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ARTICLE INFO ABSTRACT
Keywords: Peridynamics formulates the balance of linear momentum as an integro-differential equation,
Peridynamics making it naturally suited for fracture modeling without special treatment of discontinuities. The

Phase-field

bond-associated correspondence formulation provides a highly accurate peridynamic framework
Dynamic fracture

by computing bond-wise deformation gradients that are free of zero-energy modes and yield
accurate results even near boundaries. However, the traditional fracture approach based on
irreversible bond deletion can compromise this formulation, as the progressive removal of bonds
degrades the nonlocal approximation of the deformation gradient and can lead to numerical
instabilities. In this work, a novel phase-field peridynamics approach is introduced that avoids
these instabilities. Instead of deleting bonds, the energetic contribution of each bond is contin-
uously degraded through a bond phase-field parameter, while a separate kinematic degradation
function preserves the accuracy of the nonlocal deformation gradient approximation. The
normalization constant ensuring thermodynamic consistency with Griffith’s fracture theory is
derived analytically for general spherical kernel functions as a ratio of two one-dimensional
integrals. Numerical examples including mode I and mode II fracture, the boundary tension
test with different kernel functions and horizon ratios, and the Kalthoff-Winkler experiment
demonstrate the stability, accuracy, and consistency of the proposed approach.

1. Introduction

Predicting how cracks initiate and propagate through load-bearing structures is one of the central challenges in computational
mechanics. Whether fracture is to be prevented in safety-critical applications or deliberately induced in manufacturing processes, its
accurate computational prediction at realistic loading rates and deformation levels is of fundamental importance. The foundations
for fracture prediction were established by the pioneering work of Griffith [1], who proposed that a crack grows when the energy
released by the advancing crack exceeds the energy required to create new crack surfaces. Irwin [2] extended this framework by
introducing the stress intensity factor, making fracture mechanics applicable to a broader class of materials. These energy-based
approaches remain at the core of modern fracture theory.

Numerous computational approaches have been developed to address the challenges of fracture modeling, each with distinct
strengths and limitations. In the standard finite element method (FEM), cracks represent discontinuities in the displacement field
that must be explicitly resolved by the mesh, requiring costly remeshing procedures as cracks propagate [3,4]. The extended finite
element method (XFEM) [5,6] alleviates this by enriching the approximation with discontinuous functions, though it becomes
increasingly complex for crack branching and three-dimensional problems. Cohesive zone models [7-10] describe fracture through
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traction-separation laws governing the progressive decohesion of material surfaces, but distributing cohesive elements throughout
the mesh introduces mesh sensitivity in the crack trajectory. The phase-field approach to fracture [11-14] regularizes the sharp crack
topology with a continuous damage field, enabling the natural modeling of crack initiation, propagation, and branching without
explicit crack tracking. Extensions to dynamic fracture have been developed by Borden et al. [15] and Weinberg and Wieners [16],
including approaches combining phase-field methods with peridynamics [17,18]. However, the phase-field method requires a fine
mesh resolution around the crack to resolve the diffuse damage band, particularly in three-dimensional dynamic settings. Further
comparisons of computational fracture approaches have been provided by Rabczuk [19], Pandolfi et al. [20], and Diehl et al. [21].

All of the above approaches are based on classical continuum mechanics, where the governing equations are formulated as partial
differential equations that require spatial derivatives of the displacement field. At a crack, the displacement field is discontinuous
and these derivatives are undefined, therefore all classical methods require special techniques to handle the presence of cracks.
Peridynamics, introduced by Silling [22], takes a fundamentally different approach by formulating the balance of linear momentum
as an integro-differential equation. Internal forces at a material point are computed by integrating the interactions with all
neighboring points within a finite distance, called the horizon. While the spherical neighborhood is the standard choice, alternative
neighborhood shapes such as cube-shaped horizons have also been explored [23]. Since no spatial derivatives of the displacement
field are required, the governing equations remain valid at discontinuities such as cracks, making peridynamics naturally suited for
fracture modeling [24,25]. A rigorous variational theory for integral functionals based on finite-horizon nonlocal gradients, including
I'-convergence results that recover classical local models, has been developed by Cueto et al. [26,27]. Energy-based peridynamic
fracture models with continuous damage that converge to Griffith fracture in the vanishing-horizon limit have been proposed by
Lipton [28-30].

The original bond-based (BB) formulation [22] is simple and robust but restricts the Poisson’s ratio. The ordinary state-based
(OSB) formulation [31] overcomes this restriction. Independent of the Poisson’s ratio restriction, both formulations suffer from the
surface effect, a systematic stiffness deviation near free surfaces caused by the truncation of the neighborhood. Several correction
methods have been developed to mitigate this error. An overview is given by Le and Bobaru [32], and further approaches are
described in [25,33]. The correspondence formulation [31] approximates the deformation gradient through nonlocal weighted
averaging, enabling the direct use of classical constitutive models and eliminating the surface effect by construction, without
requiring additional correction procedures. However, it introduces stability issues due to zero-energy modes [34,35]. The bond-
associated approach [36-39] addresses this instability by computing bond-wise deformation gradients that are inherently free of
zero-energy modes. This makes the bond-associated correspondence formulation the most accurate peridynamic formulation that
consistently reproduces the elastic behavior of the classical continuum.

Fracture in peridynamics is traditionally modeled by irreversible bond deletion, where a bond is permanently removed when
its deformation exceeds a critical threshold derived from Griffith’s energy criterion [24]. This approach has been successfully used
to simulate dynamic crack propagation and branching with the standard formulations [40-44]. However, in correspondence-based
formulations, the progressive deletion of bonds degrades the shape tensor required for approximating the deformation gradient.
As more bonds are removed in the vicinity of a propagating crack, the shape tensor can become ill-conditioned or singular,
potentially causing a breakdown of the kinematic approximation and numerical instabilities. These stability issues can limit the
reliable application of the most accurate peridynamic formulation to fracture problems.

Combinations of phase-field concepts with peridynamics have been proposed before. Roy et al. [45] reformulated the classical
phase-field evolution equation of Ginzburg-Landau type as a nonlocal integral equation and employed the resulting point-wise
phase field as a criterion for breaking bonds within a correspondence-based framework. Bie et al. [46] developed a unified nonlocal
peridynamics-based phase-field damage theory, in which an energy compensation method stabilizes the zero-energy modes of the
correspondence formulation and the nonlocal phase field again provides the criterion for bond breakage. In both approaches, the
phase field is a point-wise variable governed by an additional nonlocal evolution equation, and fracture is ultimately still realized
by the deletion of bonds. The approach presented in this work differs in both respects. The phase field is introduced as a bond-
wise quantity with a closed-form local evolution law, and bonds are never deleted, since their energetic contribution is degraded
continuously while a separate kinematic degradation function preserves the accuracy and stability of the bond-associated kinematic
approximation.

In this work, a novel phase-field peridynamics (PFPD) approach is introduced that avoids these stability issues. Instead of deleting
bonds instantaneously when a critical deformation is reached, the energetic contribution of each bond is degraded continuously
through a bond phase-field parameter. The damage evolution follows from an energy-based variational principle and ensures
thermodynamic consistency with Griffith’s fracture theory. A separate kinematic degradation function is introduced to maintain
the accuracy of the shape tensor even under significant damage, preventing the numerical instabilities that can arise from bond
deletion. The normalization of the damage model is derived analytically for general spherical kernel functions by requiring that the
total crack dissipation equals the Griffith energy release rate per unit crack area.

The paper is organized as follows. Section 2 provides a brief introduction to the bond-associated correspondence formulation.
In Section 3, the phase-field peridynamics framework is developed, including the bond-associated phase-field approximation,
the damage evolution law, and the analytical derivation of the normalization constant. Section 4 presents the discretization
and algorithmic implementation, with a detailed comparison to the standard bond-associated approach. Numerical examples are
presented in Section 5, including mode I and mode II fracture, the verification of the normalization constant, and the Kalthoff-Winkler
experiment. The paper concludes with a summary and discussion of the results in Section 6.
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Fig. 1. Deformation of a peridynamic body B from reference configuration 3, to current configuration 5,. The neighborhood H(X) defines the
nonlocal interaction domain around each material point X.

2. Peridynamics theory

This section provides a brief introduction to the peridynamic framework in a continuous setting, focusing on the bond-associated
quadrature point (BAQP) correspondence formulation that forms the basis for the phase-field peridynamics model developed in the
subsequent sections.

2.1. Nonlocal kinematics and balance of linear momentum

Consider a body B occupying the reference configuration B, ¢ R3 and the current configuration B, ¢ R3. In peridynamics,
the body is represented as a continuum of material points B, C R, interacting with each other through nonlocal forces [22]. The
interaction between a point X and its neighbor X' is characterized by a bond AX = X' — X in the reference configuration and by
Ax = x’ — x in the current configuration. Each point X interacts only with points inside a specified neighborhood or point family

H(X):{X’GBO|0<|AX|55} , 6]

defined as all points within the horizon § € R*. The bond displacement is defined as AU = U(t, X') — U(t, X), with the relation
Ax = AX + AU. The peridynamic kinematics are illustrated in Fig. 1.
The balance of linear momentum in peridynamics reads

0oX) U, X) = By (1, X) + By (1, X) V(t, X) €[0,00) X By, 2)

where B;, denotes the internal body force density and B.,, the external body force density. The initial conditions U (0, X) = Uy(X)

and U(0,X) = Uy(X) specify the displacement and velocity at + = 0. Boundary conditions are imposed by prescribing either

displacement (Dirichlet) or external force density (Neumann) on a boundary layer of material points with finite thickness, since

the integro-differential equation Eq. (2) requires a volumetric treatment rather than classical surface boundary conditions [22].
The internal force density approximates the divergence of the first Piola-Kirchhoff stress tensor with

B, (.X)=V-Pt,X)+ 0% . @

Since the governing equation Eq. (2) is an integro-differential equation that does not involve spatial derivatives of the displacement
field, it remains valid at discontinuities such as cracks, making peridynamics naturally suited for fracture modeling.

