also Chapter 3. One approximates the initial data in H(divα(0)) × H(divβ(0)) by
(u0,n, v0,n) ∈ H1(Ω) satisfying the compatibility condition v0,n × ν + (γ(u0,n × ν))ν = 0,
(φ,ψ) in G1 by (φn, ψn) ∈ G2, and h in L2([0, T ], H1/2(∂Ω)) by hn ∈ H1([0, T ] × ∂Ω) with
h · ν = 0 and hn(0) = 0. By Theorem 1.3 and Remark 2.1 in [11] there are solutions
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(un, vn) ∈ G1. According to Proposition 1.1 in [11] these solutions converge to (u, v) in
C([0, T ], L2(Ω)) and (trt un, trt vn) to (trt u, trt v) in L2([0, T ] × Ω). Moreover, we have the
limits div(αun) = div(φn) → div(αu) and div(βvn) = div(ψn) → div(βv) in C([0, T ], L2(Ω)).
As a result the traces trn(αun) and trn(βvn) converge in C([0, T ], H−1/2(∂Ω)). The assertion
for (u, v) now follows from the claim for (un, vn).

Remark 5.1.10. In Corollary 5.1.9 we can insert div(αu) = div(φ) and div(βv) = div(ψ)
and estimate

∥(ν · ∂tφ, ν · ∂tψ)∥2
H−1(∂Ω∞) ≲ ∥(ν · φ, ν · ψ)∥2

L2([0,T ],L2(∂Ω)) ≲ ∥(φ,ψ)∥2
L2([0,T ],H1(Ω)) .

Moreover, we can bound cδ ∥ν · (αu, βv)∥2
H−1(∂Ω) by

cδ

(
∥u∥2

H(divα) + ∥v∥2
H(divβ)

)
.

The estimate (5.12) has time-independent constants and can therefore be used below to
show Proposition 7.2.3 and thus Theorem 7.2.1. Concluding this section, we also prove a
variant only having norms of data on the right-hand side but with time dependent constants.
In this way we give a different proof of Theorem 1.2 in [11]. We will revisit this trace estimate
in Chapter 6 in the linear, autonomous and homogeneous case and prove a version with
time-independent constants there.

In view of Remark 5.1.10 we have to remove the L2-norm of u and v and the tangential
trace term on the right-hand side of (5.8). We control these terms by means of the energy
estimate for (5.1). It was shown in Lemma 3.2 of [51] for h = 0. An obvious modification of
this proof gives the equality∥∥∥α(t)1/2u(t)

∥∥∥2

L2
+
∥∥∥β(t)1/2v(t)

∥∥∥2

L2
+ 2

∫ t

0

∥∥∥γ1/2 trt u(τ)
∥∥∥2

L2(∂Ω)
dτ

=
∥∥∥α(0)1/2u(0)

∥∥∥2

L2
+
∥∥∥β(0)1/2v(0)

∥∥∥2

L2
+ 2

∫ t

0

∫
Ω

(u · ∂tφ+ v · ∂tψ) dxdτ

− 2
∫ t

0

∮
∂Ω

trt u · h dς dτ −
∫ t

0

∫
Ω

(u · (∂tα)u+ v · (∂tβ)v) dx dτ

(5.13)

for 0 ≤ t ≤ T . To remove the trace term on the right-hand side, we estimate∣∣∣∣∫ t

0

∮
∂Ω

trt u · h dς dτ
∣∣∣∣ ≤ δ

∫ t

0
∥trt u∥2

L2(∂Ω) dτ + cδ

∫ t

0
∥h∥2

L2(∂Ω) dτ. (5.14)

Since γ ≥ η, setting δ = η we arrive at

∥(u(t), v(t))∥2
L2 +

∫ t

0
∥trt u(τ)∥2

L2(∂Ω) dτ ≤ c ∥(u(0), v(0))∥2
L2

+ c

∫ t

0
∥(u, v)∥2

L2 dτ + c

∫ t

0

(
∥(∂tφ, ∂tψ)∥2

L2 + ∥h∥2
L2(∂Ω)

)
dτ (5.15)

with c := c̃ + max{∥∂tα∥∞ , ∥∂tβ∥∞} where c̃ = 0 if ∂tφ = ∂tψ = 0 and c̃ = 1 otherwise.
Gronwall’s inequality now implies

∥(u(t), v(t))∥2
L2 +

∫ t

0
∥trt u(τ)∥2

L2(∂Ω) dτ

≲
(

∥(u(0), v(0))∥2
L2 +

∫ t

0

(
∥(∂tφ, ∂tψ)∥2

L2 + ∥h∥2
L2(∂Ω)

)
dτ
)

ect (5.16)

Using also div(αu) = div(φ) and div(βv) = div(ψ), from Corollary 5.1.9 and Remark 5.1.10
we derive a trace estimate for the inhomogeneous, linear Maxwell system (5.1). It can directly
be applied to (7.1)–(7.5).
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Proposition 5.1.11. Assume the conditions (5.2), (5.3) to hold, and let (u, v) ∈ C([0, T ], L2(Ω))
solve (5.1). We obtain∫ t

0
∥tr(u, v)∥2

L2(∂Ω) dτ ≲T ∥(u0, v0)∥2
L2(Ω)

+
∫ t

0

(
∥(∂tφ, ∂tψ)∥2

L2(Ω) + ∥(φ,ψ)∥2
H1(Ω) + ∥h∥2

H1/2(∂Ω)

)
dτ

for 0 ≤ t ≤ T .

As in Theorem 1.2 of [11] the constant depends on T . Thus, we will only use Corollary 5.1.9
in the following.

5.2. Observability-type Estimate
We use the normal trace estimates to improve the observability-type estimate of Lemma 3.4
in [51]. There, these terms were treated by assuming a starshaped-condition on Ω. The proof
of Lemma 3.4 in [51] yields the following result.

Lemma 5.2.1. Let (5.2), (5.3), and (5.5) hold. Then the weak solutions (u, v) ∈ C([0, T ], L2(Ω,R6))
of system (5.1) fulfill∫ t

s

∫
Ω

(αu · u+ βv · v) dς dτ

≲ ∥(u(s), v(s))∥2
L2 + ∥(u(t), v(t))∥2

L2

+
∫ t

s

∫
Ω

(|∂tφ| |v| + |∂tψ| |u| + |divφ| |u| + |divψ| |v|) dx dτ

+
∫ t

s

∮
∂Ω

tr(αu · u+ βv · v) dς dτ +
∫ t

s

∮
∂Ω

|h · trτ v| dς dτ

(5.17)

for 0 ≤ s ≤ t ≤ T . Note that the last term is bounded by

c

∫ t

s

∮
∂Ω

tr(βv · v) dς dτ + c

∫ t

s
∥h∥2

L2(∂Ω) dτ

and that the trace terms are finite by Proposition 5.1.11.

In [51] it was assumed that Ω is strictly starshaped giving control on the full trace of (u, v)
which now appears on the right-hand side of (5.17). Moreover, the boundary inhomogeneity
h can simply be included in the calculations of [51]. For completeness, we include the relevant
parts of the proof.

Proof. First, it can be shown by an approximation argument as in the proof of Lemma 3.4
[51] that it suffices to consider solutions (u, v) ∈ G1([0, T ]), see also Chapter 3.

Next, (5.1) implies

J :=
∫

Ω
∂t
(
(m× αu) · βv

)
dx (5.18)

=
∫

Ω

((
m× (curl v + ∂tφ)

)
· βv + (m× αu) · (− curl u+ ∂tψ)

)
dx

= −
∫

Ω
curl v · (m× βv) dx−

∫
Ω

curl u · (m× αu) dx

+
∫

Ω

(
(m× ∂tφ) · βv + (m× αu) · ∂tψ

)
dx.
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Integrating by parts yields∫
Ω

curl v · (m× βv) dx =
∫

Ω
v · curl(m× βv) dx+

∮
∂Ω

(ν × v) · (m× βv) dς.

Recalling from (4.58)

curl(a× b) = (b · ∇)a− (a · ∇)b+ adiv b− b div a,

we compute

curl(m× βv) = (βv · ∇)m− (m · ∇)(βv) + div(βv)m− div(m)βv
= div(βv)m− 2βv − (m · ∇)(βv)
= divψm− 2βv − (m · ∇)(βv),

by means of (5.3). Notice that

−(m · ∇)(βv) = −1
2(m · ∇)(βv · v) − 1

2((m · ∇)β)v · v.

The divergence theorem then implies∫ t

s

∫
Ω

curl v · (m× βv) dxdτ = −1
2

∫ t

s

∫
Ω

∣∣∣β̃1/2v
∣∣∣2 dx dτ − 1

2

∫ t

s

∮
∂Ω

(ν ·m)(βv · v) dς dτ

+
∫ t

s

∫
Ω
m · v divψ dx dτ +

∫ t

s

∮
∂Ω

(ν × v) · (m× βv) dς dτ,

using the definition of (α̃, β̃) from (5.5). The integral involving u in (5.18) is treated analogously.
Because of the boundary condition from (5.4) we obtain∫

Ω

(
m× α(t)u(t)

)
β(t)v(t) dx−

∫
Ω

(
m× α(s)u(s)

)
β(s)v(s) dx =

∫ t

s
J dτ

= 1
2

∫ t

s

∫
Ω

(
α̃u · u+ β̃v · v

)
dx dτ + 1

2

∫ t

s

∮
∂Ω

(ν ·m) tr(αu · u+ βv · v) dς dτ

−
∫ t

s

∮
∂Ω

(
(ν × u) · (m× αu) + (γ(u× ν) × ν − h) · (m× βv)

)
dς dτ

+
∫ t

s

∫
Ω

(
(m× ∂tφ) · βv + (m× αu) · ∂tψ −

(
m · u divφ+m · v divψ

))
dx dτ.

The non-trapping condition (5.5) then yields∫ t

s

∫
Ω

(αu · u+ βv · v) dς dτ

≲ ∥(u(s), v(s))∥2
L2 + ∥(u(t), v(t))∥2

L2

+
∫ t

s

∫
Ω

(|∂tφ| |v| + |∂tψ| |u| + |divφ| |u| + |divψ| |v|) dx dτ

+
∫ t

s

∮
∂Ω

tr(αu · u+ βv · v) dς dτ +
∫ t

s

∮
∂Ω

|h · tr v| dς dτ.

Next, we improve the result above to account for boundary terms. We have to estimate
the integral

∫ t
s

∮
∂Ω tr(αu · u+ βv · v) dς dτ in (5.17) uniformly in T . By Lemma 5.1.7 it can be

split into∫ t

s

∮
∂Ω

tr(αu · u+ βv · v) dς dτ ≲
∫ t

s

∮
∂Ω

(
|ν · αu|2 + |uτ |2 + |ν · βv|2 + |vτ |2

)
dς dτ.
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The tangential trace of v can be controlled through the boundary condition by∫ t

s
∥vτ ∥2

L2(∂Ω) dτ ≲
∫ t

s

(
∥ν × u∥2

L2(∂Ω) + ∥h∥2
L2(∂Ω)

)
dτ.

Using Corollary 5.1.9 and Remark 5.1.10, we derive

∫ t

s

∮
∂Ω

(
|ν · αu|2 + |ν · βv|2

)
dς dτ ≲

∫ t

s

(
δ ∥u∥2

L2(Ω) + δ ∥v∥2
L2(Ω) + ∥(φ,ψ)∥2

H1(Ω)

+ ∥ν × u∥2
L2(∂Ω) + ∥h∥2

H1/2(∂Ω) + cδ ∥ν · (αu, βv)∥2
H−1(∂Ω)

)
dτ.

Fixing a sufficiently small δ > 0, the norms in L2 above can be absorbed by the left-hand side
of (5.17). We have shown the following estimate.

