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Estimates of the gap between extreme solutions of nonlinear dif-
ference equations
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Abstract. We study bounded solutions of nonlinear difference equations on arbitrary index
sets within a unified fixed-point framework. Working in the Banach lattice [*°(X,R), we
consider equations of the form

M(u) = M+ Dy(u) + w,

where M is an increasing linear operator, Dy is the diagonal operator induced by a scalar
super-linear nonlinearity f € CY(R,R), and w € [°°(X,R). Our abstract results apply to
a broad class of discrete models, including discrete Laplace-type operators on R", Banach
limits and difference equations with spatial structure.
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1. Introduction

The study of bounded solutions of nonlinear difference equations has seen
substantial development over the last decades, motivated both by intrinsic dis-
crete dynamics and by the discretization of differential and integral equations.
Classical approaches often focus on second- and higher-order scalar equations,
which frequently arise from the discretization of ordinary and partial differen-
tial equations [1,4,5,9,10], on asymptotic properties of solutions [1,5,11,12],
or on boundedness and stability for specific classes of problems [1-3,5-7], such
as Sturm-Liouville type equations, equations with advanced argument, and
Volterra-type schemes. Bounded solutions of certain vector-valued difference
equations are investigated in [8]. A bridge between differential and difference
equations is provided by Mawhin’s work [9,10] on bounded solutions. For lin-
ear problems, he compares the bounded input - bounded output problem for
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the continuous equation

u'(t) 4+ Mu(t) = f(t) (t€R)
with its discrete analogue

Ugt1 = g +w, (k€ Z),

identifying the exact ranges of A for which unique solvability in [*°(Z,R) and
a maximum (or anti-maximum) principle holds, and explaining the differences
in terms of the spectral properties of the underlying operators. For nonlinear
equations, he develops a lower-upper solution method and Landesman-Lazer
type conditions for bounded solutions of Duffing-type problems in the discrete
setting.

The present paper contributes to this framework by considering more gen-
eral nonlinear equations of the form

M(u) =Au+ Dy(u) +w

on the Banach lattice [°°(X,R), where X is an arbitrary index set, M is
an increasing linear operator with spectral radius p(M), Dy is the nonlinear
diagonal operator induced by a scalar super-linear nonlinearity f € C'(R,R),
and w € [*°(X,R). Our approach is purely functional analytic and exploits
both Banach’s contraction principle and Tarski’s fixed point theorem in the
ordered Banach space. Under a structural lower bound on f’ we show that
for 0 < XA < p(M) the equation admits a smallest and a largest bounded
solution in {*°(X,R), and under natural additional assumptions on M one
can derive explicit estimates of the gap between these extremal solutions, with
sharp dependence on p(M)— X in suitable equivalent norms. For A > p(M) the
bounded solution is unique. In many cases we can approximate solutions by
pointwise or uniformly convergent successive approximations of an equivalent
fixed point equation.

The generality of the index set X allows us to encompass a wide class of
difference equations, including discrete Laplace-type operators, Banach limits,
and difference equations on Z™ or R™.

2. Main result

Let X # () be a set of arbitrary cardinality, and let [°°(X,R) denote the Banach
space of all bounded functions v : X — R endowed with the supremum norm
lulloo = sup,ex |u(z)]. We consider I*°(X,R) as ordered by the cone K of
nonnegative functions, that is v < v:< u(z) <wv(z) (r € X). Let 1 € [*°(X,R)
denote the constant function 1(z) =1 (z € X).

Let M : [°°(X,R) — [°°(X,R) be a linear operator, and let M be increasing
in the given order, that is M[K] C K. Note that, in particular, M is continuous
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with operator norm ||M||e = [|M(1)]|co. If p € I°°(X,R) is from the interior
int K of K (that is inf,c x p(z) > 0), then

|u(z)|
l[ullp := sup
P zeX p(.%')

is an equivalent norm on {*°(X,R) and again the corresponding operator norm
is || M|, = [|M(p)]p- Let p(M) denote the spectral radius of M.