2.2. The correspondence formulation

The correspondence formulation [31] approximates the deformation gradient through nonlocal weighted averaging over the
neighborhood, enabling the direct use of classical constitutive models. An approximated deformation gradient F is defined as

Ft,X)= </ o(AX) Ax ® AXdV’> K'(Xx), )
H(X)
where w: {R3\ 0} — [0, o0) with w(4X) = 0 for |AX| > & is a kernel (or influence) function and the shape tensor K is defined as
K(X) =/ o(AX)AX @ AXdV' . 5)
H(X)

The shape tensor is a symmetric and positive definite matrix for bulk points with full neighborhoods. Due to the multiplication
with K~!, the deformation gradient is exactly reproduced for all homogeneous deformations, independent of the neighborhood
geometry. This means that the correspondence formulation does not suffer from the surface effect, a shortcoming of the standard
bond-based and ordinary state-based formulations [25,32].
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With the deformation gradient, the stress tensor of each point can be evaluated from classical constitutive laws. A bond shape
vector B : By x By — R? is defined as

B(X.X') :a)(AX)K_l(X)AX . (6)
With this, the deformation gradient and the force vector state t can be compactly expressed as

F@t,X) =/ Ax ® B(X, X"dv', )
H(X)

and, depending on the first Piola—Kirchhoff stress tensor P(t, X) = P(F(t, X)),
tt,X,X)=Pt,X)B(X,X"). 8)

The divergence of the first Piola—Kirchhoff stress tensor is then approximated as
By (1,X) = / (1. X, X"y = 11, X', X))dV" . ©
H(X)

While the correspondence formulation overcomes the limitations of the bond-based and ordinary state-based models, it introduces
stability issues from zero-energy modes [34,35], which are oscillatory displacement patterns that produce a vanishing deformation
gradient and therefore vanishing internal forces [47]. The bond-associated approach addresses this shortcoming by computing
bond-wise deformation gradients that capture local deformation variations.

2.3. Bond-associated quadrature points

The bond-associated quadrature point (BAQP) approach, introduced by Behzadinasab et al. [38,48,49], addresses the zero-energy
mode instability by computing deformation gradients at bond-associated quadrature points located at the center of each bond. This is
conceptually similar to higher-order quadrature in the finite element method, where additional integration points suppress hourglass
modes.

A bond-associated deformation gradient F is defined for each bond as

10

F.X,X)=F"X.X)+ (4x - F*®*¢, X, X) AX) ® 5
|AX|
depending on the average deformation gradient of a bond F™(,X,X’) = % (F(,X)+ F(1,X")). The correction term in
Eq. (10) ensures that the bond deformation gradient exactly reproduces the actual bond deformation in the bond direction,
i.e. F(t,X,X')AX = Ax. This construction eliminates zero-energy modes, since oscillatory displacement patterns that would cancel
in the point-wise average are captured by the bond-wise correction [38].

The strain energy density of a point is approximated by averaging the bond-wise strain energy densities over the neighborhood
with

i’(t,X):/ d)b(X,X’)T(F(t,X,X'))dV' s an
H(X)

where the averaged bond kernel function @, : By x By — R* is defined as

) 1 [ w(AX) w(—AX))
X, X'y== — ., 12

@, ( ) 3 < 20X T X 12)
with the kernel integral w : By, — R* defined as

wy(X) = / w(AX)dV' . 13)

H(X)

The kernel integral satisfies the normalization condition for all interior points as

wy(X) =1 vXe{XeBy |HX)CBy} . 14)

This normalization condition is just a statement about internal points, since @, appears in the denominator of the averaged bond
kernel function (12) so boundary truncation is correctly accounted for. A commonly used kernel [38] satisfying this condition is the
cubic spline kernel

2 3
-6 (XY (X)) g XL
8 3
w(AX)= — - 1AX] " e 1 1AX| 15
0= 5 2(1-7) if ;<5 <1, (1)
0 if “‘;‘|>1

The bond-wise first Piola—Kirchhoff stress tensor is evaluated from the constitutive model as

P, X, X")=P(F@, X, X)) . (16)
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Introducing the non-uniform stress tensor Z : [0, 00) X By — R¥>3 as

Z({, X) =/ @y(X, X" P(t, X, X") <I - M) ar’, a7
H(X) lAX|?
the force state can be written compactly as
1t X, X" = d)b(X,X’)P(t,X,X’) AX +Zt, X)B(X,X'). (18)

|AX|
The first term projects the bond stress along the bond direction, while the second term distributes the non-uniform stress correction

via the bond shape vector. This formulation is inherently free of zero-energy modes and provides a stable correspondence framework
for large deformation problems [38,49].

3. Phase-field peridynamics

Following the brittle fracture approaches of Griffith and Irwin [1,2], a material fails when a critical energy release rate is reached.
This assumption provides a criterion for crack growth based on energy considerations, which has to be embedded into an energy
minimization setting for the entire structure to determine crack initiation and propagation [14,16,17,50]. Consequently, the total
energy of a body is composed of its kinetic energy, the potential energy with the strain energy density of the undamaged material ¥,,,
and the surface energy contributions from evolving crack boundaries with the critical energy release rate G,. Here, ¥, denotes the
strain energy density ¥ from Section 2, now carrying a subscript O to distinguish the undamaged material response from the degraded
one in the phase-field setting. With this assumption, the total energy functional reads

5(:):/ <100|U|2+%)dv+/ G, dA, (19)
BT V2 Lo

where I,(7) is the crack surface at time 7. An important assumption for thermodynamic consistency is that the crack evolution is
irreversible, i.e., I.(t;) C I,(t,) for 1; <1,.

In the classical phase-field approach [12-14], the sharp crack topology is regularized via a diffusive crack approximation.
To characterize the state of the material, a phase-field parameter s is introduced. For the approximation, the discontinuous set of
evolving crack surfaces I',(r) is replaced by a continuous surface energy density function, approximating the surface integral via a
volumetric integral over the entire body 5,. This leads to the objective functional for the total energy

E(t) = / (%po |U|2 +8(s) ¥ + chc(s)) dV - stationary , (20)
By
where
o(s) = — (ff(s) 7, |Vs|2) 1)
¢ .

is a crack surface density function. The degradation function g quantifies the degradation of the material response due to damage.
Also, the crack surface regularization function f is used to regularize the crack surface energy contribution based on the phase-field
parameter. The regularization term with the length scale parameter ¢, ensures a diffusive crack approximation over a finite width.
The normalization constant ¢, € R* ensures that the total crack dissipation corresponds to Griffith’s energy release rate per unit crack
area and can be calculated analytically for a given choice of f, cf. [51,52]. For the commonly used AT1 model with f(s) = s, the
normalization constant is ¢, = §, while for the AT2 model with f,(s) = s?, one obtains ¢, = 2 [14,51,52].

In the following, the classical phase-field approach to fracture is adapted to the bond-associated correspondence framework
described in Section 2. The length scale parameter #, is defined as
£, =6, (22)

c

to maintain consistency with the nonlocal interaction radius in peridynamics. Since the nonlocal averaging over the horizon
inherently provides a regularization of the crack approximation, the regularization term 7, |Vs|?> vanishes in the bond-associated
formulation.

3.1. A bond-associated phase-field approximation

To embed the phase-field fracture approach into the bond-associated correspondence framework, the total energy functional is
expressed in terms of bond contributions. The bond phase-field parameter s : [0, ) X By X By — [0, 1] is introduced as a bond-wise
variable, defining the state of damage of the bond between two material points X and X’ at time 7. Following the definition of the
point-wise strain energy of the BAQP formulation in Eq. (11), the total energy functional from Eq. (20) can be expressed in terms
of bond contributions in a peridynamic setting as

) = / %go U@ X)) av (23)
By

G LX, X' .
+ / / @y(X, X" <g(s(t,X,X’)) Y, + M) dV'dV - stationary .
By J H(X) cb
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phase-field parameter s [-]

Fig. 2. The bond and kinematic degradation functions g and s over the bond phase-field parameter s.

To keep the notation consistent with the classical peridynamics approach, a fully damaged bond has the value of s = 1, while an
undamaged bond has the value of s = 0. The usage of the BAQP framework and the additional integral over the horizon inherently
provides a regularization of the crack approximation over the horizon length scale.

The total crack dissipation £ : [0, 00) — R accounts for the total energy dissipated due to crack formation and growth in the body

with
ﬂm—/ / %ax*Gﬁ““XX”@wv, @4)
By X

where G, ¢, and é are constant for each point in the body. A bond crack dissipation Ebr : [0, 00) X By x By — R can be introduced as

G frs(t, X, X")

Efe, X, X" =
b ( ) P

s (25)

denoting the energetic contribution of a single bond to the total crack dissipation. With Eq. (25), the total crack dissipation can be
expressed as the integral of the bond crack dissipation over the body and its horizon as

el = / / @y X, XYEl (t, X, X")dV'dV . (26)
By J H(X)

Here, Ebr is bond-wise local and does not depend on the neighboring bonds. For the remainder of this work, the crack regularization
function f is chosen as

frs) =s¢X,X"), @27

consistent with the AT1 model in the literature [12,51,52]. This leads to a linear increase of the crack surface energy with increasing
damage.