Lemma 5.2.2. Let (5.2), (5.3) and (5.5) be true. Then the weak solutions (u, v) ∈ C([0, T ], L2(Ω,R6))
of system (5.1) fulfill∫ t

s

∫
Ω

(αu · u+ βv · v) dx dτ +
∫ t

s

∮
∂Ω

tr(αu · u+ βv · v)

≲
∫ t

s

∮
∂Ω

|u× ν|2 dς dτ + ∥(u(s), v(s))∥2
L2 + ∥(u(t), v(t))∥2

L2

+
∫ t

s

∫
Ω

(
|∂tφ| |v| + |∂tψ| |u| + |divφ| |u| + |divψ| |v|

)
dx dτ

+
∫ t

s

(
∥(φ,ψ)∥2

H1 + ∥h∥2
H1/2(∂Ω) + ∥ν · (αu, βv)∥2

H−1(∂Ω)

)
dτ

(5.19)

for 0 ≤ s ≤ t ≤ T .

One could estimate the terms in the second line of the right-hand side by

δ

∫ t

s

∫
Ω

(
|u|2 + |v|2

)
dx dτ + cδ

∫ t

s

∫
Ω

(
|∂tφ|2 + |∂tψ|2 + |divφ|2 + |divϕ|2

)
dx dτ,

and absorb the first summand for small δ > 0 by the left-hand side. In the following this is
not needed, since these summands can be absorbed into small error terms.



CHAPTER 6

Decay of Solutions to the Linear Maxwell
System with Absorbing Boundary

In this chapter we will improve the trace estimate from [11] or Proposition 5.1.11 in the linear,
autonomous and homogeneous case, where we obtain T -independent constants. Moreover, we
show exponential stability of this problem. So, we consider

∂t(ε(x)E(t, x)) = curlH(t, x),
∂t(µ(x)H(t, x)) = − curlE(t, x), t ≥ 0, x ∈ Ω,

div(εE(t, x)) = 0 = div(µH(t, x)), (6.1)
H(t, x) × ν +

(
λ(x)(E(t, x) × ν)

)
× ν = 0, t ≥ 0, x ∈ ∂Ω,

E(0, x) = E0(x), H(0, x) = H0(x), x ∈ Ω,

on a bounded, multiply connected domain Ω ⊂ R3 with C2,1-boundary ∂Ω. For the connected
components of the boundary ∂Ω we write ∂Ω0, . . . , ∂ΩK , see Section 1.3. As in (5.2) and
(5.3), we assume that

ε, µ ∈ C1
(
Ω,R3×3

sym

)
, λ ∈ C1

τ

(
∂Ω,R3×3

sym

)
, with ε, µ, λ ≥ η, (6.2)

for some η > 0 and that

E0, H0 ∈ (L2(Ω))3 satisfy div(εE0) = div(µH0) = 0, (6.3)

as well as

⟨trn(εdE0),1⟩
H− 1

2 (∂Ωi)
= 0, ⟨trn(µH0),1⟩

H− 1
2 (∂Ωi)

= 0, i ∈ {0, . . . ,K}, (6.4)

i.e., E0 ∈ H∂Ω(divε 0), H0 ∈ H∂Ω(divµ 0). Furthermore, as in (4.19), we require

ε+ (m · ∇)ε ≥ η̃ε, µ+ (m · ∇)µ ≥ η̃µ (6.5)

for some η̃ > 0.
On Xb := {(E,H) ∈ L2(Ω)6 | εE, µH ∈ H∂Ω(div 0)} we define the operator

Ab :=
(

0 ε−1 curl
−µ−1 curl 0

)
with

D(Ab) := {(E,H) ∈ Xb | curlE, curlH ∈ L2(Ω), H × ν + (λ(E × ν)) × ν = 0}.

Then (6.1) reduces to the evolution equation ∂t
(

E
H

)
= Ab

(
E
H

)
. As in Lemma 7.2.2.1 of [33] one

sees that Ab is maximally dissipative and thus generates a contraction semigroup (Tb(t))t≥0.
We recall the energy equality from equation (7.2.2.12) of [33] or Lemma 3.2 of [51], namely∥∥∥(ε1/2E,µ1/2H)(s)

∥∥∥2

L2
− 2

∫ t

s
∥λ trtE · trtE∥2

L2(∂Ω) dτ

=
∥∥∥(ε1/2E,µ1/2H)(t)

∥∥∥2

L2

(6.6)

for t ≥ s ≥ 0. Note that in contrast to [11] we do not consider time dependent coefficients ε and
µ, since this would for example introduce the extra term

∫ t
s

∫
ΩE(·(∂tε)E +H · (∂tµ)H) dxdτ

on the left-hand side of (6.6).
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6.1. Observability-type Estimate and Normal Trace
Estimate

Lemma 5.2.1 and the above energy equality lead to the following preliminary observability
inequality.

Lemma 6.1.1. Let (6.2), (6.3), (6.5), and (6.4) be true, (E0, H0) ∈ Xb, and let (E,H) ∈
C([0,∞), Xb) solve (6.1). Then there exists a time T̂ > 0 not depending on (E0, H0) such
that for T ≥ T̂ we have the observability estimate

∥(E,H)(0)∥2
L2 ≲

∫ T

0

∮
∂Ω

tr(εE · E + µH ·H) dς dτ, (6.7)

with a constant independent of (E0, H0).

Hence, if E and H vanish on the boundary, the initial values (E,H)(0) were zero and so,
since we are in the homogeneous case, the fields E and H vanish as well.

Proof. Lemma 5.2.1 yields the observability-like estimate∫ t

s

∫
Ω

(εE · E + µH ·H) dxdτ ≲ ∥(E,H)(s)∥2
L2 + ∥(E,H)(t)∥2

L2

+
∫ t

s

∮
∂Ω

tr(εE · E + µH ·H) dς dτ
(6.8)

for s, t ≥ 0. We stress that the implicit constant does neither depend on t nor s.
Note that |trE|2 ≥ |trτ E|2 = |trtE|2 by orthogonality. The boundary condition in (6.1) as

well as inequalities (6.6) and (6.8) then lead to

T
(

∥(E,H)(0)∥2
L2 −

∫ T

0

∮
∂Ω

tr(εE · E + µH ·H) dς dτ
)

≲ T
(

∥(E,H)(0)∥2
L2 −

∫ T

0

∮
∂Ω

|trtE|2 dς dτ
)

≲ T ∥(E,H)(T )∥2
L2 ≲

∫ T

0
∥(E,H)(τ)∥2

L2 dτ

≲ ∥(E,H)(0)∥2
L2 + ∥(E,H)(T )∥2

L2 +
∫ T

0

∮
∂Ω

tr(εE · E + µH ·H) dς dτ

≲ ∥(E,H)(0)∥2
L2 +

∫ T

0

∮
∂Ω

tr(εE · E + µH ·H) dς dτ.

The desired estimate follows for sufficiently large T .

We now bound the normal traces of E and H solely through the tangential trace of
the electric field, where the constants do not depend on T . This improves Lemma 5.1.8
considerably in the autonomous, homogeneous case. We employ a compactness argument
which was originally used in the proof of global decay rates for the wave equation, see
Lemma 2.2 in [34] (and also [18]). Moreover, we use uniqueness properties both on the
dynamical and stationary level which rely on the observability estimate in Lemma 6.1.1 and
on the div-curl bound in Theorem A.2.9 b). For this reason we have to assume (6.3) and (6.4).

Theorem 6.1.2. Let (6.2), (6.3), (6.4), and (6.5) hold. Let the time T̂ > 0 be given by
Lemma 6.1.1. Then the solution (E,H) ∈ C([0,∞), L2(Ω)6) of (6.1) satisfies∫ t

s

(
∥ν · εE∥2

L2(∂Ω) + ∥ν · µH∥2
L2(∂Ω)

)
dτ ≲

∫ t

s
∥ν × E∥2

L2(∂Ω) dτ (6.9)

for 0 ≤ s ≤ s+ T̂ ≤ t, where the constant is independent of s, t and (E0, H0).
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Proof. 1) Let (E0, H0) ∈ Xb and (E,H) be the corresponding solution of (6.1). Take a fixed
T > T̂ with T̂ from Lemma 6.1.1. By Proposition 5.1.11 it suffices to choose (E0, H0) ∈ D(Ab).

We first show the estimate∫ T

0
∥ν · (εE, µH)∥2

L2(∂Ω) dτ ≲T

∫ T

0
∥ν × E∥2

L2(∂Ω) dτ. (6.10)

Let θ ∈ (0, 1
2). In Lemma 5.1.8 we have already shown∫ T

0

(
∥ν · εE∥2

L2(∂Ω) + ∥ν · µH∥2
L2(∂Ω)

)
dτ

≲
∫ T

0

(
δ ∥(E,H)∥2

H−θ + c ∥ν × E∥2
L2(∂Ω) + cδ ∥ν · (εE, µH)∥2

H−1(∂Ω)
)

dτ. (6.11)

2.a) Let us assume that (6.10) does not hold. Thus, there exist solutions (Ẽn, H̃n) satisfying
the divergence condition in (6.1) with initial values (Ẽ0,n, H̃0,n) such that∫ T

0
∥ν · (εẼn, µH̃n)∥2

L2(∂Ω) dτ > n

∫ T

0
∥ν × Ẽn∥2

L2(∂Ω) dτ. (6.12)

We now set (E0,n, H0,n) := 1
αn

(Ẽ0,n, H̃0,n) with

αn :=
∫ T

0

(
δ∥(Ẽn, H̃n)∥2

H−θ + cδ∥ν · (εẼn, µH̃n)∥2
H−1(∂Ω)

)
dτ.

Using (6.11), (6.12) and our construction, we obtain classical solutions (En, Hn) of (6.1) with
initial data (E0,n, H0,n) satisfying∫ T

0
∥ν · (εEn, µHn)∥2

L2(∂Ω) dτ ≤
∫ T

0

(
δ ∥(En, Hn)∥2

H−θ + c ∥ν × En∥2
L2(∂Ω)

+ cδ ∥ν · (εEn, µHn)∥2
H−1(∂Ω)

)
dτ

= 1 + c

∫ T

0
∥ν × En∥2

L2(∂Ω) dτ

≤ 1 + c

n

∫ T

0
∥ν · (εEn, µHn)∥2

L2(∂Ω) dτ. (6.13)

We thus derive the formulas∫ T

0

(
∥ν · (εEn, µHn)∥2

L2(∂Ω)

)
dτ ≤ 2, (6.14)∫ T

0

(
δ ∥(En, Hn)∥2

H−θ + cδ ∥ν · (εEn, µHn)∥2
H−1(∂Ω)

)
dτ = 1, (6.15)

for all sufficiently large n ∈ N, and∫ T

0
∥ν × (En, Hn)∥2

L2(∂Ω) dτ → 0 for n → ∞, (6.16)

where we also used the boundary condition in (6.1).
Next, Lemmas 6.1.1 and 5.1.7, as well as (6.1), (6.14), and (6.16) imply

∥(E0,n, H0,n)∥H(divε)×H(divµ) = ∥(E0,n, H0,n)∥L2 ≲ 1 for n ∈ N.

For that reason, (E0,n, H0,n) converges weakly in L2(Ω) to some limit (E0, H0). (Here and
below we pass to subsequences without mentioning it.) Note that the limit still satisfies
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div(εE0) = div(µH0) = 0. We denote the solution for (E0, H0) with (E,H) ∈ C([0, T ], L2(Ω)).
By continuity of the semigroup and the Rellich–Kondrachov theorem we obtain the convergence
(En, Hn)(t) → (E,H)(t) in H−θ for t ∈ [0, T ]. Because of (En, Hn), (E,H) ∈ ker(divε) ×
ker(divµ), we also have weak convergence in H(divε) ×H(divµ), and thus the normal trace
converges weakly in H−1/2(∂Ω). Therefore, trn(En, Hn) tends to trn(E,H) strongly in
H−1(∂Ω) for n → ∞.

From (6.15) we conclude that (E,H) also satisfies∫ T

0

(
δ ∥(E,H)∥2

H−θ + cδ ∥ν · (εE, µH)∥2
H−1(∂Ω)

)
dτ = 1.

