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1 Introduction

Exclusive decays of b hadrons provide precision probes of the flavour sector of the Standard
Model and are among the most promising avenues for discovering new particles and interactions.
The presence of various widely separated energy scales, mW ≫ mb ≫ ΛQCD, makes their
theoretical description complicated. After integrating out the electroweak-scale degrees of
freedom (mW →∞) one is left with hadronic matrix elements of operators in the effective
electroweak Hamiltonian. A quantitative understanding of the QCD dynamics of those
matrix elements poses the main theoretical challenge. An expansion in inverse powers of the
heavy b-quark mass often allows one to express them in terms of a minimal set of simpler
non-perturbative quantities as well as perturbatively calculable short-distance coefficients.

For decays into light and energetic particles, where the recoil energy is of the same order
as the b-quark mass, the separation of short- and long-distance scales is achieved in the
heavy-mass limit within the QCD factorisation approach (QCDF) [1–3]. Alternatively, light-
cone sum rules (LCSRs) employ light-cone operator product expansions to relate correlation
functions to simpler hadronic quantities in certain kinematic limits; see, for example, the
reviews in refs. [4, 5]. In both approaches, light-cone distribution amplitudes (LCDAs)
provide the essential hadronic input. For heavy hadrons, these LCDAs describe light-like
correlations between the light quarks, gluons and the static heavy quark, and parametrise the
soft long-distance dynamics relevant for the corresponding exclusive decays at large recoil.

The simplest and best-known example in this context is the leading-twist two-particle
B-meson LCDA ϕ+B(ω;µ), which has been studied extensively over the past decades; see,
e.g., refs. [6–20]. Its higher-twist counterparts have been classified systematically in ref. [21]
(see also refs. [22, 23]) including the corresponding three-particle LCDAs with an additional
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gluon field-strength tensor aligned on the same light-cone. Whereas in QCDF theorems,
typically only the first inverse moment λB of ϕ+B(ω;µ) appears at leading order, also the
detailed shape of the LCDAs becomes relevant when radiative corrections are included, or
in phenomenological applications using LCSRs.

The organisation of power corrections in terms of the conventional higher-twist B-meson
LCDAs is justified as long as soft partons in the short-distance process couple only to energetic
particles that propagate (close to) a single light cone. This picture changes in processes that
involve more than one energetic direction. Whereas the leading interaction of soft gluons
with energetic partons is eikonal, and colour transparency guarantees the decoupling from
colour-neutral particles, this argument does not generally hold beyond the eikonal limit. In
this case, the standard single-ray non-local operators that define the multi-particle B-meson
LCDAs need to be generalised to soft functions involving fields along multiple light cones.
In this work we restrict ourselves to the simplest case, involving two back-to-back light-like
directions, and we refer to the corresponding B-meson matrix elements as di-light-cone
distribution amplitudes (DLCDAs).

Objects of this type recently appeared in several contexts. First, in the study of QED
corrections to two-body exclusive B-decays in refs. [24–27], where the sensitivity to the second
light-cone direction arises from the non-decoupling of eikonal photons from electrically charged
external particles. In QCD, the leading three-particle DLCDA has been introduced in ref. [28]
to describe charm-loop contributions in rare Bd,s → γγ decays, where the charm-quark mass
acts as an intermediate hard-collinear scale. This function would also be needed for estimating
non-factorisable soft-gluon contributions to B̄0

s → D+
s π

− and B̄0 → D+K− decays, which
are considered to be among the theoretically cleanest non-leptonic decay channels of the
B-meson (for a simplified LCSR approach, see the recent analysis in ref. [29]). Three-particle
DLCDAs for the Λb baryon enter the calculation of non-factorisable contributions of four-
quark operators to rare Λb → Λℓ+ℓ− transitions, which again has been shown in the context
of LCSRs [30]. Lastly, even four- and five-particle DLCDAs arise in the factorisation of
weak-annihilation amplitudes [31].

At present, relatively little is known about the properties of the DLCDAs. The analysis
of the one-loop evolution kernel of the QED-generalised B-meson LCDA in ref. [26] revealed
various new features that indicate that the DLCDAs are a qualitatively different class of
functions from the conventional LCDAs. The derivation of the one-loop anomalous dimension
of the leading three-particle DLCDA has confirmed that these features also arise in QCD [32].
For example, the coupling of soft gluons to the two directions leads to rescattering phases,
such that the DLCDAs become complex-valued functions. Another surprising new feature
is that the analytic structure of the DLCDAs also allows for negative light-cone momenta
of light quarks and gluons. However, a recent study of the one-loop renormalisation-group
equation (RGE) [33] has shown that, when combined with the analytic properties of the
relevant hard-scattering kernels in a given factorisation theorem, it is possible in practical
applications to restrict the integration domain to positive light-cone momenta.

In this work, we study the simplest DLCDAs of the B-meson in QCD, defined by an
operator containing a heavy-quark field, a light-antiquark field on the light cone nµ, and a
gluon field-strength tensor on the opposite light cone n̄µ. We provide a complete classification
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of the corresponding three-particle DLCDAs, generalising the work of ref. [34], and organise
them in a basis of definite twist. We then derive constraints from the equations of motion for
local matrix elements, which translate at tree level into relations among the normalisation
integrals and first moments of the DLCDAs. On this basis, we construct simple models for
all independent distributions that can be used for first phenomenological studies. For the
leading-twist DLCDA, we further show how the tree-level parametrisation is modified by
the perturbative radiative tail at first order in the strong coupling, adapting the strategy
recently developed in ref. [35].

The remainder of this paper is organised as follows. In section 2 we define the relevant
trilocal matrix element, derive the complete basis of three-particle DLCDAs, and relate it
to a twist decomposition. In section 3 we derive the local constraints and present a class
of simple phenomenological models. The treatment of the leading-twist radiative tail is
discussed in section 4. We conclude in section 5.

2 Definition of the three-particle DLCDAs

In this section, we introduce for the first time the complete set of three-particle B-meson
DLCDAs that parametrise the trilocal hadronic matrix element

⟨0|q̄(z1n) gGµν(z2n̄)Γhv(0)|B̄(v)⟩ . (2.1)

Throughout this work, all non-local fields are understood to implicitly include the correspond-
ing gauge-link factors: q̄(z1n) 7→ q̄(z1n) [z1n, 0] , where [z1n, 0] denotes a straight Wilson
line along the nµ light cone. An analogous prescription applies to the gluon field, with
Gµν(z2n̄) 7→ [0, z2n̄]Gµν(z2n̄) [z2n̄, 0]. In addition, Γ denotes a Dirac matrix and hv is the
effective heavy-quark field with velocity vµ. The vectors n and n̄ are light-cone vectors
satisfying n2 = n̄2 = 0, which we choose as

vµ = 1
2 (nµ + n̄µ) , n · n̄ = 2 . (2.2)

Quantities transverse to both nµ and n̄µ are denoted by a subscript ⊥, for example pµ
⊥

and γµ
⊥. The parameters z1 and z2 denote the positions of the antiquark and the gluon

on the respective light cone.
To determine the number of independent DLCDAs that parametrise the matrix ele-

ment (2.1) we follow the procedure outlined in ref. [34]. This amounts to constructing the
most general Lorentz decomposition of ⟨0|q̄(z1n) gGµν(z2n̄)γ5γρσαβhv(0)|B̄(v)⟩ in terms of
independent tensor structures. In particular, we identify all possible structures compatible
with Lorentz invariance for a rank-five tensor featuring two antisymmetric index pairs:

⟨0|q̄(z1n) gGµν(z2n̄)γ5γρσαβhv(0)|B̄(v)⟩
⟨0|q̄(0) γ5hv(0)|B̄(v)⟩

=

+ gα[µ gν]β gρσ Kσ
1 + gσ[µ gν][α gβ]ρ Kσ

2 + gσ[α gβ][µ gν]ρ Kσ
3

+ gκ[µ gν]τ gλ[α gβ]
τ gρσ

(
nκnλ Kσ

4 + n̄κn̄λ Kσ
5

)
+ n̄[µnν] gρ[α gβ]σ Kσ

6 + n̄[αnβ] gρ[µ gν]σ Kσ
7

+ gκ[µ gν]τ gλ[α gβ]
τ gρσ

(
n̄κnλ Kσ

8 + nκn̄λ Kσ
9

)
+ n̄[µnν] n̄[αnβ] gρσ Kσ

10 .

(2.3)
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Here Kσ
i := nσ K̃i + n̄σ K̂i and each DLCDA is understood to be a function of z1 and z2, e.g.,

K̃1 := K̃1(z1, z2). We also abbreviate A[µBν] = AµBν − AνBµ. For convenience, we adopt
the following convention for the phase and the normalisation of states, although most of
our results are independent of these choices:

⟨0|q̄(0) γ5hv(0)|B̄(v)⟩ = −imBFB(µ) , (2.4)

where FB(µ) is the heavy-quark effective theory (HQET) decay constant, which is related to
the physical B-meson decay constant (see, e.g., ref. [21]).1 The twenty DLCDAs appearing
in eq. (2.3) are not independent; rather, they are subject to constraints arising from the
equations of motion (EOM) and from identities among the Dirac matrices, such as the
Chisholm identity (see ref. [34] and appendix A). These constraints imply that the following
DLCDAs must vanish

K̃4 = 0, K̂5 = 0, K̃8 = 0, K̂9 = 0, K̃10 = 0, K̂10 = 0. (2.5)

In addition, the following relations between DLCDAs hold:

K̃1 = K̃3, K̂1 = K̂3, K̂4 = −K̃7 = −K̃9, K̃5 = K̂7 = −K̂8. (2.6)

The four DLCDAs on the left-hand side of these identities can be considered independent.
The following four DLCDAs, which are unconstrained and hence independent, complete
our basis of eight DLCDAs:

K̃2, K̂2, K̃6, K̂6. (2.7)

While the procedure of ref. [34] is useful for determining the number of independent DL-
CDAs, it does not directly provide a parametrisation of the matrix element in eq. (2.1), which
is required for practical applications. To this end, we introduce the following parametrisation
of eq. (2.1), inspired by eq. (2.7) of ref. [21]:

⟨0|q̄(z1n)gGµν(z2n̄)Γhv(0)|B̄(v)⟩ =

+ 1
2mBFB(µ)Tr

{
γ5ΓP+

[
(nµγν − nνγµ)Yx + (n̄µγν − n̄νγµ)Yy

+ i ϵµναβ n
αγβγ5 Ỹx + i ϵµναβ n̄

αγβγ5 Ỹy

+ (nµγν − nνγµ)/nZx + (n̄µγν − n̄νγµ)/̄n Zy

− i ϵµναβ n
αn̄βγ5 X̃xy − (nµn̄ν − nν n̄µ) /nWxy

]}
(z1, z2;µ) ,

(2.8)

where P+ := 1+/v
2 is the projector onto the heavy-quark spinor. Throughout, we adopt the

following conventions

gµν = diag(+,−,−,−) , σµν = i

2[γµ, γν ] , γ5 = i γ0γ1γ2γ3 , ϵ0123 = −1 , (2.9)

1Note that this definition differs from that of ref. [21] by a factor of mB . One factor of √mB originates
from the convention for the state normalisation, while the other arises from the definition of the HQET decay
constant: ⟨0|q̄(0) γ5hv(0)| ˆ̄B(v)⟩ = −iF BJM17

B (µ) ..
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in agreement with ref. [21]. To verify that the eight DLCDAs appearing in the equation
above are indeed independent, we relate them to those introduced in eq. (2.3). This can be
achieved by applying the procedure outlined in appendix A. We find

Yx = −2K̂4 + 2K̂6 + K̃2 − 2K̃5 , Yy = K̂2 − 2K̂6 ,

Ỹx = 2K̂6 − K̃1 − 2K̃5 , Ỹy = −K̂1 − 2K̂6 + 2K̃5 ,

Zx = −2
(
K̂4 − K̂6 + K̃5

)
, Zy = −2K̂6 ,

X̃xy = 2
(
K̂6 − K̃5

)
, Wxy = −K̂4 + K̂6 − K̃5 − K̃6 .