The degradation of the material response due to damage is modeled via the bond degradation function g : [0, 1] — [0, 1]. A common
choice for the degradation function is the quadratic form

g(s) =1 -0t X, X)), (28)

leading to a smooth degradation of the material response with increasing damage. The bond-wise first Piola—Kirchhoff stress tensor P
from Eq. (16) is modified to account for the degradation due to damage as

P, X, X" =g(s¢t, X, X") Po(F(t, X, X)), (29)

with the undamaged first Piola—Kirchhoff stress tensor P, here denoted with a subscript 0 in contrast to the previous section. This
ensures that the force density contribution of a bond vanishes smoothly as the bond becomes fully damaged with s — 1.

However, in peridynamics, the kinematic approximation via the shape tensor K and the associated bond shape vectors B plays
a crucial role in ensuring accurate deformation measures that have to be considered when degrading bonds. To maintain numerical
stability and the accuracy of the kinematic approximation, a bond kinematic degradation function h : [0, 1] — [0, 1] is introduced. It is
defined as

1 if s(t, X,X')<s,,

hs) = (—I_S(T’X’X,)y if s(t, X, X") > s
o X, s

(30)

where s, € [0,1] is a parameter defining a threshold for the degradation of the kinematic approximation, as displayed in Fig. 2.
For s, = 1, the kinematic degradation is disabled, while for s. = 0, the kinematic approximation degrades similarly to the energetic
contribution with

h(s(t, X, X)) o= g(st, X, X")) . (31
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The shape tensor and bond shape vector are modified to account for the kinematic degradation as
K(t,X) = / o(AX) h(s(t, X, X)) AX @ AXdV', (32)
H(X)

and
B(t,X,X'):a)(AX)h(s(t,X,X'))K_I(X)AX . (33)

Note that both the shape tensor and the bond shape vector are now time-dependent due to the time dependence of the phase-field.
Without the kinematic degradation, damage under large deformations can lead to unphysical deformation gradients, and fully broken
fragments are incorrectly still connected to the intact material via the kinematic approximation.

3.2. Damage evolution and crack criteria

The evolution of the damage state in classical phase-field fracture is derived from a variational principle minimizing the total
energy functional with respect to the phase-field parameter s [13,14]. Similarly, here a bond-wise local energy minimization
principle is employed to derive the evolution of the bond phase-field parameter s. Considering a static situation and a single bond
between two material points X and X', the energy contribution of a bond Ej : [0, o) X B, x B, — R is defined as

E,t, X, X")=g(st, X, X")) lI’O(F(t, X, X"+ E[(t, X, X'y. B4
The bond phase-field parameter evolves by minimizing the bond mechanical energy as

8E, _ gt X.X"),, | Ge dfr(s( X, X") _

- 0, 35
os ds 0 co o ds (35)

leading with Eq. (27) and Eq. (28) to %}x,x’)) =1 and the relation

G,
L—_O‘ 36
( )

=201 = s(t, X, X") Wy +
o

Substituting a phase-field value of s(t, X, X') = 0 yields the critical crack driving force Y, as

G
= 37
¢ 2¢y 6 37)

defining an elastic strain energy density threshold for damage initiation. Deformations below this threshold do not lead to damage
growth, and the bond remains intact with s = 0. Only the tensile (positive) part of the undamaged strain energy density, denoted ’i’(;’ s
contributes to damage growth, therefore the bond-wise crack driving force Y : [0, ) X BB, X B, — R is defined as

Y, X, X') =V (F@ X, X"). (38)

This approach is consistent with well-established phase-field fracture models in the literature [51,52].

In the work of Bilgen et al. [53,54], a physically motivated definition of the crack driving force based on the maximum principal
stress o, is proposed. The maximum principal stress is computed as the maximum eigenvalue of the bond-wise Cauchy stress tensor.
This leads to the definition of a critical stress o, for damage initiation, ensuring that damage only occurs when the maximum
principal stress exceeds this critical value. Defining stress as a driving force for damage is particularly appealing for engineering
applications, as design criteria often rely on stress-based failure theories. The strain energy density of a bond for a linear elastic
material is given as

_ o
0T 2E”
with the scalar stress value ¢ and Young’s modulus E of the bond. The critical stress o, is derived from the critical strain energy
density in Eq. (37) as

[EG,
6, =4 —. (40)
¢y o

Analogously, the critical crack driving force is expressed in terms of the critical stress as

(39

2

O,
Y, =% . 1
ey (41)

The crack driving force is then defined based on the maximum principal stress as

= 2
(o1(F(t, X, X)),

2FE ’
with the Macaulay bracket (s), = max(0, ) extracting only tensile contributions.

Yt.X,X')= (42)
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To ensure the irreversibility of damage, a history variable Y : [0, 00) X B, X B, — R is introduced, tracking the maximum crack
driving force experienced by the bond up to time 7 as

e, X, X)) = max YA, X, X'). (43)
"<t

The evolution of the bond phase-field parameter follows from the stationarity condition Eq. (36), with the undamaged strain energy
density replaced by the history variable Y. Solving for the bond phase-field parameter and restricting it to the admissible interval
yields the closed-form evolution law

Y,
X, Xh)=(1- — .
X X0 < y(z,x,X’)>+ “9

Since the history variable is non-decreasing in time, damage can only grow and remains bounded within the interval [0, 1]. The
Macaulay bracket reproduces the elastic threshold of Eq. (37), such that bonds with Y < Y, remain intact, which is the characteristic
feature of the AT1 model and consistent with the choice of f, in Eq. (27). Above the threshold, the law provides a smooth
damage transition governed by the critical crack driving force Y, and guarantees thermodynamic consistency with non-negative
crack dissipation.

To connect the bond-wise defined phase-field parameter s to a point-wise damage variable similar to the classical peridynamics
approach, the bond phase-field parameter is averaged over the family of a material point X as

5, X) = / @p(X, XY s(t, X, X"av" . (45)
H(X)

This is identical to the classical definition of a point-wise damage variable in peridynamics, therefore yielding
D(t, X)=35tX). (46)

With this definition, the bond-associated phase-field peridynamics framework seamlessly integrates with existing peridynamic
damage modeling approaches and the point-wise damage variable can be used for visualization and post-processing purposes.

3.3. Determination of the normalization constant

A critical remaining aspect of the bond-associated phase-field peridynamics framework is the determination of the normalization
constant ¢,. The normalization constant must be chosen such that the total crack dissipation corresponds to Griffith’s assumption of
energy release rate per unit crack area.

In classical phase-field fracture mechanics, the normalization constant is derived through a rigorous mathematical procedure
involving I'-convergence arguments. The approach considers an infinite domain with a one-dimensional damage profile, solves an
Euler-Lagrange equation for the optimal damage distribution, and demonstrates convergence to a sharp crack formulation in the
limit of vanishing length scale parameter [13,55].

In bond-associated phase-field peridynamics, a planar crack in an infinite domain is considered, and the normalization constant
is determined by requiring that the total crack dissipation equals the Griffith energy release. However, the nonlocal nature of the
bond-associated peridynamics framework introduces additional geometric considerations, as the crack dissipation depends on the
volume of bonds crossing the crack plane weighted by the kernel function. Therefore, the normalization constant depends on the
choice of the kernel function w.

Griffith’s assumption states that the energy required to create new crack surface is proportional to the crack area. For a crack
growth of area A, the required total crack dissipation is

M =G, Ap . (47)

In the following, the normalization constant is derived for general spherical kernel functions, using Eq. (47) as the defining condition
for ¢,.

3.3.1. Setting and assumptions
Consider an infinite material domain 2 c R? with a planar crack surface I', at position z = 0, where the crack coordinate z : B, —
R is defined as the signed perpendicular distance from a material point X to the crack plane as

zZ(X)=X-np, (48)

with the unit crack normal vector n;. Points with z(X) > 0 are located above the crack plane, while points with z(X) < 0 are located
below. Only points within distance § of the crack plane have bonds that cross the crack and contribute to the total crack dissipation.

For the derivation, the kernel function is assumed to be spherical, depending only on the bond length r := |AX]|, i.e., w(4X) =
w,(r) with the scalar kernel function w, : R* — R*. Additionally, the material domain is assumed to be infinite, such that all points
involved in the derivation are bulk points with complete spherical neighborhoods. This implies that the kernel integrals w(X)
from Eq. (13) are equal for all material points, i.e., @y(X) = wy(X’) for all X, X" € Q. Due to the equality, the simplified notation
wy = wy(X) is used in the following. Note that the normalization condition from Eq. (14) yields w, = 1. However, w, is kept
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Fig. 3. Spherical cap geometry for the derivation of the normalization constant. A material point X at crack coordinate z = z(X) > 0 has its
spherical neighborhood H(X) intersected by the crack plane at z = 0. The spherical cap C(X) contains all neighbors below the crack plane whose
bonds cross the crack.

explicitly in the following derivation to maintain generality for arbitrary kernel functions. Under these assumptions, the averaged
bond kernel function from Eq. (12) simplifies to

w(AX)

@y X, X') = ”
0

(49)

3.3.2. Crack dissipation energy density of a material point
The point-wise crack dissipation energy density E ; : [0, ) X By — R for a material point X is defined as the weighted integral of
the bond crack dissipation Ebr from Eq. (25) over all neighbors as

Ex(t.X)= / X, XE ¢, X, X")dV" . (50)
H(X)

The total crack dissipation can be obtained by integrating E)’; over the material domain. For a fully propagated sharp crack, all
bonds crossing the crack have s = 1, and all bonds not crossing the crack have s = 0. Consequently, the crack regularization
function evaluates to f(s) = 1 for crossing bonds and f(s) = 0 for non-crossing bonds.