In particular (E,H) ̸= 0, which will lead to a contradiction.
2.b) The energy equality Lemma 3.2 of [51] shows that (En × ν,Hn × ν) ⇀ (E × ν,H × ν)

weakly in L2([0, T ]×∂Ω) for n → ∞ (see also Lemma 7.2.2.2 in [33]). Hence, (E×ν,H×ν) = 0
by (6.16).

We next regularize the fields (E,H) by means of a Friedrich’s mollifier as done in [18],
cf. Definition 3.3.1. So we take 0 ≤ ητ0 = η ∈ C∞

c (−τ0, τ0) with
∫ τ0

−τ0
η dx = 1 for some

τ0 ∈ (0, T −T̂
2 ), and consider

E∗(t, x) := [η ∗ E(·, x)](t) =
∫ T

0
η(τ)E(t− τ, x) dτ,

H∗(t, x) := [η ∗H(·, x)](t) =
∫ T

0
η(τ)H(t− τ, x) dτ,

t ∈ [τ0, T − τ0].

These are functions (E∗, H∗) ∈ C∞ (
[τ0, T − τ0], (L2(Ω))6) which solve the partial differen-

tial equations in (6.1) and satisfy (E∗ × ν,H∗ × ν) = 0. In particular, (E∗, H∗)(t) belongs
to H(curl) ∩ Xb. Applying ∂t, we see that (∂tE

∗, ∂tH
∗) fulfill the same properties. Thus,

(E∗, H∗)(t) and (∂tE
∗, ∂tH

∗)(t) belong to H1(Ω) for t ∈ [τ0, T − τ0] by Theorem A.2.9 a).
Lemma A.1.6 now implies that ν · curlE∗ = ν · curlH∗ = 0 on ∂Ω. Notice that therefore

(∂tE
∗, ∂tH

∗) are classical solutions of (6.1) with vanishing normal traces ν ·ε∂tE
∗ = ν ·µ∂tH

∗ =
0. Lemmas 5.1.7 and 6.1.1, since T − 2τ0 ≥ T̂ , then show that (∂tE

∗, ∂tH
∗)(τ0) = 0 and hence

(∂tE
∗, ∂tH

∗) stays zero for t ∈ [τ0, T − τ0] and so (curlE∗, curlH∗)(t) = 0 by (6.1). Utilizing
Theorem A.2.9 b) we see that (E∗, H∗) vanishes on [τ0, T − τ0]. Letting τ0 → 0, it follows that
(E0, H0) = 0, contradicting (E,H) ̸= 0. Hence, (6.10) holds.

3) Take T̃ = nT + t′ ≥ T̂ for some n ∈ N and t′ ∈ [0, T ). By means of the previous step
and the translation invariance of the problem (6.1), we calculate∫ T̃

0
∥ν · (εE, µH)∥2

L2(∂Ω) dτ =
n∑

k=1

∫ kT

(k−1)T
∥ν · (εE, µH)∥2

L2(∂Ω) dτ

+
∫ nT +t′

nT
∥ν · (εE, µH)∥2

L2(∂Ω) dτ

≲
n∑

k=1

∫ kT

(k−1)T
∥ν × E∥2

L2(∂Ω) dτ +
∫ nT +t′

(n−1)T
∥ν × E∥2

L2(∂Ω) dτ

≲
∫ T̃

0
∥ν × E∥2

L2(∂Ω) dτ. (6.17)

For general t ≥ s ≥ 0 the result follows in the same way.

Lemmas 5.1.7 and 6.1.1, the boundary condition in (6.1), and Theorem 6.1.2 yield the
observability estimate

∥(E,H)(0)∥2
L2 ≲

∫ t

0
∥E × ν∥2

L2(∂Ω) dτ (6.18)

for times t ≥ T̂ , where T̂ is given by Lemma 6.1.1.
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6.2. Decay Result
We further deduce the exponential stability of the semigroup (Tb(t))t≥0 on Xb. For scalar
coefficients this fact was shown in [20], [21] and [43]. For the case of internal damping we
refer to [19] or [49]. We note that the next result does not follow from Theorem 7.2.1.

Theorem 6.2.1. Let (6.2), (6.3), (6.5), and (6.4) hold. For (E0, H0) ∈ Xb there exist
constants M ≥ 1 and ω > 0 such that

∥Tb(t)(E0, H0)∥L2(Ω) ≤ Me−ωt ∥(E0, H0)∥L2(Ω)

for all t ≥ 0. The constants are independent of (E0, H0).

Proof. Using (6.8), Lemma 5.1.7, Theorem 6.1.2, the boundary condition in (6.1), and (6.6),
we obtain the estimate

∥(E,H)(t)∥2
L2 +

∫ t

0

∫
Ω

(εE · E + µH ·H) dxdτ

≲ ∥(E,H)(t)∥2
L2 + ∥(E,H)(0)∥2

L2

+
∫ t

0

∮
∂Ω

(
|ν · (εE, µH)|2 + |ν × (E,H)|2

)
dς dτ

≲ ∥(E,H)(t)∥2
L2 + ∥(E,H)(0)∥2

L2 +
∫ t

0
∥E × ν∥2

L2(∂Ω) dτ

≲ ∥(E,H)(0)∥2
L2 ,

for t ≥ T̂ , where T̂ is given by Lemma 6.1.1. As in Remark 5.2 of [35], the exponential decay
now follows in a standard way.

Combining Theorem 6.1.2 with (6.6) and Lemma 5.1.7 we derive the following result,
allowing us to bound the traces of the fields by their initial values globally in time. (See
Theorem 1.2 of [11] or Proposition 5.1.11 for results locally in time.)

Corollary 6.2.2. Let (6.2), (6.3), (6.4), and (6.5) hold. Then the solution (E,H) ∈
C([0,∞), (L2(Ω))6) of (6.1) satisfies

∥(E(t),H(t))∥2
L2(Ω) +

∫ t

s
∥tr(E,H)∥2

L2(∂Ω) dτ ≲ ∥(E(s), H(s))∥2
L2(Ω)

for 0 ≤ s ≤ t.





CHAPTER 7

Exponential Decay of Solutions to the
Quasilinear Maxwell System with Absorbing
Boundary

Finally, we discuss the long-term behavior of quasilinear system. Similar to Chapter 4 this
introduces several challenges. First, the local well-posedness theory is considerably more
involved compared to the semigroup approach from the previous chapter. Furthermore, the
energy and observability-type estimate introduce additional error terms, which we treat by a
similar argument as in the regularity analysis of Section 4.5. Thankfully, the absence of an
interface simplifies the proof.

We investigate the quasilinear Maxwell system with generalized inhomogeneous absorbing
boundary condition

∂t(ε(x,E(t, x))E(t, x)) = curlH(t, x),
∂t(µ(x,H(t, x))H(t, x)) = − curlE(t, x),

t ≥ 0, x ∈ Ω, (7.1)

div(ε(x,E(t, x))E(t, x)) = 0,
div(µ(x,H(t, x))H(t, x)) = 0,

t ≥ 0, x ∈ Ω, (7.2)

H(t, x) × ν +
(
λ
(
x,E(t, x) × ν

)
(E(t, x) × ν)

)
× ν = 0, t ≥ 0, x ∈ ∂Ω, (7.3)

⟨trn(ε(x,E(t, x))E(t, x)),1⟩
H− 1

2 (∂Ωi)
= 0, t ≥ 0, x ∈ ∂Ω,

⟨trn(µ(x,H(t, x))H(t, x)),1⟩
H− 1

2 (∂Ωi)
= 0, i ∈ {0, . . . ,K},

(7.4)

E(0, x) = E0(x), H(0, x) = H0(x), x ∈ Ω. (7.5)

As in Chapter 4, we consider a bounded, multiply connected domain Ω ⊆ R3 with C5-boundary
∂Ω = ∪· K

i=0∂Ωi.

7.1. Notation, Assumptions and Auxiliary Results
In order to define quasilinear coefficients, we introduce the function spaces

Ck
τ (∂Ω × R3,R3×3

sym) := {A ∈ C3(∂Ω × R3,R3×3
sym) | Aν⊥ ⊆ ν⊥}.

We assume that the permittivity ε, the permeability µ, and the surface conductivity λ are of
class

ε, µ ∈ C3(Ω × R3,R3×3
sym), λ ∈ C3

τ (∂Ω × R3,R3×3
sym) (7.6)

and are uniformly positive definite for zero fields, i.e., there is a constant η such that

ε(x, 0) ≥ 2η, µ(x, 0) ≥ 2η for all x ∈ Ω,
and λ(x, 0) ≥ 2η for all x ∈ ∂Ω.

(7.7)

In a moment, we will also consider the time derived Maxwell equations for suitably smooth
solutions. In order to discuss these systems, we introduce the following matrices as in (4.10)
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εdij(x, ξ) = εij(x, ξ) +
3∑

l=1
∂ξj
εil(x, ξ)ξl for x ∈ Ω, ξ ∈ R3,

µdij(x, ξ) = µij(x, ξ) +
3∑

l=1
∂ξj
µil(x, ξ)ξl for x ∈ Ω, ξ ∈ R3,

λdij(x, ξ) = λij(x, ξ) +
3∑

l=1
∂ξj
λil(x, ξ)ξl for x ∈ ∂Ω, ξ ∈ R3,

(7.8)

where i, j ∈ {1, 2, 3}. To unify notation, we likewise set

ε̂k =
{
ε(·, E), k = 0,
εd(·, E), k ∈ {1, 2, 3},

µ̂k =
{
µ(·, E), k = 0,
µd(·, E), k ∈ {1, 2, 3},

λ̂k =
{
λ(·, E), k = 0,
λd(·, E), k ∈ {1, 2, 3}.

We also assume that
∂ξj
ε, ∂ξj

µ ∈ C3(Ω × R3,R3×3), ∂ξj
λ ∈ C3(∂Ω × R3,R3×3),

εd = (εd)⊤, µd = (µd)⊤, λd = (λd)⊤,
(7.9)

for i, j ∈ {1, 2, 3}. Note that λd = λ if λ = λ(x) is state-independent. We extend λ to a
function on Ω × R3 satisfying the same conditions as ε and µ. Since the coefficients are
continuous, we also have uniform positivity at least for small fields; i.e.,

ε(x, ξ), εd(x, ξ) ≥ ηI, µ(x, ξ), µd(x, ξ) ≥ ηI for all |ξ| ≤ δ0, x ∈ Ω,
λ(x, ξ), λd(x, ξ) ≥ ηI for all |ξ| ≤ δ0, x ∈ ∂Ω,

(7.10)

and some δ0 > 0. An important special case is the Kerr law µ = µ(x) and ε = ε(x, ξ) =
εlin(x) + εnl(x) |ξ|2 for scalar coefficients with εlin ≥ 2η, cf. Example 4.1.1 and also [2] or [24].
Here one has εd(x, ξ) = ε(x, ξ) + 2(εnl(x)ξ)ξ⊤. Anisotropic examples of polynomial type are
discussed in Example 2.1 of [35].

Since the solutions of (7.1)–(7.5) are supposed to satisfy the boundary condition at all times,
it has to hold also for the initial values, cf. Chapter 3. This leads to so-called “compatibility
conditions” (of order 3) on E0 and H0. Namely, for E0, H0 ∈ H3(Ω), a solution (E,H) ∈ G3

of (7.1) possesses the time derivatives, cf. (4.12)

E1
0 :=

(
εd(E0)

)−1 curlH0,

H1
0 := −

(
µd(H0)

)−1 curlE0,

E2
0 :=

(
εd(E0)

)−1
[
curlH1

0 −
( 3∑

ℓ=1
∂ξℓ
εdi,j(E0)(E1

0)ℓ

)
i,j
E1

0

]
,

H2
0 := −

(
µd(H0)

)−1
[
curlE1

0 −
( 3∑

ℓ=1
∂ξℓ
µdi,j(H0)(H1

0 )ℓ

)
i,j
H1

0

]
,

(7.11)

at time 0, which leads to the compatibility conditions

H0 × ν + λ(E0 × ν)(E0 × ν) × ν = 0,
H1

0 × ν + λd(E0 × ν)(E1
0 × ν) × ν = 0,

H2
0 × ν + λd(E0 × ν)(E2

0 × ν) × ν

= −
(( 3∑

ℓ=1
∂ξℓ
λdi,j(E0 × ν)(E1

0 × ν)ℓ

)
i,j
E1

0 × ν

)
× ν,

(7.12)
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on ∂Ω.
Let cS be the norm of the Sobolev embedding H2(Ω) ↪→ C(Ω). Set δ̃ := min{1, δ0

cS
}, cf.