(2.10)

Since this system of equations can be inverted, the basis chosen in eq. (2.8) is indeed valid.
Following ref. [21], DLCDAs of definite twist can be defined by means of appropriate pro-

jectors, reflecting the familiar power-counting rules from soft-collinear effective theory (SCET).
For the light-quark field, the leading- and subleading-power projections are

/̄n/n

4 q(z1n) and /n/̄n

4 q(z1n) , (2.11)

respectively. For the gluon field strength, it is convenient to distinguish transverse Lorentz
indices, denoted by µ⊥, ν⊥, which are orthogonal to both nµ and n̄µ. The relevant projections
are then

n̄µGµν⊥(z2n̄) , n̄µnνGµν(z2n̄) , Gµ⊥ν⊥(z2n̄) , nµGµν⊥(z2n̄) . (2.12)

The first of these is leading power, the next two are subleading, and the last one is sub-
subleading. Starting from these projections, we construct the projectors that define operators
of definite twist. At twist three we find

2mBFB(µ) Φ(nn̄)
3 (z1, z2;µ) = ⟨0| q̄(z1n) gGµν(z2n̄) n̄ν /n γ

µ
⊥γ5 hv(0) |B̄(v)⟩, (2.13)

where
Φ(nn̄)
3 = 2

(
Yx − Ỹx

)
. (2.14)

At twist four we find

2mBFB(µ) Φ(nn̄)
4 (z1, z2;µ) = ⟨0| q̄(z1n) gGµν(z2n̄) n̄ν /̄n γµ

⊥γ5 hv(0) |B̄(v)⟩, (2.15)

2mBFB(µ)Ψ(nn̄)
4 (z1, z2;µ) = ⟨0| q̄(z1n) gGµν(z2n̄) n̄µnν /nγ5 hv(0) |B̄(v)⟩, (2.16)

2mBFB(µ) Ψ̃(nn̄)
4 (z1, z2;µ) = ⟨0| q̄(z1n) igG̃µν(z2n̄) n̄µnν /nhv(0) |B̄(v)⟩, (2.17)

where

G̃µν := 1
2ϵµναβG

αβ (2.18)

and

Φ(nn̄)
4 = 2

(
Ỹx + Yx − 2Zx

)
, (2.19)

Ψ(nn̄)
4 = 2Yy , (2.20)

Ψ̃(nn̄)
4 = −2

(
X̃xy + Ỹy

)
. (2.21)
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At twist five we find

2mBFB(µ) Φ(nn̄)
5 (z1, z2;µ) = ⟨0| q̄(z1n) gGµν(z2n̄)nν /n γ

µ
⊥γ5 hv(0) |B̄(v)⟩, (2.22)

2mBFB(µ)Ψ(nn̄)
5 (z1, z2;µ) = ⟨0| q̄(z1n) gGµν(z2n̄) n̄µnν /̄nγ5 hv(0) |B̄(v)⟩, (2.23)

2mBFB(µ) Ψ̃(nn̄)
5 (z1, z2;µ) = ⟨0| q̄(z1n) igG̃µν(z2n̄) n̄µnν /̄n hv(0) |B̄(v)⟩, (2.24)

where

Φ(nn̄)
5 = 2

(
Ỹy + Yy − 2Zy

)
, (2.25)

Ψ(nn̄)
5 = 2 (2Wxy − Yx) , (2.26)

Ψ̃(nn̄)
5 = −2

(
X̃xy − Ỹx

)
. (2.27)

At twist six we find

2mBFB(µ) Φ(nn̄)
6 (z1, z2;µ) = ⟨0| q̄(z1n) gGµν(z2n̄)nν /̄n γµ

⊥γ5 hv(0) |B̄(v)⟩, (2.28)

where

Φ(nn̄)
6 = 2

(
Yy − Ỹy

)
. (2.29)

3 Models and constraints

Practical calculations, such as the evaluation of hadronic amplitudes in factorisation frame-
works, require information about the shape of the DLCDAs. Since these distributions are not
known from first principles, phenomenological analyses require models that incorporate the
available non-perturbative information while respecting the theoretical constraints.

In this section, we derive the constraints implied by the EOM and use them to obtain
tree-level relations among the first moments, thereby reducing the number of independent
inputs. We then implement these constraints in a class of exponential models multiplied
by a polynomial.

Before proceeding, we summarise the approximations adopted in this section. Radiative
corrections induce a tail at large momenta, which spoils a consistent normalisation of the
DLCDAs. We therefore neglect these contributions and defer their discussion to section 4.
We further omit contributions from four-particle DLCDAs and restrict ourselves to positive
support for all distributions, as discussed in the Introduction.

The local limit z1, z2 → 0 defines the normalisation of the DLCDAs. For the DLCDAs
of definite twist introduced in section 2, one finds

F (nn̄)(0, 0) = N[F ], F ∈ {Φ3,Φ4,Ψ4, Ψ̃4,Φ5,Ψ5, Ψ̃5,Φ6} , (3.1)
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where the corresponding normalisation constants are

NΦ3 = 1
3(λ

2
E + λ2H), NΦ4 = 1

3(λ
2
E − λ2H),

NΨ4 = λ2E
3 , NΨ̃4

= λ2H
3 ,

NΦ5 = 1
3(λ

2
E − λ2H), NΨ5 = −λ

2
E

3 ,

NΨ̃5
= −λ

2
H

3 , NΦ6 = 1
3(λ

2
E + λ2H).

(3.2)

The chromoelectric and chromomagnetic hadronic parameters λ2E and λ2H are defined through
the local quark-gluon matrix element [21]:

⟨0|q̄ gGµν Γhv|B̄(v)⟩ = −1
6mBFB(µ) Tr

{
γ5ΓP+

[
i λ2Hσµν + (λ2H − λ2E)(vµγν − vνγµ)

]}
.

(3.3)

Numerical estimates for these parameters can be found in refs. [6, 36, 37]. These matrix
elements constitute the antisymmetric part, i.e. igGµν := [i←−Dµ, i

←−
Dν ], of the local matrix

elements containing two covariant derivatives acting on the spectator quark. Supplemented
by the residual mass of the B-meson HQET state Λ̄ = mB −mb, those hadronic quantities
fully parametrise the symmetric part of such matrix elements [6]

⟨0|q̄ 12
{
i
←−
Dµ, i

←−
Dν

}
Γhv|B̄(v)⟩=− i6mBFB(µ)Tr

{
γ5ΓP+

[
(6Λ̄2+2λ2E+λ2H)vµvν

−(Λ̄2+λ2E+λ2H)gµν−
(
Λ̄2+λ2E

2

)
(γµvν+γνvµ)

]}
.

(3.4)

In full generality, the local matrix element of the B-meson with three covariant derivatives
can be decomposed into 14 independent Lorentz structures, which we will use in the following
to derive the EOM relations and compute the first moments of the corresponding distribution
amplitudes. Explicitly, one has

⟨0|q̄ i←−Dρ i
←−
Dν i
←−
Dµ Γhv|B̄(v)⟩ =

− i

2mBFB(µ) Tr
{
γ5ΓP+

[(
d vµvνvρ + e1 gµνvρ + e2 gµρvν + e3 gνρvµ

)
+
(
f1 gµνγρ + f2 gµργν + f3 gνργµ

)
+
(
g1 vµvνγρ + g2 vµvργν + g3 vνvργµ

)
+
(
h1 iσµνvρ + h2 iσµρvν + h3 iσνρvµ

)
+ h4 ϵµνρσv

σiγ5
]}
.

(3.5)

For a generic three-particle DLCDA F (nn̄)(ω1, ω̄2) in position space, we define its Fourier
transform as

F (nn̄)(z1, z2) :=
∫ ∞

0
dω1

∫ ∞

0
dω̄2 e

−iω1z1−iω̄2z2f (nn̄)(ω1, ω̄2) , (3.6)

where f ∈ {ϕ3, ϕ4, ψ4, ψ̃4, ϕ5, ψ5, ψ̃5, ϕ6}. We then define the moments of f as

⟨ωm
1 ω̄n

2 ⟩[F ] :=
∫ ∞

0
dω1

∫ ∞

0
dω̄2 ω

m
1 ω̄

n
2 f

(nn̄)(ω1, ω̄2) . (3.7)

– 7 –



J
H
E
P
1
0
(
2
0
2
6
)
0
4
7

Based on the parametrisation introduced in eq. (3.5), the first moments of the three-
particle DLCDAs with respect to the light-quark momentum can be derived from

⟨0
∣∣q̄ i←−Dρ

[
i
←−
Dν , i

←−
Dµ

]
Γhv

∣∣B̄(v)⟩nρ , (3.8)

while the first moments with respect to the gluon momentum can be derived from

⟨0
∣∣q̄ [[ i←−Dρ, i

←−
Dν

]
, i
←−
Dµ

]
Γhv

∣∣B̄(v)⟩ n̄µ . (3.9)

Explicit expressions for these first moments are collected in appendix B.
Starting from the general parametrisation of the three-derivative local matrix element

in eq. (3.5), one can apply the light-quark and heavy-quark EOM to derive additional
constraints among the 14 independent Lorentz structures describing this matrix element.
For the light quark, we have

⟨0|q̄ i
←−
/D i
←−
Dν i
←−
Dµ Γhv|B̄(v)⟩ = 0 . (3.10)

Contracting this matrix element with appropriate Dirac structures (e.g., Γ = γλγ5iσ
ατ ) yields

a set of five independent relations among the parameters. Similarly, the heavy-quark EOM
relates the three-derivative matrix element to a two-derivative one:

⟨0|q̄ i←−Dν i
←−
Dρ i(v ·

←−
D) Γhv|B̄(v)⟩ = Λ̄ ⟨0|q̄ i←−Dν i

←−
Dρ Γhv|B̄(v)⟩ . (3.11)

The matrix element on the right-hand side is parametrised in terms of the hadronic parameters
λ2E , λ2H , and Λ̄ and it can be obtained from eqs. (3.3) and (3.4). Evaluating eq. (3.11) for
Γ = γλ γ5 i σ

ατ provides a second set of 5 independent relations among the 14 parameters.
In total, the EOM constraints eliminate 8 of the 14 parameters, expressing them in terms
of the remaining ones and the hadronic parameters Λ̄, λ2E , and λ2H . Explicit constraints for
the parameters are provided in appendix B, where the remaining independent parameters
are e1, f3, g1, g2, g3, h2. Additional constraints can be derived employing the EOM of the
gluon field-strength tensor Gµν , in particular we can write[[

i
←−
Dρ, i

←−
Dν

]
, i
←−
Dµ

]
:= +gDadj

µ Gνρ . (3.12)

Additionally, neglecting four-particle contributions, the relation iDadj
µ Gµρ ≈ 0 holds, providing

two further independent relations that allow one to eliminate f3 and g3. The full set of
explicit expressions for all EOM constraints and the resulting reduced parametrisation is
provided in appendix B.

