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 a b s t r a c t

Advanced computational tools that describe the interaction of electrons with structured nanophotonic devices 
are crucial for theoretical predictions, specific design tasks, and the interpretation of experimental results. These 
tools open the door to a systematic exploration of light–matter interactions in complex photonic environments 
and support the development of next-generation nanophotonic platforms. Here, we report on the implemen-
tation of electron-beam spectroscopy in a T-matrix-based scattering formulation. Such a framework is quite 
versatile in predicting the electromagnetic response of complex photonic materials composed of periodically 
or aperiodically arranged individual scatterers. By extending this formalism to describe interactions with fast 
electrons, we provide a fast and accurate numerical tool for simulating cathodoluminescence (CL) and electron 
energy-loss spectroscopy (EELS) measurements. The desired functionalities are implemented in treams_ebeam, 
an extension of the existing software suite treams for electromagnetic scattering computations, available at 
https://github.com/tfp-photonics/treams_ebeam. We demonstrate the implementation details on a carefully se-
lected set of problems, including single scatterers of various shapes and materials, a periodic chain of elliptical 
nanodisks, and a finite cluster of nanospheres arranged in a two-dimensional (2D) lattice. By uniting fast-electron 
physics with advanced scattering theory, our framework unlocks new possibilities for designing, understanding, 
and engineering next-generation nanoscale light–matter interactions.

1.  Introduction

In recent years, electron-beam spectroscopy has proven indispens-
able for exploring the optical properties of matter. Fast electrons pass-
ing by a sample transfer energy to the optical modes sustained therein, 
which can then be detected using two complementary techniques [1]. 
In cathodoluminescence (CL) spectroscopy, a tightly focused electron 
beam is scanned over a specimen in an electron microscope, while the 
far-field emission released from the sample is collected and analyzed 
to reveal the radiative decay pathways of its optical excitations [2,3]. 
Electron energy-loss spectroscopy (EELS), performed in the transmission 
configuration of the electron microscope, instead detects both radiative 
and dark optical modes [4]. Remarkable progress in theoretical and ex-
perimental approaches in both techniques has led to an unprecedented 
combination of spatial, energy, and—most recently—temporal resolu-
tion [5,6].

Unlike in traditional light-based spectroscopic methods, fast elec-
trons can access the near field of a photonic structure because the 
electromagnetic fields accompanying them contain evanescent spectral 
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components. At the same time, they are spectrally broadband, and can 
excite different collective phenomena across a wide range of frequen-
cies, from bulk and surface plasmons in metals [7–10] and Mie reso-
nances in dielectric nanocavities [11–13] in the optical spectrum, to 
THz bulk and surface phonons in polar crystals [14–17] and magnons 
in magnetic materials [18]. Owing to these characteristics, fast electrons 
are powerful probes for studying more complex photonic platforms de-
signed for greater optical control, such as nanoantennas, photonic crys-
tals, or metasurfaces, which comprise multiple scatterers, often in pe-
riodic arrangements. Such interactions have already been investigated, 
though not extensively, for the generation of Smith–Purcell [19–21] and 
Cherenkov radiation [22], or bound (BICs) and quasi-bound states in the 
continuum (q-BICs) [23].

As photonic platforms grow in complexity, so does the need for 
robust numerical tools capable of modeling the free electron–matter 
interaction efficiently. In this regard, several methods have been de-
vised for CL and EELS simulations. These include the boundary ele-
ment method (BEM) [24,25], the finite element method (FEM) [23,26], 
the finite-difference time-domain (FDTD) method [27,28], the discrete 
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dipole approximation (DDA) [29], or the discontinuous Galerkin time-
domain (DGTD) method [30–33]. While these approaches undeniably 
have their merits, they rely on solving Maxwell’s equations in discretized 
space and/or time, rendering them computationally expensive and time-
consuming, even prohibitive for systems involving multiple length scales 
or requiring extensive parameter sweeps. Furthermore, modeling in-
finitely extended periodic structures remains a challenge for some of 
these methods.

An alternative approach that overcomes these limitations is the T-
matrix method [34–36]. In this framework, the fields scattered by an 
object are related to the illumination via the T-matrix, which encodes 
all material and geometrical parameters of the entire structure, and is 
otherwise independent of the illumination. The computational benefit 
comes from the fact that the T-matrix only needs to be retrieved once 
for a given object, and can be stored and reused for later computa-
tions [37,38]. Moreover, the response to electron beams from complex 
photonic materials made from many scatterers can conveniently be ex-
pressed within an algebraic formulation [39–42]. Early theoretical ef-
forts in electron-beam spectroscopy employed the T-matrix method to 
study the individual and collective resonances in spherically and cylin-
drically symmetric nanoparticles and assemblies thereof [43–47].

Here, we present a general framework of CL and EELS simulations 
based on the T-matrix method, applicable to one or more scatterers of 
arbitrary shapes and electron beams whose trajectories do not intersect 
the structures. The manuscript is structured as follows. We first outline 
the theory, in which we express the field of a fast electron in the appro-
priate basis so that it can be considered in the T-matrix formalism. We 
then focus on its interaction with a scatterer, demonstrating the relation 
between the scattered and incident field via the T-matrix formalism, 
which we extend to account for multiple scatterers arranged periodi-
cally or aperiodically. Based on this formalism, we show the resulting 
expressions for computing the CL and EELS probabilities. In the follow-
ing section, we demonstrate the capabilities of our approach through 
three representative examples: single scatterers of various shapes, a pe-
riodic chain of elliptical nanodisks, and a finite cluster of nanospheres 
arranged in a two-dimensional (2D) lattice. We present our numerical 
implementation of this framework in treams_ebeam, an extension of the 
Python package treams [48], providing guidance on its use. To demon-
strate the computational advantages and limitations of the proposed ap-
proach, we analyze its computational requirements and compare its per-
formance against an alternative method.

2.  Theory

This section outlines the theoretical framework underlying our de-
scription of the interaction of electrons with structured nanophotonic 
materials, progressing from the field representation of a fast electron 
to experimentally accessible observables. We first formulate the elec-
tromagnetic field of a relativistic electron in a cylindrical wave basis 
(CWB), which provides a natural and efficient representation for an elec-
tron moving along a straight trajectory. We then describe the interac-
tion of the electron with complex photonic nanostructures composed of 
isolated scatterers and of ensembles thereof, arranged periodically or 
aperiodically. Eventually, we show how the same formalism yields uni-
fied expressions for CL and EELS probabilities, directly linking theory to 
measurable radiation and dissipation channels.

2.1.  Electromagnetic field of a fast electron in the cylindrical wave basis

We start by expressing the electromagnetic fields of an electron trav-
eling with constant velocity in the angular-frequency (𝜔) domain in the 
CWB, using a cylindrical coordinate system 𝐫 = (𝜌, 𝜙, 𝑧). The choice of 
basis is motivated by the fact that the fields of the electron take the form 
of a transverse magnetic (TM) cylindrical wave, as we demonstrate in 
what follows. We note here that all relevant fields in the present T-

matrix formalism assume electron beams propagating in vacuum with 
relative permittivity and permeability equal to unity.