(7.10). Under the above assumptions, in Theorem 6.4 of [55] it was shown that for δ ∈ (0, δ̃]
and initial values satisfying (7.12) that are sufficiently small, i.e.,

∥(E0, H0)∥H3(Ω)6 ≤ r(δ) (7.13)

for a constant r(δ) > 0 depending on δ, there exists a unique classical solution (E,H) ∈
G3([0, Tmax)) of (7.1), (7.2), and (7.5), such that Tmax > 1 and

max
0≤j≤3

(∥∥∥∂j
tE(t)

∥∥∥2

H3−j(Ω)
+
∥∥∥∂j

tH(t)
∥∥∥2

H3−j(Ω)

)
≤ δ2 for 0 ≤ t ≤ 1. (7.14)

We set
T∗ := sup

{
T̂ ∈ [0, Tmax]

∣∣∣ (7.14) holds for t ∈ [0, T̂ ]
}

≥ 1. (7.15)

From the blow-up condition in Theorem 6.4 of [55] we infer that T∗ < ∞ implies

max
0≤j≤3

(∥∥∥∂j
tE(T∗)

∥∥∥2

H3−j(Ω)
+
∥∥∥∂j

tH(T∗)
∥∥∥2

H3−j(Ω)

)
= δ2. (7.16)

Below we will assume 0 ≤ t < T∗ if we work with the solution (E,H) to (7.1)–(7.5) with data
satisfying (7.13).

Remark 7.1.1. If the initial values (E0, H0) ∈ H3(Ω) additionally satisfy

div
(
ε(E0)E0

)
= 0 = div

(
µ(H0)H0

)
on Ω, (7.17)

and

⟨trn(ε(E0)E0),1⟩
H− 1

2 (∂Ωi)
= 0, ⟨trn(µ(H0)H0),1⟩

H− 1
2 (∂Ωi)

= 0, i ∈ {0, . . . ,K}, (7.18)

these conditions are also satisfied by the solution (E,H) ∈ G3 for all t ∈ [0, Tmax).
Indeed, by the Maxwell equation (7.1) we have

∂t
(
div(ε(x,E)E)

)
= div(curlH) = 0, and ∂t

(
div(µ(x,H)H)

)
= div(− curlE) = 0.

Integrating in time from, we thus see that

div
(
ε(x,E(t))E(t)

)
= 0 = div

(
µ(x,H(t))H(t)

)
holds for all t ∈ [0, Tmax).

In order to see that the condition (7.18) is preserved under the evolution of (E,H), we
differentiate on each closed component ∂Ωi and substitute (7.1) to obtain

∂t⟨trn(εE(t)),1⟩
H− 1

2 (∂Ωi)
= ⟨trn(curlH),1⟩

H− 1
2 (∂Ωi)

= 0,

where we applied Stokes’ theorem in the last equality, using that ∂(∂Ωi) = ∅. By identical
reasoning we also obtain

∂t⟨trn(µH(t)),1⟩
H− 1

2 (∂Ωi)
= 0

Integrating in time then shows that

⟨trn(ε(E(t))E(t)),1⟩
H− 1

2 (∂Ωi)
= 0, ⟨trn(µ(H(t))H(t)),1⟩

H− 1
2 (∂Ωi)

= 0, i ∈ {0, . . . ,K},

is satisfied for t ∈ [0, Tmax).
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In order to discuss a time differentiated version of equation (7.1), we define the commutator
terms

f0 = f1 = 0, f2 = (∂tεd(·, E))∂tE, f3 = (∂2
t εd(·, E))∂tE + 2(∂tεd(·, E))∂2

tE,

g0 = g1 = 0, g2 = (∂tµd(·, H))∂tH, g3 = (∂2
t µd(·, H))∂tH + 2(∂tµd(·, H))∂2

tH,

h0 = h1 = 0, h2 = (∂tλd(·, E × ν))∂tE × ν,

h3 = (∂2
t λd(·, E × ν))∂tE × ν + 2(∂tλd(·, E × ν))∂2

tE × ν.

Let k ∈ {0, 1, 2, 3}. With the definitions above the time-derived solutions satisfy

∂k
t (εE) = ε̂k∂

k
t E + fk, ∂k

t (µH) = µ̂k∂
k
t H + gk on Ω,

∂k
t (λE × ν) = λ̂k∂

k
t E × ν + hk on ∂Ω.

(7.19)

We thus arrive at the inhomogeneous system

∂t(ε̂k∂
k
t E) = curl ∂k

t H − ∂tfk,

∂t(µ̂k∂
k
t H) = − curl ∂k

t E − ∂tgk,
t ≥ 0, x ∈ Ω, (7.20)

∂k
t H × ν + λ̂k(∂k

t E × ν) × ν = −hk × ν, t ≥ 0, x ∈ ∂Ω. (7.21)

Notice that (7.2) and (7.19) imply

div(ε̂k∂
k
t E) = − div(fk), div(µ̂k∂

k
t H) = − div(gk). (7.22)

Finally, in order to discuss the observability and energy estimates, we introduce the energy,
dissipation, and error terms

ek(t) = 1
2 max

0≤j≤k

(∥∥∥ε̂1/2
j ∂j

tE(t)
∥∥∥2

L2(Ω)
+
∥∥∥µ̂1/2

j ∂j
tH(t)

∥∥∥2

L2(Ω)

)
, e := e3,

dk(t) = max
0≤j≤k

∥∥∥λ1/2 trt ∂
j
tE(t)

∥∥∥2

L2(∂Ω)
, d := d3,

zk(t) = max
0≤j≤k

(∥∥∥∂j
tE(t)

∥∥∥2

Hk−j(Ω)
+
∥∥∥∂j

tH(t)
∥∥∥2

Hk−j(Ω)

)
, z := z3,

for the time-derived fields analogously to (4.37). Note that the dissipation term d differs
compared to (4.37). One can show the following estimates for the commutator terms

max
2≤k≤3,0≤j≤1

∥∥∥∂j
t fk

∥∥∥
H4−j−k(Ω)

+
∥∥∥∂j

t gk

∥∥∥
H4−j−k(Ω)

≲ z(t),

max
2≤k≤3

∥hk∥H3+1/2−k(∂Ω) ≲ z(t),
(7.23)

see equation (2.22) in [51], Lemma 4.2.1 and the proof sketch thereafter. For hk the argument
can be repeated, after extending hk to Ω using the trace theorem. We stress that z is quadratic
in the fields and bounded by δz(t)1/2 due to (7.14).

We define the function m(x) = x− x0 on Ω for a fixed point x0 ∈ R3 as in Chapter 2. It is
also used in the multiplier argument from [51].

7.2. Main Result for the Nonlinear Problem
We state our main decay theorem and the core ingredients for its proof. Based on them, we
show the theorem at the end of the section. Note that compared to Theorem 2.2 in [51] we
no longer require the domain to be strictly starshaped and also permit semilinear boundary
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damping. In [51] the strict starshapedness of the domain was used to estimate trace terms,
which we will treat here in a more delicate manner, utilizing methods from microlocal analysis
as previously introduced in [18].

We require the following non-trapping condition on ε and µ, which emanates from the
Morawetz multiplier technique used in [51]:

ε(x, 0) +
(
m(x) · ∇x

)
ε(x, 0) ≥ η̃ε(x, 0),

µ(x, 0) +
(
m(x) · ∇x

)
µ(x, 0) ≥ η̃µ(x, 0),

(7.24)

for a constant η̃ > 0 and x ∈ Ω. It says that ε and µ do not decay too rapidly in radial
directions for small fields. Heuristically this should reduce back reflections preventing the
fields to reach the boundary. Similar conditions were used in [15], [18], and [44], for instance.

Theorem 7.2.1. Let Ω ⊂ R3 be a bounded, multiply connected domain with C5-boundary
∂Ω = ∪· K

i=0∂Ωi. Furthermore, assume that the permittivity ε and permeability µ satisfy (7.6),
(7.7), (7.9), and (7.24). We require that the initial values (E0, H0) ∈

(
H3(Ω)

)6 satisfy the
compatibility conditions (7.12), as well as the initial “charge” conditions (7.17) and (7.18),
i.e., E0 ∈ H∂Ω(divε 0), H0 ∈ H∂Ω(divµ 0).

Then there exist constants M ≥ 1 and ω, r > 0 such that for ∥E0∥2
H3(Ω) + ∥H0∥2

H3(Ω) ≤ r2

the solutions (E,H) ∈ G3 exist for all times t ≥ 0, are unique, and decay exponentially, i.e.,

max
0≤j≤3

∥∥∥(∂j
tE(t), ∂j

tH(t)
)∥∥∥2

H3−j(Ω)
≤ Me−ωt ∥(E0, H0)∥2

H3(Ω) .

Theorem 7.2.1 is a consequence of the following three propositions on solutions of (7.20)
and (7.21): an energy inequality, an observability-type estimate and a regularity result. All
contain small error terms of highest order. It is crucial that constants do not depend on time.

Proposition 7.2.2. Assume the hypotheses of Theorem 7.2.1, except for (7.24), (7.17), and
(7.18). Then we have

e(t) +
∫ t

s
d(τ) dτ ≤ e(s) + c1

∫ t

s
z3/2(τ) dτ

for 0 ≤ s ≤ t < T∗.

This proposition controls energy and dissipation by the initial energy plus error terms. The
result was shown in Proposition 3.1 of [51] for linear λ = λ(x) and hence for h2 = h3 = 0.
It is straightforward to extend the proof in [51] to the present situation with an addition∮ ∫

trt ∂
k
t E · hk dxdτ term, using (7.23) to estimate the arising terms with h2 and h3 by the

z3/2-integral and the d-integral to absorb δ
∮ ∫

trt |∂k
t E|2 dx dτ .

In the next proposition we bound the time integral of the energy by the dissipation, the
energy of initial and present time, as well as error terms.

Proposition 7.2.3. Assume that the assumptions of Theorem 7.2.1 are satisfied. For
0 ≤ s ≤ t < T∗ we obtain∫ t

s
e(τ) dτ ≤ c2

∫ t

s
d(τ) dτ + c3(e(t) + e(s)) + c4

∫ t

s
z3/2(τ) dτ.

Note that system (5.1) covers our system (7.20) and (7.21), if we substitute α = ε̂k, β =
µ̂k, γ = λ̂k, φ = −fk, ψ = −gk and h = −hk × ν for k ∈ {0, 1, 2, 3}. In view of (7.22) and
(7.23), it remains to control the H−1-norm of the normal traces in Lemma 5.2.2 to obtain
Proposition 7.2.3. To this end, we return to our original problem. Here it does not help to
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bound them by the norm of u and v in H(divα) and H(divβ), since the time integrals of the
squared L2-norms of u and v cannot be absorbed by the left-hand side.

We crucially exploit that the time derivatives of solutions still solve a Maxwell system. We
begin with

(
∂k

t E, ∂
k
t H
)

for k ≥ 1 and obtain estimates with dissipation terms dk−1 on the
right-hand side. In turn the estimate for (∂tE, ∂tH) from Lemma 7.2.4 allows us to treat
(E,H) in Lemma 7.2.5, where we also use the invertibility of curl in our setting to be proved
in Theorem A.2.9 b). To this purpose we assume again that our initial fields do not enclose
any charges, see (7.18).