This approach ensures that all first moments of the three-particle DLCDAs are consistently
expressed in terms of a minimal set of independent hadronic parameters. Furthermore, the
EOM constraints induce relations among the first moments of the DLCDAs, so that all
moments can be expressed in terms of just four independent ones. We choose these to be
⟨ω1⟩Φ3 , ⟨ω1⟩Φ4 , ⟨ω1⟩Ψ4 and ⟨ω1⟩Φ5 . These expressions for the first moments in ω1 read:

⟨ω1⟩Ψ̃4
= −2 ⟨ω1⟩Φ4 + ⟨ω1⟩Ψ4 , (3.13)

⟨ω1⟩Ψ5 = 1
2
(
− ⟨ω1⟩Φ3 + ⟨ω1⟩Ψ4 − ⟨ω1⟩Φ5

)
, (3.14)

⟨ω1⟩Ψ̃5
= 1

6
(
− 3 ⟨ω1⟩Φ3 − 6 ⟨ω1⟩Φ4 + 3 ⟨ω1⟩Ψ4 + 3 ⟨ω1⟩Φ5

)
, (3.15)

⟨ω1⟩Φ6 = ⟨ω1⟩Ψ4 − ⟨ω1⟩Φ4 , (3.16)
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while for the moments in ω̄2 we obtain

⟨ω̄2⟩Φ3 = 1
4
(
− 3 ⟨ω1⟩Φ3 + 3 ⟨ω1⟩Φ4 − 3 ⟨ω1⟩Ψ4 + 2 Λ̄λ2E + 2 Λ̄λ2H

)
, (3.17)

⟨ω̄2⟩Φ4 = 1
4
(
− 3 ⟨ω1⟩Φ4 − 3 ⟨ω1⟩Φ5 + 2 Λ̄(λ2E − λ2H)

)
, (3.18)

⟨ω̄2⟩Ψ4 = 1
12
(
− 3 ⟨ω1⟩Φ3 − 3 ⟨ω1⟩Ψ4 − 3 ⟨ω1⟩Φ5 + 4 Λ̄λ2E

)
, (3.19)

⟨ω̄2⟩Ψ̃4
= 1

12
(
− 3 ⟨ω1⟩Φ3 + 6 ⟨ω1⟩Φ4 − 3 ⟨ω1⟩Ψ4 + 3 ⟨ω1⟩Φ5 + 4 Λ̄λ2H

)
, (3.20)

⟨ω̄2⟩Φ5 = 1
12
(
− 3 ⟨ω1⟩Φ4 − 3 ⟨ω1⟩Φ5 + 2 Λ̄(λ2E − λ2H)

)
, (3.21)

⟨ω̄2⟩Ψ5 = 1
12
(
3 ⟨ω1⟩Φ3 + 3 ⟨ω1⟩Ψ4 + 3 ⟨ω1⟩Φ5 − 4 Λ̄λ2E

)
, (3.22)

⟨ω̄2⟩Ψ̃5
= 1

12
(
3 ⟨ω1⟩Φ3 − 6 ⟨ω1⟩Φ4 + 3 ⟨ω1⟩Ψ4 − 3 ⟨ω1⟩Φ5 − 4 Λ̄λ2H

)
, (3.23)

⟨ω̄2⟩Φ6 = 1
12
(
− 3 ⟨ω1⟩Φ3 + 3 ⟨ω1⟩Φ4 − 3 ⟨ω1⟩Ψ4 + 2 Λ̄λ2E + 2 Λ̄λ2H

)
. (3.24)

We now proceed to model the DLCDAs by the factorised ansatz

f (nn̄)(ω1, ω̄2) = N[F ] φ
[f ]
1 (ω1)φ[f ]

2 (ω̄2) , (3.25)

with

φ
[f ]
1 (ω1) =

1
k!

(
ω1
ω0

)k e
−ω1

ω0

ω0

1 + b[f ] ω1/ω0

1 + (1 + k) b[f ]
θ(ω1) , (3.26)

φ
[f ]
2 (ω̄2) =

1
k̄!

(
ω̄2
ω̄0

)k̄ e
− ω̄2

ω̄0

ω̄0

1 + c[f ] ω̄2/ω̄0

1 + (1 + k̄) c[f ]
θ(ω̄2) . (3.27)

Here, the functional dependence is built as a product of a polynomial prefactor and an
exponential suppression at large values of light-cone momenta, where we allow for two distinct
auxiliary reference scales ω0 and ω̄0 for the quark and gluon momenta, respectively.2 Notice
that at this stage, the exponential fall-off ensures the existence of all non-negative moments of
the DLCDAs, and the Heaviside functions restrict the momenta to positive values. However,
this behaviour will be altered as soon as we take into account the effects associated with
the so-called “radiative tail”, see section 4. The powers k and k̄ in the above ansatz have
to be chosen to reproduce the expected scaling of the corresponding DLCDA in the limit
ω1, ω̄2 → 0. This is determined by the conformal spin of the constituent fields [38], and

2The need for different reference scales for quarks and gluons in the DLCDAs is also supported by the
properties of the renormalisation-group equations, as discussed in the next section.
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Figure 1. Illustration of the ω1 and ω̄2 dependence of the leading-twist DLCDA ϕ3. The left panel
shows the function ω0φ1(ω1) as a function of ω1/ω0, for representative values of the parameter bϕ3 .
The right panel displays the function ω̄0φ2(ω̄2) as a function of ω̄2/ω̄0, for representative values of
cϕ3 . In both cases, the distributions are rescaled by ω0 or ω̄0, such that only the dependence on the
dimensionless ratios ω1/ω0 and ω̄2/ω̄0 and on the deformation parameters is highlighted.

the explicit values read3

(k, k̄) =



(1, 2) ϕ3,

(0, 2) ϕ4,

(1, 1) ψ4, ψ̃4,

(1, 0) ϕ5,

(0, 1) ψ5, ψ̃5,

(0, 0) ϕ6.

Deviations from the minimal exponential model are encoded in the dimensionless shape
parameters b[f ] and c[f ], which introduce linear deformations in ω1 and ω̄2, respectively. The
specific normalisation factors in the denominators, 1+(1+k)b[f ] and 1+(1+ k̄)c[f ], are chosen
such that the normalisation of the distribution equals N[F ]. Owing to the factorised structure
at the initial scale, the same form is preserved under renormalisation group evolution, as
long as one restricts oneself to situations where these distributions are inserted into a proper
factorisation formula [33].

In figure 1 we show the momentum dependence of the DLCDA ϕ3, as function of the
corresponding dimensionless ratios ω1/ω0 and ω̄2/ω̄0. Here and in the following, we use the
shorthand notation φ1,2 := φϕ3

1,2 for brevity. The left panel shows the function ω0φ1(ω1),
highlighting the dependence on the deformation parameter bϕ3 , while the right panel shows
the sensitivity of the function ω̄0φ2(ω̄2) to cϕ3 . In both cases, variations of the parameters
lead to moderate distortions of the distribution, affecting both the position and the width of
the peak, while preserving the overall normalisation and the expected exponential fall-off.

3The relation between the conformal spin and behaviour at small ω values is only meaningful if we restrict
ourselves to the positive support [33].
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For each DLCDA, we compute the first moments as defined in eq. (3.7), which read

⟨ω1⟩[F ] = ω0N[F ]
(1 + k)

(
1 + (2 + k) b[f ]

)
1 + (1 + k) b[f ]

, ⟨ω̄2⟩[F ] = ω̄0N[F ]
(1 + k̄)

(
1 + (2 + k̄) c[f ]

)
1 + (1 + k̄) c[f ]

.

(3.28)

The moments are proportional to the characteristic scales ω0 (ω̄0) and to the normalisation
N[F ], with additional dependence on the shape parameters b[f ] (for ω1) and c[f ] (for ω̄2).
Inverting these relations, one can express the model parameters in terms of the first moments.
These, in turn, are not independent but are constrained by the relations derived in eqs. (3.13)–
(3.24), and can be written entirely in terms of λ2E , λ2H , Λ̄, and the four independent moments
⟨ω1⟩Φ3 , ⟨ω1⟩Φ4 , ⟨ω1⟩Ψ4 , and ⟨ω1⟩Φ5 .

4 Implementing the radiative tail of ϕ3

The relations derived in the previous section between the matrix elements of local operators
and the moments of the DLCDAs no longer hold if radiative corrections to the non-local
HQET operators are taken into account [10, 13]. This can be traced back to the non-trivial
contributions coming from the Wilson lines connecting the light fields with the heavy-quark
field. As a consequence, on general grounds, the short-distance expansion of the (D)LCDAs
(see, e.g., ref. [39]) is given in terms of the same kind of matrix elements of local operators as
considered above, but multiplied with Wilson coefficients that — at one-loop order in the
MS scheme — depend logarithmically on the light-cone coordinates via

L1 = ln(iz1µ̂) , L2 = ln(iz2µ̂) , with µ̂ = µ eγE . (4.1)

Translated to momentum space, this generates the so-called “radiative tails” with only a
power-like fall-off at large light-cone momenta. The presence of these radiative tails makes
the normalisation and the positive moments of (D)LCDAs ill-defined in HQET. On the
other hand, for short distances |zi| ∼ O(1/µ)≪ 1/ΛQCD, the radiative tail can be calculated
explicitly in fixed-order perturbation theory and can still be used as a constraint on the
(D)LCDA models. In a recent paper [35], two of us have proposed a convenient method to
combine the perturbative result for the radiative tail with a generic parametrisation of the
LCDA at large distances. While in that paper we considered the (conventional) three-particle
LCDAs of the Λb baryon, we now apply the same method to the leading-twist three-particle
DLCDA of the B-meson.

The starting point is the one-loop RGE for Φ3(z1, z2;µ) in position space, which can be
derived from the corresponding momentum-space expressions in refs. [32, 33],

d

d lnµ Φ3(z1, z2;µ) =
∫ 1+

0
dtG1(t, z1;µ)Φ3(tz1, z2;µ)

+
∫ 1+

0
dtG2(t, z2;µ)Φ3(z1, tz2;µ)

+ g3(z1, z2;µ)Φ3(z1, z2;µ) ,

(4.2)
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with

G1(t, z1;µ) = −
αsCF

π

{(
ln
(
i(z1 − i0+)µ̂

)
+ 1

2

)
δ(1− t)−

[
t

1− t

]
+

}
, (4.3)

G2(t, z2;µ) = −t
αsCA

π

{(
ln
(
i(z2 − i0+)µ̂

)
+ 1

2

)
δ(1− t)−

[
t

1− t

]
+

}
. (4.4)

Here the term in curly brackets is the position-space version of the Lange-Neubert ker-
nel [11], and

g3(z1, z2;µ) = −
αsCA

π

(1 + iπ

2 − iπ θ(z1) θ(z2)
)
. (4.5)

Notice that the latter contribution reflects the (partonic) final-state interactions, which lead
to a (perturbatively generated) imaginary part. In the context of factorisation theorems,
the hard-scattering kernels do not support the region where z1,2 < 0, and therefore we set
θ(z1)θ(z2) = 1 in the following. In momentum space this is reflected by restricting ourselves
to positive light-cone momenta ω1, ω̄2 ≥ 0. This “reduced RGE” [26] therefore also preserves
the factorised form of the two light-cone directions (see eq. (3.25)) [33].

