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ABSTRACT: We present a systematic study of the three-particle di-light-cone distribution
amplitudes (DLCDAs) of the B-meson. They are defined through B-meson-to-vacuum matrix
elements of trilocal HQET operators, in which the light antiquark and the gluon field-strength
tensor are located on two back-to-back light rays. In this sense, the DLCDAs generalise the
conventional B-meson light-cone distribution amplitudes to configurations where soft fields
couple to collinear degrees of freedom in two distinct directions. As such, they parametrise the
non-perturbative dynamics associated with non-factorisable soft-gluon contributions in rare
and non-leptonic exclusive B-meson decays. We derive the complete Lorentz decomposition
of the matrix elements of generic trilocal operators, identify eight independent DLCDAs,
and organise them in a basis of definite twist. Using local operator identities and equations-
of-motion constraints, we obtain tree-level relations for their normalisation integrals and
first moments in terms of a minimal set of hadronic parameters. These relations allow us to
construct simple momentum-space models for all independent DLCDAs. For the leading-twist
distribution, we further incorporate the perturbative radiative tail at order « and discuss
its impact on the resulting parametrisation.
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1 Introduction

Exclusive decays of b hadrons provide precision probes of the flavour sector of the Standard
Model and are among the most promising avenues for discovering new particles and interactions.
The presence of various widely separated energy scales, my > my, > Aqgcp, makes their
theoretical description complicated. After integrating out the electroweak-scale degrees of
freedom (my — 00) one is left with hadronic matrix elements of operators in the effective
electroweak Hamiltonian. A quantitative understanding of the QCD dynamics of those
matrix elements poses the main theoretical challenge. An expansion in inverse powers of the
heavy b-quark mass often allows one to express them in terms of a minimal set of simpler
non-perturbative quantities as well as perturbatively calculable short-distance coefficients.

For decays into light and energetic particles, where the recoil energy is of the same order
as the b-quark mass, the separation of short- and long-distance scales is achieved in the
heavy-mass limit within the QCD factorisation approach (QCDF) [1-3]. Alternatively, light-
cone sum rules (LCSRs) employ light-cone operator product expansions to relate correlation
functions to simpler hadronic quantities in certain kinematic limits; see, for example, the
reviews in refs. [4, 5|. In both approaches, light-cone distribution amplitudes (LCDAs)
provide the essential hadronic input. For heavy hadrons, these LCDAs describe light-like
correlations between the light quarks, gluons and the static heavy quark, and parametrise the
soft long-distance dynamics relevant for the corresponding exclusive decays at large recoil.

The simplest and best-known example in this context is the leading-twist two-particle
B-meson LCDA ¢]§(w; 1), which has been studied extensively over the past decades; see,
e.g., refs. [6-20]. Its higher-twist counterparts have been classified systematically in ref. [21]
(see also refs. [22, 23]) including the corresponding three-particle LCDAs with an additional



gluon field-strength tensor aligned on the same light-cone. Whereas in QCDF theorems,
typically only the first inverse moment Ap of qbg (w; 1) appears at leading order, also the
detailed shape of the LCDAs becomes relevant when radiative corrections are included, or
in phenomenological applications using LCSRs.

The organisation of power corrections in terms of the conventional higher-twist B-meson
LCDAs is justified as long as soft partons in the short-distance process couple only to energetic
particles that propagate (close to) a single light cone. This picture changes in processes that
involve more than one energetic direction. Whereas the leading interaction of soft gluons
with energetic partons is eikonal, and colour transparency guarantees the decoupling from
colour-neutral particles, this argument does not generally hold beyond the eikonal limit. In
this case, the standard single-ray non-local operators that define the multi-particle B-meson
LCDASs need to be generalised to soft functions involving fields along multiple light cones.
In this work we restrict ourselves to the simplest case, involving two back-to-back light-like
directions, and we refer to the corresponding B-meson matrix elements as di-light-cone
distribution amplitudes (DLCDAs).

Objects of this type recently appeared in several contexts. First, in the study of QED
corrections to two-body exclusive B-decays in refs. [24-27], where the sensitivity to the second
light-cone direction arises from the non-decoupling of eikonal photons from electrically charged
external particles. In QCD, the leading three-particle DLCDA has been introduced in ref. [28§]
to describe charm-loop contributions in rare By, — 77 decays, where the charm-quark mass
acts as an intermediate hard-collinear scale. This function would also be needed for estimating
non-factorisable soft-gluon contributions to BY — DF7~ and B® — DK~ decays, which
are considered to be among the theoretically cleanest non-leptonic decay channels of the
B-meson (for a simplified LCSR approach, see the recent analysis in ref. [29]). Three-particle
DLCDASs for the Ay baryon enter the calculation of non-factorisable contributions of four-
quark operators to rare A, — A¢T{~ transitions, which again has been shown in the context
of LCSRs [30]. Lastly, even four- and five-particle DLCDAs arise in the factorisation of
weak-annihilation amplitudes [31].

At present, relatively little is known about the properties of the DLCDAs. The analysis
of the one-loop evolution kernel of the QED-generalised B-meson LCDA in ref. [26] revealed
various new features that indicate that the DLCDAs are a qualitatively different class of
functions from the conventional LCDAs. The derivation of the one-loop anomalous dimension
of the leading three-particle DLCDA has confirmed that these features also arise in QCD [32].
For example, the coupling of soft gluons to the two directions leads to rescattering phases,
such that the DLCDAs become complex-valued functions. Another surprising new feature
is that the analytic structure of the DLCDAs also allows for negative light-cone momenta
of light quarks and gluons. However, a recent study of the one-loop renormalisation-group
equation (RGE) [33] has shown that, when combined with the analytic properties of the
relevant hard-scattering kernels in a given factorisation theorem, it is possible in practical
applications to restrict the integration domain to positive light-cone momenta.

In this work, we study the simplest DLCDAs of the B-meson in QCD, defined by an
operator containing a heavy-quark field, a light-antiquark field on the light cone n*, and a
gluon field-strength tensor on the opposite light cone n#. We provide a complete classification



of the corresponding three-particle DLCDAs, generalising the work of ref. [34], and organise
them in a basis of definite twist. We then derive constraints from the equations of motion for
local matrix elements, which translate at tree level into relations among the normalisation
integrals and first moments of the DLCDAs. On this basis, we construct simple models for
all independent distributions that can be used for first phenomenological studies. For the
leading-twist DLCDA, we further show how the tree-level parametrisation is modified by
the perturbative radiative tail at first order in the strong coupling, adapting the strategy
recently developed in ref. [35].

The remainder of this paper is organised as follows. In section 2 we define the relevant
trilocal matrix element, derive the complete basis of three-particle DLCDAs, and relate it
to a twist decomposition. In section 3 we derive the local constraints and present a class
of simple phenomenological models. The treatment of the leading-twist radiative tail is
discussed in section 4. We conclude in section 5.

2 Definition of the three-particle DLCDAs

In this section, we introduce for the first time the complete set of three-particle B-meson
DLCDASs that parametrise the trilocal hadronic matrix element

(0[@(21m) 9Gu (227) Ty (0)| B(v)) - (2.1)

Throughout this work, all non-local fields are understood to implicitly include the correspond-
ing gauge-link factors: g(zin) — ¢(z1n) [z1n,0], where [z1n,0] denotes a straight Wilson
line along the n* light cone. An analogous prescription applies to the gluon field, with
G (z2n) — [0, 20n] G (2210) [227, 0]. In addition, I" denotes a Dirac matrix and h, is the
effective heavy-quark field with velocity v,. The vectors n and n are light-cone vectors
satisfying n? = n2 = 0, which we choose as

1

UM:§(n”+ﬁu), n-n=2. (2.2)

Quantities transverse to both n* and n* are denoted by a subscript L, for example p//
and 7. The parameters z; and z; denote the positions of the antiquark and the gluon
on the respective light cone.