For continuous functions f : R — R we consider the nonlinear diagonal
operator Dy : I°°(X,R) — [*°(X,R), D¢(u) = f o u.

Theorem 1. Let f € C*(R,R) be such that
S b (teR)
for some b >0 and 8> 0, let A > 0 and let w € [*°(X,R). Then, the equation
M(u) =M+ Dy(u) +w (1)

has a smallest and a largest solution uw and @ in I°(X,R). If A > p(M) then
u = w. If additional M (p) < p(M)p for some p € intK, then

et fa-uly <2 (ZE o -2) e

In particular, we have @ = u if A = p(M).

Remark. 1. Admissible functions f in Theorem 1 are for example t ~— bt|t|?
with b, 3 > 0, or t — sinh(t) — ¢ (with b =1 and § = 2).

2. The assumption M(p) < p(M)p for some p € intK implies ||M], =
p(M). In many applications one has M (1) = const - 1. In this case we have

Il = I~ s [1M]lo0 = p(AM), and (2) reads
B B+1 e
-l <2 (552 (1000 -2)) 00,

3. The bound p(M) is sharp for unique solvability of (1) as can be seen by the
trivial one-dimensional case (] X| = 1): The polynomial equation

u = \u+u®
has three solutions in R if A € [0,1). Thus, already
u(r) = Mu(z) +u(z)® (v €R)

has uncountably many solutions in {*°(R,R). The question whether @ = v if
A = p(M) in the general case seems to be open.

In the proof of Theorem 1 we will utilize the following lemma.
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Lemma 1. Let g € C*(R,R) be such that
gt)=bft)” (teR)

where b > 0 and B8 > 0. Then g : R — R is increasing and bijective, and
g ' :R — R is increasing and Hélder continuous, that is

g7 ) g7 () S cft — s (tsER)

1/(B+1)
¢ = 2B8/(B+1) <ﬂ+1> andazil .
b 1+06

Proof. Since ¢'(t) > 0 (t # 0) and ¢’(t) > b > 0 (|t| > 1) clearly g is strictly
increasing and g(t) — £oo (t — £00). We will use the known inequalities

with

tr—sP>(t—s5)Pp (0<s<t, p>1), (3)
PP > 21 P(s 4 t)P (s, >0, p>1). (4)
For 0 < s <t we have
t
b b
t)y—g(s) > | brPdr = —— (P — 0+ > t—s)t!
o) =9()> [ bl = )2 -9

and for s <t < 0 we get

b
g(t) —g(s) > m

In case s < 0 <t we have

0 t
g(t)—g(s)z/ b(—7)5d7-+/0 brBdr

(=971 = (-0°H1) 23, (=5

b b
_ B+1 B+1 B B+1
= ——((- +t 9B — .
() )2 572 =)
Since 278 < 1 we have
Vt,seR: |g(t 2P|t — s HL
SRS [glt) ~gs)] 2 2 e s
hence
1/(6+1)
1
Vi,s e R: |t —s| < 20/(F+D (ﬁz_) lg(t) — g(s)[¥/(FFD)]
from which the assertion follows. O
Proof of Theorem 1. We set g : R — R, g(t) = f(t) + Mt and note that ¢'(t) >

f'(t) > b|t|? (t € R), so that Lemma 1 applies to g.
For u € I*°(X,R) we have

M(u) =X u+Dy(uv)+w & M(u)(z) —w(z) = glu(z)) (z € X).
& u(z) =g (M(u)(z) - w(z)) (z € X).
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Thus, we consider the increasing mapping ® : [*°(X,R) — [*°(X,R) defined
as
®(u) = Dy (M(u) —w).

g
Lemma 1 yields
1D (u) = @(v)[loo < el|M(u) = M()|[S < el M|[S[lu = vllS. (5)
For r > 0 let B(0,r) be the closed ball with center 0 and radius r in [*° (X, R).
For w € B(0,r) we get by (5)
[2(w)]loe < [[@(u) = (0)[loc + 12(0)][oc < [ M|Er™ + [[2(0)]]co-