Lemma 7.2.4. Let the assumptions of Theorem 7.2.1 hold. For the solution (E,H) ∈ G3 of
(7.1)–(7.5) we can estimate the normal trace by∫ t

s

∥∥∥ν · (ε̂k∂
k
t E, µ̂k∂

k
t H)

∥∥∥2

H−1(∂Ω)
dτ ≲

∫ t

s

(
d(τ) + z(τ)2

)
dτ

for 0 ≤ s ≤ t < T∗ and k ∈ {1, 2, 3}.

Proof. Let k ∈ {1, 2, 3}. Due to (7.19) we can rewrite ε̂k∂
k
t E as

ε̂k∂
k
t E = ∂k

t (εE) − fk = ∂t(ε̂k−1∂
k−1
t E + fk−1) − fk.

The Maxwell system (7.20) then leads to

ε̂k∂
k
t E = curl ∂k−1

t H − ∂tfk−1 + ∂tfk−1 − fk = curl ∂k−1
t H − fk

Let Φ ∈ H1(∂Ω). The equations above and Lemma A.1.6 yield

⟨ν · ε̂k∂
k
t E,Φ⟩H−1/2(∂Ω) = ⟨ν · (curl ∂k−1

t H),Φ⟩H−1(∂Ω) − ⟨ν · fk,Φ⟩L2(∂Ω)

≲
∥∥∥ν × ∂k−1

t H
∥∥∥

L2(∂Ω)
∥Φ∥H1(∂Ω) + ∥fk∥L2(∂Ω) ∥Φ∥L2(∂Ω) .

Dividing by ∥Φ∥H1(∂Ω), we infer∥∥∥ν · ε̂k∂
k
t E
∥∥∥

H−1(∂Ω)
≲
∥∥∥ν × ∂k−1

t H
∥∥∥

L2(∂Ω)
+ ∥fk∥H1(Ω)

≲
∥∥∥ν × ∂k−1

t E
∥∥∥

L2(∂Ω)
+ ∥hk−1∥L2(∂Ω) + ∥fk∥H1(Ω) ,

where we also used the boundary condition (7.21). Analogously we treat µ̂k∂
k
t H. Estimate

(7.23) now implies the assertion.

Lemma 7.2.5. Let the assumptions of Theorem 7.2.1 hold. For the solution (E,H) ∈ G3 of
(7.1)–(7.5) we estimate∫ t

s
∥ν · (ε̂0E, µ̂0H)∥2

H−1(∂Ω) dτ ≲
∫ t

s
d(τ) dτ + (e1(t) + e1(s)) +

∫ t

s
z2(τ) dτ

for 0 ≤ s ≤ t < T∗.

Proof. The usual normal trace estimate, (7.2), Theorem A.2.9 b), (7.19), and (7.20) yield∫ t

s
∥ν · (ε̂0E, µ̂0H)∥2

H−1(∂Ω) dτ ≲
∫ t

s
∥(ε̂0E, µ̂0H)∥2

H(div) dτ

=
∫ t

s
∥(ε̂0E, µ̂0H)∥2

L2(Ω) dτ
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≲
∫ t

s
∥(curlE, curlH)∥2

L2(Ω) dτ

=
∫ t

s
∥(ε̂1∂tE, µ̂1∂tH)∥2

L2(Ω) dτ

≲
∫ t

s
(∂tE · ε̂1∂tE + ∂tH · µ̂1∂tH) dτ.

Using Lemma 5.2.2 with u = ∂tE, v = ∂tH, α = ε̂1, β = µ̂1 and φ = ψ = h = 0, we then
obtain ∫ t

s
∥ν · (ε̂0E, µ̂0H)∥2

H−1(∂Ω) dτ ≲
∫ t

s
d(τ) dτ + (e1(t) + e1(s))

+
∫ t

s
∥ν · (ε̂1∂tE, µ̂1∂tH)∥2

H−1(∂Ω) dτ.

By the previous lemma the last term can be estimated by
∫ t

s

(
d(τ) + z(τ)2) dτ and the claim

follows.

Combining Lemma 5.2.2, 7.2.4, and 7.2.5, as well as (7.23), we have shown Proposition 7.2.3.
Exactly as in Corollary 3.5 of [51], Propositions 7.2.2 and 7.2.3 imply the estimate

e(t) +
∫ t

s
e(τ) dτ ≤ C1e(s) + C2

∫ t

s
z3/2(τ) dτ (7.25)

for 0 ≤ s ≤ t < T∗. Without the z-term it is well known how to derive exponential stability
from here. However, despite

√
z ≤ δ being small, we cannot absorb the error term with z

by the left-hand side. To achieve this, we have to bound the space derivatives of (E,H) by
their time derivatives. This can be done exploiting the structure of the Maxwell systems
(7.1)–(7.5), resulting in the following third ingredient of the proof of Theorem 7.2.1.

Proposition 7.2.6. Under the assumptions of Theorem 7.2.1, with the exception of (7.24)
and (7.18), there exist constants c5, c6 > 0 such that

z(t) ≤ c5e(t) + c6z
2(t)

for 0 ≤ t < T∗.

We sketch the proof of this result in Section 7.3, heavily relying on the proof of Proposition 4.1
in [51], cf. the proof of Lemma 4.5.3. Based on the propositions above, we can now show our
main result of this chapter.

Proof of Theorem 7.2.1. The reasoning follows the lines of the proof of Theorem 2.2 of [51].
For convenience, we present the arguments briefly. We first combine estimate (7.25) and
Proposition 7.2.6. Fixing a sufficiently small δ = δ ∈ (0, δ̃], we derive

z(t) +
∫ t

s
z(τ) dτ ≤ Cz(s) (7.26)

for all 0 ≤ s ≤ t < T∗ and a constant C ≥ 1.
The claim now follows as in the proof of Theorem 4.6.1 after (4.108) therein.
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7.3. Regularity Analysis
Due to the nonlinear boundary conditions, one has to account for extra terms compared to the
proof of Proposition 4.1 in [51], but we can still follow the reasoning given there. Therefore,
we will only outline the proof and focus on the differences to [51] as the rest follows as in the
proof of Lemma 4.5.3.

Proof of Proposition 7.2.6. Remember that z is given by

z(t) = max
0≤j≤3

(∥∥∥∂j
tE(t)

∥∥∥2

H3−j(Ω)
+
∥∥∥∂j

tH(t)
∥∥∥2

H3−j(Ω)

)
and e is defined as

e(t) = 1
2 max

0≤j≤3

(∥∥∥ε̂1/2
j ∂j

tE(t)
∥∥∥2

L2(Ω)
+
∥∥∥µ̂1/2

j ∂j
tH(t)

∥∥∥2

L2(Ω)

)
.

The L2-terms of z can thus be trivially bounded by e(t). The other (squared) norms will be
estimated by e(t) or z(t)2 or by means of previous steps.

Compared to [51] we only have to modify the arguments that involve boundary conditions
of differentiated problems. Here additional error terms appear as λ also depends on E. They
enter our reasoning only through the div-curl Theorem A.2.9 a) which controls the H1-norm
for fields (u, v) by the estimate (A.4). Here we have to control the H1/2-norm of the boundary
inhomogeneities on the right-hand side. We follow the steps of the proof given in Section 6 of
[51].
1) H1-estimates for ∂k

t E and ∂k
t H. The (squared) H1-norm of ∂k

t (E,H) for k ∈ {0, 1, 2} is
bounded via the div-curl estimate. Only for k = 2 the boundary inhomogeneity h2 is non-zero,
where we have ∥h2∥H1/2(∂Ω) ≲ z(t) by (7.23), as desired.

2) Interior spatio-temporal estimates for E and H. One decomposes (E,H) = (1−χ)(E,H)+
χ(E,H) for a cutoff function χ, being equal to 1 near the boundary ∂Ω. In the estimates for
(1 − χ)∂k

t (E,H) the boundary does not play a role so that the reasoning from [51] has not to
be modified, see also the proof of Lemma 4.5.3.

3) Preparation for the boundary collar estimates for E and H. To get H2- or H3- bounds
on ∂k

t χ(E,H), we employ tangential and normal derivatives ∂τ and ∂ν (extended to a
neighborhood of ∂Ω). We use the div-curl Theorem A.2.9 a) for ∂τ∂

k
t (χ(E,H)) with k ∈ {0, 1}

and for ∂2
τ (χ(E,H)). Differentiating (7.21) with h0 = 0 or h1 = 0, we obtain

∂τ∂
k
t χH × ν +

(
λ̂k(∂τ∂

k
t χE × ν)

)
× ν = −∂k

t χH × ∂τν

−
(
∂τ λ̂k(∂k

t χE × ν)
)

× ν −
(
λ̂k(∂k

t χE × ∂τν)
)

× ν

−
(
λ̂k(∂k

t χE × ν)
)

× ∂τν,

(7.27)

and

∂2
τ (χH) × ν +

(
λ∂2

τ (χE) × ν
)

× ν = −2∂τ (χH) × ∂τν − (χH) × ∂2
τν

−
(
(∂2

τλ)(χE × ν)
)

× ν −
(
λ(χE) × ∂2

τν
)

× ν −
(
λ(χE) × ν

)
× ∂2

τν

− 2
(
(∂τλ)(∂τ (χE) × ν)

)
× ν − 2

(
(∂τλ)(χE × ∂τν)

)
× ν

− 2
(
(∂τλ)(χE × ν)

)
× ∂τν − 2

(
λ∂τ (χE) × ∂τν

)
× ν

− 2
(
λ(∂τχE) × ν

)
× ∂τν − 2

(
λχE × ∂τν

)
× ∂τν,

with λ̂0 = λ(·, E) and λ̂1 = λd(·, E). The remaining estimates involving ∂ν are entirely based
on the curl and div equations (7.20) respectively (7.22) and thus carry over from [51].
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4) H2-estimates for E and H. When estimating (E,H) in H2, we need the boundary
condition (7.27) with k = 0. Compared to [51], the only new term is

h̃k :=
(
∂τ λ̂k(∂k

t E × ν)
)

× ν

with k = 0, where we note that

∂j λ̂k(x, t) = (∂j λ̂k)(x,E(x, t)) +
3∑

i=1
∂ξi
λ̂k(x,E(x, t))∂jEi(x, t). (7.28)

We can thus bound this error term by∥∥h̃0
∥∥

H1/2(∂Ω) ≲ ∥∂τλ(·, E)E∥H1

≲ ∥∂xλ∥W 1,∞ ∥E∥H1 + ∥∂ξλ∥W 1,∞ ∥E∥W 1,∞ ∥E∥H1

≲ ∥E∥H1 + z(t)
(7.29)

as desired, using Sobolev’s embedding and z ≤ 1 by (7.14). (Observe that ∥E∥H1 and ∥∂tE∥H1

were already handled in step 1).)

5) H2-estimates for ∂tE and ∂tH. To bound ∂t(E,H) in H2 we use (7.27) with k = 1. In
(7.29) one only has to replace ∥E∥H1 by ∥∂tE∥H1 in order to show∥∥h̃1

∥∥
H1/2(∂Ω) ≲ ∥∂tE∥H1 + z(t)

as before.

6) H3-estimates for E and H. We finally treat the H3-norm of (E,H). Compared to steps 4)
and 5), in the boundary condition only the term ĥ with ∂2

τλ poses new difficulties. To tackle
it, we differentiate (7.28) once more in x and employ Sobolev’s embedding. It follows∥∥ĥ∥∥

H1/2(∂Ω) ≲
∥∥∥∂2

τλ(·, E)E
∥∥∥

H1
≲
∥∥∥∂2

xλ
∥∥∥

W 1,∞
∥E∥H1 + ∥∂xξλ∥W 1,∞ ∥E∥2

H2

+
∥∥∥∂2

ξλ
∥∥∥

W 1,∞
∥E∥2

H2 ∥E∥H3 + ∥∂ξλ∥W 1,∞ ∥E∥H3 ∥E∥H2

≲ ∥E∥H1 + z(t).





APPENDIX A

Appendix

A.1. Properties of the Curl Operator
We first list basic mapping properties of the gradient, divergence and curl. They can be found
in Theorem 2.7 of [12], Chapter IX.1.3 of [16], or follow similarly. Unless otherwise specified,
let Ω ⊂ R3 be an open, bounded, multiply connected set with a Lipschitz boundary. We
assume sufficient boundary regularity as in [46] and [45] for the application of the results
discussed below. However, the regularity assumptions may not be optimal.