To determine the number of independent DLCDAs that parametrise the matrix ele-
ment (2.1) we follow the procedure outlined in ref. [34]. This amounts to constructing the
most general Lorentz decomposition of (0|g(z11) 9G u (227)V57,0ashy(0)|B(v)) in terms of
independent tensor structures. In particular, we identify all possible structures compatible
with Lorentz invariance for a rank-five tensor featuring two antisymmetric index pairs:

(0[G(217) 9G v (227)75 ¥ T e (0) | B(v))
(01(0) 51 (0)| B(v)) B
+ Galu 918 9po KT + Golu 9vila 9810 K3 + Gola 9811u 911 K3
+ Grelu Gvir IN[a 98] Ipo (n"‘nA Kg +nnt Kg ) (2.3)

+ 'FL[,u,nu] 9ola 98]0 ICg + ﬁ[anﬂ] Yolu Gvlo IC?

+ Ik[p Gv)T 9\ [a ng 9po (nﬁnA ]Cg + nHﬁA ICg) + ﬁ[uny] ﬁ[anﬁ] Gpo ICTO .



Here Y :=n? K; +7? K; and each DLCDA is understood to be a function of z; and 22, €.g.,
K=K, (z1,22). We also abbreviate ABy = AuB, — Ay B),. For convenience, we adopt
the following convention for the phase and the normalisation of states, although most of
our results are independent of these choices:

(01g(0) 514 (0)| B(v)) = —impFp(u), (2.4)

where Fp(u) is the heavy-quark effective theory (HQET) decay constant, which is related to
the physical B-meson decay constant (see, e.g., ref. [21]).} The twenty DLCDAs appearing
in eq. (2.3) are not independent; rather, they are subject to constraints arising from the
equations of motion (EOM) and from identities among the Dirac matrices, such as the
Chisholm identity (see ref. [34] and appendix A). These constraints imply that the following
DLCDASs must vanish

Ki=0, Ks=0, Kg=0, Kg=0, Kio=0, Kio=D0. (2.5)
In addition, the following relations between DLCDAs hold:
161 = 163, I/Cl = I/Cg, IE4 = —’67 = —169, 165 = I’C\7 = —]/C\g. (2.6)

The four DLCDASs on the left-hand side of these identities can be considered independent.
The following four DLCDAs, which are unconstrained and hence independent, complete
our basis of eight DLCDAs:

K2, Ka, K, Ks. (2.7)

While the procedure of ref. [34] is useful for determining the number of independent DL-
CDAs, it does not directly provide a parametrisation of the matrix element in eq. (2.1), which
is required for practical applications. To this end, we introduce the following parametrisation
of eq. (2.1), inspired by eq. (2.7) of ref. [21]:

<0‘§(21n)gGuu(22ﬁ)th (0) |B(U)> =

(nu'YV - nu’Yu) Yo+ (ﬁu’YV - 7_11/7/1) Y,

1
+ 2mBFB(,u)Tr{’y5FP+
+1 €uvap na/}/ﬁf% ?x +1 €uvap ﬁa76’75 ?y (28)
+ (e = oY)t Zo + (e — T Yu) i Zy
- iﬁ,uya,@ naﬁB’YS Xxy - (nuﬁu - nl/ﬁu) ¢ ny:| }(2’1, 223 :U’) s

where P, := # is the projector onto the heavy-quark spinor. Throughout, we adopt the

following conventions

g = diag(+, =, = =), ow =glwwl,  w=ir", S =1 (29)

'Note that this definition differs from that of ref. [21] by a factor of mp. One factor of \/mp originates
from the convention for the state normalisation, while the other arises from the definition of the HQET decay
constant: (0]3(0) vsh (0)|B(v)) = —iF5"™M7 () ..



in agreement with ref. [21]. To verify that the eight DLCDAs appearing in the equation
above are indeed independent, we relate them to those introduced in eq. (2.3). This can be
achieved by applying the procedure outlined in appendix A. We find

Y, = —2K4 + 2K + K2 — 2Ks5, Y, = Ky — 2K,
Y, = 2/66: K1 - 2/€5~, Y, = —161 — 2K + 2K5 (210
Zy = —2(K4 — Ko + Ks5), Z, = —2Ks,

Xy = 2(Ks — Ks) , W,y = =Ky + K — K5 — Ks .

Since this system of equations can be inverted, the basis chosen in eq. (2.8) is indeed valid.

Following ref. [21], DLCDAs of definite twist can be defined by means of appropriate pro-
jectors, reflecting the familiar power-counting rules from soft-collinear effective theory (SCET).
For the light-quark field, the leading- and subleading-power projections are

ot it

e q(z1n) and h

respectively. For the gluon field strength, it is convenient to distinguish transverse Lorentz

q(z1n), (2.11)

indices, denoted by p ) , v, which are orthogonal to both n# and n*. The relevant projections
are then

"G, (z2n) , nHn" G (2on), Gu, v, (22n), Gy, (22n) . (2.12)

The first of these is leading power, the next two are subleading, and the last one is sub-
subleading. Starting from these projections, we construct the projectors that define operators
of definite twist. At twist three we find

2mpFp () D™ (21, 225 1) = (0] (21m) gG (2270) 7 v 45 o (0) | B(v)), (2.13)
where
" =2 (Yx - f{v) . (2.14)
At twist four we find
2mp Fi(i) 5™ (21, 203 1) = (0] G(21m) 9G(227) 0¥ 35 ho(0) [ B(v)),  (2.15)
2mp () W™ (21, 221 1) = (0] @(210) G (2270) 0¥ shys hy(0) | B(v), (2.16)
2mpFp () U™ (21, 20 1) = (0] @(z1n) igGla (2270) 0 1 1y (0) | B(v)), (2.17)
where
G = G (2.18)
and
o™ =2 (Y, +Y, - 22,) (2.19)
v =2y, (2.20)
B = 2 (X +,) - (2.21)



At twist five we find

2mp Fp (1) ®5"") (21, 22: 1) = (0] G(211) 9G (227) 0 1775 o (0) | B(v)), (2.22)
2mpFp (1) U™ (21, 225 1) = (0] @(21m) 9Gu (2270) 70 Tiys ho(0) | B(v)), (2.23)
2mp Fp (1) U™ (21, 225 1) = (0] @(21m) igG o (207) 0 7 by (0) | B(v)), (2.24)

where
o™ =2 (Y, +Y, - 22,) (2.25)
v = 2(2W,, — Ya) | (2.26)
B = —2(X,y - Va) (2.27)

At twist six we find

2mpFp (i) ®™ (21, 201 1) = (0] G(21n) gGuw (22i1) ¥ 4" 45 iy (0) | B(v)), (2.28)
where
o™ =2 (v, - Y,). (2.29)

3 Models and constraints

Practical calculations, such as the evaluation of hadronic amplitudes in factorisation frame-
works, require information about the shape of the DLCDAs. Since these distributions are not
known from first principles, phenomenological analyses require models that incorporate the
available non-perturbative information while respecting the theoretical constraints.

In this section, we derive the constraints implied by the EOM and use them to obtain
tree-level relations among the first moments, thereby reducing the number of independent
inputs. We then implement these constraints in a class of exponential models multiplied
by a polynomial.

Before proceeding, we summarise the approximations adopted in this section. Radiative
corrections induce a tail at large momenta, which spoils a consistent normalisation of the
DLCDAs. We therefore neglect these contributions and defer their discussion to section 4.
We further omit contributions from four-particle DLCDAs and restrict ourselves to positive
support for all distributions, as discussed in the Introduction.