The electric field 𝐄(𝐫, 𝜔) of an electromagnetic wave can be written 
in the following general form in the CWB [49]:

𝐄(𝐫, 𝜔) =
+∞
∑

𝑚=−∞∫

∞

−∞
d𝑘𝑧

[

𝑏𝑘𝑧𝑚𝐌
(𝑛)
𝑘𝑧𝑚

(𝐫, 𝜔) + 𝑎𝑘𝑧𝑚𝐍
(𝑛)
𝑘𝑧𝑚

(𝐫, 𝜔)
]

, (1)

where 𝐌(𝑛)
𝑘𝑧𝑚

(𝐫, 𝜔) and 𝐍(𝑛)
𝑘𝑧𝑚

(𝐫, 𝜔) are vector cylindrical wave functions 
of kind 𝑛, describing vector cylindrical waves of transverse electric (TE) 
and transverse magnetic (TM) polarization, respectively. They are char-
acterized by wavenumber 𝑘(𝜔) = 𝜔∕𝑐, where 𝑐 = 1∕

√

𝜀0𝜇0 is the speed 
of light in vacuum, and 𝜀0, 𝜇0 are the vacuum permittivity and perme-
ability, respectively. The vector cylindrical waves are indexed by the 
𝑧-component of their wavevector 𝑘𝑧 and the azimuthal index 𝑚 ∈ ℤ. 
Furthermore, 𝑏𝑘𝑧𝑚 and 𝑎𝑘𝑧𝑚 are the corresponding expansion coefficients 
that express the contribution of a given vector cylindrical wave to the 
electric field. The basis functions of the vector cylindrical waves in a 
cylindrical coordinate system characterized by the basis vectors ρ̂, φ̂, 
and ̂𝐳 are given by the following relations: 

𝐌(𝑛)
𝑘𝑧𝑚

(𝐫, 𝜔) =
(

i𝑚
𝑘𝜌𝜌

𝑍(𝑛)
𝑚 (𝑘𝜌𝜌)ρ̂ −𝑍(𝑛)

𝑚
′(𝑘𝜌𝜌)φ̂

)

ei𝑚𝜙+i𝑘𝑧𝑧 , (2a)

𝐍(𝑛)
𝑘𝑧𝑚

(𝐫, 𝜔) =
(

i𝑘𝑧
𝑘

𝑍(𝑛)
𝑚

′(𝑘𝜌𝜌)ρ̂ −
𝑘𝑧𝑚
𝑘𝑘𝜌𝜌

𝑍(𝑛)
𝑚 (𝑘𝜌𝜌)φ̂ +

𝑘𝜌
𝑘
𝑍(𝑛)

𝑚 (𝑘𝜌𝜌)𝐳̂
)

ei𝑚𝜙+i𝑘𝑧𝑧 , (2b)

where 𝑘𝜌(𝜔) =
√

𝑘2(𝜔) − 𝑘2𝑧 is the wavevector component in the radial 
direction. For notational simplicity, in Eq. (2) and in what follows, the 
explicit dependence of 𝑘 and 𝑘𝜌 on 𝜔 is omitted. The function 𝑍(𝑛)

𝑚 (𝑥)
can be the Bessel or Hankel function of the first or second kind, respec-
tively, and 𝑍(𝑛)

𝑚
′
(𝑥) denotes its derivative with respect to 𝑥. As usual for 

T-matrices, we choose 𝑍(1)
𝑚 (𝑥) = 𝐽𝑚(𝑥) to describe waves that must be 

regular in the whole space, and 𝑍(3)
𝑚 (𝑥) = 𝐻 (+)

𝑚 (𝑥) for those that must 
fulfill the radiation condition. Henceforth, we refer to these two types 
of waves as regular and singular, respectively.

We now consider an electron carrying the negative elementary 
charge −𝑒 and traveling along the 𝑧 axis with constant velocity 𝐯 = 𝑣𝐳̂, 
such that its trajectory is given by 𝐫𝑒 = 𝐯𝑡. At time 𝑡 = 0, the electron lies 
at the origin of the axes. The electric field for this case can be found in 
the literature [50], and it reads:

𝐄(𝐫, 𝜔) = − 𝑒
2𝜋𝜀0

𝜔
𝑣2𝛾

ei𝜔𝑧∕𝑣
[

𝐾1

(

𝜔𝜌
𝑣𝛾

)

ρ̂ − i
𝛾
𝐾0

(

𝜔𝜌
𝑣𝛾

)

𝐳̂
]

, (3)

where 𝛾 = 1∕
√

1 − 𝛽2 is the Lorentz boost, with 𝛽 = 𝑣∕𝑐 being the beta 
factor. Here, 𝐾𝑚(𝑥) denotes the modified Bessel function of order 𝑚. To 
express the field in the basis of Eq. (1), we apply the connection formulas 
𝐾𝑚(𝑥) = 𝜋i𝑚+1𝐻 (+)

𝑚 (i𝑥)∕2 [51], and rewrite Eq. (3) as

𝐄(𝐫, 𝜔) = 𝑒
4𝜀0

𝜔
𝑣2𝛾

ei𝜔𝑧∕𝑣
[

𝐻 (+)
1

(

i𝜔𝜌
𝑣𝛾

)

ρ̂ − 1
𝛾
𝐻 (+)

0

(

i𝜔𝜌
𝑣𝛾

)

𝐳̂
]

. (4)

As a next step, we use the property of Hankel functions 𝐻 (+)
1 (𝑥) =

−𝐻 (+)
0

′
(𝑥) [51], and find

𝐄(𝐫, 𝜔) = − 𝑒
4𝜀0

𝜔
𝑣2𝛾

ei𝜔𝑧∕𝑣
[

𝐻 (+)
0

′
(

i𝜔𝜌
𝑣𝛾

)

ρ̂ + 1
𝛾
𝐻 (+)

0

(

i𝜔𝜌
𝑣𝛾

)

𝐳̂
]

. (5)

By introducing 𝑘𝑧 = 𝜔∕𝑣 and 𝑘𝜌 = i𝜔∕(𝑣𝛾), with 
√

𝑘2𝜌 + 𝑘2𝑧 = 𝜔∕𝑐 = 𝑘, we 
obtain

𝐄(𝐫, 𝜔) = i𝑒
4𝜀0

𝑘𝑧
𝑐𝛾

ei𝑘𝑧𝑧
[

i𝑘𝑧
𝑘

𝐻 (+)
0

′(
𝑘𝜌𝜌

)

ρ̂ +
𝑘𝜌
𝑘
𝐻 (+)

0
(

𝑘𝜌𝜌
)

𝐳̂
]

. (6)

Compared with Eqs. (1) and (2), Eq. (6) reveals that the field produced 
by the electron is a purely TM-polarized cylindrical wave of singular 
type, order 𝑚 = 0 and fixed 𝑘𝑧, whose amplitude is given by 𝑎𝑘𝑧0 =
i𝑒𝑘𝑧∕(4𝜀0𝑐𝛾). Furthermore, if we express 𝑘𝑧 in terms of the wavenum-
ber, we find 𝑘𝑧 = 𝑘∕𝛽 > 𝑘 and 𝑘𝜌 = i𝑘∕(𝛽𝛾) ∈ 𝕀, with 𝕀 denoting the set 
of imaginary numbers, indicating that the cylindrical wave decays ex-
ponentially away from its axis. Interestingly, the excitation of a nanos-
tructure by a fast electron is one of the few electromagnetic scattering 
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problems that is often best formulated in terms of cylindrical rather than 
spherical or plane waves. In the following section, we focus on this in-
teraction and discuss in more detail the choice of basis for the expansion 
of the relevant fields.