Lemma A.1.1. Let Ω ⊂ R3 be open, bounded and multiply connected with Lipschitz boundary
∂Ω. In the following diagram the image of each operator is of finite codimension and contained
in the kernel of the succeeding operator:

H1(Ω) ∇−→ H(curl) curl−−→ H(div) div−−→ L2(Ω),

H1
c (Ω) ∇−→ Ht0(curl) curl−−→ Hn0(div) div−−→ L2(Ω),

where H1
c (Ω) :=

{
f ∈ H1(Ω)

∣∣ trΓk
f constant for each k ∈ {0, . . .K}

}
⊃ H1

0 (Ω).

Propositions 2.2.30 and 2.2.32 in [5] provide a useful characterization of H(div) and H(curl)
in the presence of an interface Γ.

Lemma A.1.2. Let α ∈ L∞(Ω;R3×3) invertible with α−1 ∈ L∞(Ω;R3×3) and Ω = υ ∪· Γ ∪· ω.
We then have

a) H(divα,Ω) =
{
f ∈ L2(Ω)

∣∣αf |υ ∈ H(div, υ), αf |ω ∈ H(div, ω),
Jαf · νΓK = 0 in H−1/2(Γ)

}
,

b) H(curlα,Ω) =
{
f ∈ L2(Ω)

∣∣αf |υ ∈ H(curl, υ), αf |ω ∈ H(curl, ω),
Jαf × νΓK = 0 in H−1/2(Γ)

}
.

The cohomology spaces

H1 :=
{
f ∈ L2(Ω)

∣∣ curl f = 0,div f = 0, trn = 0
}
,

H2 :=
{
f ∈ L2(Ω)

∣∣ curl f = 0,div f = 0, trt f = 0
}
,

contain functions which prevent the invertibility of curl. In our setting they have finite
dimensions, which are determined by topological properties of the domain Ω, see Remark A.1.5
and also Sections 3.2, 6.1 and 6.2 in [5], Section 2.9 in [12], or Section IX.1.3 in [16] for more
details.

The next lemma collects results on mapping properties of curl from Proposition 6.1.3,
Theorem 6.1.4, Corollary 6.2.4 and Theorem 6.2.5 of [5] and from Proposition 3, Proposition 4
and Remark 5 of Section IX.1 in [16] concerning the orthogonal complements of the cohomology
spaces.

Lemma A.1.3. Let Ω ⊂ R3 be open, bounded and multiply connected with Lipschitz boundary
∂Ω. Let ε, µ ∈ C1(Ω,R3×3

sym
)

be uniformly positive definite. Then,
a) the ‘electric’ curl

curlE : Ht0(curl) ∩H(divε 0) → HΣ
n0(div 0), with

ker( curlE) = Hε
2 := Ht0(curl 0) ∩H(divε 0)
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b) and the ‘magnetic’ curl

curlH : H(curl) ∩Hn0(divµ 0) → H∂Ω(div 0), with
ker( curlH) = Hµ

1 := H(curl 0) ∩Hn0(divµ 0),

are surjective. Furthermore, the image sets can be characterized by

HΣ
n0(div 0) = H⊥Hn0(div 0)

1 , H∂Ω(div 0) = H⊥H(div 0)
2 . (A.1)

In view of the next result, (A.1) yields the invertibility of

curlE : Ht0(curl) ∩H∂Ω(divε 0) → HΣ
n0(div 0) in a) and

curlH : H(curl) ∩HΣ
n0(divµ 0) → H∂Ω(div 0) in b).

Moreover, for ∂Ω ∈ C2 Theorem A.2.2 and Remark A.2.3 show that the domains of curlE
and curlH are subsets of H1(Ω).

We have used the following description of the weighted cohomology spaces.

Lemma A.1.4. Let Ω ⊂ R3 be open, bounded and multiply connected, and ∂Ω ∈ C2. Let
ε, µ ∈ C1(Ω,R3×3

sym
)

be uniformly positive definite. For u ∈ H(divε 0) the field εu belongs to
H⊥L2

2 if and only if u is contained in (Hε
2)⊥

L2
ε . Analogously, for u ∈ Hn0(divµ 0) the field µu

belongs to H⊥L2
1 if and only if u is contained in (Hµ

1 )
⊥

L2
µ .

Proof. For the first equivalence, we assume that εu ∈ H∂Ω(div 0). Equation (IX.1.61) in [16]
yields the decomposition

L2(Ω)3 = ∇H1
0 (Ω) ⊕ H2 ⊕ curlH1(Ω).

Since H(div 0)⊥L2 = ∇H1
0 (Ω) by (IX.1.42) in [16], our assumptions and (A.1) imply that εu

is contained in curlH1(Ω); i.e., εu = curl Φ for some Φ ∈ H1(Ω). Hence, for all h ∈ Hε
2 we

derive
(u, h)L2

ε
= (εu, h)L2 = (curl Φ, h)L2 = 0.

The converse implication similarly follows from the decomposition

L2
ε(Ω) = ∇H1

0 (Ω) ⊕L2
ε
Hε

2 ⊕L2
ε
ε−1 curlH1(Ω), (A.2)

see Propositions 6.1.1 and 6.1.12 in [5] and Proposition IX.1.3 in [16].
The second assertion is shown analogously, using Propositions 6.2.1 and 6.2.12 in [5] and

Proposition IX.1.4 and Remark IX.1.5 in [16].

Remark A.1.5. Let Ω ⊂ R3 be open, bounded and multiply connected, and ∂Ω ∈ C2. The
dimension of the first cohomology space equals the ‘cutting number’ L of Ω, i.e.,

dimH1 = dim ker(curlH) = L.

For simply connected Ω it is therefore trivial. Moreover, we have

dimH2 = dim ker(curlE) = K.

Thus, if ∂Ω is connected, the second cohomology space equals {0}. See Proposition 2.8 in
[12], as well as Proposition 6.1.1 and Proposition 6.2.1 in [5].

We end this section by proving the following estimates for normal traces of the curl operator.
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Lemma A.1.6. For f ∈ H1
Γ(Ω) we can estimate

a) the normal surface curl by

∥ν · (curl f)∥H−1(∂Ω) ≲ ∥ν × f∥L2(∂Ω) ,

b) and the normal jump at the interface by∥∥∥JνΓ · (curl f)K
∥∥∥

H−1(Γ)
≲
∥∥∥JνΓ × fK

∥∥∥
L2(Γ)

.

Proof. a) We localize f near ∂Ω by some cutoff χ∂Ω ∈ C∞ and apply Lemma 4.8 from [46].
It is proven as part b) below. See also Chapter 3.1 of [5].

b) Likewise, we choose χΓ ∈ C∞
c (N Γ

a ), for a small a > 0 such that N Γ
a ∩ ∂Ω = ∅, with

0 ≤ χΓ ≤ 1 and χΓ = 1 on N Γ
a/2 and essentially repeat the proof in [46].

Let ϕ ∈ H1(Γ). This function can be extended in H3/2(Ω) with ∥ϕ∥H3/2(Ω) ≲ ∥ϕ∥H1(Γ).
Take ϕm ∈ C∞(Ω) with ϕm → ϕ in H3/2(Ω) and fn ∈ C∞(Ω \ Γ) with fn → f in H1

Γ(Ω).
Then the divergence theorem and integration by parts yield∣∣∣∣∮

Γ
JνΓ · curl fnKϕm dς

∣∣∣∣ =
∣∣∣∣∮

Γ
JνΓ · curl(χΓfn)Kϕm dς

∣∣∣∣
=
∣∣∣(curl(χΓfn)|∇ϕm)L2(υ) − (curl(χΓfn)|∇ϕm)L2(ω)

∣∣∣
=
∣∣∣∣(χΓfn| curl ∇ϕm)L2(υ) − (χΓfn| curl ∇ϕm)L2(ω)

+
∮

Γ
JνΓ × (χΓfn)K · ∇ϕm dς

∣∣∣∣
≤ 0 +

∥∥∥JνΓ × (χΓfn)K
∥∥∥

L2(Γ)
∥trτ (∇ϕm)∥L2(Γ)

≲
∥∥∥JνΓ × fnK

∥∥∥
L2(Γ)

∥ϕm∥H1(Γ) .

As m → ∞ we derive ∥∥∥JνΓ · (curl fn)K
∥∥∥

H−1(Γ)
≲
∥∥∥JνΓ × fnK

∥∥∥
L2(Γ)

,

and thus the claim letting n tend to infinity.

A.2. Div-Curl estimates
Div-curl estimates allow for control of Sobolev norms through the L2 norms, the divergence
and the curl of a given function, if additional information at the boundary is available. Usually
this means that either u ∈ Hn0(div) or u ∈ Ht0(curl). For example the following version can
be found in literature, cf. Corollary 3.5 in [3].

Lemma A.2.1. Let k ∈ N, Ω ⊂ R3 with boundary ∂Ω of class Ck,1. Assume that ∂Ω =
∂ΩD ∪· ∂ΩN with ∂ΩD ∩ ∂ΩN = ∅. Let u ∈ L2(Ω) with div u ∈ Hk−1(Ω), curl u ∈ Hk−1(Ω)3

such that u · ν ∈ Hk−1/2(∂ΩN ) and u× ν ∈ Hk−1/2(∂ΩD)3. Then u ∈ Hk(Ω) with

∥u∥Hk(Ω) ≲ ∥u∥L2(Ω) + ∥div u∥Hk−1(Ω) + ∥curl u∥Hk−1(Ω)

+ ∥u · ν∥Hk−1/2(∂ΩN ) + ∥u× ν∥Hk−1/2(∂ΩD) .

For our analysis, we need more general variants of this result presented below.
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A.2.1. Higher-Order Div-Curl Estimate for Interface Problems with
Perfectly Conducting Boundary Conditions

We recall the following result, Theorem 1.4 in [10], which is based upon Proposition 2.24 in
[17]. We note that the connectedness condition on Ωc in [17] is not needed.

Theorem A.2.2 (Div-Curl Lemma). Let k ∈ N, k̂ := max{k, 2}, Ω = Ω1 ∪· Γ ∪· Ω2 ⊂ R3

bounded, where Γ ⊂ Ω is an interface with dist(Γ, ∂Ω) > 0. Let Γ and ∂Ω be of class C k̂+1

and α|Ωi ∈ H k̂(Ωi,R3×3
sym) for i = 1, 2 be uniformly positive definite, i.e., α|Ωi ≥ η > 0. Let

u ∈ L2(Ω)3 satisfy either of the cases
1. u ∈ Ht0(curl,Ω) and αu+ v ∈ H(div,Ω), or
2. u ∈ H(curl,Ω) and αu+ v ∈ Hn0(div,Ω)

for some v ∈ Hk
Γ. Furthermore, let curl u ∈ Hk−1

Γ (Ω) and div(αu) ∈ Hk−1
Γ (Ω). Then u is

contained in Hk
Γ, and it holds

∥u∥Hk
Γ

≤ C
(
∥u∥L2(Ω) + ∥curl u∥Hk−1

Γ
+ ∥div(αu)∥Hk−1

Γ
+ ∥v∥Hk

Γ

)
for a constant C > 0 depending only on k, ∥α∥

H k̂
Γ
, η, Ω1, and Ω2.

Remark A.2.3. The div-curl lemma relies on regularity results for an elliptic transmission
problem, see [10], [13], and [65]. The cited results are formulated for Ck(Ω±)-coefficients α.
However, it is possible to adapt the proofs to H k̂

Γ-coefficients, relying on algebra-like bilinear
Sobolev estimates as in Lemma 2.1 in [56], see also Lemma 4.2.2.

A.2.2. Div-Curl Estimate for Absorbing Boundary Conditions

In this section we show a div-curl estimates for Silver-Müller boundary conditions in The-
orem A.2.9. To this aim, we have to study the Helmholtz decomposition in H−θ to some
extent.