The local limit 21, z0 — 0 defines the normalisation of the DLCDASs. For the DLCDASs
of definite twist introduced in section 2, one finds

FU'™(0,0) = Nip,  F € {®3, @y, Uy, Uy, §5, U5, U5, B}, (3.1)



where the corresponding normalisation constants are

1 1
N‘:I)a:g()‘%‘_‘_/\%{)v N<I>4:§()‘2E_)‘%{)a

A2 A2
NT4:£7 N3 :7H7

3 Py 3
Nészf()‘QE_)‘%{)a NW5:_£7

3 3

A%[ 1 2 2
@5:_?7 N¢’6:§(/\E+)‘H>'

The chromoelectric and chromomagnetic hadronic parameters )\QE and )\%1 are defined through
the local quark-gluon matrix element [21]:

] - 1 .
(0129Gu T 1ol B(v)) = —gmsFis () Te{ 35T Pr i Ao + (M = A) (W — v)| } -
(3.3)

Numerical estimates for these parameters can be found in refs. [6, 36, 37]. These matrix
elements constitute the antisymmetric part, i.e. igG,, := [iD,,iD,], of the local matrix
elements containing two covariant derivatives acting on the spectator quark. Supplemented
by the residual mass of the B-meson HQET state A = mp — m;, those hadronic quantities
fully parametrise the symmetric part of such matrix elements [6]

_1 ¢, ) _ 1 _
(0l7 {Zﬁwﬁy} I hy|B(v)) = —GmBFB(u)TY{%F& (6A*+20 5+ A7) vv,

(3.4)

_ . )2
~ (R 403+ X g~ <A2+2E> (00|}

In full generality, the local matrix element of the B-meson with three covariant derivatives
can be decomposed into 14 independent Lorentz structures, which we will use in the following
to derive the EOM relations and compute the first moments of the corresponding distribution
amplitudes. Explicitly, one has

(01§iD,iD, i D, T hy|Bv)) =

1
_ imBFB(M) Tr{’y5FP+ [(d VpUuUp + €1 GuUp + €2 Guplu + €3 GupUy)
(3.5)
+ (f1 97 + F2 Gup e + 13 Gupn) + (91 000 + 92 VU + g3 V0V Yy)

+ (h1i0uv, + hoioy,vy + Ry ioypv,) + ha ewpav”i%} }

For a generic three-particle DLCDA F(™)(w;,@5) in position space, we define its Fourier
transform as

[e. 9]

F(nﬁ)(zl, 2’2) = /

dwy / diog e 11 —iw2z2 £(00) (1) o) | (3.6)
0 0

where f € {¢3,¢4,w4,{/§4, b5, s, Vs, ¢6}. We then define the moments of f as

(Wl @)y = /0 deor /0 disp @y £ (o, ) (3.7)



Based on the parametrisation introduced in eq. (3.5), the first moments of the three-
particle DLCDAs with respect to the light-quark momentum can be derived from

(©0lgiD, [z‘ﬁ,iﬁu] T hy|B(v)) n” | (3.8)
while the first moments with respect to the gluon momentum can be derived from
0| [[iD,.iD,].iD,| T h| B(v)) " (3.9)

Explicit expressions for these first moments are collected in appendix B.

Starting from the general parametrisation of the three-derivative local matrix element
in eq. (3.5), one can apply the light-quark and heavy-quark EOM to derive additional
constraints among the 14 independent Lorentz structures describing this matrix element.
For the light quark, we have

017iPiDyiD,T ho|B(v)) = 0. (3.10)

Contracting this matrix element with appropriate Dirac structures (e.g., I' = v y5i07) yields
a set of five independent relations among the parameters. Similarly, the heavy-quark EOM
relates the three-derivative matrix element to a two-derivative one:

(017iD, iD,i(v- D)T hy|B(v)) = A (0|7i Dy iD,T ho|B(v)) . (3.11)

The matrix element on the right-hand side is parametrised in terms of the hadronic parameters
A2, A%, and A and it can be obtained from eqs. (3.3) and (3.4). Evaluating eq. (3.11) for
I' = ) v5 i 0" provides a second set of 5 independent relations among the 14 parameters.
In total, the EOM constraints eliminate 8 of the 14 parameters, expressing them in terms
of the remaining ones and the hadronic parameters A, A%, and \2,. Explicit constraints for
the parameters are provided in appendix B, where the remaining independent parameters
are ei1, f3, 91, 92, g3, ho. Additional constraints can be derived employing the EOM of the
gluon field-strength tensor G, in particular we can write

[iD,.iD,].iD,| == +4 DG, ,. (3.12)

Additionally, neglecting four-particle contributions, the relation inLde“p ~ 0 holds, providing
two further independent relations that allow one to eliminate f3 and g3. The full set of
explicit expressions for all EOM constraints and the resulting reduced parametrisation is
provided in appendix B.

This approach ensures that all first moments of the three-particle DLCDAs are consistently
expressed in terms of a minimal set of independent hadronic parameters. Furthermore, the
EOM constraints induce relations among the first moments of the DLCDAs, so that all
moments can be expressed in terms of just four independent ones. We choose these to be
(W1) @y, (W1)d,, (w1)w, and (w1)e,. These expressions for the first moments in w; read:

(wi)g, = —2wi)e, + (wi)u,, (3.13)
fr)us = 5~ (1)a, + {orha, — iday), (3.14)
(r)g, = 5~ 3lorha, — 6 (wn)a, +3 (@1), +3 (i), (3.15)
(wi)es = (w1)w, — (W1)ay, (3.16)



while for the moments in s we obtain

(@) ay = %( 3 (Wi, + 3 (wi)e, — 3 (wiw, +2AXNE + 2]\&), (3.17)
(@s)a, = 3 (— 3 lwr)e, 3 wi)a, + 2503 X)), (3.18)
(@), = %( 3 (wi)es — 3 (wi)w, — 3 (wi)e, +4ANE), (3.19)
(@205, = 15— 3 (wi)ay +6 (@), —3(whu, +3 (e, +4ANE),  (320)
(@) ey = 11—2( 3(wi)a, — 3 (wi)a, +2A(0NE = X})), (3.21)
(Wo)wy = 11—2(3 (W1)ds + 3 (w1)w, + 3 (wi)ay — 4 A N7 ) (3.22)
@2)5, = 75(3heg — 6 i)o, + 3 e, —3len)e, —4R0R), (329
(W2)a = 11—2( 3(w1)ds + 3 (Wi)a, — 3 (wi)w, +2ANE + ng). (3.24)

We now proceed to model the DLCDAs by the factorised ansatz
F (w1, @2) = Nyt (1) ol @), (3.25)

with

k “1
Ny = L (@) e LHbyjen/wo
v =g (%) G trirme: @) (3.26)
o F —= _
Aoy A <W2) e @0 L+coe/oo
w9) = = | — — = 0(w9) . 3.27
7 @) =05 ) & L+ (1+ k) ey (®2) (3.27)

Here, the functional dependence is built as a product of a polynomial prefactor and an
exponential suppression at large values of light-cone momenta, where we allow for two distinct
auxiliary reference scales wg and @y for the quark and gluon momenta, respectively.? Notice
that at this stage, the exponential fall-off ensures the existence of all non-negative moments of
the DLCDASs, and the Heaviside functions restrict the momenta to positive values. However,
this behaviour will be altered as soon as we take into account the effects associated with
the so-called “radiative tail”, see section 4. The powers k and k in the above ansatz have
to be chosen to reproduce the expected scaling of the corresponding DLCDA in the limit
wy,w2 — 0. This is determined by the conformal spin of the constituent fields [38], and

2The need for different reference scales for quarks and gluons in the DLCDAs is also supported by the
properties of the renormalisation-group equations, as discussed in the next section.
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Figure 1. Ilustration of the w; and wy dependence of the leading-twist DLCDA ¢3. The left panel
shows the function wyp1(w1) as a function of wy /wy, for representative values of the parameter by, .
The right panel displays the function wyps(ws) as a function of wsy /iy, for representative values of
c¢s- In both cases, the distributions are rescaled by wg or @y, such that only the dependence on the
dimensionless ratios wy /wg and wy/wy and on the deformation parameters is highlighted.

the explicit values read?