2.2.  Interaction of a fast electron with nanostructures

This section summarizes the basic formulations of the T-matrix 
method for electromagnetic scattering computations, including multi-
ple scattering scenarios and periodic boundary conditions. We first con-
sider the interaction of a fast electron with a single scatterer of arbitrary 
shape, as shown in Fig. 1(a). The incident field of the electron excites 
the optical modes of the object, leading to an additional scattered field. 
The incident and scattered fields, which constitute the total field, can 
be expanded about the position of the scatterer as 
𝐄inc(𝐫, 𝜔) =

∑

𝜈

∑

𝑠=0,1
𝑎𝜈𝑠𝐅(1)

𝜈𝑠 (𝐫, 𝜔) , (7a)

𝐄sca(𝐫, 𝜔) =
∑

𝜈

∑

𝑠=0,1
𝑝𝜈𝑠𝐅(3)

𝜈𝑠 (𝐫, 𝜔) , (7b)

where 𝜈 is a generalized index condensing all other indices used to ex-
pand the field, 𝑠 is a polarization index, and 𝐅(𝑛)

𝜈𝑠 (𝐫, 𝜔) are the basis vector 
functions. To connect this notation with the formulas in Section 2.1, in 
the CWB we have 𝜈 = 𝑘𝑧, 𝑚, while 𝐅(𝑛)

𝜈0 (𝐫, 𝜔) = 𝐌(𝑛)
𝑘𝑧𝑚

(𝐫, 𝜔) for TE polar-
ization (𝑠 = 0), and 𝐅(𝑛)

𝜈1 (𝐫, 𝜔) = 𝐍(𝑛)
𝑘𝑧𝑚

(𝐫, 𝜔) for TM polarization (𝑠 = 1). In 
the spherical wave basis (SWB), 𝜈 = 𝓁, 𝑚, while 𝐅(𝑛)

𝜈0 (𝐫, 𝜔) = 𝐌(𝑛)
𝓁𝑚(𝐫, 𝜔) for 

TE polarization, and 𝐅(𝑛)
𝜈1 (𝐫, 𝜔) = 𝐍(𝑛)

𝓁𝑚(𝐫, 𝜔) for TM polarization, with 𝓁, 𝑚
denoting the angular momentum indices with −𝓁 ≤ 𝑚 ≤ 𝓁. In a spheri-
cal coordinate system (𝜌, 𝜃, 𝜙) with unit vectors ̂𝐫, θ̂, φ̂, the basis vectors 
of the electric fields in the SWB take the general form [49] 
𝐌(𝑛)

𝓁𝑚(𝐫, 𝜔) = 𝑁𝓁𝑚

[

i𝜋𝓁𝑚(𝜃)θ̂ − 𝜏𝓁𝑚(𝜃)φ̂
]

ei𝑚𝜙 = 𝐗𝓁𝑚(𝜃, 𝜙)𝑧
(𝑛)
𝓁 (𝑘𝑟) , (8a)

𝐍(𝑛)
𝓁𝑚(𝐫, 𝜔) =

[

i
√

𝓁(𝓁 + 1)𝑌𝓁𝑚(𝜃, 𝜙)
𝑧(𝑛)𝓁 (𝑘𝑟)

𝑘𝑟
𝐫̂ +

(

𝑧(𝑛)
′

𝓁 (𝑘𝑟) +
𝑧(𝑛)𝓁 (𝑘𝑟)

𝑘𝑟

)

𝐫̂ × 𝐗𝓁𝑚(𝜃, 𝜙)

]

,

(8b)

where 

𝑁𝓁𝑚 = i

√

(2𝓁 + 1)
4𝜋𝓁(𝓁 + 1)

(𝓁 − 𝑚)!
(𝓁 + 𝑚)!

, 𝜋𝓁𝑚(𝜃) =
𝑚𝑃𝑚

𝓁 (cos 𝜃)
sin 𝜃

, 𝜏𝓁𝑚(𝜃) =
𝜕𝑃𝑚

𝓁 (cos 𝜃)
𝜕𝜃

.

(9)

In Eq. (8), 𝑌𝓁𝑚(𝜃, 𝜙) are the scalar spherical harmonics, 𝐗𝓁𝑚(𝜃, 𝜙) are 
the vector spherical harmonics, and the angular functions 𝜋𝓁𝑚(𝜃) and 
𝜏𝓁𝑚(𝜃) are derived from the Legendre polynomials 𝑃𝑚

𝓁 (cos 𝜃). The radial 
dependence of the basis vectors is given by spherical Bessel-type func-
tions, where 𝑧(1)𝓁 (𝑥) = 𝑗𝓁(𝑥) are spherical Bessel functions of the first kind 
(regular modes) and 𝑧(3)𝓁 (𝑥) = ℎ(+)𝓁 (𝑥) spherical Hankel functions of the 
first kind (singular modes). For all formulas and basis vectors presented 
here, we use the conventions found in Ref. [48]. We emphasize that the 
spherical-wave expansion of the fields given in Eq. (7) holds in homo-
geneous space. As a result, it is valid only outside the circumscribing 
sphere enclosing the scatterer, as indicated in Fig. 1(a) with the dashed 
black circle. As a consequence of this limitation, an electron beam inter-
secting the invalid domain, including those that penetrate the scatterer, 
cannot be described by Eq. (7a). Various approaches have been devised 
to circumvent this limitation [52–54], albeit at the cost of higher com-
putational complexity and resources.

In Section 2.1, we expressed the field of the electron in terms of sin-
gular waves [Eq. (6)] around the electron position at time 𝑡 = 0, whereas 
in Eq. (7a) it is expanded in terms of regular waves around the position 
of the scatterer. To convert a singular cylindrical wave at point 𝐫 to a 
regular one at 𝐫′,we use the expression [55]

𝐅(3)
𝑘𝑧𝑚𝑠(𝐫, 𝜔) =

∞
∑

𝑚′=−∞
𝐻 (+)

𝑚−𝑚′

(

√

𝑘2 − 𝑘2𝑧𝜌𝑟−𝑟′
)

ei(𝑚−𝑚
′)𝜙𝑟−𝑟′+i𝑘𝑧(𝑧−𝑧

′)

𝐅(1)
𝑘𝑧𝑚′𝑠(𝐫

′, 𝜔) . (10)

Additionally, we can expand the incident field of a fast electron in 
the SWB using the relations connecting regular cylindrical and regular 
spherical waves, given by [56]
(

𝐌(1)
𝑘𝑧𝑚

(𝐫, 𝜔)
𝐍(1)
𝑘𝑧𝑚

(𝐫, 𝜔)

)

=
∞
∑

𝓁=max(|𝑚|,1)
4𝜋i𝓁−𝑚𝑁𝓁𝑚ei𝑚𝜙𝑘

(

𝜏𝓁𝑚(𝜃𝑘) 𝜋𝓁𝑚(𝜃𝑘)
𝜋𝓁𝑚(𝜃𝑘) 𝜏𝓁𝑚(𝜃𝑘)

)

(

𝐌(1)
𝓁𝑚(𝐫, 𝜔)

𝐍(1)
𝓁𝑚(𝐫, 𝜔)

)

, (11)

where 𝜃𝑘 and 𝜙𝑘 are the angles of the wavevector 𝐤 = (𝑘, 𝜃𝑘, 𝜙𝑘) in spher-
ical coordinates.