The RGE can be solved iteratively, writing

Φ3(z1, z2;µ) = Φ(0)
3 (z1, z2) +

αs

4π Φ(1)
3 (z1, z2;µ) +O(α2

s) , (4.6)

such that the function Φ(0)
3 (z1, z2) can be interpreted as a tree-level model/parametrisation

for the DLCDA. As such, the function Φ(0)
3 (0, 0) and all its derivatives are finite, and thus

the normalisation and all the positive moments in momentum space do exist. On the other
hand, plugging the above ansatz into the RGE yields a solution for the one-loop correction
Φ(1)
3 (z1, z2;µ). Decomposing the solution according to the kernels G1, G2 and g3, one obtains

Φ(1)
3 (z1, z2;µ)

∣∣∣
G1

= −CF

((
4L1 − 2 ln µ

µ1(z1)
+ 2

)
ln µ

µ1(z1)
+ c1(z1)

)
Φ(0)
3 (z1, z2)

+ CF

(
4 ln µ

µ1(z1)
+ c2(z1)

)∫ 1

0
dt

[
t

1− t

]
+
Φ(0)
3 (tz1, z2) , (4.7)

Φ(1)
3 (z1, z2;µ)

∣∣∣
G2

= −CA

((
4L2 − 2 ln µ

µ2(z2)
+ 2

)
ln µ

µ2(z2)
+ c3(z2)

)
Φ(0)
3 (z1, z2)

+ CA

(
4 ln µ

µ2(z2)
+ c4(z2)

)∫ 1

0
dt

[
t

1− t

]
+
tΦ(0)

3 (z1, tz2) , (4.8)

and

Φ(1)
3 (z1, z2;µ)

∣∣∣
g3

= −CA
1− iπ

2

(
4 ln µ

µ3(z1, z2)
+ c5(z1, z2)

)
Φ(0)
3 (z1, z2) . (4.9)

Here we have introduced a number of zi-dependent integration constants, which appear as
reference scales µi in logarithms or constants ci multiplying the tree-level input function.
Notice that the choice of the integration constants refers to a definition of a renormalisation
scheme for the input function Φ(0)

3 which thus implicitly depends on the integration constants.
The meaning of this shall become clearer from below.
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4.1 Short-distance limit

Expanding around the limit zi → 0, the above result corresponds to the so-called “radiative
tail” of the DLCDA, which could be obtained from a partonic one-loop matching calculation for
the short-distance expansion of the respective di-light-cone operator. Here, the contribution
from the kernel G1 is the same as for the standard two-particle LCDA, leading to [35]

Φ(1)
3 (z1, z2;µ)

∣∣∣
G1

= −CF

(
(2L1 + 2)L1 +

5π2

12

)
(NΦ3 − iz1 ⟨ω1⟩Φ3 − iz2 ⟨ω̄2⟩Φ3 + . . .)

+ CF (4L1 + c2)
(
i

2 z1 ⟨ω1⟩Φ3 + . . .

)
, (4.10)

where we have used that the reference scale can only depend on z1 in the form µ1(z1) :=
e−γE/iz1, and c1(z1) = 5π2

12 and c2 = const. on general grounds. The expansion of the input
function on the right-hand side in this case is determined by the local operators which define
the (tree-level) moments discussed above, where the derivatives from the Taylor expansion in
position space translate to the corresponding moments in momentum space. The contribution
of the kernel G2 can be treated in a similar way,

Φ(1)
3 (z1, z2;µ)

∣∣∣
G2

= −CA

(
(2L2 + 2)L2 +

5π2

12

)
(NΦ3 − iz1 ⟨ω1⟩Φ3 − iz2 ⟨ω̄2⟩Φ3 + . . .)

+ CA (4L2 + c4)
(
−1
2 NΦ3 +

i

2 z1 ⟨ω1⟩Φ3 +
5i
6 z2 ⟨ω̄2⟩Φ3 + . . .

)
. (4.11)

The contribution from the kernel g3 requires closer inspection of the one-loop diagrams
contributing to the anomalous-dimension kernels. From this we infer that the non-trivial
analytic structure only involves the gluon separation z2, such that

Φ(1)
3 (z1, z2;µ)

∣∣∣
g3

= −CA
1− iπ

2 (4L2 + c5) (NΦ3 − iz1 ⟨ω1⟩Φ3 − iz2 ⟨ω̄2⟩Φ3 + . . .) , (4.12)

which corresponds to setting µ3(z1, z2) = µ2(z2) → e−γE/iz2.

4.2 Interpolating with hadronic input function

The interpolation of the short-distance limit with a generic hadronic model for finite z1,2 can
be achieved by modifying the integration constants, as explained in ref. [35]. Our default
choice amounts to setting

µ̂1(z1) :=
1 + iµ̂F z1

iz1
, µ̂2(z2) :=

1 + iµ̂F z2
iz2

, (4.13)

together with

c1(z1) = c3(z2) =
5π2

12 , c2(z1) =
c2

1 + iµ̂F z1
,

c4(z2) = c4
1 + 2iµ̂F z2
(1 + iµ̂F z2)2

, c5(z1, z2) = c5 .

(4.14)

Here, the reference scale µF is introduced in such a way that the shape of the DLCDA at
large values of |zi| approaches that of the input function Φ(0)

3 . It should be emphasised that
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the particular choice for the integration constants preserves the analytic properties of the
DLCDAs in position space.4 Apart from this, our choice remains to some extent arbitrary
and should be considered as part of the modelling, which is reflected by the numerical
dependence on the auxiliary scale µF .

The previous result, associated with the perturbative matching calculation for the radiative
tail, on the other hand, would be recovered by setting µF → 0. For finite µF , we also have to
consider a modified input function, where the short-distance expansion now reads

Φ(0)
3 (z1, z2;µF ) = NΦ3(µF )− iz1 ⟨ω1⟩Φ3(µF )− iz2 ⟨ω̄2⟩Φ3(µF ) + . . . , (4.15)

i.e. all moments now implicitly depend on µF as well. Comparing the short-distance expansion
in one or the other case, we obtain a relation between the corresponding moments, which
for our parametrisation reads:

NΦ3(µF ) = NΦ3(0) ,

⟨ω1⟩Φ3(µF ) = ⟨ω1⟩Φ3(0) +
αsCF

2π µ̂F NΦ3(0) + . . . ,

⟨ω̄2⟩Φ3(µF ) = ⟨ω̄2⟩Φ3(0) +
αsCA

2π (3− iπ) µ̂F NΦ3(0) + . . . .

(4.16)

Within our parametrisation this can be realised by adjusting the shape parameters as follows

bϕ3(µF ) = bϕ3(0) + (1 + 2bϕ3(0))2
µ̂F

2ω0

αsCF

2π +O(α2
s) , (4.17)

cϕ3(µF ) = cϕ3(0) + (1 + 3cϕ3(0))2
µ̂F

3ω̄0

αsCA

2π (3− iπ) +O(α2
s) . (4.18)

Notice that the perturbative shift in ⟨ω̄2⟩ is enhanced by a factor CA/CF compared to ⟨ω1⟩,
which reflects the different renormalisation-group effects on the shape of the DLCDAs in
one or the other direction. As already noticed in the previous section, this also suggests to
consider ⟨ω1⟩ and ⟨ω̄2⟩ to be controlled by different reference scales ω̄0 > ω0 as well.

The moments on the left-hand side of eq. (4.16) then define the parametrisation of the
input function. The position-space parametrisation for our choice in eq. (3.25) can be obtained
from a Laplace transform from (ω1, ω̄2)→ (iz1, iz2), which leads to a rational function,

Φ(0)
3 (z1, z2;µF ) = NΦ3(µF )

(1 + 2bϕ3(µF ) + iω0z1) (1 + 3cϕ3(µF ) + iω̄0z2)
(1 + 2bϕ3(µF )) (1 + 3cϕ3(µF )) (1 + iω0z1)3(1 + iω̄0z2)4

. (4.19)

4Here we restrict ourselves again to the situation where ω1 and ω̄2 have only positive support. For a more
general discussion of the analytic properties of the DLCDAs after including renormalisation-group effects,
see [32] and the supplementary material therein.
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With this, we can easily obtain the one-loop correction. For this we need the integrals

Φaux,1
3 (z1, z2;µF ) :=

∫ 1

0
dt

[
t

1− t

]
+
Φ(0)
3 (tz1, z2;µF )

=
(
ln(1 + iω0z1) +

iω0z1 bϕ3(µF )
1 + 2bϕ3(µF ) + iω0z1

)
Φ(0)
3 (z1, z2;µF ) , (4.20)

Φaux,2
3 (z1, z2;µF ) :=

∫ 1

0
dt

[
t

1− t

]
+
tΦ(0)

3 (z1, tz2;µF )

=
(
ln(1 + iω̄0z2)−

1 + iω̄0z2 + (3− 2iω̄0z2) cϕ3(µF )
2 + 6cϕ3(µF ) + 2iω̄0z2

)
Φ(0)
3 (z1, z2;µF ) ,

(4.21)

appearing in eqs. (4.7) and (4.8).

4.2.1 Translation to momentum space

The result for Φ(1)
3 (z1, z2) in position space can easily be translated to momentum space.

Here and in the following, all functions and input parameters are understood to depend on
the reference scale µF . For our form of the input function it is convenient to exploit the fact
that the result takes a factorised form (up to corrections of order α2

s), i.e.

ϕ3(ω1, ω̄2) ≃ NΦ3 φ1(ω1)φ2(ω̄2)

= NΦ3

(
φ
(0)
1 (ω1) +

αs

4π φ
(1)
1 (ω1) + . . .

)(
φ
(0)
2 (ω̄2) +

αs

4π φ
(1)
2 (ω̄2) + . . .

)
.

(4.22)

Notice that the analytic structure of our setup restricts the support region in momentum
space to ω1 ≥ 0 and ω̄2 ≥ 0. Furthermore, all terms in the above expression implicitly or
explicitly depend on the auxiliary scale µF . Using the same kind of relations as in ref. [35],
the result for the individual one-loop terms can be written in terms of convolution integrals,

φ
(1)
1 (ω1)=

ω1∫
0

dω′
1

(
K1a(ω1−ω′

1)φ
(0)
1 (ω′

1)+K1b(ω1−ω′
1)
dφ

(0)
1 (ω′

1)
dω′

1
+K1c(ω1−ω′

1)φaux
1 (ω′

1)
)
,

(4.23)

and analogously for φ
(1)
2 (ω̄2). Here we find it convenient to decompose the individual

contributions in terms of auxiliary expressions that can be easily derived for a given input
function. In our case this reads

dφ
(0)
1 (ω1)
dω1

= 1
ω0

(
−1 + ω0

ω1
+ bϕ3

1 + bϕ3 ω1/ω0

)
φ
(0)
1 (ω1) ,

dφ
(0)
2 (ω̄2)
dω̄2

= 1
ω̄0

(
−1 + 2ω̄0

ω̄2
+ cϕ3

1 + cϕ3 ω̄2/ω̄0

)
φ
(0)
2 (ω̄2) ,

(4.24)

as well as

φaux
1 (ω1) :=φ

(0)
1 (ω1) +

∫ ∞

ω1
dω′

1

[
ω1

ω′
1(ω′

1 − ω1)

]
+
φ
(0)
1 (ω′

1)

=
(
1 + ln ω0

ω1
− γE + bϕ3

1 + bϕ3 ω1/ω0

)
φ
(0)
1 (ω1) ,

(4.25)
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and

φaux
2 (ω̄2) :=

∫ ∞

ω̄2
dω̄′

2

[
ω̄2
2

(ω̄′
2)2(ω̄′

2 − ω̄2)

]
+
φ
(0)
2 (ω̄′

2)

=
(
1 + ln ω̄0

ω̄2
− γE + cϕ3

1 + cϕ3 ω̄2/ω̄0

)
φ
(0)
2 (ω̄2) ,

(4.26)

where the Laplace transform of the functions φaux
1,2 reproduces the expressions in eqs. (4.20)

and (4.21). Using the formulas for the inverse Laplace transform as given in appendix C,
the convolution kernels can be derived as5

K1a(ω) = CF

(
2 ln2 µF

ω
− π2

3

)
e−ω/µ̂F

µ̂F
+ CF

(
−2 e

−ω/µ̂F − 1
ω

)
, (4.27)

and

K1b(ω) = CF

(
−2 ln2 µ

ω
− 2 ln µ

µF
− π2

12

)
+ CF

(
2 ln2 µF

ω
− π2

3

)
e−ω/µ̂F , (4.28)

and

K1c(ω) = CF

(
4 ln µ

µF
δ(ω) + 4 e

−ω/µ̂F − 1
ω

+ c2
e−ω/µ̂F

µ̂F

)
. (4.29)

The analogous expressions for the kernels contributing to φ
(1)
2 (ω̄2) read

K2a(ω) =
CA

CF
K1a(ω)− CA

1− iπ
2

(
4 e

−ω/µ̂F − 1
ω

)
, (4.30)

K2b(ω) =
CA

CF
K1b(ω)− CA

1− iπ
2

(
4 ln µ

µF
+ c5

)
, (4.31)

K2c(ω) = CA

(
4 ln µ

µF
δ(ω) + 4 e

−ω/µ̂F − 1
ω

+ c4

(
2− ω

µ̂F

)
e−ω/µ̂F

µ̂F

)
. (4.32)

It is instructive to consider the region of large light-cone momenta ω1, ω̄2 ≫ µ̂F which is
usually referred to as the radiative tail. Exploiting the fact that the input functions only have
significant support for small values of ω′, the above-defined kernels in that limit then reduce to

K1a(ω − ω′)→ CF

( 2
ω
+ 2ω′

ω2 + . . .