Since 0 < a < 1 there is a unique fixed point ry of
= [M][Sr® + ([ 2(0)]|oo
in (0, 00). Note that
| MIISr® +[[@(0)[[oc <7 (r > 7). (6)

We now have ®[B(0,79)] C B(0,rg). Since each closed ball in [*°(X,R) is a
complete lattice and since ® : B(0,7) — B(0, ro) is increasing, Tarski’s Fixed
Point Theorem [13] yields the existence of a smallest and a largest fixed point
w and @ in B(0,rg) and both solve (1). Moreover there is no solution of (1)

outside of B(0,79): ®(u) = u with ||u|le > ro leads by (6) to
[ulloc = 1 (u)lloo < el M| [Jull + 12(0)][oc < [lulloo,

a contradiction. Next, let A > p(M), and note that

1
0<(9)() <y (teR),
since ¢’'(t) > A. Choose p(M) < u < X and set
I 1 1
pi=(pul — M) (1) ==Y —MF1) > =1.
(n ) (@) u,;)u’“ (1) p

Note that p € intK and
M(p) = pup—1 < up.
Now for all x € X we have
1 1 W
|8 (u)(z) = 2(v)(2)] < M (u—v)(2)] < TM(|lu—v]pp) (@) < Tllu—vlpp(z),
hence y
12(u) = 2()llp < Sllw—vll, (u,v€I*(X,R))

with u/A < 1. This shows u = @ (or, alternatively, unique solvability of ®(u) =
u via Banach’s Fixed Point Theorem).

If p € intK is such that M(p) < p(M)p and A < p(M) we set d := T — u,
and have

M(d) = Ad < M(||d|lpp) = Ad = [|d|[,M (p) — Ad < |[d][,p(M)p — Ad,
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and
M(d) — Ad = Ds(u) — Dy (u),
hence

PABZ D) < falp(arys - 25,

Now, Lemma 1 applied to f in place of g, yields
d c D) — Dy(u)\“ ¢ d\“
- < — ( f( ) f()) < — (HdeP(M)l . )\) )
p p p p p
Now, we choose a sequence (z;);en in X such that d(z;)/p(z;) — ||d|l, (7 —

00). By passing to a suitable subsequence, we can assume w.l.o.g. that p(z;) —
v (j — o0) for some v > ﬁ. We obtain

& a c [ «@
ldll, < pr (ldllpp(M) = Alldl)™ = = Il (P(M) = A)*.
In case A = p(M) we get ||d||, = 0, which means u =@. If 0 < X < p(M) we
get (dividing by ||d||5 if [|d[|, > 0 and trivially if ||d||, = 0)

—« c «
Il < 71,a(P(M)—>\) ,

that is
1 — « —Q — —Q « —
]l < ;Cl/(l Hp(M) = X)) < {lp™ oo e/ =) (p(1) — N)>/ (=)

/B
21 (B 000 - )

O

From the proof of Theorem 1 we see that all successive approximations
for the fixed point equation ®(u) = u are convergent to the unique solution
of (1) if A > p(M). Surprisingly, assuming the existence of a sub-eigenvector
p € intK with M(p) < p(M)p the same is true in case A = p(M).

Theorem 2. Let f,M,w and p be as in Theorem 1, let ® : [*°(X,R) —
[°(X,R) be defined as

O(u) = Dy-1(M(u) — w),

with g(t) = f(t) + p(M)t (t € R). Then for each u; € I°°(X,R) the sequence
(un) of successive approrimations u,+1 = P(u,) (n € N) is convergent in
[°(X,R) towards the unique fized point of ® as n — oo.