A bond between X at height z(X) and X’ at height z(X’) crosses the crack if and only if the endpoints are on opposite sides
of the crack plane, i.e., z(X) - z(X’) < 0. For a point X at crack coordinate z = z(X) > 0 (above the crack), all neighbors X’ with
z(X’) < 0 (below the crack) form the set of crossing bonds. This set of neighbors constitutes a spherical cap C(X), defined as

C(X) = {X’ € H(X) ‘ 2(X) - 2(X') < 0} ) (51)
The point-wise crack dissipation then reduces to an integral over the spherical cap as
G G,
EF(X) = / O Ge yyr G / w,(dV’ . (52)
cx)y @ €6 8wy Jex)

Since the crack is planar, for any two material points X | and X, with equal crack coordinates z(X ) = z(X,), the spherical caps C(X)
and C(X,) are geometrically congruent. Combined with the fact that the spherical kernel function @, depends only on the bond
length r, the kernel-weighted cap integrals are identical, i.e.,

/ ws(r)dV' =/ ws(r)dV’ . (53)
c(Xy) C(X3)

This motivates the definition of the general spherical cap C,(z) := C(X) for any point X € @ at a given crack coordinate z = z(X).
Consequently, the point-wise crack dissipation of all points with equal crack coordinate is identical, i.e., E§(X D = E§(X2).
Therefore, the point-wise crack dissipation can be expressed as a function of the crack coordinate alone, i.e.,

G
El(z)= —— / w (Ndv’ . (54)
o6y Je,(z)

3.3.3. Volume of the spherical cap

The volume of the spherical cap depends mainly on the crack coordinate z(X) of the material point, as illustrated in Fig. 3. Since
the crack is considered planar and the neighborhood a sphere of radius 6 centered at height z above the crack plane, the cap volume
is given by the standard equation

Ve(z) = §<5 — 121228 + |z - (55)
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The absolute value ensures that the symmetry of the cap volume is captured for points below the crack plane with -5 <
z < 0, enforcing V¢(z) = V¢(~z). The total volume of the neighborhood sphere is V' = %7[53. The geometric volume fraction
function fy, : [-6,6] - [0, %] is defined as the ratio of the cap volume to the sphere volume, yielding

VE(z) (6 —1z)*(26 + |z])
12 453 ’

This function satisfies £, (0) = %, meaning that a point on the crack plane has exactly half of its neighborhood volume on each side.

Additionally, f, (+6) =0, indicating that a point at distance § from the crack has no neighborhood volume on the other side.
Introducing the normalized crack coordinate & := |z| /5 € [0, 1], the volume fraction can be expressed as

VEEs) _ (6-¢£0°@5+¢6) _ (1-8°Q2+8)

Sfv(z) = (56)

fr(&) = %l 15 7 vEe[0,1]. (57)
Expanding the numerator leads to the explicit polynomial form
_1 3 &
fv®)= 277 + 7 vEel0,1]. (58)

Similarly, the normalized form satisfies f},(0) = % and f},(1) = 0. This normalized form will be used in the subsequent derivation of
the normalization constant.

3.3.4. Integration over the crack band

The total crack dissipation is obtained by integrating the point-wise crack dissipation energy density over the material domain.
Only points forming a band of thickness 26 centered on the crack plane are expected to contribute. Due to the symmetry of the
spherical cap geometry, points at height z above the crack and at height —z below the crack contribute equally to the total crack
dissipation. The total dissipated energy therefore consists of equal contributions from both sides of the crack.

For the upper block with 0 < z < §, the crack dissipation is integrated as follows. Consider a thin layer of material at height z
with infinitesimal thickness dz and crack area A . The volume of this layer is A dz. Since E )r( is an energy density (energy per unit
volume), the contribution to the total crack dissipation from this layer is

dél =El () Apdz . (59
The total contribution from the upper block is obtained by integration as
s
El =Ar / El(z)dz . (60)
0
Utilizing the normalized crack coordinate ¢, a kernel-weighted volume fraction function f,, : [0,1] — [0, l] can be defined as
1
fo&) = —/ wy(rdv’ . (61)
Do Jc s

This function gives the fraction of the total kernel weight contained in the spherical cap at height z = £5. It satisfies the same
boundary conditions as the geometric volume fraction function, i.e., f,(0) = % and f,(1) = 0. Evaluating the cap integral
in spherical coordinates centered at X with the polar axis along the crack normal n,, and introducing the normalized radial
coordinate p :=r/§ € [0, 1], the cap fraction is obtained in closed form as

J; @,(08) p(p = O)dp

2 [} w,(p8) p2dp

Eq. (62) is exact for any spherical kernel function and reduces to the geometric volume fraction function Eq. (58) for a constant
kernel.
With this definition, the point-wise crack dissipation from Eq. (52) becomes

G

€

fo&) = (62)

E1(2) = —= fu(2/5). (63)

Inserting this expression into Eq. (60) and changing to the normalized coordinate & = z/§ with dz = § d&, the contribution from the
upper block yields

er—a, G ’ sydz = ZeAr l d (64)
.= fc()_éofw(z/)z— Ofw(i)§~

€o
Due to the symmetry of the spherical cap geometry, the contribution from the lower block is equal to the upper block contribution.
The total crack dissipation is therefore

1
o G (65)
0

10
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The cap fraction f,, enters Eq. (65) only through the sharp-crack profile, on which the bond crack regularization f(s) equals 1
on the crossing bonds and 0 on all others. A general damage state replaces it by the point-wise kernel-weighted band average of the
crack regularization function,

fr@, X) :=/ @y (X, X") fr(s@t. X, X"))dV", (66)
H(X)

a time-dependent field over the body. Since the averaged bond kernel Eq. (49) integrates to unity over the family by Eq. (13), the
band average is a convex combination of the bond values with 0 < f; < 1, and it recovers the cap fraction on the sharp-crack
profile, f = f,,. For the planar crack considered here the damage state depends on position only through the distance to the crack
plane, so the band average reduces to a function f(t,&) of time and the band coordinate ¢ = z/6. Substituting f,, — f in Egs. (63)
and (65) generalizes the derivation to any damage profile in the crack band.

3.3.5. Derivation of the normalization constant
Applying the Griffith condition Eq. (47), the total crack dissipation Eq. (65) must equal G, A, leading to

Gc AF

€

1

G Ar=2 / fr.&)ds . 67)
0

Here, ¢, is the fixed material constant of the energy functional Eq. (20) and the factor 2 stems from the crack-band symmetry z €

(=6, 6). The identity holds at a given instant only if ¢, equals the apparent normalization

1
& =2 / frode. (68)
0

The sharp-crack profile with f = f,, is stationary and defines a fixed value, but the evolution law Eq. (44) cannot realize its jump
between crossing and non-crossing bonds and instead damages a band around the crack. This wake damage raises f above f,, and
grows as the crack opens, so é,(¢) is not constant and no fixed c, satisfies Eq. (67) throughout the loading unless the wake damage
becomes stationary.

The crack opening enters the band through the deformation gradient. For a point at £ above an open crack of opening A, only
the crossing bonds, i.e. the neighbors in the spherical cap C,(¢£6), carry the relative displacement jump A n- across the crack faces,
while the non-crossing bonds transmit none. The cap’s kernel-weighted reach along the crack normal is measured by its first normal
moment

my (&) = / 0,() |AX -np|dV" | (69)
Wo Jc,&5)
the direct counterpart of the cap fraction f, Eq. (61), the zeroth moment of the same cap. Both integrate the kernel over C,(£6)
and differ only by the crack-normal lever arm |AX - nr|, so that f,, counts the crossing bonds and sets the dissipation, whereas m,,
weights each by its normal reach and sets the wake stretch. Inserting the crossing-bond jump into the deformation gradient Eq. (4),
whose shape tensor Eq. (5) is isotropic for a spherical kernel, the cap contribution aligns with the crack normal and the non-crossing
bonds feel the uniaxial stretch

F&=I+er@nr@np. (70)

Its amplitude scales with the opening and the first moment, £,(¢) < 4 m, (&), through a proportionality factor set by the inverse
shape tensor. Since that factor cancels out, we denote the normalized stretch to its crack-plane value as the normalized wake amplitude

@ my@)  Ji @090 (0" —E)dp
er©@  m,©0)  fl (p5) pidp

with g,, : [0,1] - [0,1], ¢, (0) = 1, and g,,(1) = 0.

The kinematic degradation h Eq. (30) freezes this growing wake damage. Once the crossing bonds exceed s. they lose their
weight in the shape tensor Eq. (32), the crack faces decouple, the stretch Eq. (70) is screened, and the history variable freezes the
wake at the level reached at that instant. With the driving level A := Y/Y,, the evolution law Eq. (44) reads s = (1 — Al ) o soa
bond reaches s, at the freeze level A, = (1 - s.)”L. The crack driving force Eq. (42) is the tensile strain energy and hence quadratic
in the stretch Eq. (70). Fixing the scaling by the innermost wake bond, which reaches A, at £ — 0 with g,,(0) = 1, the driving level
of a wake bond at ¢ is

q,(&) = (71)

AE) = Afq,(8) . (72)
Substituting Eq. (72) into the evolution law yields the opening-independent frozen-wake profile

N 1—s.

o= <1 EPRGE >+ ' 73

On this profile the wake bonds at ¢ are all driven by the common stretch of Eq. (70) and hence share the single damage 3,(£), so
their contribution to the band average is /(3 /(¢)). Splitting the family into the crossing bonds, which fill the cap weight f,,(¢) from

11
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Table 1
Normalization constant ¢, for the two kernel functions used in this work, comparing the sharp-crack value of Eq.
(76) with the frozen-wake value from Eq. (75) for three critical phase-field values s,.