Returning to Eq. (7), the scattered and incident field in a linear re-
sponse theory are related via a T-matrix as [57]
𝐩 = 𝐓𝐚 , (12)

where the vectors 𝐩 and 𝐚 are composed of the respective scattered and 
incident field coefficients. The T-matrix of an object encodes all mate-
rial and geometrical properties that determine its optical response to 
an illumination. To perform the matrix multiplication of Eq. (12), both 
the T-matrix and the illumination must be represented in the same ba-
sis. Whether the object is best described by a spherical or a cylindrical 
T-matrix depends on its symmetry. Scatterers of finite dimensions and 
arbitrary shapes are most commonly described by spherical T-matrices, 
whereas cylindrical T-matrices are naturally suited for scatterers with 
translational symmetry along one axis, such as infinitely long cylinders 
or one-dimensional (1D) periodic chains of scatterers. Analytic formu-
las exist for spheres in the SWB and infinite cylinders in the CWB [49]. 
For other geometries, the T-matrix can be computed numerically. Ref-
erence [37] offers an overview of computations of spherical T-matrices 
using various numerical Maxwell solvers. Concerning the illumination, 
generally the CWB is well-suited for incident fields with fixed 𝑘𝑧, as is 
the case of fast electrons, and can be readily expanded to the basis of 
the T-matrix characterizing the scatterer using Eqs. (10) and (11).

The T-matrix method provides an elegant framework for multiple 
scattering in ensembles of nanostructures. Consider 𝑁 scatterers at po-
sitions 𝐫𝑖 with 𝑖 = 1, 2,… , 𝑁 , each one described by a T-matrix 𝐓𝑖. To 
describe the scattered field at scatterer 𝑖, one has to include the scat-
tered fields of all other scatterers as an incident field in addition to the 
incident field 𝐚 of the fast electron, as

𝐩𝑖 = 𝐓𝑖

[

𝐚𝑖 +
𝑁
∑

𝑗≠𝑖
𝐂(3)(𝐫𝑖 − 𝐫𝑗 )𝐩𝑗

]

, (13)

where 𝐂(3)(𝐫𝑖 − 𝐫𝑗 ) = 𝐂(3)
𝑖,𝑗  is the translation operator that converts an 

outgoing-wave expansion at 𝐫𝑗 into a regular-wave expansion about 𝐫𝑖. 
We refer the reader to Ref. [48] for the explicit formulas of the transla-
tion coefficients comprising 𝐂(3)

𝑖,𝑗 , as well as those of 𝐂
(1)
𝑖,𝑗 , containing the 

regular-to-regular-wave translation coefficients. Fig. 1(b) shows an ex-
ample of a cluster with three scatterers. In a local description, the field 
expansions 𝐚𝑖 and 𝐩𝑖 are expressed in a SWB centered at the position of 
the 𝑖th scatterer, and are valid outside the corresponding circumscribing 
sphere (black dashed circle), which must not overlap. By combining all 
field expansions in a single vector 𝐚local and 𝐩local, Eq. (13) can be recast 
in a form similar to Eq. (12), as
𝐩local = 𝐓local 𝐚local , (14)

with

𝐓local = [𝟙 − 𝐓diag𝐂(3)]−1𝐓diag , (15)

where 𝐓diag is a block-diagonal matrix containing the T-matrices of all 
particles, 

𝐓diag =

⎛

⎜

⎜

⎜

⎜

⎝

𝐓1 𝕆 ⋯ 𝕆
𝕆 𝐓2 ⋱ ⋮
⋮ ⋱ ⋱ 𝕆
𝕆 ⋯ 𝕆 𝐓𝑁

⎞

⎟

⎟

⎟

⎟

⎠

,  and 𝐂(3) =

⎛

⎜

⎜

⎜

⎜

⎝

𝕆 𝐂(3)
1,2 ⋯ 𝐂(3)

1,𝑁
𝐂(3)

2,1 𝕆 ⋱ ⋮

⋮ ⋱ ⋱ 𝐂(3)
𝑁−1,𝑁

𝐂(3)
𝑁,1 ⋯ 𝐂(3)

𝑁,𝑁−1 𝕆

⎞

⎟

⎟

⎟

⎟

⎠

.

(16)
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Fig. 1. Examples of scatterer configurations excited by an electron beam, along with the validity domains of the relevant field expansions in the SWB. (a) For 
a scatterer of arbitrary shape, the validity domain is outside the circumscribing sphere enclosing the scatterer, outlined with the dashed black circle. (b) Cluster 
with three scatterers. In a local description, the fields are expanded at the position 𝐫𝑖 of the 𝑖th scatterer, and are valid outside the corresponding circumscribing 
sphere (black dashed circle). The red dotted circle indicates the validity domain of the global description, which lies outside the circumscribing sphere enclosing 
all scatterers. (c) Periodic 1D array with pitch 𝚲 = Λ𝐳̂ with a complex unit cell, composed of two scatterers. The red dotted circles mark the domain of validity of 
a global T-matrix, which describes the unit cell scatterers as a single object. This description might be invalid due to overlapping circumscribing spheres, in which 
case only the local description (black dashed circles) can be employed. (For interpretation of the references to colour in this figure legend, the reader is referred to 
the web version of this article.)

Since matrix 𝐓local accounts for interactions between multiple scatterers, 
it can already be used to simulate CL and EELS spectra, as we demon-
strate in the following section. To account for the total response from the 
entire cluster, one needs to convert the local T-matrix to a global matrix 
𝐓, where all fields are expanded around a single origin at 𝐫0 = 0. The 
global incident field 𝐚 and scattered field 𝐩 coefficients are connected to 
the respective local ones via 

𝐚local =
(

𝐂(1)
1,0 ⋯𝐂(1)

𝑁,0

)

𝐚 (17a)

𝐩 =
(

𝐂(1)
0,1 ⋯𝐂(1)

0,𝑁

)

𝐩local , (17b)

and the global matrix is given by 

𝐓 =
(

𝐂(1)
0,1 ⋯𝐂(1)

0,𝑁

)

𝐓local

(

𝐂(1)
1,0 ⋯𝐂(1)

𝑁,0

)

. (18)

In Fig. 1(b), we mark the validity domain of the global description in 
a SWB with the red dotted circle, which lies outside the circumscribing 
sphere enclosing all scatterers [48]. Within this description, the impact 
parameter of the electron beam, i. e. the distance between the electron 
trajectory and the axes origin, must be larger than the radius of this 
circumscribing sphere. However, this constraint does not apply when 
operating in the local basis. Within the domain where both bases are 
valid, the two descriptions are equivalent.