Remark A.2.4. Let −1
2 < s < 1

2 . Here the dual (Hs(Ω))∗ equals H−s(Ω) since C∞
c (Ω) is

dense in Hs(Ω), see Theorem 11.1 in [38] or Chapter 4.3 in [63]. As in [25], we define the
normal trace trn : Hs(div,Ω) → Hs− 1

2 (∂Ω) distributionally by

⟨φ, trn u⟩
H−s+ 1

2 (∂Ω)×Hs− 1
2 (∂Ω)

= ⟨div u,Φ⟩Hs(Ω)×H−s(Ω) + ⟨u,∇Φ⟩Hs(Ω)×H−s(Ω)

for φ ∈ C∞(∂Ω) and Φ ∈ C∞
c (U) with tr Φ = φ for a bounded domain U ⊃ Ω. This definition

is independent of the choice of the continuation Φ of φ. Furthermore, Theorem 2.3 in [25]
yields the continuity of trn.

Analogously we can define the tangential trace trt : Hs(curl,Ω) → Hs− 1
2 (∂Ω) by

⟨φ, trt u⟩
H−s+ 1

2 (∂Ω)×Hs− 1
2 (∂Ω)

= ⟨u, curl Φ⟩Hs(Ω)×H−s(Ω) − ⟨curl u,Φ⟩Hs(Ω)×H−s(Ω).

We estimate

⟨φ, trt u⟩
H−s+ 1

2 (∂Ω)×Hs− 1
2 (∂Ω)

≲ ∥Φ∥H−s(Ω) ∥curl u∥Hs(Ω) + ∥u∥Hs(Ω) ∥curl Φ∥H−s(Ω)

≲ ∥u∥Hs(curl) ∥Φ∥H1−s(Ω) .

Note that ∥φ∥
H

1
2 −s(∂Ω)

is the infimum of ∥Φ∥H1−s(Ω), where Φ ∈ H1−s(Ω) with tr Φ = φ.
Taking the infimum on the right-hand side of the inequality above, we thus obtain

⟨φ, trt u⟩
H−s+ 1

2 (∂Ω)×Hs− 1
2 (∂Ω)

≲ ∥u∥Hs(curl) ∥φ∥
H

1
2 −s(∂Ω)

.

This yields the continuity of trt : Hs(curl) → Hs−1/2(∂Ω) of the tangential trace.
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Introducing

Hs
n0(div 0,Ω) = Hs

n0(div 0) :=
{
f ∈

(
Hs(Ω)

)3 | div f = 0, ν · tr f = 0
}
,

Gs = Gs(Ω) :=
{
u ∈

(
Hs(Ω)

)3 | ∃φ ∈ Hs+1(Ω) : ∇φ = u
}
,

we can recall the following Helmholtz decomposition from Theorem 3.1 in [25].

Lemma A.2.5. Let Ω ⊂ R3 be bounded with C2,1 boundary ∂Ω. Further, suppose that
−1

2 < s < 1
2 . We then have the topological direct sum

(
Hs(Ω)

)3 = Hs
n0(div 0) ⊕Gs(Ω).

The curl operator on H1−θ

We state the estimate (2.5) from [18]. It is later utilized in an argument involving Peetre’s
lemma to show that the curl operator in a suitable setting has closed image.

Lemma A.2.6. Let Ω ⊂ R3 be bounded with C2-boundary, θ ∈ [0, 1
2), and v ∈ H1−θ(Ω) with

trn v = 0. We then have

∥v∥H1−θ(Ω) ≲ ∥div u∥H−θ(Ω) + ∥curl v∥H−θ(Ω) + ∥v∥H−θ(Ω) .

The following result is well-know for θ = 0, see Remark IX.1.4 of [16] or Lemma A.1.3
above, where variants without connectivity assumptions are proven.

Lemma A.2.7. Let Ω ⊂ R3 be bounded and simply connected with a connected C2,1 boundary
∂Ω. For θ ∈ (0, 1

2) the curl as an operator

curl : (H1−θ
n0 (div 0), ∥·∥H1−θ(Ω)) → (H−θ(div 0), ∥·∥H−θ(Ω))

is an isomorphism, and we have curl(H1−θ(Ω)) = H−θ(div 0).

Proof. 1) Let V := (H1−θ
n0 (div 0), ∥·∥H1−θ) denote the domain of the curl. Obviously curlV

is a subspace of curlH1−θ(Ω). Let w ∈ H1−θ(Ω). Lemma A.2.5 for s = 0 yields functions
v ∈ H0

n0(div 0) and φ ∈ H1(Ω) such that w = v + ∇φ. It follows

∆φ = div ∇φ = divw ∈ H−θ(Ω) with trn ∇φ = trnw ∈ H1/2−θ(∂Ω).

Elliptic regularity implies that φ belongs to H2−θ(Ω), so that v = w − ∇φ ∈ H1−θ(Ω). As a
result, v is contained in V . Since curlw = curl v, the images curlH1−θ(Ω) = curlV agree.

2) Next, we show that curlV is closed by means of Peetre’s lemma (see Lemma IX.1.2 in [16]).
To this end, we consider the operators A1 = curl : V → H−θ(Ω) and A2 = Id: V → H−θ(Ω).
The Rellich–Kondrachov theorem shows that A2 is compact. Lemma A.2.6 implies the
inequality

∥v∥H1−θ(Ω) ≲ ∥A1v∥H−θ(Ω) + ∥A2v∥H−θ(Ω) for v ∈ V.

Hence, curlV is closed in H−θ(Ω) by Peetre’s lemma and, moreover, the kernel of curl on V
is finite dimensional. In the following step we show that it is indeed trivial.

3) Let w ∈ V with curlw = 0 be an element of the kernel. In particular, w belongs to
H(curl 0). Thus, from Proposition IX.1.2 of [16] we obtain w ∈ G0 = ∇H1(Ω), using simple
connectedness. Since H1−θ

n0 (div 0) ⊆ H0
n0(div 0), Lemma A.2.5 implies that w = 0. Therefore,

the kernel of curl : H1−θ
n0 (div 0) → curl(H1−θ(Ω)) is trivial.
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4) Finally, we establish that the image of the curl operator on H1−θ(Ω) is given by
curl(H1−θ) = H−θ(div 0). The result will then follow from the previous steps and the bounded
inverse theorem.

4.a) We begin by showing

⊥θ curl(H1−θ(Ω)) := {u ∈ Hθ(Ω) | ∀w ∈ curlH1−θ(Ω) : ⟨u,w⟩Hθ×H−θ = 0}
= Hθ

t0(curl 0) := {u ∈ Hθ(curl) | curl u = 0, trt u = 0}.

Let u ∈ ⊥θ curl(H1−θ(Ω)). For v ∈ C∞
c (Ω) ⊆ H1−θ(Ω) we compute

0 = ⟨u, curl v⟩Hθ(Ω)×H−θ(Ω) =
∫

Ω
u curl v dx = ⟨v, curl u⟩H1−θ

0 (Ω)×Hθ−1(Ω).

Hence, curl u = 0 and u ∈ Hθ(curl). For v ∈ H1(Ω) we then obtain

0 = ⟨u, curl v⟩Hθ(Ω)×H−θ(Ω) = ⟨u, curl v⟩Hθ(Ω)×H−θ(Ω) − ⟨curl u, v⟩Hθ(Ω)×H−θ(Ω)

= ⟨trt u, tr v⟩Hθ−1/2(∂Ω)×H1/2−θ(∂Ω),

and the first inclusion ⊥θ curl(H1−θ(Ω)) ⊆ Hθ
t0(curl 0) follows.

To show the reverse direction, take u ∈ Hθ
t0(curl 0). Let v ∈ H1−θ(Ω) and vn ∈ C∞(Ω) ∩

H1−θ(Ω) with vn → v in H1−θ(Ω). We have

⟨u, curl vn⟩Hθ(Ω)×H−θ(Ω) = ⟨curlu, vn⟩Hθ(Ω)×H−θ(Ω) + ⟨tr vn, trt u⟩H1/2−θ(∂Ω)×Hθ−1/2(∂Ω) = 0.

Since curl vn → curl v in H−θ(Ω), we deduce ⟨u, curl v⟩Hθ(Ω)×H−θ(Ω) = 0. Therefore, u belongs
to ⊥θ curl(H1−θ(Ω)) and (A.3) is shown.

4.b) We finish by proving
curl(H1−θ) = H−θ(div 0). (A.3)

Let u ∈ curl(H1−θ). Take φ ∈ H1+θ
0 (Ω) and note that ∇φ ∈ Hθ

t0(curl 0), see Lemma A.1.1.
Step 4.a) thus yields

0 = ⟨∇φ, u⟩Hθ(Ω)×H−θ(Ω) = ⟨φ,div u⟩H1+θ(Ω)×H−1−θ(Ω).

Hence, div u = 0 and u lies in H−θ(div 0).
Next, let u ∈ H−θ(div 0) and take v ∈ Hθ

t0(curl 0). Since ∂Ω is connected, Proposition
IX.1.3 in [16] yields a potential φ ∈ H1+θ(Ω) with ∇φ = v and constant trace trφ = c for
some c ∈ R. By considering φ− c, we can assume that φ ∈ H1+θ

0 (Ω). Take test functions φk

tending to φ in H1+θ(Ω). We then calculate

⟨v, u⟩Hθ(Ω)×H−θ(Ω) = ⟨∇φ, u⟩Hθ(Ω)×H−θ(Ω)

= lim
k→∞

⟨∇φk, u⟩Hθ(Ω)×H−θ(Ω) + ⟨φk, div u⟩Hθ(Ω)×H−θ(Ω)

= lim
k→∞

⟨trφk, trn u⟩
Hθ+ 1

2 (∂Ω)×H−θ− 1
2 (∂Ω)

= 0.

We conclude that

u ∈(Hθ
t0(curl 0))⊥θ := {u ∈ H−θ(Ω) | ∀ v ∈ Hθ

t0(curl 0) : ⟨v, u⟩Hθ(Ω)×H−θ(Ω) = 0}

= (⊥θ curl(H1−θ(Ω)))⊥θ = curl(H1−θ(Ω)) = curl(H1−θ(Ω)),

using (A.3) and step 2). Therefore, (A.3) is true.

We next observe that Lemma 2.4 in [12] extends from θ = 0 to θ ∈ (−1
2 , 0].
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Lemma A.2.8. Let u ∈ H−θ(curl) and θ ∈ [0, 1
2). Then

curl∂Ω(trτ u) = div∂Ω(trt u) ∈ H−θ− 1
2 (∂Ω),

where we set
curl∂Ω(trτ u) := trn(curl u)

and, for all φ ∈ C∞(∂Ω) and Φ ∈ C∞(U) with tr Φ = φ and open U ⊇ Ω,

⟨div∂Ω(trt u), φ⟩
H−θ− 1

2 (∂Ω)×Hθ+ 1
2 (∂Ω)

:= −⟨trt u, trτ (∇Φ)⟩
H−θ− 1

2 (∂Ω)×Hθ+ 1
2 (∂Ω)

.

Proof. First note that curl u ∈ H−θ(div) and thus trn(curl u) ∈ H−θ− 1
2 (∂Ω). Since also

trt u ∈ H−θ− 1
2 (∂Ω), the definitions and the identity div curlu = 0 yield

⟨curl∂Ω(trτ u), φ⟩
H−θ− 1

2 (∂Ω)×Hθ+ 1
2 (∂Ω)

= ⟨trn(curl u), φ⟩
H−θ− 1

2 (∂Ω)×Hθ+ 1
2 (∂Ω)

= ⟨Φ,div curl u⟩Hθ×H−θ + ⟨∇Φ, curl u⟩Hθ×H−θ

= 0 − ⟨tr(∇Φ), trt u⟩
Hθ+ 1

2 (∂Ω)×H−θ− 1
2 (∂Ω)

= −⟨trτ (∇Φ), trt u⟩
Hθ+ 1

2 (∂Ω)×H−θ− 1
2 (∂Ω)

= ⟨div∂Ω(trt u), φ⟩
H−θ− 1

2 (∂Ω)×Hθ+ 1
2 (∂Ω)

.