¢y, computed for ... Sharp crack Frozen wake

kernel function s, =0.90 s, =0.95 s, =0.99
cubic B-spline, Eq. (15) 0.221 0.655 0.778 1.012
linear, Eq. (98) 0.300 0.876 1.030 1.303

Eq. (61) with f =1, and the non-crossing wake bonds sharing the remaining weight 1 — f, (£), the band average Eq. (66) becomes
the stationary frozen band average

FE@ = 1,0+ (1= 1£,0) fr(3,©) . (74)

independent of the opening and hence of time. The apparent normalization Eq. (68) then loses its time dependence, yielding the
material frozen-wake normalization constant

1
=2 /0 fl@de. (75)

Its integrand involves only the kernel, the crack regularization, the evolution law, and the critical phase-field value s., on which ¢,
depends as a fixed material parameter. No fitted constant and no reference to the loading enter, and it is evaluated once by
quadrature when the material is defined. Two special cases confirm the construction. At s, = 0 the screening is immediate, the
frozen-wake profile vanishes, and Eq. (75) recovers the sharp-crack value

1
af =2 [ futone. 76)
Se= 0

As s, — 1 the kinematic degradation is disabled, the freeze level Eq. (72) diverges, and ¢, tends to 2, so that no finite fracture energy
exists. The critical phase-field value s, must therefore be defined as s, < 1, and the value s, = 0.95 used throughout this work is
admissible. Table 1 lists the resulting constants, which exceed the sharp-crack values by a factor of three to four. The detailed
derivation of Egs. (70) and (75), the proof that the wake damage freezes, and the bounds on s, are subject of ongoing work. The
numerical verification is given in Section 5.3.

3.4. Remarks on the regularization length scale and kernel choice

The role of the horizon as the regularization length scale deserves further discussion. In the present formulation, the horizon fully
replaces the classical phase-field length scale. With 7, := 8, the width of the diffuse damage band is set by the nonlocal interaction
radius, and the averaging over the neighborhood takes over the regularizing role of the gradient term 7, |Vs|?. Nevertheless, the
two length scales enter the formulations differently. In the classical setting, #. controls the width of the optimal one-dimensional
damage profile of the point-wise phase field. In the PFPD setting, the damage band emerges from the set of bonds crossing the crack
surface together with the frozen wake, and its extent is bounded by the horizon. Since the normalization constant Eq. (75) enforces
the Griffith dissipation G, A for every value of §, the fracture energy is independent of the horizon, which therefore acts, as in the
elastic case, solely as the nonlocal interaction length. In the vanishing-horizon limit § — 0, the crack band of thickness 25 contracts
to the sharp crack surface while the dissipated energy per unit crack area remains G., so that a Griffith-type sharp-crack description
is recovered formally. A rigorous analysis of this limit is beyond the scope of this work. Related convergence results have been
established for nonlocal fracture models with continuous damage by Lipton and coworkers [28-30] and for finite-horizon nonlocal
gradient functionals by Cueto et al. [26,27].

The choice of the kernel function affects the normalization constant considerably, as shown in Table 1. Once this dependence
is accounted for by evaluating ¢, for the employed kernel, the resulting fracture behavior is insensitive to the kernel choice, as the
boundary tension test in Section 5.3 confirms with consistent branching patterns for the cubic B-spline and the linear kernel across
all horizon ratios. Evolving damage zones around a propagating crack do not require an additional renormalization, since the wake
damage accompanying the crack is precisely what the frozen-wake construction of Section 3.3 incorporates into c.

4. Discretization and algorithmic implementation

This section presents the spatial discretization of the peridynamic equations introduced in Section 2, the connection to
reproducing kernel methods, and the algorithmic implementation of the PFPD model.

12
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4.1. Spatial discretization

To solve the previously described equations numerically, the continuous body is represented as a discrete set of material points.
A discretized peridynamic body B(’)" = {X cE€Bylk=1,.., N } is defined as a set of N points in the reference domain 5. Each
point X, occupies a finite volume ¥, > 0 in the reference configuration. In a uniform discretization, the points are arranged in a
regular grid with a characteristic point spacing Ax, with V, = ax? in three-dimensional space. The horizon ratio m; relates the horizon
to the point spacing as

5 = (ms + €5) Ax 77)

with the numerical parameter €5, usually chosen as ¢; = 0.015, ensuring that the horizon is strictly larger than the point spacing.
The discrete neighborhood of a point X is defined as

HY =1V (X = {X, € B) | 0<[aX,,| <6}, (78)

with the discrete bond AX,,, = X, — X, and neighbor volume V, > 0. In the discrete setting, integrals over the neighborhood are
approximated by sums over all neighbors as

/ o(AX) AV & Y @(AXy,) @)V, . (79)
H(Xy)

X, eHY

This quadrature rule is applied to all neighborhood integrals, including the shape tensor in Eq. (5), the deformation gradient in Eq.
(4), the internal force density in Eq. (9), as well as the strain energy density and force state of the BAQP formulation in Eq. (11)
and Eq. (18).

4.2. Reproducing kernel peridynamics notation

The BAQP correspondence formulation can be equivalently expressed in the framework of reproducing kernel (RK) methods [36,
56,57]. This connection arises from the fact that the shape tensor and bond shape vector of the correspondence formulation are
special cases of the RK moment matrix and shape function derivatives, respectively [56].

In the RK framework, the moment matrix is defined as

M, (X)) = Z o(AX ) O (AX ) ® Opy(AX )V, s (80)
X,en)
with the monomial basis vector Q|,; € R containing m monomial terms up to order »n. The RK shape function derivatives are given
by

dg,(Xp) i}
—ix, = “4Xuw Oy M (X)) 01 (AX ) Vs (81)

where QanJ denotes the target derivative matrix that selects the desired derivative order and direction. In three-dimensional space,
this matrix is defined as

00,® 00, 901,
0X, 0X, 0X,
and contains the partial derivatives of the monomial basis vector evaluated at the zero vector, with each row corresponding to a
Cartesian derivative direction.
Choosing the linear monomial basis Q[;;(4X) = AX (abbreviated as C1), the target derivative matrix reduces to Q[Vn] = I, and
the moment matrix reduces exactly to the shape tensor

, (82)

vVo._
Q[n] T

M[1](Xk)=K(Xk), (83)
and the shape function derivatives become

d¢,(X;)

(;Tk" =BX.X,)V,. (84)

This reveals that the correspondence formulation is inherently a first-order accurate reproducing kernel approximation. Higher-
order accuracy can be achieved by enriching the monomial basis, for instance with the RK1 basis Q[;;(4X) = [1,4X,,4X,, AX 17
that includes a constant term to enforce partition of unity. With the RK1 basis, the target derivative matrix in three-dimensional
space becomes
0o 1 0 O
op,=l0 0 1 of. (85)
0 0 0 1
Using an enriched basis improves the approximation quality, especially near boundaries where the neighborhood is truncated [57,
58].

13
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In the RK notation, the deformation gradient from Eq. (7) is expressed as

= d¢,(X;) d¢,(X,)

Fit,X,)=1 AU n K A —r & 86

X =1+ ZN w® =i ZN X® =i (86)
X, €H, X, €M)

where AU, = U(t,X,)-U(t, X,) is the bond displacement. The algorithms below use this notation, since it naturally accommodates

the kinematic degradation required for the phase-field approach and generalizes to higher-order bases.

4.3. Discrete PFPD formulation and algorithms

To write the equations in a discretized form, the discrete bond phase-field parameter is introduced as
Spn =5t X X)) (87)

with the discrete material points X, and X, € H,?’ in a discretized body B(’)V . Analogously, the discrete history variable and the discrete
crack driving force are defined as bond-wise quantities for each pair of discrete material points as

Vi =YX, X)), Y, =YX, X,). (88)

The discrete point damage is the point-wise damage variable obtained from averaging the bond phase-field parameters over the family
of X, as defined in Eq. (46), yielding

D, =D, X,). (89)

Analogously to the degradation of the shape tensor and bond shape vector in Egs. (32) and (33), the PFPD framework can
be expressed using a reproducing kernel peridynamics (RKPD) notation, cf. [36,56]. The shape tensor and bond shape vector are
replaced by the moment matrix and shape function derivatives in the reproducing kernel setting. The moment matrix is degraded
by the bond phase-field parameter as

M, (. X,) = Z o(AX ) h(sy,) Qpy(AX ) ® Oy (X, )V, (90)
X, eHY

where the kinematic degradation function & uses the discrete bond phase-field parameter s,, and the critical phase-field value s,
as defined in Eq. (30). The shape function derivatives are then degraded similarly as

do,(t, X ;)

X, - @(AX ) hsg) Oy M\ (1, X)) @y (AX ) V- (oD

This kinematic degradation ensures that the inversion of the moment matrix remains stable even for finite deformations and largely
damaged bonds, while maintaining the capability for full removal of the energetic contribution of fully damaged bonds with s, = 1.
Due to the delayed application of the kinematic degradation with s,, the provided scheme is numerically much more stable than a
direct degradation of the moment matrix with the same degradation function as the energetic contribution.

To highlight the differences between the standard BAQP model with critical stretch damage and the novel phase-field
peridynamics (PFPD) model, both approaches are presented as algorithms for the evaluation of the internal force density B,,, within
a single time step. The time integration is handled by a standard explicit time integration scheme such as Velocity Verlet [24], and
is identical for both models. The algorithmic differences are entirely contained in the force evaluation procedure.