Finally, we address structures with periodic boundaries in one di-
mension, such as the one depicted in Fig. 1(c). We demonstrated in Sec-
tion 2.1 that the field of the electron has a fixed wavevector component 
𝑘𝑧 = 𝑘∕𝛽 along its trajectory. Assuming a lattice 𝐿 composed of a unit 
cell with 𝑁 particles periodically arranged in space with pitch 𝚲 = Λ𝐳̂
along the axis of the electron trajectory, the phase difference between 
unit cells is ei𝑘𝑧Λ. Then the scattered field amplitudes assume a form 
similar to Eq. (13), but now including a sum spanning over all lattice 
sites, as

𝐩̃𝑖 = 𝐓𝑖

[

𝐚̃𝑖 +
𝑁
∑

𝑗=1

∑

𝚲∈𝐿

′
𝐂(3)(𝐫𝑖 − 𝐫𝑗 − 𝚲)ei𝑘𝑧Λ

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐂̃(3)
𝑖,𝑗

𝐩̃𝑗

]

, (19)

where the primed sum denotes the omission of the self-interaction term 
with 𝚲 = 0 for 𝑖 = 𝑗. In the local basis, and combining all scattered field 
expansions 𝐩̃local analogously to Eq. (14), we have 𝐩̃local = 𝐓local𝐚̃local, 
with 𝐓local =

[

𝟙 − 𝐓diag𝐂̃(3)
]−1

𝐓diag. Here, the matrix 𝐂̃(3) is analogous to 
Eq. (16), but now with the diagonal blocks generally being non-zero and 
containing the interaction of the particle with its periodic equivalents. 

Fig. 1(c) shows the validity domain of a local and a global description. 
The local spherical-wave expansions of the fields are valid outside the 
circumscribing sphere of each scatterer. The red dotted circles mark the 
domain of validity of a global T-matrix, which describes the scatterers of 
a unit cell as a single object. In a periodic arrangement, this description 
might be invalid due to overlapping circumscribing spheres, in which 
case only the local description can be employed.

With the incident field given and the scattered field vector obtained 
from the T-matrix formalism, the relevant observables can now be ex-
pressed in a compact form. In the following, we derive expressions for 
the CL and EELS probabilities in terms of these vectors, namely in a 
generalized T-matrix formalism.

2.3.  Cathodoluminescence

During the interaction of an electron beam with a scatterer, a frac-
tion of the kinetic energy of the electron that is transferred to the optical 
modes of the structure is radiated back to the environment. This emis-
sion is collected in CL spectroscopy and is simulated by the respective 
probability ΓCL(𝜔) of collecting a photon of energy ℏ𝜔 in the far field. 
The CL probability can be calculated via the power of the electromag-
netic fields radiating into the far field, integrated over a surface that 
encloses the structure. In the SWB, the enclosing surface is that of an 
arbitrarily large sphere with infinitesimal solid angle dΩ = sin 𝜃 d𝜃 d𝜙, 
and the CL probability is given by [50] 

ΓSCL(𝜔) =
𝑟2

𝜋ℏ𝜔 ∮ dΩRe
{

𝐄sca(𝐫, 𝜔) ×𝐇∗
sca(𝐫, 𝜔)

}

⋅ 𝐫̂ . (20)

By introducing the electric field expansion given in Eq. (7b), along with 
𝐇sca(𝐫, 𝜔) = 𝛁 × 𝐄sca(𝐫, 𝜔)∕(i𝜔𝜇0), and in the limit 𝑘𝑟 → ∞, we find

ΓSCL(𝜔) =
1

𝜋ℏ𝜔𝑍
𝐩†𝐩
𝑘2

, (21)

where 𝑍 =
√

𝜇0∕𝜀0 is the impedance in vacuum.
In the CWB, the enclosing surface is that of a cylinder of length 𝐿

and an infinitesimal normal surface element 𝜌 d𝜙 d𝑧 ρ̂, yielding 

ΓCCL(𝜔) =
𝜌

𝜋ℏ𝜔 ∫

2𝜋

0 ∫

𝐿

0
d𝜙 d𝑧Re

{

𝐄sca(𝐫, 𝜔) ×𝐇∗
sca(𝐫, 𝜔)

}

⋅ ρ̂ . (22)

The scattered field in Eq. (7b) in the CWB may, in general, contain both 
propagating modes (𝑘𝜌 ∈ ℝ, where ℝ is the set of real numbers) and 
evanescent modes (𝑘𝜌 ∈ 𝕀) in the radial direction. For the latter, Eq. (22) 
yields zero. For propagating modes and in the limit 𝑘𝜌𝜌 → ∞, we obtain 

ΓCCL(𝜔) =
4𝐿

𝜋ℏ𝜔𝑍
𝐩†𝐩
𝑘

, (23)
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Fig. 2. EELS (blue solid line) and CL probability (red dashed line) of single scatterers. (a) A dielectric nanosphere of radius 𝑅 = 50 nm, and the decomposition of the 
CL probability into its magnetic dipole (MD), electric dipole (ED), magnetic quadrupole (MQ), and electric quadrupole (EQ) contributions. (b) A metallic nanowire 
of radius 𝑅 = 50 nm and infinite length, and (c) an amorphous silicon elliptical nanodisk of height ℎ = 90 nm, long axis 𝑟l = 286 nm and short axis 𝑟s = 96 nm. In all 
panels, we consider 𝑏 − 𝑅 = 10 nm and 𝛽 = 0.7. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 
article.)

where the vector 𝐩 contains the expansion coefficients of the propagat-
ing modes only. For structures that extend infinitely along the axis of 
the cylindrical waves, we can express the CL probability per unit length, 
namely Eq. (23) divided by the length 𝐿.

2.4.  Electron energy loss

The measured quantity in EELS is the total electron energy loss, and 
is simulated by the respective probability of the electron losing energy 
ℏ𝜔 while traveling against the scattered electromagnetic field, defined 
as 

ΓEELS(𝜔) =
𝑒

𝜋ℏ𝜔 ∫

∞

−∞
d𝑡Re

{

e−i𝜔𝑡𝐯 ⋅ 𝐄sca(𝐫𝑒, 𝜔)
}

. (24)

By substituting in Eq. (24) the electric field expansion of Eq. (7b) in 
terms of spherical waves, we find 

ΓSEELS(𝜔) = − 1
𝜋ℏ𝜔𝑍

Re{𝐚†𝐩}
𝑘2

, (25)

whereas, by inserting the cylindrical wave expansion, we obtain 

ΓCEELS(𝜔) =
4𝐿

𝜋ℏ𝜔𝑍
Re{𝐚T𝐩}

𝑘
. (26)

Similarly to the CL probability, for structures that extend infinitely along 
the axis of the cylindrical waves, we typically work with the EELS prob-
ability per unit length of electron trajectory, i.e., Eq. (26) divided by the 
length 𝐿.