(172) ¢37
(072) ¢47
_ (1,1) 4, ¥,
(kvk) -
(170) ¢57
(07 1) 7#5,%;5,
(0,0)  ¢s.

Deviations from the minimal exponential model are encoded in the dimensionless shape
parameters by and c[y], which introduce linear deformations in w; and ws, respectively. The
specific normalisation factors in the denominators, 1+ (1+k)bjy and 1+ (1+4k)c(y), are chosen
such that the normalisation of the distribution equals N(z|. Owing to the factorised structure
at the initial scale, the same form is preserved under renormalisation group evolution, as
long as one restricts oneself to situations where these distributions are inserted into a proper
factorisation formula [33].

In figure 1 we show the momentum dependence of the DLCDA ¢3, as function of the
corresponding dimensionless ratios wi /wy and wy/wg. Here and in the following, we use the
shorthand notation ¢j 9 = (p‘ff’Q for brevity. The left panel shows the function wgpi(w1),
highlighting the dependence on the deformation parameter by,, while the right panel shows
the sensitivity of the function wyp2(wa2) to cg,. In both cases, variations of the parameters
lead to moderate distortions of the distribution, affecting both the position and the width of
the peak, while preserving the overall normalisation and the expected exponential fall-off.

3The relation between the conformal spin and behaviour at small w values is only meaningful if we restrict
ourselves to the positive support [33].
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For each DLCDA, we compute the first moments as defined in eq. (3.7), which read

(14 k)(1+ (2 + k) brp) (@) = @0 Nipy

L+ (1+k) by

(L+E) 1+ 2+k)cy)
1 + (1 + ];?) C[f]

(wi)(r) = wo Nipy

(3.28)

The moments are proportional to the characteristic scales wp (wp) and to the normalisation
Nip), with additional dependence on the shape parameters by (for wi) and ¢y (for ws).
Inverting these relations, one can express the model parameters in terms of the first moments.
These, in turn, are not independent but are constrained by the relations derived in egs. (3.13)—
(3.24), and can be written entirely in terms of )\%, )\%I, A, and the four independent moments

(Wi)ag, (Wi)ey, (Wi)w,, and (wi1)e;.

4 Implementing the radiative tail of ¢3

The relations derived in the previous section between the matrix elements of local operators
and the moments of the DLCDASs no longer hold if radiative corrections to the non-local
HQET operators are taken into account [10, 13]. This can be traced back to the non-trivial
contributions coming from the Wilson lines connecting the light fields with the heavy-quark
field. As a consequence, on general grounds, the short-distance expansion of the (D)LCDAs
(see, e.g., ref. [39]) is given in terms of the same kind of matrix elements of local operators as
considered above, but multiplied with Wilson coefficients that — at one-loop order in the
MS scheme — depend logarithmically on the light-cone coordinates via

Ly =In(iz1f1), Ly = In(izaft) , with i = pel® . (4.1)

Translated to momentum space, this generates the so-called “radiative tails” with only a
power-like fall-off at large light-cone momenta. The presence of these radiative tails makes
the normalisation and the positive moments of (D)LCDAs ill-defined in HQET. On the
other hand, for short distances |z;| ~ O(1/pu) < 1/Aqcp, the radiative tail can be calculated
explicitly in fixed-order perturbation theory and can still be used as a constraint on the
(D)LCDA models. In a recent paper [35], two of us have proposed a convenient method to
combine the perturbative result for the radiative tail with a generic parametrisation of the
LCDA at large distances. While in that paper we considered the (conventional) three-particle
LCDAs of the Ay baryon, we now apply the same method to the leading-twist three-particle
DLCDA of the B-meson.

The starting point is the one-loop RGE for ®3(z1, z2; 1) in position space, which can be
derived from the corresponding momentum-space expressions in refs. [32, 33],

d 1
P3 (21, 223 ) = ; dt Gy (t, z1; p) P3(tzr, 205 )
1+

+ ) dt Ga(t, z2; 1) P3(z1, tz2; 1)

dln

+ 93(21, 225 1) P3(21, 225 1)
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with

™

Gﬂumwﬂz—aib{(mG@1—m+m>+;)Ml—ﬂ—{lit

} , (4.3)
N

} S (44)
N

Here the term in curly brackets is the position-space version of the Lange-Neubert ker-

Go(t, 205 ) = —t a‘fA {(ln (i(zg - i0+)ﬂ) - ;) 5(1—1t)— [1lt—t

nel [11], and

asCy (1 +1im

93(21, 205 1) = — <

™

—mwmw@ﬂ. (4.5)

Notice that the latter contribution reflects the (partonic) final-state interactions, which lead
to a (perturbatively generated) imaginary part. In the context of factorisation theorems,
the hard-scattering kernels do not support the region where z1 2 < 0, and therefore we set
0(21)0(z2) = 1 in the following. In momentum space this is reflected by restricting ourselves
to positive light-cone momenta wy,ws > 0. This “reduced RGE” [26] therefore also preserves
the factorised form of the two light-cone directions (see eq. (3.25)) [33].
The RGE can be solved iteratively, writing

Dy(21, 22 1) = B (21, 22) + 15 0 (21, 203 10) + O(e). (4.6)
such that the function <I>§O) (21, 2z2) can be interpreted as a tree-level model /parametrisation
for the DLCDA. As such, the function @go)((), 0) and all its derivatives are finite, and thus
the normalisation and all the positive moments in momentum space do exist. On the other
hand, plugging the above ansatz into the RGE yields a solution for the one-loop correction
@él)(zl, z9; it). Decomposing the solution according to the kernels G, G5 and g3, one obtains

i
1 (z1)

<4ln + 62(21)) /01 dt Lit N
—Cy ((4L2 —2In + 03(22)> ) (21, 29)
C

(I):(;)l)(21,227,u) o = _CF <<4L1 —2In— + 2) lnﬁ + 61(21)) (I):(%O)(Zl’@)

+Cr ‘13;(»,0) (tz1,22), (4.7)

¢i(31) (Zla 225

u 1
p2(22) * 2> n p2(z2)

Yot (0
+Ca (22) dt |——| t P37 (z1,t22), (4.8)
and
(1) ol =, L2 (0)
Oy (21, 225 1) " Ca 5 <4ln 1a(e1.7) + 05(21,22)> Q47 (21, 22) . (4.9)

Here we have introduced a number of z;-dependent integration constants, which appear as
reference scales p; in logarithms or constants ¢; multiplying the tree-level input function.
Notice that the choice of the integration constants refers to a definition of a renormalisation

(0)

scheme for the input function ®5~ which thus implicitly depends on the integration constants.

The meaning of this shall become clearer from below.
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4.1 Short-distance limit

Expanding around the limit z; — 0, the above result corresponds to the so-called “radiative
tail” of the DLCDA, which could be obtained from a partonic one-loop matching calculation for
the short-distance expansion of the respective di-light-cone operator. Here, the contribution
from the kernel G is the same as for the standard two-particle LCDA, leading to [35]

2

5 . . _
=—Cp ((2L1 + 2) L1+ 7'(') (Nq:.B — 121 <w1>q>3 — 129 <w2>q>3 + .. )

‘pél)(zl, Z2;N) G 12

1

+ Cp (ALt + c2) (; 21 (W)ag + .. ) , (4.10)

where we have used that the reference scale can only depend on z; in the form pi(z1) =
e VE [izy, and c1(z1) = % and ¢y = const. on general grounds. The expansion of the input
function on the right-hand side in this case is determined by the local operators which define
the (tree-level) moments discussed above, where the derivatives from the Taylor expansion in
position space translate to the corresponding moments in momentum space. The contribution

of the kernel G5 can be treated in a similar way,

5’ . o
=—C}y <(2L2 +2) Ly + Tr) (Noy, —iz1 (W1) oy — 122 (W2)dg + - -)

‘I):(al)(zl, Z29; M) G 12

2

1 i ot _
+ Cy (4L2 + 04) <—2 os T+ 5 21 <w1)¢,3 -+ E 22 <w2)¢3 + .. ) . (4.11)

The contribution from the kernel g3 requires closer inspection of the one-loop diagrams
contributing to the anomalous-dimension kernels. From this we infer that the non-trivial
analytic structure only involves the gluon separation zo, such that

:_CAl—iW

‘pél) (21, 22; N) 2
g3

(4L + ¢c5) (Nq;S — 121 (w1>q>3 — 129 <(I)2><1>3 +..), (412)

which corresponds to setting us(z1,22) = ua(z2) — € 72 [izy.