In the standard BAQP model, fracture is modeled by deleting bonds whose bond strain exceeds a critical value ¢,. A deleted
bond carries no force and is excluded from the kinematic approximation. The evaluation of B, proceeds in four steps, as described
in Algorithm 1 In Step 0, the bond strain ¢, is evaluated for each bond and compared against the critical value. Bonds exceeding
the threshold are deactivated by setting the failure flag d,, to zero, and the point damage D, is updated as the volume-weighted
fraction of failed bonds. In Step 1, the moment matrix M, and the shape function derivatives are reassembled for all points where
the damage state changed, using only the remaining active bonds with d,,, = 1. Step 2 assembles the nonlocal deformation gradient F
for all points. In Step 3, the bond-associated deformation gradient F is computed for each active bond as the average of the nonlocal
deformation gradients at both endpoints, corrected to reproduce the actual bond deformation exactly. The first Piola—Kirchhoff stress
tensor P is then evaluated from the constitutive law. The force state t is assembled from two contributions: the direct bond stress
projection along the bond direction and the non-uniform stress correction Z distributed via the shape function derivatives. The
internal force density Bj, is accumulated by summing the force state contributions over all active bonds.

In the PFPD model, bonds are not deleted when the critical crack driving force is exceeded. Instead, all bonds remain part of the
kinematic approximation, and the stress response is continuously degraded via the degradation function g(s). The evaluation of B,
follows the same four-step structure, as described in Algorithm 2 but differs in several key aspects. In Step 0, the point damage D,
is computed from the bond phase-field parameters of the previous time step using the kernel-weighted averaging from Eq. (46),
replacing the volume-weighted failure fraction of the BAQP model. In Step 1, the moment matrix is updated for all points where
any bond phase-field parameter exceeds the critical value s,. Notably, the binary failure flag d,, of the BAQP model is replaced by
the continuous kinematic degradation function h(s,,), which ensures a gradual reduction of the kinematic contribution for highly
damaged bonds while preserving the stability of the moment matrix. Step 2 is identical to the BAQP model. The main difference lies
in Step 3: the bond-associated deformation gradient is computed for all bonds, regardless of their damage state. The undamaged first
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Piola—Kirchhoff stress tensor P is evaluated first from the constitutive law. Subsequently, the crack driving force Y, is determined
from the tensile strain energy density or the maximum principal stress, as introduced in Egs. (38) and (42), respectively. The history
variable Y),, is updated by taking the maximum of its previous value and the current crack driving force, and the bond phase-field
parameter s, is evolved accordingly. The degraded stress tensor P = g(s;,) P, is then used to assemble the non-uniform stress
correction and the internal force density, following the same procedure as in the BAQP model.

The key differences between both algorithms are summarized as follows. In the BAQP model (Algorithm 1, bonds are abruptly
deleted when the critical strain is exceeded, and the moment matrix is reassembled using only the remaining active bonds. This
binary bond deletion progressively degrades the kinematic approximation and can lead to numerical instabilities, especially in
regions with many deleted bonds. Moreover, the stress response of a bond transitions instantaneously from undamaged to fully
inactive, which does not allow for a smooth dissipation of energy during crack propagation. In contrast, the PFPD model (Algorithm 2
retains all bonds and continuously degrades the stress contribution of damaged bonds via the degradation function g(s). The
kinematic approximation is only gradually affected through h(s), preserving the stability of the moment matrix even under large-scale
fracture. The phase-field evolution via the history variable ) ensures irreversibility and thermodynamic consistency of the damage
process. Another notable difference concerns the input and output quantities of the algorithms: while the BAQP model operates on
binary bond failure flags d,,,, the PFPD model requires the continuous history variable Y, and the bond phase-field parameter s,
to be stored and updated for each bond at every time step.

Algorithm 1: BAQP with critical stretch, evaluation of B,

Input: Positions X, x,; bond failure d,, from previous time step
Output: Force density B;, (X ,); updated bond failure d,,,

# Step 0: Bond failure
1 foreach point X, € BN do
2 | foreach bond AX,, with X, € " do

Ax,| — |[AX
I R E R LY
|[AX |
4 if £,(X;, X,) > €, and failure is permitted then
5 L Deactivate bond: d;, < 0

# Step 1: Moment matrix and shape function derivatives
foreach point X, € BN where damage changed do

7| Mo Y o8X,,)dy, 04X ) ® Opy(AX ) Y,
X,eny

8 | foreach bond AX,, with X, € H) do

d,(X,) )
’ L ;ka < O(AX ) diy Opyy My i (X) Q1 (AX )V, -

(=)

# Step 2: Nonlocal deformation gradient
10 foreach point X, € BN do
n | FXp<I+ Y AUy,
X, eny

d¢,(Xy)
® n\“k
(. €%
# Step 3: Bond stress and force density
12 foreach point X, € BN do
13 Initialize Z(X ;) < 0

14 | Initialize B, (X)) < 0
15 foreach active bond AX, with X, € H}Y and d;,, = 1 do
16 FY(X), X,) < 3 (F(X) + F(X,))
- - - AX
17 FX, X)) « FY (X, X,) + (8xy, — FY (X, X,) AX ) ® —""2
i i |AX 1]
18 P(X,.X,) < P(F(X,.X,))
_ % Aan ®Aan
19 Z(X)) — Z(X) + 0p(X 1 X,) PX, X)) | T - ——— )V,
L [4X |
20 foreach active bond AX ,, with X, € Hlﬁ" and d;, =1 do
21 KX X,) < (X X ) POK X)o7 (x o 00 X)L
) k> n _b k>“n k>“n |Aan| k ka Vn
22 B (X)) < Bin (X ) + (X, X))V,
23 L Bin(X,) < Bin(X,)) = t(X . X,) Vy
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Algorithm 2: PFPD with phase-field damage, evaluation of B;,

Input: Positions X, x,; history Y,,; phase-field s,, from previous time step

Output: Force density B, (X,); updated history Y, and phase-field s,
# Step 1: Moment matrix and shape function derivatives
1 foreach point X, € BN where s, > s, do
2 M, (X)) < Z @(AX 1) h(syy) Op(AX ) ® Oy (AX )V,
X, eny
s | foreach bond AX,, with X, € HY do

dg,(X ) _
L di" < (X ) h(sg) QY M N(X ) Qpy(AX )V,

# Step 2: Nonlocal deformation gradient
5 foreach point X, € BY do

6 | FXp—I+ Y AU, ®
X, eHY

dg,(X)
dX,
# Step 3: Bond stress, damage update, and force density
7 foreach point X, € BN do
8 Initialize Z(X ;) < 0
o | Initialize B, (X;) < 0
10 | foreach bond AX,, with X, € HY do

1 FY(X, X,) < 3 (F(X + F(X,))
L , . AX
12 FX X)) « FY (X, X,) + (Bxp, — FY (X, X,) AX ) ® —"2
) |ax,,|
13 Py(X,.X,) « P(F(X,,X,))
" (o1 (F(X 1, X,)))3
14 Y,, < Y (F(X}. X)) or T”*
15 ykn « max(ykn’ Ykn)
16 Sgn < min(1, Ve, / Vg, +Y,))
17 P(Xy, X,) < g(sin) PoX 1 X )
_ = Aan ® Aan
18 Z(X)) < ZX )+ 0(Xp, X,) PX . X ) [ T - ———F )V,
[ |Aan|
19 | foreach bond AX,, with X, € H} do
20 (X, X,) « @y(X,;. X,) P(X,, X)) ——%" +Z(X)Mi
k>“n b k>“n k>“n |Aan| k ka Vn
21 By (Xy) < Biy (X)) + (X, X,) V,
22 | Biu(X,) « Biy(X,) = (X}, X,) V,

5. Numerical examples

The capabilities of the PFPD model are demonstrated through a series of numerical examples. First, mode I and mode II crack
propagation in a notched plate are investigated to verify the correct crack path prediction. Then, the boundary tension test (BTT) is
used to verify the normalization constant derived in Section 3.3 and to demonstrate the ability of the PFPD model to capture crack
branching. Finally, the Kalthoff-Winkler experiment is simulated to assess the performance of the model under impact-induced
fracture conditions. The simulations are performed in three dimensions using Velocity Verlet time integration [24]. If not stated
otherwise, a critical phase-field value of s, = 0.95, and the Saint Venant-Kirchhoff constitutive model with linear elastic material
parameters are employed. The critical phase-field value is not a free parameter of the model. It enters the frozen-wake normalization
constant through Eq. (75) and is therefore accounted for in the fracture energy, as listed in Table 1. It is bounded away from 1,
where no finite normalization constant exists, and away from small values, where bonds decouple kinematically while still carrying
a significant share of their elastic energy. The value s, = 0.95 lies within this admissible range. Prior to each simulation, the
normalization constant ¢, is calculated based on the employed kernel function and the chosen critical phase-field value s,. The
open-source Julia package Peridynamics. j1 [59,60] is used for all simulations. The PFPD formulation presented in this work
is currently implemented in a private development branch of the package and will be released in a future version.
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Fig. 4. Setup for the mode I (left) and mode II (right) crack propagation examples.
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Fig. 5. Mode I and mode II crack propagation in 3D at time 7 = 171 ps for the PFPD model.