The Div-Curl Estimate

We show a corrected and improved version of Lemma 5.1 of [51] and Lemma A.6 in [46]. We
note that part a) was shown in Lemma 4.5.5 of [13] for scalar γ and θ = 0 in a similar way.
In [51] the L2-norms of u and v on the right-hand side of (A.4) were omitted erroneously.
The estimate (A.4) for θ = 0 below suffices for [51]. Actually this version does not require
additional geometric properties. In part b) we can remove the L2-norms on the right-hand side,
as needed to obtain global-in-time properties in Lemma 7.2.5 and Theorem 6.1.2, assuming
that R3 \ Ω is connected. This condition is needed, since without it the operator A in the
proof would have a non-trivial kernel of the form (∇φ,∇ψ), where div(α∇φ) = div(β∇ψ) = 0
and φ and ψ are constant on components of ∂Ω.

Theorem A.2.9. Let Ω ⊂ R3 be bounded with a multiple connected boundary ∂Ω = ∪· K
i=0∂Ωi ∈

C2,1 and θ ∈ [0, 1
2). Assume that α, β ∈ W 1,∞(Ω,R3×3

sym), γ ∈ W 1,∞(∂Ω,R3×3
sym) satisfy α, β, γ ≥

η > 0 and γν⊥ ⊆ ν⊥. Let (u, v) ∈ H−θ(curl) fulfill div(αu) ∈ H−θ, div(βv) ∈ H−θ and
v × ν + γ(u× ν) × ν =: h ∈ H1/2−θ(∂Ω)3.
a) Then u and v belong to H1−θ(Ω)3 and

∥u∥H1−θ(Ω) + ∥v∥H1−θ(Ω) ≲ ∥u∥H−θ(curl) + ∥v∥H−θ(curl) + ∥div(αu)∥H−θ(Ω)

+ ∥div(βv)∥H−θ(Ω) + ∥h∥H1/2−θ(∂Ω) =: N(u, v, h).
(A.4)

b) Let θ = 0. Assume in addition that u ∈ (Hα
2 )⊥

L2
α and v ∈ (Hβ

2 )
⊥

L2
β . We then obtain

∥u∥H1(Ω) + ∥v∥H1(Ω) ≲ ∥curlu∥L2(Ω) + ∥curl v∥L2(Ω) + ∥div(αu)∥L2(Ω)

+ ∥div(βv)∥L2(Ω) + ∥h∥H1/2(∂Ω) .
(A.5)

Proof. a) As in Lemma 4.5.5 of [13] or Proposition 6.1 of [35], we use a finite partition of
unity χj for Ω such that suppχj ⊆ Ωj ⊆ Ω for starshaped, bounded open sets Ωj . Following
Lemma 5.1 of [51] we will prove that χju and χjv belong to H1−θ(Ωj) and∥∥∥χju

∥∥∥
H1−θ

+
∥∥∥χjv

∥∥∥
H1−θ

≤ N(χju, χjv, χjh) ≲ N(u, v, h)
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Summing these pieces, we obtain (A.4).
So let Ω be starshaped. Since curl u ∈ H−θ(div 0), by Lemma A.2.7 there is a field

w ∈ H1−θ
n0 (div 0) such that curl u = curlw and ∥w∥H1−θ ≲ ∥curlu∥H−θ . So u− w belongs to

H−θ(curl 0). We show that H−θ(curl 0) = G−θ.
Indeed, the inclusion “⊇” is clear. Conversely, take f ∈ H−θ(curl 0). Lemma A.2.5 provides

maps v0 ∈ H−θ
n0 (div 0) and φ ∈ G−θ such that f = v0 + ∇φ. Hence, v0 is contained in

H−θ
n0 (div 0) ∩ H−θ(curl 0). For an open, simply connected set U ⊆ U ⊆ Ω, take a cut-off

function χ ∈ C∞
c (Ω) with χ = 1 on U and let ṽ be the zero-extension of χv0 to R3. Computing

∥div ṽ∥H−θ(R3) = sup
ϕ∈Hθ(R3)

∣∣∣∣∣⟨χ∇ϕ, v0⟩Hθ(Ω)3×H−θ(Ω)3

∥ϕ∥Hθ(R3)

∣∣∣∣∣
= sup

ϕ∈Hθ(R3)

∣∣∣⟨ϕ∇χ, v0⟩Hθ(Ω)3×H−θ(Ω)3

∣∣∣
∥ϕ∥Hθ(R3)

≲χ sup
Ψ∈(Hθ(Ω))3

∣∣∣⟨Ψ, v0⟩Hθ(Ω)3×H−θ(Ω)3

∣∣∣
∥Ψ∥Hθ(Ω)

= ∥v0∥H−θ(Ω) ,

∥curl ṽ∥H−θ(R3) = sup
Φ∈Hθ(R3)

∣∣∣∣∣⟨χ curl Φ, v0⟩Hθ(Ω)3×H−θ(Ω)3

∥Φ∥Hθ(R3)

∣∣∣∣∣
= sup

Φ∈Hθ(R3)

∣∣∣⟨Φ × ∇χ, v0⟩Hθ(Ω)3×H−θ(Ω)3

∣∣∣
∥Φ∥Hθ(R3)

≲χ sup
Ψ∈(Hθ(Ω))3

∣∣∣⟨Ψ, v0⟩Hθ(Ω)3×H−θ(Ω)3

∣∣∣
∥Ψ∥Hθ(Ω)

= ∥v0∥H−θ(Ω) ,

we see that ṽ,div ṽ and curl ṽ belong to H−θ(R3). Hence, v̂ := (1 − ∆)−θ/2ṽ is an element
of H(div,R3) ∩ H(curl,R3) = H1(R3). As a result, ṽ is contained in H1−θ(R3) and v0 in
H1−θ

loc (Ω), which means that v0 ∈ H(curl 0, U). Proposition IX.1.2 in [16] now yields a map
ΨU ∈ H1(U) with ∇ΨU = v0 on U . Because div v0 = 0 the map ΨU is analytic, and by
analytic continuation we find a smooth function Ψ on Ω with ∇Ψ = v0 ∈ H−θ.

Let x0 be the star center of Ω. We can write Ψ = Ψ(x0) +
∫ 1

0 Tτ ∇Ψ · mdτ , where
Tτg(x) = g(x0 − τ(x − x0)) and m(x) = x − x0. This identity implies that Ψ belongs to
H−θ(Ω). Since also ∆Ψ = 0 on Ω and ∂νΨ = trn v0 = 0 on ∂Ω, we deduce Ψ = 0 and so
v0 = 0, as needed.

Hence, there exists a function φ ∈ H1−θ(Ω) such that ∇φ = u− w and therefore

div(α∇φ) = div(αu) − div(αw) ∈ H−θ(Ω). (A.6)

Here we can assume that
∫

Ω φ dx = 0. We thus obtain

∥φ∥H−θ(Ω) ≲ ∥∇φ∥H−θ(Ω) ≲ ∥u∥H−θ(Ω) + ∥w∥H−θ(Ω) ≲ ∥u∥H−θ(curl)

by the Poincaré inequality in H−θ(Ω) which can be shown as in L2(Ω). One also infers

∥trφ∥H−θ(∂Ω) ≲ ∥φ∥H1−θ ≲ ∥u∥H−θ(curl) .

Let f × ν =
(

0 ν3 −ν2
−ν3 0 ν1
ν2 −ν1 0

)
f =: Bf and γ̃ := B⊤γB. Note that γ̃⊥ = γ̃ ≥ η on ∂Ω and

γ̃ν⊥ ⊆ ν⊥. As in Lemma 5.1 of [51] we now see that

div∂Ω(γ̃ trτ (∇φ)) = div∂Ω(γ(w × ν) × ν) − div∂Ω(γ(u× ν) × ν)
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= div∂Ω(γ(w × ν) × ν) − div∂Ω(h) + div∂Ω(trt v)
= div∂Ω(γ(w × ν) × ν) − div∂Ω(h) + trn(curl v)

belongs to H−θ− 1
2 (∂Ω), using also Lemma A.2.8 and that curl v ∈ H−θ(div 0). Elliptic

regularity then yields trφ ∈ H
3
2 −θ(∂Ω), and then φ ∈ H2−θ because of (A.6). Collecting the

above relations we can thus bound u in H1−θ as asserted. One can treat v similarly also using
u ∈ H1−θ and the boundary condition. (Here one can let γ̃ = I).

b) Now assume that θ = 0. By a contradiction compactness argument, we show that the
L2-norms appearing on the right-hand side of (A.4) can be estimated by the div-curl-terms.
Assume that

∥(u, v)∥H1 ̸≲ ∥curlu∥L2(Ω) + ∥curl v∥L2(Ω) + ∥div(αu)∥L2(Ω) + ∥div(βv)∥L2(Ω) + ∥h∥H1/2(∂Ω) .

Hence, there exists a sequence (uk, vk) ∈ H1(Ω)∩
(

(Hα
2 )⊥

L2
α × (Hβ

2 )
⊥

L2
β

)
with ∥(uk, vk)∥H1(Ω) =

1 such that the right-hand side tends to zero. By means of the Banach–Alaoglu and Rellich–
Kondrachov theorems, we can choose a subsequence, again denoted by (uk, vk), which converges
in L2(Ω) and weakly in H1(Ω) to a limit (u, v) ∈ H1(Ω) ∩ (Hα

2 )⊥
L2

α × (Hβ
2 )

⊥
L2

β in L2.
We employ the operator

D(A) :=
{

(u, v) ∈ X | curl u, curl v ∈ L2, v × ν + γ(u× ν) × ν = 0
}
, A =

(
0 curl

− curl 0

)
on

X =
((

(Hα
2 )⊥

L2
α × (Hβ

2 )
⊥

L2
β

)
∩ (ker(divα) × ker(divβ)) , ∥·∥L2

)
.

Note that (u, v) belongs to the kernel of A.
We will prove below that A is injective. The sequence (uk, vk) then converges to (u, v) = 0

in L2. The estimate (A.4) with θ = 0 hence shows that ∥(uk, vk)∥H1 → 0, contradicting
∥(uk, vk)∥H1 = 1 and the assertion follows.

So take (u, v) ∈ D(A) with 0 = A( u
v ) and consider

0 =
(
A( u

v )
∣∣∣ ( u

v )
)

=
∫

Ω
(curl v · u− curl u · v) dx.

Integrating by parts and using the boundary condition, we compute

0 =
∮

∂Ω
(u× ν) · v dσ = −

∮
∂Ω
u · (v × ν) dσ = −

∮
∂Ω

(u× ν) · γ(u× ν) dσ.

The positive definiteness of γ implies that u× ν = 0 and therefore v × ν = 0 as well. Thus,
(u, v) ∈ kerA satisfies

curl u = curl v = 0, on Ω,
u× ν = v × ν = 0, on ∂Ω.

Because of (u, v) ∈ X we therefore obtain that (u, v) ∈ Hα
2 × Hβ

2 . Again the choice of X
implies that u = v = 0. Hence, A is injective as desired.

Let us end this section with a remark on the additional condition that u ∈ (Hα
2 )⊥

L2
α (resp.

v ∈ (Hβ
2 )

⊥
L2

β ) in Theorem A.2.9b) above in case u ∈ H(divα 0).
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Remark A.2.10. By Lemma A.1.3 and the subsequent Remark A.1.4 for u ∈ H(divα 0) we
have

u ∈ (Hα
2 )⊥

L2
α ⇐⇒ u ∈ H∂Ω(divα 0).

Thus, for (u, v) ∈ H∂Ω(divα 0)×H∂Ω(divβ 0) the assumptions of Theorem A.2.9 b) are satisfied.
Conceptually, this means that Ω does not enclose any regions of its complement containing
electric or magnetic charges. This is also trivially satisfied when R3 \ Ω is connected, since in
this case Hα

2 = {0}.
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