3.  Numerical implementation and examples

In this section, we demonstrate the T-matrix formalism for CL and 
EELS simulations, as described in the previous sections, using a selected 
set of problems. To do so, we present here our extension of the in-
house developed Python toolbox treams, designed for electromagnetic 
scattering computations using the T-matrix method. The open-source 
code is available at https://github.com/tfp-photonics/treams, and a de-
tailed description can be found in Ref. [48]. This new module, named 
treams_ebeam, uses the framework of the original code while adding 
the electron-beam spectroscopy functionality. More specifically, it pro-
vides the electron-beam illumination, which relies on the CWB pro-
vided by treams, and is compatible with the operations that expand this 
field to the SWB. The computation of the different types of T-matrices 
and all relevant operations are provided by treams. In treams_ebeam, 
the incident and scattered fields are instantiated as PhysicsArray ob-
jects, which is the central class in treams and keeps track of phys-
ically relevant information. Finally, treams_ebeam provides dedicated 

built-in functions for computing the total CL and EELS probabilities. 
The open-source code for treams_ebeam is available at https://github.
com/tfp-photonics/treams_ebeam, and the documentation can be found 
at https://tfp-photonics.github.io/treams_ebeam/welcome.html. In the 
following, we provide guidelines for performing simulations with the 
module, designed to follow a workflow similar to that of the original 
code.

Within treams_ebeam, the electron beam source can be ini-
tialized with the wavenumber 𝑘 (denoted as k0 in the code list-
ings), beta factor 𝛽 (denoted as vel), and impact parameter 𝑏, as

 
which creates the singular cylindrical wave of Eq. (6). To expand the 
electron field as a regular field in the global CWB, we can use the
expand operator:

 
To obtain the incident field in the SWB, one must first apply the above 
change of basis to expand the field in terms of regular cylindrical 
waves, which are then converted to regular spherical waves, according 
to Eq. (11), using once again the expand operator:

Given a T-matrix, the CL and EELS probability is calculated using the 
expressions that correspond to each basis as

 
For these operations to be performed correctly, the incident field 
and the T-matrix must be expressed in the same basis, and the 
wavenumber must be provided in units of nm−1. The results of the
cl and eels functions depend on the basis of the T-matrix; in the 
CWB, they correspond to CL and EELS probability per energy in eV 
and per unit length in nm, while in the SWB, per energy in eV. As 
a final remark, we note that the built-in functions described above 
compute the total CL and EELS probabilities. For other observables, 
such as CL emission within a specified solid angle or EELS probability 
corresponding to a limited collection angle, one must compute the 
scattered field vector explicitly, and then use it to evaluate the quantity 
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Fig. 3. (a) Comparison of CL and EELS spectra of the elliptical disk analyzed in Fig. 2(c) computed with treams_ebeam and the nanobem toolbox [59] when consid-
ering a T-matrix with a multipolar order up to 𝓁max = 25 in the expansion. An excellent agreement is observed. (b) Relative error between the results obtained with 
the nanobem toolbox and treams_ebeam in the CL and EELS spectra, depending on the parameter that controls the convergence in the treams_ebeam simulations. 
Specifically, the convergence parameter is the largest multipolar order 𝓁max used to truncate the T-matrix. (c) Computational time versus 𝓁max to assess the compu-
tational efficiency. The hatched area denotes the computation time required to compute the T-matrix in nanobem. It can clearly be seen that the largest share is 
taken by the computational task of computing the T-matrix. Once the T-matrix is computed, the prediction of the CL and EELS spectra only takes a tiny additional 
amount of time.

of interest. With the basic functionality established, we proceed to the
examples.

3.1.  Interaction with single scatterer

As our first example, we examine the CL and EELS spectra of sin-
gle scatterers of different shapes and materials. Fig. 2 shows the spectra 
for a non-dispersive dielectric sphere, an infinitely extended metallic 
cylinder (wire), and an elliptical nanodisk composed of amorphous sil-
icon, considering an electron beam with 𝛽 = 0.7, passing at a distance 
𝑏 − 𝑅 = 10nm from their surface.

Fig. 2(a) shows the spectra of a dielectric sphere of radius 𝑅 = 50nm 
composed of a material with nondispersive dielectric function 
𝜀 = 16 + 0.5i. The T-matrix method is particularly well suited for classi-
fying multipolar optical modes, since each contribution corresponds to 
an entry in the scattered-field expansion vector 𝐩. In the energy window 
displayed, three peaks can be observed. The multipolar decomposition 
of the CL probability provided in Fig. 2(a) up to 𝓁 = 2 reveals that these 
features correspond to the magnetic dipole (MD), electric dipole (ED), 
and magnetic quadrupole (MQ) contributions, while modes 𝓁max > 4 are 
negligible. The difference between the EELS and CL curve reveals that a 
part of the energy is absorbed, rather than radiated, due to the complex 
dielectric function. For this example, the T-matrix describing the sphere 
can be computed within treams, using the method TMatrix.sphere, as

 where materials contains the relative permittivity and permeability 
of the scatterer and the host medium. The T-matrices implemented 
in treams are formulated within the local-response approximation. 
Nonlocal T-matrices can, in principle, be computed externally and 
imported into the program, for the study of nonlocal effects in metallic 
spheres, as well as bulk plasmons [58].

Besides spheres, the T-matrices of infinite cylinders can be computed 
with the method TMatrixC.cylinder:

Fig. 2(b) shows the spectra of a metallic wire of radius 𝑅 = 50 nm, 
whose dielectric function is given by a Drude model representative 
of silver, 𝜀(𝜔) = 𝜀∞ − 𝜔2

𝑝∕(𝜔
2 + i𝛾𝑝𝜔), with 𝜀∞ = 3.3, ℏ𝜔𝑝 = 9 eV and 

ℏ𝛾𝑝 = 22 meV. The electron beam launches surface plasmon polaritons 
(SPPs), which are confined at the metal–air interface and propagate 

along it with wavenumber 𝑘𝑧 = 𝑘∕𝛽. These take the form of purely TM 
cylindrical waves of different orders (𝑚 = 0, 1,… , 𝑚max), and appear in 
the spectra as Lorentzian peaks at different energies.

For geometries other than spheres and wires, the T-matrices can be 
found in databases [38] or computed using alternative numerical meth-
ods. Most of the methods mentioned in Section 1 support this function-
ality. Once obtained, the T-matrix can be loaded into treams, provided 
that it complies with the format specified in Ref. [37]. In Fig. 2(c), we 
show the response of an amorphous silicon elliptical nanodisk of height 
ℎ = 90 nm, long axis 𝑟l = 286 nm, and short axis 𝑟s = 96 nm. This struc-
ture is inspired by Ref. [23], where such disks are arranged in a 2D 
lattice to investigate the emergence of BICs and q-BICs. In this exam-
ple, the T-matrix is computed using the BEM-based matlab toolbox
nanobem [59], with the dielectric function taken from Ref. [23], and 
can be found in the Daphona database [38]. The EELS and CL spectra in 
Fig. 2(c) show broad features rather than sharp Lorentzian peaks, and 
multipolar modes of mixed electric and magnetic type.