4.2 Interpolating with hadronic input function

The interpolation of the short-distance limit with a generic hadronic model for finite z; o can
be achieved by modifying the integration constants, as explained in ref. [35]. Our default
choice amounts to setting

1+ ifipz 1+ iz

(1 = [i = , 4.13
f(21) e fi2(22) i (4.13)
together with
52 Co
c1(z1) = c3(z2) = 12 ca(21) = ma
4.14
1+ Q’iﬂFZQ ( )

cy(z2) = ¢4 ( cs5(21,22) = 5.

1 +ifipz)?’
Here, the reference scale up is introduced in such a way that the shape of the DLCDA at
large values of |z;| approaches that of the input function @éo). It should be emphasised that
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the particular choice for the integration constants preserves the analytic properties of the
DLCDAs in position space.* Apart from this, our choice remains to some extent arbitrary
and should be considered as part of the modelling, which is reflected by the numerical
dependence on the auxiliary scale upg.

The previous result, associated with the perturbative matching calculation for the radiative
tail, on the other hand, would be recovered by setting pur — 0. For finite pup, we also have to
consider a modified input function, where the short-distance expansion now reads

O (21, 205 1) = Nay () — iz1 (wi)ay () — 122 (@2)ay (up) + .., (4.15)

i.e. all moments now implicitly depend on g as well. Comparing the short-distance expansion
in one or the other case, we obtain a relation between the corresponding moments, which
for our parametrisation reads:

N<I>3(,UF> = N‘P3(O>7

<W1><I)3(,UF> = <w1>¢)3(0) + asCr .

5 AF Nay (0) + ..., (4.16)
asCy
2w

(©2) @5 (1r) = (W2)25(0) + (3 —im) fur Nay (0) + ... .

Within our parametrisation this can be realised by adjusting the shape parameters as follows

ir a,C
boa (1117) = by (0) + (L + 205, (0))* 2 222 4 0(a2), (4.17)
wo 21w

ir asCa
Cou (1) = 63 (0) + (L + By (0)) £ Z24 (3 — i) + O(a2). (4.18)
wo 2w

Notice that the perturbative shift in (ws) is enhanced by a factor C'4/Cr compared to (w1),
which reflects the different renormalisation-group effects on the shape of the DLCDASs in
one or the other direction. As already noticed in the previous section, this also suggests to
consider (w;) and (w2) to be controlled by different reference scales wy > wy as well.

The moments on the left-hand side of eq. (4.16) then define the parametrisation of the
input function. The position-space parametrisation for our choice in eq. (3.25) can be obtained
from a Laplace transform from (w;,ws) — (i21,422), which leads to a rational function,

(1 + 2b¢3 (MF) + iWQzl) (1 + 36¢3 (MF) + i(I)QZQ)
15 2bg, () (1+ Begy () (1 -+ o021 )1 + o)

) (21, 20: 1) = Navy (1) ( (4.19)

4Here we restrict ourselves again to the situation where w; and @s have only positive support. For a more
general discussion of the analytic properties of the DLCDAs after including renormalisation-group effects,
see [32] and the supplementary material therein.
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With this, we can easily obtain the one-loop correction. For this we need the integrals

1 t
DEN (21, 29; ) :z/ dt {] (I)z(%o)(tZlaZ%MF)
0 L=ty

- <ln(1+iw0z1)+ iwoz1 by (1F) ) (0)

- D37 (21, 29; , 4.20
1+2b¢3(up) + 1ozl 3 ( =2 NF) ( )

DY (21, 295 pup) 1= / dt { t@éo)(21,tz2;uF)
. 1+ iwpzo + (3 — 2i@o22) cy (1F) \ . (0)
= | In(1 — 3 P .
( n(1 + iwpz2) 2+ Bcgy (ur) + 2it072 3 (21, 225 UF)

(4.21)
appearing in egs. (4.7) and (4.8).
4.2.1 Translation to momentum space

The result for @gl)(zl, z9) in position space can easily be translated to momentum space.
Here and in the following, all functions and input parameters are understood to depend on
the reference scale up. For our form of the input function it is convenient to exploit the fact
that the result takes a factorised form (up to corrections of order a?), i.e.

$3(w1,W02) =~ Nog p1(w) <P2(@2)
_ g _
= N, (gpgo) (w1) + — o gogl)(wl) +. ) <g0§0) (Gwe) + e gogl)(wz) + .. > .

Notice that the analytic structure of our setup restricts the support region in momentum

(4.22)

space to w; > 0 and we > 0. Furthermore, all terms in the above expression implicitly or
explicitly depend on the auxiliary scale up. Using the same kind of relations as in ref. [35],
the result for the individual one-loop terms can be written in terms of convolution integrals,

(
(Pgl)(wl):/dwll (Kla(wl_wll)9050)(w/1)+K1b(w1_w1) Z (/ )+ch( —wh) ™ (w '1)>,
1

(4.23)
()

contributions in terms of auxiliary expressions that can be easily derived for a given input

and analogously for s ’(w2). Here we find it convenient to decompose the individual

function. In our case this reads

(0)
dpy"(wr) _ 1 (-1 + 04 %> o (1),
w1

dw w 1+ by, wy/w

(0)1 0 2 01/ wo (4.24)
dpy’(@2) 1 20 Cgs )/~
2 \F2) - 20y s

d(I)Q (I)o + (A)Q + 1 + C¢3 @2/@0 e (MQ) ’

as well as
aux 0 & w1 0
A () = o) + / | =] Peh)
w1 wl(“’l wl) +
(4.25)

by (0)
1 In — I o S
( + n Bt 1+b¢3w1/wo> 1 (@),
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and

aux /— o ~/ (:J% (0) /—
@) = [ dnh | s | A
@ +

0 c
= (1 —HH%Z —vYE + d)?’__> gogo)(@),

where the Laplace transform of the functions ¢i'5* reproduces the expressions in egs. (4.20)

(4.26)

and (4.21). Using the formulas for the inverse Laplace transform as given in appendix C,
the convolution kernels can be derived as®

2 —w/fip —w/hp _ 1
Kia(w) = Cp (2 m2 2 ”) 4Oy (-2 e) , (4.27)
w 3 or w
and
2 2
Kipw)=Cp | —2m2t —om L - T om2 T ) o/ 4.2
1(w) C’F< n® nMF 5 +Cp n® — 3¢ , (4.28)
and
/J“ e_w/ﬂF — ]_ e_w//j'F
Ki(w)=Cp|4In—0(w)+4 + o — : (4.29)
UF w U
The analogous expressions for the kernels contributing to gogl)(&zg) read
Ca L—im [ e w/ir —1
Koy(w) = =— Kiq(w) — 4 , 4.
20() = G2 Kialw) = Ca = ( - ) (130
Cy 1—am "
Kop(w) = = Kp(w) — Ca 4In— +c5 ), (4.31)
Cr 2 03
—w/ip _ 1 _w/ﬂF
Kao(w) = Cy (4 In o) +45— ¢ (2 - f“) c_ ) L (432)
Ur w U HUFE

It is instructive to consider the region of large light-cone momenta wi,ws > i which is
usually referred to as the radiative tail. Exploiting the fact that the input functions only have
significant support for small values of w’, the above-defined kernels in that limit then reduce to