5.1. Mode I and mode Ii crack propagation

As a first verification of the PFPD model, mode I and mode II crack propagation in a notched plate are investigated. A rectangular
plate with dimensions L, x L, X 1_10ny with L, = 100mm and a pre-defined central notch of length %ny is considered. The plate
is uniformly discretized with point spacing ax = L,,/120, yielding a 120 x 120 x 12 point cloud with N = 172 800 material points.
The pre-notch is introduced as a sharp crack before the simulation. The bond phase-field parameter of all bonds crossing the notch
surface is initialized as s = 1, while all other bonds remain undamaged with s = 0, consistent with the sharp-crack profile considered
in Section 3.3.2. Since g(1) = 0 and A(1) = 0, these bonds carry neither an energetic nor a kinematic contribution, which is equivalent
to their complete removal. It is emphasized that this one-time initialization only defines the initial crack topology and must not
be confused with a fracture criterion. During the simulation, no bonds are deleted, and damage evolves exclusively through the
continuous phase-field evolution law Eq. (44). As points directly adjacent to the pre-notch have roughly half of their bonds crossing
the notch surface, they carry a point damage of approximately 0.5, making the initial crack directly visible in all damage plots.
One layer of boundary points at the top and bottom surfaces is defined as a no-failure zone. The material parameters are density
0o = 2500kg/m?, Young’s modulus E = 32000 MPa, Poisson’s ratio v = 0.25, and critical energy release rate G, = 100J/m?. A constant
time step of A7 = 0.14 ps is used for the time integration.

The loading is imposed via a Dirichlet boundary condition Uy, on the upper and lower boundaries as

Un.X)=Upt,X) VXeByniphy, (92)

where d 3, denotes the set of points on the upper and lower boundaries, and the prescribed boundary velocity is constant with
Up(t, X) = U,. For mode I, a Dirichlet boundary condition with U, = +U, e, and U, = 0.2m/s is applied at the upper and lower
boundaries, pulling the plate apart symmetrically, as shown in Fig. 4 (left). For mode II, the loading is changed to shear, and the
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Fig. 6. Crack tip velocities over the propagation time for the mode I test with the BB, OSB, and PFPD models.

upper and lower halves are displaced in opposite horizontal directions with U, = +U; e, and U, = 0.1 m/s, as depicted in Fig. 4
(right). All other geometric and material parameters remain identical.

In Fig. 5, the crack patterns obtained with the PFPD model are shown. For mode I, the crack propagates as a straight horizontal
line from the initial notch tip, which is the expected behavior for symmetric tensile loading. For mode II, the crack deviates from the
initial notch direction and follows a curved path, consistent with the expected behavior for shear-dominated fracture. Both results
are in agreement with results from standard bond-based and other correspondence peridynamics formulations, confirming that the
PFPD model correctly reproduces the expected crack paths for both loading modes. Notably, in our tests the standard BAQP model
with critical stretch damage becomes unstable in this mode II case due to shape tensor degradation. The asymmetric bond deletion
under shear loading leads to an ill-conditioned shape tensor and eventually to numerical failure. To the best of our knowledge,
this instability of the bond-associated formulation has not been documented in the literature so far. The PFPD model, in contrast,
remains stable throughout the simulation, since bonds are not deleted but continuously degraded via the degradation function.

To quantify the comparison with the standard formulations beyond the crack path, the crack tip position is additionally tracked
over time for the mode I test and compared to results obtained with the bond-based (BB) and ordinary state-based (OSB) models
using the same discretization and material parameters. The resulting crack tip velocities are shown in Fig. 6. All three models
produce a very similar overall velocity evolution. After initiation, the crack accelerates to a plateau of approximately 850 m/s, well
below the half Rayleigh wave speed of the material, and decelerates again as the crack approaches the opposite plate boundary.
The PFPD crack initiates about 10 ps earlier than in the BB and OSB models and correspondingly arrests slightly earlier, while the
OSB model shows a slightly slower initial acceleration than the BB model. Apart from these small shifts, the velocity curves nearly
coincide. Note that the extraction of initiation time and crack tip position is not entirely trivial. In all models, the crack tip is not
a single material point but a region of points with growing damage, from which the tip position is determined by thresholding the
damage field. Small differences in this tracking, in particular between the continuous phase-field damage of the PFPD model and
the binary bond damage of the standard models, can therefore shift the curves slightly, and the minor deviations near initiation and
arrest should not be overinterpreted.

5.2. Verification of the energy dissipation with mode I fracture

While the boundary tension test in Section 5.3 verifies the normalization constant ¢, indirectly through the reproduction of
consistent crack paths, a direct quantitative verification is obtained by measuring the energy actually dissipated during crack growth.
To this end, the mode I test from Section 5.1 is revisited, extracting the dissipated fracture energy from a global energy balance and
relating it to the newly created crack area. If the frozen-wake normalization constant Eq. (75) is correct, the dissipated energy per
unit crack area must equal the input critical energy release rate G., independent of the critical phase-field value s, that enters the
normalization.

The plate geometry, and material parameters are identical to the mode I test in Section 5.1, and only the discretization with a
point spacing of ax = L,,/60 and the boundary conditions are different to the previous results. Instead of the prescribed Dirichlet
velocity, the plate is loaded by a Neumann traction B, (t, X) = By(t, X) for X € B, n dy/B, on one layer of points at the upper and
lower boundaries. A linearly ramped stress is applied to keep the plate close to quasi-static conditions, defined as

t/t, ifr<it.,

(93)
1 ifr>1,,

By X) =+ g(e, . 9(0) = {
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Fig. 7. Dissipated fracture energy £ over the sharp crack area A = agp 107'L,, in the mode I test for four critical phase-field values s,, with
linear fits over the propagation window to extract the effective fracture energy G'f.

Table 2
Effective fracture energy G*' from the slope of the dissipated energy over the sharp crack area for the six simulated
critical phase-field values s, compared to the input critical energy release rate G, = 100J/m?.

s, 0.80 0.85 0.90 0.95 0.97 0.99
G in J/m? 116.68 108.06 101.61 98.44 101.80 106.98
deviation from G, +16.7% +8.1% +1.6% -1.6% +1.8% +7.0%

with maximum applied stress o,,,, = 4 MPa and ramp time ¢, = 400 s, equal to the total simulation time. The gradual ramp keeps
the kinetic energy small, so that the released elastic energy is converted almost entirely into fracture energy.
The dissipated fracture energy £’ is obtained from the global energy balance of the plate as

EL (1) = W (1) = Ein(0) = E4(D) 94)

where W,,, denotes the external work performed by the applied boundary forces, &, the kinetic energy, and &, the elastic strain
energy stored in the degraded body. The external work is accumulated over time from the instantaneous power of the boundary
forces. The crack surface created up to time ¢ is approximated as a sharp planar crack of area

A1) = agy(0) 11—0 L, (95)

where the crack extension ay;, is determined by crack-tip tracking of the damage field and the width 10‘1ny is the plate width.
Following Griffith’s assumption Eq. (47), the dissipated energy grows linearly with the crack area, £/ = G, 4, so that the slope of
& over the crack area A yields the effective fracture energy G°I' realized by the model.

Fig. 7 shows the dissipated energy over the sharp crack area for four representative critical phase-field values s, € {0.99,0.95,
0.90,0.80}, together with the linear fits over the propagation window. For all values, the dissipated energy grows linearly with the
crack area, confirming the Griffith-type scaling £/ = G, A. Near crack initiation, the curves lie slightly higher for smaller s,. This
offset reflects the build-up of the diffuse process zone rather than the fracture energy itself. With an earlier activation of the kinematic
degradation, the damage wake dragged along by the crack is wider and stores more energy relative to the tracked sharp crack tip.
This process zone must first develop as the crack starts to grow, which raises the dissipation during the initial crack extension. Once
it is fully formed, the slope becomes consistent across all values of s, so the effective fracture energy G is extracted from the
linear regime of steady crack propagation and is summarized for all simulated values in Table 2.

Overall, the model reproduces the input critical energy release rate G, well over an intermediate window of critical phase-field
values that contains the default value s, = 0.95, and the agreement degrades only towards the extremes of the tested range. This
confirms that the frozen-wake normalization constant delivers the intended Griffith energy dissipation directly from the global
energy balance for the relevant range of s,, with the default choice s, = 0.95 lying well within it.

5.3. Verification of the normalization with the boundary tension test

To verify the correctness of the normalization constant ¢, derived in Section 3.3, the boundary tension test (BTT) is employed.
The BTT, originally introduced by Bourdin et al. [55] for phase-field fracture models, is a standard benchmark for dynamic crack
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Fig. 8. Setup of the boundary tension test (BTT).

branching. A rectangular plate with dimensions L, X 2L, X %Lx and L, = 100 mm is considered. The plate is uniformly discretized
with N, x N, x N points and point spacing ax = :L,/N,. A pre-defined crack extends from the left side to the center of the
plate. It is introduced as a sharp crack analogously to Section 5.1 and is therefore visible in all damage plots as a band with a point
damage of approximately 0.5. The material parameters are density g, = 2450kg/m?, Young’s modulus E = 32000 MPa, Poisson’s
ratio v = 0.25, and critical energy release rate G, = 3J/m?. The setup is shown in Fig. 8.

The loading is applied through Neumann boundary conditions By(t, X) at the upper and lower boundaries with

B (. X)=Byt.X) VX e Bynayh,. (96)

where dy B, denotes one layer of points on the upper and lower boundaries. A constant dynamic stress of ¢ = 1 MPa is applied as
body force with

= +
By, X) = Z_Z e, (97)

at the upper and lower boundaries, respectively.

If the normalization constant is correct, the critical crack driving force Y, from Eq. (37) yields consistent fracture behavior
regardless of the choice of kernel function and horizon ratio. To this end, the BTT is simulated with different horizon ratios
ms € {3,4,5,6} for two different kernel functions, each with a discretization of N, , = 100.