Fig. 3(a) compares the spectra of the elliptical nanodisk analyzed in 
Fig. 2(c) as computed using treams_ebeam against the same simulations 
performed using the nanobem toolbox. For a fair comparison, the same 
discretization (935 vertices) used to generate the T-matrix is employed in 
the nanobem calculations. We find that a large number of multipoles 
(𝓁max = 25) is required to achieve convergence throughout the entire 
energy window. However, using such a large multipolar order ensures 
an excellent agreement among the methods. Evidently, it is more the 
truncation of the T-matrix that affects the agreement than the actual 
methodology used to predict the observable spectrum.

To quantify this convergence more explicitly, we define a relative 
error as 

Relative error𝓁max
(%) =

∫ 𝜔max
𝜔min

d𝜔 |

|

|

Γnanobem(𝜔) − Γ𝓁max
treams_ebeam(𝜔)

|

|

|

∫ 𝜔max
𝜔min

d𝜔Γnanobem(𝜔)
100% ,

(27)

where we explicitly indicate that the corresponding spectrum and the 
relative error are calculated depending on the multipolar order used to 
truncate the T-matrix. We reach a relative error of 0.1% in CL and 0.2%
in EELS probability for the largest multipolar order considered. Such a 
high level of accuracy is not always required in practice. For instance, 
already at 𝓁max = 14 the relative error remains below 3%, which would 
be sufficient for many applications, including the simulation of experi-
mental measurements.

Finally, as shown in Fig. 3(c), where we compare the computational 
time to obtain the corresponding spectra depending on the multipolar 
order, we see that the computational time is dominated by the time that 
is spent on generating the T-matrix. Consequently, for single scatterers, 
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Fig. 4. (a) Schematic of the system under study: a chain of amorphous silicon elliptical nanodisks excited by an electron beam with parameters 𝛽 = 0.7 and 𝑏 − 𝑅 =
7nm. (b) EELS and (c) CL probabilities per nanoparticle for chains with 𝑁 = 1, 3, 5, 9, 15,∞ nanoparticles. Consecutive curves are vertically offset by 3 ⋅ 10−3 eV−1 for 
readability. (d) CL probability per nanoparticle versus azimuthal angle 𝜃 for the different cases of the finite chain. The dashed green lines trace the angles at which 
Smith-Purcell radiation is emitted in the first diffraction order. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.)

treams_ebeam largely inherits both the accuracy and computational effi-
ciency of the method used to compute the T-matrix.

The computational advantage of the T-matrix method becomes ap-
parent when considering systems composed of multiple scatterers. Given 
the T-matrix of individual scatterers, treams provides built-in methods 
to compute the T-matrix of periodic and aperiodic clusters, following 
the formulation described in Section 2.2. From the T-matrix of a simple 
or complex unit cell, the T-matrices of periodic nanoparticle arrays in 
one, two, and three dimensions are readily constructed by employing 
the highly efficient and fast-converging Ewald method [48]. We next 
demonstrate simulations of CL and EELS in these scenarios.

3.2.  Interaction with periodic chain of nanodisks

In this section, we demonstrate CL and EELS simulations of a finite 
and an infinite periodic chain of nanoparticles aligned in parallel to 
the electron trajectory. Periodic nanostructures are key building blocks 
for nanophotonic devices, because they support lattice interactions and 
resonances with enhanced quality factors, including plasmonic surface 
lattice resonances, BICs, and q-BICs. In the context of free electron–
matter interactions, such configurations are widely studied as sources 
of Smith–Purcell radiation [44].

As a representative example, we arrange the amorphous silicon ellip-
tical nanodisks introduced in Fig. 2(c) in a chain with pitch Λ = 294 nm 
along the z-axis, i.e., parallel to the electron beam, as illustrated in Fig. 4. 
Fig. 4(b) and (c) show the EELS and CL probability per nanoparticle, 
respectively, for finite chains containing 𝑁 = 1, 3, 5, 9, and 15 nanopar-
ticles, as well as for an infinite chain (𝑁 = ∞).

Starting from the T-matrix disk of a single object, the local T-matrix 
of Eqs. (15)-(16) of the finite chain, namely the cluster, containing 
multiple-scattering interactions among all objects, is computed in treams
as:

To compute the CL and EELS probabilities, the incident electron 
field must first be expressed in the CWB at the positions of the 
nanoparticles as regular waves, and subsequently expanded into the 
SWB of the T-matrix. The outputs of treams_ebeam.cl(tm, inc) and

treams_ebeam.eels(tm, inc) then yield the respective total probabil-
ities, and divided by 𝑁 they yield probability per unit cell, here per 
nanoparticle. Although it is possible to expand the T-matrix of the clus-
ter from the local to the global basis, this operation will limit the validity 
of the computation to the domain outside the circumscribing sphere en-
closing all scatterers, which is not compatible with the chosen impact 
parameter. Consequently, the EELS and CL calculations are performed 
using the local T-matrix tm.

For the infinite chain, the local T-matrix for a given lattice pitch and 
longitudinal component of the wavevector 𝑘𝑧 = 𝑘∕𝛽 (where ℏ𝑘𝑧 is the 
momentum transferred from the electron beam to the chain) is obtained 
by solving the interaction between periodic unit cells:

The resulting T-matrix chain is expressed in the SWB and can be used di-
rectly to calculate EELS probability per unit cell, using the eels method 
as described so far. Alternatively, the chain of periodic spherical waves 
transforms to a scattered cylindrical wave, thereby converting the T-
matrix from a local SWB to a CWB with a single origin:

 Here, the parameter 𝑏max = 2𝜋𝑛∕Λ determines the diffraction orders 𝑛
included in the simulation. In the CWB, Eqs. (23) and (26) yield the prob-
abilities per unit length in nm, while the corresponding probabilities per 
unit cell are obtained by multiplying by the lattice pitch. For more in-
formation regarding the computation of T-matrices for clusters and pe-
riodic arrays of simple and complex unit cells, we refer the reader to the 
documentation webpage of treams at https://github.com/tfp-photonics/
treams, and the respective publication in Ref. [48].

As shown in Fig. 4(b) and (c), a lattice resonance emerges at approx-
imately 1.7 eV due to the collective interactions among the nanodisks, 
becoming progressively sharper with each additional nanoparticle. In 
the infinite-chain limit (darkest blue and red curves), the radiative emis-
sion of this resonance is fully suppressed, as evidenced by the difference 
between CL and EELS spectra. In this regime, the CL emission arises 
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Fig. 5. (a) Comparison of the EELS and CL probability of the elliptical disk cluster with 𝑁 = 3 analyzed in Fig. 4 computed with treams_ebeam and the nanobem
toolbox. (b) Respective relative error between the CL and EELS spectra computed by the two methods, given by |

|

Γnanobem(𝜔) − Γtreams_ebeam(𝜔)||∕Γnanobem(𝜔) ⋅ 100%. 
(c) Computational time for generating the spectra shown in panel (a), showcasing the computational efficiency of the T-matrix approach in systems comprising 
multiple scatterers. The hatched area denotes the computational time required to compute the T-matrix of the unit cell in nanobem. (d) Computational time and 
(e) peak memory consumption versus number of scatters 𝑁 computed at a single energy point (ℏ𝜔 = 1.77 eV) in simulations performed with treams_ebeam. The results 
were generated in a computer cluster with characteristics: Intel Xeon E5-2630 v4 CPU (40 cores, 80 threads, 2.20GHz base clock).

from Smith–Purcell radiation, and photons of each energy are emitted 
in a cone of angle 𝜃𝑛 = cos−1(1∕𝛽 − 𝑏max(𝑛)∕𝑘) for each diffraction or-
der 𝑛; here we set 𝑛 = 1. Fig. 4(d) shows the angular dependence of the 
CL emission for the different cases of the finite chain. While the emis-
sion from a single nanodisk is essentially omnidirectional, increasing the 
number of scatterers in the finite chain leads to progressively higher di-
rectionality, approaching the characteristic angular emission pattern of 
Smith–Purcell radiation, indicated with dashed green lines in the pan-
els for 𝑁 = 3, 5, 9, and 15. The nodes observed in the angular spectra 
correspond to the number of unit cells in the chain.