)
, (4.33)

K1b(ω − ω′)→ CF

(
−2 ln2 µ

ω
− 4 ω

′

ω
ln µ
ω
− 2 ω

′2

ω2

(
1 + ln µ

ω

)
+ . . .

)
, (4.34)

K1c(ω − ω′)→ CF

(
− 4
ω
− 4ω′

ω2 + . . .

)
, (4.35)

and similarly,

K2a(ω − ω′)→ (2− iπ) CA

CF
K1a(ω − ω′) , (4.36)

K2b(ω − ω′)→ CA

CF
K1b(ω − ω′) , (4.37)

K2c(ω − ω′)→ CA

CF
K1c(ω − ω′) , (4.38)

5Notice that the representation of the convolution kernels is not unique, as terms can be moved from one
kernel to the other by partial-integration.
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where the constant term in K1b,2b can be neglected because it vanishes in the convolution
integral. With this, the ω′-integrals can be expressed in terms of the moments of the input
function again. Using that

∫ ∞

0
dω′

1

{
1, ω′

1, ω
′2
1

} dφ(0)
1 (ω′

1)
dω′

1
=
{
0,−1,−2 ⟨ω1⟩Φ3

NΦ3

}
,∫ ∞

0
dω′

1
{
1, ω′

1
}
φaux
1 (ω′

1) =
{
0,−1

2
⟨ω1⟩Φ3

NΦ3

}
, (4.39)

the final result for the radiative tail in the ω1 direction takes the form

φ1(ω1)
∣∣
tail =

αsCF

4π

(
4 ln µ

ω1
+ 2

) 1
ω1

+ αsCF

4π

(
4 ln µ

ω1
+ 8

) 1
ω2
1

⟨ω1⟩Φ3

NΦ3

+ . . . .

(4.40)

Similarly, with

∫ ∞

0
dω̄′

2

{
1, ω̄′

2, ω̄
′2
2

} dφ(0)
2 (ω̄′

2)
dω̄′

2
=
{
0,−1,−2 ⟨ω̄2⟩Φ3

NΦ3

}
,∫ ∞

0
dω̄′

2
{
1, ω̄′

2
}
φaux
2 (ω̄′

2) =
{
−1
2 ,−

5
6
⟨ω̄2⟩Φ3

NΦ3

}
, (4.41)

we find

φ2(ω̄2)
∣∣
tail =

αsCA

4π

(
4 ln µ

ω̄2
+ (6− 2iπ)

) 1
ω̄2

+ αsCA

4π

(
4 ln µ

ω̄2
+
(34

3 − 2iπ
)) 1

ω̄2
2

⟨ω̄2⟩Φ3

NΦ3

+ . . . .

(4.42)

4.2.2 Numerical illustration

To illustrate the numerical effect of including the radiative tail in the one-loop improved
modelling of the DLCDAs, we compare in figure 2 our result for the function φ1(ω1) defined in
eqs. (4.22) and (4.23) to a given (tree-level) input function φ

(0)
1 (ω1) and to the radiative tail

as given in eq. (4.40). We stress that the numerical values for the input parameters used in
that figure are chosen for illustrative purposes only. A full-fledged quantitative analysis would
require additional input, in particular on the first moments ⟨ω1⟩Φ3 entering the short-distance
expansion. Nevertheless, on a qualitative level, we observe that the implementation of the
radiative tail leads to a significant shift of the distribution towards larger values of ω1 and to
a zero crossing around ω1 ∼ 2.5µ. The precise numerical effect at intermediate values of ω1
depends on the chosen value of the auxiliary scale µF , which is also illustrated in that figure.

An analogous plot for the function φ2(ω̄2) is presented in figure 3. As already pointed
out above, the different colour factor in the radiative corrections for the function φ

(1)
2 (ω̄2)

enhances the effect of the radiative tail, which leads to a broader distribution and a zero
crossing (in the real part) at larger values of ω̄2 ∼ 6µ. Notice that in that case, the one-loop
improvement also leads to a sizeable ω̄2-dependent imaginary part.
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Figure 2. Effect of the radiative tail in the function φ1(ω1): the dashed black line shows the
tree-level parametrisation φ

(0)
1 (ω1) with the shape parameter bϕ3(µF = 0) = 0. The blue dotted line

shows the radiative tail up to terms of order 1/ω2
1 , and the solid blue line shows the result of the

one-loop improved model. For the numerical illustration we considered the following input parameters:
ω0 = 0.3GeV, µ = 1.5 GeV, αs(µ) = 0.3, and set the unknown integration constant c2 = 0 for
simplicity. The default value for the auxiliary scale µF has been set to 1 GeV, while the light blue
lines refer to changing µF to 0.7GeV or 1.4GeV, respectively. In each case the shape parameter is
adjusted accordingly, bϕ3(µF ) = αsCF

4π
µ̂F

ω0
. Notice that in order to emphasise the radiative tail, we

have plotted the product ω1 φ1(ω1) as a function of the dimensionless ratio ω1/µ.
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2/
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Figure 3. Effect of the radiative tail in the function φ2(ω̄2): the dashed black line shows the
tree-level parametrisation φ

(0)
2 (ω̄2) with the shape parameter cϕ3(µF = 0) = 0. The blue dotted line

shows the radiative tail up to terms of order 1/ω̄2
2 , and the solid blue line shows the result of the

one-loop improved model. For the numerical illustration we considered the following input parameters:
ω̄0 = 0.6GeV, µ = 1.5 GeV, αs(µ) = 0.3, and set the unknown integration constants c4 = c5 = 0 for
simplicity. The default value for the auxiliary scale µF has been set to 1 GeV, while the light blue
lines refer to changing µF to 0.7GeV or 1.4GeV, respectively. In each case the shape parameter is
adjusted accordingly, cϕ3(µF ) = αsCA

6π (3− iπ) µ̂F

ω̄0
. Notice that in order to emphasise the radiative

tail, we have plotted the product ω̄2 φ2(ω̄2) as a function of the dimensionless ratio ω̄2/µ. The left
panel shows the real part, while the right panel shows the imaginary part (which is absent in φ

(0)
2 (ω̄2)

by assumption).
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5 Summary and conclusion

In this work we have initiated a systematic study of three-particle di-light-cone distribution
amplitudes (DLCDAs) of the B-meson in HQET. These can be viewed as a generalisation
of the conventional B-meson light-cone distribution amplitudes, by defining B-meson-to-
vacuum matrix elements of trilocal HQET operators with the light-antiquark and the gluon
field-strength tensor separated along two back-to-back light-like directions. The DLCDAs
are needed to parametrise non-perturbative hadronic effects as they enter, for instance,
non-factorisable soft-gluon contributions to rare and non-leptonic exclusive B-meson decays.

Starting from the most general Lorentz decomposition, we have shown that the three-
particle B-meson DLCDAs can be expressed in terms of eight independent distributions,
which we have also organised into a basis of definite twist. Furthermore, we derived constraints
on the zeroth and first moments of the DLCDAs from the respective local expansion of the
operators at tree level, together with the quark and gluon equations of motion. This allowed
us to construct phenomenological momentum-space models that are consistent with the
expected low-momentum behaviour from the conformal spin of the respective fields, and that
are parametrised in terms of a manageable number of well-defined hadronic parameters.

In the context of factorisation approaches, the most relevant DLCDA is the leading-twist
distribution Φ3 that already appeared in the literature in several different contexts. For
this function, we discussed in some detail how a tree-level parametrisation is modified by
perturbative short-distance corrections inducing so-called radiative tails at large momenta. In
contrast to the conventional B-meson LCDAs, these effects also lead to complex rescattering
phases that, in the perturbative calculation, arise from diagrams that connect fields associated
with the two different outgoing light-like directions. This new source of strong phases in
exclusive B-decay observables might be of particular relevance in future phenomenological
applications.

Our work thus provides a first step towards implementing DLCDAs in concrete factorisa-
tion formulas for various exclusive B-meson decays with large hadronic recoil in two opposite
light-cone directions. This will allow us to calculate contributions from soft gluons attached,
for example, to charm loops in radiative B decays or to energetic quarks in non-leptonic
two-body decays, and to assess their impact on some of the observables associated with
the so-called “flavour anomalies”.
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A Lorentz decomposition for the three-particle DLCDAs

In this appendix, we parametrise the matrix element

⟨0|q̄(x) gGµν(y)Γhv(0)|B̄(v)⟩ (A.1)

in terms of generalised DLCDAs. Unlike in the rest of the paper, the four-vectors x and y are
here taken to be light-like, satisfying x2 = y2 = 0, but they are not restricted to lie on opposite
light-like rays. Moreover, as we discuss below, most of the relations derived in this appendix
continue to hold for arbitrary four-vectors x and y. As in section 2, we follow ref. [34] and
begin by constructing the most general decomposition of ⟨0|q̄(x) gGµν(y)γ5γρσαβhv(0)|B̄(v)⟩.
We find

⟨Gµνγ5γρσαβ⟩=

gα[µgν]βgρσCσ
1+gσ[µgν][αgβ]ρCσ

2+gσ[αgβ][µgν]ρCσ
3+gκ[µgν]τ gλ[αgβ]

τ gρσ
vκvλ

v2
Cσ
6

+
v[µxν]
v·x

gρ[αgβ]σX σ
4 +

v[αxβ]
v·x

gρ[µgν]σX σ
5 +gκ[µgν]τ gλ[αgβ]

τ gρσ

(
vκxλ

v·x
X σ
7 +

xκvλ

v·x
X σ
8

)
+gκ[µgν]τ gλ[αgβ]

τ gρσ
v2xκxλ

(v·x)2 X σ
9 +

v[µxν]v[αxβ]
(v·x)2 gρσX σ

10

+
v[µyν]
v·y

gρ[αgβ]σYσ
11+

v[αyβ]
v·y

gρ[µgν]σYσ
12+gκ[µgν]τ gλ[αgβ]

τ gρσ

(
vκyλ

v·y
Yσ
13+

yκvλ

v·y
Yσ
14

)
+gκ[µgν]τ gλ[αgβ]

τ gρσ
v2yκyλ

(v·y)2 Yσ
15+

v[µyν]v[αyβ]
(v·y)2 gρσYσ

16

+ 1
(v·x)(v·y)