Proof. Let u be the unique fixed point of ®. Let ry be as in the proof of
Theorem 1 and choose r1 > max{ro, ||u1|loc}- Set vy := —r11, T3 := r11, and
let (v,,), (U,) be the corresponding successive approximations. From the choice
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of 71 and monotonicity of ® it is clear that v,, < u, <7, and v, < u <7,
(n € N). Since
[@(£r11)]loc < | MISrT + |2(0)[oc < 71

we have v, > v, and U2 < 7. Hence (v,,) and (7,,) are increasing and decreas-
ing, respectively. Thus both sequences converge pointwise to limit functions
v,T € [°°(X,R), respectively, with v < u < ©. Thus it is sufficient to show that
1T — v, llp — 0 (n — 0). Set dy, := v, —v,, (n € N) and note that (||d,]|,) is
decreasing, hence convergent. For n € N we have

M(dn) — p(M)dp41 = Df(ﬁn—&-l) — Dy (yn-&-l)’

and

M(dn) = p(M)dp 11 < M(|[dnllpp) — p(M)dns1 < p(M)([[dnllpp — dni1),

hence

p
Application of Lemma 1 yields

d, Dy(v -D “ d “

1 lia ( F(Ont1) f(Un+1)> < ia p(M)® (Hdanl - "+1) .
p p p p p

For fixed n we can (similar as in the proof of Theorem 1) find a sequence

(x;) in X such that d,41(z;)/p(x;) — ||dns1llp and in addition p(z;) — v,
(j — o0). We obtain

c
||dn+1||p < FP(M)Q(Hdan - ||dn+1||p)a

n

Df(ﬁn-l-l) - Df(ynJrl) < p(M) <|d || 1_ dn+1) )
= n|lp P

< cllp™ I35 (M) (ldnllp = lldn41llp)* =0 (n — o0).

3. Applications
With regard to difference equations we now consider M of the form
M(u) = i)\k(u oqr) (u€l®(X,R)),
k=1
with functions ¢ : X — X and A\, > 0 (k = 1,...,m). Note that here

M(1) = (302, Ax)1, hence [|[M||oo = p(M) = >"}", M. In this case T, u can
be obtained by monotone iteration. In this setting (1) reads

Z)\k(u 0qr) =M+ Dy(u) +w,
k=1
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and

O(u)(z) =g * (Z Aru(gr(x)) — w(m)) (x € X, uel®(X,R)).
k=1

As in the proof of Theorem 2 we can start monotone iteration of ® at v, :=
—r11, ©7 := r11 for some r; > 7y and obtain increasing and decreasing se-
quences (v,,) and (T,,) with pointwise limit functions v,7 € [*°(X,R), respec-
tively. Since for each fixed € X the expression M (u)(x) only depends on
a finite subset of X we have ®(v) = v and ®(v) = v. From @ < 7; we get
inductively @ < 7,, (n € N) hence @ < 7, and by maximality of @ we have
u =7, and u = v the same way.
If ¢ : X — X is a function with

Z)\kuoqkoq:Z)\kuoqoqk (u € 1®°(X,R)), (7)

then w and u inherit the property w o ¢ = w if it exists: Clearly 77 0o ¢ = 7
and by induction T,,11 0 ¢ = Tp41 (n € N). As n — oo we obtain wo g = 1,
and we obtain u o ¢ = u in the same way.

If X is in addition a metric space (X, d) andif g, € C(X, X) (k=1,...,m)
and w € Cp(X,R) (the space of bounded continuous functions), then (v,,)
and (7, ) are increasing and decreasing sequences in Cy(X,R) and therefore u
and @ are lower and upper semi-continuous, respectively. In particular in case
u =7u =:u we get that the unique solution u € [*°(X,R) of (1) is continuous.

This proves the following result for difference equations.

Theorem 3. Let (X,d) be a metric space, ¢ € C(X,X) and A\, > 0 (k =
1,...,m), w € Cp(X,R), and f € C*(R,R) as in Theorem 1. Then for A >
S orey Ak the equation

Z)\k(uoqk):)\u—i—Df(u)—Fw (8
k=1

~—

has a unique solution u in I*°(X,R), and this solution is continuous on X . For
0 < X< >, A equation (8) has a lower semi-continuous smallest solution
u and an upper semi-continuous largest solution @ in [°°(X,R), with

||u—u||oos2<5“<(zAk) ))1/5.