2 20
Kla(w—w/)—)CF <w+¢ﬂ+> N (433)
/ 2
Kyp(w—u') = Cr (—21112'u S Radty P —2w—2 <1—|—lnu) —|—) , (4.34)
w w o w w w
4 40
Kow-uo)=0p (-2 -2 1), 4.35
el =) = G (-5 = T3+ .. (4.35)
and similarly,
/ . Ca /
Kop(w —w') — (2 —1im) C—Kla(w—w), (4.36)
F
C

Kop(w — w') = 22 Kip(w — '), (4.37)

Cr
Koe(w — ') — Ca Kie(w—u'), (4.38)

Cr

5Notice that the representation of the convolution kernels is not unique, as terms can be moved from one
kernel to the other by partial-integration.
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where the constant term in K139, can be neglected because it vanishes in the convolution
integral. With this, the w’-integrals can be expressed in terms of the moments of the input
function again. Using that

o do” () (wi)e
S /2 1 1 :{ —1.-9 3}
/0 dwl { y Wi, W1 } dw / Oa ) Ncp3 )
1 <w1)q>
1 aux N — _ 3 4.
/0 dwl{ W1}<P (wh) {Oa 2 N, } ) (4.39)

the final result for the radiative tail in the w; direction takes the form

« CF 1
@1(W1) | = Zﬂ <41 +2> o1

w1
4.40)
osCr 1 (wi)e (
4In — + 8| — S 4.
o 4 < w1 + ) w% Ny, +
Similarly, with
L Ao (@) (@2)
dah 31,k ’222_{0—1—2 3}
/0 w2 { 2 } d(:)é ) ) NCI)3 )
o 1 5 {(w)e
d / 1 aux —/ — {_ _ = 3} 441
/0 Wo { 3 2} P2 2) 27 6 ]\[’I)3 ) ( )
we find
sC , 1
pa(@y)] = A (41nf‘ + (6—2m)> —
tail A 09 09 142
) (4.42)

CA 1% 34 . 1 <(I)2>¢;f
Ca (i & (_2 )) s 4
in < "o T\ 7))@ T Ne, T

4.2.2 Numerical illustration

To illustrate the numerical effect of including the radiative tail in the one-loop improved
modelling of the DLCDASs, we compare in figure 2 our result for the function ¢ (w;) defined in

egs. (4.22) and (4.23) to a given (tree-level) input function gpgo)(

w1) and to the radiative tail
as given in eq. (4.40). We stress that the numerical values for the input parameters used in
that figure are chosen for illustrative purposes only. A full-fledged quantitative analysis would
require additional input, in particular on the first moments (w;)s, entering the short-distance
expansion. Nevertheless, on a qualitative level, we observe that the implementation of the
radiative tail leads to a significant shift of the distribution towards larger values of wy and to
a zero crossing around wy ~ 2.5u. The precise numerical effect at intermediate values of w;
depends on the chosen value of the auxiliary scale pp, which is also illustrated in that figure.

An analogous plot for the function py(ws) is presented in figure 3. As already pointed
out above, the different colour factor in the radiative corrections for the function gogl)(d)g)
enhances the effect of the radiative tail, which leads to a broader distribution and a zero
crossing (in the real part) at larger values of we ~ 6u. Notice that in that case, the one-loop
improvement also leads to a sizeable ws-dependent imaginary part.
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0.0
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Figure 2. Effect of the radiative tail in the function ¢;(wy): the dashed black line shows the
tree-level parametrisation (pgo)(wl) with the shape parameter by, (tp = 0) = 0. The blue dotted line
shows the radiative tail up to terms of order 1/w?, and the solid blue line shows the result of the
one-loop improved model. For the numerical illustration we considered the following input parameters:
wo = 0.3GeV, = 1.5 GeV, as(u) = 0.3, and set the unknown integration constant co = 0 for
simplicity. The default value for the auxiliary scale ur has been set to 1 GeV, while the light blue
lines refer to changing pr to 0.7 GeV or 1.4 GeV, respectively. In each case the shape parameter is
adjusted accordingly, by, (1r) = % ﬁ)—’g Notice that in order to emphasise the radiative tail, we
have plotted the product wy 1(w) as a function of the dimensionless ratio wy/p.
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Figure 3. Effect of the radiative tail in the function @o(ws): the dashed black line shows the
tree-level parametrisation gpgo) (w2) with the shape parameter cg,(1ur = 0) = 0. The blue dotted line
shows the radiative tail up to terms of order 1/w2, and the solid blue line shows the result of the
one-loop improved model. For the numerical illustration we considered the following input parameters:
wo =0.6GeV, u=1.5 GeV, as(n) = 0.3, and set the unknown integration constants ¢4 = ¢5 = 0 for
simplicity. The default value for the auxiliary scale ur has been set to 1 GeV, while the light blue
lines refer to changing up to 0.7 GeV or 1.4 GeV, respectively. In each case the shape parameter is
adjusted accordingly, ¢y, (1tr) = 0‘562“ (3 —im) g—i Notice that in order to emphasise the radiative
tail, we have plotted the product ws ¢q(w2) as a function of the dimensionless ratio wa/u. The left

panel shows the real part, while the right panel shows the imaginary part (which is absent in @éo) (@9)

by assumption).
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5 Summary and conclusion

In this work we have initiated a systematic study of three-particle di-light-cone distribution
amplitudes (DLCDASs) of the B-meson in HQET. These can be viewed as a generalisation
of the conventional B-meson light-cone distribution amplitudes, by defining B-meson-to-
vacuum matrix elements of trilocal HQET operators with the light-antiquark and the gluon
field-strength tensor separated along two back-to-back light-like directions. The DLCDAs
are needed to parametrise non-perturbative hadronic effects as they enter, for instance,
non-factorisable soft-gluon contributions to rare and non-leptonic exclusive B-meson decays.

Starting from the most general Lorentz decomposition, we have shown that the three-
particle B-meson DLCDAs can be expressed in terms of eight independent distributions,
which we have also organised into a basis of definite twist. Furthermore, we derived constraints
on the zeroth and first moments of the DLCDASs from the respective local expansion of the
operators at tree level, together with the quark and gluon equations of motion. This allowed
us to construct phenomenological momentum-space models that are consistent with the
expected low-momentum behaviour from the conformal spin of the respective fields, and that
are parametrised in terms of a manageable number of well-defined hadronic parameters.

In the context of factorisation approaches, the most relevant DLCDA is the leading-twist
distribution ®3 that already appeared in the literature in several different contexts. For
this function, we discussed in some detail how a tree-level parametrisation is modified by
perturbative short-distance corrections inducing so-called radiative tails at large momenta. In
contrast to the conventional B-meson LCDAs, these effects also lead to complex rescattering
phases that, in the perturbative calculation, arise from diagrams that connect fields associated
with the two different outgoing light-like directions. This new source of strong phases in
exclusive B-decay observables might be of particular relevance in future phenomenological
applications.