[
x[µyν]gρ[αgβ]σWσ

17+x[αyβ]gρ[µgν]σWσ
18

+gκ[µgν]τ gλ[αgβ]
τ gρσ

(
xκyλWσ

19+yκxλWσ
20

)
+v[µxν]v[αyβ]gρσWσ

21+v[µyν]v[αxβ]gρσWσ
22

]
+
v[µxν]x[αyβ]
(v·x)2(v·y) gρσWσ

23+
v[µyν]x[αyβ]
(v·x)(v·y)2 gρσWσ

24+
x[µyν]v[αxβ]
(v·x)2(v·y) gρσWσ

25+
x[µyν]v[αyβ]
(v·x)(v·y)2 gρσWσ

26

+
x[µyν]x[αyβ]
(v·x)2(v·y)2 gρσWσ

27 . (A.2)

For convenience, we introduce the following notation:

⟨GµνΓ⟩ :=
i

mBFB(µ)
⟨0|q̄(x) gGµν(y) Γhv(0)|B̄(v)⟩ , (A.3)

Cσ
i := vσ Ci +

xσ

v ·x
C̃i +

yσ

v ·y
Ĉi , (A.4)

with analogous definitions for X σ
i , Yσ

i , and Wσ
i . Each generalised DLCDA is understood to

be a function of v·x, v·y, and x·y, e.g. C̃1 := C̃1(v ·x, v ·y, x·y). Using gamma-matrix identities
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together with P+hv = hv, one readily obtains [34]

⟨Gµνγρiσαβ⟩ = (i/2) ϵαβστ ⟨Gµνγ5γρiσ
στ ⟩, (A.5)

⟨Gµνγ5γα⟩ = (i/6) ϵαρστ ⟨Gµνγ
ρiσστ ⟩, (A.6)

⟨Gµνγ5⟩ = vα⟨Gµνγ5γα⟩, (A.7)
⟨Gµνγ5iσαβ⟩ = vρ⟨Gµνγ5γρiσαβ⟩+ 2 (vα⟨Gµνγ5γβ⟩ − vβ⟨Gµνγ5γα⟩) , (A.8)
⟨Gµνγα⟩ = (i/6) ϵαρστ ⟨Gµνγ5γ

ρiσστ ⟩, (A.9)
⟨Gµν⟩ = vα⟨Gµνγα⟩, (A.10)

⟨Gµνiσαβ⟩ = vρ⟨Gµνγρiσαβ⟩+ 2 (vα⟨Gµνγβ⟩ − vβ⟨Gµνγα⟩) . (A.11)

These relations motivate the choice of parametrising the matrix element ⟨Gµνγ5γρiσαβ⟩, since
it can be related to matrix elements involving the complete basis of gamma matrices{

1, γµ, σµν , γµγ5, γ5
}
. (A.12)

In addition, imposing the Chisholm identity yields

⟨Gµνγ5γρiσαβ⟩ = gβρ⟨Gµνγ5γα⟩ − gαρ⟨Gµνγ5γβ⟩ − iϵραβσ⟨Gµνγ
σ⟩ . (A.13)

By enforcing this constraint we find that the following generalised DLCDAs must vanish:

C6 = 0,
X̃7 = 0, X̃9 = 0, X̃10 = 0,
X 8 = 0, X 10 = 0,
Ŷ13 = 0, Ŷ15 = 0, Ŷ16 = 0,
Y14 = 0, Y16 = 0,

W̃20 = 0, W̃22 = 0, W̃23 = 0, W̃24 = 0,

W̃25 = 0, W̃27 = 0,

Ŵ19 = 0, Ŵ21 = 0, Ŵ23 = 0,

Ŵ24 = 0, Ŵ26 = 0, Ŵ27 = 0,
W21 = 0, W22 = 0, W25 = 0, W26 = 0.

(A.14)

We also find the following relations:

C̃1 = C̃3, Ĉ1 = Ĉ3, C1 = C3,

X 5 = C̃6 = −X 7, X̃5 = X̃8 = −X 9, X̂5 = Ỹ14 = −W20,

Y12 = Ĉ6 = −Y13, Ỹ12 = X̂8 = −W19, Ŷ12 = Ŷ14 = −Y15,

W18 = −Ỹ13 = X̂7, W̃18 = X̂9 = −W̃19, Ŵ18 = −Ỹ15 = Ŵ20,

W23 = −X̂10 = W̃21, W24 = −Ỹ16 = Ŵ22, W27 = −W̃26 = Ŵ25.

(A.15)

The following generalised DLCDAs are not constrained by eq. (A.13):

C2, C̃2, Ĉ2,
X 4, X̃4, X̂4,

Y11, Ỹ11, Ŷ11,

W17, W̃17, Ŵ17.

(A.16)
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These 12 functions, together with the 15 functions appearing on the left-hand side of
eq. (A.15), constitute a set of 27 generalised DLCDAs. However, only 24 of combinations of
these functions are genuinely independent. This follows from the Schouten identity

gη[µϵνραβ] = 0 (A.17)

which, when combined with the Dirac algebra and the HQET projector P+, implies the
presence of three independent residual redefinition freedoms in the set of 27 functions.
One can fix this redundancy, for example, by a suitable redefinition of the generalised
DLCDAs such that W23 = W24 = W27 = 0. We do not provide the explicit form of
these redefinitions here, as they would substantially complicate the relations presented in
this appendix. This redundancy must be taken into account when using the generalised
DLCDAs in phenomenological applications, so that redundant functions are not treated
as independent hadronic inputs.

In analogy with section 2, we first rewrite the parametrisation of eq. (A.1) in a form
suitable for practical calculations. We then verify a posteriori that this parametrisation is
consistent by matching it to eq. (A.2):

⟨GµνΓ⟩=
i

2Tr
{
γ5ΓP+

[(
vµγν−vνγµ

)[
Ψ1−Ψ2

]
−iσµνΨ2

−xµvν−xνvµ

v·x
X1+

xµγν−xνγµ

v·x
[
W1+Y1

]
− iϵµναβx

αvβγ5
v·x

X̃1+
iϵµναβx

αγβγ5
v·x

Ỹ1

− (xµvν−xνvµ)/x
(v·x)2 W1+

(xµγν−xνγµ)/x
(v·x)2 Z1

−yµvν−yνvµ

v·y
X2+

yµγν−yνγµ

v·y
[
W2+Y2

]
− iϵµναβy

αvβγ5
v·y

X̃2+
iϵµναβy

αγβγ5
v·y

Ỹ2

−
(yµvν−yνvµ)/y

(v·y)2 W2+
(yµγν−yνγµ)/y

(v·y)2 Z2

−xµyν−xνyµ

(v·x)(v·y) X3−
iϵµναβx

αyβγ5
(v·x)(v·y) X̃3

− iϵµναβx
αyβ /xγ5

(x·y)(v·x) W̃1−
iϵµναβx

αyβ /yγ5

(x·y)(v·y) W̃2

− iϵαβλτ x
αyβvλγτ γ5

(v·x)(v·y)

(
xµvν−xνvµ

(v·x) W̃3+
yµvν−yνvµ

(v·y) W̃4+
xµyν−xνyµ

(v·x)(v·y) W̃5

)
−
(xµvν−xνvµ)/y

(v·x)(v·y) W3−
(yµvν−yνvµ)/x
(v·x)(v·y) W4−

(xµyν−xνyµ)/x
(v·x)2(v·y) W5−

(xµyν−xνyµ)/y
(v·x)(v·y)2 W6

+
(xµγν−xνγµ)/y

(v·x)(v·y) Z3+
(yµγν−yνγµ)/x

(v·x)(v·y) Z4

]}
(v·x,v·y,x·y;µ). (A.18)

We verify that the 27 generalised DLCDAs appearing in the equation above are independent
by relating them to the parametrisation introduced in eq. (A.2). This statement holds
up to the three redefinition freedoms implied by the Chisholm identity discussed above.
In this case, these redefinitions can be used to effectively remove W̃3, W̃4, and W̃5 from
eq. (A.18). The relation between the two parametrisations can be established by computing
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the matrix elements

⟨Gµνγ5⟩ , ⟨Gµνγ5γα⟩ , ⟨Gµνγ5σαβ⟩ , ⟨Gµνγ5γρσαβ⟩ , (A.19)

using eqs. (A.2) and (A.18), and subsequently solving the resulting system of equations.
We obtain

Ψ1 = C2, Ψ2 = C1−X 5−Y12, X1 =−X 4,

W1 = X̃5− X̃4, Y1 = C̃2+ X̃4+ Ỹ12, X̃1 =−X 5,

Ỹ1 =−C̃1+
W̃18 x·y
v·xv·y

+W18−X 5, Z1 = X̃5, X2 =−Y11,

W2 = Ŷ12− Ŷ11, Y2 = Ĉ2+ X̂5+ Ŷ11, X̃2 =−Y12,

Ỹ2 =−Ĉ1−
Ŵ18 x·y
v·xv·y

−W18−Y12, Z2 = Ŷ12, X3 =W17− X̂5+ Ỹ12,

X̃3 =W18, W3 = Ỹ12− X̂4, W4 = X̂5− Ỹ11,

W5 = W̃17, W6 = Ŵ17, W̃1 =
W̃18 x·y
v·xv·y

,

W̃2 =
Ŵ18 x·y
v·xv·y

, W̃3 =−W23, W̃4 =−W24,

W̃5 =W27, Z3 = Ỹ12, Z4 = X̂5.

This system of equations can also be inverted:

C1 =Ψ2−X̃1−X̃2, C̃1 = W̃1+X̃1+X̃3− Ỹ1, Ĉ1 =−W̃2+X̃2−X̃3− Ỹ2,
X 5 =−X̃1, X̃5 =Z1, X̂5 =Z4,

Y12 =−X̃2, Ỹ12 =Z3, Ŷ12 =Z2,

W18 = X̃3, W̃18 =
W̃1 v·xv·y

x·y
, Ŵ18 =

W̃2 v·xv·y
x·y

,

W23 =−W̃3, W24 =−W̃4, W27 = W̃5,

C2 =Ψ1, Ĉ2 =W2+Y2−Z2−Z4, X 4 =−X1,

X̂4 =Z3−W3, X̃4 =Z1−W1, C̃2 =W1+Y1−Z1−Z3,

W17 =X3−Z3+Z4, Ŵ17 =W6, W̃17 =W5,

Y11 =−X2, Ŷ11 =Z2−W2, Ỹ11 =Z4−W4.

This system is algebraically invertible and therefore establishes a one-to-one correspondence
between the two 27-function sets in eqs. (A.15)–(A.16) and eq. (A.18). We note that all
formulas derived in this appendix up to this point hold for arbitrary four-vectors x and y,
i.e. they are not restricted to the light-cone. The only exceptions are the expressions for
C̃1, Ĉ1, Ỹ1, and Ỹ2, which in the general case should read

C̃1 = W̃1 +
W̃2 y

2 v ·x
v ·y x·y

+ X̃1 + X̃3 − Ỹ1, Ĉ1 = −
W̃1 x

2 v ·y
v ·xx·y

− W̃2 + X̃2 − X̃3 − Ỹ2

Ỹ1 = −C̃1 +
W̃18 x·y
v ·x v ·y

+W18 +
Ŵ18 y

2

(v ·y)2 − X 5, Ỹ2 = −Ĉ1 −
Ŵ18 x·y
v ·x v ·y

−W18 −
W̃18 x

2

(v ·x)2 − Y12.
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In this more general setting, the corresponding functions are to be understood as depending
on x2, y2, v ·x, v ·y, and x·y. For example, C̃1 := C̃1(x2, y2, v ·x, v ·y, x·y).