Example. In the following examples we always use for simplicity the nonlin-
earity f(t) = t3. Here f'(t) = 3t2, hence b= 3, 3 = 2, so
g+1 1 1 1
b B2
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Extremal solutions of u(x +1) = Au(x) + u(x)? + usinx on [~10, 10]
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1. For § > == and M : I**(R,R) — [**(R,R), M (u) = u the equation

u(z) = u(x)® + dsin(z)

is a simple example where the solutions u and u are discontinuous. To see this
just note that for each x € R the cubic equation

t3—t+dsin(z) =0

has one, two or three solutions if |§sin(z)| >,= or < %, respectively. In

f

particular the successive approximations (v,,) and (v,,) we constructed above
are sequences in Cy(R,R), and thus are pointwise but not uniformly conver-
gent to u and w, respectively. Note that this is in contrast to the assertion of
Theorem 2.

2. Let hy,...,h, € R and let Ay : I®°(R™,R) — [*°(R™,R) denote the
discrete Laplace-type operator

= (u(z + hy) — u(x)).

k=1
Note that

Z u(z + hg)

k=1

has spectral radius p(M) = m since M (1) = m1. For each w € [*°(R™,R) and
A > 0 the equation

Aq(u)(z) = Mu(z) + u(@)’ + w(z) (z€R") (9)
has, by Theorem 3, a unique solution w in [*°(R™,R) with u € Cp(R™,R) if
w € Cp(R™,R). If A € [-m,0) and w € [*°(R™,R) there is a largest and a
smallest solution of (9) with ||T — u|lcc < 2v/—A. Moreover assume in addition
that hy, ..., h,, is a periodic orbit of a matrix A € R"*™, that is

ho = Ahy, ... hy = Ahpy—1, hy = Ahy,.
With gx(x) =x + h, (k=1,...,m) and g(z) = Az we then have (7) for each
u € [*°(R™ R). Thus, if w € I*°(R",R) is such that w(z) = w(Az) (z € R"™),
then u(z) = u(Az) and u(z) = u(Ax) (z € R™).
3. Let m : [*°(N,R) — R be a Banach limit and consider the equation
m((uj(1 +sin(jk)))jen) = My +uj +wy  (k €N). (10)
Using the shift invariance of m it is easy to see that m((sin(jk));en) = 0 for
each k € N, so the operator
M 17°(N,R) = I*(N,R),  M(u) := (m((u;(1+sin(jk)))jen)) pen
has spectral radius p(M) = 1 since M (1) = 1. Thus, (10) is uniquely solvable
in I°°(N,R) for each w € [°°(N,R) if A\ > 1, and in case A € [0,1) there is a
largest and a smallest solution with |7 — ul|cc < 2¢/1 — A

M :1®°(R",R) — I®(R",R), M(u)(z)

@ Springer



Estimates of the gap between extreme solutions. .. Page 11 of 12 85

4. The pictures in (Fig. 1) show the numerical solutions u and u of
u(z +1) = Mu(x) +u(z)® + psin(z) (z € R)
for some values of A and p, and plotted for —10 < x < 10. Note that here
M :I®°(R,R) — I®(R,R), Mu)(z)=ulz+1)

with ||M||cc = p(M) = 1, thus again ||t — ulcc < 2v/1 — A\. Note that u and
u are 2m-periodic since (7) holds for g(x) = x 4 27. The iterations of ® are
started at v; := —8 -1 and 7; := 8 - 1. In this example uniqueness seems to
occur numerically for A before the spectral radius p(M) = 1, the sooner the
bigger w is chosen.

If this is not merely a numerical phenomenon it would be interesting to
know which other properties of the equations under consideration enforce
uniqueness.
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