5.3.1. Results with the cubic B-spline kernel

Fig. 9 shows the crack branching patterns obtained with the cubic B-spline kernel from Eq. (15). All four simulations produce
very similar crack paths, with the same branching point and comparable branching angles. After branching, the cracks initially
propagate at an angle of approximately 30° with respect to the initial crack plane. In the later propagation phase, the angle reduces to
approximately 22°. As expected, higher horizon ratios lead to a thicker damage zone, which is a direct consequence of the increased
nonlocal interaction radius. The same results are obtained for different discretization values N,, confirming the consistency of the
results and the correctness of the normalization constant for this kernel function.

5.3.2. Results with the linear kernel
To ensure that the normalization constant is also correct for other kernel functions, the simulations are repeated with the linear
kernel

3 |[AX|
w(AX)_ﬁ(l_T> , (98)
which fulfills the normalization condition from Eq. (14) with wy(X) = 1. The results for this kernel are shown in Fig. 10. Again, all
simulations produce very similar crack paths, and the results are also comparable to those obtained with the cubic B-spline kernel in
Fig. 9. The branching angles of approximately 30° in the initial phase and 22° in the later propagation phase are also obtained with
this kernel. The branching angles and branching points are consistent across both kernels and all horizon ratios, with deviations
within the measurement accuracy of the angle, confirming that the normalization constant is correct for different kernel functions.
The obtained crack patterns are in good agreement with the experimental observations reported in the literature [40,55].

5.3.3. Crack tip velocity

The crack tip velocity over the crack propagation time frame is shown in Fig. 11 for the PFPD model with N, = 100, together
with results from the bond-based (BB) model for reference. The crack tip velocity of the PFPD model does not significantly exceed
the half Rayleigh wave speed %c r»> Which is the theoretically expected limiting velocity for crack branching in brittle materials. The
Rayleigh wave speed is computed from an approximation equation [61] as

0.862+ 1.14v

1+v ’ (99)

R=Cs
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Fig. 9. Crack branching patterns for different horizon ratios in the BTT for the PFPD model with the cubic B-spline kernel from Eq. (15).
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Fig. 10. Crack branching patterns for different horizon ratios in the BTT for the PFPD model with the linear kernel from Eq. (98).

with the shear wave speed ¢, = 1/G/¢, and the shear modulus G = E/(2(1 + v)). The velocity curve of the PFPD model is smoother
compared to the BB results, without the strong peaks observed for the standard formulations. This observation is attributed to the
improved kinematic approximation provided by the correspondence-based framework.

5.3.4. Discretization convergence

To verify that the results are consistent across different spatial discretizations, the BTT is simulated with different grid resolutions
N, € {60,80, 100, 120}, corresponding to point spacings ax = §Lx /N, of approximately 0.67mm, 0.50 mm, 0.40 mm, and 0.33 mm,
respectively. All other parameters remain identical to the setup described above, with the cubic B-spline kernel from Eq. (15) and
a horizon ratio of mz = 3.

In Fig. 12, the damage fields for the different grid resolutions are shown. The crack branching pattern is captured for all
resolutions, with similar branching angles and branching points across the different discretizations. As expected, finer discretizations
produce narrower damage bands while preserving the same crack topology. The crack paths are consistent with the results obtained
for different horizon ratios in Fig. 9 and with phase-field fracture simulations in the literature [55], confirming that the PFPD model
correctly reproduces the expected fracture behavior under mesh refinement.
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Fig. 11. Crack tip velocity over the propagation time in the BTT for the PFPD model compared to the bond-based (BB) model, normalized by
the half Rayleigh wave speed %CR'
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5.4. Kalthoff-Winkler experiment

As a final benchmark, the Kalthoff-Winkler experiment [62] is simulated. This experiment is a well-established test for dynamic
fracture under impact loading, where a projectile impacts a pre-notched steel plate, leading to mode II dominated crack initiation
and propagation. The plate has a width of 100 mm, a height of 200 mm, and a thickness of 9 mm, featuring two parallel pre-notches
with a length of 50mm and a cylindrical section diameter of 50 mm. The projectile impact is modeled using a Dirichlet boundary
condition as in Eq. (92), with Up(t, X) = —u(¢) e, applied to the first five point layers. The velocity function follows a linear ramp
to the impact velocity v, over a ramp time ¢,, defined as

vy~ ifr<t,
o(t) = n (100)
vy ifr>1,,

with impact velocity v, = 16.5m/s and ramp time ¢, = 10 ps. Three layers of boundary points on the opposite side of the impact
are defined as no-failure zones. The plate is discretized with 111 x 222 x 10 material points and a point spacing of aAx = 0.9 mm.
The material parameters are density o, = 8000 kg/m?, Young’s modulus E = 190000 MPa, Poisson’s ratio v = 0.3, and critical energy

release rate G, = 34kJ/m?. The time integration is performed with a constant time step of At = 0.1 ps. The experimental setup is
illustrated in Fig. 13.
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Fig. 14. Results of the Kalthoff-Winkler experiment at r = 0.2 ms for the PFPD model.

In Fig. 14, the damage field of the PFPD model at time ¢ = 0.2ms is shown. The pre-notches are introduced as sharp cracks
analogously to Section 5.1 and are visible as bands of damage of approximately 0.5. The cracks initiate at both notch tips and
propagate at an angle close to 70° to the original notch direction, which is in good agreement with the experimentally observed
crack angle [62].

The crack tip trajectory is shown in Fig. 15, compared to results obtained with the ordinary state-based (OSB) peridynamics model
using the same discretization and material parameters. Both models initially propagate along the characteristic 70° direction, and
their trajectories nearly coincide during the first half of the crack propagation. In the later stage, both trajectories flatten slightly,
resulting in overall crack angles of approximately 67° for the PFPD model and 62° for the OSB model. The PFPD trajectory thus
remains closer to the experimentally observed 70° angle over the entire crack path. This improved agreement may be attributed to the
continuous damage evolution in the PFPD framework, which allows for a more gradual and physically consistent crack propagation
compared to the abrupt bond deletion in the standard models.

The crack tip velocity over the propagation time frame is shown in Fig. 16. Both models initiate at nearly the same time of
approximately 24 pus and yield similar velocity profiles. During the phase of fastest propagation between approximately 35 ps and
55 ps, both models temporarily exceed the half Rayleigh wave speed %c r with peak velocities of about 1600 m/s ~ 0.57 cg, remaining
well below the Rayleigh wave speed throughout the simulation. In the subsequent deceleration phase, the PFPD velocities are slightly
lower than the OSB results, and the PFPD crack arrests slightly earlier. The close agreement of initiation time, velocity profile, and
arrest between both models confirms that the continuous phase-field degradation reproduces the fracture dynamics of the established
bond-deletion approach for this impact-loaded benchmark.

Regarding the computational cost, both simulations were performed with MPI parallelization on 16 ranks on a workstation with
an AMD Ryzen 9 5950X processor. The total runtime is 95.93s for the OSB model and 431.30s for the PFPD model, a factor of
approximately 4.5. This overhead is inherent to the bond-associated correspondence framework, which requires the assembly of
a deformation gradient and a stress evaluation for every bond, rather than to the phase-field damage model itself. A bond-based
simulation of this setup is not included in the comparison, since the BB model is restricted to a Poisson’s ratio of v = 0.25, which
does not match the value v = 0.3 of the steel plate.
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Fig. 15. Crack tip trajectory in the Kalthoff-Winkler experiment for the PFPD model compared to the ordinary state-based (OSB) model, with
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Fig. 16. Crack tip velocity in the Kalthoff-Winkler experiment for the PFPD model compared to the ordinary state-based (OSB) model.

6. Conclusion

A phase-field peridynamics (PFPD) approach has been developed that embeds a phase-field fracture model into the bond-
associated correspondence framework. Instead of abruptly removing bonds when a critical deformation is exceeded, the approach
continuously degrades their energetic contribution through a bond phase-field parameter, thereby avoiding the numerical instabili-
ties inherent to bond deletion in the correspondence formulation. Additionally, a kinematic degradation function has been introduced
to gradually reduce the kinematic contribution of highly damaged bonds, preserving the stability of the shape tensor and the accuracy
of the deformation gradient approximation even under large-scale fracture.

An analytical expression for the normalization constant of the damage model has been derived for general spherical kernel
functions by requiring that the total crack dissipation equals the Griffith energy release rate per unit crack area. By reducing the
problem to a ratio of two one-dimensional integrals over the unit interval, an exact closed-form expression is obtained that can be
evaluated analytically for polynomial kernels.

Numerical examples confirm the capabilities of the PFPD model. Mode I and mode II simulations yield the expected crack paths,
with the PFPD model remaining stable in the mode II case where the standard BAQP model with bond deletion becomes unstable
in our tests due to shape tensor degradation. A direct verification via the global energy balance of the mode I test confirms that
the dissipated energy per unit crack area reproduces the input critical energy release rate for a wide range of critical phase-field
values. Consistent crack branching patterns in the boundary tension test verify the correctness of the normalization constant across
different horizon ratios and kernel functions, with branching angles and branching points in good agreement with experimental
observations. Crack tip velocities do not significantly exceed the half Rayleigh wave speed, consistent with the theoretically expected
limiting velocity for crack branching. In the Kalthoff-Winkler experiment, crack angles close to the experimentally observed 70° are
obtained, with the PFPD trajectory following the experimental angle more closely than the OSB reference model.

Overall, the proposed framework retains the full accuracy of the bond-associated correspondence formulation while providing
a thermodynamically consistent description of fracture that avoids the numerical instabilities associated with bond deletion
approaches. Since bonds are never removed but only degraded, the kinematic approximation remains well-conditioned throughout
the simulation, making the PFPD model a robust and versatile tool for dynamic fracture problems.
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