To showcase the computational advantage of the T-matrix ap-
proach for systems comprising multiple scatterers, Fig. 5(a)–(c) com-
pare treams_ebeam and nanobem simulations for the cluster analyzed 
in Fig. 4 with 𝑁 = 3 nanoparticles. Fig. 5(a) shows good agreement be-
tween the compared spectra, with the relative error remaining below 
5% across the entire energy window, as shown in panel Fig. 5(b). In 
the treams_ebeam simulations, we employed the same multipolar trun-
cation as in Fig. 4, i.e., 𝓁max = 14, which is sufficient to reproduce the
nanobem spectra with good accuracy. Fig. 5(c) showcases that the ad-
vantage of the T-matrix approach is that it scales more favorably with 
the number of scatters. It must be noted that no special techniques were 
employed to accelerate the nanobem simulations. Importantly, in the 
treams_ebeam simulations, most of the computational effort is devoted to 
computing the T-matrix of the unit cell [hatched area in panel Fig. 5(c)], 
whereas extracting the interaction T-matrix and evaluating the spectra 
require comparatively little additional time. Naturally, increasing the 
cutoff parameter 𝓁max improves the agreement between the methods, up 
to a point where numerical inaccuracies contained in the T-matrix be-
gin to distort the spectra. As the number of scatterers increases, further 
refinement of this parameter becomes necessary, which in turn leads to 
a moderate increase in computational time, as shown in Fig. 3(c).

In Fig. 5(d) and (e), we find that the computational cost of the simula-
tions performed with treams_ebeam scales quadratically with the number 
of scatterers 𝑁 in the case of a finite cluster. In contrast, the simulation 
of the infinite periodic array (𝑁 = ∞) is significantly more efficient, 
owing to the Ewald method employed for the evaluation of the lattice 
sums. The computational time and peak memory consumption reported 

here concern the evaluation of a single spectral point, specifically at 
ℏ𝜔 = 1.77 eV, close to where the lattice resonance is formed for large 
𝑁 . In all calculations, we fix the value of the multipole truncation at 
𝓁max = 14, in order to isolate the effect of system size on the computa-
tional scaling.

3.3.  Interaction with finite 2D periodic array of nanospheres

As a final example, we explore the system shown in Fig. 6(a): an 
electron beam passing transversely through the center of a cluster of 
aluminum nanospheres arranged in a finite 2D array. All nanoparticles 
have radius 𝑅 = 50 nm, and permittivity given by the Drude model with 
𝜀∞ = 1, ℏ𝜔𝑝 = 15 eV and ℏ𝛾𝑝 = 1.06 eV, while the square lattice pitch 
has a length of Λ = 120 nm. The T-matrix of each cluster is computed 
following similar steps as for the finite chains presented in Section 3.2, 
for maximum multipole order 𝓁max = 6.

In this case, lattice interactions can form along multiple directions. In 
Fig. 6(b) and (c), we present the EELS (blue curves) and CL spectra (red 
curves), respectively, for different numbers of nanoparticles per side, 
compared to those of a single nanoparticle, positioned at the same dis-
tance from the electron trajectory as the nearest nanoparticle in the cor-
responding array (black dashed curves). In the EELS spectra of Fig. 6(b) 
for the single nanoparticle, we observe four Lorentzian peaks, three cor-
responding to 𝓁 = 1, 2, 3, and one formed by overlapping modes with 
𝓁 = 4 − 6. Once arranged in the cluster, these features split into multi-
ple peaks, due to bonding and antibonding hybridization of plasmonic 
modes among the nanoparticles. In the curve corresponding to an ar-
ray with two nanoparticles (𝑁 = 2) per side, this splitting of the electric 
dipole mode is not resolved because the peaks lie very close in energy, 
appearing as a single broad resonance at 2.8 eV. Then, at 9.1 eV, we 
observe a high-intensity peak arising from the interaction between the 
overlapping higher-order modes. Naturally, this feature is not present 
in the CL spectra of Fig. 6(c), as higher-order modes are very tightly 
confined on the surface of the individual nanoparticles, and generally 
do not radiate.

Adding an extra two nanoparticles (𝑁 = 4) per side results in a more 
intense resonance at lower energies, since now more nanoparticles are 
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Fig. 6. (a) Schematic of the system under study: a finite 2D array of aluminum nanospheres is excited by an electron beam that passes transversely through its center 
with 𝛽 = 0.7. (b) EELS and (c) CL probabilities for arrays consisting of 𝑁 = 2, 4, 6, 8 nanoparticles per side. The black, dashed curves show the spectra of a single 
aluminum nanosphere positioned at the same distance from the electron trajectory as the nearest nanoparticle in the corresponding array.

excited. Further increasing the number of nanoparticles does not yield 
substantial qualitative changes in the spectra, other than improved res-
olution of individual peaks at low energies. This is because the field 
produced by the electron is evanescent in the plane of the array and 
therefore couples weakly to nanoparticles farther from its trajectory. 
This coupling is even weaker for higher-order modes. Eventually, only 
a limited number of nanoparticles is excited and thus participate in the 
formation of the lattice resonance. At the same time, in the EELS spectra 
of Fig. 6(b), the contribution of higher-order modes remains essentially 
unchanged for all sizes of arrays.

4.  Conclusions

We presented a T-matrix-based scattering formulation to model the 
interaction of fast electrons with single or multiple scatterers. Starting 
from the expansion of the field generated by a fast electron in the CWB, 
we related this source to the response of a nanostructure via the T-matrix 
formalism, and provided generalized formulas addressing finite and infi-
nite 1D periodic arrays. Using these formulas, we derived expressions for 
computing the CL and EELS probabilities. We implemented the electron-
beam spectroscopy functionality in the existing treams open-source soft-
ware suite for electromagnetic scattering computations as an add-on 
module called treams_ebeam. To demonstrate both the method and the 
software, we explored three representative examples: single scatterers, 
finite arrays, and infinite periodic arrays of scatterers, providing guide-
lines for using the module and performance comparisons against an al-
ternative method. We envision this tool serving as a user-friendly re-
source for CL and EELS simulations. Future extensions to the framework, 
including GPU acceleration and AI-assisted simulations could further ex-
pand the range of physical systems that can be explored by improving 
computational performance and ease of use.
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