Our work thus provides a first step towards implementing DLCDAs in concrete factorisa-
tion formulas for various exclusive B-meson decays with large hadronic recoil in two opposite
light-cone directions. This will allow us to calculate contributions from soft gluons attached,
for example, to charm loops in radiative B decays or to energetic quarks in non-leptonic
two-body decays, and to assess their impact on some of the observables associated with
the so-called “flavour anomalies”.
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A Lorentz decomposition for the three-particle DLCDAs

In this appendix, we parametrise the matrix element

(01a(x) 9 (y)T o (0)| B(v)) (A1)

in terms of generalised DLCDAs. Unlike in the rest of the paper, the four-vectors x and y are
here taken to be light-like, satisfying 2 = y? = 0, but they are not restricted to lie on opposite
light-like rays. Moreover, as we discuss below, most of the relations derived in this appendix
continue to hold for arbitrary four-vectors x and y. As in section 2, we follow ref. [34] and
begin by constructing the most general decomposition of (0|g(x) ¢G . (¥)V57p0ashy(0)| B(v)).
We find

<Gu1/)/5'7p0a,8> =

Koy A
vt

ga[ugy]ﬁgpacf'f_gcr[p,gu] [agﬁ}pcg+go[agﬁ] [pgu]pcg+gﬁ[ygv]7gA[agB]Tgpo‘766

) E vzt g 2
gp[agﬂ} X4 +— gp[,ugu]aX5 +gn[,ugl/]7-g)\[agﬂ] ng'( v X’?Jr o XSU)
vzx“x/\ v Va3
+gn[,u,gl/]Tg>\[agB]Tgpa (U'J})z Xg [N(;]$£ }gpoXIO
K )\

“[}

Yy
yﬂ] gp[ugu]ay12+gn[,ugl/]fg/\[o¢g[ﬂ 9po ( y13+ yl4>

2y UluYn) V[aYs)

—an[ugu]rg)\[agﬁ]Tgpa (2}' ) y15 (v'y)Q payf(‘)

1 o o
+m |:x[,uyu] gp[agﬁ]owl7+x[ayﬁ] gp[,ugu]UW18

+9x[uIv)r 9N 98] Ipo (iL‘Ny/\ 1/\/{’9+zv/"€:cA Wg[)) V[T Via Y8 Ipo Wa1 TV Yu) VaT 5] Ipo Wgz]

YuTv] LY VnYv) T1aYp) x[uyy]v[ g] o LY Valp) o
a7 e 0 o) S e
et IV (A.2)

For convenience, we introduce the following notation:

7

<GMVP> = m@@(l’) gG,UV(y) r hv(0)|B(v)> ’ (A3)
cg:_vvci+£@+£@, (A.4)

with analogous definitions for X7, Y7, and WY . Each generalised DLCDA is understood to
be a function of v-z, vy, and z-y, e.g. C; := Ci(v-x,v-y, z-y). Using gamma-matrix identities
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together with Pyh, = h,, one readily obtains [34]

(Gvrpioap) = (i/2) €apor (Gs7pio "), (A-5)
(GrusVa) = (1/6) €apor (Grun’io”"), (A.6)
(Gus) = v (GuY5Ya) (A7)
(Gursioas) = v*{(Gur57pioas) + 2 (val(Gus1s) — v8(Guws7a)) (A.8)
(GuYa) = (i/6) €apor (G157 i0T), (A.9)

(G uu> =v™G ;w’Ya> (A.10)

(G /wlaa6> v (G ul/'Yp'Waﬁ> +2 (Ua<GW'Y,B> - U,B<Gw/7a>) . (A.11)

These relations motivate the choice of parametrising the matrix element (G, 757,i043), since

it can be related to matrix elements involving the complete basis of gamma matrices

{1, 9, o™, A, 77

In addition, imposing the Chisholm identity yields

<Guu’757pi0'oz6> = 9pp <Gw/’75'7a>

— Gap <G;u/)/576>

(A.12)

— i€papo(Gu’) - (A.13)

By enforcing this constraint we find that the following generalised DLCDAs must vanish:

Co =0,
Xy =0, Xy =0, X1 =0,
Xg =0, X1 =0,
Vi3 =0, Vi5 =0, Vi =0,
Yia =0, Vi =0,
Wag = 0, Was = 0, Was = 0, Was = 0, (A-14)
Was =0, War = 0,
Wig = 0, War =0, Waz = 0,
Way =0, Wag = 0, War = 0,
Way =0, Wao =0, Was =0, Wag = 0.
We also find the following relations:
C1 =Cs, C1 = Cs, C1=Cs,
X5 =Cg = — X7, X5 = Xg = — Xy, X5 = Vg = —Way,
Viz =Cs = Y3, Viz = X = Wi, Viz = Vs = Vs, (A.15)
Wis = =13 = &7, Wis = Xy = Wi, Wis = —V15 = Wag,
Was = —Xig = Wai, Was = —Yig = Waa, War = —Wag = Was.
The following generalised DLCDAs are not constrained by eq. (A.13):
Co, Ca, Ca,
L e i (A.16)
Y11, Y11, Y11,
Wiz, Wiz, Wiz
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These 12 functions, together with the 15 functions appearing on the left-hand side of
eq. (A.15), constitute a set of 27 generalised DLCDAs. However, only 24 of combinations of
these functions are genuinely independent. This follows from the Schouten identity

Inlu€vpas) =0 (A.17)

which, when combined with the Dirac algebra and the HQET projector P,, implies the
presence of three independent residual redefinition freedoms in the set of 27 functions.
One can fix this redundancy, for example, by a suitable redefinition of the generalised
DLCDAs such that Waz = Way = War = 0. We do not provide the explicit form of
these redefinitions here, as they would substantially complicate the relations presented in
this appendix. This redundancy must be taken into account when using the generalised
DLCDASs in phenomenological applications, so that redundant functions are not treated
as independent hadronic inputs.

In analogy with section 2, we first rewrite the parametrisation of eq. (A.1) in a form
suitable for practical calculations. We then verify a posteriori that this parametrisation is
consistent by matching it to eq. (A.2):

) .
(GuT)= 2Tr{75FP+ (Ve —v ) [W1— Vs ] —iop, Wy

. o . o ﬁ " . o /B _
Ty — Ty Xl_i_xu%/ TvYu [W1+Y1]_'L€uuaﬁx V775 X1+Z€uua,5x Y5 Y,
VT v VT VT
_ (zpvr— $VU#)¢W n (Tp Y =2 Y)f 7
(v-x)? (v-x)?

 Yulr Yy YuYv =YV [
vy

Xo+ Wa+Ys] -

1€ Wlys ~ e UyBry
,uua,ff/ V5 KXot ,uz/a,(’j}g./ Y5 Yy

B T A e e /)

W T ey 2
T T L Vi %
(wa)(vy) 0 (wa)(vy)
_ ieuuaﬂxayﬁ¢’75 T ifuvaﬁxayﬁy% =
@y wa) 1 (@) (vy)
ieaprr 2y s (:qu T | Yne Y | Dby~ VT/5>
(vx)(vy) (v-) (vy) (v-z) (vy)

. (mMUV_:UVUN)yW (y,uvll_yuvu)¢ (xuyu_xuyu)¢w (xuyv_xvyu)y

wa)(vy) ° (a)(vy) - (wa)Py) 0 (va)(vy)?

(@ —2)Y . W=y I
(’U-(L‘)(U-y) Z3+ (U.T)(Uy) Z4:|}( yUY, ?J,M)- (A18)

We verify that the 27 generalised DLCDAs appearing in the equation above are independent

by relating them to the parametrisation introduced in eq. (A.2). This statement holds
up to the three redefinition freedoms implied by the Chisholm 1dent1ty discussed above.
In this case, these redefinitions can be used to effectively remove W3, W4, and W5 from

q. (A.18). The relation between the two parametrisations can be established by computing
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the matrix elements

<G,ul/75> ’

using egs. (A.2) and (A.18), and subsequently solving the resulting system of equations.
We obtain

(G ¥57a) (GL50a8) (G ¥57p0as) (A.19)

Uy =Co, Uy =C1—X5— V1o, X=Xy,
Wi = X5 — Ay, Y1 =Co+ Xy + 1o, X1 =—2Xs,
- — Wiea _ _
Yi=—C+—2 y+W18—X5, Z1 = &, Xo =11,
v-T VY
Wy =YV12 — V11, Yo =Co+ X5+ 11, Xo=—Y129,
_ o Whezy R . P
Yy =—C— —2 y_WIS_yH; Zy =12, X3 =Wi7— X5+ 12,
v-T VY
X35 =Wss, W3 = V1o — A, Wy=Xs—Vi,
_ _ o e
W5 = Wiz, We = Wiz, Wi= ﬂ7
VT VY
— Wiea- __ . _ .
Wgzﬂ, W3 = —Wags, Wi =Wy,
v-T VY
W5 =War, Z3 =Y, Zy=Xs.