In the limit xµ ∼ nµ ∼ yµ, the generalised parametrisation of eq. (A.18) must reduce to
the standard one in eq. (2.7) of ref. [21]. Matching the Lorentz and Dirac structures gives

ΨA = Ψ1 , ΨV = Ψ2 ,

XA = X1 +X2 , YA = Y1 + Y2 − (W3 +W4) ,
X̃A = X̃1 + X̃2 , ỸA = Ỹ1 + Ỹ2 ,

W =W1 +W2 +W3 +W4 , Z = Z1 + Z2 + Z3 + Z4 .

(A.20)

The functions multiplying Lorentz structures that vanish when xµ and yµ are collinear
remain unconstrained:

X3, X̃3, W̃1, W̃2, W̃3, W̃4, W̃5, W5, W6 . (A.21)

In the limit xµ ∼ nµ and yµ ∼ n̄µ the distribution amplitudes of eq. (2.8) and eq. (A.18)
can be related:

Yx = 1
2
(
2W1 + 2W2 − 2W3 − 4W6 − 2W̃1 + 2W̃2 −X1 +Ψ1 +X2 − 2X3 + 2Y1 − 4Z4

)
,

(A.22)

Yy = 1
2
(
2W3 + 4W6 +X1 +Ψ1 −X2 + 2X3 + 2Y2 − 4Z3

)
, (A.23)

Zx = 1
2
(
2W2 − 2W3 − 4W6 − 2W̃1 + 2W̃2 −X1 +X2 − 2X3 + 2Z1 + 2Z3 − 4Z4

)
, (A.24)

Zy = 1
2
(
−2W2 + 2W3 + 4W6 +X1 −X2 + 2X3 + 2Z2 − 4Z3 + 2Z4

)
, (A.25)

Ỹx = 1
2
(
2W2 − 2W3 − 4W6 − 2W̃1 + 2W̃2 −X1 +X2 −Ψ2 − 2X3 + 2Ỹ1 + 4Z3 − 4Z4

)
,

(A.26)

Ỹy = 1
2
(
−2W2 + 2W3 + 4W6 +X1 −X2 −Ψ2 + 2X3 + 2Ỹ2 − 4Z3 + 4Z4

)
, (A.27)

X̃xy = 1
2
(
2W2 − 2W3 − 4W6 + 2W̃2 −X1 +X2 − 2X3 + X̃1 − X̃2 + 2X̃3 + 4Z3 − 4Z4

)
,

(A.28)

Wxy = 1
2
(
W1 +W2 −W3 −W4 + 2W5 − 2W6 − W̃1 + W̃2

)
. (A.29)

B First moments of the DLCDAs and EOM constraints

As discussed in section 3, the parametrisation of the three-derivative matrix element in
eq. (3.5) allows one to derive the first moments in the momentum variables ω1 and ω̄2 through
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eqs. (3.8) and (3.9). These moments are given by

⟨ω1⟩Φ3 = 2(f2 − f3) + g2 − g3 − 4h1 , (B.1)
⟨ω1⟩Φ4 = 2(f2 − f3) + g2 − g3 − 2(h2 − h3) , (B.2)
⟨ω1⟩Ψ4 = −e2 + e3 + g2 − g3 − 2h1 − h2 + h3 , (B.3)
⟨ω1⟩Ψ̃4

= −2h1 + 2h4 , (B.4)

⟨ω1⟩Φ5 = g2 − g3 , (B.5)
⟨ω1⟩Ψ5 = −e2 + e3 − 2f2 + 2f3 − g2 + g3 + 2h1 + h2 − h3 , (B.6)
⟨ω1⟩Ψ̃5

= 2h1 + 2h4 , (B.7)

⟨ω1⟩Φ6 = g2 − g3 − 4h1 − 2h2 + 2h3 , (B.8)
⟨ω̄2⟩Φ3 = g1 − 2g2 + g3 + 6h1 − 6h3 , (B.9)
⟨ω̄2⟩Φ4 = g1 − 2g2 + g3 , (B.10)
⟨ω̄2⟩Ψ4 = e1 − 2e2 + e3 + 2f1 − 4f2 + 2f3 + g1 − 2g2 + g3 + 3h1 − 3h3 , (B.11)
⟨ω̄2⟩Ψ̃4

= 2(h1 − h3) , (B.12)

⟨ω̄2⟩Φ5 = 2f1 − 4f2 + 2f3 + g1 − 2g2 + g3 + 2h1 − 2h3 , (B.13)
⟨ω̄2⟩Ψ5 = e1 − 2e2 + e3 − g1 + 2g2 − g3 − 3h1 + 3h3 , (B.14)
⟨ω̄2⟩Ψ̃5

= 2h3 − 2h1 , (B.15)

⟨ω̄2⟩Φ6 = 2f1 − 4f2 + 2f3 + g1 − 2g2 + g3 + 4h1 − 4h3 . (B.16)

Additionally, we provide here the relations among the various parameters obtained from the
EOM. By applying the quark EOM, 8 of the 14 parameters can be eliminated and expressed
in terms of the remaining quantities e1, f3, g1, g2, g3, h2, Λ̄, λ2E , λ2H :

d = −2(2g1 + g2 + g3) , (B.17)

e2 = f3 + g2 + g3 + 3h2 + Λ̄2Λ̄2 + 2λ2E − λ2H
6 , (B.18)

e3 = −f3 − Λ̄ Λ̄2 + λ2E + λ2H
3 , (B.19)

f1 = −g1 + h2 − Λ̄2Λ̄2 + λ2H
6 , (B.20)

f2 = −e1 − f3 + 4(g1 − h2) +
2
3Λ̄(2Λ̄

2 + λ2H) , (B.21)

h1 = −e1 − f3 + 4g1 + g2 − 4h2 + Λ̄10Λ̄2 + 2λ2E + 3λ2H
6 , (B.22)

h3 = −
Λ̄λ2H
6 , (B.23)

h4 = 2e1 + 3f3 − 8g1 − g2 + 8h2 − Λ̄18Λ̄2 + 2λ2E + 7λ2H
6 . (B.24)
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f(ω) L[f ](s = iz)
1

ω0

(
ω
ω0

)n
e−ω/ω0 Γ(1+n)

(1+sω0)n+1

1 1
s

ln µ
ω

1
s ln(µ̂s)

ln2 µ
ω

ln2(µ̂s)+π2/6
s

f(ω) L[f ](s = iz)
e−ω/µ̂F

µ̂F

1
1+sµ̂F

e−ω/µ̂F

µ̂F
ln µF

ω
ln(1+µ̂F s)
1+µ̂F s

e−ω/µ̂F

µ̂F
ln2 µF

ω
ln2(1+µ̂F s)+π2/6

1+µ̂F s

e−ω/µ̂F −1
ω ln µ̂F s

1+µ̂F s

Table 1. Laplace transform of various functions appearing in the modelling of the radiative tail for
the DLCDA Φ3(ω1, ω̄2;µ). Here we use again the shorthand notation µ̂ := µeγE .

Furthermore, by employing the gluon EOM and neglecting four-particle contributions, we
obtain two further independent relations:

f3 = −e1 + 2e2 − e3 − f1 + 2f2 , (B.25)
g3 = 3e1 − 6e2 + 3e3 − g1 + 2g2 − 3h1 + 3h3 . (B.26)

C Useful formulas for transformation between momentum and position
space

In this appendix we collect some useful formulas that allow us to translate our results for
the modelling of the radiative tail from momentum to position space and vice versa. As
we restrict ourselves to positive values of ω1 and ω̄2, this amounts to performing (inverse)
Laplace transforms from a momentum variable ω to an imaginary position s = iz. The
relevant expressions are collected in table 1.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] M. Beneke, G. Buchalla, M. Neubert and C.T. Sachrajda, QCD factorization for B → ππ decays:
Strong phases and CP violation in the heavy quark limit, Phys. Rev. Lett. 83 (1999) 1914
[hep-ph/9905312] [INSPIRE].

[2] M. Beneke, G. Buchalla, M. Neubert and C.T. Sachrajda, QCD factorization for exclusive,
nonleptonic B meson decays: General arguments and the case of heavy light final states, Nucl.
Phys. B 591 (2000) 313 [hep-ph/0006124] [INSPIRE].

– 26 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.83.1914
https://doi.org/10.48550/arXiv.hep-ph/9905312
https://inspirehep.net/literature/499707
https://doi.org/10.1016/S0550-3213(00)00559-9
https://doi.org/10.1016/S0550-3213(00)00559-9
https://doi.org/10.48550/arXiv.hep-ph/0006124
https://inspirehep.net/literature/528680


J
H
E
P
1
0
(
2
0
2
6
)
0
4
7

[3] M. Beneke, G. Buchalla, M. Neubert and C.T. Sachrajda, QCD factorization in B → πK, ππ

decays and extraction of Wolfenstein parameters, Nucl. Phys. B 606 (2001) 245
[hep-ph/0104110] [INSPIRE].

[4] P. Colangelo and A. Khodjamirian, QCD sum rules, a modern perspective, hep-ph/0010175
[DOI:10.1142/9789812810458_0033] [INSPIRE].

[5] A. Khodjamirian, B. Melić and Y.-M. Wang, A guide to the QCD light-cone sum rules for
b-quark decays, Eur. Phys. J. ST 233 (2024) 271 [arXiv:2311.08700] [INSPIRE].

[6] A.G. Grozin and M. Neubert, Asymptotics of heavy meson form-factors, Phys. Rev. D 55 (1997)
272 [hep-ph/9607366] [INSPIRE].

[7] M. Beneke and T. Feldmann, Symmetry breaking corrections to heavy to light B meson
form-factors at large recoil, Nucl. Phys. B 592 (2001) 3 [hep-ph/0008255] [INSPIRE].

[8] H. Kawamura, J. Kodaira, C.-F. Qiao and K. Tanaka, B-meson light cone distribution
amplitudes in the heavy quark limit, Phys. Lett. B 523 (2001) 111 [hep-ph/0109181] [INSPIRE].

[9] S. Descotes-Genon and C.T. Sachrajda, Factorization, the light cone distribution amplitude of the
B meson and the radiative decay B → γℓνℓ, Nucl. Phys. B 650 (2003) 356 [hep-ph/0209216]
[INSPIRE].

[10] B.O. Lange and M. Neubert, Renormalization group evolution of the B meson light cone
distribution amplitude, Phys. Rev. Lett. 91 (2003) 102001 [hep-ph/0303082] [INSPIRE].

[11] V.M. Braun, D.Y. Ivanov and G.P. Korchemsky, The B meson distribution amplitude in QCD,
Phys. Rev. D 69 (2004) 034014 [hep-ph/0309330] [INSPIRE].

[12] A. Khodjamirian, T. Mannel and N. Offen, B-meson distribution amplitude from the B → π

form-factor, Phys. Lett. B 620 (2005) 52 [hep-ph/0504091] [INSPIRE].

[13] S.J. Lee and M. Neubert, Model-independent properties of the B-meson distribution amplitude,
Phys. Rev. D 72 (2005) 094028 [hep-ph/0509350] [INSPIRE].

[14] M. Beneke and J. Rohrwild, B meson distribution amplitude from B → γℓν, Eur. Phys. J. C 71
(2011) 1818 [arXiv:1110.3228] [INSPIRE].

[15] G. Bell, T. Feldmann, Y.-M. Wang and M.W.Y. Yip, Light-Cone Distribution Amplitudes for
Heavy-Quark Hadrons, JHEP 11 (2013) 191 [arXiv:1308.6114] [INSPIRE].

[16] T. Feldmann, B.O. Lange and Y.-M. Wang, B -meson light-cone distribution amplitude:
Perturbative constraints and asymptotic behavior in dual space, Phys. Rev. D 89 (2014) 114001
[arXiv:1404.1343] [INSPIRE].

[17] V.M. Braun, Y. Ji and A.N. Manashov, Two-loop evolution equation for the B-meson
distribution amplitude, Phys. Rev. D 100 (2019) 014023 [arXiv:1905.04498] [INSPIRE].

[18] M. Beneke, P. Böer, P. Rigatos and K.K. Vos, QCD factorization of the four-lepton decay
B− → ℓν̄ℓℓ

(′)ℓ̄(′), Eur. Phys. J. C 81 (2021) 638 [arXiv:2102.10060] [INSPIRE].

[19] C. Wang, Y.-M. Wang and Y.-B. Wei, QCD factorization for the four-body leptonic B-meson
decays, JHEP 02 (2022) 141 [arXiv:2111.11811] [INSPIRE].

[20] T. Feldmann, P. Lüghausen and D. van Dyk, Systematic parametrization of the leading B-meson
light-cone distribution amplitude, JHEP 10 (2022) 162 [arXiv:2203.15679] [INSPIRE].

[21] V.M. Braun, Y. Ji and A.N. Manashov, Higher-twist B-meson Distribution Amplitudes in HQET,
JHEP 05 (2017) 022 [arXiv:1703.02446] [INSPIRE].

– 27 –

https://doi.org/10.1016/S0550-3213(01)00251-6
https://doi.org/10.48550/arXiv.hep-ph/0104110
https://inspirehep.net/literature/555353
https://doi.org/10.48550/arXiv.hep-ph/0010175
https://doi.org/10.1142/9789812810458_0033
https://inspirehep.net/literature/535150
https://doi.org/10.1140/epjs/s11734-023-01046-6
https://doi.org/10.48550/arXiv.2311.08700
https://inspirehep.net/literature/2722679
https://doi.org/10.1103/PhysRevD.55.272
https://doi.org/10.1103/PhysRevD.55.272
https://doi.org/10.48550/arXiv.hep-ph/9607366
https://inspirehep.net/literature/420940
https://doi.org/10.1016/S0550-3213(00)00585-X
https://doi.org/10.48550/arXiv.hep-ph/0008255
https://inspirehep.net/literature/532407
https://doi.org/10.1016/S0370-2693(01)01299-0
https://doi.org/10.48550/arXiv.hep-ph/0109181
https://inspirehep.net/literature/563066
https://doi.org/10.1016/S0550-3213(02)01066-0
https://doi.org/10.48550/arXiv.hep-ph/0209216
https://inspirehep.net/literature/595346
https://doi.org/10.1103/PhysRevLett.91.102001
https://doi.org/10.48550/arXiv.hep-ph/0303082
https://inspirehep.net/literature/614880
https://doi.org/10.1103/PhysRevD.69.034014
https://doi.org/10.48550/arXiv.hep-ph/0309330
https://inspirehep.net/literature/629367
https://doi.org/10.1016/j.physletb.2005.06.021
https://doi.org/10.48550/arXiv.hep-ph/0504091
https://inspirehep.net/literature/680382
https://doi.org/10.1103/PhysRevD.72.094028
https://doi.org/10.48550/arXiv.hep-ph/0509350
https://inspirehep.net/literature/693669
https://doi.org/10.1140/epjc/s10052-011-1818-8
https://doi.org/10.1140/epjc/s10052-011-1818-8
https://doi.org/10.48550/arXiv.1110.3228
https://inspirehep.net/literature/940030
https://doi.org/10.1007/JHEP11(2013)191
https://doi.org/10.48550/arXiv.1308.6114
https://inspirehep.net/literature/1251425
https://doi.org/10.1103/PhysRevD.89.114001
https://doi.org/10.48550/arXiv.1404.1343
https://inspirehep.net/literature/1288724
https://doi.org/10.3204/PUBDB-2019-02451
https://doi.org/10.48550/arXiv.1905.04498
https://inspirehep.net/literature/1734535
https://doi.org/10.1140/epjc/s10052-021-09388-y
https://doi.org/10.48550/arXiv.2102.10060
https://inspirehep.net/literature/1847654
https://doi.org/10.1007/JHEP02(2022)141
https://doi.org/10.48550/arXiv.2111.11811
https://inspirehep.net/literature/1974020
https://doi.org/10.1007/JHEP10(2022)162
https://doi.org/10.48550/arXiv.2203.15679
https://inspirehep.net/literature/2059530
https://doi.org/10.1007/JHEP05(2017)022
https://doi.org/10.48550/arXiv.1703.02446
https://inspirehep.net/literature/1516430


J
H
E
P
1
0
(
2
0
2
6
)
0
4
7

[22] V.M. Braun, A.N. Manashov and N. Offen, Evolution equation for the higher-twist B-meson
distribution amplitude, Phys. Rev. D 92 (2015) 074044 [arXiv:1507.03445] [INSPIRE].

[23] S. Descotes-Genon and N. Offen, Three-particle contributions to the renormalisation of B-meson
light-cone distribution amplitudes, JHEP 05 (2009) 091 [arXiv:0903.0790] [INSPIRE].

[24] M. Beneke, C. Bobeth and R. Szafron, Power-enhanced leading-logarithmic QED corrections to
Bq → µ+µ−, JHEP 10 (2019) 232 [Erratum ibid. 11 (2022) 099] [arXiv:1908.07011] [INSPIRE].

[25] M. Beneke, P. Böer, J.-N. Toelstede and K.K. Vos, QED factorization of non-leptonic B decays,
JHEP 11 (2020) 081 [arXiv:2008.10615] [INSPIRE].

[26] M. Beneke, P. Böer, J.-N. Toelstede and K.K. Vos, Light-cone distribution amplitudes of heavy
mesons with QED effects, JHEP 08 (2022) 020 [arXiv:2204.09091] [INSPIRE].

[27] C. Cornella, M. Ferré, M. König and M. Neubert, The simplest B decay, precisely, JHEP 06
(2026) 027 [arXiv:2601.14361] [INSPIRE].

[28] Q. Qin, Y.-L. Shen, C. Wang and Y.-M. Wang, Deciphering the Long-Distance Penguin
Contribution to Bd,s → γγ Decays, Phys. Rev. Lett. 131 (2023) 091902 [arXiv:2207.02691]
[INSPIRE].

[29] M.L. Piscopo and A.V. Rusov, Non-factorisable effects in the decays B0
s → D+

s π
− and

B
0 → D+K− from LCSR, JHEP 10 (2023) 180 [arXiv:2307.07594] [INSPIRE].

[30] T. Feldmann and N. Gubernari, Non-factorisable contributions of strong-penguin operators in
Λb → Λℓ+ℓ− decays, JHEP 03 (2024) 152 [arXiv:2312.14146] [INSPIRE].

[31] P. Böer, Overview of recent progress in QCD factorisation for non-leptonic B-meson decays, talk
given at 13th International Workshop on the CKM Unitarity Triangle — CKM 2025, Cagliari,
Italy, 15 September 2025,
https://indico.cern.ch/event/1440982/contributions/6583204/.

[32] Y.-K. Huang et al., Renormalization-Group Evolution for the Three-Particle B-Meson Soft
Function, Phys. Rev. Lett. 133 (2024) 171901 [arXiv:2312.15439] [INSPIRE].

[33] R. Bartocci, P. Böer and T. Hurth, Renormalisation group evolution of the shape function g17 in
B → Xsγ and B → Xsℓ

+ℓ− at subleading power, JHEP 04 (2025) 066 [arXiv:2411.16634]
[INSPIRE].

[34] B. Geyer and O. Witzel, B-meson distribution amplitudes of geometric twist vs. dynamical twist,
Phys. Rev. D 72 (2005) 034023 [hep-ph/0502239] [INSPIRE].

[35] T. Feldmann and D. Vladimirov, Radiative tail of the three-particle light-cone distribution
amplitudes for the Λb baryon in HQET, JHEP 07 (2025) 108 [arXiv:2505.02570] [INSPIRE].

[36] T. Nishikawa and K. Tanaka, QCD Sum Rules for Quark-Gluon Three-Body Components in the
B Meson, Nucl. Phys. B 879 (2014) 110 [arXiv:1109.6786] [INSPIRE].

[37] M. Rahimi and M. Wald, QCD sum rules for parameters of the B-meson distribution amplitudes,
Phys. Rev. D 104 (2021) 016027 [arXiv:2012.12165] [INSPIRE].

[38] V.M. Braun and I.E. Filyanov, Conformal Invariance and Pion Wave Functions of Nonleading
Twist, Z. Phys. C 48 (1990) 239 [INSPIRE].

[39] H. Kawamura and K. Tanaka, Operator product expansion for B-meson distribution amplitude
and dimension-5 HQET operators, Phys. Lett. B 673 (2009) 201 [arXiv:0810.5628] [INSPIRE].

– 28 –

https://doi.org/10.1103/PhysRevD.92.074044
https://doi.org/10.48550/arXiv.1507.03445
https://inspirehep.net/literature/1382617
https://doi.org/10.1088/1126-6708/2009/05/091
https://doi.org/10.48550/arXiv.0903.0790
https://inspirehep.net/literature/814728
https://doi.org/10.1007/JHEP10(2019)232
https://doi.org/10.48550/arXiv.1908.07011
https://inspirehep.net/literature/1750326
https://doi.org/10.1007/JHEP11(2020)081
https://doi.org/10.48550/arXiv.2008.10615
https://inspirehep.net/literature/1813245
https://doi.org/10.1007/JHEP08(2022)020
https://doi.org/10.48550/arXiv.2204.09091
https://inspirehep.net/literature/2070085
https://doi.org/10.1007/JHEP06(2026)027
https://doi.org/10.1007/JHEP06(2026)027
https://doi.org/10.48550/arXiv.2601.14361
https://inspirehep.net/literature/3168616
https://doi.org/10.1103/PhysRevLett.131.091902
https://doi.org/10.48550/arXiv.2207.02691
https://inspirehep.net/literature/2106446
https://doi.org/10.1007/JHEP10(2023)180
https://doi.org/10.48550/arXiv.2307.07594
https://inspirehep.net/literature/2677629
https://doi.org/10.1007/JHEP03(2024)152
https://doi.org/10.48550/arXiv.2312.14146
https://inspirehep.net/literature/2739964
https://indico.cern.ch/event/1440982/contributions/6583204/
https://doi.org/10.1103/PhysRevLett.133.171901
https://doi.org/10.48550/arXiv.2312.15439
https://inspirehep.net/literature/2740586
https://doi.org/10.1007/JHEP04(2025)066
https://doi.org/10.48550/arXiv.2411.16634
https://inspirehep.net/literature/2852177
https://doi.org/10.1103/PhysRevD.72.034023
https://doi.org/10.48550/arXiv.hep-ph/0502239
https://inspirehep.net/literature/677466
https://doi.org/10.1007/JHEP07(2025)108
https://doi.org/10.48550/arXiv.2505.02570
https://inspirehep.net/literature/2918235
https://doi.org/10.1016/j.nuclphysb.2013.12.007
https://doi.org/10.48550/arXiv.1109.6786
https://inspirehep.net/literature/930243
https://doi.org/10.1103/PhysRevD.104.016027
https://doi.org/10.48550/arXiv.2012.12165
https://inspirehep.net/literature/1837878
https://doi.org/10.1007/BF01554472
https://inspirehep.net/literature/287194
https://doi.org/10.1016/j.physletb.2009.02.028
https://doi.org/10.48550/arXiv.0810.5628
https://inspirehep.net/literature/801214

	Introduction
	Definition of the three-particle DLCDAs
	Models and constraints
	Implementing the radiative tail of phi(3)
	Short-distance limit
	Interpolating with hadronic input function

	Summary and conclusion
	Lorentz decomposition for the three-particle DLCDAs
	First moments of the DLCDAs and EOM constraints
	Useful formulas for transformation between momentum and position space