This system of equations can also be inverted:

Ci=0y— X, — X, Cr=Wi+X,+X5—Y, Cr=—Wy+Xy—X3—Yo,

X5 =—X, Xs =71, X5 = Zu,
Vio=—Xo, Viz = Zs, Viz = Zo,
Wis = X, Wig = 0, Wig = 2o,
Wz = —Ws, Wy = Wi, War = W,
Co=10y, Co=Wa+t Yo — Zo— 7, X=X,
Xy = Z3—Ws, Xy= 71— Wy, Co=Wi+Y1— 2~ Zs,
Wit = X3 —Z3+ Zy, Wiz = W, Wiz = W,
Vi =—Xo, Vi1 = Zo— W, Vi1 =Zs— Wi

This system is algebraically invertible and therefore establishes a one-to-one correspondence
between the two 27-function sets in egs. (A.15)—(A.16) and eq. (A.18). We note that all
formulas derived in this appendix up to this point hold for arbitrary four-vectors x and y,
i.e. they are not restricted to the light-cone. The only exceptions are the expressions for
Cl, Cl, Yl, and Yg, which in the general case should read

-~ Whtvr = ~ ~ ~ Wy 22 v- ~ ~ ~ ~
01=W1+L+X1+X3—Y1, C1=—17y—W2+X2—X3—Y2
vy Ty VT TY
~ 5 Wige Wisy:  — = 5 Wiszy — Wiga?
- C +M+W18+Ly2—/\f5, YZchlfLnywf%fylz'
VTVY (v-y) V-TVY (v-x)
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In this more general setting, the corresponding functions are to be understood as depending
on 22, y2, v-z, v-y, and x-y. For example, C; := C1(2%,y*,v-z,v-y,2-y).
In the limit x,, ~ n, ~ y,, the generalised parametrisation of eq. (A.18) must reduce to

the standard one in eq. (2.7) of ref. [21]. Matching the Lorentz and Dirac structures gives

Vy=1y, Uy =Wy,
Xa=X1+Xo, YA=Y1+Y2—(W3+W4), (AQO)
)N(Azfﬁ%-f@, ?A=?1+?2, '

W =W+ Wy+ W3+ Wy, J =1 +Zy+Zs+ Zy.

The functions multiplying Lorentz structures that vanish when z, and y, are collinear
remain unconstrained:

X3a X?w Wl) WQ? W?)a MN/4) WS? W57 WG' (A21)

In the limit z, ~ n, and y, ~ n, the distribution amplitudes of eq. (2.8) and eq. (A.18)
can be related:

1 — —_—
Y, = 5(2W1 + 2Wy — 2W3 —4W6 —2W71 +2Wy — X1 + ¥ + X5 — 2X3 +2Y; —4Z4),
(A.22)
1
Y = 5 (205 +4W6 + X1 + 01 — Xp +2X5 4 2Y) — 423), (A.23)
1 —~ —
7, = 5(zwg —2W3 — AW — 2W1 4 2Wo — X + X — 2X3 + 22, + 273 — 4Z4), (A.24)
1
Zy=3 (—2Wa + 2Ws + AW + Xy — X + 2X5 + 225 — 425 + 2Z4), (A.25)
- 1 N N -
Y, = 5(2W2 — QW — AW — 20 + 2Wp — Xy + X — Uy — 2X5 + 2V; + 423 — 424),
(A.26)
-1 -
Yy = 5 (—2Wa + 2Ws + 4Ws + X1 — Xp — Wa 4 2X5 + 2Vp — 473 + 424), (A.27)
- 1 N - - ~
Xoy = 5(2W2 — 2Wy — AW + 2Ws — X1 + Xo — 2X3 + X1 — Xo + 2X5 + 475 —424),
(A.28)
1 o~ —_—
ny = 5 (Wl + W2 — W3 — W4 + 2W5 - 2W6 - Wl + WQ) (A29)

B First moments of the DLCDAs and EOM constraints

As discussed in section 3, the parametrisation of the three-derivative matrix element in
eq. (3.5) allows one to derive the first moments in the momentum variables w; and wy through
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egs. (3.8) and (3.9). These moments are given by

(wi)o; = 2(f2 — f3) + g2 — g3 — 4h1, (B.1)
(Wi)e, =2(f2 — f3) + 92 — g3 — 2(ha — h3), (B.2)
(wi)w, = —ea+e3+ g2 —gs —2h1 — ha+ h3, (B.3)
(wi)g, = —2h1 +2hs, (B.4)
(Wi)os =92 — g3 (B.5)
(wi)wy; = —ea+e3 —2fa +2f3 — g2 + g3 + 2h1 + ha — hs, (B.6)
(wi)g, = 20 +2ha. (B.7)
(w1)ee = 92 — g3 — 4h1 — 2ha + 2h3, (B.8)
(W2)®; = g1 — 292 + g3 + 6h1 — 6h3, (B.9)
(W2)a, = 91— 292+ g3, (B.10)
(W2)w, = €1 —2ea+e3+2f1 —4fa+2f3+ g1 — 292 + g3 + 3h1 — 3hs, (B.11)
(@02)g, = 2(h1 — h3), (B.12)
(W2)o; =2f1 —4fa+2fs+ 91 — 292 + g3 + 2hy — 2h3, (B.13)
(W2)w; = e1 —2e2 +e3 — g1 + 292 — g3 — 3h1 + 3h3, (B.14)
(@), = 2hy — 2h1, (B.15)
(W2)og = 2f1 —4fa +2f3+ g1 — 292 + g3 + 4h1 — 4hs. (B.16)

Additionally, we provide here the relations among the various parameters obtained from the
EOM. By applying the quark EOM, 8 of the 14 parameters can be eliminated and expressed
in terms of the remaining quantities e1, f3, g1, 92, g3, h2, A, A%, A

d=—2(2g91 + g2 + g3) , (B.17)
eg—f3+gz+gs+3h2+A2A2+2g2E_A%f, (B.18)
e3 = —f3 — AW, (B.19)
fi=—g1+hs— /_\W;M%I : (B.20)
fo= —ex — fs +4lgr — ho) + SR8+ X (B.21)
hi = —e1 — f3+4g1 + go — 4hy + Am]\z i 22% + 30 , (B.22)
hs = —Aff , (B.23)

~18A% 4+ 202, 4+ TA?
ha = 2e1 + 3f3 — 891 — g2 + S8ho — A E 7 (B.24)
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fw) L[f)(s = iz) f(w) L[f)(s = iz)
L (@) et | L) — |
wo \wo (1+swo)" fir Trsir
1 e~w/bp LE In(14+4ps)
1 s el s
m 1 ~ e~w/AF 1 2 In?(14-fips)+72/6
In w s h’l(/,LS) T In TF W
2 In?(fs)+m2/6 e—w/hp 1 LEs
In w s w In 1+ZFS

Table 1. Laplace transform of various functions appearing in the modelling of the radiative tail for
the DLCDA ®3(wy,ws; i1). Here we use again the shorthand notation fi := ue=.

Furthermore, by employing the gluon EOM and neglecting four-particle contributions, we
obtain two further independent relations:

f3=—e1+2ex —e3— f1+2f, (B.25)
g3 = 3e1 — beg + 3e3 — g1 + 290 — 3h1 + 3h3. (B.26)

C Useful formulas for transformation between momentum and position
space

In this appendix we collect some useful formulas that allow us to translate our results for
the modelling of the radiative tail from momentum to position space and vice versa. As
we restrict ourselves to positive values of wy and @y, this amounts to performing (inverse)
Laplace transforms from a momentum variable w to an imaginary position s = iz. The
relevant expressions are collected in table 1.
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